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ABSTRACT 

 

COUPLING OF A RADIATION MODEL WITH SYSTEM MODEL OF 

BUBBLING FLUIDIZED BED COMBUSTORS 

 

 

 

Yaşar, Mehmet Soner 
Doctor of Philosophy, Chemical Engineering 

Supervisor : Prof. Dr. Görkem Külah 
Co-Supervisor: Prof. Dr. Nevin Selçuk 

 
 

December 2023, 438 pages 

 

 

Currently, none of the steady-state and transient bubbling fluidized bed combustor 

models couples the solution of the radiative transfer equation with the solution of 

conservation equations of other transport processes although thermal radiation is of 

considerable importance in such systems, as such an objective requires both accurate 

and computationally efficient methods for not only the solution of radiative transfer 

but also the estimation of radiative properties of particle-laden combustion gases. 

Therefore, in this study, 1-D steady-state and transient comprehensive system 

models for combustion of lignite and co-combustion of lignite and cotton residue 

with limestone addition is coupled with a 3-D radiation model based on the method 

of line solution of discrete ordinates method utilizing spectral radiative properties of 

combustion gases, particles, and walls. Furthermore, a 2-D computational fluid 

dynamics model for the combustion of lignite only is developed using the 

commercial software ANSYS Fluent and coupled with both accurate and 

computationally efficient methods for the estimation of radiative properties of 

particle-laden combustion gases. Predictive accuracies of all models are validated 
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against measurements obtained from METU 0.3 MWt atmospheric bubbling 

fluidized bed (ABFBC) combustion test rig firing lignite or co-firing lignite with 

cotton residue and limestone addition.  

The outcome of this study provides comprehensive, accurate, and computationally 

efficient tools for simulation of steady-state and transient bubbling fluidized bed 

combustors and reveals the significant impact of radiative heat transfer in modeling 

of industrial boilers. Moreover, this study revealed the importance of the combustion 

gases, soot particles, fine and coarse fly ash particles and proper treatment of their 

radiative properties for the radiative heat transfer predictions under the conditions of 

bubbling fluidized bed combustors firing lignite or co-firing lignite with biomass and 

limestone addition. Finally, the predictions of the coupled steady state and transient 

bubbling fluidized bed combustor models indicate that using a sophisticated 

radiation model provides more accurate temperature predictions for the freeboard of 

METU 0.3 MWt ABFBC test rig compared to the bubbling fluidized bed combustor 

models without coupling. 

 

Keywords: Radiative Heat Transfer, Non-Gray Gas Radiation, Mathematical 

Modeling, Bubbling Fluidized Bed Combustors, Coal/Biomass Co-Combustion, 

CFD 
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ÖZ 

 

KABARCIKLI AKIŞKAN YATAKLI YAKICILARIN SİSTEM MODELİ 

İLE RADYASYON MODELİNİN BİRLEŞTİRİLMESİ 
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Tez Yöneticisi: Prof. Dr. Görkem Külah 
Ortak Tez Yöneticisi: Prof. Dr. Nevin Selçuk 

 

 

Aralık 2023, 438 sayfa 

 

Dinamik ve yatışkın kabarcıklı akışkan yataklı yakıcı (KAYY) modellerinin hiçbiri, 

ısıl ışıma bu tür sistemlerde oldukça önemli olmasına rağmen, ışınım transfer 

denkleminin çözümünü diğer taşıma işlemlerinin korunum denklemlerinin çözümü 

ile birleştirmez çünkü böyle bir amaç, yalnızca ışınım transfer denkleminin çözümü 

için değil, aynı zamanda parçacık yüklü yanma gazlarının ışınım özelliklerinin 

tahmini için hem doğru hem de hesaplama açısından verimli yöntemler gerektirir. 

Bu nedenle, bu çalışmada, linyitin yanması ve linyitin pamuk küspesi ve kireç taşı 

ile birlikte yanması için kapsamlı 1 boyutlu dinamik ve yatışkan sistem modelleri, 

spektral gaz, parçacık ve duvar özelliklerini kullanan belirli yönler yönteminin 

çizgiler metoduyla çözümüne dayalı bir 3 boyutlu radyasyon modeli ile 

birleştirilmiştir. Bunlara ek olarak, ANSYS Fluent ticari yazılımı kullanılarak 

yalnızca linyitin yanması için 2 boyutlu bir hesaplamalı akışkanlar dinamiği modeli 

geliştirilmiş ve parçacık yüklü yanma gazlarının ışınımsal özelliklerinin tahmini için 

hem doğru hem de hesaplama açısından verimli yöntemlerle birleştirilmiştir. 

Modellerin tahmin doğruluğu linyit yakan veya linyiti pamuk küspesi ve kireç taşı 
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ile birlikte yakan ODTÜ 0,3 MWt atmosferik kabarcıklı akışkan yataklı yanma test 

düzeneğinden elde edilen ölçümlere karşı doğrulanmıştır.  

Bu çalışmanın sonucu, dinamik ve yatışkın KAYY'lerin simülasyonu için kapsamlı, 

doğru ve hesaplama açısından verimli bir araç sağlar ve endüstriyel kazanların 

modellenmesinde ışınım ısı transferinin etkisini vurgular. Ayrıca bu çalışma, linyit 

yakan veya linyiti biyokütle ve kireçtaşı ile birlikte yakan kabarcıklı akışkan yataklı 

yakıcıların koşulları altında ışınımsal ısı transferi tahminleri için yanma gazlarının, 

is partiküllerinin, ince ve kaba uçucu kül teneciklerinin ve bunların ışınımsal 

özelliklerinin uygun şekilde işlenmesinin önemli olduğunu ortaya koymuştur. Son 

olarak, birleştirilmiş yatışkın ve dinamik kabarcıklı akışkan yataklı yakıcı 

modellerinin tahminleri, gelişmiş bir radyasyon modeli kullanmanın ODTÜ 0,3 

MWt ABFBC test teçhizatının serbest bölgesinde, birleştirilmemiş kabarcıklı 

akışkan yataklı yakıcı modellerine göre, daha doğru sıcaklık tahminleri sağladığını 

göstermektedir. 

 

Anahtar Kelimeler: Işınımsal Isı Transferi, Gri Olmayan Gaz Radyasyonu, 

Matematiksel Modelleme, Kabarcıklı Akışkan Yataklı Yakıcılar, Kömür/Biyokütle 

Birlikte Yakma, HAD 
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CHAPTER 1  

1 INTRODUCTION  

Currently, coal is the most abundant fossil fuel in the world, with reserves that are 

around two to three times greater than those of oil and gas [1]. It is therefore 

commonly used for energy production, in an attempt to cope with the world’s energy 

demand. There also exist widespread lignite reserves in Turkey; however, those 

lignites are generally characterized by their high ash, moisture, volatile matter, and 

sulfur contents. 

The urgent need to extend the life of existing fossil fuel resources and the progressive 

implementation of environmental legislations that are more stringently regulating 

emissions from burning fossil fuels have increased interest in renewable energy 

sources. Among them, biomass can be considered as a promising alternative against 

fossil fuels due to the fact that it is CO2-neutral and an effective remedy to reduce 

emissions of this greenhouse gas. In addition to that, 10% of the world's energy is 

produced by biomass, making it the second-largest energy source after fossil fuels. 

[2]. However, utilizing biomass exclusively could result in serious operational issues 

and unplanned shutdowns in industrial and utility boilers such as corrosion, ash 

deposition, and bed agglomeration. These problems in the combustion of biomass 

alone can be alleviated (i) by the use of additives such as kaolin, dolomite, alumina, 

etc. [3,4] (ii) by the use of different bed materials containing alumina, magnesite, 

ferric oxide, etc. [5–7] (iii) by co-firing biomass with coal [8–10]. The third 

alternative is considered to be the most promising one as it offsets the negative 

effects of firing coal and biomass individually by reducing the gaseous emissions 

originating from coal combustion and hindering ash-related issues encountered in 

biomass combustion. Bubbling fluidized bed combustion technology is a good 

candidate for the co-combustion of coal and biomass owing to its fuel flexibility and 
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low operation temperatures. Other attractive features of bubbling fluidized bed 

combustors (BFBCs) are high system efficiency, in-situ desulfurization, and low 

NOx emissions. Fluidized bed combustors (FBCs) are readily used for the 

combustion of lignites, which is one of the major indigenous energy sources of 

Turkey. Furthermore, olive residue (OR), hazelnut shell (HS), and cotton residue 

(CR) are three important sources of biomass in Turkey with estimated quantities of 

321 000, 332 000, and 709 000 tons of annual production, respectively [11–14]. 

Nevertheless, the diverse and versatile nature of biomass makes its combustion 

complicated and necessitates a detailed understanding of the co-combustion of 

biomass and coal in FBCs. Such a goal necessitates both experimental research and 

mathematical modeling studies. 

Apart from biomass, solar and wind energy have an increased interest against fossil 

fuels nowadays as they are environmentally friendly and become more cost-efficient 

day by day. However, these energy sources are characterized as non-dispatchable 

due to their unpredictable and intermittent nature. The problems originating from the 

intermittent nature of solar and wind energy can be alleviated by the utilization of a 

backup fuel together with these sources. During the time periods when solar and 

wind energy are available at high levels, these sources are regarded as favorable in 

the energy market owing to their low operation cost. When those sources are not 

available, producing energy from the backup fuel in a thermal power plant becomes 

more beneficial. However, this requires a technology, which can handle frequent 

load changes. For this purpose, transient operations of the thermal power plants need 

to be investigated and analyzed which can be achieved by dynamic modeling. 

One of the most commonly used approaches for modeling FBCs is computational 

fluid dynamics (CFD) [15–17] where equations of mass, momentum, and energy are 

solved explicitly by utilizing sub-models for the implementation of turbulence, 

drying and devolatilization, char combustion, transport and reaction of gaseous 

species, etc. Despite the fact that CFD models are regarded as one of the most 

appropriate tools for the simulation of FBCs, those approaches suffer from extreme 

computational source requirements and sometimes are not affordable in practical 



 
 
3 

engineering applications. Alternatively, one-dimensional system models, which 

utilize empirical correlations to describe complex multiphase flow in FBCs, provide 

sufficient accuracy by improving computational efficiency significantly [18,19]. 

Aside from hydrodynamics, thermal radiation is also an important phenomenon for 

the modeling of BFBCs as radiative heat transfer (RHT) makes up the majority of 

heat transfer in those systems due to the existence of radiating particles and gases.  

There exists a limited number of BFBC modeling studies in the literature involving 

the coupled steady-state solution of RHT in conjunction with conservation equations 

of other transport processes. Scala and Salatino [20] developed a steady-state, 1-D 

system model for atmospheric BFBC burning a high volatile solid fuel. The system 

model consists of three regions which are the fluidized bed, splash zone, and the 

freeboard, and accounts for hydrodynamics, volatile release and combustion, char 

combustion, char comminution, elutriation, and heat transfer. However, the model 

does not consider the formation and reduction of gaseous pollutants such as SO2, 

NOx, and N2O. Moreover, the RHT was taken into account using the zone method 

where the system consists of four gray, absorbing, emitting zones which are the bed, 

the freeboard, ejected particles, and absorbing/emitting gas. In an attempt to 

investigate the performances of different global NH3 reaction mechanisms, a CFD-

based model for BFBC firing biomass sludge with methane was developed by Saario 

and Oksanen [21] using ANSYS Fluent software. Special emphasis was given to the 

selective non-catalytic reduction process. k-ε and eddy dissipation combustion 

models were used for consideration of turbulence and turbulence – chemistry 

interaction, respectively. The radiative transfer equation (RTE) was solved with the 

finite volume method whereas the weighted sum of gray gases (WSGG) model was 

used for the estimation of gas radiative properties. However, absorption, emission, 

and scattering due to particles were neglected. Finally, the model was validated 

against the temperature and NO and NH3 measurements obtained from an industrial 

scale boiler. In another study carried out by Alagoz et al. [22], a 1-D comprehensive 

system model of a BFBC firing Turkish lignites with and without fly ash recycling 

was coupled with a 3-D radiation model based on the method of line (MOL) solution 
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of discrete ordinates method (DOM). The model is composed of two regions, namely 

the bed and the freeboard regions, and takes hydrodynamics, volatile release and 

combustion, char particle combustion and size distribution, heat transfer, elutriation, 

and entrainment, sulfur retention into consideration. Radiative properties of the 

medium were estimated using Leckner’s correlation for combustion gases and Mie 

theory for particles whereas particle scattering was taken to be isotropic. However, 

the medium was treated as gray, absorbing, emitting, and isotropically scattering 

medium bounded by gray and diffuse refractory lined walls. Furthermore, a high 

order polynomial obtained from wall temperature measurements was given to the 

model as input data. The validity of the model was tested by comparing its 

predictions with incident heat flux (HF), temperature, and O2, CO2, and CO 

measurements. Hu et al. [23] coupled the zone method of radiation with a 1-D system 

model for BFBC developed in Aspen Plus software. The system model accounts only 

for hydrodynamics, volatile release and combustion, char combustion, and heat 

transfer. Radiative properties of combustion gases were estimated using the WSGG 

model whereas gray particle properties were calculated using Mie theory at the 

wavelength where blackbody radiation intensity at the system temperature is the 

highest. El-Sayed and Noseir [24] developed a 2-D CFD model for only the 

freeboard zone of a pilot-scale BFBC firing sesame stalk and broad bean stalk using 

ANSYS Fluent software. Input data and boundary conditions for the freeboard 

modeling were taken from the experiments carried out in the pilot-scale BFBC. The 

model does not account for the formation and reduction of pollutants such as SO2, 

NOx, and N2O. RHT was taken into account utilizing P-1 approximation where the 

medium was considered to be gray, absorbing, emitting, and isotropically scattering. 

Finally, a CFD model for bubbling fluidized bed combustion of two biomasses 

(wood pellet and olive stone) was developed by Diba et al. [25] using AVL Fire 

software. Their model accounts for gas-solid hydrodynamics, drying, 

devolatilization, combustion of char and volatiles, and heat transfer but does not 

consider the formation and reduction of gaseous pollutants such as NO, N2O, SO2 
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and particle size distribution (PSD). RTE, on the other hand, is solved using the 

discrete transfer method utilizing gray gas and particle emissivities. 

Regarding the transient BFBC models in the literature, there are a limited number of 

studies investigating the transient operation of coal- or biomass-fired BFBCs using 

dynamic modeling. The pioneering work on dynamic modeling of BFBCs was 

carried out by Beasley and Golan [26]. In their study, a classical first-order system 

response model was developed to predict dynamic temperature characteristics of a 

combusting bed for step changes in coal and air flow rates. Predictions of the model 

were validated against the transient temperature measurements obtained from the 

3517 kW fluidized bed combustor HF unit. Later, Ikonen and Cortela [27] developed 

a simple model consisting of seven differential equations describing the dynamic 

behavior of the bed fuel inventory, bed emulsion phase oxygen content, flue gas 

oxygen content, bed temperature, freeboard temperature, power output, and drum 

pressure. The dynamic behavior of a 30 MW power plant was tested by imposing 

step changes to air flow rate and fuel feed rate. However, RHT was not taken into 

account in the freeboard energy conservation equation. Selcuk and Degirmenci [28] 

developed a 1-D comprehensive transient model for 0.3 MWt atmospheric bubbling 

fluidized bed combustion (ABFBC) test rig, which accounts for bed and freeboard 

hydrodynamics, volatile release and combustion, char combustion, PSD, and heat 

transfer. Thermal radiation in the combustor is taken into account by the 

implementation of Stefan-Boltzmann law between particles and gaseous medium. 

Validation of the model was carried out against the steady-state and transient 

temperature and concentration measurements obtained from the 0.3 MWt ABFBC 

test rig firing lignite. Another dynamic model for ABFBC is developed by Galgano 

et al. [29]. Their model consists of three regions, namely bubbling bed, splashing 

region, and freeboard, and takes into account hydrodynamics, volatile release and 

combustion, char particles combustion and size distribution, elutriation, and 

entrainment, and heat transfer. The RHT was taken into account using Stefan-

Boltzmann law. The dynamic response of the system to the changes in flow rate and 

moisture content of the fuel was investigated. The model was not validated against 
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the measurements. In an attempt to investigate the transient operation of a bubbling 

fluidized bed boiler firing high volatile solid fuel, Kataja and Majanne [30] 

developed a dynamic model including both air-flue gas line and water-steam circuit. 

Their model consists of four different regions, namely fluidized bed, splashing 

region, secondary zone, and freeboard, and takes into account bed hydrodynamics, 

volatile release and combustion, char particles combustion and size distribution, 

elutriation and entrainment, and heat transfer. Stefan-Boltzmann law is used to 

represent RHT. The model was found to well describe the dynamic responses of the 

bubbling fluidized bed boiler to flow rate and moisture content of the fuel based on 

its validation against the measured process data including drum and steam pressure. 

In the study carried out by Surasani et al. [31], a model for dynamic simulation of 

fluidized bed combustion of biomass was developed. The model included three 

different regions in series which are well-mixed fluidized bed, plug flow freeboard, 

and well-mixed cyclone. In the model, RHT was not taken into consideration. 

Transient predictions of the model were validated against the temperature and flue 

gas composition measurements obtained from a laboratory-scale BFBC indicating 

that the model is appropriate to be coupled with a thermodynamic cycle to simulate 

the operation of power plants. In an attempt to deal with the difficulties in FBC 

control arising from nonlinearity and frequent disturbances, Sun et al. [32] tested the 

performance of a disturbance observer-enhanced PI controller by applying it to a 

non-linear FBC model. The dynamic FBC model considered the differential 

equations for the transient behaviors of fuel inventory, bed and freeboard oxygen 

contents, bed and freeboard temperatures, and thermal power. As a result of this, the 

suggested control strategy was found to be comparable even with Model Predictive 

Control (MPC). Huttunen et al. [33] investigated the effect of changes in boiler load 

of a 79 MW wood-firing bubbling fluidized bed boiler by developing a 

computational fluid dynamics model using ANSYS Fluent software. In the model, 

thermal radiation was taken into account using DOM whereas the radiative property 

estimation methods for particles and combustion gases were not described. Finally, 

in an attempt to simulate the transient operation of both large-scale BFBCs and 
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circulating fluidized bed combustors (CFBCs), Castilla et al. [34] developed a model 

which considers hydrodynamics, volatile release and combustion, char particles 

combustion, entrainment, and heat transfer. In their model, RHT is taken into 

consideration by Stephan-Boltzmann law using gray emissivities and absorptivities 

for the freeboard medium and the walls. However, freeboard medium absorptivity is 

determined by fitting the absorptivity to the operational data for different furnace 

loads. The model was validated against the steady-state and transient measurements 

obtained from 130 MW BFBC and 80 MW CFBC. 

None of the above-mentioned studies coupled comprehensive steady-state and 

transient system models for a BFBC with a sophisticated radiation model where RTE 

is explicitly solved together with mass, momentum and energy conservation 

equations. However, the performance of a BFBC system strongly depends upon the 

heat recovery in the freeboard section which is characterized by a low particle load. 

Previous works regarding the heat transfer characteristics of the FBCs state that RHT 

becomes significant when particle load is low [34,35]. Furthermore, during fluidized 

bed co-combustion of coal and biomass with limestone addition, the number of fine 

particles in the freeboard increases [36,37]. Therefore, RHT may become more 

important in such cases as fine particles interact with radiation more than coarse 

particles owing to their high projected surface area. For this purpose, coupling 

comprehensive BFBC system models for combustion and/or co-combustion 

applications with a radiation model is needed. 

Coupling of a radiation model with the system models of BFBCs requires the 

solution of RTE, where radiation intensity is described as a function of seven 

independent variables (three location variables, two-direction variables, a spectral 

variable, and time), together with mass, momentum and energy conservation 

equations. Therefore, robust methods are needed both for the solution of RTE and 

for the estimation of radiative properties of combustion gases, particles and walls. 

Previous works on the determination of the most computationally efficient and 

accurate solution method for RTE revealed that MOL solution of DOM meets all the 

requirements based on its validation against Monte Carlo method, zonal method, and 
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measurements [38,39]. Nevertheless, the solution of RTE becomes further 

complicated in the presence of spectral absorption, emission, and scattering 

properties of the medium. Studies involving thermal radiation in the FBCs have 

already taken into account the spatial, temporal, directional, and spectral dependence 

of fly ash particles [40–45]. However, less effort is devoted to find out both 

sufficiently accurate and computationally efficient gas radiative property models for 

BFBCs in the presence of non-gray particles and boundaries. 

Proper treatment of complex spectral dependence of gas radiative properties is one 

of the most challenging aspects of the solution of RTE as radiative properties of 

combustion gases oscillate wildly throughout the thermal spectrum. Therefore, 

within the last few decades, a wide variety of studies have been devoted to develop 

robust spectral gas radiative property models which are summarized in [46–48]. 

Among the wide variety of gas radiative property models, line-by-line (LBL) method 

is the most accurate one and is considered to be the exact treatment of gas radiative 

properties. However, LBL method is extremely computationally expensive, 

especially for large-scale combusting systems, as it requires millions of RTE 

solutions. Narrow band models such as statistical narrow bands (SNB) and narrow 

band correlated-k (NBCK), on the other hand, simplify the estimation of spectral gas 

behavior by averaging spectral gas properties over narrow wavenumber intervals of 

the order of a few dozen cm-1 [48]. Although narrow band models are capable of 

achieving LBL accuracy [46,49], their computational time requirements are still too 

high for multidimensional engineering problems. Therefore, applications of narrow 

band models and LBL are restricted to providing benchmark solutions and data 

required by other simpler approaches. Alternatively, wide band models, in which the 

blackbody intensity does not change substantially across an entire vibration-rotation 

band, were developed to reduce the computational cost requirement [46]. In those 

approaches, spectral properties across the wide bands are evaluated by using 

correlations obtained by integrating narrow band solutions over those bands. 

However, these models generally result in approximately ± 30 % errors [46] despite 

the fact that they significantly improve computational efficiency compared to narrow 
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band models and LBL. For the sake of improving computational efficiency without 

reducing accuracy, global models which utilize spectrally integrated gas radiative 

properties over the entire spectrum instead of wavenumber intervals were developed. 

Amongst them, the most popular ones are the WSGG model [50], spectral line based 

weighted sum of gray gases (SLW) model [51–53], and full spectrum correlated-k 

(FSCK) model [54]. Those models have been applied to a wide variety of problems 

[51,53–60] where they have been validated against LBL and narrow band models 

and found successful in terms of accuracy and computational efficiency. A drawback 

of these models is that their applications with non-gray particles and/or non-gray 

boundaries are restricted [61]. 

Among the wide variety of spectral gas radiative property models, SLW model 

developed by Denison and Webb [51–53] and further extended and improved by 

Webb and co-workers [62–66] is a promising alternative that provides an accurate 

mean for total RHT calculations with considerable savings in computational 

requirements. The predictive performance and computational efficiency of SLW 

model were validated against the benchmark solutions in a wide range of problems 

including absorbing, emitting, and scattering media [51–53,55,60,66,67]. In recent 

studies, Webb and co-workers [68–71] improved SLW for modeling thermal 

radiation in non-isothermal and/or non-homogeneous gaseous media where 

modeling of thermal radiation is challenging due to spatial variation of 

thermodynamic states and difficulties associated with radical variations of local 

radiative properties. SLW model was also implemented into coupled natural 

convection-radiation problems [72–75] and CFD software such as ANSYS Fluent or 

OpenFOAM [76–80]. In an attempt to further reduce the computational requirements 

of SLW for convection-radiation problems which require repeated solutions of RTE, 

Solovjov et al. [81,82] developed the efficient and minimal formulation of SLW by 

representing the spectrum as a mixture of single gray gas and a clear gas which is 

referred as SLW-1. 

Predictions of SLW-1 model were first validated by Solovjov et al. [81] against LBL 

method and SLW method with a large number of gray gases on 1-D plane layer 
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problems consisting of only water vapor bounded by gray walls. Furthermore, they 

implemented several approaches for the estimation of spectral parameters of SLW-

1 which are absorption coefficient (𝜅1) and gray gas weight (𝑎1) of the gray gas. 

Among them, a simple method based on two emissivities where 𝜅1 and 𝑎1 are 

determined by fitting the total gas emissivities calculated at two different path 

lengths L1 and L2, was found to provide reasonable accuracy. However, the accuracy 

of the predictions of SLW-1 was found to be sensitive to the selected path lengths 

(L1 and L2). Regarding selection of L1 and L2 values, they recommended that those 

values should capture a range of path lengths that are both smaller and greater than 

the length defined by the physical boundaries. Solovjov et al. [82] also tested the 

predictive accuracy of SLW-1 model on 1-D plane layer problems consisting of non-

isothermal, non-homogenous H2O and CO2 mixtures with non-gray soot bounded by 

black or gray walls by comparing the predictions of SLW-1 with those of LBL 

method, SLW model with a large number of gray gases and SNB model. It was found 

that SLW-1 model yields very good accuracy in those 1-D plane layer problems. 

Further assessments of predictive accuracy of SLW-1 model were conducted in 1-D 

test cases consisting of water vapor [83] and mixtures of H2O, CO2 and soot [84] 

bounded by gray or black walls. In those studies, the predictive performance of 

SLW-1 model was compared with other spectral gas radiative property models such 

as LBL, SLW, wide band correlated-k (WBCK), WSGG and SLW-3. In conclusion, 

SLW-1 yielded acceptable accuracy for the 1-D test cases investigated. 

Implementation of SLW-1 model into a 2-D radiation model was achieved by Amiri 

and Lari [85]. In their study, SLW-1 model was applied to 2-D test cases consisting 

of homogeneous or non-homogeneous H2O and/or CO2 gases bounded by black 

walls and was validated against the LBL predictions. As a result of this, SLW-1 

model was found to provide acceptable accuracy with much lower computational 

requirements compared to LBL, SLW and FSCK models. Recently, SLW-1 model 

was applied to a combined convection-radiation in a square enclosure consisting of 

non-gray H2O, CO2 and N2 mixture [86]. The effects of mole fraction of the gas 
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mixture, wall emissivity, Rayleigh number and convection radiation interaction were 

studied. 

The above-mentioned studies consider the application of SLW-1 model only to 1-D 

and 2-D test cases without absorbing, emitting, and scattering particles. However, 

predictive accuracy and computational efficiency of SLW-1 model should also be 

tested in large-scale coal combustors involving absorbing, emitting, and scattering 

particles to bring further clarity to the benefits of utilization of SLW-1 as spectral 

gas radiative property model in industrial applications. For this purpose Ozen et al. 

[87] extended SLW-1 model to 3-D gray enclosures containing non-gray absorbing, 

emitting gases, and non-gray absorbing, emitting and anisotropically scattering fly 

ash particles referred as ‘banded SLW-1’. Spectral parameters of banded SLW-1 

were found by matching the gas mixture total emissivities calculated at two different 

path lengths L1 and L2 which are 0.50 and 1.25 times the freeboard height, 

respectively. Their results indicated that the predictive accuracy of banded SLW-1 

deteriorates in the presence of non-gray particles compared to the presence of gray 

particles. Therefore, Ozen et al. [87] recommended band-wise selection of path 

lengths (L1 and L2) for the estimation of spectral parameters of banded SLW-1 as a 

further investigation. Furthermore, optimization of path length (L1 and L2) values 

should be carried out as the accuracy of banded SLW-1 model strongly depends on 

those values [81]. Finally, Ozen et al. [87] assessed the predictive accuracy of banded 

SLW-1 model in gray enclosures involving non-gray absorbing, emitting, and 

scattering medium. However, that assessment needs to be carried out in the presence 

of non-gray walls as correct treatment of RHT in such systems requires utilization of 

non-gray boundaries. 

Recently, Bordbar and Hyppänen [88] developed a simple banded approach for 

radiative properties of combustion gases which supports the incorporation of non-

gray wall emissivities. In this model, for a gas mixture of H2O and CO2, the thermal 

spectrum was divided into 31 bands, whose limits were determined based on LBL 

spectral absorption coefficient profile. Each band was assumed to contain a single 

gray gas mixture of H2O and CO2. Predictions of the model were found to be as 
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accurate as LBL solutions for three test cases containing only non-gray combustion 

gases bounded by black or non-gray walls. To improve the computational efficiency 

of the 31 band model, Bordbar et al. [61] further simplified the banded gas radiative 

property model by dividing the thermal spectrum into 10 bands based on band 

dividing scheme of Maximov [89]. Absorption coefficient of each band was 

calculated using a correlation formed from a database provided by SNB at a wide 

range of temperature, path length, and H2O and CO2 mole fractions. The model was 

applied to 1-D and 3-D benchmark problems representing typical air and oxy-fuel 

combustion conditions. The model was found to provide sufficiently good accuracy 

with significantly low computational time compared to LBL and Bordbar’s 31 band 

model. Based on these findings, Bordbar’s 10 band model was applied to back pass 

channel of a CFBC where contribution of particle radiation is assumed to be 

negligible compared to gas radiation due to low particle concentration. However, 

recent studies considering both radiating particles and radiating gases indicate that 

particle radiation may become as important as gas radiation or even dominate the 

RHT [44,57,90,91]. Hence, the assessment of the accuracy of Bordbar’s 10 band 

model for gas radiative properties needs to be tested in presence of high particle 

concentration such as the freeboard sections of BFBCs. 

Therefore, absence of steady-state and transient BFBC system models coupled with 

a radiation model both for the combustion of lignite and co-combustion of lignite 

with CR and limestone addition on one hand, necessity to establish both 

computationally efficient and sufficiently accurate spectral radiative property 

models on the other, lead this study to the following objectives which are (i) 

assessment of the accuracy and computational efficiency of two spectral gas 

radiative property models, namely Bordbar’s 10 band model [61] and banded SLW-

1 [81,87] in 0.3 MWt ABFBC test rig by comparing their predictions with 

measurements and benchmark solutions (ii) comparison of RHT predictions of gray 

and non-gray wall emissivities of different type of wall materials common in industry 

and utility boilers (iii) coupling a 1-D comprehensive transient system model for 

BFBC firing lignite with a 3-D radiation code based on MOL of DOM utilizing both 
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computationally efficient and sufficiently accurate spectral radiative property 

models (iv) coupling a 1-D comprehensive steady-state system model for BFBC co-

firing lignite with CR and limestone addition with the 3-D radiation code based on 

MOL of DOM utilizing spectral radiative property models and (v) coupling gas and 

particle radiative property models with a 2-D CFD model for BFBC firing lignite. 

To accomplish such objectives, comprehensive steady-state and transient system 

models for METU 0.3 MWt ABFBC test rig, developed by Selcuk and co-workers 

[18,28,92–97] are chosen as basis. The CFD model, on the other hand, is developed 

using the commercial software ANSYS Fluent 2022 R1 [98] within the scope of this 

study. After completion of those objectives, the 3-D radiation model will be applied 

to a test case representing the typical conditions of solid rocket motor exhaust plumes 

to investigate RHT in solid rocket plumes where radiation is an important mechanism 

of heat transfer. 

To achieve the above-mentioned objectives, the main tasks were set as follows: 

1. Developing a 3-D radiation model utilizing MOL of DOM for the simulation 

of RHT of the freeboard of BFBCs where non-gray gas and particles are 

bounded by non-gray walls. 

2. Creating a benchmark solution, which involves spectral particle, gas, and 

wall properties. 

3. Quantifying the contribution of spectral gas and particle radiation to RHT 

under BFBC conditions in the presence of spectral walls. 

4. Assessment of the accuracy and computational efficiency of spectral gas 

radiative property models in the presence of spectral particles and walls for 

BFBCs by comparing their predictions with experimental measurements and 

benchmark solutions. 

5. Comparison of RHT predictions with gray and non-gray wall emissivities of 

different types of wall materials common in industry and utility boilers. 

6. Investigating the effect of fine fly ash particles on thermal radiation in 

BFBCs. 
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7. Investigating the effect of soot particles and aggregates on thermal radiation 

in BFBCs. 

8. Coupling a 1-D comprehensive steady-state system model for a BFBC firing 

lignite with a 3-D radiation model utilizing MOL of DOM with spectral 

radiative property models. 

9. Validating the steady-state coupled model by comparing its predictions with 

temperature and O2, CO2, and CO concentration measurements. 

10. Investigating the effect of using spectral radiative properties of particles, 

gases, and walls in the coupled model on RHT, temperature, and O2, CO2, 

and CO concentration predictions. 

11. Coupling a 1-D comprehensive transient system model for a BFBC firing 

lignite with a 3-D radiation code based on MOL of DOM utilizing a 

sufficiently accurate and computationally efficient radiative property model 

for combustion gases, particles, and walls. 

12. Validating the transient coupled model by comparing its predictions with 

transient temperature and O2 and CO concentration measurements. 

13. Investigating the effect of using a sophisticated radiation model where RTE 

is explicitly solved in conjunction with conservation equations of other 

transport processes on temperature and O2 and CO concentration predictions. 

14. Quantifying the contribution of radiation to total heat transfer in the 

freeboards of BFBCs. 

15. Coupling a 1-D comprehensive steady-state system model for BFBC co-

firing lignite with CR and limestone addition with a 3-D radiation code based 

on MOL of DOM utilizing spectral radiative property models for combustion 

gases, particles, and walls. 

16. Validating the steady-state coupled model by comparing its predictions with 

measured temperature and gaseous emissions of the species O2, CO2, CO, 

SO2, NO, and N2O. 
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17. Developing a 2-D CFD model for BFBCs using the commercial software 

ANSYS Fluent accounting for gas-solid multiphase flow, turbulence, 

chemical reactions and radiation. 

18. Validating the 2-D CFD model by comparing its predictions with measured 

temperatures and concentration profiles of the species O2, CO2, CO. 

19. Assessment of the accuracy and computational efficiency of gas and particle 

radiative property models coupled with the 2-D CFD model for BFBCs by 

comparing their predictions with experimental measurements. 
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CHAPTER 2  

2 RADIATION MODEL 

The objective in RHT calculations is to determine the amount of energy leaving one 

surface and reaching another after traveling through a medium. If the medium 

interacts with radiation, as in the case of Earth’s atmosphere or a coal-combustion 

chamber, then the attenuation of each beam along its path and its redirection needs 

to be considered. The main idea in the RHT calculations is that radiative energy loses 

some of its strength as it propagates through a path due to out-scattering and 

absorption and gains additional strength because of in-scattering of radiation and 

emission in the direction as illustrated by Figure 2.1. Along this direction and path, 

the change in radiative energy can be tallied, which provides a conservation equation 

of radiative energy called the ‘radiative transfer equation (RTE)’. However, the 

solution of RTE is not straightforward as its radiation intensity is described as a 

function of seven independent variables (three location variables, two direction 

variables, a spectral variable, and time). Another challenging aspect of the solution 

of RTE is the proper consideration of complex spectral and directional dependence 

of thermal radiation due to combustion gases and particles. Therefore, modeling of 

radiation necessitates robust methods both for the solution of RTE and the estimation 

of radiative properties of particle-laden combustion gases.  
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Figure 2.1. Schematic representation of RHT calculations 

In this chapter, the details of the radiation models utilized in the present work are 

summarized. Starting from the RTE for the 3-D rectangular geometry, the derivation 

of the RTE in the form of MOL solution of DOM are provided together with its 

numerical solution techniques. In the next part of this chapter, the methods for the 

estimation of radiative properties of combustion gases, particles and walls are 

described in detail. 

2.1 Solution of Radiative Transfer Equation (RTE) 

2.1.1 Radiative Transfer Equation (RTE) 

For the representation of RHT in combusting systems, solution of radiative transfer 

equation (RTE) is of significant importance. It is written as a conservation equation 

in a specified  direction (ds) through a small volume element of non-gray, absorbing, 

emitting, scattering uniform media in the following form: 

1

𝑐

𝑑𝐼𝜆

𝑑𝑡
+

𝑑𝐼𝜆

𝑑𝑠
=

1

𝑐

𝐼𝜆(𝒓, 𝜴)

𝑑𝑡
+ (𝜴 ∙ ∇)𝐼𝜆(𝒓, 𝜴) 

  = −(𝜅𝜆 + 𝜎𝜆)𝐼𝜆(𝒓, 𝛀) + (𝜅𝜆)𝐼𝜆,𝑏(𝒓) +
𝜎𝜆

4𝜋
∫ Φ𝜆(𝛀′, 𝛀)𝐼𝜆(𝒓, 𝛀′)𝑑𝛀′

4𝜋

         (2.1) 

where 𝐼𝜆(𝐫,𝛀) is the spectral radiation intensity at position r in the direction 𝛀 

defined as the quantity of radiant energy passing in a specified direction 𝛀 along a 

path s per unit solid angle d𝛀 about the direction 𝛀, per unit area normal to the 



 
 

19 

direction of travel, per unit time. 𝜅𝜆 and 𝜎𝜆 are the spectral absorption and spectral 

scattering coefficients of the medium, respectively. 𝐼𝜆,𝑏(𝒓) is the spectral black-body 

radiation intensity at position r and Φ𝜆(𝛀′, 𝛀) is the spectral phase function for 

scattering which describes the fraction of energy scattered from the incoming 

direction 𝛀′ to the outgoing direction 𝛀. 𝛀 denotes the direction of solid angle and c 

is the speed of light. The term on the left-hand side represents the change of intensity 

in the specified direction s and solid angle 𝛀. The terms on the right-hand side (RHS) 

stand for absorption and out-scattering, emission and in-scattering, respectively. 

However, the radiation phenomena can be taken to be quasi-steady state as the light 

travels so fast that radiative equilibrium is reached before any notable temperature 

change takes place as in the vast majority of engineering problems. By simply 

neglecting the time rate of change of radiation intensity (𝑑𝐼𝜆 𝑑𝑡⁄ ), the quasi-steady 

form of the spectral RTE is written as: 

𝑑𝐼𝜆

𝑑𝑠
= (𝜴 ∙ ∇)𝐼𝜆(𝒓, 𝜴) 

  = −(𝜅𝜆 + 𝜎𝜆)𝐼𝜆(𝒓, 𝛀) + (𝜅𝜆)𝐼𝜆,𝑏(𝒓) +
𝜎𝜆

4𝜋
∫ Φ𝜆(𝛀′, 𝛀)𝐼𝜆(𝒓, 𝛀′)𝑑𝛀′

4𝜋

         (2.2) 

For a rectangular coordinates (x, y, z), the radiative intensity gradient can be defined 

by the following expression by applying the chain rule; 

𝑑𝐼𝜆

𝑑𝑠
=

𝜕𝐼𝜆

𝜕𝑥

𝑑𝑥

𝑑𝑠
+

𝜕𝐼𝜆

𝜕𝑦

𝑑𝑦

𝑑𝑠
+

𝜕𝐼𝜆

𝜕𝑧

𝑑𝑧

𝑑𝑠
                                                                                    (2.3) 

where the direction cosines are represented as functions of zenith angle (θ) and 

azimuthal angle (φ) as shown in Figure 2.2: 

𝑑𝑥

𝑑𝑠
= 𝜇 = cos (θ)                                                                                                              (2.4) 

𝑑𝑦

𝑑𝑠
= 𝜂 = sin (θ) sin (φ)                                                                                                (2.5) 



 
 

20 

𝑑𝑧

𝑑𝑠
= 𝜉 = sin (θ) cos (φ)                                                                                                (2.6) 

 
Figure 2.2. Directional cosines for rectangular geometries (Θ is the angle between 

radiation intensities at incoming and outgoing directions) 

For rectangular geometry, the final form of the quasi-steady form of RTE can be 

written as follow: 

𝜇
𝜕𝐼𝜆

𝜕𝑥
+ 𝜂

𝜕𝐼𝜆

𝜕𝑦
+ 𝜉

𝜕𝐼𝜆

𝜕𝑧
= 

   −(𝜅𝜆 + 𝜎𝜆)𝐼𝜆(𝒓, 𝛀) + (𝜅𝜆)𝐼𝜆,𝑏(𝒓) +
𝜎𝜆

4𝜋
∫ Φ𝜆(𝛀′, 𝛀)𝐼𝜆(𝒓, 𝛀′)𝑑𝛀′

4𝜋

         (2.7) 

For opaque, diffuse, and non-gray boundaries, the following boundary conditions 

can be used for Eq. (2.7): 

𝐼𝜆(𝒓𝑤,Ω) = 𝜀𝑤,𝜆𝐼𝑏,𝑤,𝜆 +
(1 − 𝜀𝑤,𝑗)

𝜋
∫ 𝐼𝜆(𝒓𝑤, 𝜴′)|𝒏 ∙ 𝜴′|𝑑𝛀′

n∙Ω'<0

                          (2.8) 

Once the intensity field can be evaluated by solving RTE [Eq. (2.7)] in conjuction 

with the boundary conditions [Eq. (2.8)], radiative HF and source term (ST) fields 

can be determined as follows; 
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𝑞𝜆 = ∫(𝒆𝑖 ∙ 𝜴)𝐼𝜆𝑑𝛀

𝟒𝝅

                                                                                                        (2.9) 

∇ ∙ 𝑞𝜆 = 𝜅𝜆 (4𝜋𝐼𝑏,𝜆(𝒓) − 𝐺𝜆(𝒓))                                                                                 (2.10) 

where 𝐺𝜆 is the incident spectral radiation defined as: 

𝐺𝜆(𝒓) = ∫ 𝐼𝜆(𝒓,Ω)𝑑𝛀

𝟒𝝅

                                                                                                  (2.11) 

2.1.2 Discrete Ordinates Method (DOM) 

In the discrete ordinates method (DOM), the entire angular domain is represented by 

finite number of discrete solid angles panning the total solid angle of 4π steradians. 

With the help of this approach, the in-scattering term in the RTE [Eq. (2.7)] is 

represented as the summation of quadratures over the ordinate directions, which 

means, the RTE that is an integro-differential equation is transformed into partial 

differential equations (PDEs) involving only spatial coordinates as independent 

variables. Spatial discretization can then be accomplished by using a variety of methods 

including finite volume method (FVM), finite element method (FEM), or finite 

difference method (FDM). For the classical implementation of DOM [99,100], spatial 

derivatives are discretized by using standard cell–centered, FVM. 

In the DOM implementation, the spectral RTE involving absorbing, emitting and 

scattering mediums for a rectangular coordinate system can be written as follows; 

𝜇𝑚,ℓ

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑥
+ 𝜂𝑚,ℓ

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑦
+ 𝜉𝑚,ℓ

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑧
= −(𝜅𝑔,𝜆 + 𝜅𝑝,𝜆 + 𝜎𝑝,𝜆)𝐼𝜆

𝑚,ℓ 

                   +(𝜅𝑔,𝜆 + 𝜅𝑝,𝜆)𝐼𝑏,𝜆                                                                                           

                    +
𝜎𝑝,𝜆

4𝜋
∑ 𝚽𝜆(𝛀𝑚′,ℓ′ , 𝛀𝑚,ℓ)𝑤𝑚′,ℓ′𝐼𝜆

𝑚′,ℓ′

𝑚′,l′

                                               (2.12) 



 
 

22 

where 𝐼𝜆
𝑚,ℓ [≡𝐼𝜆(𝐫; 𝜇𝑚,ℓ, 𝜂𝑚,ℓ, 𝜉𝑚,ℓ)] is the spectral radiation intensity at position r (x, 

y, z) in the discrete direction 𝛀𝑚,ℓ as represented by Figure 2.3, m and ℓ denote the 

discrete ordinate (m = 1,2,…,M and ℓ = 1,2,…,N), M and N are the total number of 

ordinates used in the approximation, 𝜇𝑚,ℓ,  𝜂𝑚,ℓ, and, 𝜉𝑚,ℓ are the direction cosines of 

𝛀𝑚,ℓ with x, y, z axis, respectively and 𝑤𝑚′,ℓ′ is the angular quadrature weight 

associated with the incoming direction 𝛀𝑚′,ℓ′. 

 

Figure 2.3. Schematic representation of discrete directions represented by m, ℓ in 

one octant of a unit sphere for S4 order of approximation 

For a diffuse and spectral wall at a certain temperature, the boundary conditions given 

by Eq. (2.13) can be utilized: 

at 𝑥 = 0, 𝐼𝜆
𝑚 = 𝜀𝑤,𝜆𝐼𝑏,𝑤,𝜆 +

(1 − 𝜀𝑤,𝜆)

𝜋
∑ 𝐼𝜆

𝑚′
𝑤𝑚′|𝜇𝑚′|

𝜇𝑚′<0

,      𝜇𝑚 > 0            (2.13) 

at 𝑥 = 𝐿, 𝐼𝜆
𝑚 = 𝜀𝑤,𝜆𝐼𝑏,𝑤,𝜆 +

(1 − 𝜀𝑤,𝜆)

𝜋
∑ 𝐼𝜆

𝑚′
𝑤𝑚′|𝜇𝑚′|

𝜇𝑚′>0

,      𝜇𝑚 < 0            (2.14) 
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Similar conditions can be applied to the boundaries for the other directions. 

Once the intensity field is obtained by the solution of Eq. (2.12) in conjuction with 

the boundary conditions [Eqs. (2.12) and (2.14)], radiative HF and ST fields can be 

determined as follows: 

𝒒𝜆,𝑖𝑛𝑐 = ∑ 𝑤𝑚′ℓ𝑚′𝐼𝜆
𝑚′

𝑀

𝑚′=1

                                                                                             (2.15) 

𝒒𝜆,𝑛𝑒𝑡 = ∑ 𝑤𝑚′ℓ𝑚′𝐼𝜆
𝑚′

𝑀

𝑚′=1

− ∑ 𝑤𝑚ℓ𝑚𝐼𝜆
𝑚

𝑀

𝑚=1

                                                              (2.16) 

𝜵 ∙ 𝒒𝜆 = 𝜅𝜆 (4𝜋𝐼𝜆,𝑏 − ∑ 𝑤𝑚𝐼𝜆
𝑚

𝑚

)                                                                              (2.17) 

For the angular discretization, SN and TN schemes are most commonly utilized. 

Carlson and Lathrop [101] first developed the SN angular discretization scheme in 

which a number of key moments of the radiative intensity are satisfied. The 

directions for the S2, S4, S6, S8, and S10 approximations are illustrated in Figure 2.4. 

As illustrated in the figure, discrete directions are ordered in levels and the number 

of directions is different at each level. The details of the SN angular quadrature 

scheme can be found elsewhere [102]. 
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Figure 2.4. Orders of approximation for SN 

On the other hand, Thurgood and his co-workers [103] developed TN angular 

discretization scheme which provides more accurate results and eliminates the ray 

effect.  TN angular discretization scheme utilizes the basal equilateral triangle of 

vertices at (1,0,0), (0,1,0), and (0,0,1) to map each octant. This basal triangle is then 

represented as N2 smaller equilateral triangles. The direction of each ray that passes 

through the smaller triangles' centroids is defined as the direction of smaller 

triangles. The tessellations of the basal triangle and the sphere triangles for the T4 

quadrature set are demonstrated by Figure 2.5. 
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Figure 2.5. Orders of approximation for T4 (a) Tessellation of basal equilateral 

triangle (b) sphere triangles [103] 

The number of ordinates per octant and for all sphere for SN and TN angular 

discretization schemes and for a 3-D rectangular geometry are listed in Table 2.1. 

The details of the SN and TN angular discretization schemes involving quadrature 

weights and direction cosines are provided in Appendix A. 

Table 2.1 Number of ordinates for SN and TN quadratures in 3-D systems 

Angular Discretization 

Scheme 

Number of ordinates 

per octant 

Total number of 

ordinates 

SN N(N+2)/8 M=2D N(N+2)/8 

TN N2 M=8 N2 
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2.1.3 Method of Lines (MOL) Solution of Discrete Ordinates Method 

(DOM) 

For the MOL solution of DOM, the false-transients approach [104] is adopted by 

incorporating a pseudo-time derivative of intensity into the DOM representation of 

RTE: 

𝑘𝑡

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑡
= −𝜇𝑚,ℓ

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑥
− 𝜂𝑚,ℓ

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑦
− 𝜉𝑚,ℓ

𝜕𝐼𝜆
𝑚,ℓ

𝜕𝑧
− (𝜅𝑔,𝜆 + 𝜅𝑝,𝜆 + 𝜎𝑝,𝜆)𝐼𝜆

𝑚,ℓ 

                    +(𝜅𝑔,𝜆 + 𝜅𝑝,𝜆)𝐼𝑏,𝜆                                                                        

                    +
𝜎𝑝,𝜆

4𝜋
∑ 𝚽𝜆(𝛀𝑚′,ℓ′ , 𝛀𝑚,ℓ)𝑤𝑚′,ℓ′𝐼𝜆

𝑚′,ℓ′

𝑚′,l′

                                               (2.18) 

where t is the pseudo-time variable, kt is introduced to maintain dimensional 

consistency in the equation which is taken as unity in this study. The set of discrete 

ordinates equations [Eq. (2.18)] is transformed into a set of initial value problems 

(ODEs) by discretizing the spatial derivatives in Eq. (2.18) using well known spatial 

discretization techniques such as finite differencing schemes. The resulting set of 

ODE can be solved by using a powerful ODE solver which is ROWMAP [105], 

based on ROW-methods of order four (a class of linearly implicit Runge-Kutta 

methods) utilizing Krylov techniques for the solution of linear systems. The selection 

of time steps is carried out by the ODE solver in such a way that the accuracy and 

stability of the solution is guaranteed. Since the steady state intensity profiles are not 

influenced by the initial conditions, the integration of ODEs can be started with any 

initial conditions. The ODE propagates in time by solving for the intensities at a time 

step, “n”, calculating the time derivatives, and integrating again to solve for 

intensities at the new time step, “n+1”. The solution is terminated when the radiative 

intensities for each ordinates and spatial grids comply with the condition given by 

the Eq. (2.19) and the intensity field is taken as the steady-state intensity field: 

|𝐼𝑛 − 𝐼𝑛−1|

𝐼𝑛−1
< 𝜖                                                                                                                 (2.19) 
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where 𝜖 is the error tolerance and subscript (n-1) stands for the intensity field at the 

previous time step.  

For the discretization of spatial derivatives in DOM, FVM is utilized. In FVM, the 

set of differential equations is integrated over a control volume, and the resultant 

equation is discretized using a spatial differencing scheme. The details of FVM 

discretization of DOM can be found elsewhere [106]. On the other hand, for the 

discretization of spatial derivatives in MOL of DOM representation of RTE, two-

point and three-point upwind differencing schemes (DSS012, DSS014), which are 

presented in Table 2.2 together with higher order approximations, are employed.  

Table 2.2 Spatial differencing schemes with FDM utilized in MOL solution of 

DOM [107,108] 

Name of the 

Scheme 

Stencil Formulation dI(𝜆I)/d𝜆 ≈ Order of 

Accuracy 

2-point upwind 

(DSS012)  

 
(I

i
 - I

i-1
)/ ∆  O(∆) 

3-point upwind 

(DSS014)  

 
(3I

i
 - 4I

i-1
 + I

i-2
)/ 2∆  O(∆

2
) 

4-point upwind 

(DSS016)  

 
(11I

i
 - 18I

i-1
 + 9I

i-2
 - 2I

i-3
)/ 6∆  O(∆

3
) 

4-point biased 

upwind (DSS018)  

 
(2I

i+1
 + 3I

i
 - 6I

i-1
 + I

i-2
)/ 6∆  O(∆

3
) 

5-point biased 

upwind (DSS020)  

 (3I
i+1

 + 10I
i
 - 18I

i-1
 + 6I

i-2
 - I

i-3
)/ 

12∆  
O(∆

4
) 
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2.1.4 Structure and Operation of the In-House Developed Code for the 

MOL Solution of DOM 

Figure 2.6 and Figure 2.7 illustrate the algorithm of the computer code of MOL 

solution of DOM for a non-gray absorbing, emitting, and scattering medium 

(MOLSDOM - NGAESM) bounded by non-gray walls.  
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Figure 2.6. Flowchart for MOL solution of DOM for a non-gray absorbing, 

emitting, and scattering medium bounded by non-gray walls 
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Figure 2.7. Algorithm of the subroutine DERV_RAD 

2.2 Radiative Property Models for Combustion Gases 

One of the major challenges of modeling of thermal radiation in FBCs is the accurate 

treatment of the radiative properties of the combustion gases (H2O and CO2) as they 

oscillate wildly throughout the thermal spectrum. Therefore, within the last few 
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decades, a wide variety of studies have been devoted to develop robust spectral gas 

radiative property models which are summarized in [46–48].  

To summarize, line-by-line (LBL) and narrow band models [such as statistical 

narrow bands (SNB) and narrow band correlated-k (NBCK)] are considered to be 

the most accurate ones but they are computationally inefficient for large-scale 

engineering problems. Alternatively, wide-band models are developed to improve 

computational efficiency but with the cost of decreased level of accuracy. Nowadays, 

global models, involving the weighted sum of gray gases (WSGG) model [50], the 

spectral line-based weighted sum of gray gases (SLW) model [51–53], and the full 

spectrum correlated-k (FSCK) model [54], become popular for large-scale 

engineering problems as they improve the computational efficiency without a major 

loss in the accuracy. However, one of the major drawbacks of these models is that 

their application with non-gray particles and/or non-gray boundaries is limited [61]. 

One of the objectives of this study is to assess the accuracy and CPU efficiency of 

different radiative property models for combustion gases in order to find the best 

method. Therefore, throughout the study, 7 spectral and 1 gray gas radiative property 

models are utilized in conjuction with the 3-D radiation model described above. In 

the following sub-section, these models are described in detail. 

2.2.1 Gray Gas Model Based on Gray Wide Band 

For the estimation of gray gas radiative properties, the gray wide band (GWB) 

approach with a single wide band is utilized. In this approach, the absorption 

coefficient of the gas mixture in the gray wide band is represented as the Planck 

mean of spectral absorption coefficients obtained from narrow band models. Spectral 

absorption coefficients of the combustion gases can then be found as follows; 

𝜅𝑔𝜆
=  (

1

𝐿
) 𝑙𝑛 (𝜏𝜆)                                                                                                          (2.20) 
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where 𝜏𝜆 = 1 − 𝜀𝑔𝜆
 is the spectral gas transmissivity which can be calculated over 

an isothermal and homogeneous path by the expression proposed by Ludwig et al. 

[109]; 

𝜏𝜆(𝐿) =  [−
𝜋𝐵

2
(√1 +

4𝑆𝐿

𝜋𝐵
− 1)]                                                                            (2.21) 

where 𝐵 = 2𝛽̅𝑣/𝜋2, 𝑆 = 𝑘̅𝑣𝑋𝑝, L is spectrally averaged mean beam length ( = 3.6 

volume/surface area), 𝑋 is the mole fraction of radiating gas, 𝑝 is the pressure, 𝑘̅𝑣 is 

the mean line-intensity to spacing ratio, 𝛽̅𝑣 = 2𝜋𝛾̅/𝛿𝑣̅ is the mean line width to 

spacing ratio, 𝛾̅ is the mean collision half-width of an absorption line and 𝛿𝑣̅ is the 

equivalent line spacing. 𝑘̅𝑣, 𝛿𝑣̅ and 𝛾̅ for H2O and CO2 can be obtained from [110].  

The gray gas absorption coefficient can then be calculated by averaging over Planck 

distribution; 

𝜅𝑔 =
∑ 𝜅𝜆,𝑗′∆𝑓𝑗′

𝑁𝐵
𝑗′=1

∑ ∆𝑓𝑗′
𝑁𝐵
𝑗′=1

                                                                                                      (2.22) 

where ∆f is the fraction of blackbody emissive power in any wavelength interval; 

∆𝑓𝑗′ = 𝑓(𝑛𝜆𝑗′+1𝑇) − 𝑓(𝑛𝜆𝑗′𝑇)                                                                                   (2.23) 

where 𝑓 is the fraction of blackbody emissive power contained between 0 and nλT 

which is defined by Modest [46]: 

𝑓(𝑛𝜆𝑇) =
∫ 𝐸𝑏,𝜆𝑑𝜆

𝜆

0

∫ 𝐸𝑏,𝜆𝑑𝜆
∞

0

                                                                                                     (2.24) 

The term 𝐸𝑏,𝜆 in Eq. (2.24) is spectral blackbody emissive power and can be 

determined by Planck’s law [46]. Further details are given in Appendix B. 
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2.2.2 Statistical Narrow Band Correlated-k (SNBCK) 

The main idea of the SNBCK is that in a narrow band, any radiative quantity, φη, 

depends only on the gas absorption coefficient, and integration of that quantity over 

the wavenumber interval can be replaced with integration over the absorption 

coefficient; 

𝜑̅𝜂 =
1

∆𝜂
∫ 𝜑(𝜅𝜂)𝑑𝜂

∆𝜂

= ∫ 𝑓(𝑘)

∞

0

𝜑(𝑘)𝑑𝑘                                                                  (2.25) 

where 𝑓(𝑘) is called k-distribution function and represents weighted sum of the 

number of spectral points where 𝜅𝜂 = 𝑘 in the wavenumber interval under 

consideration. As the k-distribution function behaves erratically at the local minima 

and maxima (dη/dκη = 0); a cumulative k-distribution function, 𝑔(𝑘), is introduced 

such that; 

𝑔(𝑘) = ∫ 𝑓(𝑘′)𝑑𝑘′

𝑘

0

                                                                                                       (2.26) 

𝜑̅𝜂 = ∫ 𝑓(𝑘)

∞

0

𝜑(𝑘)𝑑𝑘 = ∫ 𝜑(𝑘(𝑔))𝑑𝑔

1

0

                                                                   (2.27) 

where 𝑘(𝑔) is the inverse of 𝑔(𝑘). 

If accurate narrow band transmissivity data is available, k-distribution function can 

be determined by the inverse Laplace transformation of the transmissivity data [46]. 

For this purpose, the expression proposed by Ludwig et al. [109] [Eq. (2.21)] for the 

estimation of gas transmissivity over an isothermal and homogeneous path is adopted 

in this study.  

By taking the inverse Laplace transform of Eq. (2.21) and using Eq. (2.26), the 

analytical expression for the cumulative k-distribution function is obtained [111]: 
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𝑔(𝑘) =
1

2
[1 − 𝑒𝑟𝑓 (

𝑎

√𝑘
− 𝑏√𝑘)] +

1

2
[1 − 𝑒𝑟𝑓 (

𝑎

√𝑘
+ 𝑏√𝑘)] 𝑒𝜋𝐵                     (2.28) 

where 𝑎 = 1

2
√𝜋𝐵𝑆, 𝑏 = 1

2
√𝜋𝐵/𝑆, and erf(x) is called error function. 

The intensity field for narrow band can be obtained by applying the seven-point 

Gauss-Labatto quadrature to Eq. (2.21); 

𝐼𝜂 = ∑ 𝑤𝑖𝐼(𝑘(𝑔𝑖))

𝑁

𝑖=1

                                                                                                       (2.29) 

where N is the number of quadrature points which is 7 in this study, 𝑤𝑖 is the weight 

parameter and 𝑘(𝑔𝑖) is the inverse of the cumulative k-distribution function, 𝑔(𝑘), 

in the quadrature point, i. 𝑘(𝑔𝑖) can easily be found by utilizing the Newton-Raphson 

method. The details of the SNBCK model can be found in [60,111,112]. 

2.2.3 Weighted Sum of Gray Gases (WSGG) Model 

The LBL model and narrow band models such as NBCK or SNBCK are 

computationally inefficient for large-scale engineering problems as they require the 

solution of thousands or millions of RTE due to complex spectral dependence of gas 

radiative properties. Fortunately, it was shown that the absorption cross-section 

values are roughly reproduced in numerous wavelength intervals. For this reason, 

those absorption cross-sections can be grouped together and handled as separate gray 

gases with certain absorption cross-sections, 𝐶𝑎𝑏𝑠,𝑗. The representative illustration of 

the approximation of real spectrum with 4 gray gases is shown by Figure 2.8. 
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Figure 2.8. Approximation of a real spectrum by grouping into 4 gray gases [52] 

The representation of the real non-gray radiating gases in terms of a certain number 

of gray gases is first suggested by Hottel and Sarofim [50], and commonly known as 

the Weighted Sum of Gray Gases (WSGG) model in the radiation literature. Due to 

its simplicity, sufficient accuracy, and CPU efficiency, WSGG has gained growing 

attention and is further improved.  
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The gas mixture in the WSGG is originally represented as a mixture of 1 clear gas 

and 4 gray gases, and the RTE is solved for each gas denoted by the subscript j in 

Eq. (2.30); 

𝑘𝑡

𝜕𝐼𝑗
𝑚,ℓ

𝜕𝑡
= −𝜇𝑚,ℓ

𝜕𝐼𝑗
𝑚,ℓ

𝜕𝑥
− 𝜂𝑚,ℓ

𝜕𝐼𝑗
𝑚,ℓ

𝜕𝑦
− 𝜉𝑚,ℓ

𝜕𝐼𝑗
𝑚,ℓ

𝜕𝑧
− (𝜅𝑔,𝑗 + 𝜅𝑝,𝑗 + 𝜎𝑝,𝑗)𝐼𝑗

𝑚,ℓ 

                    +(𝜅𝑔,𝑗 + 𝜅𝑝,𝑗)𝛼𝑗𝐼𝑏                                                                        

                    +
𝜎𝑝,𝑗

4𝜋
∑ 𝚽𝑗(𝛀𝑚′,ℓ′ , 𝛀𝑚,ℓ)𝑤𝑚′,ℓ′𝐼𝑗

𝑚′,ℓ′

𝑚′,ℓ′

                                               (2.30) 

where 𝜅𝑔,𝑗 and 𝛼𝑗 are the absorption coefficients of the gray gas and gray gas weight, 

respectively. There are various techniques in the literature to determine the 

absorption coefficients and the weight of each gray gas. In the present work, 3 

different approaches for the WSGG are used. These techniques are further explained 

in the following sub-sections. 

2.2.3.1 Weighted Sum of Gray Gases Model of Bordbar et al. (WSGG – 

Bordbar) 

One of the improvements of WSGG is achieved by Bordbar et al. [113] by generating 

a new set of coefficients to extend the WSGG model to oxy-fired combustion 

systems. For this purpose, Bordbar et al. [113] developed correlations for the 

absorption coefficients and gray gas weights as a function of temperature and CO2 

and H2O mole fraction from the HITEMP 2010 database [114].  

In this model, the gas mixture is represented as a mixture of 1 clear gas and 4 gray 

gases. As denoted earlier, the RTE is solved for each gas. It should be highlighted at 

this point that the ANSYS Fluent implementation of this model is carried out by 

using 5 spectral bands each representing clear or gray gases with a certain absorption 

coefficient and gray gas weight. The weight of each gray gas can be estimated by the 

following expression; 
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𝛼𝑗(𝑇) = ∑ 𝑏𝑗,𝑘𝑇𝑟
𝑘

4

𝑘=1

                                                                                                        (2.31) 

where 𝑇𝑟 is the normalized temperature (= 𝑇 𝑇𝑟𝑒𝑓⁄ ) with 𝑇𝑟𝑒𝑓 as 1200 K, 𝑗 denotes 

gray gases, 𝑏𝑗,𝑘 is the polynomial function of the molar fraction ratio (𝑀𝑟 =

𝛸𝐻2𝑂 𝛸𝐶𝑂2
⁄ ); 

𝑏𝑗,𝑘 = ∑ 𝑐𝑗,𝑘,𝑙𝑀𝑟
𝑙

4

𝑙=0

                                                                                                         (2.32) 

The weight of the clear gas can then be found by subtracting the weight of each gray 

gas from unity: 

𝛼0(𝑇) = 1 − 𝛼1(𝑇) − 𝛼2(𝑇) − 𝛼3(𝑇) − 𝛼4(𝑇)                                                      (2.33) 

Similarly, the absorption coefficient of each gray gas (in m-1atm-1) can be found by 

the following expression; 

𝑘𝑗 = ∑ 𝑑𝑗,𝑙𝑀𝑟
𝑙

4

𝑙=1

                                                                                                             (2.34) 

The coefficients suggested by Bordbar et al. [113], which are 𝑑𝑗,𝑙 and 𝑐𝑗,𝑘,𝑙, are listed 

in Tables 2.3 and 2.4. 

Table 2.3 𝑑𝑗,𝑙 coefficients of Bordbar et al. [113] 

𝒋 𝒍 = 𝟎 𝒍 = 𝟏 𝒍 = 𝟐 𝒍 = 𝟑 𝒍 = 𝟒 

1 0.034043 0.065230 -0.046369 0.013868 -0.001445 

2 0.350946 0.746514 -0.529309 0.159442 -0.016633 

3 4.570740 2.168067 -1.498901 0.491717 -0.054300 

4 109.816900 -50.923590 23.432360 -5.163892 0.439389 
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Table 2.4 𝑐𝑗,𝑘,𝑙 coefficients of Bordbar et al. [113] 

𝒋 𝒌 𝒍 = 𝟎 𝒍 = 𝟏 𝒍 = 𝟐 𝒍 = 𝟑 𝒍 = 𝟒 

1 0 0.7412956 -0.5244441 0.5822860 -0.2096994 0.0242031 

1 1 -0.9412652 0.2799577 -0.7672319 0.3204027 -0.0391017 

1 2 0.8531866 0.0823075 0.5289430 -0.2468463 0.0310940 

1 3 -0.3342806 0.1474987 -0.4160689 0.1697627 -0.0204066 

1 4 0.0431436 -0.0688622 0.1109773 -0.0420861 0.0049188 

2 0 0.1552073 -0.4862117 0.3668088 -0.1055508 0.0105857 

2 1 0.6755648 1.4092710 -1.3834490 0.4575210 -0.0501976 

2 2 -1.1253940 -0.5913199 0.9085441 -0.3334201 0.0384236 

2 3 0.6040543 -0.0553385 -0.1733014 0.0791608 -0.0098934 

2 4 -0.1105453 0.0464663 -0.0016130 -0.0035398 0.0006121 

3 0 0.2550242 0.3805403 -0.4249709 0.1429446 -0.0157408 

3 1 -0.6065428 0.3494024 0.1853509 -0.1013694 0.0130244 

3 2 0.8123855 -1.1020090 0.4046178 -0.0811822 0.0062981 

3 3 -0.4532290 0.6784475 -0.3432603 0.0883088 -0.0084152 

3 4 0.0869309 -0.1306996 0.0741446 -0.0202929 0.0020110 

4 0 -0.0345199 0.2656726 -0.1225365 0.0300151 -0.0028205 

4 1 0.4112046 -0.5728350 0.2924490 -0.0798077 0.0079966 

4 2 -0.5055995 0.4579559 -0.2616436 0.0764841 -0.0079084 

4 3 0.2317509 -0.1656759 0.1052608 -0.0321935 0.0033870 

4 4 -0.0375491 0.0229519 -0.0160047 0.0050463 -0.0005364 

 

2.2.3.2 WSGG Model of Smith et al. (WSGG – Smith) 

Another implementation of WSGG is suggested by Smith et al. [115] prior to the 

work of Bordbar et al. [113]. Although the WSGG model of Smith et al. [115] is a 

less sophisticated version of the WSGG model, it is commonly utilized especially in 

combustion studies. However, this model is limited to air-fired scenarios. Since the 
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system under investigation in this study is an air-fired system, the predictive 

accuracy of the WSGG model of Smith et al. [115] is also tested. 

In the WSGG model of Smith et al. [115], the gas mixture is represented as a mixture 

of 1 clear gas and 3 gray gases, and the RTE is solved for each gray gas. Similar to 

the WSGG implementation of Bordbar et al. [113], the ANSYS Fluent 

implementation of this model is carried out by using 4 spectral bands each 

representing clear or gray gases with a certain absorption coefficient and gray gas 

weight.  

The difference in the WSGG implementation of Smith et al. [115] is that the weights 

of the gray gases are only functions of temperature and do not depend on gas 

compositions. Instead, the effect of gas composition is imposed by the utilization of 

different coefficients for different mole fraction ratios of CO2 and H2O. The 

temperature-dependent gray gas weights for the WSGG model of Smith et al. [115] 

can be determined by the following expression: 

𝛼𝑗(𝑇) = ∑ 𝑏𝑗,𝑘𝑇𝑘−1

4

𝑘=1

                                                                                                     (2.35) 

The weight of the clear gas can then be found by subtracting the weight of each gray 

gas from unity: 

𝛼0(𝑇) = 1 − 𝛼1(𝑇) − 𝛼2(𝑇) − 𝛼3(𝑇)                                                                       (2.36) 

The coefficients suggested by Smith et al. [113], 𝑏𝑗,𝑘, are listed in Table 2.5 together 

with the absorption coefficients of each gray gas. 

Table 2.5 𝑏𝑗,𝑘 coefficients and gas absorption coefficients of Smith et al. [113] 

𝒋 𝒌𝒋 (m
-1atm-1) 𝒃𝒋,𝟏 × 𝟏𝟎𝟏 𝒃𝒋,𝟐 × 𝟏𝟎𝟒 𝒃𝒋,𝟑 × 𝟏𝟎𝟕 𝒃𝒋,𝟒 × 𝟏𝟎𝟏𝟏 

1 0.4303 5.150 -2.303 0.9779 -1.494 

2 7.055 0.7749 3.399 -2.297 3.770 

3 178.1 1.907 -1.824 0.5608 -0.5122 
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2.2.3.3 Domain-based WSGG (DBWSGG) 

The domain-based WSGG is the implementation of the WSGG model by ANSYS 

Fluent software and is a readily available gas radiative property model in the 

software. Although its name implies otherwise, the model is actually a gray model 

in nature. For this model, the emissivity of the gas mixture (𝜀𝑔), consisting of 1 clear 

and 3 gray gases, is calculated by the following expression; 

𝜀𝑔 = ∑ 𝛼𝑗(𝑇)(1 − 𝑒𝑥𝑝(−𝑘𝑗𝑃𝑔(𝛸𝐶𝑂2
+ 𝛸𝐻2𝑂) 𝐿𝑒)

3

𝑗=0

                                               (2.37) 

where 𝑃𝑔 is the total absolute gas pressure, 𝛸𝐶𝑂2
 and 𝛸𝐻2𝑂 are the mole fractions of 

CO2 and H2O, respectively, 𝐿𝑒 is the mean beam length (= 3.6 ×

𝑉𝑜𝑙𝑢𝑚𝑒 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎⁄ ), and 𝑗 is the index for each gray gas. The absorption 

coefficient and gray gas weight of each gray gas [𝑘𝑗 and 𝛼𝑗(𝑇)] are determined by 

the same expressions and coefficients of Smith et al. [113] (see Eqs. (2.35) and (2.36) 

and Table 7). Finally, the overall absorption coefficient of the gas mixture (𝜅𝑔) to be 

used to solve the gray RTE is calculated by the following expression: 

𝜅𝑔 = −
ln(1 − 𝜀𝑔)

𝐿𝑒
                                                                                                         (2.38) 

2.2.4 Spectral Line-Based Weighted Sum of Gray Gases (SLW) Model 

Denison and Webb [51–53] further improved the WSGG model by introducing a 

new parameter called absorption-line blackbody distribution function (ALBDF) 

from the HITRAN and HITEMP databases in order to accurately represent the gray 

gas weights. This extension is referred to as spectral line-based weighted sum of gray 

gases (SLW) and is considered to be a state-of-the-art gas property model [46]. The 

SLW model consists of two major steps. One of them is determination of gas 

absorption coefficients and estimation of their gray gas weights whereas the other 
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one is the solution of RTE for each gray gas mixture. In the following sections, these 

steps are explained in detail. 

2.2.4.1 Calculation of Absorption Coefficients 

Each gray gas represents the space between two consecutive supplemental 

absorption cross-sections (𝐶̃𝑎𝑏𝑠,𝑗 and 𝐶̃𝑎𝑏𝑠,𝑗+1) and their absorption cross-sections are 

calculated as follows: 

𝐶̃𝑎𝑏𝑠,𝑗 = 𝑒𝑥𝑝 (
𝑙𝑛(𝐶̃𝑎𝑏𝑠,𝑗) + 𝑙𝑛(𝐶̃𝑎𝑏𝑠,𝑗+1)

2
)                                                                (2.39) 

Based on the recommendations of Dennison and Webb [52], the upper and lower 

limits of absorption cross-sections are selected as 3×10-5 and 60 m2/mole for H2O 

and 3×10-5 and 120 m2/mole for CO2 within the scope of this study. The absorption 

coefficient of gray gases can then be determined as follows; 

𝜅𝑔𝑗
= 𝑁𝐶𝑎𝑏𝑠,𝑗                                                                                                                    (2.40) 

where molar density (N) is calculated utilizing the ideal gas equation of state. It 

should be highlighted at this point that one of the gray gases has a “zero absorption 

coefficient” and represents the transparent regions of the thermal spectrum.  

2.2.4.2 Calculation of Gray Gas Weights 

In the SLW model, an ALBDF (Fs) is introduced by Denison and Webb [51–53] for 

the efficient representation of gray gas weights. The ALBDF refers to the fraction of 

the blackbody emissive power (𝐸𝑏,𝜂) where the absorption cross-section (𝐶𝑎𝑏𝑠,𝜂) is 

smaller than defined value 𝐶𝑎𝑏𝑠; 
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𝐹𝑠(𝐶𝑎𝑏𝑠, 𝑇𝑏 , 𝑇𝑔, 𝑃𝑇 , 𝑌𝑠) =
1

𝜎𝑇𝑏
4 ∫ 𝐸𝑏,𝜂(𝜂, 𝑇𝑏)𝑑𝜂

∆𝜂𝑖(𝐶𝑎𝑏𝑠,𝑇𝑏,𝑇𝑔,𝑃𝑇,𝑌𝑠)

                             (2.41) 

where 𝐸𝑏,𝜂 is determined by the Planck’s law as a function of wave number (𝜂) and 

blackbody temperature, 𝑇𝑏. The subscript i stands for the ith spectral band. 

The blackbody weights (𝛼𝑗) are determined by subtracting the two ALBDF 

representing two consecutive supplemental absorption cross-sections (𝐶̃𝑎𝑏𝑠,𝑗 and 

𝐶̃𝑎𝑏𝑠,𝑗+1): 

𝑎𝑗 = 𝐹𝑠(𝐶̃𝑎𝑏𝑠,𝑗+1, 𝑇𝑏 , 𝑇𝑔, 𝑃𝑇 , 𝑌𝑠) − 𝐹𝑠(𝐶̃𝑎𝑏𝑠,𝑗 , 𝑇𝑏 , 𝑇𝑔, 𝑃𝑇 , 𝑌𝑠)                                     (2.42) 

For the estimation of ALBDF for H2O and CO2, the hyperbolic tangent correlations 

suggested by Denison and Webb [51–53] are utilized. For H2O vapor, the ALBDF 

is provided as follows; 

𝐹𝑤 =
1

2
𝑡𝑎𝑛ℎ(𝑃𝑤(𝑇𝑏, 𝑇𝑔, 𝜉 − 𝜉𝑠𝑏)) +

1

2
                                                                      (2.43) 

where 𝑃𝑤 is calculated by the following expression; 

𝑃𝑤(𝑇𝑏 , 𝑇𝑔, 𝜉 − 𝜉𝑠𝑏) = ∑ ∑ ∑ 𝑏𝑙𝑚𝑛

3

𝑙=0

3

𝑛=0

(
𝑇𝑔

2500
)

𝑛

(
𝑇𝑏

2500
)

𝑚

(𝜉 − 𝜉𝑠𝑏)𝑙

3

𝑚=0

             (2.44) 

where 

𝜉 = 𝑙𝑛 (𝐶𝑎𝑏𝑠)                                                                                                                   (2.45) 

𝜉𝑠𝑏 =   ∑ ∑ ∑ 𝑐𝑙𝑚𝑛

3

𝑙=0

2

𝑛=0

(
𝑇𝑏

2500
)

𝑛

𝜉𝑚(𝑦𝐻2𝑂)𝑙+1

3

𝑚=0

                                                      (2.46) 

In a similar manner, the ALBDF for CO2 is provided by; 

𝐹𝑐 =
1

2
𝑡𝑎𝑛ℎ(𝑃𝑐(𝑇𝑏 , 𝑇𝑔, 𝜉)) +

1

2
                                                                                  (2.47) 

where 𝑃𝑐 is calculated by the following expression; 
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𝑃𝑐(𝑇𝑏 , 𝑇𝑔, 𝜉) = ∑ ∑ ∑ 𝑑𝑙𝑚𝑛

3

𝑙=0

3

𝑛=0

(
𝑇𝑔

2500
)

𝑛

(
𝑇𝑏

2500
)

𝑚

(𝜉)𝑙

3

𝑚=0

                                    (2.48) 

where 

𝜉 = 𝑙𝑛 (𝐶𝑎𝑏𝑠)                                                                                                                   (2.49) 

In Eqs. (2.43) to (2.49), the terms 𝑏𝑙𝑚𝑛, 𝑐𝑙𝑚𝑛, and 𝑑𝑙𝑚𝑛 are the coefficients deduced 

from the HITRAN database and given in Tables 2.6, 2.7, and 2.8, respectively. 
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Table 2.6 𝑏𝑙𝑚𝑛 coefficients used for H2O [52] 

𝑙 = 0 

n/m 0 1 2 3 

0 1.61030 -0.81812 2.60010 -1.31710 

1 -4.09310 15.55250 -21.20400 9.65240 

2 5.14350 -21.81900 31.08280 -14.47400 

3 -2.08570 9.87750 -14.27900 6.67470 

 

𝑙 = 1 

n/m 0 1 2 3 

0 0.44019 -0.82164 1.51490 -0.81023 

1 -0.63348 5.02390 -7.80320 3.72700 

2 0.87163 -5.98180 9.86420 -4.87400 

3 -0.38798 2.63550 -4.19310 1.98680 

 

𝑙 = 2 

n/m 0 1 2 3 

0 0.10665 -0.38573 0.57835 -0.28014 

1 -0.43116 1.88650 -2.62180 1.17850 

2 0.68960 -2.97120 4.26980 -1.95680 

3 -0.29831 1.28340 -1.79290 0.78725 

 

𝑙 = 3 

n/m 0 1 2 3 

0 0.00825 -0.03106 0.04393 -0.02037 

1 -0.03286 0.12337 -0.15792 0.06611 

2 0.06816 -0.26154 0.35095 -0.15283 

3 -0.03048 0.11745 -0.15308 0.06340 
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Table 2.7 𝑐𝑙𝑚𝑛 coefficients used for H2O [52] 

𝑙 = 0 

n/m 0 1 2 3 

0 4.72000 -0.84969 -0.03472 0.00058 

1 -8.54820 0.31248 0.04025 0.00394 

2 5.23940 -0.13804 -0.05801 -0.00529 

 

𝑙 = 1 

n/m 0 1 2 3 

0 -8.96150 1.58610 0.04347 0.00287 

1 16.95470 -2.01660 -0.67133 -0.07068 

2 -10.76000 1.46000 0.63323 0.06237 

 

𝑙 = 2 

n/m 0 1 2 3 

0 9.14610 -1.39750 0.08464 0.00715 

1 -17.32700 1.99650 0.59999 0.06621 

2 11.18640 -1.69350 -0.70054 -0.06873 

 

𝑙 = 3 

n/m 0 1 2 3 

0 -3.55040 0.48539 -0.06775 -0.00593 

1 6.62400 -0.70710 -0.18179 -0.02047 

2 -4.30580 0.68911 0.26931 0.02564 
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Table 2.8 𝑑𝑙𝑚𝑛 coefficients used for CO2 [52] 

𝑙 = 0 

n/m 0 1 2 3 

0 2.45702 -4.02320 7.54549 -3.63104 

1 -5.45334 15.67297 -23.80230 11.90780 

2 6.53751 -24.32470 39.51896 -20.36060 

3 -2.52344 11.33757 -19.11370 9.97877 

 

𝑙 = 1 

n/m 0 1 2 3 

0 0.076568 0.290182 -0.642820 0.394216 

1 2.361840 -12.004100 21.500300 -11.581800 

2 -3.950610 22.443420 -40.866700 22.051760 

3 2.174820 -13.046700 23.667620 -12.653600 

 

𝑙 = 2 

n/m 0 1 2 3 

0 -0.03306 0.36730 -0.69811 0.38312 

1 0.43677 -3.52466 6.60703 -3.65683 

2 -0.72533 6.74885 -12.96670 7.19415 

3 0.41386 -3.96295 7.58713 -4.16496 

 

𝑙 = 3 

n/m 0 1 2 3 

0 -0.00188 0.02850 -0.05496 0.03042 

1 0.01921 -0.22354 0.43709 -0.24779 

2 -0.03259 0.44027 -0.88149 0.49908 

3 0.01985 -0.26267 0.52196 -0.29157 
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2.2.4.3 Treatment of Non-Isothermal and Non-Homogeneous Media in 

SLW 

Modeling RHT in non-isothermal and/or non-homogeneous gaseous media is 

challenging due to spatial variation of thermodynamic states and difficulties 

associated with radical variations of local radiative properties. Non-isothermal 

and/or non-homogeneous gaseous media is treated utilizing the reference approach 

in this study. In this approach, first, a reference state is chosen as the average of 

temperatures and CO2 and H2O concentration fields. Then, local absorption cross-

sections (𝐶𝑎𝑏𝑠) can be estimated by equating the ALBDF evaluated at reference and 

local states; 

𝐹𝑠(𝐶̃𝑎𝑏𝑠,𝑗 , 𝑇𝑏 = 𝑇𝑟𝑒𝑓, 𝑇𝑔 = 𝑇𝑙𝑜𝑐𝑎𝑙, 𝑌𝑠 = 𝑌𝑙𝑜𝑐𝑎𝑙)

= 𝐹𝑠(𝐶̃𝑎𝑏𝑠,𝑗,𝑟𝑒𝑓 , 𝑇𝑏 = 𝑇𝑟𝑒𝑓 , 𝑇𝑔 = 𝑇𝑟𝑒𝑓, 𝑌𝑠 = 𝑌𝑟𝑒𝑓)                          (2.50) 

where 𝑇𝑙𝑜𝑐𝑎𝑙 is the local value of the temperature and 𝑇𝑟𝑒𝑓 and 𝑌𝑠,𝑟𝑒𝑓 are the reference 

temperature and mole fraction, respectively. This implicit equation is solved by using 

an iterative solution method, which is bisection method in this study. 

Then the local gray gas absorption cross-sections and blackbody weight of each gray gas 

are evaluated by the following expressions: 

𝜅𝑔𝑗
= 𝑁(𝑇𝑙𝑜𝑐𝑎𝑙 , 𝑌𝑠,𝑙𝑜𝑐𝑎𝑙)𝐶𝑎𝑏𝑠,𝑗(𝑇𝑙𝑜𝑐𝑎𝑙, 𝑌𝑠,𝑙𝑜𝑐𝑎𝑙)                                                           (2.51) 

𝑎𝑗 = 𝐹𝑠(𝐶̃𝑎𝑏𝑠,𝑗+1, 𝑇𝑏 = 𝑇𝑙𝑜𝑐𝑎𝑙, 𝑇𝑔 = 𝑇𝑟𝑒𝑓, 𝑌𝑠 = 𝑌𝑠,𝑟𝑒𝑓)                                   

− 𝐹𝑠(𝐶̃𝑎𝑏𝑠,𝑗 , 𝑇𝑏 = 𝑇𝑙𝑜𝑐𝑎𝑙 , 𝑇𝑔 = 𝑇𝑟𝑒𝑓 , 𝑌𝑠 = 𝑌𝑠,𝑟𝑒𝑓)                            (2.52) 

2.2.4.4 Treatment of Binary Gas Mixtures in SLW 

For modeling of heat transfer accurately for a medium involving binary gases such 

as CO2 and H2O, the RTE for rectangular domains is modified as follows:   
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𝑘𝑡

𝜕𝐼𝑘,𝑙
𝑚,ℓ

𝜕𝑡
= −𝜇𝑚,ℓ

𝜕𝐼𝑘,𝑙
𝑚,ℓ

𝜕𝑥
− 𝜂𝑚,ℓ

𝜕𝐼𝑘,𝑙
𝑚,ℓ

𝜕𝑦
− 𝜉𝑚,ℓ

𝜕𝐼𝑘,𝑙
𝑚,ℓ

𝜕𝑧
− (𝜅𝑔,𝑘,𝑙 + 𝜅𝑝 + 𝜎𝑝)𝐼𝑘,𝑙

𝑚,ℓ 

                    +(𝜅𝑔,𝑘,𝑙 + 𝜅𝑝)𝛼𝑘,𝑙𝐼𝑏                                                                        

                    +
𝜎𝑝

4𝜋
∑ 𝚽(𝛀𝑚′,ℓ′ , 𝛀𝑚,ℓ)𝑤𝑚′,ℓ′𝐼𝑘,𝑙

𝑚′,ℓ′

𝑚′,ℓ′

                                                  (2.53) 

where the indices k and l denote the kth and lth gray gas for H2O and CO2, 

respectively and 𝛼𝑘,𝑙 is the joint gray gas weights and can be found by the 

multiplication approach: 

𝛼𝑘,𝑙 = 𝛼𝑘𝛼𝑙                                                                                                                       (2.54) 

The summation of these joint gray gas weights must be unity: 

∑ ∑ 𝛼𝑘,𝑙

𝑘𝑙

= 1                                                                                                                (2.55) 

The absorption coefficients of the gas mixture (𝜅𝑔,𝑘,𝑙) are given as follows; 

𝜅𝑔,𝑘,𝑙 = 𝑁𝑘𝐶𝑎𝑏𝑠,𝑘 + 𝑁𝑙𝐶𝑎𝑏𝑠,𝑙                                                                                          (2.56) 

where 𝑁𝑘 and 𝑁𝑙  are the molar densities of H2O and CO2, respectively. 

2.2.5 Banded Spectral Line-Based Weighted Sum of Gray Gases (banded 

SLW) 

Originally, SLW requires gray particle and wall properties as it is a global model. 

For this reason, it cannot be utilized with non-gray particles and non-gray walls [52]. 

Nevertheless, SLW weights can be related to the cumulative k-distributions through 

integration of Planck’s function, which allows the calculation of gray gas weights 

for an arbitrary spectral band [52]. 

For modeling of heat transfer accurately for a medium involving binary gases such 

as CO2 and H2O together with non-gray particles and boundaries, the thermal 
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spectrum is divided into a certain number of spectral intervals where properties of 

particles and walls are taken to be constant. In an arbitrary jth band, RTE given in 

Eq. (2.53) takes the following form; 

𝑘𝑡

𝜕𝐼𝑗,𝑘,𝑙
𝑚,ℓ

𝜕𝑡
= −𝜇𝑚,ℓ

𝜕𝐼𝑗,𝑘,𝑙
𝑚,ℓ

𝜕𝑥
− 𝜂𝑚,ℓ

𝜕𝐼𝑗,𝑘,𝑙
𝑚,ℓ

𝜕𝑦
− 𝜉𝑚,ℓ

𝜕𝐼𝑗,𝑘,𝑙
𝑚,ℓ

𝜕𝑧
− (𝜅𝑔,𝑗,𝑘,𝑙 + 𝜅𝑝,𝑗 + 𝜎𝑝,𝑗)𝐼𝑗,𝑘,𝑙

𝑚,ℓ 

                    +(𝜅𝑔,𝑗,𝑘,𝑙 + 𝜅𝑝,𝑗)𝑎̃𝑗,𝑘𝑎̃𝑗,𝑙∆𝑓𝑗𝐼𝑏                                                                        

                    +
𝜎𝑝,𝑗

4𝜋
∑ 𝚽𝒋(𝛀𝑚′,ℓ′ , 𝛀𝑚,ℓ)𝑤𝑚′,ℓ′𝐼𝑗,𝑘,𝑙

𝑚′,ℓ′

𝑚′,ℓ′

                                               (2.57) 

where the indices k and l denote the kth and lth gray gas for H2O and CO2, respectively. 

∆𝑓𝑗 is the fraction of blackbody emissive power of the jth band. Gray gas weights 

(𝑎̃𝑗,𝑘𝑎̃𝑗,𝑙) utilized in Eq. (2.57) are normalized weights of the kth and lth gray gases in 

the jth band. Normalization of the gray gas weights in the jth band can be achieved by 

the following expressions: 

𝑎̃𝑗,𝑘 =
𝑎𝑗,𝑘

∆𝑓𝑗
,     𝑎̃𝑗,𝑙 =

𝑎𝑗,𝑙

∆𝑓𝑗
                                                                                                (2.58) 

Blackbody weights (𝑎𝑗,𝑘, 𝑎𝑗,𝑙) within the jth band [Eq. (2.58)] are determined by using 

k-distributions (𝑔𝑤 and 𝑔𝑐) as follows; 

𝑎𝑗,𝑘 =
1

𝜎𝑇4
[ ∫ 𝑔𝑤(𝐶̃𝑎𝑏𝑠,𝑘+1, 𝑇, 𝑃, 𝜂)𝐸𝑏(𝑇, 𝜂)𝑑𝜂

𝜂𝑗+1

𝜂𝑗

− ∫ 𝑔𝑤(𝐶̃𝑎𝑏𝑠,𝑘, 𝑇, 𝑃, 𝜂)𝐸𝑏(𝑇, 𝜂)𝑑𝜂

𝜂𝑗+1

𝜂𝑗

]                                              (2.59) 



 
 

50 

𝑎𝑗,𝑙 =
1

𝜎𝑇4
[ ∫ 𝑔𝑐(𝐶̃𝑎𝑏𝑠,𝑙+1, 𝑇, 𝑃, 𝜂)𝐸𝑏(𝑇, 𝜂)𝑑𝜂

𝜂𝑗+1

𝜂𝑗

− ∫ 𝑔𝑐(𝐶̃𝑎𝑏𝑠,𝑙, 𝑇, 𝑃, 𝜂)𝐸𝑏(𝑇, 𝜂)𝑑𝜂

𝜂𝑗+1

𝜂𝑗

]                                               (2.60) 

𝐸𝑏(𝑇, 𝜂) =
2𝜋ℎ𝑐0𝜂3

𝑛2 [𝑒𝑥𝑝 (
ℎ𝑐0𝜂
𝑛𝑘𝑇

) − 1]
=

3.7419 × 10−8 𝜂(𝑐𝑚−1)3

𝑒𝑥𝑝 (
1.4388 𝜂

𝑇 ) − 1
                          (2.61) 

in which the integrations are performed by using Simpson’s rule. The k-distribution 

functions 𝑔𝑤 and 𝑔𝑐 of H2O and CO2 for banded SLW model is calculated based on 

the hyperbolic tangent correlations suggested by Dennison and Webb [52]; 

𝑔𝑤,𝚤(𝐶̃𝑎𝑏𝑠,𝑘, 𝑇) =
1

2
𝑡𝑎𝑛ℎ(𝑃𝑤,𝚤) +

1

2
                                                                            (2.62) 

𝑃𝑤,𝚤(𝑇, 𝜉 − 𝜉𝑠𝑏) = ∑ ∑ 𝑏̃𝑙𝑚𝚤

3

𝑚=0

3

𝑙=0

(
𝑇

2500
)

𝑚

(𝜉 − 𝜉𝑠𝑏)𝑙                                              (2.63) 

𝜉 = 𝑙𝑛 (𝐶̃𝑎𝑏𝑠,𝑘)                                                                                                                 (2.64) 

𝜉𝑠𝑏 = ∑ ∑ 𝑐̃𝑙𝑚𝚤

3

𝑚=0

3

𝑙=0

𝜉𝑚(𝑦𝐻2𝑂)𝑙+1                                                                                  (2.65) 

𝑔𝑐,𝚤(𝐶̃𝑎𝑏𝑠,𝑙, 𝑇) =
1

2
𝑡𝑎𝑛ℎ(𝑃𝑐,𝚤) +

1

2
                                                                               (2.66) 

𝑃𝑐,𝚤(𝑇, 𝜉) = ∑ ∑ 𝑑̃𝑙𝑚𝚤

3

𝑚=0

4

𝑙=0

(
𝑇

2500
)

𝑚

(𝜉)𝑙                                                                     (2.67) 

𝜉 = 𝑙𝑛 (𝐶̃𝑎𝑏𝑠,𝑙)                                                                                                                  (2.68) 

where the index, 𝚤, refers to the k-distribution function of the 𝚤𝑡ℎ spectral location 

which is given as 400 𝚤 cm-1 and 300 𝚤 cm-1 for H2O and CO2, respectively. The 

coefficients 𝑏̃𝑙𝑚𝚤, 𝑐̃𝑙𝑚𝚤, and 𝑑̃𝑙𝑚𝚤 are given in Appendix C. It should be noted that Eq. 
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(2.68) needs modification at 2400 cm-1 (𝜂=300𝚤=300×8=2400 cm-1) for the 

strongest CO2 absorption band [52]. At this wavenumber, the k-distribution function 

is given as [52]: 

𝑔𝑐,8(𝐶̃𝑎𝑏𝑠,𝑙, 𝑇, 𝑃) = 0.2535 𝑡𝑎𝑛ℎ(𝑃𝑐,𝑎) + 0.2465 𝑡𝑎𝑛ℎ(𝑃𝑐,𝑏) +
1

2
                     (2.69) 

where functions 𝑃𝑐,𝑎 and 𝑃𝑐,𝑏 are calculated by using Eq. (2.67) with the coefficients 

𝑑̃𝑙𝑚𝚤. 

Finally, the absorption coefficient of the gas mixture (𝜅𝑔𝑗,𝑘,𝑙
) in Eq. (2.57) can be 

found using Eq. (2.56) for each spectral band. 

Gas emissivity in the jth band can be calculated by using the following expression; 

𝜀𝑔,𝑗 = ∑ ∑ 𝑎𝑗,𝑘𝑎𝑗,𝑙(1 − 𝑒
−𝜅𝑔𝑘,𝑙

𝐿
)

𝑁𝐺𝑊

𝑘=1

𝑁𝐺𝐶

𝑙=1

                                                                         (2.70) 

where L is the spectrally averaged mean beam length and NGW and NGC are the 

numbers of gray gases for H2O and CO2, respectively. Total gas emissivity is then 

determined by spectral averaging of gas emissivities in each band: 

𝜀𝑔 =
∑ 𝜀𝑔,𝑗∆𝑓𝑗

𝑁𝐵
𝑗=1

∑ ∆𝑓𝑗
𝑁𝐵
𝑗=1

                                                                                                            (2.71) 

2.2.6 One-Gas Spectral Line-Based Weighted Sum of Gray Gases (SLW-

1) 

In the banded SLW model, repeated solution of RTE for each gas mixture in each 

band is necessary. For this reason, CPU time requirements significantly increase for 

especially multi-dimensional engineering problems due to the increase in the number 

of RTE (NRTE) to be solved; 

𝑁𝑅𝑇𝐸 = 𝑁𝑡𝑖𝑚𝑒 × 𝑁𝑔𝑟𝑖𝑑 × 𝑁𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 × 𝑁𝑏𝑎𝑛𝑑 × 𝑁𝑔𝑟𝑎𝑦 𝑔𝑎𝑠 𝑘 × 𝑁𝑔𝑟𝑎𝑦 𝑔𝑎𝑠 𝑙          (2.72) 
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where 𝑁𝑡𝑖𝑚𝑒 denotes the number of time steps in the MOL approach, 𝑁𝑔𝑟𝑖𝑑 is the 

number of grids, 𝑁𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 is the number of discrete directions, 𝑁𝑏𝑎𝑛𝑑 is the number 

of bands and 𝑁𝑔𝑟𝑎𝑦 𝑔𝑎𝑠 𝑘 and 𝑁𝑔𝑟𝑎𝑦 𝑔𝑎𝑠 𝑙 are the number of gray gases for H2O and 

CO2, respectively. 

The efficient and minimal formulation of SLW can be achieved by representing the 

thermal spectrum as a mixture of single gray gas and a clear gas, which is referred 

to as SLW-1 [81,116]. One of the main challenges to this model is to determine the 

absorption coefficient (𝜅1) and gray gas weight (𝑎1) of the gray gas. Among various 

methods for the determination of these properties, the approach based on two 

emissivities [81,116], where 𝜅1 and 𝑎1 are determined by fitting the total gas 

emissivities calculated at two different path lengths L1 and L2, as in 𝜀1 = 𝛼1(1 −

𝑒−𝜅1𝐿1) and 𝜀2 = 𝛼1(1 − 𝑒−𝜅1𝐿2), is utilized owing to its simplicity and sufficient 

accuracy [81]. Using the double integration SLW, the total emissivity of the binary 

mixture for two different path lengths can be calculated with a sufficient number of 

gray gases;  

𝜀𝑚𝑖𝑥(𝐿1) = ∑ ∑ 𝑎𝑘𝑎𝑙(1 − 𝑒
−𝜅𝑔𝑘,𝑙

𝐿1)

𝑁𝐺𝐶

𝑙=1

𝑁𝐺𝑊

𝑘=1

                                                                  (2.73) 

𝜀𝑚𝑖𝑥(𝐿2) = ∑ ∑ 𝑎𝑘𝑎𝑙(1 − 𝑒
−𝜅𝑔𝑘,𝑙

𝐿2)

𝑁𝐺𝐶

𝑙=1

𝑁𝐺𝑊

𝑘=1

                                                                  (2.74) 

where the gray gas weights are found by using Eq. (2.42) and the absorption 

coefficients of the gas mixtures are obtained from Eq. (2.56). The gray gas 

parameters (𝜅1 and 𝑎1) are then found by solving the following system of algebraic 

equations, which has a unique solution for κ1 > 0: 

𝜀𝑚𝑖𝑥(𝐿1) = 𝛼1(1 − 𝑒−𝜅1𝐿1)                                                                                          (2.75) 

𝜀𝑚𝑖𝑥(𝐿2) = 𝛼1(1 − 𝑒−𝜅1𝐿2)                                                                                          (2.76) 
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Dividing Eq. (2.75) by Eq. (2.76), 𝑎1 can be eliminated and 𝜅1 can be found using 

Newton’s method with an error tolerance of 10-4. Finally, clear gas parameters can 

be determined by the following expressions: 

𝜅0 = 0                                                                                                                                (2.77) 

𝛼0 = 1 − 𝛼1                                                                                                                     (2.78) 

2.2.7 Banded One-Gas Spectral Line-Based Weighted Sum of Gray 

Gases (SLW-1) 

Similar to the SLW model, the SLW-1 model also is not applicable for media 

involving non-gray particles and/or boundaries in its original form. However, this 

problem can be alleviated by dividing the thermal spectrum into several spectral 

bands where properties of particles and walls are taken to be constant and 

representing each band as a mixture of single gray gas and a clear gas, which is 

referred to as banded SLW-1 [87]. 

Using the double integration to banded SLW, the total emissivity of the binary 

mixture for two different path lengths for each spectral band, j, can be calculated 

with a sufficient number of gray gases;  

𝜀𝑗,𝑚𝑖𝑥(𝐿1) = ∑ ∑ 𝑎̃𝑗,𝑘𝑎̃𝑗,𝑙(1 − 𝑒
−𝜅𝑔𝑗,𝑘,𝑙

𝐿1)

𝑁𝐺𝐶

𝑙=1

𝑁𝐺𝑊

𝑘=1

                                                          (2.79) 

𝜀𝑗,𝑚𝑖𝑥(𝐿2) = ∑ ∑ 𝑎̃𝑗,𝑘𝑎̃𝑗,𝑙 (1 − 𝑒
−𝜅𝑔𝑗,𝑘,𝑙

𝐿2)

𝑁𝐺𝐶

𝑙=1

𝑁𝐺𝑊

𝑘=1

                                                         (2.80) 

where the gray gas weights are found by using Eqs. (2.59) and (2.60), and the 

absorption coefficients of the gas mixtures are obtained from Eq. (2.56). For each 

band, the gray gas parameters (𝜅𝑗,1 and 𝑎𝑗,1) are then found by solving the following 

system of algebraic equations, which has a unique solution for κj,1 > 0: 

𝜀𝑗,𝑚𝑖𝑥(𝐿1) = 𝛼𝑗,1(1 − 𝑒−𝜅𝑗,1𝐿1)                                                                                    (2.81) 
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𝜀𝑗,𝑚𝑖𝑥(𝐿2) = 𝛼𝑗,1(1 − 𝑒−𝜅𝑗,1𝐿2)                                                                                    (2.82) 

Clear gas parameters can be determined for each band using the same expressions 

for SLW-1 [Eqs. (2.77) and (2.78)]. 

For the approach based on two emissivities to determine gray gas parameters of the 

SLW-1 model, 𝜀𝑗,𝑚𝑖𝑥(𝐿1) and 𝜀𝑗,𝑚𝑖𝑥(𝐿2) in Eqs. (2.79) and (2.80) are calculated for 

10 x 10 (H2O x CO2) gray gas mixtures. Furthermore, based on the recommendations 

of Solovjov et al. [81], all L1 and L2 values utilized in this study are selected to 

capture a range of path lengths that are both smaller and greater than the length 

defined by the physical boundaries. In order to define the physical boundaries of the 

system under consideration, three different definitions are utilized, and their 

predictive accuracies are tested against the benchmark solutions and measurements. 

The physical boundary definitions tested in this study are the height of the freeboard, 

spectrally averaged mean beam length (𝐿𝑚) and spectrally dependent mean beam 

length (𝐿𝑒). Their calculation methods are given in Appendix D. 

2.2.8 Bordbar’s 10 Band Model 

In an attempt to develop a simple and accurate banded gas radiative property model, 

Bordbar et al. [61] divided the thermal radiation spectrum into 10 bands based on the 

band dividing scheme of Maximov [89] who demonstrated that those 10 bands 

(shown in Table 2.9) represent the spectral regions where the most significant 

contributions of H2O and CO2 to absorption and emission of thermal radiation occur 

in the thermal conditions corresponding to combusting systems. The contribution of 

H2O and CO2 to absorption and emission in the remaining spectral parts, on the other 

hand, were assumed to be negligible. In fact, those regions were considered as 

windows. 
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Table 2.9 Band intervals recommended by Maximov [89] for combusting systems 

Band No. Start (μm) End (μm) 

1 1.338 1.465 

2 1.770 2.105 

3 2.454 2.632 

4 2.632 2.878 

5 4.167 4.706 

6 5.263 5.970 

7 6.154 7.843 

8 8.889 12.90 

9 12.90 16.67 

10 16.67 66.67 

 

Bordbar et al. [61] provided simple correlations for the determination of the band 

gas absorption coefficients covering operating conditions corresponding to practical 

combusting systems using databases of band gas absorption coefficients obtained by 

implementing the statistical narrow band model. Correlations for band gas 

absorption coefficients were obtained for different molar fraction ratios (𝑀𝑟 =

𝜒𝐻2𝑂/𝜒𝐶𝑂2
) of 1/8, 1/4, 1/2, 1 and 2 and for pure H2O and CO2 covering the 

temperature range between 500 and 2400 K and path length range between 10 cm 

and 15 m. 

The following form of correlation was suggested by Bordbar et al. [61] to 

approximate the gas absorption coefficients for the active bands: 

𝜅𝑔,𝑗 = 𝑎1 + 𝑎2 ln(𝑇) + 𝑎3 ln(𝑃𝐿) + 𝑎4𝑙𝑛2(𝑇) + 𝑎5𝑙𝑛2(𝑃𝐿)

+ 𝑎6 ln(𝑇) ln(𝑃𝐿)                                                                                (2.83) 

where 𝑃𝐿 = (𝜒𝐻2𝑂 + 𝜒𝐶𝑂2
)𝑃𝑖𝐿 in which L is the spectrally averaged mean beam 

length. The coefficients of Eq. (2.83) (𝑎1 to 𝑎6) for each spectral interval were 

determined by a curve fitting procedure, based on a non-linear least square method, 
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utilizing the band absorption coefficient database obtained by implementing the 

statistical narrow band model. Details of the statistical narrow band model and curve-

fitting procedure can be found elsewhere [61,89]. Coefficients of Eq. (2.83) for an 

H2O-CO2 mixture with Mr = 1 and 1/8, representing the air-fired and oxy-fired 

combustion systems, are tabulated in Tables 2.10 and 2.11, respectively whereas the 

coefficients for the mixtures with different molar fraction ratios can be found in [61]. 

Table 2.10 Coefficients for the correlations of the band gas absorption coefficient 

of an H2O-CO2 mixture with Mr = 1 [61] 

Band  𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 

1 0.919122 -0.050875 -0.339151 -0.00672 -0.002178 0.042970 

2 0.877775 -0.158920 -0.197953 0.009788 -0.001119 0.022207 

3 9.613162 -1.987588 -1.360774 0.108578 0.026032 0.146709 

4 12.89373 -2.377743 -2.992425 0.138231 0.049245 0.307937 

5 37.16659 -14.80333 6.976153 1.655044 0.794430 -1.86095 

6 11.92844 -2.417743 -1.792236 0.129435 0.040327 0.190125 

7 9.502207 -1.881765 -1.542546 0.110609 0.065159 0.130306 

8 9.472530 -3.357394 0.751424 0.297754 -0.001391 -0.122498 

9 19.34950 -6.853713 1.623699 0.701101 0.224327 -0.523703 

10 4.952210 -1.433418 -0.075431 0.176454 0.210895 -0.204262 
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Table 2.11 Coefficients for the correlations of the band gas absorption coefficient 

of an H2O-CO2 mixture with Mr = 1/8 [61] 

Band  𝒂𝟏 𝒂𝟐 𝒂𝟑 𝒂𝟒 𝒂𝟓 𝒂𝟔 

1 0.199322 0.002452 -0.081722 -0.00318 -0.000569 0.010554 

2 0.460116 -0.066706 -0.120368 0.002554 -0.001168 0.015310 

3 2.567918 -0.485771 -0.460969 0.023309 0.003067 0.054005 

4 10.55948 -2.613615 -1.550354 0.219032 0.043157 0.107953 

5 56.53518 -22.67026 11.456380 2.512294 1.195645 -2.908978 

6 4.556402 -0.988243 -0.605158 0.056484 0.006011 0.069641 

7 2.413270 -0.407942 -0.546100 0.019668 0.010303 0.055666 

8 3.523753 -1.456466 0.436200 0.146622 -0.002814 -0.073248 

9 23.16641 -7.684319 0.816435 0.768879 0.270188 -0.473434 

10 1.890447 -0.937951 0.448627 0.131430 0.067787 -0.151218 

 

Bordbar’s 10 band model [61] is originally developed for systems involving 

combustion gases only. To adopt Bordbar’s 10 band gas radiative property model 

into this study which contains particle-laden combustion gases, windows between 

the active bands are also considered together with the active bands as contributions 

of particles to absorption, emission, and scattering in those windows cannot be 

neglected in the freeboard of a BFBC. However, contributions of H2O and CO2 to 

absorption and emission in those windows are neglected i.e., gas absorption 

coefficients in the windows are taken to be zero to comply with Bordbar’s 10 band 

model. Furthermore, the regions including λ < 1.338 μm and λ > 16.67 μm are 

discarded due to the absence of spectral properties of particles and walls. That 

neglection of spectral regions will not have a significant effect on RHT predictions 

as the spectral region between 1.338 μm and 16.67 μm was found to cover 97 % of 

the thermal radiation in the system under consideration within the scope of this study. 

This is why 15 wavelength intervals (9 active bands and 6 windows) presented in 

Table 2.12 are utilized in this study. 
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Table 2.12 Band dividing scheme utilized in this study 

Band No. Start (μm) End (μm) 

1 (Active Band) 1.338 1.465 

2 (Window) 1.465 1.770 

3 (Active Band) 1.770 2.105 

4 (Window) 2.105 2.454 

5 (Active Band) 2.454 2.632 

6 (Active Band) 2.632 2.878 

7 (Window) 2.878 4.167 

8 (Active Band) 4.167 4.706 

9 (Window) 4.706 5.263 

10 (Active Band) 5.263 5.970 

11 (Window) 5.970 6.154 

12 (Active Band) 6.154 7.843 

13 (Window) 7.843 8.889 

14 (Active Band) 8.889 12.90 

15 (Active Band) 12.90 16.67 

 

As Bordbar’s 10 band model utilizes a single gray gas mixture in each band, gas 

emissivity in an arbitrary spectral band can be found as follows: 

𝜀𝑔,𝑗 = (1 − 𝑒−𝜅𝑔,𝑗𝐿)                                                                                                        (2.84) 

Finally, the total gas emissivity can be determined by spectral averaging of band gas 

emissivities by the following expression: 

𝜀𝑔 =
∑ 𝜀𝑔,𝑗∆𝑓𝑗

𝑁𝐵
𝑗=1

∑ ∆𝑓𝑗
𝑁𝐵
𝑗=1

                                                                                                            (2.85) 
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2.3 Radiative Property Models for Particles, Particle Clouds, and 

Aggregates 

Another challenging aspect of modeling RHT in FBCs is to estimate the radiative 

properties of particles in the system. Although particle’s radiative properties do not 

have a complex spectral dependence, they have a complex directional dependence 

due to their type, composition, shape, size, and optical properties.  

Particles in the combusting systems continuously emit and absorb thermal radiation 

in the whole thermal spectrum and may also scatter thermal radiation depending on 

particle size. Generally, interaction between particles and radiation is considered to 

be dictated by four main factors: (i) shape of the particle, (ii) ratio of particle size to 

the wavelength, (size parameter, x = πdp/λ), (iii) optical properties of particle and 

(iv) the relative distance between the particles (c/ λ). 

In general, interaction between particles and incident radiation depends on four 

major factors:  

Although FBCs, due to their low operation temperatures, lead to insufficient melting 

of fly ash particles to be shaped as spherical [14], in modeling of thermal radiation, 

particles are generally taken to be in the ideal shapes like spheres or cylinders. This 

approach leads to very accurate results as non-symmetry caused by the irregular 

shape of particles is evened by the clouds. To test this hypothesis, Gronarz et al. [16] 

investigated the effect of the non-sphericity of particles on the radiative properties 

of particle clouds. The radiative properties of non-spherical particles, with 

sphericities ranging from 0.5 to 2.0, were calculated using T-matrix whereas those 

of spherical particles were calculated using Mie theory. Their results show that the 

non-sphericity of particles leads to insignificant deviations (less than 10 %) in 

absorption and scattering properties, and Mie theory can be utilized to estimate those 

properties. 

Combusting systems involve particles of various size from nanometres (soot) to 

millimeters (coal particles in FBCs). For ash particles, this range is between around 
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1 and 1000 μm for FBCs (with a mean diameter usually less than 50 μm and 300 μm, 

for BFBC and CFBC, respectively). Under the operating conditions of FBCs, 

majority (99 %) of the thermal radiation is between 1-20 μm corresponding to a size 

parameter range of 0.1-3000. This large particle size range of FBCs leads to 

differences in interaction between particles and thermal radiation. Therefore, the 

dependence of the interaction between particles and thermal radiation on particle size 

must be treated carefully. 

The most important particle optical property in RHT calculations is the complex 

index of refraction (m = n-ik) which is the combination of refractive (n) and 

absorption indices (k) of particles. The refractive index (n) dictates the scattering of 

thermal radiation by particles whereas the absorption index (k) is related with the 

absorption of thermal radiation by particle and emission of particles. The complex 

index of refraction (RI), in general, depends on wavelength, temperature, and 

chemical composition and directly influences the spectral dependence of the 

particles’ radiative properties. Therefore, its proper treatment is of substantial 

importance. 

Distance between the particles, in other words, the concentration of particles, defines 

particle-radiation interactions in the presence of particle clouds. The scattering may 

be independent or dependent when scattering by a single particle is not affected or 

affected by the neighboring particles, respectively. For the independent scattering, 

cloud properties can be determined by utilizing the properties of single particles, on 

the other hand, scattering of thermal radiation by particles is represented with a 

different probability distribution. In other words, when the particles are close enough 

to each other, they typically absorb more than when they absorb individually. Figure 

2.9 illustrates the different scattering regimes as a function of particle volume 

fraction and size parameter. As highlighted by the figure, particles in combusting 

systems tend to show independent scattering behavior, hence, particle radiative 

property model described in the following sections are only for the independent 

regimes. 
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Figure 2.9. Dependent and independent scattering regimes [46] 

2.3.1 Radiative Properties of a Single Spherical Particle 

Lord Rayleigh first investigated the interaction between single spherical particles 

with thermal radiation in the nineteenth century. He developed a simple solution for 

very small spheres compared to the wavelength of thermal radiation (x << 1). This 

solution for the very small particles is generally referred to as the ‘Rayleigh 

scattering theory in the literature’. Later, in 1908, Gustav Mie developed an 

equivalent analytical solution to Maxwell’s equations which is valid for all sizes of 

spherical particles. This theory describing absorption and scattering behaviors of 

spherical particles is generally referred to as ‘Mie theory’ or ‘Lorenz-Mie theory’. 

This solution gives the extinction cross-section (𝐶𝑒(n, k, x, λ)), scattering albedo 
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(𝜔0(n, k, x, λ)) and the phase function (𝛷(n, k, x, θ, λ)) as functions of size parameter 

(𝑥 = π𝑑𝑝/λ) and RI (𝑚(λ) = 𝑛(λ) − ik(λ)). 

The extinction cross-section is defined as the summation of absorption and scattering 

cross-sections (𝐶𝑎(n, k, x, λ) and 𝐶𝑠(n, k, x, λ))) as follows: 

𝐶𝑒(n, k, x, λ) = 𝐶𝑎(n, k, x, λ) + 𝐶𝑠(n, k, x, λ)                                                              (2.86) 

Particles’ interaction with the thermal radiation is generally described as a function 

of efficiencies instead of cross sections. The absorption and scattering efficiencies 

can be found by dividing the cross-sections to the projectile surface area of particles: 

𝑄𝑒(𝑛, 𝑘, 𝑥, 𝜆) = 𝐶𝑒(𝑛, 𝑘, 𝑥, 𝜆) 𝜋𝑅2⁄                                                                             (2.87) 

𝑄𝑎(𝑛, 𝑘, 𝑥, 𝜆) = 𝐶𝑎(𝑛, 𝑘, 𝑥, 𝜆) 𝜋𝑅2⁄                                                                             (2.88) 

𝑄𝑠(𝑛, 𝑘, 𝑥, 𝜆) = 𝐶𝑠(𝑛, 𝑘, 𝑥, 𝜆) 𝜋𝑅2⁄                                                                             (2.89) 

The scattering phase function (𝛷), on the other hand, describes the probability of 

scattering of the incident radiation from its direction. Furthermore, in the modeling 

of thermal radiation in FBCs, scattering of thermal radiation by particles is taken to 

be elastic which means that the wavelength does not alter during scattering. 

2.3.1.1 Limiting Solutions of Maxwell Equations 

As mentioned above, Mie theory is valid for all sizes of spherical particles, however, 

it is computationally intensive. For this purpose, some more CPU-efficient limiting 

solutions of Maxwell equations can be solved to estimate the particles’ radiative 

properties for specific cases. These limiting solutions are Rayleigh scattering theory 

(x|n − 1| ≪ 1), Rayleigh-Gans scattering (x|n − 1| ≪ 1 and k ≪ 1), Anomalous 

Diffraction (x ≫ 1 and n ≈ 1), and geometric optics approximation (GOA) with 

diffraction (x ≫ 1 and x|n − 1| ≫ 1). Among them, Rayleigh scattering theory is 

commonly used in the estimation of radiative properties of soot. Furthermore, Ates 

et al. [40,42] showed that GOA provides accurate predictions for the particles’ 
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radiative properties in CFBC. In the present work, special emphasis is given to the 

RHT calculations for BFBCs involving fly ash, coal/char, and soot particles and 

exhaust plumes of solid rocket motors involving alumina particles. Therefore, only 

the details of Rayleigh scattering theory and Mie theory are provided in the following 

sub-sections. 

2.3.1.2 Rayleigh Scattering Theory 

The interaction between thermal radiation and very small spheres was investigated 

long before the development of Mie theory.  For such particles (x << 1) the spectral 

absorption and scattering coefficients of the soot particles can be estimated using the 

following expressions [117,118]; 

𝜅𝑝,𝜆 =
6𝜋𝑓𝑣

𝜆
𝐼𝑚 {

𝑚2 − 1

𝑚2 + 2
[1 +

𝑥2

15
(

𝑚2 − 1

𝑚2 + 2
)

𝑚4 + 27𝑚2 + 38

2𝑚2 + 3
]}                       (2.90) 

𝜎𝑝,𝜆 =
4𝜋4𝑑𝑝

4𝑓𝑣

𝜆4
|(

𝑚2 − 1

𝑚2 + 2
)|

2

                                                                                      (2.91) 

where 𝑓𝑣 is the particles volume fraction, 𝑑𝑝 is the particle diameter, 𝜆 is the 

wavelength, 𝑥 is the particle size parameter (= 𝜋𝑑𝑝/𝜆) and m is the RI. As can be 

seen from the Eqs. (2.90) and (2.91), the absorption coefficient is diversely 

proportional to 𝜆 whereas the scattering coefficient is diversely proportional to 𝜆4. 

In other words, for very small particles, the scattering of thermal radiation becomes 

very small or negligible compared to absorption. Furthermore, gas molecules tend to 

scatter the light with shorter wavelengths, as represented by Rayleigh scattering 

theory, which explains the color of the sky. 

The scattering phase function for the very small particles (x << 1) is calculated as 

follows: 

𝛷𝑝(𝜃) =
3

4
(1 + 𝑐𝑜𝑠2𝜃)                                                                                                 (2.92) 
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However, it was observed that this scattering phase function does not deviate from 

the isotropic scattering significantly. 

2.3.1.3 Mie Theory 

In Mie theory, complex amplitude functions S1(θ) and S2(θ) are utilized to express 

the extinction cross-section and scattering cross-section of particles. These 

amplitude functions are defined as functions of RI (m) and size parameter (x); 

S1(θ) = ∑
(2n + 1)

n(n + 1)
[𝑎nπn(cos θ) + bnτn(cos θ)]

∞

n=1

                                             (2.93) 

S2(θ) = ∑
(2n + 1)

n(n + 1)
[𝑏nπn(cos θ) + anτn(cos θ)]

∞

n=1

                                             (2.94) 

where πn and τn are the Legendre polynomials; 

πn(cos θ) =
dPn(cos θ)

dcos θ
                                                                                               (2.95) 

τn(cos θ) = cos θ πn(cos θ) − sin2θ
dπn(cos θ)

dcos θ
                                                 (2.96) 

and 𝑎n and bn are the Mie scattering coefficients: 

𝑎n =
ψn

′(m𝑥)ψn(𝑥) − mψn(m𝑥)ψn
′(𝑥)

ψn
′(m𝑥)ξn(𝑥) − mψn(m𝑥)ξn

′(𝑥)
                                                               (2.97) 

bn =
mψn

′(m𝑥)ψn(𝑥) − ψn(m𝑥)ψn
′(𝑥)

mψn
′(m𝑥)ξn(𝑥) − ψn(m𝑥)ξn

′(𝑥)
                                                               (2.98) 

ψn and ξn are referred to as the Ricatti-Bessel functions and defined by the following 

expressions [46], 

ψn(z) = (
πz

2
)

1
2

J
n+

1
2

(z)                                                                                                  (2.99) 
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ξn(z) = (
πz

2
)

1
2

H
n+

1
2

(z)                                                                                               (2.100) 

where the functions J and H represent the Bessel and Hankel functions, respectively. 

The Legendre polynomial Pn is defined as follows; 

Pn(i) =
1

2
∑ (

n
k

)
2

(i − 1)n−k(i + 1)k

n

k=0

                                                                    (2.101) 

such that Pn becomes as given by Eqs. (2.102) to (2.105) for n = 0, 1, 2, 3 …, 

P0(cos θ) = 1                                                                                                                 (2.102) 

P1(cos θ) = cos θ                                                                                                          (2.103) 

P2(cos θ) =
1

2
(3(cos θ)2 − 1)                                                                                  (2.104) 

P3(cos θ) =
1

2
(5(cos θ)3 − 3 cos θ)                                                                        (2.105) 

The amplitude functions S1(θ) and S2(θ) given by Eqs. (2.93) and (2.94) are utilized 

to represent extinction and scattering cross-sections as follows [46]; 

Ce =
4π𝑅2

𝑥2
𝔎(S(0))                                                                                                     (2.106) 

Cs =
π𝑅2

𝑥2
∫(𝑖1 + 𝑖2) sin(θ) 𝑑θ

𝜋

0

                                                                                 (2.107) 

where 𝔎(S(0)) is the real part of S(0) and 𝑖j is represented by the following 

expression: 

𝑖j = |Sj|
2

                                                                                                                          (2.108) 

If S1(θ) and S2(θ) are inserted into Eqs. (2.106) and (2.107), then the individual 

particle radiative properties become functions of 𝑎n and bn; 
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Ce =
2π𝑅2

𝑥2
∑(2n + 1)𝔎(𝑎n + bn)

∞

n=1

                                                                       (2.109) 

Cs =
2π𝑅2

𝑥2
∑(2n + 1)(|𝑎n|2 + |bn|2)

∞

n=1

                                                                 (2.110) 

The following expression defines the ratio of scattered energy to a certain direction 

θ to the total incident radiation: 

𝐼𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑑(θ)

𝐼𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡
=

1

2

𝑖1 + 𝑖2

𝑥2
                                                                                             (2.111) 

By dividing (Eq. (2.111)) to the total scattering incident radiation, the scattering 

phase function can be found: 

𝛷 =

𝐼𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑑(𝜃)
𝐼𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡

1
𝜋 ∫

𝐼𝑠𝑐𝑎𝑡𝑡𝑒𝑟𝑒𝑑(𝜃)
𝐼𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡

𝑑𝜴
4𝜋

=
𝑖1 + 𝑖2

1
4𝜋 ∫ (𝑖1 + 𝑖2)𝑑𝜴

4𝜋

= 2
𝑖1 + 𝑖2

𝑄𝑠
                          (2.112) 

Nevertheless, the solution of Eq. (2.112) is too time consuming. Scattering phase 

function can also be expressed by Legendre polynomials as follows; 

𝛷 = 1 + ∑ 𝐴𝑛𝑃𝑛(𝑐𝑜𝑠 𝜃)

∞

𝑛=1

                                                                                          (2.113) 

where 𝐴𝑛 coefficients are calculated only once from 𝑎n and bn. On the other hand, 

this procedure using Legendre polynomials to determine the scattering phase 

function is still laborious for many practical engineering applications. For this 

purpose, scattering phase function is generally expressed by the asymmetry factor 

(g) which is defined as follows; 

𝑔 = 𝑐𝑜𝑠 𝜃̅̅ ̅̅ ̅̅ ̅ =
1

4𝜋
∫ 𝛷

4𝜋

(𝜃) 𝑐𝑜𝑠 𝜃  𝑑𝜴                                                                        (2.114) 

where  𝑔 ranging from -1 to +1 which stands for the purely backward scattering and 

purely forward scattering, respectively. 
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In the present study, the radiative properties of particles are calculated by extending 

the BHMIE code based on Mie theory [46]. 

2.3.2 Radiative Properties of Polydisperse Particle Clouds 

In many engineering applications, especially in combusting systems, it has to be 

dealed with a large collection of particles which are called clouds. If the scattering is 

independent, as in the case of this study, the effect of the existence of such clouds is 

simply additive. These clouds may include uniform size particles. However, in real-

life engineering problems, particles in the clouds have a PSD.  

Solution of RTE in FBCs requires the radiative properties of particle clouds such as 

absorption coefficient, scattering coefficient, and scattering phase function in 

addition to gas absorption coefficient rather than the radiative properties of single 

particles which are absorption and scattering efficiency. In this section, the 

determination of radiative properties of uniform-size and non-uniform-size particle 

clouds by using the radiative properties of single particles is described. 

For a uniform size particle cloud, the cloud properties can be calculated by 

multiplying the total number of particles (𝑁𝑇) with the absorption, scattering, and 

extinction cross-sections: 

𝜅𝑝,𝜆 = 𝑁𝑇𝐶𝑎 = 𝜋𝑅2𝑁𝑇𝑄𝑎,𝜆                                                                                        (2.115) 

𝜎𝑝,𝜆 = 𝑁𝑇𝐶𝑠 = 𝜋𝑅2𝑁𝑇𝑄𝑠,𝜆                                                                                        (2.116) 

𝛽𝑝,𝜆 = 𝑁𝑇𝐶𝑒 = 𝜋𝑅2𝑁𝑇𝑄𝑒,𝜆                                                                                        (2.117) 

where 𝜅𝑝,𝜆, 𝜎𝑝,𝜆 and 𝛽𝑝,𝜆 are the spectral absorption, scattering, and extinction 

coefficients. If the particles in the cloud have a uniform size, the scattering phase 

function and the asymmetry factor do not change with respect to the particle size 

such that: 

𝛷𝜆(θ) = 𝛷𝜆,single(θ)                                                                                                    (2.118) 
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g𝜆(θ) = g𝜆,single(θ)                                                                                                    (2.119) 

However, when the particles are present in a cloud of non-uniform size distribution 

as in practical systems, properties of the particle cloud can be found by the 

summation of the particle properties of each size, which yields [46]; 

𝜅𝑝,𝜆 = ∫
𝜋𝑑𝑝

2

4
𝑄𝑎,𝜆(𝑑𝑝)𝑁(𝑑𝑝)𝑑𝑑𝑝

∞

0

                                                                        (2.120) 

𝜎𝑝,𝜆 = ∫
𝜋𝑑𝑝

2

4
𝑄𝑠,𝜆(𝑑𝑝)𝑁(𝑑𝑝)𝑑𝑑𝑝

∞

0

                                                                         (2.121) 

𝑔𝜆̅̅ ̅ =
1

𝜎𝑝,𝜆
∫

𝜋𝑑𝑝
2

4
𝑄𝑠,𝜆(𝑑𝑝)𝑔𝜆(𝑑𝑝)𝑁(𝑑𝑝)𝑑𝑑𝑝

∞

0

                                                      (2.122) 

𝛷𝜆
̅̅̅̅ = ∫

𝜋𝑑𝑝
2

4
𝑄𝑠,𝜆(𝑑𝑝)𝛷𝜆(𝑑𝑝)𝑁(𝑑𝑝)𝑑𝑑𝑝

∞

0

∫
𝜋𝑑𝑝

2

4
𝑄𝑠,𝜆(𝑑𝑝)𝑁(𝑑𝑝)𝑑𝑑𝑝

∞

0

⁄      (2.123) 

where 𝑁(𝑑𝑝)d𝑑𝑝 is the number of particles with a diameter between 𝑑𝑝 and 𝑑𝑝 +

d𝑑𝑝. The total number of particles and particle volume fraction are defined as: 

𝑁𝑇 = ∫ 𝑁(𝑑𝑝)𝑑𝑑𝑝

∞

0

                                                                                                      (2.124) 

𝑓v =
4

3
𝜋 ∫

dp
3

8
𝑁(dp)𝑑dp

∞

0

                                                                                         (2.125) 

Eqs. (2.120) – (2.122) require a continuous PSD function such as Rosin-Rammler 

size distribution function. In the presence of experimentally measured data providing 

a discrete size distribution of particles, Eqs. (2.120) – (2.122) can be rewritten as 

follows: 

𝜅𝑝,𝜆 =  
3

2
∑

𝑄a,𝜆(𝑑pi
)B𝑤i

ρp𝑑pi

Nt

i=1

                                                                                         (2.126) 
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𝜎𝑝,𝜆 =
3

2
∑

𝑄s,𝜆(dpi
)B𝑤i

ρpdpi

Nt

i=1

                                                                                          (2.127) 

𝑔𝜆̅̅ ̅ = ∑
𝑔𝜆(𝑑𝑝𝑖

)𝐵𝑤𝑖

𝜌𝑝𝑑𝑝𝑖

𝑁𝑡

𝑖=1

∑
𝐵𝑤𝑖

𝜌𝑝𝑑𝑝𝑖

𝑁𝑡

𝑖=1

⁄                                                                             (2.128) 

where B is the total particle load and 𝑤𝑖 is the differential weight of particles in the 

ith size interval. 

2.3.3 Scattering Phase Function Simplifications 

Generally large particles are present in FBCs leading to strong forward scattering 

tendencies (g ~ 0.5 – 0.95). In such systems, Henyey-Greenstein phase function [46] 

has been found to provide successful approximations of scattering phase functions 

as a function of g and θ; 

𝛷𝜆(θ) =
1 − g𝜆

2

(1 + g𝜆
2 − 2g𝜆cosθ)1.5

                                                                            (2.129) 

where g𝜆 is the spectral asymmetry factor. Henyey-Greenstein phase function has a 

non-oscillatory smooth behavior while the acute forward scattering peak increases 

with the increasing asymmetry factor. 

Nevertheless, much simpler approaches such as transport approximation [119] in 

which the forward scattering peak is taken into account by a Dirac-delta function 

whereas isotropic scattering is used to represent rest of the scattering angles. To 

achieve this objective, a modified scattering coefficient which is given by the Eq. 

(2.130) is utilized for the solution of RTE: 

𝜎𝑝𝑗

𝑡𝑟 = 𝜎𝑝𝑗
(1 − g𝑗)                                                                                                     (2.130) 

Within the scope of this thesis study, both approaches are used to represent the 

anisotropy in the scattering of thermal radiation by particles. 
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2.3.4 Radiative Properties of Soot Aggregates 

Soot particles are masses of carbon with some impurities originating from 

incomplete combustion of hydrocarbons. Those particles are usually spherical and 

small, between around 5 nm to 80 nm in size. Furthermore, thermal radiation emitted 

by soot particles is considerably stronger compared to that emitted by combustion 

gases. Therefore, absorption and scattering of radiation by soot particles are needed 

to be considered for the modeling of RHT in combusting systems.  

Generally, the diameter of soot particles is very small compared to the wavelengths 

in infrared radiation. Under these circumstances, Rayleigh’s theory is expected to 

hold for the estimation of the radiative properties of soot particles. However, soot 

particles can combine into large aggregates resembling mass fractals consisting of 

hundreds of particles as highlighted by Figure 2.10, which in turn makes the use of 

both Rayleigh’s theory and spherical-particle assumption questionable.  

 
Figure 2.10. TEM images of soot particles and aggregates [120] 

Recently, some numerically exact simulations for the determination of radiative 

properties of soot aggregates have been conducted using T-matrix and generalized 
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multisphere Mie (GMM) solutions; however, they are computationally intensive. 

Later, Mackowski [121] calculated absorption cross-sections of soot aggregates (𝐶𝑎
𝑎) 

using electrostatic approximation (ESA) with different indices of refraction and 

found that absorption cross-sections of the soot aggregates are well correlated by the 

following expression by confirming the results against the exact GMM formulation; 

𝐶𝑎
𝑎

𝑁𝐶𝑎
𝑝 =

3

2𝑁 + 1
+

2(𝑁 − 1)

2𝑁 + 1
(

𝐶𝑎
𝑎

𝑁𝐶𝑎
𝑝)

∞

                                                                    (2.131) 

where 𝐶𝑎
𝑝 is the absorption cross-section of a single soot particle, N is the number of 

soot particles in the aggregate and (𝐶𝑎
𝑎 𝑁𝐶𝑎

𝑝⁄ )
∞

 is the limiting value for N → ∞. For 

typical soot, (𝐶𝑎
𝑎 𝑁𝐶𝑎

𝑝⁄ )
∞

 value can be taken as 1.06 [46]. However, this expression 

cannot represent the effect of agglomeration of scattering cross-section (𝐶𝑠
𝑎) as it 

also depends on the primary particle size of soot. Effect of agglomeration on 

scattering cross-section for large-agglomerate (for N → ∞) is well represented by 

fractal Rayleigh–Debye–Gans (RDG) formulation: 

(
𝐶𝑠

𝑎

𝑁𝐶𝑠
𝑝)

∞

=
𝑘𝑓

(2𝛼)𝐷𝑓
[

3

2 − 𝐷𝑓
−

12

(6 − 𝐷𝑓)(4 − 𝐷𝑓)
]                                               (2.132) 

where 𝐶𝑠
𝑝 is the scattering cross-section of a single soot particle, 𝐷𝑓 is the mass fractal 

dimension, 𝑘𝑓 is fractal prefactor. It has been shown that 𝐷𝑓 and 𝑘𝑓 values are almost 

universal and ranging between 1.6 – 1.9 and 2.0 – 2.6 [46], respectively. 

For intermediate values of N, the scattering cross-section of soot aggregates can be 

estimated accurately using the simple power-law expression developed by Farias et 

al. [122]: 

𝐶𝑠
𝑎

𝑁𝐶𝑠
𝑝 =  (

𝐶𝑠
𝑎

𝑁𝐶𝑠
𝑝)

∞

1−𝑁−1/4

                                                                                               (2.133) 

Banded radiative soot particles’ properties and aggregates is found by using Eq. 

(2.134);  
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𝜑𝑗 =
∑ 𝜑𝜆,𝑗′∆𝑓𝑗′

𝑁𝐵
𝑗′=1

∑ ∆𝑓𝑗′
𝑁𝐵
𝑗′=1

                                                                                                   (2.134) 

where 𝜑𝑗 represents either 𝜅𝑝,𝑗 or 𝜎𝑝,𝑗. 

Finally, Planck-mean properties are utilized as gray radiative properties of soot 

particles and aggregates. 

2.3.5 Complex Index of Refraction Models for Particles 

The radiative properties of particles are strong functions of particles’ RI. Therefore, 

accurate and proper treatment of the RI of particles is of significant importance. In 

the literature, particles’ RI data are generally presented as experimental 

measurements or empirical/semi-empirical models. In the present work, RHT 

calculations are applied to the systems involving fly ash particles, soot particles and 

aggregates, and alumina particles. For this purpose, only the estimation of the RI of 

these particles is provided in the following sub-sections. 

2.3.5.1  Complex Index of Refraction of Fly Ash Particles 

Within the last few decades, a significant amount of effort has been devoted to 

measure the RI of fly ash particles which are summarized in [45,102]. Among them, 

Goodwin [123] reported the first comprehensive measurements of the RI of coal 

slags as a function of wavelengths, temperatures, and ash compositions under the 

typical conditions of combusting systems. Based on these measurements covering a 

wavelength range of 0.7-13 µm, Goodwin suggested semi-empirical correlations to 

estimate the absorption and refractive indices of ash particles with respect to ash 

compositions, density, wavelength and temperature. The input parameters for the 

correlation of Goodwin are listed in Table 2.13. As shown by the table, the 

correlation of Goodwin depends on the ash composition which makes it difficult to 

be coupled with a radiation model. Another important aspect of Goodwin’s model of 
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RI is that it requires the oxidation state of iron atoms which is rarely known. 

However, Goodwin’s measurements and correlations are commonly used as 

benchmark in the thermal radiation literature [45,102]. 

Table 2.13 Input Parameters for Goodwin’s Model Equations 

Wavelength 

Interval (μm) 

Input Parameters 

Refractive Index, n Absorption Index, k 

1-4 Mass fractions of 

SiO2, Al2O3, Fe2O3, 

CaO, MgO and TiO2  

Particle density 

Fe2O3 mass fraction 

Oxidation state of iron atoms 

(Fe+2/ (Fe+2+Fe+3)) 

g(λ); tabulated data 

4-8 
SiO2 mass fraction 

k0; tabulated data 

8-13 SiO2 mass fraction SiO2 mass fraction 

 

Another semi-empirical model is developed by Ebert [124] as an extension of 

Goodwin’s study to extend Goodwin’s model of RI to elevated temperatures and for 

a wider range of ash compositions. In particular, this model is valid for ash particles 

with SiO2 content less than 95 % and Fe2O3 content less than 30 % and for operating 

temperatures up to 1600 °C. Moreover, the summation of mass fractions of SiO2, 

Al2O3, Fe2O3, CaO, MgO, and TiO2 is needed to be more than 0.80. 

The details and equations of Goodwin’s and Ebert’s models for RI of coal slags can 

be found in Appendix E. 
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2.3.5.2 Complex Index of Refraction of Soot 

The optical properties of soot have been investigated by many researchers using 

different forms of carbon and measurement techniques which are briefly summarized 

in [46]. Among these studies, the measurements of Chang and Charalampopoulos 

[125] for the soot produced by propane flames have received very much attention. 

Chang and Charalampopoulos [125] also provided a polynomial expression deduced 

from their measurements which is applicable for the wavelength interval of 0.4 – 30 

μm: 

𝑛 = 1.811 + 0.1263𝑙𝑛𝜆 + 0.0270𝑙𝑛2𝜆 + 0.0417𝑙𝑛3𝜆                                       (2.135) 

𝑘 = 0.5821 + 0.1213𝑙𝑛𝜆 + 0.2309𝑙𝑛2𝜆 − 0.0100𝑙𝑛3𝜆                                    (2.136) 

It should be noted at this point that Tien and Lee [126] stated that the optical 

properties of soot do not significantly affect by flames of different fuels with 

different H/C ratios. This is why, the polynomial expression deduced from their 

measurements of Chang and Charalampopoulos [125] where soot produced by 

propane flames is used for the coal flames. 

2.3.5.3 Complex Index of Refraction of Alumina Particles 

Alumina particles are present in the typical exhausts of solid rocket motors as the 

addition of alumina to the propellant stabilizes the combustion process due to the 

micron size of aluminum particles and greatly raises the thrust level. However, 

exhaust plumes of such systems are characterized by high infrared emission owing 

to the presence of alumina which makes them prone to be detected by infrared space 

or airborne surveillance sensors. For this purpose, several researchers measured the 

optical properties of alumina [127–133]. Although the refractive index of alumina is 

found to be consistent in all studies, it was concluded that the absorption indices of 

alumina vary several orders of magnitude [134]. The strong discrepancies between 

the absorption indices of alumina reported earlier are considered to be due to the 
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phase and crystal structure of alumina and the presence of impurities in alumina 

[135–137]. In a recent study [131], it was stated that the liquid phase alumina 

transforms into a metastable phase which is γ-Al2O3. This metastable phase is then 

transformed into α-Al2O3 which is referred to as the stable phase. On the other hand, 

another study carried out by [138] states that the formation of γ and α phases 

probably depends on the temperature-time history of the particles. Furthermore, they 

[138] have stated that smaller particles tend to be made by the gamma phase. 

Based on the above-mentioned discussion, it is considered necessary to investigate 

the effect of optical properties of different phases and crystal structures of alumina 

on RHT under rocket plume conditions. For this purpose, refractive and absorption 

indices of γ-Al2O3 are taken from Anfimov et al. [131] as given in Eqs. (2.137) to 

(2.143); 

𝑛 = {1 + 𝜆2 (
1.02378

𝜆2 − 0.00377588
+

1.058264

𝜆2 − 0.0122544
+

5.280792

𝜆2 − 321.36164
)}

0.5

× [1 + 0.029 (
𝑇

1000
− 0.473)]                                                     (2.137) 

𝑘 = 𝜁0 + 𝜁1 + 𝜁2 + 𝜁3                                                                                                  (2.138) 

where 𝜁0, 𝜁1, 𝜁2 and 𝜁3 are terms stand for the absorption by vibration band, by the 

free electrons, by the edge fundamental band, and Urbach edge absorption, 

respectively; 

𝜁0 = 7.93 × 10−4𝜆𝑒𝑥𝑝 [−
6.07 × 10−3

𝑇
(

104

𝜆
− 1333)

2

]

× [1 − 𝑒𝑥𝑝 (−
1.917 × 103

𝑇
)]                                                        (2.139) 

𝜁1 = 1.0 × 10−2
𝜆

𝑛
exp (−

7.2 × 103

𝑇𝜆𝑔
)                                                                     (2.140) 

𝜁2 = 2.1 × 10−9𝜆 (
1

𝜆
−

2

𝜆𝑔
)

2

𝑇2 + 1.5 × 10−2
𝜆𝑔

2
                                               (2.141) 
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𝜁3 = 1.5 × 10−2𝜆 exp [−
2.8 × 103

𝑇
(

2

𝜆𝑔
−

1

𝜆
)]                                                     (2.142) 

where: 

1

𝜆𝑔
= 0.6916 (

1.289 × 104

𝑇
− 3.233)                                                                     (2.143) 

The refractive and absorption indices of α-Al2O3 are taken from Querry [127]. On 

the other hand, for liquid alumina, two different RI data are used. The first one is the 

combination of Anfimov et al. [131] (given in Eq. (2.137)) and Bakhir et al. [132]: 

𝑘 = 0.002(0.06𝜆2 + 0.7𝜆 + 1)𝑒𝑥𝑝[1.847(𝑇/1000 − 2.95)]                           (2.144) 

The second one is taken from the study of Kuzmin et al. [129]: 

𝑛 = 1.747 + 0.0066𝜆 − 0.0068𝜆2 + 0.00003𝑇                                                  (2.145) 

𝑙𝑜𝑔(𝑘) = −2.19 + 0.089𝜆0.95 − 0.00056(3200 − 𝑇)𝜆−0.45                            (2.146) 

Using the spectral refractive and absorption indices given above, the medium is 

treated as a mixture of an absorbing-emitting gas and absorbing-emitting-scattering 

particles. The spectral and gray representations of alumina particles’ refractive and 

absorption indices are demonstrated by Figure 2.11. As shown by the figure, gray 

and spectral refractive indices of alumina are quite similar in the wavenumber range 

between 2000 – 4000 cm-1. 

 



 
 

77 

 
Figure 2.11. Spectral and gray representations of the refractive and absorption 

indices of (a) γ-Al2O3 (b) α-Al2O3 (c) liquid alumina with Anfimov et al. [131] and 

Bakhir et al. [132] (d) liquid alumina with Kuzmin et al. [129] (solid lines: spectral 

indices; dashed lines: gray indices) 

2.4 Radiative Properties of Wall Materials 

As denoted by the boundary conditions for the RTE [Eqs. (2.13) and (2.14)], the 

accuracy in the RHT predictions also depends on the radiative properties of the 

boundaries which are the emissivities of the walls. Therefore, spectral wall 

emissivities for different types of wall materials commonly used in industry and 

utility boilers are needed to investigate the RHT in combusting systems as the correct 

treatment of RHT in such systems requires the utilization of non-gray boundaries. In 

FBCs, commonly used wall materials are refractories (owing to their endurance to 

high temperatures and thermal insulation capability) and membrane tube walls or 

water walls (to extract the heat released during combustion). However, water walls 

are sometimes covered by coal slags, which influences the radiative properties of the 

walls significantly. 



 
 

78 

One of the wall materials used in this study is the alumina silicate refractory. 

Calculation of the spectral optical properties of alumina silicate refractories is 

difficult due to their complex surface characteristics. Therefore, utilizing 

experimentally measured spectral wall emissivities of such materials becomes more 

effective. Previously, Jackson and Yen [139] measured the spectral emissivities of 

different types of refractory materials at different temperatures. Among the 

refractory materials, the spectral emissivity of alumina-silicate refractory (70 % 

Al2O3 and 26 % SiO2) is utilized in this study. The spectral and gray representations 

of the wall emissivities of alumina-silicate refractory are demonstrated by Figure 

2.12. As demonstrated by the figure, the spectral wall emissivities significantly 

deviate from the gray emissivities. 

 
Figure 2.12. The spectral and gray representations of the wall emissivities of 

alumina-silicate refractory (70 % Al2O3 and 26 % SiO2) [139] 

For the FBCs in industries, the main objective is to extract the heat released to the 

freeboard section by the combustion of fuel. Therefore, such systems are covered by 

water walls instead of refractory to extract the released heat and generate superheated 

steam. For this purpose, additional parametric studies are carried out by replacing 

the refractory-lined side walls of the test rig under investigation with a cold (537 K) 

water wall made up of thermally oxidized SA508 carbon steel. The spectral 
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emissivity of thermally oxidized SA508 carbon steel is taken from the measurements 

of Jo et al. [140]. The spectral and gray representations of the emissivity of thermally 

oxidized SA508 carbon steel are shown by Figure 2.13. As shown by the figure, 

spectral and gray wall emissivity for thermally oxidized SA508 carbon steel is very 

similar between 1 – 15 μm whereas they differ significantly between 15 – 20 μm. 

 
Figure 2.13. The spectral and gray representations of the wall emissivities of 

thermally oxidized SA508 carbon steel [140] 

During the operation of industry or utility boilers, fly ash particles in the freeboard 

section become sticky due to high temperatures. These particles stick to cooler 

surfaces such as water walls building up an insulating layer of coal slag. This effect 

is investigated by conducting a parametric study where the side water walls at 537 

K are assumed to be covered by coal slag, with the compositions of fly ashes. 

The spectral emissivities of slag-covered water walls can be estimated by using 

Fresnel’s relation and utilizing the estimated RI of coal slags as follows; 

𝜀𝜆 = 1 − 𝜌𝜆                                                                                                                    (2.147) 

𝜌𝜆 =
𝜌⊥,𝜆 + 𝜌∥,𝜆

2
                                                                                                            (2.148) 
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𝜌⊥,𝜆 =
(cos 𝜃1 − 𝑝)2 + 𝑞2

(cos 𝜃1 + 𝑝)2 + 𝑞2
                                                                                         (2.149) 

𝜌∥,𝜆 =
(𝑝 − 𝑠𝑖𝑛𝜃1𝑡𝑎𝑛𝜃1)2 + 𝑞2

(𝑝 + 𝑠𝑖𝑛𝜃1𝑡𝑎𝑛𝜃1)2 + 𝑞2
𝜌⊥,𝜆                                                                        (2.150) 

𝑝2 = 0.5 [(√(𝑛2 − 𝑘2 − 𝑠𝑖𝑛2𝜃1)2 + 4𝑛2𝑘2) + (𝑛2 − 𝑘2 − 𝑠𝑖𝑛2𝜃1)]            (2.151) 

𝑞2 = 0.5 [(√(𝑛2 − 𝑘2 − 𝑠𝑖𝑛2𝜃1)2 + 4𝑛2𝑘2) − (𝑛2 − 𝑘2 − 𝑠𝑖𝑛2𝜃1)]            (2.152) 

where Ebert’s model of RI [124] is used to calculate spectral refractive (n) and 

absorptive (k) indices of coal slags covering water walls using fly ash compositions 

and wall temperatures of the combustion tests. Details of Ebert’s model of refractive 

indices are given in section 2.3.5.1. and Appendix E. 
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CHAPTER 3  

3           1-D STEADY-STATE SYSTEM MODEL FOR ABFBC CO-FIRING 

LIGNITE AND COTTON RESIDUE 

3.1 General 

The 1-D steady-state ABFBC model for the co-combustion of lignite and CR is first 

developed and extended by Selcuk and her colleagues [92–97,142]. The system 

model is based on species and energy conservation equations in the bed and 

freeboard sections and consists of sub-models for the treatment of bed and freeboard 

hydrodynamics, volatile release and combustion, char particle combustion and size 

distribution, heat transfer, elutriation and entrainment, sulfur retention, and NO and 

N2O formation and reduction.  

Figures 3.1 and 3.2 illustrate the model assumptions of bed and freeboard sections, 

respectively. The chemical species taken into account in the model are O2, CO, CO2, 

H2O, SO2, NH3, NO, HCN, CNO, N2O which undergo a complex reaction scheme 

consisting of 26 chemical reactions. In the model for the co-combustion of lignite 

with CR, both fuels have their own paths for devolatilization and char combustion 

whereas the products of those steps are mixed and undergo the same reaction path in 

the gas phase. 
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Figure 3.1. An overview of the steady state bed model assumptions 
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Figure 3.2. An overview of the steady state freeboard model assumptions 
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In the present work, a radiation model, where RTE is directly solved, is coupled with 

energy conservation equations of only the freeboard section. The performance of the 

FBC system model coupled with the radiation model will be tested against the same 

FBC system model without coupling it with the radiation model. The components of 

the system model developed prior to this study are described in detail in the literature 

[92–97,142]. However, all components of the system model will be explained briefly 

in the following sections for the sake of integrity.  

3.2 ABFBC Model Description 

3.2.1 Bed and Freeboard Hydrodynamics 

Modified two-phase theory of fluidization by Grace and Clift [143] is used to 

represent the fluid and particle motion in the bubbling bed; 

𝑢0 =
𝑄𝑏

𝐴𝑏𝑒𝑑
+ 𝑢𝑡𝑓 + 𝑢𝑒(1 − 𝛿)                                                                                        (3.1) 

where throughflow velocity, 𝑢𝑡𝑓, is expressed by the n-type two-phase theory 

suggested by Grace and Harrison [144]; 

𝑢𝑡𝑓 = (𝑛 + 1)𝑢𝑒𝛿                                                                                                             (3.2) 

where 𝑛 = 2 for three-dimensional beds. The emulsion phase gas velocity is 

estimated using the expression of Gogolek and Becker [145]: 

𝑢𝑒 =
𝑢𝑚𝑓

1 − 1.5𝛿2/3
                                                                                                              (3.3) 

On the other hand, the velocity of the bubbles is determined by the following relation 

of Davidson and Harrison [146]: 

𝑢𝑏 = 0.711(𝑔𝑑𝑏)1/2 + 𝑢0 − 𝑢𝑚𝑓                                                                                 (3.4) 
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An integrated average mean bubble size is found from the bubble size expression 

proposed by Mori and Wen [147]. 

In the present model, the mass transfer coefficient between the bubbles, which are 

solid-free, and emulsion is calculated using the relation suggested by Davidson and 

Harrison [146]: 

𝐾𝑏𝑒 = 4.5
𝑢𝑒

𝑢𝑏
                                                                                                                      (3.5) 

In the freeboard section, the hold-up of solid particles decreases exponentially along 

the height in the freeboard with decay constant 𝑎: 

𝜀𝑝

𝜀𝑝,0
= 𝑒𝑥𝑝 (−𝑎 × 𝑧𝑓)                                                                                                       (3.6) 

Particle load in the freeboard can then be calculated as follows: 

𝐵 = 𝜀𝑝 × 𝜌𝑝                                                                                                                        (3.7) 

Choi et al. [148] suggested an emprical relation of decay constant as a function of 

column size, gas velocity, temperature, particle size, and density: 

𝑎 =
1

𝑑𝑝
× 𝑒𝑥𝑝 (−11.2 + 210

𝑑𝑝

𝑑𝑏𝑒𝑑 − 𝑑𝑝
) × (

𝑑𝑝𝜌𝑔(𝑢0 − 𝑢𝑚𝑓)

𝜇
)

−0.492

× (
𝑑𝑝𝑔𝜌𝑝

𝜌𝑔(𝑢0 − 𝑢𝑚𝑓)
2)

0.725

× (
𝜌𝑝 − 𝜌𝑔

𝜌𝑔
)

0.731

× 𝐶𝐷
−1.47                  (3.8) 

The use of the empirical correlation of Choi et al. [148] directly for particle volume 

fraction distribution in the model leads to deviations in the particle load predictions 

at the exit as the expression is originally developed for sand particles. For this 

purpose, the decay constant expression of Choi et al. [148] for the fly ash particles 

is multiplied by 4.2 to predict the experimental particle load at the exit as it is the 

usual practice [97,149]. 
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At the top of the bubbling bed, the solids volume fraction, 𝜀𝑝,0, is determined as 

follows: 

𝜀𝑝,0 = 1 − 𝜀𝑓                                                                                                                       (3.9) 

The entrainment flux of particles, 𝐾𝑖
∗, is calculated by assuming that it consists of a 

cluster flux, 𝐾𝑖,ℎ
∗ ,  and a dispersed, non-cluster flux, 𝐾𝑖,∞

∗ , as suggested by Hazlett 

and Bergougnou [150]; 

𝐾𝑖
∗ = 𝐾𝑖,ℎ

∗ + 𝐾𝑖,∞
∗                                                                                                              (3.10) 

where 𝐾𝑖,ℎ
∗  stands for the cluster flux of entrained particles which is obtained from 

the empirical correlations proposed by Choi et al. [148]. The elutriation rate constant, 

𝐸(𝑟), used to calculate carry over flow rate, is then calculated from: 

𝐸(𝑟) =
𝐴𝑏𝑒𝑑

𝑀𝑑
𝐾𝑖,∞

∗                                                                                                             (3.11) 

Entrained particles’ size distribution at any freeboard height can be determined by 

assuming that it is proportional to their size distribution at the bed section with a 

proportionality constant 𝐾𝑖,ℎ
∗ ; 

𝑃𝑧,𝑝(𝑟) = 𝐴𝑏𝑒𝑑 × 𝐾𝑖,ℎ
∗ × 𝑃𝑏𝑒𝑑,𝑝(𝑟)/𝐹𝑧,𝑝                                                                      (3.12) 

where 𝑃𝑧,𝑝(𝑟) is the size distribution of entrained particles, 𝑃𝑏𝑒𝑑,𝑝(𝑟) is the PSD in 

the bed section. It should be noted that the PSD of ashes in the bed section is not 

calculated, instead, it is assumed to be equal to the measured size distribution of bed 

ash particles collected after the combustion test [8]. 𝐹𝑧,𝑝 term in Eq. (3.12) is the flow 

rate of entrained particles which can be determined as follows: 

𝐹𝑧,𝑝 = 𝐴𝑏𝑒𝑑 × ∫ 𝐾𝑖,ℎ
∗ × 𝑃𝑏𝑒𝑑,𝑝(𝑟)𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑖𝑛

                                                                    (3.13) 
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3.2.2 Volatile Release and Combustion 

In the 1-D steady state system model for co-combustion of lignite and CR, volatiles 

released are taken to be uniformly distributed in the bed section. The fraction of 

volatiles released to the bed section is estimated utilizing the model of Stubington et 

al. [151] whereas the kinetics of devolatilization is represented by the parallel 

independent reaction model of Anthony and Howard [152]. Assuming the presence 

of a radial temperature distribution and uniformly distributed volatile matter in the 

fuel particles, the total amount of volatile matter released with respect to time is 

given by: 

𝜈𝑎𝑣𝑔

𝜈∞
=

3

𝑅3
∫ [1 − ∫ 𝑒𝑥𝑝 (− ∫ 𝑘(𝐸)𝑑𝑡

𝑡

0

) 𝑓(𝐸)𝑑𝐸

∞

0

] 𝑟2𝑑𝑟

𝑅

0

                                    (3.14) 

Devolatilization history of the particle yields the fraction of volatiles released in bed 

(𝑥𝑣𝑙). The rest of the volatiles are taken to be released to the freeboard based on a 

logarithmic distribution function as a function of height above bed surface. 

Regarding the combustion of volatile species, all carbon, hydrogen, and sulfur are 

assumed to be converted into CO, H2O, and SO2, respectively. On the other hand, 

the majority of the nitrogen in the volatiles is converted into N2 where the remaining 

ones are released as NH3 and HCN. The kinetics of CO oxidation occurring both in 

the bubbles and emulsion is described by the expression of Hottel et al. [153]. Further 

details of the volatiles release sub-model can be found elsewhere [92,154]. 

3.2.3 Char Combustion 

The product of char combustion of lignite and CR are taken to be CO only 

considering the operation temperatures of typical FBCs. In this model, for modeling 

of char combustion, shrinking particle model is utilized. Both film mass transfer and 

kinetic resistances are taken into account. Therefore, the expression for the carbon 

oxidation rate takes the following form: 
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𝑟𝐶,𝑒 =
2

1
𝑘𝑓

+
2
𝑘𝑠

𝐶𝑂̅2,𝑒                                                                                                         (3.15) 

The film mass transfer coefficient, 𝑘𝑓, is estimated based on the correlations of Jung 

and La Nauze [155]. On the other hand, the kinetic law of Field et al. [156] and 

Adanez et al. are employed for the reaction kinetics of the char oxidation of lignite 

and CR, respectively. 

The shrinkage rate of char particles, which is required for the calculation of PSD, 

can be determined by noting that the rate of carbon removal from the surface of char 

must be equal to the rate of combustion of carbon at the particle surface: 

𝑑

𝑑𝑡
[
4

3
𝜋𝑟3𝜌𝑑

𝑥𝑓𝑐

𝑥𝑓𝑐 + 𝑥𝑎
] = −4𝜋𝑟2𝑀𝐶𝑟𝐶,𝑒                                                                     (3.16) 

Rearranging Equation (3.16) leads to the final form of shrinkage rates of lignite and 

CR chars: 

ℜ(𝑟) = −
𝑑𝑟

𝑑𝑡
=

1

𝜌𝑑

𝑥𝑓𝑐 + 𝑥𝑎

𝑥𝑓𝑐
𝑀𝐶𝑟𝐶,𝑒                                                                            (3.17) 

Finally, the temperate of the char particles in the bed as a function of particle 

diameter can be found by solving the energy balance accounting for reaction 

enthalpy of char combustion, convective heat transfer and radiative heat transfer:  

𝜌𝑑

𝑀𝐶

𝑥𝑓𝑐

𝑥𝑓𝑐 + 𝑥𝑎
∆𝐻𝑅1

0  ℜ(𝑟) − [ℎ𝑝(𝑇𝑑 − 𝑇𝑏𝑒𝑑) + 𝜎𝜀(𝑇𝑑
4 − 𝑇𝑏𝑒𝑑

4 )] = 0                    (3.18) 

3.2.4 Particle Size Distribution 

The char particles’ size distribution is determined by solving the population balance 

separately for lignite and CR. The following assumptions are made for the derivation 

of population balance: 
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1. Char particles enter the bed at a rate of 𝐹0 with a size distribution of 𝑃0(𝑟) 

which is expressed by Rosin-Rammler size distribution function. 

2. As char particles are well-mixed, bed drain char size distribution 

represents the bed char size distribution. 

3. The rate of elutriation of char particles of size r is directly proportional to 

their concentration in the bed. 

4. The densities of char particles do not change during the burn-out. 

5. Char particles are considered to shrink by combustion according to the 

shrinking particle model. 

Therefore, the final form of the equation can be written as follows: 

𝑑𝑊(𝑟)

𝑑𝑟
= −𝑊(𝑟) [

𝐹𝑏𝑑

𝑀𝑑ℜ(𝑟)
+

𝐸(𝑟)

ℜ(𝑟)
−

3

𝑟
] + 𝐹0𝑃0(𝑟)                                             (3.19) 

where 𝑊(𝑟) is: 

𝑊(𝑟) = 𝑀𝑑𝑃𝑏𝑒𝑑(𝑟)ℜ(𝑟)                                                                                               (3.20) 

Eq. (3.19) is solved separately to calculate the char hold-up of lignite and CR. Details 

of Eq. (3.19) are given by [154]. 

The following boundary condition is applied to Eq. (3.19): 

@    𝑟 = 𝑟𝑚𝑎𝑥       𝑊(𝑟) = 0                                                                                          (3.21) 

The PSD of the inert ashes in the bed are given as input data deduced from the 

experimental measurements of bottom ash particles. 

3.2.5 Desulfurization Model 

In this study, desulfurization is represented as two consecutive steps consisting of 

instantaneous calcination and sulfation. The sulfation rate is taken to be first order in 
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SO2 concentration and proportional to the reactive external surface area of the 

particles [94]. 

Assuming constant size of sorbent particles due to negligible attrition, the sulfation 

rate for each particle with size r, can be written as: 

𝑟𝑆𝑂2
= 𝑘𝐶𝑆𝑂2

𝑆(𝑡)                                                                                                             (3.22) 

Therefore, the reactive external surface area, 𝑆(𝑡), is taken to decrease with time 

exponentially due to pore blocking by the sulfation reaction: 

𝑆(𝑡)

𝑆0
= 𝜎(𝑡) = 𝑒𝑥𝑝 [−

6𝑀𝐶𝑎𝐶𝑂3
𝑘𝐶𝑆𝑂2

𝑥𝐶𝑎𝐶𝑂3
𝜌𝑙𝑠𝑡𝑑𝑝

𝑡]                                                                   (3.23) 

As the model is developed for steady-state conditions, average fractional external 

surface area, 𝜎𝑎𝑣𝑔, is defined as a function of residence time distribution, and time-

dependent fractional external surface area 𝜎(𝑡). 

𝜎𝑎𝑣𝑔 =
1

[1 +
6𝑀𝐶𝑎𝐶𝑂3

𝑘𝐶𝑆𝑂2

𝑥𝐶𝑎𝐶𝑂3
𝜌𝑙𝑠𝑡𝑑𝑝

𝜏]

[1 − 𝑒𝑥𝑝 (− {
1

𝜏
+

6𝑀𝐶𝑎𝐶𝑂3
𝑘𝐶𝑆𝑂2

𝑥𝐶𝑎𝐶𝑂3
𝜌𝑙𝑠𝑡𝑑𝑝

} 𝜏𝑚𝑎𝑥)]       (3.24) 

Calculation of average fractional external surface area, 𝜎𝑎𝑣𝑔, and determination of 

the residence time of sorbent particles, τ, is given in detail elsewhere [158]. 

Finally, the sulfation rate becomes: 

𝑟𝑆𝑂2
= 𝑘𝐶𝑆𝑂2

𝑆0𝜎𝑎𝑣𝑔                                                                                                        (3.25) 

It should be noted at this point that the rate expression in Eq. (3.25) is just for a single 

sorbent size. The total sulfation rate becomes equal to the summation of the rates for 

different sorbent sizes. 

For the freeboard, sulfation due to both fine elutriable sorbent particles and coarse 

sorbent particles carried by bursting bubbles are taken into account. The details for 

the sulfation reaction in the freeboard are given in [159]. 
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3.2.6 NO and N2O Formation and Reduction 

In this model, NO and N2O emissions is taken to be solely caused by the nitrogen in 

the fuel owing to the low operation temperatures of FBCs, in other words, thermal 

and prompt mechanisms are neglected. The reaction path of the fuel nitrogen utilized 

in this study is illustrated in Figure 3.3. 

 
Figure 3.3. The reaction path of the fuel nitrogen 

The partitioning of fuel nitrogen into char nitrogen and volatile nitrogenous products 

such as HCN, NH3 and N2 are determined based on experimental data [142,159] 

(elemental analysis and TGA-FTIR) and literature data [160,161] within the scope 

of a previous thesis study [159]. Figure 3.3 illustrates the partitioning of the nitrogen 

within the fuel into char nitrogen and volatile gases. 
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Figure 3.4. The partitioning of nitrogen within the fuel into char nitrogen and 

volatile gases 

Once devolatilization is complete, those products undergo 16 concurrent chemical 

reactions. The reactions catalyzed by CaO are omitted based on the previous findings 

stating the negligible influence of limestone on N2O formation [162,163]. 

Furthermore, heterogeneous reactions are only taken into account in the bed section 

due to low particle load in the freeboard of BFBCs. In the formation and reductions 

reactions of NO and N2O external mass transfer effects are discarded as Johnsson 

and Dam-Johansen [164] observed no external mass transfer limitations up to 

particles of 5 mm for solid catalyzed reactions which is larger than the majority of 

the particles in this study. Further details of the formation and reduction of NO and 

N2O are given elsewhere [142,159]. 

3.2.7 Mass Conservation Equations 

By treating the emulsion phase as well-mixed and bubble phase and freeboard as 

plug flow, spatial variation of species concentrations is described by the conservation 



 
 

93 

equations for chemical species in the bubble phase, emulsion phase, and freeboard 

section: 

𝑑𝑛𝑗,𝑏

𝑑𝑧
= 𝐴𝑏𝑒𝑑𝛿[ℜ𝑗,𝑏 + 𝐾𝑏𝑒(𝐶𝑗,𝑒 − 𝐶𝑗,𝑏)]                                                                     (3.26) 

0 = 𝑛𝑗,𝑒|
𝑧=0

− 𝑛𝑗,𝑒 + 𝑉𝑏𝑒𝑑𝛿 [
1 − 𝛿

𝛿
𝜀𝑚𝑓ℜ𝑗,𝑒 − 𝐾𝑏𝑒(𝐶𝑗,𝑒 − 𝐶𝑗̅,𝑏)]                          (3.27) 

𝑑𝑛𝑗,𝑓

𝑑𝑧
= 𝐴𝑓(1 − 𝜀𝑝)ℜ𝑗,𝑓                                                                                                 (3.28) 

These equations are subject to the following boundary conditions: 

@𝑧 = 0          𝑛𝑗,𝑏 = 𝑦𝑗,𝑏

𝑛𝑎

1 +
𝑢𝑒

𝑢𝑏

1 − 𝛿
𝛿

𝜀𝑚𝑓

                                                               (3.29) 

@𝑧 = 0          𝑛𝑗,𝑒 = 𝑦𝑗,𝑒

𝑛𝑎

1 +
𝑢𝑏

𝑢𝑒

𝛿
(1 − 𝛿)𝜀𝑚𝑓

                                                             (3.30) 

@ 𝑧 = 𝐻𝑏𝑒𝑑         𝑛𝑗,𝑓 = 𝑛𝑗,𝑒 + 𝑛𝑗,𝑏                                                                              (3.31) 

The expressions for the species generation or depletion terms appearing in Eqs. 

(3.26), (3.27), and (3.28), ℜ𝑗,𝑏, ℜ𝑗,𝑒 and ℜ𝑗,𝑓, are determined using the reaction rates. 

The details of the species generation or depletion terms and the rate of chemical 

reaction considered in the model are given elsewhere [159]. 

3.2.8 Energy Conservation Equations 

3.2.8.1 Energy Balance in Bed 

Based on the assumption that the gas and the inert particles are at the same 

temperature and that the mass of combustion gases and char particles are negligible 

compared to the mass of inerts, a combined gas/solid phase energy balance for bed 

can be written as; 
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𝑛𝑎 ∫ 𝑐𝑝,𝑎𝑑𝑇
𝑇𝑎

𝑇𝑟

− 𝛼
𝐴𝑇

𝐿𝑇
∫ 𝑈𝑐𝑤(𝑇𝑏𝑒𝑑 − 𝑇𝑐𝑤)𝑑𝑥

𝐿𝑇

0

 

−𝐴𝑏𝑤ℎ𝑏𝑤(𝑇𝑏𝑒𝑑 − 𝑇𝑏𝑤,𝑠) − 𝑚𝐶𝑂𝑐𝑝,𝑖(𝑇𝑏𝑒𝑑 − 𝑇𝑟) 

−𝑚𝑏𝑑𝑐𝑝,𝑖(𝑇𝑏𝑒𝑑 − 𝑇𝑟𝑒𝑓) − 𝑛𝑔 ∑ 𝑦𝑗 ∫ 𝑐𝑝,𝑔𝑗
𝑑𝑇

𝑇𝑏𝑒𝑑

𝑇𝑟

𝑛

𝑗=1

 

−(𝑚𝑐𝑜𝑎𝑙𝑥𝐻2𝑂 + 𝑚𝑏𝑖𝑜𝑥𝐻2𝑂)𝜆0 + 𝑄𝑝 + 𝑄𝑟𝑥𝑛 = 0                                                     (3.32) 

where 𝑄𝑟𝑥𝑛 is heat generated from chemical reactions and 𝑄𝑝 is energy transferred 

from burning char particles. Energy loss through the bed walls is taken into account 

by making a one-dimensional heat transfer analysis. 

In order to account for the energy absorbed by the in-bed heat exchanger, a separate 

energy balance is performed on the cooling water: 

𝑚𝑐𝑤

𝜋

𝑑𝑇𝑐𝑤

𝑑𝑥
−

𝑑𝑇,𝑜

𝑐𝑝,𝑐𝑤
ℎ𝑐𝑤(𝑇𝑏𝑒𝑑 − 𝑇𝑤) = 0                                                                     (3.33) 

Surface temperature of the tube wall, 𝑇𝑤, is calculated by solving a surface energy 

balance: 

ℎ𝑐𝑤𝑑𝑇,𝑜(𝑇𝑏𝑒𝑑 − 𝑇𝑤) − ℎ𝑖𝑑𝑇,𝑖(𝑇𝑤 − 𝑇𝑐𝑤) = 0                                                          (3.34) 

3.2.8.2 Energy Balance in Freeboard 

By resolving an energy conservation equation that takes convective transport, and 

heat generation and loss into account, the freeboard gas temperature profile is 

determined; 

𝑑𝑇𝑓

𝑑𝑧𝑓
=

𝐴𝑓

𝑛𝑓𝐶𝑝,𝑔
[𝑹(1 − 𝜀𝑝) − 𝛻 ∙ 𝒒𝒓]                                                                            (3.35) 

with the following boundary condition: 
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@ 𝑧𝑓 = 0           𝑇𝑓 = 𝑇𝑏𝑒𝑑                                                                                              (3.36) 

The 𝑹 term of Eq. (3.35) stands for the heat generation and loss rate per unit 

freeboard volume which is the summation of heat generation due to chemical 

reaction (𝑹𝒓𝒙𝒏), heat loss from freeboard walls (𝑹𝒇𝒘), and heat exchange between 

solid particles and the gaseous medium (𝑹𝒑); 

𝑹 = 𝑹𝒓𝒙𝒏 + 𝑹𝒇𝒘 + 𝑹𝒑                                                                                                   (3.37) 

The term stands for the heat exchange between solid particles and the gaseous 

medium (𝑹𝒑) can be expressed using the following equation: 

𝑹𝒑 =
3𝐹𝐶𝑂

𝐴𝑏𝑒𝑑𝜌𝑑
∫

𝑃𝑧,𝑑(𝑟)

𝑟𝑢𝑝(𝑟)
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓)]𝑑𝑟

𝑟𝑚𝑎𝑥𝑒

𝑟𝑚𝑖𝑛

 

          + 3𝜀𝑑 ∫
𝑃𝑧,𝑑(𝑟)

𝑟
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓)]𝑑𝑟

𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥𝑒

 

          + 3𝜀𝑖 ∫
𝑃𝑧,𝑖(𝑟)

𝑟
[ℎ𝑝(𝑇𝑖 − 𝑇𝑓)]𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥𝑒

                                                                (3.38) 

The term 𝛁 ∙ 𝒒𝒓 of Eq. (3.35) represents the radiative ST that is taken from the 

radiation model once RTE is solved. 

The axial temperature profile of freeboard side walls can be calculated by solving an 

energy balance considering that the summation of radiative and convective heat 

transfer rates between freeboard and side walls is equal to heat transfer through the 

walls via conduction: 

ℎ𝑓𝑤(𝑇𝑓 − 𝑇𝑓𝑤) + 𝒒𝒓,𝒘 −
(𝑇𝑓𝑤 − 𝑇𝑓𝑤,𝑜)

𝑅𝑤
 = 0                                                           (3.39) 

where 𝒒𝒓,𝒘 is the net wall radiative HF obtained by the solution of RTE and ℎ𝑓𝑤 is 

estimated by the following approach adopted from Kunii and Levenspiel [165]: 

ℎ𝑓𝑤 − ℎ𝑔

ℎ𝑧𝑓=0 − ℎ𝑔
= 𝑒𝑥 𝑝(− 𝑎𝑧𝑓 2⁄ )                                                                                       (3.40) 
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The term 𝑎 in Eq. (3.40) refers to the decay constant of the particles along the 

freeboard and is estimated by using the correlation of Choi et al. [148] as given by 

Eq. (3.8). The term ℎ𝑔 stands for the gas component which can be estimated utilizing 

the correlation suggested by Gnielinski [166]; 

ℎ𝑔 =
𝑘𝑔

𝑑𝑏𝑒𝑑
[

(𝑓/8)(𝑅𝑒 − 1000)𝑃𝑟

1 + 12.7(𝑓 8⁄ )0.5(𝑃𝑟2 3⁄ − 1)
]                                                               (3.41) 

Considering convective and RHT from particles to the freeboard and walls and char 

combustion, energy balance equations for char and fly ash particles can be written 

as in Eqs. (3.42) and (3.43), respectively. The detailed derivation of the freeboard 

particle energy balance is given in Appendix F. 

𝜌𝑑𝜀𝑑𝑢0𝐶𝑝,𝑑

𝑑𝑇𝑑

𝑑𝑧𝑓
= − ∫

3𝜀𝑑𝑃𝑧,𝑑

𝑟𝑐
ℎ𝑝(𝑇𝑑 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥,𝑒

− ∫
3𝐹𝐶𝑂,𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑𝑢0𝐴𝑓𝜌𝑑
ℎ𝑝(𝑇𝑑 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥,𝑒

𝑟𝑚𝑖𝑛

 

                                  −∇ ∙ 𝑞𝑟,𝑑 +
𝑥𝐹𝐶

𝑥𝐹𝐶 + 𝑥𝑎𝑠ℎ
∫

3𝜀𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑
ℜ𝐶,𝑓∆𝐻𝑟𝑥𝑛

𝑜 𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥,𝑒

 

                                 +
𝑥𝐹𝐶

𝑥𝐹𝐶 + 𝑥𝑎𝑠ℎ
∫

3𝐹𝐶𝑂,𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑𝑢0𝐴𝑓𝜌𝑑
ℜ𝐶,𝑓∆𝐻𝑟𝑥𝑛

𝑜 𝑑𝑟

𝑟𝑚𝑎𝑥,𝑒

𝑟𝑚𝑖𝑛

                                (3.42) 

 

𝜌𝑖𝜀𝑖𝑢0𝐶𝑝,𝑖

𝑑𝑇𝑖

𝑑𝑧𝑓
= − ∫

3𝜀𝑖𝑃𝑧,𝑖(𝑟)

𝑟𝑖
ℎ𝑝(𝑇𝑖 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥,𝑒

 

                                − ∫
3𝐹𝐶𝑂,𝑖𝑃𝑧,𝑖(𝑟)

𝑟𝑖𝑢0𝐴𝑓𝜌𝑖
ℎ𝑝(𝑇𝑖 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥,𝑒

𝑟𝑚𝑖𝑛

− ∇ ∙ 𝑞𝑟,𝑖                         (3.43) 

Similarly, Eqs. (3.42) and (3.43) are subjected to the following boundary conditions: 

@ 𝑧𝑓 = 0           𝑇𝑑 = 𝑇𝑑,𝑏𝑒𝑑;    𝑇𝑖 = 𝑇𝑖,𝑏𝑒𝑑                                                                  (3.44) 
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The performance of the FBC system model coupled with the radiation model will be 

tested against the same FBC system model without coupling it with the radiation 

model. For the FBC system model without radiation model, freeboard gas 

temperature profiles can be obtained using Eq. (3.35) by omitting the radiative ST, 

∇ ∙ 𝒒𝒓. 

𝑑𝑇𝑓

𝑑𝑧𝑓
=

𝐴𝑓

𝑛𝑓𝐶𝑝,𝑔
[𝑹(1 − 𝜀𝑝)]                                                                                            (3.45) 

where 𝑹 is the heat generation and loss rate per unit freeboard volume which is 

defined as: 

𝑹 = 𝑹𝒓𝒙𝒏 + 𝑹𝒇𝒘 + 𝑹𝒑                                                                                                   (3.46) 

In the FBC system model without radiation model, RHT is simply accounted for by 

utilizing the Stefan-Boltzmann law for radiative heat exchange between particles and 

gases: 

𝑹𝒑 =
3𝐹𝐶𝑂

𝐴𝑏𝑒𝑑𝜌𝑑
∫

𝑃𝑧,𝑑(𝑟)

𝑟𝑢𝑝(𝑟)
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓) + 𝜀𝑑𝜎(𝑇𝑑

4 − 𝑇𝑓
4)]𝑑𝑟

𝑟𝑚𝑎𝑥𝑒

𝑟𝑚𝑖𝑛

 

          + 3𝜀𝑑 ∫
𝑃𝑧,𝑑(𝑟)

𝑟
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓) + 𝜀𝑑𝜎(𝑇𝑑

4 − 𝑇𝑓
4)]𝑑𝑟

𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥𝑒

 

          + 3𝜀𝑖 ∫
𝑃𝑧,𝑖(𝑟)

𝑟
[ℎ𝑝(𝑇𝑖 − 𝑇𝑓) + 𝜀𝑖𝜎(𝑇𝑖

4 − 𝑇𝑓
4)]𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥𝑒

                                 (3.47) 

The emissivity of fly ash particles, 𝜖𝑖, is estimated noting that it is equal to their 

absorption efficiency [167] that can be calculated utilizing Mie theory and their d32. 

For the estimation of the emissivity of freeboard char particles, 𝜖𝑑, however, the 

empirical correlation of Schiemann et al. [167] is adopted. Using the above-

mentioned relations, the emissivities of freeboard char and fly ash particles are 

determined as 0.58 and 0.24, respectively. 

The wall temperature profile is calculated by solving the energy balance given in Eq. 

(3.39) by omitting the net wall radiative HF term, 𝒒𝒓,𝒘. 
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ℎ𝑓𝑤(𝑇𝑓 − 𝑇𝑓𝑤) + 𝒒𝒓,𝒘 −
(𝑇𝑓𝑤 − 𝑇𝑓𝑤,𝑜)

𝑅𝑤
 = 0                                                           (3.48) 

RHT is taken into consideration by utilizing a RHT coefficient, ℎ𝑟, in Eq. (3.49); 

ℎ𝑓𝑤 − (ℎ𝑟 + ℎ𝑔)

ℎ𝑧𝑓=0 − (ℎ𝑟 + ℎ𝑔)
= 𝑒𝑥 𝑝(− 𝑎𝑧𝑓 2⁄ )                                                                         (3.49) 

where ℎ𝑟 stands for the radiative component which can be estimated by:  

ℎ𝑟 = 𝜀𝑓𝑤𝜎(𝑇𝑓 + 𝑇𝑓𝑤)(𝑇𝑓
2 + 𝑇𝑓𝑤

2 )                                                                                (3.50) 

For the FBC model without freeboard particle energy balance, the freeboard char 

particle temperatures are assumed to be equal to the freeboard gas temperature where 

temperatures of freeboard ash particles are taken to be their temperature in the bed 

section. 

3.3 Solution Procedure 

3.3.1 Coupling between System Model and Radiation Model 

Solution domains for the test rig utilized in the 1-D steady state FBC system model 

for co-combustion of lignite and CR and radiation model are schematically 

illustrated in Figure 3.5. The boundary at the top of the freeboard is considered to be 

an equivalent gray surface with an emissivity of 0.87 calculated based on area-

weighted average emissivity of the tubes and the gases. On the other hand, the 

boundary at the bottom of the freeboard is taken to be black surface due to Hohlraum 

effect [168].  
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Figure 3.5. Solution domains for the test rig utilized in the 1-D steady state FBC 

system model for co-combustion of lignite and CR and radiation model 

The algorithm of the coupling of the FBC system model with the radiation model is 

illustrated in Figure 3.6. The coupling algorithm for the radiation and FBC system 

models is initiated by the specification of initial data for both models. Coupling 

between the radiation and FBC system models is carried out by regular transfer of 

temperature and CO2 and H2O concentration profiles, particle loads, and PSDs from 

the FBC model to the radiation model. The radiation model then provides radiative 

ST and HF fields for the freeboard energy balance equations as the solution 

propagates in time until a steady-state solution is found. 
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Figure 3.6. Algorithm of the coupling of 1-D steady-state FBC system model for 

co-combustion of lignite and CR with radiation model 

3.3.2 Algorithm of the Coupled Code 

Application of the model necessitates empirical and semi-empirical correlations for 

heat and mass transfer coefficients, combustion kinetics, elutriation, entrainment 

rates, etc. 

In the application of the model, direct use of the elutriation rate constant and particle 

hold-up distribution of Choi et al. [148] yielded higher carry-over flow rates and 

incorrect particle loads at the combustor exit. To match the measured carry-over flow 

rates, the elutriation rate constant is multiplied by 0.20. On the other hand, the decay 
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constant of the inert ash hold-up expression of Choi et al. [148] is multiplied by 0.24 

to match the predicted and measured particle loads at the freeboard exit.  

The kinetic expression suggested by Hottel et al. [153] predicts CO concentrations 

approximately one order of magnitude lower compared to the measurements. To 

match the measured and predicted CO concentrations, this expression is just simply 

multiplied with 0.3. 

Figures 3.7 to 3.9 show the algorithm of the steady state model code in compact 

form. The solution starts with defining initial conditions as calculated by the steady-

state code for the same test rig. The details of the steady-state model can be found 

elsewhere [154]. The coupled transient FBC system model is mainly based on the 

regular transfer of temperature and species concentration fields solved by the FBC 

system model and ST field and wall radiative HFs solved by the radiation model at 

each time step. 

The ODE system is integrated using a readily available solver ROWMAP utilizing 

implicit Runge-Kutta methods. The solution of non-linear algebraic equation 

systems, on the other hand, is achieved by utilizing the subroutine ZERO. Detailed 

solution procedure of steady-state and transient codes for lignite combustion can be 

found elsewhere [154]. 

In the application of the model, direct use of the elutriation rate constant and particle 

hold-up distribution of Choi et al. [148] yielded higher carry-over flow rates and 

incorrect particle loads at the combustor exit. To match the measured carry-over flow 

rates, the elutriation rate constant of char particles is multiplied by 0.45, and the 

elutriation rate constant of ash particles is multiplied by 0.10. Fine-tuning for the 

carry-over flow rate at the cyclone exit was the simplest approach since the carry-

over flow rate was only a function of elutriation. On the other hand, the decay 

constant of the inert ash hold-up expression of Choi et al. [148] is multiplied by 4.2 

to match the predicted and measured particle loads at the freeboard exit. 
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The kinetic expression suggested by Hottel et al. [153] predicts CO concentrations 

approximately one order of magnitude lower compared to the measurements. To 

match the measured and predicted CO concentrations, this expression is just simply 

multiplied with 0.1. 

Figures 3.7 to 3.9 show the algorithm of the steady state model code in compact 

form. The solution starts with making initial guesses for 𝑇𝑏𝑒𝑑, 𝑦̅𝑂2,𝑒, 𝑀𝑑,𝑐𝑜𝑎𝑙, 𝑀𝑑,𝑏𝑖𝑜, 

𝐹𝑎, 𝑇𝑏𝑤,𝑜 and 𝑓3,𝑏𝑖𝑜/𝑓3. Then, 𝑇̅𝑑 values are calculated using the estimated 

parameters. There exists seven loops in the model for convergence of 𝑀𝑑,𝑐𝑜𝑎𝑙, 

𝑀𝑑,𝑏𝑖𝑜, 𝐹𝑎, 𝑦̅𝑂2,𝑒, 𝑇̅𝑑,𝑐𝑜𝑎𝑙, 𝑇̅𝑑,𝑏𝑖𝑜 and 𝑇𝑏𝑒𝑑. 

The ODE system is integrated using a readily available solver LSODES utilizing 

implicit Backward-Differentiation Formula (BDF) method. The solution of non-

linear algebraic equation systems, on the other hand, is achieved by utilizing the 

subroutine ZERO and HYBRID. Detailed solution procedure of steady-state code 

for lignite combustion can be found elsewhere [154]. 
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Figure 3.7. Flowchart for the steady state code for bed section  
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Figure 3.8. Flowchart for the steady state code for bed section  



 
 

105 

 
Figure 3.9. Flowchart for the steady state code for freeboard section (The shaded 

areas show the modified sections of this study) 
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CHAPTER 4  

4 1-D TRANSIENT SYSTEM MODEL FOR ABFBC FIRING LIGNITE 

4.1 General 

The 1-D transient system model for the combustion of lignite in the 0.3 MWt ABFBC 

test rig is originally developed by Selcuk and Degirmenci [28,154]. The transient 

system model for the combustion of lignite is based on energy and species 

conservation equations in both bed and freeboard regions. The model involves 

several subroutines for modeling bed and freeboard hydrodynamics, volatile release 

and combustion, char particles combustion and size distribution, and heat transfer. 

The model includes a sufficiently detailed reaction scheme and seven gaseous 

species, which are, O2, CO, CO2, H2O, SO2, CH4, and N2.  

The main assumptions for the present model are illustrated in Figure 4.1 and Figure 

4.2 for bed and freeboard sections, respectively. In the present model, volatiles, not 

released to the bed, are assumed to be released with a linear distribution to the 

freeboard i.e., volatiles are taken to be released uniformly to the freeboard section. 
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Figure 4.1. An overview of the transient bed model assumptions 
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Figure 4.2. An overview of the transient freeboard model assumptions 

Details of the model and model equations are described elsewhere [28]. In the present 

study, the radiation model is applied only to the freeboard section of METU 0.3 MWt 

ABFBC test rig. In the following sections, only the components that are related to 

the coupling of the FBC model with the radiation code will be described. However, 

a brief description of the sub-models included in the overall system model will also 

be provided for the sake of integrity. 
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4.2 ABFBC Model Description 

4.2.1 Bed and Freeboard Hydrodynamics 

The motion of particles and gas in the bubbling bed is represented with the modified 

two-phase theory of Grace and Clift [143] and model of Gogolek and Becker [145]. 

The emulsion phase is taken to be well-mixed mixed whereas the solid-free bubbles 

rise in plug flow. An average bubble size calculated by integrating bubble size 

distribution along the bed from the expression proposed by Mori and Wen [147] is 

used. 

The gases in the emulsion and bubble phases are assumed to mix instantaneously at 

the entrance of the freeboard and rise in plug flow. The hold-up of freeboard 

particles, consisting of char and ash, is assumed to decay exponentially as a function 

of height in the freeboard with the decay constant suggested by Choi et al. [148]. A 

more detailed description, involving some model equations, is provided in section 

3.2.1 and further details of the bed and freeboard hydrodynamics are given in [154]. 

4.2.2 Volatile Release and Combustion 

Volatile matter released during the devolatilization of lignite is assumed to be 

released instantaneously and uniformly distributed to the emulsion phase. The ratio 

of the volatiles released to the bed section to the total amount of volatiles (Xvl) is 

estimated using the volatiles release model suggested by Stubington et al. [151] 

together with the parallel independent reaction model suggested by Anthony and 

Howard [152]. Regarding the volatile combustion, volatile carbon, hydrogen, and 

sulfur species are taken to burn rapidly to produce CO, H2O, and SO2, respectively. 

The kinetics of CO oxidation occurring both in the bubbles and emulsion is described 

by the expression of Hottel et al. [153]. Further information regarding the volatiles 

release sub-model can be found elsewhere [92,154]. 
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4.2.3 Char Combustion 

CO is assumed to be the sole product of char particles’ combustion considering the 

typical FBC opeating conditions. The combustion of char is taken into consideration 

by utilizing the shrinking particle model which accounts for both film mass transfer 

and kinetic resistances. The film mass transfer coefficient is obtained from the 

relation of Jung and La Nauze [155]. Combustion kinetics of lignite chars are 

represented by the kinetic law of Field et al. [156]. The char particle temperature in 

the bed section is determined from the solution of energy balance eqaution for a 

spherical shape having uniform temperature profile: 

𝑑𝑇𝑑

𝑑𝑡
=

3𝑥𝑓𝑐∆𝐻𝑅1
0  ℜ(𝑟)

𝑟𝑀𝐶𝐶𝑝,𝑑(𝑥𝑓𝑐 + 𝑥𝑎)
−

3

𝑟𝜌𝑑𝐶𝑝,𝑑
[ℎ𝑝(𝑇𝑑 − 𝑇𝑏𝑒𝑑) + 𝜎𝜀(𝑇𝑑

4 − 𝑇𝑏𝑒𝑑
4 )]           (4.1) 

Further details of the char combustion model are given in section 3.2.3 and Ref. 

[154]. 

4.2.4 Particle Size Distribution 

Char PSD for lignite in the bubbling bed is determined by making the population 

balance of Levenspiel et al. [165]; 

𝑑𝑊(𝑟)

𝑑𝑡
= 𝐹0𝑃0(𝑟) − 𝐹𝑏𝑑

𝑊(𝑟)

𝑀𝑑
− 𝑊(𝑟)𝐸(𝑟) +

𝑑

𝑑𝑟
[𝑊(𝑟)ℜ(𝑟)]

−
3

𝑟
𝑊(𝑟)ℜ(𝑟)                                                                                        (4.2) 

which is then solved by direct integration procedure suggested by Selçuk et al. [169]. 

Eq. (4.2) is subjected to the following boundary condition: 

@    𝑟 = 𝑟𝑚𝑎𝑥       𝑊(𝑟) = 0                                                                                            (4.3) 

The term, ℜ(𝑟), in Eq. (4.2) is the rate of shrinkage which is calculated by Eq. (3.17). 
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The attrition of lignite particles is neglected based on the previous findings of 

Gogebakan and Selcuk [93] where an assessment study is carried out in the same test 

rig. Moreover, it is assumed that the size distribution of inerts in the bed is taken to 

be equal to the size distribution of char particles. Further details of the PSD can be 

found in section 3.2.4 and Ref. [93,94]. 

4.2.5 Mass Conservation Equations 

By treating the emulsion phase as well-mixed and the bubble phase and freeboard as 

plug flow, temporal variation of species concentrations is determined by solving the 

chemical species balances in the bubble phase, emulsion phase, and freeboard 

section: 

𝑑𝑛𝑗,𝑏

𝑑𝑡
=

𝑅𝑇𝑏𝑒𝑑𝑛𝑏

𝑃𝐴𝑏𝑒𝑑𝛿
[𝐴𝑏𝑒𝑑𝛿ℜ𝑗,𝑏 + 𝐴𝑏𝑒𝑑𝛿𝐾𝑏𝑒(𝐶𝑗,𝑒 − 𝐶𝑗,𝑏) −

𝑑𝑛𝑗,𝑏

𝑑𝑧
] +

𝑛𝑗,𝑏

𝑇𝑏𝑒𝑑

𝑑𝑇𝑏𝑒𝑑

𝑑𝑡

+
𝑛𝑗,𝑏

𝑛𝑏

𝑑𝑛𝑏

𝑑𝑡
                                                                                                (4.4) 

𝑑𝑛𝑗,𝑒

𝑑𝑡
=

𝑅𝑇𝑏𝑒𝑑𝑛𝑒

𝑃𝑉𝑏𝑒𝑑(1 − 𝛿)𝜀𝑚𝑓
[𝑉𝑏𝑒𝑑(1 − 𝛿)𝜀𝑚𝑓ℜ𝑗,𝑒 − 𝑉𝑏𝑒𝑑𝛿𝐾𝑏𝑒(𝐶𝑗,𝑒 − 𝐶𝑗̅,𝑏) − 𝑛𝑗,𝑒

− 𝑛𝑗,𝑒|
𝑧=0

] +
𝑛𝑗,𝑒

𝑇𝑏𝑒𝑑

𝑑𝑇𝑏𝑒𝑑

𝑑𝑡
+

𝑛𝑗,𝑒

𝑛𝑒

𝑑𝑛𝑒

𝑑𝑡
                                                 (4.5) 

𝑑𝑛𝑗,𝑓

𝑑𝑧
=

𝑅𝑇𝑓𝑛𝑏

𝑃𝐴𝑓(1 − 𝜀𝑝)
[𝐴𝑓(1 − 𝜀𝑝)ℜ𝑗,𝑓 −

𝑑𝑛𝑗,𝑓

𝑑𝑧
] +

𝑛𝑗,𝑓

𝑇𝑓

𝑑𝑇𝑓

𝑑𝑡
+

𝑛𝑗,𝑓

𝑛𝑓

𝑑𝑛𝑓

𝑑𝑡
               (4.6) 

These equations are solved by applying the following boundary conditions: 

@𝑧 = 0          𝑛𝑗,𝑏 = 𝑦𝑗,𝑏

𝑛𝑎

1 +
𝑢𝑒

𝑢𝑏

1 − 𝛿
𝛿

𝜀𝑚𝑓

                                                                  (4.7) 

@𝑧 = 0          𝑛𝑗,𝑒 = 𝑦𝑗,𝑒

𝑛𝑎

1 +
𝑢𝑏

𝑢𝑒

𝛿
(1 − 𝛿)𝜀𝑚𝑓

                                                               (4.8) 

@ 𝑧 = 𝐻𝑏𝑒𝑑         𝑛𝑗,𝑓 = 𝑛𝑗,𝑒 + 𝑛𝑗,𝑏                                                                                 (4.9) 
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The expressions for the species generation or depletion terms appearing in Eqs. (4.4), 

(4.5), and (4.6), ℜ𝑗,𝑏, ℜ𝑗,𝑒 and ℜ𝑗,𝑓, are determined using the reaction rates. The 

details of the species generation or depletion terms and the rate of chemical reaction 

considered in the model are given elsewhere [28,154].  

4.2.6 Energy Conservation Equations 

4.2.6.1 Energy Balance in Bed 

Energy balance on the bed is formulated by assuming that the gas and the inert 

particles are at the same temperature and that the mass of combustion gases and char 

particles are negligible compared to the mass of inerts; 

𝑑𝑇𝑏𝑒𝑑

𝑑𝑡
=

1

𝑐𝑝,𝑖𝑀𝑖
{𝑛𝑎 ∫ 𝑐𝑝,𝑎𝑑𝑇

𝑇𝑎

𝑇𝑟

− 𝛼𝑑𝑇,𝑜 ∫ 𝑈𝑐𝑤(𝑇𝑏𝑒𝑑 − 𝑇𝑐𝑤)𝑑𝑥
𝐿𝑇

0

−𝐴𝑏𝑤ℎ𝑏𝑤(𝑇𝑏𝑒𝑑 − 𝑇𝑏𝑤,𝑠)

− (𝑛𝑒 + 𝑛𝑏) ∑ 𝑦𝑗 ∫ 𝑐𝑝,𝑔𝑗
𝑑𝑇

𝑇𝑏𝑒𝑑

𝑇𝑟

𝑛

𝑗=1

− 𝑚𝐶𝑂𝑐𝑝,𝑖(𝑇𝑏𝑒𝑑 − 𝑇𝑟)

− 𝑚𝑏𝑑𝑐𝑝,𝑖(𝑇𝑏𝑒𝑑 − 𝑇𝑟) − (𝑚𝑐𝑜𝑎𝑙𝑥𝐻2𝑂)𝜆0 + 𝑄𝑝 + 𝑄𝑟𝑥𝑛}             (4.10) 

where 𝑄𝑟𝑥𝑛 is heat generated from chemical reactions and 𝑄𝑝 is energy transferred 

from burning char particles. The details of energy loss through the bed walls can be 

found elsewhere [28,154]. 

Neglecting the heat transfer resistance of the tubes, the spatial variation of the 

temperature of the cooling water is given by the following equation: 

𝑑𝑇𝑐𝑤

𝑑𝑡
=

4𝑑𝑇,𝑜

𝑑𝑇,𝑖
2𝜌𝑐𝑤𝑐𝑝,𝑐𝑤

ℎ𝑐𝑤(𝑇𝑏𝑒𝑑 − 𝑇𝑤) −
4𝑚𝑐𝑤

𝜋𝑑𝑇,𝑖
2𝜌𝑐𝑤

𝑑𝑇𝑐𝑤

𝑑𝑥
                                   (4.11) 
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The surface temperature of the tube wall, 𝑇𝑤, is calculated by solving a surface 

energy balance: 

ℎ𝑐𝑤𝑑𝑇,𝑜(𝑇𝑏𝑒𝑑 − 𝑇𝑤) − ℎ𝑖𝑑𝑇,𝑖(𝑇𝑤 − 𝑇𝑐𝑤) = 0                                                          (4.12) 

The overall bed-to-tube surface heat transfer coefficient, ℎ𝑐𝑤, consists of three 

modes gas convective, particle convective, and RHT.  

ℎ𝑐𝑤 = ℎ𝑔 + ℎ𝑝 + ℎ𝑟                                                                                                       (4.13) 

In the model, gas convective, ℎ𝑔, and particle convective, ℎ𝑝, heat transfer 

coefficients are calculated by adopting the correlations proposed by Denloye and 

Botterill [170]: 

ℎ𝑟 = 𝜀𝑤𝜎(𝑇𝑏𝑒𝑑 + 𝑇𝑤)(𝑇𝑏𝑒𝑑
2 + 𝑇𝑤

2)                                                                         (4.14) 

4.2.6.2 Energy Balance in Freeboard 

In the transient coupled model, the energy conservation equation for the freeboard 

section can be written by including the radiative ST to the freeboard energy balance 

in the original FBC model developed by Selcuk and Degirmenci [28] which 

considers the gas convective transport, and heat loss and generation: 

𝜕𝑇𝑓

𝜕𝑡
=

𝑅𝑇𝑓
2𝑛𝑓

𝐴𝑓(1 − 𝜀𝑝)𝑃𝑇𝑟

𝜕𝑇𝑓

𝜕𝑧𝑓
+  

𝑅𝑇𝑓
2

𝑃𝑀𝑔𝑇𝑟𝐶𝑝,𝑔
(𝑹 −

𝛻 ∙ 𝒒𝒓

(1 − 𝜀𝑝)
)

−
𝑅𝑇𝑓

2(𝑇𝑓 − 𝑇𝑟)

𝐴𝑓(1 − 𝜀𝑝)𝑃𝑇𝑟

𝜕𝑛𝑓

𝜕𝑧𝑓
                                                                        (4.15) 

Eq. (4.15) is subjected to the following boundary condition: 

@ 𝑧𝑓 = 0           𝑇𝑓 = 𝑇𝑏𝑒𝑑                                                                                              (4.16) 

In Eq. (1), the term 𝑹 is the heat generation and loss rate per unit volume, which is 

the summation of heat loss/generation via chemical reaction (𝑹𝒓𝒙𝒏), heat loss 

through the freeboard walls (𝑹𝒘) and convective heat transport from fly ash and char 
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particles to the gaseous medium (𝑹𝒑) and the term 𝛁 ∙ 𝒒𝒓 is the radiative ST, which 

can be obtained from the solution of the RTE. The heat generation due to convective 

heat transport from the particles to the gaseous medium (𝑹𝒑) is determined by the 

following expression, which considers only convective transport between the 

particles and the gaseous medium: 

𝑹𝒑 =
3𝐹𝐶𝑂

𝐴𝑏𝑒𝑑𝜌𝑑
∫

𝑃𝑧,𝑑(𝑟)

𝑟𝑢𝑝(𝑟)
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓)]𝑑𝑟

𝑟𝑚𝑎𝑥𝑒

𝑟𝑚𝑖𝑛

 

          + 3𝜀𝑑 ∫
𝑃𝑧,𝑑(𝑟)

𝑟
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓)]𝑑𝑟

𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥𝑒

 

          + 3𝜀𝑖 ∫
𝑃𝑧,𝑖(𝑟)

𝑟
[ℎ𝑝(𝑇𝑖 − 𝑇𝑓)]𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥𝑒

                                                                (4.17) 

Noting that the rate of energy transferred from freeboard to wall by radiation and 

convection must be equal to the rate of energy transferred through the walls, an 

energy balance at the freeboard side wall surfaces can be formulated to obtain the 

freeboard wall temperature profile;  

ℎ𝑓𝑤(𝑇𝑓 − 𝑇𝑓𝑤) + 𝒒𝒓,𝒘 −
(𝑇𝑓𝑤 − 𝑇𝑓𝑤,𝑜)

𝑅𝑤
 = 0                                                           (4.18) 

where 𝒒𝒓,𝒘 is the net wall radiative HF obtained from the radiation model and ℎ𝑓𝑤 

can be estimated using the approach suggested by Kunii and Levenspiel [165]: 

ℎ𝑓𝑤 − ℎ𝑔

ℎ𝑧𝑓=0 − ℎ𝑔
= 𝑒𝑥 𝑝(− 𝑎𝑧𝑓 2⁄ )                                                                                       (4.19) 

where ℎ𝑧𝑓=0 is the heat transfer coefficient at the freeboard entrance which is taken 

as the heat transfer coefficient between bed and wall. The term 𝑎 in Eq. (4.19) refers 

to the decay constant of the particles along the freeboard and is estimated by using 

the correlation of Choi et al. [148] as given by Eq. (3.8). The term ℎ𝑔 stands for the 

gas component which can be estimated utilizing the correlation suggested by 

Gnielinski [166]; 
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ℎ𝑔 =
𝑘𝑔

𝑑𝑏𝑒𝑑
[

(𝑓/8)(𝑅𝑒 − 1000)𝑃𝑟

1 + 12.7(𝑓 8⁄ )0.5(𝑃𝑟2 3⁄ − 1)
]                                                               (4.20) 

For the investigation of the influence of coupling a detailed RHT model to the FBC 

system model, predictions of the coupled models are compared with the FBC system 

model without radiation model [28] where Stefan-Boltzmann law and an empirical 

correlation for the RHT coefficient, ℎ𝑟, are employed in Eqs. (4.17) and (4.19), 

respectively, to account for RHT instead of solving RTE.  

For the FBC system model without radiation model, freeboard gas temperature 

profiles can be obtained using Eq. (4.15) by omitting the radiative ST, ∇ ∙ 𝒒𝒓. 

𝜕𝑇𝑓

𝜕𝑡
=

𝑅𝑇𝑓
2𝑛𝑓

𝐴𝑓(1 − 𝜀𝑝)𝑃𝑇𝑟

𝜕𝑇𝑓

𝜕𝑧𝑓
+  

𝑅𝑇𝑓
2𝑹

𝑃𝑀𝑔𝑇𝑟𝐶𝑝,𝑔

−
𝑅𝑇𝑓

2(𝑇𝑓 − 𝑇𝑟)

𝐴𝑓(1 − 𝜀𝑝)𝑃𝑇𝑟

𝜕𝑛𝑓

𝜕𝑧𝑓
                                                                        (4.21) 

where 𝑹 is the heat generation and loss rate per unit freeboard volume which is 

defined as: 

𝑹 = 𝑹𝒓𝒙𝒏 + 𝑹𝒇𝒘 + 𝑹𝒑                                                                                                   (4.22) 

The term, 𝑹𝒑, can be rearranged by simply utilizing the Stefan-Boltzmann law for 

radiative heat exchange between particles and gases: 

𝑹𝒑 =
3𝐹𝐶𝑂

𝐴𝑏𝑒𝑑𝜌𝑑
∫

𝑃𝑧,𝑑(𝑟)

𝑟𝑢𝑝(𝑟)
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓) + 𝜖𝑑𝜎(𝑇𝑑

4 − 𝑇𝑓
4)]𝑑𝑟

𝑟𝑚𝑎𝑥𝑒

𝑟𝑚𝑖𝑛

 

          + 3𝜀𝑑 ∫
𝑃𝑧,𝑑(𝑟)

𝑟
[ℎ𝑝(𝑇𝑑 − 𝑇𝑓) + 𝜖𝑑𝜎(𝑇𝑑

4 − 𝑇𝑓
4)]𝑑𝑟

𝑟𝑚𝑖𝑛

𝑟𝑚𝑎𝑥𝑒

 

          + 3𝜀𝑖 ∫
𝑃𝑧,𝑖(𝑟)

𝑟
[ℎ𝑝(𝑇𝑖 − 𝑇𝑓) + 𝜖𝑖𝜎(𝑇𝑖

4 − 𝑇𝑓
4)]𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥𝑒

                                 (4.23) 

The emissivity of fly ash particles, 𝜖𝑖, is estimated noting that it is equal to their 

absorption efficiency [167] that can be calculated utilizing Mie theory and their d32. 
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For the estimation of the emissivity of freeboard char particles, 𝜖𝑑, however, the 

empirical correlation of Schiemann et al. [167] is adopted. Using the above-

mentioned relations, the emissivities of freeboard char and fly ash particles are 

determined as 0.59 and 0.29, respectively. 

The wall temperature profile can be obtained from the energy conservation equation 

given in Eq. (4.18) by omitting the net wall radiative HF term, 𝒒𝒓,𝒘: 

ℎ𝑓𝑤(𝑇𝑓 − 𝑇𝑓𝑤) + 𝒒𝒓,𝒘 −
(𝑇𝑓𝑤 − 𝑇𝑓𝑤,𝑜)

𝑅𝑤
 = 0                                                           (4.24) 

RHT is taken into consideration by utilizing a RHT coefficient, ℎ𝑟, in Eq. (4.25); 

ℎ𝑓𝑤 − (ℎ𝑟 + ℎ𝑔)

ℎ𝑧𝑓=0 − (ℎ𝑟 + ℎ𝑔)
= 𝑒𝑥 𝑝(− 𝑎𝑧𝑓 2⁄ )                                                                         (4.25) 

where ℎ𝑟 stands for the radiative component which can be estimated by:  

ℎ𝑟 = 𝜀𝑓𝑤𝜎(𝑇𝑓 + 𝑇𝑓𝑤)(𝑇𝑓
2 + 𝑇𝑓𝑤

2 )                                                                                (4.26) 

4.3 Solution Procedure 

4.3.1 Coupling between System Model and Radiation Model 

Solution domains for the freeboard of the test rig utilized in the 1-D transient FBC 

system model for combustion of lignite and radiation model are schematically 

represented in Figure 4.3. The emissivities of the boundaries with the cooler at the 

top and with the bed section at the bottom are taken as 0.87 and 1.0 based on a 

previous study of Kozan and Selcuk [168]. 
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Figure 4.3. Solution domains for the test rig utilized in the 1-D transient FBC 

system model for combustion of lignite and radiation model 

The algorithm of the coupling of the transient FBC system model with the radiation 

model is illustrated in Figure 4.4. Coupling between the transient FBC system model 

and radiation model is mainly based on regular transfer of temperature and species 

concentration fields solved by the FBC system model to the radiation model, which 

in turn provides ST field and wall radiative HFs for the energy conservation 

equations of freeboard as solution advances in time.  

The algorithm starts with the specification of the initial conditions obtained from the 

steady-state model and grid resolution for the numerical solution. Utilizing the initial 

conditions, the radiation model advances one time step (tp), and estimates the 

radiative properties of medium involving combustion gases and fly ash particles, and 

thus determines radiative energy STs and HFs at all grid locations along x-, y- and 

z-directions. Then, these STs are averaged over x- and y-coordinates at each grid 

location along the z-direction, and net wall HFs for grids in the z-direction are 

calculated. With these averaged radiative STs and net wall HFs, the transient FBC 

code marches to the next time step and makes concentration and temperature 

profiles, particle load profiles, and PSD for the radiation model available in the next 

time step. Upon the next call, the radiation model initiates the solution of RTE for 

the next time step by utilizing the radiative intensities determined from the previous 
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call to converge faster. The user-defined time step tp for the exchange of necessary 

information between the FBC and radiation codes is selected as 1 second. This user-

defined tp is further divided into smaller internal time steps by the ODE solver. The 

ODE solver ROWMAP, which uses a time adaptive method, chooses the time steps 

in such a way that maintains the accuracy and stability of the evolving solution. 

 
Figure 4.4. Algorithm of the coupling of transient FBC system model with the 

radiation model 

4.3.2 Algorithm of the Coupled Code 

In the application of the model, direct use of the elutriation rate constant and particle 

hold-up distribution of Choi et al. [148] yielded higher carry-over flow rates and 

incorrect particle loads at the combustor exit. To match the measured carry-over flow 

rates, the elutriation rate constant is multiplied by 0.20. On the other hand, the decay 

constant of the inert ash hold-up expression of Choi et al. [148] is multiplied by 0.24 

to match the predicted and measured particle loads at the freeboard exit.  
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The kinetic expression suggested by Hottel et al. [153] predicts CO concentrations 

approximately one order of magnitude lower compared to the measurements. To 

match the measured and predicted CO concentrations, this expression is just simply 

multiplied with 0.3. 

Figures 3.7 to 3.9 show the algorithm of the steady state model code in compact 

form. The solution starts with defining initial conditions as calculated by the steady-

state code for the same test rig. The details of the steady-state model can be found 

elsewhere [154]. The coupled transient FBC system model is mainly based on the 

regular transfer of temperature and species concentration fields solved by the FBC 

system model and ST field and wall radiative HFs solved by the radiation model at 

each time step. 

The ODE system is integrated using a readily available solver ROWMAP utilizing 

implicit Runge-Kutta methods. The solution of non-linear algebraic equation 

systems, on the other hand, is achieved by utilizing the subroutine ZERO. Detailed 

solution procedure of steady-state and transient codes for lignite combustion can be 

found elsewhere [154]. 
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Figure 4.5. Flowchart for the transient code (The shaded areas show the modified 

sections of this study) 
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Figure 4.6. Flowchart for the transient code 
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CHAPTER 5  

5               2-D COMPUTATIONAL FLUID DYNAMICS (CFD) MODEL FOR 

ABFBC FIRING LIGNITE 

5.1 General 

In this section, the details of the 2-D computational fluid dynamics (CFD) model of 

the 0.3 MWt ABFBC test rig firing lignite only, developed within the scope of this 

thesis study, are described. The CFD model is developed using commercial CFD 

software, ANSYS Fluent 2020 R1 [98]. The model accounts for multiphase gas-solid 

flow, turbulence, drying, devolatilization and char combustion of lignite, combustion 

of gaseous species, species transport, and convective and RHT. The complex 

multiphase flow in the test rig is represented as two Eulerian and one Lagrangian 

phase for combustion gases, inert bed material (which is ash) and lignite, 

respectively. The hydrodynamics of the gas phase is described by the k-ε turbulence 

model whereas the kinetic theory of granular flow (KTGF) is utilized to represent 

the hydrodynamics of the inert phase. The RTE is solved by the DOM together with 

some user-defined functions (UDFs) written to estimate the radiative properties of 

combustion gases and particles. Moreover, for the lignite phase, a dense discrete 

phase model (DDPM) embedded in ANSYS Fluent is utilized to consider the 

interaction between the lignite phase with each Eulerian phase. The CFD model 

presented in this study involves a reaction scheme with two heterogeneous and three 

homogeneous chemical reactions, 8 gaseous species; O2, CO2, CO, H2, H2O, 

Volatile, SO2, and N2 and two solid species; inert bed material (ash), and lignite, are 

utilized. The details of conservation equations and sub-models utilized in the 2-D 

CFD model will be described in the following sections.  
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5.2 CFD Model Description 

The 2-D CFD model for ABFBC firing lignite can be described in terms of 

multiphase gas-solid flow, turbulence, chemical reaction, and radiation.  

5.2.1 Modeling of Multiphase Gas-Solid Flow 

As described earlier, the complex multiphase flow in the 0.3 MWt ABFBC test rig is 

represented by two Eulerian and one Lagrangian phase for combustion gases, inert 

bed material, and lignite, respectively. In the Eulerian phase, the particles are treated 

as a continuum where the collision between particles is treated using KTGF. In the 

Lagrangian phase, on the other hand, instead of solving Navier-Stokes equations, 

each group of particles is tracked according to Newton’s second law of motion. The 

following subsections summarize the governing equations for each phase under 

investigation within the scope of this study. 

5.2.1.1 Gas Phase 

The gas phase mass conservation equation can be written as; 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔) + 𝛻 ∙ (𝛼𝑔𝜌𝑔𝒖𝒈) = ∑(𝑚̇𝑝𝑔 − 𝑚̇𝑔𝑝)

𝑁𝑝

𝑝=1

+ 𝑆𝑔                                              (5.1) 

where 𝛼𝑔 is the volume fraction of the gas phase, 𝜌𝑔 is the gas phase density, 𝒖𝒈 is 

the gas phase velocity, 𝑚̇ is the mass transfer between phases, 𝑆𝑔 is the ST due to 

heterogeneous reactions, 𝑝 is the phase index and 𝑁𝑝 is the total number of phases. 

The density of the gas phase (𝜌𝑔) is calculated by the ideal gas equation of state. 

To calculate the species concentration distribution, the following generalized species 

conservation equation is solved for each gas phase species; 
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𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔𝑌𝑔,𝑗) + 𝛻 ∙ (𝛼𝑔𝜌𝑔𝒖𝒈𝑌𝑔,𝑗)

= −𝛻 ∙ 𝛼𝑔𝑱𝒈,𝒋 + 𝛼𝑔𝑟𝑔,𝑗 + ∑(𝑚̇𝑗,𝑝𝑔 − 𝑚̇𝑗,𝑔𝑝)

𝑁𝑝

𝑝=1

+ 𝓡                        (5.2) 

where 𝑌𝑔,𝑗 is the mass fraction of the gaseous species j, 𝑅𝑔,𝑗 is the rate of 

homogeneous reactions, 𝓡 is the rate of heterogeneous reactions and 𝑱𝒈,𝒋 is the 

diffuse flux which can be defined as; 

𝑱𝒈,𝒋 = − (𝜌𝑔𝐷𝑗 +
𝜇𝑡

𝑆𝑐𝑡
) 𝛻𝑌𝑔,𝑗 − 𝐷𝑇,𝑖

𝛻𝑇

𝑇
                                                                        (5.3) 

where 𝐷𝑗  diffusivity of the species j in the gas phase, 𝜇𝑡 is the turbulent viscosity, 

𝑆𝑐𝑡 is the turbulent Schmidt number and 𝐷𝑇,𝑖 is the thermal (Soret) diffusion 

coefficient. The gas phase momentum conservation equation can be written as; 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔𝒖𝒈) + ∇ ∙ (𝛼𝑔𝜌𝑔𝒖𝒈𝒖𝒈)

= −𝛼𝑔∇𝑃𝑔 + ∇ ∙ 𝜏𝑔̿ + 𝛼𝑔𝜌𝑔𝑔

+ ∑ 𝐾𝑝𝑔(𝒖𝒑 − 𝒖𝒈)(𝑚̇𝑝𝑔𝒖𝒑𝒈 − 𝑚̇𝑔𝑝𝒖𝒈𝒑)

𝑁𝑝

𝑝=1

+ (𝑭𝒆𝒙𝒕,𝒈 + 𝑭𝒕𝒅,𝒈)  (5.4) 

where 𝑃𝑔 is the gas pressure, 𝜏𝑔̿ is the stress tensor, 𝐾 is the momentum exchange 

coefficient between phases, 𝑭𝒆𝒙𝒕,𝒈 is the external body forces, and 𝑭𝒕𝒅,𝒈 is the 

turbulent dispersion force. The first three terms of the RHS of Eq. (5.4) denote 

pressure force, shear force, and gravity, respectively. The fourth term denotes the 

momentum exchange between phases, and the last term is the forces applied to the 

gas phase. The stress tensor for the gas phase is given by the following expression;  

𝜏𝑔̿ = 𝛼𝑔𝜇𝑔 (
𝜕𝒖𝒈,𝒊

𝜕𝑥𝑗
+

𝜕𝒖𝒈,𝒋

𝜕𝑥𝑖
) −

2

3
𝜇𝑔𝛿𝑖𝑗

𝜕𝒖𝒈,𝒌

𝜕𝑥𝑘
                                                             (5.5) 

where 𝜇 is the dynamic viscosity and 𝛿𝑖𝑗 is the Kronecker delta. 
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Finally, the energy conservation equation for the gas phase in the enthalpy form is 

written as; 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔ℎ𝑔) + 𝛻 ∙ (𝛼𝑔𝜌𝑔𝒖𝒈ℎ𝑔)

= −𝛼𝑔

𝜕𝑃𝑔

𝜕𝑡
+ 𝜏𝑔̿: 𝛻𝒖𝒈 − 𝛻 ∙ 𝒒𝒈 + 𝑆𝑔

+ ∑ 𝑄𝑝𝑔(𝑚̇𝑝𝑔ℎ𝑝𝑔 − 𝑚̇𝑔𝑝ℎ𝑔𝑝)

𝑁𝑝

𝑝=1

                                                         (5.6) 

where ℎ𝑔 is the specific enthalpy of the gas phase, 𝒒𝒈 is the HF, 𝑆𝑔 is the ST due to 

chemical reaction and radiation, and 𝑄 is the intensity of heat exchange between 

phases. The first three terms of the RHS of Eq. (5.6) denote work done by pressure 

forces, work done by viscous forces, and rate of heat conduction, respectively. 

5.2.1.2 Inert Phase 

Similar to the gas phase, the mass and momentum conservation equation for inert 

bed material particles are written as follows; 

𝜕

𝜕𝑡
(𝛼𝑖𝜌𝑖) + 𝛻 ∙ (𝛼𝑖𝜌𝑖𝒖𝒊) = ∑(𝑚̇𝑝𝑖 − 𝑚̇𝑔𝑖)

𝑁𝑝

𝑝=1

+ 𝑆𝑖                                                     (5.7) 

𝜕

𝜕𝑡
(𝛼𝑖𝜌𝑖𝒖𝒊) + 𝛻 ∙ (𝛼𝑖𝜌𝑖𝒖𝒊𝒖𝒊)

= −𝛼𝑖𝛻𝑃𝑖 + 𝛻 ∙ 𝜏𝑖̿ + 𝛼𝑖𝜌𝑖𝑔 + ∑ 𝐾𝑝𝑖(𝒖𝒑 − 𝒖𝒊)(𝑚̇𝑝𝑖𝒖𝒑𝒊 − 𝑚̇𝑖𝑝𝒖𝒊𝒑)

𝑁𝑝

𝑝=1

+ (𝑭𝒆𝒙𝒕,𝒊 + 𝑭𝒕𝒅,𝒊)                                                                                    (5.8) 

where 𝛼𝑖, 𝜌𝑖, and 𝒖𝒊 are the volume fraction, density, and velocity of the inert phase 

and 𝜏𝑖̿ is the stress tensor of the inert phase which can be written as; 
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𝜏𝑖̿ = 𝛼𝑖𝜇𝑖 (
𝜕𝒖𝒊,𝒊

𝜕𝑥𝑗
+

𝜕𝒖𝒊,𝒋

𝜕𝑥𝑖
) −

2

3
𝜇𝑖𝛿𝑖𝑗

𝜕𝒖𝒊,𝒌

𝜕𝑥𝑘
+ 𝜆𝑖

𝜕𝒖𝒊,𝒌

𝜕𝑥𝑘
                                                (5.9) 

where 𝜆𝑖 is the bulk viscosity term, which is negligible for the gas phase as given in 

Eq. (5.5). As can be seen from Eq. (5.8), the terms solid pressure (𝑃𝑖) and solid 

viscosity (𝜇𝑖) arises in the momentum conservation equation for the inert phase 

which are often described by the KTGF. The solid pressure is described by the 

expression of Lun et al. [171] which contains a kinetic term and a particle collision 

term; 

𝑃𝑖 = 𝛼𝑖𝜌𝑖𝛩𝑖 + 2𝜌𝑖(1 + 𝑒𝑖𝑖)𝛼𝑖
2𝑔0,𝑖𝑖𝛩𝑖                                                                        (5.10) 

where 𝛩𝑖 is the granular temperature, 𝑒𝑖𝑖 is the restitution coefficient for the collision 

of inert particles, and 𝑔0,𝑖𝑖 is the radial distribution function which is determined by 

the following expression; 

𝑔0,𝑖𝑖 = [1 − (
𝛼𝑖

𝛼𝑖,𝑚𝑎𝑥
)

1 3⁄

]

−1

                                                                                        (5.11) 

where 𝛼𝑖,𝑚𝑎𝑥 is the maximum packing limit for the inert phase which is defined as 

0.63 as suggested by ANSYS Fluent [172]. The bulk viscosity (𝜆𝑖) in Eq. (5.9) for 

the inert phase is given by [171]: 

𝜆𝑖 =
4

3
𝛼𝑖

2𝜌𝑖𝑑𝑖𝑔0,𝑖𝑖(1 + 𝑒𝑖𝑖) (
𝛩𝑖

𝜋
)

1 2⁄

                                                                          (5.12) 

The term solid viscosity (𝜇𝑖), on the other hand, is defined by the summation of 

collisional, kinetic, and frictional viscosities: 

𝜇𝑖 = 𝜇𝑖,𝑐𝑜𝑙 + 𝜇𝑖,𝑘𝑖𝑛 + 𝜇𝑖,𝑓𝑟                                                                                             (5.13) 

It should be noted at this point that the frictional viscosity (𝜇𝑖,𝑓𝑟) becomes important 

when the volume fraction of inerts is close to the maximum packing limit as in the 

case investigated in this study. Therefore, it is included in the calculation of solid 

viscosity. For the collisional, kinetic, and frictional viscosities of the inert phase, the 
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expressions developed by Gidaspow et al. [173], Syamlal et al. [174] and Schaeffer 

[175], respectively, are utilized; 

𝜇𝑖,𝑐𝑜𝑙 =
4

5
𝛼𝑖

2𝜌𝑖𝑑𝑖𝑔0,𝑖𝑖(1 + 𝑒𝑖𝑖) (
𝛩𝑖

𝜋
)

1 2⁄

                                                                    (5.14) 

𝜇𝑖,𝑘𝑖𝑛 =
𝛼𝑖𝜌𝑖𝑑𝑖√𝛩𝑖𝜋

96𝛼𝑖(1 + 𝑒𝑖𝑖)𝑔0,𝑖𝑖
[1 +

4

5
𝑔0,𝑖𝑖𝛼𝑖(1 + 𝑒𝑖𝑖)]

2

𝛼𝑖                                         (5.15) 

𝜇𝑖,𝑓𝑟 =
𝑃𝑖𝑠𝑖𝑛𝜑

2√𝐼2𝐷

                                                                                                                 (5.16) 

where 𝜑 is the angle of internal friction which is 30º as suggested by ANSYS Fluent 

[172], and 𝐼2𝐷 is the second invariant of the deviatoric stress tensor. 

The granular temperature of the inert phase (𝛩) is proportional to the kinetic energy 

of the inert particles as given by the formal expression below; 

𝛩𝑖 =
1

3
𝒖𝒊

′𝒖𝒊
′                                                                                                                       (5.17) 

where 𝒖𝒊
′ is the fluctuating inert phase velocity. The granular temperature is generally 

calculated from the granular energy transport equation derived from KTGF which 

takes the following form; 

3

2
[

𝜕

𝜕𝑡
(𝛼𝑖𝜌𝑖𝛩𝑖) + 𝛻 ∙ (𝛼𝑖𝜌𝑖𝒖𝒊𝛩𝑖)]

= (−𝑃𝑖𝐼 ̿ + 𝜏𝑖̿): 𝛻𝒖𝒊 + 𝛻 ∙ (𝑘𝛩𝑖
𝛻𝛩𝑖) − 𝛾𝛩𝑖

+ 𝜑𝑝𝑖                          (5.18) 

where (𝑃𝑖𝐼 ̿ + 𝜏𝑖̿): ∇𝒖𝒊 is the granular energy generation due to stress tensor, 𝑘𝛩𝑖
∇𝛩𝑖 

is the diffusion transport, 𝛾𝛩𝑖
 is the collisional granular energy dissipation and 𝜑𝑝𝑖 is 

the energy exchange between phases (= −3𝐾𝑝𝑖𝛩𝑖). Rather than solving the partial 

differential equation given by Eq. (5.18), convection and diffusion transport terms 

can be neglected assuming granular energy is in steady-state and dissipates locally: 

0 = (−𝑃𝑖𝐼 ̿ + 𝜏𝑖̿): 𝛻𝒖𝒊 − 𝛾𝛩𝑖
+ 𝜑𝑝𝑖                                                                              (5.19) 
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The algebraic form of the granular energy transport equation has been shown to 

provide reasonable predictions in fluidized beds [176]. Therefore, in this study, the 

granular temperature of the inert phase is estimated using Eq. (5.19). The collisional 

energy term in Eq. (5.19) is estimated using the expression of Lun et al. [171]. 

Finally, for the determination of the temperature of the inert phase, the following 

energy conservation equation can be solved; 

𝜕

𝜕𝑡
(𝛼𝑖𝜌𝑖ℎ𝑖) + 𝛻 ∙ (𝛼𝑖𝜌𝑖𝒖𝒊ℎ𝑖)

= −𝛼𝑖

𝜕𝑃𝑖

𝜕𝑡
+ 𝜏𝑖̿: 𝛻𝒖𝒊 − 𝛻 ∙ 𝒒𝒊 + 𝑆𝑖

+ ∑ 𝑄𝑝𝑖(𝑚̇𝑝𝑖ℎ𝑝𝑖 − 𝑚̇𝑖𝑝ℎ𝑖𝑝)

𝑁𝑝

𝑝=1

                                                           (5.20) 

 

5.2.1.3 Lignite Phase 

Unlike the Eulerian approach for the solid phase in which the solid particles are 

treated as a continuum, the DPM treats the solid phase as dispersed particles by 

tracking them according to Newton’s 2nd law. However, in its original form, the 

discrete phase is not taken into consideration when solving the equation for the 

continuous phase equations as it assumes the volume fraction of the discrete particles 

is very low [100]. To alleviate this problem, the DDPM, in which the interactions 

between discrete and continuous phases are considered, is utilized. 

The discrete lignite particles are tracked by solving Newton’s 2nd law in the 

following form; 

𝜕𝒖𝒍

𝜕𝑡
= 𝐹𝐷(𝒖 − 𝒖𝒍) +

𝒈(𝜌𝑙 − 𝜌)

𝜌𝑙
+ 𝑭𝒗𝒎,𝒍 + 𝑭𝒊𝒏𝒕𝒆𝒓𝒂𝒄𝒕𝒊𝒐𝒏                                         (5.21) 

where 𝑭𝒗𝒎,𝒍 is the virtual mass force and 𝐹𝐷 is the drag per unit mass; 
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𝐹𝐷 =
18𝜇

𝜌𝑙𝑑𝑙
2

𝐶𝐷𝑅𝑒

24
                                                                                                            (5.22) 

where 𝐶𝐷 is the drag coefficient and Re is the particle Reynold’s number (=

𝜌𝑑𝑙|𝒖 − 𝒖𝒍| 𝜇⁄ ). Finally, the term 𝑭𝒊𝒏𝒕𝒆𝒓𝒂𝒄𝒕𝒊𝒐𝒏 denotes the interparticle interactions 

and is determined by the following expression; 

𝑭𝒊𝒏𝒕𝒆𝒓𝒂𝒄𝒕𝒊𝒐𝒏 = −
1

𝜌𝑙
𝛻 ∙ 𝜏𝑙̿                                                                                               (5.23) 

where 𝜏𝑙̿ is the stress tensor for the lignite phase which is determined by the KTGF 

similar to the inert phase. 

The mass conservation equation for the DDPM can be written by noting that the 

mass loss of lignite particles is solely due to drying, devolatilization, and char 

combustion: 

𝜕𝑚𝑙

𝜕𝑡
= (

𝜕𝑚𝑙

𝜕𝑡
)

𝑑𝑟𝑦
+ (

𝜕𝑚𝑙

𝜕𝑡
)

𝑑𝑒𝑣𝑜𝑙
+ (

𝜕𝑚𝑙

𝜕𝑡
)

𝑐ℎ𝑎𝑟
                                                        (5.24) 

The terms on the RHS stand for mass losses to the gas phase by drying, 

devolatilization, and char combustion, respectively. The rates of drying, 

devolatilization, and char combustion will be described in the following sections. 

The energy balance for the DDPM can be written as follows; 

𝑚𝑙𝐶𝑝,𝑙

𝑑𝑇𝑙

𝑑𝑡
= ℎ𝐴𝑙(𝑇∞ − 𝑇𝑙) + 𝐴𝑙𝜀𝑙𝜎(𝜃𝑅

4 − 𝑇𝑙
4) − 𝑓ℎ (

𝜕𝑚𝑙

𝜕𝑡
)

𝑐ℎ𝑎𝑟
𝐻𝑟𝑥𝑛

− (
𝜕𝑚𝑙

𝜕𝑡
)

𝑑𝑒𝑣𝑜𝑙
ℎ𝑓𝑔,𝑣                                                                              (5.25) 

where 𝐴𝑙, 𝜀𝑙, and 𝐶𝑝,𝑙 are surface area, emissivity, and specific heat capacity of 

particles, 𝐻𝑟𝑥𝑛 is the reaction enthalpy of char combustion, ℎ𝑓𝑔,𝑣 is the enthalpy of 

devolatilization, 𝜎 is the Stefan-Boltzmann constant, 𝜃𝑅 is the radiation temperature 

[= (𝐺/4𝜎)0.25] and 𝑓ℎ is the fraction of heat released absorbed by char particles 

which is recommended as 1.0 if the char burnout product is CO only [172]. The terms 

on the RHS of the equation are convective heat transfer, RHT, and heat 
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generation/consumption due to char combustion and devolatilization, respectively. 

The heat transfer coefficient ℎ can be calculated by the expression of Ranz and 

Marshall [177]: 

ℎ =
𝑘𝑔

𝑑𝑙
(2.0 + 0.6𝑅𝑒𝑙

1 2⁄ 𝑃𝑟𝑔
1 3⁄ )                                                                                 (5.26) 

5.2.1.4 Phase Interactions 

The momentum exchange coefficients (𝐾) in Eqs. (5.4) and (5.8) are determined by 

the expression of Gidaspow [173] which is a combination of Wen and Yu model 

[178] and Ergun equation [179]. To account for the interphase turbulent momentum 

transfer, the model of Lopez de Bertodano [180] is applied between the gas and inert 

phases. On the other hand, the dispersion of discrete phase particles due to turbulence 

in continuous phases is taken into account by the discrete random walk model. The 

restitution coefficient for the collision of lignite and inert particles (𝑒𝑖𝑙) is taken as 

0.9. Finally, the interfacial area between phases (𝐴𝑖) is estimated by the following 

expression: 

𝐴𝑖 =
6𝛼𝑝

𝑑𝑝
                                                                                                                          (5.27) 

where 𝛼𝑝 and 𝑑𝑝 are the volume fraction and diameter of inert or lignite particles. 

5.2.2 Modeling of Turbulence 

Turbulence is of significant importance in combusting systems as it has an obvious 

impact on heat and mass transfer. However, modeling of turbulent flow is not 

straightforward as it, originally, requires the 3-D transient solution of Navier-Stokes 

equations with the utilization of very small grid sizes to take the small-scale eddies 

into consideration. This approach is referred to as the direct numerical simulation 

(DNS) and is the most accurate treatment of turbulent flows. Nevertheless, it requires 
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high CPU time, which makes it affordable for only a few fundamental or academic 

problems with very low Reynolds numbers. For practical applications, generally 

operated with high Reynolds numbers, more computationally efficient methods were 

developed by time-averaging the governing equations and introducing a new 

property called ‘turbulent (eddy) viscosity’ to represent the Reynolds stress tensor 

arising from time-averaging the governing equations. In the literature, these 

approaches are referred to as Reynolds averaged Navier-Stokes (RANS) models. The 

major concern of RANS models is to accurately represent the Reynolds stress tensor 

or turbulent viscosity. For this purpose, many variations of RANS models have been 

developed including mixing length theory, Spalart-Allramas model, k-ε model, k-ω 

model, etc. 

In the present work, the realizable k-ε model is utilized to treat the turbulent flow as 

it is a sufficiently robust and commonly used model in FBC applications. In this 

model, the turbulent viscosity is estimated by the solution of two transport equations: 

one is for turbulent kinetic energy (k) and the other for its dissipation rate (ε). The 

transport equations are given by the following expressions; 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔𝑘) + 𝛻 ∙ (𝛼𝑔𝜌𝑔𝒖𝒈𝑘)

= 𝛻 ∙ 𝛼𝑔 (𝜇𝑔 +
𝜇𝑔,𝑡

𝜎𝑘
𝛻 ∙ 𝑘) + 𝛼𝑔(𝐺𝑘 + 𝐺𝑏 − 𝜌𝑔𝜀 − 𝑌𝑀)              (5.28) 

𝜕

𝜕𝑡
(𝛼𝑔𝜌𝑔𝜀) + 𝛻 ∙ (𝛼𝑔𝜌𝑔𝒖𝒈𝜀)

= 𝛻 ∙ 𝛼𝑔 (𝜇𝑔 +
𝜇𝑔,𝑡

𝜎𝜀
𝛻 ∙ 𝜀)

+ 𝛼𝑔 (𝜌𝑔𝐶1𝑆𝜀 − 𝜌𝑔𝐶2

𝜀2

𝑘 + √𝜐𝜀
𝐶1𝜀

𝜀

𝑘
𝐶3𝜀𝐺𝑏)                                (5.29) 
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where; 

𝐶1 = 𝑚𝑎𝑥 [0.43,
𝜂

𝜂 + 5
] , 𝜂 = 𝑆

𝜀

𝑘
, 𝑆 = √2𝑆𝑖,𝑗𝑆𝑖,𝑗 ,

𝑆𝑖,𝑗 =
1

2
(

𝜕𝒖𝒈,𝒊

𝜕𝑥𝑗
+

𝜕𝒖𝒈,𝒋

𝜕𝑥𝑖
)                                                                    (5.30) 

In Eqs. (5.28) and (5.29), 𝐺𝑘 is the turbulent kinetic energy due to the mean velocity 

gradient, 𝐺𝑏 is the turbulent kinetic energy due to buoyancy, 𝑌𝑀 is the contribution 

of the fluctuating dilatation in compressible turbulence to the overall dissipation rate, 

and 𝜎𝑘 and 𝜎𝜀 are turbulent Prandtl numbers for k and ε. The constants 𝐶1𝜀, 𝐶2, 𝜎𝑘 

and 𝜎𝜀 are selected as 1.44, 1.9, 1.0, and 1.2, respectively. 

The terms 𝐺𝑘, 𝐺𝑏 and 𝑌𝑀 are determined by the following expressions: 

𝐺𝑘 = 𝜇𝑔,𝑡𝑆2, 𝑆 = √2𝑆𝑖,𝑗𝑆𝑖,𝑗, 𝑆𝑖,𝑗 =
1

2
(

𝜕𝒖𝒈,𝒊

𝜕𝑥𝑗
+

𝜕𝒖𝒈,𝒋

𝜕𝑥𝑖
)                           (5.31) 

𝐺𝑏 = −𝑔𝑖

𝜇𝑔,𝑡

𝜌𝑔𝑃𝑟𝑡

𝜕𝜌

𝜕𝑥𝑖
                                                                                                       (5.32) 

𝑌𝑀 = 2𝜌𝑔𝜀𝑀𝑎𝑡
2                                                                                                              (5.33) 

where 𝑀𝑎𝑡 is the turbulent Mach number (= √𝑘/𝑎2) where 𝑎 is the speed of sound. 

The 𝐶3𝜀 in Eqs. (5.28) and (5.29) can be calculated by the following expression; 

𝐶3𝜀 = 𝑡𝑎𝑛ℎ |
𝑣

𝑢
|                                                                                                                 (5.34) 

where 𝑣 is the component of the flow velocity parallel to the gravitational vector and 

𝑢 is the component of the flow velocity perpendicular to the gravitational vector. 

Once the transport equations for k and ε are solved, the turbulent viscosity (𝜇𝑔,𝑡) is 

expressed as follows; 

𝜇𝑔,𝑡 = 𝜌𝑔𝐶𝜇

𝑘2

𝜀
                                                                                                                (5.35) 
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where 𝐶𝜇 is a variable as a function of mean strain and rotation rates, the angular 

velocity of the system rotation, and the turbulence fields (k and ε). The details of the 

realizable k-ε model can be found elsewhere [172]. 

Another challenging aspect of modeling turbulent flow is the treatment of the near-

wall region where large gradients of solution variables occur. This region is basically 

subdivided into three regions which are the viscous sublayer, buffer layer, and fully-

turbulent region. In the viscous sublayer, the momentum transport is derived by the 

molecular transport whereas turbulence dominates the fully-turbulent region. Since 

the near-wall region has a significant impact on turbulence, its accurate 

representation is of significant importance. Generally, there are two approaches for 

the treatment of the near-wall region when dealing with turbulent flow. One of them 

is to fully resolve the near-wall region by utilizing sufficiently small grid sizes such 

that all the subdivisions of the near-wall region, including the viscous sublayer, are 

taken into consideration. However, this approach requires smaller grid sizes, and 

hence, leads to higher CPU requirements. In the other alternative method, the near-

wall region is treated by using semi-empirical methods called ‘wall functions’ 

instead to link the wall and fully-turbulent region. In the present work, the near-wall 

region is treated by the use of scalable wall functions which is the extension of the 

wall function of Launder and Spalding [181] for fine grids. 

5.2.3 Modeling of Chemical Reactions 

During the operation of fluidized bed combustors, lignite particles undergo drying, 

devolatilization, and char combustion. In the present work, these processes are taken 

to occur consecutively.  

When coal particles are fed to a fluidized bed combustor, they first release their 

moisture content which is called drying. In this study, the drying process is assumed 

to be controlled by diffusion only. After all the moisture content is released, 

devolatilization starts to take place. Char particles start burning after devolatilization. 
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The products of devolatilization and char combustion then undergo concurrent gas 

phase reactions. The details of devolatilization, char combustion, and gas phase 

combustion are given in the following sub-sections. 

5.2.3.1 Devolatilization Model 

The devolatilization is taken into account by the following reaction in the 2-D 

simulation of the 0.3 MWt ABFBC test rig. 

𝐶𝑜𝑎𝑙 → 𝐶ℎ𝑎𝑟 + 𝑉𝑜𝑙𝑎𝑡𝑖𝑙𝑒𝑠                                                                                          (R5.1) 

The products of devolatilization are taken to be released into the gas phase. The rate 

of devolatilization is represented by the two-competing-reaction model of Kobayashi 

et al. [182]. According to the devolatilization model of Kobayashi et al., the primary 

decomposition of coal to its intermediate products is governed by two competing 

reactions as shown in Figure 5.1. 

 
Figure 5.1. The schematic representation of the two-competing-reaction model of 

Kobayashi et al. [182] 

In Figure 5.1, 𝛼1 and 𝛼2 stand for the mass stoichiometric coefficients. The rate 

constant of each reaction is described by the Arrhenius equation: 

𝑘1,1 = 𝐴1,1 𝑒𝑥𝑝(− 𝐸1,1 𝑅𝑇⁄ )                                                                                         (5.36) 

𝑘1,2 = 𝐴1,2𝑒𝑥 𝑝(− 𝐸1,2 𝑅𝑇⁄ )                                                                                         (5.37) 
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The first reaction is dominant at low temperatures whereas the second reaction is 

faster at high temperatures. In other words, the activation energy of the second 

reaction, 𝐸1,2, needs to be higher than that of the first reaction, 𝐸1,1. The overall 

weight loss of coal particles in dry and ash-free (d.a.f.) basis can then be evaluated 

using the following integral: 

∆𝑊 =
𝑚𝑉1

+ 𝑚𝑉2

𝑚𝑉𝑀 + 𝑚𝐶ℎ𝑎𝑟
= ∫(𝛼1𝑘1,1 + 𝛼2𝑘1,2) 𝑒𝑥𝑝 (− ∫(𝑘1,1 + 𝑘1,2)𝑑𝑡

𝑡

0

) 𝑑𝑡

𝑡

0

  (5.38) 

The parameters for the devolatilization model of Kobayashi et al. [182] are taken 

from Ubhayakar et al. [183] as they are stated to be applicable for high volatile 

content coals such as lignite and bituminous coal [184]. Table 5.1 summarizes the 

parameters for the devolatilization model of Kobayashi et al. [182]. The mass 

stoichiometric coefficients (𝛼1 and 𝛼2) are selected as 0.54 and 1.0, respectively, 

based on recommendations of ANSYS Fluent [172]. 

Table 5.1 The kinetic parameters for the devolatilization model [183] 

𝜶𝟏 0.54 𝑨𝟏,𝟏 (1/s) 3.75 x 105 𝑬𝟏,𝟏 (J/kmol) 7.37 x 107 

𝜶𝟐 1.00 𝑨𝟏,𝟐 (1/s) 1.40 x 1013 𝑬𝟏,𝟐 (J/kmol) 2.51 x 108 

 

5.2.3.2 Char Combustion Model 

CO is taken to be the sole product of char combustion under typical fluidized bed 

combustion temperatures: 

𝐶(𝑠)  + 0.5 𝑂2 →  𝐶𝑂                                                                                                      (R5.2) 
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The rate of char combustion is represented with the intrinsic combustion model 

embedded in ANSYS Fluent software. In the intrinsic combustion model, both bulk 

diffusion and chemical reaction are taken into considerations;  

−
𝑑𝑚𝑙

𝑑𝑡
= 𝐴𝑙

𝜌𝑅𝑇∞𝑌𝑔,𝑂2

𝑀𝑊𝑂2

𝐷0ℜ

𝐷0 + ℜ
                                                                                   (5.39) 

where 𝐷0 is the diffusion rate coefficient, which can be estimated by: 

𝐷0 = 𝐶1

[(𝑇𝑙 + 𝑇∞)/2]0.75

𝑑𝑙
                                                                                            (5.40) 

The term, ℜ, is expressed in terms of intrinsic kinetic rate and pore diffusion rate; 

ℜ = 𝜂
𝑑𝑙

6
𝜌𝑙𝐴𝑙𝑘2                                                                                                               (5.41) 

where 𝜂 is the effectiveness factor as a function of Thiele modulus, 𝜌𝑙 is the lignite 

particle density, 𝐴𝑙 is the specific internal surface area of the lignite char particle and 

𝑘2 is the intrinsic reactivity, which is of Arrhenius form: 

𝑘2 = 𝐴2 𝑒𝑥𝑝(− 𝐸2 𝑅𝑇𝑙⁄ )                                                                                                (5.42) 

The pre-exponential factor, 𝐴2, and the activation energy, 𝐸2, for the char 

combustion are taken as 0.859 kg/m2.s.Pa and 1.49 x 108 J/kmol from Field et al. 

[156]. The parameters for the intrinsic char combustion model, which are mass 

diffusion rate constant, 𝐶1, char porosity, mean pore radius, tortuosity, and specific 

internal surface area are taken as 1.0 x 10-11 kg/m2.s.Pa [185], 0.50 [186], 3.73 nm 

[187], 1.414 [172], and 197 m2/g [187], respectively. 

5.2.3.3 Gas Phase Reactions 

The gaseous products of devolatilization and char combustion are combined in the 

gas phase and undergo concurrent reactions to form CO2 and H2O as final products. 

In the present work, the gas mixture consists of lignite volatiles, H2, H2O, CO, CO2, 

SO2, O2, and N2. The species, lignite volatiles, released during the devolatilization 
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of lignite is represented by the chemical formula of 𝐶𝑎𝐻𝑏𝑁𝑐𝑆𝑑𝑂𝑒 where a, b, c, d, 

and e are determined based on the proximate and ultimate analyses of the lignite. 

Assuming that volatile C, H, N, and S are converted into CO, H2, N2, and SO2 during 

volatile combustion, the gas phase volatile combustion reaction can be defined in the 

2-D simulation of the test rig as; 

𝑉𝑜𝑙𝑎𝑡𝑖𝑙𝑒𝑠 + 𝐸 𝑂2 → 𝐴 𝐶𝑂 + 𝐵 𝐻2 + 𝐶𝑁2 + 𝐷 𝑆𝑂2                                             (R5.3) 

where stoichiometric coefficients, A, B, C, D, and E, are determined based on the 

proximate and ultimate analyses of the lignite. The rate of volatile combustion is 

represented by an Arrhenius rate expression taken from Heikkinen et al. [188]. 

−𝑟3 = 3.8 ∙ 107 𝑒𝑥𝑝(−0.555 ∙ 108 𝑅𝑇𝑔⁄ ) 𝐶𝑔,𝑣𝑜𝑙𝐶𝑔,𝑂2
                                             (5.43) 

The rate of CO and H2 combustion in the gas phase are represented by an Arrhenius 

rate expression taken from Wu et al. [185] and Xie et al. [189], respectively. 

𝐶𝑂 + 0.5𝑂2 →  𝐶𝑂2                                                                                                       (R5.4) 

𝐻2 + 0.5𝑂2 →  𝐻2O                                                                                                       (R5.5) 

−𝑟4 = 1.3 ∙ 1011 exp(−1.33 ∙ 108 𝑅𝑇𝑔⁄ ) 𝐶𝑔,𝐶𝑂𝐶𝑔,𝑂2

0.5                                          (5.44) 

−𝑟5 = 5.159 ∙ 1015 ∙ 𝑇𝑔
−1.5 exp(−2.85 ∙ 107 𝑅𝑇𝑔⁄ ) 𝐶𝑔,𝐻2

1.5𝐶𝑔,𝑂2
                       (5.45) 

For the calculation of gas phase reactions, the finite-rate/eddy-dissipation model is 

utilized in order to take turbulence-chemistry interaction into consideration. In this 

model, the gas phase reaction rate is determined as the slower one between the finite 

rate and the eddy dissipation rates; 

𝑟𝑔,𝑖 = 𝑚𝑖 𝑛(𝑟𝑔,𝑖,𝐴, 𝑟𝑔,𝑖,𝑒)                                                                                                  (5.46) 

where 𝑟𝑔,𝑖,𝐴 is the reaction rate based on the finite rate model which is determined by 

the Eqs. (5.43) – (5.45), and 𝑟𝑔,𝑖,𝑒 is the reaction rate based on the eddy-dissipation 

model; 
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𝑟𝑔,𝑖,𝑒 = 𝛾𝑔,𝑖𝑀𝑊𝑖𝐴𝜌𝑔

𝜀

𝑘
𝑚𝑖𝑛 (𝑚𝑖𝑛𝑅 (

𝑌𝑅

𝛾𝑔,𝑅𝑀𝑊𝑅
) , 𝐵

∑ 𝑌𝑃𝑃

∑ 𝛾𝑔,𝑗𝑀𝑊𝑗
𝑁𝑠𝑝

𝑗

)                      (5.47) 

where 𝐴 and 𝐵 are empirical constants which are 4.0 and 0.5, respectively, 𝛾𝑔,𝑖 is the 

energy dissipation per unit volume, the subscript 𝑅 denotes reactant, and the 

subscript 𝑃 denotes product. 

5.2.4 Modeling of Radiation 

The RHT is taken into consideration by using the DOM where the continuous 

angular domain is represented by a finite number of discrete solid angles. Then, the 

DOM representation of the RTE in a certain position 𝒓 and direction 𝜴 for a spectral 

medium bounded by gray-diffuse walls takes the following form: 

𝛻 ∙ (𝐼𝑗(𝒓, 𝜴)𝜴)

= (𝜅𝑔,𝑗 + 𝜅𝑙)𝐼𝑏,𝑗 + 𝐸𝑝,𝑗 − (𝜅𝑔,𝑗 + 𝜅𝑙 + 𝜎𝑙)𝐼𝑗(𝒓, 𝜴)

+
𝜎𝑙

4𝜋
∫ 𝐼𝑗(𝒓, 𝜴′)𝛷(𝜴, 𝜴′)𝑑𝜴′

4𝜋

0

                                                         (5.48) 

where 𝐼𝑗 is the radiation intensity in the jth band, 𝜅𝑔,𝑗 is the gas absorption coefficient 

in the jth band, 𝐼𝑏,𝑗 is the blackbody intensity in the jth band and 𝛷 is the scattering 

phase function. The terms 𝐸𝑝,𝑗, 𝜅𝑙 and 𝜎𝑙 are the particle emissive power, particle 

absorption coefficient, and particle scattering coefficient, respectively, and 

calculated by the following expressions: 

𝐸𝑝 = 𝑙𝑖𝑚
𝑉→0

∑ 𝜀𝑙,𝑛𝐴𝑙,𝑛

𝜎𝑇𝑙,𝑛
4

𝜋𝑉

𝑁𝑝

𝑛=1

                                                                                         (5.49) 

𝜅𝑙 = 𝑙𝑖𝑚
𝑉→0

∑ 𝜀𝑙,𝑛

𝐴𝑙,𝑛

𝑉

𝑁𝑝

𝑛=1

                                                                                                     (5.50) 
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𝜎𝑙 = 𝑙𝑖𝑚
𝑉→0

∑(1 − 𝑓𝑙,𝑛)(1 − 𝜀𝑙,𝑛)
𝐴𝑙,𝑛

𝑉

𝑁𝑝

𝑛=1

                                                                        (5.51) 

where 𝜀𝑙,𝑛 is the particle emissivity, 𝑓𝑙,𝑛 is the scattering factor equivalent to the ratio 

of forwardly scattered radiation to the total scattered radiation, 𝐴𝑙,𝑛 is the projectile 

area of particles. Noting that the walls are gray and diffuse, Eq. (48) is subjected to 

the following boundary condition; 

𝑞𝑜𝑢𝑡 = (1 − 𝜀𝑤) ∫ 𝐼𝑗(𝒓, 𝜴)(𝜴 ∙ 𝒏)𝑑𝜴

𝜴∙𝒏>𝟎

+ 𝜀𝑤𝐼𝑏,𝑤,𝑗                                               (5.52) 

where 𝜀𝑤 is the wall emissivity and 𝐼𝑏,𝑤,𝑗 is the blackbody intensity in the jth band at 

the wall temperature. 

Each octant of the angular space is discretized into 4 x 4 finite solid angles over 𝜃 

and 𝜑 angles, respectively. Furthermore, the pixel resolution (𝑁𝜃𝑝
 and 𝑁𝜑𝑝

) is 

selected as 1 x 1.  

It should be noted that ANSYS Fluent discards scattering due to continuous phases 

(gas phase and inert phase) when the interaction between discrete particles and 

radiation is activated [172], i.e., the scattering inert phase is automatically discarded 

in the RHT calculations. Fortunately, it was shown that the share of RHT in the bed 

section, where most of the inert particles exist, does not exceed 15 % [190]. 

Therefore, absorption and scattering of thermal radiation by inert particles are 

neglected by simply taking their absorption and scattering coefficients as zero. 

In this study, four different gas radiative property models are decided to be utilized 

to test the effect of gas radiation on the predictions of 2-D CFD simulation for the 

test rig. The gas radiative property models are the WSGG model of Bordbar et al. 

[113], the WSGG model of Smith et al. [115], Bordbar’s 10 band model [61] and 

domain-based WSGG. Among them, the domain-based WSGG model is already 

embedded in ANSYS Fluent software whereas all other gas radiative property 

models are incorporated into the software via user-defined function (UDF) within 
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the scope of this study. The details of the gas radiative property models under 

consideration are described in sections 2.2.3 and 2.2.8. 

The input data for the particle radiative properties are the emissivity and scattering 

factor for the lignite phase particles. Lignite particles in the system are taken to be 

completely burned based on the carbon content of the fly ashes collected from the 

cyclone and bag filter during experiments. The emissivity and scattering factor for 

the lignite phase particles can be determined by the following expressions: 

𝜀𝑙 = 𝑄𝑎𝑏𝑠,𝑙                                                                                                                         (5.52) 

𝑓𝑙 = 𝑔𝑙                                                                                                                                 (5.53) 

where 𝑄𝑎𝑏𝑠,𝑙 and 𝑔𝑙 are absorption efficiency and asymmetry factor of the lignite 

phase particles which can be determined using Mie theory [46] by utilizing the RI of 

the size distribution of particles. The RI of particles can be determined using Ebert’s 

model [124] as a function of ash composition. Since the particles in the system are 

treated as gray, the Planck mean Mie solutions are used as gray properties.  

5.3 Simulation Set-up 

5.3.1 Solution Domain and Mesh Structure 

The schematic representation and the mesh structure for the 2-D CFD model of the 

test rig firing lignite only are shown in Figure 5.2. As illustrated by the figure, the 

meshes are finer around the cooler tubes. Furthermore, there are 67054 triangular 

elements in the whole geometry as further increase in the mesh number does not 

signifincantly influence the accuracy. 
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Figure 5.2. The schematic representation and the mesh structure for the 2-D CFD 

model of METU 0.3 MWt ABFBC test rig firing lignite only 

The shape of the cells also has a significant impact on the accuracy of the numerical 

solution. Therefore, some important parameters regarding the shape of the cells, such 

as aspect ratio and skewness, are listed in Table 5.2. Skewness shows how the shape 

of the cell is close to a perfect geometric shape such as an equilateral triangle, square, 

etc. It ranges from 0 to 1 where the former means perfect shape and the latter 

indicates high deviation from the perfect shape. Highly skewed cells can decrease 

accuracy and destabilize the solution. A general rule is that the maximum skewness 

for a triangular/tetrahedral mesh in most flows should be kept below 0.95, with an 

average value that is less than 0.33 [172].  As can be seen from Table 5.2, skewness 

for the meshes under consideration is acceptable. Furthermore, the aspect ratio can 

be briefly defined as the ratio of the longest face of a cell to the shortest one. 

Generally, it is suggested to avoid aspect ratios above 5:1 in the bulk flow (away 



 
 

143 

from the walls). The aspect ratios of the cells are also within the acceptable limit as 

shown in Table 5.2. 

Table 5.2 Mesh properties 

 Aspect ratio Skewness 

Average 1.204 0.056 

Maximum 2.441 0.539 

 

5.3.2 Boundary Conditions 

The boundary conditions are given based on input data obtained from the combustion 

test carried out in the test rig. The original test rig is equipped with a distributor plate 

(probably at the same temperature as the bed material) at the bottom of the bed. 

However, due to its complicated geometry, it is discarded from the 2-D model of the 

test rig, and the inlet cold air is taken to be uniformly distributed at the entrance of 

the system. However, this approach leads to the overcooling of the bed due to the 

direct RHT between the bed and cold inlet air. To eliminate the overcooling of the 

bed section by the cold inlet air stream, the inlet boundary is simply discarded in the 

RHT calculations by setting its emissivity to zero. 

The 2-D model requires heat transfer coefficients of the cooling tubes located in the 

bed and cooler modules of the test rig, which are shown in Figure 5.2. The overall 

bed-to-tube surface heat transfer coefficient (ℎ𝑏𝑡) consists of three modes; gas 

convection, particle convection, and RHT: 

ℎ𝑏𝑡 = ℎ𝑔 + ℎ𝑖 + ℎ𝑟                                                                                                         (5.54) 

In the model, gas and particle convective heat transfer coefficients are calculated by 

following the empirical correlation suggested by Denloye and Botterill [170]; 

ℎ𝑔 =
𝑘𝑔

𝑑𝑖
0.5 0.86𝐴𝑟0.39                                                                                                     (5.55) 
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ℎ𝑖 =
𝑘𝑔

𝑑𝑖
0.843𝐴𝑟0.15                                                                                                       (5.56) 

where 𝑘𝑔 is the thermal conductivity of the gas, 𝑑𝑖 is the diameter of bed material 

(inert phase particles) and Ar is the Archimedes number (= 𝑔𝐿3𝜌𝑔(𝜌𝑝 − 𝜌𝑔)/𝜇2). 

Since the effect of radiation is already taken into account by a more accurate 

representation, RHT (ℎ𝑟) contribution of the overall bed to tube surface heat transfer 

coefficient (ℎ𝑏𝑡) is omitted in this study. 

The heat transfer coefficient between the freeboard and cooler tubes, on the other 

hand, is calculated by the following expression which is deduced for the heat transfer 

between a fluid flowing through a bank of tubes [166]; 

ℎ𝑐𝑡 =
𝑘𝑔

𝑑𝑐𝑡
𝐶2𝐶1𝑅𝑒𝐷,𝑚𝑎𝑥

𝑚𝑃𝑟0.6 (
𝑃𝑟

𝑃𝑟𝑠
)

0.25

                                                                   (5.57) 

where 𝐶2 is 0.97 for 11 tube rows, 𝐶1 and m are 0.27 and 0.63, respectively for the 

system under investigation, 𝑅𝑒𝐷,𝑚𝑎𝑥 is the maximum Reynold’s number across the 

tubes (= 𝑢𝑔,𝑚𝑎𝑥𝑑𝑐𝑡𝜌𝑔/𝜇𝑔), Pr is the Prandtl number calculated using the average 

temperature around the tube bank, 𝑃𝑟𝑠 is the Prandtl number calculated using the 

outlet temperature of the tube bank, and 𝑑𝑐𝑡 is the tube diameter. 

The heat transfer through the combustor wall is taken into consideration by 

conduction using an effective thermal conductivity calculated from the thermal 

conductivities of 6 cm refractory and 20 cm insulation bricks. For the heat transfer 

from the outside surface of the walls to the atmosphere, only the free convection heat 

transfer is considered using the heat transfer coefficient (ℎ𝑤,𝑜) estimated from the 

following expression [166]: 

ℎ𝑤,𝑜 =
𝑘𝑎𝑖𝑟

𝐿𝑤
{0.825 +

0.387𝑅𝑎𝐿
1 6⁄

[1 + (0.492/𝑃𝑟)9 16⁄ ]8 27⁄
}

2

                                               (5.58) 
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The emissivities of the bed and cooler tube surfaces are taken from measurements of 

Jo et al. [140] whereas that of the inner surface of refractory walls is from the 

measurements of Jackson and Yen [139]. 

Table 5.3 lists the injection properties of the fuel inlet. Lignite particles are taken to 

be injected into the bed section through the fuel inlet stream. The inlet temperature 

of the lignite particles is taken to be 100 ℃. The size of lignite particles is represented 

with the Rosin-Rammler size distribution function given as: 

𝑌𝑑 = exp(− 𝑑𝑙 𝑑𝑙̅⁄ )
𝑛

                                                                                                      (5.58) 

where 𝑑𝑙 is the diameter of lignite particles, 𝑌𝑑 is the mass fraction of particles with 

a diameter greater than 𝑑, 𝑛 is the size distribution parameter and 𝑑𝑙̅ is the mean 

particle diameter, which corresponds to the diameter where 𝑌𝑑 =  𝑒−1 ≈ 0.368. The 

estimation of size parameters 𝑑𝑙̅ and 𝑛 is given in Appendix G. 

Table 5.3 Lignite injection properties for the 2-D CFD model of the METU 0.3 MWt 

ABFBC test rig firing lignite 

Parameter  

Injection type Surface 

Particle type Combusting 

Inlet temperature (℃) 100 

Number of diameters 25 

Drag law Gidaspow 

 

5.3.3 Numerical Methods 

Initially, the bed is patched with inert ash with a height of 0.7 m from the bottom, a 

volume fraction of 0.6, and a temperature of 1200 K. Then, transient simulations are 

performed for 30 s to obtain a quasi-steady state, and then for another 10 s for 

collecting the time-averaged data. The time-step size is set as 0.01 s which is found 



 
 

146 

to be acceptable by Adamczyk et al. [191] and Farid et al. [192]. An additional time 

step size can be defined for particle tracking which is taken to be the same as the 

fluid time step size in the simulations to ensure convergence. Besides, the phase-

coupled SIMPLE, first-order upwind spatial discretization, and first-order implicit 

transient discretization schemes are adopted. 
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CHAPTER 6  

6 DESCRIPTION OF THE TEST CASES 

6.1 0.3 MWt Atmospheric Bubbling Fluidized Bed Combustor Test Rig 

Experimental work was carried out by Degirmenci et al. [28,154], Harmandar et al. 

[193,194] and Gogebakan et al. [8,195–198] in former studies on a 0.3 MWt ABFBC 

Test Rig. The test rig was constructed and operated for the investigation of 

combustion, in-situ desulfurization, and NOx emission characteristics of low-quality 

Turkish lignites and Turkish lignite/biomass blends. The test rig is schematically 

illustrated in Figure 6.1. As illustrated in the figure, the test rig basically consists of 

a forced draft (FD) fan, a windbox with an ash removal system, a modular 

combustor, a cyclone with recycle leg, a baghouse filter, an induced draft (ID) fan, 

and a fuel and limestone feeding system.  
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Figure 6.1. Schematic representation of METU 0.3 MWt ABFBC test rig 
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6.1.1 The Combustor 

The main body of the ABFBC test rig is a modular combustor formed by five 

modules with an internal cross-section of 0.45 m × 0.45 m and a height of 1 m. The 

modular combustor is insulated by a combination of 6-cm refractory bricks and 20-

cm insulation bricks. 

The first and fifth modules from the bottom are referred to as bed and cooler, 

respectively, and the ones in between are referred to as freeboard modules. In the be 

module, there exists 7 water-cooled U-tubes (25 mm OD, stainless steel) 5 ports for 

thermocouples, 4 ports for gas sampling probes, one port for LPG distributor, one 

port for ignitor and two ports for feeding fuel/limestone mixture. There is two 

feeding ports; one is 22 cm and the other is 85 cm above the distributor plate. The 

cooler module contains a water-cooled tube bundle involving 11 tubes (26.7 mm OD, 

carbon steel) with 14 passes installed across the cross-section of the cooler module 

to cool down the stack gases. 

The fluidizing air fed by an FD fan enters the bottom of the windbox through a pipe 

of 6.5 m long and 7.8 cm ID on which a manual gate valve, an automatic butterfly 

valve, and a vortex flowmeter are installed. Air supplied to the windbox by means 

of the pipe of 7.8 cm ID diverges to the full cross-section of the combustor at the 

distributor plate located 1.4 m above the entrance port. Sieve type distributor plate 

contains 412 holes, each 4.5 mm in diameter, arranged in a triangular pattern. Flue 

gases pass through the cooler module before they enter the cyclone. They then enter 

the baghouse filter to leave the elutriated particles before passing through an ID fan 

to exit from the stack.  

6.1.2 Solids Handling System 

Lignite, biomass, and limestone are contained in different silos and fed to the system 

by pre-calibrated volumetric feeders under each silo. The mixture of lignite, biomass 

and limestone is fed to the bubbling bed water-cooled screw feeders either 22 cm or 
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85 cm above the distributor plate. Bed ash is withdrawn from the bed through a 5 cm 

ID, 1.1 m long water-cooled ash removal pipe.  

The elutriable fines leaving the combustor first arrive the cyclone where majority of 

them are captured. Particles collected by cyclone are either discharged from the 

system or recycled to the combustor. To collect fine particles that cannot be captured 

by the cyclone, a pulse-jet type baghouse filter with a 100 % collection efficiency 

for particles greater than 1 μm is utilized. 

6.1.3 Cooling Water System 

Cooling water required for the test rig is divided into two streams, one for the in-bed 

tube bundles, the other for the tube bundle in the cooler module. The heat transfer 

area of the tube bundles in the bed and cooler modules are 0.30 m2 and 4.3 m2, 

respectively. The cooling water sent to the cooler module provides a counter current 

flow. 

6.1.4 Gas Sampling and Analysis System 

For the measurement of the concentrations and emissions of the gaseous species in 

the combustor and at the exit of the combustor, 10 gas sampling probes are located 

in the positions given in Table 6.1. The online continuous gas analyzers with which 

the test rig is equipped are listed in Table 6.2. Among them, the measurement of 

temporal variation of O2 and CO at the combustor exit is carried out by a zirconium 

oxide sensor which is Bailey SMA 90. On the other hand, dry concentrations of O2, 

CO, CO2, SO2, NO and N2O along the combustor are measured by ABB Advanced 

Optima 2000 and Siemens Ultramat 6 connected in series. There are two modules of 

ABB Advanced Optima 2000 analyzer which are Magnos 106 (a magnetochemical 

analyzer for the O2 concentration) and Uras 14 (infrared analyzer for CO, CO2, NO 

and N2O concentrations). Finally, Siemens Ultramat 6 measures SO2 concentrations 

based on non-dispersive infrared (NDIR) method. 
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Table 6.1 Relative positions of gas sampling probes 

Probe No Distance above the distributor plate, cm 

P10 26 

P9 56 

P8 69 

P7 85 

P6 123 

P5 183 

P4 291 

P3 344 

P2 419 

P1 500 

 

Table 6.2 On-line gas analyzers 

Instrument Gas Species 

Bailey SMA 90 O2, CO 

Siemens Ultramat 6 SO2 

ABB Advanced Optima 2000 

(Magnos 106) 

O2 

ABB Advanced Optima 2000 

(Uras 14) 

CO, CO2, NO, N2O 

 

6.1.5 Instrumentation and Control Systems 

The test rig is extensively equipped with instrumentation and control systems for 

research purposes. These systems can be divided into the following categories: 

• Data acquisition and control system 
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• Solid flow control and monitoring 

• Air and gas flow control and monitoring 

• Cooling-water flow control and monitoring 

• On-line continuous gas analyzers 

• Pressure sensors 

• Temperature sensors 

The process values along the combustor are logged to a PC by a data acquisition and 

control system (Bailey INFI 90).  

K type thermocouples (Chromel-Alumel) with grounded junctions are located in 

various positions along the combustors to measure spatial and temporal variations of 

gas temperatures and to minimize their response time. The tips of the thermocouples 

are located on the symmetry axis of the combustor. The axial positions of 

thermocouples are given in Table 6.3. The temperature of air feed at the downstream 

of vortex flow meter and temperatures of cooling water at the exits of bed and cooler 

bundles are measured by resistance thermocouples of type Pt-100. Further 

information regarding the test rig and its operation procedures such as procedures 

before cold start-up, during runs, after shut down is provided elsewhere [195]. 
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Table 6.3 Relative positions of thermocouples 

Thermocouple No Distance above the distributor plate, cm 

TC1 25 

TC2 44 

TC3 73 

TC4 73 

TC5 97 

TC6 133 

TC7 154 

TC8 226 

TC9 257 

TC10 285 

TC11 330 

TC12 361 

TC13 425 

TC14 500 

 

Radiative HFs incident on the refractory side walls of the freeboard are measured by 

water-cooled Medtherm 48P-20-22K HF transducer during the steady-state 

operation of the test rig. The transducer is a Gardon gage with a diameter of 19 mm. 

Design HF range of the transducer is 0-227 kW/m 2. The certified calibration of the 

transducer is accurate to ± 0.5% for most ranges. ZnSe window attachment was 

installed to the transducer to eliminate the convective mode of heat transfer, thus 

making the basic transducer a radiative HF transducer, or a radiometer. The sensor 

absorptance is in the spectral range of 0.5-22 m, covering most of the thermal 

radiation spectrum. The view angle of the transducer is 150° with the ZnSe window.  



 
 

154 

6.2 Experimental Conditions 

In the following sub-sections, the experimental conditions including operation 

parameters, measurements of temperatures, concentrations and solid flowrates, fuel, 

sorbent, and ash analyses, etc. are summarized for the combustion tests carried out 

by Degirmenci et al. [28,154], Harmandar et al. [193,194] and Gogebakan et al. 

[8,195–198]. 

6.2.1 Steady State and Transient Coal Combustion Tests 

Results of a steady-state and transient combustion test which was carried out in a 

previous study [28] are utilized as input data for application and validation of the 1-

D transient system model described in Chapter 4. These steady-state and transient 

combustion tests are referred to as Test 1 in the rest of this thesis study. 

Operation conditions of the steady-state and transient combustion tests are listed in 

Table 6.4. In the combustion test, low-quality lignite, namely Aydın lignite, is fired 

in its own ash owing to its high ash content. 
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Table 6.4 Operating conditions of the steady state combustion test (Test 1) [28] 

Operation parameter  

Coal flow rate, kg/h 89.6 

Bed drain flow rate, kg/h 1.2 

Carryover ash flow rate, kg/h 21.4 

Air flow rate, kmol/h 22.8 

Excess air, % 47 

Superficial velocity, m/s 3.1 

Average bed temperature, ℃ 853 

Average freeboard temperature, ℃ 870 

Combustion efficiency, % 95 

Bed cooling water flow rate, kg/h 1368 

OHTC in bed, W/m2.K 238 

OHTC in freeboard, W/m2.K 59 

Bed height, m 1.2 

 

The results of proximate and ultimate analyses of Aydın lignite used in Test 1 are 

summarized in Table 6.5. As shown in the table, lignite used in the experiments is 

characterized by its high VM/FC ratio (~1.5), high ash content (~28 %), low 

combustible sulfur content (~0.5 %), and low nitrogen content (~ 1.3 %). 
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Table 6.5 Fuel analyses of Test 1 [28] 

 Lignite 

Proximate analysis (as received basis, wt. %) 

Moisture 17.0 

Ash 28.0 

VM 33.0 

FC 22.0 

ρbulk (kg/m3) 1140 

d32 (mm) 0.87 

Ultimate analysis (dry basis, wt. %)   

Carbon 46.6 

Hydrogen 3.5 

Nitrogen 1.3 

Oxygen 14.4 

Combustible sulfur 0.5 

HHV, MJ/kg (as received basis, wt. %) 17.1 

 

Ash constituents of Aydın lignite are listed in Table 6.6. With regard to ash 

compositions, lignite ash is mainly composed of acidic oxides. 
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Table 6.6 Fuel ash compositions of Aydın lignite burned in Test 1 [28] 

 Aydın lignite (wt. %) 

Silica, SiO2 44.1 

Aluminum, Al2O3 45.5 

Ferric, Fe2O3 5.9 

Calcium, CaO 0.1 

Magnesium, MgO 0.5 

Sulfur, SO3 1.9 

Sodium, Na2O 1.9 

Potassium, K2O 2.5 

 

Particle load (𝐵) is calculated as the average of carry over flow rates as follows: 

𝐵 =
𝐹𝑐𝑦𝑐𝑙𝑜𝑛𝑒 + 𝐹𝑏𝑎𝑔𝑓𝑖𝑙𝑡𝑒𝑟

𝑢0𝐴𝑐
                                                                                               (6.1) 

The dynamic performance of the test rig is tested through a combustion test where 

step changes are imposed on the air flow rate and coal flow rate by keeping all other 

parameters constant. The transient responses of temperatures, O2, and CO 

concentrations at the freeboard exit on the step changes are investigated. Step 

changes in air and coal flow rates and durations are depicted in Figure 6.2. In addition 

to that, the magnitudes and durations of the step changes are listed in Table 6.7.  
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Figure 6.2. Step changes imposed on coal and air feed rates during transient 

combustion test (Test 1) [28] 

Table 6.7 Magnitudes and durations of the step changes imposed on coal and air 

flow rates during transient combustion test (Test 1) [28] 

 1 2 3 4 

∆𝒎𝒇 (%) 0 0 -22 27 

∆𝒏𝒂 (%) 14 -12 0 0 

∆𝒕 (s) 840 360 210 ∞ 

 

6.2.2 Coal Combustion Tests with and without Fly Ash Recycling 

Results of two steady-state combustion tests which were carried out in a previous 

study [194] are utilized as input data for application and validation of the particle 

and gas radiative property models described in Chapter 2. In this section, 

measurements were carried out for two combustion tests utilizing low calorific value 

and high ash content Turkish lignite, namely Beypazarı lignite, one without recycle 

(Test 2) and the other with recycle of particles collected in the cyclone (Test 3). It 
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should be highlighted at this point that these combustion tests are used to model the 

RHT within the freeboard as radiative HF measurements are available for these tests. 

Operation conditions of Test 2 and Test 3 are listed in Table 6.8. 

Table 6.8 Operating conditions of Tests 2 and 3 [194] 

Operation parameter Test 2 Test 3 

Coal flow rate (kg/h) 101 101 

Bed drain flow rate (kg/h) 7 11 

Cyclone ash flow rate (kg/h) 22.6 239.2 

Baghouse filter ash flow rate (kg/h) 1.1 3.4 

Carryover flow rate (kg/h) 23.7 242.7 

Recycle ratio (-) 0 2.37 

Excess air (%) 43 36 

Superficial velocity (m/s) 3.0 2.8 

Average bed temperature (℃) 875 846 

Average freeboard temperature (℃) 871 890 

Average side wall temperature (℃) 830 837 

Equivalent top surface temperature (℃) 635 667 

Average H2O concentration (%) 10 10 

Average CO2 concentration (%) 10 11 

Bed height (m) 0.9 0.9 

 

The characteristics and ash constituents of Beypazarı lignite used in Tests 2 and 3 

are summarized in Table 6.9 and Table 6.10. Lignite burned in these combustion 

tests is characterized by its high VM/FC ratio (~1.9), high ash content (~36 %), high 

combustible sulfur content (~2.7 %), and low nitrogen content (~ 1.4 %).  
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Table 6.9 Fuel analyses of Tests 2 and 3 [194] 

 Lignite 

Proximate analysis (as received basis, wt. %) 

Moisture 13.7 

Ash 36.4 

VM 32.7 

FC 17.2 

ρbulk (kg/m3) 905 

d32 (mm) 1.47 

Ultimate analysis (dry basis, wt. %)   

Carbon 38.1 

Hydrogen 3.2 

Nitrogen 1.4 

Oxygen 12.4 

Combustible sulfur 2.7 

Total sulfur 4.5 

HHV, MJ/kg (as received basis, wt. %) 13.2 
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Table 6.10 Fuel ash compositions of Beypazarı lignite burned in Tests 2 and 3 
[194] 

 Beypazarı lignite (wt. %) 

Silica, SiO2 36.6 

Aluminum, Al2O3 12.5 

Ferric, Fe2O3 9.4 

Calcium, CaO 0.7 

Magnesium, MgO 1.1 

Sulfur, SO3 27.4 

Sodium, Na2O 6.5 

Potassium, K2O 1.3 

Titanium, TiO2 3.0 

 

For the application of the 3-D spectral radiation code to the freeboard of the test rig, 

the profiles of medium and wall temperatures, CO2 and H2O concentrations, size 

distributions, and chemical compositions of fly ash particles including bag filter and 

cyclone ashes, and spectral wall emissivities must be provided as input data.  

Freeboard medium and wall temperature profiles are plotted in Figure 6.3 whereas 

their fitted polynomial coefficients, fitted to the freeboard temperature 

measurements obtained during steady-state operation, are listed in Table 6.11. On 

the other hand, H2O and CO2 concentrations in the freeboard are taken to be uniform 

as given in Table 6.8, owing to rapid combustion of indigenous lignite with a high 

VM/FC ratio. 
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Figure 6.3. Profiles of measured medium temperatures for Test 2 and Test 3 [194] 
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Table 6.11 Polynomials for temperature profiles of Test 2 and Test 3 

 Test 2 Test 3 

Medium temperature profile, K  Tm(z)=∑ 𝒂𝒊𝒛
𝒊𝟔

𝒊=𝟎  

a0 1149.66 1106.52 

a1 -15.50 16.62 

a2 -1.35 -90.85 

a3 42.65 116.33 

a4 -30.56 -50.22 

a5 7.84 9.59 

a6 -0.71 -0.73 

Wall temperature profile, K  Tw(z)=∑ 𝒃𝒊𝒛
𝒊𝟔

𝒊=𝟎  

b0 1146.50 1110.440 

b1 40.50 61.590 

b2 -129.23 -226.770 

b3 137.01 246.250 

b4 -62.89 -106.200 

b5 13.14 20.580 

b6 -1.04 -1.52 

 

Measurements of the size distributions of particles collected from both cyclone and 

baghouse filter for all combustion tests under investigation are conducted by sieve 

analysis and laser light scattering technique, respectively. PSDs of particles are 

illustrated in Figure 6.4. Furthermore, the physical properties and chemical 

compositions of the fly ash particles collected by cyclone and bag house filter are 

tabulated in Tables 6.12 and 6.13, respectively. It is worth noting at this point that 

the fly ash particles in the freeboard involve particles collected by cyclone and 

baghouse filter.  
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Figure 6.4. Cumulative PSDs of particles collected by (a) cyclone and (b) baghouse 

filter for Test 2 and Test 3 [194] 
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Table 6.12 Physical and chemical properties of the particles collected from cyclone 

and bag filter [194] 

 Test 2 Test 3 

 Cyclone Bag Filter Cyclone Bag Filter 

Physical properties 

Particle Load (g/m3) 11 131 

Particle Density (kg/m3) 1029 610 931 690 

d32 (μm) 32.7 1.7 20.5 1.8 

d50 (μm) 231.7 2.8 93.2 3.0 

d90 (μm) 587.4 6.8 353.9 7.0 

Chemical compositions (dry basis, wt%) 

SiO2  46.52 28.37 47.40 36.41 

Al2O3 16.58 13.00 16.92 12.97 

CaO 0.37 1.16 0.41 2.37 

Fe2O3 12.98 23.80 13.08 18.82 

MgO 0.99 1.20 1.01 0.99 

TiO2 4.92 8.05 3.58 7.29 

Na2O 6.92 4.73 7.07 3.99 

K2O 2.28 1.52 1.90 1.32 

SO3  8.44 18.16 8.63 15.85 

 

6.2.3 Coal Combustion Tests with Limestone and Biomass Addition 

Results of five combustion and co-combustion tests carried out in an earlier study 

[195] were used within the scope of this study to validate the radiation models 

coupled with and without FBC system models. The operation conditions of the 

combustion tests are listed in Table 6.13. In Test 4, lignite was burned without 

limestone and biomass addition whereas in Test 5, lignite was burned with limestone 

addition. In Tests 6, 7, and 8, lignite was co-fired with OR, HS, and CR with a share 
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of 49, 42, and 41 % on a weight basis, respectively, and with limestone addition. In 

all the runs, the lignite was burned in its own ash due to its high ash content. The 

feed point location was 0.22 m above the distributor plate for all runs. 

Table 6.13 Operating conditions of Tests 4 – 8 [8,196] 

 Test 4 Test 5 Test 6 Test 7 Test 8 

Coal flow rate (kg/h) 76.5 68.7 30.2 32.4 35.7 

Biomass flow rate (kg/h) 0.0 0.0 28.8 23.3 25.2 

Biomass share (mass basis) (%) 0 0 49 42 41 

Biomass share (thermal basis) (%) 0 0 55 50 48 

Limestone flow rate (kg/h) 0.0 22.4 11.2 13.9 12.9 

Ca/S molar ratio 0.0 2.7 3.3 3.3 2.7 

Bed drain ash flow rate (kg/h) 6.9 8.3 1.5 2.2 0.0 

Cyclone ash flow rate (kg/h) 14.2 19.4 11 12.1 18.0 

Bag filter ash flow rate (kg/h) 0.4 1.2 1.7 1.9 0.0 

Carry over ash flow rate (kg/h) 14.6 20.6 12.7 14.0 18.0 

Superficial velocity (m/s) 2.2 1.9 1.9 1.9 2.0 

Average bed temperature (℃) 894 848 852 854 857 

Average frb. temperature (℃) 866 817 849 835 843 

Bottom surface temperature (℃) * 851 859 859 * 

Top surface temperature (℃) * 564 602 584 * 

Bed height (m) 1.02 1.12 1.10 1.10 1.15 

Average H2O concentration (%) * 14.43 20.31 19.08 * 

Average CO2 concentration (%) * 13.75 12.46 12.91 * 

Bed cooling water flow rate, kg/h 3629 2842 3165 4073 4802 

Frb. cooling water flow rate, kg/h 1792 2767 2691 2423 3170 

*these values are required as input data for the radiation model without coupling 
with FBC system model. Since Tests 4 and 8 are only used in FBC system models, 
these values are neither calculated nor reported for these tests 
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In Tests 4 – 8, Çan lignite is fired. The characteristics and ash constituents of Çan 

lignite and biomass (OR, HS, and CR) burned in the combustion tests are 

summarized in Tables 6.14 and 6.15. Lignite used in the experiments is characterized 

by its high VM/FC ratio (~1.2), high ash content (~26 %), high total sulfur content 

(~4.1 %), and low nitrogen content (~ 1.1 %). On the other hand, all biomass almost 

contains no ash and sulfur. Their VM/FC (~5.2) ratio is very high compared to 

lignite. The nitrogen content of CR (~ 4.1 %) is much higher than that of lignite and 

other biomass. Regarding ash compositions, lignite ash is mainly composed of acidic 

oxides whereas biomass ash is mainly composed of basic oxides. 
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Table 6.14 Lignite analyses of Tests 4 – 8 [8,196] 

 Test 4 Test 5 Test 6 Test 7 Test 8 

Proximate analysis (as received basis, wt%) 

Moisture 16.35 16.48 16.75 17.14 17.47 

Ash 28.78 26.74 23.89 27.46 24.29 

VM 29.79 31.05 32.04 30.36 31.44 

FC 25.17 25.74 27.33 25.04 26.80 

ρbulk (kg/m3) 905 905 905 905 905 

d32 (mm) 0.44 0.58 0.59 0.47 0.48 

Ultimate analysis (dry basis, wt%) 

Carbon 44.60 44.93 44.83 41.92 40.04 

Hydrogen 3.95 4.09 4.00 4.01 3.84 

Nitrogen 1.09 1.14 1.20 0.96 0.98 

Oxygen 11.97 13.96 17.66 15.64 21.42 

Combustible Sulphur 3.98 3.86 3.61 4.33 4.29 

Ash 34.41 32.02 28.70 33.14 29.43 

Total Sulphur 4.17 4.07 3.66 4.33 4.35 

Calorific Value 

LHV, MJ/kg 12.3 13.3 14.0 12.5 17.4 

Ash Compositions (%) 

Silica, SiO2 57.29 56.56 52.70 51.91 50.11 

Aluminum, Al2O3 19.67 17.49 19.14 21.82 22.57 

Ferric, Fe2O3 12.05 10.99 11.26 12.15 11.46 

Calcium, CaO 4.85 9.21 7.78 7.92 7.79 

Magnesium, MgO 0.82 0.57 0.52 0.58 0.55 

Sulfur, SO3 2.00 2.05 5.23 2.31 4.24 

Sodium, Na2O 1.58 1.45 1.62 1.60 1.51 

Potassium, K2O 0.21 0.31 0.21 0.33 0.18 

Titanium, TiO2 1.53 1.38 1.54 1.37 1.58 
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Table 6.15 Biomass analyses of Tests 4 – 8 [8,196] 

 OR HS CR 

Proximate analysis (as received basis, wt%) 

Moisture 6.07 7.62 6.93 

Ash 4.24 1.46 5.38 

VM 75.69 73.04 75.57 

FC 14.00 17.89 12.14 

ρbulk (kg/m3) 591 320 364 

d32 (mm) 0.36 4.86 1.45 

Ultimate analysis (dry basis, wt%) 

Carbon 50.22 49.77 46.79 

Hydrogen 6.38 5.86 6.48 

Nitrogen 1.72 0.56 4.40 

Oxygen 37.03 42.15 36.23 

Combustible Sulphur 0.14 0.08 0.32 

Ash 4.51 1.58 5.78 

Total Sulphur 0.14 0.11 0.32 

Calorific Value 

LHV (MJ/kg) 18.1 17.5 17.4 

Ash Compositions (%) 

Silica, SiO2 31.19 2.28 0.00 

Aluminum, Al2O3 5.29 2.59 0.81 

Ferric, Fe2O3 5.17 7.11 4.95 

Calcium, CaO 17.52 38.84 10.83 

Magnesium, MgO 2.51 6.60 14.77 

Sulfur, SO3 2.64 5.50 0.00 

Sodium, Na2O 5.21 7.40 10.29 

Potassium, K2O 27.95 27.86 57.51 

Titanium, TiO2 2.52 1.81 0.85 
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For the tests with limestone additions, limestone with physicochemical properties 

shown in Table 6.16 was utilized.  

Table 6.16 Characteristics of Beypazarı limestone 

Size Distribution Chemical Analysis (wet) 

Size (mm) Weight (%) Component Weight (%) 

1.180 - 1.000 14.80 Moisture 0.69 

1.000 - 0.850 5.29 CaCO3 88.92 

0.850 - 0.710 6.26 MgCO3 6.44 

0.710 - 0.600 10.66 SiO2 2.91 

0.600 - 0.500 3.84 Na2O 0.15 

0.500 - 0.425 9.74 K2O 0.08 

0.425 - 0.355 6.14 Al2O3 0.39 

0.355 - 0.180 15.06 Fe2O3 0.43 

0.180 - 0.106 10.49 LOI 42.43 

0.106 - 0.000 17.75 d50: 0.43 mm 

 

For the application of the 3-D spectral radiation code to the freeboard of the test rig, 

the profiles of medium and wall temperatures, CO2 and H2O concentrations, size 

distributions, and chemical compositions of fly ash particles including bag filter and 

cyclone ashes, and spectral wall emissivities must be provided as input data.  

The freeboard medium temperature profile, which is plotted in Figure 6.5, is 

represented as a 4th order polynomial. The polynomial coefficients fitted to the 

freeboard temperature measurements obtained during steady-state operation are 

listed in Table 6.17. Wall temperatures, on the other hand, are taken to be 15 K lower 

than the medium temperatures based on the previous measurements conducted in the 

same system [199]. CO2 and H2O concentrations are taken to be uniform in the 

freeboard, as given in Table 1, due to the rapid combustion of lignite and biomasses 

with a high VM/FC ratio. 
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Figure 6.5. Profiles of measured medium temperatures for Tests 4 – 8 [8,196] 

Table 6.17 Polynomials for temperature profiles of Tests 5 – 7 [8,196] 

 Test 5 Test 6 Test 7 

Medium temperature profile, K  Tm(z)=∑ 𝒂𝒊𝒛
𝒊𝟒

𝒊=𝟎  

a0 1054.754 1084.888 1098.314 

a1 162.522 97.155 79.561 

a2 -128.329 -71.881 -64.496 

a3 39.535 24.416 21.444 

a4 -4.629 -3.305 -2.876 

the polynomial coefficients are used as input data for RHT model without coupling 
FBC system model. Since Tests 4 and 8 are only used in FBC system models, the 
polynomial coefficients are neither calculated nor reported for these tests 
 

Measurements of the size distributions of particles collected from both cyclone and 

baghouse filter for all combustion tests under investigation are conducted by sieve 

analysis and laser light scattering technique, respectively. PSDs of particles are 

illustrated in Figure 6.6. 
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Figure 6.6. Cumulative PSDs of particles collected by (a) cyclone and (b) baghouse 

filter for Tests 4 – 8 [8,196] 

The physical properties and chemical compositions of the particles collected from 

cyclone and baghouse filter for Test 4 – 8 are listed in Tables 6.18 and 6.19, 

respectively. As shown by the tables, addition of limestone from Test 4 to Test 5 

decreases size distribution of the cyclone particles due to small size of limestone 
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particles. On the other hand, the size distribution of the cyclone particles increases 

with the addition of biomass due to (i) low bulk density of biomass (see Tables 6.14 

and 6.15) which leads to elutriation of less dense coarse particles and (ii) low 

limestone flowrate in the co-firing tests owing to the low sulfur content of biomass 

(see Tables 6.13 to 6.15). However, as shown by Table 6.19, the bag filter PSD is 

not significantly affected by the addition of biomass and limestone. Except CR, the 

addition of biomass increases the fraction of fine bag filter particles by increasing 

their flowrates while reducing the flowrate of cyclone particles (see Table 6.13). The 

tendency of biomass to form finer ash particles was also highlighted in a previous 

study [200]. In the co-firing tests, the projected surface area of cyclone particles 

remarkably decreases whereas that of bag filter particles slightly increases. This 

effect is attributed to higher bag filter particle fraction in fly ash during co-firing. 
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Table 6.18 Physical and chemical properties of the particles collected from cyclone 

for Tests 4 – 8 [8,196] 

 Test 4 Test 5 Test 6 Test 7 Test 8 

Physical properties 

Particle Load (g/m3) 8.9 14.0 7.9 8.7 12.3 

Particle Density (kg/m3) 1202 1247 1356 1319 1247 

d32 (μm) 31.2 20.6 32.0 45.5 46.0 

d50 (μm) 157.9 98.9 189.7 212.9 210.7 

d90 (μm) 451.2 375.5 467.7 535.2 487.7 

Projected Surface Area 

(m2/m3) 
0.38 0.87 0.29 0.24 0.33 

Chemical compositions (dry basis, wt%) 

SiO2  51.61 23.27 19.58 31.51 17.52 

Al2O3 20.92 8.04 7.51 7.96 2.45 

CaO 7.41 39.96 45.10 31.48 53.10 

Fe2O3 10.48 7.40 6.67 6.98 6.89 

MgO 0.69 4.61 4.63 2.06 1.89 

TiO2 1.73 0.91 0.83 1.30 0.76 

Na2O 2.34 1.36 1.60 1.46 0.36 

K2O 0.77 0.97 1.43 1.31 1.10 

SO3  4.05 13.47 12.65 15.94 15.93 
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Table 6.19 Physical and chemical properties of the particles collected from bag 

house filter for Tests 4 – 8 [8,196] 

 Test 4 Test 5 Test 6 Test 7 Test 8* 

Physical properties 

Particle Load (g/m3) 0.2 0.9 1.2 1.4 0.0 

Particle Density (kg/m3) 1202 818 890 865  

d32 (μm) 1.8 1.8 1.8 1.8  

d50 (μm) 2.9 3.0 3.0 2.9  

d90 (μm) 6.9 7.0 7.3 6.8  

Projected Surface Area 

(m2/m3) 
0.72 0.94 1.19 0.96  

Chemical compositions (dry basis, wt%) 

SiO2  45.82 23.27 19.58 31.51 32.16 

Al2O3 14.68 8.04 7.51 7.96 5.98 

CaO 9.49 39.96 45.10 31.48 22.91 

Fe2O3 17.36 7.40 6.67 6.98 17.52 

MgO 0.80 4.61 4.63 2.06 1.54 

TiO2 1.88 0.91 0.83 1.30 1.05 

Na2O 1.57 1.36 1.60 1.46 1.97 

K2O 0.47 0.97 1.43 1.31 1.07 

SO3  7.93 13.47 12.65 15.94 15.81 

*since the baghouse filter ash flow rate of Test 8 is measured as 0.0, physical 
properties of bag filter ashes of Test 8 are not included in the table 
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CHAPTER 7  

7 RESULTS AND DISCUSSIONS 

7.1 Assessment of Spectral Gas Radiative Property Models in Bubbling 

Fluidized Bed Combustors 

The main goal of this thesis study is to couple comprehensive system models for the 

0.3 MWt ABFBC test rig with 3-D radiation models based on MOL of DOM or 

DOM using both sufficiently accurate and computationally efficient  methods for the 

estimation of spectral radiative properties of combustion gases, particles, and walls. 

However, regarding the solution of RTE, one of the most challenging part is the 

estimation of spectral radiative properties of molecular gases as they oscillate wildly 

throughout the entire thermal spectrum. For this reason, the effect of spectral 

properties of combustion gases, particles, and walls and the accuracy and 

computational efficiency of the estimation techniques for those properties are 

assessed first with the 3-D spectral radiation model in isolation from the BFBC 

system model prior to coupling. 

Therefore, one of the objectives of this study is to test the accuracies of two spectral 

gas radiative property models, Bordbar’s 10 band model and banded SLW-1 model, 

in isolation from the FBC system models in the presence of spectral particles and 

walls for BFBCs by comparing their predictions with experimental measurements 

and benchmark solutions. The following sub-sections summarize the major findings 

of this assessment study.  
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7.1.1 Assessment of Bordbar’s 10 Band Model 

Bordbar’s 10 band model is first coupled with the 3-D radiation model under 

investigation within the scope of this study for modeling of RHT in the freeboard of 

METU 0.3 MWt ABFBC test rig. The RTE is solved by using MOL solution of 

DOM. The model is applied to the combustion tests where Beypazarı lignite is fired 

with (Test 2) and without (Test 3) fly ash recycling. The assessment of the accuracy 

and computational efficiency of Bordbar’s 10 band model is achieved by comparing 

its predictions with measurements and benchmark solutions. 

The RTE is solved separately from the FBC system model. SN angular discretization 

method suggested by Carlson and Lathrop [101] is selected for the MOL solution of 

DOM. The system of ODEs obtained after angular and spatial discretization is solved 

by the readily available ROWMAP code which utilizes ROW-methods of order 4 

and uses Krylov techniques for the solution of linear systems [105]. All tests are 

performed on a computer with Intel® CoreTM i7-2600 CPU 3.40 GHz processor 

having 16.00 GB of RAM.  

7.1.1.1 Benchmarking in a 1-D Test Problem 

The predictive accuracies of the spectral gas radiative property models, Bordbar’s 

10 band model, and banded SLW, are first tested on a 1D benchmark problem [61]. 

The system under investigation, which is shown in Figure 7.1, consists of a slab 

between two infinitely long parallel plates. The slab has a thickness of 1.0 m and 

contains an isothermal binary gas mixture of H2O and CO2 with uniform mole 

fractions of 𝜒𝐻2𝑂 = 0.2 and 𝜒𝐶𝑂2
= 0.1 at 1000 K. The slab is bounded by black walls 

at 300 K from both sides. In this study, predictions of banded SLW and Bordbar’s 

10 band model coupled with MOL solution of DOM are validated against the LBL 

solutions available for the same 1D benchmark problem [61]. Both gas models are 

coupled with a 1D radiation model utilizing MOL of DOM by employing 100 

uniform grid structure, S8 angular discretization method, and two-point upwind 
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differencing scheme (DSS012). Furthermore, banded SLW approach is represented 

by 5 x 5 gray gas mixtures. 

 
Figure 7.1. 1D slab benchmark problem of Bordbar et al. [61] 

The comparisons of net wall HF and ST profiles of banded SLW, Bordbar’s 10 band 

model, and LBL are shown in Figure 7.2. As shown by the figure, predictions with 

banded SLW and Bordbar’s 10 band model are in good agreement with the reference 

solution. Furthermore, mean absolute error percentages are summarized in Table 7.1. 

As can be seen from the table, mean absolute error percentages between RHT 

predictions of banded SLW and LBL and those of Bordbar’s 10 band model and LBL 

are almost the same. In other words, predictions of banded SLW and Bordbar’s 10 

band model agree well with the benchmark solutions obtained in this 1D benchmark 

problem. 
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Table 7.1 Mean absolute error percentages in net wall HFs (qw) and STs (∇q) for 

1D benchmark problem 

 
1D Benchmark Problem 

 
Bordbar’s 10 

Band Model 

Banded SLW LBL 

Error in qw (%) 18.59 19.76 Reference 

Error in ∇q* (%) 21.84 19.04 Reference 

* Error in STs = [∑ (
|∇q,𝑖−∇q𝐿𝐵𝐿,𝑖|

∇q𝐿𝐵𝐿,𝑖

)𝑁
𝑖 × 100]/𝑁 
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Figure 7.2. Net wall HF and ST predictions of Bordbar’s 10 band model [61], 

banded SLW [52] and LBL [61] for 1D benchmark problem 
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7.1.1.2 ABFBC Test Rig 

In this section, the RHT in the freeboard of METU 0.3 MWt ABFBC test rig is 

simulated by using 3-D radiation code under investigation. The RTE is solved by 

applying MOL of DOM. In the combustion tests, Beypazarı lignite is burned with 

(Test 2) and without (Test 3) fly ash recycling. In the application of the model, a 

uniform structure of 11 × 11 × 81 grids, the S6 angular discretization method [199] 

and three-point upwind differencing scheme (DSS014) [201] are utilized. The CPU 

time requirements of the test are estimated from the beginning of the calculation till 

the steady state solutions providing an error tolerance of 0.1 [Eq. (2.19)]. 

The data for the application of the models are taken from the measurements (given 

in section 6.1.2) obtained during two air-fired combustion tests, one without (Test 2 

Air-Fired) and the other with recycle of cyclone particles (Test 3 Air-Fired). In this 

section, the influence of gas composition on RHT is also tested. For this purpose, the 

3-D radiation code coupled with Bordbar’s 10 band model is also applied to Test 2 

and Test 3 by using gas compositions corresponding to oxy-fired combustion (85 % 

CO2 and 10 % H2O based on the 3D oxy-fired benchmark of Bordbar et al. [61]) 

which are labeled as Test 2 Oxy-Fired and Test 3 Oxy-Fired, respectively. The rest 

of the input parameters are taken to be the same with the corresponding air-fired 

combustion tests. 

To adopt Bordbar’s 10 band, 15 wavelength intervals (9 active bands and 6 windows) 

presented in Table 2.12 are utilized. Furthermore, pressure (P) and spectrally 

averaged mean beam length (L = 3.6 x Volume/Surface area) are taken to be 1 atm 

and 0.38 m, respectively. On the other hand, for banded SLW model, the gas 

absorption coefficients are estimated using correlations deduced from HITRAN 

1992 database [44,202]. The nongray gas mixture in banded SLW is represented as 

mixture of 5 × 5 gray gases whose absorption cross-sections is ranging between 

3×10-5 and 60 (m2 mol−1) for H2O and 3×10-5 and 120 (m2 mol−1) for CO2. 
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For the estimation of particle radiative properties, on the other hand, a uniform 

particle load of 0.01 and 0.13 (kg m−3) for Test 2 and Test 3, respectively, is used as 

input data based on the pressure drops and carry over flowrate measurements of the 

combustion tests [194]. The single particle properties which are absorption 

efficiency and scattering efficiency are estimated using Mie theory for 34 discrete 

particle size and 147 wavelengths. Finally, the RI of particles are estimated using 

Goodwin’s model [123] and fly ash compositions of Test 2 and Test 3 for 147 

wavelengths. Banded particle, gas, and wall properties are calculated based on the 

band dividing scheme shown in Table 2.12 in which, the thermal spectrum is divided 

into 15 wide bands. Alumina-silicate refractory (70 % Al2O3 and 26 % SiO2) side 

walls are taken as non-gray, diffuse walls. Spectral wall emissivity of refractory-

lined walls is taken from a previous experimental study carried out by Jackson and 

Yen [139].  

The RTE is solved for each wide band so that intensity distribution can be evaluated 

at each wide band separately, from which total intensity distribution can be found by 

simple summation rule. Banded representations of particle absorption and scattering 

coefficients, asymmetry factors, and side wall emissivities are illustrated in Figure 

7.3. 
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Figure 7.3. Banded representations of (a) particle absorption coefficients (b) 

particle scattering coefficients (c) asymmetry factors (d) side wall emissivities for 

all combustion tests 

The performance of Bordbar’s 10 band model at low particle load (B = 0.01 kg/m3) 

is first tested by comparing its incident wall HF and center line ST predictions with 

those of banded SLW for Test 2 Air-Fired without recycle. In addition to that, the 

assessment of accuracies of both Bordbar’s 10 band model and banded SLW is 

evaluated by comparing their incident wall HF predictions with the measurements 

obtained from the freeboard of METU 0.3 MWt ABFBC test rig. RHT predictions 

of Bordbar’s 10 band model and banded SLW are compared for Test 2 Air-Fired in 

Figure 7.4. Mean absolute error percentages in RHT predictions with corresponding 

CPU times are shown in Table 7.2. As Table 7.2 and Figure 7.4 illustrate, incident 

wall HF predictions of Bordbar’s 10 band model and banded SLW is found to be in 

acceptable agreement. However, Bordbar’s 10 band model remarkably 

overestimates ST profiles at the centerline. This is considered to be due to the 

difference in total gas emissivities calculated by Bordbar’s 10 band model and 

banded SLW which are 0.29 and 0.13, respectively. 
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Figure 7.4. Incident wall HF and ST predictions of Bordbar’s 10 band model and 

banded SLW for Test 2 Air-Fired for non-gray walls 
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Table 7.2 Mean absolute error percentages between incident HFs (qw) and ST along 

the centerline (∇q) predictions of Bordbar’s 10 band model and banded SLW for 

Test 2 Air-Fired for non-gray walls 

 Test 2 Air-Fired 

 Bordbar’s 10 Band 

Model 

Banded SLW 

Error in qw (%) 0.59 Reference 

Error in ∇q* (%) 30.51 Reference 

CPU Time, s 568 27595 

CPU Ratio, - 0.02 1.00 

* Error in STs = [∑ (
|∇q𝐵𝑜𝑟𝑑𝑏𝑎𝑟,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔
)𝑁

𝑖 × 100]/𝑁 

To demonstrate the influence of gas composition on the performance of Bordbar’s 

10 band model, assessment of the accuracy of the model is also tested by using gas 

compositions representing the oxy-fired combustion systems and are presented in 

Figure 7.5 and Table 7.3. As Figure 7.5 and Table 7.3 indicate, incident HF 

predictions of Bordbar’s 10 band model perfectly agree with those of banded SLW 

for Test 2 Oxy-Fired. The change in gas composition results in significant 

improvement in the accuracy of ST predictions (from 30.51 % to 6.99 %). This may 

be due to the exact agreement between the gas emissivities which are predicted to be 

0.19 by the two models. 

With regard to CPU efficiency of the two models, Bordbar’s 10 band model requires 

around 50 times less CPU than that of banded SLW which is attributed to the solution 

of 15 RTE (15 bands x 1 gray gas mixture) for Bordbar’s banded model compared 

to 375 RTE solutions (15 bands x 25 gray gas mixtures) for banded SLW for each 

grid and ordinate. Although Bordbar’s 10 band model is found to be CPU efficient, 
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the predictive accuracies reveal that it should be preferred in oxy-fired rather than 

air-fired applications. 

 
Figure 7.5. Incident wall HF and ST predictions of Bordbar’s 10 band model and 

banded SLW for oxy-fired case of Test 2 Oxy-Fired 
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Table 7.3 Mean absolute error percentages in incident HFs (qw) and STs along the 

centerline (∇q) predictions of Bordbar’s 10 band model and banded SLW for Test 2 

Oxy-Fired for non-gray walls 

 Test 2 Oxy-Fired 

 Bordbar’s 10 Band 

Model 

Banded SLW 

Error in qw (%) 0.17 Reference 

Error in ∇q* (%) 6.99 Reference 

CPU Time, s 624 33126 

CPU Ratio, - 0.02 1.00 

* Error in STs = [∑ (
|∇q𝐵𝑜𝑟𝑑𝑏𝑎𝑟,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 

In the next part of this section, the assessment of predictive accuracy and CPU 

efficiency of Bordbar’s 10 band model is tested in Test 3 Air-Fired with recycle 

where particle load is high (B = 0.13 kg/m3). Figure 7.6 illustrates the profiles of 

wall HF and STs along the center line predicted by Bordbar’s 10 band model and 

banded SLW for Test 3 Air-Fired. The mean absolute error percentages and 

corresponding CPU times of both models are given in Table 7.4. As can be seen from 

the figure and table, incident HF profiles of Bordbar’s 10 band model and banded 

SLW overlap and both are found to be in reasonable agreement with measurements. 

Furthermore, an order of magnitude increase in particle load from Test 2 

(B = 0.01 kg/m3) to Test 3 (B = 0.13 kg/m3) results in significant improvement in 

the accuracy of ST predictions. This improvement is considered to be due to the 

dominance of particle radiation in Test 3 Air-Fired when particle load is increased 

by an order of magnitude. In order to support this finding, the individual 

contributions of gas and particle radiation to total radiation is evaluated by running 

the same radiation codes by neglecting particle radiation. For this purpose, particle 
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radiative properties of Test 2 and 3 in air and oxy-fired conditions are taken as zero 

by keeping all other input parameters the same. Banded SLW is utilized as gas 

radiative property model. The contribution of gas radiation is estimated by dividing 

the ST predicted by neglecting particle radiation to the ST predicted by considering 

both particle and gas radiation. The contribution of particle radiation is also 

calculated by subtracting the ratio of gas radiation to total radiation from 1. The ratio 

of gas and particle radiation to total radiation calculated for Test 2 and 3 in air-fired 

conditions are tabulated in Table 7.5. As can be seen in the table, the contribution of 

particle radiation increases with the increase in particle load.  

Table 7.4 Mean absolute error percentages in incident HFs (qw) and STs along the 

centerline (∇q) predictions of Bordbar’s 10 model and banded SLW for Test 3 Air-

Fired for non-gray walls 

 Test 3 Air-Fired 

 Bordbar’s 10 Band 

Model 

Banded SLW 

Error in qw (%) 0.30 Reference 

Error in ∇q* (%) 2.61 Reference 

CPU Time, s 299 14368 

CPU Ratio, - 0.02 1.00 

* Error in STs = [∑ (
|∇q𝐵𝑜𝑟𝑑𝑏𝑎𝑟,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 
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Figure 7.6. Incident wall HF and ST predictions of Bordbar’s 10 band model and 

banded SLW for Test 3 Air-Fired for non-gray walls 
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Table 7.5 Contribution of gas radiation to total radiation in Test 2 and 3 in air-fired 

condition 

 Ratio of gas radiation to 

total radiation 

Ratio of particle radiation 

to total radiation 

Test 2 Air-Fired 0.36 0.64 

Test 3 Air-Fired 0.29 0.71 

 

The influence of gas composition on the performance of Bordbar’s 10 band model is 

also investigated in Test 3 where particle load is high (B = 0.13 kg/m3) by utilizing 

gas compositions representing the oxy-fired combustors. Comparisons of incident 

HF and ST profiles of Bordbar’s 10 band model and banded SLW for Test 3 Oxy-

Fired are shown in Figure 7.7, and mean absolute error percentages and 

corresponding CPU times are tabulated in Table 7.6. As demonstrated in Figure 7.7 

and Table 7.6, Bordbar’s 10 band model provides similar incident HF and ST 

solutions to those of banded SLW with much less CPU time requirements. The ratio 

of gas and particle radiation to total radiation calculated for Test 2 and 3 in oxy-fired 

conditions are listed in Table 7.7. As shown by the table, the contribution of gas 

radiation is considerable in both Test 2 and Test 3. The results indicate that accurate 

gas radiative property models are also necessary for oxy-fired conditions even in 

cases with high particle loads as in freeboards of BFBCs with recycle. 



 
 

192 

 
Figure 7.7. Incident wall HF and ST predictions of Bordbar’s 10 band model and 

banded SLW for Test 3 Oxy-Fired for non-gray walls 
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Table 7.6 Mean absolute error percentages in incident HFs (qw) and STs along the 

centerline (∇q) predictions of Bordbar’s 10 band model and banded SLW for Test 3 

Oxy-Fired for non-gray walls 

 Test 3 Oxy-Fired 

 Bordbar’s 10 Band 

Model 

Banded SLW 

Error in qw (%) 0.20 Reference 

Error in ∇q* (%) 5.74 Reference 

CPU Time, s 315 17062 

CPU Ratio, - 0.02 1.00 

* Error in STs = [∑ (
|∇q𝐵𝑜𝑟𝑑𝑏𝑎𝑟,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 

 

Table 7.7 Contribution of gas radiation to total radiation in Test 2 and 3 in oxy-

fired condition 

 Ratio of gas radiation to 

total radiation 

Ratio of particle radiation 

to total radiation 

Test 2 Oxy-Fired 0.46 0.54 

Test 3 Oxy-Fired 0.38 0.62 

 

7.1.2 Assessment of Banded SLW-1 

Assessment of the performance of banded SLW-1 is investigated by the application 

of the model to the freeboard of METU 0.3 MWt ABFBC test rig firing Beypazarı 
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lignite with (Test 2) and without (Test 3) fly ash recycling. In this section, the 3-D 

radiation model utilizing MOL of DOM with banded SLW-1 model is implemented 

without coupling with the FBC system model. In the following sub-sections, the 

major findings obtained from the application of banded SLW-1 to the freeboard of 

METU 0.3 MWt ABFBC test rig and their comparison against the measurements and 

benchmark solution obtained by banded SLW, are provided. 

SN angular discretization method suggested by Carlson and Lathrop [101] is selected 

for the MOL solution of DOM. The system of ODEs obtained after angular and 

spatial discretization is solved by the readily available ROWMAP code which 

utilizes ROW-methods of order 4 and uses Krylov techniques for the solution of 

linear systems [105]. All tests are performed on a computer with Intel® CoreTM i7-

2600 CPU 3.40 GHz processor having 16.00 GB of RAM. In the application of the 

model, a uniform structure of 11 × 11 × 81 grids, the S6 angular discretization 

method [199] which were shown to provide an accurate and CPU-efficient solutions 

in the assessment study carried out by Ates et al. [28], are utilized. The CPU time 

requirements of the test are estimated from the beginning of the calculation till the 

steady state solutions providing an error tolerance of 0.1 [Eq. (2.19)]. 

The data for the application of the models are taken from the measurements (given 

in section 6.1.2) obtained during two air-fired combustion tests, one without (Test 2 

Air-Fired) and the other with recycle of cyclone particles (Test 3 Air-Fired). In this 

section, the influence of gas composition on RHT is also tested. For this purpose, the 

3-D radiation code coupled with Bordbar’s 10 band model is also applied to Test 2 

and Test 3 by using gas compositions corresponding to oxy-fired combustion (85 % 

CO2 and 10 % H2O based on the 3D oxy-fired benchmark of Bordbar et al. [61]) 

which are labeled as Test 2 Oxy-Fired and Test 3 Oxy-Fired, respectively. The rest 

of the input parameters are taken to be the same with the corresponding air-fired 

combustion tests. 
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In banded SLW model which is the benchmark solution in the following sections, 

the non-gray mixture of combustion gases is represented by 5 × 5 gray gas mixtures 

whose absorption cross-sections is ranging between 3×10-5 and 60 (m2 mol−1) for 

H2O and 3×10-5 and 120 (m2 mol−1) for CO2, which were found to provide 

sufficiently accurate predictions in a previous assessment study [199]. The gas 

absorption coefficients are estimated using correlations deduced from HITRAN 

1992 database [44,202] due to absence of correlations gathered from HITEMP 2010 

[114]. Fortunately, it was shown that the predicted absorption coefficients of the 

combustion gases by using HITRAN and HITEMP databases are in reasonable 

agreement under the conditions of FBCs by the previous study of Ates et al. [44]. 

For the estimation of particle radiative properties, on the other hand, a uniform 

particle load of 0.01 and 0.13 (kg m−3) for Test 2 and Test 3, respectively, is used as 

input data based on the pressure drops and carry over flowrate measurements of the 

combustion tests [194]. The single particle properties which are absorption 

efficiency and scattering efficiency are estimated using Mie theory for 34 discrete 

particle size and 147 wavelengths. Finally, the RI of particles are estimated using 

Goodwin’s model [123] and fly ash compositions of Test 2 and Test 3 for 147 

wavelengths. Banded particle, gas, and wall properties are calculated based on the 

band dividing scheme shown in Table 2.12 in which, the thermal spectrum is divided 

into 15 wide bands. Alumina-silicate refractory (70 % Al2O3 and 26 % SiO2) side 

walls are taken as non-gray, diffuse walls. Spectral wall emissivity of refractory-

lined walls is taken from a previous experimental study carried out by Jackson and 

Yen [139].  

Banded particle, gas, and wall properties are calculated based on the band dividing 

scheme shown in Table 7.8 in which, the thermal spectrum is divided into 8 wide 

bands. The RTE is solved for each wide band so that intensity distribution can be 

evaluated at each wide band separately, from which total intensity distribution can 

be found by simple summation rule. Banded representations of particle absorption 
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and scattering coefficients, asymmetry factors, and side wall emissivities are 

illustrated in Figure 7.8. 

Table 7.8 Band dividing scheme utilized in this study and corresponding fraction of 

blackbody emissive power for Test 2 and Test 3 

Band No. Start (μm) End (μm) Δf (Test 2) Δf (Test 3) 

1 0.0 2.4 0.20 0.20 

2 2.4 3.1 0.19 0.19 

3 3.1 4.1 0.20 0.20 

4 4.1 4.8 0.09 0.09 

5 4.8 6.3 0.13 0.13 

6 6.3 8.9 0.10 0.10 

7 8.9 12.1 0.04 0.04 

8 12.1 20.0 0.03 0.03 
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Figure 7.8. Banded representations of (a) particle absorption coefficients (b) 

particle scattering coefficients (c) asymmetry factors (d) side wall emissivities for 

all combustion tests 

7.1.2.1 Effect of Path Lengths on the Predictive Accuracy of Banded SLW-

1 

Effect of path length selection on the predictive accuracy of banded SLW-1 for Test 

2 Air-Fired with non-gray particles and walls is investigated in this section. Figure 

7.9 displays the comparison between incident wall HF and ST profiles of banded 

SLW-1 utilizing 0.5 and 1.25 times the freeboard height, spectrally averaged mean 

beam length and spectrally dependent mean beam lengths as L1 and L2, respectively 

and banded SLW for Test 2 Air-Fired. Furthermore, mean absolute error percentages 

with corresponding CPU times are summarized in Table 7.9. It should be noted that 

banded SLW model is used as the benchmark solution for the calculation of errors 

in STs and HFs since SLW model was reported to theoretically approach to line-by-

line solution in isothermal and homogeneous media if sufficient number of gray 

gases is utilized [64]. As shown by the table, all radiation models including banded 
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SLW deviate from the measurements about 6 %. The incident HF predictions of all 

L1 and L2 values utilized in banded SLW-1 agree well with benchmark solutions and 

measurements. On the other hand, the band-wise estimation of L1 and L2 using 

spectrally dependent mean beam length gives the ST predictions with the highest 

accuracy. Therefore, band-wise estimation of L1 and L2 using spectrally dependent 

mean beam length is utilized in the rest of the present study. 

 
Figure 7.9. Incident wall HF and ST predictions of banded SLW-1 and banded 

SLW for Test 2 Air-Fired in the presence of non-gray particles and walls 
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Table 7.9 Mean absolute error percentages of incident HFs (qw) and STs along the 

centerline (∇q) predictions of banded SLW-1 and banded SLW for Test 2 Air-Fired 

in the presence of non-gray particles and walls 

 Test 2 Air-Fired 

 Banded SLW-1 

Banded 

SLW 
 Freeboard 

Height 

Spectrally 

Averaged L 

Spectrally 

Dependent L 

Comparison with Measurements 

Error in qw* (%) 5.76 5.76 5.77 5.67 

Comparison with Reference Solution 

Error in qw (%) 0.33 0.31 0.33 Reference 

Error in ∇q** (%) 27.02 18.60 16.49 Reference 

Computational Requirements 

CPU Time, s 677 728 742 15717 

CPU Ratio, - 0.04 0.05 0.05 1.00 

* Error = [∑ (
|q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖−q𝑤,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑,𝑖|

q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖

)𝑁
𝑖 × 100]/𝑁 where i is the index for the 

port location 

** Error = [∑ (
|∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊−1,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 where i is the 

computational grid 

Performance of banded SLW-1 using three different path lengths for Test 2 Air-Fired 

in the existence of non-gray particles and walls are also tested by comparing the ST 

predictions of banded SLW-1 in each band with those of banded SLW. Comparison 

of ST predictions of banded SLW-1 and banded SLW in each band for Test 2 Air-

Fired is shown in Table 7.10. As shown by Table 7.10, accuracy of ST predictions 



 
 

200 

of banded SLW-1 is not uniform throughout the bands, and error in ST predictions 

is the highest in the 4th band (4.1 – 4.8 μm) where the gas absorption coefficient is 

the highest. However, the error in ST predictions of banded SLW-1 in the 4th band 

decreases significantly when utilizing spectrally dependent mean beam length in the 

calculation of L1 and L2 instead of freeboard height or spectrally averaged mean 

beam length. 

Table 7.10 Mean absolute error percentages between ST predictions of banded 

SLW-1 and banded SLW for each band for Test 2 Air-Fired in the presence of non-

gray particles and walls 

Band 

No. 

Band 

Interval 

(μm) 

Test 2 Air-Fired 

Banded SLW-1 

Banded 

SLW 
Freeboard 

Height 

Spectrally 

Averaged L 

Spectrally 

Dependent L 

1 1 – 2.4 27.2 26.6 26.6 Reference 

2 2.4 – 3.1 21.0 16.6 16.3 Reference 

3 3.1 – 4.1 33.2 13.8 15.7 Reference 

4 4.1 – 4.8 235.6 99.8 69.9 Reference 

5 4.8 – 6.3 26.6 21.9 21.9 Reference 

6 6.3 – 8.9 17.7 18.1 17.5 Reference 

7 8.9 – 12.1 1.5 2.3 2.5 Reference 

8 12.1 – 20.0 20.5 18.6 15.3 Reference 

 

As the optimum values of path length, L1 and L2, are sensitive to the test problem 

under consideration, a sensitivity analysis of the path length values on the accuracy 

of HF and ST predictions for Test 2 under air-fired conditions is carried out to select 
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an optimum pair of L1 and L2. The sensitivity of incident HF and ST predictions to 

L1 and L2 values for Test 2 is shown in Table 7.11. As can be seen from the table, L1 

and L2 values do not significantly influence the accuracy of incident wall HF 

predictions. However, decreasing L1 and L2 leads to considerable improvement in 

the accuracy of ST predictions, and L1 = 0.10 x Le and L2 = 1.10 x Le provide the 

most accurate ST predictions for Test 2 in the existence of non-gray particles and 

walls. Therefore, L1 = 0.10 x Le and L2 = 1.10 x Le are utilized for the banded SLW-

1 in the rest of this section. 

Table 7.11 Sensitivity of incident HF and ST predictions to L1 and L2 values for 

Test 2 in the presence of non-gray particles and walls 

L1 L2 Error in qw* (%) Error in ∇q* (%) CPU Time, s 

0.50 x Le 1.10 x Le 0.34 15.69 771 

0.50 x Le 1.25 x Le 0.33 16.49 780 

0.50 x Le 1.50 x Le 0.31 17.67 771 

0.50 x Le 2.00 x Le 0.28 19.58 677 

0.10 x Le 1.25 x Le 0.36 9.33 794 

0.25 x Le 1.25 x Le 0.34 13.09 761 

0.50 x Le 1.25 x Le 0.33 16.49 677 

0.80 x Le 1.25 x Le 0.31 18.90 780 

0.10 x Le 1.10 x Le 0.38 8.63 775 

* Error values are calculated with respect to Banded SLW 
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7.1.2.2 ABFBC Test with Low Particle Load 

In this section, the assessment of the performance of banded SLW-1 at low particle 

load (B = 0.01 kg/m3) is tested by comparing its incident wall HF and centerline ST 

predictions with those of banded SLW for Test 2 under air-fired and oxy-fired 

conditions. Figure 7.10 illustrates incident HF and ST profiles of banded SLW-1 and 

banded SLW for both Test 2 Air-Fired and Test 2 Oxy-Fired. Moreover, the mean 

absolute error percantages in HF and ST predictions with corresponding CPU times 

are tabulated in Table 7.12. As demonstrated by the figure and the table, RHT 

predictions of banded SLW-1 agree reasonably with those of banded SLW for Test 

2 under both air-fired and oxy-fired conditions. It should be noted that the last 

measurement port located at 4.20 m is discarded from the error calculation as the 

radiation models do not provide accurate predictions for that location due to the very 

sharp temperature decrease provided by the cooling module. The underpredictions 

of incident HFs at the first two probe locations, at 1.23 m and 1.83 m, are due to the 

increased radiative emissions from particles of the splash zone which are not 

considered in the radiation model as mentioned previously. HFs at the last probe 

location, at 3.44 m, are overpredicted in all radiation models as the probe is located 

close to the cooling tubes starting from 4.25 m of the combustor. CPU requirements 

of banded SLW-1 are about 20-25 times lower than those of banded SLW due to the 

representation of the spectrum with two gas mixtures (one gray gas and one clear 

gas) instead of 5 x 5 gas mixtures. Moreover, the present banded SLW-1 model 

provides more accurate ST predictions with similar CPU requirements compared to 

Bordbar’s 10 band model which was previously assessed in the same combustion 

test (see section 7.1.1). Therefore, it can be concluded that banded SLW-1 can be 

utilized to reduce CPU requirements in both air-fired and oxy-fired BFBCs. 
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Figure 7.10. Incident wall HF and ST predictions of banded SLW-1 and banded 

SLW for (a) Test 2 Air-Fired and (b) Test 2 Oxy-Fired in the presence of non-gray 

particles and walls 
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Table 7.12 Mean absolute error percentages between incident HFs (qw) and STs 

along the centerline (∇q) predictions of banded SLW-1 and banded SLW for Test 2 

Air-Fired and Test 2 Oxy-Fired in the presence of non-gray particles and walls 

 Test 2 Air-Fired Test 2 Oxy-Fired 

 Banded 

SLW-1 

Banded 

SLW 

Banded 

SLW-1 

Banded 

SLW 

Comparison with Measurements 

Error in qw* (%) 5.80 5.67 
Not 

Applicable 

Not 

Applicable 

Comparison with Reference Solution 

Error in qw (%) 0.38 Reference 0.37 Reference 

Error in ∇q** (%) 8.63 Reference 5.29 Reference 

Computational Requirements 

CPU Time, s 775 15717 742 20017 

CPU Ratio, - 0.05 0.79 0.04 1.00 

* Error = [∑ (
|q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖−q𝑤,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑,𝑖|

q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖

)𝑁
𝑖 × 100]/𝑁 where i is the index for the 

port location 

** Error = [∑ (
|∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊−1,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 where i is the 

computational grid 
 

7.1.2.3 ABFBC Test with High Particle Load 

The accuracy and computational efficiency of banded SLW-1 model are tested at 

high particle load (B = 0.13 kg/m3) by comparing its HF and ST predictions with 
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those of banded SLW for Test 3 under both air-fired and oxy-fired scenarios. 

Comparison of the HF and ST profiles of banded SLW-1 and banded SLW for Test 

3 Air-Fired and Test 3 Oxy-Fired in the existence of non-gray particles and walls is 

demonstrated in Figure 7.11. Moreover, the mean absolute error percentages in 

incident HF and ST predictions and corresponding CPU times for Test 3 Air-Fired 

and Test 3 Oxy-Fired are listed in Table 7.13. As demonstrated by the figure and the 

table, banded SLW-1 provides sufficiently good accuracy in RHT predictions with 

much lower CPU requirement compared to banded SLW for Test 3 Air-Fired and 

Test 3 Oxy-Fired. 

 
Figure 7.11. Incident wall HF and ST predictions of banded SLW-1 and banded 

SLW for (a) Test 3 Air-Fired and (b) Test 3 Oxy-Fired in the presence of non-gray 

particles and walls 

Mean absolute error percantages in ST predictions shown in Tables 7.12 and 7.13 

indicate that increasing particle load one order of magnitude from Test 2 to Test 3 

leads to improvement in the accuracy of the ST predictions. This effect is considered 

to be due to the fact that particles become more dominant in RHT as particle load 
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increases. To test this hypothesis, the individual contributions of gas and particle 

radiation to total radiation are evaluated by running the same radiation codes by 

neglecting particle radiation. For this purpose, particle radiative properties of Test 2 

and 3 under air and oxy-fired conditions are taken as zero by keeping all other input 

parameters the same. The contribution of gas radiation is estimated by dividing the 

ST predicted by neglecting particle radiation to the ST predicted by considering both 

particle and gas radiation. Banded SLW is utilized as a gas radiative property model 

in those calculations. Table 7.14 tabulates the individual contributions of gas and 

particle radiation for both Test 2 and Test 3 under air-fired and oxy-fired conditions. 

As can be seen from the table, the contribution of particle radiation is increased as 

the particle load increases from Test 2 to Test 3 for both air-fired and oxy-fired 

conditions. However, gas radiation is still considerable even in Test 3 Air-Fired 

where individual contribution of particle radiation is the highest. The results indicate 

that accurate gas radiative property models are necessary for the freeboard of 

bubbling fluidized bed combustors with or without recycle operating under air-fired 

or oxy-fired conditions. 
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Table 7.13 Mean absolute error percentages between incident HFs (qw) and STs 

along the centerline (∇q) predictions of banded SLW-1 and banded SLW for Test 3 

Air-Fired and Test 3 Oxy-Fired in the presence of non-gray particles and walls 

 Test 3 Air-Fired Test 3 Oxy-Fired 

 Banded 

SLW-1 

Banded 

SLW 

Banded 

SLW-1 

Banded 

SLW 

Comparison with Measurements 

Error in qw* (%) 6.11 6.07 
Not 

Applicable 

Not 

Applicable 

Comparison with Reference Solution 

Error in qw (%) 0.04 Reference 0.04 Reference 

Error in ∇q** (%) 4.66 Reference 2.33 Reference 

Computational Requirements 

CPU Time, s 408 8687 422 10352 

CPU Ratio, - 0.05 1.00 0.04 1.00 

* Error = [∑ (
|q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖−q𝑤,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑,𝑖|

q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖

)𝑁
𝑖 × 100]/𝑁 where i is the index for the 

port location 

** Error = [∑ (
|∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊−1,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 where i is the 

computational grid 
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Table 7.14 Contribution of gas radiation to total radiation in Test 2 and 3 under 

both air-fired and oxy-fired conditions 

 Ratio of gas radiation to 

total radiation 

Ratio of particle radiation 

to total radiation 

Test 2 Air-Fired 0.34 0.66 

Test 3 Air-Fired 0.26 0.74 

Test 2 Oxy-Fired 0.45 0.55 

Test 3 Oxy-Fired 0.35 0.65 

 

7.1.3 Concluding Remarks for Assessment of Spectral Gas Radiative 

Property Models 

In this section, the accuracy and computational efficiency of two gas radiative 

property models, namely Bordbar’s 10 band model and banded SLW-1, are tested 

by comparing their RHT predictions with the measurements and benchmark 

solutions. In conclusion, it was found that Bordbar’s 10 band model and banded 

SLW-1 require around 50 and 20 times less CPU than that of banded SLW, 

respectively. Therefore, Bordbar’s 10 band model can be used to reduce CPU 

requirement of the spectral RTE solution for BFBCs with recycle or CFBCs where 

RHT is dominated by particles. Banded SLW-1 accurately predicts the RHT in 

BFBCs with and without recycle and reduces the CPU requirement of the spectral 

RTE solution in those systems. 
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7.2 Effect of Spectral Wall Radiative Properties on Radiative Heat 

Transfer in Bubbling Fluidized Bed Combustors 

None of the studies in the literature investigated the influence of gray wall 

assumption in BFBCs. However, as mentioned before, the correct treatment of RHT 

in such systems requires the utilization of non-gray boundaries. Therefore, one of the 

objectives of this thesis study is to investigate the effect of gray and non-gray wall 

emissivities of different types of wall materials common in industry and utility 

boilers on RHT predictions. In the following sub-sections, the major finding obtained 

from the application of the 3-D radiation code based on MOL of DOM utilizing 

banded SLW-1 and Mie theory for the radiative properties of particle-laden 

combustion gases to the freeboard of METU 0.3 MWt ABFBC test rig is presented. 

It should be noted at this point that the 3-D radiation model is solved without 

coupling it with the FBC system models. 

SN angular discretization method suggested by Carlson and Lathrop [101] is selected 

for the MOL solution of DOM. The system of ODEs obtained after angular and 

spatial discretization is solved by the readily available ROWMAP code which 

utilizes ROW-methods of order 4 and uses Krylov techniques for the solution of 

linear systems [105]. All tests are performed on a computer with Intel® CoreTM i7-

2600 CPU 3.40 GHz processor having 16.00 GB of RAM. In the application of the 

model, a uniform structure of 11 × 11 × 81 grids, the S6 angular discretization 

method [199] which were shown to provide accurate and CPU-efficient solutions in 

the assessment study carried out by Ates et al. [28], is utilized. The CPU time 

requirements of the test are estimated from the beginning of the calculation till the 

steady state solutions providing an error tolerance of 0.1 [Eq. (2.19)]. 

The data for the application of the models are taken from the measurements (given 

in section 6.1.2) obtained during two air-fired combustion tests, one without (Test 2 

Air-Fired) and the other with recycle of cyclone particles (Test 3 Air-Fired). The 

details of the gas and particle readiative property models can be found in section 

7.1.2. Alumina-silicate refractory (70 % Al2O3 and 26 % SiO2) side walls are taken 
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as non-gray, diffuse walls. Spectral wall emissivity of refractory-lined walls is taken 

from a previous experimental study carried out by Jackson and Yen [139]. Moreover, 

in order to take into consideration the influence of wall material on RHT, parametric 

studies are conducted by using different type of wall materials common in industry 

and utility boilers instead of alumina-silicate refractory; cold water wall made up of 

thermally oxidized SA508 carbon steel and the same water wall covered by coal slag 

formed by fly ashes. Spectral wall emissivities of refractory-lined walls, water walls 

and slag-covered water walls are determined as described in section 2.4. Ebert’s 

model of RI [124] is used to calculate spectral refractive and absorptive indices of 

coal slags covering water wall using fly ash compositions and wall temperatures of 

Test 2 and Test 3. In order to calculate the gray wall emissivities of each material, 

spectral emissivities are spectrally averaged (Planck mean) over the wavelength of 

interest. Spectral and gray representation of wall emissivities of refractory-lined 

walls, water walls and slag-covered water walls for Test 2 and Test 3 are plotted in 

Figure 7.12. 

 
Figure 7.12. Spectral variation of side wall emissivities of (a) refractory-lined wall 

(b) water wall (c) slag covered water wall for Test 2 (d) slag covered water wall for 

Test 3 
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7.2.1 Influence of Gray and Non-Gray Hot Refractory-Lined Walls 

In this section, the incident wall HFs and STs predicted by MOL of DOM with non-

gray gas and particle properties utilizing gray and non-gray refractory-lined wall 

emissivities for Test 2 and Test 3 under air-fired conditions are compared and 

illustrated in Figure 7.13. Furthermore, the mean absolute error percantages in 

incident HF and ST predictions and corresponding CPU times for Test 2 Air-Fired 

and Test 3 Air-Fired are listed in Table 7.15. As can be seen from the figure and 

table, the deviations of incident HF predictions of both gray and nongray walls from 

the measurements are found to be approximately 6 % for both Test 2 and Test 3 

under air-fired conditions. However, ST predictions of gray walls deviate up to 37 

% from those of non-gray walls in the upper region of the freeboard where the 

temperature of the medium and the wall decreases due to the cooler module. 

However, an order of magnitude increase in the particle load from Test 2 to Test 3 

leads to significant improvement in the accuracy of ST predictions. 

 
Figure 7.13. Incident wall HF and ST predictions of gray and non-gray refractory-

lined wall emissivities for (a) Test 2 Air-Fired and (b) Test 3 Air-Fired 
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Table 7.15 Mean absolute error percentages in incident HFs (qw) and STs along the 

centerline (∇q) for Test 2 and Test 3 with refractory-lined walls 

 Test 2 Air-Fired Test 3 Air-Fired 

 Banded 

SLW-1 

Banded 

SLW 

Banded 

SLW-1 

Banded 

SLW 

Comparison with Measurements 

Error in qw* (%) 5.94 5.80 6.09 6.11 

Comparison with Reference Solution 

Error in qw (%) 0.16 Reference 0.10 Reference 

Error in ∇q** (%) 12.05 Reference 2.69 Reference 

Computational Requirements 

CPU Time, s 886 775 465 408 

CPU Ratio, - 1.14 1.00 1.14 1.00 

* Error = [∑ (
|q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖−q𝑤,𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑,𝑖|

q𝑤,𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑,𝑖

)𝑁
𝑖 × 100]/𝑁 where i is the index for the 

port location 

** Error = [∑ (
|∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊−1,𝑖−∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑖|

∇q𝐵𝑎𝑛𝑑𝑒𝑑 𝑆𝐿𝑊,𝑎𝑣𝑔

)𝑁
𝑖 × 100]/𝑁 where i is the 

computational grid 
 

7.2.2 Influence of Gray and Non-Gray Cold Water Walls 

Table 7.16 illustrates the comparison of incident HF and ST predictions of MOL of 

DOM with non-gray gas and particle properties utilizing gray and non-gray water 

wall (537 K) emissivities for Test 2 and Test 3 under air-fired conditions. Visual 

comparisons between HF and ST predictions of gray and non-gray water wall 
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emissivities for Test 2 and Test 3 are also demonstrated in Figure 7.14. Introducing 

a gray wall emissivity instead of spectral wall emissivity into the radiation model 

does not significantly influence the HF and ST predictions in all the tests, as 

illustrated in Table 7.16 and Figure 7.14, unlike the results of the case with hot 

refractory-lined walls. This is considered to be due to; (i) the similarity of the gray 

and spectral emissivities between 0- 10 μm [Figure 7.12(b)] which covers 95 % of 

the thermal radiation in FBC temperatures, (ii) the dominance of thermal radiation 

by the medium rather than low-temperature water walls. 

 
Figure 7.14. Incident wall HF and ST predictions of gray and non-gray water wall 

emissivities for (a) Test 2 Air-Fired and (b) Test 3 Air-Fired 
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Table 7.16 Mean absolute error percentages in incident HFs (qw) and STs along the 

centerline (∇q) for Test 2 and Test 3 with water walls 

 
Test 2 Air-Fired Test 3 Air-Fired 

 
Gray 

Walls 

Non-Gray 

Walls 

Gray 

Walls 

Non-Gray 

Walls 

Comparison with Reference Solution 

Error in qw 1.14 Reference 0.40 Reference 

Error in ∇q* 0.91 Reference 1.96 Reference 

Computational Requirements 

CPU Time, s 501 502 324 332 

CPU Ratio, - 1.00 1.51 0.98 1.00 

* Error in STs = [∑ (
|∇q𝐺𝑟𝑎𝑦 𝑊𝑎𝑙𝑙,𝑖−∇q𝑁𝑜𝑛−𝑔𝑟𝑎𝑦 𝑊𝑎𝑙𝑙,𝑖|

∇q𝑁𝑜𝑛−𝑔𝑟𝑎𝑦 𝑊𝑎𝑙𝑙,𝑖

)𝑁
𝑖 × 100]/𝑁 

7.2.3 Influence of Gray and Non-Gray Cold Slag Covered Water Walls 

During the operation of industry or utility boilers, fly ash particles in the freeboard 

section become sticky due to high temperatures. These particles stick to cooler 

surfaces such as water walls building up an insulating layer of coal slag. This effect 

is investigated by conducting a parametric study where the side walls at 537 K are 

assumed to be covered by coal slag, with the compositions of fly ashes.  

Comparison between HF and ST predictions of MOL solution of DOM with non-

gray gases and particles properties using gray and non-gray slag covered water wall 

emissivities for Test 2 and Test 3 are demonstrated in Table 7.17 and Figure 7.15. 

Similar to the case with cold water walls, introducing a gray wall emissivity instead 

of spectral wall emissivity into radiation model does not significantly influence the 
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HF and ST predictions in all the tests, as illustrated in Table 7.17 and Figure 7.15. 

This is considered to be due to; (i) the similarity of the gray and spectral emissivities 

between 0 - 10 μm [Figures 7.12(c) and 7.12(d)] which covers 95 % of the thermal 

radiation in FBC temperatures, (ii) the dominance of thermal radiation by the 

medium rather than low-temperature water walls.  

The error in ST predictions of gray and non-gray slag covered water wall 

emissivities, on the other hand, increases slightly with one order of magnitude 

increase in the particle load from Test 2 to Test 3. It should be noted that due to low 

wall temperatures of slag covered water walls, total radiative intensity leaving the 

wall [Eqs. (2.13) and (2.14)] is dominated by the reflected radiation incoming from 

the medium (2nd term in the RHS of Eqs. (2.13) and (2.14)). Therefore, wall 

intensities become sensitive to the medium intensities, and thus, medium properties. 

This is why the error in STs predicted by gray and non-gray slag covered water wall 

emissivities increases with increasing particle absorption and scattering coefficient 

from Test 2 to Test 3. 

 
Figure 7.15. Incident wall HF and ST predictions of gray and non-gray slag 

covered water wall emissivities for (a) Test 2 Air-Fired and (b) Test 3 Air-Fired 
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Table 7.17 Mean absolute error percentages in incident HFs (qw) and STs along the 

centerline (∇q) for Test 2 and Test 3 with slag covered water walls 

 
Test 2 Air-Fired Test 3 Air-Fired 

 
Gray 

Walls 

Non-Gray 

Walls 

Gray 

Walls 

Non-Gray 

Walls 

Comparison with Reference Solution 

Error in qw 3.24 Reference 1.46 Reference 

Error in ∇q* 2.44 Reference 5.30 Reference 

Computational Requirements 

CPU Time, s 501 511 324 331 

CPU Ratio, - 0.98 1.54 0.98 1.00 

* Error in STs = [∑ (
|∇q𝐺𝑟𝑎𝑦 𝑊𝑎𝑙𝑙,𝑖−∇q𝑁𝑜𝑛−𝑔𝑟𝑎𝑦 𝑊𝑎𝑙𝑙,𝑖|

∇q𝑁𝑜𝑛−𝑔𝑟𝑎𝑦 𝑊𝑎𝑙𝑙,𝑖

)𝑁
𝑖 × 100]/𝑁 

7.2.4 Concluding Remarks for the Effect of Spectral Wall Radiative 

Properties 

Based on the above-mentioned discussion regarding the influence of spectral wall 

radiative properties on RHT predictions of BFBCs, it can be concluded that using 

gray wall emissivity instead of spectral emissivity does not lead to significant error 

in incident wall HF predictions. On the other hand, utilizing gray wall emissivity for 

hot refractory-lined walls leads to significant inaccuracies in the ST predictions of 

the combustion tests where particle load is low due to higher share of wall radiation 

in the RHT. Discrepancies between the ST predictions of gray and non-gray cold 

water wall emissivities and those of gray and non-gray cold slag covered water wall 

emissivities which are common in industry and utility boilers are found to be 
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insignificant which is attributed to the combined effects of low wall temperatures 

and similar gray and non-gray water wall emissivities. 

7.3 Effect of Type of Bag Filter Ash on Radiative Heat Transfer in 

Bubbling Fluidized Bed Combustors 

As the contribution of thermal radiation to toal heat transfer in the freeboard of 

BFBCs is of remarkable importance because of the presence of radiating particles 

together with radiating gases, RHT characteristics of biomass and coal blends in 

FBCs require special attention. Nevertheless, a limited number of mathematical 

modeling studies exists in the literature that investigates the thermal radiation 

characteristics of BFBCs co-firing biomass/coal blends. 

Ateş et al. [36] investigated the influence of adjusting the type of biomass on thermal 

radiation during co-combustion of Çan lignite with OR and HS and with limestone 

addition in a 0.3 MWt ABFBC test rig with refractory lined walls at around 840 ℃ 

by applying a 3-D radiation code based on MOL of DOM utilizing gray gas, particle, 

and wall radiative properties. Based on their results, replacing OR with HS does not 

significantly affect the profiles of ST and HF along the combustor, however, when 

the wall material was taken to be a conventional panel tube wall at 264 ℃, both ST 

and HF predictions were found to increase by this replacement. This increase in the 

RHT predictions along the combustor was considered to be due to the increase in the 

number of fine particles when burning HS instead of OR. In another study for the 

investigation of the thermal radiation behavior of BFBCs, Ates et al. [37] applied the 

same radiation code coupled with gray gas, particle, and wall radiative properties to 

the freeboard of the same test rig where Çan lignite is co-fired with limestone and 

OR. Their results indicate that the addition of OR does not significantly affect the 

ST predictions although particle load in the freeboard is lower when OR is co-fired 

with lignite instead of firing lignite with limestone only. This effect can be related to 

the increasing number of fine particles during biomass combustion [200] leading to 

improved particle absorption and scattering. For this purpose, the contribution of fine 
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particles on the RHT during co-combustion of coal/biomass blends in BFBCs 

requires to be investigated to clarify the influence of co-firing on RHT. Moreover, 

this investigation has to be performed in the presence of spectral gas, particles, and 

walls since the utilization of spectral radiative properties is necessary in the accurate 

handling of RHT in these systems [203]. 

Therefore, one of the aim of this thesis study is to investigate the contribution of fine 

particles collected in bag filter on RHT in the freeboard of the 0.3 MWt ABFBC test 

rig where lignite (Test 5), lignite/ OR (Test 6), and lignite/ HS (Test 7) blends are 

fired with limestone addition by deploying a 3-D radiation code based on MOL of 

DOM coupled with spectral gas, particle, and wall radiative property models. The 

radiation code is executed by considering first the presence of combustion gases 

only, then combustion gases with fine particles only, and then combustion gases with 

all particles’ radiation. The data for the radiation models and for their validations are 

provided from the measurements obtained during the same combustion test 

mentioned above (eee section 6.2.3). 

SN angular discretization method suggested by Carlson and Lathrop [101] is selected 

for the MOL solution of DOM. The system of ODEs obtained after angular and 

spatial discretization is solved by the readily available ROWMAP code which 

utilizes ROW-methods of order 4 and uses Krylov techniques for the solution of 

linear systems [105]. All tests are performed on a computer with Intel® CoreTM i7-

2600 CPU 3.40 GHz processor having 16.00 GB of RAM. In the application of the 

model, a uniform structure of 11 × 11 × 81 grids, the S6 angular discretization 

method [199] which were shown to provide an accurate and CPU-efficient solutions 

in the assessment study carried out by Ates et al. [28], is utilized.  

For the results presented in the following section, the spectral gas radiative properties 

are estimated utilizing banded SLW-1 whereas the spectral radiative properties of 

particles are calculated using Mie theory due to the fact that the majority of particles 

considered in this study falls into the particle size range recommended for Mie 
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theory. The scattering of radiation is represented by the transport approximation as 

suggested in the previous assessment study [199]. 

Gray gas parameters of banded SLW-1 model (𝜅𝑗,1 and 𝑎𝑗,1) are estimated based on 

two emissivity approach where gray gas parameters are obtained by fitting total gas 

emissivities calculated at two different path lengths 𝐿1 and 𝐿2. In this study, total gas 

emissivities are estimated utilizing 10 x 10 (H2O x CO2) gray gas mixtures as 10 x 

10 gray gas mixtures provide sufficient accuracy in RHT predictions. L1 and L2, on 

the other hand, are selected as 0.1 and 1.1 times spectrally dependent mean beam 

length. 

Size distributions of cyclone and bag filter particles are taken from the 

measurements. Ebert’s correlations [45,124] are used to determine the refractive 

indices of both cyclone and bag filter particles using the ash chemical compositions 

and temperatures of particles. The single particle properties are calculated by 

deploying Mie theory for 34 discrete sizes and 147 wavelengths. Spectral radiative 

properties (absorption and scattering coefficients and asymmetry factors) of the 

polydisperse particles with a discrete size distribution can be evaluated using the 

single particle properties. The thermal spectrum is represented with 8 spectral 

wavelength intervals 0 – 20 μm which covers almost all thermal radiation under the 

temperatures of FBCs. Table 7.18 summarizes limits for each wide band and the 

corresponding fraction of blackbody emissive power (Δf) for all combustion tests. 
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Table 7.18 Band dividing scheme utilized in this study and corresponding fraction 

of blackbody emissive power (Δf) for all combustion tests 

Band No. Start (μm) End (μm) Δf (Test 1) Δf (Test 2) Δf (Test 3) 

1 0.0 2.4 0.19 0.20 0.20 

2 2.4 3.1 0.17 0.17 0.17 

3 3.1 4.1 0.20 0.20 0.20 

4 4.1 4.8 0.10 0.10 0.10 

5 4.8 6.3 0.14 0.13 0.14 

6 6.3 8.9 0.11 0.10 0.10 

7 8.9 12.1 0.05 0.05 0.05 

8 12.1 20.0 0.03 0.03 0.03 

 

7.3.1 Radiative Properties of Cyclone and Bag Filter Particles 

In this section, the radiative properties of both cyclone and bag filter particles for all 

combustion tests under consideration are compared to investigate the influence of 

co-firing on the RHT. Figure 7.16 illustrates the comparison of the spectral 

absorptive and refractive indices of cyclone and bag filter particles for all tests. 

Refractive indices of cyclone and bag filter particles are quite similar throughout the 

entire spectrum under investigation for all combustion tests with and without 

biomass co-firing. On the other hand, the absorptive indices of bag filter particles are 

considerably higher compared to those of cyclone particles in the wavelength range 

of 1 – 4 μm, which covers approximately 55 % of the thermal radiation under 

fluidized bed combustion conditions. The reason behind the significant difference 

between the absorptive indices of cyclone and bag filter particles is considered to be 
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due to the significant difference in the iron content of the cyclone and bag filter ashes 

as shown in Tables 6.18 and 6.19. 

 

Figure 7.16. Refractive and absorptive indices of both cyclone and bag filter 

particles of (a) Test 5 (b) Test 6 and (c) Test 7 

Predicted spectral radiative properties of bag filter (BF) and bag filter and cyclone 

ash particles (BF and Cyclone) for all tests are illustrated in Figures 7.17, 7.18, and 

7.19. The radiative properties of fly ash particles are calculated for the wavelength 

range of 1-20 microns due to the lack of RI of particles between 0-1 microns. 

Fortunately, the interval between 0-1 microns covers only 0.1 % of the thermal 

radiation at the temperature of the system under consideration. As demonstrated by 

the figure, in Test 5 with the combustion of lignite only, bag filter particles contribute 
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to only a marginal part of absorption and scattering of radiation by fly ash particles. 

This effect is attributed to the significant amount of coarse particles produced by 

lignite combustion. With the addition of OR and HS in Test 6 and Test 7, on the 

other hand, bag filter particles dominate the particle absorption and scattering due to 

very high projected surface area of bag filter particles compared to cyclone particles. 

This is considered to be due to the tendency of biomass combustion to produce fine 

particles as reported before [200]. Asymmetry factors are not significantly 

influenced by biomass addition. Considering the similarity between refractive and 

absorptive indices of cyclone and bag filter particles except in the wavelength range 

of 1 – 4 μm, the differences in absorption and scattering properties of cyclone and 

bag filter particles are considered to be due to the differences in particle load and 

particle size rather than the differences in refractive and absorptive indices. 
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Figure 7.17. Spectral particle (a) absorption coefficients, (b) scattering coefficients 

and (c) asymmetry factors for Test 5  
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Figure 7.18. Spectral particle (a) absorption coefficients, (b) scattering coefficients 

and (c) asymmetry factors for Test 6 
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Figure 7.19. Spectral particle (a) absorption coefficients, (b) scattering coefficients 

and (c) asymmetry factors for Test 7 
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7.3.2 Influence of Cyclone and Bag Filter Particles and Combustion 

Gases on Radiative Heat Transfer 

To assess the contribution of bag filter particles to spectral thermal radiation, ST and 

net wall HF predictions of spectral RHT models were evaluated without particles, 

only with bag filter particles, and with cyclone and bag filter particles for all 

combustion tests. However, before going through a detailed analysis, it should be 

pointed out that the existence of particles and combustion gases has not a noticeable 

impact on incident HFs due to the dominance of hot refractory-lined walls. 

Therefore, the comparison of incident HF profiles predicted by the RHT models is 

not included in the present work. The comparisons of the ST and net wall HF 

predictions without particles, with only bag filter particles, and with cyclone and bag 

filter particles for Tests 5, 6, and 7 are shown in Figure 7.20. As demonstrated by 

Figure 7.20, the net radiative wall HFs are positive in the lower part of the freeboard 

due to radiative heating by the bed surface whereas they are negative at the upper 

part which indicates radiative cooling by the cooler module at the end of the 

freeboard. Contribution of cyclone particles on the net HFs in Test 5 without co-

firing is higher than that of bag filter particles. On the other hand, cyclone particles 

have a negligible effect on the net fluxes in the combustion tests with co-firing (Tests 

6 and 7). Similar trends are also observed in the ST profiles. The sharp changes in 

the STs at the beginning and the end of the freeboard are considered to be due to the 

discontinuity between the medium temperature profile and the temperatures of the 

top and the bottom boundaries. This sharp difference in the ST profile is much higher 

at the top boundaries due to existence of the cooler module. 
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Figure 7.20. Net wall HF and ST profiles of radiative heat transfer models without 

particles (combustion gases only), only with bag filter particles, and with cyclone 

and bag filter particles for (a) Test 5, (b) Test 6, and (c) Test 7 

Table 7.19 lists the average ST and net wall HF predictions of the RHT models 

without particles, only with bag filter particles, and with cyclone and bag filter 

particles for Tests 5, 6, and 7. As summarized in the table, the addition of biomass 

reduces the total net wall HF and ST predictions along the combustor. However, this 

decrease in the HF and the ST predictions is not significant despite the low ash 

content of biomass compared to lignite (see Tables 6.14 and 6.15) and low sulfur 

content of biomass leading to lower limestone flow rates in the co-firing tests (see 

Tables 6.13). The slight decrease in the HF and the ST predictions is considered to 
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be due to the fall in the contribution of cyclone particles to thermal radiation, which 

is compensated by the higher contribution of combustions gases and fine particles 

originating from biomass combustion. 

Table 7.19 Average net wall HF and ST predictions without particles (combustion 

gases only), only with bag filter particles, and with cyclone and bag filter particles 

for Tests 5, 6, and 7 

 Test 5 Test 6 Test 7 

Average qw (kW/m2) 

With Cyclone and Bag Filter Particles 0.07 -0.07 -0.01 

With Bag Filter Particles -0.08 -0.12 -0.05 

Without Particles -0.17 -0.23 -0.19 

Average ∇q (kW/m3) 

With Cyclone and Bag Filter Particles 3.68 3.40 3.53 

With Bag Filter Particles 2.35 2.79 2.84 

Without Particles 1.72 2.11 1.97 

 

In order to estimate the fractional contributions of combustion gases, bag filter 

particles, and cyclone particles to radiation, the radiation code is executed by 

considering first only combustion gases, then combustion gases with only bag filter 

particles, and then combustion gases with cyclone and bag filter particles radiation. 

Contributions of gas, bag filter, and cyclone particles to RHT are calculated as 

follows: 

𝑓𝑔𝑎𝑠 =
∇𝑞𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠

∇𝑞𝑤𝑖𝑡ℎ 𝑐𝑦𝑐𝑙𝑜𝑛𝑒 𝑎𝑛𝑑 𝑏𝑎𝑔 𝑓𝑖𝑙𝑡𝑒𝑟 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠
                                                                 (7.1) 
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𝑓𝐵𝐹 =
𝛻𝑞𝑤𝑖𝑡ℎ 𝐵𝐹 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 − 𝛻𝑞𝑤𝑖𝑡ℎ𝑜𝑢𝑡 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠

𝛻𝑞𝑤𝑖𝑡ℎ 𝑐𝑦𝑐𝑙𝑜𝑛𝑒 𝑎𝑛𝑑 𝑏𝑎𝑔 𝑓𝑖𝑙𝑡𝑒𝑟 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠
                                                           (7.2) 

𝑓𝐶𝑦𝑐𝑙𝑜𝑛𝑒 = 1 − 𝑓𝑔𝑎𝑠 − 𝑓𝐵𝐹                                                                                               (7.3) 

Estimated fractional contributions of combustions gases, bag filter particles, and 

cyclone particles for all tests are listed in Table 7.20. As can be seen from the table, 

the contribution of gas radiation to total RHT is slightly higher in co-firing tests due 

to (i) lower total freeboard (cyclone and bag filter) particle load due to low ash 

content of biomass (ii) high hydrogen content of the biomass fuel leading to higher 

water vapor concentration along the freeboard. Furthermore, the addition of OR and 

HS increases the contribution of bag filter particles on RHT and reduces the 

contribution of cyclone particles. This effect is considered to be due to the higher 

load of bag filter particles and the lower load of cyclone particles in the freeboard of 

the co-firing tests as can be seen from Table 6.18. 

Table 7.20 Fractional contributions of combustions gases, bag filter particles, and 

cyclone particles to radiative heat transfer for all combustion tests 

 Test 5 Test 6 Test 7 

Combustion Gases 0.47 0.62 0.56 

Bag Filter Particles 0.17 0.20 0.25 

Cyclone Particles 0.36 0.18 0.19 

 

The results of this study cannot be transferred directly to full-scale plants as the test 

rig with high surface to volume ratio (Surface area/Volume = 9.4) does not represent 

the commercial scale boilers. However, these results highlight the importance of bag 

filter and cyclone particle radiation in the modeling and design of commercial-scale 

bubbling FBCs co-firing lignite and biomass. Furthermore, these results also reveal 

that co-firing biomass in existing large-scale coal-fired bubbling FBCs may not 
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significantly deteriorate the RHT depending on the ash, hydrogen, and moisture 

content of the biomass. 

7.3.3 Concluding Remarks for the Effect of Bag Filter and Cyclone Ashes 

Based on the application of 3-D radiation code using MOL of DOM to the 

combustion and co-combustion tests carried out in METU 0.3 MWt ABFBC test rig, 

it was found that while co-firing high ash content lignites with low ash content 

biomass in BFBCs, the contribution of cyclone particles to thermal radiation 

decreases. On the other hand, those of combustion gases and fine particles originated 

from biomass combustion increase. The contribution of gas radiation to total RHT 

in bubbling fluidized beds slightly increases with the addition of biomass due to (i) 

lower total freeboard (cyclone and bag filter) particle load due to low ash content of 

biomass and (ii) high hydrogen content of the biomass fuel leading to higher water 

vapor concentration along the freeboard. Finally, co-firing lignite and biomass in a 

coal-fired power plant instead of only lignite combustion may not deteriorate RHT 

in the freeboard depending on the ash, hydrogen, and moisture content of the 

biomass. 

7.4 Effect of Soot on Radiative Heat Transfer in Bubbling Fluidized Bed 

Combustors 

The solution of RTE becomes further complicated in the presence of spectral 

absorption, emission, and scattering properties of the medium. Studies involving 

thermal radiation in the FBCs have already taken into account the contributions of 

combustion gases (CO2 and H2O) [61,203–205] and fly ash particles [42,45] with 

reasonable accuracy and computational efficiency. However, there is no study in the 

literature investigating the influence of soot on RHT in the BFBCs. 

Soot is formed during the operation of practical combustion devices especially the 

ones involving diffusion flames [206]. Previous experimental studies carried out in 



 
 

231 

BFBCs indicate the formation of flames in the bubbles [207] and just above the 

bubbling bed [207,208] during the combustion of different types of coal. Therefore, 

soot particles and aggregates are expected to form during the operation of BFBCs 

exclusively above the bubbling bed (i.e. splash zone) or in the bubbles which will 

eventually splash and mix with the gases in the splash zone. It is well known that 

soot is a strong absorber and emitter of infrared radiation in a continuous spectrum, 

which implies that it may contribute to thermal radiation significantly even at a very 

low volume fraction. Therefore, the radiative properties of soot should be considered 

together with combustion gases and particles for the modeling of thermal radiation 

in BFBCs. 

Therefore, one of the aims of this study is to examine the influence of soot particles 

and aggregates on RHT in BFBCs. For this purpose, a radiative property model for 

soot particles and aggregates is first incorporated into an in-house developed 1-D 

radiation code to examine the influence of different parameters on soot radiative 

properties and RHT predictions. Then, spectral soot radiative property model is 

coupled with the 3-D radiation code utilizing MOL of DOM and spectral gas, fly ash 

particle, and wall radiative properties in order to investigate the influence of soot on 

thermal radiation in 0.3 MWt ABFBC test rig, which represents the typical operation 

conditions of industrial BFBCs. In the following sections, details of this study and 

its major findings are presented. 

SN angular discretization method suggested by Carlson and Lathrop [101] is selected 

for the MOL solution of DOM. The system of ODEs obtained after angular and 

spatial discretization is solved by the readily available ROWMAP code which 

utilizes ROW-methods of order 4 and uses Krylov techniques for the solution of 

linear systems [105]. All tests are performed on a computer with Intel® CoreTM i7-

2600 CPU 3.40 GHz processor having 16.00 GB of RAM.  

Gas radiative properties are estimated using SLW [51–53], banded SLW [52], 

banded SLW-1 [81,87,205]. Properties of fly ash particles, including bag filter and 

cyclone ashes, are estimated using Mie theory as the majority of fly ash utilized in 
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this study is too large for Rayleigh scattering theory yet too small for geometric 

optics approximation. Furthermore, the anisotropic scattering of fly ash particles is 

represented by using transport approximation [119]. For the radiative properties of 

soot particles and aggregates, Rayleigh scattering theory and electrostatic 

approximation (ESA) is utilized.  

Gray gas parameters of banded SLW-1 model (𝜅𝑗,1 and 𝑎𝑗,1) are estimated based on 

two emissivity approach where gray gas parameters are obtained by fitting total gas 

emissivities calculated at two different path length 𝐿1 and 𝐿2. In this study, total gas 

emissivities are estimated utilizing 10 x 10 (H2O x CO2) gray gas mixtures as 10 x 

10 gray gas mixtures provide sufficient accuracy in RHT predictions. L1 and L2, on 

the other hand, are selected as 0.1 and 1.1 times spectrally dependent mean beam 

length. 

For the spectral solution of RTE, the thermal spectrum is divided into 8 spectral wide 

bands between 0 – 20 μm which covers almost all thermal radiation under the 

temperatures of FBCs. The band dividing scheme is given in Table 7.21. For each 

wide band, intensity field is calculated individually by solving RTE utilizing banded 

properties of combustion gases, fly ash, and soot particles. Then, the total intensity 

field can directly be calculated by the addition of the intensities of each wide band. 
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Table 7.21 Band dividing scheme 

Band No. Start (μm) End (μm) 

1 0.0 2.4 

2 2.4 3.1 

3 3.1 4.1 

4 4.1 4.8 

5 4.8 6.3 

6 6.3 8.9 

7 8.9 12.1 

8 12.1 20.0 

 

7.4.1 1-D Test Problem 

Before the application of the 3-D spectral radiation code, coupled with radiative 

property models for combustion gases, fly ash particles, and soot, to the 0.3 MWt 

ABFBC test rig, the influence of soot on thermal radiation is first tested on a 1-D 

slab problem including combustion gases and soot. The effect of several parameters 

such as soot particle size, soot aggregate size, and utilization of gray soot properties, 

is tested in the 1-D slab problem. 

The effect of soot on RHT is investigated on a 1-D slab problem adopted from 

Bordbar et al. [61] by using a developed 1-D radiation code utilizing the MOL of 

DOM coupled with SLW and banded SLW (band dividing scheme for banded SLW 

is presented in Table 7.21) model for gas radiative properties. The schematic 

representation of 1-D slab problem is illustrated in Figure 7.21. The system under 

investigation consists of two infinitely long parallel plates 1.0 m apart. The medium 
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bounded by two parallel plates originally consists of an isothermal and homogeneous 

mixture of H2O and CO2 at 1000 K and with 0.2 and 0.1 mole fractions, respectively. 

In this section, in order to assess the effect of soot on radiation, soot is also included 

in the medium with a volume fraction (fv) of 3 x 10-6 based on the previous study of 

Butler et al. [209]. Both parallel plates are black surfaces at 300 K. In the solution of 

RTE for 1-D slab problem, a combination of 101 uniform grids (in the x-direction), 

two-point-upwind-differencing scheme (DSS012), and the S8 angular quadrature 

scheme is used. 

 
Figure 7.21. Schematic representation of 1-D slab problem 

First of all, the effect of the number of gray gases on the predictive accuracy of SLW 

is tested for the 1-D slab problem in the absence of soot by comparing their net wall 

HF and ST predictions with those of reference solution. For this purpose, 5 x 5, 10 x 

10, and 15 x 15 gray gases for H2O and CO2, respectively, are tested where 

predictions of 15 x 15 gray gases are taken as the reference solution. Comparison of 

RHT predictions of SLW model with different numbers of gray gases is illustrated 

in Figure 7.22. Errors in HFs and STs and CPU times are shown in Table 7.22. 10 x 

10 number of gray gases for H2O and CO2 is found to provide the most satisfactory 

predictions. Therefore, 10x10 gray gases will be utilized for the 1-D slab problem. 
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Figure 7.22. (a) Wall HF and (b) ST predictions of SLW model with 5 x 5, 10 x 10, 

and 15 x 15 number of gray gases for H2O and CO2 for 1-D slab problem 

Table 7.22 Errors in HFs and STs and corresponding CPU times of SLW model 

with 5 x 5, 10 x 10, and 15 x 15 number of gray gases for H2O and CO2 for 1-D 

slab problem 

 5 x 5 10 x 10 15 x 15 

Error in qw (%) 6.31 0.30 Reference 

Error in ∇q* (%) 8.64 0.37 Reference 

CPU Time, s 13 86 246 

* Error = [∑ (
|∇q𝑖−∇q𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒,𝑖|

∇q𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒,𝑖

)𝑁
𝑖 × 100]/𝑁 where i is the computational grid 
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Before the assessment of the influence of soot on RHT, the performance of gray 

radiative properties of soot particles is tested by comparing its predictions with those 

of non-gray soot radiative properties for 1-D slab problem in the presence of 10 nm 

soot particles with a volume fraction of 3 x 10-6. Figure 7.23 demonstrates net wall 

HF and ST predictions of banded SLW model with both gray and non-gray soot 

particle radiative properties. Moreover, errors in HF and ST predictions of gray soot 

properties are listed in Table 7.23. Gray radiative properties of soot particles provide 

sufficiently accurate RHT predictions (with less than 5 % errors), and thus, it will be 

employed for the 1-D slab problem in the rest of the study. 

 
Figure 7.23. (a) Wall HF and (b) ST predictions of banded SLW model with gray 

and non-gray soot particle radiative properties for 1-D slab problem 
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Table 7.23 Error in HF and ST of banded SLW model with gray soot particle 

radiative properties for 1-D slab problem 

 Gray Soot Non-Gray Soot 

Error in qw (%) 1.75 Reference 

Error in ∇q* (%) 4.67 Reference 

* Error = [∑ (
|∇q𝑖−∇q𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒,𝑖|

∇q𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒,𝑖

)𝑁
𝑖 × 100]/𝑁 where i is the computational grid 

 

The effect of soot particles and soot aggregates with different numbers of soot 

particles in an aggregate (N = 100, 250, 1000, and 10000) on RHT is investigated by 

applying 1-D radiation code using MOL of DOM with SLW model and gray 

radiative properties of soot particles and aggregates. This effect is tested using two 

different soot particle diameters (dp,s = 10 and 50 nm) in order to assess the influence 

of soot particle diameter on RHT as well. Comparison of scattering and absorption 

coefficients of the soot particles and soot aggregates is given in Table 7.24. 

Increasing the soot particle diameter and number of soot particles in an aggregate 

increases the scattering coefficient significantly while keeping the absorption 

coefficient of soot almost the same. It can be noted that the scattering coefficients of 

all aggregates are still very low (at least one order of magnitude) compared to the 

absorption coefficient. Net wall HF and ST predictions of the radiation models 

including soot particles and soot aggregates with different numbers of soot particles 

in an aggregate (N = 100, 250, 1000, and 10000) are illustrated in Figure 7.24. As 

demonstrated by the figure, addition of soot particles or aggregates significantly 

improves wall HFs and STs in the problem under consideration due to the high 

absorption and low scattering coefficient of soot as shown in Table 7.24. On the other 

hand, soot particle diameter and number of soot particles in an aggregate do not 

significantly influence the net wall HFs, and STs as absorption coefficient of soot is 

not significantly affected by those parameters. 
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Table 7.24 Absorption and scattering coefficients of soot particles and soot 

aggregates with different soot particle diameters (dp = 10 and 50 nm) and numbers 

of soot particles in an aggregate (N = 100, 250, 1000, and 10000) 

 dp = 10 nm dp = 50 nm 

 κp (m-1) σp (m-1) κp (m-1) σp (m-1) 

Soot Particles 4.0799 0.00001 4.0967 0.0011 

Soot Aggregates with N = 100 4.3210 0.0055 4.3388 0.1003 

Soot Aggregates with N = 250 4.3232 0.0103 4.3410 0.1564 

Soot Aggregates with N = 1000 4.3243 0.0211 4.3421 0.2599 

Soot Aggregates with N = 10000 4.3246 0.0450 4.3425 0.4462 

 

 
Figure 7.24. Net wall HF and ST predictions of SLW model with soot particles and 

soot aggregates with different numbers of soot particles in an aggregate (N = 100, 

250, 1000, and 10000) for 1-D slab problem ((a) dp = 10 nm, (b) dp =50 nm) 
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7.4.2 ABFBC Test Rig 

After the application of radiation model to 1-D slab problem which shows 

remarkable impact of soot on RHT, the 3-D spectral radiation code is applied to the 

0.3 MWt ABFBC test rig. The freeboard of the test rig is originally bounded by hot 

refractory-lined walls. However, industrial-scale FBCs are generally bounded by 

cold water walls to extract the heat released during combustion. Therefore, a 

hypothetical study is performed where hot refractory-lined walls of the test rig are 

replaced with cold water walls, at 537 K and with spectral emissivity of thermally 

oxidized carbon steel (given in section 2.4), based on the experimental study of 

Andersson et al. [208] conducted in 16 MWt FBC located at Chalmers University of 

Technology with similar freeboard temperatures. All parameters, except wall 

temperature and wall emissivity, are kept the same as those of the test rig firing 

indigenous lignite. 

In this section, the effect of soot particles on RHT is studied by applying the 3-D 

spectral radiation code using MOL of DOM with banded SLW-1 for radiative 

properties of combustion gases, Mie theory for radiative properties of bag filter and 

cyclone ash particles, and Rayleigh scattering theory for soot particles in the 

freeboard of the test rig. Input data for the application of 3-D spectral radiation code 

is adapted from a previous experimental study conducted in the test rig firing 

indigenous lignite with limestone addition (Test 5). 

Soot particles are assumed not to form aggregates as RHT predictions of soot 

particles and aggregates are quite similar as mentioned in section 7.4.1. Soot particles 

are taken to be uniformly released only in the splash zone of the 0.3 MWt ABFBC 

test rig based on a previous study observing the formation of yellow diffusion flames 

at the bed surface [207]. The estimation of soot volume fraction and splash zone 

height is explained in detail in Appendix H. Based on the procedure given in 

Appendix H, the volume fraction of soot particles is calculated as 7.3 x 10-7 for Test 

5 and taken to be uniform in the splash zone, which is estimated as 0.86 m from the 
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expanded bed height. The change of volume fraction of cyclone ash, bag filter ash, 

and soot particles along freeboard height for Test 5 is illustrated in Figure 7.25. 

 
Figure 7.25. Volume fractions of cyclone ash, bag filter ash, and soot particles as a 

function of freeboard height for Test 5 

For the solution of RTE for 3-D enclosure, S6 angular discretization scheme, 

11×11×81 grid resolutions and three-point-upwind-differencing-scheme (DSS014) 

is utilized based on previous assessment studies [199,201]. It should be highlighted 

at this point that the sufficiency of such a low grid resolution (less than 10000 grid 

structure) to obtain converged solutions is considered to be due to almost isothermal 

temperature profile and uniform CO2 and H2O concentration and particle load along 

the freeboard of the test rig owing to rapid combustion of high VM/FC fuels under 

BFBC conditions. Under these circumstances, the intensity gradients in the RTE 

become smaller where coarser spatial discretization schemes are expected to become 

sufficient for the numerical solution of RTE. 

Figure 7.26 demonstrates the comparison between the spectral refractive and 

absorptive indices of bag filter ashes, cyclone ashes, and soot particles existing in 

the test rig. As can be seen from the figure, refractive and absorptive indices of 

cyclone and bag filter ashes are quite similar in the whole thermal spectrum owing 

to similar chemical compositions as shown in Tables 6.18 and 6.19. On the other 
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hand, absorptive indices of soot are significantly greater than those of fly ash 

particles, especially in the wavelength range of 1 – 7 μm which stands for the 85 % 

of thermal radiation for the system under consideration. The difference between the 

refractive indices of soot particles and fly ash particles increases with increasing 

wavelength, especially when the wavelength becomes higher than 10 μm. However, 

those wavelengths do not contribute to the thermal radiation remarkably under the 

conditions of the test rig. 

 

 
Figure 7.26. Spectral (a) refractive and (b) absorptive indices of bag filter ash, 

cyclone ash, and soot particles 
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Comparison of the absorption coefficient, scattering coefficient, and asymmetry 

factor of bag filter ashes, cyclone ashes, and soot particles is illustrated in Figures 

7.27(a), 7.27(b), and 7.27(c), respectively. Absorption coefficient of soot particles is 

significantly greater than those of bag filter and cyclone ashes in the wavelength 

range of 1 – 7 μm which covers almost 85 % of the thermal radiation of the system 

under investigation. This difference is attributed to the difference between the 

absorptive indices of soot and fly ash particles in the same wavelength range as 

highlighted in Figure 7.26(b). However, the scattering coefficient of the soot 

particles is negligible compared to those of bag filter and cyclone ashes. 

 
Figure 7.27. Spectral (a) absorption coefficient, (b) scattering coefficient, and (c) 

asymmetry factor of bag filter ash, cyclone ash, and soot particles 

To assess the effects of combustion gases, bag filter particles, cyclone particles, and 

soot on RHT, 3-D spectral radiation code is executed by considering first presence 

of combustion gases only, then combustion gases with bag filter particles only, then 

combustion gases with cyclone and bag filter particles and then combustion gases 

with cyclone, bag filter, and soot particles. Incident wall HF and ST profiles of 

combustion test are demonstrated in Figures 7.28(a) and 7.28(b), respectively. 
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Presence of soot particles in the splash zone significantly improves both incident HF 

and STs. This effect is attributed to the combined effects of very high absorption 

coefficients of soot particles in the wavelength range of 1 – 7 μm (see Figure 7.27(a)) 

which covers almost 85 % of the thermal radiation of the system under investigation 

and negligible scattering coefficient throughout the entire spectrum. 

 
Figure 7.28. (a) Incident HF and (b) ST predictions of 3-D radiation code by 

considering the presence of only combustion gases, combustion gases with bag 

filter (BF) particles, combustion gases with cyclone and bag filter particles, and 

combustion gases with cyclone, bag filter, and soot particles 

The fractional contribution of combustion gases, bag filter particles, cyclone 

particles, and soot to incident wall HFs and radiative STs in the splash zone and the 

whole freeboard of the test rig is estimated based on the ST and incident HF 
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predictions illustrated in Figures 7.28(a) and 7.28(b). The contributions of 

combustion gases, bag filter particles, cyclone particles, and soot to RHT in the 

splash zone and the whole freeboard are given in Table 7.25. As shown in the table, 

soot particles contribute significantly to RHT in both the splash zone and freeboard 

of the BFBC under investigation. The contribution of soot to RHT is higher in the 

splash zone compared to that in freeboard due to the absence of soot particles above 

the splash zone. Furthermore, the influence of wall on RHT is still important in both 

the splash zone and freeboard due to the existence of the hot boundary with the bed 

section. Apart from combustion gases (CO2 and H2O), fly ash particles, and soot, 

there exist some other gaseous species in the freeboard of the test rig such as CO, 

SO2, NO, and N2O which are discarded in the RHT calculations. However, their 

contribution to thermal radiation can roughly be estimated utilizing their Planck-

mean absorption coefficients based on HITRAN and HITEMP databases reported by 

Modest [46] and concentration profiles of those gaseous species in the freeboard of 

the test rig reported in [196]. Based on the Planck-mean absorption coefficients, 

gaseous species, CO, SO2, NO, and N2O, contributes to less than 0.25 % of the gas 

radiation for the test rig under investigation which indicates neglecting those gaseous 

species in radiative transfer calculations does not lead to any remarkable error. 
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Table 7.25 Fractional contribution of combustion gases, bag filter particles, cyclone 

particles, and soot to incident wall HFs and radiative STs in the splash zone and the 

freeboard 

 Contribution to ST Contribution to HF 

 Splash Zone Freeboard Splash Zone Freeboard 

Soot 0.72 0.44 0.36 0.21 

Cyclone Ash 0.08 0.15 0.04 0.08 

Bag filter Ash 0.03 0.07 0.02 0.03 

Combustion Gases 0.17 0.34 0.18 0.32 

Wall - - 0.40 0.36 

 

In the present work, the soot volume fraction is estimated based on the assumptions 

which are (i) soot particles are uniformly distributed to the splash zone and (ii) all 

tar released during coal devolatilization is converted to soot. To understand the effect 

of these assumptions on the relative importance of soot on thermal radiation in 

BFBCs, a parametric study where different volume fractions of soot (fv = 7.0 x 10-8, 

7.3 x 10-7, and 4.0 x 10-6) are utilized with 3-D radiation code by keeping all other 

parameters constant. Upper and lower limits are selected based on the range for soot 

volume fractions in small pool fires of diffusion flames reported by Bard and Pagni 

[210]. The intermediate soot volume fraction value (fv = 7.3 x 10-7) is the one utilized 

in the splash zone of the test rig firing indigenous lignite. Incident HF and ST profiles 

of the combustion test utilizing different soot volume fractions are illustrated in 

Figures 7.29(a) and 7.29(b), respectively. Furthermore, fractional contributions of 

soot to ST and HFs for different soot volume fractions are listed in Table 7.26. The 

contribution of soot to RHT is very sensitive to soot volume fraction which indicates 

experimental measurements of much more detailed models are necessary for the 

estimation of soot volume fractions. However, the findings obtained in this study 
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show that, even at the lowest volume fraction, soot particles have a noticeable impact 

on RHT in the splashing region of the freeboard. Therefore, it can be concluded that 

presence of soot should be taken into consideration in the radiative transfer 

calculations for BFBCs for accurate treatment of thermal radiation in those systems. 

 
Figure 7.29. (a) Incident HF and (b) ST predictions of 3-D radiation code by 

utilizing different soot volume fractions 
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Table 7.26 Fractional contribution of soot particles to incident wall HFs and 

radiative sourve terms in the splash zone and the freeboard for different soot 

volume fractions 

Soot Volume 

Fraction (fv) 

Contribution to ST Contribution to HF 

Splash Zone Freeboard Splash Zone Freeboard 

7.0 x 10-8 0.26 0.10 0.07 0.03 

7.3 x 10-7 0.72 0.44 0.36 0.21 

4.0 x 10-6 0.76 0.50 0.53 0.35 

 

Finally, RHT predictions of gray and non-gray radiative properties fly ash and soot 

particles are compared for the combustion tests carried out in the test rig where soot 

volume fraction is taken as 7.3 x 10-7. Predicted HF and ST profiles using gray 

(Planck-mean) and non-gray radiative properties of fly ash and soot particles are 

illustrated in Figures 7.30(a) and 7.30(b), respectively. As shown by the figure and 

table, utilizing Planck-mean radiative properties for fly ash and soot particles instead 

of spectral properties does not produce any considerable error (1.93 % for incident 

HF and 4.85 % for ST) in RHT predictions for the test rig under investigation. For 

this purpose, it can be concluded that Planck-mean soot and fly ash radiative 

properties reduce CPU requirements of the solution of RTE for the test problem 

under consideration. 
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Figure 7.30. (a) Incident HF and (b) ST predictions of 3-D radiation code by 

utilizing gray (Planck-mean) and non-gray radiative properties fly ash and soot 

particles (fv = 7.3 x 10-7) 

7.4.3 Concluding Remarks for the Effect of Bag Filter and Cyclone Ashes 

In this section, a parametric study carried out in a 1-D slab problem involving 

combustion gases and soot is carried out to reveal that soot particle diameter and 

number of soot particles in a soot aggregate do not significantly affect the net wall 

HF and ST predictions due to their insignificant effect on absorption coefficient. 

Later, the effect of soot on RHT is investigated in the freeboard of METU 0.3 MWt 
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ABFBC test rig. It was found that the presence of soot particles in the splash zone of 

BFBCs significantly improves incident wall HFs and STs due to the combined 

effects of higher absorption coefficient of soot compared to fly ash particle in the 

wavelength range of 1 - 7 μm, which covers 85 % of the thermal radiation, and 

negligible scattering coefficient of soot throughout the entire thermal spectrum. Soot 

particles have been found to have a noticeable impact on RHT even at very low 

volume fractions based on a parametric study where different soot volume fractions, 

observed in different types of diffusion flames, are utilized. Planck-mean soot and 

fly ash particle properties are found to provide reasonably accurate RHT predictions 

for the freeboard of 0.3 MWt ABFBC test rig and can be used to improve the 

computational efficiency of the solution of RTE under these conditions. 

7.5 Coupling of Radiation Model with the Transient System Model of 

ABFBC Firing Lignite 

As mentioned before, none of the studies in the literature coupled a comprehensive 

transient system model for a BFBC with a sophisticated radiation model where RTE 

is explicitly solved in conjunction with conservation equations of other transport 

processes. BFBCs are characterized by the low particle load in the freeboard region. 

Furthermore, previous works regarding the heat transfer in FBCs state that RHT 

becomes significant when particle load is low [34,35]. Therefore, sufficiently 

accurate and computationally efficient methods both for the solution of RTE and for 

the estimation of radiative properties of combustion gases, particles, and walls are 

necessary. 

One aim of this thesis study is to couple a transient 1-D comprehensive system model 

for BFBC firing lignite with the 3-D radiation code using MOL solution of DOM 

coupled with robust radiative property models for combustion gases, particles, and 

walls. To accomplish such an objective, a comprehensive transient system model for 

METU 0.3 MWt ABFBC test rig, developed by Selcuk and Degirmenci [28] is 

chosen as basis. As the coupled BFBC system model requires input data obtained 
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from the steady-state BFBC system model, another objective of this study is to 

couple a steady-state 1-D system model for BFBC firing lignite with the same 3-D 

radiation code.  

The performance of the coupled model is evaluated by comparing its predictions 

with the measurements of temperatures and concentrations of the species O2, CO, 

and CO2 along the combustor gathered from the test rig firing a typical Turkish 

lignite. Results of steady-state and transient combustion tests (Test 1) which were 

carried out in a previous study [28] are utilized as input data for application and 

validation of the model. 

The details of the comprehensive transient 1-D BFBC system model are described 

in Chapter 4. In the solution of RTE, the S6 scheme is used to discretize the angular 

domain whereas 11 x 11 x 80 grid points are employed to discretize the spatial 

domain. For the differencing of the spatial derivatives in MOL of DOM 

representation of RTE,  three-point upwind differencing scheme, DSS014, is 

employed. The system of ODEs obtained after angular and spatial discretization is 

solved by the readily available ROWMAP code based on ROW-methods of order 

four (a class of linearly implicit Runge-Kutta methods) utilizing Krylov techniques 

for the solution of linear systems. All test are performed on a computer with Intel® 

CoreTM i7-2600 CPU 3.40 GHz processor having 16.00 GB of RAM.  

In the following sections, two different radiative property approaches are utilized in 

order to test the performances of different approaches. In the first approach which is 

labeled as ‘present FBC model with spectral radiation model’, gas radiative 

properties are determined using Bordbar’s 10 band model [61] whereas spectral 

particle radiative properties are estimated by using Mie theory. On the other hand, in 

the second approach, ‘present FBC model with SLW-1’, spectral gas radiative 

properties are calculated using classical SLW-1 [81,82] whereas particle properties 

are taken to be gray. In both approaches, anisotropic scattering by particles is taken 

into account using transport approximation [119].  
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7.5.1 Results of the Combustion Test with Hot Refractory-Lined Walls 

The predictive accuracy of the steady-state FBC system models coupled with and 

without radiation models is tested by comparing their temperature and gaseous 

emission predictions with the steady-state measurements obtained from a 

combustion test conducted in the test rig where Aydın lignite is fired. However, 

radiative HF predictions of the present model are not compared with the 

measurements as no measured radiative HF data is available for the combustion test 

under consideration. Fortunately, the spectral radiation models utilized in this study 

have already been validated against the incident HF measurements obtained in the 

same test rig where lignite is fired with and without fly ash recycling (see sections 

7.1 and 7.2). 

7.5.1.1 Validation Against Steady-State Measurements 

Figure 7.31 compares the predictions and measurements of temperatures along the 

freeboard of the ABFBC test rig firing lignite. CPU requirements of FBC models 

with and without radiation models are shown in Table 7.27. As demonstrated by the 

figure, medium and wall temperature profiles predicted by all FBC models with and 

without radiation models are in reasonable agreement with the measurements. Using 

a sophisticated radiation code in conjunction with the system model of FBC does not 

significantly influence the temperature predictions for the combustion test under 

investigation. This insignificant difference in the temperature predictions of FBC 

models with and without radiation models is considered to be due to very low 

temperature difference between the medium and hot refractory-lined walls of the test 

rig which leads to low heat transfer rates in the freeboard section. However, RHT 

may become much more important in industrial and utility boilers where side walls 

are made up of cold membrane tube walls. 
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Figure 7.31. Medium and wall temperature profiles predicted by FBC models with 

and without radiation models under steady-state conditions 

Table 7.27 CPU time requirements of the FBC models with and without radiation 

models under steady-state conditions 

Present FBC model w/o radiation model 0.23 s 

Present FBC model with SLW-1 2379 s 

Present FBC model with spectral radiation model 13205 s 
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Figure 7.32 demonstrates the steady-state net HF, ST, emission term, and absorption 

term profiles along the freeboard predicted by FBC models with radiation model 

(note that ST = Emission – Absorption). As illustrated by the figure, net wall HF, 

centerline ST, centerline emission term, and centerline absorption term predictions 

of the present FBC model with spectral radiation model and present FBC model with 

SLW-1 are in reasonable agreement with each other. This is why temperature 

predictions of both coupled FBC models are quite similar as illustrated in Figure 

7.31. Furthermore, freeboard centerline emission and absorption terms are similar in 

magnitude which indicates that re-absorption of thermal radiation is as significant as 

the emission for the test case under investigation. To conclude, SLW-1 model with 

gray particle and wall properties provides reasonable accuracy in the RHT 

predictions and thus in the temperature predictions along the freeboard of the test rig 

under investigation, and can be used to improve computational efficiency of the FBC 

models coupled with radiation models. Therefore, SLW-1 model with gray particle 

and wall properties will be utilized to estimate the radiative properties of particle-

laden combustion gases in the freeboard of the test rig under investigation for the 

rest of this study. 
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Figure 7.32. Predicted (a) net radiative HF, (b) centerline radiative ST, (c) 

centerline emission term and (d) centerline absorption term profiles under steady-

state conditions for the combustion test where freeboard is bounded by hot 

refractory-lined walls (note that ST = Emission – Absorption) 

Measurements and predictions of steady-state O2, CO, and CO2 concentrations along 

the combustor are illustrated in Figure 7.33. As demonstrated by the figure, 

measurements and predictions of the O2, CO, and CO2 concentrations for the 

combustion test under investigation are found to be in reasonable agreement. 

Utilization of a sophisticated radiation model coupled with a system model for FBC 

does not lead to any significant difference in the predictions of O2, CO, and CO2 

emissions. This insignificant difference in the gaseous emission predictions is 

considered to be due to (i) insignificant deviations between the temperature profiles 

predicted by FBC models with and without radiation models (ii) combustion of the 

majority of the combustibles in the bed section. 
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Figure 7.33. O2, CO, and CO2 concentration profiles predicted by FBC models with 

and without radiation models under steady-state conditions 

7.5.1.2 Validation Against Transient Measurements 

The dynamic performance of the test rig is tested through a combustion test where 

step changes are imposed on air flow rate and coal flow rate by keeping all other 

parameters constant (see Figure 6.2 and Table 6.7). The transient responses of 

temperatures, O2 and CO concentrations at the freeboard exit on the step changes are 

investigated. 

Figure 7.34 illustrates predicted and measured transient medium temperature profiles 

at the bed exit and at different freeboard heights (1.54 m, 2.57 m, 3.30 m, and 3.61 

m). As demonstrated by the figure, all temperatures decrease until 840 s due to a step 

increase in the air flow rate between the time interval of 0 – 840 s (see Figure 6.2). 

Then, the air flow rate is suddenly reduced at 840 s, which leads to a gradual increase 

in the temperatures due to the introduction of less cold air into the system. At time 

is equal to 1200 s, a sudden decrease is imposed on the coal flow rate which results 

in a decrease in the temperatures due to low energy input to the system. Finally, the 

increase in the coal flow rate at 1400 s (see Figure 6.2) gradually increased the 
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temperature owing to the increase in the energy input to the system. It should be 

noted that the response of bed temperature and temperature at the beginning of the 

freeboard to step changes is more sluggish compared to that of freeboard temperature 

due to large thermal inertia of bed material and splashing particles at the beginning 

of the freeboard. Furthermore, the CPU times required for transient FBC model 

without radiation model and transient FBC model with SLW-1 for the test case under 

investigation are reported as 11061 s and 26640 s, respectively. 

 
Figure 7.34. Predicted transient temperatures of (a) bed (b) freeboard at 1.54 m (c) 

freeboard at 2.57 m (d) freeboard at 3.30 and (e) freeboard at 3.61 m 

Comparison of freeboard temperature predictions of FBC models with and without 

radiation model indicates that using a detailed radiation model does not significantly 

influence the temperature prediction in the test case under investigation. The reason 

behind the insignificant effect of using a detailed radiation model coupled with FBC 
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model on temperature predictions is that the freeboard of the test rig under 

investigation is bounded by hot refractory lined walls which makes the temperature 

difference and hence heat transfer in the freeboard insignificant. 

Figures 7.35(a) and 7.35(b) demonstrate the individual contributions of radiation and 

convection in both freeboard wall and freeboard gas energy balances, respectively, 

for the combustion test where freeboard is bounded by hot refractory-lined walls. It 

should be noted that the terms in Figure 7.35 are taken as average along the freeboard 

height. As illustrated in Figure 7.35(a), radiative and convective HFs in the freeboard 

wall energy balance are similar in magnitude but opposite in direction which implies 

that radiation is as significant as convection in the wall energy balance. The opposite 

signs of convective and radiative HFs in wall energy balance are considered to be 

due to well-insulated freeboard side walls which consist of a combination of 6-cm-

thick refractory bricks and 20-cm-thick insulation bricks and exposed to free 

convection from the outside. The heat transferred from the freeboard medium to the 

walls by convection is then transferred via radiation to colder bed surface, colder fly 

ash particles entrained from the bed and the cooling tubes at the exit of the freeboard. 

On the other hand, as demonstrated by Figure 7.35(b), convective heat transfer 

between particles and gases dominates the freeboard gas energy balance. 

 
Figure 7.35. Individual contributions of radiation and convection in (a) freeboard 

wall and (b) freeboard gas energy balances 

Predictions and measurements of transient O2 concentrations at freeboard exit and 

CO concentrations at bed and freeboard exits for the combustion test under 

investigation are demonstrated by Figure 7.36. As can be noticed from the figure, 
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predictions of O2 and CO concentrations agree reasonably with the measurements. 

On the other hand, utilization of a radiation model coupled with a system model for 

FBC does not lead to any significant difference in transient O2 and CO 

concentrations. This insignificant difference in the concentration profiles is 

considered to be due to the fact that the majority of the combustibles are burned in 

the bed section owing to under bed feeding system of the test case under 

investigation. 

 
Figure 7.36. Predicted and measured transient (a) O2 and (b) CO concentrations at 

freeboard exit 

7.5.2 Results of the Combustion Test with Cold Water Walls 

The findings reported in the previous section indicate that using a sophisticated 

radiation code in conjunction with the system model of the test rig, does not 

significantly influence the temperature predictions. This insignificant effect is due to 

the fact that the freeboard of the test rig is bounded by refractory-lined walls leading 

to very low temperature difference, and thus heat transfer rate between the surfaces 

and the medium. To test this hypothesis, a parametric study is carried out where hot 

refractory-lined side walls of the test rig are replaced with cold water walls at 537 K 

and with emissivity of thermally oxidized carbon steel as in utility or industrial 

boilers according to the experiments carried out in the 16 MWt FBC in the Chalmers 

University of Technology [208,211]. Parameters, except the side wall temperatures 
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and side wall emissivities, are kept the same as those in Test 1. The results of this 

parametric study are summarized in the following sections. 

7.5.2.1 Modeling of Steady-State Operation 

Comparison of steady state medium temperature profiles predicted by FBC models 

with and without radiation models for the combustion test where freeboard is taken 

to be enclosed by cold water walls at 537 K is demonstrated by Figure 7.37. As 

illustrated by the figure, utilization of a sophisticated radiation model in conjunction 

with a BFBC system model significantly improves the accuracy of medium 

temperature predictions. On the other hand, temperature predictions of present FBC 

model with spectral radiation model and present FBC model with SLW-1 are in 

reasonable agreement with each other. Furthermore, CPU times recorded for all FBC 

models with and without radiation models, which is listed in Table 7.28, indicate that 

present FBC model with SLW-1 requires one order of magnitude less CPU time 

compared to FBC model with spectral radiation. Therefore, SLW-1 model with gray 

particle and wall properties provides reasonable accuracy in the temperature profiles 

along the freeboard of the test rig under investigation, and can be used to decrease 

CPU demands of the FBC models coupled with radiation models. For this purpose, 

SLW-1 model with gray particle and wall properties will be utilized to estimate the 

radiative properties of particles and combustion gases in the freeboard of the test rig 

under investigation for the rest of this study. 
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Figure 7.37. Medium temperature profiles predicted by FBC models with and 

without radiation models for the combustion test where freeboard is bounded by 

cold water walls at 537 K 

Table 7.28 CPU time requirements of the FBC models with and without radiation 

models for the combustion test where freeboard is bounded by cold water walls at 

537 K under steady-state conditions 

Present FBC model w/o radiation model 0.23 s 

Present FBC model with SLW-1 510 s 

Present FBC model with spectral radiation model 3841 s 

 

Figure 7.38 demonstrates the steady-state net HF, ST, emission term, and absorption 

term profiles along the freeboard predicted by FBC models with radiation model 

(note that ST = Emission – Absorption) for the combustion test where freeboard is 

bounded by cold water walls at 537 K. As the figure demonstrate, net wall HF, 

centerline ST, centerline emission term, and centerline absorption term predictions 

of present FBC model with SLW-1 reasonably agree with the those predicted by 

present FBC model with spectral radiation model. Similar to the results for the 

combustion test where freeboard is bounded by hot refractory-lined walls (see Figure 
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7.32), freeboard centerline emission and absorption terms are similar in magnitude. 

Therefore, SLW-1 model with gray particle and wall properties can also be utilized 

for the prediction of RHT in BFBCs bounded by cold water walls. 

 
Figure 7.38. Predicted (a) net radiative HF, (b) centerline radiative ST, (c) 

centerline emission term and (d) centerline absorption term profiles under steady-

state conditions for the combustion test where freeboard is bounded by cold water 

walls at 537 K (note that ST = Emission – Absorption) 

Predicted steady-state O2, CO, and CO2 emissions of the combustor are shown in 

Table 7.29. As can be noticed from the table, reasonable agreement is achieved 

between the O2, CO, and CO2 emissions predictions of the FBC models with and 

without radiation models for the combustion test under investigation. Utilization of 

a sophisticated radiation model coupled with a system model for FBC does not lead 

to any significant difference in the predictions of O2 and CO2 emissions. This 

insignificant difference in the gaseous emission of O2 and CO2 is due to combustion 

of the majority of the combustibles in the bed section. However, the use of a radiation 

model remarkably increases CO emission as the present FBC model with SLW-1 

predicts lower freeboard temperatures compared to the present FBC model without 

a radiation model leading to low CO oxidation rates in the freeboard. Furthermore, 

although the present FBC model does not consider nitrogen oxides formation and 
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reduction, nitrogen oxides chemistry in the FBC is known to be strongly dependent 

on the temperature, which indicates that difference in the temperature predictions of 

the FBC models with and without radiation models may lead to significant difference 

also in the nitrogen oxides emissions. 

Table 7.29 Predicted gaseous emissions of the species O2, CO2 and CO for the 

combustion test where freeboard is bounded by cold water walls at 537 K 

Species 

Present FBC 

model w/o 

radiation model 

Present FBC model 

with spectral 

radiation model 

Present FBC 

model with 

SLW-1 

O2 (% wet) 5.39 5.47 5.47 

CO2 (% wet) 11.74 11.59 11.58 

CO (% wet) 0.22 0.35 0.36 

 

7.5.2.2 Modeling of Transient Operation 

The dynamic response of the combustion test with cold water walls is also 

investigated on the combustion test where step changes imposed on coal and air flow 

rates as given in Figure 6.2. Figure 7.39 illustrates predicted transient medium 

temperature profiles at different freeboard heights (1.54 m, 2.57 m, 3.30 m, and 3.61 

m) for the combustion test where freeboard is bounded by cold water walls at 537 K. 

As illustrated by the figure, bed temperatures decrease until 840 s due to a step 

increase in the air flow rate (see Figure 6.2). However, freeboard temperatures 

increase suddenly at the beginning due to an increase in the freeboard particle load 

(see Figure 7.40) caused by the higher superficial gas velocity. It should be noted 

that freeboard particles are assumed to be at their temperatures at the bed and thus 

heat the freeboard medium. Then, the freeboard temperature decreases gradually 

between the time interval of 0 – 840 s. At 840 s, the air flow rate is suddenly reduced, 
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which leads to a gradual increase in the bed temperatures due to the introduction of 

less cold air into the system. The freeboard temperatures, on the other hand, decrease 

suddenly at 840 s due to a sharp decrease in the freeboard particle load as illustrated 

in Figure 7.40. After the sharp decrease, the freeboard temperatures start to increase 

gradually during the same time interval as bed temperature. After 1200 s, similar to 

the combustion test with hot refractory-lined walls, the bed and freeboard 

temperatures of the test with cold water walls first gradually decrease and then 

gradually increase due to the step changes imposed on the coal flowrates. 

Furthermore, the CPU times required for transient FBC model without radiation 

model and transient FBC model with SLW-1 for the combustion test where freeboard 

is bounded by cold water walls at 537 K are reported as 8830 s and 24846 s, 

respectively. 
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Figure 7.39. Predicted transient temperatures of (a) bed (b) freeboard at 1.54 m (c) 

freeboard at 2.57 m (d) freeboard at 3.30 and (e) freeboard at 3.61 m for the 

combustion test where freeboard is bounded by cold water walls at 537 K 
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Figure 7.40. Predicted transient freeboard particle load (a) 1.54 m (b) 2.57 m (c) 

3.30 m and (d) 3.61 m 

The individual contributions of radiation and convection in freeboard gas energy 

balance for the combustion test with cold water walls are demonstrated by Figure 

7.41. As demonstrated by the profiles, both convective and radiative heat transfer 

plays a significant role in freeboard heat transfer. To conclude, both accurate and 

computationally efficient models are necessary for modeling RHT in BFBCs. Unlike 

the results reported in Figure 7.35, convective heat transfer rate between the particles 

and gas is positive for the combustion test with cold water walls. This finding shows 

that the freeboard gas is heated by the hot particle leaving the bed at their 

temperatures in bed. 
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Figure 7.41. Individual contributions of radiation and convection in freeboard gas 

energy balance for the combustion test where freeboard is bounded by cold water 

walls at 537 K 

Predicted transient O2 and CO concentrations at freeboard exit for the combustion 

test under investigation are demonstrated by Figure 7.42. As demonstrated by the 

figure, using a sophisticated radiation significantly increases the CO concentrations. 

 
Figure 7.42. Predicted and measured transient (a) O2 and (b) CO concentrations at 

freeboard exit for the combustion test where freeboard is bounded by cold water 

walls at 537 K 
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7.5.3 Concluding Remarks for the Coupling of Radiation Model with the 

Transient System Model 

Utilization of a sophisticated radiation model, where RTE is explicitly solved in 

conjunction with the system model for 0.3 MWt ABFBC test rig instead of using 

Stefan-Boltzmann law and an empirical correlation for the RHT coefficient, does not 

significantly influence the freeboard temperature predictions for the test case where 

freeboard is bounded by hot refractory-lined walls. This insignificant effect is 

considered to be due to the low temperature difference between the refractory-lined 

walls and the freeboard medium leading to low heat transfer rates in the freeboard. 

However, the deviation between the freeboard temperature predictions of the FBC 

models with and without a sophisticated radiation model is remarkable for the 

combustion test where freeboard is taken to be enclosed by cold water walls at 537 

K. Based on the outcomes obtained from the coupled steady-state FBC system model 

and 3-D radiation model, a combination of SLW-1 for spectral gas properties, Mie 

theory for gray fly ash particle properties and gray wall properties provides 

sufficiently accurate HF, ST and freeboard temperature predictions with a significant 

saving in the CPU requirement in the coupled solution of RTE. Therefore, the 

combination of SLW-1 for spectral gas properties, Mie theory for gray fly ash 

particle properties and gray wall properties can be utilized to improve CPU 

efficiency of the coupled solution of RTE in BFBCs. O2 and CO2 emissions are not 

considerably affected by the use of radiation code in conjunction with the system 

model for BFBC for the combustion test under investigation as majority of the 

combustibles are burned in the bed section. However, CO emission predictions 

increase by the use of the radiation model coupled with BFBC model due to lower 

freeboard temperature predictions leading to low CO oxidation rates in the freeboard. 

The present transient FBC models coupled with the 3-D radiation model based on 

MOL of DOM utilizing SLW-1 model for combustion gases and gray radiative 

properties for particles and walls predicts accurately the transient responses of 

temperatures and O2 and CO emissions on step changes imposed to coal and air flow 
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rates for the combustion test with hot refractory-lined walls and with cold water 

walls. 

7.6 Coupling of Radiation Model with the Steady-State System Model of 

ABFBC Co-Firing Lignite with Cotton Residue 

There is only a few number of BFBC studies coupling the solution of RTE with the 

solutions of other conservation equations. None of them couples a comprehensive 

BFBC system model with a radiation model utilizing spectral property estimation 

techniques for gases, particles, and walls. However, several studies involving 

radiation models in isolation from system models of FBCs indicate that 

[44,45,57,91] deployment of gray properties instead of spectral ones may lead to 

remarkable inaccuracies in the RHT predictions which directly influence 

temperature profiles. In the previous section, steady-state and transient BFBC 

models is coupled with a spectral radiation model for the combustion of lignite. 

However, when co-firing coal with biomass and limestone addition in fluidized beds, 

the number of fine particles in the freeboard increases [36,37]. Therefore, RHT may 

become more important in such cases as fine particles interact with radiation more 

than coarse particles owing to their high projected surface area. Moreover, coupled 

steady-state and transient BFBC models in the previous section do not consider the 

formation and reduction of NO and N2O which is an important issue due to the high 

nitrogen content of CR [18]. 

Hence, another aim of this thesis study is to couple a 1-D comprehensive BFBC 

system model for co-firing lignite/CR blend with limestone addition with 3-D 

spectral and gray radiation models utilizing MOL of DOM and evaluate the 

performance of the coupled model against the original FBC model without coupling 

and measurements. To achieve this objective, a 1-D comprehensive model for 

METU 0.3 MWt ABFBC test rig developed earlier by Selcuk and co-workers 

[18,92–97] is chosen as a basis.  
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The performance of the present coupled model is evaluated by comparing their 

predictions of temperature profiles and gaseous emissions (i) with those of the 

original FBC model without coupling and (ii) with in-situ measurements obtained 

from the test rig co-firing low-quality Turkish lignite, namely Çan lignite, with CR 

and limestone addition which is referred to as Test 8. The results of a co-combustion 

test (Test 8) that was conducted in an earlier study [8] are utilized for the application 

and validation of the system model. 

The details of the comprehensive 1-D BFBC system model for co-firing of lignite 

and CR is described in Chapter 3. In the solution of RTE, S6 scheme is used to 

discretize the angular domain whereas 11 x 11 x 82 grid points are employed to 

discretize the spatial domain. For the differencing of the spatial derivatives in MOL 

of DOM representation of RTE,  three-point upwind differencing scheme, DSS014, 

is employed. The system of ODEs obtained after angular and spatial discretization is 

solved by the readily available ROWMAP code [105], based on ROW-methods of 

order four (a class of linearly implicit Runge-Kutta methods) utilizing Krylov 

techniques for the solution of linear systems. All tests are performed on a computer 

with Intel® CoreTM i7-2600 CPU 3.40 GHz processor having 16.00 GB of RAM. 

In the following sections, two different radiative property approaches are utilized in 

order to test the performances of different approaches. In the first approach which is 

labeled as ‘FBC model with spectral radiation model’, gas radiative properties are 

determined using Bordbar’s 10 band model [61] whereas spectral particle radiative 

properties are estimated by using Mie theory. On the other hand, in the second 

approach, ‘present FBC model with gray radiation model’, gray gas radiative 

properties are calculated using gray wide band (GWB) model whereas Mie solution 

at λ = 3 μm are utilized as the gray particle radiative properties. In both approaches, 

anisotropic scattering by particles is taken into account using transport 

approximation [119].  

The coupled FBC models are validated against experimental temperature profiles 

and gaseous emissions measured in a co-combustion test previously carried out in 
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the same test rig under consideration. Yet, the radiative HF field predicted by the 

FBC models is not validated against any experimental data since radiative HFs are 

not measured during the co-combustion test under investigation. However, 

validation of the spectral radiation model against measured incident HFs for the same 

test rig firing lignite is already available in sections 7.1 and 7.2. 

Before comparing the temperature, RHT, and concentration predictions of the FBC 

models with the measurements, the particle load predictions of the present FBC 

model are compared to the particle load deduced from the experimental 

measurements carried out in the test rig as shown in Figure 7.43. As illustrated by 

the figure, experimental particle load data cannot be predicted by the FBC models 

without multiplying the decay constant expression of Choi et al. [148] [Eq. (3.8)] 

with 4.2. The reason behind the discrepancy between the experimental particle load 

and the particle load calculated by the original expression of Choi et al. [148] is 

considered to be due to the fact that the expression of Choi et al. [148] is originally 

developed for sand bed particles. However, in this study, the bed material is the ashes 

of lignite and CR. 

 

7.43. Particle load distribution along the combustor with and without multiplication 

of the decay constant [Eq. (3.8)] with a tuning factor of 4.2 for Test 8 
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Net wall HF and the centerline ST predictions of both gray and spectral models are 

compared in Figure 7.44. Gray radiation model underestimates the net wall HFs 

while ST predictions do not significantly deviate from those of the spectral radiation 

model. 

 
Figure 7.44. Net wall HF and the centerline ST predictions obtained by FBC 

system models coupled with gray and spectral radiation models for Test 8 
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Figure 7.45 shows the validation of temperature predictions of the FBC models 

against the measurements obtained from the test case under consideration. As shown 

by the figure, the deviation between the temperature profiles predicted by present 

and coupled FBC models is the highest at the end of the freeboard (up to 40 ℃ 

temperature difference) due to the existence of cooling surfaces at the end of the 

freeboard. FBC model coupled with spectral RTE model provides the most accurate 

freeboard temperature profiles with an average of 18.9 ℃ temperature difference 

from the measurements. The freeboard temperature predictions of the FBC model 

coupled with gray RTE model and the present FBC model deviate approximately 

49.2 ℃ and 40.7 ℃ from the measurements, respectively. This slight difference 

between the accuracies of all FBC models with and without radiation model is due 

to the lower rate of freeboard heat transfer caused by a small temperature difference 

between the freeboard medium and enclosing side walls made up of refractory. 

Nevertheless, the effect of RHT on the temperature predictions of FBC models may 

be more crucial in industrial furnaces where freeboard side walls are cold membrane 

tube walls as can be seen in a previous work conducted on the same test rig [212]. 

The CPU requirement of the present FBC model is 185 s. On the other hand, the FBC 

model coupled with spectral and gray RTE models requires approximately 250 and 

20 times higher CPU time than the present FBC model, respectively. 



 
 

273 

 
Figure 7.45. Medium and wall temperature predictions obtained by original FBC 

model and coupled FBC models for Test 8 
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Comparison between the radiative and convective STs and HFs and freeboard energy 

conservation equations for the test case under investigation is demonstrated in Figure 

7.46. It should be highlighted at this point that ST and HF values for radiation and 

convection given in Figure 7.46 are obtained from the FBC model coupled with 

spectral radiation model. The negative values of ST profiles demonstrated in Figure 

7.46(a) indicate that the direction of convective and radiative heat transfer is from 

the medium to the walls. Based on the comparison between the magnitudes of 

radiative and convective STs given in Figure 7.46(a), it can be concluded that the 

radiative ST is important at the beginning of freeboard due to the existence of 

splashing particles and the end of the freeboard due to existence of cooling module. 

Furthermore, the contribution of radiation to wall HFs is as significant as that of 

convection as shown in Figure 7.46(b). At the end of the freeboard, net wall radiative 

HFs (= incoming radiative HF to the side walls – outgoing radiative HF from the 

side walls) become negative. This effect is considered to be due to the existence of 

the cooling module at the end of the freeboard leading to higher outgoing radiative 

HFs from the side walls. In conclusion, significant contribution of radiative STs and 

wall HFs on freeboard heat transfer at the top of the freeboard due to cold surfaces 

provided by the cooling module indicates that radiation may have a significant 

contribution to freeboard heat transfer in industrial furnaces where freeboard is 

bounded by cold membrane tube walls instead of refractory. 
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Figure 7.46. Individual contributions of spectral radiation and convection in (a) 

freeboard gas (b) freeboard wall energy balances for Test 8 

The influence of combustion gases and particles to total RHT in the test case under 

consideration are estimated by implementing the same spectral code without 

coupling it with the FBC model by discarding the effect of particles on radiation. 

Therefore, the radiative properties of the particles are taken to be zero whereas the 

rest of the parameters of the spectral radiation code are kept the same. Then, the 

individual contribution of gas radiation can simply be found by the ratio of STs 

without particles to the STs both with particles and combustion gases. The individual 

contributions of particles and gases to thermal radiation are calculated as 79 % and 
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21 %, respectively. The reason behind the high contribution of particles to the RHT 

in the freeboard is the existence of the splashing region where particle load is high 

due to bursting bubbles. However, in the upper part of the freeboard (between 2.5 m 

and 4.2 m), the individual contributions of particle and gas radiation are calculated 

as 26 % and 74 %, respectively. These findings indicate that both particles and 

combustion gases contribute to RHT in the co-combustion. Therefore, accurate 

methods for both particle and gas radiative properties are needed for co-combustion 

applications in BFBCs. 

Measurements and predictions of the gaseous emissions for the co-combustion test 

are listed in Table 7.30. As shown by the table, all FBC models provide reasonable 

gaseous emission predictions. Implementation of spectral or gray RHT models to the 

FBC model under consideration does not significantly improve the accuracies in 

gaseous emission predictions. Furthermore, the slight difference between the 

gaseous emissions predicted by the FBC system models with and without radiation 

is caused by the burning of the majority of combustibles in the bubbling bed. 

Table 7.30 Predicted and measured gaseous emissions for Test 8 

Species 

Present 

FBC 

model  

FBC model 

with gray 

radiation 

FBC model 

with spectral 

radiation 

Measurement 

O2 (% dry) 5.2 5.2 5.3 5.1 

CO2 (% dry) 14.5 14.5 14.3 15.3 

CO (% dry) 0.05 0.06 0.06 0.06 

SO2 (ppm dry) 603 603 606 486 

NO (ppm dry) 289 289 290 285 

N2O (ppm dry) 84 82 92 60 
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7.6.1 Concluding Remarks for the Coupling of Radiation Model with the 

Steady-State System Model for Co-Combustion 

After successfully coupling the 3-D radiation model using MOL of DOM with the 

steady-state system model for the bubbling fluidized bed co-combustion of lignite 

and CR, it was found that using a sophisticated radiation model coupled with FBC 

system model provides slightly more accurate temperature predictions for the 

freeboard of the ABFBC test rig where Çan lignite is co-fired with CR and limestone 

addition. The temperature predictions of FBC models coupled with spectral and gray 

radiation models do not significantly differ for the co-combustion test under 

investigation. This slight difference is considered to be due to low temperature 

difference between the medium and the hot refractory-lined walls leading to low heat 

transfer rate in the freeboard section. At the lower part of the freeboard, the radiation 

is dominated by particles due to splashing particles whereas radiation is dominated 

by combustion gases at the upper part of freeboard. Thus, accurate methods for the 

estimation of spectral radiative properties of both combustion gases and particles are 

needed. Utilization of a radiation model coupled with the system model for BFBC 

cofiring lignite with CR and limestone addition does not provide any further 

accuracy in the predictions of gaseous emission of the species O2, CO2, CO, SO2, 

NO and N2O for the co-combustion test under consideration due to combustion of 

the majority of combustibles in the bed section owing to under bed feeding system. 

7.7 Effect of Freeboard Particle Energy Balance on the Coupled Steady-

State Model of ABFBC Co-Firing Lignite with Cotton Residue 

In this section, the predictions of comprehensive 1-D BFBC system model for co-

combustion of lignite/CR blend by solving the freeboard particle energy balance 

equations are compared with the same model without solving the freeboard particle 

energy balance. The predictive performances of those models are evaluated by 

applying them to the test rig co-firing low-quality Turkish lignite, namely Çan 
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lignite, with CR and limestone addition which is referred to as Test 8. The results of 

a co-combustion test (Test 8) that was conducted in an earlier study [8] are utilized 

for the application and validation of the system model. 

The details of the comprehensive 1-D BFBC system model for co-combustion of 

lignite/CR blend by solving the freeboard particle energy balance equations is 

described in Chapter 3. In the solution of RTE, S6 scheme is used to discretize the 

angular domain whereas 11 x 11 x 82 grid points are employed to discretize the 

spatial domain. For the differencing of the spatial derivatives in MOL of DOM 

representation of RTE,  three-point upwind differencing scheme, DSS014, is 

employed. The system of ODEs obtained after angular and spatial discretization is 

solved by the readily available ROWMAP code [105], based on ROW-methods of 

order four (a class of linearly implicit Runge-Kutta methods) utilizing Krylov 

techniques for the solution of linear systems. All test are performed on a computer 

with Intel® CoreTM i7-2600 CPU 3.40 GHz processor having 16.00 GB of RAM. 

In the following sections, two different radiative property approaches are utilized. In 

the first one which is the FBC model with spectral radiation model, gas radiative 

properties are determined using Bordbar’s 10 band model [61] whereas spectral 

particle radiative properties are estimated by using Mie theory. On the other hand, in 

the second one, ‘present FBC model with gray radiation model’, gray gas radiative 

properties are calculated using gray wide band (GWB) model whereas Mie solution 

at λ = 3 μm are utilized as the gray particle radiative properties properties. In both 

approaches, anisotropic scattering by particles is taken into account using transport 

approximation [119].  

7.7.1 Results of the Combustion Test with Hot Refractory-Lined Walls 

The performance of the FBC system models by solving freeboard particle energy 

balance and in conjunction with the radiation models and  is first tested by comparing 

their temperature and gaseous emission predictions with the measurements obtained 
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from a combustion test conducted in METU 0.3 MWt ABFBC test rig where Çan 

lignite is fired with CR and limestone addition where freeboard is bounded by hot 

refractory-lined walls. 

Figure 7.47 illustrates radiative properties of combustion gases, fly ash, coal char 

and biomass char particles along the freeboard height predicted by FBC models with 

spectral and gray radiation models. It should be noted at this point that, the reported 

radiative properties predicted by FBC models with spectral radiation model are 

spectrally averaged values. As demonstrated by the figure, particle radiative 

properties predicted by FBC models with spectral (solid lines) and gray radiation 

(dashed lines) are in reasonable agreement whereas gray and spectral radiative 

properties of combustion gases are remarkably different. Furthermore, properties of 

fly ash particles are significantly higher than those of char particles as expected. 

Absorption coefficient of the combustion gases is higher than that of fly ash particles 

at the upper region of freeboard while fly ash particles dominate absorption of 

thermal radiation in the lower parts of the freeboard due to high concentration of 

splashing particles in this region. 
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Figure 7.47. Radiative properties of combustion gases, fly ash, coal char and 

biomass char particles along the freeboard height predicted by FBC models with 

spectral and gray radiation models for Test 8 (solid lines: predictions of FBC 

models with spectral radiation; dashed lines: predictions of FBC models with gray 

radiation) 

Figure 7.48 compares the predicted and measured gas, char, biomass char, ash, and 

wall temperatures along the combustor. Furthermore, predictions of the present FBC 

model without freeboard particle energy balance (labeled as ‘Present FBC Model 

w/o FPEB) are also illustrated in Figure 7.48. It should be noted that present FBC 

model without FPEB assumes that ash particles’ temperature is equal to their 

temperature in the bed whereas char particles’ temperature is equal to freeboard 

temperature. As illustrated by the figure, all FBC models with and without radiation 

provide reasonable predictions for freeboard temperatures. Only char particle 

temperature predictions of the FBC system models with gray and spectral radiation 

models differ remarkably from those of the present FBC model without radiation. 

The difference in the temperature predictions along the cooler region is due to the 

fact that no radiation model is applied to the cooler region in the FBC system model 
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with gray radiation model. Finally, the present FBC model without FPEB provides 

reasonable temperature predictions as highlighted by the figure. 

 
Figure 7.48. Gas, char, biomass char, ash, and wall temperature predictions 

obtained by the present FBC model and coupled FBC models for Test 8 

CPU requirements of original and coupled FBC models are shown in Table 7.31. 

FBC model coupled with spectral RTE model requires approximately 230 and 15 

times higher CPU time than the original FBC model and FBC model coupled with 

gray radiation model, respectively. As shown by the table, in the FBC model with 

spectral radiation, most of the CPU requirement is for the calculation of radiative 

properties as it requires the solution of Mie theory for 147 spectral points, 101 

discrete particle sizes, 81 different freeboard height and 3 particle types (fly ash, coal 

char, and biomass char). 
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Table 7.31 CPU time requirements of the original FBC model and coupled FBC 

models for Test 8 

 Present FBC 

model 

FBC model 

with gray 

radiation 

FBC model 

with spectral 

radiation 

CPU Time for Bed (s) 18 18 18 

CPU Time for Radiative 

Property Estimation (s) 
- 707 31166 

CPU Time for RTE 

Solution (s) 
- 1745 11776 

CPU Time for 

Freeboard Equations (s) 
167 488 289 

Total CPU Time (s) 185 2959 43246 

 

Figure 7.49 demonstrates the individual contributions of radiation and convection in 

freeboard gas, coal char, biomass char, ash, and wall energy balances for the co-

combustion test under investigation. It should be highlighted at this point that ST and 

HF values for radiation and convection given in Figure 7.49 are obtained from the 

FBC model coupled with spectral radiation model. As demonstrated by the ST 

profiles in Figure 7.49(a), radiative ST in gas energy balance is important at the end 

of the freeboard due to the existence of the cooling module. On the other hand, 

radiation dominates the heat transfer between the solid particles, including coal char, 

biomass char, and ash, and the medium especially at the end of freeboard as shown 

by Figures 7.49(b), 7.49(c), and 7.49(d). Furthermore, contribution of radiation to 

wall energy balance is as significant as that of convection as can be seen from Figure 

7.49(e). The negative values of wall radiative HFs at the end of the freeboard indicate 

that side walls are cooled down directly by the cooling module via radiation. In 
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conclusion, the significant contribution of radiative STs and wall HFs to freeboard 

heat transfer at the end of the freeboard due to presence of cold surfaces provided by 

cooling module indicates that radiation may become much more important in the 

industrial and utility boilers where side walls are cold membrane tube walls instead 

of refractory. 

 
Figure 7.49. Individual contributions of spectral radiation and convection in (a) 

freeboard gas, (b) freeboard char, (c) freeboard biomass char, (d) freeboard ash, 

and (e) freeboard wall energy balances for Test 8 

Measurements and predictions of gaseous emissions of O2, CO2, CO, SO2, NO, and 

N2O for the co-combustion test are shown in Table 7.32. As shown by the table, 

reasonable agreement is achieved between the measured and predicted emissions for 

the co-combustion test. Utilization of Stephan-Boltzmann law describes radiation in 

FBC leads to underprediction of O2 and overprediction of CO2. This is due to high 
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char particle temperature prediction of the present FBC model without radiation 

caused by disregarding the radiative heat exchange between particles and walls in 

the present FBC model. The difference between the SO2, NO, and N2O predictions 

of the FBC models with and without radiation models is insignificant. The 

insignificant difference between the SO2 emission is due to the strong dependence 

of SO2 to CaO load which is identical in all the models. The insignificant difference 

between the NO emission is due to the fact that (i) the majority of the combustibles 

are burned in the bed section owing to under bed feeding system and (ii) 

heterogeneous reactions of NO are discarded in the freeboard section. The 

insignificant difference between the N2O emission is due to the insignificant 

difference in the gas temperature predictions of the FBC models with and without 

radiation. Finally, the present FBC model without FPEB provides reasonable 

gaseous emission predictions for the test case under investigation. 

Table 7.32 Predicted and measured gaseous emissions of the species O2, CO2, CO, 

SO2, NO, and N2O for Test 8 

Species 
Present 

FBC model 

Present 

FBC 

model w/o 

FPEB 

FBC 

model 

with gray 

radiation 

FBC model 

with 

spectral 

radiation 

Exp. 

O2 (% dry) 4.6 5.0 4.9 4.9 5.1 

CO2 (% dry) 15.1 14.7 14.8 14.8 15.3 

CO (% dry) 0.05 0.05 0.06 0.06 0.06 

SO2 (ppm dry) 586 586 586 586 486 

NO (ppm dry) 290 290 290 290 285 

N2O (ppm dry) 74 76 76 76 60 
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7.7.2 Results of the Combustion Test with Cold Water Walls 

The findings reported in the previous section indicate that using a sophisticated 

radiation code in conjunction with the system model of the test rig, does not 

significantly influence the temperature predictions. This insignificant effect is due to 

the fact that the freeboard of the test rig is bounded by hot refractory-lined walls 

leading to very low temperature difference, and thus lower heat transfer rate between 

the surfaces and the medium. To test this hypothesis, a parametric study is carried 

out where hot refractory-lined side walls of the test rig are replaced with cold water 

walls at 537 K and with emissivity of thermally oxidized carbon steel as in utility or 

industrial boilers according to the experiments carried out in the 16 MWt FBC in the 

Chalmers University of Technology [208,211]. Parameters, except the side wall 

temperatures and side wall emissivities, are kept the same as those in the 

combustions test. The results of this parametric study are summarized in the 

following sections. 

Figure 7.50 compares the predicted and measured gas, coal char, biomass char, and 

ash temperatures along the combustor for the combustion test where freeboard is 

bounded by cold water walls at 537 K. Furthermore, predictions of the present FBC 

model without freeboard particle energy balance (labeled as ‘Present FBC Model 

w/o FPEB) are also illustrated in Figure 7.50. It should be noted that present FBC 

model without FPEB assumes that ash particles’ temperature is equal to their 

temperature in the bed whereas char particles’ temperature is equal to freeboard gas 

temperature. As illustrated by the figure, char and ash temperature predictions of the 

coupled FBC models are significantly higher than those of present FBC model 

without radiation. This is due to consideration of direct heat exchange between the 

hot particles and cold walls via radiation in the coupled codes. The difference 

between the biomass char temperature predictions of the FBC models with and 

without radiation is not significant due to coarse particle size of biomass char 

particles (given in Figure 7.51(a)) owing to low particle density of CR. Temperatures 

of coal and biomass char particles reduce rapidly in the freeboard region compared 
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to that of ash particle due to low char density (𝜌𝑑,𝑙 = 770 kg/m3; 𝜌𝑑,𝑏𝑖𝑜 = 106 kg/m3) 

caused by drying and devolatilization. Finally, the present FBC model without FPEB 

provides reasonable gas and biomass char particle temperature predictions. 

 
Figure 7.50. Gas, char, biomass char and ash temperature predictions obtained by 

present FBC model and coupled FBC models for Test 8 where freeboard is 

bounded by cold water walls at 537 K 

 
Figure 7.51. Freeboard entrained particles (a) load (b) size distribution at the center 

of freeboard for Test 8 where freeboard is bounded by cold water walls at 537 K 

CPU requirements of original and coupled FBC models for the combustion test 

where freeboard is bounded by cold water walls at 537 K are shown in Table 7.33. 

FBC model coupled with spectral RTE model requires approximately 400 and 2 
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times higher CPU time than the original FBC model and FBC model coupled with 

gray radiation model, respectively. 

Table 7.33 CPU time requirements of the original FBC model and coupled FBC 

models for Test 8 where freeboard is bounded by cold water walls at 537 K 

 Present FBC 

model 

FBC model 

with gray 

radiation 

FBC model 

with spectral 

radiation 

CPU Time for Bed (s) 18 18 18 

CPU Time for Radiative 

Property Estimation (s) 
- 6881 42372 

CPU Time for RTE Solution 

(s) 
- 14713 13948 

CPU Time for Freeboard 

Equations (s) 
98 4470 393 

Total CPU Time (s) 116 26081 56731 

 

Figure 7.52 demonstrates the individual contributions of radiation and convection in 

freeboard gas, char, biomass char, and ash energy balances for the combustion test 

where freeboard is bounded by cold water walls at 537 K. It should be highlighted 

at this point that ST and HF values for radiation and convection given in Figure 7.52 

are obtained from the FBC model coupled with spectral radiation model. The 

contribution of radiation and convection in the freeboard heat transfer for the 

combustion test where freeboard is bounded by cold water walls at 537 K indicates 

that radiation is much more important than convection in the freeboard heat transfer 

for the test case under investigation. 
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Figure 7.52. Individual contributions of spectral radiation and convection in (a) 

freeboard gas, (b) freeboard char, (c) freeboard biomass char, and (d) freeboard ash 

energy balances for the combustion test where freeboard is bounded by cold water 

walls at 537 K 

Measurements and predictions of gaseous emissions of O2, CO2, CO, SO2, NO, and 

N2O for the combustion test where freeboard is bounded by cold water walls at 537 

K are shown in Table 7.34. The predictions of the FBC models with and without 

radiation models for the combustion test where freeboard is bounded by cold water 

walls at 537 K are similar to those for the combustion test where freeboard is 

bounded by hot refractory-lined walls (see Table 7.32). The present FBC model 

without FPEB provides reasonable gaseous emission predictions for the test case 

under investigation. 
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Table 7.34 Predicted and measured gaseous emissions of the species O2, CO2, CO, 

SO2, NO and N2O for Test 8 where freeboard is bounded by cold water walls at 

537 K 

Species 
Present FBC 

model 

Present FBC 

model w/o 

FPEB 

FBC model 

with gray 

radiation 

FBC model 

with spectral 

radiation 

O2 (% dry) 5.0 5.4 5.4 5.4 

CO2 (% dry) 14.7 14.2 14.2 14.2 

CO (% dry) 0.12 0.11 0.11 0.11 

SO2 (ppm dry) 601 601 604 604 

NO (ppm dry) 294 294 295 295 

N2O (ppm dry) 103 103 107 107 

 

7.8 Effect of Gas and Particle Radiative Property Models on the 

Predictions of CFD Model of ABFBC Firing Lignite 

In this section, the predictions of a 2-D CFD model, developed within the scope of 

this thesis study, for a combustion test carried out in 0.3 MWt test rig where Çan 

lignite is fired without limestone and biomass addition (Test 4) is compared with the 

experimental temperature and concentration profiles, pressures and gaseous 

emissions obtained from the in-situ measurements. The CFD model is developed 

using the commercial software ANSYS Fluent 2020 R1 [98]. The details of the 

model is provided in Chapter 5. Regarding the boundary conditions of the model, 

they are selected based on input data obtained from Test 4 carried out in the METU 

0.3 MWt ABFBC test rig. The boundary conditions of the 2-D model are 

summarized in Table 7.35. 
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Table 7.35 Boundary conditions for the 2-D model of the METU 0.3 MWt ABFBC 

test rig 

Parameter  Parameter  

Air Inlet Bed Tubes 

Inlet gauge pressure (Pa) 5500 Wall thickness (m) 0.002 

Inlet air velocity (m/s) 0.59 Wall roughness constant 0.5 

Inlet air temperature (℃) 40.0 
Heat transfer coefficient 

(W/m2.K) 
156.6 

Turbulent intensity (%) 4.8 Free stream temperature (℃) 24.1 

Internal emissivity 0.0 Internal emissivity 0.8 

Outlet Cooler Tubes 

Outlet gauge pressure (Pa) 0.0 Wall thickness (m) 0.003 

Internal emissivity 1.0 Wall roughness constant 0.5 

Walls 
Heat transfer coefficient 

(W/m2.K) 
62.5 

Wall thickness (m) 0.26 Free stream temperature (℃) 27.1 

Wall roughness constant 0.5 Internal emissivity 0.8 

Heat transfer coefficient 

(W/m2.K) 
3.58   

Free stream temperature (℃) 25.0   

Internal emissivity 0.33   

 

Before validating the predictions against the measurements, the transient wet CO2 

emissions at the combustor exit are investigated to show whether the simulation 

reaches to quasi-steady state after 30 s. Transient wet CO2 emission predictions of 

the 2-D CFD model is illustrated in Figure 7.53. As illustrated by the figure, the wet 

CO2 emissions between 30 – 40 s remain constant, and the simulation reaches a 

steady state after 30 s. It should be noted at this point that the steady state predictions 
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presented in the following sections are obtained by time-averaging the data obtained 

between 30 – 40 s. 

 
Figure 7.53. Transient wet CO2 emissions predictions of the 2-D CFD simulation 

for Test 4 

Figure 7.54 illustrates the predicted 2-D volume fraction field of inert bed materials 

and lignite particles’ distribution at different simulation times. As shown by the 

figure 7.54(a), inert bed materials splash around 1.5 m with the combustion air. The 

bed seems to be in the bubbling regime as expected since no entrainment of bed 

material occurs. On the other hand, in Figure 7.54(b), the color bar indicates the 

temperature of the particles. This means green particles are hot lignite particles 

whereas blue particles are cold lignite particles. Fine lignite particles elutriate with 

the superficial gas velocity. The coarse lignite particles move in the bed section with 

bed materials. 



 
 

292 

 

Figure 7.54. (a) the predicted 2-D volume fraction field of inert bed materials and 

(b) lignite particles’ distribution at 0th, 5th, 10th, 20th, 30th and 40th minutes. 

The centerline pressure profile and pressure gradient (− 𝜕𝑃 𝜕𝑧⁄ ) predictions of the 

2-D simulation and their comparison with the measurements are demonstrated by 

Figure 7.55. As demonstrated by the figure, the predicted and measured pressures 

are in reasonable agreement. The fluctuations of pressure gradient in the bed and 

cooler sections are considered to be due to the existence of tube banks which 

compress the gas mixture and lead to higher mechanical energy losses. Disregarding 

the fluctuations of pressure gradient due to bed tubes, the pressure gradient 
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(− 𝜕𝑃 𝜕𝑧⁄ ) remains almost constant until 1 m, which indicates that the expanded bed 

height is approximately 1 m. This finding is also confirmed by the measured 

expanded bed height (1.02 m) as given in Table 6.13. Furthermore, the significant 

decrease in the pressure gradient between 1 – 1.5 m of the combustor suggests that 

the splash zone is located between 1 – 1.5 m. Therefore, the region between 0 – 1.5 

m is referred to as bed and splash zone in the rest of the manuscript. 

 
Figure 7.55. Centerline (a) pressure profile and (b) pressure gradient predictions of 

the 2-D CFD simulation and their comparison with the measurements for Test 4 

The centerline gas temperature profile prediction of the 2-D simulations using 

WSGG – Smith, WSGG – Bordbar, Bordbar’s 10 band model and DBWSGG and 

their comparison with the measurements are demonstrated by Figure 7.56. As shown 

by the figure, temperature predictions of both CFD simulations are very sensitive to 

the gas radiative property models for the test rig. DBWSGG model overestimates the 

temperatures at the end of the freeboard region whereas WSGG – Bordbar and 

Bordbar’s 10 band model underestimates the temperatures for the test rig under 

investigation. The temperature predictions of WSGG – Smith agree reasonably with 

the measurements. The deviation between the predictions and measurements of gas 

temperatures at the bottom of the bed is probably due to the interaction between 

thermocouples and hot ash particles when measuring the bed temperatures during 

the combustion test. 
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Figure 7.56. Centerline temperature profile predictions of the 2-D CFD simulation 

and its comparisons with the measurements for Test 4 

Centerline dry O2, CO2, and CO concentration profile predictions of the 2-D 

simulation using different gas radiative property models and their comparisons with 

the measurements are shown by Figure 7.57. As demonstrated by the figure, CO 

predictions of all gas radiative property models reasonably agree with the 

measurements altough their temperature predictions differ significantly as 

highlighted in Figure 7.56. On the other hand, all CFD models slightly underestimate 

CO2 concentrations. 
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Figure 7.57. Centerline dry (a) O2, (b) CO2, and (c) CO concentration predictions 

of the 2-D CFD simulation and their comparisons with the measurements for Test 4 

Comparison of predicted and measured gaseous emissions on dry basis are shown in 

Table 7.36. As can be seen from the figure, the CFD model with WSGG – Smith 

model slightly overestimates O2 emissions and underestimates CO2 emissions. The 

inaccuracy of the WSGG – Smith model, which is a more sophisticated 

representation of gas radiative properties compared to DBWSGG, is considered to 

be due to utilization of insufficiently accurate chemical kinetic models for the 

combustion of volatiles, char and gaseous species. Furthermore, CO emission 

predictions of both gas radiative property models deviate significantly from the 

measurement again for the same reason. However, the scope of this study is to test 

the performances of gas radiative property models, which are influenced by the 

temperature, CO2 and H2O and carry over flow rate (or particle load) predictions of 

2-D CFD simulation. It was found that those predictions are sufficiently accurate to 

investigate the radiation in BFBCs. Therefore, utilization of sufficiently accurate 

chemical kinetic models is decided to be carried out in a future study. 
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Table 7.36 Predicted and measured gaseous emissions on a dry basis for Test 4 

 

DBWSGG 
WSGG 

– Smith 

WSGG – 

Bordbar 

Bordbar’s 

10 Band 

Model 

Measurements 

O2 (%, dry) 5.9 6.5 6.6 7.0 5.1 

CO2 (%, dry) 12.8 12.3 12.2 11.8 14.8 

CO (%, dry) 0.002 0.006 0.004 0.007 0.050 

Carry over 

flow rate 

(g/s) 

11.6 9.2 9.0 8.7 4.1 

 

The CPU time requirements of different gas radiative property models for the 2-D 

simulation of the test rig are compared in Table 7.37. The CPU times increase with 

the increasing complexity of the gas radiative property model due to the increase in 

the number of calculations for each cell, iteration and time step. WSGG – Smith can 

be considered as the optimal gas radiative property model owing to its accuracy and 

sufficiently high computational efficiency. 

Table 7.37 CPU time requirements of different gas radiative property models for 

the 2-D simulation of Test 4 

 
DBWSGG 

WSGG – 

Smith 

WSGG – 

Bordbar 

Bordbar’s 10 

Band Model 

CPU Time per 

iteration (s) 
0.611 0.602 0.893 0.628 

Number of 

iteration 
160000 160000 160000 160000 

 

Finally, the centerline temperature profile predictions of two different particle 

radiative property approaches, one is the usage of Planck mean particle radiative 
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properties and the other is the utilization of particle radiative properties at 3 μm, are 

illustrated in Figure 7.58. Predictions with the Planck mean particle radiative 

properties are considered as the benchmark solution. As illustrated in the figure, 

using particle radiative properties at 3 μm instead of Planck mean particle radiative 

properties leads to significant deviations in temperature profile predictions for the 

test case under investigation. 

 
Figure 7.58. Centerline temperature profile prediction of the 2-D CFD simulation 

with different particle radiative property models and their comparisons with the 

measurements for Test 4 

7.8.1 Concluding Remarks for the Computational Fluid Dynamics Model 

for Lignite Combustion 

The findings obtained from the 2-D CFD simulations for the test rig under 

consideration reveal that temperature predictions of both CFD simulations are 

sensitive to the gas and particle radiative property models. Among the radiation 

models, the temperature predictions of WSGG – Smith for gas radiative properties 

and Planck Mean particle radiative properties agree reasonably with the 
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measurements. On the other hand, the deviation between concentration predictions 

of the radiation models is very small. This slight inaccuracy of the CFD models in 

the prediction of concentration profiles and gaseous emissions is considered to be 

due to utilization of insufficiently accurate chemical kinetic models for the 

combustion of volatiles char and gaseous species. However, the predictions of the 

CFD model is sufficiently accurate for the investigation of the predictive 

performances of gas radiative property models, which are influenced by the 

temperature, CO2 and H2O concentrations and carry over flow rate (or particle load) 

predictions of 2-D CFD simulation. 

7.9 Effect of Particle Size Distribution and Complex Refraction Index of 

Alumina on Infrared Rocket Plume Signatures 

After successfully coupling the 3-D radiation model with system models of FBC, the 

3-D radiation model will be applied to a test case representing the typical conditions 

of solid rocket motor exhaust plumes to investigate RHT in solid rocket plumes 

where radiation is an important mechanism of heat transfer. Solid rocket propellants 

such as aluminized propellants are commonly used on ballistic missiles, space 

launchers, and tactical missiles. The addition of alumina to the propellant stabilizes 

the combustion process due to the micron size of aluminum particles and greatly 

raises the thrust level. Nevertheless, exhaust plumes of such systems are 

characterized by high infrared emission owing to the presence of alumina which 

makes them prone to be detected by infrared space or airborne surveillance sensors. 

As the design, operation, and optimization of these sensors are based on signatures 

of realistic rocket exhaust plumes, infrared signatures of solid rocket exhaust plumes 

have been investigated widely over decades. Among them, modeling studies have 

growing attention as the experimental works require expansive facilities. 

There are several studies in the literature for modeling infrared signatures of solid 

motor rocket plumes [129,213–227]; however, none of them carries out a parametric 

study where the effect of using some simplifying assumptions such as using gray 
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optical properties, Sauter-mean/mass-mean diameters, temperature-independent 

optical properties, etc. in modeling of infrared plume signature, investigated under 

solid motor rocket plume conditions. Such assumptions, on the other hand, are of 

significant importance as they improve the computational efficiency of coupled 

problems by reducing the computational time required for the solution of Mie theory 

for each particle size, location, time, and wavelength under investigation. Therefore, 

the final objective of this study is to investigate the influence of using (i) mean 

diameters such as Sauter-mean diameter or mass-mean diameter instead of a PSD, 

(ii) optical properties for different phases and crystal structures of Al2O3 such as 

liquid Al2O3, α-Al2O3, and γ-Al2O3, (iii) temperature-independent optical properties 

for those phases and crystal structures of Al2O3, and (iv) gray optical properties of 

Al2O3 particles instead of spectral ones on the RHT predictions under rocket plume 

conditions. For this purpose, a previously developed [228] 3-D radiation code using 

DOM coupled with SNBCK for gas radiative properties and Mie theory for particle 

radiative properties is utilized. For the application and validation of this model, the 

3-D rectangular test case of Liu et al. [112] representing the typical operating 

conditions of solid rocket plumes is selected. 

RHT in rocket plumes is investigated in a hypothetical test case of Liu et al. [112] 

representing typical conditions of rocket plumes as represented by Figure 7.59. The 

test problem is a 2 x 2 x 8 m3 rectangular plume involving 20 % H2O and 80 % N2 

together with alumina particles bounded by cold black walls. The system includes 2 

x 109 m-3 alumina particles with a particle diameter of 11.6 μm. The plume 

temperature is taken as symmetrical about the centerline of the plume and is specified 

as; 
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Figure 7.59. Schematic representation of the hypothetical test case of Liu et al. 

[112] representing typical conditions of rocket plumes 

𝑇 = (𝑇𝑐 − 𝑇𝑒)𝑓(𝑟 𝑅⁄ ) + 𝑇𝑒                                                                                             (7.4) 

where 𝑇𝑐 is the centerline plume temperature and 𝑇𝑒 is the temperature at exit (z = 8 

m). The radial varition of the temperature profile is represented by the following 

expression; 

𝑓(𝑟 𝑅⁄ ) = 1 − 3(𝑟 𝑅⁄ )2 + 2(𝑟 𝑅⁄ )3                                                                             (7.5) 

where r is the distance from the plume centerline and R is the radius of the circular 

region. The plume temperature outside the circular region is assumed to be uniform 

and at the value of the exit temperature. The centerline temperature is assumed to 

increase linearly from 400 K at the inlet (z = 0) to 2400 K at z = 0.75 m and then 

decrease linearly to 800 K at the exit. 

In this section, the 3-D radiation code is solved using DOM approach. Angular 

discretization is carried out based on the T4 scheme whereas the 11 x 11 x 120 spatial 

grid points in x-, y-, and z-directions are used to discretize the spatial domain. The 

wavelength range is taken as 2000-4000 cm-1 to predict the infrared signature of the 

plume. The reason behind the selection of this wavenumber range is that the previous 

study of Liu et al. [112], where the original test case is taken from, focuses on this 

wavenumber interval during their radiative transfer calculation. Therefore, the 

authors preferred not to change the conditions of the test case in the present work. 

Furthermore, this wavenumber range 2000 – 4000 cm-1 is the focus of surveillance 
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sensors applications. This wavenumber range is the middle wave infrared region 

(MWIR) which is preferred in solid rocket motor surveillance applications owing to 

its high atmospheric transmission in most climates. The system of ODEs obtained 

after angular and spatial discretization is solved by the readily available ROWMAP 

code, based on the ROW-methods of order 4 and uses Krylov techniques for the 

solution of linear systems [105]. All tests are performed on a computer with Intel® 

CoreTM i7-2600 CPU 3.40 GHz processor having 16.00 GB of RAM. 

In the present work, radiative properties of gases are estimated using SNBCK model 

based on seven-point Gauss-Labatto quadrature. On the other hand, the spectral 

properties of particle clouds are estimated using Mie theory. Radiative properties of 

particles depend on their size distribution. For this purpose, a PSD is calculated 

according to the procedure given in Hermsen [229]. Based on this procedure, a mean 

diameter is first calculated as a function of nozzle throat diameter, Al2O3 

concentration in the chamber, chamber pressure, and average chamber residence 

time; 

𝑑 = 3.6304𝐷𝑡
0.2932[1 − exp(−0.0008163𝜁𝑐𝑃𝑐𝜏)]                                                  (7.6) 

where  𝐷𝑡 is the nozzle throat diameter in inches, 𝜁𝑐 is Al2O3 concentration in the 

chamber in g-mol/100 g, 𝑃𝑐 is the chamber pressure in psia and 𝜏 is the average 

chamber residence in msec. Nozzle throat diameter, Al2O3 concentration in the 

chamber, chamber pressure, and average chamber residence time are selected as 52.7 

in., 0.262 g-mol/100 g, 880 psia, and 350 ms based on Sambamurthi [230]. Using 

the mean diameter calculated by Eq. (7.6) and assuming that the standard deviation 

is 0.298 Hermsen [229], a PSD for alumina is described as a monomodal log-normal 

distribution; 

𝑓(𝑑𝑝) =
1

𝑑𝑝𝜎√2𝜋
𝑒𝑥𝑝 [−

1

2
(

𝑙𝑛(𝑑𝑝) − 𝑙𝑛(𝜇)

𝜎
)

2

]                                                      (7.7) 
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where 𝜎 is the standard deviation, 𝜇 the mean diameter and 𝑓(𝑑𝑝) is the size 

distribution function. The PSD of alumina calculated by using the procedure 

described above is illustrated in Figure 7.60. 

 
Figure 7.60. Estimated size distribution of alumina particles inside system under 

investigation 

To test the influence of using PSD of alumina instead of using an average diameter 

on the predictions of RHT in rocket plumes, three different mean diameters, which 

are d43, d32, and 11.6 μm Liu et al. [112], are utilized. The mass mean diameter, d43, 

is commonly used in rocket plume studies owing to its performance in predicting 

two-phase flow losses (Hermsen [229]) and is calculated as follows; 

𝑑43 = ∑
𝑛𝑖𝐷𝑖

4

𝑛𝑖𝐷𝑖
3

𝑖

                                                                                                                  (7.8) 

where 𝐷𝑖 is the diameter of the particles in ith class and 𝑛𝑖 is the number of particles 

in ith class. 

Sauter-mean diameter, d32, is the diameter that has the same volume/surface area 

ratio of the particles cluster of interest. It is important for cases where the surface 

area of the particles affects significantly the phenomena such as chemical reaction, 

RHT, etc. Sauter-mean diameter can be calculated as follows; 
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𝑑32 = 1 ∑
𝑓𝑖

𝐷𝑖
𝑖

⁄                                                                                                                  (7.9) 

where 𝑓𝑖 is the mass fraction of particles in ith class. Using Eqs. (7.8) and (7.9), d43 

and d32 are calculated as 12.1 μm and 11.1 μm, respectively. 

Finally, an average diameter of 11.6 μm is also selected as it is used in the original 

test case under investigation developed by Liu et al. [112]. 

It is known that the radiative properties of alumina particles depend on their RI. For 

this purpose, influence of optical properties of different phases and crystal structures 

of alumina on RHT is tested under rocket plume conditions using different RI data 

for different phases as described in section 2.3.5.3. Another objective of this study 

is to compare the predictions of the model with absorbing-emitting gas and 

absorbing-emitting-scattering particles and those of the absorbing-emitting gas and 

non-absorbing-non-emitting-scattering particles. For the medium including 

absorbing-emitting gas and non-absorbing-non-emitting-scattering particles, the 

refractive index of alumina particles is taken as 1.74 by Liu et al. [112] whereas the 

absorption index is taken to be zero. 

The 3-D radiation code using DOM coupled with SNBCK for gas radiative 

properties and Mie theory for particle radiative properties used in this study is 

benchmarked against the predictions obtained in the previous study of Liu et al. [112] 

for the same test case. Comparison of the narrow-band integrated radiation intensity 

distribution predictions of this study and those of Liu et al. [112] is illustrated in 

Figure 7.61. Narrow-band radiation intensity predictions of the present study agree 

well with those of Liu et al. [112]. 
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Figure 7.61. Narrow-band integrated radiation intensity distributions at x = 1 m, y 

= 1 m, and z = 7.9 m and along the direction of 0.0990147, 0.0990147, and 

0.990147 predictions of this study and those of Liu et al. [112] between 2000 – 

4000 cm-1 

The effect of considering absorption and emission of particles to RHT under rocket 

plume conditions is also investigated. Radiative properties of the particle cloud, 

which are absorption coefficients, scattering coefficients, and asymmetry factors, are 

calculated using the refractive and absorption indices γ-Al2O3, α-Al2O3, and liquid 

alumina given in Figure 2.10. The comparison of the radiative properties of γ-Al2O3, 

α-Al2O3, and liquid alumina is demonstrated by Figure 7.62. As demonstrated by the 

figure, the absorption coefficient of the γ-Al2O3 is the highest whereas that of liquid 

alumina is the lowest. The order of scattering coefficients of γ-Al2O3, α-Al2O3, and 

liquid alumina is exactly the opposite. 
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Figure 7.62. Predicted (a) absorption coefficients, (b) scattering coefficients and (c) 

asymmetry factors by using different alumina refractive and absorption indices 

Comparison of the narrow-band integrated radiation intensity distributions predicted 

by using radiative properties of γ-Al2O3, α-Al2O3, and liquid alumina and predicted 

by neglecting absorption and emission of thermal radiation by alumina is shown in 

Figure 7.63. As demonstrated by the figure, absorption and emission of thermal 

radiation become important when γ-Al2O3 and α-Al2O3 are present in the system 

whereas it is not considerable for liquid alumina. This effect is considered to be due 

to low absorption indices and thus, absorption coefficients of liquid alumina cloud 

which are shown in Figures 2.10 and 7.62, respectively. 
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Figure 7.63. Narrow-band integrated radiation intensity distributions at x = 1 m, y 

= 1 m, and z = 7.9 m and along the direction of 0.0990147, 0.0990147, and 

0.990147 predicted by using different alumina refractive and absorption indices 

To study the effect of utilizing temperature-dependent refractive and absorption 

indices of alumina particles on RHT, narrow-band integrated radiation intensity 

distributions predicted by using temperature-dependent refractive and absorption 

indices and predicted by using refractive and absorption indices at 1800 K 

everywhere in the plume are compared and shown in Figure 7.64. It should be noted 

at this point that, due to the lack of temperature-dependent optical properties of α-

Al2O3, this comparison is discarded in Figure 7.64. As illustrated by the figure, using 

refractive and absorption indices at 1800 K everywhere in the plume provides 

reasonable narrow-band radiation intensity predictions and reduces CPU 

requirements of the solution of RTE in the coupled codes where repeated solutions 

of RTE are required. 
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Figure 7.64. Narrow-band integrated radiation intensity distributions at x = 1 m, y 

= 1 m, and z = 7.9 m and along the direction of 0.0990147, 0.0990147, and 

0.990147 predicted by using temperature-dependent refractive and absorption 

indices (non-uniform particle properties) and predicted by using refractive and 

absorption indices at 1800 K everywhere in the plume (uniform particle properties) 

for (a) γ-Al2O3 (b) liquid alumina with Anfimov et al. [131] and Bakhir et al. [132] 

(c) liquid alumina with Kuzmin et al. [129]  

The effect of using spectral refractive and absorption indices instead of gray 

refractive and absorption indices on the RHT under rocket plume conditions is 

investigated by using the spectral and gray indices given in Figure 2.10 as spectral 

and gray refractive and absorption indices. Narrow-band integrated radiation 

intensity distributions predicted by using spectral and gray refractive indices are 

compared for γ-Al2O3, α-Al2O3, and liquid alumina in Figure 7.65. As shown in the 

figure, using gray refractive and absorption indices instead of spectral ones provides 

reasonably accurate narrow-band intensity distribution between the wavenumber 

range of 2000 – 4000 cm-1 for the test case under investigation owing to very similar 

gray and spectral refractive and absorption indices in the same wavenumber interval 

(see Figure 2.10). 
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Figure 7.65. Narrow-band integrated radiation intensity distributions at x = 1 m, y 

= 1 m, and z = 7.9 m and along the direction of 0.0990147, 0.0990147 and 

0.990147 predicted by using spectral and gray refractive and absorption indices for 

(a) γ-Al2O3 (b) α-Al2O3 (c) liquid alumina with Anfimov et al. [131] and Bakhir et 

al. [132] (c) liquid alumina with Kuzmin et al. [129]  

The effect of using a PSD instead of average diameter, such as d43, d32, etc., on the 

infrared plume signature is also tested in this section. For this purpose, scattering 

coefficients and asymmetry factors of γ-Al2O3 are calculated using PSD, d32, d43, and 

11.6 μm diameter and refractive and absorption indices at 1800 K. The predicted 

absorption coefficients, scattering coefficients and asymmetry factors are shown by 

Figure 7.66. As demonstrated by the figure, using d32, d43, and 11.6 μm as average 

diameter does not significantly influence the radiative properties of the alumina 

particle cloud. 
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Figure 7.66. Absorption coefficients, scattering coefficients and asymmetry factors 

of the alumina particle cloud using PSD, d32, d43, and 11.6 μm diameter 

Comparison of the narrow-band integrated radiation intensity distributions predicted 

by using PSD, d32, d43, and 11.6 μm diameter is demonstrated by Figure 7.67. As 

shown by the figure, using an average particle size (such as d32, d43, or 11.6 μm) 

instead of PSD does not significantly influence narrow-band integrated radiation 

intensity distribution between the wavenumber range of 2000 – 4000 cm-1. 

Furthermore, the mean absolute percentage error in the narrow band intensities 

(considering the predictions using PSD as the reference solution) are calculated as 

1.2 %, 1.4 %, and 1.2 % for d32, d43, and 11.6 μm, respectively. To conclude, using 

an average particle size instead of PSD provides reasonably accurate narrow-band 

intensity predictions for the test case under investigation. 
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Figure 7.67. Narrow-band integrated radiation intensity distributions at x = 1 m, y 

= 1 m and z = 7.9 m and along the direction of 0.0990147, 0.0990147 and 

0.990147 predicted by using PSD, d32, d43, and 11.6 μm diameter 

Finally, the CPU time requirements of the simplified and rigorous approaches for 

particle radiative property models are investigated. For this purpose, CPU time 

requirements of the 3-D radiation models (i) using a PSD with temperature-

dependent and spectral RI, (ii) using an average particle size with temperature-

dependent and spectral RI, and (iii) using a PSD with temperature-independent and 

spectral RI are compared. Since the 3-D radiation model is already spectral, CPU 

time requirements of the spectral and gray particle radiative property models are not 

compared. The comparison of the CPU time requirements of the different approaches 

for particle radiative property models is shown in Table 7.38. As shown in the table, 

when using a PSD with temperature-dependent and spectral RI, CPU time for the 

calculation of particle radiative properties becomes comparable with that for the 

solution of RTE since it requires the solution of Mie theory for each spatial grid, 

wavelength, and particle size. However, using an average size instead of a PSD or 

using temperature-independent RI reduces CPU time for the calculation of particle 

radiative properties significantly. Since all particle radiative property models are 

utilized with SNBCK, the CPU time for the solution of RTE does not change 
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significantly with particle radiative property models. On the other hand, using a less 

sophisticated gas radiative property model instead of SNBCK may further reduce the 

total CPU time for the radiation model. 

Table 7.38 CPU time requirements of the 3-D radiation models (i) using a PSD 

with temperature-dependent and spectral RI, (ii) using an average particle size with 

temperature-dependent and spectral RI, and (iii) using a PSD with temperature-

independent and spectral RI 

 PSD, 

Temperature-

dependent RI, 

Spectral RI 

Average size, 

Temperature-

dependent RI, 

Spectral RI 

PSD, 

Temperature-

independent 

RI, Spectral RI 

CPU Time for the 

Particle Properties (s) 
1600 18.9 0.14 

CPU Time for the 

Solution of RTE (s) 
2027 2009 2026 

Total CPU Time (s) 3627 2028 2026 

 

7.9.1 Concluding Remarks for the Modeling of Infrared Plume 

Signatures of Solid Rocket Motors 

In this section, the 3-D radiation model is applied to a test case representing the 

typical conditions of solid rocket motor exhaust plumes. It was found that neglecting 

the absorption indices of alumina leads to significant inaccuracies in the predictions 

of infrared plume signatures for the test cases when γ-Al2O3, α-Al2O3 are present in 

the rocket plume. However, the inaccuracy becomes insignificant when liquid 

alumina is present in the plume. Using temperature-dependent complex indices of 

refraction of alumina instead of temperature-independent complex indices of 
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refraction at 1800 K does not remarkably improve the accuracy in infrared plume 

signature predictions between 2000 - 4000 cm-1 for the test case under investigation. 

Therefore, temperature-independent complex indices of refraction can be utilized to 

reduce CPU requirements of the solution of RTE in the coupled problems by 

preventing the solution of Mie theory at each spatial grid. Comparisons of the 

infrared plume signature predictions of gray and spectral complex indices of 

refraction of alumina particles reveal that gray indices can safely be used for the 

solution of RTE in the rocket plumes in absence of spectral indices. Using a mean 

diameter such as Sauter-mean diameter or mass-mean diameter instead of a PSD 

provides reasonable infrared plume signature predictions. 
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CHAPTER 8  

8 CONCLUSIONS 

Due to the dominance of RHT in the freeboards of BFBCs because of the presence 

of radiating particles together with radiating gases, RHT characteristics during 

combustion of coal and coal/biomass blends in BFBCs require special attention. For 

this purpose, solution of RTE coupled with conservation equations of other transport 

processes is necessary. However, the solution of RTE in BFBCs is not 

straightforward due to spectral and directional nature of radiation and it requires 

robust methods not only for the solution of RTE but also for the estimation of spectral 

radiative properties of combustion gases, particles, and walls. Hence, the ultimate 

objective of this thesis is to couple comprehensive steady-state and transient system 

models for 0.3 MWt ABFBC test rig firing lignite and co-firing lignite/CR blends 

with limestone addition with a 3-D radiation model using MOL of DOM and robust 

models for the spectral radiative properties of combustion gases, particles, and walls. 

To achieve those objectives, the effect of spectral properties of combustion gases, 

particles, and walls and accuracy and performance of the estimation methods for 

those properties must be assessed first with the 3-D spectral radiation model without 

coupling it with the BFBC system model prior to coupling. 

On the basis of the application of the 3-D spectral radiation code in isolation from 

the BFBC system model and coupled steady-state and transient system models with 

3-D radiation model, the following conclusions have been reached: 

• Bordbar’s 10 band model and banded SLW-1 require around 50 and 20 times 

less CPU than that of banded SLW, respectively.  

• Bordbar’s 10 band model reduces CPU requirement of the spectral RTE 

solution for BFBCs with recycle or CFBCs where RHT is dominated by 

particles. 
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• Banded SLW-1 accurately predicts the RHT in BFBCs with and without 

recycle and reduces the CPU requirement of the spectral RTE solution in 

those systems. 

• Using gray wall emissivity instead of spectral emissivity does not lead to 

significant error in incident wall HF predictions. 

• Utilizing gray wall emissivity for hot refractory-lined walls leads to 

significant inaccuracies in the ST predictions of the combustion tests where 

particle load is low due to higher share of wall radiation in the RHT. 

• Discrepancies between the ST predictions of gray and non-gray cold water 

wall emissivities and those of gray and non-gray cold slag covered water wall 

emissivities which are common in industry and utility boilers are found to be 

insignificant which is attributed to the combined effects of low wall 

temperatures and similar gray and non-gray water wall emissivities. 

• While co-firing high ash content lignites with low ash content biomass in 

bubbling fluidized bed combustors, the contribution of cyclone particles to 

thermal radiation decreases. On the other hand, those of combustion gases 

and fine particles originated from biomass combustion increase.  

• The contribution of gas radiation to total RHT in bubbling fluidized beds 

slightly increases with the addition of biomass due to (i) lower total freeboard 

(cyclone and bag filter) particle load due to low ash content of biomass and 

(ii) high hydrogen content of the biomass fuel leading to higher water vapor 

concentration along the freeboard.  

• Co-firing lignite and biomass in a coal-fired power plant instead of only 

lignite combustion may not deteriorate RHT in the freeboard depending on 

the ash, hydrogen, and moisture content of the biomass. 

• A parametric study carried out in a 1-D slab problem involving combustion 

gases and soot reveals that soot particle diameter and number of soot particles 
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in a soot aggregate do not significantly affect the net wall HF and ST 

predictions due to their insignificant effect on absorption coefficient. 

• The presence of soot particles in the splash zone of BFBCs significantly 

improves incident wall HFs and STs due to the combined effects of higher 

absorption coefficient of soot compared to fly ash particle in the wavelength 

range of 1 – 7 μm, which covers 85 % of the thermal radiation, and negligible 

scattering coefficient of soot throughout the entire thermal spectrum. 

• Soot particles have been found to have a noticeable impact on RHT even at 

very low volume fractions based on a parametric study where different soot 

volume fractions, observed in different types of diffusion flames, are utilized. 

• Planck-mean soot and fly ash particle properties are found to provide 

reasonably accurate RHT predictions for the freeboard of 0.3 MWt ABFBC 

test rig and can be used to improve the computational efficiency of the 

solution of RTE under these conditions. 

• Utilization of a sophisticated radiation model, where RTE is explicitly solved 

in conjunction with the system model for 0.3 MWt ABFBC test rig instead of 

using Stefan-Boltzmann law and an empirical correlation for the RHT 

coefficient, does not significantly influence the freeboard temperature 

predictions for the test case where freeboard is bounded by hot refractory-

lined walls. This insignificant effect is considered to be due to the low 

temperature difference between the refractory-lined walls and the freeboard 

medium leading to low heat transfer rates in the freeboard. However, the 

deviation between the freeboard temperature predictions of the FBC models 

with and without a sophisticated radiation model is remarkable for the 

combustion test where freeboard is taken to be enclosed by cold water walls 

at 537 K.  

• Based on the outcomes obtained from the coupled steady-state FBC system 

model and 3-D radiation model, a combination of SLW-1 for spectral gas 
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properties, Mie theory for gray fly ash particle properties and gray wall 

properties provides sufficiently accurate HF, ST and freeboard temperature 

predictions with a significant saving in the CPU requirement in the coupled 

solution of RTE. Therefore, the combination of SLW-1 for spectral gas 

properties, Mie theory for gray fly ash particle properties and gray wall 

properties can be utilized to improve CPU efficiency of the coupled solution 

of RTE in BFBCs. 

• O2 and CO2 emissions are not considerably affected by the use of radiation 

code in conjunction with the system model for BFBC for the combustion test 

under investigation as majority of the combustibles are burned in the bed 

section. However, CO emission predictions increase by the use of the 

radiation model coupled with BFBC model due to lower freeboard 

temperature predictions leading to low CO oxidation rates in the freeboard. 

• The present transient FBC models coupled with the 3-D radiation model 

based on MOL of DOM utilizing SLW-1 model for combustion gases and 

gray radiative properties for particles and walls predicts accurately the 

transient responses of temperatures and O2 and CO emissions on step changes 

imposed to coal and air flow rates for the combustion test with hot refractory-

lined walls and with cold water walls. 

• Using a sophisticated radiation model coupled with FBC system model 

provides slightly more accurate temperature predictions for the freeboard of 

the ABFBC test rig where Çan lignite is co-fired with CR and limestone 

addition. 

• The temperature predictions of FBC models coupled with spectral and gray 

radiation models do not significantly differ for the co-combustion test under 

investigation. This slight difference is considered to be due to low 

temperature difference between the medium and the hot refractory-lined 

walls leading to low heat transfer rate in the freeboard section.  
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• At the lower part of the freeboard, the radiation is dominated by particles due 

to splashing particles whereas radiation is dominated by combustion gases at 

the upper part of freeboard. Thus, accurate methods for the estimation of 

spectral radiative properties of both combustion gases and particles are 

needed. 

• Utilization of a radiation model coupled with the system model for BFBC co-

firing lignite with CR and limestone addition does not provide any further 

accuracy in the predictions of gaseous emission of the species O2, CO2, CO, 

SO2, NO and N2O for the co-combustion test under consideration due to 

combustion of the majority of combustibles in the bed section owing to under 

bed feeding system. 

After the 3-D radiation model based on MOL of DOM using robust models for the 

spectral radiative properties of combustion gases, particles, and walls is coupled with 

the steady-state and transient system models for BFBCs, the 3-D radiation model 

was decided to be applied to a test case representing the typical conditions of solid 

rocket motor exhaust plumes. The results of this study reveal the followings:  

• Neglecting the absorption indices of alumina leads to significant inaccuracies 

in the predictions of infrared plume signatures for the test cases when γ-

Al2O3, α-Al2O3 are present in the rocket plume. However, the inaccuracy 

becomes insignificant when liquid alumina is present in the plume. 

• Using temperature-dependent complex indices of refraction of alumina 

instead of temperature-independent complex indices of refraction at 1800 K 

does not remarkably improve the accuracy in infrared plume signature 

predictions between 2000 – 4000 cm-1 for the test case under investigation. 

Therefore, temperature-independent complex indices of refraction can be 

utilized to reduce CPU requirements of the solution of RTE in the coupled 

problems by preventing the solution of Mie theory at each spatial grid.  



 
 

318 

• Comparisons of the infrared plume signature predictions of gray and spectral 

complex indices of refraction of alumina particles reveal that gray indices 

can safely be used for the solution of RTE in the rocket plumes in absence of 

spectral indices. 

• Using a mean diameter such as Sauter-mean diameter or mass-mean diameter 

instead of a PSD provides reasonable infrared plume signature predictions. 

  

8.1 Suggestions for Future Work 

Present study focuses on the coupling of radiation model with steady state and 

transient systems models of BFBC. Based on the above mentioned outcomes of the 

study, following recommendations are suggested for the future extension of the 

current work: 

• Incorporation of more accurate chemical reaction model for more accurate 

predictions of the species O2 and CO2. 

• Extending the 2-D CFD model for the incorporation of sulfur retention and 

nitrogen oxides formation and reduction mechnanisms for the accurate 

predictions of the gaseous pollutants SO2, NO and N2O, and comparing those 

predictions with the measurements. 

• Extending the 2-D CFD model for the incorporation of co-firing lignite with 

biomass and comparing the predictions of the model with the measurements. 

• Coupling the 2-D CFD model with more sophisticated particle radiative 

property models to account for the effect of particle size and char burnout. 

• Coupling of the 3-D radiation model for the solid rocket motor exhaust plume 

with a system model to understand the effect of simplifying particle radiative 

property assumptions on the accuracy and CPU efficiency further. 
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APPENDICES 

A. Ordinates and Weights for SN and TN Approximations 

Table A.1 Ordinates and weights for SN approximations 

Order of 
Approximation 

Ordinates Weights 
μ η ξ w 

S2 0.5000000 0.7071068 0.5000000 3.1415927 

S4 
0.2958759 0.2958759 0.9082483 1.0471976 
0.2958759 0.9082483 0.2958759 1.0471976 
0.9082483 0.2958759 0.2958759 1.0471976 

S6 

0.1838670 0.1838670 0.9656013 0.3219034 
0.1838670 0.6950514 0.6950514 0.7252938 
0.6950514 0.1838670 0.6950514 0.7252938 
0.1838670 0.9656013 0.1838670 0.3219034 
0.6950514 0.6950514 0.1838670 0.7252938 
0.9656013 0.1838670 0.1838670 0.3219034 

S8 

0.1422555 0.1422555 0.9795543 0.3424718 
0.1422555 0.5773503 0.8040087 0.1984568 
0.5773503 0.1422555 0.8040087 0.1984568 
0.1422555 0.8040087 0.5773503 0.1984568 
0.5773503 0.5773503 0.5773503 0.9234358 
0.8040087 0.1422555 0.5773503 0.1984568 
0.1422555 0.9795543 0.1422555 0.3424718 
0.5773503 0.8040087 0.1422555 0.1984568 
0.8040087 0.5773503 0.1422555 0.1984568 
0.9795543 0.1422555 0.1422555 0.3424718 
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Table A.1 Ordinates and weights for SN approximations (Cont’d) 

Order of 
Approximation 

Ordinates Weights 
μ η ξ w 

S10 

0.9809754 0.1372719 0.1372719 0.0944411 
0.8523177 0.1372719 0.5046889 0.1483950 
0.8523177 0.1372719 0.5046889 0.1483950 
0.7004129 0.1372719 0.7004129 0.0173700 
0.7004129 0.5046889 0.5046889 0.1149972 
0.7004129 0.7004129 0.1372719 0.0173701 
0.5046889 0.1372719 0.8523177 0.1483950 
0.5046889 0.5046889 0.7004129 0.1149972 
0.5046889 0.7004129 0.5046889 0.1149972 
0.5046889 0.8523177 0.1372719 0.1483950 
0.1372719 0.1372719 0.9809754 0.0944411 
0.1372719 0.5046889 0.8523177 0.1483950 
0.1372719 0.7004129 0.7004129 0.0173701 
0.1372719 0.8523177 0.5046889 0.1483950 
0.1372719 0.9809754 0.1372719 0.0944411 
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Table A.2 Ordinates and weights for T4 approximations 

Order of 
Approximation 

Ordinates Weights 
μ η ξ w 

T4 

0.5773503  0.5773503  0.5773503  0.1552105  
0.9901475  0.0990148  0.0990148  0.0526558  
0.0990148  0.0990148  0.9901475  0.0526558  
0.0990148  0.9901475  0.0990148  0.0526558  
0.9428090  0.2357022  0.2357022  0.0880364  
0.2357023  0.2357022  0.9428090  0.0880364  
0.2357023  0.9428090  0.2357022  0.0880364  
0.8616404  0.1230915  0.4923660  0.0995716  
0.8616404  0.4923660  0.1230915  0.0995716  
0.1230915  0.4923660  0.8616404  0.0995716  
0.4923660  0.1230915  0.8616404  0.0995716  
0.4923660  0.8616404  0.1230915  0.0995716  
0.1230915  0.8616404  0.4923660  0.0995716  
0.6804138  0.2721655  0.6804138  0.1320254  
0.2721655  0.6804138  0.6804138  0.1320254  
0.6804138  0.6804138  0.2721655  0.1320254  
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B. Calculation of Planck Mean Properties 

Spectral dependences of blackbody emissive power was first defined by Max Planck 

by the following expression: 

Eb(T, η) =
2𝜋ℎ𝑐0𝜂3

𝑛2 [exp (
ℎ𝑐0η
nkT

) − 1]
=

3.7419𝑥10−8 𝜂(𝑐𝑚−1)3

exp (
1.4388η

T ) − 1
                               (B.1) 

This function of spectral blackbody emissive power is usually referred to as Planck’s 

law in the radiation literature. 

In RHT modeling, spectral radiative properties of combustion gases, particles and 

walls are often represented as gray radiative properties for the sake of simplicity and 

computational efficiency as given by Eq. (B.2):  

𝜑̅ =
∫ 𝑤(𝜆)𝜑(𝜆)𝑑𝜆

∞

0

∫ 𝑤(𝜆)𝑑𝜆
∞

0

                                                                                                      (B.2) 

For the sake of simplicity, a parameter, f, is generally used as weighing factor which 

stands for the fraction of blackbody emissive power between 0 and 𝜆 to the total 

blackbody emissive power as given below; 

𝑓(𝑛𝜆𝑇) =
∫ 𝐸𝑏,𝜆𝑑𝜆

𝜆

0

∫ 𝐸𝑏,𝜆𝑑𝜆
∞

0

                                                                                                       (B.3) 

By definition, the fractional blackbody emissive power between wavelengths 𝑗′ and 

𝑗′+1 becomes: 

∆𝑓𝑗′ = 𝑓(𝑛𝜆𝑗′+1𝑇) − 𝑓(𝑛𝜆𝑗′𝑇)                                                                                    (B.4) 

By utilizing the properties of particle laden combustion gases and fraction of 

blackbody emissive power, the integrals in Eq. (B.2) takes the following form; 
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𝜑̅ =
∑ 𝜑𝜆,𝑗′∆𝑓𝑗′

𝑁𝐵′

𝑗′=1

∑ ∆𝑓𝑗′
𝑁𝐵′

𝑗′=1

                                                                                                         (B.7) 

where NB′ is the number of discrete spectral points utilized. 
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C. Banded SLW Paremeters 

Table C.1 𝑏̃𝑙𝑚𝚤 coefficients used for H2O used in banded SLW model [52] 

𝚤 = 1;  η =  400 cm−1 

l/m 0 1 2 3 

0 1.034880 -3.205320 5.233910 -2.444240 

1 0.162518 1.057830 -1.898120 1.000310 

2 0.062300 -0.438688 0.523441 -0.168893 

3 -0.004470 0.054700 -0.030200 -0.011900 

 

𝚤 = 2;  η =  800 cm−1 

l/m 0 1 2 3 

0 4.698810 -13.646200 18.485580 -8.075800 

1 0.701356 -1.049090 0.767759 -0.119224 

2 0.012400 0.234308 -0.474880 0.248892 

3 -0.003380 0.042000 -0.060400 0.026000 

 

𝚤 = 3;  η =  1200 cm−1 

l/m 0 1 2 3 

0 2.793600 -6.650720 8.673610 -3.884290 

1 0.538776 -0.512367 0.835504 -0.296496 

2 0.017500 0.330223 -0.792430 0.504712 

3 -0.003590 0.062000 -0.129340 0.078200 
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𝚤 = 4;  η =  1600 cm−1 

l/m 0 1 2 3 

0 0.661548 0.239577 -0.345370 0.278664 

1 0.352983 0.292861 -0.159180 0.068200 

2 -0.027700 0.200190 -0.325120 0.205232 

3 0.010200 -0.030000 0.079000 -0.032100 

 

𝚤 = 5;  η =  2000 cm−1 

l/m 0 1 2 3 

0 2.270170 -3.143220 4.174130 -1.723130 

1 0.397199 0.258657 -0.243020 0.155146 

2 0.012600 0.245277 -0.468750 0.277731 

3 -0.002900 0.055700 -0.088600 0.048000 

 

𝚤 = 6;  η =  2400 cm−1 

l/m 0 1 2 3 

0 1.712930 11.871950 -25.363200 16.155170 

1 -1.563070 12.657640 -22.586900 13.132240 

2 -0.319807 2.097910 -3.862000 2.333820 

3 -0.016000 0.103039 -0.194080 0.124317 

 

𝚤 = 7;  η =  2800 cm−1 

l/m 0 1 2 3 

0 4.415900 1.297330 -6.910150 6.344960 

1 0.149179 4.513580 -9.102810 6.369330 

2 -0.070600 0.871753 -1.880240 1.347930 

3 -0.004950 0.046100 -0.104470 0.080100 
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𝚤 = 8;  η =  3200 cm−1 

l/m 0 1 2 3 

0 5.887600 -14.450000 17.203710 -7.019270 

1 2.232590 -6.892200 9.587360 -4.252810 

2 0.357981 -1.310450 1.971870 -0.934688 

3 0.023000 -0.083400 0.154301 -0.074900 

 

𝚤 = 9;  η =  3600 cm−1 

l/m 0 1 2 3 

0 1.090980 -0.667602 1.196970 -0.478035 

1 0.453609 -0.392997 0.989952 -0.480344 

2 -0.011400 0.232239 -0.528280 0.327719 

3 -0.013800 0.138361 -0.197270 0.100174 

 

𝚤 = 10;  η =  4000 cm−1 

l/m 0 1 2 3 

0 1.285040 -0.354062 1.042850 -0.535162 

1 0.337819 0.221254 0.221063 -0.209401 

2 0.031300 0.016800 0.024300 -0.007910 

3 0.001410 0.010200 -0.014200 0.008100 

 

𝚤 = 11;  η =  4400 cm−1 

l/m 0 1 2 3 

0 3.973380 -0.013100 -2.728890 2.230120 

1 0.079900 2.308260 -4.123120 2.117290 

2 -0.022100 0.191051 -0.323460 0.148445 

3 0.000000 0.000000 0.000000 0.000000 
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𝚤 = 12;  η =  4800 cm−1 

l/m 0 1 2 3 

0 10.725170 -20.868900 17.106140 -3.421950 

1 1.809420 -2.151990 -0.568700 2.168500 

2 0.106192 0.110237 -0.804140 0.761877 

3 0.002070 0.018200 -0.068100 0.061700 

 

𝚤 = 13;  η =  5200 cm−1 

l/m 0 1 2 3 

0 2.058830 -0.428569 2.440140 -1.647670 

1 0.397563 0.300877 2.021340 -1.717100 

2 -0.041100 0.304618 0.427193 -0.490756 

3 -0.007510 0.042400 0.066400 -0.068200 

 

𝚤 = 14;  η =  5600 cm−1 

l/m 0 1 2 3 

0 2.105800 1.240950 -2.251570 1.498620 

1 0.295851 1.776270 -2.941700 1.690860 

2 -0.015800 0.432065 -0.763440 0.448476 

3 -0.003030 0.038600 -0.064100 0.036100 

 

𝚤 = 15;  η =  6000 cm−1 

l/m 0 1 2 3 

0 2.081290 32.439890 -66.296100 41.888740 

1 -1.065630 15.139630 -29.336200 18.256870 

2 -0.177146 1.808770 -3.587660 2.289470 

3 -0.006740 0.068200 -0.140950 0.094600 
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𝚤 = 16;  η =  6400 cm−1 

l/m 0 1 2 3 

0 5.082400 4.616290 -11.998000 9.546210 

1 -0.293260 4.842200 -7.907770 6.288870 

2 -0.118469 0.670423 -1.439000 1.352390 

3 -0.005970 0.033500 -0.096700 0.101685 

 

𝚤 = 17;  η =  6800 cm−1 

l/m 0 1 2 3 

0 3.780730 1.433880 -5.651670 4.424550 

1 0.403788 4.348350 -8.058300 5.202870 

2 -0.059000 1.179140 -2.151490 1.461670 

3 -0.005620 0.082500 -0.132660 0.106878 

 

𝚤 = 18;  η =  7200 cm−1 

l/m 0 1 2 3 

0 2.044820 -0.615712 3.885660 -1.870360 

1 0.804910 -1.342360 3.700580 -1.777270 

2 0.114626 -0.200450 0.608866 -0.293221 

3 0.010400 0.018300 -0.009360 0.002290 

 

𝚤 = 19;  η =  7600 cm−1 

l/m 0 1 2 3 

0 4.055340 -4.446000 5.382510 -1.940980 

1 0.391165 1.449000 -2.918080 1.658260 

2 -0.028300 0.460623 -0.825080 0.453146 

3 -0.002590 0.030200 -0.054000 0.030800 
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𝚤 = 20;  η =  8000 cm−1 

l/m 0 1 2 3 

0 1.366600 47.315280 -77.684700 34.657790 

1 -0.566972 10.616220 -16.133700 6.796900 

2 -0.056900 0.587717 -0.880860 0.348555 

3 0.000000 0.000000 0.000000 0.000000 

 

𝚤 = 21;  η =  8400 cm−1 

l/m 0 1 2 3 

0 7.732610 -9.435820 4.204410 6.972740 

1 0.938640 0.887361 -5.462150 7.154400 

2 -0.001590 0.417897 -1.253370 1.360910 

3 -0.001280 0.018500 -0.049800 0.064000 

 

𝚤 = 22;  η =  8800 cm−1 

l/m 0 1 2 3 

0 7.538020 -15.028500 34.833880 -19.021200 

1 3.116390 -8.276220 17.514700 -9.468230 

2 0.496985 -1.366210 2.733900 -1.476530 

3 0.029300 -0.072100 0.140141 -0.076900 

 

𝚤 = 23;  η =  9200 cm−1 

l/m 0 1 2 3 

0 10.932840 -31.292600 45.381960 -21.114300 

1 1.858530 -6.247740 8.768050 -4.105970 

2 0.082500 -0.330505 0.461993 -0.223626 

3 0.000000 0.000000 0.000000 0.000000 
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𝚤 = 24;  η =  9600 cm−1 

l/m 0 1 2 3 

0 60.375380 -161.185000 179.419600 -70.244600 

1 10.826800 -32.392600 38.989250 -16.184900 

2 0.498208 -1.562520 1.917650 -0.816269 

3 0.000000 0.000000 0.000000 0.000000 

 

𝚤 = 25;  η =  10000 cm−1 

l/m 0 1 2 3 

0 7.424940 -9.192230 29.908380 -15.834900 

1 1.283460 -5.603710 15.744170 -7.813150 

2 0.142384 -1.104000 2.538140 -1.164180 

3 0.007630 -0.063200 0.132586 -0.057900 

 

𝚤 = 26;  η =  10400 cm−1 

l/m 0 1 2 3 

0 4.205970 5.801680 2.077100 -2.296060 

1 0.390288 4.638900 -2.722770 0.694151 

2 -0.052300 0.977768 -0.872260 0.313460 

3 -0.004580 0.061200 -0.060500 0.022000 

 

𝚤 = 27;  η =  10800 cm−1 

l/m 0 1 2 3 

0 5.540220 -6.559960 14.146900 -8.096800 

1 1.250370 -2.777260 5.215090 -3.002880 

2 0.114194 -0.410314 0.716019 -0.402913 

3 0.005300 -0.020900 0.034300 -0.018700 
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𝚤 = 28;  η =  11200 cm−1 

l/m 0 1 2 3 

0 24.538120 -95.260000 153.348200 -71.410100 

1 7.931800 -36.049400 57.340110 -27.184100 

2 0.908331 -4.408880 6.992400 -3.358540 

3 0.035600 -0.175753 0.277693 -0.134244 

 

𝚤 = 29;  η =  11600 cm−1 

l/m 0 1 2 3 

0 204.139600 -858.380000 1221.677000 -526.127000 

1 57.365870 -264.126000 386.514400 -168.827000 

2 5.648940 -27.797300 41.400020 -18.248500 

3 0.190010 -0.983824 1.483700 -0.658178 

 

𝚤 = 30;  η =  12000 cm−1 

l/m 0 1 2 3 

0 12.680370 6.374270 -25.087300 34.224280 

1 3.383720 0.847623 -7.940330 11.387990 

2 0.358656 -0.055200 -0.799880 1.237670 

3 0.014100 -0.007450 -0.025100 0.043500 
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Table C.2 𝑐̃𝑙𝑚𝚤 coefficients used for H2O used in banded SLW model [52] 

𝚤 = 1;  η =  400 cm−1 

l/m 0 1 2 3 

0 6.012490 -0.983854 0.004890 -0.018200 

1 -11.052900 2.572710 -0.574373 0.057300 

2 11.500000 -3.684840 1.281550 -0.134567 

3 -4.500000 1.800000 -0.744000 0.083500 

 

𝚤 = 2;  η =  800 cm−1 

l/m 0 1 2 3 

0 4.962500 -1.562990 -0.321975 -0.025600 

1 -11.628000 2.311180 0.643499 0.074100 

2 12.800000 -2.182030 -0.817465 -0.114893 

3 -5.180000 0.790000 0.367000 0.057300 

 

𝚤 = 3;  η =  1200 cm−1 

l/m 0 1 2 3 

0 2.439670 -1.389870 -0.233354 -0.017400 

1 -5.645830 1.135900 -0.006770 -0.000178 

2 6.580000 0.010300 0.340257 0.021300 

3 -2.780000 -0.372000 -0.265149 -0.020500 
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𝚤 = 4;  η =  1600 cm−1 

l/m 0 1 2 3 

0 1.748300 -1.073150 -0.105330 0.000954 

1 -2.472870 1.629210 -0.094000 -0.006290 

2 2.470000 -1.964670 0.095500 -0.006730 

3 -1.010000 0.945000 -0.024000 0.001050 

 

𝚤 = 5;  η =  2000 cm−1 

l/m 0 1 2 3 

0 1.833480 -1.252170 -0.246067 -0.021500 

1 -3.677340 2.457670 0.761219 0.096000 

2 3.640000 -3.637600 -1.590450 -0.224196 

3 -1.400000 1.820000 0.915000 0.134000 

 

𝚤 = 6;  η =  2400 cm−1 

l/m 0 1 2 3 

0 -4.902690 -2.482410 -0.207389 -0.008280 

1 5.500340 3.203440 0.305713 0.022700 

2 -21.576100 -12.550800 -2.059200 -0.128794 

3 12.800000 7.247030 1.205320 0.072100 

 

𝚤 = 7;  η =  2800 cm−1 

l/m 0 1 2 3 

0 -8.367560 -3.419930 -0.261490 -0.006170 

1 -3.694880 -1.602830 -0.506064 -0.022100 

2 -7.640000 -5.540790 -0.881401 -0.063600 

3 9.460000 5.860000 1.010870 0.063100 
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𝚤 = 8;  η =  3200 cm−1 

l/m 0 1 2 3 

0 -0.293299 -1.206150 -0.122646 -0.012400 

1 1.675040 5.278390 1.420790 0.151646 

2 -10.092700 -15.215400 -4.593220 -0.462659 

3 8.390000 10.800000 3.304630 0.326000 

 

𝚤 = 9;  η =  3600 cm−1 

l/m 0 1 2 3 

0 1.694690 -0.431034 -0.200718 -0.113743 

1 -3.319310 -0.741880 0.671423 0.454133 

2 3.940000 1.727160 -1.377570 -0.826218 

3 -1.770000 -0.960430 0.846151 0.473281 

 

𝚤 = 10;  η =  4000 cm−1 

l/m 0 1 2 3 

0 1.702760 -1.387570 -0.187650 -0.009690 

1 -3.254100 2.988730 0.582187 0.048200 

2 3.440000 -3.880000 -1.040000 -0.103000 

3 -1.390000 1.750000 0.537000 0.055600 

 

𝚤 = 11;  η =  4400 cm−1 

l/m 0 1 2 3 

0 -16.968400 -8.450000 -1.138480 -0.052000 

1 38.500000 21.710890 3.465760 0.184189 

2 -62.100000 -33.425700 -5.348800 -0.281705 

3 31.154060 16.258760 2.581590 0.134630 
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𝚤 = 12;  η =  4800 cm−1 

l/m 0 1 2 3 

0 -3.333650 -1.353700 -0.009120 0.004310 

1 -5.291160 -1.405110 -0.296025 -0.004160 

2 4.057400 -0.913207 -0.407280 -0.052300 

3 -0.991000 1.050000 0.361000 0.036200 

 

𝚤 = 13;  η =  5200 cm−1 

l/m 0 1 2 3 

0 -1.649250 -2.260310 -0.517058 -0.058400 

1 -0.088000 2.619520 1.137500 0.172320 

2 2.300000 -0.664808 -0.793314 -0.164811 

3 -2.020000 -0.934000 -0.019700 0.037700 

 

𝚤 = 14;  η =  5600 cm−1 

l/m 0 1 2 3 

0 -3.337940 -3.723400 -0.549166 -0.025900 

1 7.356000 9.234270 1.574720 0.083900 

2 -11.200000 -14.924500 -2.980620 -0.179267 

3 4.850000 7.330000 1.580000 0.099300 

 

𝚤 = 15;  η =  6000 cm−1 

l/m 0 1 2 3 

0 -13.879000 -3.011590 -0.106739 0.0 

1 -37.192000 -10.361600 -0.788729 0.0 

2 70.469810 19.114000 1.351090 0.0 

3 -34.000000 -9.160000 -0.635453 0.0 
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𝚤 = 16;  η =  6400 cm−1 

l/m 0 1 2 3 

0 -37.278300 -14.352400 -1.801920 -0.079400 

1 149.382000 64.243430 9.005160 0.423066 

2 -199.686000 -87.369500 -12.442200 -0.589144 

3 78.600000 34.800000 5.000000 0.239166 

 

𝚤 = 17;  η =  6800 cm−1 

l/m 0 1 2 3 

0 -16.466800 -10.229000 -1.946220 -0.130937 

1 59.447040 41.382830 9.000380 0.649267 

2 -90.500000 -66.419000 -15.280000 -1.144270 

3 44.800000 33.800000 7.994260 0.610093 

 

𝚤 = 18;  η =  7200 cm−1 

l/m 0 1 2 3 

0 -0.400976 -0.111904 0.152273 0.0 

1 -2.827980 -2.652460 -0.769741 0.0 

2 4.619140 4.374310 1.161200 0.0 

3 -1.910000 -1.920000 -0.530000 0.0 

 

𝚤 = 19;  η =  7600 cm−1 

l/m 0 1 2 3 

0 -1.827830 -2.542780 -0.432174 -0.023900 

1 -7.547320 -3.062940 -0.881314 -0.069300 

2 12.000000 7.147530 1.922260 0.147857 

3 -6.350000 -4.560000 -1.230000 -0.094600 
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𝚤 = 20;  η =  8000 cm−1 

l/m 0 1 2 3 

0 0.069200 0.681132 0.088700 0.0 

1 -189.364000 -42.437500 -2.387110 0.0 

2 449.000000 100.831100 5.651170 0.0 

3 -260.113000 -58.569500 -3.284450 0.0 

 

𝚤 = 21;  η =  8400 cm−1 

l/m 0 1 2 3 

0 -3.661120 -1.376370 -0.176879 -0.012500 

1 -6.963100 -1.690810 0.021400 0.023600 

2 -28.300000 -15.922500 -2.895560 -0.176382 

3 29.400000 14.900000 2.490000 0.138000 

 

𝚤 = 22;  η =  8800 cm−1 

l/m 0 1 2 3 

0 -13.575100 -7.124090 -1.205540 -0.074100 

1 34.154620 22.093390 4.492610 0.300477 

2 -67.931300 -43.415400 -8.815610 -0.581553 

3 39.600000 25.100000 5.063530 0.331000 

 

𝚤 = 23;  η =  9200 cm−1 

l/m 0 1 2 3 

0 -16.130600 -8.250340 -1.235750 -0.060800 

1 -71.000800 -29.968500 -4.197180 -0.188165 

2 106.000000 44.678790 6.105040 0.265461 

3 -50.057200 -20.497200 -2.701910 -0.112441 
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𝚤 = 24;  η =  9600 cm−1 

l/m 0 1 2 3 

0 0.0 0.0 0.0 0.0 

1 0.0 0.0 0.0 0.0 

2 0.0 0.0 0.0 0.0 

3 0.0 0.0 0.0 0.0 

 

𝚤 = 25;  η =  10000 cm−1 

l/m 0 1 2 3 

0 -29.731000 -6.266250 -0.305489 0.0 

1 79.494210 17.485740 0.920417 0.0 

2 -89.415900 -19.312600 -0.998899 0.0 

3 25.900000 5.180000 0.239055 0.0 

 

𝚤 = 26;  η =  10400 cm−1 

l/m 0 1 2 3 

0 -17.707500 -7.965980 -1.191510 -0.064000 

1 99.649070 49.212600 7.836400 0.410387 

2 -174.000000 -86.524900 -13.892100 -0.727189 

3 90.200000 45.300000 7.330000 0.385000 

 

𝚤 = 27;  η =  10800 cm−1 

l/m 0 1 2 3 

0 1.378170 1.360840 0.311756 0.015800 

1 -58.090400 -25.789300 -3.690060 -0.165159 

2 107.895500 47.282630 6.674770 0.301313 

3 -61.100000 -26.800000 -3.780000 -0.173000 
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𝚤 = 28;  η =  11200 cm−1 

l/m 0 1 2 3 

0 -36.225200 -13.956000 -1.808310 -0.081100 

1 241.133300 103.105400 14.429900 0.664769 

2 -1154.190000 -462.464000 -61.330300 -2.692800 

3 841.000000 334.109800 43.977790 1.917480 

 

𝚤 = 29;  η =  11600 cm−1 

l/m 0 1 2 3 

0 0.0 0.0 0.0 0.0 

1 0.0 0.0 0.0 0.0 

2 0.0 0.0 0.0 0.0 

3 0.0 0.0 0.0 0.0 

 

𝚤 = 30;  η =  12000 cm−1 

l/m 0 1 2 3 

0 -23.407500 -4.772890 -0.219870 0.0 

1 38.407420 8.318280 0.414096 0.0 

2 -35.042100 -7.180000 -0.327761 0.0 

3 15.900000 3.260000 0.151000 0.0 
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Table C.3 𝑑̃𝑙𝑚𝚤 coefficients used for CO2 used in banded SLW model [52] 

𝚤 = 1;  η =  300 cm−1 

l/m 0 1 2 3 

0 14.092100 -45.008300 76.586150 -38.507000 

1 3.587140 -16.342200 32.337760 -17.444000 

2 5484479.0 -3.153210 6.033820 -3.220100 

3 0.030000 -0.181700 0.334136 -0.175400 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 2;  η =  600 cm−1 

l/m 0 1 2 3 

0 1.151580 -3.265180 2.597530 -0.365200 

1 0.163145 1.436120 -2.045980 1.102660 

2 0.026500 -0.035200 0.805636 -0.570800 

3 0.020700 -0.192220 0.492278 -0.290800 

4 0.001140 -0.005450 -0.015200 0.011900 

 

𝚤 = 3;  η =  900 cm−1 

l/m 0 1 2 3 

0 5.986200 -18.087700 20.661590 -7.761100 

1 0.304536 3.320310 -6.212690 3.423500 

2 -0.077600 0.914673 -0.810710 0.198430 

3 -0.008460 0.042600 0.232125 -0.213300 

4 0.0 0.0 0.0 0.0 
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𝚤 = 4;  η =  1200 cm−1 

l/m 0 1 2 3 

0 -8.543650 85.961180 -138.220000 67.863300 

1 -10.699600 73.400070 -110.148000 51.705700 

2 -2.881480 17.963190 -25.615100 11.567900 

3 -0.293640 1.731380 -2.334090 1.006100 

4 -0.010200 0.057400 -0.072700 0.029500 

 

𝚤 = 5;  η =  1500 cm−1 

l/m 0 1 2 3 

0 6.470500 -0.579890 0.0 0.0 

1 0.432575 0.010800 0.0 0.0 

2 0.0 0.0 0.0 0.0 

3 0.0 0.0 0.0 0.0 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 6;  η =  1800 cm−1 

l/m 0 1 2 3 

0 -22.640900 175.141400 -211.511000 86.966300 

1 -9.237000 60.508930 -74.237700 31.363200 

2 -1.097880 6.579290 -8.052780 3.450550 

3 -0.041400 0.233599 -0.279510 0.120020 

4 0.0 0.0 0.0 0.0 
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𝚤 = 7;  η =  2100 cm−1 

l/m 0 1 2 3 

0 5.191580 -18.176200 23.113750 -10.017500 

1 0.295888 0.169255 -1.136530 0.894114 

2 -0.081400 0.775819 -1.325230 0.683492 

3 -0.014500 0.152943 -0.246466 0.117372 

4 -0.000576 0.006630 -0.011100 0.004710 

 

𝚤 = 8𝑎;  η =  2400 cm−1 

l/m 0 1 2 3 

0 3.712510 -9.299260 68.205710 -41.907100 

1 1.592330 -12.654800 46.653980 -26.532700 

2 0.385473 -3.356290 9.169920 -4.846200 

3 0.024500 -0.206470 0.508616 -0.254430 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 8𝑏;  η =  2400 cm−1 

l/m 0 1 2 3 

0 2.435250 -23.426900 36.063010 -16.610600 

1 -0.606820 6.659310 -10.337400 4.728690 

2 -0.043400 0.440435 -1.300560 0.735770 

3 0.026000 -0.189210 0.455025 -0.224240 

4 0.0 0.0 0.0 0.0 
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𝚤 = 9;  η =  2700 cm−1 

l/m 0 1 2 3 

0 19.532940 6.882670 -27.539500 13.012140 

1 2.538740 4.135320 -8.258670 3.518680 

2 0.119748 0.142277 -0.295336 0.114518 

3 0.0 0.0 0.0 0.0 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 10;  η =  3000 cm−1 

l/m 0 1 2 3 

0 57.108820 -89.496600 53.883800 -6.564940 

1 8.018190 -7.490780 -1.535140 3.550530 

2 0.303043 -0.085500 -0.406005 0.301169 

3 0.0 0.0 0.0 0.0 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 11;  η =  3300 cm−1 

l/m 0 1 2 3 

0 15.702420 -38.601200 41.134810 -15.349200 

1 5.588770 -14.005900 16.229660 -6.684180 

2 1.183270 -3.276450 3.909660 -1.658080 

3 0.108180 -0.262760 0.259329 -0.095500 

4 0.003220 -0.004870 0.000399 0.001190 
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𝚤 = 12;  η =  3600 cm−1 

l/m 0 1 2 3 

0 1.057720 -1.122970 1.485520 -0.294350 

1 0.225422 2.111910 -1.032800 0.582535 

2 -0.037800 1.040450 -2.650590 2.307730 

3 0.001690 -0.011100 0.178781 0.014600 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 13;  η =  3900 cm−1 

l/m 0 1 2 3 

0 2.215390 1.570390 -2.648370 1.489110 

1 -0.863730 6.428930 -5.788340 1.565060 

2 -0.122490 0.513625 0.351379 -0.523360 

3 -0.003150 0.001900 0.082000 -0.066200 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 14;  η =  4200 cm−1 

l/m 0 1 2 3 

0 37.130500 -97.351500 144.747400 -72.977200 

1 11.334070 -36.488400 57.952520 -30.066300 

2 1.366080 -5.050910 8.126220 -4.203330 

3 0.056100 -0.222630 0.358408 -0.184290 

4 0.0 0.0 0.0 0.0 
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𝚤 = 15;  η =  4500 cm−1 

l/m 0 1 2 3 

0 17.605640 16.589840 -28.286800 15.679650 

1 0.754699 17.708070 -22.697300 10.319910 

2 -0.223320 2.603830 -3.176030 1.388810 

3 -0.015500 0.111595 -0.133760 0.057700 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 16;  η =  4800 cm−1 

l/m 0 1 2 3 

0 5.230980 0.412313 0.087500 -0.850750 

1 0.596114 2.869110 2.366290 -3.675700 

2 0.022600 -0.103760 2.235560 -1.807050 

3 0.002340 -0.046200 0.243823 -0.175500 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 17;  η =  5100 cm−1 

l/m 0 1 2 3 

0 3.439480 14.242520 -33.744100 20.074140 

1 0.823179 7.014010 -15.166700 8.680000 

2 0.078200 1.027030 -2.045410 1.134080 

3 -0.002210 0.094900 -0.143430 0.067800 

4 0.0 0.0 0.0 0.0 
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𝚤 = 18;  η =  5400 cm−1 

l/m 0 1 2 3 

0 4.695960 2.173860 -10.468800 7.574500 

1 0.844226 1.361500 -3.334060 1.971780 

2 0.490874 -2.410590 3.799970 -1.880680 

3 0.088800 -0.507390 0.807579 -0.399060 

4 0.004440 -0.025900 0.041000 -0.020100 

 

𝚤 = 19;  η =  5700 cm−1 

l/m 0 1 2 3 

0 14.732150 -38.101600 56.027930 -23.199300 

1 1.007730 -2.492330 3.811200 -1.586930 

2 0.0 0.0 0.0 0.0 

3 0.0 0.0 0.0 0.0 

4 0.0 0.0 0.0 0.0 

 

𝚤 = 20;  η =  6000 cm−1 

l/m 0 1 2 3 

0 88.607910 -212.170000 699.795200 30.424190 

1 18.018770 -6.091520 166.079200 86.837080 

2 -0.042000 13.496060 3.062210 27.002870 

3 -0.214000 2.095820 -1.661690 2.958710 

4 -0.011600 0.088700 -0.099100 0.108894 
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𝚤 = 21;  η =  6300 cm−1 

l/m 0 1 2 3 

0 17.048500 -55.696300 180.482100 -127.229000 

1 4.658140 -21.975200 93.665510 -70.286500 

2 0.693567 -4.465100 20.009380 -15.154700 

3 0.058300 -0.409840 1.852720 -1.408740 

4 0.001890 -0.013300 0.061600 -0.047300 

 

𝚤 = 22;  η =  6600 cm−1 

l/m 0 1 2 3 

0 -38.733300 334.794100 -582.748000 293.589500 

1 -21.823200 177.223400 -308.523000 154.997400 

2 -4.112960 33.788470 -59.144000 29.763900 

3 -0.334990 2.830980 -4.993560 2.525040 

4 -0.010200 0.088300 -0.157415 0.080200 

 

𝚤 = 23;  η =  6700 cm−1 

l/m 0 1 2 3 

0 24.080930 -142.762000 401.246300 -237.612000 

1 10.965720 -72.785100 184.083900 -106.488000 

2 2.002100 -13.247600 30.769560 -17.391800 

3 0.161970 -1.020680 2.219610 -1.229620 

4 0.004860 -0.028800 0.059200 -0.032200 
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D. Estimation of Mean Beam Length 

In the present work, the approach based on two emissivities is used to determine the 

gray gas parameters of SLW-1 model. For this approach, Solovjov et al. [81] 

recommended that all L1 and L2 values must capture a range of path lengths that are 

both smaller and greater than the length defined by the physical boundaries. In order 

to define the physical boundaries of the system under consideration, three different 

definitions are utilized, and their predictive accuracies are tested against the 

benchmark solutions and measurements. The first one is the height of the freeboard. 

The second one is the spectrally averaged mean beam length which is estimated by 

the following expression; 

𝐿𝑚 = 3.6 ×
𝑉

𝐴
                                                                                                                    (D.1) 

where V is the volume of the test rig and A is the surface area of the walls 

surrounding the test rig. Furthermore, Ozen et al. [87] recommended a band-wise 

selection of pathlengths for the banded SLW-1 model to achieve higher accuracy 

since the optical thickness of the medium varies substantially at each wavelength. 

Therefore, spectrally dependent mean beam length is also utilized as the physical 

boundary in this study. The following expression is used to determine the spectrally 

dependent mean beam length; 

1 − 𝑒−𝜅𝑗𝐿𝑒 = ∫ 𝑒−𝜅𝑗𝑆
𝜅𝑗𝑐𝑜𝑠𝜃𝑑𝑉

𝜋𝑆2
𝑉

                                                                                 (D.2) 

where Le is the spectrally dependent mean beam length, 𝜅𝑗 is the gas absorption 

coefficient in the jth band and S is the distance between an infinitesimal surface 

element 𝑑𝐴 located in the walls of the test rig and an arbitrary volume element 𝑑𝑉 

inside the medium. It should be noted that Eq. (D.2) is applicable to an arbitrary 

volume irradiating an infinitesimal surface element. Hence, Eq. (D.2) is applied to 

different infinitesimal surface elements placed on surfaces of the METU 0.3 MWt 

ABFBC test rig. Spectrally dependent mean beam length is then calculated by 
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averaging the solutions of Eq. (D.2) applied to those infinitesimal surface elements. 

Calculation of mean beam length requires an iterative solution as illustrated in Figure 

D.1 since both spectrally dependent mean beam length and gas absorption coefficient 

depend on each other. Side walls are divided into 3 x 11 infinitesimal surfaces 

whereas bottom and top walls are divided into 3 x 3 surfaces which means that the 

boundaries of METU 0.3 MWt ABFBC test rig is represented as 150 infinitesimal 

surfaces for the calculation of spectrally dependent mean beam length. In this study, 

spectrally dependent mean beam lengths are calculated separately from the radiation 

code and are given as input data to the model as their calculation requires iterative 

solution of triple integrals for various infinitesimal surfaces. Calculated spectrally 

dependent mean beam lengths for the combustion tests under investigation are 

summarized in Table D.1. Spectrally dependent mean beam lengths are also 

compared with the mean beam lengths for optically thin media (𝐿0) calculated using 

Eq. (D.3). As shown by the table, spectrally dependent mean beam lengths are very 

close to 𝐿0 in the spectral bands where gas absorption coefficients are very small 

(see Figure D.2). 

𝐿𝑚 = 4 ×
𝑉

𝐴
                                                                                                                       (D.3) 

where V is the volume of the freeboard and A is the total freeboard surface area. 
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Figure D.1. Solution procedure for calculation of spectrally dependent mean beam 

length 
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Figure D.2. Spectral variation in the gas absorption coefficient of the flue gas under 

the conditions of Test 2 and Test 3 

Table D.1 Spectrally dependent mean beam lengths and mean beam lengths for 

optically thin media for Test 2 and Test 3 

Band 

No. 

Band 

Interval 

(μm) 

Spectrally Dependent 

Mean Beam Length 

Eq. (D.2) 

Mean Beam Length for 

Optically Thin Media 

Eq. (D.3) 

1 1 – 2.4 0.41 0.42 

2 2.4 – 3.1 0.36 0.42 

3 3.1 – 4.1 0.42 0.42 

4 4.1 – 4.8 0.16 0.42 

5 4.8 – 6.3 0.38 0.42 

6 6.3 – 8.9 0.36 0.42 

7 8.9 – 12.1 0.41 0.42 

8 12.1 – 20.0 0.29 0.42 
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E. Complex Index of Refraction Models for Ash Particles 

E.1. Complex Index of Refraction Model Proposed by Goodwin 

E.1.1. Calculation of Spectral Refractive Indices (n) between 1-8 μm 

In the wavelength interval 1 – 8 μm, Goodwin estimated the refractive index of coal 

slags by using a mixture tule and by assuming refractive index of coal slags are 

uniform with respect to composition: 

𝑛2 − 1

𝑛2 + 2
= 𝜌 ∑ 𝑋𝑚,𝑖𝐹𝑖(𝜆)

𝑖

                                                                                               (E.1) 

By rearranging Eq. (E.1), the refractive index, n, can be determined as follows: 

𝑛(𝜆) = (
1 + 2𝜌 ∑ 𝑋𝑚,𝑖𝐹𝑖(𝜆)𝑖

1 − ∑ 𝑋𝑚,𝑖𝐹𝑖(𝜆)𝑖
)

0.5

                                                                                (E.2) 

where 𝐹𝑖(𝜆) is the fitting function for each oxide which can be estimated as: 

𝐹𝑖(𝜆) =
(𝑎𝑖𝜆

2 − 𝑏𝑖)

(𝑐𝑖𝜆2 − 𝑑𝑖)
                                                                                                         (E.3) 

The coefficients of the fitting function, 𝐹𝑖(𝜆), for each species in the coal slag are 

listed in Table E.1. 
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Table E.1 The coefficients of the fitting function, 𝐹𝑖(𝜆), for each species in the coal 

slag 

 a b c d 

F(SiO2) 0.9389 53 5.001 420 

F(Al2O3) 1.914 174 10.36 1633.8 

F(CaO) 4.250 827.7 16.63 6102.3 

F(Fe2O3) 1.647 0.00 11.36 0.00 

F(MgO) 1.278 136.9 7.433 1200.9 

F(TiO2) 2.72 260.0 15.80 1954.4 

 

The mixture rule that Goodwin proposed is only available for six oxides listed in 

Table E.1. Fortunately, these oxides usually accounts for the 95% - 97% of typical 

coal ashes. The oxides not listed in Table E.1. are not included in the RI model of 

Goodwin. However, Goodwin suggested two approaches to extend his model for the 

inclusion of other components. 

• Utilization of Eq. (E.2) by neglecting all other component (by setting the 

refractive index of other components to 1.0) 

• Normalization of the mass fractions of the six oxides listed in Table E.1 to 

unity. 

It was stated by Goodwin that both approaches provide similar results. 

E.1.2. Calculation of Spectral Absorption Indices (k) between 1-4 μm 

The dominant absorbing species in the coal slags for the wavelengths less than 4 μm 

is Fe2O3. The following simple correlation, suggested by Goodwin, describes the 

interaction between Fe absorption; 

𝑘(𝜆) = 𝑎1𝑒𝑏/𝜆 + 𝑎2𝑔(𝜆)                                                                                                (E.4) 
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where the exponent b and the function 𝑔(𝜆) are independent of composition. 

Goodwin related the coefficients of Eq. (E.4), which are 𝑎1 and 𝑎2, to the mass 

fraction of Fe2O3 and the ferrous ratio (r) as follows: 

𝑘(𝜆) = 3.61 x 10−7𝜌2(1 − 𝑟)(𝐹𝑒2𝑂3)2𝑒
1.75

𝜆

+ 𝜌𝑟(𝐹𝑒2𝑂3)[0.0963 + 0.0011𝜌𝑟(𝐹𝑒2𝑂3)]𝑔(𝜆)                         (E.5) 

where 𝜌 is the density of slag,  (𝐹𝑒2𝑂3) is the weigth percent of iron oxide in the 

slag, and 𝑟 is the ferrous ratio which is described by the following expression: 

𝑟 =
𝐹𝑒2+

𝐹𝑒2+ + 𝐹𝑒3+
                                                                                                             (E.6) 

𝑔(𝜆) characterizes the Fe2+ absorption spectrum and provided in Table E.2. 

Table E.2 Data for the function 𝑔(𝜆) 

λ g(λ) λ g(λ) λ g(λ) 

0.7 0.304 1.9 2.463 3.0 1.919 
0.8 0.727 2 2.424 3.1 1.928 
0.9 1.355 2.1 2.332 3.2 1.94 
1.0 2.025 2.2 2.213 3.3 1.948 
1.1 2.488 2.3 2.094 3.4 1.97 
1.2 2.641 2.4 2.002 3.5 1.994 
1.3 2.521 2.5 1.941 3.6 2.015 
1.4 2.318 2.6 1.898 3.7 2.048 
1.5 2.202 2.7 1.891 3.8 2.077 
1.6 2.213 2.8 1.892 3.9 2.115 
1.7 2.32 2.9 1.904 4.0 2.153 
1.8 2.422     

 

E.1.3. Calculation of Spectral Absorption Indices (k) between 4-8 μm 

In the wavelength interval 4-8 μm, the absorption is originated by the existance of 

silica content in the ash, via vibration. Other oxides have a negligible impact on 

absorption in this wavelength interval [123]. Therefore, the following expression is 

used to represent the absorption index (k) in terms of SiO2 content of the ash; 
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k(λ) =  
ρ

ρSiO2
𝑋SiO2k0(λ)                                                                                                (E.7) 

where k0(λ) is the SiO2 absorption index data which is provided in Table E.3. 

Table E.3 SiO2 absorption index data 

λ k0(λ) λ k0(λ) λ k0(λ) 

4 0.0000579 5 0.00398 6.452 0.00657 
4.082 0.0000799 5.063 0.00512 6.667 0.00716 
4.167 0.000107 5.128 0.00518 6.897 0.00851 
4.255 0.000132 5.263 0.00549 7.143 0.0106 
4.348 0.000213 5.333 0.00569 7.407 0.0148 
4.396 0.000265 5.405 0.00572 7.692 0.0372 
4.444 0.000284 5.556 0.00563 7.752 0.0474 
4.494 0.000284 5.882 0.00594 7.813 0.0768 
4.545 0.000256 6.061 0.00632 7.874 0.132 
4.651 0.000262 6.154 0.00646 7.937 0.216 
4.762 0.000485 6.25 0.00652 8 0.323 
4.878 0.00182     

 

In the radiation model, polynomial expressions fitted to this experimental data [Eq. 

(E.8) to Eq. (E.14)] is utilized: 

for 4 ≤ λ ≤ 4.4: 

k0(λ) =  −0.0705119λ + 0.0514052λ2 − 0.0125009λ3 +  0.0010144λ4     (E.8) 

for 4.4 ≤ λ ≤ 4.8: 

k0(λ) =  −0.4879839λ + 0.3234942λ2 − 0.0714526λ3 + 0.0052591λ4      (E.9) 

for 4.8 ≤ λ ≤ 5.4: 

k0(λ) =  219.3123 − 173.6359λ + 51.49852λ2 − 6.781594λ3

+ 0.3345718λ4                                                                                   (E.10) 

for 5.4 ≤ λ ≤ 6.4: 
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k0(λ) =  −0.9501931λ + 0.6835954λ2 − 0.1834775λ3 + 0.0218031λ4

− 0.0009681λ5                                                                                   (E.11) 

for 6.4 ≤ λ ≤ 7.7: 

k0(λ) =  20.66834λ − 12.00397λ2 + 2.613003λ3 − 0.2526626λ4

+ 0.0091574λ5                                                                                   (E.12) 

for 7.7 ≤ λ ≤ 8.0: 

k0(λ) =  146.2145λ − 52.81511λ2 + 6.32314λ3 − 0.2506528λ4                 (E.13) 

 

E.1.4. Calculation of Spectral Refractive (n) and Absorption (k) Indices 

between 8-13 μm 

In the wavelength region between 8-13 μm, absorption of thermal radiation by coal 

slags is mainly due to the vibration of Si-O-Si and Si-O- bonds. The optical properties 

of this region is calculated using a multiple oscillator model where RI (m) is 

determined instead of n and k separately; 

𝑚2 = 𝑛∞
2 + ∑

𝜔𝑝𝑗
2

𝜔0𝑗
2 − 𝜔2 − 𝑖𝛾𝑗𝜔

j

                                                                              (E.14) 

where 𝜔 = 1/𝜆, 𝜔𝑝𝑗, 𝜔0𝑗 and 𝛾𝑗 are the strength, position and width of the jth 

oscillator, respectively. 

By representing the RI (m) explicitly, Eq. (14) can be rewritten as two equations: 

𝑛2 − 𝑘2 = 𝑛∞
2 + ∑

𝜔𝑝𝑗
2 (𝜔𝑗

2 − 𝜔2)

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

                                                               (E.15) 

−2𝑛𝑘 = ∑
𝜔𝑝𝑗

2 𝛾𝑗𝜔

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

                                                                              (E.16) 
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Goodwin found that the region between 8-12 μm can be represented with three peaks 

by the following expressions: 

(
ωp1

ω0,1
)

2

 = (0.425 − 0.60XFe2O3) (
𝑋SiO2

0.52
)                                                                 (E.17) 

(
ωp2

ω0,2
)

2

 = (0.175 + 0.75XFe2O3) (
XSiO2

0.52
)                                                                 (E.18) 

(
ωp3

ω0,3
)

2

 = (0.053) (
xSiO

0.52
)                                                                                           (E.19) 

The parameters of these peaks are listed in Table E.4. 

Table E.4 Fitting parameters for the multiple oscillator model 

 n∞² ω0,j γj 

1st  oscillation 
2.15 

1062.8 164.7 
2nd   oscillation 955.8 79.1 
3rd  oscillation 762 27.5 

 

Finally, n and k can be found analytically by the following expressions: 

𝑛2 − 𝑘2 = 𝑛∞
2 + ∑

𝜔𝑝𝑗
2 (𝜔𝑗

2 − 𝜔2)

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

= 𝐴                                                      (E.20) 

2𝑛𝑘 = ∑
𝜔𝑝𝑗

2 𝛾𝑗𝜔

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

 = 𝐵                                                                        (E.21) 

𝑛 = √𝐴

2
+

√𝐴2 + 𝐵2

2
                                                                                                     (E.22) 

𝑘 =
𝐵

2√𝐴
2 +

√𝐴2 + 𝐵2

2

                                                                                                  (E.23) 
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E.1.5. Calculation of Spectral Refractive (n) and Absorption (k) Indices 

between 13-20 μm 

No experimental measurement is available for the wavelengths greater than 13 μm. 

Nevertheless, Goodwin suggested that the optical properties of coal slags is 

dominated by the Reststrahlen bands of Al2O3 and MgO in this region. For this 

reason, RI for this wavelength region can simply be estimated by a simple summation 

rule as given below; 

n(λ) = ∑ xini(λ)                                                                                                          (E.24) 

k(λ) = ∑ xiki(λ)                                                                                                          (E.25) 

where the refractive and absorption indices of Al2O3 and MgO can be found in [233]. 

E.2. Complex Index of Refraction Model Proposed by Ebert 

E.2.1. Density Calculation 

The Ebert’s model of RI requires the skeletal density of particles. If the skeletal 

density of the particle is not available, Ebert suggested a simple summation rule as a 

function of effective densities of each oxide in the particle; 

1

𝜌
= ∑ xi/𝜌i                                                                                                                    (E.26) 

where xi and 𝜌i are the mass fraction and density of component i provided in Table 

E.5.  
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Table E.5 Oxide densities in glass at room temperature 

Oxide Oxide density in glass 
(g/cm3) 

Oxide Oxide density in glass 
(g/cm3) 

SiO2 2.28 TiO2 3.8 
Al2O3 2.5 Na2O 3.1 
CaO 3.9 K2O 2.8 

Fe2O3 5.24 BaO 7 
MgO 3.3   

 

E.2.2. Calculation of Spectral Refractive Indices (n) between 1-8 μm 

Similar to the Goodwin’s model, the refractive index is estimated by applying a 

summation rule between the wavelength interval of 1-8 μm according to the Ebert’s 

model; 

𝑛2 − 1

𝑛2 + 2
= ρ ∑

𝑋𝑚,𝑖

ρ𝑖

𝑛𝑖
2 − 1

𝑛𝑖
2 + 2

𝑖

                                                                                        (E.27) 

where 𝑋𝑚,𝑖 and 𝑛𝑖 are the mass fraction and refractive index of the component i. For 

each species, 𝑛𝑖 is calculated by the following expressions: 

𝑛𝑖
2 = 1 + 𝐶𝑖 −

𝐵𝑖𝜆
2

𝜆0,𝑖
2 − 𝜆2

                                                                                              (E.28) 

𝐶𝑖, 𝐵𝑖 and 𝜆0,𝑖 values are given in Table E.6. 

Table E.6 Dispersion equation (C.23) parameters for oxides 

  SiO2 Al2O3 MgO CaO TiO2 Fe2O3 
𝜌𝑖 2.20 3.97 3.58 3.31 4.86 5.24 
𝐶𝑖 1.104 2.082 1.9625 2.31 5.031 8.3636 
𝐵𝑖 0.8975 5.281 2.47 11.32 7.764 0 

𝜆0,𝑖 9.896 17.93 15.56 33.9 15.6 0 
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Ebert used the following expressions to take into account the effect of decreasing 

SiO2 content on λ0; 

𝑛𝑆𝑖𝑂2
2 = 1 + 𝐶𝑆𝑖𝑂2 −

𝐵𝑆𝑖𝑂2𝜆2

(𝜆0,𝑆𝑖𝑂2 + 𝛿𝜆0,𝑆𝑖𝑂2)2 − 𝜆2
                                                   (E.29) 

𝛿𝜆0,𝑆𝑖𝑂2 = 2.82 − 2.90𝑥̂𝑆𝑖𝑂2                                                                                        (E.30) 

where 𝑥̂𝑆𝑖𝑂2 is the mole fraction of SiO2. 

Finally, the refractive index, n, can explicitly be found by the following expressions: 

𝑛2 − 1

𝑛2 + 2
= ρ ∑

𝑋𝑚,𝑖

ρ𝑖

𝑛𝑖
2 − 1

𝑛𝑖
2 + 2

𝑖

= 𝛼                                                                                (E.31) 

𝑛 = |
√𝛼 + 1 − 2𝛼2

𝛼 − 1
|                                                                                                      (E.32) 

E.2.3. Calculation of Absorption Indices (k) between 1-4 μm 

According to Ebert’s model, the absorption index, k, can simply be found using an 

empirical correlation deduced from 16 samples with different iron oxide contens; 

𝑘(Fe) = (4.02𝑋Fe2O3
+ 16.9𝑋Fe2O3

2 )10−3                                                               (E.33) 

where 𝑋Fe2O3
 is the iron oxide mass fraction. 

E.2.4. Calculation of Absorption Indices (k) between 4-8 μm 

In the wavelength interval under consideration, the spectral absorption indices are 

represented by two-phonon model; 

𝑘 = 𝑘0 + 𝑘𝑏 [1 +
2

𝑒𝑥𝑝 (
𝐶2

2𝜆𝑇
) − 1

]                                                                             (E.34) 

𝑘𝑏 =
𝐴0

𝜔
exp (−

𝜔

𝐵0
) , 𝜔 < 𝜔∗                                                                              (E.35) 
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𝑘𝑏 =
𝐴1

𝜔
exp (−

𝜔

𝐵1
) , 𝜔 > 𝜔∗                                                                              (E.36) 

𝜔∗ =
ln (𝐴1/𝐴0)

1
𝐵1

−
1

𝐵0

                                                                                                            (E.37) 

𝑘0 = 𝐴𝑘0
exp [− (

𝜔 − 𝐵𝑘0

𝐶𝑘0

)

2

]                                                                                    (E.38) 

where 𝐶2 is the second blackbody emissive power constant. The constants in Eqs. 

(E.34) to (E.38) are listed in Table E.7. 

Table E.7 Parameters used in the evaluation of absorption index (k) between 4-8 μm 

Ak0 0.0015 
Bk0 (cm-1) 1800 
Ck0 (cm-1) 110 
A0 (cm-1) 295 
B0 (cm-1) 443 
A1 (cm-1) 51370 
B1 (cm-1) 200 
C2 (µmK) 14388 

 

Frequency 𝜔 in Eqs. (E.34) to (E.38) should be modified to consider the effect of 

SiO2 content on oscillations; 

𝜔 = 𝜔 + 𝛿𝜔 = 𝜔 + 355(0.678 − 𝑥̂𝑆𝑖𝑂2)                                                                (E.39) 

where 𝑥̂𝑆𝑖𝑂2 is mole fraction of SiO2. 

 

E.2.5. Calculation of Spectral Refractive (n) and Absorption (k) Indices between 

8-13 μm 

Ebert stated that multiple oscillatory model can be used to estimate the refractive and 

absorption indices of coal slags in the wavelength interval between 8-13 μm. In this 
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region, absorption of thermal radiation by coal slags is mainly due to the vibration 

of Si-O-Si and Si-O- bonds. The optical properties of this region is calculated using 

a multiple oscillator model where RI (m) is determined instead of n and k separately; 

𝑚2 = 𝑛∞
2 + ∑

𝜔𝑝𝑗
2

𝜔0𝑗
2 − 𝜔2 − 𝑖𝛾𝑗𝜔

j

                                                                              (E.40) 

where 𝜔 = 1/𝜆, 𝜔𝑝𝑗, 𝜔0𝑗 and 𝛾𝑗 are the strength, position and width of the jth 

oscillator, respectively. 

By representing the RI (m) explicitly, Eq. (E.40) can be rewritten as two equations: 

𝑛2 − 𝑘2 = 𝑛∞
2 + ∑

𝜔𝑝𝑗
2 (𝜔𝑗

2 − 𝜔2)

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

                                                               (E.41) 

−2𝑛𝑘 = ∑
𝜔𝑝𝑗

2 𝛾𝑗𝜔

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

                                                                              (E.42) 

Goodwin found that the region between 8-12 μm can be represented with three peaks 

by the following expressions: 

(
ωp1

ω0,1
)

2

 = (0.425 − 0.60XFe2O3) (
𝑋SiO2

0.52
)                                                                 (E.43) 

(
ωp2

ω0,2
)

2

 = (0.175 + 0.75XFe2O3) (
XSiO2

0.52
)                                                                 (E.44) 

(
ωp3

ω0,3
)

2

 = (0.053) (
xSiO

0.52
)                                                                                           (E.45) 

The parameters of the peaks are listed in Table E.8. 
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Table E.8 Fitting parameters for the multiple oscillator model 

 n∞² ω0,j γj 

1st  oscillation 
2.15 

1062.8 164.7 
2nd   oscillation 955.8 79.1 
3rd  oscillation 762 27.5 

 

Finally, n and k can be found analytically by the following expressions: 

𝑛2 − 𝑘2 = 𝑛∞
2 + ∑

𝜔𝑝𝑗
2 (𝜔𝑗

2 − 𝜔2)

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

= 𝐴                                                      (E.46) 

2𝑛𝑘 = ∑
𝜔𝑝𝑗

2 𝛾𝑗𝜔

(𝜔𝑗
2 − 𝜔2)

2
+ 𝛾𝑗

2𝜔2
𝑗

 = 𝐵                                                                        (E.47) 

𝑛 = √𝐴

2
+

√𝐴2 + 𝐵2

2
                                                                                                     (E.48) 

𝑘 =
𝐵

2√𝐴
2 +

√𝐴2 + 𝐵2

2

                                                                                                  (E.49) 

 

E.2.5. Calculation of Spectral Refractive (n) and Absorption (k) Indices between 

13-20 μm 

No experimental measurement is available for the wavelengths greater than 13 μm 

in Ebert’s model. Nevertheless, according to the Goodwin’s recommendation, 

mentioned in section E.1.5, optical properties of coal slags is dominated by the 

Reststrahlen bands of Al2O3 and MgO in this region. For this reason, RI for this 

wavelength region can simply be estimated by a simple summation rule as given 

below; 

n(λ) = ∑ xini(λ)                                                                                                          (E.50) 
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k(λ) = ∑ xiki(λ)                                                                                                          (E.51) 

where the refractive and absorption indices of Al2O3 and MgO can be found in [233]. 
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F. Derivation of Freeboard Particle Energy Balance 

Estimation of the temperature profile of the particles along the freeboards of BFBCs 

is crucial for the evaluation of RHT in such systems. For this purpose, accurate 

treatment of particles distribution along the freeboard is of considerable importance 

for the modeling of BFBCs. The transfer of particles from the bed surface to the 

freeboard by the fluidizing gas is called entrainment. Among the entrained particles, 

large ones return to bed whereas the smaller ones may be carried out of the bed. This 

separation or fractionation of fines occurring up the freeboard is known as 

elutriation. Schematic representation of the transfer of particles from the bed surface 

into the freeboard is illustrated in Figure F.1. 

 

Figure F.1. Schematic representation of the transfer of particles from the bed 

surface into the freeboard 

In this thesis study, the volume fraction of freeboard particles, consisting of fly ash 

and char, is taken to decrease exponentially with the decay constant 𝑎 and as a 

function of freeboard height; 
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𝜀𝑝

𝜀𝑝,0
= exp(−𝑎 × 𝑧𝑓)                                                                                                        (F.1) 

The details of the treatment of particles distribution along the freeboard is given in 

section 3.2.1. 

The char particles temperature profile along the freeboard can be calculated by the 

solution of an energy balance considering convective transport, heat generation due 

to char combustion and heat transfer between the particles and environment by 

convection and radiation. Noting that some particles fall back to the bed while others 

carried by the fluidizing gas, the steady-state energy conservation equation on a 

differential volume element of thickness ∆z (shown in Figure F.2) can be written as;  

𝐹𝑧,𝑑𝐶𝑝,𝑑(𝑇𝑑 − 𝑇𝑟)|
𝑧

− 𝐹𝑧+∆𝑧,𝑑𝐶𝑝,𝑑(𝑇𝑑 − 𝑇𝑟)|
𝑧+∆𝑧

− (𝐹𝑧,𝑑 − 𝐹𝑧+∆𝑧,𝑑)𝐶𝑝,𝑑(𝑇𝑑 − 𝑇𝑟)|
𝑧+∆𝑧

− 𝐴𝑑ℎ𝑝(𝑇𝑑 − 𝑇𝑓)    

− 𝐴𝑓∆𝑧(𝛻 ∙ 𝑞𝑟,𝑑) + 𝐴𝑑𝑟𝐶,𝑓∆𝐻𝑟𝑥𝑛
𝑜 = 0                                               (F.2) 

where 𝐹𝑧,𝑑 is the flowrate of char particles at height z, 𝑇𝑑, 𝑇𝑓 and 𝑇𝑟 are the char 

particles, freeboard gas, and reference temperatures, respectively, 𝐶𝑝,𝑑 is the specific 

heat capacity of char, 𝐴𝑓 is the freeboard cross-sectional area, ∇ ∙ 𝑞𝑟,𝑑 is the radiative 

ST due to char particles, 𝑟𝐶,𝑓 and ∆𝐻𝑟𝑥𝑛
𝑜  are the rate and reaction enthalpy of char 

combustion, respectively, and 𝐴𝑑 is the total surface area of char particles. 
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Figure F.2. Schematic representation of the transfer of particles from the bed surface 

into the freeboard 

The char particles' total surface area, 𝐴𝑑, in the differential volume element can be 

defined as: 

𝐴𝑑 = {

Number of char 
particles in

differential volume
element

} × {
Surface area of

a single char
particle

}                                                   (F.3) 

The above verbal form of char particles' total surface area can be rewritten as; 

𝐴𝑑 =
𝐴𝑓∆𝑧𝜀𝑑

4
3 𝜋𝑟𝑑

3
× 4𝜋𝑟𝑐

2 =
3𝐴𝑓∆𝑧𝜀𝑑

𝑟𝑑
                                                                               (F.4) 

where 𝜀𝑑 is volume fraction occupied by char particles and 𝑟𝑑 is char particle radius. 

Noting that char particles are present in the freeboard with a size distribution, 

inserting Eq. (F.4) into Eq. (F.2) yields: 
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𝐹𝑧,𝑑𝐶𝑝,𝑑(𝑇𝑑 − 𝑇𝑟)|
𝑧

− 𝐹𝑧,𝑑𝐶𝑝,𝑑(𝑇𝑑 − 𝑇𝑟)|
𝑧+∆𝑧

− 3𝐴𝑓∆𝑧 ∫
𝜀𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑
ℎ𝑝(𝑇𝑑 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑖𝑛

− 𝐴𝑓∆𝑧(𝛻 ∙ 𝑞𝑟,𝑑)

+ 3𝐴𝑓∆𝑧
𝑥𝐹𝐶

𝑥𝐹𝐶 + 𝑥𝑎𝑠ℎ
∫

𝜀𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑
𝑟𝐶,𝑓∆𝐻𝑟𝑥𝑛

𝑜 𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑖𝑛

= 0                 (F.5) 

The particles in the freeboard are assumed to move upward with the superficial gas 

velocity. Noting that the freeboard particles consist of both elutriable fines and 

coarse particles carried by bursting bubbles, the differential form of the char particle 

energy conservation equation along the freeboard can then be obtained by dividing 

both sides of Eq. (F.5) by 𝐴𝑓∆𝑧 and taking the limit as ∆𝑧 → 0. 

𝜌𝑑𝜀𝑑𝑈0𝐶𝑝,𝑑

𝑑𝑇𝑑

𝑑𝑧𝑓
= − ∫

3𝜀𝑑𝑃𝑧,𝑑

𝑟𝑐
ℎ𝑝(𝑇𝑑 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥,𝑒

− ∫
3𝐹𝐶𝑂,𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑𝑈0𝐴𝑓𝜌𝑑
ℎ𝑝(𝑇𝑑 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥,𝑒

𝑟𝑚𝑖𝑛

 

                                  −∇ ∙ 𝑞𝑟,𝑑 +
𝑥𝐹𝐶

𝑥𝐹𝐶 + 𝑥𝑎𝑠ℎ
∫

3𝜀𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑
ℜ𝐶,𝑓∆𝐻𝑟𝑥𝑛

𝑜 𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥,𝑒

 

                                 +
𝑥𝐹𝐶

𝑥𝐹𝐶 + 𝑥𝑎𝑠ℎ
∫

3𝐹𝐶𝑂,𝑑𝑃𝑧,𝑑(𝑟)

𝑟𝑑𝑈0𝐴𝑓𝜌𝑑
ℜ𝐶,𝑓∆𝐻𝑟𝑥𝑛

𝑜 𝑑𝑟

𝑟𝑚𝑎𝑥,𝑒

𝑟𝑚𝑖𝑛

                                  (F.6) 

The radiative ST due to char particles, ∇ ∙ 𝑞𝑟,𝑑, can be calculated from Eq. (F.7) after 

calculation of radiative intensity field along the freeboard by solving RTE. 

𝛻 ∙ 𝑞𝑟,𝑑 = ∑ 𝜅𝑗,𝑑 (4𝜋𝐼𝑗,𝑏,𝑑 − ∑ 𝑤𝑚𝐼𝑗
𝑚

𝑚

)

𝑗

                                                                  (F.7) 

In a similar manner, the temperature profile of ash particles along the freeboard can 

be obtained by solving an energy balance considering convective transport and heat 

transfer between the particles and environment by convection and radiation: 
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𝜌𝑖𝜀𝑖𝑈0𝐶𝑝,𝑖

𝑑𝑇𝑖

𝑑𝑧𝑓
= − ∫

3𝜀𝑖𝑃𝑧,𝑖(𝑟)

𝑟𝑖
ℎ𝑝(𝑇𝑖 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥

𝑟𝑚𝑎𝑥,𝑒

 

                                − ∫
3𝐹𝐶𝑂,𝑖𝑃𝑧,𝑖(𝑟)

𝑟𝑖𝑈0𝐴𝑓𝜌𝑖
ℎ𝑝(𝑇𝑖 − 𝑇𝑓)𝑑𝑟

𝑟𝑚𝑎𝑥,𝑒

𝑟𝑚𝑖𝑛

− ∇ ∙ 𝑞𝑟,𝑖                           (F.8) 

The radiative ST due to ash particles, ∇ ∙ 𝑞𝑟,𝑖, can be calculated from Eq. (F.9) after 

calculation of radiative intensity field along the freeboard by solving RTE. 

𝛻 ∙ 𝑞𝑟,𝑖 = ∑ 𝜅𝑗,𝑖 (4𝜋𝐼𝑗,𝑏,𝑖 − ∑ 𝑤𝑚𝐼𝑗
𝑚

𝑚

)

𝑗

                                                                     (F.9) 
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G. Estimation of Size Parameters of Rosin-Rammler Size Distribution Model 

Embedded in ANSYS Fluent 

In the ANSYS Fluent software, the size distribution of discrete particles can be 

represented as a Rosin-Rammler size distribution function: 

𝑌𝑑 = 𝑒−(𝑑 𝑑̅⁄ )𝑛
                                                                                                                    (G.1) 

where 𝑌𝑑 is the mass fraction of particles with diameter greater than 𝑑, 𝑑̅ is the mean 

diameter and 𝑛 is the spread parameter. According to the ANSYS Fluent, the mean 

diameter (𝑑̅) is obtained at which 𝑌𝑑 = 𝑒−1 = 0.368. On the other hand, the spread 

parameter (𝑛) is estimated by the following relation: 

𝑛 =
ln(−𝑙𝑛𝑌𝑑)

ln (𝑑 𝑑̅⁄ )
                                                                                                                 (G.2) 

In the Test 4 where the model developed using ANSYS Fluent is applied on, the size 

distribution of lignite particles fed to the 0.3 MWt test rig is listed in Table G.1. 

Table G.1: PSD of lignite feed for Test 4 

Sieve Opening (mm) Differential Weight (%) 𝒀𝒅 

19.000 0.00 0.00 
16.000 0.00 0.00 
12.700 1.08 0.01 
8.000 3.04 0.04 
6.300 4.90 0.09 
4.750 6.10 0.15 
3.350 16.86 0.32 
2.000 13.57 0.46 
1.000 21.48 0.67 
0.500 10.85 0.78 
0.355 5.82 0.84 
0.180 5.55 0.89 
0.106 4.09 0.93 
0.000 6.66 1.00 
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Using the information in Table G.1, the mean diameter (𝑑̅) is obtained by simply 

using linear interpolation such that for 𝑑̅, 𝑌𝑑 must be equal to 𝑒−1 = 0.368. For Test 

4, the mean diameter (𝑑̅) is calculated as 2.87 mm. Furthermore, the spread 

parameter (𝑛) can be found by fitting the experimental data provided in Table G.1 

into the Eq. (G.2) as illustrated by Figure G.1. Finally, the spread parameter should 

be equal to the slope of the fitted line which is equal to 0.8766. 

 

Figure G.1. The experimental size distribution data for the lignite particles used in 

Test 4 fitted into Eq. (G.2) 

The size distribution function of lignite particle feed for Test 4 is then expressed by 

the following expression: 

𝑌𝑑 = 𝑒−(𝑑 2.87⁄ )0.8766
                                                                                                         (G.3) 

The comparison of calculated and measured fuel inlet PSD is illustrated in Figure G.2. 
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Figure G.2. Calculated and measured fuel inlet PSD for Test 4 
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H. Estimation of Soot Volume Fraction 

The radiative properties of soot and their effect on RHT in BFBCs is investigated by 

applying the 3-D radiation model based on MOL solution of DOM to Test 5 only in 

which Çan lignite is burned with limestone addition. Soot particles are taken to be 

uniformly released only in the splash zone of the 0.3 MWt ABFBC test rig based on 

a previous study observing formation of yellow diffusion flames at the bed surface 

[207]. Splash zone consists of coarse particles (particles with terminal velocities 

greater than the superficial gas velocity of 1.9 m/s for Test 5) carried by bubble 

eruption and fine particles. The coarse ones return to bed whereas the smaller ones 

may be carried out of the bed by the superficial gas velocity. Therefore, the upper 

limit of the splash zone can be considered as the point where the volume fraction of 

coarse particles drops to zero. The volume fraction of solid particles decreases 

exponentially from the surface of the bed as a function of distance with decay 

constant 𝑎; 

𝜀𝑝

𝜀𝑝,0
= 𝑒𝑥𝑝(−𝑎 × 𝑧𝑓)                                                                                                       (H.1) 

where 𝜀𝑠 is the solids volume fraction and 𝜀𝑠,0 is the solids volume fraction at the 

expanded bed height. Decay constant is estimated by utilizing empirical correlation 

adopted from Choi et al. [148] which accounts for the variations in gas velocity, 

column size, particle size, temperature and density; 

𝑎 =
1

𝑑𝑝
× 𝑒𝑥𝑝 (−11.2 + 210

𝑑𝑝

𝑑𝑏𝑒𝑑 − 𝑑𝑝
) × (

𝑑𝑝𝜌𝑔(𝑢0 − 𝑢𝑚𝑓)

𝜇
)

−0.492

× (
𝑑𝑝𝑔𝜌𝑝

𝜌𝑔(𝑢0 − 𝑢𝑚𝑓)
2)

0.725

× (
𝜌𝑝 − 𝜌𝑔

𝜌𝑔
)

0.731

× 𝐶𝐷
−1.47                 (H.2) 

The total volume fraction of solids just above the surface of the expanded bed height, 

𝜀𝑠,0, is obtained from; 
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𝜀𝑝,0 = 1 − 𝜀𝑓                                                                                                                      (H.3) 

Parameters, 𝑢𝑚𝑓 and 𝜀𝑓, are calculated as 0.24 m/s and 0.58, respectively, based on 

modified two-phase theory which is described in detail in section 3.2.1. Empirical 

correlation suggested by Choi et al. [148], however, is originally developed for sand 

and leads to significant inaccuracies in the prediction of volume fraction of ash which 

is bed material in this study. Therefore, the decay constant is multiplied by 3.5 to 

comply with the measured particle load (B) at the freeboard exit (15 g/m3) which is 

calculated by; 

𝐵 =
𝐹𝐶𝑂

𝑢0 × 𝐴𝑓
                                                                                                                      (H.4) 

where 𝐹𝐶𝑂 is the carry over particle flowrate (sum of cyclone and bag filter particle 

flowrates), 𝑢0 is the superficial gas velocity and 𝐴𝑓 is the cross-sectional area of the 

freeboard. Similarly, the decay constant used for the estimation of coarse particles 

volume fraction along the freeboard is also multiplied by 3.5 in this study. 

The volume fraction of coarse bottom ash particles (whose PSD is given in Appendix 

I), which represents the bed ash particles due to perfect mixing in the bed, are 

calculated along the freeboard based on Eq. (H.1). Volume fraction of coarse particle 

can be considered as negligible when it drops below 1 % of the particles volume 

fraction at the freeboard exit (= 𝐵 𝜌𝑝⁄ = 10−5). Therefore, that location is taken as 

the upper limit for splash zone. 

Soot volume fraction in the splash zone is calculated by assuming all the tar is 

converted into soot particles [209]; 

𝑓𝑣 =
𝑀𝑐𝑜𝑎𝑙𝑥𝑡𝑎𝑟(1 − 𝑥𝑣𝑙)

𝑢0 × 𝐴𝑓

1

𝜌𝑝
                                                                                           (H.5) 

where 𝑥𝑡𝑎𝑟 is the fraction of tar released during pyrolysis, 𝑥𝑣𝑙 is the fraction of 

volatiles released to the bed section, which is 0.78 [96], and 𝜌𝑝 is the soot particles 

density which is taken as 2000 kg/m3 [231]. The fraction of tar released during 
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pyrolysis of coal depends on not only the characteristics of the coal but also chemical 

composition of coal ash due to catalytic effect of mineral content on tar formation 

[232]. Therefore, the tar content of the lignite under investigation in this study is 

taken to be 45 % of the volatile matter content based on a previous experimental 

study conducted on coal with similar characteristics (see Coal B in Ref. [232]). 
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I. PSD Measurements for the Combustion Tests 

Table I.1: PSD of lignite feed for Test 1 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

8.000 0.00 100.00 
6.300 0.33 99.67 
4.750 7.63 92.04 
3.350 28.06 63.98 
2.360 18.28 45.70 
1.700 19.45 26.25 
1.180 6.38 19.87 
0.850 5.82 14.05 
0.600 3.58 10.47 
0.425 2.33 8.14 
0.300 1.86 6.28 
0.180 2.84 3.44 
0.000 3.44 0.00 

 

Table I.2: PSD of bed drain ash for Test 1 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

6.700 0.00 100.00 
6.300 0.00 100.00 
4.750 0.46 99.54 
3.350 5.33 94.21 
2.360 7.78 86.43 
2.000 8.65 77.78 
1.700 10.93 66.85 
1.180 13.99 52.86 
0.850 27.05 25.81 
0.600 20.42 5.39 
0.425 4.77 0.62 
0.300 0.50 0.12 
0.180 0.04 0.08 
0.000 0.08 0.00 
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Table I.3: PSD of cyclone ash for Test 1 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

2000.00 100.00 46.00 23.93 
1700.00 99.98 37.80 18.78 
1400.00 99.94 31.00 14.84 
1180.00 99.89 25.50 11.82 
1000.00 99.80 20.90 9.44 
850.00 99.55 17.20 7.50 
710.00 98.95 14.10 5.88 
600.00 98.11 11.60 4.53 
492.50 94.55 9.50 3.42 
404.20 91.89 7.80 2.54 
331.80 89.85 6.40 1.87 
272.30 87.80 5.20 1.39 
223.50 84.79 4.30 1.07 
183.40 80.08 3.50 0.83 
150.60 73.42 2.90 0.64 
123.60 65.23 2.40 0.47 
101.40 56.18 2.00 0.30 
83.30 47.00 1.60 0.15 
68.30 38.25 1.30 0.04 
56.10 30.44 0.50 0.00 
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Table I.4: PSD of lignite feed for Test 2 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

4.000 0.00 100.00 
3.350 11.47 88.53 
2.360 20.22 68.31 
2.000 17.74 50.57 
1.700 16.77 33.80 
1.400 8.50 25.30 
1.180 7.22 18.08 
1.000 7.69 10.39 
0.850 2.50 7.89 
0.710 1.98 5.91 
0.600 0.93 4.98 
0.500 0.61 4.37 
0.425 0.28 4.09 
0.300 0.78 3.31 
0.250 0.79 2.52 
0.000 2.52 0.00 

 

Table I.5: PSD of bed drain ash for Test 2 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

4.000 0.00 100.00 
3.350 0.41 99.59 
2.360 1.10 98.49 
2.000 2.45 96.04 
1.700 3.99 92.05 
1.400 3.78 88.27 
1.180 4.55 83.72 
1.000 20.56 63.16 
0.850 18.28 44.88 
0.710 20.56 24.32 
0.600 14.22 10.10 
0.500 6.64 3.46 
0.425 2.66 0.80 
0.300 0.40 0.40 
0.250 0.11 0.29 
0.000 0.29 0.00 
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Table I.6: PSD of cyclone ash for Test 2 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 100.00 28.25 13.08 
1124.68 99.89 25.18 12.27 
1002.37 99.59 22.44 11.51 
893.37 98.87 20.00 10.79 
796.21 97.61 17.83 10.10 
709.63 95.49 15.89 9.44 
632.46 92.49 14.16 8.80 
563.67 88.69 12.62 8.17 
502.38 84.23 11.25 7.56 
447.74 79.28 10.02 6.97 
399.05 74.02 8.93 6.39 
355.66 68.63 7.96 5.82 
316.98 63.29 7.10 5.27 
282.50 58.14 6.33 4.73 
251.79 53.29 5.64 4.22 
224.40 48.80 5.02 3.73 
200.00 44.71 4.48 3.27 
178.25 41.04 3.99 2.85 
158.87 37.76 3.56 2.48 
141.59 34.84 3.17 2.15 
126.19 32.24 2.83 1.90 
112.47 29.91 2.52 1.69 
100.24 27.79 2.24 1.47 
89.34 25.87 2.00 1.25 
79.62 24.09 1.78 1.03 
70.96 22.45 1.59 0.83 
63.25 20.93 1.42 0.63 
56.37 19.52 1.26 0.45 
50.24 18.22 1.13 0.29 
44.77 17.02 1.00 0.17 
39.91 15.91 0.89 0.07 
35.57 14.89 0.80 0.01 
31.70 13.95 0.71 0.00 
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Table I.7: PSD of bag filter ash for Test 2 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 31.39 
15.89 100.00 1.59 27.42 
14.16 100.00 1.42 23.85 
12.62 99.95 1.26 20.65 
11.25 99.51 1.13 17.81 
10.02 98.42 1.00 15.28 
8.93 96.73 0.89 13.01 
7.96 94.41 0.80 10.98 
7.10 91.44 0.71 9.14 
6.33 87.83 0.63 7.49 
5.64 83.62 0.56 6.00 
5.02 78.87 0.50 4.68 
4.48 73.68 0.45 3.52 
3.99 68.18 0.40 2.54 
3.56 62.50 0.36 1.75 
3.17 56.78 0.32 1.14 
2.83 51.14 0.28 0.68 
2.52 45.71 0.25 0.35 
2.24 40.56 0.22 0.12 
2.00 35.78 0.20 0.00 
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Table I.8: PSD of lignite feed for Test 3 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

4.000 0.00 100.00 
3.350 11.47 88.53 
2.360 20.22 68.31 
2.000 17.74 50.57 
1.700 16.77 33.80 
1.400 8.50 25.30 
1.180 7.22 18.08 
1.000 7.69 10.39 
0.850 2.50 7.89 
0.710 1.98 5.91 
0.600 0.93 4.98 
0.500 0.61 4.37 
0.425 0.28 4.09 
0.300 0.78 3.31 
0.250 0.79 2.52 
0.000 2.52 0.00 

 

Table I.9: PSD of bed drain ash for Test 3 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

4.000 0.00 100.00 
3.350 1.47 98.53 
2.360 6.14 92.39 
2.000 8.96 83.43 
1.700 14.89 68.54 
1.400 12.83 55.71 
1.180 7.60 48.11 
1.000 21.38 26.73 
0.850 10.02 16.71 
0.710 8.85 7.86 
0.600 4.28 3.58 
0.500 2.22 1.36 
0.425 0.69 0.67 
0.300 0.31 0.36 
0.250 0.10 0.26 
0.000 0.26 0.00 
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Table I.10: PSD of cyclone ash for Test 3 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 100.00 28.25 25.14 
1124.68 100.00 25.18 23.36 
1002.37 100.00 22.44 21.63 
893.37 99.97 20.00 19.97 
796.21 99.85 17.83 18.36 
709.63 99.62 15.89 16.81 
632.46 99.14 14.16 15.30 
563.67 98.22 12.62 13.85 
502.38 96.80 11.25 12.46 
447.74 94.95 10.02 11.16 
399.05 92.72 8.93 9.94 
355.66 90.13 7.96 8.81 
316.98 87.23 7.10 7.79 
282.50 84.07 6.33 6.88 
251.79 80.69 5.64 6.08 
224.40 77.14 5.02 5.37 
200.00 73.48 4.48 4.75 
178.25 69.77 3.99 4.21 
158.87 66.06 3.56 3.73 
141.59 62.39 3.17 3.30 
126.19 58.81 2.83 2.90 
112.47 55.35 2.52 2.53 
100.24 52.04 2.24 2.18 
89.34 48.87 2.00 1.84 
79.62 45.87 1.78 1.52 
70.96 43.02 1.59 1.22 
63.25 40.33 1.42 0.93 
56.37 37.80 1.26 0.67 
50.24 35.40 1.13 0.44 
44.77 33.14 1.00 0.25 
39.91 30.99 0.89 0.11 
35.57 28.95 0.80 0.02 
31.70 27.01 0.71 0.00 
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Table I.11: PSD of bag filter ash for Test 3 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 28.14 
15.89 100.00 1.59 24.40 
14.16 100.00 1.42 21.11 
12.62 99.93 1.26 18.24 
11.25 99.40 1.13 15.73 
10.02 98.19 1.00 13.53 
8.93 96.33 0.89 11.58 
7.96 93.79 0.80 9.83 
7.10 90.56 0.71 8.25 
6.33 86.64 0.63 6.82 
5.64 82.07 0.56 5.51 
5.02 76.94 0.50 4.33 
4.48 71.38 0.45 3.29 
3.99 65.52 0.40 2.39 
3.56 59.52 0.36 1.65 
3.17 53.54 0.32 1.09 
2.83 47.73 0.28 0.65 
2.52 42.20 0.25 0.34 
2.24 37.06 0.22 0.12 
2.00 32.36 0.20 0.00 
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Table I.12: PSD of lignite feed for Test 4 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 1.08 98.92 
8.000 3.04 95.88 
6.300 4.90 90.99 
4.750 6.10 84.88 
3.350 16.86 68.02 
2.000 13.57 54.46 
1.000 21.48 32.98 
0.500 10.85 22.13 
0.355 5.82 16.31 
0.180 5.55 10.75 
0.106 4.09 6.66 
0.000 6.66 0.00 

 

Table I.13: PSD of bed drain ash for Test 4 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

8.000 0.00 100.00 
6.300 0.00 100.00 
4.750 0.12 99.87 
3.350 4.14 95.73 
2.000 6.57 89.16 
1.000 47.07 42.10 
0.500 37.19 4.90 
0.355 4.58 0.33 
0.180 0.10 0.22 
0.106 0.05 0.18 
0.000 0.18 0.00 

 

 

 

 



 
 

420 

Table I.14: PSD of cyclone ash for Test 4 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 0.00 28.25 1.10 
1124.68 0.00 25.18 1.05 
1002.37 0.00 22.44 1.00 
893.37 0.00 20.00 0.98 
796.21 0.01 17.83 0.95 
709.63 0.44 15.89 0.93 
632.46 1.25 14.16 0.91 
563.67 2.06 12.62 0.89 
502.38 2.86 11.25 0.86 
447.74 3.61 10.02 0.84 
399.05 4.29 8.93 0.79 
355.66 4.83 7.96 0.74 
316.98 5.21 7.10 0.70 
282.50 5.41 6.33 0.64 
251.79 5.43 5.64 0.59 
224.40 5.28 5.02 0.53 
200.00 5.00 4.48 0.48 
178.25 4.62 3.99 0.44 
158.87 4.18 3.56 0.39 
141.59 3.73 3.17 0.35 
126.19 3.29 2.83 0.32 
112.47 2.90 2.52 0.29 
100.24 2.55 2.24 0.26 
89.34 2.27 2.00 0.23 
79.62 2.02 1.78 0.21 
70.96 1.84 1.59 0.18 
63.25 1.69 1.42 0.17 
56.37 1.55 1.26 0.13 
50.24 1.45 1.13 0.12 
44.77 1.36 1.00 0.09 
39.91 1.29 0.89 0.07 
35.57 1.21 0.80 0.00 
31.70 1.14 0.71 0.00 
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Table I.15: PSD of bag filter ash for Test 4 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 28.07 
15.89 100.00 1.59 24.20 
14.16 100.00 1.42 20.82 
12.62 99.95 1.26 17.86 
11.25 99.68 1.13 15.29 
10.02 98.56 1.00 13.05 
8.93 96.78 0.89 11.09 
7.96 94.35 0.80 9.35 
7.10 91.20 0.71 7.79 
6.33 87.35 0.63 6.40 
5.64 82.83 0.56 5.14 
5.02 77.73 0.50 4.02 
4.48 72.16 0.45 3.04 
3.99 66.27 0.40 2.20 
3.56 60.20 0.36 1.51 
3.17 54.13 0.32 0.99 
2.83 48.20 0.28 0.59 
2.52 42.54 0.25 0.30 
2.24 37.26 0.22 0.11 
2.00 32.42 0.20 0.00 

 

 

 

 

 

 

 

 

 



 
 

422 

Table I.16: PSD of lignite feed for Test 5 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 2.03 97.97 
8.000 8.43 89.53 
6.300 9.24 80.30 
4.750 10.41 69.89 
3.350 23.38 46.51 
2.000 13.27 33.24 
1.000 14.16 19.08 
0.500 5.55 13.53 
0.355 2.69 10.84 
0.180 2.56 8.29 
0.106 2.68 5.61 
0.000 5.61 0.00 

 

Table I.17: PSD of bed drain ash for Test 5 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

8.000 0.00 100.00 
6.300 0.58 99.42 
4.750 1.46 97.96 
3.350 9.27 88.69 
2.000 11.48 77.21 
1.000 36.11 41.10 
0.500 31.48 9.62 
0.355 8.80 0.83 
0.180 0.55 0.28 
0.106 0.09 0.19 
0.000 0.19 0.00 
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Table I.18: PSD of cyclone ash for Test 5 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 100.00 28.25 25.14 
1124.68 100.00 25.18 23.36 
1002.37 100.00 22.44 21.63 
893.37 99.97 20.00 19.97 
796.21 99.85 17.83 18.36 
709.63 99.62 15.89 16.81 
632.46 99.14 14.16 15.30 
563.67 98.22 12.62 13.85 
502.38 96.80 11.25 12.46 
447.74 94.95 10.02 11.16 
399.05 92.72 8.93 9.94 
355.66 90.13 7.96 8.81 
316.98 87.23 7.10 7.79 
282.50 84.07 6.33 6.88 
251.79 80.69 5.64 6.08 
224.40 77.14 5.02 5.37 
200.00 73.48 4.48 4.75 
178.25 69.77 3.99 4.21 
158.87 66.06 3.56 3.73 
141.59 62.39 3.17 3.30 
126.19 58.81 2.83 2.90 
112.47 55.35 2.52 2.53 
100.24 52.04 2.24 2.18 
89.34 48.87 2.00 1.84 
79.62 45.87 1.78 1.52 
70.96 43.02 1.59 1.22 
63.25 40.33 1.42 0.93 
56.37 37.80 1.26 0.67 
50.24 35.40 1.13 0.44 
44.77 33.14 1.00 0.25 
39.91 30.99 0.89 0.11 
35.57 28.95 0.80 0.02 
31.70 27.01 0.71 0.00 
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Table I.19: PSD of bag filter ash for Test 5 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 28.14 
15.89 100.00 1.59 24.40 
14.16 100.00 1.42 21.11 
12.62 99.93 1.26 18.24 
11.25 99.40 1.13 15.73 
10.02 98.19 1.00 13.53 
8.93 96.33 0.89 11.58 
7.96 93.79 0.80 9.83 
7.10 90.56 0.71 8.25 
6.33 86.64 0.63 6.82 
5.64 82.07 0.56 5.51 
5.02 76.94 0.50 4.33 
4.48 71.38 0.45 3.29 
3.99 65.52 0.40 2.39 
3.56 59.52 0.36 1.65 
3.17 53.54 0.32 1.09 
2.83 47.73 0.28 0.65 
2.52 42.20 0.25 0.34 
2.24 37.06 0.22 0.12 
2.00 32.36 0.20 0.00 
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Table I.20: PSD of lignite feed for Test 6 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 0.46 99.54 
8.000 4.45 95.09 
6.300 7.98 87.11 
4.750 10.38 76.73 
3.350 26.06 50.67 
2.000 14.10 36.58 
1.000 15.25 21.32 
0.500 6.14 15.18 
0.355 3.17 12.01 
0.180 3.30 8.72 
0.106 3.95 4.77 
0.000 4.77 0.00 

 

Table I.21: PSD of OR feed for Test 6 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 0.00 100.00 
8.000 0.00 100.00 
6.300 0.00 100.00 
4.750 0.13 99.87 
3.350 11.97 87.91 
2.000 21.51 66.40 
1.000 20.84 45.56 
0.500 13.60 31.96 
0.355 9.31 22.64 
0.180 9.33 13.32 
0.106 6.18 7.14 
0.000 7.14 0.00 
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Table I.22: PSD of bed drain ash for Test 6 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

8.000 0.00 100.00 
6.300 0.63 99.37 
4.750 1.76 97.62 
3.350 10.24 87.38 
2.000 11.30 76.08 
1.000 28.82 47.27 
0.500 33.93 13.34 
0.355 12.31 1.03 
0.180 0.85 0.18 
0.106 0.18 0.00 
0.000 0.00 0.00 
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Table I.23: PSD of cyclone ash for Test 6 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 100.00 28.25 15.61 
1124.68 100.00 25.18 14.56 
1002.37 100.00 22.44 13.57 
893.37 100.00 20.00 12.62 
796.21 99.98 17.83 11.71 
709.63 99.24 15.89 10.82 
632.46 97.71 14.16 9.97 
563.67 95.46 12.62 9.13 
502.38 92.41 11.25 8.32 
447.74 88.61 10.02 7.54 
399.05 84.11 8.93 6.80 
355.66 79.06 7.96 6.09 
316.98 73.63 7.10 5.43 
282.50 68.03 6.33 4.81 
251.79 62.47 5.64 4.24 
224.40 57.13 5.02 3.71 
200.00 52.15 4.48 3.23 
178.25 47.63 3.99 2.79 
158.87 43.61 3.56 2.40 
141.59 40.08 3.17 2.04 
126.19 37.02 2.83 1.71 
112.47 34.35 2.52 1.42 
100.24 32.02 2.24 1.16 
89.34 29.94 2.00 0.93 
79.62 28.06 1.78 0.72 
70.96 26.33 1.59 0.54 
63.25 24.72 1.42 0.39 
56.37 23.20 1.26 0.26 
50.24 21.76 1.13 0.15 
44.77 20.40 1.00 0.06 
39.91 19.10 0.89 0.00 
35.57 17.87 0.80 0.00 
31.70 16.71 0.71 0.00 
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Table I.24: PSD of bag filter ash for Test 6 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 27.48 
15.89 100.00 1.59 23.79 
14.16 100.00 1.42 20.55 
12.62 99.79 1.26 17.71 
11.25 98.88 1.13 15.24 
10.02 97.41 1.00 13.07 
8.93 95.31 0.89 11.16 
7.96 92.57 0.80 9.45 
7.10 89.17 0.71 7.91 
6.33 85.13 0.63 6.52 
5.64 80.52 0.56 5.26 
5.02 75.40 0.50 4.13 
4.48 69.88 0.45 3.13 
3.99 64.11 0.40 2.27 
3.56 58.23 0.36 1.57 
3.17 52.37 0.32 1.03 
2.83 46.68 0.28 0.62 
2.52 41.27 0.25 0.32 
2.24 36.23 0.22 0.12 
2.00 31.63 0.20 0.00 
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Table I.25: PSD of lignite feed for Test 7 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 1.27 98.73 
8.000 5.06 93.67 
6.300 7.10 86.57 
4.750 7.81 78.76 
3.350 18.75 60.01 
2.000 13.20 46.81 
1.000 17.78 29.03 
0.500 9.07 19.96 
0.355 4.93 15.04 
0.180 5.17 9.86 
0.106 3.50 6.37 
0.000 6.37 0.00 

 

Table I.26: PSD of HS feed for Test 7 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 9.04 90.96 
8.000 64.45 26.51 
6.300 13.87 12.63 
4.750 5.84 6.79 
3.350 5.16 1.64 
2.000 0.63 1.00 
1.000 0.31 0.70 
0.500 0.19 0.51 
0.355 0.00 0.51 
0.180 0.06 0.45 
0.106 0.00 0.45 
0.000 0.45 0.00 
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Table I.27: PSD of bed drain ash for Test 7 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

8.000 0.00 100.00 
6.300 1.21 98.79 
4.750 2.28 96.51 
3.350 10.48 86.03 
2.000 10.39 75.64 
1.000 26.56 49.08 
0.500 36.11 12.97 
0.355 12.24 0.73 
0.180 0.34 0.39 
0.106 0.05 0.34 
0.000 0.34 0.00 
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Table I.28: PSD of cyclone ash for Test 7 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 100.00 28.25 13.16 
1124.68 100.00 25.18 12.15 
1002.37 99.94 22.44 11.21 
893.37 99.51 20.00 10.33 
796.21 98.51 17.83 9.50 
709.63 96.97 15.89 8.71 
632.46 94.73 14.16 7.96 
563.67 91.74 12.62 7.24 
502.38 87.99 11.25 6.55 
447.74 83.56 10.02 5.89 
399.05 78.58 8.93 5.26 
355.66 73.21 7.96 4.66 
316.98 67.69 7.10 4.07 
282.50 62.21 6.33 3.51 
251.79 56.96 5.64 2.96 
224.40 52.09 5.02 2.43 
200.00 47.67 4.48 1.93 
178.25 43.76 3.99 1.46 
158.87 40.33 3.56 1.04 
141.59 37.33 3.17 0.67 
126.19 34.72 2.83 0.36 
112.47 32.39 2.52 0.15 
100.24 30.27 2.24 0.01 
89.34 28.31 2.00 0.00 
79.62 26.45 1.78 0.00 
70.96 24.66 1.59 0.00 
63.25 22.92 1.42 0.00 
56.37 21.26 1.26 0.00 
50.24 19.66 1.13 0.00 
44.77 18.16 1.00 0.00 
39.91 16.75 0.89 0.00 
35.57 15.45 0.80 0.00 
31.70 14.26 0.71 0.00 
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Table I.29: PSD of bag filter ash for Test 7 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 28.11 
15.89 100.00 1.59 24.24 
14.16 100.00 1.42 20.85 
12.62 99.95 1.26 17.91 
11.25 99.68 1.13 15.36 
10.02 98.59 1.00 13.14 
8.93 96.86 0.89 11.20 
7.96 94.48 0.80 9.48 
7.10 91.38 0.71 7.94 
6.33 87.58 0.63 6.55 
5.64 83.10 0.56 5.29 
5.02 78.03 0.50 4.16 
4.48 72.47 0.45 3.16 
3.99 66.56 0.40 2.29 
3.56 60.47 0.36 1.59 
3.17 54.36 0.32 1.04 
2.83 48.38 0.28 0.63 
2.52 42.68 0.25 0.33 
2.24 37.36 0.22 0.12 
2.00 32.49 0.20 0.00 
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Table I.30: PSD of lignite feed for Test 8 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 0.00 100.00 
12.700 1.09 98.91 
8.000 3.79 95.12 
6.300 5.16 89.97 
4.750 6.15 83.82 
3.350 16.31 67.51 
2.000 13.34 54.17 
1.000 21.00 33.17 
0.500 11.41 21.76 
0.355 6.19 15.58 
0.180 6.44 9.14 
0.106 3.72 5.42 
0.000 5.42 0.00 

 

Table I.31: PSD of CR feed for Test 8 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

19.000 0.00 100.00 
16.000 1.67 98.33 
12.700 6.35 91.98 
8.000 31.65 60.33 
6.300 12.52 47.81 
4.750 7.60 40.22 
3.350 14.56 25.65 
2.000 7.90 17.76 
1.000 7.90 9.86 
0.500 2.99 6.87 
0.355 0.00 6.87 
0.180 5.50 1.37 
0.106 0.00 1.37 
0.000 1.37 0.00 
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Table I.32: PSD of bed drain ash for Test 8 

Sieve Opening (mm) Differential Weight (%) Cumulative Weight (%) 

8.000 0.00 100.00 
6.300 0.87 99.14 
4.750 2.67 96.46 
3.350 10.96 85.50 
2.000 9.78 75.73 
1.000 26.18 49.55 
0.500 42.89 6.65 
0.355 5.96 0.69 
0.180 0.24 0.45 
0.106 0.13 0.32 
0.000 0.32 0.00 
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Table I.33: PSD of cyclone ash for Test 8 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

1261.92 100.00 28.25 13.02 
1124.68 100.00 25.18 12.08 
1002.37 100.00 22.44 11.20 
893.37 100.00 20.00 10.36 
796.21 99.97 17.83 9.56 
709.63 99.05 15.89 8.78 
632.46 97.23 14.16 8.03 
563.67 94.64 12.62 7.30 
502.38 91.16 11.25 6.60 
447.74 86.84 10.02 5.92 
399.05 81.79 8.93 5.26 
355.66 76.18 7.96 4.63 
316.98 70.24 7.10 4.03 
282.50 64.21 6.33 3.44 
251.79 58.34 5.64 2.89 
224.40 52.82 5.02 2.36 
200.00 47.78 4.48 1.86 
178.25 43.31 3.99 1.40 
158.87 39.43 3.56 0.99 
141.59 36.11 3.17 0.63 
126.19 33.27 2.83 0.34 
112.47 30.84 2.52 0.14 
100.24 28.72 2.24 0.01 
89.34 26.82 2.00 0.00 
79.62 25.07 1.78 0.00 
70.96 23.43 1.59 0.00 
63.25 21.86 1.42 0.00 
56.37 20.36 1.26 0.00 
50.24 18.93 1.13 0.00 
44.77 17.57 1.00 0.00 
39.91 16.31 0.89 0.00 
35.57 15.13 0.80 0.00 
31.70 14.03 0.71 0.00 
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Table I.34: PSD of bag filter ash for Test 8 

Size (μm) Cumulative 

Weight (%) 

Size (μm) Cumulative 

Weight (%) 

17.83 100.00 1.78 28.77 
15.89 100.00 1.59 24.94 
14.16 100.00 1.42 21.55 
12.62 99.94 1.26 18.57 
11.25 99.42 1.13 15.95 
10.02 98.24 1.00 13.65 
8.93 96.41 0.89 11.72 
7.96 93.92 0.80 9.81 
7.10 90.73 0.71 8.18 
6.33 86.88 0.63 6.72 
5.64 82.39 0.56 5.40 
5.02 77.35 0.50 4.22 
4.48 71.87 0.45 3.19 
3.99 66.10 0.40 2.31 
3.56 60.18 0.36 1.59 
3.17 54.26 0.32 1.04 
2.83 48.48 0.28 0.62 
2.52 42.96 0.25 0.32 
2.24 37.80 0.22 0.11 
2.00 33.06 0.20 0.00 
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