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ABSTRACT

The main purpose of this study is to examine oscillatory integrals which are
containing the product of Bessel functions of the first kind. These types of integrals are
appeared a result of the modeling of axisymmetric heat conduction in cracked
nonhomogeneous medium. So, these integrals can be written as

j;MD rs,pJd, rp J, sp dp mn=01 and O<r,s<1.

Function of D r,s,p has some singularities like Cauchy and logarithmic type, besides

D r,s,p has oscillating property by means of Bessel functions. The solution of these

types of integrals starts with the transformation of partial differential equation which
has variable coefficient in cylindrical coordinate system to axisymmetric coordinate
system because of independency of angular variable. Then thanks to Hankel integral
transform the system turns to a system of ordinary differential equations. The solution
of ordinary differential equation with the convenient boundary condition can be given
as a system of singular integral equations with a square root singularity. Consequently,
there is no closed form solution for the system of integral equations then solving this
problem with appropriate numerical methodsKeywords: Axisymmetric System,
Singular Integrals, Numerical Analysis, Oscillatory Integrals



BESSEL FONKSIYONLARININ CARPIMLARINI iCEREN SALINIMLI
INTEGRALLERIN VERIMLI TEKRARLAMALI COZUMLERI

Zilal DIREK

Yiiksek Lisans Tezi — Matematik
Haziran 2011

Tez Danismani: Yard. Dog. Dr. Ali SAHIN

0z

Bu ¢alismanin amaci
j; Drspld, rpd, spdp mn=01 and O0<r,s<1,

seklinde ifade edilen birinci tiir Bessel fonksiyonlarinin ¢arpimlarini igeren salinimli
integraller incelenecektir. D r,s,p fonksiyonu Cauchy ve logaritmik tiiriinde

tekillikleri icerir ve ayrica Bessel fonksiyonuyla birlikte salinim 6zelliklerine sahiptir.
Bu tip salimim integralleri, eksenel simetrik koordinat sisteminde kompozit
malzemelerdeki catlak problemlerinin modelinde ortaya ¢ikar. Modelleme, silindirik
koordinatlarda verilen degisken katsayili kismi tiirevli diferansiyel denklem sisteminin,
acisal degiskenden bagimsiz olmasi sebebiyle eksenel simetri koordinat sistemine
donilismesiyle baslar. Sonrasinda, Hankel integral doniisiimii kullanilarak kismi tiirevli
diferansiyel denklem sistemi, adi diferansiyel denklem sistemine doniisiir. Uygun sinir
sartlar1 altinda adi diferansiyel denklem sisteminin ¢oziimii, karekok tekillgi iceren tekil
integral denklemler sistemi olarak verilebilir. Bu tekil integrallerin kapali formda bir
¢Ozlimii olmadigindan 6tiirti ¢éziimler sayisal metodlarla bulunur.

Anahtar Kelimeler: Eksenel Simetri Sistemi, Tekil Integraller, Sayisal Analiz,
Diizensiz Salinimli integraller.
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CHAPTER 1

INTRODUCTION

Lots of various problems in the most important areas of mathematical physics and
different technical problems are related with applications of Bessel functions. In the
solution of problems of acoustic, radio physics, hydrodynamics, atomic and nuclear
physics, it is naturally obtained different types of Bessel functions. Many of areas
include wide range of different applications of Bessel functions. For example, heat
conduction theory, dynamical and linked problems, problems are solving on spherical or
cylindrical coordinates, different problems concerning the oscillations and problems on
the concentration of the stress near cracks are some of them.

In addition to the theory and application, the numerical integration is one of the
great and main subjects of mathematics. Therefore, the problem of numerical
integration is a basic problem of numerical analysis. Some of numerical integration
methods and, specifically, the quadrature method were examined. The earliest study
about quadrature is done by Greek geometers, and then Arab mathematicians studied for
quadrature in 9™ century, and then,up to date, mathematicians explored quadrature
method and its applications. There are also some studies for quadrature method
mentioned in (Knigth and Newbey, 1970), (Hall, 1876), (Peterson, 1996) and (Crow,
1993)

In this study, it is considered a class of oscillating integrals containing the product
of the first and zeroth order Bessel functions of the first kind given as

j;mD r,spJ, rp J, sp dp, mn=01 and O<r,s<1. (1.1)
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These types of integrals usually arise because of the part of modeling in linear elastic
fracture mechanics, especially in composite materials in axisymmetric coordinate
system. The integral contains singularities such as elliptic and logarithmic type and has

an oscillating property together with Bessel functions. Due to no closed form solution

for some special values of the integrand D r,S, p , it should be solved numerically.

The integrals given in (1.1) can be easily seen in fracture mechanics of composite
materials such as an interface crack in axisymmetric medium. Due to the mixed
boundary values at crack line, displacement in equilibrium equation can be represented
by a singular integral equation which contains Fredholm type integral equation. Some of
the best example related to the Equation (1.1) can be seen in the work done by Ozturk,
(1993). He examined the stress intensity factors and the displacements on a penny-
shaped crack in terms of the different loading conditions. In the formulation of the
problem, he obtained the integrals given in (1.1). The same types of integrals can be
seen also in the work done by Sahin, (1998) who examined the thermal stresses around
an axisymmetric insulated barrier under constant heat flux. In his work, it is shown the
elliptic and logarithmic singularities in the integrand as s — r. Al-Borgi (2009) and his
coworkers studied on thermal stresses and displacements under constant heat flux and
different types of loading over a crack between a homogeneous material and a

functionally graded material in an axisymmetric coordinate systems.

Because of the spherical and cylindrical coordinates, system of oscillatory
integrals involving Bessel functions can be seen some problems in the areas of
engineering (crack problems, magnetic field theory, and wave theory) and applied
mathematics. Calculation of highly oscillatory integrals, especially in case of
multivariable integrand, is difficult to solve a problem but the difficulty is overcome by

means of developing computer technology and produced new algorithms.

In the past few years, new approaches such as Filon type (1982), Levin type
(1996) and fixed-point calculation were improved for these types of problems. Filon

(1928) brought a vision with the help of quadrature method for solution of oscillatory
5



integrals and then in almost every area of about this topic have been studies. We come
across studies on oscillatory integrals involving Bessel functions especially at magnetic
field theory. Integrals defined at infinite intervals involving product of Bessel functions
and their algorithm are examined by Koélbig (1995). He found the solution of integrals
of Mellin integral transformation in terms of Gamma functions. In practical problems,
we encountered with the integrals of involving product of Bessel functions which is
defined at infinite interval are examined by Fabrikant (2003) and he obtained integrals
of closed solutions for some special cases. This study, difficulty of well-known definite
integrals of containing Bessel functions can be expressed as simple functions and the
solution is founded through using representation of Bessel functions with integrals. The
problem consists in integrating an arbitrary product of Bessel functions with an
additional rational or exponential factor over a semi-infinite interval is done by Deun
and Cools (2008). This study difficulty arises from the irregular oscillatory behavior and
possible slow decay of the integrand, this problem is solved in two parts. First one finite
part is computed using gauss-Legendre quadrature. Second one is infinite part, then
infinite part is approximated using asymptotic expansions and this approximation is
integrated exactly with the aid of the upper incomplete gamma function. In the case
where a rational factor is present, this factor is first expanded in a Taylor series around
infinity. A similar study is done by (Gebramiam, et al., 2010). However, this study is
solved integrals of products of spherical two Bessel functions multiplied by an
exponential factor symbolically. The problem is first form into a related limit problem,
which can be broken into two related sub problems involving exponential and

exponential integral functions. In this study contain some special condition for
preventing singularities for instance j;ooe_XUx”Jv x J, x dx where J, x and J, X

define spherical functions of integer orders, with >0, x>0, u>0 and n is an
integer constant. From the asymptotic properties of spherical Bessel functions and
convergence requirement as the argument x goes to zero, so at this study is obtained

the constraint n+» + x> 0. Besides Xiang (2004) studied integral transformation of



highly oscillatory function, Bessel functions. Filon-type method is used at this study.

Xiang used quadrature method and took a function which is suitably smooth on 0,1 .

Calculation of oscillatory integrals is not possible with standard numerical
analysis method like Simpson’s rule or quadrature method. Integrals contain
singularities besides features of oscillation. These singularities occur during calculation
of elliptic integrals as logarithmic or during the variable approach to infinity. When it is
scanned the current literature it can be seen that the solution of oscillatory integrals can
be expressed as hypergeometric functions which are not easy to calculate. In our thesis,
we calculated the oscillatory integrals containing a product of Bessel functions. Solution
of these integrals can be divided into two parts analytical analysis and numerical
analysis. First step is analytical analysis; at this point, we did analysis of oscillatory
integrals and we examined what kinds of singularities are contained in integrand.
Singularities of elliptic integrals (some of them is removable) are separated by
analytical methods. Integrands which have feature of oscillation is passed through
asymptotic analysis and defined having singularities at infinity. At this step, we took

advantage of language of symbolic programming, MAPLE.

Second step is numerical analysis in which Gauss quadrature method is used for
the solution of integrals. Integrands contain Bessel functions of the first kind which are
defined intrinsically in FORTRAN programming language at version 11.1. The code for

the algorithm of integrals has been written in FORTRAN programming language.

This study is organized in the six chapters. Starting with the introduction, it is
mentioned some numerical integration methods in the second chapter. There are also
given some analytical and numerical techniques how to handle singularities at infinity
and shown to evaluate these types of integrals by quadrature method. Since Bessel
functions and Chebyshev polynomials are used in this study it is given some
information about their properties. Not only the first kind Bessel functions but also the
other types are examined in details. The values of the special integrals related to

Chebyshev polynomials are shown. In Chapter 4 and 5, the algorithms for calculation
5



of the integrals given in (1.1) are obtained. Using the integral representation of the first
kind Bessel functions and some new definitions, the iterative formula for each type of
integrals is obtained. The conclusion of the study is given in the last chapter in which
the summary of the iterative algorithms are given.



CHAPTER 2

NUMERICAL INTEGRATION

Numerical integration is the study of how the numerical value of an
integral can be found. It is used by engineers and scientists to obtain approximate
answers. The beginning of this subject is to be desired in former studies. A fine
example of ancient numerical integration is the Greek quadrature of the circle by means
of inscribed and circumscribed regular polygons. This process led Archimedes to an
upper and lower bound of 7. Over the centuries, particularly since the sixteenth century
many methods of numerical integration have been devised. There are some methods for

numerical integration as mentioned below: the goal of quadrature is to approximate the
definite integral of f Xx over the interval a,b by evaluating f X at a finite number
of sample points. Composite trapezoidal and Simpson’s rules are intuitive methods of
finding the area under the curve y=f X over [a,b] by approximating that area with a
series of trapezoids that lie above the intervals [X,, X,.,] . An approximation rule is

used with step sizes h and 2h; then an algebraic manipulation of the two answers is

used to produce an improved answer. Each successive level of improvement increases

the order of the error term from O h*™ to O h**? . This process, called Romberg

integration. Lastly, Gauss-Legendre integration is another method to find the area under
the curve y=f(x), —1<x<1. We have already seen that the trapezoidal rule is a
method for finding the area under the curve and that it uses two-function evaluation at
the end points —1, f —1 and 1 f 1 .But, when the graphof y=1f X isconcave

down, the error in approximation is the entire region that lies between the curve and the

line segment joining the points. If we can use nodes X, and X, lie inside the interval
[-1,1], the line through the two points (Xy, f(X;)) and (X, f(X;)) crosses the

5



curve, and the area under the line more closely approximates the area under the
curve. Thereby, the numerical integration is solving a problem of J'b f (x)dx using
a

series expansion of integrand f (x) at each particular point. In the series expansion of

the integrand, it will be used an orthogonal functions. Numerical evaluation of some
integrals cannot be evaluated easily due to singularities in the integrand. There are some
methods to eliminate these singularities and then, using a suitable method the integral
can be solved numerically very straightforward ways. In the following section, it will be
introduced some methods (Kreyszig, 2006), (Mathews and Fink, 2004) and (Devis and
Rabinowitz, 1984).

2.1. TRAPEZOIDAL RULE

The formula of trapezoidal rule is given by

£ .

[PF xax=008 w1 % =g
a 2 Y.

2.1)

: . : b
When function of f take positive value, the integral f f x dx equal to area as a
a

trapezoid.

a . b =X

Figure 2.1 : Trapezoid rule
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Trapezoid rule is very useful for function which has second order derivative is zero and

this rule gives real value of integral.

2.2. SIMPSON’S RULE

Simpson’s rule is used often for numerical integration because it combines
simplicity of form with a rather accurate result. The major drawback of this method is
the fact that it can only be applied to an even number of intervals, which can be an

inconvenience in some cases.

2.2.1. Simpson’s Formulas

A. For n=2in X, <& <X,, (n is interval number for integral)
h5
f fxdx_ [f %, +4f x1+fx2]—%f ¢ (2.2)

B. For n=3in X, <{<X;,

3h°

f fx dx= [f X, +3F X, +3F X, +f X —%f £, (23)
C. For n=4in X, <{<X,,
X 2h
f xdx=— 71 x, +32f x +12f X,
%o 45
+32f x; +7f X —ﬂf '3 (2.4)
’ * 945 ' '
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2.3. ROMBERG INTEGRATION

Romberg integration is an iterative no adaptive scheme for automatic integration.
It is considered automatic because the numbers of functional evaluations depend upon
the behavior of the integrand over the entire interval of integration. It is no adaptive
because it evaluates the integrand at a fixed set of points, not dependent upon the
integrand itself.

If the function f x is bounded and Riemann-integrable over the interval [0,1]

then the Romberg integration technique, which is an expanded version of the trapezoid
rule that can be utilized in higher order equations, can be used. The definition of the
trapezoid rule is

j;bf xdx:j;xif xdx+...+f:lf X dx,

%g[f a+f x1]+...+g[f X,y +f b,

:g[f a +2f x +..+2f x, , +fb]. (2.5)

where

with n representing the number of subintervals the entire interval is divided up into.

2.3.1. Romberg Integration Formula

20



b—a
R1,1=%[f a+f b]:T[f a+fbi (2.6)

R,. :%lRLﬁhl[ajL%hlﬂ, (2.7)

b 4R Ry, b-a 44 4¢ 4
[0f xax= R [4hk F4 e —h T ey |,

4R , —R
_ k.1 k—1,1+o hk4 , (28)

R = - __ i (2.9)

2.4. GAUSSIAN QUADRATURE

In numerical analysis, a quadrature rule is an approximation of the definite
integral of a function, usually stated as a weighted sum of function values at specified
points within the domain of integration. Quadrature rule is constructed to yield an exact

result for polynomials of degree 2n—1 or less by a suitable choice of the points X, and
weights w, fori=1,...,n. The domain of integration for such a rule is conventionally

taken as —1,1 , so the rule is stated as

1 n
flf x dx~ > wfox . (2.10)
- i=1

Gaussian quadrature procedure as mentioned above arises accurate results if the

function f x is well approximated by a polynomial function within the range —1,1 .

The method is not suitable for functions with singularities. However, if the integrated
21



functions can be written as f x =w x g x Wwhere g x IS approximately

polynomial, and w x is known, then there are common weighting functions include

WX = 1—x2 _%, (Gauss-Chebyshev),

w(x) =e ", (Gauss-Hermite).

2.4.1. Gauss Integration Formula

j;bg vdeflf dexzn:Wif Xi
i=1

b—a p1 b—a x+b+a
== flf[ > dx  (2.11)
where
b+a 2V a+b b-—a b—a
X=— and v=——4+——Xx, dv=——dXx. 2.12
b—a +b—a 2 + 2 2 ( )

Table 2.1: Gauss quadrature points and corresponding weight function values.

fllf(x)dx=i2::wn,kf (%, )+E(f.n)

n Xi k Wi« Error

, | 05773502692 | 1 £0(¢)
-0.5773502692 | 1 T
0.7745966692 | 5/9 O (&)

3 | -0.7745966692 | 5/9 —=/
0.0000000000 | 8/9 15.750
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0.8611363116 | 0.3478548451

-0.8611363116 | 0.3478548451 £ (¢)
0.3399810436 | 0.6521451549

-0.3399810436 | 0.6521451549 3472875
0.0061798459 | 0.2369266886

-0.9061798459 | 0.2369268851 [ (&)
0.5384693101 | 0.4786286705 )
-0.5384693101 | 0.4786286705 1237732650
0.0000000000 | 0.5688888889

0.0324695142 | 0.1713244924

-0.9324695142 | 0.1713244924 o
0.6612093865 | 0.3607615730 £ (¢)2°[e!]
-0.6612093865 | 0.3607615730 2] 13
0.2386191861 | 0.4679139346

-0.2386191861 | 0.4679139346

2.4.2. Change of Interval for Gaussian Quadrature

An interval over

a,b must be changed into an interval over

—1,1 before

applying the Gaussian Quadrature rule. This change of interval can be done in the
following way:

b — _
R e f[b ax+a+b]dx 2.13)
a 2 -1 2 2
After applying the Gaussian Quadrature rule, the following approximation is:
b — n _
[71 x dx~ 22 Wif[b axi+a+b]. (2.14)
a 2 2 2

Table 2.2: Weight functions of orthogonal polynomials along with definition interval

Interval W( X) Orthogonal polynomials
[-11] 1

(-11) (1-x)*(1+x)", @, B>-1 | JacobiPolynomials

(20 S

Legendre Polynomials

Chebyshev Polynomials (first kind)

23



[-11] 1— %’ Chebyshev Polynomials (second kind)

[0,) e Laguerre Polynomials

(—o0,0) e ¥ Hermite Polynomials

2.4.3. Error Estimates

The error of a Gaussian quadrature rule can be stated as follows

b n f 2n E
f wx fxdx=>Y wf x = Py, Py (2.15)
a Y 2n !

for some ¢ in a,b , where p, is the orthogonal polynomial of degree n and where
f,g :fwaf X g x dx. (2.16)

In the important special case of w x =1, we have the error estimate

a4l 4
b—a " n!

2n41]2n 1

fon ¢ a<&<b. (2.17)

Since, it may be difficult to estimate the order 2n derivative, and furthermore the actual
error may be much less than a bound established by the derivative. Another approach is
to use two Gaussian quadrature rules of different orders, and to estimate the error as the

difference between the two results.

2.5. QUADRATURE METHOD FOR INFINITE INTEGRALS

Consider the quadrature, (F.S. Action, 1990)
24



o0

f c>2. (2.18)
! 1+bx +x*

This integral actually has a complicated analytic closed form but in the sequel we have
as if it did not. Thus, we shall attempt to estimate its value, sometimes directly but

sometimes by finding sufficiently close upper and lower bounds to serve as estimates.
2.5.1. Discarding the Small Terms

Since all terms in the denominator are positive, discarding any of them will yield

an upper bound. A drastic discard of all but the x* term gives

N

~dx 1
| < j; & =57 = 0041667 = I,y (2.19)

A less drastic discard that of unity, also yields an integrable quantity. We have

00 dx _1 1 1 b
| < fc m_—[ tan~ ] 0.036352 = I,. (2.20)

blc b

This result, while a better bound than the previous one, suffers here by being expressed

as the difference of two larger quantities. With our values 1,2 for b,c we lose one
significant figure and hence would probably prefer to replace the arctangent function by

its series, thereby effecting the cancellation of the % terms analytically.

2.5.2. Freezing the Small Terms

By replacing some of the denominator terms by their values at the lower limit we
can often reduce the complexity of the integral sufficiently to permit analytic

integration. By writing our integral as

25



~dx

fw dx - 1 f

1 1
= ——==0.031746. (2.21)
b 3c?
1+ Dot Ja
We obtain a lower bound that now traps our tail between 0.0317 and 0.0417. We can

also difference these analytic bounds to get an expression

b 1+41/bc?
3c® 1+ b/c? +1/c*”

That could be used to determine how large ¢ must be to guarantee any desired degree of

(2.22)

closeness of these bounds. But these bounds are rather crude. We can do better. By

writing our integral as

[ dx s % 1 g 040689
c c x"4+1 21

—0.032939.. (2.23)

and freezing the second factor at ¢ we keep the denominator too large, thereby creating

the lower bound shown. On the other hand, by simply freezing the bx* term at bc® we

can create an upper bound. We get

o0 dx o~ dx
| < —_ = ————=0.037051. 2.24
fc x* +-bc? +1 fz x* +5 (2.24)

Both these bounds depend on our ability to integrate (x4 +a’ )_1 analytically.

2.5.3. Expansion in a Series
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We observe that the second factor in
o 1 . 1
4 2
c X 14 1-+bx

X4

dx (2.25)

is of the form (1+g)71, which, & being small, may be expanded by the binomial

theorem to give

>0

5

c

1— ..|dx

4 4

14bx> (1+bx?)
+ +[+x]_.
X X

_[i_i_ki_ ]_b[i_i_FL_ J
3 7¢’ 11t 7 5c° 9c¢® 13c¢®

+bz[7i 3 4 ]_bs[i_...] (2.26)

o 11ct T oc®

where the coefficients are highly regular and easily discovered. There is no
approximation here, so this technique may be used to give our integral to any precision

we may have the patience to pursue.
2.5.4. More Sophisticated Bounds:
We can write our integral as

f 2 . 2 (2.27)
¢ X2+Db/2" 4+ 1-b*/4

and then simplify it by substituting

x:FtanQ
2

to give
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b’ sec?0do 22" cos? 0de
Ef b? b2 b fl+acos40' (2.28)
o, Isec40+1—j 0,

Since b=1, we have

a:biz—1:3.0 and 9c:tan*l ¢ :tanflcﬁ.

=
N

For c larger than 2, 6, is up near %7; , the cos® @ term is small and we may decide how

cavalierly we wish to treat it. If we neglect it entirely we get the upper bound

y2m ¥2 Joi2 ¢z

|4<[3] f cos? edez[g] Llan /2 _ - / —=0.36159. (2.29)

b) b) 2 C  Cc°+b/2

This is a little better than 1,,.
2.5.5. Tail Estimation for Oscillatory Infinite Integrals
If we must evaluate
F b ZINZL 0<b<1, (2.30)
0 Xx°+bcosx

we have two types of difficulties:

1. F(b) hasasingularity as b approaches to zero.

2. We would prefer not to integrate numerically out to « in X.
Here we shall look at the second difficulty, estimating the tail of the quadrature, even

though it is usually the less serious of the two. Our problem is to evaluate

fc VoM (2.31)

X% +bcos x

28



for b not too small, say unity. If we look at the graph of the integrand we see that it

oscillates around the curve X2 and that the oscillations decrease monotonically

importance. We see immediately that the integral

I Vox_1 (2.32)

x> ¢

will be good approximation provided we begin at one of the points where cosc is +1 at

mz, for then the two successive lobes of ignored area that occur over the next half-

period will be of opposite sign and must partly cancel.

-1

Figure 2.2: A graph showing the difference between x* and (x* +bcosx) .

Further, if we begin at X equal to 2n—1 7, use of the curve X2 will result in an

under estimate, whereas beginning at 2nz will produce an overestimate.

2.6. EXAMPLES OF GAUSSIAN QUADRATURE

We solved some example about Gaussian quadrature as mention (Bayram, 2009)
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0.6
Example 2.1: Convert the integral j; . 2v° dv to Gauss integral form.

Assume the integrand g v = 2v° and lower and upper limitsas a=0.1, b=0.6

, respectively. So,

a+b b-a 06+01 05
V= X = —Xx=0.35+0.25x
2 + 2 2 + 2 +

and

dv— b;adX: 0.6-0.1

dx =0.25dx.

Then, we get

72 dv=0.25[" (0.35+0.25x)" dx.
0.1 -1

If we take n=1 in the formula, thatis m=2n—1=1, so

N

1 &
f_lf X dxwf[—? Wt g
where W, =W, =1. Finally, the result is
. 1 \/5 5 1 \/5 5
fl 0.35+40.25x 5dXxZ 0.35+0.25|—— +Z 0.35+0.25 ?J]
~ 0.01494403

15
Example 2.2: Solve the integral L]; e dt according to two-point Gauss integral.

Let us convert the integral into Gauss integral form as follows:
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_a+b b-—a_ 1+15 05

t X —x=1.25+0.25x%
2 + 2 2 + 2

and

dt = b_adx:1'5_1dx:0.25dx.
2 2

Then, we get

5 2 v —1osr025x? 1 b cewdy
j; e dt_0.25f_1e dx_4f_1e dx.

If we take n=2 inthe formula, thatis m=2n—1=3, so

1 1 —5+x2/ 1
Zfle 10 dX%Z f —0.7745966692 w, + f 0 w, + f 0.7745966692 w; |,

1 —5+x2
Ef e 4dXx1[f —0.7745966692 E+f 0 §+f 0.7745966692 > ,
4J-1 4 9 9 9

~0.1093641960 .
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CHAPTER 3

SPECIAL FUNCTIONS and POLYNOMIALS

3.1. BESSEL FUNCTIONS

Bessel functions are cylindrical functions that are used far and wide in various
branches of science, technology and applied mathematics. These functions are involved
in heat conduction theory, elasticity theory for spatial problems, oscillations and
equilibrium of plates, the theory of shells, and for problems concerning stresses near the
cracks. The functions were introduced to the mathematical world by German
astronomer Friedrich Wilhelm Bessel in a memoir in the “Transactions of the Berlin
Academy” during the year 1824. He derived the differential equation of the Bessel
functions and also carried out the first organized study of general properties of its

solutions.

3.2. BESSEL DIFFERENTIAL EQUATIONS

The process of separating the variables in problems whose solutions deal with the
application of cylindrical and spherical coordinates results in the Bessel differential

equation

2
qu+xd_y+ x? —v? y=0. (3.1)

dx? dx
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where the value of v, that can be either integer or fractional value, represent the order
of Bessel functions. This is a linear second order differential equation. The Bessel

differential equation (3.1) has the solution of the form

[e®) 00
y=x") ax"=> ax"
n=0 n=0

where a, =0 and the power series Zanx“ converges for all x. In order to find this
n=0

solution we must determine the equations of the first and second derivative, then we can

get

a?—v? aox”’+[ a+1 2—vz]alx”“JrE: [ a4n 2—vz}anJran_2 X" =0,
n=2

When we solve this equation we can get the series solution of (3.1) as

y—aOXV _ X2 + X4 _ .—aoxvi __']_nL
2221v41  2%21v41 v42 = 2'nlv4n !
By setting a, = ! a Bessel function of the first kind and of order v is achieved. It

2wl
is denoted by J, x for YveZ", giving

X2 x*

1— 5 + Z —
2 v+l 2127 v+1 v+2

_i 1n X/2 2n+4v

— nin+v! (3.2)

For all values of the variable x and the index v the series converges absolutely and
uniformly. The main properties of the first kind Bessel functions allow them to be
defined as a series solution of a second order differential equation. Each term of this
series can be individually differentiated and integrated.

The first kind Bessel functions (3.2) are oscillating functions asymptotically

vanishing at infinity. The most useful first kind Bessel functions and the ones that are
28



most closely studied here are J, X and J; X with their specific equations given as
follows:

’ 2n 2 4 6
& n X/2 X/2 X/2 X/2
Jox =2 -1 ol YT T e (33)

nox20M e x2® w2 x2f 24
2 o o ma o G

Some interesting properties of these functions can be seen from their graphs below.

Both of these functions

&
“,

&
¢

Figure 3.1: Bessel function Jyand J;

have an infinite number of positive zeros which are simple zeros because J, (xv) #0. It

has been proven that for (3.3) a zero exists in all intervals of the length of = . It can be
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deduced, from the previous statement, that the first kind Bessel functions (3.2) have an

infinite number of zeros VneZ which forms a sequence tending to infinity. Their

graphs strongly suggest the functions of sine and cosine, especially with the alternating

manner of the occurrence of the zeros.

3.3. INTEGRAL REPRESENTATION
For numerous problems, integrals have variable limits that when taken through a

process and given a specific interval can be expressed by cylindrical functions. This is

true for Bessel functions whose Bessel’s integral formula can be expressed as
1 pr .
J, X :—f cos xsinf—vé dé. (3.5)
7TdJ0

Now the following formulas can be established

I, X zif”cos xsind cos 2v0 do. (3.6)
wJ0
1 pm . : .
Joyig X :—f sin xsin® sin 2v+1 6d6. (3.7)
mTdJ0

and by substituting v =0 into (3.6) and (3.7) we can obtain the exact formula’s for (3.3)
and (3.4) as
1 pr .
Jy X —;fo cos xsinf dé, (3.8

1 p7. i .
J; X :;j;) sin xsin# sinfdo. (3.9
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This proves the above suggestion of sine’s and cosine’s involvement in the Bessel
functions. To demonstrate further the close ties between, not only (3.3) and (3.4), but all

first kind Bessel functions and trigonometric functions are the following equations:

cosx=J, X —2J, X +2J, X —--

and

sinx=2J; X —2J3 X +2Jg X —--

3.3.1. Properties

We list below a few of the more useful properties of Bessel functions of orderm,
m=0,12,...(Watson, 1922).

J .o x=-1"3x,
J, —x=-1"J_x,
0, m>0
J. 0= ,
1 m=0
limY, X =—o0,
x—0*
% X 'J, X ]:—x“’JV+1 X .

It can be shown in a similar manner that
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%[XVJV X ]:vav_l X

Jo x ==J;, x, Yo X ==Y, X .

If the values of variable xwere to be imaginary then the result would be functions
called modified Bessel functions and a system of solutions from the Bessel equation can

be obtained from the following functions:

I, x =e ™23 ix (3.10)
K, X :%'e”"i/sz1 ix . (3.11)

Equation (3.10) arises when the differential equation

2
x2u+xﬂ+ x?2—v? y=0 (3.12)

dx?  dx
occurs. In order to make this in the form of Bessel’s equation you must replace X by

—it so that (3.12) becomes

d? . d
t2Fy+|tay+ t?+v? y=0 (3.13)
Normalize (3.13) so that
yx =1, x =i""J, ix (3.14)

which now can be rewritten as equation (3.10). By differentiation from the series

definition of the first order Bessel function (3.2) we obtain

d

dx

x'J, X }:xv\]\,_1 X, (3.15)
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%[X_VJV X ]:_X_V‘Jwrl X . (3.16)

Then by carrying out the differentiation on the left hand side of (3.15) and (3.16) we
get

%[Jv XX, x =x"0,, X, (3.17)
d -V —v—1 -V
&[JV XXV =N, x o =—x, X (3.18)

Now by dividing both sides of (3.17) by x"and dividing both sides of (3.18) by x™", it
is deduced that

d
&JV(X)Jr%‘]v(X):‘]v—l(X)’ (3.19)
d
4 3,00-23,(0 21,1 (0) @20

Next, set v=0 into and v=1 and plug into equations (3.19) and (3.20), respectively,

and two special cases are obtained that will be used in further proofs:

%Jo X =—=J; X, (3.21)
d J; X
X =- L= 10, x . (3.22)
Furthermore, by adding (3.19) and (3.20)
d
2d—JV X =J,4 X +J,.4 Xx =0 (3.23)
X

obtain the relational equation
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d

ZEJV X =J,, X =J,; X (3.24)
and by subtracting (3.19) from (3.20)
v
2;% X —=Jy4 X =,y X =0 (3.25)
another relational equation can be obtained
v
2—J, X =J,4 X +J,44 X (3.26)

X
Equations (3.24) and (3.26) are called recurrence relations, which are identities that
relate the Bessel function for the Bessel function for different values of v, that satisfy

the Bessel functions of the first kind.

3.3.2 Second and Third Kind Functions

Besides Bessel functions of the first kind two other series of solutions exists for

the Bessel differential equation. Bessel functions of the second and third kind are also

. . 1 2
known as Neumann functions, N, X , and Henkel functions H,” x andH,” X,

respectively. The second kind Neumann function is defined as

cos v 1
X = J, X —

N . v .
sinmv sinmv

J., X, VEZ. (3.27)

'

The graph of the function is pictured below; it diverges at least logarithmically and does

not have a finite solution at the origin.
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Figure 3.2: Graph of Neumann functions N1/2 X and N1/4 X

The third kind Henkel Functions HV1 X and H, ? X, are defined as

H,* x =J, x +iN, x (3.28)

Vv

and
H,2 x =J, x —iN, x . (3.29)

Vv

The series expansions of these functions are

H," x ~iZinx+14i2 y—In2 +.... (3.30)
Y

s

3.4. CHEBYSHEV POLYNOMIALS

Chebyshev polynomials have been most used in approximation work because a
way to obtain a polynomial approximation is by truncating orthogonal polynomial

expansions. The Chebyshev polynomials are known to be most historic of the various
35



types of orthogonal polynomials, for the most part because they are related quite simply
to trigonometric functions by Eq. (3.31). The type I polynomial and the most useful, is

defined as
T, Xx =cos nd where cosf=x —1<x<1.

(3.31)

From this definition and from common trigonometric functions Eqns. (3.32), (3.33) and

(3.34) can be concluded

To x =1,
(3.32)

T, X =X,
(3.33)

T, x =2x*—1.
(3.34)

Now the remaining Chebyshev polynomials may be determined by using the recurrence

formula

Ty X =2XT, x =T,; X . (3.35)

which follows from the trigonometric identity
cos n+1 #+cos n—1 @ =2cosfcos nb . (3.36)
The general Chebyshev differential equation is written as

1—x? dzy—xﬂ

Ly = -7 A2y =0.
y dx? dxJr y

(3.37)
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From (3.37) it can be directly taken that the Chebyshev polynomials are orthogonal over

the interval —11 with respect to the weight factor w x = 1—x? =2 the
orthogonality integral for Chebyshev polynomials of type I is defined as
0 ,m=n
1T, X T, X
f ML dx= Mo m=n=0. (3.38)

The orthogonal properties of (3.38) can be used to expand an arbitrary function in the

Chebyshev series

f x=>YaT, x
n=0

where

101 f X 2 1 T, X
ao_;f_l dx and an_gf_lfx dx.

N J1—x?

Chebyshev series generally has a faster rate of convergence than the others.
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CHAPTER 4

AN EFFICIENT ITERATIVE SOLUTION OF OSCILLATORY
INTEGRALS CONTAINING THE PRODUCT OF BESSEL
FUNCTIONS

4.1. INTRODUCTION

In this study, it is considered a class of oscillating integrals containing the product

of Bessel functions of the first kind given as
fOND r,s,pJ, rpJ, spdp, mn=01 and O0<r,s<1l. 4.2)

The function D r,s,p has some singularities such as Cauchy and logarithmic types

and also has an oscillating property together with Bessel functions. These types of
oscillating integrals occur in modeling of fracture problems of composite materials or
modeling of axisymmetric heat conduction in cracked nonhomogeneous medium in
axisymmetric coordinate system. Modeling starts with the constitution equations that
are the system of partial differential equations with variable coefficients in an
axisymmetric coordinate system. Then, using the Hankel integral transform, it can be
obtained a system of ordinary differential equations. Under the appropriate boundary
conditions the solution of the system can be given as a system of singular integral
equations with a Cauchy type singularity. Since there is no closed form solution for the

system of integral equations then it should be solved numerically.
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4.2. INTEGRATION OF THE PRODUCT OF BESSEL FUNCTIONS I

4.2.1. lterative Method I.

In this section, the main idea is to represent the integral of the product of two

Bessel functions of the first kind as a single integral form. For this purposes, it can be
used the representation of the zeroth order Bessel function of the first kind, J, pR ,

like

Jo PR :ZJn rp J, sp cos ng 4.2)
n=0
where
R? =r®+s®—2rscos¢ (4.3)

from cosine theorem. Now, it can be obtained the representation of the product of two
Bessel functions of the first kind by deriving Equation (4.2) as follows:

Rewriting the Equation (4.2) by separating the first term of the series and then
differentiating both sides with respect to r can be obtained as

Jo PR =3y 1p Jg sp +2>°J, rpJ, sp cos ng (4.4)
n=1
I —SCcoS¢ = d
—pJ; pR T:—le rp J, sp +22§Jn rp J. Sp COS n¢ (4.5)
n=1

where the following identities are used:

d d dt dR

gy Rr=9y AOR
ar 0T T dRdr

d

d—JO pR =—J; t p% r? +s? —2rscosng R 2r —25C0S¢) |
r

d I —SCcos¢
—Jy pR =—pJ;, PR ——,
dr ° P Pdr p R
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d d dt
Gy =93 M 5,
ar P T S g

Then, integrating both sides of (4.5) from 0 to z with respect to ¢ can be resulted as

7r r—scosg .. 7
fo —pJd; PR Td(b—fo pdy Tp Jg sp do
o0 d T
+2§EJ" rp J, sp fo cos n¢ d¢. (4.6)
Since the integral on the right-hand side is identically zero,
j;' cos né dé—0, n=0,12,..,
then Equation (4.6) can be reduced to
m r —SCcos¢ ﬂ
fo —pd; PR Tdd):—le rp Jo sp fo dp=—mpd; rp Jg Sp .
As a result, product of two Bessel functions of the first kind can be written as
r —scos
J rp J, sp ——f [—¢]J1 oR do (4.7)

and the integral containing the product of Bessel functions given in (4.1) can be

expressed in the form of

f DpJdirpd,spdp= f D pdp= f SCOS¢ pR do,

1 pr(r—scos¢ 0
_;j; [T]dqu; DpJ, pRdp. (4.8)

To simplify the expression in (4.8) can be defined the value of R given in (4.3) as

follows:
R?> =r?4+s?—2rs 1—2sin%0 ,
R? =r2 +s%2 —2rs+4rssin0,
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R2= r—s % +4rssin?6.

Finally, the Equation (4.8) may be simplified as

™ .2
ng r—s+2ssin“0
0

fNDpJO sp J, rp dp=2 def“Dle oRdp (4.9
0 T 0

where R2= r—s ° +4rssin®0. In a similar manner, using Equation (4.4), it can be

easily obtained that
Jo tp 3y Sp zlf”Jo PR do (4.10)
TJ0

and then integrating both sides it can be obtained another product of two Bessel

functions of the first kind as
00 1 T oS
j; DplJ,rpd, sp dp—;j; j; D p J, pR dpdg (4.12)

where R®=r’+s*—2rscos¢. Multiplying the both sides of Equation (4.4) by cos¢

and integrating from 0 to z with respect to ¢, the Equation (4.4) can be reduced to

7y tp Jy Sp :J:JO PR cos ¢ do
or

3 tp 3, sp :Ef” 1-2sin%0 3, Rp df. (4.12)
TJ0

where R?2= r—s ’+4rssin?6. Again, as it is done above, integrating from 0 to oo

with respect to p, the last form of Equation (4.1) can be obtained as
fND p i rp dy sp dngf% 1—2sin%0 def”D pJy pRdp  (4.13)
0 1 1 —Jo 0 0

and defining a new variable like %Q = p, the Equation (4.13) can be reduced to

47



dQJ;WD t/R J, t dt. (4.14)

S 2 (7% ([1-2sin0
J; Dle r,O \]1 Sp dp—;j; T]

Finally, after some analysis, the integral in Equation (4.1) is turned into a double
integral but the integrand is reduced to a single Bessel function of the first kind instead

of their product. The next step is an evaluation of these single infinite integrals
containing the product of Bessel functions of the first kind and a function D p that is

diminishing at infinity and well-defined at zero. For these purposes, in the following
sections, integrands of these infinite integrals will be asymptotically examined and it

will be obtained an iterative formula for each integral.

4.2.2. Evaluation of Infinite Integrals in the Form of fOND n J, nR dn

Let us start with an asymptotic expansion of the integrand D 7 , that is named as

D, 7 , and the integral can be expressed as
00 C 0
j; DnJ, rnd77=j; DnJ, rnd77+J; Da 7 Iy T dn

—i—j;: [D n —D, n]Jm rn dn.
(4.15)
If the value of C in (4.15) can be chosen such that the difference D n —D, 7 is

small enough, such as 107*° then the result of the last integral will be almost zero due

to a diminishing function J,, rn at infinity. Thus, the improper integral can be shown

as
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Dy d, tndn= Dy I, tndn+ Dy I ryd

fo nmfnn—fo 77m”777+‘/; A T YIm 1 A7

(4.16)

The first integral in (4.16) can be evaluated using quadrature and for the second integral
it will be obtained an iterative method by using integration by parts. Let us start with the

derivative of properties the first and the zeroth order Bessel functions of the first kind,

(Kronev, 2002), as follows:

J, r
iJ1 =" 1l
dn
(4.17)
iJO rm =-—rJ; rn
dn
(4.18)

and defining such new functions like

(4.19)

(4.20)

it can be obtained an iterative formula for each k using integration by parts. Defining

that u=J; n and dv= dyk then the integral given in (4.19) can be expressed as
Ui

1 Jin
k—1
1—k n ‘c

| o0

~ 1 1 o 1
Kk_fc n—le n dn= —1_ka nHJl ndn.  (4.22)

Using Equation (4.17) in (4.21), it can be obtained as

1 Jn |N 1 SR Jo 7
K, = — —r +r dn. 4.22
K= 1 s ‘c 1_kfc K k1 27 (4.22)

U n
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After some simplification, it can be easily obtained an iterative formula as follows:

1 | 1 “’3177 N~]o77
+ dn,
1—kfc nk 1o kf 1

k:]_—k nk71 c

Kk:l—lkjnlk7Z C+1—1kKk 1- kLk_l’

[1_1—1k]Kk:1—1kJ;kq%N_l—rkLk‘l’
C

k__—kl k:kiltki +kr—1Lk—1’

(4.23)

where J;, n —0, as n—oo.

In a similar way, defining that u=J, n

and

dv= d%k then the integral given in (4.18) can be expressed as

1 1
Lk:f_kJoUdU:
C

. 1-k

3077 fJOTI
nklc lk

(4.24)

After some simplification, it can be easily obtained an iterative formula as follows:

1 Jom h 1 o ‘]1 Ui
Lk: o k=1 - _ f d’f],
1—k n c 1-k 77
1 Jom h 1 o ‘]1 Ui
L = _ k=1 | f k-1 dry
1-k n c k-1 n
R |
R kl% =R
e
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1 ) C r K
k—1 cxt k-1 **

k

(4.25)

where J, n — 0, as 17— oo. Since the values of K, and L, defined in (4.19) and

(4.20), respectively, and their iterative formula for k, k=2,3,4,..., are expressed

(4.24) and (4.25), then one can easily obtain the result of the integral for m=0 and

m =1 such that
00 C 0
fo DnJ, rndn:fo DnJ, rndn—i—j; D, n J, rnpdy (4.26)
where the asymptotical expansion of D n , thatis D, 7 , is given as

a a
=4 +240

n

a a
Dy =—+—=2+
nont o U]

an 1 ]
n+l |°
n

(4.27)

4.3. INTEGRATION OF THE PRODUCT OF BESSEL FUNCTIONS 11
4.3.1. lterative Method II.

In this section, it will be started from the identity given by Watson, (1922), as

1 "
[er] -
J, rp J, sp = f "Rvp p'sin? ¢do (4.28)

T3

where v is an order of the Bessel function of the first kind and I' n is the gamma

function. Using Equation (4.28) for » =0 and » =1, respectively, it can be written that
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1 T
Jo 1p Iy sp :;fo Jo Rp do, (4.29)

™,

Jrpdosp =1 P sin? ¢do. (4.30)
T

To obtained the multiplication J; rp J, Sp , Equation (4.29) should be differentiated

with respect to r as follows:
% Jo rp Jy Sp :%[%foﬁ\lo rp dqb],
—pdy Tp Jg Sp Z%f;%p% Rp do,
:%fOW;—RJO Rp C;—lsdgb,

1 pr r—scos¢
3 rp Jy sp _;fo 3 Rp ———="do
(4.31)
where
R= r2+sz—2rscos¢%,

(4.32)

dR 1 .

— == r?45%_-2rscos¢p 22 r—Sscos¢ .

dr 2

Similarly, it can be also obtained the product J, rp J; sp by differentiating Equation

(4.29) with respect to s as follows:

d d(1 pr
5 Jo o o sp _E[Efo Jo tp d¢],
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1 p7d
—pdy Tp Jy Sp _;fo E‘JO Rp do,

1 prd dR
_2 ("% Ry Byo,
i P A

s—rcos<bd€ZS

1 pm
Jo rp J, Sp =— J; R
o Ip Jp 5p Wfolp R

(4.33)

where the value of R is given in (4.32).

4.3.2. Evaluation of Integrals in the Form of fomD pJd, rpJ, spdp

Let us start with an asymptotic expansion of the integrand D p , that is named as

D, p ,and the integral can be expressed as
00 C
foDmeernSpdp:j;DmeernSpdp

+j; Dy pJd. tpd sp dp+fc D p —Dp p|dn tp 3y spdp.  (434)

If the value of C in (4.34) can be chosen such that the difference D p —D, p is

small enough, such as 10~ then the result of the last integral will be almost zero due
to both diminishing functions J,, rp and J, Sp at infinity. Thus, the improper

integral can be shown as
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00 Cc
j; DmeernSpdp:j; Dpld,rpd, spdp

—l—fc Dy p d, rp J, sp dp.
(4.35)
Since the function D p is well-defined at zero then the first integral on the right in
(4.35) can be evaluated using quadrature rule. On the other hand, D, p is an

asymptotic expansion of D p like

a a a a
Dpp =2+%+3+-+—1+0
popp p

an+1 ]
n+l |’
P

(4.36)

for the second integral, it will be obtained an iterative method by using integration by

parts. Let us define the following integrals for k =1,2,3,... as

o1

(4.37)

~ 1
M, r,s :fc p_k‘]o ro Jo sp dp,
(4.38)

~ 1
L .5 :fc p—kJo rp J, sp dp (4.39)

where it is obvious that
L, r,s =L s;r .
(4.40)
Using the method of integration by parts, one can find an iterative method for the
solutionof K, r,s , M, r,s , L r,s and L s,r foreach value of k.
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Starting with the integral K, r,s and saying that u=J; rp J; sp and

dv—4d 7 , the method of integration by parts gives us
P

1 Jrpdisp| 1 e~ 1o d
— — J.rp J, sp dp. (441

Kk r,S -

Let rp=0 and sp =1, then taking the derivative of J; rp J; sp with respect to

these variables, it can be obtained the following result:

d d do d dep
— J,rpJ;sp =—3J, 06 —1J J, 6 —1 —_—,
dplplp 90 L dp1¢+1 av ¥ A,

:rJll(e)Jl (0 +531 0 ‘]1/ v,
1 1
:r\]1 WY [JO 0 —ng 0 ]+SJ1 0 [JO P —EJl P ],

:rJ09J1¢+sJ0w\]lH—ngHlep—%Jl@le,

=rJ, rp J; sp +sJ, sp J; Ip —EJ1 rp J; sp, (4.42)
P

Now, substituting (4.42) into (4.41) will be resulted as

1 3(rp)d(sp)” 2 (=1
L p>k_11< )2 Lo (se)dn

K, (r,s) =
1 P

8

r ~ 1 S o 1
o —J, rp J, sp dp——— ——J, rp J, sp dp.
1—K fc pkfl o I'p Jp 5p Up 1_kJec pk,l 1 Ip Jdo Sp Up

(4.43)

From the definition of K, r,s and L, r,s given in Equations (4.37) and (4.39),

respectively, the Equation (4.43) can be simplified as follows:
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1 JyrpJ;sp
1—k pkfl

o0
2 r S
| Ke r,s —~Lo, s —L , s,r.

K¢ IS =
1-k 1-k 1-k

\c
After substituting the upper and the lower bound values of p into the integrand such

that p — o0 as J; p — 0, then it will be obtained as

[1_i]Kk rs = 1 % rpkil Sp| T L, IS —LL,K_1 ST,
1k 1-k  p . 1k 1k
k+1 1 Jy(rC)J (sC r S
k—_lKk(r,s)zk_1 1 C)k‘i( )+k_lLk_l(r,s)Jrk—_lLk_l(s,r).

Finally, for each k > 2, it can be obtained an iterative formula like

1 J3,(rC)J,(sC) r

K"(r’s):k+1 cl ka1

S
La(rs)+ g lhalsr).  (444)

Now, using the same method above, it can be found an iterative method for M, (r,s)
and saying that u=Jy(rp)Jy(sp) and dv= d7k , the method of integration by parts
Yo,

gives us

|r\)

1 g rp Jy Sp 1 p~ 1 d
0 o f Jo 1p Iy sp dp. (4.45)

My s = k—1 - k1 4,
1-k p ‘C 1-kJc p"dp

Again, let rp=0 and sp=1), then taking the derivative of J, rp J, Sp with

respect to these variables, it can be obtained the following result:

d d do d d
— Jyrp Jygsp =—3J, 86 —1J Jog 0 —1J —_—
dpopop 99 °° dpoijo dwowdp
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=—rJ, rp Jy Sp —sJy rp J; sp .
(4.46)

Substituting the result above into (4.45), it can be written that

1 Jorp dorp|”
M, 1,5 = 0 Pkilo P|
1-k Y ‘c
(Y =3, rpJ, spd S YLl g 1,3 spd
‘*ijjg;[; S tpdo sp Qo a [ o o sp e

and using the definition of L, r,s given in Equation (4.39), the Equation (4.45) can be

simplified as follows:

1 Jgrp Jdy sp r
k-1 +
1-k . 1-k

|{\J

Mk r,S -

S
L ,sr +—»L ,r,5S
k-1 11—k k-1

and as a limiting case J, p — 0 as p — oo, then for each k > 2, it can be obtained an

iterative formula like

J, rC J, sC
1 % 0 —rLkls,r—iLklr,s.

M, r,s = . »
k k—1 ckt k—1 k—1

(4.47)

Finally, the last integral L, r,s should be represented by an iterative formula as it was

done above. In this case, it should not be forgotten that L, r,s =L, s,r but the

relation between them can be easily shown at the end. Let us apply the integration by

part one more time to find an iterative formula. Let rp =0 and sp =), then taking the
derivative of J, rp J; Sp with respect to these variables, it can be obtained the

following result:
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1J0erlsp|m_l ~ 1 d
)

L r,s = el
k 1—k pkfl c pkfl dp

‘ Jo rp J; sp dp (4.48)
c

where the derivative of J, rp J; sp is
d 1
— Jyrpdysp =—rd rp Jysp +sJy rp |——J; Sp +Jy Sp
dp Sp

=—rJ; rp J; sp +sJy rp Jy sp —EJO ro J; sp -
1%

Now, using the result of the derivative above and Equations (4.37) and (4.38), the

integral L, r,s can be written as follows:

1 JyrpJ; sp |
Lo rs = rp J, sp d
k 1—k pk -1 1 kf O P P ap
S 60 1 00 1
) pk_l Jo Tp Jy Sp dp—{—ﬁ pk_l J, rp Jy sp dp,
1 JyrpJ;sp |w 1
Lo s = L NS — M, 1S +——K 1S
‘ 1k Pt 1k 1-k 1—k 1

Jorp 3, sp |”
[1—i]Lk rs = L % pkill p| __S M, IS JFLKI(_1 rs .
1-k 1-k p . 1k 1—k

After simplification the like terms and using the upper and the lower bound of integral,
Jom —0and J; n —0 as p— oo, then an iterative formula L, r,s for each

k > 2 can be expressed as

s r
ok +EM|H r,s X K.y r,s. (4.49)

Exactly using the same idea, one can find an iterative formula for L, s,r like
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L, s.r :%JO S((::k‘]i rc +£Mk—1 r,s _EKH r,s (4.50)
where
M, r,s =M, s,r,
(4.51)
K s =K, s,r.
(4.52)

Now, let us evaluate each improper integral K, r,s , M; r,s, L r,s and

L, s,r using the product of the Bessel functions of the first kind given in Equations

from (4.29) to (4.33).

. o1
4.3.3. Evaluationof K; r,s :fc —J, rp J; sp dp
p

From Equation (4.30) by dividing both sides by o, it may be written that

J, rp J; s mJ .
PP B TR TP Gine g de
p us

where R* =r?+4s?—2rscos¢ as same as given in (4.32). Then, K, r,s can be

expressed as a double integral of

K, rs :fCNM f fﬂ‘] sin? ¢ dodp,

_rs prsin® ¢d¢[f J, Rp dp]

T dO0

(4.53)
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The improper integral in (4.53) can be evaluated analytically defining Rp|2° :v|;°R:X as
follows:
f J, Rp d f v o= \“’:EJ X =13 CR. (454
1 Rp Up= 1 0 X R 0 R 0

Then, substituting the result in (4.54) into (4.53) it can be found the value of improper

integral K, r,s interms of a proper single integral like

Cpxditpdisp s prsin? ¢
K, 1,3 _fc fdp—?fo ~—Jo CR do. (4.55)

4.3.4. Evaluationof M, r,s chmlJo rp Jo, sp dp
P

From Equation (4.29) by dividing both sides by o, it may be written that

Jo Irp Jy Sp

1 T
p _W—pfo J, Rp d¢

where R* =r?+4s?—2rscos¢ as same as given in (4.32). Then, M, r,s can be

expressed as a double integral of

|\/|1r,s:f“)M _—f —dpf 3, Rp do,

:_f d¢[f Jo Rp p].

(4.56)
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The improper integral in (4.56) can be evaluated analytically defining Rp|2° = v|;°R:X as
follows:
~Jy Rp B ~Jy V dv ~Jy V
fc o dp_fx Vv Rﬁ_fx v dv.
(4.57)

Now, using the identity, (Watson, 1922),

S X x1-J, u
f dV——’y—'OQ[E]—I-fO Tdu

:—7—Iog[ ] iélzk 12 [X]Zk

(4.58)

and substituting the identity into (4.56) it can be replaced the improper integral with a

single integral with a logarithmic function and an infinite series such as

k

M, s :J":Md _—f d¢[ Iog[ ] P [X]2k

1 2k k'

~Jy Irp Jy S
er,s:fc—o Ppo P dp

LDl

When it is needed to evaluate these integrals numerically, the number of the terms in

do. (4.59)

infinite series should be halted after specific numbers of the terms, like N that is

heavily depended on the parameter C .
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4.3.5. Evaluationof L r,s :f:l\lo rp J; sp dp
P

From Equation (4.33) by dividing both sides by o, it may be written that

Jy rp J, s T _
o Ip Jg P:i JlRpS r|§OS¢d¢

p mp 0

where R?=r?4s?—2rscos¢ as same as given in (4.32). Then, L, r,s can be

expressed as a double integral of

~Jg Ip Jy Sp 1 p~ prs—rcosg J; Rp
e N

1 pms—rcoso ~J; Rp
=), R T

™

(4.60)

Using a change of variable Rp|z0 the improper integral in (4.60) can be

o0
= V|CR:X ’

written as

fcm ‘]1 pRp dp _ fxf\) J1VV dv

and from the identity given in (4.17), one can write that

~J = d ~ ~
[ [ oy g v o= [T vaa

=J, X +fXNJO vdv. (4.61)

Finally, from the identity related to the evaluation of the zeroth order Bessel function of

the first kind from zero to infinity, that is
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fo Jy v dv=1,
it can be written as

~3 v d “3. v d 4.62
fXJov v:l—fOJov V. (4.62)

Using the result given in (4.62), Equation (4.61) can be expressed as

f\Jle X
fx —dv=J; X +1—fO Jo v dv,

and substituting the result into (4.60), L, r,s can be expressed as

1 prms—rcos¢ CR
__fo T[1+Jl CR —fo Jo Vv dv]dgb. (4.63)

s

Similarly, replacing r with s in (4.63), it can be easily shown that

1 prr—scos¢ CR
__fo T[Hal CR _fo Jo v dv]dgb. (4.64)

s

CHAPTER 5

AN EFFICIENT ITERATIVE METHOD FOR INTEGRALS
INVOLVING PRODUCT OF BESSEL AND EXPONENTIAL
FUNCTIONS
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In this section, it will be examined an improper integral involving the product of
two Bessel functions of the first and the zeroth order and an exponential function such

as in the form of

waD pd_rpd spedp. mn=0,1 and 0<r,s<1.

(5.1)

5.1. INTEGRATION OF THE PRODUCT OF BESSEL AND EXPONENTIAL
FUNCTION I

5.1.1. Iterative Method I.

In this section, the main idea is to represent the integral of the product of two

Bessel functions of the first kind as a single integral form. For this purposes, it can be

used the representation of the zeroth order Bessel function of the first kind, J, pR , like

Jo PR =) "€,J, rp J, sp cosng
n=0

(5.2)

where
R?=r?+s*—2rscos¢

(5.3)
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from cosine theorem. Now, it can be obtained the representation of the product of two
Bessel functions of the first kind by deriving Equation (5.2) as follows:

Rewriting the Equation (5.2) by separating the first term of the series and then
differentiating both sides with respect to r can be obtained as

Jo PR =34 rp Jy Sp +22Jn rpJ, Sp €os ng , (5.4)
n=1
I —SCcos¢ > d
—pJ; pR T:_le rp J, pR +22:EJn rp J, sp cos ng (5.5)
n=1

where the following identities are used:

d I —Scos
—Jy pR =—pJ; pR T¢
d d dt
—Jarp=—J,t —=-—pJ, rp .
dr o I'p dt 0 dr pIL TP

Then, integrating both sides of (5.5) from 0 to 7~ with respect to ¢ can be resulted as
u r—scos¢ ., v
fo —pJd; PR Tdaﬁ—fo pdy Tp Jg sp do

(&) d T
+2§§Jn rp J, sp fo cosngde.
(5.6)

Since the integral on the right-hand side is identically zero,
j:cos ny dp=0, n=12,..
then Equation (5.6) can be reduced to
m r —Scos¢ 0
fo —pJ; PR Tdcb: —pdy Tp Jg Sp j; dp=—mpJ; rp Jg sp .
As a result, product of two Bessel functions of the first kind can be written as
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1 pr(r—scos¢
I rp Jy sp _Wfo [ - ]Jl oR d¢ (5.7)

and the integral containing the product of Bessel functions and exponential functions

given in (5.1) can be expressed in the form of

7fr—scos¢\J

—2hp _ —2hp -
fo DpJirpJ,spe dp—j; Dpe dpwj; 1 PR do

1 pmr—scos¢ o0 —2hp
_;J; [T]dgbj; D p J, pR e2"dp.(5.8)

To simplify the expression in (5.8), the value of R, given in (5.3), can be defined as

follows:

R?=r2+5s%—2rs 1—2sin%0 ,
R? =r? +s2 —2rs+4rssin0,
R?= r—s > +4rssin®0
where ¢ =20 = d¢ =2d6. Finally, the Equation (5.8) may be simplified as

j;OOD pJgSp Jdyrp e 2"dp

2 % r—s—+2ssin?6 o _
:;J;A = deﬁ D p J; pR e?dp. (5.9)

In the evaluation of the integrals, it will be used the following identities such as

1
2R 'I'|v+=
[ 2]

o 1
YJ, pR e dp= , Rev>—=, 5.10
j;p 0 P P \/?a2+R2V+% > (5.10)
N 2a 2R Vr[v+2]
f P, pR e dp= <, Rev > —1, (5.11)
: Jr o 1R
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\
xfaz—l—Rz —«
f J, pR e ~op 9P _ - , Rev>0. (5.12)
p v

Using the identity in (5.10) for the value of » =1,

o —Qp R
j; pdi pR € ’dpzz—zy
o +R? 72

EP[%]:%«/; then, it can be rewritten the Equation (5.9) for

where P[1+ 1] =
2 2

Dp=pas

dé, h=0.

fAr—s+255|n 0

j; pdy sp I, rp e dp= .
h* +R

(5.13)

Similarly replacing s by r in the functions J,(rp) and J,(sp), getting the equation

fA S—r+2ssin0

j; pdy Tp Jy sp e Mdp = 7
h®+R

do, h=0. (5.14)

From Equation (5.4) can be written as
T 1 T
fo Jo pRdp=nd, rp Jg Sp = Iy Ip Jy Sp =;L J, pR do,

and then, getting the integration of (5.1) for the value of v=0and =0

00 1 pr 00
—2hp _ = —2hp
j:) DplJdyrpJ,spe dp—wj; dgbj(; DpJ, pR e “"dp,

so, using the identity of (5.11) for the value of v=0and D p =p
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2 2h

4hF[3]
3/ 3"
ﬁ4h2+R24 4h2+R24

[ 030 PR e2vdp=

Then,

00 1 pm/2 4h
[ 035 tp 35 sp e dp== [T — 2 do (5.15)
0 wJo 4h2+R2 é

3]:\/2

providing that F[E - Again, from equation (5.4), by multiplying both sides by
C0S ¢, it can be written as
foﬂJo pR cos ¢ dgb:j:\]o rp J, sp cos ¢ d¢+2L/:J1 rp J, sp cos® ¢ do.
Since all the integrals are zero, except the second one because of cosine term, then
EJO oR cOS & d¢=2j;”Jl rp J, sp cos® ¢ dop=7d, rp Iy sp . (5.16)

Finally, it will be obtained

J rp d, s =1f”J R cos¢d¢=3f% 1-2sin20 J, Rp d@

1 P Jy 5p —Jo Vo P —Jo o P

where R® = r—s > +4rssin?0 and ¢ =20 . Using the Equation (5.4) and integrating
both sides from 0 to «
L/;mD p Jy rp J; sp e ?™dp
ZEI% 1—2sin%6 d@wa pJo pRe™dp.  (5.17)
TJ0 0 0

Applying the identity (5.11) one more time for the value of v=0and D p =p, itwill

be obtained that
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0o ~ 2 %1—2sin%0 0 _
2hp __ £ 2 2hp
fo ply rp Jy sp e dp—wfo — R dﬁj; ply pPR e dp

(5.18)
or

(o2

oo B 1 7, 4h1-2sin"0
2hp _ = 2

j; pdy rp Jy sp e “dp= j;

™

(5.19)

do.
4h? + R? %

5.1.2. Evaluation of an Infinite Integral in the Form of

waD n J, NR e 2Midy).

Let us start with an asymptotic expansion of the integrand D(n) , that is named as

D, (77), and the integral can be expressed as

00 C 00
—2hp _ —2hn —2hn
L Dnd, rme“"dn f(; Dnd, me d”r]—i—j; Do n J, rp e dn

-l-j; [D n —Dxn(d, M e 2Mdp,
(5.20)
If the value of C in (5.20) can be chosen such that the difference D 7 —D, 7 is

small enough, such as 107 then the result of the last integral will be almost zero due

to a diminishing function J., rn at infinity. Thus, the improper integral can be shown

as

0 C
j; Dnd,m e 2 dnzj; Dnd,m e 2"dy
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+fc Dy, nJ, 'y e72h'7d7].
(5.21)
The first integral in (4.16) can be evaluated using quadrature and for the second integral
it will be obtained an iterative method by using integration by parts. Let us start with the

derivative of properties the first and the zeroth order Bessel functions of the first kind,

(Kronev, 2002), as follows:

d J
d_Jl —_ L ?7 +J0 77 ’
n n
(5.22)
d
d_Jo n==Jdhn,
(5.23)
d - —p e " —p
% ey n =—pe ™I n - Jyn +e ™y, (5.24)
d - —pn —p
% e"Jgn =—pe ™Iy n —e "I n. (5.25)

and defining such new functions like

A=t
e
Ky r:fC —nlendn,

(5.26)

o p— M
Lo r :fc U_kJO n dn.

(5.27)

It can be obtained an iterative formula for each k using integration by parts. Defining

thatu=J, » and dv= dyk then the integral given in (4.19) can be expressed as
n
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o0

—hn —hny
~e 1 e
K 1 ch 731 n dU:l_k g

1 p~ 1 '
_1_ka e e ™, n dn.(5.28)

Using Equation (4.17) in (5.28), it can be obtained as
1 e™y gl
1—k nk71

:

hn —hy

1 e
1—k Jc nk—l

After some simplification, it can be easily obtained an iterative formula as follows:

—hny o —h A=
1 e™yg| h pee™ 1 e ™ (30
k 1—k 77k_1 ‘C 1_kJ; 77k_1 1 un 1_kj; 77k_1 n oM n
—hy o
1 e™yn| | h 1 1
K — + K_ + K - L_!
ik gt 1k ik 1k
C
—hny >
1 1 e™y | h r
1-—|K, = K ———L
[ k—l] KTk gt \C 1-k “* 1k
K 1e ™I n h 1,
T | Tk 1T e
C
—hC
1e™J, C h 1

where J; » —0, as n—oo. In a similar way, defining that u=J, » and
dv= dyk then the integral given in (4.20) can be expressed as
n

|(\)

/
e ™J, rp dn. (5.31)

—hy —hny
e 1 ey 1 ~ 1
Lk_fc n_k‘]o =1y n<t \C C1-kJe grt
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Using Equation(4.18) in (5.31), it can be obtained as

1 e7h”"]0 n - 1 o 1 —hn —hn
R ke ~he™™Jy n —e M3y dy.  (5.32)

After some simplification, it can be easily obtained an iterative formula as follows:

1 e™yn|"  h pee™ 1 e ™

Lk_l—k nk—l ‘C +1_kfc nkfl Jo dn+_1_kfc nkfl J; n dn,
L1 e’“"Jon|N+ h o1y

ikt 1k Tk T

—hC
1 e+, C h r

L, =— + L +—K_ 5.33
71—k ct 1k ik ¢ (.33)

where J, n — 0, as — oo. Since the values of K, and L, defined in (4.19) and

(4.20), respectively, and their iterative formula for K, k=2,3,4,..., are expressed

(5.30) and (5.33), then one can easily obtain the result of the integral for m=0 and
m=1 such that

o C
—2hp o —2hn
LDnerne dn—J;Dnerne dn

e —2h
—l—fc D, 1 Jp, I‘nezndn

(5.34)

where the asymptotical expansion of D(7), thatis D, (#), is given as

(5.35)
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—hp

J, rp dp
p

5.1.3. Evaluation of K; r :fC

It can be written that
o aNp ~—hp cpahe
e e e
j; ; J, rp dp—fo ; J, rp dp—j(; ; J, rp dp.

Also, from the closed form solution of

me—h/) ’h2+r2_h
fc p Jy rp dp:f,

it can be simplified that

—hp 2 | 2 —hp
e h 4+rc—h Ce

J, rp dp= — J, rp d
fcplpp j;plpp,

r

—hp 2 2 —hp
e h“4r°—h Ce
Kl—fc ; J, rp dp_f_ﬁ) ; J, rp dp.
(\)e—hp
5.1.4. Evaluation of |—1:f Jo rp dp
cp
Using the following identity (Watson, 1922)
v 2h

fom 1-J, rp e—dp:—log
P

h+h2 +r2

and separating the integral (5.37) in two parts as

j;w 1-J, 1p B

—hp
e o0

d 1-J,r
P P‘f"fc o I'p

c
d,o:f0 1-J, rp

—hp

(5.36)

(5.37)

° _dp, (5.38)
P
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the integral (5.38) can be written as follows:

~Jyr v
f 0—pe_h”dp _ f dp
C P C P

o e—hp c —hp
—fo 1-J, rp Td,o—l—j; 1-J, rp p dp.
Finally, the result can be given as
lefme_hp J, rpdp=Ei LhC
c p
+log o +fc 1-J, rp _h/)dp.
h4-h?+r?) O p

(5.39)

(5.40)

can be written an alternate method for evaluating L,. Representing Bessel function

J, rp as

_ 1 " irpcosé
Jo Ip _;j; e de

then the integral Li(r) may be expressed in the following form

- —hp| L —irpcosé P_ = —hp4irpcose U P

1 pr e~ h—ircosé p 1 pr
HZEJ; defc po:;J; Ei h-ircosd C db
where is an exponential integral and shown in general form as

—t

Ei n,z :f“et—ndt n=123..
z

5.2 INTEGRATION OF THE PRODUCT OF BESSEL FUNCTIONS AND

EXPONENTIAL FUNCTIONS II.
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5.2.1. lIterative Method I1.

In this section, it will be started from the identity given by Watson, (1922), as

J, rp J, sp =

) - Lﬂ \]V ij pvsinZV ¢ d¢ (541)
r[v+2]r[2] R

where v is an order of the Bessel function of the first kind and I" n is the gamma

function. Using Equation (4.28) for v=0 and v =1, respectively, it can be written that

1 T
Jo 1p Iy sp _;fo J, Rp do,

(5.42)

=J; Rp

Jyrp J; sp = L psin?gpde. (5.43)

Y

To obtain the multiplicationJ, rp J, sp , Equation (4.29) should be differentiated

with respect to r as follows:

d d(1 pr
ar Jo Tp Jg sp _E[}fo Jo Tp dcb],

1 prd
—pdy Tp Jy Sp _;fo &Jo Rp do,

1 p7d dR
_2 M9 Ry Ry
Joarlo R g 9o

1 pr r —scos¢
JyrpJlysp=—1| J Rp ———d 544
1 1P Yo 5P wa 1 P R ¢ ( )
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where

R= r2+32—2rscos¢%,
(5.45)
1
(;_R:% r?+s?—2rscos¢ 22 r—scose .
r

Similarly, it can be also obtained the product J, rp J; sp by differentiating Equation

(4.29) with respect to s as follows:

d d(1 pr
5 Jo 10 o 0 _E[Efo 3o tp d¢],

1 p7d
—pJyg rp J; Sp == | —Jy Rp do,
Pdo TP J1 5p wfodsop¢

1 p7d drR
== (725, R g,
rJo dr O pds¢

CLp Ry SIS0,

1 pr S—rcos¢
JorpJdysp=—1{ J, Rp ————d
o I'p Jp op 7rf0 1 P R ¢

(5.46)

where the value of R is given in (4.32).

5.2.2. Evaluation of Integrals in the Form of j;mD pJd, rpJ, sp g2
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Let us start with an asymptotic expansion of the integrand D p , that is named as

D, p ,and the integral can be expressed as

00 C
fo Dpld,rpJ, sp e_thdp:‘ﬁ) DplJd, rpd, spe?dp
-l—meDA p . tpJ spe™dp

+fc°°[D p =D, p|d. rp J. spedp. (5.47)

If the value of C in (5.47) can be chosen such that the difference D p —D, p is

small enough, such as 107 then the result of the last integral will be almost zero due
to both diminishing functions J., rp and J, sp at infinity. Thus, the improper

integral can be shown as

00 Cc
j; Dpld,rpd, sp e_thdp:j; Dpld,rpld, spe™dp

-I—fC Dy p Jd, rpJ, spe?dp.
(5.48)
Since the function D p is well-defined at zero then the first integral on the right in
(5.48) can be evaluated using quadrature rule. On the other hand, D, p is an

asymptotic expansion of D p like

a a a a
Dpp =2+3%+2+-+L+40
PP P p

an—i—l ]
n+l |’
P

(5.49)

for the second integral, it will be obtained an iterative method by using integration by

parts. Let us define the following integrals for k =1,2,3,... as
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oo 1 —ohp
K, T,s :fc p—le rp J, sp e 2dp, (5.50)

~ 1 2N
M, r,s :fc p—kJO rp J, sp e dp, (5.51)

o~ 1 —ohs
L r,s :fc p—kJO rp J, sp e ?"dp . (5.52)

where it is obvious that

L, r,s =L s,r .

(5.53)

Using the method of integration by parts, one can find an iterative method for the

solutionof K, r,s , M, r,s , L, r,s and L, s,r foreach value of k.

Starting with the integral K, r,s and saying that u=J, rp J; sp e 2" and

dv= dy , the method of integration by parts gives us
p

1 JyrpJ spe
1—k pk—l

2hp |oo
Kk r,S -

1 ~ 1 d —2hp
_ﬁfc ‘1d Jyrp J; spe dp.

(5.54)

Let rp=60, sp=1 and 2hp=¢, then taking the derivative of J, rp J, sp e 2"

with respect to these variables, it can be obtained the following result:

%Jl Ypet4d 0 —J o —— dw e

dp dp dw

dé

_e d&
+J, 60 J, —e5
. w& dp’
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=rJ/®)J, v +sJ; 03 ¢ —2h), 6 I, e ",

=rl, ¢ [JO 0 —%Jl 0 ]e‘f+sJ1 0 [JO P —%Jl Y ]e‘5

—2hJ, 0 J; + e ¢,

—rd, 03 e rsdy w0 ef—ng 03, e

—%Jl 63, et—2n) 03 ve,

—rd, rp Jy sp e ™45, sp J rpe

—2hp

—EJ1 ro J;, sp e —2hJ; rp J; sp (5.55)
P

Now, substituting (4.42) into (4.41) will be resulted as

1 JrpJ spe?™ h

K, r,s =
k 1_k pkfl

r [ee] _ ) S oo l — )
—ﬁ c FJO I’p ‘Jl S/) e Zh/dp—ﬁ\/; F\]l I’p ‘JO S/) e 2h/dp

Jyrp J; sp e_Zh”dp+% Cm%Jl rp J, sp e ?dp.  (5.56)
- p

L2

1-kJc pk
From the definition of K, r,s and L, r,s given in Equations (4.37) and (4.39),
respectively, the Equation (4.43) can be simplified as follows:

1 JyrpJispe
1—k pk—l

—2hp |N

r S
L, r,s ——L.; s r

K¢ 1,8 = —
1-k 1-k

.

2 2h
— K r,s —K_ S, r .
DR AR
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After substituting the upper and the lower bound values of p into the integrand such

that p — oo as J; p — 0, then it will be obtained as

J rp d, sp e dw|”
[1—L]Kk rs = L Wl = 1’0 | s
1—k 1—k P . 1k
2h
——L, 4 s,r +——K, ; s,1,
1— kLkl 1— k k—1
J, rC J, sC e ¢
k+1Kk rs — 1 1 1k -
k-1 k-1 c*
2h
e s b s o K s
Finally, for each k > 2, it can be obtained an iterative formula like
1 J,rC J, sCe?™ ¢
K, 1,8 = + L., rs
K k+1 ckt k+1 **
S 2h
+—->L, S5r —K, ; s,r.
k+1 k—1 k+1 k—1
(5.57)

Now, using the same method above, it can be found an iterative method for M, r,s
and saying that u=J, rp J, sp e " and dv= d7 , the method of integration by
p

parts gives us

1 3, rp Jy sp e 2|
P C
1 p~ 1 d )
T kfc P Jo rp Jy sp €2V dp.
(5.58)
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Again, let rp=60, sp=v and 2hp=¢, then taking the derivative of

Jo rp J, sp e 2" with respect to these variables, it can be obtained the following

result:

d o, d do _ d dy -
— JorpJdyspe =—3 60— e+ J ¢
dpopop dg ° dpow odiﬂowdp

d . d¢
+J, 0 — et >
0 o¢d£ a,

=—1J, 0 J,0e—s), 0 »et-2hnd, 0J,e",
——rJrpJyspe®—sl,rpd spe® —2h), rpJ, spe?. (559

Substituting the result above into (4.45), it can be written that

1 J, rp Jy sp e‘z"”|N rope 1 _oh
M, r,s = - —J; Ip Jo sp e°"d
S ~ 1 —2hp 2h 1 —2hp
+ﬁfc X —7Jdo P Jyspe dp+1 c —1Jo p Jo sSp e 7dp

and using the definition of L, (r,s) given in Equation (4.39), the Equation (4.45) can
be simplified as follows:

—2hp |

1 JyrpJygspe
M, r,s 1« ]
P

l

2h
+ L ,sr +—»L ., r,s +—M r,s

and as a limiting case J, p — 0 as p — oo, then for each k> 2, it can be obtained an
iterative formula like

1 J, rC J, sC e ¢
Mrs == o Tioger S
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2h M,, rs.

S
- rs ——M,_
k—1Lk*l k—1

(5.60)

Finally, the last integral L, r,s should be represented by an iterative formula as it was

done above. In this case, it should not be forgotten that L, r,s =L, s,r but the

relation between them can be easily shown at the end. Let us apply the integration by

part one more time to find an iterative formula. Let rp =60 and Sp =1, then taking the
derivative of J, rp J; sp with respect to these variables, it can be obtained the

following result:

1 Jyrp J spe |
p C
1 ~ 1 d —2h
—_ —— Jyrp Jyspe”d
l—ka pkfldp o I'p J1 Sp P
(5.61)
where the derivative of J, rp J; sp e 2™ is
d _ _
o \]0 rp \]1 Sp e 2hp 2hp

=-rJ; rp J; spe
dp

—2hp —2hp

1

+8Jy rp |——J; Sp +Jy sp |7 =20, rp J; sp e 7,
Sp

=1, rp J; sp e 4sJy rp Iy sp e 2

2hp 2hp

—EJO ro J, spe " —=2nd, rp J; sp e
P

Now, using the result of the derivative above and Equations (4.37) and (4.38), the

integral L, r,s can be written as follows:
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1 J, rp Jy spe |N
Lk r,S - k—1
1-k p

s

S o~ 1 , o~ 1 _
——f ——=Jotp I spe 2h’dp+1 kf P J, rp Jy sp e ?™dp

1—-kJc
1 Nl 2hp 2h 1 —2hp
+— Jo rp J; sp e “Mdp+ J, rp J, sp e “"d
1—kak0p P plk pk—lOplp P
Jg tp I, sp e 2T
L, rs :11k 0 P 1k71p
_ p ‘C
1 2h
——M rs + K r,s + L r,s +—L , r,s,
1-k 1kkl 1k ¥ 1—k 1
[1_ 1 ]L _ 1 Jyrp J;sp e_Zh”|N
1-k) 77 1k P |
C

2h
——M_rs+ K., r,s +—»~L , r,s.
1—k k—1 1_ k k—1 1—k k—1

After simplification the like terms and using the upper and the lower bound of integral,
Jon —0and J; » —0 as p— oo, then an iterative formula L, r,s for each

k > 2 can be expressed as

J, rC J; sC e 2
0 : +£Mk_1 rs —iKH rs —2?th_1 r,s . (5.62)

ct k

1

L, r,s =—
“ k
Exactly using the same idea, one can find an iterative formula for L, (s,r) like

1J, rC J, sC g2C 2h
L s;r === Clk*l +£Mk_1 rs —EKH rs —?Lk_1 r,s (5.63)

where
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M, r,s =M, s,r,
(5.64)
Ke s =K, s,r.
(5.65)
Now, let us evaluate each improper integralK, r,s , M; r,s, L, r,s and
L, s,r using the product of the Bessel functions of the first kind given in Equations

from (4.29) to (4.33).

5.2.3. Evaluation of K, r,s :fsl\ll rp J; sp e ?"dp
P

From Equation (4.30) by dividing both sides by p, it may be written that

Jyrp J; s ~J; R
1P 9 P:EJ; 1 psin2¢d¢,

p 7T
where R? =r?+4s? —2rscos¢ as same as given in (4.32). Then, K, r,s can be

expressed as double integral of

~Jy rp J; s o0 ~J; Rp .
Kl r,s :J; %E_thdp:ﬁ %e_th)'j; 1Tps|n2 ¢d¢dp

_rs prsin®g
mJo R

[fc“’\h Rp dpe 2" |de .
(5.66)
The improper integral in (5.66) can be written as
o) 0 A
—2hp _ —2hp _ —2hp
fA J Rpe dp—j; J, Rp e 2"dp j; J, Rpe™dp, (5.67)
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from the closed form of solution (5.67)

2h

~ 1
J, Rpe2dp==[1— 0
Jo % R g R[ 4h? +R?

then,

~ 1 2h A
—2hp ——11_ _ —2hp
fA J, Rp e 2dp R[l T fo J, Rpedp.  (5.68)

2—|—R2

Substituting the result into (5.66)

i 2 C
Kl r,s :E M 1 1_L _f ‘]1 Rp e_Zh/)dp d¢
mJ0 R |R 4h? 4 R? | O
As a result,
~J, rp J, s
Kl r’s :f 1 P 1 P 72h/)d
c p
i 2 C
_rsprsintol1l,  2h —[73, Rp edpldo. (5.69)
mJo R |R 4h* +R? | O

5.2.4. Evaluation of Ml(r,s)zfcmljo rp J, sp e 2"dp
P

From Equation (4.29) by dividing both sides by p, it may be written that

Jo rp Jy Sp
p

1 T
=—1 J, Rpd

ij; o Rp do
where R? =r?+4s?—2rscos¢ as same as given in (4.32). Then, M, r,s can be
expressed as double integral of

_ OQ‘JO rp ‘]O Sp —2hp _ 1 ~1 —2hp g
Ml(r,S)—J; fe dp—;j; ;e fO ‘]0 Rp dQSdp
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AL e

(5.70)

Then using the following identity

[ 13, bx & = _log|— 2P (5.71)
0 - .
0 X p+ ,pZ +b2
and separating integral in (5.71) into two parts as
0 e~ PX C g~ Px
fo 1-J, - fo 1-J, bx =——dx.  (572)
Equation (5.72) can be written as
~ Jy bx g X
pXx
fc T0 P e Pdx f —dx —dx,
~Jy bx ) 2p c —px
———e Pdx=Ei 1, pC +log| ——|+ 1—-J, bx dx
j; X P g 0+ /p2+b2 j; 0 X
and substituting the result of the identity into (5.70) it can be obtained as
M; r,s =Ei 1,2hC
f e Zh/)
+ + 1-J, Rp dp] do. (5.73)
0 2h +«/4h2 +R? p

5.2.5. Evaluation of Li(r,s):f:i\]o rp J; sp e ?™dp
P
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From Equation (4.33) by dividing both sides by p, it may be written that

do,

Jo rp J; sp _lfws—rcow J; Rp
0

P i R p

where R?=r?+4s?—2rscos¢ as same as given in (4.32). Then, L, r,s can be

expressed as double integral of

e dotpdisp o, ol prs—rcosg dp Rp oy,
Li(r,s)—j; e dp—fc ;fo - e dedp

1 prs—rcosg| p~Jdy Rp o,
_—J; - [f e 2dp|de.

™ C P
(5.74)

The improper integral in (5.74) can be written as

N‘]l Rp —2hp _ O\)‘]1 Rp —2hp C‘Jl Rp —2hp

from the closed form solution of (5.75),

: 2 2
fm ‘]1 Rp e_Zh[)dp: 4h —|—R —2h
0 P R

it can be written that

Iw J.(Rp) 2o, 4h? +R? —2h ‘IC Jl(Rp)e,thdp
c  p R 0 D '

By substituting the result into (5.74), it can be easily shown that

1 pr|\4h*4+R?*—=2h  pcJd; Rp _,., . |s—rcos¢
rs =— — ——e “dp|———=do. 5.76
L, -, . I ; o,  (576)
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5.2.6. Evaluation of No(r,s)zj;mJo rpe J; sp e 2d,

2hp

From Equation (4.33) by multiplying both sides with e <™ it can be written as

S _ 1 po ™S —rCOS
No(r,s):j; Jo tp Jy sp e thdp:;ﬁ e 2h”d,ofo T¢Jl Rp do

1 prs—rcoso( o~ —2hp
__LTU; J, Rp e 2"dp|de

™

and from the closed form solution of

S 1 2h
—2hp - o
L J, Rpe dp——R{l

J4h? +R?

It can be obtained that

o s =[5, Ro e 1J;ws—rcos¢[1_ 4h2h

— d
T R2 2 R? ¢

where

R=\r?+s?—2rscos¢ .

5.2.7. Evaluation of Nl(r,s):L/:oJ0 rp J, sp pe?"dp

—2hp

Similarly, from Equation (4.33) by multiplying both sides with e =", it can be found

that

Nl(r,S)ZfomJo rp Jy sp e ™pdp

_ 1 pe —2hp ”S—rCOS¢ —2hp
_7T'~/(‘) e ,odpj;) . J; Rp e “"do
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1 prs—rcoso( o oy
——fo T[fo J; Rp pe“"dplde.

Vs
Then, using the identity such that
R

[73 Ro e pdp=
0 4h%? +R

5 32
It can be written that

1

~ - ™S —TF COS R
Nl(r’s):fo Jo rp Jy sp pe Z“Pdpzzfo -

3/2
R an? +R2 Y

do,

00 _ 1l 0= s—rcos
Nl(r’S)ZJ; Jo Tp Jy sp pe thd/):;ﬁ hz—zﬁ/qub
4h“ +R

where

R:\/r2 +52—2rscos¢ .

91



CHAPTER 6

CONCLUSION

Examining the calculation of oscillatory integrals is very wide range area of
numerical analysis. Many techniques either analytical or semi-analytical, which is name
asymptotic approach, are used to evaluate oscillatory integrals. In this study, it is used
semi-analytical method by expanding the integrand at infinity. After expanding the
integrand at infinity, some types of singularities are occurred in the new integrand that
is a series expansion of the original integrand. These types of singularities such as
elliptic and logarithmic were eliminated by using some analytical techniques, and then
the integrals were evaluated using a standard quadrature rule. Since the basic part of
each integral is calculated then the result of the rest of the integrals can be found by an

iterative method.
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The following integral, as an example, is obtained from the solution of the thermal
distribution around an insulated barrier in a semi-infinite composite material in

axisymmetric coordinate system,

foND r,s,p Jo rp J; sp dp
(6.1)

where the function D r,s,p isgiven as

m, +m, p

Drs,p=

]e—Zmzh_l_ e—2m2h -1 m2+m1
(6.2)

and m, are the roots of the characteristic equation of the system and h is the distance

between the barrier and the free surface of the material. As it is seen in Figure 6.1, due
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to integrand that contains the product of the Bessel functions of the first kind and the

function D p,r,s , the integral is an oscillatory one.

Figure 6.1: Graph of the integrand given in Equation (6.1).

In this study, integrals like in Equation (6.1) are evaluated first eliminating the
singularities near the boundaries and some special points over the interval of
integration, such as r =s that are the parameters of the thermal problem. After that

using the process given in Chapter 4, one can reduce the integral into the form of
~Jd, rp J, sp
f — % U
¢ p
(6.3)
where C is dynamically determined with respect to the variables and parameters in
function D r,s,p . Defining each integral in terms of the combination of m and n,

one can find the following iterative formula for k > 2:

1 J; rC J; sC 1
k—1 +
k+1 C k+1

K, 1,s = r,, r,s +sb,, s,;r ,

1 J, rC J, sC 1
M, r,s :k—l = 1 r, , s,r +sb, , r,s ,




1J, rC J; sC 1

L, r,s :E%jti sM,, r,s —rK,_, s,r ,
1J, rC J, sC 1

L, s.r :E%jtg M, , 1,5 —sK, ; s,r

The initial values of integrals K, r,s , M; r,s, Ly r,s and L s,r are original

parts of this study and their formulations were found analytically using the properties

Bessel functions. These integrals can be represented by the following formula:

~J; rp J; sp rs psin qb
Kirs=[ 2—27 dp== J, AR d
1 fc P P ~Jo TR? ?,

M, r,s :‘/;Nw __f [fWJo Rp P]d(b,

e dorpdisp 1 prs—rcose CR
L r,s _f —dp_—fo ——|L+% CR —j; NRY dv]d¢,

C P e

_r~dospdyrp 1 prr—scose CR
L, s,r _fc 7dp_;LfOTl+31CR—fo Jo v dvi|do

where L, r,s =L, s,r due tothe value of R that contains parameters r and s.

In a similar way, it is examined the oscillatory integral which is obtained in
thermal distribution around an insulated barrier in composite materials in a semi-infinite

axisymmetric coordinate system like

fOND r,s,p e_Zh’)JO rp J; sp dp
(6.4)
where h is the distance between the barrier and the free surface of the material. In

Figure 6.2, it is shown the shape of the oscillatory integrand in which the integrand is

diminishing as p — oo. Using similar method as in the previous case, the singularities

are eliminated and then the integrand is expanded asymptotically at infinity. The



integral is separated into two parts: 0,C and C,oo . The first part is evaluated using

standard numerical techniques such as quadrature rule and the second part,

N J.rpJ s
f e—2h/) m P - n °P d,O, (65)
¢ P
is formulated as before. According to the value of parameter h, the oscillation of the
integrand is changing. If the parameter h <1, then the oscillation is increasing.
Otherwise, h>1, the oscillation is decreasing and the integrand is quickly converging

to the zero as p — oo . Defining each integral in terms of the combination of m and n,

one can find the following iterative formula for k > 2:

K, r,s :ekih(l: ! rc(::kJi sC Jrk:rlLk_1 r,s +ki+1 Ly S.F —kz—rlKk_l S,r
M, r,s :i_jh; Jo rik{f sC —kr_lLkl S, T —ki_lLkl r,s —kz—_thkl rs,
L, r,s :e;hc Jo r(ék“]i sC +EM|<—1 r,s —%Kk_l r,s _2?th_1 rs,
L, s.r :e;hc Jo SCCZ:lel c +£Mkl r,s —EK“ r,s _2?th1 S,r .
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Figure 6.2: Graph of the integrand given in Equation (6.4).

The initial values of each integral for any value of parameter h can be given as

follows:

~J, rp J; s
Kl r,s :L %eZh/)dp

15 prsin®o 2h

1—
wJo R2

p
— Ej 1,2hC +1f” log an +fc 1-J, Rp _thdp]d¢
| oo | lonyJanz 4 r2) o 0 '

~dy rp J; s
L1 rs :L 0 pp 1 9P e72hpdp

Vi



S—Trcos¢
2 PP e,
R ¢

2 2 cJ. R
__f [ 4h +R 2h_j; 1 P e—2h/)dp
P

~J, rp Jy S
|_1 S, r :J; %eﬂmdp

2 2 cJ. R .
__f [ 4h +R 2h_f 1 Rp eZh”dp]r scos</§d¢
0 P R

where Ly r,s =L, s,r duetothe value of R that contains parameters r and s.
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