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ABSTRACT

SOME APPROXIMATION PROPERTIES OF SINGULAR INTEGRAL OPERATORS

Duman ,Özlem

Master, Department of Mathematics

Supervisor: Assoc. Prof. Dr. Harun Karslı

May 2011, 78 pages

This thesis is a survey on some approximation properties of singular integral oper-

ators in the approximation theory. This thesis consists of four chapters. Firstly, a short

history of the studies on the approximation properties of singular integral and some

basic definitions and theorems were given. In the second chapter, the solution of the

heat equation is the starting point of our study of Fourier series. Next a closer look at

the partial sums of Fourier series were given. Using the formula for the Fourier coeffi-

cients, the key observation was made such that these sums could be written as integrals

called singular integral off with Dirichlet kernel or the convolution off with Dirich-

let kernel, which led us to investigate the limiting properties of the convolutions asn

tends to infinity. In this investigation, there found the kernels satisfying Approximate

Identity whose convolutions withf tends to f . Unfortunately, Dirichlet kernel was

not Approximate Identity. At this stage of the problem of convergence, various other

methods of summing the Fourier series of a functionf could be considered that led to

convolutions of the functionf with kernels satisfying Approximate Identity and in the

third chapter some important theorems about the convolutions off with some kernels

were given. In the last chapter, the study of Assoc. Dr. Harun Karslı, which deals with

the theory of approximation of singular integral operators was further investigated.

Keywords: Heat equation, Fourier series, singular integrals, Approximate Identity,

Dirichlet kernel, Ćesaro summation, Poisson kernel, Abel summation, Féjer theorem
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ÖZET

ṠINGULAR İNTEGRAL OPERATÖRLEṘINİN YAKLAŞIM ÖZELLİKLERİ

Duman,Özlem

Yüksek Lisans, Matematik B̈olümü

Tez Yöneticisi: Assoc. Prof. Dr. Harun Karslı

Mayıs 2011, 78 sayfa

Bu tez, yaklaşım teorisindeki singular integral operatörlerinin yaklaşımözellikleri

üzerine yapılan bir çalışmadır. Bu tez dört bölümden oluşmaktadır.̇Ilk olarak, singular

integrallerin yaklaşım̈ozellikleri üzerine yapılan çalışmaların kısa bir tarihçesi ve bazı

temel tanım ve teoremler verilmiştir.İkinci bölümde, ısı denkleminin ç̈ozümü, Fourier

serileri üzerindeki çalışmamızın başlangıç noktası olmuştur. Sonrasında Fourier seri-

lerinin kısmi toplamı daha yakından incelenmiştir. Fourier katsayılarının formülü kul-

lanılarak bu toplamların Dirichlet çekirdeklif fonksiyonunun singular integrali veya

Dirichlet çekirdekli f fonksiyonunun konvol̈usyonu olarak adlandırılan integraller şeklinde

yazılabilecĕgi gözlemi yapılmıştır. Bu da bizin sonsuza giderken konvolüsyonun

limit özelliklerini incelemeye sevk etmiştir. Bu araştırmadaf fonksiyonu ile kon-

volüsyonuf fonksiyonuna giden Approximate Identityözelliğini săglayan çekirdekler

bulunmuştur. Ama Dirichlet çekirdeği Approximate Identitÿozelliklerini săglamamaktadır.

Yaklaşım probleminin bu aşamasında Approximate Identitiyözelliğini săglayan çekirdeklerle

konvolüsyona g̈otüren birçok farklı Fourier serilerinin toplama metodu araştırıldı ve

üçünc̈u bölümde f fonksiyonu ile oluşturulan konvolüsyonunun yaklaşım̈ozellikleri

ile ilgili önemli teoremler verilmiştir. Son bölümde Doç. Dr. Harun Karslı hocamın

çalışması olan singular integral operatorlerin yaklaşım teorisiüzerinde çalışılmıştır.
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Anahtar Kelimeler: Isı denklemi, Fourier serileri, singular integralleri, Approxi-

mate Identity, Dirichlet çekirdĕgi, Césaro toplamı, Poisson çekirdeği, Abel toplamı,

Féjer teoremi.
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CHAPTER 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given functionf

in some sense or other by functions having certain properties, and generally, by func-

tions with better properties thanf . It is to be expected that the better-behaved functions

are to be constructed from the givenf by some smoothing operation onf itself. The

approximation off by singular convolution integrals is of special interest.

1.1 Basic Definitions and Theorems

In this section, we give some basic definitions and useful theorems for the Fourier

analysis which will be used throughout this thesis.

Definition 1.1 (Linear Space)A nonempty set X is said to be a ”linear space” (or a

vector space) over a fieldK, if it satisfies the following conditions:

(i) ∀x, y ∈ X, x+ y ∈ X

(ii) ∀x, y ∈ X, x+ y = y+ x

(iii) ∀x, y, z ∈ X, x+ (y+ z) = (x+ y) + z

(iv) ∀x ∈ X, ∃θ ∈ X such that x+ θ = θ + x = x

(v) ∀x ∈ X, ∃x̃ ∈ X such that x+ x̃ = θ

(vi) ∀x ∈ X and∀α ∈ K, αx ∈ X

(vii) ∀x ∈ X and∀α, β ∈ K, α(βx) = (αβ)x
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(viii) ∀x ∈ X, 1x = x

(ix) ∀x ∈ X and∀α ∈ K, α(x+ y) = αx+ αy

(x) ∀x ∈ X and∀α, β ∈ K, (α + β)x = αx+ βx.

Definition 1.2 (Linear Normed Space)Let X be a linear space over a fieldK. A

function||.|| : X −→ R+ satisfying the following conditions is said to be a ”norm”.

(i) ∀x ∈ X, ||x|| ≥ 0

(ii) ∀x ∈ X, ||x|| = 0 ⇐⇒ x = 0

(iii) ∀x ∈ X and∀α ∈ K, ||αx|| = |α| ||x||

(iv) ∀x, y ∈ X, ||x+ y|| ≤ ||x|| + ||y||.

A linear space on which a norm is defined is then called a ”linear normed space”.

Definition 1.3 (Linear Operator) A linear operator T is an operator such that

(i) the domain D(T) of T is a vector space and the range R(T) lies in a vector space

over the same field,

(ii) for each x, y∈ D (T) and scalarα,

T (x+ y) = T x+ Ty

and

T (αx) = αT x.

(Kreyszig, 1989)

Definition 1.4 (Integral Operator) We can define an integral operator T: C [0,1] →

C [0,1] by

y = T x , where y(t) =

1∫
0

x (t) k (t, τ) dτ.
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Here k is a given function which is called the kernel of T and is assumed to be contin-

uous on the closed square G= J × J in the tτ−plane, where J= [0,1]. This operator

is linear. (Kreyszig, 1989)

Definition 1.5 (Periodic Function) A piecewise continuous function f(x) in an in-

terval [a,b] is said to be periodic, if there exists a real positive number such that

f (x+ p) = f (x)

for all x, p is called the period of f and the smallest value of p is termed the funda-

mental period.

We always deal with2π−periodic functions. If f has period2π, thus

f (x+ 2π) = f (x)

for all x.

Definition 1.6 (Lp Space)Lp is the set of functions which are Lebesgue integrable

to the pth power overR, for 1 ≤ p < ∞, and essentially bounded (bounded almost

everywhere) onR if p = ∞. For f ∈ Lp

|| f ||p =


∞∫
−∞

| f (t)|p dt


1
p

,

if 1 ≤ p < ∞ and in case p= ∞

|| f ||∞ = esssup
x∈R
| f (t)| .

Thus Lp consists precisely of those functions f for which the norm|| f ||p is finite number.

(Butzer, 1971)

Definition 1.7
(
L1 [a,b] Space

)
L1 [a,b] is the set of functions which are Lebesgue

3



integrable to the1th power over[a,b]. For f ∈ L1 [a,b]

|| f ||1 =

b∫
a

| f (t)|dt.

(Butzer, 1971)

Definition 1.8
(
L2 [a,b] Space

)
L2 [a,b] is the set of functions which are Lebesgue

integrable to the2th power over[a,b]. For f ∈ L2 [a,b]

|| f ||2 =


b∫

a

| f (t)|2 dt


1
2

.

(Butzer, 1971)

Definition 1.9 (Orthogonal and Orthonormal System)A system of functionsϕm (x) ∈

L2 [a,b] , (m= 1,2, ...) is said to be orthogonal on the interval[a,b], if

b∫
a

ϕm (x)ϕn (x) dx= 0,

where m, n, (n = 1,2, ...) and

b∫
a

ϕ2
m (x) dx, 0.

The orthogonal system is said to be normal if

b∫
a

ϕ2
m (x) dx= 1.

If the functionsϕm (x) ∈ L2 [a,b] , (m= 1,2, ...) are complex functions of the real

variable x, then they are said to be orthogonal when

b∫
a

ϕm (x) ϕ̄n (x) dx= 0,
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where m, n, (n = 1,2, ...) and

b∫
a

|ϕm (x)|2 dx, 0.

The system is normal if
b∫

a

|ϕm (x)|2 dx= 1.

(Bary, 1964)

Lemma 1.10 Let f is2π−periodic and integrable on any finite interval[a,b],

then
b∫

a

f (x) dx=

b+2π∫
a+2π

f (x) dx=

b−2π∫
a−2π

f (x) dx,

and
π∫
−π

f (x+ a) dx=

π∫
−π

f (x) dx=

π+a∫
−π+a

f (x) dx.

Lemma 1.11 (Fatou’s Lemma)Let{ fn}
∞
n=1 be a sequence of positive measurable func-

tions defined onR . If

lim inf
n→∞

fn (x) = f (x) a.e.,

then
∞∫
−∞

f (u) du≤ lim inf
n→∞

∞∫
−∞

fn (u) du.

Theorem 1.12 (Lebesgue’s Monotone Convergence Theorem)Let{ fn}
∞
n=1 be a mono-

tonely increasing sequence of positive measurable functions defined onR . If

lim
n→∞

fn (x) = f (x) a.e.,

then

lim
n→∞

∞∫
−∞

fn (u) du=

∞∫
−∞

f (u) du.

This result is also known as Beppo Levi‘s theorem.
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Theorem 1.13 (Lebesgue’s Dominated Convergence Theorem)Let{ fn}
∞
n=1 ∈ L1 (R),

and suppose that

lim
n→∞

fn (x) = f (x) a.e.,

if there exists g∈ L1 (R) such that

| fn (x)| ≤ g (x) a.e. for all n,

then f ∈ L1 and

lim
n→∞

∞∫
−∞

fn (u) du=

∞∫
−∞

f (u) du.

Theorem 1.14 (Fubini’s Theorem)Let x, y∈ R, and f (x, y) be a (complex-valued)

function of two (real) variables defined and measurable on the two-dimensional Euclidean-

spaceR2.

(i) Suppose that f∈ L1
(
R2

)
, i.e., the double integral

∞∫
−∞

∞∫
−∞

f (x, y) dxdy

is absolutely convergent. Then, for almost all x, f(x, y) is absolutely integrable

overR with respect to the variable y, i.e.

f (x, .) ∈ L1 (R) a.e.

Moreover,
∞∫
−∞

f (., y) dy ∈ L1 (R)

and
∞∫
−∞


∞∫
−∞

f (x, y) dy

 dx=

∞∫
−∞

∞∫
−∞

f (x, y) dxdy.
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(ii) Suppose that
∞∫
−∞


∞∫
−∞

| f (x, y)|dy

 dx

exists as a finite number. Then f∈ L1
(
R2

)
and

∞∫
−∞

∞∫
−∞

f (x, y) dxdy=

∞∫
−∞


∞∫
−∞

f (x, y) dy

 dx=

∞∫
−∞


∞∫
−∞

f (x, y) dx

 dy.

The second part of Theorem 1.14 is also associated with the name Tonelli-Hobson.

Theorem 1.15 (Theorem of B. Levi)Let { fn}
∞
n=1 ∈ L1 [a,b]. If

∞∑
n=1

b∫
a

| fn (x)|dx< ∞,

then the series
∞∑

n=1
fn (x) converges absolutely almost everywhere on(a,b) to a finite

number. If this sum is denoted by f(x), then f ∈ L1 [a,b] and

b∫
a

f (x) dx=
∞∑

n=1

b∫
a

fn (x) dx.

Definition 1.16 (D-Point)A point x∈ R is called a D-point of the function f if

lim
h→0

1
h

x+h∫
x

[
f (t) − f (x)

]
dt = 0. (1.1)

(Bary, 1964)

D-points stand for differentiability; for the D-points of an integrable functionf are

precisely those points at which the indefinite integral off is differentiable to the value

f (x).
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Definition 1.17 (Lebesgue Point)A point x ∈ R is called a Lebesgue point of the

function f if

lim
h→0

1
h

x+h∫
x

| f (t) − f (x)|dt = 0. (1.2)

(Bary, 1964)

Evidently, any Lebesgue point off is a D-point of f but not conversely, and any

point of continuity of an integrable functionf is a Lebesgue point. Indeed; letL ( f ) be

the set of all Lebesgue points off ∈ L1 andD ( f ) be the set of all points of all D-points

of f ∈ L1. Then

∣∣∣∣∣∣∣∣1h
x+h∫
x

[
f (t) − f (x)

]
dt

∣∣∣∣∣∣∣∣ ≤ 1
h

x+h∫
x

| f (t) − f (x)|dt.

The inequality shows that every Lebesgue point is also D-point. Thus,

L ( f ) ⊂ D ( f ) .

Now, it’s clear that any point, wheref (x) is continuous, is a Lebesgue point; in fact,

if there exists anyε > 0 and the functionf (x) is continuous at the pointx, it can be

found aδ > 0 such that

| f (t) − f (x)| < ε for |h| ≤ δ

and then

1
h

x+h∫
x

| f (t) − f (x)|dt < ε,

or, we can write

lim
h→0

1
h

x+h∫
x

| f (t) − f (x)|dt = 0.

8



This shows that any continuity point of the functionf ∈ L1 is also a Lebesgue point.

Let C ( f ) be the set of continuity points off ∈ L1. Then we can write

C ( f ) ⊂ L ( f ) ⊂ D ( f ) .

Definition 1.18 (Convolutions on the Line Group)LetR be the set of all real num-

bers, also called the real line or line group and let f , g be two (complex-valued)

functions defined and measurable onR. The expression

( f ∗ g) =
1

2√
2π

∞∫
−∞

f (x− u) g (u) du (1.3)

is called the convolution (product) of f and g. (Butzer, 1971)

Definition 1.19 (Convolutions on Periodic Functions)Given2π−periodic integrable

functions f onR and {Kn}
∞
n=1 ∈ L1 (R), we define their convolution (product)( f ∗ Kn)

on [−π, π] by

( f ∗ Kn) (x) =
1

2√
2π

π∫
−π

f (y) Kn (x− y) dy.

It is called a singular integral provided that the sequence{Kn}
∞
n=1 is a (periodic) kernel

with
π∫
−π

Kn (y) dy= 2π for each n∈ N. The above integral makes sense for each x, since

the product of two integrable functions is also integrable. Also since the functions are

periodic, we can change variables to see that

( f ∗ Kn) (x) =
1

2√
2π

π∫
−π

f (x− y) Kn (y) dy.

(Butzer, 1971)

Now let’s show the properties of convolution.

Lemma 1.20 Suppose that f , g and h are2π- periodic integrable functions. Then

(i) f ∗ (g+ h) = ( f ∗ g) + ( f ∗ h) .

9



(ii) (c f) ∗ g = c ( f ∗ g) = f ∗ (cg) for any c∈ C .

(iii) f ∗ g = g ∗ f .

(iv) ( f ∗ g) ∗ h = f ∗ (g ∗ h) .

(v) f ∗ g is continuous.

The first four items describe the algebraic properties of convolutions: linearity, com-

mutativity and associativity. Property(v) exhibits an important principle: the convolu-

tion of ( f ∗ g) is more regular thanf or g. Here( f ∗ g) is continuous whilef andg are

merely (Riemann) integrable.

10



CHAPTER 2

FOURIER ANALYSIS

We use Fourier series to represent or approximate functions defined on a finite

interval. Fourier series also have various specific properties of their own and we shall

study some of them. Fourier series were first defined by Jean Baptiste Joseph Fourier

(1768-1830) about 200 years ago. Fourier began this theory in 1804 by the work on

’Heat Equation’. He developed these series in order to solve certain problems in partial

differential equation.

2.1 Solution of the Heat Equation

We will start our study by solving the heat equation[4].

∂u
∂t
− κ
∂2u
∂x2
= 0,

whereu (x, t) is a function of two variables andκ > 0. In the heat equation,x represents

the position along the bar of lengthl measured from some origin,t represents time,

u (x, t) the temperature at positionx, time t. The temperatureu (x, t) along the bar

satisfies the heat equation

ut − κuxx = 0, 0< x < l, t > 0, (2.1)

and boundary conditions

u (0, t) = 0, u (l, t) = 0, t > 0, (2.2)

11



let the initial temperature along the bar att = 0 be given by

u (x,0) = f (x) , 0 < x < l. (2.3)

Assume that the heat equation has a solution of the form

u (x, t) = X (x) T (t) , X , 0, T , 0.

Such a solution is called a seperation of variables solution. Substituting into the heat

equation, we have

X (x) T′ (t) = κX′′ (x) T (t) .

Dividing by κX (x) T (x), leads to

T′ (t)
κT (t)

=
X′′ (x)
X (x)

.

Since the variablesx, t appear on seperate sides of this equation, each side of this

equality can only be equal to a constant, sayλ. Then

T′ (t) = κλT (t) and X′′ (x) = λX (x) .

T′ (t) − κλT (t) = 0 and X′′ (x) − λX (x) = 0.

These are ordinary differential equations with constant coefficient. λ is real but could

be positive, negative or zero.

Now, first case:λ > 0. The solutions are

T (t) = Ceκλt, X (x) = Aex
√
λ + Be−x

√
λ,

whereA, B, C are arbitrary constants. From the boundary conditions(2.2), we have

u (0, t) = 0, u (l, t) = 0, t > 0 if and only if X (0) = 0, X (l) = 0.

12



That is,

0 = X (0) = A+ B,

0 = X (l) = Ael
√
λ + Be−l

√
λ.

This is an algebraic system inA andB. In order to have a nontrivial solution, we must

have

el
√
λ − e−l

√
λ = 0,

which holds only whenλ = 0. There are no values ofλ > 0.

Second case: Forλ = 0,

T′ (t) = 0 and X′′ (x) = 0,

hence

T (t) = C and X (x) = Ax+ B.

Because of boundary conditions (2.2), we have

0 = X (0) = B, 0 = X (l) = A.l,

and,

A = B = 0.

Then

u (x, t) = X (x) T (t) = 0.C,

u (x, t) = 0.

It is the trivial solution.

Third case: Forλ < 0 , letλ = −µ2 for some realµ. Then we have
√
λ = iµ and so

X′′ (x) + µ2X (x) = 0.

13



The general solution of this equation is

X (x) = Acosµx+ Bsinµx.

From (2.2), we have

X (0) = A = 0

and

X (l) = Bsinµl = 0,

whereB , 0, then

sinµl = 0.

This equation has solutionsµl = nπ, n = ±1,±2, . . . , and henceµ = nπ
l ,

n = ±1,±2, . . . , and we can find

Tn (t) = Cne
− κn

2π2t
l2 , Xn (x) = Bn sin

(nπx
l

)
, n = 1,2 . . . .

Therefore the nontrivial solutions of the heat equation satisfying boundary conditions

are

un (x, t) = bne
− κn

2π2t
l2 sin

(nπx
l

)
, n = 1,2, . . . where bn = CnBn.

By using superposition principle

u (x, t) �
∞∑

n=1

bnun (x, t) �
∞∑

n=1

bne
− κn

2π2t
l2 sin

(nπx
l

)
,

which can satisfy the heat equation and the boundary conditions. For the initial condi-

tion (2.3) to be satisfied

u (x,0) = f (x) �
∞∑

n=1

bn sin
(nπx

l

)
, 0 < x < l. (2.4)
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Now consider the following boundary and initial value problem for the heat equation

ut − κuxx = 0, 0< x < l, t > 0

u (x,0) = f (x) , 0 < x < l,

the boundary conditions are

ux (0, t) = 0, ux (l, t) = 0, t > 0.

Nontrivial solutions of the heat equation satisfying boundary conditions are

un (x, t) = ane
− κn

2π2t
l2 cos

(nπx
l

)
, n = 0,1,2, . . . .

By using superposition principle

u (x, t) �
∞∑

n=0

anun (x, t) �
∞∑

n=0

ane
− κn

2π2t
l2 cos

(nπx
l

)
,

which can satisfy the heat equation and the boundary conditions. For the initial condi-

tion to be satisfied

u (x,0) = f (x) �
∞∑

n=0

an cos
(nπx

l

)
, 0 < x < l. (2.5)

Definition 2.1 Let f (x) be a real-valued piecewise continuous function defined on the

interval [−π, π]. The series associated with f is called the Fourier series of f ,

f (x) �
a0

2
+

∞∑
n=1

[an cosnx+ bn sinnx] (2.6)

also as a special the series (2.4) is called a ’Fourier sine series expansion’ and the

series (2.5) is also called a ’Fourier cosine series expansion’,

where

15



an =
1
π

π∫
−π

f (x) cosnxdx, n= 0,1,2, . . . , (2.7)

bn =
1
π

π∫
−π

f (x) sinnxdx, n= 1,2, . . . . (2.8)

These coefficients were found using trigonometric systems. Since trigonometric sys-

tems with factor 1
2√π

,

1
√

2π
,
cosx
√
π
,
sinx
√
π
,
cos 2x
√
π
,
sin 2x
√
π
. . . defined on[−π, π] ,

are orthonormal system.

Remark 2.2 All of the orthonormal system is contained in L2

To find these formulas (2.7) and (2.8) for the coefficientsan and bn in terms of

f , we start by assuming that the trigonometric series converges and has a continuous

function f (x) as its sum on the interval[−π, π], that is,

f (x) =
a0

2
+

∞∑
n=1

[an cosnx+ bn sinnx] . (2.9)

If we integrate both sides of this equation and assume that it’s permitable to integrate

the series term by term, we get,

π∫
−π

f (x) dx =

π∫
−π

a0

2
dx+

π∫
−π

 ∞∑
n=1

[an cosnx+ bn sinnx]

 dx

= 2π
a0

2
+

∞∑
n=1

an

π∫
−π

cosnxdx+
∞∑

n=1

bn

π∫
−π

sinnxdx,

but sincen is integer,
π∫
−π

cosnxdx= 0,
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and similarly, sine is an odd function so,

π∫
−π

sinnxdx= 0,

therefore, we have

a0 =
1
2π

π∫
−π

f (x) dx.

To determinean for n ≥ 1 we multiply both sides of the equation(2.9) by cosmxwhere

m is an integer andm≥ 1 and integrate term-by-term from−π to π.

π∫
−π

f (x) cosmxdx =

π∫
−π

a0 +

∞∑
n=1

[an cosnx+ bn sinnx]

 cosmxdx

= a0

π∫
−π

cosmxdx+
∞∑

n=1

an

π∫
−π

cosnxcosmxdx

+

∞∑
n=1

bn

π∫
−π

sinnxcosmxdx,

we have seen that the first integral is 0 and by definition of orthogonal system the third

integral is also 0. So we get

π∫
−π

f (x) cosmxdx=
∞∑

n=1

an

π∫
−π

cosnxcosmxdx,

to find the coefficient an, we takem = n, because of the definition of orthonormal

system, we have

an =
1
π

π∫
−π

f (x) cosnxdx, n = 1,2,3....

Similarly, if we multiply both sides of the equation(2.9) by sinmxand integrate from

−π to π, we get

bn =
1
π

π∫
−π

f (x) sinnxdx, n = 1,2, . . .

Definition 2.3 Let f (x) be a complex-valued piecewise continuous function defined

17



on the interval[−π, π]. Then the series

f (x) �
∞∑

n=−∞

cne
inx (2.10)

where

cn �
1
2π

∫ π

−π

f (x) e−inxdx, n= 0,±1,±2 . . . (2.11)

is called the complex Fourier series of f .

From the well-known Euler’s identity,

einx = cosnx+ i sinnx,

it follows that,

cosnx=
einx + e−inx

2
, sinnx=

einx − e−inx

2i

and as using the orthonormal system
{

einx

2√
2π

}
for n = ±1,±2, . . . in L2 we can find the

coefficientscn. If we can write the series in(2.9) with respect to
{
einx

}
, that is,

f (x) =
a0

2
+

∞∑
n=1

[
an

(
einx + e−inx

2

)
+ bn

(
einx − e−inx

2i

)]
,

we have the complex Fourier series in the form(2.10) where

c0 =
a0

2
, cn =

an − ibn

2
, c−n =

an + ibn

2
, n = 1,2,3, ....

Theorem 2.4 Let f be2π-periodic and Riemann integrable and complex-valued on

[−π, π]. Then

∞∑
n=−∞

|cn|
2
≤

1
2π

π∫
−π

| f (x)|2 dx. (2.12)

Proof. Usezz = |z|2 for complexz, and consider the partial sum of complex Fourier

series

SN ( f ) (x) =
N∑

n=−N

cne
inx

18



0 ≤

∣∣∣∣∣∣∣ f (x) −
N∑

n=−N

cne
inx

∣∣∣∣∣∣∣
2

=

 f (x) −
N∑

n=−N

cne
inx

  f (x) −
N∑

m=−N

cmeimx


= | f (x)|2 −

N∑
n=−N

cne
inx f (x) −

N∑
m=−N

cme−imx f (x)

+

N∑
n=−N

N∑
m=−N

cncmei(n−m)x

Dividing by 2π and integrating over[−π, π],

0 ≤
1
2π

π∫
−π

| f (x)|2 dx−
N∑

n=−N

cn
1
2π


π∫
−π

e−inx f (x) dx

 −
N∑

m=−N

cm
1
2π

π∫
−π

e−imx f (x) dx

+

N∑
n=−N

N∑
m=−N

cncm
1
2π

π∫
−π

ei(n−m)xdx

=
1
2π

π∫
−π

| f (x)|2 dx−
N∑

n=−N

cncn −

N∑
m=−N

cmcm+

N∑
n=−N

cncn

=
1
2π

π∫
−π

| f (x)|2 dx−
N∑

n=−N

|cn|
2

for anyN. LettingN→ ∞ leads to the result.�

It implies that the series
∞∑

n=−∞
|cn|

2 converges wherecn are the Fourier coefficients

of the Riemann integrable functionf . Using the equations

c0 =
a0

2
, cn =

an − ibn

2
, c−n =

an + ibn

2
, n = 1,2, . . . .

The inequality (2.12) can be written as

∞∑
n=−∞

|cn|
2 =

a2
0

4
+

∞∑
n=1

∣∣∣∣∣an − ibn

2

∣∣∣∣∣2 + ∞∑
n=1

∣∣∣∣∣an + ibn

2

∣∣∣∣∣2
=

a2
0

4
+

1
2

∞∑
n=1

[
|an|

2 + |bn|
2
]

≤
1
2π

π∫
−π

| f (x)|2 dx.
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This implies that the series
∞∑

n=1
|an|

2,
∞∑

n=1
|bn|

2 also converge, wherean, bn are the Fourier

cosine and sine coefficients off . This inequality(2.12) is known as Bessel’s inequality.

Corollary 2.5 This theorem says that the general term of Fourier series tends to zero

as n goes to∞. It shows that the Fourier series can be convergent.

Now, we will investigate the convergence of this series of the form(2.10). For this

purpose we consider theNth partial sum of the complex Fourier series off ,

SN ( f ) (x) =
N∑

n=−N

cne
inx. (2.13)

If the sequence (2.13) converges at a pointx, we say that the Fourier series (2.10) con-

verges atx. It would have been nice if such convergence did take place at every point

x. Unfortunately, this is not the case. There are continuous functions for which the

series (2.10) diverges for uncountably manyx. Now we can proceed in two directions

(1) The addition conditions onf or

(2) Summability techniques.

In the first direction, we will see that iff is not only continuous but also differentiable,

then the series (2.10) is convergent at every pointx to the limit f (x). More generally,

this is true whenf is not necessarily differentiable, but satisfies Lipschitz condition

or is of bounded variation. In the second direction we will see that the Fourier se-

ries of any continuous function converges in the sense of Abel summation and Cesáro

summation. From (2.13), we have

SN ( f ) (x) =
N∑

n=−N

 1
2π

π∫
−π

e−iny f (y) dy

 einx

=

π∫
−π

 1
2π

N∑
n=−N

ein(x−y)

 f (y) dy.
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We defineDN (x) = 1
2π

N∑
n=−N

einx. Then

SN ( f ) (x) =

π∫
−π

DN (x− y) f (y) dy=

π∫
−π

DN (y) f (x− y) dy,

we find convolution integral or singular integral from partial sums of Fourier series,

and we can write

( f ∗ DN) (x) =

π∫
−π

DN (x− y) f (y) dy=

π∫
−π

DN (y) f (x− y) dy.

So,

DN (x) =
1
2π

e−iNx
2N∑
n=0

einx

=
1
2π

e−iNx

(
ei(2N+1)x − 1

eix − 1

)
=

1
2π

(
ei(N+1)x − e−iNx

eix − 1

)
=

1
2π

ei(N+ 1
2)x − e−i(N+ 1

2)x

e
ix
2 − e−

ix
2


=

1
2π

sin
(
N + 1

2

)
x

sin
(

x
2

) .

Now let’s show thatDN is a kernel:

Lemma 2.6
0∫

−π

DN (x) dx=

π∫
0

DN (x) dx=
1
2
.

Proof.

DN (x) =
1
2π
+

1
2π

N∑
n=−N
n,0

einx

=
1
2π
+

1
π

N∑
n=1

cosnx,
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integrating both sides,

0∫
−π

DN (x) dx=

π∫
0

DN (x) dx =

π∫
0

 1
2π
+

1
π

N∑
n=1

cosnx

 dx

=

 x
2π
+

1
π

N∑
n=1

sinnx
n

π
0

=
1
2
.

Also, we say thatDN (x) is Stochastic Dirichlet kernel.�

Now we will investigate the properties of Dirichlet kernel,

(i)
π∫
−π

DN (x) dx= 1.

It was proved in Lemma (2.6)

(ii ) Since

DN (−x) =
1
2π

sin
(
N + 1

2

)
(−x)

sin
(

(−x)
2

)
=

1
2π

sin
(
N + 1

2

)
x

sin
(

x
2

)
= DN (x) .

Hence,

DN (−x) = DN (x) .

Dirichlet kernel is even.

(iii ) We have

lim
N→∞

π∫
−π

|DN (x)|dx= +∞ (2.14)
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Proof. Obviously,

π∫
−π

|DN (x)|dx =
1
π

π∫
0

∣∣∣∣∣∣∣∣
sin

(
(2N+1)x

2

)
sin

(
x
2

)
∣∣∣∣∣∣∣∣ dx

=
1
π

π∫
0

∣∣∣∣∣sinNxcot
x
2
+ cosNx

∣∣∣∣∣ dx

=
1
π

π∫
0

|sinNx| cot
x
2

dx+ 0(1) .

Since the function
(

1
x

)
− cotx is bounded for|x| ≤ π2, we have

=
2
π

π∫
0

|sinNx|
x

dx+
2
π

π∫
0

|sinNx|

{
1
2

cot
x
2
−

1
x

}
dx+ 0(1)

=
2
π

N−1∑
k=0

(k+1)π
N∫

kπ
N

|sinNx|
x

dx+ 0(1)

=
2
π

N−1∑
k=1

π
N∫

0

sinNx(
kπ
N + x

)dx+
2
π

π
N∫

0

sinNx
x

dx+ 0(1)

=
2
π

π
N∫

0

sinNx


N−1∑
k=1

1(
kπ
N + x

)
 dx+ 0(1) .

But in view of the inequality

N
π

{
1
2
+

1
3
+ ... +

1
N

}
≤

N−1∑
k=1

1(
kπ
N + x

) ≤ N
π

{
1+

1
2
+

1
3
+ ... +

1
N − 1

}
,

valid for 0≤ x ≤ π
N , it follows that

N−1∑
k=1

1(
kπ
N + x

) = N
π

{
logN + 0(1)

}
.

�
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2.2 First Method: Addition of Condition

The function f (which is always assumed to be Riemann integrable) is defined on

[a,b]. The first question one might ask is whether the partial sums of the Fourier series

of f converge tof pointwise. That is, do we have

lim
N→∞

SN ( f ) (x) = f (x)

for everyx? We might ask the same question assuming thatf is continuous and pe-

riodic. For a long time it was believed that under these additional assumptions the

answer would be ’yes’. It was a surprise when Du bois-Reymond showed that there

exists a continuous function whose Fourier series diverges at a point. Despite this nega-

tive result, we might ask what happens if we add more smoothness conditions onf ; for

example we might assume thatf is continuously differentiable or twice continuously

differentiable. We will see then that the Fourier seriesf converges tof uniformly ( see

[1] ).

Theorem 2.7 Let f be a piecewise smooth2π−periodic function onR . Then

lim
N→∞

SN ( f ) (x) =
1
2

[
f
(
x−

)
+ f

(
x+

)]
for every x. Hence

lim
N→∞

SN ( f ) (x) = f (x)

for each point x of continuity of f.

Proof.

SN ( f ) (x)−
1
2

[
f (x+ 0) + f (x− 0)

]
=

π∫
−π

DN (y) f (x− y) dy−
1
2

[
f (x+ 0) + f (x− 0)

]
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=

π∫
0

DN (y)
[
f (x− y) − f (x− 0)

]
dy+

0∫
−π

DN (y)
[
f (x− y) − f (x+ 0)

]
dy

=

π∫
0

DN (y)
[
f (x− y) − f (x− 0)

]
dy+

0∫
π

DN (−y)
[
f (x+ y) − f (x+ 0)

]
d (−y)

=

π∫
0

DN (y)
[
f (x− y) − f (x− 0) + f (x+ y) − f (x+ 0)

]
dy

=

π∫
0

1
2π

sin
(
N + 1

2

)
y

sin
(

y
2

) [
f (x− y) − f (x− 0) + f (x+ y) − f (x+ 0)

]
dy

=
1
π

π∫
0

sin

[(
N +

1
2

)
y

] ( y
2

sin y
2

) [
f (x− y) − f (x− 0)

y
+

f (x+ y) − f (x+ 0)
y

]
dy.

For fixedx define

g (y) =

( y
2

sin y
2

) [
f (x− y) − f (x− 0)

y
+

f (x+ y) − f (x+ 0)
y

]

which is an odd piecewise continuous function for[−π, π] by the condition of piecewise

smoothness onf .

SN ( f ) (x) −
1
2

[
f (x+ 0) + f (x− 0)

]
=

1
π

π∫
0

sin

[(
N +

1
2

)
y

]
g (y) dy

=
1
π

π∫
0

sin(Ny)
{
cos

(y
2

)
g (y)

}
dy+

1
π

π∫
0

cos(Ny)
{
sin

(y
2

)
g (y)

}
dy.

The last two terms are the Fourier sine and cosine coefficientsaN, bN of 1
2 cos

(
y
2

)
g (y)

and 1
2 sin

(
y
2

)
g (y) , respectively. By the Bessel’s inequality

SN ( f ) (x) −
1
2

[
f (x+ 0) + f (x− 0)

]
= aN + bN → 0, asN→ ∞.

The proof is complete.�

Corollary 2.8 Let f : R → C be a 2π periodic and Riemann integrable function
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defined on[−π, π]. Then the Fourier series of f converges to f in the L2-norm. If

∞∑
n=−∞

|cn|
2 =

1
2π

π∫
−π

| f (x)|2 dx.

This equation is called Parseval’s identity.

2.3 Second Method: Summability Techniques

We begin by taking ordinary averages of the partial sums, a technique which we will

describe now in more details. Let us consider a series of complex numbers as;

c0 + c1 + c2 + . . . =

∞∑
k=0

ck.

We define thenth partial sumSn by

Sn =

n∑
k=0

ck,

and say that the series converges tos if

lim
n→∞

Sn = s.

This is the most natural and most commonly used type of summability. There exists a

whole series of methods permitting the ’sum’ of an increasing series to be expressed

[2]; these methods are called methods of series summation. The most generally used

ones are the linear methods of summation which are devised on the following princi-

ple; let A be given matrix with an infinite number of rows and columns. Instead of

considering the usual partial sumsSn of the series
∞∑

n=0
un, we consider the quantities

σn =

∞∑
k=0

ankSk,
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supposing that the series on the right-hand side of this equality converges(n = 0,1,2, ...);

if

lim
n→∞
σn = S,

then the valueS is called the sum of the series
∞∑

k=0
un and we say that the method,

definable by a matrix, sums the series
∑

un to a valueS. Methods defined in this way

are called linear because if a series
∑

un is summable by such a method to the sumS,

then the series
∑

Cun, where C is a constant, is summable toCS and if a series
∑

vn

is summable toS1, then the series
∑

(un + vn) is summable toS + S1. The method

of summation is usually called regular, if any convergent series is summable by this

method to the valueS which is its sum in the classical meaning of the word, that is,

S = lim
n→∞

Sn.

Toeplitz proved that for the regularity of the linear method, definable by a matrixA, it

is necessary and sufficient for the following three conditions to be fulfilled:

(1) limn→∞ ank = 0 (k = 0,1, ...)

(2) If An = an0 + an1 + ... + ank + ..., then limn→∞ An = 1.

(3) If Kn =
∞∑

k=0
|ank|, thenKn < C (n = 1,2, ...) , whereC is a constant.

These are usually known as Toeplitz conditions and the matrices satisfying them are

known as T-matrices.

As the simplest example of the methods definable by T-matrices, we will consider

the classical case, namely, the method of arithmetic means(or (C,1)) introduced by

Ceśaro. Ceśaro proposed ascribing a sumS to a divergent series [2].

2.3.1 Cesàro Summation

Consider the example of the series

1− 1+ 1− 1+ . . . =
∞∑

k=0

(−1)k ,
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it’s partial sums for the sequence{1,0,1,0, . . .}which has no limit. Because this partial

sum alternate evenly between 1 and 0, one might therefore suggest that1
2 is the limit

of the sequence, and hence1
2 equals the sum of that particular series. We give a precise

meaning to this by defining the average of the firstN partial sums by

σN =
s0 + s1 + . . . + sN

N + 1
.

The quantityσN is called Ces̀aro sum of the sequence{sk} or Ces̀aro sum of the series
∞∑

k=0
ck. If σN converges to a limitσ asN tends to infinity, we say that the series

∑
ck

is Ces̀aro summable toσ. In the case of series of functions, we shall understand the

limit in the sense of either pointwise or uniform converge. We will have no difficulty

checking that in the above example, the series is Cesàro summable to12. Moreover,

one can show that Cesàro summation is more inclusive process than convergence. In

fact, if a series is convergent tos, then it is also Ces̀aro summable to the same limits.

We form Ces̀aro sum of the Fourier series, which by definition is

σN ( f ) (x) =
S0 ( f ) (x) + . . . + SN ( f ) (x)

N + 1
.

Now, from the partial sum of Fourier series we have,

SN ( f ) (x) = ( f ∗ DN) (x) =
1
2π

π∫
−π

f (x− t) DN (t) dt
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we rewrite the Ceśaro sumσN as

σN ( f ) (x) =
1

N + 1

N∑
k=0

Sk ( f )

=
1

N + 1

N∑
k=0

 1
2π

π∫
−π

f (x− t) Dk (t) dt


=

1
2π

π∫
−π

f (x− t)

 1
N + 1

N∑
k=0

Dk (t)

 dt

=
1
2π

π∫
−π

f (x− t) FN (t) dt.

thus we can write,

σN ( f ) (x) = ( f ∗ FN) (x) ,

where

FN (x) =
1

N + 1

N∑
k=0

Dk (x) (2.15)

or we can representFN (x) by another form that is,

FN (x) =
1

N + 1

N∑
k=0

Dk (x)

=
1

N + 1

N∑
k=0

sin
[(

k+ 1
2

)
x
]

sin x
2

=
1

N + 1
1

sin x
2

 N∑
k=0

ei(k+ 1
2)x


=

1
N + 1

1
sin x

2

{
e

ix
2

ei(N+1)x − 1
eix − 1

}
=

1
N + 1

1
sin x

2

{
ei(N+1)x − 1

e
ix
2 − e−

ix
2

}
=

1
N + 1

1− cos[(N + 1) x]

2 sin2 x
2

=
1

N + 1

sin2
[
(N + 1) x

2

]
sin2 x

2

. (2.16)

We say thatFN (x) is Fej́er Kernel. Now let’s see some properties of Fejér Kernel.
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Lemma 2.9

(i) FN (x) = FN (−x) .

(ii ) FN (x) ≥ 0 for all x.

(iii )
π∫
−π

FN (x) dx= 1.

(iv) For each fixedδ > 0,

lim
N→∞

∫
δ≤|x|≤π

FN (x) dx= 0.

Proof.

(i)-(ii) From(2.16) , (1) and(2) are clear.

(iii) We will prove using(2.15)

FN (x) =
1

N + 1

N∑
k=0

Dk (x) ,

use of the definition of the Dirichlet’s Kernel yields

FN (x) =
1

N + 1

N∑
k=0

 1
2π

k∑
m=−k

eimx

 .

IntegratingFN (x) then yields

1
2π

π∫
−π

FN (x) dx =
1
2π

π∫
−π

 1
N + 1

N∑
k=0

k∑
m=−k

eimx

 dx

=
1

N + 1

N∑
k=0

k∑
m=−k

 1
2π

π∫
−π

eimxdx

 ,
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whenm is non-zero,
π∫
−π

eimxdx= 0,

but whenm= 0,
π∫
−π

eimxdx= 2π,

thus,

1
2π

π∫
−π

FN (x) dx=
1

N + 1

N∑
k=0

1 = 1.

This is also Stochastic Kernel.

(iv) We use the Fejér kernel form at(2.15) . Forδ ≤ |x| ≤ π we have

1

sin2 x
2

≤
1

sin2 δ
2

,

thus

0 ≤ FN (x) ≤
1

N + 1
1

sin2 δ
2

, δ ≤ |x| ≤ π.

This uniformly converges to 0 asn→ ∞. �

Theorem 2.10 (Fej́er Theorem) Let f : [−π, π] → R be a continuous function with

f (−π) = f (π). Then the Fourier series of f converges to f , uniformly.

Proof.

σN (x) =
1
2π

π∫
−π

f (x− t) FN (t) dt

by property (iii) of Lemma (2.9), we can then write

|σN (x) − f (x)| ≤

∣∣∣∣∣∣∣∣ 1
2π

π∫
−π

[
f (x− t) − f (x)

]
FN (t) dt

∣∣∣∣∣∣∣∣
≤

1
2π

π∫
−π

| f (x− t) − f (x)| |FN (t)|dt,
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by the non-negativity of the Fejér kernel, this reduces to

=
1
2π

π∫
−π

| f (x− t) − f (x)| FN (t) dt. (2.17)

A continuous function on[−π, π] is uniformly continuous, that is, givenε > 0, there

exists aδ > 0 such that

|x− y| ≤ δ→ | f (x) − f (y)| ≤ ε.

We now split our integral at (2.17) into two integrals,

=

 1
2π

∫
|t|<δ

| f (x− t) − f (x)| FN (t) dt

 +
 1
2π

∫
δ≤|t|≤π

| f (x− t) − f (x)| FN (t) dt

 ,
from the uniform continuity off , the first integral is bounded above by

1
2π

∫
|t|<δ

| f (x− t) − f (x)| FN (t) dt ≤
1
2π

∫
|t|<δ

εFN (t) dt

≤
1
2π

π∫
−π

εFN (t) dt = ε.

If we let M = max−π≤t≤π | f (t)|, then the second integral is bounded above by

1
2π

∫
δ≤|t|≤π

| f (x− t) − f (x)| FN (t) dt ≤
1
2π

∫
δ≤|t|≤π

2MFN (t) dt

=
M
π

∫
δ≤|t|≤π

FN (t) dt,

by property(iv) of Lemma(2.9), there exists anN ∈ N such that for alln > N

∫
δ≤|t|≤π

FN (t) dt < ε.
π

M
.
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Conclusively, for alln > N

|σN (x) − f (x)| ≤ ε + ε = 2ε.

This completes the proof.�

2.3.2 Abel Summation

We will refer here to yet another classic and very important method of summation of

Fourier series. It was first considered by Abel. Poisson applied this method of summa-

tion to Fourier series, therefore the given method when it is applied to trigonometric

series is usually referred to as Poisson’s method or the Abel-Poisson method. Abel’s

method is stronger than the method(C,1) .

A series of complex numbers
∞∑

k=0
ck is said to be Abel summable tos if for every

0 ≤ r < 1, the series

A (r) =
∞∑

k=0

ckr
k

converges, and

lim
r→1

A (r) = s.

The quantitiesA (r) are called Abel sums of the series. One can prove that if the

series converges tos, then it is Abel summable tos. Moreover, the method of Abel

summation is even more powerful than the Cesáro method: when the series is Cesáro

summation, it is always Abel summable to the same sum.

2.3.3 The Poisson Kernel and Dirichlet’s Problem in the Unit Circle

To adapt Abel summability to the context of Fourier series, we define the Abel sum of

the functionf (θ)

f (θ) ∼
∞∑

n=−∞

ane
inθ
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by

Ar ( f ) (θ) =
∞∑

n=−∞

r |n|ane
inθ.

Since the indexn takes positive and negative values, it is natural to writec0 = a0 and

cn = aneinθ + a−ne−inθ for n > 0, so that the Abel sums of the Fourier series correspond

to the definition given in the previous section for numerical series. We note that since

f is integrable,|an| is uniformly bounded inn, so thatAr ( f ) converges absolutely and

uniformly for each 0≤ r < 1. Just as in the case of Cesáro means, the key is that this

Abel sum can be written as convolution

Ar ( f ) (θ) = ( f ∗ Pr) (θ) ,

wherePr (θ) is the Poisson kernel given by

Pr (θ) =
∞∑

n=−∞

r |n|einθ.

In fact,

Ar ( f ) (θ) =
∞∑

n=−∞

r |n|ane
inθ

=

∞∑
n=−∞

r |n|

 1
2π

π∫
−π

f (ϕ) e−inϕdϕ

 einθ

=
1
2π

π∫
−π

f (ϕ)

 ∞∑
n=−∞

r |n|e−in(ϕ−θ)

 dϕ,

where the interchange of the integral and infinite sum is justified by the uniform con-

vergence of the series. Now let’s see some properties of Poisson kernel.

Lemma 2.11 Let0 ≤ r < 1. Then

(i) The Poisson kernel Pr (θ) with respect to independent variableθ is even function

and has2π−period. Also, Pr (θ) > 0.

Indeed, we can find Poisson kernel with the solution of Dirichlet problem in the unit
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circle as

Pr (θ) =
1− r2

1− 2r cosθ + r2
.

Using this form,

1− 2r cosθ + r2 = 1− 2r + r2 + 2r − 2r cosθ

= (1− r)2 + 4r sin2 θ

2
.

This equation shows clearly that (i) is satisfied by Poisson kernel.

(ii)

1
2π

π∫
−π

Pr (θ) dθ = 1

We say that Poisson Kernel is also Stochastic kernel.

(iii)

lim
r→1

Pr (θ) = 0, θ , 0.

if θ = 0, then

Pr (θ) =
1− r2

1− 2r + r2
=

1− r2

(1− r)2
=

1+ r
1− r

,

then

lim
r→1

Pr (0) = ∞,

Theorem 2.12 For any summable f(x) the seriesσ ( f ) is summable almost every-

where by the Abel-Poisson method to this function f(x); it is summable to

1
2

[
f (x+ 0) + f (x− 0)

]
at any point of discontinuity of the first kind and to f(x) at any

point of continuity.

The proof of this theorem is similar to that of the theorem of Fejér, so we omit it.
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CHAPTER 3

APPROXIMATE IDENTITY

3.1 Representation of a Function by a Singular Integral at a

Given Point

Let’s take a look at some theorems and lemmas concerning convolutions of the

function f with some kernels [6].

Theorem 3.1 (H. Lebesgue)Let K1 (t) ,K2 (t) ,K3 (t) , . . . be a sequence of measurable

functions defined on[a,b]. If there exists a constant K such that

|Kn (t)| < K (3.1)

for all n and t, and if for every c(a ≤ c ≤ b), we have

lim
n→∞

c∫
a

Kn (t) dt = 0, (3.2)

then the equality

lim
n→∞

∫ b

a
f (t) Kn (t) dt = 0 (3.3)

is valid for an arbitrary summable function f(t) on [a,b].

Proof. If
[
α, β

]
is a closed subinterval of[a,b], then(3.2) implies that

lim
n→∞

β∫
α

Kn (t) dt = 0. (3.4)

Noting this, we now consider any continuous functionf (t) and for prescribedε > 0,

we subdivide[a,b] by means of the pointsx0 = a < x1 < . . . < xm = b into small
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subintervals such that the oscillation off (t) is less thanε in each of them. Then

∫ b

a
f (t) Kn (t) dt =

m−1∑
k=0

xk+1∫
xk

[
f (t) − f (xk)

]
Kn (t) dt+

m−1∑
k=0

f (xk)

xk+1∫
xk

Kn (t) dt. (3.5)

But ∣∣∣∣∣∣∣∣∣
xk+1∫
xk

[
f (t) − f (xk)

]
Kn (t) dt

∣∣∣∣∣∣∣∣∣ ≤ Kε (xk+1 − xk) ,

so that the first sum in(3.5) is not greater thanKε (b− a) . The second sum in(3.5)

tends to zero asn increases, in virtue of (3.4) forn > n0 it will be less thanε. For these

n, we have ∣∣∣∣∣∣∣∣
b∫

a

f (t) Kn (t) dt

∣∣∣∣∣∣∣∣ < ε [K (b− a) + 1] ,

so that(3.3) is proved for a continuous functionf (t).

Next, let f (x) be a measurable bounded function:

| f (t)| ≤ M.

We takeε > 0, and using N. N. Luzin’s theorem, find a continuous functiong (t) such

that

mE( f , g) < ε, |g (t) | ≤ M

then
b∫

a

f (t) Kn (t) dt =

b∫
a

[
f (t) − g (t)

]
Kn (t) dt+

b∫
a

g (t) Kn (t) dt.

But ∣∣∣∣∣∣∣∣
b∫

a

[
f (t) − g (t)

]
Kn (t) dt

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
∫

E( f,g)

[
f (t) − g (t)

]
Kn (t) dt

∣∣∣∣∣∣∣∣∣ < 2KMε,

where the integral
b∫

a

gKndt
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tends to zero according to what has already been proved, and, for sufficiently largen,

becomes less thanε. Hence, for thesen, we have

∣∣∣∣∣∣∣∣
b∫

a

f (t) Kn (t) dt

∣∣∣∣∣∣∣∣ < (2KM + 1) ε

which proves(3.3) for the case of a bounded mesaurable function.

Finally, let f (t) be an arbitrary summable function. We take anε > 0, and using the

absolute continuity of the integral, we find aδ > 0 such that for an arbitrary measurable

sete⊂ [a,b] of measureme< δ we have

∫
e

| f (t)|dt < ε.

This done, we find a measurable bounded functiong (t) such that

mE( f , g) < δ.

We may assume that the functiong (t) vanishes on the setE ( f , g). Then

b∫
a

f (t) Kn (t) dt =

b∫
a

[
f (t) − g (t)

]
Kn (t) dt+

b∫
a

g (t) Kn (t) dt.

But ∣∣∣∣∣∣∣∣
b∫

a

[
f (t) − g (t)

]
Kn (t) dt

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣
∫

E( f,g)

f (t) Kn (t) dt

∣∣∣∣∣∣∣∣∣ ≤ Kε,

where the integral
b∫

a

gKndt will be less thanε for sufficiently largen; for suchn, we

have ∣∣∣∣∣∣∣∣
b∫

a

f (t) Kn (t) dt

∣∣∣∣∣∣∣∣ < (K + 1) ε,

which proves the theorem.�
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Theorem 3.2 (Riemann-Lebesgue)For an arbitrary summable function f defined on

[a,b],

lim
n→∞

b∫
a

f (t) cosntdt= lim
n→∞

b∫
a

f (t) sinntdt= 0.

In particular, the Fourier coefficients

an =
1
π

π∫
−π

f (t) cosntdt, bn =
1
π

π∫
−π

f (t) sinntdt

of an arbitrary summable function tend to zero as n→ ∞. If the relation(3.3) holds for

every summable function f(t) defined on[a,b], then we shall say the sequence{Kn (t)}

converges weakly to zero as n→ ∞.

In the following discussion, if it is not explicitly stated so otherwise, we shall assume

that the kernelKn (t, x) is bounded for fixedn andx. Then the singular integral

fn (x) =

b∫
a

Kn (t, x) f (t) dt

is meaningful for an arbitrary summable functionf (t) .

Theorem 3.3 (H. Lebesgue)If for fixed x( a < x < b) and arbitraryδ > 0, the kernel

Kn (t, x) converges weakly to zero in each of the intervals[a, x− δ], [x+ δ,b] and,

furthermore,
b∫

a

|Kn (t, x)|dt < H (x) ,

where H(x) is independent of n, then the equality

lim
n→∞

fn (x) = f (x)

is valid for any summable function f(t) which is continuous at the point x.

Proof. SinceKn (t, x) is a kernel,
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lim
n→∞

b∫
a

Kn (t, x) dt = 1,

and it will suffice to show that

lim
n→∞

b∫
a

[
f (t) − f (x)

]
Kn (t, x) dt = 0.

For this purpose, having takenε > 0 we find aδ > 0 such that

| f (t) − f (x)| <
ε

3H (x)
for |t − x| < δ

Then for arbitraryn, ∣∣∣∣∣∣∣∣
x+δ∫

x−δ

[
f (t) − f (x)

]
Kn (t, x) dt

∣∣∣∣∣∣∣∣ < ε3.

But each of the integrals

x−δ∫
a

[
f (t) − f (x)

]
Kn (t, x) dt,

b∫
x+δ

[
f (t) − f (x)

]
Kn (t, x) dt

tends to zero asn→ ∞, so that forn > n0, each of them will be less thanε3 in absolute

value; forn, obviously

∣∣∣∣∣∣∣∣
b∫

a

[
f (t) − f (x)

]
Kn (t, x) dt

∣∣∣∣∣∣∣∣ < ε
which was to be proved.�

This theorem is relevant to the representation of a summable function at points of

continuity, but in general a summable function does not have a single point of conti-

nuity, which, of course, diminishes the interest of this theorem.The question of rep-

resenting a summable function at those points where this function is the derivative of

its indefinite integral, or at Lebesgue points, is of great interest because, as we know,

either of these sets of points fills almost the entire interval on which the function is
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defined. We now go over to this question.

Lemma 3.4 (I. P. Natanson)Let a summable function f(t) possessing the property

M = sup
0<h≤b−a

1
h

∣∣∣∣∣∣∣∣
a+h∫
a

f (t) dt

∣∣∣∣∣∣∣∣
 < +∞ (3.6)

be defined on the closed interval[a,b].

For any nonnegative decreasing function g(t), defined and summable on[a,b], the

integral
b∫

a

f (t) g (t) dt (3.7)

exists and the inequality

∣∣∣∣∣∣∣∣
b∫

a

f (t) g (t) dt

∣∣∣∣∣∣∣∣ ≤ M

b∫
a

g (t) dt (3.8)

is valid.

Proof. To clarify the conditions of the Lemma(3.4), we note that the case whereg (a) =

+∞ is not excluded. If, however,g (a) < +∞, the functiong (t) is bounded and integral

(3.7) exists as an ordinary Lebesgue integral. Going over to the proof of the lemma,

we note that, without loss of generality, we may assumeg (b) = 0. In fact, if this were

not so, we would simply introduce the functiong∗ (t) defined by the equalities

g∗ (t) = g (t) , if a ≤ t < b

g∗ (t) = 0, if t = b

to replaceg (t).

Having proved the theorem forg∗ (t), we could then replaceg∗ (t) by g (t) every-

where because this would have no effect on the value of the integrals involved. Thus,

we shall assumeg (b) = 0. Let a < α < b. On the closed interval[α,b], the function
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g (t) is bounded and the integral

b∫
a

f (t) g (t) dt (3.9)

certainly exists. If we set

F (t) =

t∫
a

f (u) du,

integral(3.9) can be expressed in the form of Stieltjes integral

b∫
a

f (t) g (t) dt =

b∫
a

g (t) dF (t) ,

from which, after integrating by parts, we find

b∫
a

f (t) g (t) dt = −F (a) g (a) +

b∫
a

F (t) d
[
−g (t)

]
.

But, by(3.6), we have that

|F (t)| ≤ M (t − a) , (3.10)

and sinceg (t) is decreases,

g (α) (α − a) ≤

α∫
a

g (t) dt (3.11)

This means that

|F (a) g (a)| ≤ M

α∫
a

g (t) dt.

On the other hand, the function−g (t) increases. This and(3.10) imply that

∣∣∣∣∣∣∣∣
b∫

a

F (t) d
[
−g (t)

]∣∣∣∣∣∣∣∣ ≤ M

b∫
a

(t − a) d
[
−g (t)

]
.
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We transform the integral in the right member by using the formula for integration by

parts:
b∫

a

(t − a) d
[
−g (t)

]
= g (α) (α − a) +

b∫
a

g (t) dt.

From this, together with(3.11), it follows that

∣∣∣∣∣∣∣∣
b∫

a

(t − a) d
[
−g (t)

]∣∣∣∣∣∣∣∣ ≤
b∫

a

g (t) dt.

Combining the above, we obtain

∣∣∣∣∣∣∣∣
b∫

a

f (t) g (t) dt

∣∣∣∣∣∣∣∣ ≤ M


α∫

a

g (t) dt+

b∫
α

g (t) dt

 . (3.12)

Although this inequality was established under the assumption thatg (b) = 0, it also

remains valid without this hypothesis as was already explained. This means we can

replace the limitb by β, whereα < β < b. But then, lettingα andβ tend toa, we see

that

lim

β∫
α

f (t) g (t) dt = 0,

which proves the existence of the integral(3.7). Finally, we pass to the limit asα→ a

in (3.12) and obtain(3.8); this completes the proof of the lemma.�

Theorem 3.5 (P. I. Romanovsky)Suppose the kernel Kn (t, x) is positive and pos-

sesses the following property:

For fixed n and x, the kernel Kn (t, x), as a function of t only, increases on the closed

interval [a, x] and decreases on the closed interval[x,b]. Then, for an arbitrary

summable function f(t) which is the derivative of its indefinite integral at the point

x, we have

lim
n→∞

b∫
a

f (t) Kn (t, x) dt = f (x) (3.13)
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Proof. SinceKn (t, x) is a kernel, it is sufficient to verify that

lim
n→∞

b∫
a

[
f (t) − f (x)

]
Kn (t, x) dt = 0 (3.14)

Splitting the last integral into two integrals extending over the closed intervals[a, x]

and[x,b], we shall consider only the second of them since the first one is investigated

analogously. We takeε > 0 and find aδ > 0 such that for 0< h ≤ δ,

∣∣∣∣∣∣∣∣1h
x+h∫
x

[
f (t) − f (x)

]
dt

∣∣∣∣∣∣∣∣ < ε,
which is possible sincef (t) is the derivative of its indefinite integral at the pointt = x.

Then according to the preceding Lemma(3.4),

∣∣∣∣∣∣∣∣
x+δ∫
x

[
f (t) − f (x)

]
Kn (t, x) dt

∣∣∣∣∣∣∣∣ ≤ ε
x+δ∫
x

Kn (t, x) dt ≤ ε

b∫
a

Kn (t, x) dt.

sinceKn (t, x) is a kernel,

lim
n→∞

b∫
a

Kn (t, x) dt = 1.

This quantity is bounded since it has a finite limit. This means that there exists a

constantK (x) such that
b∫

a

Kn (t, x) dt < K (x) .

Hence, ∣∣∣∣∣∣∣∣
x+δ∫
x

[
f (t) − f (x)

]
Kn (t, x) dt

∣∣∣∣∣∣∣∣ < εK (x) . (3.15)

On the other hand, ifx+ δ ≤ t ≤ b,

Kn (t, x) ≤ Kn (x+ δ, x) ≤
1
δ

x+δ∫
x

Kn (t, x) dt <
K (x)
δ

.
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This means the functionsKn (t) = Kn (t, x) are uniformly bounded on the closed in-

terval [x+ δ,b], and Lebesgue’s theorem is satisfied. But the second condition of this

theorem is also satisfied for these functions becauseKn (t, x) is a kernel. HenceKn (t, x)

converges weakly to zero on the closed interval[x+ δ,b] and for sufficiently largen,

∣∣∣∣∣∣∣∣
b∫

x+δ

[
f (t) − f (x)

]
Kn (t, x) dt

∣∣∣∣∣∣∣∣ < ε.
For n, ∣∣∣∣∣∣∣∣

b∫
x

[
f (t) − f (x)

]
Kn (t, x) dt

∣∣∣∣∣∣∣∣ < ε [K (x) + 1] .

so that

lim
n→∞

b∫
x

[
f (t) − f (x)

]
Kn (t, x) dt = 0. (3.16)

This completes the proof of the theorem.�

Theorem 3.6 (D . K. Faddayev)If for every n, the kernel Kn (t, x) has a convex majo-

rantΨn (t, x) such that
b∫

a

Ψn (t, x) dt < K (x) < +∞,

where K(x) depends only on x, then(3.13) is valid for arbitrary f (t) ∈ L, having the

point t= x as a Lebesgue point.

Proof. Here, also, it will be sufficient to prove equality(3.16). Taking anε > 0, we

find aδ > 0 such that for 0< h ≤ δ,

1
h

x+h∫
x

| f (t) − f (x)|dt < ε.

According to the Lemma(3.4),

∣∣∣∣∣∣∣∣
x+δ∫
x

{ f (t) − f (x)}Kn (t, x) dt

∣∣∣∣∣∣∣∣ ≤
x+h∫
x

| f (t) − f (x)|Ψn (t, x) dt ≤ ε

x+h∫
x

Ψn (t, x) dt < εK (x) .
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On the other hand, on the closed interval[x+ δ,b], the sequence{Kn (t)} = {Kn (t, x)}

converges weakly to zero because, fort ∈ [x+ δ,b],

|Kn (t, x)| ≤ Ψn (t, x) ≤ Ψn (x+ δ, x) ≤
1
δ

x+δ∫
x

Ψn (t, x) dt <
K (x)
δ

.

Noting this, we complete the proof of Faddeyev’s theorem exactly as above.�

3.2 Approximate Identity

Definition 3.7 (a) Periodic case:

A family of kernels{Kn (x)}∞n=1 on the [−π, π] is said to be a family of Approximate

Identity if it satisfies the following properties:

(i) For all n ≥ 1,

1
2π

π∫
−π

Kn (x) dx= 1.

(ii) There exists M> 0 such that for all n≥ 1,

π∫
−π

|Kn (x)|dx≤ M.

(iii) For everyδ > 0,

∫
δ≤|x|≤π

|Kn (x)|dx→ 0, as n→ ∞,

or instead of(iii) , we shall often assume the property

lim
n→∞

[
sup
δ≤|x|≤π

|Kn (x)|

]
= 0.

If the functionsKn happen to be positive, they usually have the familiar bell-shaped

graph: the area under the curvey = Kn (y) is equal to 2π, whereby, for increasingn, the

peak aty = 0 becomes higher and narrower in such a way that the area under the curve
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neary = 0 comes out equal to 2π.

Definition 3.8 (b) On the real line:

A kernel{Kn (x)} is called an Approximate Identity on the real line if there is some

constant M> 0 with

||Kn (x)||1 ≤ M

lim
n→∞

∫
δ≤|x|

|Kn (x)|dx= 0, δ > 0

or

lim
n→∞

[
sup
δ≤|x|
|Kn (x)|

]
= 0, δ > 0.

The name Approximate Identity is justified by the fact that forf ∈ C [−π, π] the se-

quence{ f ∗ Kn} tends uniformly tof for n → ∞. Indeed, in view of the properties

of {Kn (x)}, the magnitude of the convolution integral( f ∗ Kn) for largen essentially

depends upon the value of its integrand neary = 0 ( f being bounded ). Sincef (x− y)

is then near tof (x) ( f being continuous ),

( f ∗ Kn) (x) = f (x)

(
1
2π

) δ∫
−δ

Kn (y) dy

= f (x) ,

for largen. One of the important features of the convolution integral( f ∗ Kn) is that

the ’best’ properties of each of its factors are inherited by the product itself. This is

due to the translation-invariance and commutativity of convolutions.

Theorem 3.9 Let {Kn}
∞
n=1 be a family of Approximate Identity kernels, and f be an

integrable function on the interval[−π, π], then

lim
n→∞

( f ∗ Kn) (x) = f (x)

wherever f is continuous at x. If f is continuous everywhere then the above limit is

uniform.
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Proof. We will prove

lim
n→∞
|( f ∗ Kn) (x) − f (x)| = 0.

|( f ∗ Kn) (x) − f (x)| =

∣∣∣∣∣∣∣∣
π∫
−π

f (t) Kn (t − x) dt− f (x)

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣
π∫
−π

f (t) Kn (t − x) dt−

π∫
−π

f (x) Kn (t − x) dt

∣∣∣∣∣∣∣∣ + | f (x)|

∣∣∣∣∣∣∣∣
π∫
−π

Kn (t − x) dt− 1

∣∣∣∣∣∣∣∣
Since

lim
n→∞

π∫
−π

Kn (t − x) dt = 1,

the last term on the right side of the inequality tends to zero asn → ∞. We can

eliminate the last term , thus we have

=

∣∣∣∣∣∣∣∣
π∫
−π

f (t) Kn (t − x) dt−

π∫
−π

f (x) Kn (t − x) dt

∣∣∣∣∣∣∣∣
or we can write

=

∣∣∣∣∣∣∣∣
π∫
−π

[
f (t) − f (x)

]
Kn (t − x) dt

∣∣∣∣∣∣∣∣
≤

π∫
−π

| f (t) − f (x)| |Kn (t − x)|dt.

Sincef is continuous atx, for anyε > 0 chooseδ so that|t − x| < δ implies| f (t) − f (x)| <

ε

=

x+δ∫
x−δ

| f (t) − f (x)| |Kn (t − x)|dt+
∫
δ≤|t−x|

| f (t) − f (x)| |Kn (t − x)|dt

≤ ε

x+δ∫
x−δ

|Kn (t − x)|dt+
∫
δ≤|t−x|

| f (t) − f (x)| |Kn (t − x)|dt

≤ ε

π∫
−π

|Kn (t − x)|dt+
∫
δ≤|t−x|

| f (t)| |Kn (t − x)|dt+ | f (x)|
∫
δ≤|t−x|

|Kn (t − x)|dt,
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let maxx∈[−π,π] | f (t)| = M, we can write

≤ ε

π∫
−π

|Kn (t − x)|dt+ M
∫
δ≤|t−x|

|Kn (t − x)|dt+ | f (x)|
∫
δ≤|t−x|

|Kn (t − x)|dt,

by property of Approximate Identity,

lim
n→∞

∫
δ<|t−x|

|Kn (t − x)|dt = 0,

finally we have,

lim
n→∞
|( f ∗ Kn) (x) − f (x)| ≤ ε.

The proof is complete.�

If ε > 0 andf is continuous atx, chooseδ so that|y| < δ implies| f (x− y) − f (x)| <

ε. Then, by the first property of Approximate Identity kernels, we can write

( f ∗ Kn) (x) − f (x) =
1
2π

π∫
−π

Kn (y) f (x− y) dy− f (x)

=
1
2π

π∫
−π

Kn (y)
[
f (x− y) − f (x)

]
dy.

Hence,

|( f ∗ Kn) (x) − f (x)| =

∣∣∣∣∣∣∣∣ 1
2π

π∫
−π

Kn (y)
[
f (x− y) − f (x)

]
dy

∣∣∣∣∣∣∣∣
≤

1
2π

∫
|y|<δ

|Kn (y)| | f (x− y) − f (x)|dy

+
1
2π

∫
δ≤|y|≤π

|Kn (y)| | f (x− y) − f (x)|dy

≤
ε

2π

π∫
−π

|Kn (y)|dy+
2B
2π

∫
δ≤|y|≤π

|Kn (y)|dy,
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whereB is a bound forf . The first term is bounded byεM2π because of the second

property of Approximate Identity. By the third property we see that for all largen, the

second term will be less thanε. Therefore, some constantc > 0 and all largen we have

|( f ∗ Kn) (x) − f (x)| ≤ cε,

thereby proving the first assertion in the theorem. Iff is continuous everywhere, then

it is uniformly continuous, andδ can be chosen independent ofx. This provides the

desired conclusion thatf ∗ Kn→ f uniformly.

Recall that

SN ( f ) (x) = ( f ∗ DN) (x)

where

DN (x) =
N∑

n=−N

einx

is the Dirichlet kernel. Theorem 2.3 would imply that the Fourier series off converges

to f (x) whereverf is continuous atx. Unfortunately this is not the case. Indeed, an

estimate shows thatDN violates the second property; more precisely one has

π∫
−π

|DN (x)|dx≥ c logN, asN→ ∞.

However, we should note that the formula forDN as a sum of exponentials immediately

gives

1
2π

π∫
−π

DN (x) dx= 1,

so the first property of Approximate Identity is actually verified. The fact that the

mean value ofDN is 1, while the integral of its absolute value is large, is a result of

cancellations. The functionDN (x) takes on positive and negative values and oscillates

very rapidly asN gets large. This observation suggests that the pointwise convergence

of Fourier series is intricate and may even fail at points of continuity. Since a Fourier

series may fail to converge at individual points, we are led to try to overcome this
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failure by interpreting the limit

lim
N→∞

SN ( f ) = f in different sense

Theorem 3.10 We suppose that Kn (x) is a kernel that is Approximate Identity and

f ∈ L1 (−∞,∞). If x = x0 is a continuity point of the function f , then

lim
n→∞

An ( f , x0) = f (x0)

where

An ( f , x) =

∞∫
−∞

f (t) Kn (t − x) dt, −∞ < x < ∞.

Proof. Let’s write

|An ( f , x0) − f (x0)| ≤

∞∫
−∞

| f (x0 + t) − f (x0)|Kn (t) dt.

Sincex = x0 is a continuity point of the functionf , for all ε > 0 there existsδ > 0

such that

|t| < δ then | f (x0 + t) − f (x0)| < ε. (3.17)

|An ( f , x0) − f (x0)| ≤

δ∫
−∞

| f (x0 + t) − f (x0)|Kn (t) dt

+

δ∫
−δ

| f (x0 + t) − f (x0)|Kn (t) dt

+

∞∫
δ

| f (x0 + t) − f (x0)|Kn (t) dt

≤ i
′

n + i
′′

n + i
′′′

n .

Kn (t) is a non-negative function and

∞∫
−∞

Kn (t) dt = 1
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then

i
′′

n < ε

δ∫
−δ

Kn (t) dt < ε.

SinceKn (t) is even function

i
′

n + i
′′′

n =

∞∫
δ

| f (x0 − t) − f (x0)|Kn (t) dt+

∞∫
δ

| f (x0 + t) − f (x0)|Kn (t) dt

≤

∞∫
δ

| f (x0 − t)|Kn (t) dt+ | f (x0)|

∞∫
δ

Kn (t) dt

+

∞∫
δ

| f (x0 + t)|Kn (t) dt+ | f (x0)|

∞∫
δ

Kn (t) dt

≤ sup
|t|≥δ

Kn (t)

∞∫
δ

| f (x0 − t)|dt+ sup
|t|≥δ

Kn (t)

∞∫
δ

| f (x0 + t)|dt

+2 | f (x0)|

∞∫
δ

Kn (t) dt

≤ 2 || f ||1 sup
|t|≥δ

Kn (t) + 2 | f (x0)|

∞∫
δ

Kn (t) dt.

According to the Approximate Identity asn → ∞, the right side of this inequality is

zero. The proof is complete.�

Theorem 3.11 We assume that Kn (t) is a 2π−periodic kernel that is Approximate

Identity and f ∈ L1 (−π, π). If f (x) is a continuous function at the point x= x0,

then

lim
n→∞

Bn ( f , x0) = f (x0) ,

where

lim
n→∞

Bn ( f , x) =

π∫
−π

f (t) Kn (x− t) dt.

Proof. Let’s choose again a numberδ satisfying (3.17),that is,

|t| < δ then | f (x0 + t) − f (x0)| < ε.
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|Bn ( f , x0) − f (x0)| ≤

−δ∫
−π

| f (x0 + t) − f (x0)|Kn (t) dt

+

δ∫
−δ

| f (x0 + t) − f (x0)|Kn (t) dt

+

π∫
δ

| f (x0 + t) − f (x0)|Kn (t) dt

≤ l
′

n + l
′′

n + l
′′′

n ,

and

I
′′

n < ε

δ∫
−δ

Kn (t) dt

< ε

π∫
−π

Kn (t) dt

= ε,

and alsoKn (t) is even function

l
′

n + l
′′′

n =

π∫
δ

(| f (x0 − t) − f (x0)| + | f (x0 + t) − f (x0)|) Kn (t) dt

≤
(
2 | f (x0)| + 2 || f ||1

) (
sup
|t|≥δ

Kn (t)

)
,

and by definition of Approximate Identity asn→ ∞, the right side of this inequality is

zero. The proof is complete.�

Theorem 3.12 Let Kn (t) be a monotone decreasing kernel that is Approximate Identity

on [0,∞] .Then for any Lebesgue point of the function f(x) ∈ Lp (−∞,∞)

lim
n→∞

An ( f , x) = f (x)

where

An ( f , x) =

∞∫
−∞

f (t) Kn (x− t) dt, −∞ < x < ∞.
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Proof.

An ( f , x) − f (x) =

∞∫
0

[
f (x+ t) + f (x− t) − 2 f (x)

]
Kn (t) dt,

and then

|An ( f , x) − f (x)| ≤

∞∫
0

| f (x+ t) + f (x− t) − 2 f (x)|Kn (t) dt.

We assume that for 1< p < ∞, p
′

is the conjugate ofp, that is, 1
p +

1
p′
= 1 where

f ∈ Lp (−∞,∞). Using Ḧolder Inequality,

|An ( f , x) − f (x)|

≤

∞∫
0

| f (x+ t) + f (x− t) − 2 f (x)|K
1
p

n (t) K
1
p′

n (t) dt

≤


∞∫

0

| f (x+ t) + f (x− t) − 2 f (x)|p Kn (t) dt


1
p

∞∫
−∞

Kn (t) dt


1
p
′

=


∞∫

0

| f (x+ t) + f (x− t) − 2 f (x)|p Kn (t) dt


1
p

.

or we can write

|An ( f , x) − f (x)|p ≤

∞∫
0

| f (x+ t) + f (x− t) − 2 f (x)|p Kn (t) dt. (3.18)

Now, let’s define a function as

F (t) =

t∫
0

| f (x+ ξ) + f (x− ξ) − 2 f (x)|p dξ. (3.19)

Clearly,

dF (t) = | f (x+ t) + f (x− t) − 2 f (x)|p dt. (3.20)
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Assume thatx is a Lebesgue point of the functionf (x). By definition of Lebesgue

point atx,

lim
h→0

1
h

h∫
0

| f (x+ t) + f (x− t) − 2 f (x)|p dt


1
p

= 0.

Using the functionF (t)in (3.19)

lim
h→0

(
1
h

F (h)

) 1
p

= 0

or

lim
h→0

1
h

F (h) = 0.

That is, for everyε > 0 there exists aδ > 0 such that

F (h) < εh, h ≤ δ. (3.21)

So,

|An ( f , x) − f (x)|p ≤

δ∫
0

| f (x+ t) + f (x− t) − 2 f (x)|p Kn (t) dt

+

∞∫
δ

| f (x+ t) + f (x− t) − 2 f (x)|p Kn (t) dt

= m
′

n +m′′n . (3.22)

Let’s show that

lim
n→∞

m
′

n = lim
n→∞

m
′′

n = 0.

Firstly using (3.20),

m
′

n =

δ∫
0

Kn (t) dF (t)
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by using integration by parts

m
′

n = [Kn (t) F (t)]δ0 −

δ∫
0

F (t) dKn (t)

= Kn (δ) F (δ) +

δ∫
0

F (t) d [−Kn (t)] .

SinceKn (t) is monotone decreasing on [0,∞), −Kn (t) is monotone increasing. When

(3.21)is applied to the functionF under and outside the integral then we get,

m
′

n ≤ εδKn (δ) + ε

δ∫
0

td [−Kn (t)] ,

and

m
′

n ≤ ε

δ∫
0

Kn (t) dt < ε

∞∫
−∞

Kn (t) dt = ε

or for anyn

m
′

n < ε. (3.23)

Now, considerm′′n .For a > 0 andb > 0

(a+ b)p
≤ 2p (ap + bp)

then

| f (x+ t) + f (x− t) − 2 f (x)|p ≤ 2p (| f (x+ t) + f (x− t)|p + 2p | f (x)|p)

≤ 2p (2p | f (x+ t)|p + 2p | f (x− t)|p + 2p | f (x)|p)

= 22p (| f (x+ t)|p + | f (x− t)|p + | f (x)|p) .
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Also, sinceKn (t) is monotone decreasing on [0,∞)

m′′n ≤ Kn (δ) 22p


∞∫
δ

| f (x+ t)|p dt+

∞∫
δ

| f (x− t)|p dt

 + 22p | f (x)|p
∞∫
δ

Kn (t) dt

≤ 22p+1 || f ||p Kn (δ) + 22p | f (x)|p
∞∫
δ

Kn (t) dt.

By definition of Aproximate Identity

lim
n→∞

Kn (δ) = 0, lim
n→∞

∞∫
δ

Kn (t) dt = 0,

then

lim
n→∞

m
′′

n = 0. (3.24)

Thus, if we use (3.23),(3.24) in (3.22) we have

lim
n→∞
|An ( f , x) − f (x)|p = 0.

The proof is complete.�

Theorem 3.13 Let Kn (t) be a2π−periodic and monotone decreasing kernel that is

Approximate Identity on[0, π] .Then for any Lebesgue point of the function f(x) ∈

Lp (−π, π).

lim
n→∞

Bn ( f , x) = f (x)

where

Bn ( f , x) =

π∫
−π

f (t) Kn (x− t) dt, − π < x < π.

Theorem 3.14 Let Kn (t) be a monotone decreasing kernel that is Approximate Identity

on [0,∞] .Then for any D-point of the function f(x) ∈ L1 (−∞,∞)

lim
n→∞

An ( f , x) = f (x)
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where

An ( f , x) =

∞∫
−∞

f (t) Kn (x− t) dt, −∞ < x < ∞.

Proof.SinceKn (t) is even function

An ( f , x) =

∞∫
−∞

f (x+ t) Kn (t) dt

=

0∫
−∞

f (x+ t) Kn (t) dt+

∞∫
0

f (x+ t) Kn (t) dt

=

∞∫
0

[
f (x+ t) + f (x− t)

]
Kn (t) dt. (3.25)

Also,by the definition of Aproximate Identity

2

∞∫
0

Kn (t) dt = 1,

by multiplying both sides of this equation withf (x)

2 f (x)

∞∫
0

Kn (t) dt = f (x) ,

or we can write

f (x) =

∞∫
0

2 f (x) Kn (t) dt,

and subtracting this function from both sides of the (3.25), then we have

An ( f , x) − f (x) =

∞∫
0

[
f (x+ t) + f (x− t) − 2 f (x)

]
Kn (t) dt. (3.26)

Now, let x be a D-point of the functionf (x) . By definition of D-point

lim
h→0

1
h

h∫
0

[
f (x+ t) + f (x− t) − 2 f (x)

]
dt = 0,
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that is, for everyε > 0 there exists aδ > 0 such that

∣∣∣∣∣∣∣∣
h∫

0

[
f (x+ t) + f (x− t) − 2 f (x)

]
dt

∣∣∣∣∣∣∣∣ < εh. (3.27)

Then let’s write the integral at the right side of the formula (3.26) as the sum of two

integrals, that is,

An ( f , x) − f (x) =

δ∫
0

[
f (x+ t) + f (x− t) − 2 f (x)

]
Kn (t) dt

+

∞∫
δ

[
f (x+ t) + f (x− t) − 2 f (x)

]
Kn (t) dt

= r
′

n + r ′′n . (3.28)

Firstly, let’s considerr
′

n and define a function asF (t)

F (t) =

t∫
0

[
f (x+ ξ) + f (x− ξ) − 2 f (x)

]
dξ. (3.29)

According to the inequality (3.27)

|F (t)| < εt, t ≤ δ (3.30)

and also as seen from formula (3.29)

dF (t) = f (x+ t) + f (x− t) − 2 f (x) .
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By using integration by parts

r
′

n =

δ∫
0

Kn (t) dF (t)

= [Kn (t) F (t)]δ0 −

δ∫
0

F (t) dKn (t)

= Kn (δ) F (δ) +

δ∫
0

F (t) d [−Kn (t)] .

SinceKn (t) is a monotone decreasing kernel,−Kn (t) is monotone increasing and using

inequality (3.30), we have

∣∣∣r ′n∣∣∣ ≤ εδKn (δ) + δ

δ∫
0

td (−Kn (t)) ,

by integration by parts, again

∣∣∣r ′n∣∣∣ ≤ εδKn (δ) + εδKn (δ) + ε

δ∫
0

Kn (t) dt.

SinceKn (t) is a monotone decreasing

δ∫
0

Kn (t) dt ≥ δKn (δ) ,

and since
∞∫
−∞

Kn (t) dt = 1,

∣∣∣r ′n∣∣∣ ≤ 3ε

∞∫
−∞

Kn (t) dt = 3ε. (3.31)
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Now, considerr ′′n ,

∣∣∣r ′′n ∣∣∣ ≤ ∞∫
δ

| f (x+ t) + f (x− t) − 2 f (x)|Kn (t) dt

≤ Kn (δ)

∞∫
δ

| f (x+ t) + f (x− t)|dt+ 2 | f (x)|

∞∫
δ

Kn (t) dt

≤ 2 || f ||1 Kn (δ) + 2 | f (x)|

∞∫
δ

Kn (t) dt,

and by definition of Approximate Identity,

lim
n→∞

r ′′n = 0. (3.32)

By applying formulas (3.31), (3.32) into (7.28), then the proof is complete.�

Theorem 3.15 Let Kn (t) be a2π−periodic and monotone decreasing kernel that is Ap-

proximate Identity on[0, π] .Then for every D- point of the function f(x) ∈ L1 (−π, π).

lim
n→∞

Bn ( f , x) = f (x)

where

Bn ( f , x) =

π∫
−π

f (t) Kn (x− t) dt, − π < x < π.
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CHAPTER 4

ON CONVERGENCE OF CONVOLUTION TYPE SINGULAR

INTEGRAL OPERATORS DEPENDING ON TWO

PARAMETERS

In this chapter we will study a recent paper due to Karslı, 2007 which is deal with

the theory of approximation of singular integral operators[11]. In papers [7], [10], [12]

studied the pointwise convergence of integrable functions inL1(−π, π), by a two-parameter

family of convolution type singular integral operators of the form

U( f ; x, λ) =

π∫
−π

f (t) K(t − x, λ) dt , x ∈ (−π, π).

They considered four cases wherex0 is a continuity point, a Lebesgue point, a

generalized Lebesgue point and aµ−generalized Lebesgue point off .

In this study, the author, investigates the pointwise convergence ofT( f ; x, λ) to

f (x0) in L1(a,b), by another two-parameter family of convolution type singular integral

operators of the form

T( f ; x, λ) =

b∫
a

f (t) K(t − x, λ) dt , x ∈ (a,b), λ ∈ Λ ⊂ R (4.1)

We note that takingλ ∈ N, x = x0, andK ≥ 0 this two-parameters family is reduced

to the single parameter sequence in [5] and [6].

First, we shall give conditions which provide the operator’s existence.

Definition 4.1 (ClassA).We take a familyK = (Kλ)λ∈Λ of functions K(t, λ) : R ×

Λ→ R.We will say that the function K(t, λ) belongs to classA, if the following condi-

tions hold:
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a) As function of t, K(t, λ) is defined on(−∞,∞) and integrable for each fixed

λ ∈ Λ ( Λ is a given set of numbers with an accumulation pointλ0).

b) lim
(x,λ)→(x0,λ0)

∞∫
−∞

K(t − x, λ) dt = 1.

c) lim
λ→λ0

∫
|t|>δ

|K(t, λ)|dt = 0, for everyδ > 0.

d) lim
λ→λ0

[ sup
|t|≥δ
|K(t, λ)| ] = 0, for everyδ > 0.

e) There exists aδ0 > 0 such that|K(t, λ)| is non-decreasing on(−δ0,0] and non-

increasing on[0, δ0) as a function of t, for eachλ ∈ Λ.

4.1 Existence of the Operator

The proofs of the theorems are based on the following theorem.

Theorem 4.2 Let 1 ≤ p < ∞.We assume that the kernel function K(t, λ) satisfies a).

If f ∈ Lp < a,b >, then the operators, defined in (4.1), T( f ) ∈ Lp < a,b > and

‖T( f )‖Lp<a,b> ≤ ‖K(., λ)‖L1(−∞,∞) ‖ f ‖Lp<a,b>

for everyλ ∈ Λ. This implies that T( f ; x, λ) defines a continuous transformation over

Lp< a,b >, where< a,b > is an arbitrary interval inR.

Proof.This kind of existence theorem is also valid in general functional spaces ( see

e.g. [7] ).

We denote
∼

f∈ L1(R) as

∼

f (t) :=


f (t) , t ∈< a,b >

0 , t << a,b >
. (4.2)

�
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4.2 Main Results

In the present section, we assume that< a,b > is an arbitrary finite interval inR, such

as [a,b], [a,b), (a,b] or (a,b).

Definition 4.3 (µ−Generalized- Lebesgue Point)Let x0 be aµ−generalized- Lebesgue

point of function f(x) ∈ L1 < a,b >, i.e., for some x0 satisfy the condition

lim
h→0+

1
µ(h)

h∫
0

| f (x0 + t) − f (x0)|dt = 0,

whereµ(t) defined on[0,b− a], increasing, absolutely continuous andµ(0) = 0.

Theorem 4.4 Suppose that the function K(t, λ) belongs to classA. Let x0 be aµ−generalized-

Lebesgue point of function f(x) ∈ L1 < a,b >, i.e., for some x0 satisfy the condition

lim
h→0+

1
µ(h)

h∫
0

| f (x0 + t) − f (x0)|dt = 0, (4.3)

whereµ(t) defined on[0,b − a], increasing, absolutely continuous andµ(0) = 0. If

(x, λ) tends to(x0, λ0) on any planar set Z on which the function

x0+δ∫
x0−δ

|K(t − x, λ)| µ′(|t − x0|)dt+ 2 |K(0, λ)| µ(|x− x0|), 0 < δ < δ0 (4.4)

is bounded, then

lim
(x,λ)→(x0,λ0)

|T( f ; x, λ) − f (x0)| = 0. (4.5)

Proof. Suppose that

x0 + δ < b, x0 − δ > a and 0< x0 − x <
δ

2
, (4.6)
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for any 0< δ < δ0. Set |I (x, λ)| = |T( f ; x, λ) − f (x0)| . According to conditionb) and

(4.2), we shall write

|I (x, λ)| =

∣∣∣∣∣∣∣∣
b∫

a

f (t)K(t − x, λ)dt − f (x0)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∞∫
−∞

∼

f (t)K(t − x, λ)dt− f (x0)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∞∫
−∞

∼

f (t)K(t − x, λ)dt−
∼

f (x0)

∞∫
−∞

K(t − x, λ)dt+
∼

f (x0)

∞∫
−∞

K(t − x, λ)dt− f (x0)

∣∣∣∣∣∣∣∣
Also according to (4.2) and (4.6), we have

∼

f (x0) = f (x0). Hence from (4.3), we can

divide the last equality as follows:

|I (x, λ)| ≤

∞∫
−∞

∣∣∣∣∣∼f (t) −
∼

f (x0)
∣∣∣∣∣ |K(t − x, λ)|dt + | f (x0)|

∣∣∣∣∣∣∣∣
∞∫
−∞

K(t − x, λ)dt− 1

∣∣∣∣∣∣∣∣
=


a∫

−∞

+

x0−δ∫
a

+

x0∫
x0−δ

+

x0+δ∫
x0

+

b∫
x0+δ

+

∞∫
b


∣∣∣∣∣∼f (t) −

∼

f (x0)
∣∣∣∣∣ |K(t − x, λ)|dt

+ | f (x0)|

∣∣∣∣∣∣∣∣
∞∫
−∞

K(t − x, λ)dt− 1

∣∣∣∣∣∣∣∣
= I0(x, λ) + I1(x, λ) + I2(x, λ) + I3(x, λ) + I4(x, λ) + I5(x, λ) + I6(x, λ).

Since

|I (x, λ)| ≤ I0(x, λ) + I1(x, λ) + I2(x, λ) + I3(x, λ) + I4(x, λ) + I5(x, λ) + I6(x, λ),

it is sufficient to show that the first four terms on the right hand side of the last inequal-

ity tends to zero as (x, λ)→ (x0, λ0) onZ.

Firstly we considerI1(x, λ) andI4(x, λ).

From conditione) and (4.2), it is seen that
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I1(x, λ) =

x0−δ∫
a

| f (t) − f (x0)| |K(t − x, λ)|dt

≤ sup
t∈<a,x0−δ]

|K(t − x, λ)|

x0−δ∫
a

| f (t) − f (x0)|dt.

Sincex0 − x < δ2

I1(x, λ) ≤ sup
|u|> δ2

|K(u, λ)|

b∫
a

| f (t) − f (x0)|dt

= sup
|u|> δ2

|K(u, λ)|
{
‖ f ‖L1(a,b) + | f (x0)| (b− a)

}
. (4.7)

In the same way, we find that

I4(x, λ) =

b∫
x0+δ

| f (t) − f (x0)| |K(t − x, λ)|dt

≤ sup
|u|> δ2

|K(u, λ)|

b∫
x0+δ

| f (t) − f (x0)|dt

≤ sup
|u|> δ2

|K(u, λ)|
{
‖ f ‖L1(a,b) + | f (x0)| (b− a)

}
. (4.8)

Next we considerI2(x, λ).

From (4.3) and (4.2), for everyε > 0 there exists aδ > 0 such that

x0∫
x0−h

| f (t) − f (x0)|dt < ε µ(h) (4.9)

and
x0+h∫
x0

| f (t) − f (x0)|dt < ε µ(h) (4.10)

for all 0 < h ≤ δ. Let

F(t) :=

x0∫
t

| f (y) − f (x0)|dy, (4.11)

then

dF(t) = − | f (t) − f (x0)|dt. (4.12)
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From (4.9) and (4.11), for allt satisfying the conditionx0 − t ≤ δ, we have

F(t) ≤ ε µ(x0 − t). (4.13)

Hence, now we can evaluateI2(x, λ).

Evaluation ofI2(x, λ) can be done in the following way:

I2(x, λ) =

x0∫
x0−δ

| f (t) − f (x0)| |K(t − x, λ)|dt

By (4.11) and (4.12), we can rewriteI2(x, λ) as

|I2(x, λ)| =

∣∣∣∣∣∣∣∣∣−
x0∫

x0−δ

|K(t − x, λ)|dF(t)

∣∣∣∣∣∣∣∣∣ .
Integration by parts give us,

|I2(x, λ)| =

∣∣∣∣∣∣∣∣∣−F(x0 − δ) |K(x0 − δ − x, λ)| +

x0∫
x0−δ

F(t)
∂

∂t
|K(t − x, λ)| dt

∣∣∣∣∣∣∣∣∣
≤ |F(x0 − δ)| |K(x0 − δ − x, λ)| +

x0∫
x0−δ

|F(t)|
∂

∂t
|K(t − x, λ)| dt.

It follows that from (4.13),

|I2(x, λ)| ≤ ε µ(δ) |K(x0 − δ − x, λ)| + ε

x0∫
x0−δ

µ(x0 − t)
∂

∂t
|K(t − x, λ)| dt.

Integration by parts again, then we get

|I2(x, λ)| ≤ ε µ(δ) |K(x0 − δ − x, λ)| + ε {−µ(δ) |K(x0 − δ − x, λ)|

−

x0∫
x0−δ

µ′(x0 − t) |K(t − x, λ)| dt


= ε

x0∫
x0−δ

µ′(x0 − t) |K(t − x, λ)| dt.
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Let

I2,1(x, λ) :=

x0−x∫
x0−x−δ

µ′(x0 − x− t) |K(t, λ)| dt. (4.14)

Here we note that, if a functionf is monotone on [a,b] then

V[ f ; a; b] =
b∨
a

( f ) = | f (b) − f (a)| .

Frome) and (4.6), for (4.14) we obtain the following estimate:

I2,1(x, λ) =

x0−x∫
x0−x−δ

 t∨
x0−x−δ

|K(s, λ)| + |K(x0 − δ, λ)|

 µ′(x0 − x− t)dt

=

0∫
x0−x−δ

 t∨
x0−x−δ

|K(s, λ)|

 µ′(x0 − x− t)dt

+

x0−x∫
0

 t∨
x0−x−δ

|K(s, λ)|

 µ′(x0 − x− t)dt

+ |K(x0 − δ, λ)|

x0−x∫
x0−x−δ

µ′(x0 − x− t)dt

=

0∫
x0−x−δ

[ |K(t, λ)| − |K(x0 − δ − x, λ)| ] µ′(x0 − x− t)dt

+

x0−x∫
0

{|K(0, λ)| − |K(x0 − δ − x, λ)|} µ′(x0 − x− t)dt

+

x0−x∫
0

{|K(0, λ)| − |K(t, λ)|} µ′(x0 − x− t)dt

+ |K(x0 − δ, λ)|

x0−x∫
x0−x−δ

µ′(x0 − x− t)dt
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=

0∫
x0−x−δ

|K(t, λ)| µ′(x0 − x− t)dt+ 2 |K(0, λ)|

x0−x∫
0

µ′(x0 − x− t)dt

− |K(x0 − δ − x, λ)|


0∫

x0−x−δ

µ′(x0 − x− t)dt+

x0−x∫
0

µ′(x0 − x− t)dt


−

x0−x∫
0

|K(t, λ)| µ′(x0 − x− t)dt+ |K(x0 − δ − x, λ)|

x0∫
x0−δ

µ′(x0 − t)dt

≤

x0−x∫
x0−x−δ

|K(t, λ)| µ′(x0 − x− t)dt+ 2 |K(0, λ)|

x0−x∫
0

µ′(x0 − x− t)dt

+ |K(x0 − δ − x, λ)|


x0∫

x0−δ

µ′(x0 − t)dt−

x0∫
x0−δ

µ′(x0 − t)dt



=

x0−x∫
x0−x−δ

|K(t, λ)| µ′(x0 − x− t)dt+ 2 |K(0, λ)| µ(|x− x0|)

=

x0∫
x0−δ

|K(t − x, λ)| µ′(x0 − t)dt+ 2 |K(0, λ)| µ(|x− x0|). (4.15)

Consequently by (4.15),

|I2(x, λ)| ≤ ε


x0−x∫

x0−x−δ

|K(t, λ)| µ′(x0 − t)dt+ 2 |K(0, λ)| µ(|x− x0|)

 . (4.16)

We can use similar method for evaluatingI3(x, λ).

Let

G(t) :=

t∫
x0

| f (y) − f (x0)|dy. (4.17)

Then

dG(t) = | f (t) − f (x0)|dt. (4.18)
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Moreover, for allt satisfying the conditiont − x0 ≤ δ, we have from (4.10) and (4.17)

G(t) ≤ ε µ(t − x0). (4.19)

According to (4.17) and (4.18), we can rewriteI3(x, λ) as

|I3(x, λ)| =

∣∣∣∣∣∣∣∣∣
x0+δ∫
x0

|K(t − x, λ)|dG(t)

∣∣∣∣∣∣∣∣∣
Integration by parts, we find that

|I3(x, λ)| =

∣∣∣∣∣∣∣∣∣G(x0 + δ) |K(x0 + δ − x, λ)| +

x0+δ∫
x0

G(t)
∂

∂t
(− |K(t − x, λ)|) dt

∣∣∣∣∣∣∣∣∣
≤ |G(x0 + δ)| |K(x0 + δ − x, λ)| +

x0+δ∫
x0

|G(t)|
∂

∂t
(− |K(t − x, λ)|) dt.

While t ∈ [x0, x0+ δ), according to conditione) and (4.6),∂
∂t (− |K(t − x, λ)|)is positive.

Therefore, from (4.19) we can write the following inequality.

|I3(x, λ)| ≤ ε µ(δ) |K(x0 + δ − x, λ)| + ε

x0+δ∫
x0

µ (t − x0)
∂

∂t
(− |K(t − x, λ)|) dt. (4.20)

If we using integration by parts, the second term of the right hand side in (4.20), then

|I3(x, λ)| ≤ ε µ(δ) |K(x0 + δ − x, λ)| + ε {−µ(δ) |K(x0 + δ − x, λ)|

+

x0+δ∫
x0

µ′(t − x0) |K(t − x, λ) |dt


= ε

x0+δ∫
x0

µ′(t − x0) |K(t − x, λ)| dt.

Here we denote

I3,1(x, λ) :=

x0−x+δ∫
x0−x

µ′(t + x− x0) |K(t, λ) |dt. (4.21)
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While t ∈ [x0, x0 + δ), according to conditione) and (4.6), for (4.21) we obtain the

following estimate:

I3,1(x, λ) =

x0+δ∫
x0

 x0+δ∨
t

|K(s− x, λ)| + |K(x0 + δ − x, λ)|

 µ′(t − x0)dt

=

x0+δ∫
x0

x0+δ∨
t

|K(s− x, λ)|

 µ′(t − x0)dt

+ |K(x0 + δ − x, λ)|

x0+δ∫
x0

µ′(t − x0)dt

=

x0+δ∫
x0

[ |K(t − x, λ)| − |K(x0 + δ − x, λ)| ] µ′(t − x0)dt

+ |K(x0 + δ − x, λ)|

x0+δ∫
x0

µ′(t − x0)dt

=

x0+δ∫
x0

|K(t − x, λ)| µ′(t − x0)dt. (4.22)

From (4.22), we find that

|I3(x, λ)| ≤ ε

x0+δ∫
x0

|K(t − x, λ)| µ′(t − x0)dt. (4.23)

Finally, let us consider the integralsI0(x, λ) andI5(x, λ). According to (4.2) we write

I0(x, λ) + I5(x, λ) =
∫

t<<a,b>

∣∣∣∣∣∼f (t) − f (x0)
∣∣∣∣∣ |K(t − x, λ)|dt

=

∫
t<<a,b>

| f (x0)| |K(t − x, λ)|dt

= | f (x0)|
∫

t<<a,b>

|K(t − x, λ)|dt.
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By (4.6), whent < [a,b], we havet < a or t > b. If t < a then

t − x < a− x < x0 − x− δ < −
δ

2
< 0,

while if t > b

t − x > b− x > x0 − x+ δ > δ > 0.

This implies that, for anyδ > 0

∫
t<<a,b>

|K(t − x, λ)|dt ≤
∫

|t−x|> δ2

|K(t − x, λ)|dt =
∫
|u|> δ2

|K(u, λ)|du.

Thus we get

I0(x, λ) + I5(x, λ) ≤ | f (x0)|
∫
|u|> δ2

|K(u, λ)|du, (4.24)

which in view of conditionc) tends to zero as (x, λ)→ (x0, λ0).

Combining (4.7), (4.8), (4.16), (4.23) and (4.24), we get

|I (x, λ)| ≤ 2sup
|u|> δ2

|K(u, λ)|
{
‖ f ‖L1(a,b) + | f (x0)| (b− a)

}

+ε

x0+δ∫
x0

|K(t − x, λ)| µ′(t − x0)dt

+ε


x0−x∫

x0−x−δ

|K(t, λ)| µ′(t − x0 − x− t)dt+ 2 |K(0, λ)| µ(|x− x0|)


+ | f (x0)|

∣∣∣∣∣∣∣∣
b∫

a

K(t − x, λ)dt− 1

∣∣∣∣∣∣∣∣
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≤ 2sup
|u|> δ2

|K(u, λ)|
{
‖ f ‖L1(a,b) + | f (x0)| (b− a)

}

+ε


x0+δ∫

x0−δ

|K(t − x, λ)| µ′(|t − x0|)dt+ 2 |K(0, λ)| µ(|x− x0|)


+ | f (x0)|

∣∣∣∣∣∣∣∣
b∫

a

K(t − x, λ)dt− 1

∣∣∣∣∣∣∣∣ .
This inequality is shown to be also valid for− δ2 < x0 − x < 0.

Therefore our theorem now follows, in view of conditionsb), c), d) and (4.4).

lim
(x,λ)→(x0,λ0)

T( f ; x, λ) = f (x0)

and this proves (4.5).�

If we consider the case< a,b >= R, we have the following theorem.

Theorem 4.5 Suppose that the function K(t, λ) belongs to classA. If (x, λ) tends to

(x0, λ0) on any planar set Z on which the function

x0+δ∫
x0−δ

|K(t − x, λ)| µ′(|t − x0|)dt+ 2 |K(0, λ)| µ(|x− x0|), 0 < δ < δ0

is bounded. Then at each point x0 for which(4.3) holds, we have for f(x) ∈ L1(−∞,∞)

lim
(x,λ)→(x0,λ0)

|T( f ; x, λ) − f (x0)| = 0.

Proof. We can divide|I (x, λ)| := |T( f ; x, λ) − f (x0)| four parts as follows:

|I (x, λ)| ≤


x0−δ∫
−∞

+

x0∫
x0−δ

+

x0+δ∫
x0

+

∞∫
x0+δ

 | f (t) − f (x0)| |K(t − x, λ)|dt

+ | f (x0)|

∣∣∣∣∣∣∣∣
∞∫
−∞

K(t − x, λ)dt− 1

∣∣∣∣∣∣∣∣
= I1(x, λ) + I2(x, λ) + I3(x, λ) + I4(x, λ) + I6(x, λ).
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Analogously to the proof of Theorem 4.1 we can show thatI2(x, λ) → 0, I3(x, λ) → 0

andI6(x, λ)→ 0 as (x, λ)→ (x0, λ0). Hence, it is sufficient to show that

lim
(x,λ)→(x0,λ0)

I1(x, λ) = 0

and

lim
(x,λ)→(x0,λ0)

I4(x, λ) = 0.

According to (4.6), whent < [x0−δ, x0+δ],we havet < x0−δ or t > x0+δ. If t < x0−δ

then

t − x < x0 − x− δ < −
δ

2
< 0,

while if t > x0 + δ

t − x > x0 − x+ δ > δ >
δ

2
> 0.

Therefore, we can writeI1(x, λ) + I4(x, λ) as follows:

I1(x, λ) + I4(x, λ) =
∫

t<[x0−δ,x0+δ]

| f (t) − f (x0)| |K(t − x, λ)|dt

≤

∫
t<[x0−δ,x0+δ]

| f (t)| |K(t − x, λ)|dt+ | f (x0)|
∫

t<[x0−δ,x0+δ]

|K(t − x, λ)|dt

≤ sup
|u|> δ2

|K(u, λ)|
∫

|t−x|> δ2

| f (t)|dt+ | f (x0)|
∫
|u|> δ2

|K(u, λ)|du

≤ sup
|u|> δ2

|K(u, λ)| ‖ f ‖L1(−∞,∞) + | f (x0)|
∫
|u|> δ2

|K(u, λ)|du,

for anyδ > 0. Hence fromc) andd), I1(x, λ)+ I4(x, λ) tends to zero as (x, λ)→ (x0, λ0).

Thus, the proof of the theorem is completed.�
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Example. We consider the function

K(t, λ) =



2λ , t ∈ [0, 1
λ
]

−λ , t ∈ [−1
λ
,0)

0 , t < [−1
λ
, 1
λ
]

, (4.25)

whereΛ = [1,∞) is a set of indices with natural topology andλ0 = ∞ is an accumula-

tion point ofΛ in this topology.

From (4.25), one has

∫
R

K(t − x, λ)dt = −
∫

[− 1
λ ,0)

λdt+
∫

[0, 1λ ]

2λdt = 1 < ∞.

Furthermore, it is easy to see that

lim
λ→∞

∫
|t|≥δ

|K(t, λ)|dt = 0,

and

lim
λ→∞

[ sup
|t|≥δ
|K(t, λ)| ] = 0,

for everyδ > 0.

In addition, by (4.25) |K(t, λ)| is non-decreasing on (−∞,0] and non-increasing on

[0,∞) as a function oft, for eachλ ∈ Λ.

This implies that the kernel functionK(t, λ) belongs toClassA.
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We assume thatµ(t) = t. If we use (4.25) in Theorem 4.1 and Theorem 4.2, we find

x0+δ∫
x0−δ

|K(t − x, λ)| µ′(|t − x0|)dt+ 2 |K(0, λ)| µ(|x− x0|)

=

x0+δ∫
x0−δ

|K(t − x, λ)| dt+ 4λ |x− x0| .

The first part of the right hand side of this equality is finite. Furthermore

lim
(x,λ)→(x0,∞)

λ |x− x0| = M < ∞,

if and only if the rates of convergence ofλ→ ∞ andx→ x0 are equivalent.
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