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ABSTRACT 
 

 

 

In this study, the main aim is to extend some well known binary and quaternary 
codes to the ring . Reed-Muller, Goethals, Delsarte-Goethals Codes are 

extended, their properties and relations to binary and quaternary versions are studied. 
Polar codes of some specific dimensions are expressed algebraically. Linear codes 
obtained as the Gray images of codes over 

2F uF 2

22F uF  are compared with binary codes. 

We present a new algebraic method of obtaining Polar codes from codes over . 2 2F uF
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ÖZ 
 

 

 
 Bu çalışmada temel amaç bilinen bazı ikili ve dörtlü kod ailelerini 2 2F uF  

halkasına genişletmektir. Çalışmada Reed-Muller, Goethals, Delsarte-Goethals Codes 
kodları dolayısıyla Kerdock ve Preparata kodları da 2F uF2  halkasına genişletilmiştir. 

Elde edilen kodların ve duallerinin özellikleri incelenmiş. Çalışmamızda iki hata 
doğrulayan ikili kod aileleri elde edilmiştir. Bunun yanında son zamanlarda önemli yer 
tutan bazı Polar kod ailelerini de yeni bir cebirsel yolla elde etme yöntemi sunuyoruz. 
 
 
Anahtar Kelimeler: Reed-Muller kodları, Polar kodlar, gray, halkalar üzerine kodlar 
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CHAPTER 1

Introduction

The main aim of coding theory is to correct errors on noisy communication

channels. The history of error correcting codes started with the introduction of

the Hamming codes in late 1940�s, at about the same time as Shannon published

his seminal paper "A mathematical theory of communication". Golay codes were

invented in 1949.

In the early periods of Coding Theory, codes were usually taken over �nite

�elds, especially over the �eld with two elements, such codes are called binary codes.

Linear codes have been the most commonly studied types of codes since they are

easy to construct, encode and decode. In 1970�s, nonlinear codes like Nordstrom-

Robinson, Preparata and Kerdock codes were constructed which have twice as many

codewords as any linear code with the same parameters. In 1967, Nordstorm and

Robinson constructed an optimum nonlinear binary code as in [26]. Preparata codes

were introduced by [27] in 1968 and Kerdock codes were introduced by [17] in 1972.

These codes also give 3-designs as noted in [19]. These codes gave rise to interest

in nonlinear binary codes. In 1994, Hammons et al. published a paper [13] in

which they showed well known non-linear binary Kerdock, Preparata and Delsarte-

Goethals Codes can be obtained as Gray images of linear codes over Z4. This

construction clari�ed a mystery about the relation between Kerdock and Preparata

codes. This paper increased the interest in codes over rings especially the codes over

1
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Z4 which are called quaternary codes.

1.1. Basic de�nitions

Let Fnq be a vector space of dimension n over the Galois Field Fq, where q is

a prime power. A subset C of Fnq is called a code of length n, C is also said to be

an (n;M) code over Fq where M is the size of C. The elements of C are called

codewords. The Hamming distance dH (v; w) between two words v and w is the

number of coordinates in which v = (v1;v2; : : : ; vn) and w = (w1; w2; : : : ; wn) di¤er

dH (v; w) = jfi : 1 � i � n; vi 6= wigj .

The most common weight used in coding theory is the Hamming weight which is

the number of non-zero coordinates of v denoted by wH (v) ; i.e.

wH (v) = jfi : 1 � i � n; vi 6= 0gj .

The minimum distance of a code is the smallest distance between two distinct

words. i.e. the minimum distance of C is

d (C) = min fd (x; y) j x; y 2 C; x 6= yg

and the minimum weight of a code C is

w (C) = min fw (x) j x 2 C; x 6= 0g .

A code C with minimum distance d can detect up to d � 1 errors and can correct

up to e =
�
d�1
2

�
errors.

The main part of our study is about Reed Muller codes over F2 + uF2 which
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is a ring of characteristic 2 with 4 elements;

F2 + uF2 =
�
a+ bu j a; b 2 F2; u2 = 0

	
and it is easily seen that F2 + uF2 ' F2 [x] = (x2) : It is a local ring with unique

maximal ideal (u). It has the following addition and multiplication table

+ 0 1 u 1 + u

0 0 1 u 1 + u

1 1 0 1 + u u

u u 1 + u 0 1

1 + u 1 + u u 1 0

� 0 1 u 1 + u

0 0 0 0 0

1 0 1 u 1 + u

u 0 u 0 u

1 + u 0 1 + u u 1

Table 1 Addition table for F2 + uF2 Table 2 Multiplication table for F2 + uF2

Cyclic and self-dual codes over F2 + uF2 are studied extensively in [8], [9] and [1].

1.2. Linear codes

A linear code over a �eld Fq of length n is a k-dimensional subspace of Fnq
which is called an [n; k] code. A generator matrix G for a linear code C is a k by

n matrix for which the rows are a basis of C:

An advantage of working with linear codes is that the minimum distance and

the minimum weight of a linear code are equal since d (v; w) = w (v � w), d (C) =

w (C) for linear codes. This reduces the complexity of �nding the minimum distance.

Two linear codes C and C 0 are said to be permutationally equivalent if one

can be obtained from the other by a permutation of the coordinates. A generator

matrix G is a k � n matrix whose row space is G:

C =
�
xG : x 2 Fkq
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and a parity check matrix H is a n� k � n matrix whose null space is C: i.e.

C =
�
v 2 Fnq : HvT = 0

	
The code generated by the parity check matrix H is called the dual of C and is

denoted by C?, which is an [n; n� k] code.

C? =
�
v 2 Fnq : hu; vi = 0;8u 2 C

	
A code C is self-orthogonal provided C � C? and self-dual provided C = C?:

Binary codes for which all codewords have even weight are called even. It is called

doubly even if all codewords have weight divisible by 4: A self-orthogonal code is

even and a doubly even code is self-orthogonal. A self orthogonal code that is not

doubly even is called singly even.

Let C be a linear code of length n and let Ai be the number of codewords of

weight i. Then

A (z) :=
nX
i=0

Aiz
i

is called the weight enumerator of C. If C is an [n; k] code with weight enumerator

A (z) then

B (z) :=
1

jCj (1 + z)
nA

�
1� z

1 + z

�

is the weight enumerator of C?. This identity is called Macwilliams identity.

A linear code over a ring R of length n is an R-submodule of Rn. A Gray

map is a weight preserving map which takes a code over a ring to a code over a �eld.

A linear code over F2 + uF2 + u2F2 + � � � + usF2 is permutation equivalent to
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a code with generator matrix

G =

26666666664

Ik1 A1 A2 A3 � � � As+1

0 uIk2 uB1 uB2 � � � Bs

0 0 u2Ik3 u2C1 � � � Cs�1

0 0 0
. . .

...

0 0 0 0 usIks usD

37777777775
where Iki is the identity matrix of size ki; Bj; Cr; :: are binary matrices and At are

matrices over F2 + uF2 + u2F2 � � �+ usF2.

For linear codes over rings the concept of dimension does not work but we

can de�ne its type. A linear code which has the above matrix G as its generating

matrix is said to be of type

(2s)k1(2(s�1))k2 � � � (2)ks .

In this case we will have

jCj = 2sk1+(s�1)k2+���+ks .



CHAPTER 2

Binary and Quaternary Reed Muller Codes

Binary Reed Muller codes are an important class of codes which includes the

extended Hamming code. In 1954, I.S. Reed introduced this family of binary linear

codes in [28] and in the same year in [23] D.E. Muller introduced an e¢ cient decoding

algorithm for these codes. They have interesting properties; Reed Muller codes are

linked to design theory and as Forney showed in [11] they can be considered as

codes on graphs. In addition, codes in this family have relatively simple and highly

structured trellises.

2.1. Boolean functions

The �rst de�nition of Reed-Muller codes was given in terms of Boolean func-

tions. Consider the polynomial ring ofm variables over F2 Rm = F2 [x0; x1; : : : ; xm�1].

De�nition 2.1. [22] A Boolean monomial is an element p 2 Rm of the following

form p = xr00 x
r1
1 : : : x

rm�1
m�1 where ri 2 N. A Boolean polynomial is an F2-linear

combination of boolean monomials. A Boolean polynomial is simply an F2-linear

combination of Boolean monomials; any element of Rm may be thought of as a

Boolean polynomial.

De�nition 2.2. [22] Given a Boolean monomial p 2 Rm; we say that p is in reduced

form if it is square-free. For any Boolean monomial q 2 Rm; it is trivial to �nd the

reduced form of q by applying:

xixj = xjxi and x2i = xi.

A Boolean polynomial in reduced form is an F2-linear combination of reduced form

6
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Boolean monomials.

Consider mapping  : Rm ! F2m2 de�ned as follows:

 (0) = 02
m

 (1) = 12
m

 (x0) = 1
2m�102

m�1

 (x1) = 1
2m�202

m�2
12

m�2
02

m�2

:

 (xi) = 1
2m�i�102

m�i�1
12

m��1
02

m�i�1
: : : 12

m��1
02

m�i�1

and the vector multiplication; x�y = (x1y1; x2y2; : : : ; xnyn) where x = (x1; x2; : : : ; xn)

and y = (y1; y2; : : : ; yn).

For any monomial p 2 Rm;  (p) =  (x1)� (x2)�� � �� (xk) where x1x2 : : : xk
is the reduced form of p:

Any polynomial q 2 Rm can be written as a sum of monomials q = m1+m2+

� � �+ml: Then  (q) =  (m1) +  (m2) + � � �+  (ml) :

Proposition 2.1.1. [22]  is a ring isomorphism from (Rm;+; �) to
�
F2m2 ;+; �

�
.

De�nition 2.3. [22] The r-th order Reed-Muller code, denoted by RM (r;m), is

the set of all polynomials of degree at most r in the ring Rm. Alternatively through

the isomorphism  , it may be thought of as a subspace of F2m2 , i.e. a linear binary

code of length 2m.

2.2. Binary Reed Muller Codes

Alternatively a recursive de�nition may be given for binary Reed Muller codes

as follows;
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De�nition 2.4. [16] The �rst order Reed Muller codes RM (1;m) are binary codes

de�ned, for all integers m � 1; recursively as follows:

RM (1; 1) = F22

for m � 1; RM (1;m+ 1) = f(u; u) : u 2 RM (1;m)g [ f(u; u+ 1) : u 2 RM (1;m)g .

De�nition 2.5. [16] The 0-th order Reed-Muller code RM(0;m) is de�ned to be

the repetition code f0; 1g of length 2m. The r-th order Reed Muller code of length

2m; RM (r;m) ; 2 � r � m is de�ned recursively by;

RM(r;m) = f(u; u+ v) : u 2 RM(r;m� 1); v 2 RM(r � 1;m� 1)g if m > r

and F2r2 if m = r.

Theorem 2.2.1. [16] ( The (u; u + v)-construction): Let Ci be an [n; k; d]- linear

q-ary code for i = 1; 2. Then the code C de�ned by, C = f(u; u+ v) : u 2 C; v 2 Cg

is a [2n; k + k;min(2d; d)] linear q-ary code.

Proposition 2.2.2. [16] For m > 0, the Reed-Muller code RM(1;m) is a binary

[2m;m+ 1; 2m� 1] linear code, in which every codeword except 0 and 1 has weight

2m�1.

Proposition 2.2.3. [16] If Gm is a generator matrix for RM(1;m), then a generator

matrix for RM(1;m+ 1) is

Gm+1 =

24 Gm Gm

0 1

35 .
Theorem 2.2.4. [16] If Gr;m is a generator matrix of RM(r;m) then a generator

matrix for RM(r + 1;m+ 1) is given by

Gr+1;m+1 =

24 Gr+1;m Gr+1;m

0 Gr;m

35 .
The dimension of RM(r;m) is 1 +

�
m
1

�
+
�
m
2

�
+ � � � +

�
m
r

�
which will be denoted as
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Kr;m: The minimum weight of RM(r;m) is 2m�r:

We summarize the properties of binary Reed-Muller codes in the following

lemma.

Lemma 2.1. [16] Let r;m be integers such that 0 � r � m: Let RM (r;m) be the

r-th order Reed-Muller code then we have;

1. RM (r � 1;m) � RM (r;m) ; 8r � m:

2. RM (r;m)? = RM (m� r � 1;m) ; 8r < m:

3. RM (k; 2k + 1) is a self-dual binary
�
22k+1; Kk;2k+1; 2

k+1
�
code.

4. d (RM (r;m)) = 2m�r and its dimension is Kr;m = 1 +
�
m
1

�
+
�
m
2

�
+ � � �+

�
m
r

�
:

5. RM(m�1;m) consists of all binary words of length 2m that have even weight.

Therefore, if r < m; RM(r;m) contains code words of even weight only.

6. RM (0;m) is a repetition code. RM (1;m) is the dual of the extended Ham-

ming code, (H 0)? :

7. RM (1;m) � Km � RM (2;m) ; where Km is the Kerdock code, m is even and

m � 4:

8. RM (m� 3;m) � Pm � RM (m� 2;m) ; where Pm is the Preparata code, m

is even and m � 4:

9. RM (m� 2;m) is the extended Hamming code H 0:

10. RM (m;m) = F 2
m

2 :

2.3. Quaternary Codes

The interest in quaternary codes has grown tremendously since the prize win-

ning paper [13], and they have been extensively studied in [32]. They are interesting

since nonlinear binary classes of codes, such as; Kerdock and Preparata-like codes,

are the Gray images of linear quaternary codes. Also optimum Nordstorm Robinson

nonl¬near code appears as the �rst member of these classes. Nordstorm Robinson

code is also the Gray image of octacode as Forney et al. proved in [10].

A linear quaternary code C of block length n is a submodule of Zn4 , and it is
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permutation equivalent to a quaternary code with generator matrix of the from

24 Ik1 A B

0 2Ik2 2C

35
where A and C are binary matrices and B is a matrix over Z4: C is of type 4k12k2

and obviously jCj = 22k1+k2 :

De�nition 2.6. [13] The Gray map � from (Zn4 , Lee weight) to (Z2n2 , Hamming

weight) is de�ned as;

� : Z4 �! Z22
0 7�! 00

1 7�! 01

2 7�! 11

3 7�! 10

.

The following three maps �; �; 
 from Z4 to Z22 de�ned as follows;

Z4 � � 


0 0 0 0

1 1 0 1

2 0 1 1

3 1 1 0

.

The Gray map can also be expressed in terms of � and 
 as follows:

� (x) = (� (x) ; 
 (x)) for all x 2 Z4.

Theorem 2.3.1. [13] � is a weight preserving map from (Zn4 , Lee weight) to (Z2n2 ,

Hamming weight), i.e.

wL (x) = wH (� (x)) for all x 2 Z4
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and � is also distance preserving map from (Zn4 , Lee distance) to (Z2n2 , Hamming

distance), i.e.

dL (x; y) = dH (� (x) ; � (y)) for all x; y 2 Z4.

Proposition 2.3.2. [13] The binary image C = � (C) of a Z4-linear code C is linear

if and only if

x; y 2 C =) 2� (x) � � (y) 2 C.

Corollary 2.3.3. [32] Let C be a Z4-linear code, x1; x2; :::; xm be a set of generators

of C; and C = � (C). Then C is linear if and only if 2� (xi) � � (xj) 2 C for all i; j

satisfying 1 � i � j � m.

2.3.1. Quaternary Kerdock Codes

In 1972, Kerdock introduced a class of nonlinear binary codes by [17]. Later it

turned out that this family of codes is the Gray image of quaternary Kerdock codes.

Let f (x) be a monic polynomial of degreem � 1 in Z4 [x]. If
_

f (x) is irreducible

over Z2, then f (x) is called a basic irreducible polynomial of degree m in Z4 [x].

If
_

f (x) is primitive of degree m over Z2, then f (x) is called a basic primitive

polynomial of degree m in Z4 [x].

Let m be any integer � 2 and h (x) be a basic irreducible primitive polynomial

of degree m over Z4 such that h (x) j
�
x2

m�1 � 1
�
. Clearly h (x) is the Hensel lift of

the binary primitive polynomial
_

h (x). Let n = 2m � 1 and g (x) be the reciprocal

polynomial of the polynomial (xn � 1) = (x� 1)h (x).

De�nition 2.7. [32] The shortened quaternary Kerdock code K (m)� is the qua-

ternary cyclic code of length 2m� 1 with generator polynomial g (x) : The positions

of the coordinates of codewords of K (m)� are numbered as 0; 1; 2; ::; 2m � 2: The

quaternary Kerdock code K (m) is the code obtained from K (m)� by adding a zero-
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sum check symbol to each codeword of K (m)� at position 1; which is situated in

front of the position 0:

Proposition 2.3.4. [32] Let deg g (x) = �; then � = 2m �m� 2:Let

g (x) = g0 + g1x+ � � �+ g�x
�;

where gi 2 Z4; and let g1 = � (g0 + g1 + � � �+ g�) ; then the following (m+ 1)� 2m

matrix

26666664
g1 g0 g1 : : : : : : g� 0 0 0

g1 0 g0 g1 : : : : : : g� 0 0
...

...
...
. . . . . . 0

g1 0 0 0 g0 g1 : : : : : : g�

37777775
is a generator matrix of K (m) :

Proposition 2.3.5. [32] Let � be a root of h (x) in some extension ring of Z4; for

instance, in GR (4m) : Then the (m+ 1)� 2m matrix

24 1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

35
is also a generator matrix of K (m) ; where the entries �j (0 � j � n� 1) in the

second row are to be replaced by the corresponding m tuples [a1j; a2j; : : : ; amj]
T if

�j = a1j + a2j� + � � �+ amj�
m�1:

Let m be an integer � 2: Denote the binary image of the quaternary Kerdock

code K (m) by K (m) ; i.e. K (m) = � (K (m)) : Then we have

Theorem 2.3.6. [32] Let m be an integer � 2: Then K (m) is a nonlinear binary

code of length 2m+1 and with 4m+1 codewords. This code is distance invariant and

all its codewords are of even weight.

Proposition 2.3.7. [32] Let m be an integer � 2: Then the binary image of the
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linear subcode of K (m) with generator matrix

24 1 1 1 1 : : : 1

0 2 2� 2�2 : : : 2�n�1

35
is the �rst-order Reed-Muller code RM (1;m+ 1) contained in K (m) :

Theorem 2.3.8. [32] Let m be odd and � 3: Then K (m) = Km+1; binary Kerdock

code.

2.3.2. Quaternary Preparata Codes

In 1968, Preparata introduced in [27] Preparata codes which is an optimum

double error correcting family of nonlinear binary codes. They were studied in

[4], [27] and [30]. Quaternary Preparata codes as given below have Gray image

Preparata-like codes.

De�nition 2.8. [32] The Z4-cyclic code of length n with generator polynomial

h (x) is called the shortened quaternary Preparata code and denoted by P (m)� :

The Z4-linear code obtained from P (m)� by adding a zero-sum check symbol to

each codeword of P (m)� is called the quaternary Preparata code and denoted by

P (m) :

Proposition 2.3.9. [32] P (m)� has parity check matrix

h
1 � �2 : : : �n�1

i
.

P (m) is the dual of K (m) and has parity check matrix

24 1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

35 .
Proposition 2.3.10. [32] Let m be an integer � 2; then all codewords of P (m) are

of even Lee weight. Moreover, when m is even and � 2;P (m) has minimum Lee

distance 4 and when m is odd and � 3;P (m) has minimum Lee distance 6:
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Denote the binary image of the quaternary Preparata code P (m) by P (m) ;

i.e. P (m) = � (P (m)) : Then we have

Theorem 2.3.11. [32] Let m be an integer � 2: P (m) is a binary code of length

2m+1 and has 22
m+1�2m�2 codewords. It is distance invariant, and all its codewords

have even weight and is the formal dual of K (m) : Its weight enumerator is

WP (m) (X; Y ) =
1

4m+1
WK(m) (X + Y;X � Y ) :

When m � 3; P (m) is nonlinear. When m is even and � 2; the minimum distance

of P (m) is 4 and when m is odd and � 3; the minimum distance of P (m) is 6:

Proposition 2.3.12. [32] For odd m � 5; P (m) is contained in a nonlinear code

with the same weight distribution as the extended binary Hamming code of the same

length, and the linear code spanned by the codewords of P (m) has minimum weight

2:

Proposition 2.3.13. [32] The Preparata code Pm+1 and the "Preparata" code P (m)

have the same length, the same number of codewords, the same minimum distance

and the same weight enumerator.

P (m) is also called Preparata-like code.

For m = 3; Kerdock and Preparata-like codes coincide, i.e. K (3) = P (3) and

it is the Nordstorm-Robinson code which is an optimum binary code.

2.3.3. Quaternary Reed Muller codes

The quaternary Reed Muller codes were studied in detail in [13] and [7]. Ker-

dock and Preparata codes belong to this family of codes.

De�nition 2.9. [13] QRM codes are de�ned over Z4 as follows, let m be an integer

greater than 1 and n = 2m � 1. Let h (x) be a basic primitive polynomial over Z4
of order m dividing xn � 1 and � be one of its roots (h (x) is obtained by Hensel
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lift). Then the m distinct roots of h (x) are �; �2; : : : ; �2
m�1

; and � is of order 2m� 1.

Consider the (m+ 1)� 2m matrix

24 1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

35 .
Here �i corresponds to the column [a1i; a2i; : : : ; ami]

T where

�i = a1i + a2i� + � � �+ ami�
m�1.

Denote the ith row of the matrix by vi (i = 0; 1; 2; : : : ;m) are 2m-tuples over Z4 and

v0 is the all 1 2m-tuple 12
m
:The quaternary r-th order Reed-Muller code QRM (r;m)

is the code generated by all 2m-tuples of the form

vi1vi2vi3 : : : vis ; 1 � i1 � i2 � : : : � is � m; 0 � s � r:

We agree that vi1vi2 : : : vis = 1
2m ; when s = 0:

Proposition 2.3.14. [13] QRM (1;m) = K (m) where K (m) is the quaternary

Kerdock code.

Example 2.3.1. Let m = 3 and h (x) = x3 + 2x2 + x � 1 be a basic primitive

polynomial of degree 3 over Z4 which is the Hensel lift of the binary polynomial

x3 + x+ 1. Then we have

�3 = 2�2 + 3� + 1

�4 = 3�2 + 3� + 2

�5 = �2 + 3� + 3

�6 = �2 + 2� + 1
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where � is a root of h (x). Then QRM (1; 3) is the Z4-code generated by

26666664
1 1 1 1 1 1 1 1

0 1 0 0 1 2 3 1

0 0 1 0 3 3 3 2

0 0 0 1 2 3 1 1

37777775
which can also be viewed as the extended cyclic code that is generated by g (x) =

x3 + 2x2 + x� 1 i.e. the Z4-code generated by

26666664
1 3 1 2 1 0 0 0

1 0 3 1 2 1 0 0

1 0 0 3 1 2 1 0

1 0 0 0 3 1 2 1

37777775
For these parameters Kerdock and Preparata codes coincide QRM (1; 3) = K (3) =

P (3) moreover it is the quaternary code octacode. Its gray image is the optimum

non-linear binary (16; 28; 6) Nordstorm-Robinson code as Forney showed in [10].

Proposition 2.3.15. [13] � (QRM (r;m)) = RM (r;m) where � is modulo 2 map.

Lemma 2.2. [13] The following 2m-tuples over Z4

vi1vi2vi3 : : : vis ; 1 � i1 � i2 � : : : � is � m; 0 � s � m;

form a basis of the free Z4-module Z2
m

4 :

Corollary 2.3.16. [32] For 0 � r � m;QRM (r;m) is of type 4Kr;m ; where

Kr;m = 1 +

�
m

1

�
+

�
m

2

�
+ � � �+

�
m

r

�
:

Proposition 2.3.17. [32] Let m be an integer � 2 and 0 � r � m� 1: Then

QRM (r;m)? = QRM (m� r � 1;m) :
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In conclusion, properties of QRM codes are;

1. Under modulo 2 map (�) they are binary Reed-Muller codes;

� (QRM (r;m)) = RM (r;m) :

2. First order QRM code is the quaternary Kerdock code; QRM (1;m) = � (m) :

3. QRM (m� 2;m) = P (m), quaternary Preparata code.

4. QRM (r;m)? = QRM (m� r � 1;m)

5. Obviously, it is of type

4Kr;m ; where Kr;m = 1 +
�
m
1

�
+
�
m
2

�
+ � � �+

�
m
r

�
:

2.3.4. Quaternary Goethals Codes

In 1972, Goethals introduced Goethals codes in [12] which is a family of three

error correcting codes. They are also studied in [4].

De�nition 2.10. [13] Let m be an odd integer � 3 and � be an element of order

2m � 1 in the Galois ring GR (4m) : The quaternary Goethals code G (m) of length

2m is de�ned to be the Z4�linear code with parity check matrix

26664
1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

0 2 2�3 2�6 : : : 2�3(n�1)

37775
where n = 2m�1 and each �i (i � 0) is replaced by [a1i; a2i; :::; ami]T where �i = a1i+

a2i�+:::::::+ami�
m�1: The columns of the matrix are numbered by1; 0; 1; 2; :::; n�1:

If we delete the 1�components of the codewords of G (m), the code thus obtained

is called the shortened quaternary Goethals code and denoted by G (m)� :

Corollary 2.3.18. [13] The quaternary Goethals code G (m) of length 2m;m odd

� 3;m is of type 42
m�2m�12m and of minimal Lee distance 8:

Corollary 2.3.19. [13] The shortened quaternary Goethals code G (m)� has parity
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check matrix

24 1 � �2 : : : �n�1

2 2�3 2�6 : : : 2�3(n�1)

35
and is a Z4-cyclic code of length 2m � 1, of type 42

m�2m�12m and of minimal Lee

distance 7:

Proposition 2.3.20. [13] Let m be an odd integer � 3: The "Goethals" code

� (G (m)) is a binary code of length 2m+1. It is distance invariant, and has 22m+1�3m�2

codewords and minimal Hamming distance 8. If m � 5; it is nonlinear; but � (G (3))

is linear.

2.3.5. Quaternary Delsarte-Goethals and Goethals-Delsarte Codes

Delsarte-Goethals codes were studied in [15]. The quaternary Goethals codes

and its Z4-duals can be further generalized as follows,

De�nition 2.11. [13] Let m be an odd integer � 3;m = 2t+ 1; 1 � r � t and � be

an element of order n = 2m � 1 in Galois ring GR (4m). The quaternary Delsarte-

Goethals code DG (m; �) ; where � = m+1
2
� r; is the Z4-linear code with generator

matrix

26666666666666664

1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

0 2 2�3 2�6 : : : 2�3(n�1)

...
...

...
...

. . .
...

0 2 2�1+2
j
2�(1+2

j)2 : : : 2�(1+2
j)(n�1)

...
...

...
...

. . .
...

0 2 2�1+2
r
2�(1+2

r)2 : : : 2�(1+2
r)(n�1)

37777777777777775
.

It is easily seen that this is a generalization of QRM:



19

The quaternary Goethals-Delsarte code GD (m; �) is the Z4-linear code with

the matrix as its parity check matrix.

Denote the binary images of DG (m; �) and GD (m; �) by � (DG (m; �)) and

� (GD (m; �)), respectively. Then we have

Proposition 2.3.21. [13] Let m be an odd integer � 3;m = 2t + 1; 1 � r � t

and � = m+1
2
� r:Then the quaternary Delsarte-Goethals code DG (m; �) is of length

2m and has type 4m+12rm and minimum Lee weight 2m � 2m��. Its binary image

� (DG (m; �)) is the Delsarte-Goethals code DG (m+ 1; �), which is a binary code

of length 2m+1, is distance invariant, and has 22(m+1)+rm codewords nad minimum

Hamming distance 2m � 2m��. When m � 5, DG (m+ 1; �) is nonlinear.

Proposition 2.3.22. [13] Let m be an odd integer � 3;m = 2t + 1; 1 � r � t and

� = m+1
2
� r:Then the Goethals-Delsarte Z4-code GD (m; �) is of length 2m and has

type 42
m�(r+1)m�12rm and minimum Lee weight 8. Its binary image � (GD (m; �))

is a binary code of length 2m+1, it has 22
m+1�(r+2)m�2 codewords, and is distance

invariant. It has the same weight distribution as the binary Goethals-Delsarte code

GD (m+ 1; �). When m � 5; � (GD (m; �)) is nonlinear.

Theorem 2.3.23. [22] DG (m; �) ; where m = 2t + 2 � 4; is a code of length 2m

containing 2(2t+1)(t��+2)+2t+3 codewords and having minimum distance 22t+1�22t+1��:

If � = 1; DG (m; 1) = RM (1;m) ; while for 2 � � � m
2
; DG (m; �) is a nonlinear

subcode of RM (2;m) :

2.4. Polar codes

The idea of channel polarization is introduced by Prof. Ar¬kan in [2]. Polar

codes are the �rst family of capacity achieving codes and they have many applica-

tions. Polar coding is a code construction method that can be used to construct

capacity achieving codes on memoryless channels. As Ar¬kan showed in [3] with re-

spect to some decoding algorithms they have lower decoding complexity compared to

the Reed Muller codes. Polar coding may be considered as a generalization of Reed

Muller coding. Non-binary version of polar codes are studied by Ar¬kan, Şaşo¼glu,

Telatar in [29].
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Ar¬kan gives a heuristic construction for polar codes as follows:

De�nition 2.12. [23] Let

F =

24 1 0

1 1

35 .
For any N = 2n; n � 1 and 1 � K � N an (N;K) polar code is a linear code whose

generator matrix GP (N;K) is a K � N submatrix of F
n; nth tensor power of F .

It is not easy to understand Polar code construction, we use the following recursion

and choose some rows of Kronecker product of the matrix; �rst we compute the

vector zN = (zN;1; zN;2; ::; zN;N) by recursion

z2k;j =

24 2zk;j � z2k;j for 1 � j � k

z2k;j�k for k + 1 � j � 2k

35
for k = 1; 2; 22; :; 2n�1; with z1;1 = 1=2. Then we form a permutation �N =

(i1; i2; : : : ; iN) of (1; 2; : : : ; N) so that for any 1 � j < k � N; the inequality

zN;ij � zN;ik is satis�ed. The generator matrix GP (N;K) for an (N;K) polar code

is de�ned as the submatrix of F
n consisting of the rows with indices i1; i2; : : : ; iK .

Example 2.4.1. For example, for n = 3 we get

z8 = (0:996; 0:684; 0:809; 0:121; 0:879; 0:191; 0:316; 0:004)

which gives �8 = (8; 4; 6; 7; 2; 3; 5; 1) : Polar code picks the rows of F
3 by the order

given in �8: So for GP (8; 5) we choose the 8; 4; 6; 7 and 2nd rows of F
3

GP (8; 5) =

26666666664

1 1 0 0 0 0 0 0

1 1 1 1 0 0 0 0

1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0

1 1 1 1 1 1 1 1

37777777775
.
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Polar codes prefer the rows with shorter span of 1s. For instance GP (8; 5)

prefers 2nd row of F
3.

E¢ cient construction for polar codes is given by Mori and Tanaka

recursively as follows:

De�nition 2.13. [25] GN = BNF

n for any N = 2n; n � 0; BN is a permu-

tation matrix known as bit-reversal and can be computed recursively as: BN =

RN

�
I2 
BN

2

�
where B2 = I2 and RN is permutation matrix for reverse shu­ e

(v1; v2; : : : ; vN)RN = (v1; v3; : : : ; vN�1; v2; v4; : : : ; vN).

Example 2.4.2. By using the last recursive de�nition G8 is obtained as follows;

G8 =

26666666666666666664

1 0 0 0 0 0 0 0

1 0 0 0 1 0 0 0

1 0 1 0 0 0 0 0

1 0 1 0 1 0 1 0

1 1 0 0 0 0 0 0

1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0

1 1 1 1 1 1 1 1

37777777777777777775

.

Korada, Şaşo¼glu and Urbanke de�ned the rate of polarization; exponent as

follows:

De�nition 2.14. [18] Given an l� l matrix G =
�
gT1 ; g

T
2 ; ::::; g

T
l

�T
. Partial distances

Di; i = 1; 2; ::l are de�ned as

Di = d (gi; hgi+1; gi+2; : : : ; gli) ; for i = 1; 2; : : : ; l � 1

Dl = d (gl; 0)
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and the rate of polarization, exponent of G is given by

E (G) =
1

l

lX
i=1

loglDi .

Example 2.4.3. The partial distances of the matrix

G =

26664
1 0 0

1 1 0

0 1 1

37775
are d1 = 1; d2 = 2; d3 = 2: Hence, E (G) = 1

3
(log3 1 + log3 2 + log3 2) = 0:42062.

Korada, Şaşo¼glu, Urbanke showed in [18] that the rate of polarization for

binary matrices exceeds 0:5 at l = 16 i.e.

El = max
G2f0;1gl�l

E (G) ; El �
1

2
; for l � 15 and E16 = 0:51828.

2.5. Galois Ring Extension of F2 + uF2; GR (R;m)

This chapter introduces the main machinery, Galois rings, for the study of

codes over R = F2 + uF2: Krull developed the theory of Galois rings. Galois rings

are studied in detail in [31] and [32].

A polynomial h (x) of degree m over F2 + uF2 is called a basic irreducible

polynomial if it is a monic irreducible polynomial over F2 + uF2 such that h (x) is

irreducible over F2 and that if h (x) is primitive, then h (x) is called basic primitive

polynomial over F2 + uF2:

There is a basic primitive polynomial of degreem over F2+uF2 for any positive

integer m: Let h (x) be a basic irreducible polynomial of degree m over F2 + uF2:
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Consider the residue class ring

R [x] = (h (x))

The residue classes

a0 + a1x+ � � �+ am�1x
m�1 + (h (x)) ;

where a0; a1; ::; am�1 2 F2+uF2; are all distinct elements. Therefore jF2 + uF2 [x] = (h (x))j =

4m: The ring F2+ uF2 [x] = (h (x)) is called the Galois ring over R and is denoted by

GR (R;m) which is unique for a given m:

Write � = x+ (h (x)) ; then h (�) = 0; � is a root of h (x) ; and the elements

a0 + a1� + � � �+ am�1�
m�1;

where a0; a1; ::; am�1 runs through F2 + uF2 independently, are all distinct elements

of GR (R;m) : Hence GR (R;m) = F2 + uF2 [�] :

The group of units of GR (R;m) denoted by

GR� (R;m) = GC �GA

where GC is a cyclic group of order 2m� 1 and GA is an Abelian group of order 2m:

GA = f(1 + u�) j � 2 F2mg .

Lemma 2.3. [31] The set GC � f0g is isomorphic to the �eld F2m :

Lemma 2.4. [31] The only ideals of GR (R;m) are (0) ; (1) and (u) :

Theorem 2.5.1. [31] Let h (x) be a basic irreducible polynomial of degree m over

F2 + uF2: Then the residue class ring GR (R;m) = F2 + uF2 [x] = (h (x)) is a �nite

ring of characteristic 2 with 4m elements. Write � = x + (h (x)) ; then h (�) = 0;
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every element of GR (R;m) can be written uniquely in the following form

a0 + a1� + � � �+ am�1�
m�1; ai 2 F2 + uF2; 0 � i � m� 1 ,

and GR (R;m) = F2 + uF2 [�] : Moreover, the ideal (u) of F2 + uF2 [�] is the unique

maximal ideal which consists of all the zero divisors together with the zero element.

Write � = x +
�
h (x)

�
; then h (�) = 0 and F2 + uF2 [�] = (u) ' F2 [�] is the Galois

�eld F2m :

In general, a Galois ring is de�ned to be a �nite commutative ring R with

identity such that the set of zero divisors of R with 0 added is a principal ideal (p)

for some prime number p:

Proposition 2.5.2. [31] Let R be a Galois ring whose zero divisors together with 0

form a principal ideal (u) for some prime u: Then (u) is the only maximal ideal of

R; R= (u) is a Galois �eld Fpm for some positive integer m; and the characteristic

of R is a power of p:

Corollary 2.5.3. [31] Any two Galois rings both of characteristic 2 and having the

same number of elements are isomorphic.

Theorem 2.5.4. [31] In the Galois ring GR (R;m) there exists a nonzero element �

of order 2m�1; which is a root of a basic primitive polynomial h (x) of degree m over

F2+uF2 and GR (R;m) = F2+uF2 [�] : Moreover, h (x) is the unique polynomial of

degree � m over F2 + uF2 having � as a root. Let � =
�
0; 1; �; �2; : : : ; �2

m�2	 ; then
any element c 2 GR (R;m) can be written uniquely as

c = a+ ub; a; b 2 �:

The representation is called u-adic representation of the element c 2 GR (R;m) ;

which is a generalization of the multiplicative representation of the elements of F2m :

Corollary 2.5.5. [31] Express any element c 2 GR (R;m) in the form

c = a+ ub; where a; b 2 �:
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Then

1. all the elements c with a 6= 0 are invertible and form a multiplicative group of

order (2m � 1) 2m; which is a direct product h�i� " where h�i is a cyclic group

of order 2m � 1 generated by � and " = f1 + ub j b 2 �g has the structure of

an abelian group of type 2m and is isomorphic to the additive group of F2m :

2. All the elements with a = 0 are nilpotent, and they form the ideal (u) of

GR (R;m) :

3. The order of c is a divisor of 2m � 1 if and only if a 6= 0 and b = 0:

4. Any element � 2 GR (R;m) of order 2m�1 is of the form �i; where (i; 2m � 1) =

1 and is a root of a basic primitive polynomial of degree m over F2 + uF2 and

� =
�
0; 1; �; �2; : : : ; �2

m�2	 :
Example 2.5.1. Let m = 3; h (x) = x3 + x + 1; and � = x + (h (x)) : Then

F2 + uF2 [�] = GR (R; 3) and � is an element of order 23 � 1 = 7: We have

�0 = 1; �1 = �; �2 = �2

�3 = � + 1;

�4 = �2 + �;

�5 = �2 + � + 1;

�6 = �2 + 1:

Therefore

� =
�
0; 1; �; �2; � + 1; �2 + �; �2 + � + 1; �2 + 1

	
:

GR (R; 3) = fa+ ub j a; b 2 �; u2 = 0g is a ring with 64 elements.

Corollary 2.5.6. [31] Let c1; c2 2 �; and express

c1 + c2 = a+ ub; a; b 2 �;
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Then

a = c1 + c2 + u (c1c2)
1=2 ;

b = (c1c2)
1=2 ;

where (c1c2)
1=2 denotes the unique element in � such that

�
(c1c2)

1=2
�2
= c1c2:

Corollary 2.5.7. [31] Let c1; c2; ::; ck 2 �; and express

kX
i=1

ci = a+ ub; a; b 2 �;

then

a =
kX
i=1

ci + u
X

1�i<j�k

(cicj)
1=2

b =
X

1�i<j�k

(cicj)
1=2

Automorphisms of GR (R;m);

The Frobenius map of the Galois �eld F2m

f2 : F2m ! F2m

a 7! a2

can be generalized to GR (R;m) as follows:

f : GR (R;m)! GR (R;m)

c = a+ ub 7! cf = a2 + ub2

will be called the generalized Frobenius map of GR (R;m) :

Theorem 2.5.8. [31] The generalized Frobenius map f of GR (R;m) is a ring au-
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tomorphism of GR (R;m) ; the �xed elements of f are the elements of F2+uF2; and

f is of order m:

Theorem 2.5.9. [31] Let � be a ring of automorphism of GR (R;m) ; then � = f i

for some i; 0 � i � m� 1:

The cyclic group hfi generated by f is called the Galois group of GR (R;m)

over F2 + uF2:

Recall that the trace map Tr from F2m to F2 is de�ned by

Tr (a) = a+ af2 + af
2
2 + � � �+ af

m�1
2 for all a 2 F2m :

De�ne the generalized trace map T from GR (R;m) to F2 + uF2 by

Tr (c) = c+ cf + cf
2

+ � � �+ cf
m�1

for all c 2 GR (R;m) :

Proposition 2.5.10. [31] We have

1. T (c+ c0) = T (c) + T (c0) for all c; c0 2 GR (R;m) ;

2. T (ac) = aT (c) for all a 2 F2 + uF2 and c 2 GR (R;m) ;

3. � f = f2 � ; i:e:; cf = cf2for all c 2 GR (R;m) ;

4. � T = Tr � ; i:e:; T (c) = Tr (c) for all c 2 GR (R;m) :

Moreover, T is a surjective map from GR (R;m) to F2 + uF2:

Proposition 2.5.11. [31] Let h (x) be a basic irreducible polynomial of degree m

over F2+uF2 and � be a root of h (x) in GR (R;m) : Then �; �f ; �f
2
; :::; �f

m�1
are all

distinct roots of h (x) in GR (R;m) and h (x) has the following unique factorization

into linear factors in GR (R;m) [x] :

h (x) = (x� �)
�
x� �f

�
: : :
�
x� �f

m�1
�
:

In particular, if h (x) is a basic primitive polynomial of degree m; h (x) j
�
x2

m�1 � 1
�
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in F2+uF2 [x] ; and � is a root of h (x) in GR (R;m) ; then �; �2; �2
2
; ::; �2

m�1
are all

distinct roots of h (x) in GR (R;m) and h (x) has the unique factorization:

h (x) = (x� �)
�
x� �2

�
: : :
�
x� �2

m�1
�
:

Proposition 2.5.12. [31] Let � 2 GR (R;m) be such that both � and
_

� are of order

2m � 1: Then

1. �i + �j is invertible for 0 � j < k < 2m � 1; where m � 2:

2. �i + �j 6= �k for distinct i; j; k in [0; 2m � 2] ; where m � 2:

3. Assume that m � 3 and i; j; k; l are in the range [0; 2m � 2] and i 6= j; k 6= l:

Then

�i + �j = �k + �l , i = k and j = l:

4. For odd m � 3;

�i + �j = 0) i = j:



CHAPTER 3

Extending Reed-Muller codes to F2 + uF2

In this chapter, we extend the Reed-Muller codes to the ring F2 + uF2. In

1994, they were extended to Z4 as in [13], this quaternary version were also studied

in detail in [7] and later they are extended to Zq as in [33]. Type II, type IV and

cyclic codes over F2+uF2 have been studied extensively in [8],[9]and[1] respectively.

The ring F2+ uF2 is de�ned as the ring of characteristic 2 with 4 elements with the

restriction u2 = 0:

F2 + uF2 =
�
a+ bu j a; b 2 F2; u2 = 0

	
and it is easily seen that F2+ uF2 ' F2 [x] = (x2) : Any code over F2+ uF2 is permu-

tation equivalent to a code C with generator matrix

G =

24 Ik1 A B1 + uB2

0 uIk2 uD

35
where A; B1; B2 and D are binary matrices.

3.1. Reed-Muller codes over F2 + uF2

De�nition 3.1. A linear code C of length n over the ring F2 + uF2 is an F2 + uF2-

submodule of (F2 + uF2)n :

De�nition 3.2. Reed-Muller codes over F2 + uF2 , denoted them by FRM are

de�ned as follows, let m be an integer greater than 1 and n = 2m � 1. Let h (x) be

a basic primitive polynomial over F2 + uF2 of order m dividing xn� 1 and � be one

of its roots.Then the m distinct roots of h (x) are �; �2; :::; �2
m�1

; and � is of order

29
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2m � 1. Consider the (m+ 1)� 2m matrix

24 1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

35 .
Here �i corresponds to the column [a1i; a2i; :::; ami]

T where

�i = a1i + a2i� + � � �+ ami�
m�1.

Denote the ith row of the matrix by vi (i = 0; 1; 2; :::;m) are 2m�tuples over F2+uF2
and v0 is the all 1 2m-tuple 12

m
:The r-th order Reed-Muller code FRM (r;m) over

F2 + uF2 is the code generated by all 2m-tuples of the form

vi1vi2vi3 ; : : : ; vis ; 1 � i1 � i2 � : : : � is � m; 0 � s � r

where vi1vi2 ; : : : ; vis = 1
2m ; when s = 0:

Obviously FRM (r;m) is of type 4Kr;m ; where Kr;m = 1+
�
m
1

�
+
�
m
2

�
+ � � �+

�
m
r

�
:

We consider these codes with Lee weight

w (1) = w (1 + u) = 1; w (u) = 2; w (0) = 0

and linear Gray map

� : F2 + uF2 �! F22
a+ bu 7�! (b; a+ b) .

Also a recursive de�nition maybe given as follows:

De�nition 3.3. The 0-th order Reed-Muller code is de�ned to be the repetition

code f0; 1g of length 2m. For any 0 � r � m, the r-th order Reed-Muller code
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FRM(r;m) is de�ned recursively by;

FRM(r;m) = f(u; u+ v) : u 2 FRM(r;m� 1); v 2 FRM(r � 1;m� 1)g if m > r

(F2 + uF2)2m if m = r.

Proposition 3.1.1. If Gm is a generator matrix for FRM(1;m), then a generator

matrix for FRM(1;m+ 1) is

Gm+1 =

24 Gm Gm

0 1

35 .

Proof. Follows from the construction as in the case of binary Reed Muller

codes.

Theorem 3.1.2. If Gr;m is a generator matrix of FRM(r;m) then a generator

matrix for FRM(r + 1;m+ 1) is given by

Gr+1;m+1 =

24 Gr+1;m Gr+1;m

0 Gr;m

35 .
The dimension of FRM(r;m) is Kr;m = 1 +

�
m
1

�
+
�
m
2

�
+ � � �+

�
m
r

�
.

Proof. Follows from the construction as in the case of binary Reed Muller

codes.

3.2. Properties of FRM codes and their duals

Proposition 3.2.1. FRM codes have the following properties;

1. FRM (r � 1;m) � FRM (r;m)

2. FRM (r;m)? = FRM (m� r � 1;m)

3. FRM (k; 2k + 1) is self-dual with Gray image a
�
22k+2; 22k+1; 2k+1

�
binary
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code.

4. d (FRM (r;m)) = 2m�r

5. The weight enumerator polynomial is symmetric.

Proof (1) Follows from the de�nition.

(2) Easily follows from the type of codes. Consider r � m� r � 1

FRM (r;m) � FRM (m� r � 1;m) result follows from the generators,

Kr;m + Km�r�1;m = 2m implies jFRM (r;m)j jFRM (m� r � 1;m)j = 42
m

gives the result. Similarly for the case r > m� r � 1.

(3) � (FRM (r;m)) � RM (r + 1;m+ 1) implies

d (� (FRM (r;m))) � d (RM (r + 1;m+ 1)) = 2m�r.

(4) Follows from all 1 binary codeword contained in �(FRM (r;m)).

(5) All 1 vector is in FRM (r;m) follows from all 1 binary codeword contained

in �(FRM (r;m)).

Proposition 3.2.2. FRM (1;m) has weight distribution

weight # of codewords

0 1

2m�1 4 (2m � 1)

2m 22(m+1) � 2m+3 + 6

2m+1 � 2m�1 4 (2m � 1)

2m+1 1 .

Proof. Generator matrix of FRM (1;m) has m minimum weight rows and

their possible combinations also have minimum weight and there are
�
m
1

�
+
�
m
2

�
+
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m
3

�
+::::+

�
m
m

�
= 2m�1 such codewords. (1+u) times these codewords, all 1 codeword

+ these codewords and (1+u) times the previous one all have same weight. So there

are at least 4 (2m � 1) codewords of weight 2m�1. � (FRM (1;m)) has all 1 codeword

and when we add it to the Gray images of the codewords above we get codewords

of weight 2m+1 � 2m�1: So #(c : wH(c) = 2m�1) = # (c : wH(c) = 2m+1 � 2m�1).

Example 3.2.1. Let m = 3; h (x) = x3 + x + 1 then FRM (1; 3) is the code over

F2 + uF2 generated by

26666664
1 1 1 1 1 1 1 1

0 1 0 0 1 0 1 1

0 0 1 0 1 1 1 0

0 0 0 1 0 1 1 1

37777775
is a [23; 41+3; 23�1] code over F2 + uF2 with weight enumerator 1 + 28z4 + 198z8 +

28z12+z16 and it is self dual. Consider it�s subcode generated by RM (0; 3) ; uRM (1; 3)

26666664
1 1 1 1 1 1 1 1

0 u 0 0 u 0 u u

0 0 u 0 u u u 0

0 0 0 u 0 u u u

37777775
which has Gray image RM (1; 4) : FRM (2; 3) has generator matrix

26666666666666664

1 1 1 1 1 1 1 1

0 1 0 0 1 0 1 1

0 0 1 0 1 1 1 0

0 0 0 1 0 1 1 1

0 0 0 0 1 0 1 0

0 0 0 0 0 0 1 1

0 0 0 0 0 1 1 0

37777777777777775
and similarly its Gray image has RM (2; 4) as a subcode, consider the subcode gen-
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erated by RM (1; 3) ; uRM (2; 3) i.e. with generator matrix

26666666666666664

1 1 1 1 1 1 1 1

0 1 0 0 1 0 1 1

0 0 1 0 1 1 1 0

0 0 0 1 0 1 1 1

0 0 0 0 u 0 u 0

0 0 0 0 0 0 u u

0 0 0 0 0 u u 0

37777777777777775

RM (1; 4) � � (FRM(1; 3)) � RM (2; 4) � � (FRM(2; 3)) .

Let us consider the code F1RM (r;m) = hRM (r � 1;m) ; uRM (r;m)i.

Theorem 3.2.3. For any 1 � r � m� 1; we have

� (F1RM (r;m)) = RM (r;m+ 1) .

Proof.

F1RM (r;m) = hRM (r � 1;m) ; uRM (r;m)i

= fa+ bu j a 2 RM (r � 1;m) ; b 2 RM (r;m)g .

jF1RM (r;m)j = 2f , where

f = 1 +

�
m

1

�
+

�
m

2

�
+ � � �+

�
m

r � 1

�
+ 1 +

�
m

1

�
+

�
m

2

�
+ � � �+

�
m

r

�
= 1 +

��
m

0

�
+

�
m

1

��
+ � � �+

��
m

r � 1

�
+

�
m

r

��
= 1 +

�
m+ 1

1

�
+

�
m+ 1

2

�
+ � � �+

�
m+ 1

r

�
= Kr;m+1.
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So, f is the dimension of RM (r;m+ 1) :

� (F1RM (r;m)) = f(b; a+ b) j b 2 RM (r;m) ; a 2 RM (r � 1;m)g

= RM (r;m+ 1)

by recursive de�nition.

Corollary 3.2.4. The binary Reed-Muller codes RM (r;m) are all F2 + uF2-linear

for 0 � r � m.

RM (r;m+ 1) = � (F1RM(r;m)) � � (FRM(r;m)) � RM (r + 1;m+ 1) .

Corollary 3.2.5. F1RM (r;m)? = F1RM (m� r;m) ; for 0 � r � m:

Proof Follows immediately from

�
�
F1RM (r;m)?

�
= RM (r;m+ 1)? = RM (m� r;m+ 1) = � (F1RM (m� r;m)) .

The binary � (FRM(r;m)) codes can be considered as codes on graphs since it is a

subcode of RM (r + 1;m+ 1).

3.3. Polar codes obtained from F2 + uF2

Obviously, in F1RM (r;m) weight 2m+1�r rows of RM (r;m+ 1) are expressed

in two groups. We claim that a family of polar codes can be expressed as the gray

image of the subcode F2RM (r;m) = hRM (r � 2;m) ; uRM (r;m)i of F1RM (r;m)

therefore FRM (r;m).

Example 3.3.1. F2RM (2; 2) = hRM (0; 2) ; uRM (2; 2)i in other words the code
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generated by

26666664
1 1 1 1

0 u 0 u

0 0 u u

0 0 0 u

37777775
has gray image the Polar code GP (8; 5).

Example 3.3.2. The subcode of F1RM (2; 3) therefore FRM (2; 3) that is generated

by;

26666666666666664

1 1 1 1 1 1 1 1

0 u 0 0 u 0 u u

0 0 u 0 u u u 0

0 0 0 u 0 u u u

0 0 0 0 u 0 u 0

0 0 0 0 0 0 u u

0 0 0 0 0 u u 0

37777777777777775
has gray image the Polar code GP (16; 8) :

F1RM (r;m) = hRM (r � 1;m) ; uRM (r;m)i has gray image RM (r;m+ 1)

F2RM (r;m) = hRM (r � 2;m) ; uRM (r;m)i has gray image the Polar code

GP
�
2m+1; Kr;m �

�
m
r�1
��
:

Conjecture. The gray image of F2RM (r;m) = hRM (r � 2;m) ; uRM (r;m)i

is a polar code.

In � (F1RM(r;m)) = RM (r;m+ 1) weight 2m+1�r generators are expressed

in two di¤erent forms, weight 2m+1�r rows of F
m+1, GP
�
2m+1; Kr;m+1 �

�
m
r�1
��

F2RM (r;m) picks the even indexed rows of F
m+1, we expect proof may
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follow from reverse shu­ e permutation RN ;

(v1; v2; : : : ; vN)RN = (v1; v3; : : : ; vN�1; v2; v4; : : : ; vN) .

3.4. Some speci�c codes over F2 + uF2

F2 + uF2 version of C10 is a 4226 type code generated by

26666666666666666664

1 0 1 1 1 1 1 0 1 1

0 1 0 0 0 0 1 1 1 0

0 0 u 0 0 0 0 0 0 u

0 0 0 u 0 0 0 0 0 u

0 0 0 0 u 0 0 0 0 u

0 0 0 0 0 u 0 0 0 u

0 0 0 0 0 0 u 0 u 0

0 0 0 0 0 0 0 u u u

37777777777777777775

has Gray image a binary [20; 10; 4] (ub6) self-dual code with weight enumera-

tor;

1 + 21x4 + 48x6 + 234x8 + 416x10 + 234x12 + 48x14 + 21x16 + x20.

The quaternary octacode O8 is a special code with gray image Nordstorm-

Robinson code, F2 + uF2 version of it is generated by

26666664
1 0 0 0 1 1 u 1

0 1 0 0 1 u 1 1

0 0 1 0 1 1 1 u

0 0 0 1 u 1 1 1

37777775
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and has Gray image a [16; 8; 4] (ub5) self-dual binary code with weight enu-

merator;

1 + 12x4 + 64x6 + 102x8 + 64x10 + 12x12 + x16.

Q8

26666666664

0 0 1 1 0 0 1 1

0 0 0 0 1 1 1 1

1 1 0 0 0 0 1 1

0 u 0 u 0 u 0 u

0 0 0 0 0 0 u u

37777777775
gives a binary self dual [16; 8; 4] (ub5) code which has the same weight enumerator

with FRM (1; 3);

1 + 28x4 + 198x8 + 28x12 + x16.

F2+uF2 version K4m codes have self-dual binary codes as Gray images, for instance

K8 is the code generated by

26666666666666664

1 1 1 1 1 1 1 1

0 u 0 0 0 0 0 u

0 0 u 0 0 0 0 u

0 0 0 u 0 0 0 u

0 0 0 0 u 0 0 u

0 0 0 0 0 u 0 u

0 0 0 0 0 0 u u

37777777777777775
its Gray image is a [16; 8; 4] self-dual binary linear code which has same weight

enumerator with FRM (1; 3).

K12 has Gray image a self-dual binary linear [24; 12; 4] code with weight enu-
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merator;

1 + 66x4 + 495x8 + 2972x12 + 495x16 + 66x20 + x24.

In fact, the quaternary code K4m satis�es the linearity criteria so Z4-code and F2 +

uF2-code have the same binary image.

F2 + uF2 version of hexacode generated by

26664
1 0 0 1 u u

0 1 0 u 1 u

0 0 1 u u 1

37775
is a self dual code with Gray image binary [12; 6; 4] (ub4) self dual code with weight

enumerator

1 + 15x4 + 32x6 + 15x8 + x12.



CHAPTER 4

Generalizations of Reed Muller codes over F2 + uF2

Quaternary Reed Muller codes are generalized to Goethals [12], [4] Delsarte-

Goethals [15] and Goethals-Delsarte codes. In this chapter, we generalize the Reed

Muller codes over F2 + uF2 and de�ne Goethals, Delsarte-Goethals and Goethals-

Delsarte codes over F2 + uF2. We have seen that Goethals and shortened Goethals

codes over F2 + uF2 are classes of double error correcting codes. Therefore we

obtained double error correcting families of binary codes as the gray images of

Goethals and shortened Goethals codes. Delsarte-Goethals and Goethals-Delsarte

codes over F2+uF2 did not give us interesting results. But a class of codes obtained

from Delsarte-Goethals was interesting.

4.1. Goethals Codes over F2 + uF2

De�nition 4.1. Let m be an odd integer � 3 and � be an element of order 2m � 1

in the Galois ring GR (R;m) : The Goethals code FG (m) of length 2m is de�ned to

be the F2 + uF2-linear code with parity check matrix

26664
1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

0 u u�3 u�6 : : : u�3(n�1)

37775
where n = 2m�1 and each �i (i � 0) is replaced by [a1i; a2i; :::; ami]T where �i = a1i+

a2i�+� � �+ami�m�1: The columns of the matrix are numbered by1; 0; 1; 2; : : : ; n�1:

If we delete the1�components of the codewords of FG (m), the code thus obtained

is called the shortened Goethals code over F2 + uF2 and denoted by FG (m)� :

40
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Proposition 4.1.1. The Goethals code FG (m) of length 2m;m � 5 is of type

42
m�2m�12m and of minimal Lee distance 6; d (FG (3)) = 8:

Proof. FG (m) � FRM (1;m)? = FRM (m� 2;m) which gives us d (FG (m)) �

d (FRM (m� 2;m)) = 4: Since all codewords of FG (m) have even weight it is

enough to show that it has no codeword of weight 4 and has a codeword of weight

6.

Corollary 4.1.2. The shortened Goethals code FG (m)� has parity check matrix

24 1 � �2 : : : �n�1

u u�3 u�6 : : : u�3(n�1)

35
and is a F2 + uF2-cyclic code of length 2m � 1, of type 42

m�2m�12m and of minimal

Lee distance 5 for m � 5:

4.2. Delsarte-Goethals and Goethals-Delsarte Codes over F2 + uF2

For any parameter quaternary Delsarte-Goethals codes are contained in the

�rst order Reed-Muller subcode of Kerdock code and by Theorem 2.3.23 DG (m; 1)

has gray image the second order ReedMuller code. In other words, the corresponding

quaternary codes has binary images which are nonlinear subcodes of the second order

Reed Muller code which contain the �rst order Reed Muller code. But in our case

the binary image is linear so we obtaine linear codes between the corresponding RM

codes.

De�nition 4.2. Let m be an odd integer � 3;m = 2t + 1; 1 � r � t and � be an

element of order n = 2m � 1 in Galois ring GR (R;m) :The Delsarte-Goethals code

over F2 + uF2; FDG (m; �) ; where � = m+1
2
� r; is the F2 + uF2-linear code with
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generator matrix

26666666666666664

1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

0 u u�3 u�6 : : : u�3(n�1)

...
...

...
...

. . .
...

0 u u�1+2
j
u�(1+2

j)2 : : : u�(1+2
j)(n�1)

...
...

...
...

. . .
...

0 u u�1+2
r

u�(1+2
r)2 : : : u�(1+2

r)(n�1)

37777777777777775
The Goethals-Delsarte code FGD (m; �) is the F2+uF2-linear code with the matrix

as its parity check matrix. Denote the binary images of FDG (m; �) and FGD (m; �)

by � (FDG (m; �)) and � (FGD (m; �)), respectively. Then we have:

Proposition 4.2.1. Let m be an odd integer � 3;m = 2t + 1; 1 � r � t and

� = m+1
2
� r:Then the Delsarte-Goethals code FDG (m; �) is of length 2m and has

type 4m+12rm and minimum Lee weight 2m�1: For r = m�1
2
its gray image is the

same as RM(2;m+ 1):

Proposition 4.2.2. Let m be an odd integer � 3;m = 2t + 1; 1 � r � t and

� = m+1
2
� r:Then the Goethals-Delsarte code FGD (m; �) is of length 2m and has

type 42
m�(r+1)m�12rm and minimum Lee weight 4.

Example 4.2.1. Let m = 3; h (x) = x3 + x + 1 then FDG (3; 1) is the code over

F2 + uF2 generated by

26666666666666664

1 1 1 1 1 1 1 1

0 1 0 0 1 0 1 1

0 0 1 0 1 1 1 0

0 0 0 1 0 1 1 1

0 u u u 0 u 0 0

0 0 u 0 0 u u u

0 0 0 u u u 0 u

37777777777777775
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is a [23; 4423; 4] code over F2 + uF2 with weight enumerator

1 + 140z4 + 448z6 + 870z8 + 448z10 + 140z12 + z16.

The Gray image of this code is a binary [16; 11; 4] code which has the best known

distance.

De�nition 4.3. Let m be an odd integer � 3; � = m+1
2
� r: Let IFDG (m; �) be

the code generated by

26666666666666664

1 1 1 1 : : : 1

0 u u� u�2 : : : u�n�1

0 u u�3 u�6 : : : u�3(n�1)

...
...

...
...

. . .
...

0 u u�1+2
j
u�(1+2

j)2 : : : u�(1+2
j)(n�1)

...
...

...
...

. . .
...

0 u u�1+2
r

u�(1+2
r)2 : : : u�(1+2

r)(n�1)

37777777777777775
Example 4.2.2. Let m = 5; h (x) = x5 + x4 + x3 + x2 + 1 which gives FDG (5; 2)

that is a [25; 4625; 16] code over F2+uF2: IFDG (5; 2) is a [25; 4� 210; 24] code over

F2+uF2 , its Gray image is a [64; 12; 24] binary code for these parameters best known

code has distance 25 and upper bound on distance is 26.

Proposition 4.2.3. All codewords of IFDG (m; �) have weight divisible by 4 and

d (IFDG(m; �)) = d (DG(m; �)) = 2m � 2m��:
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Proof. The subcode of DG(m; �) that is generated by

26666666666664

1 1 1 1 : : : 1

0 2 2� 2�2 : : : 2�n�1

...
...

...
...

...

0 2 2�1+2
j
2�(1+2

j)2 : : : 2�(1+2
j)(n�1)

...
...

...
...

. . .
...

0 2 2�1+2
r
2�(1+2

r)2 : : : 2�(1+2
r)(n�1)

37777777777775
satis�es the lineartiy criteria(Corollary 2.3.3) and obviously its gray image is the

same as � (IFDG (m; �)) : In other words, � (IFDG (m; �)) is a linear code contained

in nonlinear binary code DG (m; �) : So it is enough to �nd a codeword of weight

2m � 2m��:

DG(3; 1) has same weight enumerator with FDG (3; 1) .

� (FDG (3; 1)) is RM(2; 4) so its dual is RM(1; 4):

� (FDG (5; 2))? is a [64; 47; 6] code.

Proposition 4.2.4. IFDG(m; m�1
2
) has weight distribution

weight # of codewords

0 1

2m � 2m+12 2m�1 (2m � 1)

2m 3� 22m � 2m � 2

2m + 2
m+1
2 2m�1 (2m � 1)

2m+1 1

Proposition 4.2.5. d
�
IFDG(m; m�1

2
)?
�
= 4.
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Proof. IFDG(m; m�1
2
)? is the code with parity check matrix

26664
1 1 1 1 : : : 1

0 u u� u�2 : : : u�n�1

0 u u�3 u�6 : : : u�3(n�1)

37775
So, it is contained in the code with parity check matrix

24 1 1 1 1 : : : 1

0 u u� u�2 : : : u�n�1

35
Which is (F1RM (1;m))? = F1RM (m� 1;m) that has gray imageRM (m� 1;m+ 1) :

So d
�
IFDG(m; m�1

2
)?
�
� d (RM (m� 1;m+ 1)) = 4: It is enough to �nd a code-

word of weight 4 to reach the conclusion.



CHAPTER 5

Reed Muller Codes over Sk

In this chapter, we extended Reed Muller codes to the ring Sk = F2 [x] =
�
x2

k
�
.

Obviously, S1 = F2 + uF2. In chapter 3, we studied Reed Muller codes over S1 in

detail. We observed that for k = 2 we obtain polar codes as subcodes of Reed Muller

codes.

5.1. Reed Muller Codes over S2

Reed Muller Codes over the ring F2 + uF2 + u2F2 + u3F2

De�nition 5.1. Let S2 = F2 [x] =
�
x2

2
�
; i.e. S2 = F2+uF2+u2F2+u3F2. Similarly

we de�ne Reed Muller codes over S2. Let h (x) be a basic primitive polynomial over

S2 of order m dividing xn � 1 and � be one of its roots.

24 1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

35
Denote the i-th row of the matrix by vi (i = 1; 2; :::;m+ 1) The r-th order Reed-

Muller code over S2 which will be denoted by S2RM (r;m) is the code generated by

all 2m-tuples of the form

vi1vi2vi3 ; : : : ; vis ; 1 � i1 � i2 � : : : � is � m+ 1; 0 � s � r:

We consider these codes with Lee weight

w (1) = 1; w (u) = w
�
u2
�
= 2; w

�
u3
�
= 4; w (0) = 0:

46
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and linear Gray map

� : F2 + uF2 + u2F2 + u3F2 �! F42
a+ bu + cu2 + du3 7�! (a+ b+ c+ d; c+ d; b+ d; d)

We claim that;

1. S2RM (r � 1;m) � S2RM (r;m)

2. S2RM (r;m)? = S2RM (m� r � 1;m)

3. S2RM (k; 2k + 1) is self-dual with Gray image a
�
22k+3; 22k+2; 2k+1

�
binary

code.

4. d (S2RM (r;m)) = 2m�r moreover it�s Gray image � (S2RM (r;m)) lies be-

tween the corresponding binary Reed Muller Codes.

RM (r;m+ 2) � � (S2RM (r;m)) � RM (r + 1;m+ 2) :

5. The weight enumerator polynomial is symmetric.

Let us consider the subcode

S12RM (r;m) =


RM (r � 2;m) ; uRM (r � 1;m) ; u3RM (r;m)

�
.

Theorem 5.1.1. For any 1 � r � m�2; we have � (S12RM (r;m)) = RM (r;m+ 2)

Proof.

S12RM (r;m) =


RM (r � 2;m) ; uRM (r � 1;m) ; u3RM (r;m)

�
=

8<: a+ bu+ cu2 + du3 j a 2 RM (r � 2;m) ; b 2 RM (r � 1;m) ;

c 2 b 2 RM (r � 1;m) ; d 2 RM (r;m)

9=;
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jS12RM (r;m)j = 2k; where

k = 1 +

�
m

1

�
+

�
m

2

�
+ � � �+

�
m

r � 2

�
+ 2

�
1 +

�
m

1

�
+

�
m

2

�
+ � � �+

�
m

r � 1

��
+ 1 +

�
m

1

�
+

�
m

2

�
+ � � �+

�
m

r

�
= 1 +

��
m

0

�
+

�
m

1

��
+ � � �+

��
m

r � 2

�
+

�
m

r � 1

��
+ 1 +

��
m

0

�
+

�
m

1

��
+ � � �+

��
m

r � 1

�
+

�
m

1

��
= 1 +

�
m+ 1

1

�
+

�
m+ 1

2

�
+ � � �+

�
m+ 1

r � 1

�
+ 1 +

�
m+ 1

1

�
+

�
m+ 1

2

�
+ � � �+

�
m+ 1

r

�
= 1 +

��
m+ 1

0

�
+

�
m+ 1

1

��
+ � � �+

��
m+ 1

r � 1

�
+

�
m+ 1

r

��
= 1 +

�
m+ 2

1

�
+

�
m+ 2

2

�
+ � � �+

�
m+ 2

r

�
= Kr;m+2.

So, k is the dimension of RM (r;m+ 2).

� (S12RM (r;m)) =

8<: (a+ b+ c+ d; c+ d; b+ d; d) j

a 2 RM (r � 2;m) ; b; c 2 RM (r � 1;m) ; d 2 RM (r;m)

9=;
Let (a+ b+ c+ d; c+ d; b+ d; d) = (x; x+ y) where x = (a+ b+ c+ d; c+ d) and

y = (a+ c; c)

Nowwe can write x = (a+ b+ c+ d; (a+ b+ c+ d) + a+ b)As a runs through

RM (r � 2;m); b; c runs through RM (r � 1;m); d runs through RM (r;m), we see

that a+b+c+d runs throughRM (r;m+ 2) and a+b runs throughRM (r � 1;m+ 2)

because of the inclusion RM (r � 2;m) � RM (r � 1;m) � RM (r;m). We see that

x runs through RM (r;m+ 1). Similarly, by wirting y = (a+ c; (a+ c) + a), we see

that y runs through RM (r � 1;m+ 1). But this means

�
�
S12RM (r;m)

�
= f(x; x+ y) j; x 2 RM (r;m+ 1) ; y 2 RM (r � 1;m+ 1)g

which is exactly RM (r;m+ 2).
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Corollary 5.1.2. The binary Reed-Muller codes RM (r;m) are all F2+uF2+u2F2+

u3F2-linear for 0 � r � m:

RM (r;m+ 2) = �
�
S12RM(r;m)

�
� � (S2RM(r;m)) � RM (r + 1;m+ 2)

Corollary 5.1.3. S12RM (r;m)? = S12RM (m� r + 1;m) ; for 0 � r � m:

Proof. Follows immediately from

�
�
S12RM (r;m)?

�
= RM (r;m+ 2)? = �

�
S12RM (m� r + 1;m)

�
.

S2RM (r;m) = hRM (r;m)i

S12RM (r;m) =


RM (r � 2;m) ; uRM (r � 1;m) ; u3RM (r;m)

�
;

�
�
S12RM (r;m)

�
= RM (r;m+ 2)

S22RM (r;m) =


RM (r � 3;m) ; uRM (r � 1;m) ; u3RM (r;m)

�
;

�
�
S22RM (r;m)

�
= GP

�
2m+1; A

�
S32RM (r;m) =



RM (r � 3;m) ; uRM (r � 2;m) ; u3RM (r;m)

�
;

�
�
S22RM (r;m)

�
= GP

�
2m+1; B

�
where A = Kr;m+2 �

�
m

r � 2

�
; B = Kr;m+2 �

�
m

r � 2

�
� 2
�

m

r � 1

�
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Example 5.1.1. S2RM (3; 3) is the code generated by

26666666666666666664

1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0

1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0

1 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

1 0 0 0 1 0 0 0

1 0 0 0 0 0 0 0

37777777777777777775
which has subcode S12RM (3; 3) with gray image RM (3; 5) that is generated by

26666666666666666664

1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0

1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0

u u 0 0 0 0 0 0

u 0 u 0 0 0 0 0

u 0 0 0 u 0 0 0

u3 0 0 0 0 0 0 0

37777777777777777775
and weight 4 rows of F
5 are splitted into 3 groups, and the code S22RM (3; 3) gen-

erated by the following matrix has gray image the polar code GP (32; 23)

26666666666666666664

1 1 1 1 1 1 1 1

u u u u 0 0 0 0

u u 0 0 u u 0 0

u 0 u 0 u 0 u 0

u u 0 0 0 0 0 0

u 0 u 0 0 0 0 0

u 0 0 0 u 0 0 0

u3 0 0 0 0 0 0 0

37777777777777777775
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similarly the subcode S32RM (3; 3) generated by the following matrix has gray image

GP (32; 17)

26666666666666666664

1 1 1 1 1 1 1 1

u u u u 0 0 0 0

u u 0 0 u u 0 0

u 0 u 0 u 0 u 0

u3 u3 0 0 0 0 0 0

u3 0 u3 0 0 0 0 0

u3 0 0 0 u3 0 0 0

u3 0 0 0 0 0 0 0

37777777777777777775

Conjecture. S22RM (r;m) and S32RM (r;m) have gray images the Po-

lar codes GP
�
2m+2; Kr;m+2 �

�
m
r�2
��
and GP

�
2m+2; Kr;m+2 �

�
m
r�2
�
� 2
�
m
r�1
��
respec-

tively.

S2RM (r;m) has a subcode with Gray image equivalent to RM (r;m+ 2) and�
m
r�2
�
less wanted weight 2m+2�r rows appears as �

�
vi1vi2 : : : vir�1

�
and we remove

them by expanding corresponding rows by u and obtain GP
�
2m+2; Kr;m+2 �

�
m
r�1
��

and further we can remove the next group of rows by expanding vi1vi2 : : : vir�1 by u
3

and obtain GP
�
2m+2; Kr;m+2 �

�
m
r�2
�
� 2
�
m
r�1
��
.

5.2. Complexity comparison Polar and RM codes

Ar¬kan de�ned in [23] Reed Muller code RM (N;K) of dimension K for length

N = 2m as it picks the K heaviest rows of F
m; F =

24 1 0

1 1

35 and compared these
codes with polar codes with the same parameters i.e. GP (N;K). In that case, one

possible choice for Reed Muller coincides with polar code for most of the values for

K.

De�nition 5.2. We add an additional condition as Reed Muller code RM (N;K)

be generated by the heaviest K rows of F
m and the order is determined by the
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length of span of 1�s, i.e. we pick the row with the shortest span of 1�s among the

possible choices.

At length 8 Polar codes are not di¤erent from Reed Muller code.

At length 16 they di¤er at dimension 8 the Polar code GP (16; 8) di¤ers from

RM (16; 8) by one row

Example 5.2.1.

�16 = (16; 8; 12; 14; 15; 4; 6; 10; 7; 11; 13; 2; 3; 5; 9; 1)

RM16 = (16; 8; 12; 14; 15; 4; 6; 7; 10; 11; 13; 2; 3; 5; 9; 1) .

So GP (16; 8) and RM (16; 8) are as the following

GP (16; 8) =

26666666666666666664

1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0

1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

37777777777777777775

RM (16; 8) =

26666666666666666664

1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0

1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

37777777777777777775
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Trellis oriented generator matrix is a matrix where the rows have di¤erent starting

and ending points. They have the following Trellis oriented generators respectively;

GP (16; 8) =

26666666666666666664

0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0

0 1 0 1 1 0 1 0 1 0 1 0 1 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

37777777777777777775
brach complexity 21+22+22+23+ � � �+23+22+21 = 108 similarly state sequence

is 0; 1; 2; 3; 2; 3; 2; 3; 2; 3; 2; 3; 2; 3; 2; 1; 0 (i.e. the number of active generators at each

instant), state complexity 20 + 21 + 22 + 23 + 22 + � � �+ 22 + 21 + 20 = 82

RM (16; 8) =

26666666666666666664

0 1 0 1 1 0 1 0 0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0

0 0 0 0 0 0 0 0 0 1 0 1 1 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

37777777777777777775
RM (16; 8) with branch complexity 88 state complexity 67.

At length 32 they di¤er at dimensions 9; 10; 11; 12; 13; 16; 19; 21; 22; 23; 26 we
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compared them and obtained the following table:

Polar RM

bit level bit level

N K E V E V

16 8 108 82 88 67

32 9 428 374 348 328

32 10 396 338 344 299

32 11 556 454 388 320

32 12 1004 798 540 402

32 13 972 726 876 614

32 16 1628 1222 6396 4798

32 19 1212 758 956 646

32 26 1180 638 1180 638

Polar RM

parallelized parallelized

E V E V

56 44 88 67

112 100 176 139

200 167 344 299

280 230 388 320

280 230 540 402

540 434 540 402

292 232 540 434

308 224 184 125

700 390 700 390

Table 3. Trellis complexity comparison

where E and V stands for branch and state complexities respectively.

GP (32; 16) has distance 4 on the other hand RM (32; 16) has distance 8.

d (GP (32; 16)) = 4, d (RM (32; 16)) = 8.

An advantage of a code over Sk may be that the trellis oriented generator

matrix of the Gray image can be obtained easily from trellis oriented generator

matrix over Sk.
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5.3. Reed Muller Codes over Sk

De�nition 5.3. Let Sk = F2 [x] =
�
x2

k
�
, Let h (x) be a basic primitive polynomial

over Sk of order m dividing xn � 1 and � be one of its roots:

24 1 1 1 1 : : : 1

0 1 � �2 : : : �n�1

35 .
Denote the i-th row of the matrix by vi (i = 1; 2; : : : ;m+ 1) The r-th order Reed-

Muller code over SkRM (r;m) is the code generated by all 2m-tuples of the form

vi1vi2vi3 : : : vis ; 1 � i1 � i2 � : : : � is � m+ 1; 0 � s � r:

We consider these codes with new weight de�ned as

w
�
ul
�
=

8>>>>>>>>>>>><>>>>>>>>>>>>:

2k l = 2k �K0;m

2k�1 2k �K1;m � l � 2k �K0;m � 1

2k�2 2k �K2;m � l � 2k �K1;m � 1

2k�r 2k �Kr;m � l � 2k �Kr�1;m � 1

2 1 � l � 2k �Km�1;m

1 l = 0

Gray map as ul is sent to 2k � l th row of the generator matrix RM (k; k).

Example 5.3.1. Consider Reed-Muller codes over

S3 = F2 + uF2 + u2F2 + u3F2 + u4F2 + u5F2 + u6F2 + u7F2

with weight de�ned as

w (1) = 1; w (u) = w
�
u2
�
= w

�
u3
�
= 2; w

�
u4
�
= w

�
u5
�
= w

�
u6
�
= 4; w

�
u7
�
= 8

and linear Gray map
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u7 ! 1 1 1 1 1 1 1 1

u6

u5

u4

!

!

!

1 0 1 0 1 0 1 0

1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0

u3

u2

u1

!

!

!

1 0 0 0 1 0 0 0

1 0 1 0 0 0 0 0

1 1 0 0 0 0 0 0

1 ! 1 0 0 0 0 0 0 0

S3RM (3; 3) is the code generated by

26666666666666666664

1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0

1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0

1 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

1 0 0 0 1 0 0 0

1 0 0 0 0 0 0 0

37777777777777777775
which has subcode with gray image RM (3; 6) which is generated by

26666666666666666664

1 1 1 1 1 1 1 1

u u u u 0 0 0 0

u u 0 0 u u 0 0

u 0 u 0 u 0 u 0

u4 u4 0 0 0 0 0 0

u4 0 u4 0 0 0 0 0

u4 0 0 0 u4 0 0 0

u7 0 0 0 0 0 0 0

37777777777777777775
weight 8 rows of F
6 are splitted into 4 groups with respect to RM26 introduced in the

previous section. So we obtain Reed Muller codes de�ned in the previous section as
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Gray images of subcodes of S3RM (3; 3). So RM (64; 41) ; RM (64; 32) ; RM (64; 23)

are obtained as subcodes of S3RM (3; 3).



CHAPTER 6

Conclusion

6.1. Results of the dissertation

In chapter 3, we extended Reed Muller codes to F2 + uF2 and studied the

properties of FRM codes. We conjectured that we obtain families of polar codes

from FRM . In other words, we claim that families of polar codes are expressed

algebraically.

In chapter 4, we generalized the Reed Muller codes over F2 + uF2 and de�ne

Goethals, Delsarte-Goethals and Goethals-Delsarte codes over F2 + uF2. We have

seen that Goethals and shortened Goethals codes over F2+uF2 are classes of double

error correcting codes which gives us two error correcting families of binary linear

codes. Therefore we obtained double error correcting families of binary codes as

the Gray images of Goethals and shortened Goethals codes. Delsarte-Goethals and

Goethals-Delsarte codes over F2+ uF2 did not give us interesting results. A class of

codes; IFDG, obtained from Delsarte-Goethals was interesting. They have distance

quite close to upper bound for some parameters. We obtained binary linear codes

with the same correcting capability of quaternary Delsarte Goethals codes as Gray

images of IFDG codes.

In the last chapter, we extended Reed Muller codes to Sk. For S2 we claim

that S2RM codes have subcodes with gray image polar codes. S3RM gave us RM

codes as subcodes. This chapter is mostly related with our future research.

58
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6.2. Future research

We wish to study Reed Muller codes over Sk in detail and see whether their

gray images have families of polar codes or not. We hope that it may be an algebraic

way to express some polar codes. In [29] Şaşo¼glu, Telatar and Ar¬kan extended the

polar codes to non-binary cases. They also gave examples over F3 and F4. We want

to search for matrices with large rate of polarization over rings, especially over Z4.

In other words, we would like to study polar codes over rings.

We wish to compare in detail RM codes introduced in last chapter with polar

codes. We observed that RM codes have lower trellis complexity than the polar

ones. Is it true for large blocklength?

In [14] and [19] designs were obtained from supports of codewords in extremal

quaternary codes like Goethals, Kerdock and Preparata. We would like to study the

relation between design theory and codes over F2 + uF2 like Goethals and IFDG.

We will try to answer the question "Is it possible to obtain designs from codes over

F2 + uF2?".
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