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ABSTRACT

In this study, the main aim is to extend some well known binary and quaternary
codes to the ring F, +uF, . Reed-Muller, Goethals, Delsarte-Goethals Codes are

extended, their properties and relations to binary and quaternary versions are studied.
Polar codes of some specific dimensions are expressed algebraically. Linear codes
obtained as the Gray images of codes over F, +UF, are compared with binary codes.

We present a new algebraic method of obtaining Polar codes from codes over F, +UuF, .

Keywords: Reed Muller Codes, Polar Codes, Gray map, Codes over rings.
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Bu c¢alismada temel amac bilinen bazi ikili ve dortlii kod ailelerini F, +uF,

halkasina genisletmektir. Calismada Reed-Muller, Goethals, Delsarte-Goethals Codes
kodlar1 dolayisiyla Kerdock ve Preparata kodlar1 da F, +UF, halkasina genisletilmistir.

Elde edilen kodlarin ve duallerinin ozellikleri incelenmis. Calismamizda iki hata
dogrulayan ikili kod aileleri elde edilmistir. Bunun yaninda son zamanlarda énemli yer
tutan baz1 Polar kod ailelerini de yeni bir cebirsel yolla elde etme yontemi sunuyoruz.

Anahtar Kelimeler: Reed-Muller kodlari, Polar kodlar, gray, halkalar {izerine kodlar
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CHAPTER 1

Introduction

The main aim of coding theory is to correct errors on noisy communication
channels. The history of error correcting codes started with the introduction of
the Hamming codes in late 1940’s, at about the same time as Shannon published
his seminal paper "A mathematical theory of communication". Golay codes were

invented in 1949.

In the early periods of Coding Theory, codes were usually taken over finite
fields, especially over the field with two elements, such codes are called binary codes.
Linear codes have been the most commonly studied types of codes since they are
easy to construct, encode and decode. In 1970’s, nonlinear codes like Nordstrom-
Robinson, Preparata and Kerdock codes were constructed which have twice as many
codewords as any linear code with the same parameters. In 1967, Nordstorm and
Robinson constructed an optimum nonlinear binary code as in [26]. Preparata codes
were introduced by [27] in 1968 and Kerdock codes were introduced by [17] in 1972.
These codes also give 3-designs as noted in [19]. These codes gave rise to interest
in nonlinear binary codes. In 1994, Hammons et al. published a paper [13] in
which they showed well known non-linear binary Kerdock, Preparata and Delsarte-
Goethals Codes can be obtained as Gray images of linear codes over Z,. This
construction clarified a mystery about the relation between Kerdock and Preparata

codes. This paper increased the interest in codes over rings especially the codes over



Z4 which are called quaternary codes.
1.1. Basic definitions

Let [Fj be a vector space of dimension n over the Galois Field F,, where g is
a prime power. A subset C' of Fy is called a code of length n, C' is also said to be
an (n, M) code over F, where M is the size of C'. The elements of C' are called
codewords. The Hamming distance dy (v, w) between two words v and w is the

number of coordinates in which v = (vy vs,...,v,) and w = (wy, wy, ..., w,) differ

dy (v,w) = {i:1<i<n,v; #w}.

The most common weight used in coding theory is the Hamming weight which is

the number of non-zero coordinates of v denoted by wy (v), i.e.

wy (v) ={i:1<i<n,v #0}.

The minimum distance of a code is the smallest distance between two distinct

words. i.e. the minimum distance of C' is

d(C)=min{d (z,y) | z,y € C, = # y}

and the minimum weight of a code C' is

w(C) =min{w (z) |z € C, x#0}.

A code C' with minimum distance d can detect up to d — 1 errors and can correct

up to e = L%J €rTors.

The main part of our study is about Reed Muller codes over Fy + ulFy which



is a ring of characteristic 2 with 4 elements;

]Fg—l—uIE‘gz{a—i—bu\a, bel,, u2:0}

and it is easily seen that Fy + uFy ~ Fy[z]/(2?). It is a local ring with unique

maximal ideal (u). It has the following addition and multiplication table

+ 0 1 u 14+u X 0 1 u 1+u
0 0 1 u 1+u 0 0 0 0 0
1 1 0 1+u u 1 0 1 u l1+u
u u 14w 0 1 U 0 u 0 U
1+u|l4+u U 1 0 1+u |0 14+u u 1
Table 1 Addition table for Fy + ulFy Table 2 Multiplication table for Fy + ulfy

Cyclic and self-dual codes over Fy + uFy are studied extensively in [§], [9] and [1].
1.2. Linear codes

A linear code over a field F, of length n is a k-dimensional subspace of Fy
which is called an [n, k| code. A generator matrix G for a linear code C is a k by

n matrix for which the rows are a basis of C.

An advantage of working with linear codes is that the minimum distance and
the minimum weight of a linear code are equal since d (v, w) = w (v — w), d(C) =

w (C) for linear codes. This reduces the complexity of finding the minimum distance.

Two linear codes C' and C” are said to be permutationally equivalent if one
can be obtained from the other by a permutation of the coordinates. A generator

matrix GG is a k X n matrix whose row space is G.

C’:{xG:xEIF’;}



and a parity check matrix H is a n — k X n matrix whose null space is C. i.e.
C:{UEFZ:HUTZO}

The code generated by the parity check matrix H is called the dual of C' and is
denoted by C*, which is an [n,n — k] code.

Ct={veF): (uv)=0VYueC}

A code C is self-orthogonal provided C C C* and self-dual provided C' = C*.
Binary codes for which all codewords have even weight are called even. It is called
doubly even if all codewords have weight divisible by 4. A self-orthogonal code is
even and a doubly even code is self-orthogonal. A self orthogonal code that is not

doubly even is called singly even.

Let C be a linear code of length n and let A; be the number of codewords of
weight ¢. Then

A(z) = Zn:Aizi
=0

is called the weight enumerator of C. If C' is an [n, k| code with weight enumerator

A (2) then

B(z) ::ﬁ(uz)m(;z)

is the weight enumerator of C+. This identity is called Macwilliams identity.

A linear code over a ring R of length n is an R-submodule of R". A Gray

map is a weight preserving map which takes a code over a ring to a code over a field.

A linear code over Fy + ulfy + u?Fy + - - - 4+ u®Fy is permutation equivalent to



a code with generator matrix

Ly A A Ay - A
0 wly, uBy uBy --- B,
G=1] 0 0 WL, vC, -+ Ciy
0 0 0 :
0 0 0 0 wly, u’D |

where [, is the identity matrix of size k;, B;, C,,.. are binary matrices and A; are

matrices over Fy 4+ uFy + ©?Fy - - - + u°Fs.

For linear codes over rings the concept of dimension does not work but we
can define its type. A linear code which has the above matrix G as its generating

matrix is said to be of type

(25)k1 (2(5—1))k2 L. (2)k’s'

In this case we will have

‘C’ — 9skit(s—1)kattks



CHAPTER 2

Binary and Quaternary Reed Muller Codes

Binary Reed Muller codes are an important class of codes which includes the
extended Hamming code. In 1954, 1.S. Reed introduced this family of binary linear
codes in [28] and in the same year in [23] D.E. Muller introduced an efficient decoding
algorithm for these codes. They have interesting properties; Reed Muller codes are
linked to design theory and as Forney showed in [II] they can be considered as
codes on graphs. In addition, codes in this family have relatively simple and highly

structured trellises.

2.1. Boolean functions

The first definition of Reed-Muller codes was given in terms of Boolean func-

tions. Consider the polynomial ring of m variables over Fy R,,, = Fa [zg, 21, ..., Zym_1].

Definition 2.1. [22] A Boolean monomial is an element p € R,, of the following

_ 70 ,.T'1 Tm—1
form p = x 2} ... 2,

where r; € N. A Boolean polynomial is an Fs-linear
combination of boolean monomials. A Boolean polynomial is simply an [Fs-linear
combination of Boolean monomials; any element of R,, may be thought of as a

Boolean polynomial.

Definition 2.2. [22] Given a Boolean monomial p € R,,, we say that p is in reduced
form if it is square-free. For any Boolean monomial ¢ € R,,, it is trivial to find the

reduced form of ¢ by applying:

x;xj; = x;x; and :1:? = x;.

A Boolean polynomial in reduced form is an Fs-linear combination of reduced form



Boolean monomials.

Consider mapping v : R,,, — F2" defined as follows:

m—i—1 m—i—1 m——1 m—i—1 m——1 m—i—1
Y (x) =1*""" 0 07 107

and the vector multiplication; zxy = (x1y1, Z2ya, . . ., TpYn) Where z = (1, 2o, . . .

and Y= (y1’y27"'7yn)'

For any monomial p € R,,,, 1 (p) = 1 (x1)* (xg)*- - -x1) (x)) where x1x5 . ..z},

is the reduced form of p.

Any polynomial ¢ € R,, can be written as a sum of monomials ¢ = my +mso +

s My Thenz/;(q) :w(ml)—l—w(mg)—l——i—w(ml)
Proposition 2.1.1. [22] ¢ is a ring isomorphism from (R, +, ) to (]F%m, +, *)

Definition 2.3. [22] The r-th order Reed-Muller code, denoted by RM (r,m), is
the set of all polynomials of degree at most r in the ring R,,. Alternatively through
the isomorphism 1, it may be thought of as a subspace of F2 ", i.e. a linear binary

code of length 2™.

2.2. Binary Reed Muller Codes

Alternatively a recursive definition may be given for binary Reed Muller codes

as follows;

, Tn)
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Definition 2.4. [16] The first order Reed Muller codes RM (1, m) are binary codes

defined, for all integers m > 1, recursively as follows:

RM (1,1) = F3

form>1, RM(1,m+1) ={(u,u) :uw€ RM (I,m)} U{(u,u+1):ue€ RM(1,m)}.

Definition 2.5. [16] The 0-th order Reed-Muller code RM (0,m) is defined to be
the repetition code {0, 1} of length 2m. The r-th order Reed Muller code of length

2™ RM (r,m),2 < r < m is defined recursively by;

RM(r,m) ={(u,u+v) :u € RM(r,m—1),v € RM(r—1,m—1)}if m >r

and F3" if m = r.

Theorem 2.2.1. [16] ( The (u,u + v)-construction): Let C; be an |n,k,d|- linear
q-ary code fori =1,2. Then the code C' defined by, C = {(u,u+v):u € Cyv e C}
is a [2n, k 4+ k, min(2d, d)] linear q-ary code.

Proposition 2.2.2. [16] For m > 0, the Reed-Muller code RM(1,m) is a binary

[2m,m + 1,2m — 1] linear code, in which every codeword except 0 and 1 has weight

2m=1,

Proposition 2.2.3. [16] If G,, is a generator matriz for RM (1, m), then a generator
matriz for RM(1,m + 1) is

Gn Gn
0 1

Gm+1 =

Theorem 2.2.4. [16] If G,,, is a generator matriz of RM (r,m) then a generator
matrix for RM (r + 1,m + 1) is given by

Gr+l7m Gr—i—l,m

0 Grm

Gr—l—l,m—l—l -

The dimension of RM (r,m) is 1+ (1) + (%) + -+ + () which will be denoted as



K, . The minimum weight of RM (r,m) is 2™".

We summarize the properties of binary Reed-Muller codes in the following

lemma.

Lemma 2.1. [16] Let r,m be integers such that 0 < r < m. Let RM (r,m) be the

r-th order Reed-Muller code then we have;

AN e A A

2.3.

RM (r —1,m) C RM (r,m), ¥Yr < m.

RM (r,m)" = RM (m —r —1,m), ¥Vr < m.

RM (k,2k + 1) is a self-dual binary [2%*7 K 5411, 2871] code.

d(RM (r,m)) =2™"" and its dimension is K, =1+ (7) + (3) +---+ (7).
RM (m—1,m) consists of all binary words of length 2™ that have even weight.
Therefore, if » < m, RM (r,m) contains code words of even weight only.

RM (0,m) is a repetition code. RM (1,m) is the dual of the extended Ham-
ming code, (H')" .

RM (1,m) C K,,, C RM (2, m), where K,, is the Kerdock code, m is even and
m > 4.

RM (m —3,m) C P,, C RM (m — 2,m), where P, is the Preparata code, m

is even and m > 4.

. RM (m — 2,m) is the extended Hamming code H'.
10.

RM (m,m) = F3".

Quaternary Codes

The interest in quaternary codes has grown tremendously since the prize win-

ning paper [13], and they have been extensively studied in [32]. They are interesting

since nonlinear binary classes of codes, such as; Kerdock and Preparata-like codes,

are the Gray images of linear quaternary codes. Also optimum Nordstorm Robinson

nonlinear code appears as the first member of these classes. Nordstorm Robinson

code is also the Gray image of octacode as Forney et al. proved in [10].

A linear quaternary code C of block length n is a submodule of Z}, and it is
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permutation equivalent to a quaternary code with generator matrix of the from

I, A B
0 2I, 2C

where A and C are binary matrices and B is a matrix over Zj. C is of type 4122
and obviously |C| = 2%k1+k2,

Definition 2.6. [13] The Gray map ¢ from (Z}, Lee weight) to (Z2", Hamming

weight) is defined as;

¢: Ly — 13
0 +— 00
1 — 01
2 — 11
3 — 10

The following three maps «, 3, from Z4 to Z3 defined as follows;

Zy | B vy
0 |0 0 O
1 /1 0 1
2 ]0 1 1
3 /1 1 0

The Gray map can also be expressed in terms of § and ~ as follows:

¢(z)=(B(x),y(x)) for all x € Z,.

Theorem 2.3.1. [13] ¢ is a weight preserving map from (Z3, Lee weight) to (23",

Hamming weight), i.e.

wy, (x) = wy (¢ (x)) for all x € Zy
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and ¢ is also distance preserving map from (Z%, Lee distance) to (Z3", Hamming

distance), i.e.

dr (l’,y) =dg ((b (:C) ) (b(y)) Jor allz,y € Zy.

Proposition 2.3.2. [13] The binary image C' = ¢ (C) of a Z4-linear code C is linear
if and only if

r,yeC = 2a(x)xa(y) €C.

Corollary 2.3.3. [32] Let C be a Zy-linear code, x1,xs, ..., T, be a set of generators
of C, and C' = ¢ (C). Then C is linear if and only if 2 (x;) * o (x;) € C for all i,j

satisfying 1 <1 < 7 <m.

2.3.1. Quaternary Kerdock Codes

In 1972, Kerdock introduced a class of nonlinear binary codes by [I7]. Later it

turned out that this family of codes is the Gray image of quaternary Kerdock codes.

Let f () be a monic polynomial of degree m > 1in Z, [x]. If f (z) is irreducible
over Zs, then f(x) is called a basic irreducible polynomial of degree m in Z4 [z].
If f(z) is primitive of degree m over Z,, then f(z) is called a basic primitive

polynomial of degree m in Z4 [z].

Let m be any integer > 2 and h (x) be a basic irreducible primitive polynomial
of degree m over Z, such that h (z) | (z*"~* —1). Clearly h (z) is the Hensel lift of
the binary primitive polynomial & (x). Let n = 2™ — 1 and g (2) be the reciprocal
polynomial of the polynomial (2" — 1) / (z — 1) h (x).

Definition 2.7. [32] The shortened quaternary Kerdock code K (m)~ is the qua-
ternary cyclic code of length 2™ — 1 with generator polynomial g (z). The positions
of the coordinates of codewords of I (m)~ are numbered as 0, 1,2,..,2™ — 2. The

quaternary Kerdock code K (m) is the code obtained from K (m)~ by adding a zero-
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sum check symbol to each codeword of I (m)~ at position oo, which is situated in

front of the position 0.

Proposition 2.3.4. [32] Let deg g (z) = 6, then 6 = 2™ — m — 2.Let

g(2) =go+ qrx+ -+ gsa®,

where g; € Zy, and let goo = — (g0 + 91 + -+ - + gs5) , then the following (m + 1) x 2™

matrx
Jo 90 g1 --- ... g5 0 0 O
Joo 0 Jgo G1 /) 0 0
. . 0
| oo 0O 0 0 g ¢ - ... Gs |

is a generator matriz of I (m) .

Proposition 2.3.5. [32] Let & be a root of h(x) in some extension ring of Zs4, for

instance, in GR (4™). Then the (m + 1) x 2™ matriz

1111 ... 1
01 & & ... ¢t

is also a generator matriz of K (m), where the entries & (0 < j <n—1) in the
second row are to be replaced by the corresponding m tuples [a1j, as;, . . . ,amj}T if

& =ayj + agi§+ - 4 apm €™

Let m be an integer > 2. Denote the binary image of the quaternary Kerdock

code K (m) by K (m), ie. K(m)= ¢ (K (m)). Then we have

Theorem 2.3.6. [32] Let m be an integer > 2. Then K (m) is a nonlinear binary
code of length 2™*! and with 4™ codewords. This code is distance invariant and

all its codewords are of even weight.

Proposition 2.3.7. [32] Let m be an integer > 2. Then the binary image of the
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linear subcode of KL (m) with generator matrix

111 1 ... 1
0 2 2¢ 22 ... 2!

is the first-order Reed-Muller code RM (1,m + 1) contained in K (m).

Theorem 2.3.8. [32] Let m be odd and > 3. Then K (m) = K11, binary Kerdock

code.

2.3.2. Quaternary Preparata Codes

In 1968, Preparata introduced in [27] Preparata codes which is an optimum
double error correcting family of nonlinear binary codes. They were studied in
[4], [27] and [30]. Quaternary Preparata codes as given below have Gray image

Preparata-like codes.

Definition 2.8. [32] The Z4-cyclic code of length n with generator polynomial
h(x) is called the shortened quaternary Preparata code and denoted by P (m)~ .
The Zy-linear code obtained from P (m)~ by adding a zero-sum check symbol to
each codeword of P (m)~ is called the quaternary Preparata code and denoted by

P (m).

Proposition 2.3.9. [32] P (m)~ has parity check matrix
16 & . 5”—1].
P (m) is the dual of KK (m) and has parity check matrix

1111 ... 1
01 & & ... ¢l

Proposition 2.3.10. [32] Let m be an integer > 2, then all codewords of P (m) are
of even Lee weight. Moreover, when m is even and > 2,P (m) has minimum Lee

distance 4 and when m is odd and > 3, P (m) has minimum Lee distance 6.
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Denote the binary image of the quaternary Preparata code P (m) by P (m),
i.e. P(m)=¢ (P (m)). Then we have

Theorem 2.3.11. [32] Let m be an integer > 2. P (m) is a binary code of length
2+l and has 22" 22 codewords. It is distance invariant, and all its codewords

have even weight and is the formal dual of K (m). Its weight enumerator is

1

Wem) (X,Y) = yEEs)

WK(m) (X +Y X — Y) .

When m > 3, P (m) is nonlinear. When m is even and > 2, the minimum distance

of P(m) is 4 and when m is odd and > 3, the minimum distance of P (m) is 6.

Proposition 2.3.12. [32] For odd m > 5, P (m) is contained in a nonlinear code
with the same weight distribution as the extended binary Hamming code of the same

length, and the linear code spanned by the codewords of P (m) has minimum weight

2.

Proposition 2.3.13. [32] The Preparata code P,, 1 and the "Preparata” code P (m)
have the same length, the same number of codewords, the same minimum distance

and the same weight enumerator.

P (m) is also called Preparata-like code.

For m = 3, Kerdock and Preparata-like codes coincide, i.e. K (3) = P (3) and

it is the Nordstorm-Robinson code which is an optimum binary code.

2.3.3. Quaternary Reed Muller codes

The quaternary Reed Muller codes were studied in detail in [I3] and [7]. Ker-

dock and Preparata codes belong to this family of codes.

Definition 2.9. [13] Q RM codes are defined over Z, as follows, let m be an integer
greater than 1 and n = 2™ — 1. Let h (x) be a basic primitive polynomial over Z,

of order m dividing 2™ — 1 and £ be one of its roots (h(z) is obtained by Hensel
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lift). Then the m distinct roots of h (z) are £,£2,...,62"", and ¢ is of order 2" —1.

Consider the (m + 1) x 2™ matrix

111 1 ... 1
01 ¢ & ... ¢t

; T
Here £' corresponds to the column [a1;, ag;, . . ., @i where

£ =ay +ag€ 4+ am™

Denote the ith row of the matrix by v; (i = 0,1,2,...,m) are 2™-tuples over Z4 and
vp is the all 1 2™-tuple 12" . The quaternary r-th order Reed-Muller code QRM (r,m)

is the code generated by all 2™-tuples of the form

Vi, VigUig - Vig, 1 <13 <ip <0 <3 <m, 0<s <

We agree that v;,v;, ... v;, = 1*", when s = 0.

Proposition 2.3.14. [13] QRM (1,m) = K (m) where K (m) is the quaternary
Kerdock code.

Example 2.3.1. Let m = 3 and h(z) = 2° + 222 + x — 1 be a basic primitive
polynomial of degree 3 over Z, which is the Hensel lift of the binary polynomial
23+ 2+ 1. Then we have

&€ =20+3+1
1 =3¢243642
£ =6+3+3

E=+20+1
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where & is a root of h(x). Then QRM (1,3) is the Z4-code generated by

111111 1_
1001231
01033 3 2
0012311

o O O =

which can also be viewed as the extended cyclic code that is generated by g (x) =

23 +22% + 1 — 1 i.e. the Zy-code generated by

13121000
10312100
10031210
10003121

For these parameters Kerdock and Preparata codes coincide QRM (1,3) = K (3) =
P (3) moreover it is the quaternary code octacode. Its gray image is the optimum

non-linear binary (16,28,6) Nordstorm-Robinson code as Forney showed in [10].
Proposition 2.3.15. [13] a (QRM (r,m)) = RM (r,m) where a is modulo 2 map.

Lemma 2.2. [13] The following 2™-tuples over Z,
Vi VigVig - Vi, 1 <41 <ig <. <, <m, 0<s<m,

form a basis of the free Z,-module Z2".

Corollary 2.3.16. [32] For 0 <r < m,QRM (r,m) is of type 45m where

o (1) () ()

Proposition 2.3.17. [32] Let m be an integer > 2 and 0 < r < m — 1. Then

QRM (1",m)L =QRM (m—r—1,m).
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In conclusion, properties of (QRM codes are;

1. Under modulo 2 map («) they are binary Reed-Muller codes;

a(QRM (r,m)) = RM (r,m).

First order Q RM code is the quaternary Kerdock code; QRM (1,m) = k(m).
QRM (m — 2,m) = P (m), quaternary Preparata code.

QRM (r,m)" = QRM (m —r —1,m)

AN ol SR

Obviously, it is of type

4%rm where K, =14 (7) 4+ (5) + -+ (7).

T

2.3.4. Quaternary Goethals Codes

In 1972, Goethals introduced Goethals codes in [12] which is a family of three

error correcting codes. They are also studied in [4].

Definition 2.10. [13] Let m be an odd integer > 3 and & be an element of order
2™ — 1 in the Galois ring GR (4™). The quaternary Goethals code G (m) of length
2™ is defined to be the Z,—linear code with parity check matrix

11 1 1 ... 1
01 ¢ ¢ ... ¢!
0 2 26 2¢6 .. 2¢31)

where n = 2 —1 and each £ (i > 0) is replaced by [ay;, Gz, ..., Gmi] Where £ = ay;+
agi+....... + i &™ L. The columns of the matrix are numbered by 00,0, 1,2, ...,n—1.
If we delete the co—components of the codewords of G (m), the code thus obtained

is called the shortened quaternary Goethals code and denoted by G (m)™ .

Corollary 2.3.18. [13] The quaternary Goethals code G (m) of length 2™ ,m odd

> 3,m is of type 42" ~2m=12™ and of minimal Lee distance 8.

Corollary 2.3.19. [13] The shortened quaternary Goethals code G (m)~ has parity
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check matriz

1 & & .. et
2 268 266 ... 263(n)

and is a Zy-cyclic code of length 2™ — 1, of type 4*"~?m=12™ and of minimal Lee

distance 7.

Proposition 2.3.20. [13] Let m be an odd integer > 3. The "Goethals" code
¢ (G (m)) is a binary code of length 2™, It is distance invariant, and has 22" —3m~2
codewords and minimal Hamming distance 8. If m > 5, it is nonlinear; but ¢ (G (3))

18 linear.

2.3.5. Quaternary Delsarte-Goethals and Goethals-Delsarte Codes

Delsarte-Goethals codes were studied in [I5]. The quaternary Goethals codes

and its Z4-duals can be further generalized as follows,

Definition 2.11. [13] Let m be an odd integer > 3,m =2t + 1,1 <r <t and £ be
an element of order n = 2™ — 1 in Galois ring GR (4™). The quaternary Delsarte-
Goethals code DG (m, §), where § = ™ — 7, is the Zy-linear code with generator

matrix

11 1 1 .. 1

01 & &2 . gl

0 2 26 266 .. 2831

0 2 2€1+2J 25(1+2J’)2 o 2€(l+2j)(n71)
0 2 2£1+2T 2&(1—}—?)2 o 25(1+2T)(n—1)

It is easily seen that this is a generalization of QRM.
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The quaternary Goethals-Delsarte code GD (m,d) is the Z,-linear code with

the matrix as its parity check matrix.

Denote the binary images of DG (m,d) and GD (m,d) by ¢ (DG (m,d)) and
¢ (GD (m,0)), respectively. Then we have

Proposition 2.3.21. [13] Let m be an odd integer > 3,m = 2t + 1,1 < r <t
and 6 = mT“ — r.Then the quaternary Delsarte-Goethals code DG (m,d) is of length

o 2m75

2™ and has type 4™12™ and minimum Lee weight 2™ . Its binary image

¢ (DG (m, 0)) is the Delsarte-Goethals code DG (m + 1,9), which is a binary code

(m+1)+rm

of length 2™*, is distance invariant, and has 2° codewords nad minimum

Hamming distance 2™ — 2™~°. When m > 5, DG (m + 1,0) is nonlinear.

Proposition 2.3.22. [13] Let m be an odd integer > 3,m =2t + 1,1 <r <t and
6 = ™= — r.Then the Goethals-Delsarte Zy-code GD (m, 6) is of length 2™ and has
type 42" ~(rH)m=19rm and minimum Lee weight 8. Its binary image ¢ (GD (m,?))
is a binary code of length 2™+, 4t has 22"~ +2m=2 codewords, and is distance
invariant. It has the same weight distribution as the binary Goethals-Delsarte code
GD (m+1,9). Whenm > 5,¢(GD (m,0)) is nonlinear.

Theorem 2.3.23. [22] DG (m,0), where m = 2t +2 > 4, is a code of length 2™

U (E=0+2)42643 codewords and having minimum distance 2241 —22+1-9,

containing 2
If§ =1, DG (m,1) = RM (1,m), while for 2 < 6 < %, DG (m,0) is a nonlinear

subcode of RM (2,m) .

2.4. Polar codes

The idea of channel polarization is introduced by Prof. Arikan in [2]. Polar
codes are the first family of capacity achieving codes and they have many applica-
tions. Polar coding is a code construction method that can be used to construct
capacity achieving codes on memoryless channels. As Arikan showed in [3] with re-
spect to some decoding algorithms they have lower decoding complexity compared to
the Reed Muller codes. Polar coding may be considered as a generalization of Reed
Muller coding. Non-binary version of polar codes are studied by Arikan, Sasoglu,

Telatar in [29].
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Arikan gives a heuristic construction for polar codes as follows:

Definition 2.12. [23] Let

Forany N =2"n>1and 1 < K < N an (N, K) polar code is a linear code whose
generator matrix Gp (N, K) is a K x N submatrix of F®" nth tensor power of F.
It is not easy to understand Polar code construction, we use the following recursion
and choose some rows of Kronecker product of the matrix; first we compute the

vector zy = (2n.1, 2N .2, --, 2N,N) Dy recursion

. 225 — Z]%,j for1<j <k
%, =
zii,  fork4+1<5 <2k

for k = 1,2,22 2”71 with z;; = 1/2. Then we form a permutation 7y =
(11,92, ...,in) of (1,2,...,N) so that for any 1 < j < k < N, the inequality
Zn,i; < 2Ny, is satisfied. The generator matrix G'p (N, K) for an (N, K) polar code

is defined as the submatrix of F®" consisting of the rows with indices i1, s, ..., ix.

Example 2.4.1. For example, for n = 3 we get

25 = (0.996,0.684, 0.809, 0.121, 0.879, 0.191, 0.316, 0.004)

which gives g = (8,4,6,7,2,3,5,1). Polar code picks the rows of F®3 by the order
given in wg. So for Gp (8,5) we choose the 8,4,6,7 and 2nd rows of F®3

(1100000 0]
11110000
Gp(85)=11001100
10101010
11111111



21

Polar codes prefer the rows with shorter span of 1s. For instance Gp (8,5)

prefers 2nd row of F'®3,

Efficient construction for polar codes is given by Mori and Tanaka

recursively as follows:

Definition 2.13. [25] Gy = ByF®" for any N = 2", n > 0, By is a permu-
tation matrix known as bit-reversal and can be computed recursively as: By =

Ry (]2 ® B N ) where By = [, and Ry is permutation matrix for reverse shuffle

(Ul,vg, ce ,’UN) RN = (’Ul,Ug, ooy UN—1,U2, Uy, ... ,UN).

Example 2.4.2. By using the last recursive definition Gg is obtained as follows;

100 00O0O0O
10001000
10100000
Go — 10101010
11000000
11001100
11110000
_11111111_

Korada, Sasoglu and Urbanke defined the rate of polarization; exponent as

follows:

Definition 2.14. [18] Given an I x [ matrix G = [¢{, 47, ...., ng}T. Partial distances
D;, i =1,2,..l are defined as

Di:d(gi7<gi+lvgi+27”'agl>)7 for i = 1a2)"'7l_1
Dy =d(g:,0)
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and the rate of polarization, exponent of G is given by

l
1
E(G) = 72108;1 D; .
=1

Example 2.4.3. The partial distances of the matrix

1 00
G=1110
011

are dy = 1,dy = 2,ds = 2. Hence, E (G) = 5 (logg 1 + logs 2 + logg 2) = 0.42062.

Korada, Sasoglu, Urbanke showed in [I8] that the rate of polarization for

binary matrices exceeds 0.5 at [ = 16 i.e.

1
E,= max E(G), E; < =, forl <15 and F4 = 0.51828.
Ge{o,1}11x! 2

2.5. Galois Ring Extension of F, + uFy, GR(R,m)

This chapter introduces the main machinery, Galois rings, for the study of
codes over R = Iy + ulFy. Krull developed the theory of Galois rings. Galois rings
are studied in detail in [31] and [32].

A polynomial h(z) of degree m over Fy + uky is called a basic irreducible
polynomial if it is a monic irreducible polynomial over Fy + uF; such that h () is
irreducible over Fy and that if & (x) is primitive, then h () is called basic primitive

polynomial over Fy + uF5.

There is a basic primitive polynomial of degree m over Fy+uF5 for any positive

integer m. Let h (z) be a basic irreducible polynomial of degree m over Fy + ulFs.
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Consider the residue class ring

The residue classes
ap + a1 + -+ + am_12™ "+ (h (2)),
where ag, a1, .., a;m—1 € FatulFy, are all distinct elements. Therefore |Fo + uFs [x] / (h (2))| =
4™, The ring Fy + ulFy [z] / (h (2)) is called the Galois ring over R and is denoted by
GR (R, m) which is unique for a given m.
Write £ =z + (h(z)), then h () =0, £ is a root of h (x), and the elements

ag + a1 + -+ a1 E™Y,

where ag, ay, .., a;,—1 runs through Fs + ulFs independently, are all distinct elements

of GR(R,m). Hence GR (R, m) = Fy + ulFy [¢].

The group of units of GR (R, m) denoted by

GR* (R,m) = Ge x G4

where G¢ is a cyclic group of order 2™ — 1 and (G4 is an Abelian group of order 2™.

Ga={(1+ua)|acFm}.

Lemma 2.3. [31] The set G¢ x {0} is isomorphic to the field Fom.
Lemma 2.4. [31] The only ideals of GR (R, m) are (0), (1) and (u).
Theorem 2.5.1. [31] Let h(x) be a basic irreducible polynomial of degree m over

Fy + uFy. Then the residue class ring GR (R, m) = Fo 4+ ulFy [2] / (h (2)) is a finite
ring of characteristic 2 with 4™ elements. Write £ = x + (h(x)), then h(§) = 0,
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every element of GR (R, m) can be written uniquely in the following form
ap+aé+ - 4 a1 a e Fy+uFy, 0<i<m-—1,

and GR (R, m) = Fy + uFy [€] . Moreover, the ideal (u) of Fy + uFq €] is the unique
mazimal ideal which consists of all the zero divisors together with the zero element.
Write £ = x + (h(z)), then h(£) = 0 and Fy + ulF5 [€] / (u) =~ Fy [¢] is the Galois
field Fom.

In general, a Galois ring is defined to be a finite commutative ring R with
identity such that the set of zero divisors of R with 0 added is a principal ideal (p)

for some prime number p.

Proposition 2.5.2. [31] Let R be a Galois ring whose zero divisors together with 0
form a principal ideal (u) for some prime u. Then (u) is the only maximal ideal of
R, R/ (u) is a Galois field Fym for some positive integer m, and the characteristic

of R is a power of p.

Corollary 2.5.3. [31] Any two Galois rings both of characteristic 2 and having the

same number of elements are isomorphic.

Theorem 2.5.4. [31] In the Galois ring GR (R, m) there exists a nonzero element £
of order 2™ —1, which is a root of a basic primitive polynomial h (x) of degree m over
Fy+uFy and GR (R, m) = Fy+uFs [£] . Moreover, h(x) is the unique polynomial of
degree < m over Fy + uFy having & as a root. Let 7 = {0,1,&,&2,...,6*" 72}, then

any element ¢ € GR (R, m) can be written uniquely as
c=a-+ub, a,berT.

The representation is called u-adic representation of the element ¢ € GR (R, m),

which s a generalization of the multiplicative representation of the elements of Fom.

Corollary 2.5.5. [31] Express any element ¢ € GR (R, m) in the form

¢ = a+ ub, where a,b € T.
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Then

1. all the elements ¢ with a # 0 are invertible and form a multiplicative group of
order (2™ — 1) 2™ which is a direct product (£) x ¢ where (£) is a cyclic group
of order 2™ — 1 generated by £ and € = {14+ ub | b € 7} has the structure of
an abelian group of type 2™ and is isomorphic to the additive group of Fom.

2. All the elements with a = 0 are nilpotent, and they form the ideal (u) of
GR(R,m).

3. The order of ¢ is a divisor of 2™ — 1 if and only if a # 0 and b = 0.

4. Any element 7 € GR (R, m) of order 2™ —1 is of the form &', where (i,2™ — 1) =

1 and is a root of a basic primitive polynomial of degree m over Fy + ulFy and

T={0,1,n,n% ..., """ %}.

Example 2.5.1. Let m = 3, h(z) = 2 + 2+ 1, and § = z + (h(z)). Then
Fy + ulFy [§] = GR (R, 3) and & is an element of order 22 — 1 ="7. We have

=41,
¢h=¢+¢,
E=+¢+1,
B =11

Therefore

T={0,1,6,E+ 1,8+ +E+ 1,8+ 1}

GR(R,3)={a+ub|a,be T, u> =0} is a ring with 64 elements.

Corollary 2.5.6. [31] Let ¢y, ¢y € T, and express

c1t+ca=a+ub, aber,
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Then

)1/2

a=cy+cotu(ce)’”,

b= (0162)1/2 )

2
where (c1c)"? denotes the unique element in T such that <(0102)1/2> = C1Co.

Corollary 2.5.7. [31] Let ¢y, co, .., ¢, € T, and express
k

Zci =a+ub, a,berT,
i=1

then

k
a:Zcﬂ—u Z (c,-cj)l/2
=1

1<i<j<k

Automorphisms of GR (R, m);
The Frobenius map of the Galois field Fom

f2 i Fom — Fom

a — G2

can be generalized to GR (R, m) as follows:

f:GR(R,m)— GR(R,m)

c=a-+ub— cf =a*+ ub?

will be called the generalized Frobenius map of GR (R, m) .

Theorem 2.5.8. [31] The generalized Frobenius map f of GR (R, m) is a ring au-
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tomorphism of GR (R, m) , the fixed elements of f are the elements of Fo +uFs, and

f s of order m.

Theorem 2.5.9. [31] Let o be a ring of automorphism of GR (R, m), then o = f!

for some i,0 <i<m — 1.

The cyclic group (f) generated by f is called the Galois group of GR (R, m)
over Fy + uky.

Recall that the trace map Tr from Fom to Iy is defined by
Tr(a) = a+a” +a +-- 40 for all a € Fyn.
Define the generalized trace map 1" from GR (R, m) to Fy + ulFy by
Tre)=c+c +c” +. 4" forallce GR(R,m).
Proposition 2.5.10. [31] We have
1. T(c+d)=T(c)+T () forall ¢, € GR(R,m),
2. T (ac) = aT (c) for all a € F5 + uFy and ¢ € GR (R, m)

3. of =fy0,ie,cf =clforall c € GR(R,m),
4. oT =Troie.,T(c)=Tr(c) foral ce GR(R,m).

Moreover, T is a surjective map from GR (R, m) to Fy + ulFs.

Proposition 2.5.11. [31] Let h(x) be a basic irreducible polynomial of degree m
over Fy+uFy andn be a root of h(z) in GR(R,m). Thenn,n/ n, ....0/"" are all
distinct roots of h (x) in GR (R, m) and h (x) has the following unique factorization
into linear factors in GR (R, m) [z] :

h(z)=(x—n) (x—nf)...<x—77fm_l>.

In particular, if h () is a basic primitive polynomial of degree m, h (x) | (£2m’1 — 1)
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in Fy+uFy [2], and € is a root of h(x) in GR(R,m), then &,£2,62°,..,62"" are all
distinct roots of h (x) in GR (R, m) and h (z) has the unique factorization:

Proposition 2.5.12. [31] Let £ € GR (R, m) be such that both & and & are of order
2™ — 1. Then

1. & + ¢ is invertible for 0 < j < k < 2™ — 1, where m > 2.
2. &+ &I # ¢k for distinet 4, j, kin [0,2™ — 2], where m > 2.
3. Assume that m > 3 and 4, j, k, [ are in the range [0,2™ — 2] and i # j, k # [.
Then
f+d=¢+dei=kandj=1L

4. For odd m > 3,

e =0=i=j



CHAPTER 3

Extending Reed-Muller codes to [y + ulFy

In this chapter, we extend the Reed-Muller codes to the ring Fy + ulF5. In
1994, they were extended to Z4 as in [13], this quaternary version were also studied
in detail in [7] and later they are extended to Z, as in [33]. Type II, type IV and
cyclic codes over Fy + ulFy have been studied extensively in [8],[9)and[1] respectively.
The ring Fs 4+ ulF5 is defined as the ring of characteristic 2 with 4 elements with the

restriction u? = 0.
Fy + ulFy = {a+bu | a, b €Fy, u? :0}

and it is easily seen that Fy + uFy ~ Fy [z] / (2%). Any code over Fy + ulF, is permu-

tation equivalent to a code C' with generator matrix

G- [kl A Bl +UBQ

0 wuly, uD

where A, By, By and D are binary matrices.
3.1. Reed-Muller codes over F, + ulfy

Definition 3.1. A linear code C of length n over the ring Fy + ulF, is an Fy 4 ulFo-
submodule of (Fy + ulFy)" .

Definition 3.2. Reed-Muller codes over Fy + ulF5 , denoted them by FRM are
defined as follows, let m be an integer greater than 1 and n = 2™ — 1. Let h(x) be
a basic primitive polynomial over Fy 4+ ulFy of order m dividing ™ — 1 and & be one

2m—1

of its roots.Then the m distinct roots of h (x) are &,£2,..., & , and ¢ is of order



2™ — 1. Consider the (m + 1) x 2™ matrix

1111 ... 1
01 & & ... el

; T
Here £' corresponds to the column [a1;, ag;, ..., Gyi]” Where

& = ay; + a4+ ami™

30

Denote the ith row of the matrix by v; (i = 0, 1,2, ..., m) are 2™ —tuples over Fo+uF;
and vy is the all 1 2™-tuple 12" .The r-th order Reed-Muller code F'RM (r, m) over

Fy + ulF5 is the code generated by all 2"™-tuples of the form
Ui1Ui2vi3,...7Uis7 ]- S/Ll S/LQ S §i5<m7 OSSST

_12m _
where v;,v;,,...,v;, =1, when s = 0.

Obviously FRM (r,m) is of type 4%~ where K., = 1+ (7)+ () +- -

2

We consider these codes with Lee weight

w(l)=w(l+u)=1, w(u)=2, w(0)=0

and linear Gray map

gb: F2+UF2—>]F%
a+bur— (bya+0b) .

Also a recursive definition maybe given as follows:

Definition 3.3. The 0-th order Reed-Muller code is defined to be the repetition

code {0,1} of length 2m. For any 0 < r < m, the r-th order Reed-Muller code
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FRM (r,m) is defined recursively by;

FRM(r,m) ={(u,u+v):u€ FRM(r,m—1),v € FRM(r—1,m—1)}ifm>r

(Fy + ulFy)*™ if m =r.

Proposition 3.1.1. If G,, is a generator matriz for FRM (1, m), then a generator
matriz for FRM(1,m + 1) is

Gm Gm
0 1

Gm+1 =

Proof. Follows from the construction as in the case of binary Reed Muller

codes.
Theorem 3.1.2. If G,,, is a generator matrix of FRM (r,m) then a generator

matriz for FRM (r +1,m + 1) is given by

Gr-l—l,m Gr-l—l,m
0 Grm

Gr+1,m+1 -

The dimension of FRM (r,m) is K, =1+ (7) + (3) + -+ (7).

r

Proof. Follows from the construction as in the case of binary Reed Muller

codes.

3.2. Properties of FFRM codes and their duals

Proposition 3.2.1. F'RM codes have the following properties;

1. FRM (r —1,m) C FRM (r,m)
2. FRM (r,m)" = FRM (m —r — 1,m)
3. FRM (k,2k + 1) is self-dual with Gray image a [22F+2 226+1 2KH1] binary
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code.
4. d(FRM (r,m)) = 2m"

5. The weight enumerator polynomial is symmetric.

Proof (1) Follows from the definition.
(2) Easily follows from the type of codes. Consider r < m —r — 1
FRM (r,m) C FRM (m —r — 1,m) result follows from the generators,

K + Ki—r—1m = 2™ implies |[FRM (r,m)||[FRM (m —r —1,m)| = 4*"

gives the result. Similarly for the case r > m —r — 1.
(3) ¢ (FRM (r,m)) C RM (r + 1,m + 1) implies
d(¢(FRM (r,m))) >d(RM (r+1,m+1)) =2m"T".
(4) Follows from all 1 binary codeword contained in ¢(FRM (r,m)).

(5) All 1 vector is in F'RM (r, m) follows from all 1 binary codeword contained
in ¢(FRM (r,m)).

Proposition 3.2.2. FRM (1, m) has weight distribution

weight # of codewords

0 1

gm-1 4(2m — 1)

om 92(m+1) _ gm+3 | ¢

2m+1 _ 2m—1 4 (2m _ 1)

2m+1 1.

Proof. Generator matrix of FRM (1,m) has m minimum weight rows and

their possible combinations also have minimum weight and there are (T) + (7;) +
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(’;) +.+ (Z) = 2" —1 such codewords. (1+u) times these codewords, all 1 codeword
+ these codewords and (1+u) times the previous one all have same weight. So there
are at least 4 (2™ — 1) codewords of weight 2™~1. ¢ (FRM (1, m)) has all 1 codeword
and when we add it to the Gray images of the codewords above we get codewords

of weight 2™ — 2m=1 So # (¢ : wy(c) = 2™7Y) = # (¢ : wy(c) = 2mT — 2m~1),

Example 3.2.1. Let m = 3, h(z) = 2®+ x4+ 1 then FRM (1,3) is the code over

Fy + ulFy generated by

11111111
010010171
00101110
000101171

is a [23,4173,237Y code over Fy + ulFy with weight enumerator 1 + 282* + 19828 +
282124216 and it is self dual. Consider it’s subcode generated by RM (0, 3), uRM (1,3)

o O O
o
IS
o
N
£
IS
)

which has Gray image RM (1,4). FRM (2,3) has generator matrix

11111111
010010171
00101110
00010111
00001010
000O0O0OO0T1T1
_00000 11 O_

and similarly its Gray image has RM (2,4) as a subcode, consider the subcode gen-



erated by RM (1,3), uRM (2,3) i.e. with generator matrix

11111111
01 001O0T11
00101110
00010111
0000 wOwwO
000O0O0O0 u wu
_OOOOOqu_

RM (1,4) C ¢ (FRM(1,3)) C RM (2,4) C ¢ (FRM(2,3)).

Let us consider the code FyRM (r,m) = (RM (r — 1,m) ,uRM (r,m)).

Theorem 3.2.3. For any 1 <r < m — 1, we have

¢ (FyRM (r,m)) = RM (r,m +1) .

Proof.

FyRM (r,m) = (RM (r — 1,m) ,uRM (r,m))
={a+bu|ae RM(r—1,m), b€ RM (r,m)}.

|FyRM (r,m)| = 2/, where

() () e () e () () e ()
e (G) - ) () O)
() () e (1) e

f

+

34
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So, f is the dimension of RM (r,m +1).

¢ (F1RM (r,m)) ={(b,a+b) |be RM (r,m), a€ RM (r —1,m)}

= RM (r,m+ 1)

by recursive definition.

Corollary 3.2.4. The binary Reed-Muller codes RM (r,m) are all Fo 4+ uFy-linear

for 0 <r <m.
RM (r,m+1) = ¢ (F1RM(r,m)) C ¢ (FRM(r,m)) C RM (r+1,m+1).

Corollary 3.2.5. F\RM (r,m)" = F,RM (m —r,m), for 0 <r < m.

Proof Follows immediately from
¢ (FlRM (r, m)i> — RM (r,m +1)" = RM (m — r,m + 1) = ¢ (FLRM (m — r,m)).

The binary ¢ (FRM (r,m)) codes can be considered as codes on graphs since it is a

subcode of RM (r +1,m + 1).
3.3. Polar codes obtained from [, + ulF,

Obviously, in Fy RM (r, m) weight 2™*1~" rows of RM (r,m + 1) are expressed
in two groups. We claim that a family of polar codes can be expressed as the gray
image of the subcode FoRM (r,m) = (RM (r — 2,m) ,uRM (r,m)) of FyRM (r,m)
therefore FRM (r,m).

Example 3.3.1. F,bRM (2,2) = (RM (0,2),uRM (2,2)) in other words the code
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generated by

_1 11 1_
0 u 0 u
0 0 u u

_00 Ou_

has gray image the Polar code Gp (8,5).

Example 3.3.2. The subcode of F1RM (2,3) therefore FRM (2,3) that is generated

by;

0O vw 00w 0 u u
0 0w 0O uwuwwu O
000 w0 uwuwu
0000w O w0
000000 u wu
00 000w uoO

has gray image the Polar code Gp (16,8).

FyRM (r,m) = (RM (r — 1,m) ,uRM (r,m)) has gray image RM (r,m + 1)

FoRM (r,m) = (RM (r —2,m),uRM (r,m)) has gray image the Polar code
Gp (2" Ko = (7)) -
Conjecture. The gray image of FoRM (r,m) = (RM (r — 2, m) ,uRM (r,m))

is a polar code.

In ¢ (FyRM(r,m)) = RM (r,m + 1) weight 2™*1=" generators are expressed

in two different forms, weight 21~ rows of F®"*! Gp (2" K, i1 — (7))

FoRM (r,m) picks the even indexed rows of F®™! we expect proof may
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follow from reverse shuffle permutation Ry ;

(’Ul,?}g,...,’l}]\[) RN = (Ul,’Ug,...,?}N_l,UQ,U4,...,’lJN) .

3.4. Some specific codes over Fy + ulF,

Fy + ulF, version of Cjq is a 4%2° type code generated by

_10 111 1101 1-
01 000O0T1TT1T10O0
00w OO0OOO0OO0O0 u
000w 0O0O0O0O0 u
0000 w0O0O0O0 u
000O0O0wOO0OO0 u
000O0O0O0wOwuoO0
_OOOO 0 0 Ouuu_

has Gray image a binary [20, 10,4] (ub6) self-dual code with weight enumera-

tor;

1+ 212 + 4825 + 23428 + 41620 + 23422 + 482 + 2126 + 220,

The quaternary octacode Oyg is a special code with gray image Nordstorm-

Robinson code, Iy + ulFy version of it is generated by

(10001 1 u 1]
01001 ul 1
0010111 u
0001wl 1
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and has Gray image a [16,8,4] (ub5) self-dual binary code with weight enu-

merator;
1+ 122% + 6425 + 1022° + 642 + 12212 + 216,
Qs
00110011
000O0T1T1T1:1
11000011
0O v 0 w 0 uw 0 wu
000000 u u

gives a binary self dual [16,8,4] (ub5) code which has the same weight enumerator

with FRM (1,3);

1+ 282% + 19828 + 28212 + 216,

Fy 4+ ulFy version Ky, codes have self-dual binary codes as Gray images, for instance

K is the code generated by

(1111111 1]
0w 00000 u
00 w0000 u
000wuw000u
0000 w00 u
00000 w0 u
(000000 wu,

its Gray image is a [16,8,4] self-dual binary linear code which has same weight

enumerator with F'RM (1, 3).

K15 has Gray image a self-dual binary linear [24,12,4] code with weight enu-
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merator;

1+ 662* + 49528 + 297222 + 49526 + 66220 + 224,

In fact, the quaternary code Ky, satisfies the linearity criteria so Z4-code and Fy +

ulFy-code have the same binary image.

Fy + ulF5 version of hexacode generated by

1 00 1 uw u
01 0 w1 u
0 01 v w1

is a self dual code with Gray image binary [12, 6, 4] (ub4) self dual code with weight

enumerator

1+ 152* + 3225 + 1528 + 212



CHAPTER 4

Generalizations of Reed Muller codes over Fy + ulFy

Quaternary Reed Muller codes are generalized to Goethals [12], [4] Delsarte-
Goethals [15] and Goethals-Delsarte codes. In this chapter, we generalize the Reed
Muller codes over Fy + ulFy and define Goethals, Delsarte-Goethals and Goethals-
Delsarte codes over Fy + ulFy. We have seen that Goethals and shortened Goethals
codes over [y + ulFy are classes of double error correcting codes. Therefore we
obtained double error correcting families of binary codes as the gray images of
Goethals and shortened Goethals codes. Delsarte-Goethals and Goethals-Delsarte
codes over Fy + ulFy did not give us interesting results. But a class of codes obtained

from Delsarte-Goethals was interesting.

4.1. Goethals Codes over F,y + ulF,

Definition 4.1. Let m be an odd integer > 3 and £ be an element of order 2™ — 1
in the Galois ring GR (R, m) . The Goethals code F'G (m) of length 2™ is defined to
be the Fy 4 ulFs-linear code with parity check matrix

11 1 1 ... 1
01 ¢ & ... ¢
0 u ué® ues ... wlrb

where n = 2™ —1 and each &' (i > 0) is replaced by [ay;, as;, ..., ami]T where £ = a1;+
a4+ -+ amE™ L. The columns of the matrix are numbered by 00,0, 1,2,...,n—1.
If we delete the co—components of the codewords of F'G (m), the code thus obtained

is called the shortened Goethals code over Fy + ulFy and denoted by F'G (m)
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Proposition 4.1.1. The Goethals code FG (m) of length 2™, m > 5 is of type
42" =2m=19m and of minimal Lee distance 6, d (FG (3)) = 8.

Proof. FG(m)C FRM (1,m)" = FRM (m — 2, m) which gives us d (FG (m)) >
d(FRM (m —2,m)) = 4. Since all codewords of F'G (m) have even weight it is
enough to show that it has no codeword of weight 4 and has a codeword of weight

6.

Corollary 4.1.2. The shortened Goethals code FG (m)~ has parity check matric

1 ¢ & ... el

u ouf® ufs .. ugh

and is a Fy 4+ ulFs-cyclic code of length 2™ — 1, of type 42" ~2™~12™ and of minimal

Lee distance 5 for m > 5.

4.2. Delsarte-Goethals and Goethals-Delsarte Codes over Fy + ulF,

For any parameter quaternary Delsarte-Goethals codes are contained in the
first order Reed-Muller subcode of Kerdock code and by Theorem 2.3.23 DG (m, 1)
has gray image the second order Reed Muller code. In other words, the corresponding
quaternary codes has binary images which are nonlinear subcodes of the second order
Reed Muller code which contain the first order Reed Muller code. But in our case
the binary image is linear so we obtaine linear codes between the corresponding RM

codes.

Definition 4.2. Let m be an odd integer > 3,m =2t + 1,1 < r <t and £ be an
element of order n = 2™ — 1 in Galois ring GR (R, m) .The Delsarte-Goethals code
over Fy + ulFy, FDG (m,0), where § = ’”T“ — r, is the Fy + ulFy-linear code with
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generator matrix

11 1 1 . 1

01 ¢ 2 . gt

0 u ugs ug’ S ugd

0 u u? u§(1+2j)2 o u€(1+2f)(n—1)
0 u w2 qe0+202  e(r)(n-1)

The Goethals-Delsarte code FGD (m, ¢) is the Fy + uFs-linear code with the matrix
as its parity check matrix. Denote the binary images of F DG (m, §) and FGD (m, ¢)
by ¢ (FDG (m,¢)) and ¢ (FGD (m,J)), respectively. Then we have:

Proposition 4.2.1. Let m be an odd integer > 3,m = 2t + 1,1 < r < t and
§ = H — 1 Then the Delsarte-Goethals code F DG (m,9) is of length 2™ and has

e =

type 4™ and minimum Lee weight 271, For r = mT’l its gray image s the

same as RM(2,m + 1).

Proposition 4.2.2. Let m be an odd integer > 3,m = 2t + 1,1 < r < t and
0= mTH — r.Then the Goethals-Delsarte code FGD (m,§) is of length 2™ and has

2™M—(r+1)m—1 orm

type 4 and minimum Lee weight 4.

Example 4.2.1. Let m = 3, h(x) = 2® + x + 1 then FDG (3,1) is the code over
Fy + ulFy generated by

@) =) [am) @) ) (@) =
I S O VR

IS R =

N _ o O =

(e (@] (@n] — — —

e == =

—_ = =

_ O = =
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is a 23,4423, 4] code over Fy + uFy with weight enumerator

1+ 1402* + 4482° + 87028 + 448210 + 14022 + 216,

The Gray image of this code is a binary [16,11,4] code which has the best known

distance.

Definition 4.3. Let m be an odd integer > 3, § = ™= — . Let IF DG (m,0) be

the code generated by

11 1 1 . 1

0 u ué ug? ugn !

0 u u ug" e ug3m=1)
T e P
0 u w2 et+202 e

Example 4.2.2. Let m =5, h () = 2° + 2* + 2° + 22 + 1 which gives FDG (5,2)
that is a [2°,4%25 16| code over Fy +uFy. IFDG (5,2) is a [25,4 x 21°,24] code over
Fo+ulFy , its Gray image is a [64, 12, 24] binary code for these parameters best known

code has distance 25 and upper bound on distance is 26.

Proposition 4.2.3. All codewords of IF DG (m,d) have weight divisible by 4 and

d(IFDG(m,6)) = d(DG(m,s)) = 2™ — 2m°,
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Proof. The subcode of DG(m, J) that is generated by

1 1 1 1 .. 1

0 2 2 252 - 25"71

0 2 2£1+2j 25(1+2J’)2 o 25(1+2j>(n—1)
0 2 2€1+2T 25(1+2T)2 o 25(1+2T)(n71)

satisfies the lineartiy criteria(Corollary 2.3.3) and obviously its gray image is the
same as ¢ (I F'DG (m,9)) . In other words, ¢ (I F' DG (m, ¢)) is a linear code contained
in nonlinear binary code DG (m, ). So it is enough to find a codeword of weight

2m —2m=0,
DG(3,1) has same weight enumerator with DG (3,1) .
¢ (FDG (3,1)) is RM(2,4) so its dual is RM(1,4).

¢ (FDG (5,2))" is a [64,47, 6] code.
Proposition 4.2.4. [FDG(m, mT_l) has weight distribution
weight # of codewords

0 1
2m — 275 2mTl(gm 1)

om 3% 22m _9m _ 9
om 4 2% gm=l(m _ 1)
2m+1 1

Proposition 4.2.5. d (IFDG(m, ™)) = 4.
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Proof. IFDG(m,™21)" is the code with parity check matrix

11 1 1 ... 1
0 w ué& wuf? ... wt
0 u u& us ... w1

So, it is contained in the code with parity check matrix

1 1 1 1 ... 1
0 u ué wf? ... wEnt

Which is (FyRM (1,m))" = FyRM (m — 1, m) that has gray image RM (m —1,m +1).
So d (IFDG(m,21)+) > d (RM (m — 1,m + 1)) = 4. It is enough to find a code-

word of weight 4 to reach the conclusion.



CHAPTER 5

Reed Muller Codes over S;

In this chapter, we extended Reed Muller codes to the ring Sy = Fy [x] / <x2k>
Obviously, S; = Fy + ulFs. In chapter 3, we studied Reed Muller codes over S; in
detail. We observed that for £ = 2 we obtain polar codes as subcodes of Reed Muller

codes.

5.1. Reed Muller Codes over 5,

Reed Muller Codes over the ring Fy + ulFy + u2Fy + u’F,

Definition 5.1. Let Sy = Fy [z] / <x22) cie. Sy = Fy+ulFy+u?Fy+ulF,. Similarly
we define Reed Muller codes over Sy. Let h (x) be a basic primitive polynomial over

Sy of order m dividing " — 1 and £ be one of its roots.

1111 ... 1
01 & & ... et

Denote the i-th row of the matrix by v; (i = 1,2,...,m + 1) The r-th order Reed-
Muller code over Sy which will be denoted by Sy RM (r,m) is the code generated by
all 2"-tuples of the form

ViyVigVig, -« 5 Vi, 1 <43 < <. <, <m+1, 0<s<r.

We consider these codes with Lee weight



47

and linear Gray map

¢ Fo+ uFy + u?Fy + ulFy —>IE”21
a+bu +cu>+dudr— (a+b+c+d,c+d,b+d,d)

We claim that;

1. S9RM (r —1,m) C SoRM (r,m)

2. SyRM (r,m)" = SoRM (m —r — 1, m)

3. SoRM (k,2k + 1) is self-dual with Gray image a [22FF3 222 2F+1] binary
code.

4. d(SeRM (r,m)) = 2™ " moreover it’s Gray image ¢ (SoRM (r,m)) lies be-
tween the corresponding binary Reed Muller Codes.
RM (r,m +2) C ¢ (SeRM (r,m)) € RM (r +1,m +2).

5. The weight enumerator polynomial is symmetric.

Let us consider the subcode
SyRM (r,m) = (RM (r — 2,m) ,uRM (r — 1,m) ,u>RM (r,m)) .

Theorem 5.1.1. For any 1 < r < m—2, we have ¢ (SyRM (r,m)) = RM (r,m + 2)

Proof.

SyRM (r,m) = (RM (r — 2,m) ,uRM (r — 1,m) ,u’RM (r,m))
a+bu+cu®+dud|a€ RM(r—2,m), be RM (r —1,m),
cebe RM(r—1,m), d € RM (r,m)
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So, k is the dimension of RM (r,m + 2).

(a+b+c+d,c+d,b+d,d)|

a€ RM (r—2,m), bpece RM (r—1,m), d € RM (r,m)
Let (a+b+c+d,c+d,b+d,d) = (x,x+y) where x = (a+ b+ c+d,c+d) and

¢ (SyRM (r,m)) =

y=(a+co)

Now we can writez = (¢ + b+ c+d,(a+ b+ c+d) + a + b) As a runs through
RM (r — 2,m); b, ¢ runs through RM (r — 1, m); d runs through RM (r,m), we see
that a+b+c+d runs through RM (r,m + 2) and a+b runs through RM (r — 1,m + 2)
because of the inclusion RM (r — 2,m) C RM (r — 1,m) C RM (r,m). We see that
x runs through RM (r,m + 1). Similarly, by wirting y = (a + ¢, (a + ¢) + a), we see
that y runs through RM (r — 1,m + 1). But this means

¢ (S3RM (r,m)) = {(z,z+vy) |, x € RM (r,m+1), y€ RM (r —1,m+ 1)}

which is exactly RM (r,m + 2).
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Corollary 5.1.2. The binary Reed-Muller codes RM (r,m) are all Fo+ulFy+u?Fy+

u3Fy-linear for 0 < r < m.
RM (r,m +2) = ¢ (S3RM (r,m)) C ¢ (S2RM (r,m)) C RM (r +1,m + 2)

Corollary 5.1.3. SIRM (r,m)" = SIRM (m —r+1,m), for 0 <r < m.

Proof. Follows immediately from

o) (SZIRM (r, m)L> = RM (r,m+2)" = ¢ (S3RM (m —7r+1,m)).

SoRM (r,m) = (RM (r,m))
SyRM (r,m) = (RM (r — 2,m) ,uRM (r — 1,m) ,u’RM (r,m)),

¢ (S3RM (r,m)) = RM (r,m + 2)
S3RM (r,m) = (RM (r — 3,m) ,uRM (r — 1,m) ,u*RM (r,m)),
¢ (S3RM (r,m)) = Gp (2", A)

S3RM (r,m) = (RM (r — 3,m) ,uRM (r — 2,m) ,u*RM (r,m)) ,
¢ (S3RM (r,m)) = Gp (2!, B)

WhereA:Krerg—( m ) B:KTm+2—< m )—2( m )
’ r—2 ’ r—2 r—1



Example 5.1.1. SoRM (3, 3) is the code generated by

O e S S S e
[

o o O

which has subcode SyRM (3,3) with gray image RM (3,5) that is generated by

—
(e

IS
o o o =

o O B OO OFHO O =

S = O ==

IS

[en}

o O o o o o ==

—_

o O o o o o =

O = O O = = O =

o O o o o = O =

o

o O o o O

o O O O = o O =

o O O O = O O =

o O O o o o o =

o O O o o o o =
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and weight 4 rows of F®® are splitted into 3 groups, and the code S3RM (3,3) gen-

erated by the following matriz has gray image the polar code Gp (32,23)

N
IS

<
o

IS
o o o =

111111

u

] e [aw] =] ] o <

0

0

o o o o o =

o O O o =

o O o o o o o
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similarly the subcode S3RM (3,3) generated by the following matriz has gray image
Gp (32,17)

1 1 1 1 1 111
v v uw uw 0 0 0 0
v v 0 0 uw uw 0 O
v 0 v 0 w 0 uw O
wd w0 0 0 0 0 0
w0 w2 0 0 0 0 0
wd? 0 0 0 w0 0 0
I v 0 0 0 0 0 0 0 |

Conjecture.  SZ2RM (r,m) and SSRM (r,m) have gray images the Po-
lar codes Gp (2™2 K, pmya — ([7,)) and Gp (2772 K, pnys — (7)) — 2(,",) ) respec-

tively.

SoRM (r,m) has a subcode with Gray image equivalent to RM (r,m + 2) and
(rTz) less wanted weight 2™%27" rows appears as ¢ (vilvi,z . .v,-rfl) and we remove
them by expanding corresponding rows by u and obtain Gp (2’”*2, Kymt2 — (fl))
and further we can remove the next group of rows by expanding v;,v;, ... v; _, by u?

and obtain G'p (2’”“, Ky mi2 — (T’f2) — 2(7~T1))'
5.2. Complexity comparison Polar and RM codes

Arikan defined in [23] Reed Muller code RM (N, K') of dimension K for length
0

N = 2™ as it picks the K heaviest rows of F®™ F = and compared these
11

codes with polar codes with the same parameters i.e. Gp (N, K). In that case, one

possible choice for Reed Muller coincides with polar code for most of the values for

K.

Definition 5.2. We add an additional condition as Reed Muller code RM (N, K)
be generated by the heaviest K rows of F®™ and the order is determined by the
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length of span of 1’s, i.e. we pick the row with the shortest span of 1’s among the

possible choices.

At length 8 Polar codes are not different from Reed Muller code.

At length 16 they differ at dimension 8 the Polar code G'p (16, 8) differs from
RM (16, 8) by one row

Example 5.2.1.

me = (16,8,12,14,15,4,6,10,7,11,13,2,3,5,9,1)

RMs = (16,8,12,14,15,4,6,7,10,11,13,2,3,5,9,1) .

So G'p(16,8) and RM (16,8) are as the following

110000001 1O0O0O0O0O0O
11001100O0O0O0OO0OO0OO0O0O
11110000O0O0O0OO0CO0OO0O0O

Gp(16.8) 10101010101 O01O010
11001100110011O00
1111000011 1100°00
1111111100O0O0O0O0O0@O0

_1 1 1111111111111 1_
-1 010101O0O0O0O0O0O0O0O O-
11001100O0O0O0OO0OO0OO0O0O
11110000O0O0O0OO0OCO0OO0O0O

RM (16,8) — 10101010101O01O0T1020
11001100110011O00
11110000111 10000
111111110000O0O0O0O0O0

_1 1 1111111111111 1_
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Trellis oriented generator matriz is a matriz where the rows have different starting

and ending points. They have the following Trellis oriented generators respectively;

_0 0000O0OI1111O000O00O00O0 O-
11110000O0O0O0OO0CO0OO0O0O
0o0111100O0O0O0O0O0O0®O0O®O
Gp(16.8) 0600001111000O0O0O0O0O0
060o0000O0OOO0O1TIT1T1T1O0O0O0FO0
0oo0o0000O0OO0OO0OO0O1T1TT1T1O0O0
0601011010101O01O010Q0
_0 0000O0O0OO0OO0OO0OO0OO0OTL1ITT1T1 1_

brach complexity 2' + 22 4+ 22 +23 4 ... +23 4+ 22 1 21 = 108 similarly state sequence
is0,1,2,3,2,3,2,3,2,3,2,3,2,3,2,1,0 (i.e. the number of active generators at each
instant), state complexity 2° + 21 + 22 423 + 22 + ... 4+ 22 4 21 420 =82

o O O

RM (16,8) =

—_
o O O = O O O O
SO = O = O O O O
o O = O = OO O O O
SO = = = OO O O O
== O O O O O
_ O = O O o o o
_ R, O O O o o o
- O O O o o o o

o O o o o o = O
o O O o o O ==
o O o o o = = O
o O O O O = ==
o O O O = = O =
o O O O = o= o O
o O O O = O O =

o o o O

RM (16,8) with branch complexity 88 state complexity 67.

At length 32 they differ at dimensions 9,10, 11,12, 13, 16,19, 21,22, 23,26 we



compared them and obtained the following table:

N
16
32
32
32
32
32
32
32
32

K
3
9

10

11

12

13

16

19

26

Polar

bit level

E
108
428
396
556

1004
972
1628
1212
1180

v
82
374
338
454
798
726
1222
758
638

RM
bit level
E V
88 67

348 328
344 299
388 320
540 402
876 614
6396 4798
956 646
1180 638

Table 3. Trellis complexity comparison

Polar

parallelized

E Vv

56 44
112 100
200 167
280 230
280 230
540 434
292 232
308 224
700 390

o4

RM

parallelized

E Vv
88 67
176 139
344 299
388 320
540 402
540 402
540 434
184 125
700 390

where F and V stands for branch and state complexities respectively.

Gp (32,16) has distance 4 on the other hand RM (32, 16) has distance 8.

d(Gp(32,16)) = 4, d (RM (32,16)) = 8.

An advantage of a code over S; may be that the trellis oriented generator

matrix of the Gray image can be obtained easily from trellis oriented generator

matrix over Sj.
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5.3. Reed Muller Codes over S;

Definition 5.3. Let Sy = Fy [z] / (x2k>, Let h (z) be a basic primitive polynomial

over Sy of order m dividing z™ — 1 and £ be one of its roots:

1111 ... 1
01 ¢ ¢ ... ¢t

Denote the i-th row of the matrix by v; (i = 1,2,...,m + 1) The r-th order Reed-

Muller code over S, RM (r,m) is the code generated by all 2™-tuples of the form

Vi UigVig ... Vi, 1 <13 <9< ... <, <m+1, 0<s<r.

We consider these codes with new weight defined as

2k [ =2%— Kom
k=1 ok K, <1<2F — Ky, —1
272 ok — Ky, <I1<2P — Ky, —1
k= ok K., <I<2" - K, 1,—1

2 1<I<2* Ky 1m

1 [=0

Gray map as u! is sent to 2% — [ th row of the generator matrix RM (k, k).

Example 5.3.1. Consider Reed-Muller codes over

53 = ]FQ + U]FQ + U/2]F2 + u3]F2 + U4F2 + U5F2 + U/G]FQ + U7]F2

with weight defined as

and linear Gray map
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u — 11111111
u® — 10101010
u® — 11001100
u? — 11110000
u? — 10001000
u? — 10100000
ut — 1100 0000
1 — 100 0 0O0O0O0
S3RM (3,3) is the code generated by
[ 11111111 ]
11110000
11001100
10101010
1100 0 0 00
10100000
10001000
I 1000 0O0O0O0 |

which has subcode with gray image RM (3,6) which is generated by

11 1 1 1 111

v u uw uw 0 0 0 0
v uwu 0 0 w uw 00
v 0 w 0 w 0 w O
ut w0 0 0 0 0 0
ut 0wt 0 0 0 0 0
ut 0 0 0wt 0 0 0

I " 0 0 0 0 0 00 |

weight 8 rows of F®° are splitted into 4 groups with respect to RMsys introduced in the

previous section. So we obtain Reed Muller codes defined in the previous section as



o7

Gray images of subcodes of SsRM (3,3). So RM (64,41), RM (64,32), RM (64, 23)
are obtained as subcodes of S3RM (3,3).



CHAPTER 6

Conclusion

6.1. Results of the dissertation

In chapter 3, we extended Reed Muller codes to Fy + ulFy and studied the
properties of FFRM codes. We conjectured that we obtain families of polar codes
from FRM. In other words, we claim that families of polar codes are expressed

algebraically.

In chapter 4, we generalized the Reed Muller codes over Fy 4+ ulFy and define
Goethals, Delsarte-Goethals and Goethals-Delsarte codes over Fy 4+ ulF5. We have
seen that Goethals and shortened Goethals codes over IFy + ulFy are classes of double
error correcting codes which gives us two error correcting families of binary linear
codes. Therefore we obtained double error correcting families of binary codes as
the Gray images of Goethals and shortened Goethals codes. Delsarte-Goethals and
Goethals-Delsarte codes over Fy + ulFy did not give us interesting results. A class of
codes; [ F DG, obtained from Delsarte-Goethals was interesting. They have distance
quite close to upper bound for some parameters. We obtained binary linear codes
with the same correcting capability of quaternary Delsarte Goethals codes as Gray

images of I F'DG codes.

In the last chapter, we extended Reed Muller codes to Si. For Sy we claim
that SoRM codes have subcodes with gray image polar codes. SsRM gave us RM

codes as subcodes. This chapter is mostly related with our future research.
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6.2. Future research

We wish to study Reed Muller codes over S, in detail and see whether their
gray images have families of polar codes or not. We hope that it may be an algebraic
way to express some polar codes. In [29] Sagoglu, Telatar and Arikan extended the
polar codes to non-binary cases. They also gave examples over F3 and F,. We want
to search for matrices with large rate of polarization over rings, especially over Z,.

In other words, we would like to study polar codes over rings.

We wish to compare in detail RM codes introduced in last chapter with polar
codes. We observed that RM codes have lower trellis complexity than the polar

ones. Is it true for large blocklength?

In [14] and [19] designs were obtained from supports of codewords in extremal
quaternary codes like Goethals, Kerdock and Preparata. We would like to study the
relation between design theory and codes over Fy + ulFy like Goethals and I F DG.
We will try to answer the question "Is it possible to obtain designs from codes over

IF2 + U]FQ?".
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