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ABSTRACT

STABILITY OF COVERS UNDER DIFFERENT
RIGHTS STRUCTURES

AKBULUT, Cigdem
M.A., Department of Economics
Supervisor: Prof. Dr. Semih Koray

January 2012

A country’s social welfare depends on firms’ profits and consumers’ surplus.
Given unions of countries, a country’s aim is to maximize its own social welfare
when it decides to enter or exit a union. For examining unions, we use the
notion of a cover as elaborated in Koray (2007).We utilize the findings of lkili
(2010) about the Cournot equilibrium in our setting to examine core stability
and efficiency of covers of countries.We adapt different rights’ structures based
on; free exit, free entry, approved exit and approved entry introduced by Sertel
(1992) to the context of covers, along with introducing some stronger structures
and study how stability of covers varies when linkage costs are imposed upon

countries.

Keywords: Social Welfare, Cover, Free Exit, Free Entry, Approved Exit, Ap-

proved Entry,Core Stability, Efficiency, Pareto Efficiency.
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OZET

FARKLI HAKLAR YAPILARI ALTINDA ORTULERIN
KARARLILIGI

AKBULUT, Cigdem
Yiiksek Lisans, Ekonomi Boliimii
Tez Yoneticisi: Prof. Dr. Semih Koray
Ocak 2012

Bir iilkenin sosyal refahi iilke icerisindeki firmalarin karlarina ve tiiketici artigina
baghdir. Verilen bir birlik yapisi altinda, bir tilkenin bir birlige katilma veya bir
birlikten ayrilma kararlari, iilkenin sosyal refahini en ¢oklagtirmak amaciyla alin-
maktadir. Birlikleri incelemek igin ortiileri Koray (2007)’de ele alindig1 bicimiyle
kullaniyoruz. "Ulke o6rtiilerinin" ¢ekirdek kararliligi ve verimliligini incelemek icin,
Ilkilic (2010) 1n ele alman baglamda hesap edilmis, Cournot dengesi bulgularindan
yararlaniyoruz. Sertel (1992) in serbest girig, serbest gikis, izinli girig ve izinli ¢ikis
temelinde tamimladigir haklar yapilarimi 6rtii kavramina uyarliyor ve daha giiclii
bagka bazi haklar yapilarini da tanimhiyoruz.Farkl haklar yapilar: altinda kararl,
Pareto verimli ve verimli ortiileri belirliyoruz ve iilkelerarasi baglant1 kurmaya

maliyet yiiklenmesinin ortiilerin kararliligini nasil etkiledigini inceliyoruz.

Anahtar Kelimeler: Sosyal Refah, Ortii, Sebest Girig, Serbest Cikis, izinli Giris,
Izinli Cikis, Cekirdek Kararhihgi, Verimlilik, Pareto Verimlilik.
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CHAPTER 1

INTRODUCTION

Network Theory is one of the main theories to understand social communication and
economic relations. Specifically, in economics, network theory is used for improv-
ing our understanding of trade agreements, information sharing, political alliances,
employer-employee relationships, professional collaborations, friendships and part-
nerships. Especially, in the last twenty years, there have been new developments
in this area. New models such as the Coauthor Model, the Distance Based Model,
and the Connections Model due to Jackson and Wolinsky (1996) are established to
explain different kinds of network relations. As another example, networks are also
used in modelling competitions and bargaining in markets and firms, Kranton and
Minehart (1998), Corominas- Bosch (1999) and Rahmi Ilkilic (2010) did. In all these
works, different notions of stability and efficiency are defined, and several allocation
rules such as the Player Based Flexible Network Rule, the Linked Based Flexible
Network Rule are introduced. There is, however, still some considerable space for

further improvements in this area.

In network models, connections are formed bilaterally, in other words, they are
represented as a link between two agents. On the other hand, not every relation
needs to be bilateral. As an example, agreements among firms and nations like the
Customs Union, NAFTA, the European Union or work groups of researchers reflect

multilateral relations, rather than bilateral.



As one possible and motivating scenario, we may consider trade agreements
among nations. Consider countries A, B and C. Without loss of generality, these
countries are assumed to have the same demand and the same economic, technolog-
ical structure. For simplicity, we take one kind of product which can be produced
in all countries with the same technology. If A, B, and C come together and form
a union, trade will be free among them. Note that, in a union among A, B, and C,
for instance, C can also be in a union with other countries, say, D and E. However,
a product which is produced in a country can only be sold in that country and the
countries that are in a union with this country. For a country, the social welfare
can be measured as the sum of the consumers’ surplus, and the profit of the firm.
Given the other countries’ union structure, a country will decide to join a union,
if that maximizes its own social welfare. Before we model the problem, we first
consider what kind of concepts should be used for explaining a union structure in
other words, multilateral links.

In order to deal with multilateral connections, first of all, it is not convenient to
use networks where, links represent bilateral relation between two agents. Therefore,
a network does not reflect the idea of “union”. Secondly, we may use cooperative
game with a partitional coalition structure. In other words, we may take each union
as a coalition.

Definition 1 Let [N| =n and letVi € N , B; € 2N\{0}. A coalition structure is a
partition B = {By, ..., Bk} of the n players such that U By, = N and for all h # k,

BN By = 0.

In this definition, the intersection of any two distinct coalitions must be empty.
This means that, if a nation is in a union, then it cannot be in another union.
However, in our model and in reality, a country can be in different unions. As an

example, the USA is both in NAFTA (The North American Free Trade Agreement)



with Canada and Mexico and in DR-CAFTA (Central America Free Trade Agree-
ment) with Costa Rica, El Salvador, Guatemala, Honduras, and Nicaragua. Thus we
need to have different structures to examine multilateral relations considering possi-
ble overlappings between different unions. For this purpose, “conference” structures
and “cover” structures which are introduced by Myerson (1980) and Sertel (1992)

respectively, can be used.

Definition 2 A conference S is a set of two or more players (who might meet to-
gether to discuss their cooperative plans). A conference structure Q) is any collection

of conferences. Thus, @ ={S: S C N and |S| > 2}.

As we see, in “conference structure” a coalition has at least two members, so
isolations are not allowed and also inclusions between two distinct coalitions are
allowed. In most economic and trade agreements like the European Union, the
Customs Union, once a set of countries agrees to have the same alliance and rules,
then subsets are not allowed to make the some other alliance and rules. In other
words, if A, B, C are in a union with a trade agreement then B and C are not
allowed to make the some other trade agreement. Moreover a country can choose
to be alone, in other words, it need not join a union. Therefore, in our study, since
inclusions between any distinct coalitions are not allowed, and isolations are allowed,
we use covers introduced in Sertel(1992) in our model. The definitions pertaining

to covers are borrowed from Koray (2007).

Definition 3 Given the set of players N, a hyperlink H is an element of 2N\ {0}.
A subset C' of 2V is said to be a cover for N players if U H=N and 3H, H € C

HeC
such that H G H'.We will denote the set of all covers for N by CV.

As we notice, in cover structure a hyperlink (we will use hyperlink or hyperedge
instead of a coalition in conference structure) may consist of one agent but inclusions

between any distinct hyperlinks are not allowed.
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Example 1 Let N = {1,2,3,4} and C € CV, C = {12,234}. The cover C has two

hyperlinks such that 1 and 2 are in a union and 2, 3,4 are in a different union.

In our research, we will investigate several questions. The first one is, given a
cover structure, how much a firm in a country should produce so as to maximize
its own profit. We will investigate whether this Cournot equilibrium is unique or
not. Here, the unions that the country is in, are important to find the Cournot
equilibrium for the profit- maximizing quantities of the firms. We will find the
profit of the firm, and the consumers’ surplus in a country whose sum will represent
the social welfare of a country.

The second main question will be to determine whether a cover is core stable or
not. For this, we will use k-stability and core stability concepts that Koray (2007)
introduces for covers. For a country, to exit from or entry to a union may or may
not require approval. Sertel (1992) introduced four possible membership rights in
an abstract setting. In this aspect, either both exit and entry require approval,
only one of them requires approval (i.e., approved entry- free exit or vice versa) , or
none of them requires approval. Under approved entry condition, if in a union, at
least one country’s social welfare strictly decreases when another country joins, then
this country will veto the entry of the new member. Similarly, under approved exit
condition, if in a union, at least one country’s social welfare strictly decreases when
another country leaves, then this country will not approve the exit of the member.
Stability in entry- exit conditions for hedonic games are defined and examined in
Karakaya (2011). We will define four membership rights for covers, in addition to
this, we will introduce and define strongly approved entry condition as well. We will
investigate core stability notion in all cases respectively. We will investigate efficient
and Pareto efficient covers.

While examining core stability under different exit-entry conditions, we will first



consider entry without cost. However, in reality, countries pay cost such as forming
institutions, applying the criteria of trade agreements, while entering a union. Sim-
ilary, the incumbants in a union may incur a cost for the new comer. Therefore, we
will do the same analysis considering entry cost.

As we mentioned before, we will assume that countries have the same demand
and the same economic, technological structure. For simplicity, we will take one
kind of product which can be produced in all countries with the same technology.
In other words, countries will be symmetric. But in reality, they are not. Hence, as
a further research, country’s differences can be considered, and the same questions
in terms of this difference can be answered.

In the literature, a similar research done about this subject is due to Ilkilic
(2010). In his research, he models a bipartite network where links connect firms
with markets. He looks at the Cournot game in which firms decide how much to sell
at each market that they are connected to. He then considers the market analysis
and examines the mergers and cartel formations. In Ilkilic (2010), he assumes that
firms have convex quadratic costs and markets have affine inverse demand functions.
Under these assumptions, he mainly finds that the Cournot game has a unique Nash
equilibrium, and for the two firms the Cournot equilibrium differs from the no-merger
situation if they share a market. For cartel solution, he establishes an algorithm to
calculate the optimal cartel supply by each firm and consumption at each market.

We will use the assumptions of Ilkilic (2010) to model our problem.



CHAPTER 2

MODEL

Now let us model our scenario formally and state the problem. Countries in our
scenario are considered as the agents, so we have n countries. The unions which
they form are considered as hyperlinks.

We will use the assumptions of Ilkilic (2010) in our model so, firms have convex-
quadratic costs and markets have affine inverse demand functions. Let C' € CV
be a cover, H € C be a hyperlink. Ilkilic (2010) assumes that given a quantity
vector Q¢ , the price at the country i is p;(Qc) = «; — B,¢; where oy, 3; > 0 and
i = Qi + Z qir is the total consumption at the country i.

keN\{i} st
IHEC: ikeH

Ilkilic (2010) assumes that for a firm j the total cost of production is T;(Q¢) =

ljs? where v; > 0 and s; = ¢;; + Z qx; is the total supply by a firm j. Then

2
kEN\{j} st
JHeC: kjeH

the profit function of a firm in country j is

v
m(Qc) = Y (uay — Biaies) + aai; — Bdie; — 55
1eN\{j} st
JHeC: i,jeH

Ilkilic (2010) assumes that g;; is the supply of a firm j to the market i. Here,
if ¢ and j are in the same union (hyperlink) then, ¢;; is the supply of a firm in the
country j to the country i. Note that a firm in a country trades in its own country.

If i and j are in the same union (i.e., if 3H € C': i,j € H ), then the best response



of a firm in the country j supplying to the country i (so as to maximize its profit)

is:

e 07y
ﬁﬂj(@i = Z aj — B Z i) i 52 =0

x _ tEN\{i} st kEN\{j} st
ij IHEC: tjeH IHEC: i keH

0 if 25 <0
qij

or in other words,

oi—;(85—qij)— Bilci—giz) e Omj
¢ = 2Bit+; if 5, =0
Y 0 if 95 <
0qi;j

Note that as Ilkilic (2010) assumes, we will also assume ¢;; > 0, Vi, j € N. For
networks, Ilkilic (2010) shows that the game has a unique Cournot equilibrium. To
do this, he constructs the problem as a Linear Complementarity Problem (LCP),
and shows that the matrix in LCP is positive definite. Hence, he concludes that this
LCP has the unique solution. Therefore, ¢;; is the unique Cournot equilibrium for
a firm in the country j supplying to the country 7.

Then the consumers’ surplus C'S;(Q¢) and social welfare SW;(Q¢) of the country
i will be; C'S;(Qc¢) = %)2 where ¢ denotes ¢; in the equilibrium and SW;(Q¢) =
i (Qc) + CS;(Qc).Remember that we will assume that all countries have the same
demand and the same economic, technological structure. Hence, we will assume
that Vi,5 € N,a; = a; = o, 3, = B; = 8 and y; = 7, = 7. Note that, if 7 and j are
in the same union (hyperlink) then, ¢;; is the supply of a firm in the country j to

the country .



CHAPTER 3

DEFINITIONS AND NOTATIONS

Koray (2007) defines the concepts of value and allocation function for covers as
below.

Definition 4 A function v : CY — R is called a value function for CN if v(C) =0
whenever |H| =1 for all H € C. Given a value function v : CN — R, a function

Y : CN — RY is called an allocation rule associated with v if, for any C € CV, one

has v(C) = > Y;(C).

i€EN

Let v : C¥ — R be a value function and Y an allocation rule associated with v.

Sertel (1992) introduced four possible membership rights in an abstract setting.
In this aspect, either both exit and entry of a country to a union require approval,
only one of them requires approval (i.e., approved entry-free exit or vice versa) ,
or none of them requires approval. In order to investigate the stability notion, we
will consider these four membership rights and we will define two more membership
rights. For this, we will utilize k—stability, core stability and core definitions that
Koray (2007) introduces. Koray (2007) defines 7- function on C, and we will use

this concept in our definitions.

Definition 5 Given a cover C € CV,and T € 2N\{0}, a function f : C — 2V\{0}

is called a T-function on C ifV He C: f(H) C H and H\f(H) C T.

We will define obtainable covers under membership rights.Sertel (1992) intro-

duces abbreviations for free exit (FX), free entry (FE), approved exit (AX) and

8



approved entry (AE). We will use these abbreviations.

Definition 6 (Free Exit- Free Entry). Given a value function v € V and an
allocation rule Y associated with v, let C € CV and T € 2V\{0}. A cover C' € C¥
18 said to be obtainable from C via T relative to v and Y under free exit- free entry
condition, if C' C {f(H)UP : H € C,P € 21'}(J2T for some T-function f on

C.Free exit- free entry condition is denoted by FX-FE.

Note that under approved entry condition, if in a union, at least one country’s
social welfare strictly decreases when another country joins, then this country will
veto the entry of the new member. Similarly, under approved exit condition, if in a
union, at least one country’s social welfare strictly decreases when another country
leaves, then this country will not approve the exit of the member. Hence, in three

definitions below, the second condition represents this situation.

Definition 7 (Free Exit- Approved Entry) Given a value function v € V' and
an allocation rule Y associated with v, let C, C' € CY and T € 2N\{0}. A cover
C" € CV is said to be obtainable from C wvia T relative to v and Y under free exit-

approved entry condition, if the following conditions hold ;

1)C"c{f(H)UP:HeC Pe2}|J2" for some T-function f on C,
2) VH' € C" such that [H (T # 0 and }H € C : H' = H and 3IH € C :
(H'\H) # 0, (H\H) C T| we have Vi € H' : Y;(C") > Y;(C).

Free exit- approved entry condition is denoted by FX-AE.

Definition 8 (Approved Exit-Free Entry) Given a value function v € V and
an allocation rule Y associated with v, let C, C" € CN and T € 2"\{0}. A cover
C" € CN is said to be obtainable from C via T relative to v and Y under approved

exit- free entry condition, if the following conditions hold ;



1) c{f(H)UP:HeC Pe2t}|J2T for some T-function f on C,
2) VH € C such that [HNT # 0 and PH' € C' : H = H and 3H' € C' :
(H\H') C T| we have ¥i € H : Y;(C") > Y;(C).

Approved exit- free entry condition is denoted by AX-FE.

Definition 9 (Approved Exit-Approved Entry) Given a value function v € V
and an allocation rule Y associated with v, let C', C' € CN and T € 2V \{0}. A cover
C" € CN is said to be obtainable from C via T relative to v and Y under approved

exit- approved entry condition, if the following conditions hold ;

1)C"c{f(H)UP:HeC Pe2t}|J27, for some T-function f on C

2) VH € C such that | H' € C': H' = H] we have Yi € H : Y;(C") > Y;(O).

Approved exit- approved entry condition is denoted by AX-AE.

So far we have considered the membership rights under non-transferable payoffs.
On the other hand, approved exit of a country from a union and approved entrance
of a country to a union can depend on the total social welfare of the countries in

that union.Therefore, we will define membership rights under transferable payoffs.

Definition 10 (Free Exit-Free Entry with Transferable Payoffs) Given a
value function v € V and an allocation rule Y associated with v, let C € CV and
T € 2M\{0}. A cover C" € C¥ is said to be obtainable from C via T relative to v and
Y under free exit- free entry with transferable payoffs condition, if C" C {f(H)|J P :

HeC,Pe2}J27T for some T-function f on C.

Note that under approved entry with transferable payoffs condition, if the to-
tal social welfare of the union strictly decreases when another country joins, then
the union will veto the entry of the new member. Similarly, under approved exit
with transferable payoffs condition, if the total social welfare of the union strictly

decreases when another country leaves, then the union will not approve the exit of

10



the member. Hence, in below three definitions, the second condition represents this

situation.

Definition 11 (Free Exit-Approved Entry with Transferable Payoffs)
Given a value function v € V' and an allocation rule Y associated with v, let C,
C'" e CN and T € 2M\{0}. A cover C' € CV is said to be obtainable from C
via T relative to v and Y wunder free exit- approved entry with transferable payoffs

condition, if the following conditions hold ;

1)C"c{f(H)UP:HeC Pe2t}|J2T for some T-function f on C,
2) VH' € C" such that [H (T # 0 and #H € C : H' = H and 3IH € C :
(H'\H) # 0, (H\H) C T] we have Y. Y;(C") > > Yi(C).

icH' icH'
Definition 12 (Approved FExit- Free Entry with Transferable Payoffs)
Given a value function v € V and an allocation rule Y associated with v, let C,
C'" e CN and T € 2M\{0}. A cover C' € CV is said to be obtainable from C
via T relative to v and Y under approved exit- free entry with transferable payoffs

condition, if the following conditions hold ;

1) c{f(H)UP:HeC Pe2t}|J2T for some T-function f on C,
2) VH € C such that [HT # 0 and BH' € C' : H = H and 3H' € C" :
(H\H') C T we have > Y;(C") > > Yi(C).

i€H i€H
Definition 13 (Approved Exit- Approved Entry with Transferable Pay-
offs) Given a value function v € V and an allocation rule Y associated with v,
let C, C" € CN and T € 2M\{0}. A cover C' € C¥ is said to be obtainable from
C wvia T relative to v and Y under approved exit- approved entry with transferable

payoffs condition, if the following conditions hold ;

1) c{f(H)UP:HeC Pe2t}y|J27, for some T-function f on C

11



2)VH € C such that [ AH' € C' : H' = H| we have 2. Yi(C) = X Yi(0).

Let N = {i,j,k} and C, C" € CV such that C' = {z;,efk} and C”ZE:H{ij,jk:,ik}.
Let T' = {i, k} as the countries which deviate.When we pass from the cover C' to
the cover C’, by definitions of the four membership rights (FX-FE, FX-AE, AX-FE
and AX-AE), we do not consider the approval of the country j. However, in some
cases, in order to pass from C to C’, the approval of j is needed as i and k form a

new union while they are still in a union with j in C’. Now we form the definition

of free exit- strongly approved entry.

Definition 14 (Free Exit- Strongly Approved Entry ) Given a value function
v € V and an allocation rule Y associated with v, let C, C" € CN and T € 2V\{0}.
A cover C" € CV is said to be obtainable from C via T relative to v and Y under

strongly approved entry- free exit condition, if the following conditions hold ;

1) c{f(H)UP:HeC Pe2T}|J2T for some T-function f on C,

2) VH' € C" such that [H (T # 0 and }H € C : H' = H and 3H € C :
(H\H) # 0, (H\H) C T| we have ¥Yi € H : Y;(C") > Y;(C).

3) VH' € C" such that [H' (T # 0 and 3H € C : H C H and 3H" € (',
H # H":(H'T)C H"] we have Yi € H" : Y;(C") > Y;(C).

Free Exit- Strongly Approved Entry condition is denoted by FX-SAE.

According to the definition, under free exit- strongly approved entry, countries
can exit from their previous unions freely. However, if the deviating countries enter
to other unions or form new unions without exiting from their previous unions,
then the approval of the countries that are in unions with the deviating countries
previously is required.

Similarly we will define approved exit- strongly approved entry condition.

Definition 15 (Approved Exit-Strongly Approved Entry) Given a value func-

tion v € V and an allocation rule Y associated with v, let C, C' € CN and

12



T € 2M\{0}. A cover C' € C¥ is said to be obtainable from C wvia T relative
to v and Y under strongly approved entry- approved exit condition, if the following

conditions hold ;

1)C"c{f(H)UP:HeC Pe2t}|J2T for some T-function f on C,

2)VH € C such that [ 1H' € C' : H' = H] we have Vi € H : Y;(C") > Y;(O).

3) VH' € C" such that [H'(\T # 0 and 3H € C : H C H and 3H" € ',
H' # H": (H'(T) C H"] we have ¥Yi € H : Y;(C") > Y;(C).

Approved Exit- Strongly Approved Entry condition is denoted by AX-SAFE.

Now we will give k-stability, core stability and core definitions that Koray (2007)

introduces.

Definition 16 Let C € CV and k € {1,...,n}, and the exit- entry condition is given.
We say that C' is k-stable relative to (v,Y") under given exit- entry condition, if there
is no T € 2N\{0} with |T| < k such that 3C" € CN obtainable from C via T relative
to (v,Y) under given exit- entry condition condition with Vi € T :Y; (C") > Y; (C)
and3j € T :Y;(C") > Y;(C). C is said to be strongly stable relative to (v,Y") under
given exit- entry condition if C' is k-stable relative to (v,Y') for all k € {1,...,n}

under given exit- entry condition.

Definition 17 Given a value function v € V , an allocation rule Y associated with
v, and exit- entry condition, let C, C' € CN and T € 2N\{0}. We say that T can
improve upon C' via C" relative to (v,Y) under given exit- entry condition if C' is
obtainable from C wvia T relative to (v,Y) under given exit- entry condition with

VieT:Yi(C") > Yi(C) and 3j € T : Y;(C") > Y;(C).

Definition 18 A cover C € CV is said to be core stable relative to (v,Y) under
given ezit- entry condition if there is no T € 2N\{0} such that T can improve upon

C wvia some C" € CN relative to (v,Y) under given exit- entry condition.

13



Note that core stability and strong stability are the same notions. But, core for
cover characterizes the allocations for efficient covers such that no subset S C N

can deviate from the efficient cover under the allocation rule.

Definition 19 Given a value function v € V and a cover C € C¥,an allocation
y € R" for C is said to be core relative to (N, v) if 3 y; < v(C) and VS € N :
> Vi 2 0(C®) where 9(C®) = maxecsiceny v(CY)  and Zig C N,C?¥ denotes a subset
ZOG; CN such that agents in N\S are isolated and agents in S are allowed to form any

hyperlink.
Koray (2007) introduces Pareto efficiency and efficiency for covers.

Definition 20 Let C € CN. We say that C is efficient relative to v if v(C) =
maxgrcen V(C'). Moreover, v is said to be Pareto efficient relative to (v,Y) if there

is no C' € CV such that Vi € N : Y;(C") > Y;(C) and 3j € N : Y;(C') > Y;(C).

Ilkilic (2010) models a bipartite network where links connect firms with markets.
If we think that the firms in countries and the countries (markets) as in bipartite

network, we reach the below result,

Claim 1 Let C € CV, and let C' € CN. Assume that the bipartite graphs of the
two covers are same. Then in the equilibrium, the social welfare of a country in the

cover C' is equal to its social welfare in the cover C'.

Proof. Let C € CV and let ¢' € CV. Assume that the bipartite graphs of the two
covers are same. Let ¢ € N,and let j € N, such that 3 H € C' : 7,5 € H. Then since
the bipartite graphs of the two covers are same, so 4 H' € C' : i,j € H'. Hence,
by model assumptions, it follows that in the equilibrium, ¢j; in C' is equal to the
¢;; in C" and 7,(Qc) = mi(Qcr), CSi(Qco) = CSi(Qcr), so, SWi(Qc) = SWi(Qcr).
Thus, in the equilibrium, the social welfare of a country in the cover C' is equal to

its social welfare in the cover C/. =m
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Example 2 N = {1,2,3,4}. Let C € CN and let C' € CV such that, C = {123, 4}
and C" = {12,23,13,4}. Then the bipartite graph structures of the two covers are
same, so by Claim 1, in equilibrium, the social welfare of a country in the cover C'

is equal to its social welfare in the cover C".

Hence, we can treat the cover structure as a bipartite graph structure between
firms in the countries and countries (markets) in our model. Therefore, we will

modify complete cover definition as below.

Definition 21 A cover C € CV is said to be complete-equivalent cover, if it is
composed of only one hyperlink which contains all players or¥ 1,57 € N ; 3 H e C

such that 1,7 € H.

Definition 22 A cover is said to be a single-centered star if the cover has at least
two hyperlinks, there exist unique i € N, such that VH,H' € C, H(H' = {i} and
VH € C,|H| = 2 . In this case, we will call the unique element i as the center.A
cover is said to be a multi-centered star if the cover has at least two hyperlinks, there
exist S € 2M\{0, N}, such that VH,H' € C, H(\H' = S. In this case, we will call

S as the center.

Definition 23 Let C € CV. An agent i is isolated if ' H € C such that i € H and

|H| = 1.
We define degree concept in covers as follows;

Definition 24 Let C € CN. Leti € N. We define the degree of i in C as follows;

deg;(C) = [{j € N\{i} : 3H € C such thati,j € H}|

15



CHAPTER 4

RESULTS

4.1 Model without Linkage Cost

Proposition 1 The social welfare of each country in the complete- equivalent cover

a?n(284nB+ny)

in the equlilibrium is 561 Brtyn)?

. Social welfare of each country in the complete-

equivalent cover in equilibrium increases as the number of countries increases.

Proof. Let C' € CV be a complete-equivalent cover including n countries. Since all
countries are identical, we have in equilibrium;

Vi,j € Ngi; =q;; =q" = (n+1§¥3+m

mi(Qc) = m;(Qc) = ang" — n*B(q*)? — In*(q")?

CSi(Qc) = *3"2;(1*)2 so we get,

* * a2n(28+n8-Ln
SWi(Qc) = ang” —n(@")*(5 + 3) = S

Now, the derivative of social welfare with respect to the number of countries,

(SWi(Qc)) __ a?p? I(SWi(Qc))

n, is i = (Bipniom? Since we assume a, 3,7 > 0 so, T

> 0, hence
the social welfare of each country in the complete-equivalent cover in equilibrium

increases as the number of countries increases. m

Remark 1 Let C € CVN. In the model, firms are profit mazimizers. Hence, as Ilkilic
(2010) presents for networks, given a cover C € CV, the Cournot equilibrium for
quantity levels can be written in the matriz form, —a + DeQf > 0. Ilkilic (2010)

forms the matriz D¢ for networks, and shows that D¢ can be formed as Do = RTR
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where R has full rank. Hence, Ilkilic (2010) concludes that D¢ is positive definite

and so det(D¢) > 0.
Before we show a monotonicity result, let us look at an example;

Example 3 N = {i,j,k}. Let C = {ij,k} and let C' = {ij,ik}. We will show
that adding the hyperlink ik decreases the social welfare of j.In C, since there is no
connection between i and k,so ¢;x = 0 and qi; = 0. In C’, in equilibrium, q;, > 0 and
qri > 0. We will show that the increase in q; and qg; will effect the quantity levels,
Qs> Qs> Qjir Gii I equilibrium. Then we will show that SW;(Qcr) < SW;(Qc). By
Remark 1, the Cournot equilibrium for quantity levels can be written in the matrix

form, —a+ DcQf > 0 and det(D¢) > 0.Here

28+ B y 0 ii

g 26+y 0 ¥ Qij

Do = and = J
‘ Y 0 26+y B Qo ji

0 gl 5 28+ qjj

For the cover C, the Cournot equilibrium for quantity levels can be written in the
equation form, such that, F, : R* — R where qi;, 45, qji, ¢jj, are dependent variables,
and g, qr; are independent variables, so,

(i @5 45i> 355) = (28 + 7))@ — @+ Y(qji + i)+ B(gij + ¢iw) =0
Fo(qii, Gijs 45 955

( )

(28 +7)qij — a +vg;;+ B(qi + qiw) =0
(28 +7)qji — o+ Y(qi + qui)+ Bgj; =0
( )

( ) =
F3(qi, Gij» 45, 455) =
( ) = (28 +7)gj; — @+ g+ Bgji =0

Now, Fj is linear VI € {1, ...,4} and Fl’—’F“) = det(D¢) > 0.By Cramer’s rule

fhu :q“)

Fy( i, 455 45i» G55

we have, given qy. such that t,r € {i,j},
a)

9qi; 0gik 0q5;

_ 0P, Fp,F3,Fy) OFy OFy OFy

Oqer @bk 455) Oqi; """ Oq " 0qj
dqir. O(F1,-.Fy) - oF ... 9oF .. O~
9(iiy---a55) 0qis Oqtr 9qj;
oF, OFy OFy

Oqii " Oqr 77 Oqjj
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OF

0qik
simalarly, % can be written. Let x = : be the column vector, then,
' OFy
Oqir. J (421)
B OF) gl
B 6q}ci 0
T = similarly, let y = : be the column vector, then, y =
0 oF Y
OFy
0 Ok (4z1) 0
0gii _ Oai; _ (=1)(38°+78y+297) Ogji _ Oq5; _
Note that o, 8,y > 0.Then, Oai, — Oqk  3(B+27)(36+27) < 0, O0qi, ~  Oqi
(By+2+*) dqii _ 995 _ (=1)(68y+67?) 94 _ 9455 _ 38y
sErenaeE) ~ 0 0 500 = Ggy = @t @tz < O ous — daw — 3EEIGETE)
. . SW; OSW;
0.Now, by total differentiation, dSW;(Qc) = %dqm + %qui. Then,
9SW;(Qc) _ (=2)ap(36+7) 9SW;(Qc) _ 203%y
atjlik T (3B+2y)? <0 and a;ki T (B+27)(36+27)2 > 0.

Take dg;, = ¢, and dqr; = gq;; where ¢, and q;; are Cournot equilibrium for
the cover C", q5, = B + 37)\(45° + 1387 + 77?) and q}; = 4a(B + 27)\(3(45% +

—9)a2 2
13874 772)). So we get, ASW;(Qc) = (35”(7)22)(45@15122)7”72) < 0.Hence, SW;(Qcr) <
SWi(Qc).

As we see from the example, in two covers, the country j is in an union with
the same country i. In cover C', the country i is only in a union with j, while in C’
it is also in an union with k. We observe that the social welfare of the country j

decreases when 7 is in a union with a different country, k.

Lemma 1 LetC € CV, andlet C' € CV. Letj € N. Assume that {j, € N : 3H € C
such that ji,j € H and j # jix} = {jx € N : 3H' € C’ such that ji,j € H' and
j 7£ ]k} = {jlaajm}]fvjk € {jla'-ajM}v |{Z € N :3H € C such that ]kal € H}| <

{i € N:3H' € C' such that ji,i € H'}| then, we have SW;(Qcr) < SW;(Qc).

Proof. Let C € C and let C' € CV. Let j € N. Assume that {j, € N :3H € C
such that ji,j € H, and j # ji} = {ji € N : 3H' € C" such that ji,j € H', and

[{i € N : 3H' € (" such that jj,i € H'}| then we have SW;(Qcr) = SW;(Q¢).
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Suppose 3ji. € {j1, -, jm}, such that |{i € N :3H € C such that ji,i € H}| <
|{i € N :3H' € C' such that j,i € H'}|.Without loss of generality, assume that,
{i € N :3H" € C' such that j,,i € H'} = {i € N : 3H € C such that j;,i €
H} | U{s}, where s € N. In C, since there is no connection between j; and s,50 ¢;, s
=0 and ¢5;, = 0. In (", in equilibrium, ¢, s > 0 and ¢,;, > 0.We will show that the
increase in g, s and g,;, will effect the quantity levels, g;;,, @jijs - Qijr> Girjs - - -+ Lijm s
Qjmjs ¢ in equilibrium. Then we will show that SW;(Q¢) < SW;(Qc).

For the cover C', the Cournot equilibrium for quantity levels can be written in
the equations form, such that, F; : R® — R

where e = |{(t,r) : 3H € C such that t,r € H, where t,r € {1,...n}}|. Hence,

Vg such that 3H € C : t,r € H, where t,r € {1,...n}, we have

Fi(quis - @un) = (28 +7)qn1 —a+7 Z au+ p Z qie =0

teEN\{1} st keEN\{1} st
IHeC: t1eH IHeC: 1,keH

Fe(Qlla s 7(]nn) = (25 + V)C]nn —a+ Y Z Qtn+ 5 Z Qnk = 0

teN\{n} st keN\{n} st
JHeC: t,neH JHeC: n,keH

Now, Fj is linear VI € {1,...e} and by Remark 1, % = det(D¢) > 0,

and gj, s, ¢sj, are independent and all ¢, ’s such that 3H € C : t,r € H, where
t,r € {1,...n} are dependent variables. By Cramer’s rule we have, given ¢, such

that 3H € C : t,r € H, where t,r € {1,...n},

on ., 0k . OR

8ql 1 8ij s 8an

. O(Fy,...,Fe) 9F. 9Fe OF.,

aQtr o 8((1117-~~7ij3~--’an) . 9q11 e aqjks te Ognn
da. . A(F1,....,Fe) - o ... om ... OR
Dis (q11;-++,qnn) 9q11 9qir Aqnn
8Fe BFE 8Fe
8(]11 T aqt'r T 8an

similarly, ;th_T is written.
STk
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or s ifﬂzg

8‘1ij 8Q%s
Let x = : be the column vector, then, x;; = v, if % =7
ore 0, if2h =9
94js (exl) ’ 94jj,s
OF;
045,
similarly, let y = : be the column vector, then,
OFe.
8F8quk (exl)
/67 if m = ﬁ
Y = s if aZTFIJ; =7
0, ifg=0
Then, 86‘1,” < 0if t = ji andr;és,gﬁ < 0if t # jp and r = s, 8‘9&>0
jy s iy s jps

if t # ji and r # s, where t, r, j, and s are in a connected bipartite graph in

C'.Similar reasoning holds for (%Lj*. Now, by total differentiation, dSW;(Q¢) =
Ik

95W;(Qc)
aqjks

0SW;(Qc

OSW;
dq]‘ks + Tk)dquk. Here, #

G

< 0, and %ﬁd > 0. Take dg;,s =

q;.s and dq5, = q3;, where ¢} , and ¢j; are Cournot equilibrium for the cover C,

so, we get, dSW;(Q¢) < 0. Hence, SW;(Qcr) < SW;(Qc). m
Corollary 1 Let i € N and C € CN. The country i reaches its mazimum social
welfare if and only if it is the center of the single-centered star cover.

Proof. Let i € N and C € CN. If |[N| = 1, it is trivial. If |N| = 2, then by
Proposition 1, the result follows. Hence assume that |N| > 3. Assume that C' € CV
is a star cover, and i is the center of the star where all hyperlinks have only two
countries. Then given D = (38% 4 637 + 38%n + 53yn + 4v*n + 2Ben? + v%n?)

SWi(Qc) = (a?(165° 4 2087y + 487° — 26°n + 523°yn + 4467°n + 115°n* +
63%yn? +4567°n? + 167°n? +26°n3 4+ 2082 yn® + 48~v*n3 + 8v*n3 + 2yn* + 86y*n* +
1)\ (2.D?) and Vj € N\{i} we have,

SW;i(Qc) = (a2(248% + 245%y + 487% + 126°n + 685°yn + 445y*n + 63°n? +
2532 yn%4 498~2n? + 16v°n? + 83%yn> + 128+2n® + 8903 + 38y2n* +~+°n*))\(2.D?)

Now, SWi(Qc) — SW;(Qc) = ( &?B(=2+ n)(45 + 2y + Bn + 5yn)(B + 26n +

)\ (2.D?)
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Since n > 3 and since in our model we assume that o > 0, 8 > 0, v > 0, so
Vi€ N\{i}: SWiQc) > SW(Qc):

Thus the center ¢ has strictly more social welfare than others’.

Now we will prove that ¢ has the maximum social welfare in the single-centered
star cover than in other covers. Suppose contrary, suppose there exist a cover

C" € CV such that 7 reaches its maximum social welfare. Then there are two cases;

Case 1: i is isolated in C’". Then, SW;(Q¢/) = ;‘ggiﬁp . Hence,

SWi(Qe) = SWi(Qer) = (aPB(=1+n) (=378 + 254 n — 275%y + 4% yn® — 4y* —
9v4n? + 5y*n® — 1183yn + 568°yn? — 326%v%n + 326%9*n? — 1587 n*+ 2167°n® +
326%% + 86"n” + 245°y*n®)\ (2(26 +7)*.D?)

Since n > 3 and since in our model we assume that o > 0, § > 0, v > 0, so
SWi(Qc) — SW;(Qcr) > 0. Hence, i cannot be isolated in C.

Case 2: i is not isolated in C’. Then 3 {ji,...,Jm-1} C N such that Vj, €
{j1, s jm-1},FJH" € C’ such that i, jp € H'. Then by Lemma 1, for the country i,
in order to reach its maximum social welfare, C’ be such that,

C" = {ij1,1ja, ..y iJm, H}, ..., H.} where H{, ..., H, are other hyperlinks in C".

By Lemma 1, it should be Vj. € {j1,...,Jm-1}, Jx & H], VIl € {1,...,k} and
i¢ H/,Vle{l,....k}. But then, by above calculation,

SWi(Qer) = (2(166° + 208%y 4 4672 — 26°m + 526%ym + 448> m + 115°m? +
632 ym? + 4567°m? + 167°m? + 28°m3 + 208%ym? + 45v*m?® + 8v3m? + B2ym* +
86y*m* +v°m*))\(2.P?)

where P = (3% + 687 + 38°m + 58ym + 4v*m + 23cm? + +?m?)

Since m > 2 and since in our model we assume that o > 0, 8 > 0, v > 0,
S0, %W5+frfw > 0. Hence, SW;(Qc) > SW;(Qc).Thus, contradiction. Hence, the
country ¢ reaches its maximum social welfare if it is the center of the single-centered

star cover.

Now, assume that ¢ has the maximum social welfare, we will prove that 7 is the
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center of the single-centered star cover.First of all, ¢+ cannot be isolated by case 1
of the first part of the proof. Hence, 7 is not isolated. Then by case 2 of the first
part of the proof, it follows that, ¢ reaches its maximum social welfare then it is the
center of the single-centered star cover. Hence, the country i reaches its maximum
social welfare if and only if it is the center of the single-centered star cover. m
Given a cover C' € CV and given two countries, i and j, assume that i and j are
not in a union together. Moreover, assume that there exist a country, say, k, which
is in a union of both of these countries. Then, if + and j decide to form a union
between them without exiting from their recent unions, then their social welfare
increases, and by Lemma 1, the social welfare of k£ decreases. Before we state and

prove this observation, we will give an example,

Example 4 N = {i,j,k}. Let C = {ik,kj} and let C" = {ik,kj,ij}. We will
show that adding the hyperlink ij increases the social welfare of © and j.In C, since
there is no connection between i and j, so q; = q; = 0. In C', in equilibrium,
¢; > 0 and q;; > 0.We will show that the increase in q;; and q;; will effect the
quantity levels, G, Gik, Qri, Qs> Qik> Qhjs Qe 1 equilibrium.  Then we will show that
SW;(Qc) < SW;(Qcr). Note that in this example, SW;(Qc) = SW;(Qc) and
SWi(Qcr) = SWi(Qc).

Given the cover C € CV, Cournot equilibrium for quantity levels can be written

in the matriz form, —a+ DcQF > 0 where

[ 284+~ B v 0 0 0 0
g 28+ O 0 Y 0 g
¥ 0 28+~ 0 0 B B
Dec = 0 0 0 2604+ I} ¥ 0 and
0 v 0 g 204y 0 g
0 0 B Y 0 26+ B
|0 v B 0 y B 2B+ |
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Qi
Qik
ki
Qc = | a4
qjk
qk;j

| dkk
For the cover C, the Cournot equilibrium for quantity levels can be written in

the equations form, such that, F; : R — R where Qii> Qik> Qkis 95> Gk Qkj» Qrkes OTE

dependent variables, and q;;,q;; are independent variables, so,

Fl(Qiiv Qiks ki 955 ik iy Qk:k) = (25 + ’Y)C]ii — o+ vqri+ B, =0

F7(iiy it Qi i3> Dk Qg Qo) = (28 + 7) @ — @ + (@i + @)+ Blari + quy) = 0
Now, Fy is linear ¥l € {1,...,7} and by Remark 1, 250 — det(De) > 0.By

7 O Giiyerqkk)

Cramer’s rule we h&’l)e, giU@TL Qi € {qua ik Qkiy 9555 Dik> iy qkk}
OFy . OF

om ., om ., OF
0 0qi; Oy
___O(Fy.Fy) OFz OFy OFy
Oqer _ 0(dgioitijodpk) Oqii """ Oqiz " Oquk
dqi; o(Fy,....F7) = oF, ... Ok ... 0k
CCTRRR ) 0q;i; Oqir Ok
OF7 OF7 ory
5 9qii "7 Oqer 77 Ogqgk
similarly, % can be written.
ji
oF, p
0qij 0
Let ¢ = : be the column vector, then, € = | ~y
Py 0
9ij (721
(721) v
- 0 -
g
OF, 0
9qji Y
similarly, let y = : be the column vector, then, y = | [
OFy 6
9¢ji d (721) 0
0

Note that, o, 3,7y > 0, then,

0qii _ 0455 _ (=1)(128°+556%7+6667°+277°)
9qij — 9qji (3(38+57)(48°+1387+772))

< 0,
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Ogii _ Oa55 _ _(=1)(286%7+846~°+48+°
0gji i (3(38+57) (482 +138~+7~2

dqir _ Ok __ (=1)(1283+55827+868v2+39+°)
Thk — Ik <0,

)
))<0,

dgij — Oaji — (3(3B+5v)(4B2+13B7+Ty2))

gk _ 0%k _ (20827452877 +244%) 0

dqj; — Oaij (3(38+57) (482 +13B7+T772)) ’

Oaws _ Ome _ ___(B27H18872499%)

0qsj 0qji ((3B+57) (482 +13Bv+772)) ’

Oqui _ Oarj _ (=1)(118°7+3487%4+199%)

daji — 0qi; — ((3B+57)(4B°+13Bv+772)) <0 and

Oqkk — Ok _ 58v-+3+2 >0

9q; 0 3(482+13B7+712) ’

Now, by total differentiation, dSW;(Q¢) = %@ddqij + %@C)dqﬂ

ij ji

ASW;(Qc) _ aB(B+37)(14433+51982v+498372+119¢3)

Then, 0qij B (9(38+57) (482 +138y+792)2) >0,

and 25ViQc) _ (=1)(aBy(B+37)(458°+663v+499%)) _

0qji (9(38+57)(48°+138y+772)2)

Take dq;; = q;; and dg;; = qj; where g;; and g¢;; are Cournot equilibrium for the

cover C', qi; = qj; = a\(48 + 37).

202 B(B+37) (2482 +398~+ 72
Thus we get, ASW;(Qc) = (g(fgi37i§52i1§ﬁyivhz;2)) > 0.

Hence, SW;(Qc) < SW;(Qcr) so, SWi(Qc) < SWi(Qcr).

As we see from the example, if we form a new union from indirectly connected
countries, ¢ and 7, then, the social welfare of those countries increases. Now we will

prove this observation as a lemma.

Lemma 2 Let [N| > 3. Let C € CN and i,j,k € N.Assume 3H € C such that
i,k € H and 3H € C such that j, k € H but, 3H € C such thati,j € H. If C' =

{H e C,VH € C}{ij}, then SWi(Qc) < SWi(Qcr) and SWi(Qc) < SW;(Qcr).

Proof. Let [N| > 3. Let C € CV and i,j,k € N. Assume 3H € C such that
i,k € H and 3H € C such that J, k € H but, #H € C such that i,j € H. Let
C'={H € C,VH € C}|J{ij}, then we will prove that SW;(Qc) < SW;(Q¢/) and
SW;(Qo) < SWi(Qcr).

In C, since there is no connection between i and j,so ¢;; = ¢;; = 0. In C, in

equilibrium, g;; > 0 and ¢;; > 0.We will show that how the increase in ¢;; and g;;
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will effect the quantity levels, g;s, ¢s; where s € N\{j} in equilibrium. Then we will

show that SWl(Qc) < SW1<QC/)

For the cover C', the Cournot equilibrium for quantity levels can be written in

the equations form, such that, F; : R® — R where

e = |{(t,r) : 3H € C such that t,r € H, where t,r € {1,..n}}|.

Hence, Vq;, such that 3H € C' : t,r € H, where t,r € {1,...n}, we have

Fi(qin, - Gon) = (28 +7)qun —a+v Z g+ p Z qie =0
teN\{1} st kEN\{1} st
3HeC: t,1eH 3HeC: 1,keH
Fe(Qlla“'aan) = (25‘1‘7)%71—06—1-7 Z Qin 5 Z an:O
teN\{n} st keN\{n} st
JHeC: t,neH JHeC: n,keH
Now, Fj is linear VI € {1,...e} and by Remark 1, % = det(D¢) > 0.

Also, g;;, ¢;; are independent and all other g, ’s such that 3H € C : t,r € H, where

t,r € {1,...n} are dependent variables. By Cramer’s rule we have, given ¢, such

that 3H € C : t,r € H, where t,r € {

L,..n}, and g # Gij , Qur 7 Qi
PR OF; “ e 8F1

oF il
9q11 0qi; Oqnn
I(Fyq,..., ) 8Fe 8Fe 8Fe
oqtr (911,95 --:9nn) Oq11 6%‘]‘ Iqnn
9qi; d(F L, — 7|1 OF% OF, oFy
9(q115++» qnn) 9q11 Oqtr Inn
OF, OF, OF,
L 3Q11 8qt7‘ 8an
similarly % is written.
51
la) ¢ OF,
0qij 5’ if 8q}%j - ﬁ
) )
Let £ = : be the column vector, then, z;; = v, b gt =n
or. 0, ifk—
95 d (ex1) ij
R
0q5i
similarly, let y = : be the column vector,
JFe
9g5i 1 (ex1)
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then, Y, = v, if gflz =7
0, if 2= g
qji

Then, aq” <0Oift=vandr #j, 3 q” <01ft7ézandr—j, 8("” >0if t £
and r # j, where t, r, i and j are in a connected bipartite graph in C”.
Similar reasoning holds for aq"

Now, by total differentiation, dSW;(Q¢) = %@ddqﬁ + asvg;—@ddqji

S S
Here, %]QC < 0, and VgT?C > 0. Take dg;; = ¢;; and dg;; = qj; where ¢j;
and ¢j; are Cournot equilibrium for the cover C’, so, we get, dSW;(Qc¢) > 0.

Hence, SW;(Qcr) > SW;i(Qc¢), and similarly, SW;(Qcr) > SW;(Qc)-

Lemma 3 Let C € CV.Let [IN| = n > 1. Assume 3d € {0,..n — 2} such that
Vi € N, deg,(C) = d. Then, complete-equivalent cover strictly increases the social

welfare of all countries.

Proof. Let C € CV.Let |[N| > 1. Assume 3!d € {0,..n — 2} such that Vi € N,
deg;(C) = d. Hence in equilibrium we have,Vi, j € N : 3H € C such that i,j € H,
G = a5 = @i = 4y = o\ 28 +7 + Bd +~d) so, SWi(Qc) = 555 g

Let C" € CV be complete-equivalent cover, then by Proposation 1, we have

a2n n, n .
SWi(Qer) = % Hence, we have Vi € N,

a2 2 n—d— " n
SWi(Qcr) — SWi(Qe) = 52fwfwj)ﬁ(jfj%jéﬁkgjjfn;”’ )’ > 0asd < n—1land

a, B,y > 0.

Hence,complete- equivalent cover strictly increases the social welfare of all coun-
tries. Note that, if d = n — 1 then the cover is complete-equivalent cover. m
In our model, the allocation rule and the value of a cover, is attained by the

social welfare of each country. Hence, given C € CV, we have Vi € N, Y;(C) =

SWi(Qc) — 2(2&“;) here 3‘(22(261??2) represents the social welfare of a country when it

is isolated. Therefore, v(C) = 0 whenever |H| =1 for all H € C and given C' € CV,

we have v(C') = > Yi(C). However, in order to make calculations clear and easy,
ieN
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instead of dealing with the allocation rule, we will utilize social welfare concept in
our proofs.

Now we will examine the core stable covers under given one of the four member-
ship rights, free exit-free entry, free exit-approved entry, approved exit-free entry, or

approved exit-approved entry.

Theorem 1 Let (v,Y) is given above. A cover C € CV is core stable relative to
(v,Y) under given one of the four membership rights, FX-FE, FX-AE, AX-FE, or

AX-AFE if and only if it is a complete-equivalent cover.

Proof. First of all, if |[V| = 1 the result follows trivially. If |V| = 2, the result
follows from Proposition 1. Thus assume that |[N| > 3.

Let C' € CV is core stable relative to (v,Y’) under given one of the four mem-
bership rights, FX-FE, FX-AE, AX-FE, or AX-AE. We will prove that C € CV is
a complete-equivalent cover. Suppose contrary, then 3i, j € N such that 3H € C :
1,7 € H. Then there are two cases,

Case 1: VH,H € C, we have H(VH = (. Then Vi € N, 3'H € C such that
i € H. By Proposition 1, SW;(Q¢) = % where |H| = m.

Let T'= N, and C' be a complete-equivalent cover. Then, C" C {f(H)JP :
HeC,Pe2r}J27 for some T-function f on C, where f(H) = H VH € C.

Now, Vi € N by Proposition 1, SW;(Qc/) = % Since, n > m, so by
Proposition 1, SW;(Q¢r) > SW;(Q¢c). Now, C” is obtainable from C' via T relative
to v and Y under given one of the four membership rights, FX-FE, FX-AE, AX-FE,
or AX-AE and T can improve upon C' via C’ relative to (v, Y') under given exit- entry
condition. Thus, the cover C' is not core stable relative to (v,Y) . Contradiction.
Therefore, 3H, H € C, such that H (H # 0.

Case 2: 3H, H € C, such that H (| H # (. By cover definition, H\(H (H) # ()

and H\(HH) # 0. Let i € H\(H(H) and j € H\(HH) and k € H( H.
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Then, i,k € H and j,k € H.

Let T'={i,j} and C' = C'J{ij}. Then, C C {f(H)UP:H e C,Pe2T}|y2"
for some T-function f on C, where f(H) = H YH € C. Since, C' = C' | J{ij}, so C’
is obtainable from C' via T relative to (v, Y’) under given one of the four membership
rights, FX-FE, FX-AE, AX-FE, or AX-AE. By Lemma 2, SW;(Q¢c/) > SW;(Q¢)
and SW;(Qc¢) > SW;(Qc¢). Therefore, T' can improve upon C' via C’ relative to
(v,Y') under given exit- entry condition. Thus, the cover C is not core stable relative
to (v,Y). Contradiction. Therefore, C' is a complete- equivalent cover.

Conversely, assume that, C' € CV is a complete-equivalent cover. We will prove
that C € CV is core stable relative to (v,Y) under given one of the four membership
rights, FX-FE, FX-AE, AX-FE, or AX-AE .

Suppose contrary, then 37 € 2¥\ {0} and 3C" € CV ,which is obtainable from
C via T relative to v and Y under FX-FE, FX-AE, AX-FE, or AX-AE, such that
T can improve upon C' via C” relative to (v,Y’) under FX-FE, FX-AE, AX-FE, or
AX-AE. Hence, Vi € T, SW;(Qc) < SWi(Q¢r) and 3j € T, SW;(Qc) < SWi(Qcr).

Now if T" = {i}, then the only obtainable cover from C via T relative to (v,Y)
under FX-FE, FX-AE, AX-FE, or AX-AE, is ¢ = {H, H'} where H = N\{i} and
H' = {i}. By Proposition 1, SW;(Q¢) < SW;(Q¢) since 1 < n. Contradiction to
the fact that Vi € T, SW;(Q¢) < SWi(Qc¢r) . Hence, |T| > 2.

Now let i € T and VH € C’ such that i € H, we have VH' € C' , H(H' =
(.Then given |H| = m, since m < n, by Proposition 1,SW;(Qc) < SWi(Qc).
Contradiction to the fact that Vi € T, SW;(Q¢) < SW;(Q¢r). Thus, Vi € T and
VH € C'such that i € H, we have 3H' € C' | H(\H' # () where H # H'.

Now let ¢ € T and assume 3'H € C’such that i € H and dH’ € C’ such that
H( H' # 0 where H # H'.Let C” be a cover such that

C"={H:HecC' H+#H,and H# H where H' € C' such that H (| H' #

0y U{H'\(H N H') : H' € C" such that H (\H' # 0 where H £ H'} | J{H}

28



By Lemma 1, SW;(Qc) < SWi(Qcn). In C”, 3H € C"such that i € H, we
have VH” € C" , H(H" = . By above part of the proof, SW;(Qcr) < SW;(Qc).
Hence, by transitivity, SW;(Qc) < SW;(Q¢).Contradiction to the fact that Vi € T
SWi(Qc) < SWi(Qcr) -

Hence, Vi € T, 3 H,H' € ('such that i € H(\H', where H # H'. Vi € T,
define Vi € T, deg,;(C") > 2. Now assume that, 3'd such that Vi € T, deg;(C") = d.
Note that, by the definition of T-function f on C, and since C’ is not a complete-
equivalent cover, d < n — 1. Then by Lemma 3, Vi € T, SWi(Q¢) < SWi(Qc).
Contradiction to the fact that Vi € T, SW;(Qc) < SW;(Qc).

Thus, assume that !d such that Vi € T, deg;(C’') = d. Then 3t € T such
that deg,(C") = min{deg;(C") : i € T'}. Now let C” be a cover such that Vi € T,
deg,(C") = deg,(C"). Then by Lemma 1, SWi(Qc) < SW(Qcr). Note that,
by the definition of T-function f on C, deg,(C’), and since C’ is not a complete
cover, deg,(C’") < n — 1. Then by Lemma 3, SW;(Qcr) < SW(Qc). Hence, for
teT, SWi(Qe) < SW(Qc).Contradiction to the fact that Vi € T, SW;(Q¢) <
SWi(Qcr).

Thus, 3T € 2¥\{0} and AC" € CV ,which is obtainable from C' via T relative
to v and Y under FX-FE, FX-AE, AX-FE, or AX-AE, is such that 7" can improve
upon C' via C' relative to (v,Y) under FX-FE, FX-AE, AX-FE, or AX-AE. Hence,
C € CV is core stable relative to (v,Y) under FX-FE, FX-AE, AX-FE, or AX-AE.
[

Now we find core stable covers relative to (v,Y’) under free exit- strongly ap-

proved entry condition.

Proposition 2 Let v € V, be any value function and Y allocation rule associated
with the value function v. Let C € CY be a core stable cover relative to (v,Y’) under

FX-FE. Then it is core stable cover relative to (v,Y') under FX-SAE or AX-SAE.
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Proof. Let v € V, be any value function and Y allocation rule associated with
the value function v. Let C' € CV be a core stable cover relative to (v,Y’) under
FX-FE. Thus, given any 7' € 2"\{0}, VC" € CV where C" C {f(H)UP : H €
C,P € 2"} |J27 for some T—function f on C, T does not improve upon C' via C’
relative to (v,Y). Thus, AT € 2V\{(0} and AC’ € CV ,which is obtainable from C
via T relative to v and Y under FX-SAE or AX-SAE, is such that 7" can improve
upon C' via (' relative to (v,Y) under FX-SAE or AX-SAE. Hence, C € CV is core

stable relative to (v,Y) under FX-SAE or AX-SAE. =

Theorem 2 Complete-equivalent cover is core stable under free exit- strongly ap-

proved entry. For |[N| < 3, it is the only core stable cover under FX-SAE.

Proof. First of all, we will prove that complete-equivalent cover is core stable
relative to (v,Y) under FX-SAE. It follows from Theorem 1, and Proposition 2.

Now we will prove that for |[N| < 3, it is the only core stable cover.

For |N| =1 and |N| = 2, the result is trivial.

For |[N| = 3, and N = {4, j, k}, by Proposition 1, we only consider the cover,
C" = {ij,jk}. For T = {i,k}, and C" = {ik, j}, by Lemma 2, and by the definition
of FX-SAE, T can improve upon C’ via C” relative to (v,Y’) under FX-SAE. Hence,
C'" € C¥ is not core stable relative to (v, Y) under FX-SAE. Therefore, for [N| < 3,
complete-equivalent cover is the only core stable cover relative to (v,Y’) under FX-

SAE. =

Remark 2 For |N| > 4, and for some parameters  and v, there are other covers

which are core stable relative to (v,Y’) under FX-SAE.

Example 5 Consider |[N| =4, and N = {1, j,k,l} by Proposition 1,by above case,

we only need to consider these covers or equilvalents of them;

30



Let C" = {ij, jk,kl}. For T = {i,l}, and C" = {il, jk}, by Lemma 2, and by the
definition, T' can improve upon C" via C" relative to (v,Y) under FX-SAE. Hence,
C'" € CV is not core stable relative to (v,Y) under FX-SAE.

Let C' = {ij, jk,kl,il}. For T = N, and C" = {iljk}, by Lemma 3, T can
improve upon C' via C" relative to relative to (v,Y) under FX-SAE. Hence, C' € CN
is not core stable relative to (v,Y’) under FX-SAFE.

Let C" = {ij, jkl}. For T = {i,k,l}, and C" = {ikl, j}, by Lemma 1, and by the
definition, T' can improve upon C" via C" relative to (v,Y) under FX-SAE. Hence,
C" € CV is not core stable relative to (v,Y) under FX-SAE.

Let C" = {ij,ik,il}. For T = {k,1}, and C" = {ij, kl}, by Lemma 2, and by the
definition of free exit- strongly approved entry condition, T can improve upon C' via
C" relative to (v,Y) under FX-SAE. Hence, C' € CV is not core stable relative to
(v,Y) under FX-SAE.

Let C = {ijk, jkl}. For T = {i,l}, and C'" = {il, jk}, by direct calculations we

have

o?B(64* — 18333y — 920822 + 6853~ + 988+%)
6(38 + 27)2(108% + 5187 + 3572)2

SWi(Qcr) — SWi(Qc) =

similar result is valid for the country l.Now, C' s not core stable if o > 0, v = (3.
By direct calculations we have,SW;(Qcr) — SWi(Qc) = % > 0.

Now we will prove that C' is core stable relative to (v,Y) under FX-SAE if a > 0,
7= (1\2)8.

Suppose contrary, then IT € 2N\{0} and IC" € CV ,which is obtainable from
C wvia T relative to (v,Y) under FX-SAE, such that T can improve upon C via C’
relative to (v,Y) under FX-SAE. Hence, Vt € T, SW(Qcr) > SWi(Qc). Trivially
TI£1.

If T = {i,1} then we only need to consider C' = {il, jk}, since SW;(Qcr) —

SWi(Qe) = % < 0. Hence, T cannot improve upon C via C' relative to (v,Y)
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under FX-SAE. Thus, T G {i,l}. But then YT € 2N\{0} such that j € T (or
k€ T) by Lemma 1,2 and 3, BC" € CN ,which is obtainable from C via T relative to
v and Y under FX-SAE, such that T can improve upon C via C' relative to (v,Y)

under FX-SAE. Thus, C' is core stable relative to (v,Y) under FX-SAE

Now, we will find the core stable covers under approved exit- strongly approved

entry.

Corollary 2 Given (v, Y) in the model, complete-equivalent cover is core stable

relative to (v, Y) under AX-SAE.
Proof. Proof follows from Theorem 1, and Proposition 2. =

Theorem 3 Given (v, Y) in the model, star cover is core stable relative to (v, Y)

under strongly approved exit-approved entry condition.

Proof. Let C € CV be a star cover.Then, the cover has at least two hyperlinks,
35 € 2M\{0, N}, such that VH,H' € C, H(H' = S. We will prove that C is core
stable relative to (v,Y’) under AX-SAE.

Suppose contrary, then 37" € 2¥\{()} and 3C" € CV ,which is obtainable from
C via T relative to v and Y under AX-SAE, such that 7" can improve upon C' via
C’ relative to (v,Y’) under AX-SAE. Hence, Vi € T, SW;(Qc) < SW;(Q¢r) and
JjeT, SW;(Qc) < SW;(Qcr). Now, by the definition of AX-SAE and since C' is
a star, so VI' € 2V\{0} and VC’ € C" ,which is obtainable from C via T relative
to v and Y under AX-SAE\VE € S, SWi(Qc) < SWi(Qcr) should be. If |S| = 1,
by Corollary 1, VC' € CV we have SWy(Qc) > SWi(Qcr), if |S] # 1 by Lemma
1,2 and 3, 3k € S such that SW,(Qc) > SWi(Qc) . Contradiction. Hence, T
€ 2M\{0} and AC’ € CV ,which is obtainable from C via T relative to v and Y
under AX-SAE, such that 7" can improve upon C' via C’ relative to (v,Y’) under

AX-SAE. Thus, star cover is core stable relative to (v,Y’) under AX-SAE. =
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Now we will consider the efficient, Pareto efficient covers under the membership
rights.

For networks, Jackson (2003) notes that, a network is efficient relative to a value
function if it is Pareto efficient relative to the value function and for all allocation
rules .Thus, as Jackson (2003) states for networks "Efficiency is the more natural
notion in situations where there is some freedom to reallocate value through transfers,
while Pareto efficiency might be more reasonable in contexts where the allocation
rule is fized (and we are not able or willing to make further transfers or to make
interpersonal comparisons of utility)."”

For covers, the same reasoning is valid.

Remark 3 Note that, given any (v,Y) and given a membership right, if a cover
is core stable relative to (v,Y') then it is Pareto efficient relative to (v,Y"). Thus,
complete-equivalent cover is Pareto efficient relative to (v,Y') under all membership
rights. However, star cover is Pareto efficient relative to (v,Y") but it is not core
stable under some rights structures. Similarly, complete- equivalent cover is the

efficient cover but star is not efficient.

4.2 Model with Linkage Cost

So far in our analysis we assume that the entry to a union does not require cost.
However, in reality, countries pay cost when they enter to a union and the countries
in that union pay cost for the new comer. For instance, Turkey is a candidate
for European Union. In order to join European Union, a new ministery, European
Union Ministery, has been established, and some cost has been spent for controlling
whether the trade products satisfy EU criteria or not. Similarly, EU countries has
sent some funds to Turkey in order Turkey to be ready for EU. Hence, both sides

pay cost.
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Let i € N and let C,, € C be complete- equivalent cover. Let C; = {i} and let
C,, = {iyig...ip }. Define; Vn > 1,Vk < n,
fin=SWi(Qc,) — SWi(Qc,) where n > 1.
fen = [SWi(Qc,) — SWi(Qc,)]\(n — k) where n > k.
Then we have Vt,p > 1 and r,y > 2,
[p=t=1and r <y]or
Jpr < fiy if and only if one of them holds; [t < p| or

[t=p#1and r > y]
Hence, |N| = n we have,

Jon-1ym < fon-2ym < . < faa < foz < fia < ... < fin (0)

Note that f,, > 0,¥p,r > 1. We also have;

fiz = fi2+ fo3

fia= fig+ fos+ faa= fiz+ f34

Jin = fum-1) + J-1)n (1)

Define M as constant cost and m as the variable cost. Assume m < M. If a
country is isolated, in order to join a union, H, it pays M + |H|.m, similarly in
that union, the countries pay m as a cost for the new comer. If a country is not
isolated, in order to join a union, it will only pay cost for the countries which had
not connection with it previously. Similarly, in that union, the countries which had
not connection with the new comer at past, pay cost. Hence, while entrance requires
cost, exit will be costless. Given C' € CV,i € N, define social welfare of a country i

in the "cost" case as SW;(Q¢).Then,
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_ [ SWiQc) if deg;(C) =0
SWi(Qc) = { SI/Vi(CQC) — M — deg,;(C).m otherwise

Then the value function, © € V and the associated allocation rule, Y is attained

by the social welfare of each country. Hence, given C € C¥, we have Vi € N,

Yi(C) = SWi(Qc) — 3(22(2’?;)72) , here 3(22(;&;72) represents the social welfare of a country
when it is isolated. Therefore, 7(C') = 0 whenever |H| =1 for all H € C' and given
C € CV, we have v(C) = 2 Yi(O).

We will prove an obse;i];tion as a claim:

Claim 2 Let C € CY, IN| = n > 3. If M < fo3 and m < fo,, then Vk €

{2,3,....,n} we have M + (k — 1)m < fi.

Proof. Let C € CY and let [N| =n > 3. Let M < fo3 and m < fy,,. We will
prove that given n > 3,Vk € {2,3,...,n} we have M + (k—1)m < f1 ;.Now we know
that M + (k—1)m < fo3+ (k —1)fo,.Hence, given n > 3,Vk € {2,3,...,n} we will
prove that fo3+ (k—1)fan < fi.

Let n = 3 then for k = 2, by (0) and (1), we have, fo3 + f23 < f12. For k=3,
we have fos +2.fo3 < fio+ fo3 = fi3.

Given arbitrary n > 3, we will do induction on k.

If £ = 2 then, fos+ fon < fos+fo3 < fi12. Assume by induction, the assumption
is true Yk < (n — 1). Then we will prove for k£ = n. Now for k£ = n, we know that

foz+ fon(n—1) < foz+ fon-1)(n —2) + fan since fo, < fo(n—1). By induction
assumption, we also know that;

fas 4+ fom-1)(n — 2) < fi(n_1). We want to prove that; fos + fon(n —1) <
f1,n-Now,

fin—(n=1).fon] = [frn-1) — (0 = 2) fo,n-1)] =

o? 8% (B8+7) (36%—287+28yn> ~29* +9°n* + 752 n+108yn+3y°n+5%n?)
2(38+27)2(B+Bn+7yn)? (—y+pBn+yn)?

Thus, fo3+ fon(n —1) < fi,. Therefore, given n > 3, M < fo3, and m < fo,

> 0.

we have M + (k — 1)m < fi1,,Vk € {2,3,...,n}. =
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Note that denote core stable as "CS", and not core stable as "NCS". Below two
examples, core stability is considered as core stability relative to (7,Y).

Now we will make the analysis for |[N| = 3.

Let N = {i,j,k} and let Cy = {i,j,k}, Cy = {ij, k},Cs = {ij,ik} and Cy =
{ijk}. Then;

fi = SW, = o ) = fio

. : o : _ 2a2B(558%4-27683+4368272 4216873 +25v%)
f2 = SWilCy) = SWi{Ch) = 9(26+7)2 (457 +13571+77%)?

)
)
(C)) = 22000042 g
) =
)

2(264+7)2(46+37)2
a?B(315644-1551837425933272 41733573 +400~4)
18(3B+27)2(48%+13By+7+2)2

_ a?B2(76+57) f
T 2(36+27)2(4B+37)2 23

( C ) _ a?B(248*+1808%4 4355672+ 7087° ~537*)
! 18(26817)2 (457 +1367+772)?

_ , _ , _ a?B(33684+18963%+3413327%+226267°+4777%)
fr = SW;(Ca) = SW;(Cs) = 18(48+37)2(48°+136~+772)?

Then we have; f5 < f1 < f3 < fus < foand fs < f7 < fyand f5 < fr and fg < fi.
Now, we know by direct calculations, the core stable covers are;

Result 1: If M < fg and so m < fg, or if M < f5 and so m < f5 then,
M +m < fis and M + 2m < fi3. Hence, C3 is CS under AX-SAE and C} is CS
under all rights structures.

Result 2: If fg < M < f; and so m < f; then there are two cases;

Case 1: If M +m < fio and M + 2m < fi3 then, C5 is CS under AX-SAE and
Cy is CS under all structures.

Case 2: If M +m > fio and M + 2m > fi3 then, C is CS under AX-AE FX-
AE,AX-SAE, & FX-SAE, C5 is CS under AX-SAE.

Result 3: If f; < M < f; and f5 < m < f; then, M +m > fio and M +2m > fi3
hence,C' is CS under AX-AE FX-AE,AX-SAE, & FX-SAE, (5 is CS under AX-SAE.

Result 4:f; < M and so m < fi, then for some  and v, we have M + 2m > fs,
in this case ' is CS under all rights structures.

Now, let Cy = {ijk} be given. Suppose that, M and m are such that M +m > fio
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and M + 2m > f13. By the model, we have, Vi € N, SW;(C,) < SW;(C}). On the
other hand, when a country exits from a union, it cannot get the cost, which was
spent for entrance, back. We will examine this situation for |N| = 3. Since, for Cy,
we always have SW;(Cs) > SW;(C}) so, we only need to consider two covers.

1) Let C5 = {ij,ik} be given, then, if m < fg or m < f5 then C3 is CS under
AX-SAE, but if m > f; then C5 is CS under all rights structures.

2) Let Cy = {ijk} be given, and suppose M +m > fi5 and M + 2m > fi3, then
Cjy is CS under all rights structures.

Note that, when there is a linkage cost, core stable covers differ according to

a, 3, v and |N| under different rights structures.
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CHAPTER 5

CONCLUSION

In our research, we investigated several questions about stability of covers under
different rights structures. In order to model our problem, we use the assumptions
and findings of Ilkilic (2010) to calculate the social welfare of a country in a given
cover structure. Sertel (1992) introduced four possible membership rights in an
abstract setting. In this aspect, either both exit and entry require approval, only
one of them requires approval (i.e., approved entry- free exit or vice versa). We
define four membership rights for covers, in addition to this, we introduce and define
strongly approved entry condition for covers. We investigated core stability notion
in all cases respectively. We investigated efficient and Pareto Efficient covers.While
examining core stability and exit-entry conditions, we first considered entry without
linkage cost.Then, we did the same analysis considering entry cost. We concluded
that core stable covers differ under different rights structures.

As we mention before, we assume that countries have the same demand and the
same economic, technological structure. For simplicity, we take one kind of product
which can be produced in all countries with the same technology. In other words,
countries are symmetric. But in reality, it is not. Hence, as a further research,
country’s differences can be considered, and the same questions in terms of this

difference can be answered. Besides, as a further research, transferable payoffs can
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be considered.
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