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ABSTRACT

SOME APPROXIMATION PROPERTIES OF SINGULAR INTEGRAL OPERATORS
Duman ,Ozlem
Master, Department of Mathematics
Supervisor: Assoc. Prof. Dr. Harun Karsli

May 2011, 78 pages

This thesis is a survey on some approximation properties of singular integral oper-
ators in the approximation theory. This thesis consists of four chapters. Firstly, a short
history of the studies on the approximation properties of singular integral and some
basic definitions and theorems were given. In the second chapter, the solution of the
heat equation is the starting point of our study of Fourier series. Next a closer look at
the partial sums of Fourier series were given. Using the formula for the Fourifi-coe
cients, the key observation was made such that these sums could be written as integrals
called singular integral of with Dirichlet kernel or the convolution of with Dirich-
let kernel, which led us to investigate the limiting properties of the convolutioms as
tends to infinity. In this investigation, there found the kernels satisfying Approximate
Identity whose convolutions with tends tof. Unfortunately, Dirichlet kernel was
not Approximate Identity. At this stage of the problem of convergence, various other
methods of summing the Fourier series of a functicsould be considered that led to
convolutions of the functiord with kernels satisfying Approximate Identity and in the
third chapter some important theorems about the convolutiofismth some kernels
were given. In the last chapter, the study of Assoc. Dr. Harun Karsl, which deals with

the theory of approximation of singular integral operators was further investigated.

Keywords: Heat equation, Fourier series, singular integrals, Approximate ldentity,

Dirichlet kernel, @saro summation, Poisson kernel, Abel summatiéjgmheorem



OZET

SINGULAR INTEGRAL OPERATORLERININ YAKLASIM OZELLIKLERI
Duman,Ozlem
Y Uiksek Lisans, Matematik@um
Tez Yoneticisi: Assoc. Prof. Dr. Harun Karsli

Mayis 2011, 78 sayfa

Bu tez, yaklasim teorisindeki singular integral opérkgrinin yaklasimbzellikleri
(izerine yapilan bir calismadir. Bu te@rtlbdliimden olusmaktaditk olarak, singular
integrallerin yaklasindzellikleri izerine yapilan ¢alismalarin kisa bir tarihcesi ve bazi
temel tanim ve teoremler verilmistikinci boliimde, s denklemininéziimii, Fourier
serileritizerindeki calismamizin baslangi¢c noktasi olmustur. Sonrasinda Fourier seri-
lerinin kismi toplami daha yakindan incelenmistir. Fourier katsayilarinindtirdul-
lanilarak bu toplamlarin Dirichlet ¢ekirdekfi fonksiyonunun singular integrali veya
Dirichlet cekirdeklif fonksiyonunun konvalsyonu olarak adlandirilan integraller seklinde
yazilabilec@i gozlemi yapiimistir. Bu da bizh sonsuza giderken konigyonun
limit ozelliklerini incelemeye sevk etmistir. Bu arastirmafidonksiyonu ile kon-
volusyonuf fonksiyonuna giden Approximate Identidgelligini sajlayan cekirdekler
bulunmustur. Ama Dirichlet cekirdg Approximate Identityyzelliklerini saglamamaktadir.
Yaklasim probleminin bu asamasinda Approximate Identizglligini saglayan ¢ekirdeklerle
konvoliisyona @turen bircok farkli Fourier serilerinin toplama metodu arastirildi ve
ugiindl bolumde f fonksiyonu ile olusturulan konvakyonunun yaklasimzellikleri
ile ilgili onemli teoremler verilmistir. Sondbiimde Do¢. Dr. Harun Karsl hocamin

calismasi olan singular integral operatorlerin yaklasim teorerinde calisiimistir.



Anahtar Kelimeler: Isi denklemi, Fourier serileri, singular integralleri, Approxi-
mate Identity, Dirichlet cekird#, Cesaro toplami, Poisson c¢ekigieAbel toplami,

Féjer teoremi.
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CHAPTER 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given furfction
in some sense or other by functions having certain properties, and generally, by func-
tions with better properties than Itis to be expected that the better-behaved functions
are to be constructed from the givérby some smoothing operation dntself. The

approximation off by singular convolution integrals is of special interest.

1.1 Basic Definitions and Theorems

In this section, we give some basic definitions and useful theorems for the Fourier

analysis which will be used throughout this thesis.

Definition 1.1 (Linear Space)A nonempty set X is said to be a "linear space” (or a

vector space) over a field, if it satisfies the following conditions:
() Vx,ye X, x+ye X

(i) VX, ye X, X+y=Yy+X

(i) ¥Yxy,ze X, Xx+(y+2=(X+y)+z

(iv) ¥xe X, 30 € X suchthatx 6 =0+ x= X
(v) Yxe X, dX e X such that » X =6

(vi) Yxe XandYa e K, axe X

(vii) ¥xe X andV¥a,B € K, a(Bx) = (af)X



(viii) Yxe X, 1Ix=X
(ix) Yxe XandYa € K, a(X+Yy)=axXx+ay

(X) Vxe XandVa,B €K, (a+pB)X=ax+pX.

Definition 1.2 (Linear Normed Space)Let X be a linear space over a field. A

function||.|| : X — R* satisfying the following conditions is said to be a "norm”.
(i) Yxe X, |Ix|=0

(i) Vxe X, [X|=0 < x=0

(i) Vxe Xand¥Ya € K, |lax|| = |a] ||X|

(iv) YxyeX, [IX+Vl < IIXI+ [Ivl.

A linear space on which a norm is defined is then called a "linear normed space”.

Definition 1.3 (Linear Operator) A linear operator T is an operator such that

() the domain XT) of T is a vector space and the rang€R lies in a vector space

over the same field,

(i) for each x, ye D(T) and scalare,
T(X+y)=Tx+Ty

and

T (aX) = aTx.
(Kreyszig, 1989

Definition 1.4 (Integral Operator) We can define an integral operator:TC [0, 1] —

C[0,1] by

1
y:Tx,where;(t):fx(t)k(t,r)dr.
0



Here k is a given function which is called the kernel of T and is assumed to be contin-
uous on the closed square£J x J in the t—plane, where J [0, 1]. This operator

is linear. (Kreyszig, 1989

Definition 1.5 (Periodic Function) A piecewise continuous function(X) in an in-

terval[a, b] is said to be periodic, if there exists a real positive number such that

f(x+p)=f(X

for all x, p is called the period of f and the smallest value of p is termed the funda-
mental period.

We always deal witBr—periodic functions. If f has perio&r, thus
f(x+21)="f(x

for all x.

Definition 1.6 (LP Space)LP® is the set of functions which are Lebesgue integrable
to the pth power oveR, for 1 < p < oo, and essentially bounded (bounded almost

everywhere) ofR if p = co. For f € LP

||f||p:{f|f(t)Pdt} ,

if 1< p<ooandincase = o

Ifll, = esssuplf (1)

XeR

Thus P consists precisely of those functions f for which the nipfi is finite number.

(Butzer, 197)

Definition 1.7 (L1 [a,b] Spac§ L[a,b] is the set of functions which are Lebesgue

3



integrable to thelth power ovefa, b]. For f € L![a, b]

b
nﬂh=jWﬂmdt

(Butzer, 197)

Definition 1.8 (L2 [a b] Spacé L2[a,b] is the set of functions which are Lebesgue
integrable to the2th power ovela, b]. For f € L?[a, b]

b 3
uﬂb:LfHaﬂdq.

(Butzer, 197)

Definition 1.9 (Orthogonal and Orthonormal System)A system of functiong, (x) €
L2[a,b], (m=1,2,..) is said to be orthogonal on the intervia, b}, if

b

Lf%4w¢amdx:a

a
where m# n,(n=1,2,...) and

b

f¢2m(x)dxi 0.

a

The orthogonal system is said to be normal if

b
fgofn(x)dx: 1.
a

If the functionsen, (X) € L?2[a,b] , (m=1,2,..) are complex functions of the real

variable x, then they are said to be orthogonal when

b

fgom(x) ¢on(X)dx =0,

a



where m# n,(n=1,2,...) and

b
fmm (X)>dx # 0.
a

The system is normal if
b
[ lemtoax=1.
a
(Bary, 1963

Lemma 1.10 Let f is2r—periodic and integrable on any finite intervia, b],

then b b+2r b-2r
ff(x)dx:ff(x)dx:ff(x)dx,
a a+2n a-2n

and

ff(x+a)dx:fnf(x)dx: Taf(x)dx

—n+a
Lemma 1.11 (Fatou’s Lemma)et{f,}.; be a sequence of positive measurable func-
tions defined o . If

liminf f,(X) = f(x) a.e.,
n—oo

then . .
ff(u)dusliminfffn(u)du.
n—oo

Theorem 1.12 (Lebesgue’s Monotone Convergence Theoretgt{ f,}.., be a mono-

tonely increasing sequence of positive measurable functions defiried kbn
lim f,(x) = f(x) a.e.,
Nn—oo

then . N
rI]imffn(u)du:ff(u)du.

This result is also known as Beppo Levi‘s theorem.



Theorem 1.13 (Lebesgue’s Dominated Convergence Theoret®t{ f.}>>, € L (R),
and suppose that

lim f,(x) = f(X) a.e,
Nn—oo

if there exists g L (R) such that
If.(X) <g(x) a.e. foralln

then fe L! and

rI]i_rl;loffn(u)du:fmf(u)du.

Theorem 1.14 (Fubini’'s Theorem)Let x, ye R, and f(x,y) be a (complex-valued)
function of two (real) variables defined and measurable on the two-dimensional Euclidean-

spaceR?.

(i) Suppose that & L?! (RZ), i.e., the double integral

f”fm f (x,y) dxdy

—00 —00

is absolutely convergent. Then, for almost all Xxfy) is absolutely integrable

overR with respect to the variable y, i.e.
f(x.)elL'R) ae.

Moreover,

f f(Ly)dye L' (R)

and

(5]

fw{f”f(x,y)dy}dx:ff”f(x,y)dxdy

—00 — OO —00 —00



(i) Suppose that

fm{fmlf(x,y)ldy}dx

—00 — 00

exists as a finite number. TherefL! (RZ) and

(59

fff(X,Y)dxdy:f{ff(x,Y)dy}dx:f{ff(x,y)dx}dy.

—00 —00 —00 — OO —00 — OO0

The second part of Theorem 1.14 is also associated with the name Tonelli-Hobson.

Theorem 1.15 (Theorem of B. Levi)Let{f,}>>, € L*[a, b]. If

b
>, [ 1 0ordx<
n=1 2

then the seriesy, f,(X) converges absolutely almost everywhere(arb) to a finite
n=1

number. If this sum is denoted byx), then fe L' [a, b] and

b - b
aff(x)dx:nzz;affn(x)dx.

Definition 1.16 (D-Point) A point xe R is called a D-point of the function f if

x+h
LiLnO%f[f (t) - f (x)]dt=0. (1.1)

(Bary, 1963

D-points stand for dferentiability; for the D-points of an integrable functidnare

precisely those points at which the indefinite integraf @ differentiable to the value

f (X).



Definition 1.17 (Lebesgue Point)A point x € R is called a Lebesgue point of the

function f if

x+h
”%%j]uo—u@mun. (1.2)
(Bary, 1963

Evidently, any Lebesgue point dfis a D-point of f but not conversely, and any
point of continuity of an integrable functiohis a Lebesgue point. Indeed; le{f) be
the set of all Lebesgue points bfe L andD (f) be the set of all points of all D-points

of f e L. Then

x+h

s%fum—umm

x+h

b [ Iro-fea

X

The inequality shows that every Lebesgue point is also D-point. Thus,
L(f) c D(f).

Now, it's clear that any point, wher&(x) is continuous, is a Lebesgue point; in fact,
if there exists any > 0 and the functiorf (x) is continuous at the poirg, it can be

found as > 0 such that
Ift)—f(X)<e for |h <o

and then

x+h
%fﬁm—umm<&

or, we can write

x+h
1
”%Hj\uo—u@mun.



This shows that any continuity point of the functiéne L is also a Lebesgue point.

Let C (f) be the set of continuity points dfe L. Then we can write

C(f) c L(f) c D(f).

Definition 1.18 (Convolutions on the Line Group)LetR be the set of all real num-
bers, also called the real line or line group and let f , g be two (complex-valued)

functions defined and measurable®nThe expression

1
Ver

(fxg)= ff(x—u)g(u)du (1.3)

is called the convolution (product) of f and @utzer, 197}

Definition 1.19 (Convolutions on Periodic Functionsiiven2r—periodic integrable
functions f orR and{K,}>2, € L' (R), we define their convolution (produdt) = K,)

on[-n,n] by

l Ve
(f £ Ko) () = @_ff(y)Kn(x—y)dy.

It is called a singular integral provided that the sequefiKg},. , is a (periodic) kernel
with f Kn (y) dy = 2x for each ne N. The above integral makes sense for each x, since

the product of two integrable functions is also integrable. Also since the functions are

periodic, we can change variables to see that

1 Ve
(f + Kn) () = @lf(x—y)mwdy.

(Butzer, 197)

Now let’s show the properties of convolution.

Lemma 1.20 Suppose that f , g and h aBa- periodic integrable functions. Then

i) f«(@+hy=(fxg)+(f=h).



(i) (cf)xg=c(fxg)="fx*(cg foranyceC.
(i) fxg=g=f.
(iv) (fxg)xh="~f=(g=h).

(v) f=g Iiscontinuous.

The first four items describe the algebraic properties of convolutions: linearity, com-
mutativity and associativity. Properfy) exhibits an important principle: the convolu-
tion of (f = g) is more regular thar or g. Here(f * g) is continuous whilef andg are

merely (Riemann) integrable.

10



CHAPTER 2

FOURIER ANALYSIS

We use Fourier series to represent or approximate functions defined on a finite
interval. Fourier series also have various specific properties of their own and we shall
study some of them. Fourier series were first defined by Jean Baptiste Joseph Fourier
(1768-1830) about 200 years ago. Fourier began this theory in 1804 by the work on
'Heat Equation’. He developed these series in order to solve certain problems in partial

differential equation.

2.1 Solution of the Heat Equation
We will start our study by solving the heat equation[4].

ou 4
K— =

ot ox2 o

whereu (X, t) is a function of two variables and> 0. In the heat equatiox,represents
the position along the bar of lengthmeasured from some origihrepresents time,
u(x,t) the temperature at positiox timet. The temperaturei(x,t) along the bar

satisfies the heat equation
W — kU =0, O<x<lI, t>0, (2.1)
and boundary conditions

u(@,t)=0, u(l,t)=0, t>0, (2.2)

11



let the initial temperature along the bartat 0 be given by

u(x,00=f(x), 0<x<l. (2.3)

Assume that the heat equation has a solution of the form

u(xt) =X T @), X£0, T#0.

Such a solution is called a seperation of variables solution. Substituting into the heat
equation, we have

X)T ) =«X"(X)T(1).
Dividing by kX (X) T (X), leads to

T () X"(X)
kT (@) XX~

Since the variableg, t appear on seperate sides of this equation, each side of this

equality can only be equal to a constant, gajrhen

T/ () = kAT () and X" (x) = AX(X).

T (t) —«kAT (1) =0 and X" (X) — AX(x) = 0.

These are ordinary flerential equations with constant ¢beient. A is real but could
be positive, negative or zero.

Now, first case > 0. The solutions are

T () =Ce™, X(x) = A&V 4+ Be*V1,

whereA, B, C are arbitrary constants. From the boundary condit{@®, we have

u(@,t) =0, u(,t)=0, t>0 ifandonlyif X(0)=0, X(I)=0.

12



That is,
0=X(0)=A+B,

0=X()=AdV+Be'V,

This is an algebraic system A&andB. In order to have a nontrivial solution, we must

have
dVi_e!Vi=g

which holds only whem = 0. There are no values af> 0.
Second case: For= 0,

T (t)=0 and X’ (X) =0,

hence

T({)=C and X(x) = Ax+ B.

Because of boundary conditions (2.2), we have

0=X(0) =B, 0=X(l)=Al

and,

Then
u(x,t) = XX T()=0.C,

u(xt) =0.

It is the trivial solution.

Third case: For < 0, letA = —u? for some real. Then we haveya = ix and so

X" (X) + X (X) = 0.

13



The general solution of this equation is
X(X) = Acosux + Bsinux.
From (2.2), we have
X@0)=A=0

and

X(I) = Bsinul =0,

whereB # 0, then

sinul =

This equation has solutiopg = nr, n=+1,+2,...,and hence: = &

n=+1+2 ..., and we can find
252t
T, () = Ce 7, xn(x):anin(nliX), n=12....

Therefore the nontrivial solutions of the heat equation satisfying boundary conditions

are

knznzt . n
Uy (X, t) = be sm(lix), n=12,... whereb,=C,B,.

By using superposition principle

u(xt)_Zbun(xt) Zbe nlzzftsm( IX),

which can satisfy the heat equation and the boundary conditions. For the initial condi-

tion (2.3) to be satisfied

u(x 0) = f(x)zibnsin(nlix), 0<x<l. (2.4)
n=1

14



Now consider the following boundary and initial value problem for the heat equation
W — kU =0, O<x<lI, t>0

u(x,00=f(x), 0<x<l,

the boundary conditions are
Uy (0,t) =0, u(l,t)=0, t>0.

Nontrivial solutions of the heat equation satisfying boundary conditions are

Kn27r21

U, (x,t) =a,e = cos(nllx), n=0,12,....
By using superposition principle

= ol X
u(x,t) = Z anUn (X, t) = Z ae l cos(l—),
n=0 n=0

which can satisfy the heat equation and the boundary conditions. For the initial condi-

tion to be satisfied
u(x,0) = f(x)eZancos(?(), O<x<l. (2.5)
n=0

Definition 2.1 Let f (x) be a real-valued piecewise continuous function defined on the

interval [-r, 7]. The series associated with f is called the Fourier series of f,

+Z:[an cosnx+ by, sinnx (2.6)

n=1

f(x)g%

also as a special the series (2.4) is called a 'Fourier sine series expansion’ and the
series (2.5) is also called a 'Fourier cosine series expansion’,

where

15



1 T
a, = —ff(x) cosnxdx, n=0,12,..., (2.7)
T

b, = }ff(x)sinnxdx, n=121,2,.... (2.8)
T

These cofficients were found using trigonometric systems. Since trigonometric sys-

tems with factoriﬂ,

1 cosx sinx cosX sin2x

Vor i NE R AR

defined on[-n, 7] ,

are orthonormal system.
Remark 2.2 All of the orthonormal system is contained ifi L

To find these formulas (2.7) and (2.8) for the ffa@entsa, andb, in terms of
f, we start by assuming that the trigonometric series converges and has a continuous

function f (x) as its sum on the intervihn, 7], that is,
a < .
f=2+ Z [, COSNX + by sinnX] . (2.9)
n=1

If we integrate both sides of this equation and assume that it's permitable to integrate

the series term by term, we get,

ff(x)dx f%dx+f{z [a, cosnx+ bnsinnx]}dx
- - n=1

/s
-

s

= Zn%+Zanfcosnxdx+2bnfsinnxdx
n=1 = n=1

-t

but sincen is integer,

s

f cosnxdx= 0,

-

16



and similarly, sine is an odd function so,

T

fsinnxdx: 0,

=7

therefore, we have
1
a = gff(x)dx

To determine, for n > 1 we multiply both sides of the equati¢29) by cosmxwhere

mis an integer andh > 1 and integrate term-by-term frosr to n.

Vs

f{ao + Z [a, cosnx+ bnsinnx]} cosmxdx
n=1

-

Ve Ve
[ee)
Qo f cosmxdx+Zan f cosnxcosmxdx
n=1
- -7

f f (X) cosmxdx

Vs

+ anfsinnxcosmxdx
n=1

v/l

we have seen that the first integral is 0 and by definition of orthogonal system the third

integral is also 0. So we get

f f (X) cosmxdx= Zan f cosnxcosmxdx
- n=1 -

to find the cofficient a,, we takem = n, because of the definition of orthonormal

system, we have

1 Vs
an=— f f(X)cosnxdx n=1,23..
T

Similarly, if we multiply both sides of the equatidB.9) by sinmxand integrate from

—n tor, we get

bn:}ff(x)sinnxdx n=12,...
T

Definition 2.3 Let f (x) be a complex-valued piecewise continuous function defined

17



on the interval[—x, 7]. Then the series

[ee]

f(x) = Z Crd™ (2.10)
where
Ch = %f f () e™dx, n=0+1,+2... (2.11)

is called the complex Fourier series of f .

From the well-known Euler’s identity,
€™ = cosnx+ i sinnx,

it follows that,
inx + e—inx einx _ e—inx
coSNX= ———, sinnx= -
2 2i

and as using the orthonormal syst«%%”zéﬂ} forn=+1,+2,... in L2 we can find the

codficientsc,. If we can write the series i(2.9) with respect tc{e‘”x}, that is,

ell’]X + e inx b énX e Inx
i |

we have the complex Fourier series in the fd@ri.0) where

fm:%+i

n=

—ib ib
00:@, Cn=an i3 C_n:anJr ., n=123,..

Theorem 2.4 Let f be2r-periodic and Riemann integrable and complex-valued on

[-7, x]. Then

Z e < % f If (X2 dx (2.12)

Proof. Usezz = |7 for complexz, and consider the partial sum of complex Fourier

series
N

Sn(H) ()= ) cue™

n=—N
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2
0<

= (f (x) - ZN: cne‘”")(f (X) - ZN: cmeimX)

n=-N m=—N

f(x) - ZN: cne™
n=-N

TR e T Y Ge ™ ()
n:;N y m=—N
P30S e

n=—N m=—N

Dividing by 2r and integrating ove—r, n],

1 [ NG o1 NG 1
0 < —f|f(x)|2dx— Ch— fer'”xf(x)dx - c_m—fe"mxf(x)dx
N N 1 n _
+ Z Z cnc_mz f gmxgx

n=-N m=-N
1 pl N N N
= Zflf(x)lzdx_ Z CnCn — Z CrmCm + Z CnCn
o n=-N m=-N n=-N
( 2 N 2
2ﬂflf(X)l dx n_ZN Cal

for anyN. LettingN — oo leads to the resulta

It implies that the seriesy |c.|> converges where, are the Fourier caicients

N=—c0

of the Riemann integrable functidn Using the equations

Co = % Cy = a”_zib”, Cp= anzlb”, n=212,....
The inequality (2.12) can be written as
S el = 3%+i 8 —ibn[* S |@n+iby
2 474 2 |2
= %g + %2 [12al? + b
< %f‘lf () dx.



This implies that the seriel, |a|?, Y, |b.* also converge, whem, by, are the Fourier
n=1 n=1

cosine and sine cdigcients off. This inequality(2.12) is known as Bessel's inequality.

Corollary 2.5 This theorem says that the general term of Fourier series tends to zero

as n goes too. It shows that the Fourier series can be convergent.

Now, we will investigate the convergence of this series of the f(&10). For this

purpose we consider thé" partial sum of the complex Fourier seriesfof

N

Sy (F) (%) = Z c,é™. (2.13)

n=—N

If the sequence (2.13) converges at a pajiwe say that the Fourier series (2.10) con-
verges a. It would have been nice if such convergence did take place at every point
X. Unfortunately, this is not the case. There are continuous functions for which the
series (2.10) diverges for uncountably maayNow we can proceed in two directions

(1) The addition conditions oif or

(2) Summability techniques.
In the first direction, we will see that if is not only continuous but alsofterentiable,
then the series (2.10) is convergent at every pwitat the limit f (X). More generally,
this is true whenf is not necessarily flierentiable, but satisfies Lipschitz condition
or is of bounded variation. In the second direction we will see that the Fourier se-
ries of any continuous function converges in the sense of Abel summation aatbCes

summation. From (2.13), we have

s

N
i —inyf d énx
nZN[ > f et (y) y]

- -

Sn () (%)

s

1 S0 gntey
_ [(Z;ﬁé y]f(y)dy.
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We defineDy (X) = = 3 €™ Then

n:—N

s

SNUM@=jfmw—wfmdwi[DMwa—de
we find convolution integral or singular integral from partial sums of Fourier series,

and we can write

Vs

(f*DN><x)=fDN(x—y)f(y)dy=fDN(y)f<x—y)dy.

-7

So,
1 2N
_ —le nx
Dn(¥) = e nZoé
_ 1 e—i ei(2N+l)X 1
2n -1
1

e|(N+l)x e |Nx)

(Ne: _)e_
sm( )

(N+2)x e—I(N+2)X
Z
1 sin
21
Now let’'s show thaDy, is a kernel:

Lemma 2.6

T

foDN(x)dx:fDN(x)dx:%.

o

Proof.

D (X) 1 +i2énx



integrating both sides,

0 T T 1 1 N
fDN(x)dx:fDN(x)dx = f—+— cosnx]dx
2r  m &
x 0 0 n=1
X 1 smnxﬂ
- [?;Z ; }
n=1 0

Also, we say thaDy (X) is Stochastic Dirichlet kernet

Now we will investigate the properties of Dirichlet kernel,

(i)

T

fDN (x)dx= 1.

/4

It was proved in Lemma (2.6)

(ii) Since
B 1S|n(N+%)(—x)
0 T (@)
B 1sm(N+%)x
©2r sin(y)
= Dn(X)
Hence,

Dn (=X) = Dn (%)

Dirichlet kernel is even.

(i) We have

im f|DN ()| dx = +00 (2.14)
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Proof. Obviously,

f IDx (9] dx

Since the functior@) — cotx is bounded forx|

|S|an|

e

valid for 0 < x < Z, it follows that

>N

=

—

z|§
+

=

T
IR

| =

SN

b
3
0

SRS

2 e

sin(
sin(g)

) X
sinN xcoté + cosN

(2N+1)x)
2 dx

Of" Jax

f|sian| cotgdx+ 0(1).

< 3, we have

COt— - =

> }dx+ 0(1)

_ Niogn+oq)!.
T
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2.2 First Method: Addition of Condition

The functionf (which is always assumed to be Riemann integrable) is defined on
[a b]. The first question one might ask is whether the partial sums of the Fourier series

of f converge tof pointwise. That is, do we have
Jim Sy () (x) = F(X)

for everyx? We might ask the same question assuming thiatcontinuous and pe-
riodic. For a long time it was believed that under these additional assumptions the
answer would be ’'yes’. It was a surprise when Du bois-Reymond showed that there
exists a continuous function whose Fourier series diverges at a point. Despite this nega-
tive result, we might ask what happens if we add more smoothness conditidngoon
example we might assume thkis continuously dterentiable or twice continuously

differentiable. We will see then that the Fourier sefie®nverges td uniformly ( see

[1]).

Theorem 2.7 Let f be a piecewise smoao®r—periodic function orR . Then

[f )+ £ (x)]

NI

lim S () () =
for every x. Hence
Jim Sy () (x) = T (x)

for each point x of continuity of. f

Proof.

Vs

SN () (9-3 11 (x+ 0+ £ (x=0)] = [ D) T (x=y)dy=3[f (x+0) + { (x- )]

=7
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n 0

fm(y)[f(x—y)—f(x—O)]dy+fDN(y)[f(x—y)—f<x+0)]dy

0 -
b 0
- fDN(y)[f(X—Y)—f(X—O)]dY+fDN(—y)[f(X+Y)—f(X+0)]d(—y)
0 Fig

T

fDN(y)[f(x—y)—f(x—0)+f(x+y)—f(x+0)]dy
0

AN Y e f ey - (xs Oy
) 21 sm(g)

_ gfsin (N+})y]( y )[f(x—y)—f(x—0)+f(x+y)—f(x+0)
T
0

2 sin y y
For fixedx define

dy.

3 )[f(x—)/)—f(X—O)Jr f(x+y) - f(x+0)

| 2
90)= (53 y ;

which is an odd piecewise continuous function[fer, 7] by the condition of piecewise

smoothness of.

SN(f)(x)—%[f(x+O)+ f(x-0)] = %fsin
0

(N+%)y]g(y)dy

= %fsin(Ny) {cos(%)g(y)}dy+%fcos(Ny) {sin(%)g(y)}dy.

0 0
The last two terms are the Fourier sine and cosindficientsay, by of 2 cos(%) g (y)

and% sin(lz’) g(y), respectively. By the Bessel’s inequality
SN(f)(x)—%[f(x+0)+ f(x-—0)] =ay +by — 0,asN — co.
The proof is completex

Corollary 2.8 Let f : R — C be a2r periodic and Riemann integrable function
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defined orff—n, #]. Then the Fourier series of f converges to f in tienorm. If

o0 1 n
2 - = f 2
n:Z_Oo|cn| o f If (X2 dx

This equation is called Parseval’s identity.

2.3 Second Method: Summability Techniques

We begin by taking ordinary averages of the partial sums, a technique which we will

describe now in more details. Let us consider a series of complex numbers as;

Co+Cl+Cz+---=ZCk.
k=0

We define the" partial sumS,, by

n
Sn = Z Ck’
k=0

and say that the series convergesib

limS, =s.

n—oo

This is the most natural and most commonly used type of summability. There exists a
whole series of methods permitting the 'sum’ of an increasing series to be expressed
[2]; these methods are called methods of series summation. The most generally used
ones are the linear methods of summation which are devised on the following princi-
ple; let A be given matrix with an infinite number of rows and columns. Instead of

considering the usual partial surSig of the seriesy, u,, we consider the quantities
n=0

on = Z;anksk,
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supposing that the series on the right-hand side of this equality confarge 1, 2, ...);
if

lim o, =S,

Nn—oo

then the values is called the sum of the seriigo u, and we say that the method,
definable by a matrix, sums the serjgsi, to a val_ueS. Methods defined in this way

are called linear because if a serjgsl, is summable by such a method to the sBm

then the serie§, Cu,, where C is a constant, is summable8 and if a series’ v,

is summable t@,, then the serie§’ (u, + Vv,)) is summable t& + S;. The method

of summation is usually called regular, if any convergent series is summable by this

method to the valu& which is its sum in the classical meaning of the word, that is,

S=1ImS§S,.

n—oo

Toeplitz proved that for the regularity of the linear method, definable by a matitx
is necessary and ficient for the following three conditions to be fulfilled:
(D) lim,.ax=0 (k=0,1,..)
@QIfAh=ap+an+..+ax+.. thenlim_.,A,=1.
Q) If K, = ; land, thenK,<C (n=1,2,..), whereC is a constant.
These are L_Josually known as Toeplitz conditions and the matrices satisfying them are
known as T-matrices.
As the simplest example of the methods definable by T-matrices, we will consider
the classical case, namely, the method of arithmetic méaniC, 1)) introduced by

Cesaro. Cefiro proposed ascribing a susito a divergent series [2].

2.3.1 Cesaro Summation

Consider the example of the series

(9

1—1+1—1+...:Z(—1)k,
k=0
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it's partial sums for the sequen¢k 0, 1, 0, . . .} which has no limit. Because this partial
sum alternate evenly between 1 and 0, one might therefore suggeétiﬂme limit
of the sequence, and hen%:equals the sum of that particular series. We give a precise

meaning to this by defining the average of the fgtartial sums by

St St Sy
IN = N+1

The quantityo-y is called Cearo sum of the sequen¢s} or Cesro sum of the series

Iﬁo ck. If o converges to a limit- asN tends to infinity, we say that the serigsck

i; Cesiro summable tor. In the case of series of functions, we shall understand the
limit in the sense of either pointwise or uniform converge. We will have fidcdity
checking that in the above example, the series isafbesummable t(%. Moreover,

one can show that Cas summation is more inclusive process than convergence. In

fact, if a series is convergent g)then it is also Ce&xo summable to the same lingt

We form Cearo sum of the Fourier series, which by definition is

So(f)(x)+...+SN(f)(X).

on () () = 2

Now, from the partial sum of Fourier series we have,

Sn () () = (f = Dn) (x) = %ff(x—t) Dy (f) dt
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we rewrite the Ce&o sumoy as

on () (%)

thus we can write,

on (F)(¥) = (f =

where

FN(X):N—

N+1

Zsm)
) .

f D d
kz f (x—t) Dk (1) t}

1 1 &
fo(x—t)[mk;m(t)]dt

%ff(x—t)FN(t)dt.

Fn) (%),

N

1 Z Dk (X)

k=0

(2.15)

or we can represeffty (x) by another form that is,

Fn (X)

1 1 [ (k+d)
i ék+§ x}

N+ 1sin3 {kZ:c;

1 1 ep(N+1)x 1
N+1sin§{e eix—1}
1 1 (éMdx_g
N+1sin’§‘{ e g% }
1 1-cos[(N+1)x]
N+1 2sirt %

1 sir[(N+1)3]
N+1  siP¥

NIX

(2.16)

We say thaFy (X) is Fegr Kernel. Now let’'s see some properties oférdfernel.
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Lemma 2.9

(i) Fn()=Fn(-%).
(i) Fn(x) > Ofor all x.

(iii)

Vs

fFN (x)dx=1.

-7

(iv) For each fixed > 0,

’Lim fFN(x)dx:O.

o<|X|<

Proof.

()-(i)) From(2.16), (1) and(2) are clear.

(i) We will prove using(2.15)

N
PN = s > D),
k=0

use of the definition of the Dirichlet's Kernel yields

1 S[1 &,
FN(x):N+1Z[EZe' ]

k=0 m=—k

IntegratingFy (X) then yields

1 [ 11 &
— - E E imx
1 N Kk 1 n .
- Nﬁulzkoz{_znfé dx
=0 m=-k et




whenmis non-zero,
f e™dx = 0,

but whenm = 0,
f e™dx = 2r,

thus,
1 10
—~ [F - 1=1
2nf N () dx N+1k;

This is also Stochastic Kernel.
(iv) We use the Féy kernel form af2.15) . For¢ < |X < 7 we have

1 - 1
Sif %~ sinfd
thus
1 1
0<|X <m.

O<Fyv(X) £ ———,
<Fuls N+ Lsir? 2
This uniformly converges to 0 as— oo. O

Theorem 2.10 (Fegr Theorem) Let f : [-7,7] — R be a continuous function with

f (-n) = f (7). Then the Fourier series of f converges to f, uniformly.

Proof. .
(rN(x):%ff(x—t)FN(t)dt

by property (iii) of Lemma (2.9), we can then write

Vs

%f[f(x—t)—f(x)]FN(t)dt

/Y

lon(X) = F(X)] <

< %fﬁ(x—t)—f(x)||FN(t)|dt,
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by the non-negativity of the Fej kernel, this reduces to
1 /e
= o f|f (x=1) - f(X)|Fn (D) dt. (2.17)

A continuous function ofi—x, ] is uniformly continuous, that is, givesn > 0, there

exists a > 0 such that
X-yY <= f(X)-f(yl<e

We now split our integral at (2.17) into two integrals,

=[%f|f(x—t)—f(X)IFN(t)dt]+[2—1ﬂ f |f(x—t)—f(x)|FN(t)dt],

[t]<o o<t

from the uniform continuity off, the first integral is bounded above by

%fﬁ(x—t)—f(x)lFN(t)dt < %ngN(t)dt

[tl<o It|<6

1 Ve
> stN (t)dt=e.

IA

If we let M = max_,«, | (t)], then the second integral is bounded above by

1 1
Eflf(x—t)—f(x)lFN(t)dt < ZIZMFN(t)dt
o<|til<m o<ltl<m
= M f Fn (1) dt,
T
o<Iti<m

by property(iv) of Lemma(2.9), there exists &he N such that for alh > N

f Fn (B dt < e.%.

o<t|l<m
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Conclusively, for alin > N
lon(X) = fF(X)| <e+e=2e.

This completes the proofi

2.3.2 Abel Summation

We will refer here to yet another classic and very important method of summation of
Fourier series. It was first considered by Abel. Poisson applied this method of summa-
tion to Fourier series, therefore the given method when it is applied to trigonometric
series is usually referred to as Poisson’s method or the Abel-Poisson method. Abel’s
method is stronger than the meth@j 1) .

A series of complex number¥ ¢ is said to be Abel summable ®if for every
k=0

A(r) = Z cr
k=0

0<r <1, the series

converges, and

limA(r) =s.
r-1

The quantitiesA(r) are called Abel sums of the series. One can prove that if the
series converges tg then it is Abel summable te. Moreover, the method of Abel
summation is even more powerful than the &esmethod: when the series is @es

summation, it is always Abel summable to the same sum.

2.3.3 The Poisson Kernel and Dirichlet’s Problem in the Unit Circle

To adapt Abel summability to the context of Fourier series, we define the Abel sum of

the functionf ()
f(6) ~ Z a,e"’

N=—0oc0
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by
A (D)) = ) Mane™.

Since the index takes positive and negative values, it is natural to wagte a; and

Ch = a,€" + a_,e™ for n > 0, so that the Abel sums of the Fourier series correspond
to the definition given in the previous section for numerical series. We note that since
f is integrable|a,| is uniformly bounded im, so thatA, (f) converges absolutely and
uniformly for each O< r < 1. Just as in the case of Gee means, the key is that this

Abel sum can be written as convolution

A (£)(0) = (f = Pr)(6),
whereP; (0) is the Poisson kernel given by
P (6) = i ringn’,
n=—co
In fact,

A (1) (6)

i rlnlané'ne

N=—oco

- i rhnl iff(cp)e_i”“”dgn gn’
N=—co 27(_”
1 [ Nl cin(e-6)

= o | f@] >, e dy,

N=—0c0

where the interchange of the integral and infinite sum is justified by the uniform con-

vergence of the series. Now let’s see some properties of Poisson kernel.

Lemma2.11LetO<r < 1. Then
(i) The Poisson kernel,®6) with respect to independent varialsles even function
and has2r—period. Also, RP(6) > O.

Indeed, we can find Poisson kernel with the solution of Dirichlet problem in the unit
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circle as
1-r?

P, (9) = )
() 1-2r cosd + r2

Using this form,

1-2rcosfd+r12> = 1-2r +r%+2r — 2r cost

(1-r)? + 4r sir? g

This equation shows clearly that (i) is satisfied by Poisson kernel.
(i)
1

We say that Poisson Kernel is also Stochastic kernel.

(iii)
lim P (6) =0, 6#0.
r—
if 8 =0, then
1-r2 1-r2 1+
P, (0) = = =
O =T e (1-r2 1-r
then

lim P, (0) = oo,
r-1

Theorem 2.12 For any summable x) the serieso (f) is summable almost every-
where by the Abel-Poisson method to this functigr)fit is summable to
% [f (x+0) + f (x— 0)] at any point of discontinuity of the first kind and tg§>) at any

point of continuity.

The proof of this theorem is similar to that of the theorem oEEejo we omit it.

35



CHAPTER 3

APPROXIMATE IDENTITY

3.1 Representation of a Function by a Singular Integral at a

Given Point

Let’s take a look at some theorems and lemmas concerning convolutions of the

function f with some kernels [6].

Theorem 3.1 (H. Lebesguelet K, (1), K, (t), Kz (t),... be asequence of measurable

functions defined ofa, b]. If there exists a constant K such that
IKn ()] < K (3.1)

for all n and t, and if for every ¢a < ¢ < b), we have

c

Iimen(t)dt:O, (3.2)

n—oo
a

then the equality
b
Iimf f(t)Kn(t)dt=0 (3.3)
N—oo a

is valid for an arbitrary summable function(f) on[a, b].
Proof. If [a,B] is a closed subinterval ¢&, b], then(3.2) implies that

B

lim f Kn () dt = 0. (3.4)

Nn—oo

a

Noting this, we now consider any continuous functib(t) and for prescribed > 0,

we subdivide[a, b] by means of the pointgy = a < X; < ... < Xy, = b into small
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subintervals such that the oscillation oft) is less tharz in each of them. Then

b m-1 Xk+1 m-1 Xik+1
f £ Kn(t)dt:Zf[f(t)—f(xk)] Kn(t)dt+Zf(xk)fKn(t)dt. (3.5)
a k=0 3 k=0 S

But
X+1

f[f (©) — £ (6] Kn () dt] < Ke (X = %0

Xk
so that the first sum iG3.5) is not greater thaiKe (b — a) . The second sum i(B.5)
tends to zero asincreases, in virtue of (3.4) far > ng it will be less thare. For these

n, we have

<e[K(b-a)+1],

b
f f (1) Ko (1) dt

so that(3.3) is proved for a continuous functioih(t).

Next, letf (x) be a measurable bounded function:

[f ()] < M.

We takee > 0, and using N. N. Luzin’s theorem, find a continuous functigt) such

that
MmE(f £9)<e, |gt)|<M
then
b b b
ff(t) Ko (t) dt = f[f ® - 9] Kn(t)dt+fg(t) Kn (1) dt
But

b

f [f (1) - g(0)] Ka () dit

a

_ f[f(t)—g(t)]Kn(t)dt<2KMg,

(f#g)

b
o

where the integral

37



tends to zero according to what has already been proved, and fliaiesuly largen,

becomes less than Hence, for thesa, we have

<(2KM +1e

b
f f () Ko (1) dt

which proveq3.3) for the case of a bounded mesaurable function.
Finally, let f (t) be an arbitrary summable function. We takesan 0, and using the
absolute continuity of the integral, we finda 0 such that for an arbitrary measurable

sete c [a, b] of measurane< ¢ we have

f|f(t)|dt<g.

This done, we find a measurable bounded funagi¢m such that
mE(f # g) <é.

We may assume that the functigift) vanishes on the s&(f # g). Then

b

b b
fmeaom:jluo—MMK40m+f§mKaom

a

But
b

jﬁuo—mmKMom

a

_ ff(t)Kn(t)dtsKs,
(f#0)

b

where the integrangndt will be less thare for suficiently largen; for suchn, we
a

have

b
ff(t) Kn () dt] < (K + 1) &,

which proves the theoremn

38



Theorem 3.2 (Riemann-Lebesguejor an arbitrary summable function f defined on

[a, b],

n—oo

b b
Iimff(t)cosntdt: Iimff(t)sinntdt:O.
n—oo

a a

In particular, the Fourier coficients
1 10,
a, = j—Tff(t) cosntdt, b, = ;ff(t) sinntdt

of an arbitrary summable function tend to zero assneo. If the relation(3.3) holds for
every summable function(t) defined orja, b], then we shall say the sequeri&g (t)}

converges weakly to zero as# co.

In the following discussion, if it is not explicitly stated so otherwise, we shall assume

that the kernekK (t, x) is bounded for fixesh andx. Then the singular integral

b

mm:fm@@fmm

a

is meaningful for an arbitrary summable functibt) .

Theorem 3.3 (H. Lebesguelf for fixed x( a < x < b) and arbitrarys > 0, the kernel
Kn (t, X) converges weakly to zero in each of the interasx — 6], [x + 6, b] and,

furthermore,

b
f|Kn(t, X)ldt < H (%),

where H(x) is independent of n, then the equality
lim f,(x) = f(X)
nN—oo

is valid for any summable function() which is continuous at the point x.

Proof. SinceK, (t, X) is a kernel,
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b
Iimen(t,x)dtzl,
Nn—oo

a

and it will sufice to show that

b

r!iilgof[f () — f ()] Kn (t, X) dt = O.

a

For this purpose, having taken> 0 we find a5 > 0 such that

&

10101 < 357

for t—x <o

Then for arbitraryn,

_®
4

|lf[f (t) — f (] Kn (t, x) dt

-0

But each of the integrals

b

f[f (t) — f (] Kn (t, x) dt, f[f (t) — f (] Kn (t, x) dt

X+0

tends to zero as — oo, so that fom > no, each of them will be less thahin absolute

value; forn, obviously

<é&

b
f[f () — f ()] Kn (t, X) dt

which was to be proveda

This theorem is relevant to the representation of a summable function at points of
continuity, but in general a summable function does not have a single point of conti-
nuity, which, of course, diminishes the interest of this theorem.The question of rep-
resenting a summable function at those points where this function is the derivative of
its indefinite integral, or at Lebesgue points, is of great interest because, as we know,

either of these sets of points fills almost the entire interval on which the function is
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defined. We now go over to this question.

Lemma 3.4 (I. P. Natanson)et a summable function (f) possessing the property

jhf (t) dt

M= sup {} } < 400 (3.6)
0<h<b-a | N

be defined on the closed intenjal b].

For any nonnegative decreasing functio(t)y defined and summable ¢a b], the

integral
b
ff(t)g(t)dt (3.7)
a
exists and the inequality
b b
ff(t)g(t)dt < Mfg(t)dt (3.8)
a a

is valid.

Proof. To clarify the conditions of the Lemma(3.4), we note that the case vg{@)e=

+o0 is not excluded. If, howeveg(a) < +oo, the functiong (t) is bounded and integral
(3.7) exists as an ordinary Lebesgue integral. Going over to the proof of the lemma,
we note that, without loss of generality, we may assgti® = 0. In fact, if this were

not so, we would simply introduce the functignh(t) defined by the equalities

g (t) gt),ifa<t<b

g = 0, ift=b

to replaceg (t).
Having proved the theorem fay (t), we could then replacg’ (t) by g(t) every-
where because this would have rteet on the value of the integrals involved. Thus,

we shall assumg(b) = 0. Leta < a < b. On the closed intervdly, b], the function
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g (t) is bounded and the integral

b
‘ffmgmdt (3.9)

certainly exists. If we set

t
F()= f f (u) du,
a
integral(3.9) can be expressed in the form of Stieltjes integral

b b
ffmg®m=jbmdﬁm

from which, after integrating by parts, we find

b b
f#mgmm:—ﬂmma+medkmm.

But, by (3.6), we have that
IF) <M(t-a), (3.10)

and sincey (t) is decreases,

g(@)(a@—a) < fg (t) dt (3.11)

This means that

IF(@g(a)l < I\/Ifg(t)dt.

On the other hand, the functierg (t) increases. This an@.10) imply that

jﬁ a)d[~g(t)].

b

med g (®)]

a
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We transform the integral in the right member by using the formula for integration by

parts:

b b
fﬁ—@dkmm=QWMa—@+f§®dt

From this, together witl§3.11), it follows that

b
\[a—mdkmm

< fg(t) dt.

Combining the above, we obtain

b
ff(t)g(t) dt

@ b
< M{fg(t)dt+fg(t)dt}. (3.12)

Although this inequality was established under the assumptiorgifigt= 0, it also
remains valid without this hypothesis as was already explained. This means we can
replace the limib by 8, wherea < 8 < b. But then, lettingr andg tend toa, we see

that

B
lim f f()g(t)dt=0,

which proves the existence of the integ{@l7). Finally, we pass to the limit ag — a

in (3.12) and obtain(3.8); this completes the proof of the lemnm.

Theorem 3.5 (P. I. Romanovsky)Suppose the kernel.it, X) is positive and pos-
sesses the following property:

For fixed n and x, the kernel Kt, X), as a function of t only, increases on the closed
interval [a, X] and decreases on the closed intery&lb]. Then, for an arbitrary
summable function () which is the derivative of its indefinite integral at the point

X, we have

b
lim f f () Ky (4, X) dt = f (X) (3.13)
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Proof. SincekK, (t, X) is a kernel, it is sfficient to verify that

b
lim f[f(t)— f(X)]Kn(t,x)dt=0 (3.14)
nN—oo
a
Splitting the last integral into two integrals extending over the closed intefaak
and[x, b], we shall consider only the second of them since the first one is investigated

analogously. We take > 0 and find & > 0 such that for < h < ¢,

<eg,

x+h
1
Hf[f (t) - f (x)]dt

which is possible sincé (t) is the derivative of its indefinite integral at the point x.

Then according to the preceding Lemma(3.4),

X+6 X+6 b
f[f(t)—f(x)]Kn(t,x)dt gstn(t,x)dtgngn(t,x)dt.

sincekK, (t, x) is a kernel,
b

Iimen(t,x)dtzl.

nN—oo
a

This quantity is bounded since it has a finite limit. This means that there exists a

constanK (x) such that

b
fKn(t,x)dt< K (X).

Hence,

X+

f[f () = f ()] Kn (t, X) dt

X

< eK (). (3.15)

On the other hand, ifx+ 6 <t < b,

X+0
Kn (t, %) < Ko (x+6,%) < %fKn(t,X)dt< K(§X).

X
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This means the functionk, (t) = K, (t, x) are uniformly bounded on the closed in-
terval[x + ¢, b], and Lebesgue’s theorem is satisfied. But the second condition of this
theorem is also satisfied for these functions bec&ygt X) is a kernel. Hencg, (t, x)

converges weakly to zero on the closed intefxat 6, b] and for sdticiently largen,

< é&.

b
llf[f (t) — f ()] Kn (t, x) dt

+0

Forn,
b

f[f (t) — f (] Kn (t, x)dt

X

<e[K(X)+1].

so that
b

mlj}fm—fomKﬁnmm:o. (3.16)

X

This completes the proof of the theorem.

Theorem 3.6 (D . K. Faddayev)f for every n, the kernel K(t, X) has a convex majo-

rant ¥, (t, X) such that
b

f‘Pn (t,X)dt < K(X) < +o0,

a

where K(x) depends only on X, thegB.13) is valid for arbitrary f(t) € L, having the

pointt= x as a Lebesgue point.

Proof. Here, also, it will be sfiicient to prove equality3.16). Taking ane > 0, we

find a¢ > 0 such that for 6< h < ¢,

x+h
%fum—umm<a

According to the Lemma(3.4),

x+h x+h

Sflf(t)—f(X)|‘I’n(t,x)dt§3f‘Pn(t,X)dt<8K(X).

X

X+0

fum—umammm

X
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On the other hand, on the closed interfzak ¢, b], the sequence, (t)} = {K, (t, X)}

converges weakly to zero because,tfar[x + 6, b],
1 X+0 K
X
IKn(t, X)] < Ph(t,X) < Ph(X+6,X) < gf‘l’n(t,x)dt< (g )_
X

Noting this, we complete the proof of Faddeyev’s theorem exactly as above.

3.2 Approximate Identity

Definition 3.7 (a) Periodic case:
A family of kernelgK, (X)}.., on the[-x,n] is said to be a family of Approximate
Identity if it satisfies the following properties:

() Foralln>1,

1 /e
ZfKn(x)dx: 1

(i) There exists M> 0 such that for all n> 1,

f|Kn(x)|dxs M.
(iii) For everys > 0,

IKh(X)]dx— 0, asn— oo,

O<|X|<m

or instead of(iii) , we shall often assume the property

lim [ sup K, (x)|] =0.

N—0 | s<ixi<n

If the functionsK,, happen to be positive, they usually have the familiar bell-shaped
graph: the area under the curve: K, (y) is equal to 2, whereby, for increasing, the

peak aty = 0 becomes higher and narrower in such a way that the area under the curve
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neary = 0 comes out equal tar2

Definition 3.8 (b) On the real line:
A kernel{K, (X)} is called an Approximate ldentity on the real line if there is some
constant M> 0 with

IKn (9l < M

lim f|Kn(x)|dx:0, 6>0
n—oo

0<|¥|

or

lim [s.ulen (x)|] =0, 6>0.

n—oo 5<IX|

The name Approximate ldentity is justified by the fact that foe C[-x,n] the se-
quence{f = K,} tends uniformly tof for n —» . Indeed, in view of the properties
of {Kn (X)}, the magnitude of the convolution integidl = K,,) for largen essentially
depends upon the value of its integrand near0 ( f being bounded ). Since(x —y)

is then near td (x) ( f being continuous ),

0

t0(5) [ Koty

(0,

(f = Kn) (%)

for largen. One of the important features of the convolution intedfat K) is that
the 'best’ properties of each of its factors are inherited by the product itself. This is

due to the translation-invariance and commutativity of convolutions.

Theorem 3.9 Let {Ky}., be a family of Approximate Identity kernels, and f be an

integrable function on the interv§r, ], then
lim (f + Kq) () = T (x)

wherever f is continuous at x. If f is continuous everywhere then the above limit is

uniform.
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Proof. We will prove

lim |(f + Ka) (%) = £ ()| = 0.

I(f + Kn) () — £ ()] =

ff(t)Kn(t—x)dt—f(x)

s

fKn(t—x)dt—l

—T

< +|f (X)]

ff(t)Kn(t—x)dt—ff(x)Kn(t—x)dt

Since

s

lim fKn(t—x)dtzl,

n—oo

the last term on the right side of the inequality tends to zero as «~. We can

eliminate the last term , thus we have

ff(t)Kn(t—x)dt—ff(x)Kn(t—x)dt

or we can write

Vs

f[f(t)—f(x)]Kn(t—x)dt

-

sfum—ummm—mm.

Sincef is continuous ax, for anye > 0 choose so thaft — x| < § implies|f (t) — f (X)] <

&

X+0

flf(t)—f(X)IIKn(t—X)IdHflf(t)—f(X)IIKn(t—X)Idt

X—6 o<|t—x|

X+0

sf|Kn(t—x)|dt+ f [f(t) — f (XK, (t—X)|dt
X—=0

o<|t—x|

IA

IA

a[mm—mmu‘fuamaa—WM+um|f|ma—mm,

o<|t—x| o<|t—x]
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let maxe[_r | T (t)] = M, we can write
< SflKn(t_ X)|dt+ M f IKn (t = Xx)|dt + | f (X)] f K, (t — x)| dt,
- o<|t—x| o<|t—x
by property of Approximate Identity,
lim f IKn (t = X)|dt=0,
n—oo
o<|t—x]

finally we have,

lim |(f «Ky) (X) - f(X)] < e
nN—oo
The proof is completex

If & > 0 andf is continuous ax, chooses so thaty| < ¢ implies|f (x—y) — f (X)| <

e. Then, by the first property of Approximate Identity kernels, we can write

T

(F K= 1 =5 [ KaO) F(x=3)dy~ (0

v/

— 5 [ K O[T (x=3)- ]y

Hence,

I(f + Kn) () = £ (X)]

%fmy)[f(x—y)—f(x)]d%

%fmn(y)nf(x—y)—f(xﬂdy

Iyi<é

IA

. f KaO)I1F (x=y) = f (I dy

o<lyl<m

( 28
> [kaondy+ 32 [ ikaoiy

o<|yl<m

IA
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whereB is a bound forf. The first term is bounded bg% because of the second
property of Approximate ldentity. By the third property we see that for all laxghe

second term will be less than Therefore, some constant- 0 and all largen we have

|(f 5 Kn) (X) = (X)] < ce,

thereby proving the first assertion in the theoremt i§ continuous everywhere, then
it is uniformly continuous, and can be chosen independent>of This provides the

desired conclusion thdt« K, — f uniformly.

Recall that
Sn (f) (%) = (f = Dn) (¥)
where
N .
Dy (X) = Z gnx
n=—N

is the Dirichlet kernel. Theorem 2.3 would imply that the Fourier serigscainverges
to f (x) whereverf is continuous ak. Unfortunately this is not the case. Indeed, an

estimate shows th& violates the second property; more precisely one has
f|DN (X))dx > clogN, asN — oo.

However, we should note that the formula iy as a sum of exponentials immediately

gives

1 T
ZIDN (x)dx=1,

so the first property of Approximate Identity is actually verified. The fact that the
mean value oDy is 1, while the integral of its absolute value is large, is a result of
cancellations. The functioby (x) takes on positive and negative values and oscillates
very rapidly asN gets large. This observation suggests that the pointwise convergence
of Fourier series is intricate and may even fail at points of continuity. Since a Fourier

series may fail to converge at individual points, we are led to try to overcome this
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failure by interpreting the limit
’\Ilim Sn(f) = f  indifferent sense

Theorem 3.10 We suppose that JX) is a kernel that is Approximate Identity and

f € Ly (—o0, ). If X = Xg is @ continuity point of the function f, then
lim Ay (f, %) = f (%)

where

Aﬂt@:ffm&ﬁ—@m,—m<x<m

Proof. Let’s write

[e9)

|An(f,xo)—f(xo)|sf|f(xO+t>—f(xo)|Kn(t)dt.

—00

Sincex = Xg is a continuity point of the functior, for all ¢ > 0 there exist$ > 0
such that

It <& then |f (X +1t)— f (X)) <e. (3.17)

)
Ao (f%0) — f (x0) < f|f(xO+t)—f<xo)|Kn(t)dt

0
+ [ 1f (%0 +1) — T (X0)| Kn (1) dt
/

+f|f(xo+t)—f(xo)u<n(t)dt
)
< 4Dl 40

Kn (t) is a non-negative function and

(o)

\fKMszl

—00
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then
o

i <efKn(t)dt<8.

-0

SincekK, (t) is even function

(o) [ee)

= [100-0- oo @t [1F0o+D - F ool Kt

+ 1
1) o

f|f(xO—t)|Kn(t>dt+|f(xo)|fKn(t)dt

IA

f|f(xo+t)|Kn<t)dt+|f(xo)|f+<n(t)dt

IA

[t|>6 [t|>0

supKs (1) f 1f (%o — )] dt + SupK, (1 f f (%0 + Ol dt

+2|f(x0)|fr<n(t)dt

IA

211l SUpKsy (1) + 2| (x0) f Kn (D) dit.

[t}>6
According to the Approximate ldentity as— oo, the right side of this inequality is

zero. The proof is complete

Theorem 3.11 We assume that Kt) is a 2r—periodic kernel that is Approximate
Identity and f e Li(-n,m). If f(X)is a continuous function at the point x X,

then

lim B (f, %) = f (%),

where

lim B, (f,x) = f f(t)K,(x-1t)dt
N—oo

Proof. Let’s choose again a numbésatisfying (3.17),that is,
It <& then |f (Xo+1)— f(X)| <e.

52



1Bn (f, X0) — T (X))

IA

j\um+o—fWMKaom

+j\um+o—fWMKﬂom

s

+j\um+o—fWMKM0m
)
L+ 1+ 1,

IA

and

0

o< ngn(t)dt

-0

8fﬂKn (t) dt

=7

= g,

A

and alsdK, (t) is even function

Vs

. fﬂﬂm—ﬂ—ﬂm%ﬂﬂm+0—ﬂmM&ﬁNt

0

21 (o)l + 211 fll,) (SUIOKn (t)),

[t}>6

+ 1

IA

and by definition of Approximate Identity as— oo, the right side of this inequality is

zero. The proof is complete

Theorem 3.12 Let K, (t) be a monotone decreasing kernel that is Approximate Identity

on [0, o] .Then for any Lebesgue point of the functiofx)fe L, (—co, c0)
lim A, (f,x) = f(X)
nN—oo

where

An(f,x):ff(t)Kn(x—t)dt, — 00 < X < oo,
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Proof.

[0e]

An(F,X) = f(X) = f[f (x+1) + f (x= 1) = 2f ()] K () dt,

0

and then
|AL(F,X) — f (X)| < f|f (x+t)+ f (x—1t) = 2f (X)| Kp (t) dt.
0

We assume that for ¥ p < co, p’is the conjugate op, that is,% + pi = 1 where

f € Lp(—o0, 00). Using Holder Inequality,

/A (f, %) — £ (X)]

< f|f(x+t)+f(x—t)-2f(x)||<,§’ O K (1) dt

0

< |f(x+t)+f(x—t)—2f(x)|pKn(t)dt][ Kn(t)dt]p
f f

)
1
P

:( mlf(x+t)+f(x—t)—2f(x)|pKn(t)dt] .
5
or we can write
1A (%) — T (X < fwu (x+1) + f (x=1t) — 2f ([P Ky (t) dit (3.18)
5
Now, let’s define a function as
F(t):ft|f(x+§)+f(x—f)—2f(x)|pd§. (3.19)
;

Clearly,
dF(t) = |f (x+1t)+ f (x=1t) = 2f (X)|Pdt. (3.20)
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Assume thaik is a Lebesgue point of the functidn(x). By definition of Lebesgue

point atx,
h p
H_rg[%f|f(x+t)+f(x—t)—2f(x)|pdt] =0.
0
Using the functiorF (t)in (3.19)
. (1 P
L'L%(HF(“)) =0

or

1

That is, for every > 0 there exists @ > 0 such that
F(h) <eh, h<oé. (3.21)

So,

An (. %) = ()P

IA

flf(x+t)+ f(x—1t)=2f ()P K, (t) dt
0

+ flf (x+t)+ f(x—1) - 2f (QI° K, (t) dt

m, + ;. (3.22)

Let's show that

limm, = limm, = 0.

n—oo Nn—oo

Firstly using (3.20),

0

@:f&mwm

0
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by using integration by parts

3.
|

)
[&@Fmﬁ—med&m
0

K @F @+ [ FOI-K, O]
0
SincekK, (t) is monotone decreasing on [©), —K, (t) is monotone increasing. When

(3.21)is applied to the functioR under and outside the integral then we get,

0

M, < 80Kn 6) + [ 1d[-Ko 0],

0

and
o o)
m’ngngn(t)dt@fKn(t)dt:g
0 —00
or for anyn
m, < &. (3.23)

Now, considem/.Fora > 0 andb > 0

(a+b)P <2 (@ + bP)

then

If (x+t)+ f(x=1t)-2f (X)|P

IA

2P(f (x+t)+ f (x=0)P+2°|f (X)|P)

IA

2P (2P 1f (x+ )P+ 2P| (x=1)IP+ 2P |f (X)IP)

22 (f (x+ 1P+ If (x =P + [ ()IP).
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Also, sinceK, (t) is monotone decreasing on [9)

[ee)

Kn(é)ZZp[flf(x+t)|pdt+flf(x—t)lpdt]+22pf(x)lprn(t)dt
) )

o

!

IA

(o)

2P| Kn (5) + 2291 (P f Ko (t) dt

0

IA

By definition of Aproximate ldentity

o

lim Ky (3) =0, lim fKn () dt =0,

)
then

lim m, = 0. (3.24)

n—oo

Thus, if we use (3.23),(3.24) in (3.22) we have
lim |A, (f,x) = f (X)|° =0.

The proof is completex

Theorem 3.13 Let K, (t) be a2r—periodic and monotone decreasing kernel that is
Approximate Identity ofi0, 7] .Then for any Lebesgue point of the functiofx)f
Lo (=7, 7).

M‘l B, (f,x) = f(X)

where

Bn(f,x):ff(t)Kn(x—t)dt, —T<X<m.

Theorem 3.14 Let K, (t) be a monotone decreasing kernel that is Approximate ldentity

on [0, oo] .Then for any D-point of the function(k) € L; (—oo, o)
lim A, (f,x) = f(X)
n—oo
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where

An(f,x):ff(t)Kn(x—t)dt, — 00 < X< 00,

Proof.SincekK, (t) is even function

An (f, %)

ff(x+t)Kn(t)dt

0 S

ff(x+t)Kn(t)dt+ff(x+t)Kn(t)dt
—00 0

(o)

f[f (x+1t)+ f (x=1)] K, (t)dt.

0

Also,by the definition of Aproximate ldentity

[e9)

2fKn(t)dt: 1,

0

by multiplying both sides of this equation with(x)

2f(x)fKn(t)dt: f(X),
0

or we can write

(o)

f(x) = fo (X) K (t) dt,

0

and subtracting this function from both sides of the (3.25), then we have

(o8]

An(f,x)— f(X) = f[f (x+1t)+ f(x=t)—2f (X)] K, () dt.

0
Now, letx be a D-point of the functior (x) . By definition of D-point

h
m%f[f(xﬂnf(x—t)—zf(x)]dtzo,

0
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that is, for everys > O there exists & > 0 such that

< ¢h. (3.27)

h
f[f(x+t)+f(x—t)—2f(x)]dt
0

Then let's write the integral at the right side of the formula (3.26) as the sum of two

integrals, that is,

o
A(f, X - F(X) = f[f(x+t)+f(x—t)—2f(x)]Kn(t)dt
0

’

+ f[f (x+1) + f (x=1) = 2f (X)] Kn () dt
o
s (3.28)

Il
—

Firstly, let's consider,, and define a function &5 (t)

t

Ft)= f[f X+ &)+ f(x—¢) —2f (x)]dé. (3.29)

0
According to the inequality (3.27)
IFM)l<et, t<6 (3.30)

and also as seen from formula (3.29)

dFt) = f(x+t)+ f(x—1t) - 2f (X).
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By using integration by parts

ﬁ
Il

5
. ‘f‘Knﬁ)dF(D
0

[&@me—med&m
0

&@F@+mew«m»
0

SincekK, (t) is a monotone decreasing kernek, (t) is monotone increasing and using

inequality (3.30), we have

0

|ro| < e5Kq (6)+6ftd (-Kn (1)),

0

by integration by parts, again
o
Iro| < &6Kn (6) + £6Kn (8) + gf Ko, (t) dt.
0

SincekK, (t) is a monotone decreasing

0

f K (1) dt > 6K (6),

0

and since

[Se]

fKn(t)dt: 1,

—00

’
r‘I’l

<3 f Kn (1) dt = 3. (3.31)
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Now, consider;/,

IA

17
i

flf(x+t)+f(x—t)—2f(x)|Kn(t)dt

IA

Kn(é)flf(x+t)+f(x—t)|dt+2|f(x)|fKn(t)dt

IA

201l Kn (0) + 217 0 [ Ko (O
0
and by definition of Approximate Identity,
limr; =0. (3.32)

n—oo

By applying formulas (3.31), (3.32) into (7.28), then the proof is complzte.

Theorem 3.15 Let K, (t) be a2r—periodic and monotone decreasing kernel that is Ap-

proximate Identity ofi0, ] .Then for every D- point of the function(X) € L, (-, 7).
lim B, (f,x) = f (X)
n—oo

where

Bn(f,x):ff(t)Kn(x—t)dt, —T<X<m.
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CHAPTER 4

ON CONVERGENCE OF CONVOLUTION TYPE SINGULAR
INTEGRAL OPERATORS DEPENDING ON TWO
PARAMETERS

In this chapter we will study a recent paper due to Karsli, 2007 which is deal with
the theory of approximation of singular integral operators[11]. In papesELl]} [12]
studied the pointwise convergence of integrable functiohs(nar, ), by a two-parameter

family of convolution type singular integral operators of the form
U(f;x A1) = ff(t) Kt-xA)dt , xe(-nm,n).

They considered four cases wheggis a continuity point, a Lebesgue point, a
generalized Lebesgue point ang-ageneralized Lebesgue point bf

In this study, the author, investigates the pointwise convergendd fofx, 1) to
f(%o) in L1(a, b), by another two-parameter family of convolution type singular integral

operators of the form
b
T(f;x,/l):ff(t)K(t—x,/l)dt , Xe(ab), 1e AcCR (4.2)
a

We note that taking € N, X = X, andK > 0 this two-parameters family is reduced
to the single parameter sequence in [5] and [6].

First, we shall give conditions which provide the operator’s existence.

Definition 4.1 (ClassA).We take a familyKX = (K,),ea Of functions Kt, 1) : R x
A— R We will say that the function ¢ 1) belongs to classA, if the following condi-

tions hold:
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a) As function of t K(t, 1) is defined on(—oo, o0) and integrable for each fixed
A€ A (Ais agiven set of numbers with an accumulation pag)t

b) lim fK(t—x,/l)dtzl.

(x1)—(%0.0)

c) lim [ |K(t, 2)dt = 0, for everys > O.
A=do s

d) lim[ sup|K(t, 2)|] = O, for everyé > 0.
A— Ao [t}>0

€) There exists @, > 0 such thaiK(t, 1)|is non-decreasing o(-do, 0] and non-

increasing or0, do) as a function of tfor eacha € A.

4.1 Existence of the Operator
The proofs of the theorems are based on the following theorem.

Theorem 4.2 Let1 < p < c0. We assume that the kernel functioft,lQ) satisfies &

If f € L, < a,b>, then the operators, defined in (4.1)f) € L, < a,b > and

||T(f)||Lp<ab> < ”K(7 /l)”Ll(—oo,oo) ||f||Lp<ab>

for everyd € A. This implies that Tf; x, 1) defines a continuous transformation over

Lo< a,b >, where< a,b > is an arbitrary interval inR.

Proof.This kind of existence theorem is also valid in general functional spaces ( see
e.g. [7]).
We denotef € L1(R) as

~ f(t) , te<ab>
f(t) := ® . (4.2)
0 , te<ab>

63



4.2 Main Results

In the present section, we assume tha b > is an arbitrary finite interval ifR, such

as fa, b], [a,b), (a,b] or (& b).

Definition 4.3 (u—Generalized- Lebesgue Point).et % be au—generalized- Lebesgue

point of function {x) € L, < a,b >, i.e. for some ¥ satisfy the condition

h
. 1
hlggmofﬁ(xon)—f(xondt-o,

whereu(t) defined orj0, b — @], increasing, absolutely continuous an(D) = O.

Theorem 4.4 Suppose that the functionK1) belongs to classi. Let x be au—generalized-

Lebesgue point of function() € L; < a,b >, i.e,, for some ¥ satisfy the condition

im f [f(xo+1) ~ f()ldt = 4.3)

wherepu(t) defined on0, b — a], increasing, absolutely continuous ap@) = O. If
(x, 2) tends to(xo, A0) on any planar set Z on which the function
Xo+d
f IK(t = %, D)l (Jt = Xo)dt + 21K (0, ) u(]X = Xol), 0 <6 < 6o (4.4)
Xo—0
is bounded, then

[T(f; % A) — f(X)| = 0. (4.5)

|
(x4)—(x0,0)

Proof. Suppose that

Xo+d<b, Xo—6>a and 0<xo—x<é

> (4.6)
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forany 0< 6§ < 8. Set|l(x, )| = [T(f;x, 1) — f(X)|. According to conditiorb) and

(4.2), we shall write

b
[1(x, 2)| ff(t)K(t — X, A)dt — f(Xo)

_ f%(t)K(t—x,A)dt— f (%)

- f?(t)K(t-x,ﬂ)dt—?(xo)fK(t—x,A)dH?(xo)fK(t—x,A)dt—f(xo)

Also according to (4.2) and (4.6), we ha%/eq)) = f(Xg). Hence from (4.3), we can

divide the last equality as follows:

A

(x| < ﬂ?(t)-%(xo)‘||<(t—x,4)|dt+f(xo)UK(t—x,a)dt-l

(o)

—00

a Xo—0 Xo Xo+0 b

- f+ +f+xof+f+bf ‘f(t)—f(xo)‘lK(t—x,/l)ldt

—00 a Xo—0 Xo+0

[

+|f(x0)|UK(t- x, )dt - 1

(%Y

|0(X, /l) + |1(X, /1) + |2(X, /l) + |3(X, /1) + |4(X, /l) + |5(X, /l) + |6(X, /1)

Since

(X )| < lo(X, A) + 11(X, ) + 12(X, ) + 13(X, A) + 14(X, 2) + 1s(X, 2) + lg(X, 2),

it is suficient to show that the first four terms on the right hand side of the last inequal-
ity tends to zero asx(1) — (Xo, Ag) OnZ.
Firstly we considet(x, 1) andl4(x, A).

From conditione) and (4.2), it is seen that
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|1(X, /1)

Sincexp — X < §

|1(X, /l)

IA

IA

Xo—0

f 1£(t) — FO) Kt — %, D] dit

a

Xo—0
P Kl X f 1£(0) ~ F(xo)] ol
b
suplK(u, )| | [f(t) - f(xo)ldt

5
ul>35
2 a

SUpIK (U )l {IIflliyan) + 1T (x0)l (b - 8)}

5
ul>35

In the same way, we find that

|4(X’ /l)

IA

IA

Next we considel,(x, 1).

From (43) and (4.2)for everye > 0O there exists & > 0 such that

and

forallO< h<é. Let

then

b
f|f(t)— £ (30| [K (t - x, )/ dit
Xo+0
b

suplK(u, )l [ 1f(t) - f(xo)ldt

i
u>s
lu>3 Xo+0

SUpIK (U D1 {II Fll ey + I (xa)l (b - @)}

5
ul>35

Xo

f 1£(t) — ()| dt < e p(h)

Xo—h

Xo+h

f (1) - FO)l dt < ep(h)
Xo

Xo
F(t) = f 1£(y) - ()l .

dF(t) = —1f(1) - f(xo)ldt
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From (49) and (4.11), for alt satisfying the conditiorxg — t < 6, we have
FO) < e pulxo-1). (4.13)

Hence, now we can evaluatgXx, 1).

Evaluation ofl;(x, 2) can be done in the following way:
Xo
12 ) = [ 110 - FO)IK(E - Dl
Xo—0
By (4.11) and (412), we can rewritd (X, 2) as
Xo
fatx 01 = |- [ IK(E=x DIdFE).
Xo—0
Integration by parts give us,

L) = |-F(o—0) IK(o—0—x 1+ [ FO) o IK(E-x Dl dt

—

53

Xo—

IA

Xo
|F(Xo—5)||K(Xo—5—X,/l)I+le(t)l%lK(t—x,/l)l dt.

Xo—0

It follows that from (413),

(6 ) < £10) Qo 5~ % D+ [ o150 IK(E~x, 2 dt

Xo—

—=

(=%

Integration by parts again, then we get

[12(x, )]

IA

eu(6) IK(Xo — 6 — X, ) + &{-u(6) IK(Xo — 6 — X, 2)|

X0

- | #(-1IK({E-x ) dt

1l
—

# (%o — 1) [K(t - x, 2)| dt.
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Let
Xo—X

l21(%, A) = f 1 (X — x—1) |K(t, 2)| dt. (4.14)

Xo—X—6

Here we note that, if a functiohis monotone ond, b] then

b
VIfiabl = \/(f) = If(b) - f(a)I.

Frome) and (46), for (4.14) we obtain the following estimate:

Xo—X t
(X, ) = f {v |K(w)|+|K(xO—6,ﬂ)|}u’(xO—x—t)dt
Txes \X07X=0
X0 S _
- f \/ K(s Dl| (% - x— bt
Xg—X—0 [Xo=X=0 E
XX :
+ f \/ IK(s 1| (% - x - t)dt
0 | Xo—X—0 |
Xo—X
1K (o — 6, 2) f W (%o - x— )t
Xo—X—8

0
= [ OKEAI= KO0 - 8- x N (0 - X~

Xo—X—6
Xo—X

+ f (1K(0, )] — [K(Xo = 6 — %, )} (%o — X — Byt

—X

{IK(O, )1 = IK(L, DI} ' (%0 — x — t)dt

X ©

+

o%

Xo—X
+1K (% - 5,)] f 1 (% = x - tydt

Xo—X—8
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<

—IK(xO—é—x,ﬂ)l{ f M (X — X = t)dt +

0 Xo—X
f IK(t ) (%0 — X - )t + 2]K (0, 1) f o (% - X - tydt
—0 0

0

&

ot

M (%= X— t)dt}

Xo—X—6
—X

Kt ) (% — X — )t + [K (%o — 5 — X, )] f o (%0 - )dt

Xo—0

&

o%

Xo—X Xo—X

f IK(t )| (%o — X— )t + 2K(0, 1) f W (%o - x— )t
Xo—X—0
+K(xo—6—x,ﬂ)|{fu(xo f)dt - fu —t)dt}

Xo—0 Xo—0

f IK(t, )l (%o — X— 1)t + 2K (0, )] e(1X — %ol)

Xg—X—8

f IK(t = % ) (%o — Bt + 2K (0, V)] (1% — o).

Xo—0

Consequently by (45),

Xo—X

[l2(x, )| < 8{ f IK(t, )l (% — )dt+ 2|K(0, )] u(1X — Xol) ¢ -

Xo—X—0

We can use similar method for evaluatiizgx, 2).

Let

Then

G(t) := f 1£(y) - f(x0)l d.
Xo

dG(t) = (1) - f(xo)ldt
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Moreover, for allt satisfying the condition— X < 6, we have from (4.10) and (4.17)

G(t) < & u(t — xo). (4.19)

According to (417) and (418), we can rewritd3(x, 2) as

Xo+6
13(x )] = f K(t - x, )] dG()

Xo

Integration by parts, we find that

Xo+0
(D1 = (G0t +8) IK(a+ 5= x 01+ [ GO (- IK(t-x.2) dt
Xx(())+6 a
< 1606+ DIIKGo+5-x D1+ [ 16015 (-IKE-x )t
X0

While t € [Xo, Xo + 6), according to conditioe) and (4.6),(% (= IK(t = x, 2)|)is positive.

Therefore, from (4L9) we can write the following inequality.

Xo+0

3%, D) < epu(d) KXo +6 =X, )| + & fﬂ(t - Xo)% (-IK(t-x)dt.  (4.20)

If we using integration by parts, the second term of the right hand sidedfl)(4hen

H3(X, )| < eu(d) KX+ =X )|+ e{—u(0) |IK(X + 5 — X, )|

Xo+0

v [ W xKe-x it
Xo
Xo+0

= sf o' (t—Xo) IK(t = x, Q)| dt.
Xo
Here we denote
Xg—X+8
l31(%, ) = f Wt + x=X) |K(t, 2) | dt. (4.21)
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While t € [Xo, Xo + 6), according to conditiore) and (4.6), for (4.21) we obtain the

following estimate:

t

Xo+o Xo+0
la1(% A) \f{y/M@—xﬂhww&+6—x@*ﬁa—mmt

X0
Xo+0 Xo+0
- [waw—x@|wa—mmt
X0 t
Xo+6

+|K(Xo + 6 — X, )| fu’(t — Xp)dt
Xo

Xo+0
\fHKﬂ—K@%M«M+6—K@HMG—mwt
Xo

Xo+6

+ KXo + 6 — %, 2)| fu’(t — Xp)dt
Xo

Xo+0

f IK(t = %, )| ¢/ (t - Xo)dt. (4.22)

From (422), we find that

Xo+0

e D < [ IK(E= - Xt (4.23)
Xo
Finally, let us consider the integralgx, 1) andls(x, 1). According to (42) we write

|0(X, /l) + |5(X, /l)

| [fo - foa] ik~ x et

tg<a,b>

‘flﬂmmKﬂ—&@Mt

tg<a,b>

=|HMNL[|KG—&@Mt

tg<a,b>
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By (4.6), whent ¢ [a,b], we havet < aort > b. If t < athen
0
f—X<a-x< xo—x—5<—§<0,

whileift > b

t—X>b-X>X-X+6>6>0.

This implies that, for any > 0

f|K(t—x,/l)|dts f|K(t—x,/l)|dt:f|K(u,/l)|du.

tg<ab> It—x>$ lui>$

Thus we get
lo(X, A) + I5(X, 2) < |f(X0)l f IK(u, )| du, (4.24)

5
[ul>35

which in view of conditionc) tends to zero as¢(1) — (Xo, Ao).

Combining (47), (4.8), (4.16), (4.23) and (424), we get

N < 2suplK (U, DI FllLap + 1T ()] (b - a)}

g
[u>3

Xo+0

ﬂifMﬂ—K@mﬁ—MMt

Xo—X
ve f K (t, )]t = X0 — X — B)dt + 2[K (0, D)l (X — Xal)

Xo—X—0
b

‘[Ku—x@m—l

a

+[f(X%o)l
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< 25UpIK (U Dl {[Ifll e + T (b - )]

lu>$
Xo+0
‘e f IK(t = % )]t — Xo)dt + 21K (0, )] (1% — %)
Xo—0
b
+1F(%0)] fK(t—x,/l)dt—l .
a

This inequality is shown to be also valid feg < xo — x < 0.

Therefore our theorem now follows, in view of conditidn)s c), d) and (44).

i T(f%.) = ()

(%)= (%010

and this proves (4.5).

If we consider the case a, b >= R, we have the following theorem

Theorem 4.5 Suppose that the function(K1) belongs to classA. If (x, 2) tends to

(X0, Ap) ON any planar set Z on which the function

Xo+0
f IK(t = % )1 (1t = Xo)dt+ 21K (0, )] (X = Xol), 0 < 6 < 66

Xo—0

is bounded. Then at each pointfer which(4.3) holds, we have for (i) € Li(—oc0, o)

lim  T(f;x 1) — f(x)| = O.

(%)= (x0,0)

Proof. We can dividgl (x, )| := |T(f; x, 1) — f(Xo)| four parts as follows:

Xo—0 X0 Xo+0 00

f+f+f+f 1£(t) = f(xo)l [K(t — x, )| dt

- Xo—6 X0 Xo+6

I1(x, )|

IA

(9]

+ | f (%) [fK(t— X, )dt -1

(o)

|1(X, /1) + |2(X, /1) + |3(X, /l) + |4(X, /l) + |6(X, /l)
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Analogously to the proof of Theorem 4.1 we can show th@t, 1) — 0, I3(x,1) — 0

andlg(x, 1) — 0 as &, 1) — (Xo, Ao). Hence, it is shicient to show that

Iim 14(xA) =0
ot 1
and
lim 14(x 1) =0.
(%)= (%o.10) x4

According to (46), whent ¢ [Xg—d, Xo+0J], we havet < Xg—dort > Xg+4. If t < Xg—6
then

0
t—x<x0—x—6<—§<0,

whileift > Xy + 6

t—x>xo—x+6>6>g>0.

Therefore, we can write (X, 1) + 14(x, 1) as follows:

|1(X, /l) + |4(X, /1)

1£(8) — f(xo)l IK(t - x, )| dt

t¢[Xo—5,%0+9]
< FOKE = % D) dt+ () f K(t = % ) dt
t¢[xo—0,%0+6] te[xo—8,X0+6]
< suplK(u, ) f FO1dt + [ (x0) f K(u, )l du
>3 jt-x>3 lui>3
< SUPIK(U ) Il + 1 F(50) f K(u, ) du
lul>$ s
[ul>3

for anyé > 0. Hence fromc) andd), 11(X, 2) + 14(X, 2) tends to zero asx(1) — (X, Aog).

Thus, the proof of the theorem is completed.
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Example. We consider the function

21, te[0,?%]
KtA) =4 -1 , te[-1,0) » (4.25)
0 ., t¢[-4.3

whereA = [1, =) is a set of indices with natural topology angl= « is an accumula-

tion point of A in this topology.

From (4.25), one has

fK(t—x,/l)dt:—f/ldt+f2/ldt:1<oo.
R

[-3.0 [0.3]

Furthermore, it is easy to see that

Alim f|K(t,/l)|dt:O,
[t|>6
and

lim[ sup|K(t,2)|] =0,
A=00" >5

for everys > 0.
In addition, by (425) |[K(t, 2)|is non-decreasing on-fo, 0] and non-increasing on

[0, ) as a function of, for eachi € A.

This implies that the kernel functioK(t, 1) belongs taClassA.
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We assume thai(t) = t. If we use (425) in Theorem 4.1 and Theorem 4.2, we find

Xo+0
f IK(t = X, )| ' (It = Xol)dt + 2K (O, )| u(IX — Xol)
Xo—0
Xo+0
= flK(t— X, )| dt+4 2 |X— Xo|.

Xo—0

The first part of the right hand side of this equality is finite. Furthermore
lim A |X—X|=M < o0,

(XA)—(X0,00)

if and only if the rates of convergence df— o andx — X, are equivalent.
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