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OZET

Bu tezde projektif uzaylarda Klein doniisiimii ve Veronesean doniisiimii olmak {izere

iki temel doniisiim ve bu doniisiimlerle elde edilen geometrik yapilar incelenmistir.

P@G(3,2) projektif uzaymm Klein kuadrik ile PG(5, 2) projektif uzayma gomiilmesi
ile elde edilen SC'ID(2,0) yapilar elde edilmistir. Klein kuadrik tizerinde bulunan « ve
diizlemleri incelenmis, bu diizlemlerin Grassmann koordinatlar1 kullanilarak elde edilen
yapilar ayrintili olarak irdelenerek bu diizlemlerin Grassmann koordinatlari ile yeni yapilar
elde edilmisir. Genel Klein kiime kavrami kullanilarak yeni Klein kiimeler bulunmustur.

Klein kiime tanimi1 kullanilarak bazi projektif uzaylarda Klein kiime yapilar1 incelenmistir.

Projektif uzaylarin ve bu uzaylarin bazi alt uzaylarmin kuadrik ve kiibik Veronesean
dontistimlerle daha iist boyutlu projektif uzaylara gomiilmesi ile elde edilen geometrik
yapilarin Ozellikleri incelenmistir. Kuadrik Veronesean ve Kiibik Veronesean doniisiim
kullanilarak, Projektif uzaylar, projektif diizlemler, dogrular ve diizlemlerin 4-arklar1 iist
boyutlu projektif uzaylara goémiilmiis ve burada elde edilen SCID(n,k) yapilar
incelenmistir. Kuadrik Veronesean doniisiimii ve kuadrik Veroneseanlarin izdiisiimleri
kullanilarak PG(3,2) projektif uzayi, PG(8,2) projektif uzaymna gomiilmis ve buradaki

yeni dogru, nokta yapilar1 belirlenmistir.

Anahtar Kelimeler: Projektif Geometri, Veronesean Doniisiim, Kiibik Veronesean,
Klein Kuadrik, Grassmann Koordinatlari, SCID
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SUMMARY

In this thesis, two basic transformations in projective spaces, the Klein transform and
the Veronesean transform, and the geometric structures obtained by these transformations are

examined.

The SC1D(2,0) structures obtained by embedding the projective space PG(3,2) to
projective space PG(5,2) with Klein quadric were obtained. The « and /3 planes on the
Klein quadric were examined, the structures obtained by using the Grassmann coordinates of
these planes were examined in detail and new structures were obtained with the Grassmann
coordinates of these planes. Using the general Klein set concept, new Klein sets are found.
Klein set structures are examined in some projective spaces by using the definition of Klein
Set.

The properties of the geometric structures obtained by embedding the projective
spaces and some sub projective spaces of these spaces into higher dimensional projective
spaces with quadric and cubic veroneseans are examined. By using quadric Veronesean and
Cubic Veronesean, projective spaces, projective planes, lines and planes 4-arcs of projective
planes are embedded in higher dimensional projective spaces and the SCID(n,k)
structures obtained here are investigated. The projective space PG/(3,2) is embedded in the
projective space PG(8,2) using quadric Veroneseans and projections of the quadric

Veroneseans and new line, point structures are determined.

Keywords: Projective Geometry, Veronesean mapping, Quadric Veronesean, Cubic

Veronesean, Klein Quadric, Grassmann Coordinates, SCID — (n, k).
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1. GIRIS VE AMAC

Homojen koordinatlar ya da projektif koordinatlar ilk kez August Mobiiis (1827) iin
“Der barycentrische Calcul” isimli c¢alismasinda kullanilmistir. V, F cismi iizerinde
4-boyutlu bir vektdr uzayt olsun. V' nin 1, 2 ve 3 boyutlu alt uzaylar1 (nokta, dogru ve
diizlemleri) P(V') projektif uzayini olusturur. P(V') projektif uzaymnin bir noktast homojen
koordinatlarda, dordii ayn1 anda 0 olmayan (z,y,z,w) dortlisi ile gosterilir. Projektif
3-uzayda diizlemler homojen koordinatlarla, dordii aynt anda 0 olmayan [A, B,C, D]
dortliisii ile gosterilir. Projektif 3-uzayda dogrular ise iizerindeki iki noktanin lineer
birlesimi ya da lizerinde bulundugu iki farkli diizlemin arakesiti olarak gosterilir. Julius
Pliicker (1865) “A New Geomety of Space” isimli calismasinda Projektif 3-uzayda
dogrular1 6 bilesenli homojen koordinatlarla gosterdi ve Pliicker koordinatlarini tanimladi.

Klein (1868), PG(3, q) projektif uzayindaki bir dogrunun (py : pa : p3 @ ps : Ps : Do)
Pliicker koordinatinin

DP1Pa + Paps + paps = 0

kuadrik denklemi sagladigini gosterdi. Klein doniisiimii ve Klein kuadrigi tanimladi. Klein

kuadrigin PG(5, q) projektif uzayinda bir hiperbolik kuadrik oldugunu gosterdi.

Thas ve Hirscfeld (1991) Galois cisimleri ile koordinatlanan projektif uzaylarda

kuadrikleri sinifladilar.

Beutelspacher vd. (1999) bir P projektif uzayinin herhangi ikisi tek bir noktada
kesigen diizlemlerin kiimesini Klein kiime olarak tanimlamigslardir. Klein kiimenin taban

boyutunun 0, 1, 3, 4 olma durumlarina gore siiflamislardir.

Eisfield (2002), P bir projektif uzay ve —1 < k < n olsun. P nin herhangi ikisi
k boyutlu alt uzayda kesisen n boyutlu alt uzaylarinin ¢ kiimesine bir (n, k)-SCID (Set of
Subspaces with Constant Intersection Dimension) olarak tanimlamustir.. £y, Fr € & olmak
tizere her bir k£ boyutlu £ N E5 alt uzayina £ nin k-kesisim uzay1 denir. £ = 0, 1 durumunda

bu kesisim uzaylar sirasi ile nokta ve dogrulardir.

Govaerts (2003), Pliicker koordinatlarinin daha genel hali olan yani bir P projektif
uzayinin herhangi bir boyuttaki alt uzaylarin1 homojen koordinatlarla gostererek Grassmann

koordinatlarini tanimladi.



Veronesean ¢esitleri uzun ve zengin bir tarthe sahiptir ve reel ve kompleks tipleri
calistlmistir. Fakat bunlar keyfi cisimler {izerinde tanimlanmaktadir. Sonlu cisimler
iizerinde tanimlananlar sonlu geometrilerin gelismesine katkida bulunmustur. En basit
Veronesean gesitleri n. mertebeden Kuadrik Veroneseanlardir ve V, ile gosterilir. Ispatlarda
onlarin Ozelliklerini ara¢ olarak kullanmak icin ¢esitlerini tanimak ve karakterizasyon
teoremlerini bilmek ¢ok onemlidir. Literatiirde sonlu kuadrik Veroneseanlarin dort farkli

tipi bulunmaktadir.
Thas ve Maldeghem (2003) kuadrik ve Hermityen Veroneseanlar: karakterize ettiler.

Tallini (1976) nin karakterizasyonu 2. mertebeden V> kuadrik Veroneseanlarin konik
diizlemlerinin arakesit ozelliklerini kullanir. Yani bu konik diizlemleri bir konikte V; ile
kesisen PG(5, q) projektif uzaymin diizlemleridir. Tallini’nin elde ettigi sonu¢ ¢ nun tek
olmas1 durumunda gecerlidir. Thas ve Maldeghem (2004) bu sonucu keyfi n ve ¢ > 2 i¢in

genellestirdiler.

Thas ve Maldeghem (2005) de Tip 4 deki karakterizasyonu biitiin n. mertebeden
Hermitian Veroneseanlar H,, i¢in ispatladilar ve bunu H, de Tip 2 yi elde etmek igin
kullandilar.

Akga vd. (2010), Baz1 Geometrilerin Sonlu Projektif Uzaylara Gomiilmeleri Uzerine
(Tubitak Proje No: 108T340) adli ¢aligmada, noktalari, bir projektif uzayin noktalar1 fakat
dogrular1 projektif uzaym ovalleri (yada konikleri) olan sonlu projektif uzaylarda

nokta-dogru geometrilerinin gdmiilmeleri siniflandirilmastir.

Akga vd. (2012) Generalized Veronesean Embeddings of Projective spaces, Part
II.The Lax case, isimli ¢alismada farkli sonlu cisim {izerindeki farkli boyutlu iki projektif

uzaydan birinin digerine gomiilebilmesi i¢in gereken sartlari belirlediler.

Ekmek¢i vd. (2016) Kuadrik Veroneseanin izdiistimlerini kullanarak PG(4,4)
projektif uzayindaki PG(2, 4) projektif diizlemini belirlediler.

Bu ¢aligmanin amaci bir F cismi ile koordinatlanan uzaylarin ve bu uzaylarin bazi
alt uzaylarinin kuadrik ve kiibiklerlerle daha iist boyutlu uzaylara gémiilmesi ile elde edilen
geometrik yapilarin ozellikleri incelemektir. Kuadrik Veronesean ve Kiibik Veronesean,
Klein Kuadrik ve Grassmann koordinatlar1 kullanilarak, projektif uzaylar, projektif
diizlemler, dogrular ve diizlemlerin 4-arklar1 {ist boyutlu uzaylara gémiilmesi ve burada

elde edilen SC1D(n, k) yapilari incelenecektir.



2. LITERATUR ARASTIRMASI

Homojen koordinatlar ya da projektif koordinatlar ilk kez August Mobiiis (1827) {in
“Der barycentrische Calcul” isimli c¢alismasinda kullanilmistir. V, F cismi iizerinde
4-boyutlu bir vektdr uzayt olsun. V' nin 1, 2 ve 3 boyutlu alt uzaylar1 (nokta, dogru ve
diizlemleri) PV projektif uzayini olusturur. PV nin bir noktast homojen koordinatlarda,
dordi ayn anda 0 olmayan (z, y, z, w) dortliisi ile gosterilir. Projektif 3-uzayda diizlemler
homojen koordinatlarla, dordii ayn1 anda 0 olmayan [A, B, C, D] dortlisi ile gosterilir.
Projektif 3-uzayda dogrular ise ilizerindeki iki noktanin lineer birlesimi ya da iizerinde
bulundugu iki farkli diizlemin arakesiti olarak gosterilir. Julius Pliicker (1865) “A New
Geomety of Space” isimli ¢alismasinda Projektif 3-uzayda dogrular1 6 bilesenli homojen

koordinatlarla gosterdi ve Pliicker koordinatlarini tanimladi.

Klein (1868), PG(3, q) projektif uzayindaki bir dogrunun (py : pa : p3 @ ps @ Ps : Pe)
Pliicker koordinatinin

DP1Pa + Paps + paps = 0

kuadrik denklemi sagladigini gosterdi. Klein doniisiimii ve Klein kuadrigi tanimladi. Klein

kuadrigin PG(5, q) projektif uzayinda bir hiperbolik kuadrik oldugunu gosterdi.

Thas ve Hirscfeld (1991) Galois cisimleri ile koordinatlanan projektif uzaylarda

kuadrikleri sinifladilar.

Beutelspacher vd. (1999) bir P projektif uzayinin herhangi ikisi tek bir noktada
kesigen diizlemlerin kiimesini Klein kiime olarak tanimlamigslardir. Klein kiimenin taban

boyutunun 0, 1, 3, 4 olma durumlarina gore siniflamislardir.

Eisfield (2002), P bir projektif uzay ve —1 < k < n olsun. P nin herhangi ikisi
k boyutlu alt uzayda kesisen n boyutlu alt uzaylarinin ¢ kiimesine bir (n, k)-SCID (Set of
Subspaces with Constant Intersection Dimension) olarak tanimlamistir. Fy, 5 € & olmak
tizere her bir k£ boyutlu £ N E5 alt uzayina £ nin k-kesisim uzay1 denir. £ = 0, 1 durumunda

bu kesisim uzaylari sirasi ile nokta ve dogrulardir.

Govaerts (2003), Pliicker koordinatlarinin daha genel hali olan yani bir P projektif
uzayinin herhangi bir boyuttaki alt uzaylarin1 homojen koordinatlarla gostererek Grassmann

koordinatlarini tanimladi.



Veronesean ¢esitleri uzun ve zengin bir tarthe sahiptir ve reel ve kompleks tipleri
calistlmistir. Fakat bunlar keyfi cisimler {izerinde tanimlanmaktadir. Sonlu cisimler
iizerinde tanimlananlar sonlu geometrilerin gelismesine katkida bulunmustur. En basit
Veronesean gesitleri n. mertebeden Kuadrik Veroneseanlardir ve V, ile gosterilir. Ispatlarda
onlarin Ozelliklerini ara¢ olarak kullanmak icin ¢esitlerini tanimak ve karakterizasyon
teoremlerini bilmek ¢ok onemlidir. Literatiirde sonlu kuadrik Veroneseanlarin dort farkli

tipi bulunmaktadir:

Tip 1- Tallini (1976) nin karakterizasyonu 2. mertebeden V» kuadrik Veroneseanlarin
konik diizlemlerinin arakesit 6zelliklerini kullanir. Yani bu konik diizlemleri bir konikte V%,
ile kesisen PG (5, ¢) projektif uzayinin diizlemleridir. Tallini’nin elde ettigi sonug ¢ nun tek
olmasi durumunda gecerlidir. Thas ve Maldeghem (2004) bu sonucu keyfi n ve ¢ > 2 i¢in

genellestirdiler.

Tip 2- Ferri (1976) nin karakterizasyonu PG(5, q) projektif uzayinin hiperdiizlem ve
diizlemleriyle V%, nin arakesitlerinin biiytikliiklerini kullanir. Ferri’nin sonucu ise ¢ > 5 ve ¢
nun tek olmasi halinde gecerlidir. Hirschfeld ve Thas (1991) ¢ = 3 durumunu ispatladilar.
Ayrica Thas ve Maldeghem (2004) keyfi ¢ # 2 igin genellestirdiler.

Tip 3- Mazzocca ve Melone (1984) ¢ nun tek olmas1 durumunda PG(@, q) deki
V., 1 aksiyomatik hale getirmek icin V), deki biitiin koniklerin kiimesinin ve bunlara teget
olan dogrularin geometrik 6zelliklerini kullandilar. Hirschfeld ve Thas (1991) de onlarin bir
aksiyomu unuttuklarin1 karsit 6rnek vererek gosterdiler ve keyfi ¢ i¢in onlarin sonucunu
genellestirdiler. Thas ve Maldeghem (2004), Mazzocca ve Melone (1984) nin aksiyom

kiimesini saglayan yapilar1 siniflandirdilar.

Tip 4- Thas ve Maldeghem (2004) te PG(n, q) projektif uzayinin nokta kiimesine
karsilik gelen PG(d, q) projektif uzaym tireten PG(d, q) projektif uzayinin noktalarinin
kiimesi ile ¢ # 2 ig¢in PG(d, q) projektif uzayinin noktalarma ve diizlem ovallerine karsilik
gelen nun nokta ve dogrularmi kullanarak d > @ sart1 altinda PG(d,q) projektif
uzaymdaki PG(n,q) projektif uzayinin tek temsili olarak onlarin genellestirilmis Tallini

sonucunu V), 1 karakterize etmek i¢in kullandilar.

Ayrica Thas ve Maldeghem (2005) de Tip 4 deki karakterizasyonu biitiin n.
mertebeden Hermitian Veroneseanlar H,, i¢in ispatladilar ve bunu H, de Tip 2 yi elde etmek

icin kullandilar.

Akca vd. (2010), Baz1 Geometrilerin Sonlu Projektif Uzaylara Gomiilmeleri Uzerine
(Tiibitak Proje No: 108T340) adli ¢alismada, noktalari, bir projektif uzayin noktalar: fakat



dogrular1 projektif uzaymn ovalleri (yada konikleri) olan sonlu projektif uzaylarda

nokta-dogru geometrilerinin gémiilmeleri siniflandirilmastir.

Akga vd. (2012) Generalized Veronesean Embeddings of Projective spaces, Part
II.The Lax case, isimli ¢aligmada farkli sonlu cisim tizerindeki farkli boyutlu iki projektif

uzaydan birinin digerine gomiilebilmesi i¢in gereken sartlar1 belirlediler.

Ekmek¢i vd. (2016) kuadrik Veroneseanin izdiigiimlerini kullanarak PG(4,4)
projektif uzayindaki PG(2, 4) projektif diizlemini belirlediler.



3. TEMEL KAVRAMLAR

Bu boliimde ¢esitli cebirsel ve geometrik yapilarlara ilgili temel kavram, tanim ve

teoremlere verilmistir.

3.1 Cebirsel Ve Geometrik Yapilar

Tanmim 3.1 A bos olmayan bir kiime olsun. A x A dan A ya taniml

AxA — A

(z,y) — (rxy)

fonksiyonuna A i¢inde ikili islem denir. Bu tamima gore ikili iglem iki degiskenli bir
fonksiyondur. birfonksiyondur. A X A herhangi bir (a,b) elemanmmn ikili islem denilen
boyle bir fonksiyon altindaki gériintiisii genel olarak a + b,ab,a.b,a o b,a & b,a ® b ve
benzeri bigimde gosterilir (Kaya,2005).

Tamm 3.2 G bos olmayan bir kiime ve x G de bir ikili islem olsun. (G, *) cebirsel yapist
asagidaki aksiyomlart sagliyorsa (G, ) cebirsel yapisina bir grup denir,

G1. x, G de bir ikili islemdir. Yani G kiimesi x iglemine gére kapalidr.

G2. x isleminin G de birlesme ozelligi vardir. YaniVx,y, z € Giginxx(y*z) = (x*xy)*z
dir.

G3. G kiimesinin x iglemine gore etkisiz(birim) elemani vardir. YaniVx € G igin x x e =
e x x = x olacak sekilde 31e € G vardir.

G4. G nin her elemaninin * islemine gove tersi vardwr. Yani v € Giginwvxx™t = 27tz =

e olacak sekilde 3,27 € G vardir (Kaya,2005).

Tamim 3.3 (G, %) bir grup olsun. Vx,y € G igin xxy = yx*x ozelligi saglaniyorsa bu gruba
degismeli grup veya Abelyan grup denir (Kaya,2005).

Tamim 3.4 (G, *) bir grup olsun. G sonlu bir kiime ise (G, *) grubuna bir sonlu grup denir

ve grubun eleman sayisina grubun mertebesi denir (Kaya,2005).



Tamm 3.5 F, bos olmayan bir kiime ve bu kiimenin elemanlari arasinda + : F X F — F
ve.: F X F — F ile gosterecegimiz iki tane ikili islem tamimlanmis olsun. (F,+,.) cebirsel
vapist asagidaki sartlart sagliyorsa, bu cebirsel yapiya cisim adi verilir.

Cl.Va,be Figina+b=b+avea.b=b.adwr

C2.Va,b,c € Figcina+ (b+c¢) = (a+b)+ cve (a.b).c=a.(b.c) dir

C3.Ya,b,c € Figina.(b+ c) = (a.b) + (a.c) dir

C4. F kiimesinde oyle bir 0 elemani vardir kiNa € F i¢in a + 0 = a esitligini saglar.

C5. F kiimesinde oyle bir 1 elemani vardir ki, 0 dan farkli Va € F icin a.1 = a esitligini
saglar.

C6. Va € F icin, F kiimesinde oyle bir —a elemant vardwr ki, a + (—a) = 0 esitligini
saglar.

C7.N¥a # 0 € F igin, F kiimesinde oyle bir a=' elemani vardir ki, a.a™' = 1 esitligini

saglar.

Tanim 3.6 V, bos olmayan bir kiime ve F bir cisim olsun. + : V. x V. — V ve
. F xV — V iki fonksiyon olmak iizere (V,F,+,.) cebirsel yapisi asagidaki sartlar
saglyyorsa,V kiimesine F cismi iizerinde bir vektor uzayi denir.

VI.Vx,y € Viginx +y =y + x tir.

V2.Vx,y,z € Vigine + (y + 2) = (v + y) + 2 dir.

V3.Vx € Vigin x + 0 = x olacak sekilde V' de bir tek 0 elemani vardir.

V4. Vx € V igin x + y = 0 esitligini saglayan V' de bir tek y elemani vardur.

V5.Va,b € FveVr € Vigina.(b,z) = (a.b).x tir

V6. Va,b € FveVr € Vigin(a+b).x = a.x + b.x tir

V7.¥Na € FveVx,y € Vigina.(x +vy) = ax + a.y dir

V8.Vx € Vigin 1.x = x dir. (1 cismin birim elemant)

3.2 Projektif Duzlem

Tamm 3.7 Biri noktalardan digeri dogrulardan olusan ayrik N ve D kiimeleri ile N' x D
lizerinde bir o bulunma bagintisindan meydana gelen P = (N, D, o) iigliisiine geometrik
yapr denir. N nin elemenlart A, B,C,...X,Y, 7 gibi biiyiik harflerle, D nin elemanlar
a,b,c,..x,y, z gibi kiiciik harflerle gosterilir.

N1, No, N, ... € N noktalari i¢cin N; o d,i = 1,2,3, ... olacak sekilde bir d € D

varsa, yani bu noktalarin hepsi ayni dogru tizerinde ise bu noktalara dogrudas noktalar denir.



dy,dy,ds, ... € D dogrulart icin N o d;,i = 1,2,3, ... olacak sekilde bir N € N

varsa yani bu dogrular ayni noktadan gecgerlerse bu dogrulara noktadas dogrular denir.

di,dy € Dved; # dy olsun. Eger N o dy ve N o dy olacak sekilde hi¢c bir N € N
yoksa dy ve dy ye paralel dogrular denir ve dy || dy bigiminde gosterilir (Kaya, 2005).

Tanim 3.8 (Afin Diizlem) N ve D swrasi ile noktalar ve dogrular olan ve N N D = ()
ozelligine sahip iki kiime, o da N' x D iizerinde tanimlanan bir iizerinde bulunma bagintist
(vani o C N x D olmak iizere asagida verilen A1,A2 ve A3 aksyomlarim gercekleyen
(N, D, o) sistemine bir afin diizlem denir (Kaya, 2005).

Al. Farkl iki noktadan bir tek dogru geger.

A2. Bir dogrura digindaki bir noktadan bir tek paralel dogru cizilebilir.

A3. Dogrudas olmayan ii¢ nokta vardir.

Teorem 3.1 Verilen her F cismi i¢in nokta ve dogrular: bu cismin elemanlari ile cebirsel
olarak belirtilebilen bir afin diizlem vardwr. Bu afin diizlem Ay F ile gosterilir (Kaya, 2005).

Teorem 3.2 Her sonlu A diizlemi i¢in asagidaki kosullara uyan n > 2 tamsayist vardwr. Bu
tamsayiya A nin mertebesi denir (Kaya, 2005).

1. A min her dogrusu iizerinde tam olarak n tane nokta vardir.

2. A min her noktasi tam olarak n + 1 dogru tizerindedir.

3. A daki noktalarin toplam sayist n? dir.

4. A daki dogrularin toplam sayisi n* + n dir.

Tamim 3.9 (Projektif Diizlem) N ve D elemanlari sirasi ile noktalar ve dogrular kiimesi
olan ayrik iki kiime (yani NN D = () ézelligine sahip iki kiime) ve o da N x D kiimesinde
tammlanan bir itizerinde bulunma bagintisi (yani o C N x D) olmak iizere, P1, P2, P3
aksiyomlarint gergekleyen P = (N, D, o) sistemine bir projektif diizlem denir (Kaya, 2005).

Pl1. Her M,N € N icin M od ve N o d olacak sekilde bir d € D dogrusu vardir. Yani
farkli iki nokta tek bir dogru belirtir.

P2. Her c,d € Digin M odve N od olacak sekilde en az bir N € N noktasi vardir. Yani
iki dogrunun en az bir ortak noktasi vardir.

P3. Herhangi iicii dogrudas olmayan dort nokta vardur.

Teorem 3.3 P = (N, D, o) projektif diizleminde farkl: iki dogru tek bir noktada kesisir
(Kaya, 2005).



Tamm 3.10 Her sonlu projektif diizlemi i¢cin asagidaki kosullara uyan n pozitif tamsayisi
vardir (Kaya, 2005). Bu tamsayiya projektif diizlemin mertebesi denir.

1. P nin her dogrusu tizerinde tam olarak n + 1 tane nokta vardur.

2. P nin her noktast tam olarak n + 1 dogru tizerindedir.

3. P deki noktalarin toplam sayisi n* 4+ n + 1 dir.

4. P deki dogrularin toplam sayisi n + 1 dir.

Tanmim 3.11 S bir projektif diizleme iligkin herhangi bir ifade olsun. S de “"nokta” yerine
dogru ve “dogru” yerine "nokta” koyarak bulunan yeni ifadeye S nin dual ifadesi denir ve

S* ile gosterilir.

Bu tanimdan hemen su ¢ikar; birbirlerinin duali olan nokta ve dogru kavramlarindan baska
asagida yanyana yazilan kavramlar birbirlerinin duali olup, dual ifade bulunurken aralarinda

yer degistirmeleri gerekir (Kaya, 2005).
noktadas — dogrudas

V,birlesme — A, kesisme

... Uzerinde bulunur — ... dan geger

Teorem 3.4 (Projektif Diizlemlerde Duallik ilkesi) Bir projektif diizleme iliskin her
teoremin ifadesinin duali de bir baska teoremin ifadesidir. Eger P = (N, D, o) bir projektif
diizlemse P* = (N, D,o™1) de bir projektif diizlemdir. P* a P nin dual projektif diizlemi
denir (Kaya, 2005).

Teorem 3.5 Herhangi bir F cisminin elemanlariyla cebirsel olarak asagidaki gibi
belirlenen N noktalar kiimesi, D dogrular kiimesi ve o iizerinde bulunma bagintisi olmak

iizere, (N, D, o) geometrik yapist bir projektif diizlemdir:
N ={(z1,29,23) : 7; € F, (21,72, 23) # (0,0,0), (21, 29, x3) = A1, 72, 73), A € F — {0}}

D= {[a17a27a3] ta; € ‘/T_‘a [a17a27a3] 7& <07070)7 [a17a27a3] = M[CZl,GQ,@g],M € F_ {O}}

o : (ZL‘l,ZEQ,I'g) e} [al,ag,ag} & 121 + a9y + azry = 0

F yardimiyla tanimlanan bu projektif diizlemlere cisim diizlemleri denir ve genel olarak P, F

ile gosterilir. r pozitif tamsay1, p bir asal say1 olmak iizere p” elemanh F = PG(p") Galois
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cismi, mertebesi n = p” olan sonlu bir projektif diizlem belirtir ve bu projektif diizlem P F =
PG(2, p) bigiminde gosterilir.

Teorem 3.6 (Bruck-Ryser) Eger n = 1 (mod 4) yada n = 2 (mod 4) ise ve n negatif
olmayan iki tamsaywmn kareleri toplami olarak yazilamiyorsa mertebesi olan bir projektif

diizlem yoktur.

Bu teoreme gore 6,14,21,22,30,33,38,42,46,54,57,... gibi sonsuz ¢okluktaki
sayilardan hig biri bir projektif diizlemin mertebesi degildir.

F = GF(2) olmak iizere, PG/(2, 2) projektif diizleminin noktalar kiimesi NV, dogrular
kiimesi D ve lizerinde bulunma bagintisi o asagidaki gibidir:

N ={(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}

D ={[1,0,0],]0,1,0],[0,0,1],[1,1,0],[1,0,1],[0,1,1],[1,1,1]}

0,1,0),(1,0,0), (1,1,0) o 0,0, 1

0,0,1),(1,0,0),(1,0,1) o [0,1,0

0,0,1),(0,1,0),(0,1,1) o [1,0,0
(e)

(0,1,0),(1,0,0),(1,1,0) ¢ [0,0, 1]
(0,0,1),(1,0,0),(1,0,1) ¢ [0,1,0]
(0,0,1),(0,1,0),(0,1,1) o [1,0,0]
(0,1,1),(1,0,0),(1,1,1) o [0,1,1]
(0,1,0),(1,0,1),(1,1,1) o [1,0,1]

(0,0,1),(1,1,0),(1,1,1) o [1,1,0]

(0,1,1),(1,0,1),(1,1,0) o [1,1,1]

Tanim 3.12 A, B, C, D hepsi aynt projektif diizlemde bulunan ve herhangi ii¢ii dogrudas
olmayan dort nokta olsun. Bu noktalar: ikiser ikiser birlestiren dogrularin c¢izilmesi ve
bulunan dogrularin ikiser ikiger kesistirilmesiyle elde edilen alti dogru ve yedi noktadan
olusan bir konfigiirasyona tamdortgen denir. Ayrica A, B, C, D noktalarina tamdértgenin
koseleri, AB ve CD,AC ve BD, BC ve AD dogru ikililerine tamdortgenin karsilikli

kenarlari, karsilikli kenarlarin kesigme noktalarina, yani U = ABNCD,V = AC N BD,
W = AD N BC noktalarina tamdértgenin kogegen noktalart denir (Kaya, 2005).

Tamim 3.13 I¢indeki biitiin tamdértgenlerin késegen noktalart dogrudas olan projektif

diizleme Fano Diizlemi denir.



11

Teorem 3.7 (P4 Dezarg Teoremi) [ki iicgenin karsilikli koselerini birlestiren dogrular

noktadassa, bunlarin karsilikli kenarlarinin arakesit noktalar: dogrudastir.

Tamm 3.14 Bir Afin diizleme bir takim yeni noktalar ve biitiin bu noktalar: iizerinde
bulunduran tek bir dogru katarak bir projektif diizlemin nasil elde edildigi soyle gosterilir:.
Afin diizleme katilacak dogruya ideal dogru ya da sonsuzdaki dogru, yeni noktalarin her
birine de ideal nokta ya da sonsuzdaki nokta denir. Buradaki sonsuz deyimi birazdan
anlagilacag gibi (gergel diizlem ve bir kag hal harig) uzaklikla ilgili degildir A = (N, D, o)
bir afin diizlem olsun. Bu diizlemde birbirine paralel olan biitiin dogrular kiimesine paralel
dogru demeti denir. Diizlemde her bir demet i¢in bu demetin tiim dogrularinin iizerinde
bulunan ama N de bulunmayan yeni bir nokta goz oniine alinsin. Boylece diizleme her
dogrultuda yeni bir (ideal) nokta katilmig olur. Afin diizleme ideal noktalar katilirken A nin
her d dogrusu bir nokta ile genisletildi. d dogrusu ve d ye paralel olan tiim dogrular iizerine
konulan bu ideal nokta D, ile gosterilir. Tiim ideal noktalarin tizerinde bulundugu ideal
dogruyu da d., ile gostererek A ya katalim. Boylece A daki o bagintisida biraz
genisletilerek bir (N "D, o) sistemi elde edilir. Bu sisteme A min tamanlanisi denir (Kaya,
20005).

Teorem 3.8 Her Afin diizleminin tamalanist bir projektif diizlemdir (Kaya, 2005).

Teorem 3.9 Bir projektif diizlemden bir dogru ve dogru iizerindeki tiim noktalar ¢ikarilirsa
geriye kalan geometrik yapt bir Afin diizlemdir (Kaya, 2005).

Teorem 3.10 Ay F afin diizlemimin tamamlanmisi Py JF projektif diizlemine izomorftur
(Kaya, 2005).

3.3 Cisim Genislemesi

Bu béliimde cisim geniglemesi yardimiyla GF(2?) cismine izomorf olan bir cisim elde
edilerek, bu cisimden elde edilen projektif diizlemin nokta, dogru yapilari ve iizerinde
bulunma bagintilar1 verilmektedir (Ekmekgi vd., 2017, Bap Proje No: 201619D37).

F herhangi bir cisim olsun. p(z), bu cisim lizerinde derecesi n > 1 olan indirgenemez
polinom olsun.
S = {k(x) : der(k(z) < n,k(x) € F}
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polinomlar kiimesini géz Oniine alalim. S iizerinde & ve ® islemleri sdyle tanimlantyor:
“k(z) & K'(z)=t(xz)” demek, k(x) ve k'(x) polinomlarmm ayni dereceli terimlerinin
katsayilar1 F nin toplama islemine gore toplanarak elde edilen say1 ¢(x) in ayni dereceli
terimine katsay1 olarak verilmesidir. “k(z) ® k'(x)=c(z)” demek, katsayilar1 F cisminin
elemanlar1 oldugu goz 6niinde bulundurularak k(z) ve k’(x) polinomlarinin garpilmasi
sonrada p(z) modiliine gore indirgenmesiyle elde edilen kalanin ¢(z) olmasi demektir.
r ¢ F oldugundan ve S nin her elemani, a; € F olmak lizere ag + a1 + .. + @, 12"
biciminde ifade edilebileceginden, sonlu ve karakteristigi p olan F asal cisminden elde
edilecek S nin p elemani vardir. (S,®, ®) sistemi GF(p™) cismine izomorftur. GF'(2?)
cismine izomorf olan (S, @, ®) yapisi soyle insa edilir:

F = GF(2) cismi iizerinde p(z) = z* + x + 1 indirgenemez bir polinom olsun.
t,t ¢ GF(2) ve p(t) = t> +t + 1 = 0 denkleminin bir kokii olmak iizere:

S={at+b:abeF,*+t+1=0}={0,1,¢}

dir. S lizerinde & ve ® islemleri:

@0 1]¢t]|¢
010 t |t
1|10 ¢t
tlt|t2]0

2]t 0
®[0]1 t2
0[0/0]|0]0
101 |t | ¢
t1o0|t |1
2102 1|t

tablolari ile verilir. Boylece (S, @, ®) yapist GF(2%) cismine izomorf olan bir cisimdir. Bu
(S,6,®) cisminin elemanlariyla cebirsel olarak olusturulan projektif diizlem
PG(2,2%) = PG(2,4) in noktalar kiimesi AV, dogrular kiimesi D ve iizerinde bulunma
bagintisi o agagidaki gibidir: N = {Ny, Ny, ..., Nog } olmak tizere;

No =(0,1,0), N;=(0,0,1) Ny=(0,1,1) N3=(0,1,t3) N;=(0,1,t)

Ns = (1,1,1), Ng=(1,0,1) N;=(1,t,1) Ng=(1,t3,1) Ng=(1,1,0)

Ny = (1,1,t%), Ny =(1,1,t) Ny = (1,t,t*) Nz = (t,t>,t) Ny =(1,0,0)
Nis = (1,t,0), Nig=(1,12,0) Niz = (1,0,t3) Nig=(1,0,t) Ny = (1,12 %)
Nyy = (1,t,1)



dir. D = { Dy, Dy, ..., Dy} olmak iizere;
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Dy =1[1,0,0], D;=[1,0,1 Dy=10,0,1 D3=][1,0,t] Dy=/1,0,t*
Ds =[1,1,0], D¢=(1,0,1) D;=[1,t,0] Dg=1[1,t3,0] Dy=10,1,1]
Dy =[1,t%t], Dy = [1,t,t?] Dy =[1,1,1] Dy3=[1,t,t] Dy =[1,t*
Dys = [1,t31], Dy =[1,t,1] Dy7=1[1,1,t}] Dig=[1,1,{] Dy =10,1,¢?
Doy =10, 1,1]

dir. Uzerinde bulunma bagimtis1 asagidaki gibidir;

Dy o Ny, Ny, Ny, N3, Ny
D3 o No, N1, N12, N17, N1g
Dg o N1, Ng, N1g, N1z, N1g
Dy o Na, N5, N1y, N1g, Nag
D13 0 Na, Ng, Ng, N12, Ni3
D5 0 N3, Ng, N1, Nis, Nig
Dg o N3, Ng, Ng, N17, Nag

Dy o Ny, N5, Ng, N7, Ng
Dy o Ny, Ni1, N13, Nig, Nag
D7 o Ny, Ng, Ni3, Nig, N1g
Do © Ny, N5, N1z, N1, Ni7
D3 0 Na, N7, Ni1, Nig, N7
D16 o Ny, Ng, N1g, N16, Nag
D1g o Ny, Ng, N11, N12, N1y

Dy o Ng, Ng, N14, N15, N1g
Ds o Ny, N5, Ng, N1g, N11

Dg o Ny, N7, Nia, Ni5, Nog
D1y o N3, N5, N12, N1g, N1g
D14 0 Na, Ng, N1g, N15, Nig
D17 0 Ny, N7, Ng, Nig, Nig
Do o N3, N7, N1g, N13, N14

3.4 Projektif Uzaylar

V =V(n+1,F) bir F cismi ilizerinde n + 1 boyutlu bir vektor uzay1 olsun. V' — {0} daki

(y17y27y37"'7yn) eV — {O} Ve
Vt € F—{0}igin X ~Y & y; = tw;,i = 1,2,3,...,n bagmtist bir denklik bagintisidur.
V' — {0} daki denklik siniflari, V' nin orijini ¢ikarilmig 1-boyutlu alt uzaylaridir. Bu denklik

vektorler tizerinde bir X = (x1,x9,23,...,2,), ¥ =

siniflarinin kiimesine F cismi {izerinde n-boyutlu projektif uzay denir ve PG(n,F) ile
gosterilir. Eger 7 = G F(q) alinirsa olugan n-boyutlu projektif uzay PG(n, q) ile gosterilir
ve projektif uzaym mertebesi ¢ olur. PG(n, F) nin elemanlarina projektif uzaym noktalari
denir ve P(X) ile gosterilir. P(X), X vektoriiniin denklik sinifi olmak tizere X’e P(X) i
temsil eden vektor denir. Xi, Xo, X3, ..., X, vektorlerinin kiimesi lineer bagimsiz ise
P(Xy), P(Xs), P(X3), .., P(X,) noktalar1 da lineer bagimsizdir.

Tamm 3.15 PG(n, F) projektif uzayinin m-boyutlu bir alt uzayi, V.=V (n + 1, F) vektor
uzaymn (m~+1)-boyutlu bir alt uzaywni olusturan vektorlerin temsil ettigi noktalar kiimesidir.
Yani, 0-boyutlu alt uzay bir nokta, 1- boyutlu alt uzay bir dogru, 2- boyutlu alt uzay bir diizlem,
wry (n = 1)- boyutlu alt uzay bir hiper diizlemdir.
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Tamim 3.16 Bir  hiper  diizlem, ., a;x; = 0 denklemini  saglayan
X = (Xo, X1, Xo, ..., X,,) vektorlerinin temsil ettigi noktalar kiimesidir.

Tamim 3.17 Bir m-uzay I, (to, t1,ta, ..., tn) € K™ —{(0,0,0))} olmak iizere, (m +1)-
lineer bagimsiz Xy, X1, Xs, ..., X, vektorlerinin olusturdugu, yani to Xo+t1 X1+ ...+t X

vektorleri tarafindan temsil edilen noktalar kiimesidir.

PG(n, F) nin alt uzaylar igin asagidaki ifadeler gecerlidir:
a. w,,ms PG(n,F) nin alt uzaylari ise , ile 75 nin arakesiti 7, N 7, te bir alt uzaydir.
b. 7, ve 7, nin birlesimi 7.7 olup, bu alt uzay 7, ve 7, yi iceren en kiiciik alt uzaydir.
C. T, N Ty =Ty VE W,. M=, 1S€ 7 + s = t + m dir.
d. 7, ve m., PG(n,F) de iki r — uzay ve 7, C m, ise 7, = m,» dir.
e. T, alt uzayr m + 1 tane lineer bagimsiz noktanin birlesimidir veya 7, alt uzayi, n-

boyutlu projektif uzayda n — m tane lineer bagimsiz hiper diizlemin arakesitidir.

Tamim 3.18 (Projektif 3-Uzay) Nokta, dogru ve diizlem denilen tamimsiz geometrik
nesnelerden olusan, bos olmayan ii¢ ayrik kiime, bu kiimelerin elemanlart arasinda taniml
tizerinde bulunma bagintilariyla birlikte asagidaki aksiyomlart gercgekliyorsa bunlarin
hepsine birden bir projektif 3-uzay denir (Kaya, 2005).

Ul. Farkl iki noktadan gegen tek bir dogru vardur.

U2. Her dogru iizerinde en az ii¢ nokta vardir.

U3. Dogrudas olmayan ii¢ nokta tek bir diizlem iizerindedir.

U4. Herhangi iicii dogrudas olmayan ve hepsi ayni diizlem iizerinde bulunmayan dort
nokta vardur.

U5. Bir dogru ve bir diizlemin en az bir ortak noktasi vardrr.

U6. Iki diizlemin en az bir ortak dogrusu vardir:

F=GF(q) olmak iizere, PG(n, q) projektif uzaymnin r-uzaylarimin kiimesi PG (n, q) ile
gosterilir ve bu r-boyutlu alt uzaylarmn sayis1 ©(r;n,q) = |PG")(n,q)| dir. Bununla ilgili
baz1 kombinatoryel sonuclar asagida verilmektedir:

PG (n,q) = PG(n,q) dur. Yani 0-uzaylarmin kiimesi projektif uzay1 olusturur. Ayrica

n+171

PG(n, q) projektif uzaymin toplam nokta sayisi 6(n) = ©_—— = ©(0; n, ) dur.

[T’S]:{Hf:r(qi—l) s>

1 ,s<r
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olmak iizere;
1. PG(n, q) projektif uzayinda r-boyutlu alt uzaylarin sayisi;
[n—r+1,n+1]
1, r+ 1]

O(r;n,q) =

dir.
2. PG(n, q) projektifuzayinda s-boyutlu alt uzay1 kapsayan r boyutlu alt uzaylarin sayzst;
[r—s+1,n— g
[17 n-— T]

dir.
Ozel olarak,

a. Bir dogru tizerindeki nokta sayis1 ©(0;1,q) = ¢ + 1,

b. Bir diizlemdeki nokta ve dogru sayist ©(0;2,q) = ¢> + ¢ + 1,

c. PG(3, q) projektif uzayinda toplam nokta ve diizlem sayis1 ©(0;3,q) = ©(2;3,¢q) =
(¢ +1)(¢* +1) dir

d. PG(3, q) projektif uzayinda toplam dogru sayis1 O(1;3,q) = (¢* + 1)(¢* + ¢ + 1),

e. PG(3,q)

f. PG(3, q) projektif uzayinda bir dogrudan gegen diizlem sayis1 x(1,2;3,q) = ¢ + 1,
dir.

projektif uzayinda bir noktadan gegen dogru sayis1 x(0,1;3,q) = ¢* + ¢+ 1,

—~ —~

3.5 Projektif Uzayda Baz1 Alt Geometriler

PG (n, q) projektif uzayinda sonlu alt geometrik yapilar belli kombinatoryel 6zelliklere sahip

sonlu nokta kiimeleri olarak verilir. Bunlardan bazilar1 sdyledir:

Tamm 3.19 PG(n,q) projektif uzayinda k tane m; uzayimn kiimesine (k,l)-kiime denir.
PG(n, q) projektif uzayinda k tane nokta kiimesi (k,0)-kiimedir (Ekmekgi vd.,2017).

Tamm 3.20 PG(n, q) projektif uzayinda en ¢ok r—tanesi 7; uzayinda olan k-tane l-boyutlu
uzaylarin kiimesine (k,l;r, s;n, q) kiime denir (Ekmekgi vd.,2017).

Tamm 3.21 PG(n,q) projektif uzayinda en ¢ok r-tane olacak sekildeki k nokta kiimesine
(k;r,s,n,q) = (k,0;r,s;n,q) kiime denir. Yani (r + 1) tanesi ayni 75 de olmayan k nokta
kiimesidir (Ekmek¢i vd.,2017).

Tanim 3.22 PG(n, q) projektif uzayinda (r + 1) tanesi ayni (r — 1)-boyutlu uzayda olmayan
k nokta kiimesine (k,r,n,q) = (k;r,r — 1;n, q) kiime denir (Ekmekgi vd.,2017).
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Tamm 3.23 PG(n, q) projektif uzayinda (r + 1) tanesi dogrudas olmayan k nokta kiimesine
(k,r)-cap denir ve (k,r)-cap,(k;r,1;n,q) kiimedir (Ekmekgi vd.,2017).

Tamim 3.24 PG(n, q) projektif uzayinda (r + 1) tanesi aym hiper diizlemde olmayan nokta
kiimesine (k,r)-arc denir ve (k,r)-arc,(k;n,n — 1;n, q) kiimedir (Ekmekgi vd.,2017).

Tamim 3.25 PG(2,q) projektif diizleminde ii¢ii dogrudas olmayan k nokta kiimesine
diizlemsel (k,r)-arc denir ve (k,r)-arc,(k;2,1;2, q) kiimedir (Ekmek¢i vd.,2017).
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4. KLEIN KUADRIK

Bu boliimde projektif uzaylarda kuadriklerle ilgili temel tanim ve teoremlere yer
verilmistir. Klein kuadrigin 6zellikleri incelendikten sonra PG(3,2) projektif uzaymin
PG(5,2) projektif uzayma gomiilmesi ile ede edilen ve Klein kuadrik tizerinde bulunan «
ve [ dizlemleri belirlenmistir. PG(5,4) projektif uzayinda Klein Kuadrik iizerinde
bulunan « ve § diizlemlerinin birer 6rnegi verilmistir. PG(5,4) projektif uzayinda Klein
Kuadrik iizerinde bulunan o ve 3 diizlemlerinin Grassmann koordinatlar1 hesaplanmistir.
Son kisimda ise genel Klein kiime kavrami ile ilgili temel tanim ve teoremlerre yer
verilerek bolimiin sonunda PG (13, 2) projektif uzayinda gémiilii olarak PG/(2, 2) projektif
diizlemi elde edilmistir.

4.1 Projektif Uzayda Kuadrikler

Tamm 4.1 PG(n, q) projektif uzayinin 2. dereceden homojen:

¢:Zaz’j$ﬂj,(0§i§j§n)

Ji

polinomunu saglayan (xg, 1, ..., x,) noktalar kiimesine kuadrik denir ve Q> | bi¢iminde
gosterilir (Casse, 20006).

Tanmm 4.2 ¢t — 1, L kuadriginin L-alt uzayimin maksimum boyutu olsun. Bu durumda t
tamsayisina L nin indeksi denir. t — 1 boyutlu L-alt uzaylara maksimal L-alt uzaylar denir

(Beutelspacher ve Rosenbaum, 1998).

Ornegin 3-boyutlu reel uzayda bir koni ve bir hiperboloid 2 indeksine sahiptir. Ciinkii
iizerlerinde dogru (1-boyutlu alt uzay) bulundururlar ama diizlem bulundurmazlar.
(t —1 = 1,t = 2 ) Uzerinde dogru bulundurmayan bir kuadratik kiime (6rnegin kiire) 1
indeksine sahiptir.

Teorem 4.1 L, d boyutlu bir P projektif uzayinin t indeksine sahip, dejenere olmayan bir
kuadrigi olsun. d ¢ift ise t < g, dtekiset < % dir (Beutelspacher ve Rosenbaum, 1998).
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Teorem 4.2 P = PG(2t, q) projektif uzayimindaki bir kuadrigin indeksi t dir (Beutelspacher
ve Rosenbaum, 1998).

Teorem 4.3 L, d boyutlu bir P projektif uzayinin t indeksine sahip, dejenere olmayan bir
kuadrigi olsun. L nin indeksi i¢in ii¢ durum vardur:
ey _d
1 dgiftiset = §
2. dtekiset = % veya t = %

dir (Beutelspacher ve Rosenbaum, 1998).

Tamim 4.3 L, d boyutlu bir P projektif uzayimin t indeksine sahip, dejenere olmayan bir
kuadrigi olsun.

1. d ¢ift vet = %l ise L parabolik kuadriktir.

2. dtekvet = d;21 ise L eliptik kuadriktir.

3. dtekvet = d—;l ise L hiperbolik kuadriktir.

dir (Beutelspacher ve Rosenbaum, 1998).

Tamm 4.4 PG(n,q), bir F cismi iizerinde projektif uzay olsun. n nin ¢ift ve tek olma
durumlarina gore PG (n, q) projektif uzaymn kuadrikleri asagidaki bigimdedir:
1. n ¢ift ise parabolik kuadrik;

Qn = P, = V(2 + 1172 + Tox3 + ... + Tpy_17)
2. n tek ise hiperbolik veya eliptik kuadrik;
Qn = H, =V(ror) + xoxs + ... + T1_12,)

veya
Qn =FE,= V(f<I07 Il) + Tox3 + ... + xn—1$n>

bi¢imindedir. Burada f fonksiyonu, F cismi iizerinde indirgenemezdir (Thas ve Hirscfeld,
2016).

Tanim 4.5 PG(5,q), bir F cismi tizerinde projektif uzay olsun. PG(5, q) projektif uzaymmin
kuadrikleri asagidaki bi¢cimdedir:

Q5 = H5 = v<l’0l’1 + Tol3 + $4$5)

H,, hiperbolik kuadrikleri iizerinde (¢* 4+ 1)(q* + ¢+ 1) tane nokta vardi. Bu noktalar 2(q +

1)(¢* + 1) tane diizlem iizerinde bulunurlar. Her noktasindan 2(q + 1) tane diizlem geger:

Qs = E5 =V (f(xo, 1) + xox3 + 2475)
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E, eliptik kuadrikleri iizerinde (¢ + 1)(¢* + 1) tane nokta vardwr. Bu noktalar (¢* +1)(¢® +

1) tane dogru iizerinde bulunurlar. Her noktasindan (¢*> + 1) tane dogru gecer (Thas ve
Hirscfeld, 2016).

Tanmim 4.6 L, 5-boyutlu sonlu bir P projektif uzayinin hiperbolik kuadrigi olsun. L nin mw,,
diizlemleri esit veya tek bir noktada kesisiyorsa i, mo diizlemlerine denktir denir ve m, ~ o
bigciminde gosterilir. ~ bagintisi simetri, yansima ve gegigme ozelliklerine sahip oldugundan

bir denklik bagintisidr (Beutelspacher ve Rosenbaum, 1998).

Teorem 4.4 L, 5-boyutlu sonlu bir P projektif uzayimin hiperbolik kuadrigi olsun. L nin
diizlemleri ~ bagintisi ile iki denklik sinifina ayrilirlar (Beutelspacher ve Rosenbaum, 1998).

4.2 Pliicker Koordinatlar

Projektif 3-uzayda dogrular iizerindeki iki noktanin lineer birlesimi ya da iizerinde bulundugu
iki farkli diizlemin arakesiti olarak gosterilir. Julius Pliicker, 1865 yilinda “A New Geomety
of Space” isimli ¢calismasinda Projektif 3-uzayda dogrular1 6 bilesenli homojen koordinatlarla

gosterdi.

Tamim 4.7 (Pliicker Koordinatlart) g, P(V) projektif uzayimn (x9,x1,22,23) Vve

(Yo, Y1, Y2, Y3 ) noktalarindan gecen bir dogrusu olsun. Asagidaki elemanlar tamimlansin:

To I1 To T2 To T3
bo1 = y Po2 = yPo3 =

Y WY Yo Y2 Yo Y3

T2 I3 xr3 X1 Ty T2
P23 = y P31 = y P12 =

Y2 Y3 Ys % Y1 Y2

(p1:D2:ps:Pa:Ds:Ps) = (Po1: Po2 : Po3 : P23 & P31 : Piz) altilisina g dogrusunun Pliicker
koordinatlart denir (Klein, 1884).

Teorem 4.5 PG(3, q) projektif 3-uzayinda;

i. g dogrusunun Pliicker koordinatlart iki noktanin se¢iminden bagimsizdir.

ii. Pliicker koordinatlar: homojen koordinatlardir.

iii. Bir dogrunun (p1 : ps : p3 : ps : ps : pe) Pliicker koordinati asagidaki kuadrik
denklemi saglar:

P1P4 + paps + p3pe = 0
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iv. En az bir q; # 0 olmak iizere, F nin (p1, pa, 3, Da, Ps, Pe) elemanlart p1py + paps +
pspe = 0 denklemini saglyorsa PG(3, q) projektif uzayimin Pliicker koordinatlar: (py : po :
D3 : P4 s : pe) olan bir dogrusu vardwr (Klein, 1884).

Teorem 4.6 PG(3,q) projektif 3-uzayimn iki dogrusu g = (p1 : p2 : D3 : Pa : Ps : Pg) Ve
h=1(q1:q:q3:q:qs: qs) olsun. g ve h dogrularimin aykirt dogrular olmast igin gerek

ve yeter kosul

D194 + P2gs + P3qs + Paq1 + Psqo + Peqs

ifadesinin sifirdan farkli olmasidir (Beutelspacher ve Rosenbaum, 1998).

4.3 Grassmann Koordinatlar:

Tamm 4.8 [, P(n,q) projektif uzayimin bir dogrusu olsun. n > 2 olmak iizere,
P(xg,z1,x9,....;x,) ve QYo,Y1,Y2y--sYn), | dogrusunun iki farkli noktasi olsun.

0 <i < j < nolmakiizere, p;; , GF(q) nun x;y; — x;y; elemanini gostersin.
(pij)0§i<j§n = (p017 ceey POns P12 +--Plns --s Pr—in)

+1
PG (n ) ) —1,q | projektif uzayinda bir P, noktasi tammlar. P, noktasina P(Q)

dogrusunun  Grassmann  koordinati  denir.  Pliicker  koordinatlari,  Grassmann

koordinatlarimin n = 3 igin ozel halidir (Govaerts, 2003).

4.4 Klein Kuadrik

Tanim 4.9 P, homojen koordinatlarla gésterilen bir projektif 5-uzay olsun.

P=(p1:p2:p3:ps:ps:pe)

olmak tizere:

P1P4 + paps + p3pe = 0

denklemini saglayan noktalarin K kiimesine Klein Kuadrik denir (Beutelspacher ve
Rosenbaum, 1998).

Teorem 4.7 Klein Kuadrik bir hiperbolik kuadriktir (Beutelspacher ve Rosenbaum, 1998).



21

Teorem 4.8 Klein Kuadrigin indeksi 3 tiir (Beutelspacher ve Rosenbaum, 1998).

Yani Klein Kuadrik, iizerinde 0, 1 ve 2 boyutlu alt uzaylar1 (nokta, dogru ve diizlemleri)

iizerinde bulundurur. (Sekil 4.1).

Pl pPs

Sekil 4.1 Klein Doniistimii

x

€2
1

Os I

313 3

x
Teorem 4.9 Klein kuadrigin matrisi, M = °| e Po

Ty

] bicimindedirr X =

Ts

Ze
olmak tizere:

XTMX = T1X3 + Toky + T3Tg = 0

Klein kuadrigin denklemidir (Pottman ve Wallner, 2001). Klein Kuadrigin matrisi

non-singiilerdir.

Klein donlsimii -y : L — PG(5,q), Plicker koordinatlar::
(lo1 : loa = los = lag = 31 @ l12) olan PG(3, q) projektif uzaymmn bir L dogrusunu, homojen

koordinatlart (lp; : lpa : loz : I3 : l31 : l12) olan PG(5, q) projektif uzaymin bir noktasina
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esler (Klein, 1868). Klein Kuadrik H° sembolii ile gosterilir. Klein Kuadrik {izerinde iki tiir
diizlem vardir. PG(3,q) projektif uzaymimn noktalart Klein doniisiimii ile Klein Kuadrik
tizerinde a-diizlemlerine doniisiir. PG(3, q) projektif uzayinin diizlemleri Klein doniisimi

ile Klein Kuadrik tizerinde §-dlizlemlerine doniisiir (Sekil 4.2).

%
)‘.J 5
o x
\ ol E / P
\ - -
II I.'
II f | r. 4
| "“'|~' -
| .
[ .’__.-'-\.___‘ - |- =
| & 7 \
I-,'r ""-._ ,f'-‘_-_ |II|I o
R <4
e e 2
T—— ¥

Sekil 4.2 Klein Kuadrik Uzerinde « ve 3 Diizlemleri

PG(3,q) projektif uzayinda bir P noktasindan gegen dogrular Klein doniisimii
altinda « (Latin Diizlemi) belirler. PG(3, q) projektif uzaymda bir P diizleminin dogrulari
Klein déniisiimii altinda 3 (Grek Diizlemi) belirtir. Iki farkli o diizlemi tek bir noktada
kesisir. Bu nokta PG(5,q) projektif uzaymnda iki noktayr birlestiren dogrunun Klein
doniisiimii altindaki goriintiisiidiir. Tki farkl1 3 diizlemi tek bir noktada kesisir. Bu nokta
PG(3,q) projektif uzayinda iki diizlemin arakesit dogrusunun Klein doniigiimii altindaki
gorilintiisiidiir (Selig, 2005). Genel olarak « ve [ diizlemleri kesismez. Eger kesisirlerse
kesigimleri bir dogrudur (Sekil 4.3).

PG(3,2) projektif uzaymin 15 noktasi, 15 diizlemi ve 35 noktasi vardir. Klein
doniisiimii altinda 15 nokta 15 a-diizlemine, 15 diizlem 15 S-diizlemine ve 35 dogru Klein
Kuadrik tizerinde bulunan 35 noktaya doniisiir (Sekil 4.4).

Ornek 4.1 de PG(3,2) projektif uzayinda [0,0,0, 1] diizleminin Klein déniisiimii

altindaki $-diizlemi verilmistir.
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a-Diizlemi

PG(3,2)

Sekil 4.3 PG(5, 2) Projektif uzayinda Bir Dogru Boyunca Kesisen « ve 3 Diizlemleri

Ornek 4.1 PG(3,2) projektif uzayinda [0,0,0,1] diizlemininin noktalar: (1,1,1,0),
(1,0,1,0), (0,1,0,0), (0,0,1,0), (0,1,1,0),(1,0,0,0) ve (1,1,0,0) dw: Bu noktalarin
tizerinde bulunma bagintisi ve noktalarin iizerinde bulundugu dogrular ve bu dogrularin
Pliicker koordinatlar asagidaki gibidir (Sekil 4.5):

1.(1,0,0,0,0,1), (1,1,1,0), (1,0,1,0), (0,1,0,0)
2.(0,1,0,0,0,1), (1,1,1,0), (1,1,0,0), (0,0,1,0)
3.(1,1,0,0,0,0), (1,1,1,0), (0,1,1,0), (1,0,0,0)
4.(1,1,0,0,0,1), (1,0,1,0), (1,1,0,0), (0,1,1,0)
5.(0,1,0,0,0,0), (1,0,1,0), (1,0,0,0), (0,0,1,0)
6.(1,0,0,0,0,0), (1,1,0,0), (0,1,0,0), (1,0,0,0)
7.(0,0,0,0,0,1), (0,1,1,0), (0,1,0,0), (0,0,1,0)

PG(5,2) projektif uzayinda [0, 0, 0, 1] diizleminin $-diizlemi asagidaki gibidir (Sekil 4.6).
(0, 0,0, 1) noktasinin Klein Kuadrik {izerinde bulunan S-diizleminin dogrulart Ly, Lo, ..., L,
olmak {izere, lizerinde bulunma bagintisi: (PG (3, 2) projektif uzayinin 1,2, 3, .., 7 numarali
dogrular1, PG(5, 2) projektif uzayinin noktalaridir.) {1, 2,3}oL;, {1,4,5}0Lsy, {1,6,7}oLs,
{2,4,5} 0 L4, {3,4,7} o Ls, {2,5,7} o Lg, {3,5,6} o L7 dir.

Ornek 4.2 de PG(3,2) projektif uzaymda (0, 0,0, 1) noktasin Klein déniisiimii

altindaki a-diizlemi verilmistir.
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15 Nokta O
35 Dogru \ X
15 Diizlem C&J

PG(3.2)

15 a-Diizlemi

35 Nokta

15 3-Diizlemi

A
~
)N

Klein Kuadrik

PG(5,2)

Sekil 4.4 PG(3, 2) Projektif Uzaymi Klein Doniigiimii

(1,1,1,9)
(1,0,1,0) (0,1,1,0)
JngJ
(95159:9) (1,1,0,0) (1,0,0,0)

Sekil 4.5 PG(3, 2) Projektif Uzayindaki [0, 0, 0, 1] Diizlemi

Ornek 4.2 PG(3,2) projektif uzayinda (0, 0,0, 1) noktasindan gegen dogrular, bu dogrular

tizerindeki noktalar ve bu noktanin Klein Kuadrik iizerindeki o-diizlemi asagidaki gibidir:
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(1,0,0,0,0,1)

(1,1,0,0,0,0) » (1,0,0,0,0,0)

(0,1,0,0,0,1) (0,1,0,0,0,0) (0,0,0,0,0,1)

Sekil 4.6 [0, 0, 0, 1] Diizleminin Klein Kuadrik Uzerindeki 3 Diizlemi

1.(0,0,0,1,0,0), (0,0,0,1), (0,0,1,0), (0,0,1,1)
2.(0,0,0,0,1,0), (0,0,0,1), (0,1,0,0), (0,1,0,1)
3.(0,0,0,1,1,0), (0,0,0,1), (0,1,1,0), (0,1,1,1)
4.(0,0,1,0,0,0), (0,0,0,1), (1,0,0,0), (1,0,0,1)
5.(0,0,1,1,0,0), (0,0,0,1), (1,0,1,0), (1,0,1,1)
6.(0,0,1,0,1,0), (0,0,0,1), (1,1,0,0), (1,1,0,1)
7.(0,0,1,1,1,0), (0,0,0,1), (1,1,1,0), (1,1,1,1)

(0,0,0, 1) noktasimin Klein Kuadrik iizerindeki o-diizleminin dogrulari Ly, Lo, ..., L7 olmak
iizere, tizerinde bulunma bagintisi: {1,2,3} o Ly, {1,4,5} 0 Lo, {1,6,7} 0 L3, {2,4,6} o Ly,
{2,5,7} o Ls, {3,4,7} o Lg, {3,5,6} o Ly dir.

PG(3,4) projektif uzayi, GF(2?) iizerinde, nokta ve dogrulart GF'(2) iizerinde
t? 4+ t + 1 indirgenemez polinomu kullanilarak elde edilen cismin elemanlariyla homojen
olarak koordinatlanan bir projektif 3-uzay olsun. PG(3,4) projektif uzaymin 85 noktasi,

357 dogrusu ve 85 diizlemi vardir.

Ornek 4.3 te PG(3,4) projektif uzaymda (0,0,0,1) noktasinin Klein déniisiimii

altindaki o-diizlemi verilmistir.

Ornek 4.3 PG(3,4) projektif uzaymn P(0,0,0,1) noktas: Klein doniisiimii altinda
PG(5,4) projektif uzayinda Klein Kuadrik iizerinde bir o diizlemine déniistir. Bu diizlemin



(,0,0,0,1,0)

(e,0,0,1,0,0)
1

_(0,0,1,0,1,0)

3 ¥
(0,0,0,1,1,0)

(0,0,1,1,0,0)

® 7
(e,e,1,1,1,0)

Sekil 4.7 (0,0, 0, 1) Noktasinin Klein Kuadrik Uzerindeki o Diizlemi

I, = (0,0,0,0,1,0)
I, = (0,0,0,,1,0)
I = (0,0,1,1,0,0)
lo = (0,0,1,0,1,0)
li5 = (0,0, 1,,t,0)
lis = (0,0,1,0,¢,0)
lio = (0,0,1,£,0,0)

l1,12,13,14,150 Ly
l1, 111,113, 118, [20 © Ly
la, l7, 115, L1, lig © L7
I3, 1,115, l20, l21 © L1g
I3, 111, li6, l17, l19 © L3
ly; 18,111, l1a, 115 0 LIG)

ls, 17,1y, 111, l91 0 Lig

I, = (0,0,0,1,0,0)
Is = (0,0,0,t,1,0)
ls = (0,0,1,1,¢,0)
li1 = (0,0,1,#,1,0)
Iy = (0,0,1,¢,2,0)
lir = (0,0,1,1,£,0)
loo = (0,0, 1,12, 2,0)

b1, 16, 17,18, 117 0 Lo
l1, 112,114, 119, 21 © Ls
l2, 18,113, 116, l21 © Lg
I3, 17,110, 113, 114 © L1y
la; 16,19, 113,119 © L1y
ly; 110, 117, 118, 21 © Ly7

ls, s, li0, l19, l20 © Lo

Is = (0,0,0,1,1,0)
ls = (0,0,1,1,1,0)
ly = (0,0,1,0,#,0)
li2 = (0,0,1,¢,1,0)
Ii5 = (0,0,1,0,0,0)
lis = (0,0,1,,0,0)
lo1 = (0,0,1,,¢,0)

l1,19, 1o, 115, 16 © L3
la, lg, 10, 111, 112 © Lg
la,lg, 14, l17,la0 © Ly
I3, 18,19, l12, l18 © L2
ly, 17,112,116, log © L1
ls, ls; 14, 16, 115 © Lig

ls,lig, lig, lis, L7 0 Loy
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noktalari, PG(3,4) projektif uzaymda P(0,0,0, 1) noktasindan gegen 21 dogrudur. Bu 21
dogru asagidaki gibidir:

PG(3,4) projektif uzayiminda P(0,0,0,1) noktasimn doniistiigii « diizleminin dogrular

Ly, Lo, ..., Loy olmak iizere, iizerinde bulunma bagintisi:
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seklindedir.

Ornek 4.4 te PG(3,4) projektif uzaymin [0,0,0,1] diizleminin déniistiigii 3 diizlemi

verilmekltedir.

Ornek 4.4 PG (3,4) projektifuzayimn [0, 0,0, 1] diizlemi Klein doniisiimii altinda PG (5,4)
projektif uzayinda Klein Kuadrik iizerinde bir ( diizlemine déniigiir. Bu diizlemin noktalari,
PG(3,4) projektif uzayinda [0,0,0, 1] diizleminin 21 dogrusudur. Bu 21 dogru asagidaki
gibidir:

I, =(0,0,0,0,0,1) Iy =(1,0,0,0,0,1) I3 =(1,0,0,0,0,0)

I = (1,0,0,0,0,£) I5=(1,0,0,0,0,t) Is=(0,1,0,0,0,1)

Iz =(0,1,0,0,0,1) lg =(0,1,0,0,0,t) Iy =(0,1,0,0,0,%?)
lip=(1,1,0,0,0,0) =(1,1,0,0,0,1) 15 =(1,1,0,0,0,%?)
lis =(1,1,0,0,0,¢) l14 = (1,#%,0,0,0,t) ;5= (1,t30,0,0,1)
Lo = (1,2,0,0,0,0) L7 = (1,£2,0,0,0,t) l1 = (1,4,0,0,0, )
ho = (1,£,0,0,0,1) o = (1,£,0,0,0,¢) — (1,1,0,0,0,0)

PG(3,4) projektif uzayinda [0,0,0,1] diizleminin doniistiigii ( diizleminin dogrular:
L17L27“'7

Loy olmak iizere, tizerinde bulunma bagintisi:

seklindedir.

ly,lo,13,1l4,l50 Ly
l1,l14, 115, lig, li7 0 Ly
la; lg, 11, lis, g © L7
I3, 16,111, l17, 120 © L1g
lg, 18, 112,114,121 0 L13
I3,ls, 113,115, l13 © L)

ls, 17,113, lia, log © Lig

ly,lg, 7,18, lg 0 Lo
l1, 118, 119, la0, [21 © Ls
la, ls, 12, l16, l20 © Lsg
la, 16,113,116, 119 © L1y
ls,lg, 11,116,121 © L1y
la, lg, 13,117, la1 0 L17

L, lg, Lo, lis, lag © Loy

l1, 110,111, li2, l13 0 L3
la, g, Lo, l14, l1s © L
I3, 19,12, l14, 119 © Lyg
Is, lg, 12,115,121 © L1o
l3,17, 10, l16, l21 © L5
la; U7, 12, li7, lig © Lag

ls, s, Lo, liz, lig © Loy

4.5 Klein Kuadrik Uzerindeki Diizlemler

Bu boélimde PG(5,2
diizlemleri Grassmann koordinatlart yardimiyla PG(19, 2) projektif uzaynin bir noktasi ile

) projektif uzayinda Klein Kuadrik iizerinde bulunan « ve f

eslenmektedir.
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GF(2) cismiyle koordinatlanan PG(3,2) projektif uzayinin noktalari asagidaki

gibidir:
N; =(0,0,0,1) Ng=1(0,1,1,0) Ny; =(1,0,1,1)
Ny, =(0,1,0,0) N;=1(0,1,1,1) N2 =(1,1,0,0)
N3 =(0,1,0,1) Ng=(1,1,1,0) N;3=(1,1,0,1)
Ny =(0,0,1,0) Ng=(1,1,1,1) Ny, = (1,0,0,0)
N5 =(0,0,1,1) Nyo=(1,0,1,0) N5 =(1,0,0,1)

PG(3,2) projektif uzaymm 35 dogrusu vardir. Bu dogrular, Pliicker koordinatlari ve

iizerindeki noktalar asagidaki gibidir:

Ly ={Ni,Ny; N5} Ly ={Ni, N2, N3t Lz = {Ny1, Ng, N7}
Ly = {Ni, Ny, Nis} Ls={Ni,Nw, Nuu} Le={Ni, Nia, N13}
L7 = {Ni, Ng, No} Ly ={Ny, Noy N¢} Lo ={Ny, N3, N7}
Lig = {N4, N4, Nio}  Lin = {Ny, Ni5, Nuu}  Lio = {Ng, Ng, N13}
Li3 = {N4, Ng, N1} L1y = {Ns, No, N7} Lis = {Ns, N3, Ng}
Lig = {Ns, N14, Nuu}  Liz = {Ns, Ni5, Nio}  Lig = {Ns, N1a, No}
Lig = {N5, Ng, N13} Lgo = {Na, N14, N12}  Lg1 = {Na, N15, N13}
Lyy = {Na, N1g, Ng}  Laz = {No, N11, No} Loy = {N3, Ng, N11 }
Lys = {N3, N1g, N1z} Las = {N3, Ni5, N12} Loy = { N3, Nig, No}
Lag = {Ng, N14, Ng}  Lag = {Ng, N12, N1o}  Lso = {Ns, N15, No}
L3 = {Ng, N13, Nuu} L3y = {N7, N1y, No}  Lsz = {N7, N1, N11}

L3y = {N7, N1o, N13}  Lss = {N7, N15, Ng}
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PG(5, 2) projektifuzayininda Klein Kuadrik tizerinde 15 tane «v diizlemi vardir. Bu diizlemler

ve tizerindeki noktalar (PG (3, 2

«

«

«

«

6 — (X

| |
Q

| |
Q

| |
Q

(0% J\H

Ny =
N3 =
Ny =
N5 =

Ng =
N7 =

(
(
(
(
(
(
(
(Ns =
(

/‘\/\/\/\/\/‘\/‘\/‘\/‘\/‘\/\/‘\/‘\/‘\/‘\

0,0,0,1
0,0,1,0
0,0,1,1
0,1,0,0
0,1,0,1
0,1,1,0
0,1,1,1
1,0,0,0
1,0,0,1
= (1,0,1,0
~(1,0,1,1
=(1,1,0,0
= (1,1,0,1
= (1,1,1,0
= (1,1,1,1

)
)
)
)
)
)
)
)
)
)
)
) =
)
)
)

) projektif uzayinin dogrulart) asagidaki gibidir:

{01, 02, 13, 1a, 1, I, I}
{llal87l97l10;l11;ll27l13}
{l17l147l157l16;l177l187l19}
{lg,lg,lgo,l14,l21,l22,l23}
{lg,lg,l24,l25,l26,l27,ll5}
{lg,lg,lgg,l15,l29,l30,l31}
{l37l97114;l327l337l347135}
{l4al107l207ll6yl257l287l32}
{l47l17’l117l21;l357l26’l30}
{l57l10,l22,l34,l17,l27,l29}
{15>lll7l23al1671247l317l33}
{167113712071187l26>l297l33}
{167112yl217l257l197l317l34}
{l7al13>l2271287l1971247l35}

{l77 l127 l237 l327 1187 l307 l27}
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PG(5, 2) projektifuzayininda Klein Kuadrik tizerinde 15 tane (3 diizlemi vardir. Bu diizlemler

ve lizerindeki noktalar asagidaki gibidir:

= B(D1=10,0,0,1]) = {las, ls, l10, [13, l20, l22, l2g }
= [B(Dy=1[0,0,1,0]) = {l2, 14,16, 20, lg, L5, I21 }
= B(D3=1[0,0,1,1]) = {lis, 23,132, 114, l16, I20, 133}
= ﬁ(D4 [0, L, 0, 0]) = {l4, ls, lie, l17, 11, 11, llO}
= [B(Ds =[0,1,0,1]) = {lo, Lo, l12, 25, lo7, I32, l34 }
:B(Dt‘) [0,1,1,0]) = {137147577128,130,5327535}
:B(D7 [071,1,1]) = {l1571167l19;l247l257l287l31}
= B(Dg = [1,0,0,0]) = {lh,12,13,18,lg, 14, l15}
= B(Dy = [1,0,0,1]) = {ls, 111, 112, 21,123, l30, I31 }
510 = B(D1o = [1,0,1,0]) = {la, 5,17, o2, 123, l24, la7}
Bu = B(Du = [1,0,1,1]) = {la1, loz, lig, lia, li7, I3a, I35 }
Bz = B(D12 = [1,1,0,0]) = {l,ls, 17,12, 13,118, Lo }
Biz = B(D13 = [1,1,0,1]) = {lo, l11, 13, laa; Iz, I33, I35}
Bia=B(D1ys=[1,1,1,0]) =  {ls,15,16, 20, 31,33, l34 }
Bis = B(D1s = [1,1,1,1]) = {lag, l30, lo7, l1s, l17, L5, 26 }

PG(5,2) projektif uzayinda Klein Kuadrik tizerindeki diizlemleri geren ii¢ nokta:

P = ($0,$1,ZE2,$3,$4,I‘5), Q = (y07y17y27y37y47y5)9 R = (ZO7Z17227Z37'Z4725) olsun.

P, (), R noktalar1 i¢in M matrisi asagidaki gibi tanimlansin:

To T1 T2 T3 T4 Ts

M=1 v v % ¥ Y Y
20 R1 R2 k3 R4 R5



M matrisi kullanilarak asagidaki 20 determinant tanimlansin:

Py = poi2 =
P3 = po15 =
Ps = poas =
Py = poss =
Pry = pras =
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Pig = poss =
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20
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25

Ts
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25
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Py =poiz =
Py = poas =
Pr = po3s =
Pig = praz =
Pi3 = p1za =
Pig = paza =
Prg = pays =

Zo

Yo
20

Zo

Yo
20

Zo

Yo
20

X1

U1
21

x

U1
21

X2
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2

€3

Y3

Z3

€

n
21
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22
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22
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Xyq

Ys
24
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Z3

€3

Y3
Z3
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24
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X5
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Py = po1a =
Ps = poosy =
Py = pogs =
Py =piog =
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P = (Py, P, Py, ..., Pyg) ifadesine PG(5,2) projektif uzayindaki bir diizlemin Grassmann
koordinat1 denir. Boylelikle PG(5, 2) projektif uzayindaki bir dizlem PG(19,2) projektif

uzayinin bir noktasina eslenir.

Teorem 4.10 PG(5, 2) projektif uzayinda, Klein Kuadrik iizerinde bulunan « diizlemlerinin
Grassmann koordinatlart PG(19, 2) projektif uzayinda bir 15-cap olugturur, yani herhangi

licti dogrusal olmayan 15 nokta kiimesidir.
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Ispat 1 PG(5,2) projektif uzayinda, Klein Kuadrik iizerinde bulunan o diizlemlerinin

Grassmann koordinatlart P(a;), i = 1,2,3,...,15 olsun. «y diizleminin Grassmann
koordinatini hesaplamak igin bu diizlemi geren l; = (0,0,0,1,0,0), I = (0,0,0,0,1,0) ve
Iy, = 1(0,0,1,0,0,0) noktalar: kullanmilsin. Bu durumda o, diizleminin Grassmann
koordinati:

P(ay) =(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0)

bigimindedir. Benzer sekilde P(c;), i = 2,3, ..., 15 diizlemlerinin Grassmann koordinatlar

asagidaki gibidir:
P(ag) =(0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0)
P(a3) =1(0,0,0,0,0,0,0,0,0,0,0,0,0,1,1,0,1,1,0,0)
P(ay) =1(0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0)
P(as) =(0,0,0,0,0,0,0,1,0,1,0,0,0,0,0,0,1,0,1,0)
P(ag) =(0,0,0,0,0,0,0,0,1,1,0,0,0,0,1,1,0,0,0,0)
P(a7) =(0,0,0,0,0,0,0,1,1,1,0,0,0,1,1,1,1,1,1,0)
P(ag) =(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
P(ay) =(1,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0)
P(ay) =(1,1,0,0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,0,0)
P(ay1) =(1,1,0,0,1,0,0,0,0,0,0,1,1,1,1,0,1,1,0,0)
P(a12) =(1,0,1,0,0,0,1,0,0,1,0,0,0,0,0,0,0,0,0,0)
P(ay3) =(1,0,1,0,1,0,1,1,0,1,0,1,0,0,0,0,1,0,0,0)
P(ay) =(1,1,1,0,0,0,1,0,1,1,0,0,1,0,1,1,0,0,1,1)
P(ay5) =(1,1,1,0,1,0,1,1,1,1,0,1,1,1,1,1,1,1,1,0)

Bu 15 noktamin her hangi iigii dogrusal olmayip, PG(19,2) projektif uzayinda bir 15-cap

olusturur.

Teorem 4.11 PG(5, 2) projektif uzayinda, Klein Kuadrik tizerinde bulunan (3 diizlemlerinin
Grassmann koordinatlart PG(19, 2) projektif uzayinda bir 15-cap olusturur, yani herhangi

ticti dogrusal olmayan 15 nokta kiimesidir.

Ispat 2 PG(5,2) projektif uzayinda, Klein Kuadrik iizerinde bulunan [3 diizlemlerinin
Grassmann koordinatlart P(B;), i = 1,2,3,...,15 olsun. [y diizleminin Grassmann

koordinatint hesaplamak i¢in bu diizlemi geren los = (1,1,0,0,0,0), Is = (0,0,0,0,0,1) ve
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lipn = (0,1,0,0,0,0) noktalar: kullanmilsin. Bu durumda [, diizleminin Grassmann
koordinati:

P(p) =1(0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)
bicimindedir. Benzer sekilde P([3;), i = 2,3, ..., 15 diizlemlerinin Grassman koordinatlar
asagidaki gibidir:

P(5,) =1(0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

P(53) =1(0,0,1,1,0,1,1,0,0,0,0,1,1,0,0,0,0,0,0,0)

P(5y) =1(0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0)

P(5s) =1(0,1,0,1,0,0,0,0,0,0,1,0,1,0,0,0,0,0,0,0)

P(5) =1(0,0,0,0,1,1,0,0,0,0,1,1,0,0,0,0,0,0,0,0)

P(p;) =1(0,1,1,1,1,1,1,0,0,0,1,1,1,0,0,0,0,0,0,0)

P(5s) =(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1)

P(59) =(0,0,0,1,0,0,0,0,1,0,0,0,0,0,0,1,0,0,0,0)

P(5y0) =(0,0,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0,1,1)

P(#1) =(0,0,1,1,0,1,1,1,1,0,0,0,0,0,0,1,0,0,0,0)

P(52) =(0,0,0,0,0,0,0,0,0,0,1,0,0,1,0,0,0,1,0,1)

P(p13) =(0,1,0,1,0,0,0,0,1,0,1,0,1,1,0,1,0,1,1,1)

P(p4) =1(0,0,0,0,1,1,0,1,0,0,1,1,0,1,0,0,0,1,1,1)

P(fy5) =(0,1,1,1,1,1,1,1,1,0,1,1,1,1,0,1,0,1,0,1)

Bu 15 noktanin her hangi iicii dogrusal olmayip, PG(19,2) projektif uzayinda bir 15-cap

olusturur.

4.6 Klein Kiimeler

Tanmim 4.10 Bir P projektif uzayimin herhangi ikisi tek bir noktada kesisen diizlemlerinin

kiimesine Klein kiime denir (Beutelspacher vd., 1998).

Ornek 4.5 te PG (5, q) projektif uzayinda bir Klein kiime verilmektedir.

Ornek 4.5 Q, 5-boyutlu sonlu bir P projektif uzaymmin hiperbolik kuadrigi olsun. QQ nun

m, Ty diizlemleri esit veya tek bir noktada kesisiyorsa i, mo diizlemlerine denktir denir ve

m ~ Ty biciminde gésterilir. ~ bagintis1 simetri, yansima ve gecisme ozelliklerine sahip
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oldugundan bir denklik bagintisidir. () nun diizlemleri ~ ile iki denklik sinifina ayrilirlar.
P = PG(5,q) ise ayni denklik sinifina ait diizlemlerin kiimesi, ¢* + q* + q + 1 boyutunda bir
Klein kiimedir. (Aymi denklik sinifindan iki diizlem tek bir noktada kesisir.) Bu Klein kiime,
hiperbolik Klein kiime olarak isimlendirilir (Beutelspacher vd., 1998).

Tamm 4.11 &, P projektif uzayinda bir Klein kiime olsun.

a. E, E' € ¢ diizlemleri i¢cin, E N\ E' = P olacak sekilde bir P € P noktasina kesigim
noktast denir (Beutelspacher vd., 1998).

b. Kesisim noktalar: tarafindan iiretilen, B = (ENE' | E,E' € £) alt uzayina Klein
kiimenin tabani denir (Beutelspacher vd., 1998).

c. B¢ sayisina Klein kiimenin taban boyutu denir.

Tanim 4.12 P bir projektif uzay ve —1 < k < n olsun. P nin herhangi ikisi k boyutlu alt
uzayda kesisen n boyutlu alt uzaylarinn £ kiimesine bir (n, k)-SCID (Set of Subspaces with
Constant Intersection Dimension) denir. E\, Fy € & olmak iizere her bir k boyutlu E1 N Ey
alt uzayma & nin k-kesisim uzayt denir. k = 0,1 durumunda bu kesisim uzaylar: sirasi ile
nokta ve dogrulardi. Ornegin (2,0)-SCID, herhangi ikisi bir noktada kesisen diizlemleri,
(1, —1)-SCID, herhangi ikisinin ortak noktasi olmayan dogrulari, (3, 1)-SCID, herhangi ikisi
bir dogru boyunca kesisen projektif 3-uzaylari ifade eder (Eisfeld, 1999).

Ornek 4.6 Klein Kuadrik iizerinde aym denkilik sinifina ait diizlemler kiimesi (2,0)-SCID
tir. Yani herhangi iki o diizlemi tek bir noktada ve herhangi iki 5 diizlemi tek bir noktada

kesigir.

Ornek 4.7 de PG(7,2) projektif uzaymda (3, 1)-SCID yapisi verilmistir.
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Ornek 4.7 P, 7 boyutlu bir projektif uzay olsun. Py, Py, P3, Py, Q1, Q2, Q3, Qu, P nin sekiz

lineer bagimsiz noktast olsun ve

E :<P17P25P35P4>

By = (Q1,Q2, P1, Py)
= (Q1,Qs3, P1, P5)
=(Q1,Q4, P, Py)
= (Q1,Q2, Ps, Py)

Eoy = (Q1,Q3, P, Py)

B3 = (Q1, Qu, P2, Ps)

olarak tamimlansin. Bu durumda &; = {E1, E1a, Ev3, Fry, E3y, Eoy, Eo3} bir (3,1)-SCID tir
(Eisfeld, J., 1999).

Ornek 4.8 de PG(6, 2) projektif uzayinda (2, 0)-SCID yapist kullamlarak PG/(2, 2) projektif
diizlemi PG(6, 2) projektif uzayinda gémiilii olarak elde edilmistir.

Ornek 4.8 B, = (1,0,0,0,0,0,0), P, = (0,1,0,0,0,0,0), Pi3(0,0,1,0,0,0,0), P,y =
(0707071707070)7P23 = (0707070717070)7P24 = (0707070707170>7P34 =
(0,0,0,0,0,0,1). PG(6,2) projektif uzayimin yedi bagimsiz noktasi olsun. Ey, Es, ..., E;

diizlemleri agsagidaki gibi tanimlansin:

By = (P, Pi3, Pa)
Ey = (P, Pa3, Pay)
B3 = (Pu3, Pa3, P34)
By = (Pu, Py, Pay)
Es = (P, Pia, Pag)
Es = (Po, P13, Pay)
E; = (P, P, Pa3)

Bu diizlemlerden herhangi ikisi Fy, P12, Pi3, P14, Pos, Pay, P34 noktalarindan bir tanesinde
kesisir. Py, Pio, P13, P14, Po3, Poy, P34 noktalart ii¢ diizlem iizerinde bulunur. E1, F>, ..., E;
diizlemlerini dogru kiimesi ve Py, Pio, P13, P14, Po3, Poy, P34 noktalar kiimesi olarak
diigtiniiliirse, bu yap1 PG(6,2) projektif uzayinda bir PG(2,2) yani Fano diizlemi yapisidir
(Beutelspacher vd., 1998).

Ornek 4.9 da PG (13, 2) projektifuzayinda (5, 1)-SCID yapis1 kullamlarak PG/(2, 2) projektif
diizlemi PG(13, 2) projektif uzayinda gdmiilii olarak belirlenmistir.
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Ornek 4.9 Py, Pra, Pi3, Py, Pas, Py, Pay, Qo, Qu2, Q13, Qua, Qo3, Q24, @34,  PG(13,2)
uzayimin 14 bagimsiz noktast olsun. Sy,Ss,...,S7 Projektif 5-uzaylari asagidaki gibi

tamimlansin:

Sl = P127 Ql?a P137Q137P147 Q14
SQ = P127Q127P237Q237P247Q24
S3 = P137 Q137 P237 Q237 P347 Q34

{ )

{ )

{ )
Sy = (Pu, Qua, Pos, Qa4, Pos, Q34)

(

(

(

e

05 Q07 P127 Q12a P347 Q34>
P07 QO7 P137 QlBa P247 Q24>
P07 Q07 P147 Q14a P237 Q23>

Bu 5-uzaylardan herhengi ii¢ tanesi bir nokta dogru boyunca kesigir. Bu dogrular kiimesi:

PyQo, P1aQ12, P13Q13, P1aQ1a, Pa3Qa3, Pos(24, P34Q34 tiir. Herhangi bir
PoQo, P1aQ12, P13Q13, PraQ1a, Pa3Q23, PosQ24, P34Q34 dogrusu tam olarak 3 tane 5-uzay
lizerinde bulunur. S1,59, ..., 57 S-uzaylar dogrular kiimesi ve

L = {FQo, P12Q12, Pi3Q13, PraQ14, Pa3Qa3, P2aQ24, P34Q34} dogrular kiimesi noktalar
kiimesi olarak diisiiniiliirse elde edilen yapi PG(13,2) projektif uzayinda bir PG(2,2)

vapist yani Fano diizlemidir.
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5. VERONESEAN DONUSUM

Veronesean doniistimlerin olduk¢a uzun ve zengin bir tarihi vardir. Bu doniisiimler
herhangi bir cisim {izerinde tanimlanabilirler. Sonlu cisimlerde baz1 teoremlerin
ispatlanmasinda oldukc¢a Onemli bir yer tutar. En basit Veronesean doniisim kuadrik
Veronesean doniisiimdiir, n. indexten Veronesean doniisim V,, bi¢ciminde gdsterilir.
Kuadrik Veronsesanlar (Thas ve Maldeghem, 2003) ve (Thas ve Maldeghem, 2004) te
karakterize edilmisitir. PG(2,q) projektif diizleminden PG(5,q) projektif uzayma
tanimlanan kuadrik Veronesean doniisiim bir PG (2, ) projektif diizlemi tizerinde bir dogru
tizerindeki noktalart PG(5, q) projektif uzayinin diizlemsel noktalarina doniistiirtir. Kuadrik
Veronesean )V, ayrintili bir sekilde incelenmis ve degisik bicimlerde karakterize edilmistir.
PG(n, q) projektif uzayinin Veronesean doniisiimii V2" veya kisaca V,, bigiminde gosterilir.
n = 1 igin Veronesean doniisiim V? bigimindedir ve PG(2,q) projektif diizleminin bir
konigidir. n = 2 igin Veronesean déniisiim V3 bigiminde gosterilir ve PG (5, ) projektif
uzayinda 4. mertebeden bir yiizeydir. n = 3 i¢in Veronesean déniisim V3§, PG(9,q)
projektif uzaymnin 3 boyutlu ve mertebesi 8 olan bir yapisidir. Projektif uzaylarin Lax

Veronesean gommeleri (Akga vd., 2012) de incelenmistir.

5.1 Kuadrik Veronesean

Bu boéliimde kuadrik Veronesean ile ilgili temel tanim ve teoremler verilmistir.

F bir cisim, P(zy,z,...,x,), PG(n,F) nin bir eleman1 olmak tizere: PG(n,F)
projektif uzaymin Veronesean tipi kuadrikleri:

_ (22 2
S {P—(xo,xl,. x xoxl,xoxg,...,xoxn,xlxg,...,mlxn,...,mn_lxn)}

kiimesidir ve kisaca projektif uzaymin Kuadrik Veronesean: denir.
n(n+3)

2 b
P(xo, 21, ..., 20) = P(YoYo, Y1¥1s -, Yn—1Yn), Yij = TiT;

9 = PG(n, F) = PG(N,F),N = n>1

dontistimiine Kuadrik Veronesean doniisiim denir. Bu donilisim projektif uzayimin
noktalarini, kuadrik Veroneseanlara birebir-orten olarak esler (Thas ve Maldeghem, 2004).
Yani PG(n,F) projektif uzaymin P(zq,x9,...,2,) noktalarmi PG(N,F) projektif
uzayinin P (yoyo, Y1Y1, - Yn—1Yn) noktalarina esler. Kuadrik Veronesean doniisiim ile

herhangi bir ¢. mertebeden bir projektif diizlem 5-boyutlu projektif uzaya
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gomiilebilmektedir. Bu dontisiim:

U = PG(2,9) — PG(5,q)

(‘,'U7 y? Z) % (‘/'E27 y2’ 227 Iy’ ‘/'EZ’ yz)

bi¢iminde tanimlidir (Ekmekei vd., 2017).

Teorem 5.1 |V,,| = o (n) dir. Yani V,, kuadrik veroneseanlarin eleman sayist PG(n, F)
projektif uzayin toplam nokta sayisi olan ¥ (n) dir. Ozel olarak, F = GF(q) olmak iizere:
n = 1liken |Vi| =q+1

n=2iken |Va| =¢*+q+1

dir (Thas ve Maldeghem, 2003).

Teorem 5.2 Bir kuadrik Veronesean V, ,N = "("; 3 olmak iizere, PG(n, F) projektif

uzayimin bir O (n)-capidir. Yani bir kuadrik Veronesean V,, herhangi ii¢ii dogrudag olmayan
¥ (n) tane nokta kiimesidir (Thas ve Maldeghem, 2003).

Teorem 5.3 (u,v,w) € GF(q) olmak iizere, Vi = (Xo, X1, Xo, X3, Xy, X5)
=(u?, uv, uw, w?, vw, v?) kuadrik Veroneseant, H5 (X0, X1, Xo, X3, Xy, X5)
=XoX3 + X1 Xy + XoX5 = 0 denklemine sahip olan Klein Kuadrik iizerine,

© = (Xo, X1, Xo, X3, =Xy, X5 — X5) lineer doniisiimii ile gomiilebilir (Cossidente vd.,
1999).

Tanim 5.1

0:P* —P°

. 3 .8 .3 2. .2 92 2 2 9
0 : (xo,x1,x2) — (25, 7, Ty, TGT1, TgTa, T1T, T1Te, T3X0, TZT1, ToT1L2)

dontistimiine diizlemin Kiibik Veronesean doéniigiimii denir (Klein vd., 2007).

5.2 Dik Kiimeler

Bu bélimde PG(3,2) projektif uzayinda dik kiimeler tanimlanmis ve bu dik kiimelerin
kuadrik Veronesean doniisiimii altindaki goriintiilerinin olusturdugu projektif alt uzaylar

kullanilarak SCID-(3, 0) geometrik yapisi elde edilmistir.

PG(V), d-boyutlu bir projektif uzay ve ¢;(0 < i < d), V nin bir taban1 olsun.
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d+1+1
PG(W), —li_—l——; — 1| — boyutlu bir projektif uzay ve e;y;, i, (0 < ig < 7; <

... <14, < d), W nin bir tabani olsun. PG(V') — PG(W) ye asagidaki doniisiim tanimlansin:

d
¢: [inei —>[ Z Iioil....iz]
1=0

0<io<...<i;<d
bve B,V ve W nin skaler ¢arpma islemini gdstersin. Yani
d d d
b g Zi€;, E yi€; | = E TiYi
=0 =0 i=0
B ( E Ligiy....i;Cigiy....ip E yioil....ileigil....z’l> = E Ligiy....i;Yigiq...5

0<ip<...<i;<d 0<ip<...<y<d 0<ip<...<i<d

olsun. Her x € V, igin 2, b ye gore z e dik olan V' nin bir alt uzayin gostersin.
vt ={y €V |b(z,y) =0}

P(V') nin her P = [z] noktast i¢in P(W') nin D(P) alt uzayz:

D(P) ={[z] e W | B(z,((y)) = 0

y € x* bigiminde tanimlidir (Klein vd., 2009).

Simdi dik kiimeler yardimiyla PG(3,2) projektif uzaymnin kuadrik Veronesean
doniigtimi kullanilarak PG (9, 2) projektif uzayinda SCID-(5, 3) yapisi elde edilecektir.

PG(3,2) projektif uzaymin kuadrik Veronesean doniigimii:

P(3,2) — P(9,2)

(20, 1, T, 3] — [Igaxiﬂﬁgwga$0$17$0$2,$0I3,$1I27I1$3,I25€3}
bigiminde tanimlidir. Her z € P(3,2), X+ kiimesi 7 elemanlidir. Bu Kuadirik Veronesean
doniisiimii altinda PG/(3, 2) projektif uzayinin her noktast X+ kiimesini ve her X+ kiimeleri
PG(9,2) projektif uzayinda bir projektif 3-uzay tanimlar. PG(3,2) projektif uzaymin dik

kiimeleri ve bu kiimelerin olusturdugu projektif 3-uzaylar asagidaki gibidir:

X1 = (1,0,0,0) —
XIL:{(0,0,0,1),(0,0,1,0),(0,1,0,0),(0,1,1,0),(0,1,0,1),(0,0,1,1),(0,1,1,1)}



(0,0,0,1)
(0,0,1,0)
(0,1,0,0)
(0,1,1,0)
(0,1,0,1)
(0,0,1,1)
(0,1,1,1)

Ll

—

(0,0,0,1,0,0,0,0,0,0)
(0,0,1,0,0,0,0,0,0,0)
(0,1,0,0,0,0,0,0,0,0)
(0,1,1,0,0,0,0,1,0,0)
(0,1,0,1,0,0,0,0,1,0)
(0,0,1,1,0,0,0,0,0,1)
(0,1,1,1,0,0,0,1,1,1)
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Bu noktalarin PG(9, 2) projektif uzayinda gerdigi uzay (xq, €1, 2, 3, T4, T5, T, L7, Tg, Tg)

olsun. Elemanter hesaplamalarla x1 = x5 = x3 = x7 = x5 = x9 = 0 elde edilir. O halde m,

uzay1 asagidaki gibi bulunur:

™ = D([]_,0,0,0]) = {(Io,070,0,1'4711’}5,1’6,0,070) | x; € ]:2}

Diger uzaylar icin benzer islemler yapilirsa:

X, =1(0,1,0,0) —

X5 ={(0,0,0,1),(0,0,1,0), (0,0,1,1),(1,0,0,0),(1,0,0,1), (1,0,1,0), (1,0,1,1)}

(0,0,0,1)
(0,0,1,0)
(0,0,1,1)
(1,0,0,0)
(1,0,0,1)
(1,0,1,0)
(1,0,1,1)

To = D([O’ 17070]) = {(O,xl,0,0,x4,0,0,$7,x8,0) | x; € f2}

X3 =1(0,0,1,0) —

N A

(0,0,0,1,0,0,0,0,0,0)
(0,0,1,0,0,0,0,0,0,0)
(0,0,1,1,0,0,0,0,0,1)
(1,0,0,0,0,0,0,0,0,0)
(1,0,0,1,0,0,1,0,0,0)
(1,0,1,0,0,1,0,0,0,0)
(1,0,1,1,0,1,1,0,0,1)

X3 ={(0,0,0,1),(0,1,0,0),(1,0,0,0),(1,1,0,0),(1,0,0,1),(0,1,0,1),(1,1,0,1)}

(0,0,0,1)
(0,1,0,0)
(1,0,0,0)
(1,1,0,0)
(1,0,0,1)
(0,1,0,1)
(1,1,0,1)

A

(0,0,0,1,0,0,0,0,0,0)
(0,1,0,0,0,0,0,0,0,0)
(1,0,0,0,0,0,0,0,0,0)
(1,1,0,0,1,0,0,0,0,0)
(1,0,0,1,0,0,1,0,0,0)
(0,1,0,1,0,0,0,0,1,0)
(1,1,0,1,1,0,1,0,1,0)
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T3 = D([()?O? 170]) = {(07 O,$2,0,07$5,0,3§'7,0,l’9) ’ T; € F2}

X4 =(0,0,0,1) —
X; = {(0,0,1,0),(0,1,0,0), (1,0,0,0), (1,1,0,0), (1,0, 1,0), (0,1,1,0), (1,1,1,0)}

(0,0,1,0) — (0,0,1,0,0,0,0,0,0,0)
(0,1,0,0) — (0,1,0,0,0,0,0,0,0,0)
(1,0,0,0) — (1,0,0,0,0,0,0,0,0,0)
(1,1,0,0) — (1,1,0,0,1,0,0,0,0,0)
(1,0,1,0) — (1,0,1,0,0,1,0,0,0,0)
(0,1,1,0) — (0,1,1,0,0,0,0,1,0,0)
(1,1,1,0) — (1,1,1,0,1,1,0,1,0,0)
7y = D([0,0,0,1]) = {(0,0,0,z3,0,0, 26,0, z3, z9) | z; € Fa}

X5 =1(0,0,1,1) —
X;_ = {(0717070)7(1707070)7<1717070)7(0707171)7(0717171)7(1707171>7(1717171)}

(0,1,0,0) — (0,1,0,0,0,0,0,0,0,0)
(1,0,0,0) — (1,0,0,0,0,0,0,0,0,0)
(1,1,0,0) — (1,1,0,0,1,0,0,0,0,0)
(0,0,1,1) — (0,0,1,1,0,0,0,0,0,1)
(0,1,1,1) — (0,1,1,1,0,0,0,1,1,1)
(1,0,1,1) — (1,0,1,1,0,1,1,0,0,1)
(1,1,1,1) — (1,1,1,1,1,1,1,1,1,1)

Ty = D([O, O, 1, 1]) = {l‘g =T =Ty = O,ZE5+CL’6 = T7t+xg = 0,[)324—1’3—{—1‘9 = 0) | T; € ]:2}

X =1(0,1,0,1) —
Xz ={(1,0,0,0),(0,0,1,0),(1,0,1,0),(0,1,0,1),(0,1,1,1),(1,1,0,1),(1,1,1,1)}

1,0,0,0
0,0,1,0
1,0,1,0

( ) 1,0,0,0,0,0,0,0,0,0
( )
( )
(0,1,0,1)
( )
( )
( )

( )
(0,0,1,0,0,0,0,0,0,0)
(1,0,1,0,0,1,0,0,0,0)
(0,1,0,1,0,0,0,0,1,0)

0,1,1,1 ( )
1,1,0,1 ( )
1,1,1,1 ( )

0,1,1,1,0,0,0,1,1,1
1,1,0,1,1,0,1,0,1,0
1,1,1,1,1,1,1,1,1,1

A
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6 = D([0,1,0,1]) = {zg = 22 = 25 = 0, 24426 = 0, x7+29 = 0, 21+23+23 = 0 | 2; € F>}

X, =(1,0,0,1) —

X+ =1{(0,0,1,0),(0,1,0,0),(0,1,1,0),(1,0,0,1),(1,0,1,1),(1,1,0,1), (1,1,1,1)}

(0,0,1,0
(0,1,0,0
(0,1,1,0
(1,0,0,1
(1,0,1,1
(1,1,0,1
(1,1,1,1

y Y

) = (
) = (
) = (
) = (1,0,0,1,0,0,1,0,0,0
) = (
)= (
) = (

0,0,1,0,0,0,0,0,0,0
0,1,0,0,0,0,0,0,0,0
0,1,1,0,0,0,0,1,0,0

1,0,1,1,0,1,1,0,0,1
1,1,0,1,1,0,1,0,1,0
1,1,1,1,1,1,1,1,1,1

7)Y Y Y Y ) ) )

mr = D([1,0,0,1]) = {zg = 22 = 27 = 0, 24+23 = 0, 25+x9 = 0, 2o+23+26 = 0 | 2; € Fa}

Xs=(1,0,1,0) —

Xg ={(0,0,0,1),(0,1,0,0),(0,1,0,1),(1,0,1,0),(1,0,1,1), (1,1,1,0), (

(0,0,0,1)
(0,1,0,0)
(0,1,0,1)
(1,0,1,0)
(1,0,1,1)
(1,1,1,0)
(1,1,1,1)

Y Y )

R A

(0,0,0,1,0,0,0,0,0,0)
(0,1,0,0,0,0,0,0,0,0)
(0,1,0,1,0,0,0,0,1,0)
(1,0,1,0,0,1,0,0,0,0)
(1,0,1,1,0,1,1,0,0,1)
(1,1,1,0,1,1,0,1,0,0)
(1,1,1,1,1,1,1,1,1, 1)

Y Y ) Y Y ) Y

1,1,1,1

)Y )

)}

g = D([l, O, 1,0]) = {Il = T3 = Tg = O,[E4—|—CL’7 = O,I6+ZE9 = 0,1]0+$2+[E5 =0 | x; € ]:2}

Xo=(1,1,0,0) —

X;_ = {(O’ 07 07 1)7 (O’()? 170)7 (070’ ]‘7 1)7 (17 ]"07 0)7 (17 170’ ]‘)7 (17 17 1’0)7 (

(0,0,0,1)
(0,0,1,0)
(0,0,1,1)
(1,1,0,0)
(1,1,0,1)
(1,1,1,0)
(1,1,1,1)

A

(0,0,0,1,0,0,0,0,0,0)
(0,0,1,0,0,0,0,0,0,0)
(0,0,1,1,0,0,0,0,0,1)
(1,1,0,0,1,0,0,0,0,0)
(1,1,0,1,1,0,1,0,1,0)
(1,1,1,0,1,1,0,1,0,0)
(1,1,1,1,1,1,1,1,1,1)

1,1,1,1

) Y Y

)}
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g = D([l, 1,0,0]) = {.%2 = T3 = Tg = O,$5+£L‘7 = O,xﬁ—i‘l'g = 0,1‘0+l’1+l’4 =0 ‘ x; € .FQ}

X10 = (O, 1, 1,0) —
XILO: <0’07071)7(1’07070)7(170’071)7(071ﬂ170)7(0717]-’1)7(17171a0)7(1717171>}

(0,0,0,1) — (0,0,0,1,0,0,0,0,0,0)
(1,0,0,0) — (1,0,0,0,0,0,0,0,0,0)
(1,0,0,1) — (1,0,0,1,0,0,1,0,0,0)
(0,1,1,0) — (0,1,1,0,0,0,0,1,0,0)
(0,1,1,1) — (0,1,1,1,0,0,0,1,1,1)
(1,1,1,0) — (1,1,1,0,1,1,0,1,0,0)
(1,1,1,1) — (1,1,1,1,1,1,1,1,1,1)

T = D([O, ]_, 1,0]) = {fL’O = T3 = Tg — 0,£L'4+£E5 = 0,.138—'—1‘9 = O,ZE1+JZ2+ZL‘7 = O | ZT; - fg}

I = (1, 1, 1,0) —
XlJi = {(07 07 07 1)7 (17 1707 0)7 (17 1707 1)7 (1707 170)7 (1707 17 1)7 (07 17 17O>7 (07 17 17 1)}

(0,0,0,1) — (0,0,0,1,0,0,0,0,0,0)
(1,1,0,0) — (1,1,0,0,1,0,0,0,0,0)
(1,1,0,1) — (1,1,0,1,1,0,1,0,1,0)
(1,0,1,0) — (1,0,1,0,0,1,0,0,0,0)
(1,0,1,1) — (1,0,1,1,0,1,1,0,0,1)
(0,1,1,0) — (0,1,1,0,0,0,0,1,0,0)
(0,1,1,1) — (0,1,1,1,0,0,0,1,1,1)

7711:D([1,1,1,0]) :{$3:0,[L'6:£B8:$9,ZL‘0+1‘1—|—£L'4
=zxot+atas=x1+x2+a;=0|2; € F}

X12 = (]_, ]_,0, 1) —
Xi5 ={(0,0,1,0),(1,1,0,0),(1,1,1,0),(1,0,0,1),(1,0,1,1),(0,1,0,1),(0,1,1,1)}

0,0,1,0
1,1,0,0
1,1,1,0

( ) 0,0,1,0,0,0,0,0,0,0
( )
( )
(1,0,0,1)
( )
( )
( )

( )
(1,1,0,0,1,0,0,0,0,0)
(1,1,1,0,1,1,0,1,0,0)
(1,0,0,1,0,0,1,0,0,0)
1,0,1,1 ( )
0,1,0,1 ( )
0,1,1,1 ( )

1,0,1,1,0,1,1,0,0,1
0,1,0,1,0,0,0,0,1,0
0,1,1,1,0,0,0,1,1,1

A
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m2 = D([1,1,0,1)) = {22 = 0,25 = x7 = 29,20 + 3 + 16 = 0,21 + 23 + 25 = 0,

Jfo+l’1+1}4:0|l’i€f2}

X13 = (1,0, 1, 1) —

X%S = {(O’ ]‘707 0)7 (1’07 07 1)7 (17 ]" 07 1)7 (070’ ]‘7 1)7 (07 ]'7 ]" ]‘)7 (1707 1’0)7 (]‘7 17 ]"O)}

(0,1,0,0)
(1,0,0,1)
(1,1,0,1)
(0,0,1,1)
(0,1,1,1)
(1,0,1,0)
(1,1,1,0)

A

(0,1,0,0,0,0,0,0,0,0)
(1,0,0,1,0,0,1,0,0,0)
(1,1,0,1,1,0,1,0,1,0)
(0,0,1,1,0,0,0,0,0,1)
(0,1,1,1,0,0,0,1,1,1)
(1,0,1,0,0,1,0,0,0,0)
(1,1,1,0,1,1,0,1,0,0)

7T13:D([1,0,1,1]) = {231 :0,374:.T7:l’8,$0+.’133+$€6:O,$2+I3+$9:0,

$0+I2+$5:0|$i€f2}

X14 = (O, ]_, 1, 1) —

X1JZL - {(L 07 07 0)7 (L 17 17 0)7 (Oa 1a 17 0)7 (07 1a 07 1)7 (17 1a O, 1)7 (07 07 1a 1)7 (17 07 1a 1)}

(1,0,0,0)
(1,1,1,0)
(0,1,1,0)
(0,1,0,1)
(1,1,0,1)
(0,0,1,1)
(1,0,1,1)

e

(1,0,0,0,0,0,0,0,0,0)
(1,1,1,0,1,1,0,1,0,0)
(0,1,1,0,0,0,0,1,0,0)
(0,1,0,1,0,0,0,0,1,0)
(1,1,0,1,1,0,1,0,1,0)
(0,0,1,1,0,0,0,0,0,1)
(1,0,1,1,0,1,1,0,0,1)

7T14:D([0,1,1,].D = {Z‘o:O,ZE4:.I'5:$6,$1+$2+$7:O,$1+I3+$8:0,

ZE2+JZ3+IL‘9:0|ZL‘Z‘€]:2}

X15 = (1, ]_7 1, 1) —

X]é = {(17 17 1? 1)7 (17 17070)7 (0’07 17 1)? (1707 170)7 (07 1707 1)7 (170707 1)7 (07 17 170)}
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(1,1,1,1) — (1,1,1,1,1,1,1,1,1,1)
(1,1,0,0) — (1,1,0,0,1,0,0,0,0,0)
(0,0,1,1) — (0,0,1,1,0,0,0,0,0,1)
(1,0,1,0) — (1,0,1,0,0,1,0,0,0,0)
(0,1,0,1) — (0,1,0,1,0,0,0,0,1,0)
(1,0,0,1) — (1,0,0,1,0,0,1,0,0,0)
(0,1,1,0) — (0,1,1,0,0,0,0,1,0,0)

Ti5 = D([l,l,l,l]):{$0—|—5L‘1—|—$4:0,I0+$2—|—(B5:0,1‘0+1‘3+£L’6:0,
T+ xetarr = 0,xy+a3+as=0,20+23+139=0|2; € Fo}

elde edilir.

Tamm 5.2 m; = D([1,0,0,0]) = {(20,0,0,0, x4, x5,26,0,0,0) | z; € Fo} formundaki
uzaylarin kiimesini 11, ile gosterilsin. 11, kiimesinin 15 elemani vardw. 11, in herbir elemani
bir nokta olarak diistiniiliirse, 11, bir 3-uzaydw:. 11, e m, tarafindan iiretilen 3-uzay denir.

Benzer bi¢imde T, ..., 15 tarafindan tiretilen 3-uzaylar 115, l5..., 1115 ile gosterilir.

Teorem 5.4 11,11, ..., 1115 3-uzaylarindan herhangi iki tanesi bir noktada kesisir yani,
SCID-(3,0) geometrik yapisini olusturur ve bu 3-uzaylarin herhangi tigiiniin ortak bir

noktasi yoktur.

Ispat 3 11, projektif uzayt asagidaki gibi elde edilmistir:
m = D([1,0,0,0]) = {(0,0,0,0,x4,x5,6,0,0,0) | x; € Fo} tarafindan iiretilen 11,
3-uzayr asagidaki noktalara sahiptir:

(

1.(0,0,0,0,0,0,1,0,0,0), 9.(1,0,0,0,1,0,0,0,0,0)

2.(0,0,0,0,0,1,0,0,0,0), 10.(0,0,0,0,1,1,0,0,0,0)

3.(0,0,0,0,1,0,0,0,0,0), 11.(0,0,0,0,1,1,1,0,0,0)
I (1,0,0,0,0,0,0,0,0,0), 12.(1,0,0,0,1,1,0,0,0,0)

5.(0,0,0,0,0,1,1,0,0,0), 13.(1,0,0,0,0,1,1,0,0,0)

6. (0,0,0,0,1,0,1,0,0,0), 14.(1,0,0,0,1,0,1,0,0,0)

7.(1,0,0,0,0,0,1,0,0,0), 15.(1,0,0,0,1,1,1,0,0,0)

| 8.(1,0,0,0,0,1,0,0,0,0), )

Benzer bicimde 11, ..., 1115 uzaylar: agsagidaki gibi elde edilmistir.
me = D([0,1,0,0]) = {(0,21,0,0,24,0,0,27,28,0) | z; € Fo} tarafindan iiretilen 11,
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3-uzayr asagidaki noktalara sahiptir:

(1.(0,0,0,0,0,0,0,0,1,0), 9.(0,1,0,0,1,0,0,0,0,0)

0,0,0,0,0,0,0,1,0,0), 10.(0,0,0,0,1,0,0,1,0,0
0,0,0,0,1,0,0,0,0,0), 11.(0,0,0,0,1,0,0,1,1,0
0,1,0,0,0,0,0,0,0,0), 12.(0,1,0,0,1,0,0,1,0,0

X )

X ). 10.( )

X 1L )
mo ) ) 12 )
.(0,0,0,0,0,0,0,1,1,0), 13.(0,1,0,0,0,0,0,1,1,0)
X )14 )
X ). 15 )
X )

0,0,0,0,1,0,0,0,1,0), 14.(0,1,0,0,1,0,0,0,1,0
0,1,0,0,0,0,0,0,1,0), 15.(0,1,0,0,1,0,0,1,1,0

1
2
3
4
5
6
7
8.(0,1,0,0,0,0,0,1,0,0),

\ J

w3 = D([0,0,1,0]) = {(0,0,29,0,0,25,0,27,0,29) | x; € Fo} tarafindan iiretilen 113
3-uzayr asagidaki noktalara sahiptir:

\ 0,0,0,0,0,0,0,0,0,1), 9.(0,0,1,0,0,1,0,0,0,0)

- )

.(0,0,0,0,0,0,0,1,0,0), 10.(0,0,0,0,0,1,0,1,0,0
.(0,0,0,0,0,1,0,0,0,0), 11.(0,0,0,0,0,1,0,1,0, 1
.(0,0,1,0,0,0,0,0,0,0), 12.(0,0,1,0,0,1,0,1,0,0
.(0,0,0,0,0,0,0,1,0,1), 13.(0,0,1,0,0,0,0,1,0,1
.(0,0,0,0,0,1,0,0,0,1), 14.(0,0,1,0,0,1,0,0,0, 1
.(0,0,1,0,0,0,0,0,0,1), 15. (
.(0,0,1,0,0,0,0,1,0,0),

)
)
)
)
)
)

1
2
3
4
5
6
7 0,0,1,0,0,1,0,1,0,1
8

\

my = D(]0,0,0,1]) = {(0,0,0,23,0,0,26,0,28,29) | z; € Fo} tarafindan iiretilen 11,

3-uzayr asagidaki noktalara sahiptir:

J

(1.(0,0,0,0,0,0,0,0,0,1), 9.(0,0,0,1,0,0,1,0,0,0)

- )

.(0,0,0,0,0,0,0,0,1,0), 10.(0,0,0,0,0,0,1,0,1,0)
.(0,0,0,0,0,0,1,0,0,0), 11.(0,0,0,0,0,0,1,0,1,1)
.(0,0,0,1,0,0,0,0,0,0), 12.(0,0,0,1,0,0,1,0,1,0)
.(0,0,0,0,0,0,0,0,1,1), 13.(0,0,0,1,0,0,0,0,1,1)
.(0,0,0,0,0,0,1,0,0,1), 14.(0,0,0,1,0,0,1,0,0,1)
.(0,0,0,1,0,0,0,0,0,1), 15.(0,0,0,1,0,0,1,0,1,1)
.(0,0,0,1,0,0,0,0,1,0),

1
2
3
4
3
6
7
8
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Ty = D([0,0,l,l]) = {xo =T =2y = O,$5+33'6 =7 +xg = O,x2+$3+$9 = 0) | x; €
Fo} tarafindan iiretilen 115 3-uzayr asagidaki noktalara sahiptir:

( 0,0,1,1,0,0,0,0,0,0), 9.(0,0,1,1,0,1,1,0,0,0)

- )

.(0,0,1,0,0,0,0,0,0,1), 10.(0,0,1,0,0,1,1,0,0,1)
.(0,0,0,1,0,0,0,0,0,1), 11.(0,0,0,1,0,1,1,0,0,1)
.(0,0,0,0,0,0,0,1,1,0), 12.(0,0,0,0,0,1,1,1,1,0)
.(0,0,1,1,0,0,0,1,1,0), 13.(0,0,1,1,0,1,1,1,1,0)
.(0,0,1,0,0,0,0,1,1,1), 14.(0,0,1,0,0,1,1,1,1,1)
.(0,0,0,1,0,0,0,1,1,1), 15.(0,0,0,1,0,1,1,1,1,1)
.(0,0,0,0,0,1,1,0,0,0),

1
2
3
4
3
6
7
8

Vs
g = D([O,l,O,l]) = {.TO = X9 = Ty — O,SL’4+§L’6 = O,SL’7+$9 = 0,$1+$3+$8 = 0 ’
x; € Fo} tarafindan iiretilen g 3-uzayr asagidaki noktalara sahiptir:

(

1.(0,0,0,1,0,0,0,0,1,0), 9.(0,0,0,1,1,0,1,0,1,0)
2.(0,1,0,0,0,0,0,0,1,0), 10.(0,1,0,0,1,0,1,0,1,0)
3.(0,1,0,1,0,0,0,0,0,0), 11.(0,1,0,1,1,0,1,0,0,0)
, — 4.(0,0,0,0,0,0,0,1,0,1), 12.(0,0,0,0,1,0,1,1,0,1) |
5.(0,0,0,1,0,0,0,1,1,1), 13.(0,0,0,1,1,0,1,1,1,1)
6.(0,1,0,0,0,0,0,1,1,1), 14.(0,1,0,0,1,0,1,1,1,1)
7.(0,1,0,1,0,0,0,1,0,1), 15.(0,1,0,1,1,0,1,1,0,1)
| 8.(0,0,0,0,1,0,1,0,0,0), )

T = D([l,0,0,l]) = {ZL’O = T2 = X7 = 0,1‘4+$8 = 0,5135 +x9 = 0,1’0 + X3+ X = 0 |
x; € Fo} tarafindan iiretilen 11; 3-uzayr asagidaki noktalara sahiptir:

(1.(0,0,0,1,0,0,1,0,0,0), 9.(0,0,0,1,1,0,1,0,1,0)

- )

.(1,0,0,0,0,0,1,0,0,0), 10.(1,0,0,0,1,0,1,0,1,0)
.(1,0,0,1,0,0,0,0,0,0), 11.(1,0,0,1,1,0,0,0,1,0)
.(0,0,0,0,0,1,0,0,0,1), 12.(0,0,0,0,1,1,0,0,1,1)
.(0,0,0,1,0,1,1,0,0,1), 13.(0,0,0,1,1,1,1,0,1,1)
.(1,0,0,0,0,1,1,0,0,1), 14.(1,0,0,0,1,1,1,0,1,1)
.(1,0,0,1,0,1,0,0,0,1), 15.(1,0,0,1,1,1,0,0,1,1)
.(0,0,0,0,1,0,0,0,1,0),

1
2
3
4
3
6
7
8
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s = D([1,0,1,0]) = {z1 =23 =25 = 0,24 + 7 = 0,26 + 9 = 0,20 + T2 + 25 = 0 |
x; € Fo} tarafindan tirvetilen g 3-uzayr asagidaki noktalara sahiptir:

(

1
2
3
4
3
6
7
8

- )
( )
( )
- )
.(0,0,1,0,0,1,1,0,0,1),
- )
( )
- )

0,0,1,0,0,1,0,0,0,0),
1,0,0,0,0,1,0,0,0,0),
1,0,1,0,0,0,0,0,0,0),
0,0,0,0,0,0,1,0,0,1),

1,0,0,0,0,1,1,0,0,1),
1,0,1,0,0,0,1,0,0,1),
0,0,0,0,1,0,0,1,0,0),

9.(0,0,1,0,1,1,0,1,0,0)
10. (1,0,0,0,1,1,0,1,0,0
11.(1,0,1,0,1,0,0,1,0,0
12.(0,0,0,0,1,0,1,1,0, 1
13.(0,0,1,0,1,1,1,1,0, 1
14.(1,0,0,0,1,1,1,1,0, 1
15.(1,0,1,0,1,0,1,1,0, 1

)
)
)
)
)
)

/

g = D([l,l,0,0]) = {.TQ = X3 = Tg — O,.CL’5 +SL’7 = O,SEG +$8 = O,xo +I‘1 +l’4 = 0 ’
x; € Fo} tarafindan iiretilen 11y 3-uzayr asagidaki noktalara sahiptir:

(

\

1. (
2. (
3. (
4. (
5.(0,1,0,0,1,0,1,0,1,0
6. (
7.(
8. (

0,1,0,0,1,0,0,0,0,0
1,0,0,0,1,0,0,0,0,0
1,1,0,0,0,0,0,0,0,0
0,0,0,0,0,0,1,0,1,0

’

J

Y

1,0,0,0,1,0,1,0,1,0
1,1,0,0,0,0,1,0,1,0
0,0,0,0,0,1,0,1,0,0

?

~— — — — ~— ~— ~—— ~—

9.(0,1,0,0,1,1,0,1,0,0)
10.(1,0,0,0,1,1,0,1,0,0
11.(1,1,0,0,0,1,0,1,0,0
12.(0,0,0,0,0,1,1,1,1,0
13.(0,1,0,0,1,1,1,1,1,0
14.(1,0,0,0,1,1,1,1,1,0

(
(
(
(
(
15. (1,1,0,0,0,1,1,1,1,0

)
)
)
)
)
)

J

T10 = D([O,].,]_,O]) = {l’o = T3 = Tg — O,I4+Z‘5 = O,ZEg—i-ZEg = 0,1’1 + To +x7 = 0 |
x; € Fo} tarafindan iiretilen 11, 3-uzayr asagidaki noktalara sahiptir:

(

I =

1.
2.
3.
4.
D.
6.
7.
8.

(0,0,1,0,0,0,0,1,0,0),
(0,1,0,0,0,0,0,1,0,0),
(0,1,1,0,0,0,0,0,0,0),
(0,0,0,0,0,0,0,0,1,1),
(0,0,1,0,0,0,0,1,1,1),
(0,1,0,0,0,0,0,1,1,1),
(0,1,1,0,0,0,0,0,1,1),
(0,0,0,0,1,1,0,0,0,0),

9.(0,0,1,0,1,1,0,1,0,0)
10.(0,1,0,0,1,1,0,1,0,0
11.(0,1,1,0,1,1,0,0,0,0
12.(0,0,0,0,1,1,0,0,1,1
13.(0,0,1,0,1,1,0,1,1,1
14.(0,1,0,0,1,1,0,1,1,1

-
(
-
(
(
15.(0,1,1,0,1,1,0,0,1,1

11 = D([l, 1, 1,0]) = {173 = O,iL'G =3 = T9, Lo+ L1+ X4

)
)
)
)
)
)

)

=xo+ T2+ x5 =11 + 22 + 27 = 0 | ; € Fo} tarafindan iiretilen 111, 3-uzayr asagidaki
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noktalara sahiptir:

(1.(0,0,1,0,0,1,0,1,0,0), 9.(0,0,1,0,0,1,1,1,1,1) ]
2.(0,1,0,0,1,0,0,1,0,0), 10.(0,1,0,0,1,0,1,1,1,1)
3.(1,0,0,0,1,1,0,0,0,0), 11.(1,0,0,0,1,1,1,0,1,1)

m, ] 4 0.L1,0,1,1,0,00,0), 12.(0,1,1,0,1,1,1,0,1,1)
5.(1,0,1,0,1,0,0,1,0,0), 13.(1,0,1,0,1,0,1,1,1,1)
6.(1,1,0,0,0,1,0,1,0,0), 14.(1,1,0,0,0,1,1,1,1,1)
7.(1,1,1,0,0,0,0,0,0,0), 15.(1,1,1,0,0,0,1,0,1,1)

| 8.(0,0,0,0,0,0,1,0,1,1),

Vs
T12 = D([l,l,O, 1]) = {[L’Q = O,l‘5 = T7 = ZE9,$0+ZE3—|—I6 = 0,1’1 +$3 —|—[I)8 = 0,
xo + 21+ x4 = 0| 2; € Fo} tarafindan iiretilen 1115 3-uzayr asagidaki noktalara sahiptir:

.

1.(0,0,0,1,0,0,1,0,1,0), 9.(0,0,0,1,0,1,1,1,1,1)
2.(0,1,0,0,1,0,0,0,1,0), 10.(0,1,0,0,1,1,0,1,1,1)
3.(1,0,0,0,1,0,1,0,0,0), 11.(1,0,0,0,1,1,1,1,0,1)

0, - 4.(0,1,0,1,1,0,1,0,0,0), 12.(0,1,0,1,1,1,1,1,0,1)
5.(1,0,0,1,1,0,0,0,1,0), 13.(1,0,0,1,1,1,0,1,1,1)
6.(1,1,0,0,0,0,1,0,1,0), 14.(1,1,0,0,0,1,1,1,1,1)
7.(1,1,0,1,0,0,0,0,0,0), 15.(1,1,0,1,0,1,0,1,0,1)

| 8.(0,0,0,0,0,1,0,1,0,1),

/

ms = D([1,0,1,1)) = {21 = 0,24 = 27 = 28,20 + 3 + 26 = 0,29 + 23 + T9 = 0,
xo + X2 + x5 = 0| 2; € Fo} tarafindan iiretilen 113 3-uzayr asagidaki noktalara sahiptir:

.

.(0,0,0,1,0,0,1,0,0,1), 9.(0,0,0,1,1,0,1,1,1,1)
.(0,0,1,0,0,1,0,0,0,1), 10.(0,0,1,0,1,1,0,1,1,1)
.(1,0,0,0,0,1,1,0,0,0), 11.(1,0,0,0,1,1,1,1,1,0)
.(0,0,1,1,0,1,1,0,0,0), 12.(0,0,1,1,1,1,1,1,1,0)
.(1,0,0,1,0,1,0,0,0,1), 13.(1,0,0,1,1,1,0,1,1,1)
.(1,0,1,0,0,0,1,0,0,1), 14.(1,0,1,0,1,0,1,1,1,1)
.(1,0,1,1,0,0,0,0,0,0), 15.(1,0,1,1,1,0,0,1,1,0)
.(0,0,0,0,1,0,0,1,1,0),

1
2
3
4
5
6
7
8
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ma = D([0,1,1,1)) = {20 = 0,24 = x5 = x6, 21 + T2 + 7 = 0,21 + 23 + 23 = 0,
To + w3+ 19 = 0 | x; € Fo} tarafindan iiretilen 1114 3-uzayr asagidaki noktalara sahiptir:

(1.(0,0,0,1,0,0,0,0,1,1), 9.(0,0,0,1,1,1,1,0,1,1) )
2.(0,0,1,0,0,0,0,1,0,1), 10.(0,0,1,0,1,1,1,1,0,1)
3.(0,1,0,0,0,0,0,1,1,0), 11.(0,1,0,0,1,1,1,1,1,0)

m,—J 40.0,1,1,00,0,1,1,0, 12.(0,0,1,1,1,1,1,1,1,0)
5.(0,1,0,1,0,0,0,1,0,1), 13.(0,1,0,1,1,1,1,1,0,1)
6.(0,1,1,0,0,0,0,0,1,1), 14.(0,1,1,0,1,1,1,0,1,1)
7.(0,1,1,1,0,0,0,0,0,0), 15.(0,1,1,1,1,1,1,0,0,0)

| 8.(0,0,0,0,1,1,1,0,0,0), )

ms = D([1,1,1,1)) ={zo+ 21 + x4 = 0,20 + 22 + x5 = 0,29 + x5 + 26 = 0,
14+ 2o+ a7 =0, 23+ 28 = 0,20 + 23+ 19 = 0 | x; € Fo} tarafindan iiretilen 115
3-uzayr asagidaki noktalara sahiptir:

( )

.(0,0,0,1,0,0,1,0,1,1), 9.(1,1,0,0,0,1,1,1,1,0)
.(0,0,1,0,0,1,0,1,0,1), 10.(0,1,1,0,1,1,0,0,1,1
.(0,1,0,0,1,0,0,1,1,0), 11.(0,1,1,1,1,1,1,0,0,0
.(1,0,0,0,1,1,1,0,0,0), 12.(1,1,1,0,0,0,1,0,1,1
.(0,0,1,1,0,1,1,1,1,0), 13.(1,0,1,1,1,0,0,1,1,0
.(0,1,0,1,1,0,1,1,0,1), 14.(1,1,0,1,0,1,0,1,0,1
.(1,0,0,1,1,1,0,0,1,1), 15.(1,1,1,1,0,0,0,0,0,0
.(1,0,1,0,1,0,1,1,0,1),

~— ~— — ~—

(
-
(
-
(
(

1
2
3
4
5
6
7
8



11, NI, = (0,0,0,0,1,0,0,0,0,0
I, N 11, = (0,0,0,0,0,0,1,0,0,0
I, N1l = (0,0,0,0,1,0,1,0,0,0
I, N1Is = (1,0,0,0,0,1,0,0,0,0
I, N1, = (0,0,0,0,1,1,0,0,0,0)
I, N1, = (1,0,0,0,1,0,1,0,0,0)
I, N1y, = (0,0,0,0,1,1,1,0,0,0)
I, N 11, = (0,0,0,0,0,0,0,1,0,0)
I, N 115 = (0,0,0,0,0,0,0,1,1,0)

= (

(

)
)
)
)

I, N 11, = (0,0,0,0,1,0,0,0,1,0)
I, N1y = (0,1,0,0,1,0,0,0,0,0)
I, N 11, = (0,1,0,0,1,0,0,1,0,0)
I, N 11,5 = (0,0,0,0,1,0,0,1,1,0)
I, N 1IIy5 = (0,1,0,0,1,0,0,1,1,0)
I, N 115 = (0,0,1,0,0,0,0,0,0,1)
I, N 11, = (0,0,0,0,0,1,0,0,0,1)
I, N1l = (0,0,0,0,0,1,0,1,0,0)
II; NIy, = (0,0,1,0,0,1,0,1,0,0)
I, N 15 = (0,0,1,0,0,1,0,0,0,1)
I, N 15 = (0,0,1,0,0,1,0,1,0,1)
I, NI = (0,0,0,1,0,0,0,0,1,0)
I, N 115 = (0,0,0,0,0,0,1,0,0,1)
I, N1 = (0,0,0,0,0,0,0,0,1,1)
I, N1y, = (0,0,0,1,0,0,1,0,1,0)
I, N 14 = (0,0,0,1,0,0,0,0,1,1)
II; N 1l = (0,0,0,1,0,0,0,1,1,1)
II; N1l = (0,0,1,0,0,1,1,0,0,1)
I; N Iy = (0,0,1,0,0,0,0,1,1,1)
s N1, = (0,0,0,1,0,1,1,1,1,1)
Il N 14 = (0,0,1,1,0,0,0,1,1,0)
Mg N 1I; = (0,0,0,1,1,0,1,0,1,0)
s N 1lg = (0,1,0,0,1,0,1,0,1,0)
e N1, = (0,1,0,0,1,0,1,1,1,1)
Ilg N 1133 = (0,0,0,1,1,0,1,1,1,1)
s N 15 = (0,1,0,1,1,0,1,1,0,1)
I, N1l = (1,0,0,0,1,0,1,0,1,0)

Elde edilen bu 15 uzayin arakesitleri asagidaki gibi hesaplanmistir:

I, N II; = (0,0,0,0,0,1,0,0,0,0)
I, N 115 = (0,0,0,0,0,1,1,0,0,0)
I, N 11, = (1,0,0,0,0,0,1,0,0,0)
I, NIy = (1,0,0,0,1,0,0,0,0,0)
I, N1, = (1,0,0,0,1,1,0,0,0,0)
I, N 15 = (1,0,0,0,0,1,1,0,0,0)
I, N 15 = (1,0,0,0,1,1,1,0,0,0)
I, N I1, = (0,0,0,0,0,0,0,0,1,0)
I, N I = (0,1,0,0,0,0,0,0,1,0)
I, N 115 = (0,0,0,0,1,0,0,1,0,0)
I, N 1140 = (0,1,0,0,0,0,0, 1,0,0)
I, N1, = (0,1,0,0,1,0,0,0,1,0)
I, N1, = (0,1,0,0,0,0,0,1,1,0)
Il N 11, = (0,0,0,0,0,0,0,0,0,1)
II; N I = (0,0,0,0,0,0,0,1,0,1)
I, N 1ls = (0,0,1,0,0,1,0,0,0,0)
II; N 11,0 = (0,0,1,0,0,0,0,1,0,0)
I, N 11 = (0,0,0,0,0,1,0,1,0,1)
I, N1, = (0,0,1,0,0,0,0,1,0,1)
I, N 115 = (0,0,0,1,0,0,0,0,0,1)
I, NI, = (0,0,0,1,0,0,1,0,0,0)
I, N1l = (0,0,0,0,0,0,1,0,1,0)
I, N1, = (0,0,0,0,0,0,1,0,1,1)
I, N 1II;3 = (0,0,0,1,0,0,1,0,0,1)
IL, N1;5 = (0,0,0,1,0,0,1,0,1,1)
II; N 11, = (0,0,0,1,0,1,1,0,0,1)
Il N 11y = (0,0,0,0,0,1,1,1,1,0)
s N1, = (0,0,1,0,0,1,1,1,1,1)
s N 15 = (0,0,1,1,0,1,1,0,0,0)
s N 15 = (0,0,1,1,0,1,1,1,1,0)
Il N 115 = (0,0,0,0,1,0,1,1,0,1)
IIs N 11,0 = (0,1,0,0,0,0,0,1,1,1)
Is N1, = (0,1,0,1,1,0,1,0,0,0)
Ie N 1134 = (0,1,0,1,0,0,0,1,0,1)
I, N 1Is = (1,0,0,0,0,1,1,0,0,1)
II; N 1,0 = (0,0,0,0,1,1,0,0,1,1)
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I, N Iy = (0,1,0,0,1,1,0,1,0,0
Iy N 1Ty, = (1,1,0,0,0,0,1,0,1,0
Iy N1, = (0,1,0,0,1,1,1,1,1,0

ITg N 114y
Iy N 1145

1,1,0,0,0,1,0,1,0,0
1,0,0,0,1,1,1,1,1,0
1,1,0,0,0,1,1,1,1,0

I, N1, = (1,0,0,0,1,1,1,0,1,1) I, NI, = (1,0,0,1,1,0,0,0, 1,0)
I, N 13 = (1,0,0,1,0,1,0,0,0,1) II; NI, = (0,0,0,1,1,1,1,0,1,1)
I, N 1I5 = (1,0,0,1,1,1,0,0,1,1) IIsN 1l = (1,0,0,0,1,1,0,1,0,0)
s N 10 = (0,0,1,0,1,1,0,1,0,0) IIs NIy = (1,0,1,0,1,0,0,1,0,0
s N1, = (1,0,0,0,1,1,1,1,0,1) TN I5 = (1,0,1,0,0,0,1,0,0,1
s N1, = (0,0,1,0,1,1,1,1,0,1) TsN1lj5 =

( )

( )

( )

1
( )
( )
(1,0,1,0,1,0,1,1,0,1)
( )
(1, )
( )

o NI = (0,1,1,0,1,1,0,0,0,0) Tl N1, = (0,1,0,0,1,1,0,1,1,1)
0 N5 = (0,0,1,0,1,1,0,1,1,1) TIo N1l = (0,1,1,0,0,0,0,0,1,1)
N1 = (0,1,1,0,1,1,0,0,1,1) Ty NI, = (1,1,0,0,0,1,1,1,1,1)
I, N1 = (1,0,1,0,1,0,1,1,1,1) Ty NI = (0,1,1,0,1,1,1,0,1,1)
I N1 = (1,1,1,0,0,0,1,0,1,1) NI =(1,0,0,1,1,1,0,1,1,1)
s N1y = (0,1,0,1,1,1,1,1,0,1) TN Il = (1,1,0,1,0,1,0,1,0,1)
s N1y = (0,0,1,1,1,1,1,1,1,0) ThsN 15 = (1,0,1,1,1,0,0,1,1,0)

H14 N H15 = (07 ]-a ]-a ]-7 17 17 1a 07070)

Arakesit kiimeleri incelendiginde bu 15 uzayin herhangi iiciiniin ortak noktasi olmadig

goriiliir.

I, I,,...I1;5 uzaylarmin herbirinin 14 noktasi kesisim kiimesinde yer alir. (xg, 21, z9, x3),
PG(3,2) projektif uzaymin bir noktasi olmak tizere, (xg, z1, 2, x3,0,0,0,0,0,0) noktas
D([xg, 1, T2, x3]) tarafindan tretilen I1,, 3-uzaymin elemanidir fakat bu nokta ITy, Ils,...IT;5

3-uzaylarinin herhangi ikisinin kesisimi degildir.

5.3 Diizlemsel Arklarin Kuadrik ve Kiibik Veronesean

Donitisiumlerle Gomiilmesi

PG(n,q), GF(q) Galois cismi iizerinde n boyutlu bir projektif uzay olsun. PG(n,q)
projektif uzayinda bir k—cap herhangi ii¢ii dogrusal olmayan k tane nokta kiimesidir.
PG(n,q) projektif uzayindaki k—cap, PG(n,q) projektif uzaymin bir (k + 1)—cap i
tarafindan igerilmiyorsa (k + 1)—cap a tamdir denir. Eger n = 2 ise, k—cap, k—ark olarak
isimlendirilir (Thas ve Maldeghem, 2004).

Tanim 5.3 Bir P projektif diizleminin k-arki, herhangi iigii dogrusal olmayan k tane nokta
kiimesidir (Thas ve Maldeghem, 2004).
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Teorem 5.5 PG(2, q) projektif diizleminin 4-arklarinmin sayist:
1

(@ T+ D@ +9)¢*(q - 1)?
dir. Fano diizleminin 7 tane 4-arki vardir (Thas ve Maldeghem, 2004).

Fano diizleminin noktalar (1,0, 0), (0,1,0), (0,0,1), (1,1,0), (1,0,1), (0,1,1) ve (1,1,1)
dir. Fano diizleminin 7 tane 4-arki vardir (Thas ve Maldeghem, 2004). Fano diizlemiminin

4-arklar1 asagidaki gibidir:

A1.{(1,1,1

(1,1,1),(1,1,0),(1,0,1),(1,0,0)}
A2.{(0,1,1),(1,1,0),(0,0,1),(1,0,0)}
A3.{(0,1,1),(1,1,1),(0,0,1),(1,0,1)}
A4.{(0,1,1),(1,1,1),(0,1,0), (1,1,0)}
A5.{(0,1,1),(0,1,0),(1,0,0), (1,0,1)}
A6.{(0,1,0), (1,1,0), (1,0,1), (0,0,1)}

(0,1,0),(1,0,0), (1,1,1),(0,0,1)

A7.{(0,1,0),(1,0,0),(1,1,1), (0,0,1)}

Teorem 5.6 PG(2,q) projektif diizleminin 4-arklarimin Kuadrik Veronesean altindaki
goriintiileri bir dogru belirler. Bu dogrular SCID — (1,—1) geometrik yapisinini

olusturur.

Ispat 4 Fano diizleminin 4-arklarin, Kuadrik Veronesean altindaki goriintiilerinin kiimesi
bulunursa:
A1.{(1,1,1),(1,1,0),(1,0,1),(1,0,0)} 4-arkinin kuadrik Veronesean déniisiimii altindaki

goriintisii:

(1,1,1) — (1,1,1,1,1,1)
(1,1,0) = (1,1,0,1,0,0)
(1,0,1) = (1,0,1,0,1,0)
(1,0,0) — (1,0,0,0,0,0)

bigiminde elde edilir (1,1,1,1,1,1), (1,1,0,1,0,0), (1,0,1,0,1,0), (1,0,0,0,0,0)
noktalarmmin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f| olsun. Elemanter
hesaplamalarla a = 0,b = d,c = e, f = 0 elde edilir. O halde bu 4 nokta PG(5,2)
projektif uzayinda [0,b,¢,b,¢,0] 3-uzayim gererler. Bu formdaki projektif 3-uzaylar:
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0,0,1,0,1,0], [0,1,0,1,0,0], [0,1,1,1,1,0] dir. Bu projektif 3-uzaylar nokta olarak
diistiniildiigiinde (0,0,1,0,1,0), (0,1,0,1,0,0), (0,1,1,1,1,0) noktalari lineer bagimli

olur. Bu noktalart izerinde bulunduran dogru L, ile gésterilsin.

L, ={(0,0,1,0,1,0),(0,1,0,1,0,0),(0,1,1,1,1,0)}

olarak hesaplanir.
A42.{(0,1,1),(1,1,0),(0,0,1),(1,0,0)} 4-arkimin kuadrik Veronesean déniisiimii altindaki

GOTUNLUST:

(0,1,1) — (0,1,1,0,0,1)
(1,1,0) — (1,1,0,1,0,0)
(0,0,1) — (0,0,1,0,0,0)
(1,0,0) — (1,0,0,0,0,0)

bigiminde elde edilir. (0,1,1,0,0,1), (1,1,0,1,0,0), (0,0,1,0,0,0), (1,0,0,0,0,0)
noktalarmmin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f] olsun. Elemanter
hesaplamalarla a = 0,¢ = 0,b = d = f elde edilir. O halde bu 4 nokta PG (5,2) projektif
uzaymmda  [0,b,0,b,e,b]  3-uzayini  gererler.  Bu formdaki projektif  3-uzaylar:
[0,0,0,0,1,0],[0,1,0,1,1,1],[0,1,0,1,0,1] dir. Bu projektif 3-uzaylar nokta olarak
diigtiniiliirse (0,0,0,0,1,0),(0,1,0,1,1,1),(0,1,0,1,0, 1) noktalar: lineer bagimh olur.

Bu noktalari tizerinde bulunduran dogru L, ile gosterilsin.

L, =4{(0,0,0,0,1,0),(0,1,0,1,1,1),(0,1,0,1,0,1)}

olarak hesaplanir.

A3. {(0,1,1),(1,1,1),(0,0,1),(1,0,1)} 4-arkimin kuadrik Veronesean doéniisiimii

altindaki goriintiisii.

(0,1,1) = (0,1,1,0,0,1)
(1,1,1) = (1,1,1,1,1,1)
(0,0,1) = (0,0,1,0,0,0)
(1,0,1) = (1,0,1,0,1,0)

bigiminde elde edilir. (0,1,1,0,0,1), (1,1,1,1,1,1), (0,0,1,0,0,0), (1,0,1,0,1,0)
noktalarmmin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f] olsun. Elemanter
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hesaplamalarla ¢ = 0,d = 0,a = e,b = f elde edilir. O halde bu 4 nokta PG(5,2)
projektif uzayinda [a,b,0,0,a,b] 3-uzaymi gererler. Bu formdaki projektif 3-uzaylar:
[0,1,0,0,0,1],[1,1,0,0,1,1],[1,0,0,0,1,0] dir Bu projektif 3-uzaylar nokta olarak
diigtiniiliirse (0,1,0,0,0,1),(1,1,0,0,1,1),(1,0,0,0,1,0) noktalar: lineer bagimh olur.

Bu noktalari iizerinde bulunduran dogru Ls ile gosterilsin.

Ly =4{(0,1,0,0,0,1),(1,1,0,0,1,1),(1,0,0,0,1,0)}

olarak hesaplanir.
A4.{(0,1,1),(1,1,1),(0,1,0),(1,1,0)} 4-arkimin kuadrik Veronesean doniisiimii altindaki

GOTUnLUSI:

(0,1,1) = (0,1,1,0,0,1)
(1,1,1) = (1,1,1,1,1,1)
(0,1,0) — (0,1,0,0,0,0)
(1,1,0) = (1,1,0,1,0,0)

bi¢iminde elde edilir (0,1,1,0,0,1), (1,1,1,1,1,1), (0,1,0,0,0,0), (1,1,0,1,0,0)
noktalarimin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f| olsun. Elemanter
hesaplamalarla b = 0,e = 0,a = d,c = f elde edilir. O halde bu 4 nokta PG(5,2)
projektif uzayinda la,0,c,a,0,c| 3-uzaymi gererler. Bu formdaki projektif 3-uzaylar:
0,0,1,0,0,1],[1,0,0,1,0,0],[1,0,1,1,0,1] dir Bu projektif 3-uzaylar nokta olarak
diistiniiliirse (0,0,1,0,0,1),(1,0,0,1,0,0),(1,0,1,1,0,1) noktalar: lineer bagimli olur.

Bu noktalari tizerinde bulunduran dogru L, ile gosterilsin.

L,=1{(0,0,1,0,0,1),(1,0,0,1,0,0),(1,0,1,1,0,1)}

olarak hesaplanir.
A45.{(0,1,1),(0,1,0),(1,0,0),(1,0,1)} 4-arkimin kuadrik Veronesean doniisiimii altindaki

GOTUNLUS:

(0,1,1) — (0,1,1,0,0,1)
(0,1,0) — (0,1,0,0,0,0)
(1,0,0) — (1,0,0,0,0,0)
(1,0,1) = (1,0,1,0,1,0)

bigiminde elde edilir. (0,1,1,0,0,1), (0,1,0,0,0,0), (1,0,0,0,0,0), (1,0,1,0,1,0)
noktalarmmin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f] olsun. Elemanter
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hesaplamalarla a = 0,b = 0,¢c = e = f elde edilir. O halde bu 4 nokta PG(5,2) projektif
uzayinda [0,0,c¢,d,c,c]  3-uzayim  gererler. Bu formdaki projektif 3-uzaylar:
[0,0,1,0,1,1],[0,0,1,1,1,1],[0,0,0,1,0,0] dir Bu projektif 3-uzaylar nokta olarak
diigtiniiliirse (0,0,1,0,1,1),(0,0,1,1,1,1),(0,0,0,1,0,0) noktalar: lineer bagimh olur.

Bu noktalari iizerinde bulunduran dogru Ls ile gosterilsin.

Ls ={(0,0,1,0,1,1),(0,0,1,1,1,1),(0,0,0,1,0,0)}.

olarak hesaplanir.
A46.{(0,1,0),(1,1,0),(1,0,1),(0,0,1)} 4-arkimin kuadrik Veronesean doniisiimii altindaki

GOTUntUSI:

(0,1,0) — (0,1,0,0,0,0)
(1,1,0) = (1,1,0,1,0,0)
(1,0,1) — (1,0,1,0,1,0)
(0,0,1) = (0,0,1,0,0,0)

bigiminde elde edilir. (0,1,0,0,0,0), (1,1,0,1,0,0), (1,0,1,0,1,0), (0,0,1,0,0,0)
noktalarimin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f] uzolsun. Elemanter
hesaplamalarla b = 0,c = 0,a = d = e elde edilir. O halde bu 4 nokta PG(5,2) projektif
uzaymda [a,0,0,a,a, f|] 3-uzayimi  gererler. Bu formdaki projektif 3-uzaylar:
[1,0,0,1,1,0],[1,0,0,1,1,1],[0,0,0,0,0,1] dir Bu projektif 3-uzaylar nokta olarak
diistiniiliirse (1,0,0,1,1,0),(1,0,0,1,1,1),(0,0,0,0,0,1) noktalar: lineer bagimli olur.

Bu noktalari tizerinde bulunduran dogru Lg ile gosterilsin.

Lg ={(1,0,0,1,1,0),(1,0,0,1,1,1),(0,0,0,0,0,1)}.

olarak hesaplanir.
A7.4{(0,1,0),(1,0,0),(1,1,1),(0,0,1)} 4-arkimin kuadrik Veronesean déniisiimii altindaki

SOTUNLUS:

(0,1,0) — (0,1,0,0,0,0)
(1,0,0) — (1,0,0,0,0,0)
(1,1,1) = (1,1,1,1,1,1)
(0,0,1) = (0,0,1,0,0,0)

bi¢iminde elde edilir. (0,1,0,0,0,0), (1,0,0,0,0,0), (1,1,1,1,1,1), (0,0,1,0,0,0)
noktalarmmin PG(5,2) projektif uzayinda gerdigi uzay [a,b,c,d, e, f] olsun. Elemanter
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hesaplamalarla a« = 0,b = 0,¢ = 0 elde edilir. O halde bu 4 nokta PG(5,2) de
[0,0,0,d,e, fl,d + e + f = 0 3-uzayim gererler. Bu formdaki ii¢ projektif 3-uzaylar:
[0,0,0,1,1,0],[0,0,0,1,0,1],[0,0,0,0,1,1] dir Bu projektif 3-uzaylar nokta olarak
diigtiniiliirse (0,0,0,1,1,0),(0,0,0,1,0,1),(0,0,0,0,1,1) noktalar: lineer bagimh olur.

Bu noktalari iizerinde bulunduran dogru Ly ile gosterilsin.

L; ={(0,0,0,1,1,0),(0,0,0,1,0,1),(0,0,0,0,1,1)}.

olarak hesaplanir.

Sonu¢ olarak Ly, Ls, ..., Ly dogrularimn SCID(1,—1) geometrik yapisim

olusturdugu, yani herhangi ikisinin ortak bir noktasinin olmadig: elde edilmistir.

Fano diizleminin 4-arklarmin kiibik Veronesean doniisiimii altindaki goriintiileri
PG(9,2) projektif uzaymin noktalarina doniisiir ve her bir 4-ark PG(9,2) projektif
uzayinda bir projektif 5-uzay tretir. Teorem 5.7 de bu projektif 5-uzaylarin SCID-(5, 3)

geometrik yapist olusturdugu ispatlanmastir.

Teorem 5.7 Fano diizleminin 4-arklarimin  Kiibik Veronesean doniistimii  altindaki
goriintiilerinin  PG(9,2) projektif uzayinda iirettigi  projektif 5-uzaylar SCID(5,3)

geometrik yapist olusturur.

Ispat5 Fano diizleminin 4-arklarinin kiibik Veronesean déniisiimii altindaki goriintiileri
hesaplanirsa:
{(0,1,0),(0,0,1),(1,0,0),(1,1,1)} 4-arkimin Kiibik Veronesean déniisiimii altindaki

GOTUNLUS:

(0,1,0) — (0,1,0,0,0,0,0,0,0,0)
(0,0,1) — (0,0,1,0,0,0,0,0,0,0)
(1,0,0) — (1,0,0,0,0,0,0,0,0,0)
(1,1,1) —» (1,1,1,1,1,1,1,1,1,1)

seklindedir. (0,1,0,0,0,0,0,0,0,0), (0,0,1,0,0,0,0,0,0,0), (1,0,0,0,0,0,0,0,0,0),
(1,1,1,1,1,1,1,1,1,1)  noktalarmun  PG(9,2) projektif uzayinda gerdigi uzay
la,b,c,d e, f,g,h, ], k] olsun. Elemanter hesaplamalarla
a=0,b=0,c=0,d+e+ f+9g+h+j+ k=0 esitlikleri elde edilir. Bu formda 63 tane
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alt uzay vardw. Bu 63 altuzay bir nokta olarak diistiniiliirse PG (9, 2) projektif uzayinda bir

projektif 5-uzay elde edilir. Bu projektif 5-uzay S, ile gosterilsin. S, projektif 5-uzayi

asagidaki noktalara sahiptir:

1.(0,0,0,0,0,0,0,0,1,1)
2.(0,0,0,0,0,0,0,1,0,1)
3.(0,0,0,0,0,0,0,1,1,0)
4.(0,0,0,0,0,0,1,0,0,1)
5.(0,0,0,0,0,0,1,0,1,0)
6.(0,0,0,0,0,0,1,1,0,0)
7.(0,0,0,0,0,0,1,1,1,1)
8.(0,0,0,0,0,1,0,0,0,1)
9.(0,0,0,0,0,1,0,0,1,0)
10.(0,0,0,0,0,1,0,1,0,0
11.(0,0,0,0,0,1,0,1,1,1
12.(0,0,0,0,0,1,1,0,0,0
13.(0,0,0,0,0,1,1,0,1,1
14.(0,0,0,0,0,1,1,1,0,1
15.(0,0,0,0,0,1,1,1,1,0
16.(0,0,0,0,1,0,0,0,0,1
17.(0,0,0,0,1,0,0,0,1,0
18.(0,0,0,0,1,0,0,1,0,0
19.(0,0,0,0,1,0,0,1,1,1
20.(0,0,0,0,1,0,1,0,0,0
21.(

)
)
)
)
)
)
)
)
)
)
)
.(0,0,0,0,1,0,1,0,1,1)

22.(0,0,0,0,1,0,1,1,0,1)
23.(0,0,0,0,1,0,1,1,1,0)
24.(0,0,0,0,1,1,0,0,0,0)
25.(0,0,0,0,1,1,0,0,1,1)
26.(0,0,0,0,1,1,0,1,0,1)
27.(0,0,0,0,1,1,0,1,1,0)
28.(0,0,0,0,1,1,1,0,0,1)
29.(0,0,0,0,1,1,1,0,1,0)
30.(0,0,0,0,1,1,1,1,0,0)
31.(0,0,0,0,1,1,1,1,1,1)
32.(0,0,0,1,0,0,0,0,0,1)
33.(0,0,0,1,0,0,0,0,1,0)
34.(0,0,0,1,0,0,0,1,0,0)
35.(0,0,0,1,0,0,0,1,1,1)
36.(0,0,0,1,0,0,1,0,0,0)
37.(0,0,0,1,0,0,1,0,1,1)
38.(0,0,0,1,0,0,1,1,0,1)
39.(0,0,0,1,0,0,1,1,1,0)
40.(0,0,0,1,0,1,0,0,0,0)
41.(0,0,0,1,0,1,0,0,1,1)
42.(0,0,0,1,0,1,0,1,0,1)

43.(0,0,0,1,0,1,0,1,1,0)
44.(0,0,0,1,0,1,1,0,0,1)
45.(0,0,0,1,0,1,1,0,1,0)
46.(0,0,0,1,0,1,1,1,0,0)
47.(0,0,0,1,0,1,1,1,1,1)
48.(0,0,0,1,1,0,0,0,0,0)
49.(0,0,0,1,1,0,0,0,1,1)
50.(0,0,0,1,1,0,0,1,0,1)
51.(0,0,0,1,1,0,0,1,1,0)
52.(0,0,0,1,1,0,1,0,0,1)
53.(0,0,0,1,1,0,1,0,1,0)
54.(0,0,0,1,1,0,1,1,0,0)
55.(0,0,0,1,1,0,1,1,1,1)
56.(0,0,0,1,1,1,0,0,0,1)
57.(0,0,0,1,1,1,0,0, 1,0)
58.(0,0,0,1,1,1,0,1,0,0)
59.(0,0,0,1,1,1,0,1,1,1)
60.(0,0,0,1,1,1,1,0,0,0)
61.(0,0,0,1,1,1,1,0,1,1)
62.(0,0,0,1,1,1,1,1,0,1)
63.(0,0,0,1,1,1,1,1,1,0)

{(0,1,0),(0,1,1),(1,0,0),(1,0,1)} 4-arkimin Kiibik Veronesean doniisiimii altindaki

GOVURLUST:

olarak elde edilir.

(0,1,0,0,0,0,0,0,0,0),

(0,1,0) — (0,1,0,0,0,0,0,0,0,0
(0,1,1) -+ (0,1,1,0,0,0,1,0,1,0
(1,0,0) — (1,0,0,0,0,0,0,0,0,0
(1,0,1) - (1,0,1,0,1,0,0,1,0,0

)
)
)
)

(0,1,1,0,0,0,1,0,1,0),

(1,0,0,0,0,0,0,0,0,0), (1,0,1,0,1,0,0,1,0,0) noktalarmin PG(9,2) projektif uzayinda

gerdigi uzay

[CL?b?c’d?e? f?g? h?j? k]

olsun.

Elemanter hesaplamalarla

a=0,b=0h=cHe, j=c+g.elde edilir PG(9,2) projektif uzayinin bu formda 63
tane alt uzay vardir. Bu 63 altuzay bir nokta olarak diisiiniiliirse PG(9,2) projektif

uzaymn bir projektif 5-uzayi elde edilir. Bu projektif 5-uzay Sy ile gosterilsin. Ss, projektif



S5-uzayr asagidaki noktalara sahiptir:

1.(0,0,0,0,0,0,1,0,1,0)
2.(0,0,0,0,0,1,0,0,0,0)
3.(0,0,0,0,1,0,0,1,0,0)
4.(0,0,0,1,0,0,0,0,0,0)
5.(0,0,1,0,0,0,0,1,1,0)
6.(0,0,0,0,0,1,1,0,1,0)
7.(0,0,0,0,1,0,1,1,1,0)
8.(0,0,0,0,1,1,0,1,0,0)
9.(0,0,0,1,0,0,1,0,1,0)
10.(0,0,0,1,1,0,0,1,0,0)

11.(0,0,0,1,0,1,0,0,0,0)
12.(0,0,1,1,0,0,0, 1, 1,0)
13.(0,0,1,0,1,0,0,0,1,0)
14.(0,0,1,0,0,1,0,1,1,0)
15.(0,0,1,0,0,0,1,1,0,0)
16.(0,0,1,1,1,0,0,0,1,0)
17.(0,0,1,1,0,1,0,1,1,0)
18.(0,0,1,1,0,0,1,1,0,0)
19.(0,0,1,0,1,1,0,0,1,0)
20.(0,0,1,0,0,1,1,1,0,0)
21.(0,0,1,0,1,0,1,0,0,0)

22.(0,0,0,0,1,1,1,1,1,0)
23.(0,0,0,1,0,1,1,0,1,0)
24.(0,0,0,1,1,0,1,1,1,0)
25.(0,0,0,1,1,1,0,1,0,0)
26.(0,0,1,1,1,1,0,0,1,0)
27.(0,0,1,1,1,0,1,0,0,0)
28.(0,0,1,1,0,1,1,1,0,0)
29.(0,0,1,0,1,1,1,0,0,0)
30.(0,0,0,1,1,1,1,1,1,0)
31.(0,0,1,1,1,1,1,0,0,0)
32.(0,0,0,0,0,0,0,0,0,1)
33.(0,0,0,0,0,0,1,0,1,1)
34.(0,0,0,0,0,1,0,0,0,1)
35.(0,0,0,0,1,0,0,1,0,1)
36.(0,0,0,1,0,0,0,0,0,1)
37.(0,0,1,0,0,0,0,1,1,1)
38.(0,0,0,0,0,1,1,0,1,1)
39.(0,0,0,0,1,0,1,1,1,1)
40.(0,0,0,0,1,1,0,1,0,1)
41.(0,0,0,1,0,0,1,0,1,1)
42.(0,0,0,1,1,0,0,1,0,1)
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43.(0,0,0,1,0,1,0,0,0,1)
44.(0,0,1,1,0,0,0,1,1,1)
45.(0,0,1,0,1,0,0,0,1,1)
46.(0,0,1,0,0,1,0,1,1,1)
47.(0,0,1,0,0,0,1,1,0,1)
48.(0,0,1,1,1,0,0,0,1,1)
49.(0,0,1,1,0,1,0,1,1,1)
50.(0,0,1,1,0,0,1,1,0,1)
51.(0,0,1,0,1,1,0,0,1,1)
52.(0,0,1,0,0,1,1,1,0,1)
53.(0,0,1,0,1,0,1,0,0,1)
54.(0,0,0,0,1,1,1,1,1,1)
55.(0,0,0,1,0,1,1,0,1,1)
56.(0,0,0,1,1,0,1,1,1,1)
57.(0,0,0,1,1,1,0,1,0,1)
58.(0,0,1,1,1,1,0,0,1,1)
59.(0,0,1,1,1,0,1,0,0,1)
60.(0,0,1,1,0,1,1,1,0,1)
61.(0,0,1,0,1,1,1,0,0,1)
62.(0,0,0,1,1,1,1,1,1,1)
63.(0,0,1,1,1,1,1,0,0,1)

{(0,1,0),(0,0,1),(1,1,0),(1,0,1)} 4-arkimin Kiibik Veronesean déniisiimii altindaki

GOTUNLUST:

olarak elde edilir.
gerdigi
b=0,c=

uzay

Bu 63 altuzai bir nokta olarak diisiiniiliirse PG (9,

(0,1,0) — (0,1,0,0,0,0,0,0,0,0
(0,0,1) — (0,0,1,0,0,0,0,0,0,0
(1,1,0) - (1,1,0,1,0,1,0,0,0,0
(1,0,1) - (1,0,1,0,1,0,0,1,0,0

(0,1,0,0,0,0,0,0,0,0),
(1,1,0,1,0,1,0,0,0,0), (1,0,1,0,1,0,0,1,0,0) noktalarimin PG(9,2
la,b,c,d,e, f,g,h, ], k]
0, f =a+d,h = a+ e esitlikleri elde edilir. Bu formda 63 tane alt uzay vardir.

olsun.

Elemanter

)
)
)
)
(0,0,1,0,0,0,0,0,0,0),

) projektif uzayinda

hesaplamalarla

2) projektif uzayinda bir projektif 5-uzay

elde edilir. Bu projektif 5-uzay Ss ile gosterilsin. S projektif 5-uzayi asagidaki noktalara

sahiptir:



1.(0.0,0,0,0,0,0,0,0,1)
2.(0,0,0,0,0,0,0,0,1,0)
3.(0,0,0,0,0,0,1,0,0,0)
4.(0,0,0,0,1,0,0,1,0,0)
5.(0,0,0,1,0,1,0,0,0,0)
6.(0,0,0,0,0,0,0,0,1,1)
7.(0,0,0,0,0,0,1,0,0,1)
8.(0,0,0,0,0,0,1,0,1,0)
9.(0,0,0,0,1,0,0,1,0,1)
10.(0,0,0,0,1,0,1,1,0,0)
11.(0,0,0,0,1,0,0,1,1,0)
12.(0,0,0,1,1,1,0,1,0,0)
13.(0,0,0,1,0,1,1,0,0,0)
14.(0,0,0,1,0,1,0,0,1,0)
15.(0,0,0,1,0,1,0,0,0,1)
16.(0,0,0,1,1,1,1,1,0,0)
17.(0,0,0,1,1,1,0,1,1,0)
18.(0,0,0,1,1,1,0,1,0,1)
19.(0,0,0,1,0,1,1,0,1,0)
20.(0,0,0,1,0,1,0,0,1,1)
21.(0,0,0,1,0,1,1,0,0,1)

22.(0,0,0,0,0,0,1,0,1,1)
23.(0,0,0,0,1,0,0,1,1,1)
24.(0,0,0,0,1,0,1,1,0,1)
25.(0,0,0,0,1,0,1,1,1,0)
26.(0,0,0,1,1,1,1,1,1,0)
27.(0,0,0,1,1,1,1,1,0, 1)
28.(0,0,0,1,1,1,0,1,1,1)
29.(0,0,0,1,0,1,1,0,1,1)
30.(0,0,0,0,1,0,1,1,1,1)
31.(0,0,0,1,1,1,1,1,1,1)
32.(1,0,0,0,0,1,0,1,0,0)
33.(1,0,0,0,0,1,0,1,0,1)
34.(1,0,0,0,0,1,0,1,1,0)
35.(1,0,0,0,0,1,1,1,0,0)
36.(1,0,0,0,1,1,0,0,0,0)
37.(1,0,0,1,0,0,0,1,0,0)
38.(1,0,0,0,0,1,0,1,1,1)
39.(1,0,0,0,0,1,1,1,0,1)
40.(1,0,0,0,0,1,1,1,1,0)
41.(1,0,0,0,1,1,0,0,0,1)
42.(1,0,0,0,1,1,1,0,0,0)
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43.(1,0,0,0,1,1,0,0,1,0)
44.(1,0,0,1,1,0,0,0,0,0)
45.(1,0,0,1,0,0,1,1,0,0)
46.(1,0,0,1,0,0,0,1,1,0)
47.(1,0,0,1,0,0,0,1,0,1)
48.(1,0,0,1,1,0,1,0,0,0)
49.(1,0,0,1,1,0,0,0,1,0)
50.(1,0,0,1,1,0,0,0,0,1)
51.(1,0,0,1,0,0,1,1,1,0)
52.(1,0,0,1,0,0,0,1,1,1)
53.(1,0,0,1,0,0,1,1,0,1)
54.(1,0,0,0,0,1,1,1,1,1)
55.(1,0,0,0,1,1,0,0,1,1)
56.(1,0,0,0,1,1,1,0,0,1)
57.(1,0,0,0,1,1,1,0,1,0)
58.(1,0,0,1,1,0,1,0,1,0)
59.(1,0,0,1,1,0,1,0,0,1)
60.(1,0,0,1,1,0,0,0,1,1)
61.(1,0,0,1,0,0,1,1,1,1)
62.(1,0,0,0,1,1,1,0,1,1)
63.(1,0,0,1,1,0,1,0,1,1)

{(0,1,0),(0,1,1),(1,1,0),(1,1,1)} 4-arkimin Kiibik Veronesean doniisiimii altindaki

GOVUnLUSI:

olarak elde edilir.

(0,1,0) — (0,1,0,0,0,0,0,0,0,0
(0,1,1) - (0,1,1,0,0,0,1,0,1,0
(1,1,0) - (1,1,0,1,0,1,0,0,0,0
(1,1,1) = (1,1,1,1,1,1,1,1,1,1

(0,1,0,0,0,0,0,0,0,0),

)
)
)
)

(0,1,1,0,0,0,1,0,1,0),

(1,1,0,1,0,1,0,0,0,0), (1,1,1,1,1,1,1,1,1,1) noktalarmm PG(9,2) projektif uzaymnda

gerdigi uzay

[a7b7c7d767 f7g7 h7j7 k]

olsun.

Elemanter

hesaplamalarla

b=0,c+g9g+j=0,a+d+ f=0,e+ h+ k = 0 esitlikleri elde edilir. Bu formda 63 tane
alt uzay vardw. Bu 63 altuzay bir nokta olarak diisiiniiliirse PG (9, 2) projektif uzayinda bir

projektif 5-uzay elde edilir. Bu projektif 5-uzay Sy ile géosterilsin. S, projektif 5-uzayt

asagidaki noktalara sahiptir:



1.(0.0,0,0,0,0,0,1,0,1)
2.(0,0,0,0,0,0,1,0,1,0)
3.(0,0,0,0,0,0,1,1,1,1)
4.(0,0,0,0,1,0,0,0,0,1)
5.(0,0,0,0,1,0,0,1,0,0)
6.(0,0,0,0,1,0,1,0,1,1)
7.(0,0,0,0,1,0,1,1,1,0)
8.(0,0,0,1,0,1,0,0,0,0)
9.(0,0,0,1,0,1,0,1,0,1)
10.(0,0,0,1,0,1,1,0,1,0
11.(0,0,0,1,0,1,1,1,1,1
12.(0,0,0,1,1,1,0,0,0,1
13.(0,0,0,1,1,1,0,1,0,0
14.(0,0,0,1,1,1,1,0,1,1
15.(0,0,0,1,1,1,1,1,1,0
16.(0,0,1,0,0,0,0,0,1,0
17.(0,0,1,0,0,0,0,1,1,1
18.(0,0,1,0,0,0,1,0,0,0
19.(0,0,1,0,0,0,1,1,0,1
20.(0,0,1,0,1,0,0,0,1, 1
21.(

)
)
)
)
)
)
)
)
)
)
)
.(0,0,1,0,1,0,0,1,1,0)

22.(0,0,1,0,1,0,1,0,0, 1
23.(0,0,1,0,1,0,1,1,0,0
24.(0,0,1,1,0,1,0,0,1,0
25.(0,0,1,1,0,1,0,1,1, 1
26.(0,0,1,1,0,1,1,0,0,0
27.(0,0,1,1,0,1,1,1,0, 1
28.(0,0,1,1,1,1,0,0,1, 1
29.(0,0,1,1,1,1,0,1,1,0
30.(0,0,1,1,1,1,1,0,0, 1
31.(0,0,1,1,1,1,1,1,0,0
32.(1,0,0,0,0,1,0,0,0,0
33.(1,0,0,0,0,1,0,1,0, 1
34.(1,0,0,0,0,1,1,0,1,0
35.(1,0,0,0,0,1,1,1,1, 1
36.(1,0,0,0,1,1,0,0,0, 1
37.(1,0,0,0,1,1,0,1,0,0
38.(1,0,0,0,1,1,1,0,1, 1
39.(1,0,0,0,1,1,1,1,1,0
40.(1,0,0,1,0,0,0,0,0,0
41.(1,0,0,1,0,0,0,1,0,1
42.(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
.(1,0,0,1,0,0,1,0,1,0)

43.(
44.(
45.(
46.(
47.(
48.(
49 (
50.(
51.(
52.(
53.(
54.(
55.(
56.(
57.(
58.(
59.(
60.(
61.(
62.(
63.(

(1,0,0,1,0,0,1,1,1,1
.(1,0,0,1,1,0,0,0,0, 1
(1,0,0,1,1,0,0,1,0,0
(1,0,0,1,1,0,1,0,1,1
(1,0,0,1,1,0,1,1,1,0
(1,0,1,0,0,1,0,0,1,0
(1,0,1,0,0,1,0,1,1,1
(1,0,1,0,0,1,1,0,0,0
(1,0,1,0,0,1,1,1,0,1
(1,0,1,0,1,1,0,0,1, 1

(1,0,1,0,1,1,1,0,0,1
(1,0,1,0,1,1,1,1,0,0
.(1,0,1,1,0,0,0,0,1,0
(1,0,1,1,0,0,0,1,1,1
(1,0,1,1,0,0,1,0,0,0
(1,0,1,1,0,0,1,1,0,1
.(1,0,1,1,1,0,0,0,1,1
(1,0,1,1,1,0,0,1,1,0
(1,0,1,1,1,0,1,0,0,1
(1,0,1,1,1,0,1,1,0,0
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)
)
)
)
)
)
)
)
)
)
1,0,1,0,1,1,0,1,1,0)
)
)
)
)
)
)
)
)
)
)

{(0,0,1),(0,1,1),(1,0,1),(1,1,1)} 4-arkimin Kiibik Veronesean déniisiimii altindaki

GOVUnLUSI:

olarak elde edilir.

(0,0,1) = (0,0,1,0,0,0,0,0,0,0)
(0,1,1) — (0,1,1,0,0,0,1,0, 1,0)
(1,0,1) — (1,0,1,0,1,0,0,1,0,0)
(1,1,1) = (1,1,1,1,1,1,1,1,1,1)

(0,0,1,0,0,0,0,0,0,0),

(0,1,1,0,0,0,1,0,1,0),

(1,0,1,0,1,0,0,1,0,0), (1,1,1,1,1,1,1,1,1,1) noktalarimn PG(9,2) projektif uzayinda

gerdigi

uzayla,b,c,d,e, f,g,h, j, k]

olsun.

Elemanter

hesaplamalarla

c=0,b+9+7=0,a+e+h=0,d+ f+ k = 0 esitlikleri elde edilir. Bu formda 63 tane
alt uzay vardw. Bu 63 altuzay bir nokta olarak diisiiniiliirse PG (9, 2) projektif uzayinda bir

projektif 5-uzay elde edilir. Bu projektif 5-uzay Ss ile gosterilsin. Sy projektif 5-uzayt

asagidaki noktalara sahiptir:



1.(0.0,0,0,0,0,1,0,1,0)
2.(0,0,0,0,0,1,0,0,0,1)
3.(0,0,0,0,0,1,1,0,1,1)
4.(0,0,0,0,1,0,0,1,0,0)
5.(0,0,0,0,1,0,1,1,1,0)
6.(0,0,0,0,1,1,0,1,0,1)
7.(0,0,0,0,1,1,1,1,1,1)
8.(0,0,0,1,0,0,0,0,0,1)
9.(0,0,0,1,0,0,1,0,1,1)
10.(0,0,0,1,0,1,0,0,0,0)
11.(0,0,0,1,0,1,1,0,1,0)
12.(0,0,0,1,1,0,0,1,0,1)
13.(0,0,0,1,1,0,1,1,1,1)
14.(0,0,0,1,1,1,0,1,0,0)
15.(0,0,0,1,1,1,1,1,1,0)
16.(0,1,0,0,0,0,0,0,1,0)
17.(0,1,0,0,0,0,1,0,0,0)
18.(0,1,0,0,0,1,0,0,1,1)
19.(0,1,0,0,0,1,1,0,0,1)
20.(0,1,0,0,1,0,0,1,1,0)
21.(0,1,0,0,1,0,1,1,0,0)

22.(0,1,0,0,1,1,0,1,1,1)
23.(0,1,0,0,1,1,1,1,0,1)
24.(0,1,0,1,0,0,0,0,1,1)
25.(0,1,0,1,0,0,1,0,0,1)
26.(0,1,0,1,0,1,0,0,1,0)
27.(0,1,0,1,0,1,1,0,0,0)
28.(0,1,0,1,1,0,0,1,1,1)
29.(0,1,0,1,1,0,1,1,0,1)
30.(0,1,0,1,1,1,0,1,1,0)
31.(0,1,0,1,1,1,1,1,0,0)
32.(1,0,0,0,0,0,0,1,0,0)
33.(1,0,0,0,0,0,1,1,1,0)
34.(1,0,0,0,0,1,0,1,0,1)
35.(1,0,0,0,0,1,1,1,1,1)
36.(1,0,0,0,1,0,0,0,0,0)
37.(1,0,0,0,1,0,1,0,1,0)
38.(1,0,0,0,1,1,0,0,0,1)
39.(1,0,0,0,1,1,1,0,1,1)
40.(1,0,0,1,0,0,0,1,0,1)
41.(1,0,0,1,0,0,1,1,1,1)
42.(1,0,0,1,0,1,0,1,0,0)
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43.(1,0,0,1,0,1,1,1,1,0)
44.(1,0,0,1,1,0,0,0,0,1)
45.(1,0,0,1,1,0,1,0,1,1)
46.(1,0,0,1,1,1,0,0,0,0)
47.(1,0,0,1,1,1,1,0,1,0)
48.(1,1,0,0,0,0,0,1,1,0)
49.(1,1,0,0,0,0,1,1,0,0)
50.(1,1,0,0,0,1,0,1,1,1)
51.(1,1,0,0,0,1,1,1,0,1)
52.(1,1,0,0,1,0,0,0,1,0)
53.(1,1,0,0,1,0,1,0,0,0)
54.(1,1,0,0,1,1,0,0,1,1)
55.(1,1,0,0,1,1,1,0,0,1)
56.(1,1,0,1,0,0,0,1,1,1)
57.(1,1,0,1,0,0,1,1,0,1)
58.(1,1,0,1,0,1,0,1,1,0)
59.(1,1,0,1,0,1,1,1,0,0)
60.(1,1,0,1,1,0,0,0,1,1)
61.(1,1,0,1,1,0,1,0,0,1)
62.(1,1,0,1,1,1,0,0,1,0)
63.(1,1,0,1,1,1,1,0,0,0)

{(0,0,1),(0,1,1),(1,0,1),(1,1,1)} 4-arkimin Kiibik Veronesean déniisiimii altindaki

GOVUnLUSI:

olarak elde edilir.

(0,0,1) — (0,0,1,0,0,0,0,0,0,0
(0,1,1) - (0,1,1,0,0,0,1,0,1,0
(1,1,0) - (1,1,0,1,0,1,0,0,0,0
(1,0,0) — (1,0,0,0,0,0,0,0,0,0

(0,0,1,0,0,0,0,0,0,0),

)
)
)
)

(0,1,1,0,0,0,1,0,1,0),

(1,0,1,0,1,0,0,1,0,0), (1,1,1,1,1,1,1,1,1,1) noktalarimn PG(9,2) projektif uzayinda

gerdigi uzay

[a7b7c7d767 f7g7 h7j7 k]

olsun.

Elemanter

hesaplamalarla

c=0,b+9+7=0,a+e+h=0,d+ f+ k = 0 esitlikleri elde edilir. Bu formda 63 tane

alt uzay vardw:. Bu 63 altuzay bir nokta olarak diisiiniiliirse PG (9, 2) projektif uzayinda bir

projektif 5-uzay elde edilir Bu projektif b-uzay Sg ile gosterilsin. Sg projektif 5-uzayt

asagidaki noktalara sahiptir:



1.(0,0,0,0,0,0,0,0,0,1)
2.(0,0,0,0,0,0,0,1,0,0)
3.(0,0,0,0,1,0,0,0,0,0)
4.(0,0,0,0,0,0,0,1,0,1)
5.(0,0,0,0,1,0,0,0,0,1)
6.(0,0,0,0,1,0,0,1,0,0)
7.(0,0,0,0,1,0,0,1,0,1)
8.(0,0,0,0,0,0,1,0,1,0)
9.(0,0,0,0,0,0,1,0,1,1)
10.(0,0,0,0,0,0,1,1,1,0)
11.(0,0,0,0,1,0,1,0,1,0)
12.(0,0,0,0,0,0,1,1,1,1)
13.(0,0,0,0,1,0,1,0,1,1)
14.(0,0,0,0,1,0,1,1,1,0)
15.(0,0,0,0,1,0,1,1,1,1)
16.(0,0,0,1,0,1,0,0,0,0)
17.(0,0,0,1,0,1,0,0,0,1)
18.(0,0,0,1,0,1,0,1,0,0)
19.(0,0,0,1,1,1,0,0,0,0)
20.(0,0,0,1,0,1,0,1,0,1)
21.(0,0,0,1,1,1,0,0,0,1)

22.(0,0,0,1,1,1,0,1,0,0)
23.(0,0,0,1,1,1,0,1,0,1)
24.(0,0,0,1,0,1,1,0,1,0)
25.(0,0,0,1,0,1,1,0,1,1)
26.(0,0,0,1,0,1,1,1,1,0)
27.(0,0,0,1,1,1,1,0,1,0)
28.(0,0,0,1,0,1,1,1,1,1)
29.(0,0,0,1,1,1,1,0,1,1)
30.(0,0,0,1,1,1,1,1,1,0)
31.(0,0,0,1,1,1,1,1,1,1)
32.(0,1,0,0,0,1,0,0,1,0)
33.(0,1,0,0,0,1,0,0,1,1)
34.(0,1,0,0,0,1,0,1,1,0)
35.(0,1,0,0,1,1,0,0,1,0)
36.(0,1,0,0,0,1,0,1,1,1)
37.(0,1,0,0,1,1,0,0,1,1)
38.(0,1,0,0,1,1,0,1,1,0)
39.(0,1,0,0,1,1,0,1,1,1)
40.(0,1,0,0,0,1,1,0,0,0)
41.(0,1,0,0,0,1,1,0,0,1)
42.(0,1,0,0,0,1,1,1,0,0)
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43.(0,1,0,0,1,1,1,0,0,0)
44.(0,1,0,0,0,1,1,1,0,1)
45.(0,1,0,0,1,1,1,0,0,1)
46.(0,1,0,0,1,1,1,1,0,0)
47.(0,1,0,0,1,1,1,1,0,1)
48.(0,1,0,1,0,0,0,0,1,0)
49.(0,1,0,1,0,0,0,0,1,1)
50.(0,1,0,1,0,0,0,1,1,0)
51.(0,1,0,1,1,0,0,0,1,0)
52.(0,1,0,1,0,0,0,1,1,1)
53.(0,1,0,1,1,0,0,0,1,1)
54.(0,1,0,1,1,0,0,1,1,0)
55.(0,1,0,1,1,0,0,1,1,1)
56.(0,1,0,1,0,0,1,0,0,0)
57.(0,1,0,1,0,0,1,0,0,1)
58.(0,1,0,1,0,0,1,1,0,0)
59.(0,1,0,1,1,0,1,0,0,0)
60.(0,1,0,1,0,0,1,1,0,1)
61.(0,1,0,1,1,0,1,0,0,1)
62.(0,1,0,1,1,0,1,1,0,0)
63.(0,1,0,1,1,0,1,1,0,1)

{(0,0,1),(0,1,1),(1,0,1),(1,1,1)} 4-arkimin Kiibik Veronesean doniisiimii altindaki

goriintisii:

olarak elde edilir.

(1,0,1) = (1,0,1,0,1,0,0,1,0,0
(1,0,0) = (1,0,0,0,0,0,0,0,0,0
(1,1,0) - (1,1,0,1,0,1,0,0,0,0
(1,1,1) - (1,1,1,1,1,1,1,1,1,1

(0,0,1,0,0,0,0,0,0,0),

)
)
)
)

(0,1,1,0,0,0,1,0,1,0),

(1,0,1,0,1,0,0,1,0,0), (1,1,1,1,1,1,1,1,1, 1) noktalarimin PG(9,2) projektif uzayinda

gerdigi uzay

[CL?b’C?d?e? f7g7 h7j7 k]

olsun.

Elemanter

hesaplamalarla

c=0,b+9g+7=0,a+e+h=0,d+ f+ k = 0 esitlikleri elde edilir. Bu formda 63 tane
alt uzay vardw. Bu 63 altuzay bir nokta olarak diisiiniiliirse PG (9, 2) projektif uzayinda bir
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projektif 5-uzay elde edilir. Bu projektif 5-uzay S; ile gésterilsin. S; projektif 5-uzayi

asagidaki noktalara sahiptir:

1.(0.0,0,0,0,0,0,0,1,1)
2.(0,0,0,0,0,0,1,0,0,1)
3.(0,0,0,0,0,0,1,0,1,0)
4.(0,0,0,0,1,0,0,1,0,0)
5.(0,0,0,0,1,0,0,1,1,1)
6.(0,0,0,0,1,0,1,1,0,1)
7.(0,0,0,0,1,0,1,1,1,0)
8.(0,0,0,1,0,1,0,0,0,0)
9.(0,0,0,1,0,1,0,0,1,1)
10.(0,0,0,1,0,1,1,0,0,1)
11.(0,0,0,1,0,1,1,0,1,0)
12.(0,0,0,1,1,1,0,1,0,0)
13.(0,0,0,1,1,1,0,1,1,1)
14.(0,0,0,1,1,1,1,1,0,1)
15.(0,0,0,1,1,1,1,1,1,0)
16.(0,0,1,0,0,0,0,1,0,0)
17.(0,0,1,0,0,0,0,1,1,1)
18.(0,0,1,0,0,0,1,1,0,1)
19.(0,0,1,0,0,0,1,1,1,0)
20.(0,0,1,0,1,0,0,0,0,0)
21.(0,0,1,0,1,0,0,0,1,1)

22.(0,0,1,0,1,0,1,0,0,1)
23.(0,0,1,0,1,0,1,0,1,0)
24.(0,0,1,1,0,1,0,1,0,0)
25.(0,0,1,1,0,1,0,1,1,1)
26.(0,0,1,1,0,1,1,1,0,1)
27.(0,0,1,1,0,1,1,1,1,0)
28.(0,0,1,1,1,1,0,0,0,0)
29.(0,0,1,1,1,1,0,0,1,1)
30.(0,0,1,1,1,1,1,0,0,1)
31.(0,0,1,1,1,1,1,0,1,0)
32.(0,1,0,0,0,1,0,0,0,0)
33.(0,1,0,0,0,1,0,0,1,1)
34.(0,1,0,0,0,1,1,0,0,1)
35.(0,1,0,0,0,1,1,0,1,0)
36.(0,1,0,0,1,1,0,1,0,0)
37.(0,1,0,0,1,1,0,1,1,1)
38.(0,1,0,0,1,1,1,1,0,1)
39.(0,1,0,0,1,1,1,1,1,0)
40.(0,1,0,1,0,0,0,0,0,0)
41.(0,1,0,1,0,0,0,0,1,1)
42.(0,1,0,1,0,0,1,0,0,1)

43.(0,1,0,1,0,0,1,0,1,0)
44.(0,1,0,1,1,0,0,1,0,0)
45.(0,1,0,1,1,0,0,1,1,1)
46.(0,1,0,1,1,0,1,1,0,1)
47.(0,1,0,1,1,0,1,1,1,0)
48.(0,1,1,0,0,1,0,1,0,0)
49.(0,1,1,0,0,1,0,1,1,1)
50.(0,1,1,0,0,1,1,1,0,1)
51.(0,1,1,0,0,1,1,1,1,0)
52.(0,1,1,0,1,1,0,0,0,0)
53.(0,1,1,0,1,1,0,0,1,1)
54.(0,1,1,0,1,1,1,0,0,1)
55.(0,1,1,0,1,1,1,0,1,0)
56.(0,1,1,1,0,0,0,1,0,0)
57.(0,1,1,1,0,0,0,1,1,1)
58.(0,1,1,1,0,0,1,1,0,1)
59.(0,1,1,1,0,0,1,1,1,0)
60.(0,1,1,1,1,0,0,0,0,0)
61.(0,1,1,1,1,0,0,0,1,1)
62.(0,1,1,1,1,0,1,0,0,1)
63.(0,1,1,1,1,0,1,0,1,0)

Elde edilen bu uzaylarin ara kesitleri hesaplanirsa; S, ve Sy projektif 5-uzaylari PG(9, 2)

projektif uzayinda asagidaki projektif 3-uzaylarda kesisirler:

S1N Sy =

;

1
2
3
4
)
6
7
8

-
-
(
-
-
-
-
-

0,0,0,0,0,0,1,0,1,0),
0,0,0,0,0,1,0,0,0,1),
0,0,0,0,0,1,1,0,1,1),
0,0,0,0,1,0,0,1,0,0),
0,0,0,0,1,0,1,1,1,0),
0,0,0,0,1,1,0,1,0,1),
0,0,0,0,1,1,1,1,1,1),
0,0,0,1,0,0,0,0,0,1)

9.(0,0,0,1,0,0,1,0,1,1)
10. (0,0,0,1,0,1,0,0,0,0
11.(0,0,0,1,0,1,1,0,1,0
12.(0,0,0,1,1,0,0,1,0,1
13.(0,0,0,1,1,0,1,1,1, 1
14.(0,0,0,1,1,1,0,1,0,0
15. (0,0,0,1,1,1,1,1,1,0

)
)
)
)
)
)
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S1 ve Sy projektif 5-uzaylart PG (9, 2) projektifuzayinda asagidaki projektif 3-uzayda kesigir:

/

1.(0,0,0,0,0,0,0,0,1,1), 9.(0,0,0,1,0,1,0,0,1,1)
2.(0,0,0,0,0,0,1,0,0,1), 10.(0,0,0,1,0,1,1,0,0,1)
3.(0,0,0,0,0,0,1,0,1,0), 11.(0,0,0,1,0,1,1,0,1,0)
4.(0,0,0,0,1,0,0,1,0,0), 12.(0,0,0,1,1,1,0,1,0,0)
SN Sy =4

5.(0,0,0,0,1,0,0,1,1,1), 13.(0,0,0,1,1,1,0,1,1,1)
6.(0,0,0,0,1,0,1,1,0,1), 14.(0,0,0,1,1,1,1,1,0,1)
7.(0,0,0,0,1,0,1,1,1,0), 15.(0,0,0,1,1,1,1,1,1,0)
| 8.(0,0,0,1,0,1,0,0,0,0),

W
S1ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesigir:

(

.(0,0,0,0,0,0,1,0,1,0), 9.(0,0,0,1,0,1,1,0,1,0)
.(0,0,0,0,0,0,1,1,1,1), 10.(0,0,0,1,0,1,1,1,1,1
.(0,0,0,0,1,0,0,0,0,1), 11.(0,0,0,1,1,1,0,1,0,0
.(0,0,0,0,1,0,0,1,0,0), 12.(0,0,0,1,1,1,1,0,1,1
S NSy =
.(0,0,0,0,1,0,1,0,1,1), 13.(0,0,0,1,1,1,1,1,1,0
.(0,0,0,0,1,0,1,1,1,0), 14.(0,0,1,1,1,1,0,0,1, 1
.(0,0,0,1,0,1,0,0,0,0), 15.(0,0,1,1,1,1,0,1,1,0
.(0,0,0,1,0,1,0,1,0,1),

)
)
)
)
)
)

1
2
3
4
5
6
7
8

\ Vs

S1 ve Ss projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

.(0.0,0,0,0,0,1,0,1,0), 9.(0,0,0,1,0,0,1,0,1,1)
.(0,0,0,0,0,1,0,0,0,1), 10.(0,0,0,1,0,1,0,0,0,0)
.(0,0,0,0,0,1,1,0,1,1), 11.(0,0,0,1,0,1,1,0,1,0)
.(0,0,0,0,1,0,0,1,0,0), 12.(0,0,0,1,1,0,0,1,0,1)
SN S5 =
.(0,0,0,0,1,0,1,1,1,0), 13.(0,0,0,1,1,0,1,1,1,1)
.(0,0,0,0,1,1,0,1,0,1), 14.(0,0,0,1,1,1,0,1,0,0)
.(0,0,0,0,1,1,1,1,1,1), 15.(0,0,0,1,1,1,1,1,1,0)
.(0,0,0,1,0,0,0,0,0,1),

1
2 (
3 A
4 A
5 (
6 A
7 A
8

\ 7

S1ve Sg projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

/

.(0,0,0,0,0,0,0,1,0,1), 9.(0,0,0,1,0,1,0,1,0,1)
.(0,0,0,0,1,0,0,0,0,1), 10.(0,0,0,1,1,1,0,0,0,1)
.(0,0,0,0,1,0,0,1,0,1), 11.(0,0,0,1,1,1,0,1,0,0)
s .(0,0,0,0,0,0,1,0,1,0), 12.(0,0,0,1,0,1,1,0,1,0)
.(0,0,0,0,0,0,1,1,1,1), 13.(0,0,0,1,0,1,1,1,1,1)
.(0,0,0,0,1,0,1,0,1,1), 14.(0,0,0,1,1,1,1,0,1,1)
.(0,0,0,0,1,0,1,1,1,0), 15.(0,0,0,1,1,1,1,1,1,0)
N )

1
2
3
4
5
6
7
8.(0,0,0,1,0,1,0,0,0,0),
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S1 ve Sy projektif 5-uzaylart PG (9, 2) projektifuzayinda asagidaki projektif 3-uzayda kesigir:

/

1. (0.0,0,0,0,0,0,0,1,1), 9.(0,0,0,1,0,1,0,0,1,1)
2.(0,0,0,0,0,0,1,0,0,1), 10.(0,0,0,1,0,1,1,0,0,1)
3.(0,0,0,0,0,0,1,0,1,0), 11.(0,0,0,1,0,1,1,0,1,0)
4.(0,0,0,0,1,0,0,1,0,0), 12.(0,0,0,1,1,1,0,1,0,0)
SN Sy =4
5.(0,0,0,0,1,0,0,1,1,1), 13.(0,0,0,1,1,1,0,1,1,1)
6.(0,0,0,0,1,0,1,1,0,1), 14.(0,0,0,1,1,1,1,1,0,1)
7.(0,0,0,0,1,0,1,1,1,0), 15.(0,0,0,1,1,1,1,1,1,0)
| 8.(0,0,0,1,0,1,0,0,0,0),

V
Sy ve Ss projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesigir:

(

.(0.0,0,0,0,0,0,0,0,1), 9.(0,0,0,1,0,1,1,0,1,0)
.(0,0,0,0,1,0,0,1,0,0), 10.(0,0,0,0,0,0,1,0,1,1)
.(0,0,0,1,0,1,0,0,0,0), 11.(0,0,0,0,1,0,1,1,1,0)
.(0,0,0,0,0,0,1,0,1,0), 12.(0,0,0,1,1,1,1,1,1,0)
Sy Sy =
.(0,0,0,0,1,0,0,1,0,1), 13.(0,0,0,1,0,1,1,0,1,1)
.(0,0,0,1,1,1,0,1,0,0), 14.(0,0,0,0,1,0,1,1,1,1)
.(0,0,0,1,0,1,0,0,0,1), 15.(0,0,0,1,1,1,1,1,1,1)
.(0,0,0,1,1,1,0,1,0,1),

1
2
3
4
5
6
7
8

\ 7

Sy ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

0,0,0,1,1,1,0,1,0,0), 14
0,0,0,1,1,1,1,1,1,0), 15
0,0,1,0,0,0,0,1,1,1),

0,0,1,1,1,1,0,0,1,1
0,0,1,1,1,1,1,0,0,1

1.(0,0,0,0,0,0,1,0,1,0), 9.(0,0,1,0,0,0,1,1,0,1)
2.(0,0,0,0,1,0,0,1,0,0), 10.(0,0,1,0,1,0,0,0,1,1)
3.(0,0,0,0,1,0,1,1,1,0), 11.(0,0,1,0,1,0,1,0,0,1)
4.(0,0,0,1,0,1,0,0,0,0), 12.(0,0,1,1,0,1,0,1,1,1)
Sy Sy =

5.(0,0,0,1,0,1,1,0,1,0), 13.(0,0,1,1,0,1,1,1,0,1)
6 - )
7 - )
8

-
-
(
-
-
-
-
-

)
)
)
),
)
)
)
)

\ 7

Sy ve S5 projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

;

.(0.0,0,0,0,0,1,0,1,0), 9.(0,0,0,1,0,0,1,0,1,1)
.(0,0,0,0,0,1,0,0,0,1), 10.(0,0,0,1,0,1,0,0,0,0)
.(0,0,0,0,0,1,1,0,1,1), 11.(0,0,0,1,0,1,1,0,1,0)
.(0,0,0,0,1,0,0,1,0,0), 12.(0,0,0,1,1,0,0,1,0,1)
SQﬂS5 =
.(0,0,0,0,1,0,1,1,1,0), 13.(0,0,0,1,1,0,1,1,1,1)
.(0,0,0,0,1,1,0,1,0,1), 14.(0,0,0,1,1,1,0,1,0,0)
.(0,0,0,0,1,1,1,1,1,1), 15.(0,0,0,1,1,1,1,1,1,0)
.< )

1
2
3
4
5
6
7
8.(0,0,0,1,0,0,0,0,0,1),
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Sy ve S projektif 5-uzaylart PG (9, 2) projektifuzayinda asagidaki projektif 3-uzayda kesigir:

/

1.(0,0,0,0,0,0,0,0,0,1), 9.(0,0,0,1,0,1,0,0,0,1)
2.(0,0,0,0,1,0,0,1,0,0), 10.(0,0,0,1,1,1,0,1,0,0)
3.(0,0,0,0,1,0,0,1,0,1), 11.(0,0,0,1,1,1,0,1,0,1)
4.(0,0,0,0,0,0,1,0,1,0), 12.(0,0,0,1,0,1,1,0,1,0)
Sy N Se = 4

5.(0,0,0,0,0,0,1,0,1,1), 13.(0,0,0,1,0,1,1,0,1,1)
6.(0,0,0,0,1,0,1,1,1,0), 14.(0,0,0,1,1,1,1,1,1,0)
7.(0,0,0,0,1,0,1,1,1,1), 15.(0,0,0,1,1,1,1,1,1,1)
8.(0,0,0,1,0,1,0,0,0,0),

\ Ve

Sy ve Sy projektif 5-uzaylart PG (9, 2) projektifuzayinda asagidaki projektif 3-uzayda kesigir:

(

0,0,0,0,0,0,1,0,1,0), 9.(0,0,1,0,0,0,1,1,0,1)
0,0,0,0,1,0,0,1,0,0), 10.(0,0,1,0,1,0,0,0,1,1)
0,0,0,0,1,0,1,1,1,0), 11.(0,0,1,0,1,0,1,0,0,1)

50 0 0,0,0,1,0,1,0,0,0,0), 12.(0,0,1,1,0,1,0,1,1,1)
0,0,0,1,0,1,1,0,1,0), 13.(0,0,1,1,0,1,1,1,0,1)
0,0,0,1,1,1,0,1,0,0), 14.(0,0,1,1,1,1,0,0,1,1)
0,0,0,1,1,1,1,1,1,0), 15.(0,0,1,1,1,1,1,0,0,1)
0,0,1,0,0,0,0,1,1,1),

(
(
-
(
(
(

-
(
-
(
(
-
-
-

1
2
3
4
5
6
7
8

\ Vs

S ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

1.(0,0,0,0,1,0,0,1,0,0), 9.(1,0,0,0,0,1,1,1,0,1)
2.(0,0,0,1,0,1,0,0,0,0), 10.(1,0,0,1,0,0,0,1,0,1)
3.(0,0,0,0,0,0,1,0,1,0), 11.(1,0,0,1,1,0,0,0,0,1)
4.(0,0,0,1,1,1,0,1,0,0), 12.(1,0,0,0,0,1,1,1,1,1)
Sy Sy =

5.(0,0,0,1,0,1,1,0,1,0), 13.(1,0,0,1,0,0,1,1,1,1)
6.(0,0,0,0,1,0,1,1,1,0), 14.(1,0,0,0,1,1,1,0,1,1)
7.(0,0,0,1,1,1,1,1,1,0), 15.(1,0,0,1,1,0,1,0,1,1)
8.(1,0,0,0,0,1,0,1,0,1),

\ 7

Ss ve S5 projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

;

0,0,0,0,1,0,0,1,0,0), 9.(1,0,0,0,1,1,0,0,0,1)
0,0,0,1,0,1,0,0,0,0), 10.(1,0,0,1,0,0,0,1,0,1
0,0,0,0,0,0,1,0,1,0), 11.(1,0,0,1,1,0,0,0,0, 1
S 0,0,0,1,1,1,0,1,0,0), 12.(1,0,0,0,0,1,1,1,1,1
0,0,0,1,0,1,1,0,1,0), 13.(1,0,0,1,0,0,1,1,1,1
0,0,0,0,1,0,1,1,1,0), 14.(1,0,0,0,1,1,1,0,1,1
0,0,0,1,1,1,1,1,1,0), 15.(1,0,0,1,1,0,1,0,1,1
1,0,0,0,0,1,0,1,0,1),

1
2 - )
3 A )
4 N )
5 - )
6 A )
7 - )
8

-
-
-
(
-
-
(
-
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Ss ve Sg projektif 5-uzaylart PG (9, 2) projektifuzayinda asagidaki projektif 3-uzayda kesigir:

/

1. (0.0,0,0,0,0,0,0,0,1), 9.(0,0,0,1,0,1,1,0,1,0)
2.(0,0,0,0,1,0,0,1,0,0), 10.(0,0,0,0,0,0,1,0,1,1)
3.(0,0,0,1,0,1,0,0,0,0), 11.(0,0,0,0,1,0,1,1,1,0)
4.(0,0,0,0,0,0,1,0,1,0), 12.(0,0,0,1,1,1,1,1,1,0)
S5 Se = 4
5.(0,0,0,0,1,0,0,1,0,1), 13.(0,0,0,1,0,1,1,0,1,1)
6.(0,0,0,1,1,1,0,1,0,0), 14.(0,0,0,0,1,0,1,1,1,1)
7.(0,0,0,1,0,1,0,0,0,1), 15.(0,0,0,1,1,1,1,1,1,1)
| 8.(0,0,0,1,1,1,0,1,0,1),

V
Ss ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesigir:

(

.(0,0,0,0,1,0,0,1,0,0), 9.(0,0,0,1,0,1,0,0,1,1)
.(0,0,0,1,0,1,0,0,0,0), 10.(0,0,0,0,1,0,0,1,1,1
.(0,0,0,0,0,0,0,0,1,1), 11.(0,0,0,0,1,0,1,1,0,1
.(0,0,0,0,0,0,1,0,0,1), 12.(0,0,0,0,1,0,1,1,1,0
SyN Sy =
.(0,0,0,0,0,0,1,0,1,0), 13.(0,0,0,1,1,1,1,1,1,0
.(0,0,0,1,1,1,0,1,0,0), 14.(0,0,0,1,1,1,1,1,0,1
.(0,0,0,1,0,1,0,0,0,1), 15.(0,0,0,1,1,1,0,1,1,1
.(0,0,0,1,0,1,1,0,1,0),

)
)
)
)
)
)

1
2
3
4
5
6
7
8

\ Vs

Sy ve Ss projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

0,0,0,1,1,1,0,1,0,0), 14
0,0,0,1,1,1,1,1,1,0), 15
1,0,0,0,0,1,0,1,0,1),

1,0,0,1,1,0,0,0,0, 1
1,0,0,1,1,0,1,0,1,1

1.(0,0,0,0,0,0,1,0,1,0), 9.(1,0,0,0,0,1,1,1,1,1)
2.(0,0,0,0,1,0,0,1,0,0), 10.(1,0,0,0,1,1,0,0,0,1)
3.(0,0,0,0,1,0,1,1,1,0), 11.(1,0,0,0,1,1,1,0,1,1)
4.(0,0,0,1,0,1,0,0,0,0), 12.(1,0,0,1,0,0,0,1,0,1)
SyN S5 =

5.(0,0,0,1,0,1,1,0,1,0), 13.(1,0,0,1,0,0,1,1,1,1)
6 - )
7 - )
8

-
-
(
-
-
(
-
-

)
)
)
),
)
)
)
)

\ 7

Sy ve Sg projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

;

.(0.0,0,0,0,0,0,1,0,1), 9.(0,0,0,1,0,1,0,1,0,1)
.(0,0,0,0,0,0,1,0,1,0), 10.(0,0,0,1,0,1,1,0,1,0)
.(0,0,0,0,0,0,1,1,1,1), 11.(0,0,0,1,0,1,1,1,1,1)
.(0,0,0,0,1,0,0,0,0,1), 12.(0,0,0,1,1,1,0,0,0,1)
S4ﬂ5'6 =
.(0,0,0,0,1,0,0,1,0,0), 13.(0,0,0,1,1,1,0,1,0,0)
.(0,0,0,0,1,0,1,0,1,1), 14.(0,0,0,1,1,1,1,0,1,1)
.(0,0,0,0,1,0,1,1,1,0), 15.(0,0,0,1,1,1,1,1,1,0)
.< )

1
2
3
4
5
6
7
8.(0,0,0,1,0,1,0,0,0,0),
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Sy ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki 3-uzayda kesisir:

/

1.(0,0,0,0,0,0,1,0,1,0), 9.(0,0,1,0,0,0,1,1,0,1)
2.(0,0,0,0,1,0,0,1,0,0), 10.(0,0,1,0,1,0,0,0,1,1)
3.(0,0,0,0,1,0,1,1,1,0), 11.(0,0,1,0,1,0,1,0,0,1)
4.(0,0,0,1,0,1,0,0,0,0), 12.(0,0,1,1,0,1,0,1,1,1)
SiN Sy =4

5.(0,0,0,1,0,1,1,0,1,0), 13.(0,0,1,1,0,1,1,1,0,1)
6.(0,0,0,1,1,1,0,1,0,0), 14.(0,0,1,1,1,1,0,0,1,1)
7.(0,0,0,1,1,1,1,1,1,0), 15.(0,0,1,1,1,1,1,0,0,1)
| 8.(0,0,1,0,0,0,0,1,1,1),

W
S5 ve Sg projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesigir:

(

.(0.0,0,0,0,0,1,0,1,0), 9.(0,1,0,0,0,1,1,0,0,1)
.(0,0,0,0,1,0,0,1,0,0), 10.(0,1,0,0,1,1,0,1,1,1)
.(0,0,0,0,1,0,1,1,1,0), 11.(0,1,0,0,1,1,1,1,0,1)
.(0,0,0,1,0,1,0,0,0,0), 12.(0,1,0,1,0,0,0,0,1,1)
S5 N Sg =
.(0,0,0,1,0,1,1,0,1,0), 13.(0,1,0,1,0,0,1,0,0,1)
.(0,0,0,1,1,1,0,1,0,0), 14.(0,1,0,1,1,0,0,1,1,1)
.(0,0,0,1,1,1,1,1,1,0), 15.(0,1,0,1,1,0,1,1,0,1)
.(0,1,0,0,0,1,0,0,1,1),

1
2
3
4
5
6
7
8

\ Vs

S5 ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

0.0,0,0,0,0,1,0,1,0), 9.(0,1,0,0,0,1,1,0,0,1)
0,0,0,0,1,0,0,1,0,0), 10.(0,1,0,0,1,1,0,1,1,1)
0,0,0,0,1,0,1,1,1,0), 11.(0,1,0,0,1,1,1,1,0,1)
S 0,0,0,1,0,1,0,0,0,0), 12.(0,1,0,1,0,0,0,0,1,1)
0,0,0,1,0,1,1,0,1,0), 13.(0,1,0,1,0,0,1,0,0,1)
0,0,0,1,1,1,0,1,0,0), 14.(0,1,0,1,1,0,0,1,1,1)
0,0,0,1,1,1,1,1,1,0), 15.(0,1,0,1,1,0,1,1,0,1)
0,1,0,0,0,1,0,0,1,1),

1
2 (
3 A
4 A
5 (
6 (
7 A
8

-
-
(
-
-
(
-
-

\ 7

Se ve Sy projektif 5-uzaylart PG (9, 2) projektif uzayinda asagidaki projektif 3-uzayda kesisir:

;

0,0,0,0,1,0,0,1,0,0), 9.(0,1,0,0,1,1,0,1,1,1)
0,0,0,0,0,0,1,0,1,0), 10.(0,1,0,0,0,1,1,0,0, 1
0,0,0,0,1,0,1,1,1,0), 11.(0,1,0,0,1,1,1,1,0,1
S 0,0,0,1,0,1,0,0,0,0), 12.(0,1,0,1,0,0,0,0,1,1
0,0,0,1,1,1,0,1,0,0), 13.(0,1,0,1,1,0,0,1,1,1
0,0,0,1,0,1,1,0,1,0), 14.(0,1,0,1,0,0,1,0,0, 1
0,0,0,1,1,1,1,1,1,0), 15.(0,1,0,1,1,0,1,1,0,1
0,1,0,0,0,1,0,0,1,1),

1
2 - )
3 A )
4 - )
5 - )
6 A )
7 - )
8

-
-
-
(
-
-
(
-
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projektif 3- uzaylar1 elde edilmis olur.
Sonu¢ olarak Fano diizleminin 4-arklarinin Kiibik Veronesean doniisiimii altindaki
goriintilerinin  PG(9,2) projektif uzaymnda drettigi projektif 5-uzaylar SCID(5,3)

geometrik yapisini olusturur.

Teorem 5.8 PG(9,2) projektif uzayinda Fano diizleminin 4-arklarimin Kiibik Veronesean

doniigiimii altindaki goriintiilerinin tirettigi projektif b-uzaylar bir diizlem boyunca kesisir.

Ispat 6 S,,S.,...S: projektif 5-uzaylarimin kesisim noktalar: asagidaki gibidir:

N, =(0,0,0,0,1,0,0,1,0,0)
N, =(0,0,0,1,0,1,0,0,0,0)
N; = (0,0,0,0,0,0,1,0,1,0)
N, =(0,0,0,1,1,1,0,1,0,0)
N5 =(0,0,0,1,0,1,1,0,1,0)
Ng =(0,0,0,0,1,0,1,1,1,0)
N; =(0,0,0,1,1,1,1,1,1,0)

dy, ds, ..., d7 dogrulart ve tizerinde bulunma bagintis1 asagidaki gibidir:

dl : {N1,N2>N4} dz : {N17N37N6} d3 : {N17N5,N7}
dy : {N2,N37N5} ds : {N27N6»N7} de : {N37N4,N7}
d7 . {N47N57N6}

Teorem 5.9 da PG(2,2) projektif diizleminin 4-arklarinin Kuadrik Veronesean altindaki
gortntiililerinin PG (5, 2) projektif uzayinda gerdigi uzaylar ve SCID yapisi verilmektedir.

Teorem 5.9 PG(2,2) projektif diizleminin 4-arklarimin Kuadrik Veronesean altindaki
goriintiiliileri PG(5,2) projektif uzayinda bir projektif 3-uzay gerer. Bu projektif 3-uzaylar
SCID — (3,1) geometrik yapist olusturur.

Ispat 7 PG(2,2) projektif diizleminin 4 arklarimin Kuadrik Veronesean —altindaki
goritintiileri hesaplanirsa;

{(1,1,1),(1,1,0),(1,0,1),(1,0,0)} 4-arkimn kuadrik Veronesean doniisiimii altindaki
goriintiisiiniin PG(5, 2) projektif uzayinda gerdigi uzay [0,b, ¢, b, ¢, 0], (b, c € F3) olsun. Bu



projektif uzay S, ile gosterilsin. Sy in noktalart asagidaki gibidir:

1.(0,0,1,0,1,0) 6.(0,1,0,1,0,1) 11.(1,0,0,0,0,0)
2.(0,1,0,1,0,0) 7.(0,1,1,1,1,1) 12.(1,0,0,0,0,1)
3.(0,1,1,1,1,0) 8.(1,0,1,0,1,0) 13.(1,0,1,0,1,1)
4.(0,0,0,0,0,1) 9.(1,1,0,1,0,0) 14.(1,1,0,1,0,1)
5.(0,0,1,0,1,1) 10.(1,1,1,1,1,0) 15.(1,1,1,1,1,1)
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{(0,1,1),(1,1,0),(0,0,1),(1,0,0)} 4-arkimn kuadrik Veronesean doniisiimii altindaki
goriintiisiintin PG (5, 2) projektif uzayinda gerdigi uzay [0,b,0,b,e,b], (b,e € F») olsun. Bu
projektif uzay S, ile gosterilsin. Sy nin noktalart asagidaki gibidir:

1.(0,1,0,1,0,0) 6.(0,1,1,0,0,1) 11.(1,0,0,1,0,1)
2.(0,1,0,0,0,1) 7.(0,0,1,1,0,1) 12.(1,0,1,0,0,0)
3.(0,0,0,1,0,1) 8.(1,0,0,0,0,0) 13.(1,1,1,1,0,0)
4.(0,0,1,0,0,0) 9.(1,1,0,1,0,0) 14.(1,1,1,0,0,1)
5.(0,1,1,1,0,0) 10.(1,1,0,0,0,1) 15.(1,0,1,1,0,1)

{(0,1,1),(1,1,1),(0,0,1),(1,0,1)} 4-arkimin kuadrik Veronesean doniisiimii altindaki
goriintiisiiniin PG(5,2) projektif uzayinda gerdigi uzay [a,b,0,0,a,bl, (a,b € F3) olsun.
Bu projektif uzay Ss ile gosterilsin. Ss tin noktalar: asagidaki gibidir:

1.(0,1,0,0,0,1) 6.(1,0,0,1,1,0) 11.(1,1,1,0,1,1)
2.(1,0,0,0,1,0) 7.(1,1,0,1,1,1) 12.(0,0,1,1,0,0)
3.(1,1,0,0,1,1) 8.(0,0,1,0,0,0) 13.(0,1,1,1,0,1)
4.(0,0,0,1,0,0) 9.(0,1,1,0,0,1) 14.(1,0,1,1,1,0)
5.(0,1,0,1,0,1) 10.(1,0,1,0,1,0) 15.(1,1,1,1,1,1)

{(0,1,1),(1,1,1),(0,1,0),(1,1,0)} 4-arkimin kuadrik Veronesean doniisiimii altindaki
goriintiisiiniin PG(5,2) projektif uzayinda gerdigi uzay [a,0, ¢, a,0,cl, (a,c € Fy) olsun.
Bu projektif uzay S, ile gosterilsin. Sy tin noktalar: asagidaki gibidir:

1.(0,0,0,0,1,0) 6.(0,1,1,0,0,1) 11.(1,1,0,1,1,0)
2.(0,1,0,0,0,0) 7.(0,1,1,0,1,1) 12.(1,0,1,1,0,1)
3.(0,1,0,0,1,0) 8.(1,0,0,1,0,0) 13.(1,0,1,1,1,1)
4.(0,0,1,0,0,1) 9.(1,0,0,1,1,0) 14.(1,1,1,1,0,1)
5.(0,0,1,0,1,1) 10.(1,1,0,1,0,0) 15.(1,1,1,1,1,1)

{(0,1,1),(0,1,0),(1,0,0),(1,0,1)} 4-arkimn kuadrik Veronesean doniisiimii altindaki
goriintiisiintin PG(5,2) projektif uzayinda gerdigi uzay [0,0,c¢,d,c,c|,(c,d € F3) olsun.



Bu projektif uzay Ss ile gosterilsin. S5 in noktalari asagidaki gibidir:

1.(0,0,0,0,1,1)
2.(0,0,1,0,0,1)
3.(0,0,1,0,1,0)
4.(0,1,0,0,0,0)
5.(0,1,0,0,1,1)

0,1,1,0,0,1
0,1,1,0,1,0
1,0,0,0,1,1
1,0,1,0,0,1
10.(1,0,1,0,1,0)

6.( )
7.( )
8.( )
9.( )

11.(1,0,0,0,0,0)
12.(1,1,0,0,1,1)
13.(1,1,1,0,0, 1)
14.(1,1,1,0,1,0)
15.(1,1,0,0,0,0)
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{(0,1,0),(1,1,0),(1,0,1),(0,0,1)} 4-arkimn kuadrik Veronesean doniisiimii altindaki
goriintiisiiniin PG (5, 2) projektif uzayinda gerdigi uzay [a, 0,0, a, a, f], (a, f € F2) olsun.

Bu projektif uzay Sg ile gosterilsin. Sg nin noktalar: agsagidaki gibidir:

1.(1,0,0,1,0,0)
2.(1,0,0,0,1,0)
3.(0,0,0,1,1,0)
4.(0,0,1,0,0,0)
5.(0,0,1,1,1,0)

(1,0,1,0,1,0)
(1,0,1,1,0,0)
(0,1,0,1,1,0)
(1,1,0,0,1,0)
10.(1,1,0,1,0,0)

6.
7.
8.
9.

11.(0,1,0,0,0,0)
12.(0,1,1,1,1,0)
13.(1,1,1,0,1,0)
14.(1,1,1,1,0,0)
15.(0,1,1,0,0,0)

{(0,1,0),(1,0,0),(1,1,1),(0,0,1)} 4-arkimn kuadrik Veronesean doniisiimii altindaki

goruntistintin

PG(5,2)

projektif

uzaymda

gerdigi

uzay

[0,0,0,d,e, fl,(d+ e+ f=0,d,e, f € Fs) 3-olsun. Bu projektif uzay Sy ile gosterilsin. Sy
nin noktalart asagidaki gibidir:

1.(0,0,0,1,1,1)
2.(0,0,1,0,0,0)
3.(0,0,1,1,1,1)
4.(0,1,0,0,0,0)
5.0,1,0,1,1,1)

1,0,0,0,0,0
1,0,0,1,1,1
0,1,1,0,0,0
0,1,1,1,1,1
10.(1,0,1,0,0,0)

6.( )
7.( )
8.( )
9.( )

11.(1,0,1,1,1,1)
12.(1,1,0,0,0,0)
13.(1,1,0,1,1,1)
14.(1,1,1,0,0,0)
15.(1,1,1,1,1,1)
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Elde edilen projektif 3-uzaylarin kesisim dogrulari asagidaki gibi hesaplanmistir:

S, NSy ={(0,1,0,1,0,0),(1,1,0,1,0,0),(1,0,0,0,0,0)}
S N Ss={(0,1,0,1,0,1),(1,0,1,0,1,0),(1,1,1,1,1,1)}
Sy NSy ={(0,0,1,0,1,1),(1,1,0,1,0,0),(1,1,1,1,1,1)}
S, N S5 ={(0,0,1,0,1,0),(1,0,0,0,0,0),(1,0,1,0,1,0)}
Sy NS = {(1,0,1,0,1,0),(0,1,1,1,1,0),(1,1,0,1,0,0)}
S NS ={(1,1,1,1,1,1),(0,1,0,1,0,0),(1,0,0,0,0,0)}
SN S5 = {(0,1,0,0,0,1),(0,1,1,0,0,1),(0,0,1,0,0,0)}
S, NSy ={(1,1,0,1,0,0),(0,1,1,0,0,1),(1,0,1,1,0,1)}
S, 1 S5 = {(1,0,0,0,0,0),(0,1,1,0,0,1),(1,1,1,0,0,1)}
S, N Sg = {(0,0,1,0,0,0), (1,1,0,1,0,0),(1,1,1,1,0,0)}
S, N S ={(1,0,1,0,0,0),(0,0,1,0,0,0), (1,0,0,0,0,0)}
Syn Sy ={(1,1,1,1,1,1),(0,1,1,0,0,1),(1,0,0,1,1,0)}
S50 S5 ={(1,0,1,0,1,0),(1,1,0,0,1,1),(0,1,1,0,0,1)}
S5N Se = {(1,0,0,0,1,0),(0,0,1,0,0,0),(1,0,1,0,1,0)}
S;n Sy ={(1,1,1,1,1,1),(0,0,1,0,0,0),(1,1,0,1,1,1)}
S1N S5 ={(0,0,1,0,0,1),(0,1,0,0,0,0),(0,1,1,0,0,1)}
SiN S ={(0,1,0,0,0,0),(1,0,0,1,0,0),(1,1,0,1,0,0)}
S,N S ={(0,1,0,0,0,0), ( ),(1,0,1,1,1,1)}
S5 S ={(0,1,0,0,0,0),(1,0,1,0,1,0),(1,1,1,0,1,0)}
S5 N S; = {(0,1,0,0,0,0),(1,0,0,0,0,0),(1,1,0,0,0,0)}
SeN S; = {(0,0,1,0,0,0),(0,1,0,0,0,0),(0,1,1,0,0,0)}

1,1,1,1,1,1

?) Y Y Ty

Sonug olarak PG(2,2) projektif diizleminin 4-arklarinin Kuadrik Veronesean altindaki
gortntiilileri PG(5, 2) projektif uzayinda bir projektif 3-uzay gerer. Bu projektif 3-uzaylar
SCID — (3,1) geometrik yapisi olusturur.

5.4 PG(8,2) Uzayindaki Projektif Uzaylar

Bu bolimde GF(2) Galois cismi iizerinde, PG(3,2) projektif uzaymmn her bir dogrusu
tizerindeki noktalar kiimesini PG(9,2) projektif uzaymin diizlemsel noktalar kiimesine
esleyen, diizlemsel noktalar1 5-uzaylara esleyen, PG(3,2) projektif uzayindan PG(9,2)
projektif uzayma tanimli Veronesean doniisimiin gérintiisic PG(9,2) projektif uzayim
tiretir. Bu bolimde, PG(9,2) projektif uzaymdaki PG(3,2) projektif uzaymimn Kuadrik
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Veroneseanlar1 ile PG(9,2) projektif uzaymim Veroneseanlarla iretilen altuzaylarinin
izdistimleri arasinda iliski kullanilarak PG(8,2) projektif uzaydaki PG(3,2) projektif

uzayinin varligi incelenmistir.

Teorem 5.10 PG(n,F) projektif uzaywmn herhangi bir s-boyutlu altuzayr w4 olsun.

Veronesean doniisiim altinda 74 nin goriintiisii Vs kuadrik Veroneseamidir. Vg, Vs yi iceren
2

PG(n,F) projektif uzayimin dogrulart Veronesean déniisiim altinda V,, nin koniklerine

doniigiir (Thas ve Maldeghem, 2003).

PG = (M, F ) projektif uzayt ile V,, kuadrik veroneseamn arakesitidir. Ozel olarak,

Teorem 5.11 V), kuadrik Veroneseaninin herhangi iki noktasit V,, nin bir tek koniginde igerilir
(Thas ve Maldeghem, 2003).

Teorem 5.12 ¥ = GF(q) olmak iizere PG(n,F) projektif uzayinda V), kuadrik
Veroneseant © (s, n, q) tane Vs kuadrik Veronesean igerir. V,, Veroneseanindaki Vs kuadrik

Veroneseanlarimin sayisi, PG(n,q) projektif uzayindaki s-boyutlu altuzaylarm sayisi
kadardrr.

Ozel olarak, n = 2 iken PG(5, q) projektif uzaymndaki V; kuadrik Veroneseaninda s = 1
iken ¢®> + ¢ + 1 tane V? Veronesean (konik) vardir. V5 nin herhangi iki noktast bu V?
Veroneseandan sadece birinin iizerindedir. Vy nin V? Veroneseanlar1 PG(2,q) projektif
diizleminin dogrulariyla eslestiginden, bu koniklerin herhangi ikisi bir tek ortak noktaya
sahipti. V) kuadrik Veroneseaninin hiper diizlemsel kesitleri PG(2,q) projektif
diizlemininin kuadriklerine karsilik gelir. PG(2,q) projektif diizleminin bir ¢ kuadrigi bir
dogru olarak ele almacaksa, bu PG(5, ¢) projektif uzaymmn hiperdiizleminin V; ile bir V2
Veroneseanda kesismesine karsilik gelmesidir. Eger p iki farkli dogru ise hiper diizlem V5’
bir tek ortak noktaya sahip olan iki V7 Veroneseanda kesisir. PG (5, q) projektif uzaymin
diizlemleri V; i bir V? Veroneseanda (konikte) keser, bu diizlemlere konik diizlemleri denir
(Thas ve Maldeghem, 2003).

Teorem 5.13 PG(4,4) projektif uzayinda PG (2,4) projektif diizlemine izomorf olan P
4.mertebeden projekif diizlemi vardir, oyleki: N' C PG(4,4),(N') = PG(4,4) ve D' nin
her bir elemant PG(4,4) projektif uzaymin konik diizleminin bir altkiimesidir (Ekmekgi vd.,
2016).

Teorem 5.14 Kuadrik Veroneseanlarin mertebesi 2" dir (Thas ve Maldeghem, 2003).
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Ozel olarak n = 3 iken Kuadrik Veronesean PG (9, 2) projektif uzayinda mertebesi 8
ve boyutu 3 olan V5 yapisidir.

Teorem 5.15 PG(n,F) projektif uzayimin herhangi bir s-boyutlu alt uzayi 1l olsun.
Veronesean doniisiim altinda 11, in goriintiisii Vs kuadrik Veroneseandwr.Vs, Vs yi iceren
PG <S(S+3 F ) projektif uzayi ile V,, kuadrik Veroneseanin arakesitidir.

Ozel olarak n = 3 ve s = 1 iken PG(3,2) projektif uzayinmn dogrulari Veronesean
doniisiim altinda V3 iin koniklerine (konik diizlemlerine) doniisiir. n = 3 ve s = 2iken
PG(3,2) projektif uzaymin diizlemleri Veronesean doniigiim altinda V5 iin 5- boyutlu konik

uzaylarina dontstr.

Bu kisimda PG(9,2) projektif uzayindaki PG(3,2) projektif uzaymm Kuadrik
Veroneseanlar1 ile PG(9,2) projektif uzaymin Veroneseanlarla iiretilen altuzaylarinin
izdistimleri arasinda iligki kullanilarak PG(8,2) projektif uzayindaki PG(3,2) projektif

uzayinin varlig1 incelenecektir.

GF(2) cismiyle koordinatlanan PG(3,2) projektif uzaymnin noktalar1 asagidaki

gibidir:
N; =(0,0,0,1) Ng=1(0,1,1,0) N;; =(1,0,1,1
Ny, =(0,1,0,0) N;=1(0,1,1,1) ng— 1,1,0,0
=(1,1,1,0)
(

Ny = (1,1,1,1) N14_ 1,0,0,0
Ny = (1,0,1,0) Ny5=(1,0,0,1

( ) ( )
( ) ( )
Ny =(0,1,0,1) Ng =(1,1,0,1)
= (0, ) ( )
( ) ( )
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PG(3,2) projektif uzaymin 35 dogrusu vardir ve bu dogrular ve iizerindeki noktalar

asagidaki gibidir:

Ly = {N1, Ny, N5}

Ly = {Ny, Ni4, N15}
L7 = {N1, Ng, No}
Lig = { Ny, N1g, N1o}
Lyz = {Ny, Ng, N12}
Lig = {Ns, N14, N11 }
Lig = {Ns, Ng, N13}
Ly = {Na, Nig, Ng}
Lys = {N3, N14, N13}
Lys = {Ng, N14, Ng}
L3 = {Ne, Ni3, N11 }
L3y = {N7, Nig, N13}

Ly = { N1, Ny, N3}

Ls = {Ny, N1, N11}
Lg = {Ny, Ny, Ng}
Liy = {Ny, Nis5, N11 }
Lis = {N5, Ny, N7}
Li7 = {Ns, Ni5, N1o}
Lyo = {Na, N14, N12}
Lz = {Na, N11, No}
Lys = {N3, N15, N12}
L9 = {Ng, N12, N1o}
L3y = {N7, N14, No}
L5 = {N7, Ni5, Ng}

L3 = {Ny, N, Nz}

Lg = {N1, Nig, N13}
Lg = {Ny, N3, N7}

L1y = {Ny, Ng, N13}
Lys = {Ns, N3, Ng}

Lig = {Ns, N12, No}
Ly = {Na, Ni5, N13}
Loy = {N3, Ng, N11}
Ly7 = {N3, Nig, No}
L3y = {N¢, Ni5, No}
L3z = {N7, Ni2, Ni1 }

PG(3,2) projektif uzayinin 15 diizlemi vardir. Bu diizlemler ve iizerindeki noktalar

asagidaki gibidir;

—1[0,0,0,1] =
—0,0,1,0] =
=1[0,0,1,1] =
= [0,1,0,0] =
~[0,1,0,1] =
=1[0,1,1,0] =
=[0,1,1,1] =
= [1,0,0,0] =
=[1,0,0,1] =

Dy =[1,0,1,0] =

Dy =[1,0,1,1] =

Dy = [1,1,0,0] =

Di3 =[1,1,0,1] =

Dy =[1,1,1,0] =
[ ]

Dys =

P Y

1,1,1,1] =

{N2, Ny, Ng, Ng, N1o, N12, N14}
{N1, Na, N3, Nig, Ni3, Na, Nis }
{Ns, N1a, Ng, Ny, N11, N7, N1a}
{N1, N1y, Ni5, N1g, N11, N5, Ny}
{N4, N3, N7, Nia, N1g, No, N13}
{N1, N6, N7, N4, Nis, Ng, No}
{Ns, N3, Ng, N4, N11, Ng, N13}
{Ni1, Na, N3, Ny, N5, N, N7}
{N4, Na, Ng, N15, N11, N13, No}
{N1, Na, N3, Ng, Ng, N1g, N11}
{N2, N1s, N13, N1g, Ng, N5, N7}
{N1, Ny, N5, N1z, Ni3, Ng, No}
{N4, N3, N7, N5, Ni1, Ng, Ni2}
{N1, No, N7, N1o, N11, Ni2, N1z}
{Ne, N12, N1g, N15, No, N3, N5 }

PG(3,2) projektif uzayindan PG(9,2) projektif uzayina tanimli kuadrik Veronesean ile

PG(3,2) projektif uzaymin noktalart PG(9, 2

) projektif uzayinin noktalar1 ile eslenir. Bu
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kuadrik Veronesean:

¥ = PG(3,2) — PG(9,2)

2 2 2 2
($07$1,$2,9€3) — (9507931,%,953,$0$1,$0$2,$09€3,$1$2,$1I3,$29€3)

bigimindedir. ¥ Kuadrik Veroneseani altinda PG(3,2) projektif uzaymin N; noktalari
PG(9, 2) projektif uzaymin agagidaki P; noktalarma doniisiir:

=(0,0,0,1) — 9(N,) =P =(0,0,0,1,0,0,0,0,0,0)
=(0,1,0,0) — 9(Ny) =P, =(0,1,0,0,0,0,0,0,0,0)
=(0,1,0,1) — 9¥(N3) = P3=(0,1,0,1,0,0,0,0,1,0)
=(0,0,1,0) — 9(N4) = Py=(0,0,1,0,0,0,0,0,0,0)
=(0,0,1,1) — 9¥(Ns;) = P =(0,0,1,1,0,0,0,0,0,1)
=(0,1,1,0) — 9(Ng) = Ps = (0,1,1,0,0,0,0,1,0,0)
=(0,1,1,1) — 9(N;) =P, =(0,1,1,1,0,0,0,1,1,1)
:(1,1,1,0) — 9(Ng) = Ps=(1,1,1,0,1,1,0,1,0,0)
=(1,1,1,1) — 9(Ny)=Py=(1,1,1,1,1,1,1,1,1,1)
=(1,0,1,0) — 9J(N) = Pio = (1,0,1,0,0,1,0,0,0,0)
=(1,0,1,1) — 9(Nyy)= Py =(1,0,1,1,0,1,1,0,0,1)
=(1,1,0,0) — J(N2) = P =(1,1,0,0,1,0,0,0,0,0)
=(1,1,0,1) — 9J(N3) = Pi3=(1,1,0,1,1,0,1,0,1,0)
:(1 0,0,0) — 9(Ny) = Py =(1,0,0,0,0,0,0,0,0,0)
=(1,0,0,1) — 9 (Ni5) = P15 =(1,0,0,1,0,0,1,0,0,0)

PG(9,2) projektif uzayinda ¢ (NN;) noktalari V3§ i olusturur. V5 te toplam 15 nokta
bulunmaktadir. PG(9,2) projektif uzayinda vV de bulunmayan
P = (1,1,1,1,0,0,0,0,0,0,) noktast goz oniine alinsin. PG(9,2) projektif uzayinin
noktalarinin P noktasindan xy = 0 hiper diizlemi tizerine izdisimi PG(9,2) projektif
uzaymin her X noktast i¢in X P dogrusu ile zp = 0 hiper diizleminin arakesitidir. Bu
izdiigim PG(9, 2) projektif uzayinin her P; = (o, 1, T2, T3, 4, Ts5, Tg, T7, Tg, Tg) Noktalari

i¢in,
B: PG(9,2) — PG(8,2)
B(P;) = (zo + 21, T0 + 2, o + T3, T4, T5, Te, T7, Ls, LTg)

bicimindedir. PG(9, 2) projektif uzaymin =, = 0 hiper diizlemi 8-boyutlu projektif uzaydir.
Yukarida elde edilen PG(9,2) projektif uzaymin V5 kuadrik Veroneseanin zy = 0 hiper
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diizlemine izdiistimiinii bulunursa:

B(P) = £(0,0,0,1,0,0,0,0,0,0) — P, =(0,0,1,0,0,0,0,0,0)
B(Py) = £(0,1,0,0,0,0,0,0,0,0) — P,=(1,0,0,0,0,0,0,0,0)
B(Ps) = £(0,1,0,1,0,0,0,0,1,0) — P, =(1,0,1,0,0,0,0,1,0)
3(P)) =43(0,0,1,0,0,0,0,0,0,0) — P, =(0,1,0,0,0,0,0,0,0)
B(Ps) = £(0,0,1,1,0,0,0,0,0,1) — P, =(0,1,1,0,0,0,0,0,1)
B(Ps) = £(0,1,1,0,0,0,0,1,0,0) — P, =(1,1,0,0,0,0,1,0,0)
B(P;)=£3(0,1,1,1,0,0,0,1,1,1) — P.=(1,1,1,0,0,0,1,1,1)
B(Ps)=43(1,1,1,0,1,1,0,1,0,0) — P;=(0,0,1,1,1,0,1,0,0)
B(Py)=p3(1,1,1,1,1,1,1,1,1,1) — P, =(0,0,0,1,1,1,1,1,1)
B(Py) =£(1,0,1,0,0,1,0,0,0,0) — Py, =(1,0,1,0,1,0,0,0,0)
B(Py)=0(1,0,1,1,0,1,1,0,0,1) — P, =(1,0,0,0,1,1,0,0,1)
B(Py) =5(1,1,0,0,1,0,0,0,0,0) — P, =(0,1,1,1,0,0,0,0,0)
B(Pys) =£(1,1,0,1,1,0,1,0,1,0) — Py =(0,1,0,1,0,1,0,1,0)
B(Py) = 5(1,0,0,0,0,0,0,0,0,0) — P, =(1,1,1,0,0,0,0,0,0)
B(Pi5) =£(1,0,0,1,0,0,1,0,0,0) — P =(1,1,0,0,0,1,0,0,0)

Boylece PG(3,2) projektif uzaymin tim N; noktalari ¢ Veronesean doniisim ile V3§
kuadrik Veroneseanin noktalarina ve (3 izdisiimii ile V5 deki noktalar zp = 0 hiper
diizlemindeki noktalara doniisiir ki bu noktalar PG(8,2) projektif uzaymim noktalaridir.
Aym sekilde PG(3,2) projektif uzaymmn tim D; dogrulart ¥ Veronesean doniisim ile
kuadrik Veroneseanmn V? Veroneseanlarina (koniklere) ve 3 izdiisimii ile V; deki V?
projektiferoneseanlarina (konikler) zp = 0 hiper diizlemindeki koniklere doniisiir ki bunlar
PG(8,2) projektif uzaymdadir, 6yleki § o ¢ dontisimii PG(3,2) projektif uzayinin

tizerinde bulunma yapisini korur.

B:PG(9,2) — PG(8,2)

P,(zg, x1, o, T3, T4, T5, X7, T8, Tg) — [ (F) = (g + x1, ko + T2, To + T3, Ty, Tp, T, T7, T, Tg)

doniigiimiiniin birebir oldugunu gosterelim. Kabul edelim ki her (z,vy, z,w), (2, ¢/, 2/, w')
€ PG(3,2) i¢in oV (z,y, z,w) = Bod(2,y, 2/, w’) olsun. Bu durumda,

(272 4 y2,x2 4 zz,xy,yz,z:c) — ((x/)z + (y/)2, (x/>2 4 (z’)2,x’y’,y’z',z’:c’)

dir.
(x2 +y2) _ ((I/)2 4 (y/)Z)



esitligini,
:152 + 2$y+y2 — ($,)2 —|—2x'y' + (y/)z

olarak yazabiliriz. Buradan,

dir. Ayn1 sekilde

esitliginden,

elde edilir.

esitliginde (5.1) kullanildiginda,

(z+y)* = (2" +y)
zy =7'(z + 2’ +y)
vy =z’ + (o) + 2’y
elde edilir. Benzer sekilde,

Zr =2

esitliginde (5.2) kullanilirsa,

zx = (2 +x+a')a’
zx = 20’ + xa’ + (2')?
elde edilir.
!/

Yz =Yy=z
esitliginde (5.1) ve (5.2) kullanildiginda,

yz= (' +z+y)(z+z+2)
yz =2z +2'v+ (o) + w2+ 2® + w2’ +yz +yr +y2
0=a'2+ (2') + 2z +2° + yx + ya’
elde edilir.
xy + zx =2’y + 22

olup,
r(y+2)=2(y+2)

79

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
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dir. Burada y + z # 0 iken x = 2/ olup, y = ¢/ ve z = 2/ dir. Eger y + z = 0 (yani y = 2)

iken (5.1) ve (5.2) den 3/ = 2’ dir. (5.5) ten
v = (2' +x+y)°
olup
y=2+z+y
r =1
Dolayisiyla y = ¢’ ve z = 2’ diir. Benzer sekilde;
(;E2 +y2) — ((;C/)Q 4 (y/)Z)
esitligini,
22+ 2zy + 97 = (@) + 22y + (¢)?
olarak yazabiliriz. Buradan,
(@+y)’ =(@"+y)
z+y=2a+y
y=a+zty

dir. Ayn1 sekilde
esitliginden,
elde edilir.

esitliginde (5.1) kullanildiginda,
(x+y)* = (2" +¢)°

vy =a'(x+ 2 +y)

vy =z’ + (2')? + 2’y
elde edilir. Benzer sekilde,

wr =w'x
esitliginde (5.2) kullanilirsa,
wr = (w+z+ ')’

wr = wr' + xz’ + (2)?

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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elde edilir.

yw = y/w/

esitliginde (5.1) ve (5.2) kullanildiginda,

yw = (' +z+y)(w+z +2)
yw = r'w + o'z + (') + 2w + 2* + 22’ + yw + yr + ya’ (5.11)
0=2w+ (z') + 2w+ 2% + yz + ya’
elde edilir.
2y +wr =2y + w'a’
olup,
2(y +w) = 2'(y + w)

dir. Burada y + z # 0 iken z = 2/ olup, y = 3y’ ve w = w' dir. Eger y + w = 0 (yani y = w)
iken (5.1) ve (5.2) den 3/ = w' dir. (5.5) ten

v’ = (2 +z+y)?
olup

=z’ +x+
4 Y (5.12)

x=xa

elde edilir. Dolayisiyla y = ' ve w = w’ diir. Boylece 3 o ¥ doniisiimii birebirdir.

Teorem 5.16 PG(3,2) projektif uzaywn diizlemleri ) Veronesean doniigtimii ve (3 izdiigiimii
ile PG(8, 2) projektif uzaymmn bir tek projektif 5-uzay: tarafindan igerilir.

Ispat8 D, = [0,0,0,1] = {Na, Ny, N, Ng, N1g, N12, N4} noktalarindan olusur.
P,, P,, P, Py, Py, Py, P, noktalarmin  PG(8,2) projektif uzayinda gerdigi uzay
S1 = [a,b,c,d,e, f,g,h, k] olsun. Py, P,, Py, P, Py, Py, P, noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

a+b+g=
a+b+c=
ctd+e+g=
h—

a=
a+ct+e=
b+c+d=

o O O o o o o
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denklemleri elde edilir. Bu denklemlerden a = 0,0 = 0,c = 0,d = 0,e = 0,9 = 0 elde
edilir. O halde S, uzayt:
S1=10,0,0,0,0, f,0, h, k]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

Dy = 10,0,1,0] = {Ny, No, N3, Nig, N13, N1y, N15} noktalarindan olusur.
P, P,, Py, Py, Ps, P,,, Pls noktalarmin PG(8,2) projektif uzayinda gerdigi uzay
Sy = [a,b,c,d,e, f,g,h, k] olsun. P,, Py, P, Py, Pis, P\,, P|s noktalart uzayda yazilip

elemanter islemler yapilirsa,

CcC =
a =

a+c+h=

0
0
0
a+b= 0
a+b+c+d+f= 0
b+d= 0
btc+d+f4+h= 0

denklemleri elde edilir. Bu denklemlerden a = 0,b = 0,¢c = 0,d = 0,f = 0,h = 0 elde
edilir. O halde Sy uzayt:
Sy =10,0,0,0,e,0,9,0, k|

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

D; = 10,0,1,1] = {Ns, Nig, Ng, No, N11, N7, N14} noktalarindan olusur.
P, P, P, P, P, P;, P, noktalarimn PG(8,2) projektif uzayinda gerdigi uzay
Ss = [a,b,c,d, e, f, g, h, k] olsun. Py, Py, Py, Py, P\, P., Py, noktalart bu uzayda yazilip

elemanter islemler yapilirsa,

a+b+c=

a=

b+c+d=
b+c+k=
dte+f+g+h+k=
atbtc+g+htk=
at+e+ f+k=

o O o o o o o
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denklemleri elde edilir. Bu denklemlerden a = 0,d = 0,k = 0,b = c,e = f,qg = h elde
edilir. O halde S5 uzayt:
S3 = [O)b7 b707€7 6797970]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

Dy = 10,1,0,0] = {Ny, Nig, Nis5, N1g, N11, N5, Ny} noktalarindan olusur.

Py, P, P, Py, P, P., P, noktalarinmn PG(8,2) projektif uzayinda gerdigi uzay

Sy = [a,b,c,d,e, f,g,h, k] olsun. P|, P, Ps, Py, P,,, Ps, P, noktalar: bu uzayda yazilip
elemanter iglemler yapilirsa,

b= 0

a+b+c= 0

atct+e= 0

c= 0

a+b+f= 0

ate+f+k= 0

bt+c+k= 0

denklemleri elde edilir. Bu denklemlerden a = 0,0 = 0,c = 0,e = 0,f = 0,k = 0 elde

edilir. O halde S, uzay:
S4 = [ana 0>d7070797 h,O]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzayduwr.

Ds = 10,1,0,1] = {N4, N3, N7, N14, N1g, Ng, N13} noktalarindan olusur.

P,, Py, P, P, Py, Py, Pls noktalarimn PG(8,2) projektif uzayinda gerdigi uzay

Ss = [a,b,c,d,e, f,g,h, k] olsun. Py, Py, Py, P,,, Py, Py, P,3 noktalart bu uzayda yazilip
elemanter iglemler yapilirsa,

b= 0

a+c+h= 0

at+b+c+g+h+k= 0

at+c+e= 0

b+d+f+h= 0

d+e+f+g+h+k= 0

a+b+c= 0

denklemleri elde edilir. Bu denklemlerden a = c¢,b = 0,e = 0,h = 0,d = f,g = k elde

edilir. O halde S5 uzayt:
SS = [CL,O,CL7 d,O,d,g,O,g]
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bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

Ds = 0,1,1,0] = {Ny, Ng, N7, N14, N15, Ng, No} noktalarindan olusur.
P, P, P, P,,, Ps, Py, Py noktalarimn PG(8,2) projektif uzayinda gerdigi uzay
Ss = [a,b,c,d,e, f,g,h, k] olsun. P, Py, P,, P,,, Pis, Py, Py noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

c= 0
at+b+g= 0
a+b+ctg+htk= 0
a+b+c= 0
a+b+f= 0
c+d+e+g= 0
dte+f+g+h+k= 0

denklemleri elde edilir. Bu denklemlerden ¢ = 0,a = b, f = 0,9 = 0,d = e,h = k elde
edilir. O halde S¢ uzay:
Se¢ = la,a,0,d,d, 0,0, h,h|

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

D; = 1[0,1,1,1] = {Ns, N3, Ng, N14, N11, Ng, N13} noktalarindan olusur.
P, Py, P, Py, Py, Ps, Py noktalarmin  PG(8,2)  projektif uzayinda gerdigi uzay
S; = [a,b,c,d,e, f,g,h, k] olsun. P, Py, Py, Py, P, P, Ps noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

b+c+k=
a+c+h=
a+b+g=

ate+ f+k=
ctd+e+g=

0
0
0
a+b+c= 0
0
0
b+d+f+h= 0

denklemleri elde edilir. Bu denklemlerden a = b+ c,a = k,b = h,c = g,d = f = g elde
edilir. O halde S; uzayt:

Sy =1[b+e¢b,c,ddd b b+ |

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzayduwr.
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Ds = [1,0,0,0] = {Ny, No, N3, Ny, N5, Ng, N7} noktalarindan olusur.
P, P,, P, P, Py, P;, P, noktalarimn  PG(8,2) projektif uzayimda gerdigi uzay
Ss = [a,b,c,d,e, f,q,h, k| olsun. P{,PQ’,P?;,PQ,P;,P(;,P; noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

c= 0

=0

b+c+k= 0

a= 0

a+c+h= 0
a+b+g= 0
at+b+ctgt+h+k= 0

denklemleri elde edilir. Bu denklemlerden a = 0,b = 0,c = 0,9 = 0,h = 0,k = 0 elde
edilir. O halde Sg uzayt:
SS - [070707d7€7f707070]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

Dy = 1[1,0,0,1] = {N4, No, Ng, N15, N11, N13, No} noktalarindan olusur.
P,, P,, Py, Ps, P,,, Ps, P, noktalarimn PG(8,2) projektif uzayinda gerdigi uzay
Sy = la,b,c,d, e, f,g,h, k] olsun. Py, Py, Ps, P,s, Py, P|3, Py noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

h—
0=

a+b+g=

a+b+ f=
ate+ f+k=
d+e’ +g+h+k=
b+d+ f+h=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden a = 0,b = 0,f = 0,9 = 0,e = k,d = h elde
edilir. O halde Sy uzay::
So =10,0,¢,d,e,0,0,d, ]

bigiminde olup, PG(8, 2) projektif uzayinda bir projektif 5-uzaydur.

Dy = [1,0,1,0] = {Ni, Ny, N3, Ng, Ng, N1o, N11} noktalarindan olusur.
P{,PQ/,P:;,PE;,PS;,P{O,P{ noktalarmin  PG(8,2) projektif uzaymmda gerdigi  uzay
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Sio = la,b,c,d,e, f,g,h, k] olsun. P,, Py, Py, Py, Py, Py, P, noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

a=
c=

a+c+h=
atct+e=

at+e+ f+k=
ctd+e+g=
d+e+f+g+h+k=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden a = 0,b = 0,h = 0,e = 0, f = k,d = g elde
edilir. O halde Sy uzayt:
SlO — [Oab7o>d>07f7d707f]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydir.

Dy = [1,0,1,1] = {Ns, Ni5, Ni3, N1o, Ns, N5, N7} noktalarindan olusur.
P, P|s, Pys, Piy, PS, Py, P, noktalarimin  PG(8,2) projektif uzayinda gerdigi uzay
S = la,b,e,de, f, g, h, k] olsun. P2/, P1/5,P1/3,P1,0, Pé, Pé,P% noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

a =
a+b+ f=
b+d+f+g=
a+ct+e=
ctd+e+g=
b+c+k=
at+bt+ct+gt+h+k=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden a = 0,b = f,c = e,d = g = h,k = b+ c elde
edilir. O halde Sy, uzayt:
Sll = [O)ba ¢, d7 ¢, b) d7 dab + C]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.
Dy, = [1,1,0,0] = {Ny, Ny, N5, N1, N13, Ng, No} noktalarindan olusur.

Py, P,, P, Py, P3, Py, Py noktalarimn  PG(8,2) projektif uzayinda gerdigi uzay
Siy = [a,b,c,d,e, f,g,h, k] olsun. P,, P,, P, Py, Ps, P, Py noktalart bu uzayda yazilip
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elemanter iglemler yapilirsa,

c=
b=

b+c+k=

b+c+d=
bt+d+f+h=
ctd+e+g=
dte+f+4+g+h+k=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden b = 0,¢c = 0,d = 0,k = 0, f = h,e = g elde
edilir. O halde S15 uzayt:
512 = [a707070767f767f70]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

D3 = [1,1,0,1] = {Ny4, N3, N7, Ni5, N11, Ng, N2} noktalarindan olusur.
P,, P, P, P,s, P, P, P, noktalarimn PG(8,2) projektif uzayinda gerdigi uzay
Sis = [a,b,¢,d,e, f,g,h, k| olsun. Py, Py, P, Pis, P, P%, P,y noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

b=

a+c+h=
at+b+ct+g+h+k=
a+b+ f=

ate+ f+k=
ctd+et+g=
b+c+d=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden b = 0,c =d,a = f,e=k =g, f,h = a+ celde
edilir. O halde S13 uzayt:

Si3 = [a,0,¢,c,e,a,e,a+ ¢, €
bigiminde olup, PG(8, 2) projektif uzayinda bir projektif 5-uzayduwr.
Dy = [1,1,1,0] = {Ni, Ng, N7, Nig, N11, N1a, N13} noktalarindan olusur.

Py, Ps, P, Py, P,,, Py, Pl noktalarimn PG(8,2) projektif uzayinda gerdigi uzay
Sia = [a,b,¢,d, e, f, g, h, k] olsun. P, Py, P, Py, Py, Py, P noktalar: bu uzayda yazilip
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elemanter iglemler yapilirsa,

c=
a+b+g=
at+bt+ct+gt+h+k=
atct+e=

ate+ f+k=
b+c+d=
b+d+f+h=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden c = 0,a =e,b=d,f =h =k, f,g =a+ belde
edilir. O halde S14 uzayt:

Sl4: [a>b707b7a7f7a+b7f7f]

bigiminde olup, PG (8, 2) projektif uzayinda bir projektif 5-uzaydur.

Dis = [1,1,1,1] = {Ng, Nia, Nig, N15, No, N3, N5} noktalarindan olusur.
P}, Py, Py, Pis, Py, Py, P, noktalarimin  PG(8,2) projektif uzayinda gerdigi uzay
Sis = [a,b,¢,d, e, f,g,h, k] olsun. P, Py, Pyy, Pis, Py, Py, Ps noktalart bu uzayda yazilip

elemanter iglemler yapilirsa,

a+b+g=
b+c+d=
a+ct+e=
at+b+ f=
d+e+f+g+h+k=
a+c+h=
b+c+k=

o O o o o o o

denklemleri elde edilir. Bu denklemlerden a = b+¢g,b = c+d,c = a+e, f =g, d=k,e =h
elde edilir. O halde S15 uzayt:

515 = [b—i—g,c—i—d,a—i—e,d,e,f,f,e,d]
bigiminde olup, PG(8, 2) projektif uzayinda bir projektif 5-uzayduwr.

Teorem 5.17 PG(3,2) projektif uzayinda bir dogru boyunca kesisen ii¢ diizlemin Kuadrik
Veroneseaninn izdiisiimii olarak elde edilen PG (8, 2) projektif uzayindaki 5-uzaylar kuadrik
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Veroneseanin dogrusal olmayan ii¢ noktasinda (Koniginde) kesisirler. Kesisim noktalar
diizlemlerin PG (3,2) projektif uzayinda kesistikleri dogru iizerindeki noktalarin kuadrik

Veroneseanlarimin (3 izdiistimii altindaki goriintiileridir.

Ispat9 PG(3,2) projektif uzayinda D, Dy, Dy diizlemleri Ly = {Ny, Ny, N5} dogrusu
boyunca kesisir. Dy, Dg, D1y diizlemlerinin kuadrik Veroneseamin [ izdiistiimii altindaki
goriintiileri  olan Sy, Ss,S12  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (0,1,0,0,0,0,0,0,0), (0,1,1,0,0,0,0,0,1) noktalarinda kesisir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), P, =  (0,1,0,0,0,0,0,0,0),
P, = (0,1,1,0,0,0,0,0, 1) noktalart olup, bu noktalar L, dogrusu iizerindeki Ny, Ny, Ns

noktalarmmin Kuadrik Veroneseann 3 izdiisiimii altindaki gériintiileridir.

PG(3,2) projektif uzayinda Dy, Dg, Dy diizlemleri Ly = {Ny, Na, N3} dogrusu
boyunca kesigir. Dy, Dy, D1 diizlemlerinin kuadrik Veroneseamin [ izdiistiimii altindaki
goriintiileri  olan S, Ss, S0 projektif  5-uzaylari, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (1,0,0,0,0,0,0,0,0), (1,0,1,0,0,0,0,1,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), P, =  (1,0,0,0,0,0,0,0,0),
P, = (1,0,1,0,0,0,0,1,0) noktalar: olup, bu noktalar Ly dogrusu iizerindeki Ny, Ny, N3

noktalarmmin Kuadrik Veroneseanin 3 izdiisiimii altindaki gériintiileridir.

PG(3,2) projektif uzayinda Dg, Ds, D14 diizlemleri Ly = {Ny, Ng, N7} dogrusu
boyunca kesisir. Dg, Dg, D4 diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan  Sg, Ss, S14  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (1,1,0,0,0,0,1,0,0), (1,1,1,0,0,0,1,1,1) noktalarinda kesisir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), P; = (1,1,0,0,0,0,1,0,0),
P, = (1,1,1,0,0,0,1,1, 1) noktalar: olup, bu noktalar Ls dogrusu iizerindeki Ny, Ng, Ny

noktalarvmin Kuadrik Veroneseann 3 izdiistimii altindaki gériintiileridir.

PG(3,2) projektif uzayinda Do, Dy, D¢ diizlemleri Ly = {Ni, N1y, N15} dogrusu
boyunca kesisiv. Do, Dy, D¢ diizlemlerinin kuadrik Veroneseamn [ izdiisiimii altindaki
goriintiileri  olan Sy, Sy, S¢  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (1,0,0,0,0,0,0,0,0), (1,1,0,0,0,1,0,0,0) noktalarinda kesigir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), P, = (1,1,1,0,0,0,0,0,0),

pP; = (1,1,0,0,0,1,0,0,0) noktalar: olup, bu noktalar L, dogrusu iizerindeki

Ny, N1y, Ni5 noktalarimin Kuadrik Veroneseanin (3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D1y, D14 diizlemleri Ly = { N, Nig, N11} dogrusu

boyunca kesisir. Dy, Do, D14 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
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goriintiileri  olan Sy, S19, 514 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (1,0,1,0,1,0,0,0,0), (1,0,0,0,1,1,0,0,1) noktalarinda kesisir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), P, = (1,0,1,0,1,0,0,0,0),

P, = (1,0,0,0,1,1,0,0,1) noktalar: olup, bu noktalar Ls dogrusu iizerindeki

Ny, Nyg, N1y noktalarimin Kuadrik Veroneseanin (3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D1, D14 diizlemleri L = { Ny, N1, N13} dogrusu
boyunca kesisir. Dy, D15, D4 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan Sy, S12, 514  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (0,1,1,1,0,0,0,0,0), (0,1,0,1,0,1,0,1,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), P, = (0,1,1,1,0,0,0,0,0),

P, = 1(0,1,0,1,0,1,0,1,0) noktalar: olup, bu noktalar L¢ dogrusu iizerindeki

N1, N1o, N13 noktalarinmin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dg, Dy, D1y diizlemleri Ly = {Ny, Ng, No} dogrusu
boyunca kesisir. Dg, Do, D15 diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan  Sg, S10, S12  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,0,1,0,0,0,0,0,0), (0,0,1,1,1,0,1,0,0), (0,0,0,1,1,1,1,1,1) noktalarinda kesisir.
Bu noktalar, P, =  (0,0,1,0,0,0,0,0,0), Py =  (0,0,1,1,1,0,1,0,0),
P, = (0,0,0,1,1,1,1,1, 1) noktalar: olup, bu noktalar L, dogrusu iizerindeki Ny, Ng, Ny

noktalarmmin Kuadrik Veroneseanin 3 izdiisiimii altindaki gériintiileridir.

PG(3,2) projektif uzayinda Dy, Ds, Dy diizlemleri Ly = {Ny, Ny, Ng} dogrusu
boyunca kesisir. Dy, Dg, Dy diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan Sy, Ss, Sy  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,0,0,0,0,0,0,0), (0,1,0,0,0,0,0,0,0), (1,1,0,0,0,0,1,0,0) noktalarinda kesisir.
Bu noktala, P, =  (1,0,0,0,0,0,0,0,0), P, =  (0,1,0,0,0,0,0,0,0),
P, = (1,1,0,0,0,0,1,0,0) noktalar: olup, bu noktalar Ls dogrusu iizerindeki Ny, Ny, Ng

noktalarimin Kuadrik Veroneseanin [3 izdiisiimii altindaki gériintiileridir.

PG(3,2) projektif uzayinda Ds, Ds, D13 diizlemleri Ly = {Ns, Ny, N7} dogrusu
boyunca kesisir. D5, Dg, D13 diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan  Ss,Sg,S13  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,1,0,0,0,0,0,0,0), (1,1,1,0,0,0,1,1,1) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,1,0,0,0,0,1,0), P, =  (0,1,0,0,0,0,0,0,0),
P, = (1,1,1,0,0,0,1,1,1) noktalar: olup, bu noktalar Ly dogrusu iizerindeki N3, N, Ny

noktalarmmin Kuadrik Veroneseanin 3 izdiistimii altindaki gériintiileridir.
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PG(3,2) projektif uzayinda D+, Dy, D5 diizlemleri L1y = { Ny, N1, N14} dogrusu
boyunca kesisir. Dy, Dy, D5 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan  S1,S4,Ss  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,1,0,0,0,0,0,0,0), (1,0,1,0,1,0,0,0,0), (1,1,1,0,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,1,0,0,0,0,0,0,0), P, = (1,0,1,0,1,0,0,0,0),

P, = (1,1,1,0,0,0,0,0,0) noktalari olup, bu noktalar Ly dogrusu iizerindeki

Ny, Nyg, N14 noktalarimin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, Dy, D13 diizlemleri L1y = {Ny, N11, N15} dogrusu
boyunca kesisir. Dy, Dy, D13 diizlemlerinin kuadrik Veroneseamn [ izdiistimii altindaki
goriintiileri  olan Sy, Sy, S13  projektif  5-uzaylar, PG(8,2) projektif uzayinda
(0,1,0,0,0,0,0,0,0), (1,0,0,0,1,1,0,0,1), (1,1,0,0,0,1,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,1,0,0,0,0,0,0,0), P, = (1,0,0,0,1,1,0,0,1),

P, = (1,1,0,0,0,1,0,0,0) noktalar: olup, bu noktalar Ly, dogrusu iizerindeki

Ny, N11, N15 noktalarinmin Kuadrik Veroneseanin (3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Ds, Dy, D1o diizlemleri L1y = {Ny, Ng, N13} dogrusu
boyunca kesisir. D5, Dy, D15 diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan S5, Sy, S12  projektif 5-uzaylari, PG(8,2) projektif uzayinda
(0,1,0,0,0,0,0,0,0), (0,0,0,1,1,1,1,1,1), (0,1,0,1,0,1,0,1,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,1,0,0,0,0,0,0,0), P, =  (0,0,0,1,1,1,1,1,1),

P, = 1(0,1,0,1,0,1,0,1,0) noktalari olup, bu noktalar L.y dogrusu iizerindeki

Ny, Ng, N13 noktalarinin Kuadrik Veroneseanmin ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D1y, D13 diizlemleri L3 = {Ny, Ng, N12} dogrusu
boyunca kesisiv. D1, D15, D13 diizlemlerinin kuadrik Veroneseamn [ izdiisiimii altindaki
goriintiileri  olan Sy, S12, 513 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,1,0,0,0,0,0,0,0), (0,0,1,1,1,0,1,0,0), (0,1,1,1,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,1,0,0,0,0,0,0,0), P, =  (0,0,1,1,1,0,1,0,0),

P, = 1(0,1,1,1,0,0,0,0,0) noktalari olup, bu noktalar L3 dogrusu iizerindeki

Ny, Ng, N1o noktalarinin Kuadrik Veroneseanin ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda D3, Dg, D1y diizlemleri L4 = {Ny, N5, N;} dogrusu
boyunca kesisir. D3, Dg, Dy, diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan  Ss, Ss,S11  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(1,0,0,0,0,0,0,0,0), (0,1,1,0,0,0,0,0,1), ((1,1,1,0,0,0,1,1,1) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,0,0,0,0,0,0,0), P, = (0,1,1,0,0,0,0,0,1),
P, = (1,1,1,0,0,0,1,1, 1) noktalart olup, bu noktalar L4 dogrusu iizerindeki Ny, N5, Ny

noktalarimin Kuadrik Veroneseanin [3 izdiistimii altindaki gériintiileridir.
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PG(3,2) projektif uzayinda Dy, Dg, D15 diizlemleri L5 = {Ns, N5, Ng} dogrusu
boyunca kesisir. D7, Dg, D15 diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan Sy, Sg,S15  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,1,1,0,0,0,0,0,1), (1,1,1,0,0,0,1,1,1) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,1,0,0,0,0,1,0), P, =  (0,1,1,0,0,0,0,0,1),
P, = (1,1,0,0,0,0,1,0,0) noktalart olup, bu noktalar L5 dogrusu iizerindeki N3, N5, Ng

noktalarmmin Kuadrik Veroneseann 3 izdiistimii altindaki gériintiileridir.

PG(3,2) projektif uzayinda D3, Dy, D7 diizlemleri L1g = {Ns, N11, N14} dogrusu
boyunca kesisir. D3, Dy, Dy diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan  Ss, Sy, S; projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,1,1,0,0,0,0,0,1), (1,0,0,0,1,1,0,0,1), (1,1,1,0,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,1,1,0,0,0,0,0,1), P, = (1,0,0,0,1,1,0,0,1),

P, = (1,1,1,0,0,0,0,0,0) noktalari olup, bu noktalar Lis dogrusu iizerindeki

N5, N1y, N1y noktalarimin Kuadrik Veroneseanin (3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D11, D15 diizlemleri Li; = { Ny, N1o, N15} dogrusu
boyunca kesisir. Dy, D11, D15 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan Sy, S11, 515 projektif 5-uzaylar,, PG(8,2) projektif uzayinda
(0,1,1,0,0,0,0,0,1), (1,0,1,0,1,0,0,0,0), (1,1,0,0,0,1,0,0,0) noktalarinda kesisir.
Bu noktalar, P} = (0,1,1,0,0,0,0,0,1), Py, = (1,0,1,0,1,0,0,0,0),

P, = (1,1,0,0,0,1,0,0,0) noktalari olup, bu noktalar L.; dogrusu iizerindeki

N5, N1o, N15 noktalarimin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda D3, D13, D5 diizlemleri Lig = { N5, Ng, N12} dogrusu
boyunca kesisiv. D3, Do, D15 diizlemlerinin kuadrik Veroneseamn [ izdiisiimii altindaki
goriintiileri  olan  Ss,S12, 515 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,1,1,1,0,0,0,0,0), (1,1,0,0,0,1,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,1,0,0,0,0,1,0), P, =  (0,1,1,1,0,0,0,0,0),

P, = (1,1,0,0,0,1,0,0,0) noktalart olup, bu noktalar Ly dogrusu iizerindeki

N5, Ng, N1o noktalarinin Kuadrik Veroneseann ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D11, D1y diizlemleri Lig = {Ns, Ng, N13} dogrusu
boyunca kesisir. D7, D11, D1y diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan S, S17, 512 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(0,1,1,0,0,0,0,0,1), (0,0,1,1,1,0,1,0,0), (0,1,0,1,0,1,0,1,0) noktalarinda kesisir.
Bu noktalar, P, =  (0,1,1,0,0,0,0,0,1), P, =  (0,0,1,1,1,0,1,0,0),
P, = (0,1,0,1,0,1,0,1,0) noktalar:i olup, bu noktalar L.y dogrusu iizerindeki

N5, Ng, N13 noktalarinin Kuadrik Veroneseanin ( izdiisiimii altindaki goriintiileridir.
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PG(3,2) projektif uzayinda D+, Dy, D3 diizlemleri Loy = { N2, N1a, N14} dogrusu
boyunca kesisir. Dy, Dy, D3 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan  Sy,S5,Ss  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,0,0,0,0,0,0,0), (0,1,1,1,0,0,0,0,0), (1,1,1,0,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,0,0,0,0,0,0,0), P, = (0,1,1,1,0,0,0,0,0),

P, = (1,1,1,0,0,0,0,0,0) noktalari olup, bu noktalar Loy dogrusu iizerindeki

N, N1o, N1y noktalarimin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, Dy, D11 diizlemleri Ly; = { Ny, Ni3, N15} dogrusu
boyunca kesisir. D1, Do, Dy, diizlemlerinin kuadrik Veroneseamn [ izdiistimii altindaki
goriintiileri  olan  S3, Sy, S11  projektif  5-uzaylar, PG(8,2) projektif uzayinda
(1,0,0,0,0,0,0,0,0), (0,1,0,1,0,1,0,1,0), (1,1,0,0,0,1,0,0,0) noktalarinda kesisir.
Bu noktalar, P, = (1,0,0,0,0,0,0,0,0), P, = (0,1,0,1,0,1,0,1,0),

P, = (1,1,0,0,0,1,0,0,0) noktalar: olup, bu noktalar Loy dogrusu iizerindeki

N, Ny3, N15 noktalarimin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D1y, D1 diizlemleri Lo = { Ny, N13, N15} dogrusu
boyunca kesisir. Dy, Do, D1y diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan Sy, S10, 511 projektif 5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,0,0,0,0,0,0,0), (0,0,1,1,1,0,1,0,0), (1,0,1,0,1,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,0,0,0,0,0,0,0), Py =  (0,0,1,1,1,0,1,0,0),

P, = 1(1,0,1,0,1,0,0,0,0) noktalari olup, bu noktalar Loy dogrusu iizerindeki

N, Ng, Nyg noktalarinin Kuadrik Veroneseanin ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda D3, Do, Dyg diizlemleri Loz = { N3, Ng, N11} dogrusu
boyunca kesisir. D3, Dy, D1y diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan  Ss3, Sy, S10  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(1,0,0,0,0,0,0,0,0), (0,0,0,1,1,1,1,1,1), (1,0,0,0,1,1,0,0,1) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,0,0,0,0,0,0,0), P, =  (0,0,0,1,1,1,1,1,1),

P, = 1(1,0,0,0,1,1,0,0,1) noktalari olup, bu noktalar Lo3 dogrusu iizerindeki

Ny, Ng, Ny, noktalarinmin Kuadrik Veroneseanin ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D1y, D13 diizlemleri Loy = { N3, Ng, N11} dogrusu
boyunca kesisir. D7, Do, D13 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan S, S10, 513  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,0,1,1,1,0,1,0,0), (1,0,0,0,1,1,0,0,1) noktalarinda kesisir.
Bu noktalar, P; =  (1,0,1,0,0,0,0,1,0), P, =  (0,0,1,1,1,0,1,0,0),
P, = (1,0,0,0,1,1,0,0,1) noktalar: olup, bu noktalar Ly, dogrusu iizerindeki

N3, Ng, N1y noktalarinin Kuadrik Veroneseanin ( izdiisiimii altindaki goriintiileridir.
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PG(3,2) projektif uzayinda Dy, Dy, D13 diizlemleri Los = { N3, N13, N14} dogrusu
boyunca kesisir. D7, D1g, D13 diizlemlerinin kuadrik Veroneseanmin [ izdiisiimii altindaki
goriintiileri  olan  S7,S10, 513 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,1,0,1,0,1,0,1,0), (1,1,1,0,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,1,0,0,0,0,1,0), P, =  (0,1,0,1,0,1,0,1,0),

P, = (1,1,1,0,0,0,0,0,0) noktalart olup, bu noktalar Los dogrusu iizerindeki

N3, Ny3, N4 noktalarimin Kuadrik Veroneseanin (3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzaymmda Dy, D13, D15 diizlemleri Log = { N3, N12, N15} dogrusu
boyunca kesisir. Dy, D13, D15 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan Sy, S13, 515 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,1,1,1,0,0,0,0,0), (1,1,0,0,0,1,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,1,0,0,0,0,1,0), P, = (0,1,1,1,0,0,0,0,0),

P, = (1,1,0,0,0,1,0,0,0) noktalart olup, bu noktalar Log dogrusu iizerindeki

Nj, Nyo, N15 noktalarinmin Kuadrik Veroneseanin (3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Ds, D1y, D15 diizlemleri Loy = { N3, Ng, N1o} dogrusu
boyunca kesisir. Ds, Do, D15 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan S5, S10, S15  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,0,1,0,0,0,0,1,0), (0,0,0,1,1,1,1,1,1), (1,0,1,0,1,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,0,1,0,0,0,0,1,0), P, =  (0,0,0,1,1,1,1,1,1),

P, = (1,0,1,0,1,0,0,0,0) noktalari olup, bu noktalar Loy dogrusu iizerindeki

N3, Ng, N1g noktalarimin Kuadrik Veroneseanin ( izdiistiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda D., D¢, D7 diizlemleri Los = {Ng, Ng, N14} dogrusu
boyunca kesisiv. D1, Dg, D7 diizlemlerinin kuadrik Veroneseamn [ izdiisiimii altindaki
goriintiileri  olan Sy, Sg,S; projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,1,0,0,0,0,1,0,0), (0,0,1,1,1,0,1,0,0), (1,1,1,0,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P; =  (1,1,0,0,0,0,1,0,0), Py =  (0,0,1,1,1,0,1,0,0),

P, = (1,1,1,0,0,0,0,0,0) noktalari olup, bu noktalar Lo dogrusu iizerindeki

Ng, Ng, N4 noktalarinin Kuadrik Veroneseanmin ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dy, D1y, D15 diizlemleri Lag = {Ng, N1o, N12} dogrusu
boyunca kesisir. Dy, D14, D15 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan Sy, S14, 515 projektif 5-uzaylar,, PG(8,2) projektif uzayinda
(1,1,0,0,0,0,1,0,0), (1,0,1,0,1,0,0,0,0), (0,1,1,1,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,1,0,0,0,0,1,0,0), P, =  (1,0,1,0,1,0,0,0,0),
P, = (0,1,1,1,0,0,0,0,0) noktalari olup, bu noktalar Ly dogrusu iizerindeki

Ng, N1o, N1o noktalarinin Kuadrik Veroneseanin B izdiistimii altindaki goriintiileridir.
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PG(3,2) projektif uzayinda Dg, Dy, D15 diizlemleri Ly = {Ng, No, N15} dogrusu
boyunca kesisir. Dg, Dy, D15 diizlemlerinin kuadrik Veroneseamin [ izdiistiimii altindaki
goriintiileri  olan  Sg, Sy, S15  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(1,1,0,0,0,0,1,0,0), (1,0,1,0,1,0,0,0,0), (1,1,0,0,0,1,0,0,0) noktalarinda kesisir.
Bu noktalar, P; =  (1,1,0,0,0,0,1,0,0), P, =  (0,0,0,1,1,1,1,1,1),

P, = (1,1,0,0,0,1,0,0,0) noktalar: olup, bu noktalar Ls, dogrusu iizerindeki

Ng, Ng, N15 noktalarimin Kuadrik Veroneseanin ( izdiistiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda Dg, Dy, D15 diizlemleri Ly; = {Ng, N11, N13} dogrusu
boyunca kesisir. Dg, Dy, D15 diizlemlerinin kuadrik Veroneseamn [ izdiistimii altindaki
goriintiileri  olan  Sg, Sy, S15  projektif  5-uzaylari, PG(8,2) projektif uzayinda
(1,1,0,0,0,0,1,0,0), (1,0,0,0,1,1,0,0,1), (0,1,0,1,0,1,0,1,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,1,0,0,0,0,1,0,0), P, = (1,0,0,0,1,1,0,0,1),

P, = 1(0,1,0,1,0,1,0,1,0) noktalart olup, bu noktalar Ls dogrusu iizerindeki

Ng, N11, N13 noktalarinin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda D3, Ds, Dg diizlemleri Lss = {N7, Ng, N14} dogrusu
boyunca kesisir. Ds, D5, Dy diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan  Ss,Ss5,S¢  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,1,1,0,0,0,1,1,1), (0,0,0,1,1,1,1,1,1), (1,1,1,0,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, = (1,1,1,0,0,0,1,1,1), P, = (0,0,0,1,1,1,1,1, 1),

P, = (1,1,1,0,0,0,0,0,0) noktalart olup, bu noktalar Lsy dogrusu iizerindeki

N7, Ng, N4 noktalarimin Kuadrik Veroneseanin ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayinda D3, D13, D14 diizlemleri Lss = { N7, Ng, N14} dogrusu
boyunca kesisiv. D3, D13, D14 diizlemlerinin kuadrik Veroneseamn [ izdiisiimii altindaki
goriintiileri  olan  Ss,S13, 514  projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,1,1,0,0,0,1,1,1), (1,0,0,0,1,1,0,0,1), (0,1,1,1,0,0,0,0,0) noktalarinda kesisir.
Bu noktalar, P, = (1,1,1,0,0,0,1,1,1), P, =  (1,0,0,0,1,1,0,0,1),

P, = 1(0,1,1,1,0,0,0,0,0) noktalari olup, bu noktalar Ls3 dogrusu iizerindeki

N7, Ng, N4 noktalarinin Kuadrik Veroneseanmn ( izdiisiimii altindaki goriintiileridir.

PG(3,2) projektif uzayida Dy, D11, D14 diizlemleri Lz, = { N7, N1o, N13} dogrusu
boyunca kesisir. D5, D11, D4 diizlemlerinin kuadrik Veroneseanin [ izdiisiimii altindaki
goriintiileri  olan S5, S11, 514 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,1,1,0,0,0,1,1,1), (1,0,1,0,1,0,0,0,0), (0,1,0,1,0,1,0,1,0) noktalarinda kesisir.
Bu noktalar, P, =  (1,1,1,0,0,0,1,1,1), P, = (1,0,1,0,1,0,0,0,0),
P, = (0,1,0,1,0,1,0,1,0) noktalari olup, bu noktalar Lz, dogrusu iizerindeki

N7, N1o, N13 noktalarinin Kuadrik Veroneseanin B izdiistimii altindaki goriintiileridir.
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PG(3,2) projektif uzayinda Dg, D11, D13 diizlemleri Lys = { N7, Ng, N15} dogrusu
boyunca kesisir. Dg, D11, D13 diizlemlerinin kuadrik Veroneseamin [ izdiisiimii altindaki
goriintiileri  olan  Sg,S11, 513 projektif  5-uzaylar,, PG(8,2) projektif uzayinda
(1,1,1,0,0,0,1,1,1), (0,0,1,1,1,0,1,0,0), (11,0,0,0,1,0,0,0) noktalarinda kesisir. Bu
noktalar, P, = (1,1,1,0,0,0,1,1,1), Pq = (0,0,1,1,1,0,1,0,0),
Py = (11,0,0,0,1,0,0,0) noktalart olup, bu noktalar Lss dogrusu iizerindeki N7, Ng, Ny5

noktalarmmin Kuadrik Veroneseanin 3 izdiistimii altindaki goriintiileridir.

Sonug olarak GF'(2) Galois cismi tizerinde, PG(3,2) projektif uzayinin her bir dogrusu
tizerindeki noktalar kiimesini PG(9,2) projektif uzaymin diizlemsel noktalar kiimesine
esleyen, diizlemsel noktalar1 projektif 5-uzaylara esleyen, PG(3,2) projektif uzayindan
PG(9,2) projektif uzayma tanimli Veronesean déniisimiin gérintiisit PG(9,2) projektif
uzaymi Uretir. PG(9,2) projektif uzaymndaki PG(3,2) projektif uzaymm Kuadrik
Veroneseanlar1 ile PG(9,2) projektif uzaymin Veroneseanlarla iiretilen altuzaylarinin
izdiigimleri arasinda iliski kullanilarak PG(8,2) projektif uzayindaki PG(3,2) projektif

uzay1 gomiilii olarak elde edilmistir.
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6. MATERYAL VE YONTEM

6.1 Materyal

Bir F cismi koordinatlanan projektif uzaylarin ve bu uzaylarin alt uzaylarinin daha ytiksek
boyutlu uzaylara gémiilmesinde ve SCID(n,k) geometrik yapilarinin elde edilmesinde
Kuadrik Veronesean doniisiim, Kiibik Veronesean doniisiim, Pliicker koordinatlari,

Grassmann koordinatlar1 ve Klein dontistimii kullanilmistir.

6.2 Yontem

Veronesean Kuadrik doniisiim, Veronesean Kiibik doniisiim, Pliicker koordinatlari,
Grassmann koordinatlart ve Klein Kuadrik ve Klein doniisiimii altinda elde edilen
geometrik yapilar incelenirken Wolfram Mathematica yazilimi kullanigmistir. Yine elde
edilen bu yapilarda kesisim, birlesim, ilizerinde bulunma bagmtilari arastirilirken Wolfram

Mathematica yazilimidan faydalanilmistir.
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7. BULGULAR VE TARTISMA

Bu boliime kadar bir F cismi ile koordinatlanan Projektif uzaylar ve bu uzaylarin alt
uzaylarimin ve arklariin Kuadrik Veronesen, Kiibik Veronesean doniistimii altindaki goriintii
uzaylar1 ve bu goriintii uzaylarinin geometrik yapilarindan bahsedilmistir. Boylece bu yapilar

hakkinda detayl1 bir inceleme yapilmistir.

Daha 6nce yapilan ¢alismalar incelendiginde Kuadrik Veronesean kullanilarak bir P
projektif diizlemimin bir projektif 5-uzaya gémiilmesi, PG(3, ¢) projektif uzayinin PG(5, q)

projektif uzayina gémiilmesinin ilging geometrik yapilar olusturdugu goriilmiistiir.

Bu caligmada da bir F cismi ile koordinatlanan projektif uzaylar ve bu uzaylarin alt
uzaylarinin ve arklarinin Kuadrik Veronesen, Kiibik Veronesean doniistimler altindaki
goriintli uzaylari ve bu goriintii uzaylarinin geometrik yapilar1 SC1D(n, k) ve Klein kiime

kavramlart ile iligkilendirilmis ve yeni sonuglar elde edilmistir.
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8. SONUC VE ONERILER

Sonug olarak bu tezde projektif uzaylarin ve bu uzaylarin bazi alt uzaylarinin kuadrik
ve kiibik Klein ve Veronesean doniisiimlerle daha iist boyutlu uzaylara gémiilmesi ile elde
edilen geometrik yapilarin 6zellikleri incelenmistir.

PG(3, 2) projektif uzaymin Klein kuadrik ile PG(5, 2) projektif uzayma gémiilmesi
ile elde edilen SC'I1D(2,0) yapilar1 geometrik yapilari elde edilmistir.

Klein kuadrik {izerinde bulunan « ve [ diizlemleri incelenmis, bu diizlemlerin
Grassmann koordinatlar1 kullanilarak elde edilen yapilar incelenmistir. Yine Klein kiime

tanimi1 kullanilarak bazi projektif uzaylarda Klein kiime yapilar1 bulunmustur.

Kuadrik Veronesean ve Kiibik Veronesean doniigiimleri kullanilarak, projektif
uzaylar, projektif diizlemler, dogrular ve diizlemlerin 4-arklar1 {ist boyutlu uzaylara
gbémiilmiis ve burada elde edilen SCID(n, k) yapilari incelenmigtir. Kuadrik Veronesean
doniigiim kullanilarak ve kuadrik Veroneseanlarin izdiistimleri kullanilarak P(3, 2) projektif
uzayl, PG(8,2) projektif uzayma goimiilmiis ve buradaki yeni dogru, nokta yapilari

belirlenmistir.

Ozetlemek gerekirse, bu tezde bir cisimle koordinatlanan projektif uzaylarin alt
uzaylarmin ve 4-arklarinin kuadrik Veronesean, Kiibik Veronesean, Klein Kuadrik ve
Grassmann koordinatlari altinda gomiilmeleri elde edilmis ve SCID(n, k) yapilar
incelenmistir. Klein kiimeler ve SCID(n,k) yapilart kullanilarak bir projektif uzay
icierisinde geometrik yapilar (Ornegin Fano diizlemi) elde edilebilir.
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EK ACIKLAMALAR

EKk Aciklamalar A

t2 +t + 1 = 0 olmak iizere, PG(5,4) Projektif uzayinda Klein Kuadrik iizerinde bulunan
noktalar;

1.(0,0,0,0,1,0)
5.(0,0,0,¢,1,0)
9.(0,0,1,0,t%,0)
13.(0,0,1,¢%,¢,0)
17.(0,0,1,1,¢%0)
21.(0,0,1,¢,t,0)
25.(0,0,0,0,£2,1)
29.(1,0,0,0,¢2,1)
33.(1,0,0,0,#2,0)
37.(1,0,0,0, 2, t?)
41.(1,0,0,0,t%,t)
5.(0,0,0,1,¢%,1)
9.(1,0,1,1,0,1)
3.(1,0,1,0,0,0)
57.(1,0,1,¢2 ¢, %)
61.(1,0,1,¢,t,t)
65.(0,0,0,¢,t* 1)
69.(1,0,¢,¢,1,1)
73.(1,0,¢,0,t,0)
77.(1,0,¢,1,1,2)
81.(1,0,¢,t%1,t)
85.(0,0,0,1,1,¢)
89.(1,0,t%t%,0,1
93.(1,0,£2,0,1,0
97.(1,0,t,¢,0, ¢
101.(1,0,¢%,1,0,¢
105.(0,1,0,¢%,0,1
109.(0,1,0,¢%,0,0

~_ ~—

~— ~—— —

2.(0,0,0,1,0,0)
6.(0,0,1,1,1,0)
10.(0,0,1,0,1,0)

4.(0,0,1,¢,t%,0)

8.(0,0,1,%%,0,0)
22.(0,0,0,0,0,1)
26.(1,0,0,0,0,1)
30.(1,0,0,0,0,0)
4.(1,0,0,0,0,t?)
38.(1,0,0,0,0,t)

2.(0,0,0,1,0,1)
6.(1,0,1,1,1,1)
50.(1,0,1,0,¢2,0)
54.(1,0,1,12,1,¢2)
58.(1,0,1,t,1,t)
62.(0,0,0,¢,0,1)
66.(1,0,t,t,t,1)
70.(1,0,t,0,1,0)
74.(1,0,¢,1,t,t%)
78.(1,0,t,t%,t,1)
82.(0,0,0,1,0,1)
86.(1,0,t%, %2, 1)
90.(1,0,2,0,t,0)
94.(1,0,12, ¢, t2,12)
98.(1,0,12, 1,2 t)
102.(0,1,0,0,0,1)
106.(0,1,0,0,0,0)
110.(0,1,0,0,0,t)

91.(1,0, 2,0, 2,0

3.(0,0,0,1,1,0)
7.(0,0,1,1,0,0)
11.(0,0,1,#2,1,0)
15.(0,0,1,0,0,0)
19.(0,0,1,¢,0,0)
23.(0,0,0,0,1,1)
27.(1,0,0,0,1,1)
31.(1,0,0,0,1,0)
35.(1,0,0,0, 1, 2)
39.(1,0,0,0,1,¢)
43.(0,0,0,1,1,1)
47.(1,0,1,1,#2,1)
51.(1,0,1,0,t,0)

4.(0,0,0,t%,1,0)

8.(0,0,1,1,¢,0)
12.(0,0,1,¢,1,0)
16.(0,0,1,0,t,0)
20.(0,0, 1, %,0)
24.(0,0,0,0,t,1)
28.(1,0,0,0,,1)
32.(1,0,0,0,¢,0)
36.(1,0,0,0,t,2)
40.(1,0,0,0,¢,t)
44.(0,0,0,1,¢,1)
48.(1, 0,1,1,¢,1)
52.(1,0,1,0,1,0)

55.(1,0,1,12,0,t2) 56( ,0,1,82, 1% 12)

59.(1,0,1,¢,0,t)
63.(0,0,0,¢,1,1)
67.(1,0,t,t,t% 1)
71.(1,0,¢,0,0,0)
75.(1,0,¢, 1,2, 12)
79.(1,0,t,t%,1,t)
83.(0,0,0,1,¢,t)
87.(1,0,t2, % t,1

~—_ —

95.(1,0,t2,t,t,t2
99.(1,0,t2,1,¢,t
103.(0,1,0,1,0,1)
107.(0,1,0,1,0,0)

111.(0,1,0,1,0, ¢)

~

1
60.(1,0,1,¢, ¢ t)
64.(0,0,0,t,t,1)
68.(1,0,t,¢,0,1)
72.(1,0,t,0,¢%0)

76.(1,0,¢,1,0,2)
0.(1,0,¢,¢%,0,¢)

84.(0,0,0,1,¢2,¢)
88.(1,0,t%,t2,1,1)
92.(1,0,2,0,0,0)
96.(1,0,t2,¢,1,¢%)
100.(1,0,¢%,1,1,¢)
104.(0,1,0,¢,0,1)
108.(0,1,0,¢,0,0)
112.(0,1,0,¢,0,t)



113.(0,1,0,¢%,0,1t)
117.(0,1,0,¢%,0,?)
121.(0,1,1,¢,1,1)
125.(0,1,1,¢,0,0)
129.(0,1,1,¢,¢,t)
133.(0,1,1,¢%,¢%,t?)
137.(0,1,¢,1,¢,1)
141.(0,1,¢,1,0,0)
145.(0,1,¢,1,2%,¢)
149.(0,1,¢,12,1,¢?)
153.(0,1,t%,0,#2,1)
157.(0,1,¢2,0,0,0)
161.(0,1,#2,0,1,1)
165.(0, 1,212, ¢,1?)
169.(1,1,0,¢%,¢2,0)
173.(1,1,0,¢2,¢%,1)
177.(1,1,0, %, 12, ¢?)
181.(1,1,0,t%,t2,t)
185.(1,1,1,¢,t,0)
189.(1,1,1,¢,42,1)
193.(1,1,1,¢,1,¢)
197.(1,1,1,0,¢,t)
201.(1,1,¢,1,1,0)
205.(1,1,¢,1,¢%,1)
209.(1,1,¢,1,0, %)
213.(1,1,t,t,1,¢)
217.(1,1,#2,0,0,0)
221.(1,1,%,0,t%,1)
225.(1,1,%,0,t,t?)
229.(1,1,t2,1,0,t)
233.(1,%,0,t,t%,t)
237.(1,1%,0,t,t%,1)
241.(1,%,0,t,12,0)
245.(1,%,0,t,12, %)
249.(1,1%,1,1%,,1)

114.(0,1,0,0,0,?)
118.(0,1,1,1,1,1)
122.(0,1,1,1,0,0)
126.(0,1,1,1,¢,¢)
130.(0,1,1,0,¢%,t2
134.(0,1,¢,t,t,1)
138.(0,1,t,¢,0,0)
142.(0,1,¢, ¢, 82, 1)
146.(0,1,,0,1,t%)
150.(0, 1,2, ¢2,t%,1)
154.(0,1,¢%,¢2,0,0)
158.(0,1,¢%, ¢, 1,t)
162.(0,1,,0,t,t?)
166.(1,1,0,0,0,0)
170.(1,1,0,0,0,1)
174.(1,1,0,0,0,¢%)
178.(1,1,0,0,0,1)
182.(1,1,1,1,1,0)
186.(1,1,1,1,0,1)
190.(1,1,1,1,¢,t2)
194.(1,1,1,#3,1,¢)
198.(1,1,¢,,t,0)
202.(1,1,¢,¢,0,1)
206.(1,1,t,t,1%,t?)
210.(1,1,¢,1,t,t)
214.(1,1,t%,12,¢2,0)
218.(1,1,t%,t%,0,1)
222.(1, 1,8 12,1, ?)
226.(1,1,%,t,12,t)
230.(1,%%,0,0,0,)
234.(1,12,0,0,0,1)
238.(1,t%,0,0,0,0)
242.(1,%,0,0,0, %)
246.(1,12,1,1,1,t)
250.(1,42,1,1,0,1)

)

115.(0,1,0,1,0,#%)
119.(0,1,1,0,1,1)
123.(0,1,1,0,0,0)
127.(0,1,1,0,¢,t)
131.(0,1,1,1,¢%,¢?)
135.(0,1,¢,t%,¢,1)
139.(0,1,¢,t2,0,0)
143.(0,1,¢, 12,2, 1)
147.(0,1,¢,1,1,1)
151.(0, 1,2, ¢, ¢%,1)
155.(0,1,%%,¢,0,0)
159.(0,1,£2,¢,1,¢
163.(0,1,1%,1,¢,1?)
167.(1,1,0,1,1,0)
171.(1,1,0,1,1,1)
175.(1,1,0,1,1,#%)
179.(1,1,0,1,1,¢t)
183.(1,1,1,0,0,0)
187.(1,1,1,0,1,1)
191.(1,1,1,0,¢%,12)
195.(1,1,1,¢,0,1)

199.(1,1,¢,,t%,,t%,0)

203.(1,1,¢,t%,1,1)
207.(1,1,¢,t%,t,1?)
211.(1,1,¢,0, %)
215.(1,1,¢%,t,t,0)
219.(1,1,¢%,¢,1,1)
223.(1,1,%,t,0,t?)
227.(1,1,%, 1%, ,t)
231.(1,%,0,t%,1,1)
235.(1,12,0,1%,1,1)
239.(1,12,0,1%,1,0)
243.(1,t2,0,1%,1,12)
247.(1,%,1,t,0,1)
251.(1,42,1,¢,1,1)

105

116.(0,1,0,¢,0, >
120.(0,1,1,¢%,1,1
(

~_ —

124.(0,1,1,¢2,0,0
128.(0,1,1,¢%,t,t
132.(0,1,1,¢, ¢, %)
136.(0,1,t,0,¢,1)
140.(0,1,¢,0,0,0)
144.(0,1,¢,0,12,t)
148.(0,1,¢,t,1,t?)
152.(0,1,¢%,1,¢2,1)
156.(0,1,%,1,0,0)

( )

~ =

160.(0,1,¢2,1,1,¢
164.(0,1,12,t,t,12)
168.(1,1,0,t,t,0)
172.(1,1,0,¢,¢,1)
176.(1,1,0,t,t,t?)
180.(1,1,0,¢,t,t)
184.(1,1,1,¢%,¢2,0))
188.(1,1,1,¢%,¢,1)
192.(1,1,1,¢%,0,t2)
196.(1,1,1,1,%¢)
200.(1,1,t,0,0,0)
204.(1,1,¢,0,t,1)
208.(1,1,¢,0,1,¢%)
212.(1,1,¢,t%,0,1)
216.(1,1,t2,1,1,0))
220.(1,1,t%,1,¢,1)
224.(1, 1,81, %, 1?)
228.(1,1,t2,0,1,t
232.(1,%,0,1,t,t
236.(1,t2,0,1,t,1
240.(1,%,0,1,¢,0
244.(1,%,0,1,t,1?)
248.(1,12,1,0,t%,t)
252.(1,#2,1,0,¢,1)

)
)
)
)



253.(1,t%, 1,212, 1)
257.(1,12,1,%,1,0)
261.(1,1%,1,¢,t,t?)
265.(1,t%,t,0,1,1)
269.(1,¢%,t,0,12,1)
273.(1,t%,,0,0,0)
277.(1,¢%,t,t,1,1?)
281.(1,%,t%,1,0,1)
285.(1,1%,12,1,12,1)
289.(1,t%,1%,1,¢,0)
293.(1,%,1%,¢,0,t?)
297.(1,¢,0,1, % 1%)
301.(1,¢,0,1,¢% 1)
305.(1,¢,0,1,¢2,t)
309.(1,¢,0,1,t%,0)
313.(1,¢,1,0,¢, %)
317.(1,¢,1,0,%,1)
321.(1,¢,1,0,1,¢)

325.(1,¢,1,%,t,0)
329.(1,¢, ¢, t%,1,82)
333.(1,¢,t,t%,t%,1)
337.(1,t,t,t2,0,t)

341.(1,t,t,t,1,0)

345.(1,¢,t%,1,0,1?)
349.(1,¢, 8%, t,t%,1)
353.(1,t,1%,t,t,t)

357.(1,t,1%,0,0,0)

254.(1,2,1,1,¢,0)

258.(1,12,1,0, 1, 12)

262.(1,1%,t,t,t,t)
266.(1,t%,t,¢,0,1)
270.(1,%,t,t,t2,0)
274.(1,1%,¢,0,t,t?)
278.(1, 12,12, 12, 12 ¢

286.(1,t%,t2,¢2,1,0
290.(1,¢2,¢%,0, 2,12
294.(1,¢,0,0,0,?)

298.(1,,0,0,0,1)

302.(1,¢,0,0,0,1t)

306.(1,¢,0,0,0,0)

310.(1,¢,1,1,1,¢%)

314.(1,¢,1,1,0,1)
318.(1,¢,1,1,¢,t)
322.(1,t,1,¢,1,0)
326.(1,t,t,t,t,t?)
( )

(

(

1

(1, t)
282.(1,%,t%,¢2,0,1)
(1, )

)

330.(1,¢,¢,t,0,1
334.(1,¢,t,t,1%,t)
338.(1,t,t,t%,t,0)

342.(1,t, %, ¢, %, 1?)

346.(1,¢,t%,42,0,1)
350.(1,¢,t%,t%,1,1)
354.(1,¢,1%,1,1%,0)

255.(1,t%,1,¢,12,0)
259.(1,1%,1,t%,0,t%)
263.(1,1%,t,1,12,t)
267.(1,%,¢,1,1,1)
271.(1,%,t,1,¢,0)
275.(1, 1%, ¢, 12,2, t2)
279.(1,%,12,0,t,t)
283.(1,12,1%,0,1,1)
287.(1,12,42,0,0,0)
291.(1, 2,12, 42 ¢, 1?)
295.(1,¢,0,t,1,t%)
299.(1,t,0,¢,1,1)
303.(1,¢,0,t,1,¢t)
307.(1,¢,0,t,1,0)
311.(1,¢,1,¢%,0,t)
315.(1,¢,1,¢2,1,1)
319.(1,¢, 1,2, %, t)
323.(1,t,1,0,0,0)
327.(1,t,,0,1%,t?)
331.(1,t,¢,0,1,1)
335.(1,t,t,0,t,1)
339.(1,t,t,1,1%,0)
343.(1,t,t%,1,t,t?)
347.(1,¢,4%,1,1,1)
351.(1,¢,t%,1,0,1)
355.(1,t,1%,t,t,0)

106

256.(1,12,1,0,0,0)
260.(1,#2,1,1, % t%)
264.(1,t%,t,t2,0,1)
268.(1,t%,t,12,t,1)
272.(1,%,t,4%,1,0)
276.(1,1%,¢,1,0,t%)
280.(1,t2%,t%,t,1,t)
284.(1,t%, %, t,t,1)
288.(1,t%,12,t,t,0)
292.(1,t%,12,1,1,1?)
296.(1,t,0, % t,t?)
300.(1,¢,0,t%,t,1)
304.(1,¢,0,t%,¢,t)
308.(1,¢,0,t%,t,0)
312.(1,¢,1,¢,t%,t2)
316.(1,¢,1,¢,t,1)
320.(1,¢,1,¢,0,t)
324.(1,¢,1,1,2,0)
328.(1,t,t,1,0,t%)
332.(1,t,t,1,t,1)
336.(1,t,t,1,1,t)
340.(1,t,t,0,0,0)
344.(1,t,t%,0,1,t%)
348.(1,¢,%,0,t,1)
352.(1,t,t%,0,1%,¢)
356.(1,t,t%,1,1,0)
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1977 yilinda Afyonkarahisar-Emirdag Ilgesi Ekizce koyiinde dogdum. ilk
ogrenimimi Ekizce koyii ilkokulunda tamamladim. Ortaokulu 1988-1992 yillar1 arasinda
Emirdag Anadolu Lisesi’nde, Liseyi 1992-1995 yillar1 arasinda Eskisehir Yunusemre
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arasinda Emirdag Fatih Ilkdgretim Okulu’nda, 2006-2008 yillar1 arasinda Emirdag
Lisesi’nde, 2008-2015 yillar1 arasinda Emirdag Metin Ziilbiye Sar1 Anadolu Lisesi’nde
Matematik dgretmeni olarak ¢alistim. 2009 yilinda Eskisehir Osmangazi Universitesi, Fen
Edebiyat Fakiiltesi, Matematik-Bilgisayar Anabilim dalinda yiiksek lisansim1 tamamladim.
2015 yilindan itibaren Emirdag Anadolu Lisesi Matematik 6gretmeni olarak calismaya

basladim. Halen ayni1 okulda Matematik 6gretmeni olarak ¢alismaktayim.
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