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ABSTRACT

Let G and H be two locally compact abelian groups, equipped with their Haar
measures. The corresponding group algebras are the sets of functions which are the
measurable functions of whose absolute values have finite integrals. The object of
this work is to study the structure of the Banach algebra homomorphisms between
these group algebras. The adjoint of such a homomorphism sends the dual group
of H into dual group of G union the zero function. The problem comes to find
out the mappings between the dual groups that are induced by the adjoint of a
homomorphism h between group algebras. To this end, the work will be exploring
commutative Banach algebras, dual group of a locally compact group and measure

algebra of a locally compact group.
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OZETCE

Her lokal kompakt ve kommutatif grup tizerinde tamimhi Haar o6lgiisii vardir. G
ve H lokal kompakt ve kommutatif iki grup olsun. Bu gruplara ait grup cebirleri,
Haar olciisiine gore, grup tizerinde tanimh o6lgiilebilir ve mutlak degeri sonlu integrale
sahip olan fonksiyonlarin kiimesidir. Bu ¢alismanin amaci grup cebirleri arasindaki
Banach cebiri homomorfizmalarini anlamaktir. Bunun i¢in, sirayla komutatif Banach

cebirleri, lokal kompakt gruplarin dualleri ve 6lcti cebirleri incelendi.
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INTRODUCTION

The structure of homomorphisms between group algebras of locally compact abelian
groups has been well established by Paul J. Cohen [3]|. Before then, there have been
many papers on the subject dealing with certain special cases, especially isomor-
phisms, such as [6], [12].

When dealing with the homomorphism problem of group algebras, it is inevitable
to study the measure algebras, in particular the idempotent measures. It is also
natural to establish a background of dual groups and Fourier transform on measure
algebras. In that reason, the paper [16] by I.E. Segal, which establishes the concepts
on group algebras, and [12] by W. Rudin, which constituted the facts on the mea-
sure algebras, were examined in depth and the relevant facts are presented carefully.
However, the most crucial papers for the course of the study were [14] by W. Rudin
and [2] by P. J. Cohen, and of course [3] by the same author.

Throughout this study, the books by W. Rudin [14] and [13] were indispensable
sources of information. Also [5] and [15] were most valuable to establish background

information for the study and myself.
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Chapter 1

COMMUTATIVE SEMISIMPLE BANACH ALGEBRAS
(=CSS-BA)

A complex Banach algebra is an algebra B over the field of complex numbers with a
norm || - || under which it is a Banach space and with the property ||zy|| < ||z|| ||y]|-
Since every non-unital Banach algebra can be embedded in a unital Banach alge-
bra (see Appendix A.1), throughout this chapter all Banach algebras are unital and
commutative if otherwise is not stated.

For a Banach algebra A, intersection of all maximal ideals of A is called the radical

of A, denoted as RadA. And A is semisimple if RadA = {0}.

1.1 Gelfand Spectrum and Gelfand Transform of a CSS-BA

Let A be a (commutative) Banach algebra. A multiplicative functional on A is a
nonzero algebra homomorphism y : A — C. The spectrum of A, denoted as o(.A),

is the set of all multiplicative functionals on A.

Proposition 1.1.1 For y € o(A),
(1) x(e) = 1.
(2) If x is invertible then x(z) # 0.
(3) And x is continuous of norm one.
Proof: (1) As x € 0(A), there is x € A with x(x) # 0, then
x(x) = x(ze) = x(z)x(e) hence x(e) = 1.
In particular, the condition x # 0 is equivalent to x(e) = 1
(2) If  is invertible then x(e) = x(z7'z) = x(z7V)x(z) = 1, so neither x(z™') nor

x(x) is zero.
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(3) If |A| > ||z||, then Xe — x is invertible by the theorem A.1.3, so by (1) and (2)
xX(Ae —z) = XN — x(z) # 0. Hence |x(z)| < ||z|| for all z € A. So x is a bounded

linear map, hence continuous. As x(e) =1, ||x|lo =1. B

Let 9 (A) denote the set of maximal ideals of the Banach algebra A. Then there

is a correspondence between the sets o(A) and M(A) as follows:

Theorem 1.1.2 (Gelfand) Let A be a Banach algebra. Then:

(i) x — Kerx defines a bijection from o(A) onto M(A).

(it) For every x € A, o(x) = {x(x) : x € 0(A)} (spectrum of x defined in A.1)

Proof: (i) Let x € o(A), then Kerx is a proper ideal of A as x(e) =1 # 0. Since
for each A € C, Ae € A and x(Ae) =X =0 iff A\ =0, then A= Kery @ Ce. Hence
Kery has codimension 1, so that it is a mazximal ideal of A.
Let Kerx = Kert for x,7 € 0(A). By above argument, all x € A can be written as:
x = x(x)e+y for somey € Kery, so that 7(x) = x(z)7(e) —7(y) = x(z), i.e. T7=x.
Let T € M(A), then T is a closed ideal, and A/Z is a Banach algebra with quotient
norm (see Appendiz A.1). Moreover, A/T has no nontrivial ideals, since if M C A/T
is an ideal, then 7= *(M) is an ideal of A where m : A — A/T is the quotient mapping
and T C w~Y(M). But then M = {0} or M = A/Z, as T is mazimal . Hence A/T
has no non-trivial ideals, thus for each element & € AJZ, (A/I) = A/Z, and so &
is invertible. Then by Gelfand-Mazur theorem (A.1.6), AJT = C, let ¢ : AJT — C
be the isomorphism, then ¢ om : A — C is a multiplicative functional of A as both ¢
and 7 are homomorphisms of algebras. Moreover, Ker¢pom =1.

(1)) A € o(x) <= Xe — x is not invertible <= e — x is contained in a maximal
ideal (since ideal generated by \e — x is proper) <= x(Ae —z) = XA — x(z) = 0 for
some x € 0(A), t.e. x(x)= A
In particular, an element x € A is invertible iff x(x) # 0 for every x € o(A).R

Moreover, x € RadA iff spectral radius of x (defined in A.1) is zero;

r € RadA < x is in all maximal ideals of A < = € Kery for all x € 0(A) <
o(z) = {x(z): x € o(A)} = {0} i.e. r(x) = sup{|x(x)| : x € 7(A)} = 0.
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Let A be a Banach algebra. Each x € A defines a function & on o(A) given by
z(x) = x(z) for x € o(A). The weak™ topology induced on o(.A) by the collection
{Z : © € A} is called the Gelfand topology of o(A). And themapI': A — C(c(A))
defined as I'(x) = z is called the Gelfand transform of z.

Since there is a one-to-one correspondence between maximal ideals of A and members

of o(A), 0(A) with Gelfand topology is called the maximal ideal space of A.

Theorem 1.1.3 (Gelfand) Let A be a Banach algebra, and o(A) be its maximal
1deal space. Then:
(1) o(A) is compact.
(i1) Gelfand transform, I is a continuous homomorphism from A onto a subalgebra
A of C(a(A)) such that Kerl' = RadA. Hence T is an injective homomorphism if
and only if A is semisimple.
(111) For every x € A, range & = o(x) and ||Z|| = r(x), which is the spectral norm
of x.
Proof: (i) By proposition 1.1.1, o(A) C B* (closed unit ball of A*). By Banach-
Alaoglu theorem, it is enough to show that o(A) is closed in weak* topology.

Let f € o(A)" then there is a net {xa} in o(A) with xa —" f, i.c. xa(z) — f(z)
for each x € A. Then;

Xa(2y) = f(2y) and xa(zy) = Xa(z)Xaly) = f(2)f(Y), so f(zy) = f(z)f(y)

Xa(e) =1 —= f(e), so f(e) =1
Hence f is a multiplicative functional, i.e o(A) is weak® closed, hence compact.
(ii) Forw,y € A and a € C, (az + y)(x) = x(az+y) = ax(x)+x(y) = a2 () +i(x),
so that I'(ax +y) = ol'(z) + I'(y), hence I' is a linear mapping.

12001 = Ix(@)| < lzl], so [[D(@)[] = [12]] < [|=]l,
hence I' is continuous.

7y(0) = x(zy) = x()x(y) = 2()F(x),
hence T'(zy) = T'(x)[(y), so it is also a homomorphism.

Kerl' ={zeA:T(x)=2=0}={zcA:2(x)=0,Vx €c(A)}

={re A:z e Kerx,Vx € 0(A)} = RadA by theorem 1.1.2.
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(111) By theorem 1.1.2, range & = {&(x) : x € 0(A)} = {x(z) : x € 0(A)} = o(2)
and ||Z]]eo = sup{|A| : A € o(x)} =7r(z) A

Example 1.1.4 In some cases, o(A) can be identified explicitly. Let K be a compact
set and A= C(K). Then o(A) can be identified with K.
Let v € K, define ¢, : C(K) — C by ¢.(f) = f(x). Then

¢o(af +9) = (af +9)(x) = af(z) + g(z) = ags(f) + d(g)

¢a(f9) = (f9)(x) = f(2)g(x) = ¢2(f)P=(9)

Hence ¢, is a multiplicative functional on C(K).
Now define & : K — o(C(K)) by ®(x) = ¢,. By above argument ® is well-defined.
O is also one-to-one since for x # y in K, there is a function f € C(K) such that
F(x) # F(), hence 6, # .
If vy — x then f(xy) — f(x) for each f € C(K), so that ®(z,) — P(z) in the weak
topology, so ® is continuous.
Claim: FEvery multiplicative functional on C(K) is of the form ¢, for some x € K.
By the theorem 1.1.2, it is enough to show that every maximal ideal of C(K) is of
the form Ker¢, = {f € C(K) : ¢.(f) = f(xz) = 0} for some x € K. So we need to
show that every proper ideal T C C(K) is contained in some Kerg,.
Assume by contradiction that T is a proper ideal and for all x € K there exists
fz € T such that f,(x) #0. Then {y € K : f.(y) # 0} # 0, is an open set for each
x € K, and all such sets cover K. As K is compact there are x1, . ..,x, € K such that

the corresponding sets for these elements cover K. So there are f. ..., fz, €T such
n
that not all of these functions are zero at every point in K. Let g = Z | fu:|?, then

i=1
g € L and g 1is invertible contradicting T being a proper ideal by proposition A.1.11.

1.2 Shilov Idempotent Theorem

Let A be a Banach algebra, an element z € A is called idempotent if 22 = z.
Idempotent measures will be important in this study, we will give a few general

results on idempotent elements of a Banach algebra in this section.



Chapter 1: Commutative Semisimple Banach Algebras (=CSS-BA) 6

Proposition 1.2.1 Let A be a Banach algebra with radical R.

(i) The only idempotent element in R is 0.

(ii) If z,y are idempotent elements in A with x + R =y + R then x = y.
Proof: (i) It is enough to show that for a € A and x € R if ax = a then a = 0.
Now A(x — e) is a nonzero ideal of A as x € R (so x # e). If it is proper, it must
be contained in a maximal ideal, say M. Then as x € R, x must be in M, so that
axr € M, for eacha € A. As A(x—e) C M, ax—a € M, foralla € A. Then A C M,
i.e. any mazimal ideal including A(x — e) is equal to A, contradicting mazimality.
Hence A(x —e) = A. In particular, there ezists y € A such that e = y(xz — e), i.e.
x — e is invertible. Then by the assumption above ax = a, so a(e —x) = 0. Hence
a=0 as (e — x) is invertible.
(17) Let x,y are idempotent elements in A with x + R = y+ R. Then z —y € R.
And as R is intersection of ideals, x(x —y) = 2> — 2y = x — 2y € R and also
y(y —x) =y*> —yr =y —yx € R. Moreover,

(x—2y)? =2 +aoyry — 2’y —ayr =x +ay — 2y —xy = — 2y and

(y —y2)’ =y* +yzyr — v’z —yzy =y +yz —yz —yz =y — yz,
i.e. x—xy and y—yz are idempotent elements of R, then by (1), t —zy =0 =y —yz,

hence x = xy = yr = y.

Lemma 1.2.2 Let A be a Banach algebra with radical R.If v € A with 2> —x € R
then there is a unique element y € R with (z +y)? = (v +y).
Proof: First note that R is a closed ideal as it is intersection of closed ideals. Let
u =z —x?. Suppose there are v,w € R such that (e—4u)(e—v) = e and 2w —w? = v.
Then for y = %w —zw, y is in R (as is ideal) and
(z+y)— (x+y)? :x—i-%w—xw— (iwz—l—ﬁw?—kxz—l—xw—ﬁw—xwz)
= 1(2w —w?) + (z — 2?) — 22w — w?) + 222w — w?)
:—v+u—(x—x2)v:1v+u—uv

4 4

1
:I(—U—4u+4uv+e—e):Z((e—llu)(e—v)—e)zo

So if we can find such v,w, then we are done.
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As u € R, 4u € R too, so spectral radius of 4u which is spectral norm of 4u:

r(4u) = 0 = ||[4u||os < 1, 50 € — 4u is invertible and (e — 4u)~' = Z(4u)”

n=0
Let v = —Z(4u)”, so v € R and, plugging in v in the above sum we have
n=1
(e —4u)™t =e—w, hence e = (e — 4u)(e — v).

1
Now take T : {||z|]| <e <1} C R — A be defined as Tz = 5(1} + 2%), then

1 1
T2 =Tl = g0+ 2) — 5(0+ 2
= iz =22 = 2+ sl 1 — )
2 2

1
hence T is a contraction so it has a fixed point w € R, i.e Tw = 5(1} +w?) = w,

hence 2w — w? = v.M

Let D be an open subset of a linear topological space X over C. Fix n € N
and x € X" product space of X n + 1 times. Let 7, : C* — X be defined by
7:(2) = xo+ 2121 + . . . + 2p2,. A function f: D — C is analytic on D if f is locally
bounded on D and for each integer n and z € X" the map f o m, is holomorphic
on 7 '(D).

The following lemma is necessary for the proof of Shilov Idempotent theorem.
However, the proof of the lemma (which can be found in [1], §21) will not be included
for the sake of completeness and not to be off-topic.

Lemma: Let A be a Banach algebra and let A* be the dual space with the weak*
topology. Let D be an open neighborhood of o(A) in A* and f : D — C be an
analytic function. Then there exist zy € A with f(¢) = ¢(x¢) for all ¢ € o(A).

Theorem 1.2.3 Let A be a Banach algebra and suppose that K is a compact and
open subset of o(A). Then there ezists unique idempotent element x € A with T = x k.
Proof: Suppose K C o(A) is compact and open, then K€ is also compact. So K, K¢
are disjoint compact subsets of A*, so we can find disjoint open subsets Uy, Us such
that K C Uy and K¢ C Uy. Let D = Uy UU,. Define f : D — C as f = xy, then it

is continuous,and moreover it is analytic. Indeed, f is locally bounded on D and for
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= (xg,21,...,2,) € (A" 7 1(D) = 7, Y(Uy) Un, Y (Us) and f o m, is constant

T

on each set hence is analytic. Hence is f. Then by above lemma there exists zg € A
with f(¢) = ¢(z0) for all ¢ € o(A).

Now ¢(22 —20) = 0 for each ¢ € o(A) as ¢(z) is either 0 or 1. So 23 —zy € Rad A.
Then by lemma 1.2.2, there is an element z; € RadA such that (zg + 21)* = 20 + 21
and x(zo + z1) = x(20) + x(21) = x(20) as z1 € RadA. Let z = zy + 2z then z is

idempotent and z = 2y = Xk -

The major importance of Shilov idempotent theorem, for this study, is due to the
following corollary, since this leads to a partial solution for the duality problem on

locally compact abelian groups.

Corollary 1.2.4 Let A be a CSS-BA. Then A has an identity iff o(A) is compact
and non-empty.

Proof: When A has identity o(A) is compact by theorem 1.1.2. So suppose o(A) # ()
is compact and A does not have an identity. Let B = A+ C be unitization of A (as
in appendiz A.1). Let 1) : B — C be defined as Y((z,«)) = a forx € A and a € C.
Let define H : 0(B) — o(A) as (Hx)(x) = x((x,0)), forx € A. Then H is continuous
as x|, is continuous. Let also Dy = {1} and Dy = o(B) \ Dy. Then, H is homeo-
morphism from Dy onto o(A) as for each x € o(A) defining x as x((z,a)) = x(z)
gives the inverse H-'xy = x. So by the assumption, Dy is compact and now o(B)

1s union of two disjoint compact sets, so by Shilov Idempotent Theorem, there is
(e,a) € B with (Q/E)(X) =1 on Dy and 0 on Dy, so (?,\a)(zb) =¢Y((e,a)) =a=0
and (e,a)? = (e,a) so e* = e # 0. And 1 = (e,/E)(X) = x(e) for each x € o(A).
Hence we have: x(x — ze) = x(x) — x(x)x(e) = 0 for each v € A and x € o(A).
Then © — xe € Kerx for each x, i.e. x —xe € RadA = {0}. Hence xr = xe and so e

is identity for A.
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1.3 Homomorphisms between two CSS-BA

A Banach algebra A has both algebraic and topological structure, so it is important
when a mapping between Banach algebras preserves both algebraic and topological
structures. It turns out this preservation is automatic when Banach algebras are

semisimple:

Theorem 1.3.1 Let A be a Banach algebra, B be a semisimple Banach algebra and
T : A — B be a homomorphism from A into B, then T is continuous.

Proof: By closed graph theorem, it is enough to show that for (z,) a sequence in
A, if x, — x and T (x,) — b then b =T (x).

As T (x,) — b then T (z, —x) — b—"T(x). So let a, =: x, — = then a, — 0 and
7T (a,) — b—T(x).

For a multiplicative functional x € o(B), x o7 is a complex homomorphism of A
as both x and T are nonzero homomorphisms. It may happen that x oT is identically
zero but in either case it 1s continuous.

So xoT(a,) — xo7(0) =0 but as x o 7T (a,) = x(7(a,)) — x(b — 7T (x)) then
X(b—T(x)) =0 for each x € o(B). This implies that b — T (x) € Kery, for every
X € a(B), then b — T (z) € RadB = {0}, hence b="T (z).1

In particular, every isomorphism between two CSS-BA is a homeomorphism.

Corollary 1.3.2 On a CSS-BA all Banach algebra norms are equivalent.

Proof: Let A be a CSS-BA and ||||1, |||]2 be two Banach Algebra norms on it. Define
I:(A 1) — (Al l2) by I(a) = a. Then I is a homomorphism of algebras. So by
above theorem I is continuous, so it is bounded. And ||a||e = ||I(a)||]2 < ||I]]||al|1, and
interchanging norms || |1, || ||2 we get another inequality which is enough for equality

of norms.l

Corollary 1.3.3 FEwvery involution on a CSS-BA is continuous.

Proof: Let A be a CSS-BA and f : A — A be an involution, i.e. f is an anti-
homomorphism of A such that f(f(a)) = a for each a € A. As A is commutative,
f(ab) = f(b)f(a) = f(a)f(b) hence f is a homomorphism so it is continuous.l
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Let now A, B be Banach algebras and let 7 : A — B be a homomophism. Now
for a multiplicative functional x € o(B), x o7 is a complex homomorphism of .4 and

if it is not identically zero then y o 7 € o(A). Let denote x o 7 =: T'x, then T" maps
o(B) into o(A) U {0}.

Theorem 1.3.4 The map T : o(B) — o(A) U {0} is continuous with respect to
the weak®™ topology on these sets. If moreover, T (A) is dense in B, then T is a
homeomorphism of o(B) into o(A).
Proof: Let x € o(B) and {xa} be a net converging to x in o(B), then for any
y € B, xa(y) — x(y). Then for arbitrary x € o(A);

Txa(z) =Xa 0T (x) = Xa(Tz) = Xx(Tx) = x0T (x) = Tx(x)
hence Txo — Tx in o(A).

Now let T (A) be dense and f = T (e), e identity for A. Then for any y € B, there
is a sequence T (x,) converging to y. Hence:

yf = (lim,_oo 7 (2,))7 (e) = limy, 00 7 (zpe) (= limy, 0o 7 (x,) = y)

=lim, o 7 (ex,) = T (e) lim, .o T (z,,) = fy
Hence f =T (e) is identity for B, so for any x € o(B), Tx € o(A) as
Tx(e)=xoT(e) =x(f) =1

Now if Tx1 = Txz then for any x € A, x107(x) = xo 07 (x). And fory € B,
there is a sequence as above, and since X1, X2 are continuous:

x1(y) = xi(lim,— T(z,)) = limyoo x1 0 T (25) = limyco X2 © 7 (25) = X2(y)
Hence x1 = x2. SoT is a continuous one-to-one map from o(B) into o(A). Moreover,

it is a homeomorpism as o(B) is compact.

In particular if A is semisimple, and 7 is an automorphism of A, then T is a
homeomorphism of o(A) and 7/';:()() = x(Tx) = Tx(x) = z(Tx). Since we can
identify the elements of A with A C C(c(A)) the automorphism 7 is defined by the

homeomorphism 7" on the maximal ideal space.
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1.4 Identity and Bounded Approximate Identity

Let A be a Banach algebra. A net (e,)aecs in A is called bounded approximate

identity if it is bounded and lim,, ||e,a — a|| = 0 for every a € A.

Proposition 1.4.1 If A contains a bounded set U such that for given x € A and
e > 0 there ezists w € U with ||x — uz|| < e. Then A has a bounded approzimate
identity.

Proof: We need the following lemma:

Lemma Fore > 0 and any finite set F C A, thereisw € W = {u+v—uv : u,v € U}
such that ||z —wz|| < e for allx € F.

Suppose the lemma holds. Let F(A) be the set of all finite subsets of A, then it
is a directed set with inclusion and I = {1/n:n > 1} x F(A) is also a directed set.
Now for o € I, o = (1/n, F) with € = 1/n and F finite set, there exists w, € W
chosen with respect to above claim gives an approximate identity. Moreover, as U 1is
bounded, say by M, for any w € W, |Jw|| = ||u +v — wv|| < 2M + M2
Proof of lemma: Now let F = {x1,x2}, then by the assumption of proposition,

(1) there is w € U such that ||zy — uxq|| < e/(1 4+ M) and

(2) there is v € U such that ||(xg — uxy) — v(r2 — uxe)|| < e (as v —uxs € A).
Letting w = w+ v — uv, we have w € W and ||z — wxs|| < € by (2) and

21 — wan || < [lzr — uza|| + [|ol] |21 — vai || <€ by (1).

e Suppose the claim is true for every finite subset with n elements. Let F C A be
{z1,...,xp11} and let v = max{||z;|| : i = 1,...,n}. Then there exists y € W with
||z: — yzi|| < e/3M fori=1,...,n. Now choose w € W with ||y — wy|| < ¢/3y and
||Tni1 — wxpal|| <e, then fori=1,... n,
i —wasl| - <l — yaill + lyz: — wyai|| + |[wyz; — wai|
<l =yl [+ ly — wyll || + Nwl[ lyz: — il| -
<e/3+4(e/3y)y+ M(e/3M) < R

Note that the converse of this statement is already true by definition, hence we

can look for a bounded set with the property in the proposition instead of a net.
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Proposition 1.4.2 Let T, J be closed ideals of Banach algebra A.

1. If T, J has bounded approximate identities then so does T N J.

2. If A has bounded approzimate identity then so does A/T.

3. If T, A/T have bounded approximate identities then A has bounded approximate
wdentity.
Proof: 1. By above proposition, since Z, J have bounded approximate identities, there
are bounded subsets W CZ and V C J with the property:

foreveryx e I,y e J, e >0 there are w e W and v € V' with

|lz — wazl| < e/[[v]] and |ly —vyl| < e (7).
Let U = WV, then for x € TN J, there exist w € W, v € V satisfying (*). Let
u = wv, then ||z —uz|| < ||z —vz|| + ||ve —woz|| < ||z —vz|| + ||v]| ||z — wz|| < 2,
hence by previous proposition T N J has bounded approximate identity.

2. Let (€q)acs be bounded approzimate identity of A, define E, =T + e,, then for
B € A/T there is a € A with B =T + a, then

1B = E.Bl| =T +a)~ (T +e)T+a)ll =T+ (a—eqa)l

= infpez [0+ (a — eqa)|| < |la —eqal| — 0
Hence (E,) is bounded approximate identity for A/T.

3. Let p : A — AJT be the canonical homomorphism pxr = x + Z.

Let xy € A and € > 0 be arbitrary. Then pxo = o +Z € AJI, so by hypothesis
and proposition 1.4.1 there is an element y € AJT, withy =y + I = @y for some
y € A, such that

Hy/HA/Ig K for some K >0, and Hy/goxo—goxgHA/z<5 (1)

Now set z = xg—yxg then ||pz||a/z = infuez||z—ul|, so there is an element u € T
such that ||z — ul| < ||pz||a/z +€ (2).

Again by hypothesis and the proposition there exist v € I, which is bounded by
some L >0, such that ||u — vu|| < e (3).

Now consider z — zv = (z — u) + (u — uv) + (uwv — v2). As pz = oxg — Y V10 (4)
then;
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|z = zv]| < |lz = ull + [Ju = wol| + [[v]] |Ju — z]]
<Nl + & + & + Lillpzllagz + ) by (2) and (3)
< 3e+2Le by (1) and (4)
Now ||z — zv|| = ||zo — yro — vIo + vYyx0|| < (34 2L)e, then setting w = y+v—yv
we have ||xg — wxol| < (3+2L)e and moreover, ||w|| = |ly+v—yv|| < K+ L+ KL,
where K, L are independent of € and xq. Hence A has a bounded approximate identity.
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Chapter 2

DUAL GROUP OF A LOCALLY COMPACT GROUP ¢

2.1 The Group Algebra L'(G)

Now on m is the Haar measure on a LCA group G and dz,dy will stand for the
integral with respect to Haar measure.

Let f,g be Borel functions on LCA group G. Their convolution is written as

f * g and defined as (f * g)(z /fx— dylf/]fx— y)|dy < oo.

Proposition 2.1.1 (Properties of convolution) Let f, g, h be elements of L*(G), the
set of integrable functions on G, then
[f/]fx— y)|dy < oo for some x € G then (f * g)(xz) = (g * f)(x)
2) If f,g € C.(G) with suppf = A and suppg = B, then supp(f * g) C A+ B,
hence fx g € C.(G).
(3) / |f(x —y)g(y)|dy < oo holds for almost all x € G, and f x g € L'(G) with
1f #gll < 11 lgls
(4) (f*g)xh= (f*g*h

Proof:(1) (f *g)( / flx— y)dy = / f(=y)g(z +vy)dy as Haar measure is
translation invariant. Now, as G is abelian, by lemma A.2.7
/f +ydy—/f y)dy = (g% f)(x)

) Let x € G\(A+B thenx —y € Aify ¢ Bandxz —y ¢ A for anyy € B.
Now f(x —y) # 0 if v —y € A which implies y ¢ B so that g(y) = 0; g(y) # 0
if y € B which implies x — vy §é A so that f(x —y) = 0, hence f(x —y)g(y) = 0
for every y € G, hence fx g(x) = [, f(x —y)g(y)dy = 0. So x ¢ supp(f xg), i
supp(f * g) C A+ B. Being a closed subset of a compact set A+ B, supp(f * g) is
compact, hence f * g € C.(Q).
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(3) h(z,y) = f(x—y)g(y) is a measurable function as f,g € L'(G) and ¢(z,y) = v—y
and Y (x,y) =y are measurable functions from G x G into G and h = (f o ¢)(go ).

Moreover, by Fubini’s theorem and Haar measure being translation invariant,

[ 1= vawiasar = [ [ 15t —vgtlasds = [ o) [ 17~ pidray

= Hle/ l9(y)ldy = 1| f111[lglx

Hence / |f(x — y)|dy < oo holds for a.e. x € G, so that f * g(x) exists for a.e.
x € G, and
J 1t +atade < / | 1@ = ngwlddz = 1 7l1llgl
Hence f * g € LYG
(4)
Fra)shia) = [(Feaa—whtdy= [ [ fa=y=2)a(ht)dzdy
= f flz = 2)g9(z — y)h(y)dzdy by translation invariance

a
f flz—=2 / g(z —y)h(y)dydz by Fubini theorem

fﬂf—z (g + h)(2)dz = [ (g*h)(x)H

We already know that equivalence classes of L'(G) (with respect to functions being
equivalent a.e.) is a Banach space with L'-norm. More is true with the convolution
defined as above:

For any LCA group G, L*(G) is a Banach algebra with multiplication as convolution.

Indeed;

e Multiplication is closed, commutative and associative by the above proposition.

e Distribution laws hold, as

Fo(g+h)a /f:rr— (g+ W)y = f  g(x) + £ * h(a).

e And finally, ||f *g|l1 < ||f|l1llg]l1 by above theorem again.

LY(G) is called the group algebra of the LCA group G.

In first chapter, we assumed every Banach algebra to have an identity. So it is
natural to look for an identity of this Banach algebra. However, the existence of an

identity is not obvious. Actually,
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Theorem 2.1.2 The group algebra of G has an identity if and only if G is discrete.
Proof: Now let G be discrete and e € G be the identity. Define fo : G — C as
fole) =1 and fo(z) =0 for x # e. Then as G is dz’screte, fo € LY(G) and for each
fe LY G) and for x € G, fx fo(x) = [, f( (y)dy = f(z —e) = f(x), hence
fo 1s identity of the Banach algebm Ll(G).
For the converse let fy € LY(G) be identity, then for g € LY(G),
/G 9@ — ) foly)dy = g(z) for a.e. z (1)

If g € C.(G), then it is uniformly continuous and so equality in (1) holds for every
x. Putting x = e in (1) we have / g(—y) foly)dy = g(e).
G

Now for a measurable set E C G with compact closure, let v(E) / fo(y)dy and
define W(E) =1 if e € E, and 0 otherwise. Then for g € C.(G),

[ at-navts) = [ al-)faw)is = g(e) = [ o(-p)auty)
and by Rz’esg representation tlfeorem (Appendiz A.2.2), VG: . Since, by definition, v
is absolutely continuous with respect to Haar measure and v({e}) = u({e}) =1, {e}
has (Haar) measure 1. So every infinite subset has infinite measure, which in turn
implies every compact set is finite (since measure is Radon). Also since G is locally

compact, {e} is open. A

For a € G, the translation operator T, on L'(G) is defined as: T,(f)(z) = f(z—a).
Translation on the Euclidian spaces is known to be isometry. Similarly, as the Haar
measure is translation invariant, it turns out norm of L'(G) is translation invariant,
Le. [|Tufllh = |Ifllx (*). Also by definition of translation: T,T, = T,.;. Let denote
To(f) =: f, for simplicity. Then;

Lemma 2.1.3 For G a LCA group, and f € L*(G) the map ® : G — LY(G) defined
as ®(a) = fo is uniformly continuous.

Proof: First note that C.(G) is dense in L'(G), so for each € > 0 there is g in
C.(G) with compact support K C G such that ||f — g||1 < /3. Since g is uniformly
continuous, for the same € there is U € V(e) such that ||g — gz|lc < €/(3m(K)) for
each x € U, so that ||g — g2||1 < €/3. Then,
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f = Fellh < IF =gl + g = gellr + lg= = felh
= IIf =gl +llg = galls + (g — f)allx
=|If =gl +llg = galls + [lg = fllx by (%)

<e
Now for arbitrary x,y € G if v —y € U then

1@(z) = W)l = [Ife = fullh = [|(fomy = Pl = [If = fayllh <. W

Now by previous theorem, L'(G) has an identity only if G is discrete. So in
general, L' (G) does not have an identity, but it always possess a bounded approximate

identity:

Theorem 2.1.4 For G a LCA group, L'(G) has a bounded approzimate identity.
Proof: Let C = {compact neighborhoods of identity in G}, then it is a directed set
with Ky > Ky if Ki C Ky. Now for K € C, let fx € LY(G) be a non-negative function
with ||fx||l1 =1 and supp fx C K.

Let f € LY(G) and € > 0 be arbitrary then by the above lemma we can choose
V e V(e) such that ||f —T,f|| <e. And we can pick K € C with K C'V, and fx as
above. Then;

(F* 510l) = 1) = [ (Fla =) = Fa) o)y,
so that

175 fie= Al = [ 1] [ 1@ =9) = F@)dndy < [ ety =

Hence (fx)kec is an approzimate identity for L'(G), moreover it is bounded by 1.M

2.2 Dual Group G and Fourier Transform of LY(G)

A character on a LCA group G is a continuous homomorphism of G into the mul-

tiplicative group of complex numbers of modulus 1, i.e. a continuous complex valued

function k on G with |s(x)| = 1 and k(z + y) = k(z)k(y) for all z,y € G. Let G

denote the set of all characters on a LCA group G and let define addition on G by;
(K1 + ko) (z) = k1 (2)k2(z) for K1, k2 € G and z € G.

Then;
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Lemma 2.2.1 G is a commutative group, with addition defined as above.
Proof: (ki + ) € G as
(k1 +r2)(z+y) = ri(z +y)ra(z +y) = ri2)ri(y)ra(z) k2 (y)
= (@) ra(7) k2 (y) k2 (y)

= (k1 + ko) (2)(k1 + K2)(y)
ko s the identity for G which is defined as ko(x) =1 for all z € G. So let us denote

the identity element ko as 1.
Associativity and commutativity follows from properties of complexr numbers.

For k € @, inverse is denoted as —k (since it is a commutative group) and defined as

—k(z) = K(z). W

For k € G and z € G, let < z, k >:= k(z), then

<xHY,k>=<x,k><y,k>and < x,Kk + ke >=< T,k >< T, Ky >.
With these properties it follows that < 0,k >=< z,1 >=1 for all kK € Gand z € G.
Moreover, for all + € G and kK € @, < x,k >< —x,k >=< 0,k >= 1 hence
<—r,Kk>=<T,Kk>=<1T,—K >.

For f € L*(G), define a function on G by f / f(x) < —z,k > dz, where

% € G. This function f is called the Fourier transform of f.

Theorem 2.2.2 For fized € G the function W : LYG) — C with U(f) = f(k) is

an algebra homomorphism and ¥ # 0.
Conversely, every multiplicative functional of L*(G) is of this form and distinct char-

acters induce distinct homomorphisms.
Proof:
V() = (FFA)) = [ (F+29)(a) <~z > do
/f —x/1>d1:+)\/0g(x)<—x,m>da::f(ff)+)\§(/<;)
)+ AU(g)
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U(fxg) =(f*9)(k) = /G(f*g)(l’) < —x,k>dr= /G/Gf(x—y)g(y) < —x,Kk > dydx
= / / flx—v)g(y) < —z,k > dxdy (by Fubini)

= f(x) < —z,k >=0 a.e. z € G,Vf € L}Q)

=>< —z,k>=0ae 2€G
But | < z,k > | =1 for every x € G and k € @, so we have a contradiction, hence
U # 0.

For the converse, let x : L'(G) — C be a multiplicative functional, then x 1is a
linear functional of norm 1, i.e. x € (L'(G))*. Then there is v € L>°(G) such that
() = [ F@)(@)ds for | € LNG), and |[6]loe = lIxlloo = 1.

For ky, ks € G let f(k1) = f(ka) for any f € LY(G), then

Vfe LY(G), /f(x)<—x,n1>dx:/f(m)<—m,/<2>dx
G

i.€. flx)(< —x,k1 > — < —x,ky >)dz =0
G
Hence < —x, k1 >=< —x,Kke > for a.e. x € G, as Ky, kg are continuous, if they differ
at a point, they must have different values on an open subset of G, but open sets do

not have measure zero, hence k1 = k9. B

Now as a result, we can identify the maximal ideal space, o(L'(G)), of L'(G) with
the group G. Then, f is the Gelfand transform of f by this identification.
Moreover, Gisa locally compact (as L'(G) does not necessarily have a unit) space
with weak topology induced by the set .7-"(@) = {f: f € LY(@)}, which is Gelfand
topology.
In addition, by the weak topology on G, Fourier transform f of any f € LY(G) is
continuous and by definition f is bounded. Also since Gelfand transform is continuous,

1 flse < |If]1, for every f € LY(G).
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Lemma 2.2.3 < z,k > is a continuous function on G X @, (@ with above topology.)
Proof: Let define f,(k) = f(k) < &,k > forz € G and k € G. Then if fu(r) is
continuous on G X CA}, as f 15 already continuous on é(by weak topology), we have
< x,k > to be continuous.

Now fir xg € G and kg € G and lete > 0. As fxo s continuous on @, let W be a
neighborhood of ko such that | fu, (k) — fuo(Ko)| < € for each k € W.

By the lemma 2.1.3, the map © — f, is uniformly continuous, so that there is a
neighborhood V' of xo such that ||f, — fu|| < € for every x € V. Now as Gelfand
transform is continuous, | fo(r) — fuo (K)| < ||fs — fuol| for every z € V.

Then | £,(8) = fon(0)| < Lo () = Fao (5)] | fon () — fuo )| < 22 for every x € W

and x € V, hence < x,k > is continuous on G x G. B

Now G is a topological space and has a group structure, it is natural to inquire
for compatibility of these structures. For this pupose, first we will investigate the
topology on G: for compact F' C G and € > 0, let define

B(F,e)={r e G : |k(x)—1| <&, Vz € F}.

The family {B(F,¢) : F' C G compact, ¢ > 0} forms a local basis at the identity.

Furthermore,

Theorem 2.2.4 The topology defined by the translations of the above local base is
the same as the Gelfand topology of@ as the mazimal ideal space.

Proof: Sufficient to show that B(F,¢) is open for the locally compact space G and
every neighborhood of identity includes some B(F,¢).

Let kg € B(F,e). As < x,k > is continuous in both components, for each y € F
there is an open neighborhood V,, of y and W, of ko such that | < z,k > —1| < ¢
forx € Vi, and kK € W,,. Since F is compact we can choose yi,...,y, € F' such that
Fcl,Vy,. LetW =, W,,, then W is an open neighborhood of kg and W C B(F,e).

Let W € V(1) in @, then by definition of Gelfand topology there are functions
fioeooifo € LMG) and 8 > 0 such that {x € G : |fi(k) — f:(1)] < 6, Vi =1,....n}

is subset of W. Since G is locally compact, C.(G) = L*(G) and we may assume that
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for each i = 1,...,n, suppf; is subset a compact set F'. Now let ¢ < §/max; || fill1,
then for k € B(F,¢),
) = 10| < [ < —an> <1li@)de = [ | < =ok> 1lfi)lde
G K

<ellfilh <0
Hence B(F,e) c W.1R

Group operations of G are continuous with respect to this topology. Hence Gisa
topological group, which is LCA. And G is called the dual group of G.
Indeed, let Kk, — k and x, — X in the topology defined on G. So that for any
compact subset K, sup,cg |ka(z) — £(z)| — 0 and sup,cx [Xa(z) — x| — 0. Then as
(Ko + Xa) () = (5 + X) ()] < [Fal2)|[Xa(®) = x(2)] + [Fa(x) = K(2)[|x(2)]

for all z € G, we have kK, + Xo — K + X-

Also as k1 () = ko(z) and |k (7)) — k(2)| = |ko(2) — K(2)| = |Ka(z) — K(2)],
Sup,ex |65 (2) — k7 Hx)| = sup,ek |Fa(x) — K()], hence inverse operation is also
continuous.

Now, as G is LCA group, there are Radon measures defined on this group. In

particular, there is a Haar measure of GG as well.

Lemma 2.2.5 Let p be a compler Radon measure on G and[ <x,k>du(k) =0
a
for every x € G, then p = 0.

Proof: Let f € LY(G), then

/ Fls)du( ;’ / F@) < —2 5 > dodpu(r)

< —x,k > du(k)dr =0
a G

So for each f € LY(Q), [fdu =0. As .7-"(@) is a separating subalgebra of CO((A}')
G ~
(by theorem 2.2.2), it is dense in Cy(G) by Stone- Weierstrass theorem (A.2.5). Hence
Ja ddp =0 for every ¢ € Co(G), but then p=0. W

For any LCA group G, we have proved that L'(G) is a commutative Banach

algebra with multiplication defined as convolution, in fact more is true:
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Theorem 2.2.6 For any LCA group G, the group algebra L'(G) is semisimple.
Proof: LYG) is semisimple iff the Gelfand transform T is an injective homomor-
phism by theorem 1.1.8. Let f1, fo € LYG) and T'(f) = fi=fo= [(f2). Then,
/fl —x/~€>daz—f2() /fg()<—.r,/<a>dxf0reach/<;€@
So f1 x) for a.e. x € G, being elements of LY(G), fi = fo. B

Seeing the relation between the group algebra L'(G) and the dual group G, we

can now prove one particular result about the duality of LCA groups:

Theorem 2.2.7 The dual group of any compact group is discrete and the dual group
of any discrete group is compact.
Proof: e Let G be compact, then we can normalize the Haar measure, so m(G) = 1.

Claim: {1} is open. Let f(z) =1 for allx € G, as G is compact f € L*(G) and
f(l):/ <—x,1>dx:/d:v:1.
G G

For k € @\{1}, there exists xo € G with < g, ># 1 then f(k) =0 as
f(/ﬁ):/ <—x,/<a>dx:/ <z, k >< —[K—l‘o,/€>dl’:<$o,lﬁ>f(/<,)
a e

Hence f(r) = 0 for all k # 1. Now as f is continuous on G, {1} is open (and closed),
hence G is discrete.

o Let G be discrete, then LY(G) is CSS-BA with unit. By the corollary 1.2.4,
o(LNG)) # 0 and compact. And by the theorem 2.2.2, o(L'(G)) ~G. W

Let H be a subset of the LCA group G, the annihilator of H, denoted N(H), is
defined as N(H) = {x € G :< z,k >= 1,Yz € H}. N(H) is a subgroup of G as for
X1,X2 € N(H), <z,x1 — X2 >=<1x,X1 >< —x, X2 >= 1 for each z € H.

For H closed subgroup of G, if x € N(H) then x is constant on cosets of H, indeed,
for a € G, if z € a, then © = a + h for some h € H and x(x) = x(a + h) = x(a) as
x(h) =1, for each h € H.

Now let x* : G/H — C be defined as x*(Z) = x(z) where = € z. Then;



Chapter 2: Dual Group of a Locally Compact Group G 23

Theorem 2.2.8 The function x* defined above is a character of G/H and N(H) is
(isomorphic to) the dual group of G/H.
Proof: Let z,y € G/H, then for some x € T andy € §y, v +y € x+y, so
X' (@ +7) =x(@+y) = x@)x(y) = x"(@)x" (7). Moreover, |[x*(z)| = [x(z)| = 1.
If f: G — G/H is the natural projection, then x* o f = x. For W € V°(1) in T,
there is U € V°(e) in G, such that x(U) C W as x is continuous. Then x*(f(U)) =
x(U) C W. As f is an open mapping f(U) € V°(é) in G/H, hence x* is continuous.

Now let X* be the dual group of G/H and ¢ : N(H) — X* be the map ¢(x) = x*.
-If ¢(x1) = b(x2), then xi(z) = x3(%) for all T € G/H. Then xi(x) = xa(z') for
some x,x € T. As x1, X2 are constant on cosets T, x1(x) = xa(x) for every x € G.
-For x1,x2 € N(H), for any &z € G/H, (x1+ x2)* (&) = (x1 + x2)() for some x € Z.
(X1 + x2)(@) = x1(x)x2(x) = X1 (@)X (2). Hence o(x1 + x2) = d(x1)P(x2)-
-Let kK € X* and define h = ko f, then h : G — T is a homomorphism as is
composition of homomorphisms. Let W € V°(1) in T then there is some U € V°(é)
in G/H with x(U) € W. By definition of topology of G/H there exists U € V°(e)
in G with f(U) = U, then h(U) = (f(U)) C U, hence h € G. For z € H,
hz)=r(f(x)) =k(€)=1sohe N(H).

Hence ¢ is a group isomorphism.
-Let F* C G/H be compact and € > 0, if there is some open set W € V(1) N N(H)
with ¢~ (B(F*,¢)) C W, then ¢ is continuous. Let U € V°(e) in G such that U is
compact. As f(x +U) C G/H is open for each x € G and F* C G/H is compact,
there are xy,...,x, € G such that F* C |J; f(x; + U). Let F := |J(x; + U), then
F* C f(F). For x € N(H) N B(F,e), there is x* € X* such that x = x* o f, then
V() © x*(F(F)) = X(F). And for every @ € F*, [x*(8) — 1| = [x(z) — 1] < & for
somex € TNF, so x* € B(F*,¢). Hence ¢~ (B(F*,¢)) C B(F,e)NN(H).l

Formerly, we have shown that the topology on the dual group G can be defined
by the compact subsets of the group GG. Similarly the following sets are open in G for
any compact C' C G and, e > 0: £(C,e)={xr € G:| <z r>—1] <e VreC}.

Indeed let zg € & (é ,€). As < x,k > is continuous in both components, for each
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r € C thereis W, € V(k) and V. € V() such that | < 2,7 > —1| < ¢ for each x € V,
and v € W,. Since C is compact there are kq,...,k, € C such that C C U; Wi,
Now let V = (' Vi,, then V € V(z0) and V C £(C, ¢), hence it is open.

Lemma 2.2.9 If U is a non-empty open subset of G then there is f € ]—"(@) such
that f #£0 and f =0 on@\ﬁ.

Proof: Let K C U be compact with m(_f() >0 and C be a compact neighborhood of
1 such that K +C C U. Let g =Xz and h = xg, be characteristic functions and set
f=gxh. Then f(rk) = (g% h)(x = Jz9(k—7)h(v)dm(y) =0 if k ¢ K +C, so that
suppf C K + C, which is compact hence f € .7-'((/;\) In particular, f =0 outside U.
And f #0 as:

[ dwim) = [ [ e =)ntdm)im(r)

Z;* / g(k —y)dm(k)dm(y) = m(K)m(C) > 0l

G
Now, for k € Gandx € G, the mapping 2 : Kk =< z,k > defines a character on (A};
-T(K1 4 Ko) =< T, K1 + Ky >=< T, K >< &,k >= &(K1)Z(Ka)
ER)=l<z,r>|=1
-And 7 is continuous: (enough to show the continuity at identity as Gisa topo-
logical group.) Indeed, for ¢ > 0 and F' C G compact, B(F,¢) is open and for
Kk € B(z,¢), |#(k) — 1| = | < z,k > —1| < ¢, hence % is continuous at 1.

Moreover, for identity e € G, é(k) =< e,k >= 1 for any element in G.

Question: Are there any other characters for G?

Theorem 2.2.10 (Pontryagin Duality) If G is the dual group of G then G is
(isomorphic to) the dual group of G.

Proof: LetF :G — 5 be the function F (x) = &, with & as defined above. We want
to show that F is an isomorphism of topological groups G and 5

-F(z+y) (k) =<zx+yk>=<z,k><y,k>=F (2)(K)F (y)(k), hence F is a group
homomorphism.

-By Gelfand-Raikov theorem (A.2.8), there are enough characters to separate G, hence

for x1 # x9 in G, there exists k € G with < Ty — T,k >F# 1, so F is one-to-one.
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-To prove F is continuous let (x,) be a net in G such that x, — = in G. Then
for every k € G, < T,k >= K(za) — K(¥) =< 2,k > as k is continuous. So
F(zo)(k) — F(x)(k) for any k € G. Moreover, for K C G compact, F(zy) — F(x)
uniformly on K. (We can choose Ky, ..., kK, € K whose e-neighborhoods cover f()

Lis continuous it is enough to show that it is continuous at the identity.

-To prove F~
Let K be compact subset of@ and € > 0, then B(_f(,e) is a neighborhood of é. And
B(K,e)={y € 5 (k) — 1] <&, Vi € K}. Hence,

FYB(K,e)) ={xe€G:i=r for some~ € B(K,e)}

—{reG:|i(k) -1 <e Vre K} =¢(K,¢)

As é(K, e) is open in G, F is an isomorphism and homeomorphism of G into 5
-F is onto: enough to show F (G) is closed and dense in G

Since F (G) is locally compact it is open. But open subgroups are closed, hence
F(G) is closed.

If F (G) is not dense in 5, then there is an element y; € é and a neighborhood V/
of that element such that V N F (G) = 0. Then by above lemma, there is a non-zero

f e LY(G) such that f(F (z)) =0 for every z € G, i.c.
0= / f(k) < =k, F(x) >dm(k) = /Af</£) < —z,k > dm(k),
G

then by lemma 2.2.5, f =0, contradicting the previous lemma. B

Corollary 2.2.11 Let H be a closed subgroup of G. If N(H) is annihilator of H
then H is the annihilator of N(H).
Proof: Let T be the annihilator of N(H), then by Pontryagin duality Y C G so
T={reG:<ax,k>=1,Ve € N(H)}. Then by definition of N(H), H C Y.

If vg € T\ H, then G/H is a non-trivial group, hence there is a character ¢ on
G/H which is not identically 1. Then the map x : © — ¢(x + H) is a character on
G, which is not identically 1 and < x,x >= 1 iff x € H. So that x € N(H) but

< xg, X >F# 1, contradicting xo being in the annihilator Y.
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Corollary 2.2.12 For H a closed subgroup of G, the annihilator N(H) is a closed
subgroup of G and @/N(H) is the dual group of H.

Proof: Let {k,} be a net in N(H) with ko — k € G, then ko — K uniformly on
every compact subset of G, so < x,kq >—< x,k > for each x € G. Then for x € H,
(<, he >=1—-<x,k>)=><z,Kk>=1, hence k € N(H).

Now by the theorem 2.2.8, previous corollary and the Pontryagin duality theorem the
result follows. W

Theorem 2.2.13 If H is a closed subgroup of G, then every character on H can be

extended to a character on G.

Proof: Let ¢ be a character on H and N(H) be the annihilator of H, then by

previous corollaries, H is annihilator of N(H) and G/N(H) = the dual group of H.

Let v € G/N(H) and ¢ : G — G/N(H) be the natural onto homomorphism. Then

there is a € G such that ¢(c) = o+ N(H) = ~, so that
<xr,y>=<r,a+pf>=<z,a><uzx[f>=<z,0a>

for any € N(H), and for x € H, hence « is the extension of v. B

2.3 Examples

1.The additive group R: is the group of real numbers with addition and the usual

topology.
For o € R, let x, : R — T be defined as x,(z) = €“*, then Y, € R as;
Na( +y) = eEH) = eforelty =y, (x)xa(y) and
-For z,, — x in R, xa(x,) = €% — % = v, (1)
So identifying each a € R with x,, R C R.
Now let y € I@, and let N = Kery, so N is a closed subgroup of R. Then N =R
or N = {0} or a proper closed subgroup.
-If N =R, then x = xo.
-If N = {0}: Then as x([0, 1]) is a compact connected subset of T including 1, so it is
either an arc including 1 or the set {1}. But the latter can not hold because for any

z € R there is some n € Z with x € [n,n+1] (WLOG all these numbers are > 0), and
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as 0 < % <1, x(z/n+1) =1, so that x(x) = x(z/n + 1)"™! = 1, contradicting
n
N = {0}. Hence x([0,1]) is an arc including 1. So that there is zy €]0,1] with

2mifmym — 1 again contradicting

x(wo) = e2™/™ for some m € Z*, thus x(mzy) = (e
N ={0}. Soif x # xo then Kery is non-trivial.

-If N # R, then by above arguments the set {x € N : > 0} is not empty and so
t =min{x € N : 2 > 0} exists. If not, for every ¢ > 0 there is x € N N [—¢,¢| with
x # 0, and every integer multiple of x is in N; thus N is dense and closed in R so
N = R. Hence such t exists and tZ C N. If x € N \ tZ, we may assume z > 0, then
nt <z < (n+ 1)t for some n € N, then z —nt € N and 0 < x — nt < t, contradicting
minimality of ¢, so N = tZ.

Now, t > 0 and 1 = x(¢t) = x(t/2)* as 0 < t/2 < t, x(t/2) = —1. And similarly
x(t/4)* = x(t/2) = —1, so that x(t/4) = e™/% or e~™/2. WLOG say the former holds.
Suppose x(¢/2%) = (e2™)1/2" hence y(t/2F1) = e2m/2" or y(t/2k 1) = e2mi/2HH 4w
Suppose the latter occurs, then x([t/2%,¢/251]) is a compact connected subset of T
and must contain one of —1,1. Thus for some yo €]t/2% t/28F1, x(yo) = 1 or —1
and in either case x(2yo) = 1 and 0 < 2yy < 2t/2¥"1 < ¢, contradicting minimality
of t. Hence x(t/2%) = e2™/?" for every k € N, i.e. for any dyadic rational number r,
x(tr) = e*™ by continuity of x and the fact x(—x) = x(z)7}, x(tx) = €*™@ for any
z € R. Hence y(7) = e2™@/t = y,(v) with a = 27 /t.

Now the identification @ — x, is a bijection between R and R. And it is an
isomorphism as Xa5(7) = @)@ = eaizefiz — y (7). Moreover, the topologies
agree:

By theorem 2.2.4, the sets B(n,r) = {xa € R : IXa(z) — 1| < r,V|z| < n} form
a neighborhood base at yo = 1 with respect to Gelfand topology. And y identified
with x,, is in B(n,r) iff |e¥™ — 1| < r, for every |z| < n , and this holds if and only if
ly| < (2/n)sin~!(r/2), which is an open subset of R.

Now the Fourier transform of a function f € L'(R) is

f@) = /Rf(y)Xx(y)ldy = /Rf(y)ei"""ydy for z € R.
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2.The circle group T: is the multiplicative group of all complex numbers of absolute

value 1. Also T = {e? : 6 € [0,27]}. T has the natural subspace topology, and since
the multiplication and inversion are continuous on C \ {0}, the circle group has the
structure of a topological group. Moreover it is compact.

e For n € Z define v, : T — T as «a,(e?) = e, then «, € T as:
—an(eieei'y) _ an(ei(e—w)) — m(0+7) — pinbginy — an(ew)an(e”) and
-For (z,,) a sequence in T, x,, = e for some 6, € [0,2n]. If ,, — x, then x = ¥
for some 6 € [0, 27] and 6,, — 6. Then;

ap(efm) = efn = (elm)n — ()0 = eif = o, (e¥), ie. ap,(2y) — ().
So identifying each n € Z with «,,, Z C T.

e Now let o € T and N = Kera.
-If N is infinite, then it contains a limit point (as T is compact). Then there are
arbitrarily close elements e, e € N, so €'~ € N is arbitrarily close to 1 € T. As

e™?=7) ¢ N for each n, N is dense in T, but N is closed so N =T, i.e. a = ap.

-Now if o # g, then N = Kera is finite, say order n. Then for ¢ € N, ¢! = 1,

so € is an n'-root of unity in C. Since there are exactly n n'"-roots of unity,
N = {e? : 0 = 2kn/nfor k = 1,...,n}. Then by the first isomorphism theorem,
there is an isomorphism ¢ from T/N into T. As ¢(T/N) is infinite subgroup of T,
from above arguments, ¢ is onto. Now, f : T/N — T with f(e?) = ™ is an
isomorphism and ¢ o f~! is an automorphism of T, so ¢ o f~!(e?) = ¢(e/™) = ¥
or e, so ¢(e?) = e where r = Fn, i.e. @ = a, or a_,, hence T = Z (with the
identification above). And the two topologies coincide as in the case of R.

Now the Fourier transform of a function f € L'(T) is
; 1 : , 1 [7 , .
fo = [ sty My = — = [ e e = o [ e as)
T m([_ﬂ7 W]) [—m,m] T™J-n
for n € Z.

3.The additive group Z: is the additive group of integers with discrete topology.

Let y € Z. Then as Z is cyclic with generator 1 and x(n) = x(1)™ for any n € Z,
X is determined by the value of x(1). And x(1) can take any value o € T since

{a" : n € Z} is a cyclic subgroup of T for any o € T. Let denote the character x
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with x, if x(1) = a. Then the map o« — X, is bijective and an isomorphism from T
onto Z as Xag(1l) = af = xa(1)xs(1). Moreover, it is continuous:
Indeed, for finite /' C Z and r > 0, identifying y with x,,

y € B(F,r)={xa € 7 : |Xa(n) — 1] <r,Vn € F}iff |y" — 1| <r for each n € F
which holds if |y — 1| is small enough.

Hence the map is homeomorphism, and the dual group of Z is T.

Now the Fourier transform of a function f € L'(Z) is of the form

Fa) = [ ()= Y s

nez
forx € T.
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Chapter 3

MEASURE ALGEBRA M(G) OF A LOCALLY COMPACT
GROUP G

3.1 Definition and Properties of M(G)

For a LCA group G, let M(G) be the set of all complex-valued Radon measures p
on G. On M(G) we can define a norm by the total variation of the measure, i.e.
llpul| = |p|(G) = sup >_ |u(E;)| where the supremum taken over all Borel measurable
partitions of G. And by the Hahn-Jordan decomposition(A.2.4), ||u|| < oo for all
p e M(G) ([14],6.5).

In particular, the Haar measure m on G is in M (G) iff G is compact.

M (G) is a linear space with the following algebraic operations:

(11 + p2)(E) = i (E) + po(E) and (ap)(E) = ap(E)
for every Borel set E, and o € C.

Moreover, it is Banach space with the norm above:
Indeed, if (i), is a Cauchy sequence in M(G), then ||u, — um|| < € for sufficiently
large m,n. As |||pn|| = [|ttml] | < ||ttn — tm|], the sequence ||pu,|| is Cauchy, hence
convergent in R, to some a.

Now for f € Cy(G), define @ f = lim / fdu,, then ® is a linear. And
n—oo G

1 < Jim [ (fldln) < i [ 17lledlnl = Jim 17l o]l =
Hence ® is a bounded linear functional on Cy(G), and ||®|| < . Now by the Riesz
theorem (A.2.2), there is a unique measure p € M(G) such that ®f = / fdu and
[|®|| = ||p]| < co. Hence for every measurable E, ®xp = p(E) = lim,_ ,tcjn(E), ie.
o, converges in M(G).
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Let p, A € M(G). Let p X A be the product measure on the product space G' x G.
Associate to each Borel set E in G the set Ey = {(z,y) € G x G : x +y € E}, then
E5 is a Borel set in product space and we define the convolution of i and A by
(1 A)(E) = (1 x A)(E).

We can write the convolution in the following way (by Fubini’s theorem):

s E) = (ux)(E) = [ xmdlux

— [ [ xe@du@ivy) = | wE - i

/:/CGXEQ(JE y)dv(y)du(r) = fGV(E—x)du(x)

And also for a Borel set E in G,
(4 0)(B) = Joxedusv) = [ [ xalo + pidu()iv(y)
¢Ja

Let now f be a simple function, being a finite linear combination of some characteristic
functions of Borel sets
/ fd(p=v) = / / f(@ + y)dp(z)dv(y)
G ¢Ja
But then this formula is true for any bounded Borel function f by Dominated Con-

vergence theorem.

Theorem 3.1.1 M(G) is a commutative Banach algebra with unit if algebraic oper-
ations are defined as above.
Proof: M(G) is already a Banach space with the algebraic operations defined above.

1) Let py, s € M(G) and E C G be a Borel set with the disjoint union E = UE; then

(py * o) (E //XE x4+ y)dp (x)dps(y //ZXE x + y)dp (z)dpe(y)
-¥ /G /G o+ ) ()dlo) = D ) )

As p, o € M(G) are reqular Borel measures, p11 X ps is a reqular Borel measure.
So for a Borel set E and ¢ > 0, there is a compact subset K C G x G such that
|1 X po(Es) — py X ua(K)| < e. Now as the group operation is continuous, the set
C={z+y:(x,y) € K} is a compact subset of E and (as Cy D K)
(1 p12) (E) = (py o p2)(C)] = [pn X pa(E) — pa X pa(Ch)]
< X pa(Ea) — g X pa(K)| < e
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Now it is enough to show that py * uo is finite on compact sets to show it is reqular,

so let K C G be a compact set, then

(1 % 12)(K) = / 11 (K — y)dpis(y) = un(K) / dpis(y) < (1) sl < oo,
G G
Hence uy * pg € M(G).

2) Convolution is commutative as (uxv)(E) = /GM(E—y)du(y) = /GV(E—x)d,u(:v)
and associative as:
(s o) = 15)(B) = / (1 5 42)( = )i ()

(B —y — z)dpi(x)dus(y) by commutativity
]f,ul E —y—x)dus(y)dui(x) by Fubini

(h2 * ps) (B — x)dpa (x) = [p1 * (p2 * p3)](E)
3) Let f be a Borel functzon bounded by 1 then

/G Fd(n % )| < /G /G f(@ + ) ()] dinl(y)
< | [ 15+l dalt) < [ Nl el

< ||| ] p2]|
Hence ||pq * pal| < ||pa] ||pe2]|

4) Let for E a Borel set, vo(E) =1 ife € E and 0 ife ¢ E. Then vy € M(G). And
(1 vo)(E) = (1 X v0)(E2) = X peq M(Ex)vo({x}) where B, ={y € G:x+y € E},
as vo({zx}) #0iff t =e, and E. = E, so (uxvg)(E) = u(E). Hence vy is identity of
M(G). &

The group algebra L'(G) can be identified with a subset of M(G) with the iden-
tification as follows:
For f € LY(G), define ug(E) = [, fdm, then puy € M(G) is an absolutely continuous
measure with respect to Haar measure and by Radon-Nikodym theorem (A.2.3) this
identification is bijective between L'(G) and absolutely continuous measures with
respect to m on G. Moreover, ||f|| = |[uy]| = [ |fldm.

For pg, py € LYG), py + ap, € LYG) as LY(G) is a linear space itself. L'(G)

is also closed in the Banach space M(G), as it is already a Banach algebra itself.
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Moreover;

Theorem 3.1.2 L'(G) is a closed ideal of M(G).

Proof: L'(G) is already a closed subspace of M(G). So let p,v € M(G), with u
absolutely continuous (so there is f € L'(G) identified with 11). Let E be a Borel set
with m(E) = 0. Then (u*xv)(F) = / u(E — x)dv(x) as being translation invariant
m(E —x) =0, sou(E—x)=0 for e(c;Lch x € G, hence (uxv)(E) =0, i.e. pxv is

absolutely continuous with respect to m. M

3.2 Fourier-Stieltjes Transform of M(G)

For u € M(G), the Fourier-Stieltjes Transform of y, denoted as fi, is the function
defined on G by ji(k) = [ < —x,k > du(z) for k€ G .
Then for v, u € M(G),

—

(1 + av)(k) :/ < —x,k>d(p+ av)(x)

= f < —x,Kk > du(z) +/ < —x,k > adv(z) = fi(k) + ar(k)

G G

~

Theorem 3.2.1 Let B(G) ={p:pne M(G)}.

1) Each ji € B(G) is bounded and uniformly continuous.

2) If o = s\ for p, A € M(G) then 6 = jiX.

3) B(@) is invariant under translation, under multiplication by < x,k > for allx € G

and complex conjugation.

Proof: 1) |i(k)| = /G < —x,k > du(z)

< [ 1< = > ldlul(a) = |l hence
15 bounded. ¢
Fore >0, as G is LCA group, there is a compact subset K such that p(G\ K) < €.
Then B(K,e) = {x € G: | <z, k— x> | <e} is aneighborhood for k and then for
X € B(K,e¢),
i) = 001 < [ | <=k = x> ldlul(@)

= [ V< —mm=xsldul@) + [ < e x> dul@
K G\K

<elpl(K) +e <e(lpll+1)
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hence [i is uniformly continuous.

2)5(k) :/ < —x,k > do(z) = /G < =,k >d(px M) ()

:]< —:c,/i>/Gdu(l’—y)d)\(y)

= f < —(r—vy),k>du(x — y)/ < =y, k> dA\(y) = (k) A(r)
G G

3) For ry € G fized,
a(k — ko) = / < —x,k — Ko > dp(x) letting dv(z) =< z, ko > dp(z)

= f < =,k >< T, Ko > du(z) :/ < —x,k > dv(z) = D(R)
G a
As then v € M(G), B(G) is invariant under translations.
Fory € G fized let v(E) = u(E —y) then v € M(Q), dv(x) = du(x —y) and

v(K) :/<—l‘,H>dV(SB):/G<—[E,/{>du($—y)

<y, k>< —(x—y),k>dulr —y) =< y,k > (k)
Hence B(@? is invariant under multiplication by < y,k > for any y € G.
Now let v( —FE), thenv € M(G, dv(z) = du(—=z) and
:1:/@>d1/( )= /<—x,/<;>dﬁ(—:c):/<$,/@>dﬁ(.r)

/:
j < —x,k >di(x) = /G< —x,k > du(x) = ﬂ(/{)G

G
Hence the conjugate of i is in B(G). A

Hence B(é) is an algebra of continuous functions on G. And the mapping p — fi is
an isomorphism of M (G) onto B ((/J\) Furthermore, a measure on G is determined by

its Fourier-Stieltjes transform:

Lemma 3.2.2 For p € M(G), if (k) = 0 for every k € G, then uw=0.
Proof: By Pontryagin Duality theorem G is the dual of the LCA group G and
f(k) = / < —x,k > du(x) =0 for each k € G.
Now let m bi the Haar measure on G and NS Ll(@), then the Fourier transform ngS

18 a function on the dual G and

/ O} dn( / / b(k) < —z, 1 > dm(r)du(z)

[/G< —,k > du(z)| dm(k) = 0 (by Fubini)

G
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Now let F(G) = {(ﬁ RS Ll(@)}, by theorem 2.2.2, F(G) is separating, so by Stone-

Weierstrass theorem it is dense in Co(G), hence / odp = 0 for every ¢ € 00(6)7 and
G

thus p =0 by Riesz Representation(A.2.2). B

Now M (G) has a compact maximal ideal space, o(M(G)), as it is a Banach algebra
with unit. The Gelfand transform on M (G), I' : M(G) — C(c(M(G))), is defined by
['(p)(h) = h(u), for h a non-zero complex homomorphism of M (G).

For a fixed x € G, the mapping h, : M(G) — C, hy(n) = (k) is a complex
homomorphism of M (G) as;

hup -+ ) = (1 + av)(x) = (k) + @D (%) = heli) + oho(v)

hup e v) = (e 0)(R) = fR)P(R) = h(p)h(v) and

hi(vg) = Uo(k) = / < =z, k > dyg(r) =< —e, k >= 1.
G

Moreover, the map % — h, is a homeomorphism of G into o(M(G)) as x € G are
continuous and [ € B(@) are uniformly continuous. Thus we can identify G with a
subspace of o(M(G)).

In particular, when G is discrete, the homeomorphism above is onto; as any
p € M(G) is absolutely continuous on a discrete space, so M(G) = L'(G), and
the maximal ideal space of L'(G) is G by theorem 2.2.2.

Now restricting the Gelfand transform on M(G) to G, T'(11)(hy) = by (1) = ji(k),
we get the Fourier- Stieltjes transform on G. Hence without confusion, we can assume

['(p) = o for any p € M(G). As L'(G) is an ideal of M(G), T'(L'(G)) = ]—“(CA;) is an

ideal of B(G).

Theorem 3.2.3 M(G) is a CSS-BA (with unit).
Proof: M(G) is already a commutative Banach algebra. Let T'(u) = i = 0 for some
p € M(G), then by the lemma 3.2.2, u = 0, hence by the theorem 1.1.3, M(QG) is

semistmple. A
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3.3 The Coset Ring R(G) of G

A measure p on G is concentrated on a subset H of G if for every Borel set E with
ENH =0, u(E)=0. For p € M(G), the support group of p is the smallest closed
subgroup of G on which p is concentrated.

Let up € M(G) and H be a closed subgroup which contains the support group of
i, then one can regard p € M(H). And if v € M(H) letting v(F) = 0 for every
Borel set E C G with EN H = (), we have v € M(G). Moreover, if H contains the
support of two measures u, v, then H also contains the support of p* v: indeed, as v
is concentrated on H, (u*v)(F) = / u(E — x)dv(x) = / w(E —z)dv(x).
And it HNE = (), then HN (E — x)G: () for any z € Hh(las H is subgroup), hence
(u*xv)(E) =0, ie. support of p* v isin H.

Theorem 3.3.1 Let H be a closed subgroup of G and u € M(G). u is concentrated
on H iff L is constant on each coset of N(H), the annihilator of H.

Proof: (=) Suppose p is concentrated on H and let kg € N(H), then < z,ky >= 1
forz € H and < —x, kg > du(z) = du(z). So for k € G and for kg € N(H),

(k+ ko) = | <—x,k+ Ky >du(x) = / < —x,k >< —x, Ko > dp(x)

e
= f < —x,k > du(x) = (k)
(<) Suppose [i(k +?€0) = (k) for any k € G and any ko € N(H). Then

/ < —x, K+ Ko > du(z) :/ < —x,k > du(z)
for afly k€ G and any Ko € N(hcf;)
So for any kg € N(H), < —x,kg >=1 for a.e. x € G. As N(H) is annihilator of H
and kg € N(H), if < x,k0 ># 1 thenx ¢ H, so p(G\ H) =0, i.e. pu is concentrated

on H. 1

The coset ring of G is the smallest ring of subsets of G which contains all open cosets
of G , denoted by §R(@) The coset ring of G is an important tool in characterization of
idempotent measures and homomorphisms between group algebras. And the sets in
the coset ring may be in some complicated finite union and intersection form, however

~

there are some rather simpler form of sets in R(G):
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Lemma 3.3.2 FEvery open compact subset of@ belongs to 3’%(@)

Proof: Claim: If Q C G is open and compact then it is a finite union of cosets of

open subgroups of G.

Now, as Gisa topological group, for each x € S, there exists a symmetric neighbor-

hood Vy € V°(1) such that x +V, + Vi C Q. As Qs compact and 2 =, co(x + V)

then Q = J._,(x; + V4,) for some x;. Now let V = (\._, V,, then V € V°(1) is sym-

metric. And if H is the subgroup of@ generated by V, then H is open as k+V C H,

for each k € H.

For any k € Q, k € x; + V4, for somei=1,...,n and for any w € V,
ktwexit+tV, +VCxi+Vy, +Vy, CQ 5004V =0Q.

Then for each k € Q, k + H, which is a coset of an open subgroup, is a subset of

Q. And as € is compact there are finitely many elements k;, i = 1,...,m such that

Q=UL(s+H). 1

Lemma 3.3.3 E is a coset in G WfE+FE—FECE.
Proof: Let E be coset of a subgroup © in (A}’, then £ = ~v+ © for some v € @, S0
E—-—FE=0. Hrnce E=F+0=FE+ F—FE.

Suppose conversely, F+E—FE C E. Let© = E—F and fix kg € E, then k—ry € O
forallk € E, so E C kg+0 =ko+ FE—FE C E, the last inclusion following from the
assumption. If 1,72 € O, then v1 — v = (71 + ko) — (ko +72) € E— E = O, hence

© is a subgroup.

3.4 The Idempotent Elements of M(G)

A measure p € M(G) is idempotent if pux pu = u, let J(G) denote the set of all
idempotent elements of M (G). For u € J(G) non-zero, ||u|| = ||pu*p|| < ||u]|?, hence
|l = 1.
If u,v € J(G), then so are pxv, uVv=pu+v—pu*xv, and vy — p as:
(nxv)? = (urv)s(uxv)=(u*p)*(V*v)=p*v
(,u—{—u—u*y)Q =Ut PRV — XV AV URY — XY — kY — LRV A+ LV
=U+v—pu*xv
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(vo — p)? = vg —wo * pp—vo * pu+ p® =g — p— p+ fr = Vo — i
For u € J(G) a s p2 = /l/)(m):Oorl,foreachHE@.
Define S(p) = {x € G : i(r) = 1}, then ji = Xs(u), the characteristic function of S(p).
S(w) is closed and open subset of G for each p € J(G) as: for every € M(G), fi is
uniformly continuous; in particular i : G — D is continuous for u € J(G), D = {0,1}

discrete and S(u) = 171 ({1}), hence it is both open and closed.
Moreover, if G is connected then S(p) = G or 0, i.e. J(G) = {vo, 1}.

Lemma 3.4.1 For p € J(G), the support group of p is compact.

Proof: Let H be the smallest closed subgroup of G which contains the support group
of w. As then u is concentrated on H we can consider H = G. And so p is not
concentrated on any proper closed subgroup of G, hence by theorem 3.3.1, [i is not
constant on any non- trivial closed subgroup of G. If for k € CA}, L 1S defined by
dug(z) =< x,k > du(z) then p, # p for k # 1. So that

fs(x) = / < =z, X > dpg(z) = /G < —x,x >< 1,k > du(x)
:j<—x,x—/f>d,u(x):ﬂ(x—/<)20 or 1
Hence ||pe — u||GZ ||t — ft]|oo =1 for k # 1 (as every i is bounded above by ||ul|).
As G is locally compact there is a compact subset C C G with |u|(G\ C) < 1/4.

Lt V ={y e G :|1- <a,v>| < 1/3||ul]), Yz € C}, then V is an open
neighborhood of 1 in G. For vyev,

ln=pll < [ 1= <2 > dulta) = [ + /G\C
< [ grmdid@)+ [ 2dlul@) =5+ 5 <1

As ||t — pl| =1 for & # 1, then V = {1}, hence G is discrete, so G is compact
by Pontryagin duality and theorem 2.2.7.1

Hence to study idempotent elements in M (G), we can study idempotent elements
on a compact group G. Now on let G be compact and so G is discrete. Then, we
can link the elements of the coset ring of dual group with the idempotent elements as

follows:
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Theorem 3.4.2 For every H € R(G) there is some p € J(G) such that H = S(u).
Proof: Suppose H € ER(@), and let H C G be the annihilator of H, then H is a
closed subgroup in G, so it is compact. Let my be the Haar measure on H (which is
normalized), then my € M(G), as it can be extended to all G still concentrated on
H. And, my € J(G

(my *mg)( my(E — x)dmpy(x / my(E — x)dmpy(z)
f u(EYdmy(z) =mg(E) as my(H) =1
H
Moreover, S(my) = H. Indeed, for k € H, < —z,k >=1 for all x € H, and
mpg(K) :/ < —z,k >dmg(x) = / < —z,k >dmpy(x) = / dmpy =1
G H H
For k ¢ H, there is an xo € H such that < g, k >=£ 1, so that
/ < —x,k>dmg(r) =< z0,k > / < —x — xo,k > dmpy(x)
G
=< Zg, K > /C < —x,k > dmpg(z) (translation invariant)
G

As < xo,k ># 1, / < —x,k>dmg(x) =mg(k) =0. A
€

For H = S(u) as in above theorem, H is an open and closed subset of G. And if
for some x € G, we define a measure by v = ru then dv(z) =< z,k > dp(z) and,
1 ify—reH,
v(7) :/ < —x,y > dv(z) = / < —x,y— k> dp(z) =
¢ ¢ 0 otherwise.

So, the characteristic function of H + k C Gis a Fourier-Stieltjes transform of a

measure v, hence v € J(G). And every coset of H is S(v) for some v € J(G).

Now the converse of this statement also holds, and thus the correspondence be-
tween coset ring of the dual group and the idempotent measures will be established.

For, this we need the following lemmas (due to Ito and Amemiya, [8]);

The setting for the lemmas:
Fix p € J(G) and A = {sp: s € G, (k) # 0}. Let v be an accumulation point
of A in the weak* topology of M(G) (as the dual of C(G)).
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Lemma 3.4.3 For every compact K C G, either the restriction v|x = ku for some
ki € A or else vl and my are singular, where my is the Haar measure of K.
Proof: Since v is an accumulation point, v|k either coincides with a restriction of
ki in A to K or it is also an accumulation point of the elements of A restricted to
K, in the weak* topology of M(K). In the second case, by a lemma of Rudin ([15],
p.66), V| is singular with respect to the Haar measure of K. B

Lemma 3.4.4 With the above setting ||v|| < ||p|]-

Proof: We want to show ||v||/||p]|] < 1, so let 0 <& < ||v||/||pll, then by Radon-

Nikodym theorem, there is some f € C(G) such that ||f||le <1 cmd/ fdv > §]|u|].
G

Now the set {0’ € M(G) : Re (/G fdo) > 5H,u|\} is an open subset of M(G).

As v is accumulation point of A, there are ki, ko € G such that K1t # Kot and
Re (/G f@d,u) > O||ul|| for both j =1,2.

Take 0 such that |0| =1 and dp = 0d|p|. Setting fr;0 = g; +ih; for j =1,2 then

e ([ rsin) = e ([ gspaul) = [ sl > sl

And since ||p]| > ‘/ (g; +ilh;|)d ’ ‘/gjd,u—l—z/ |h;ldp),

/G|hj|du < <HMH2 - (/ngdu) )1/2 < (llull® = @l

As |fr;0] <1, g; <1 and so;
/G 11— frfldiu] < /G (1 - gy)dlul + /G |l < (1= &)l + (1 — )| .

Also as |k;| =1

[ s = Frimadldlul < (1= 6+ (1= ).
G

hence

Henee, ||saps = wapl] = [ i = raldlul <201~ 6+ (1= &)/l
G
Also, as k1 # Ko, V1 # Vs for v; = ki and Uy — Uy takes values of 0 or 1, then
[[k1p — Kop|| > 1. Thus we have 1 < 2(1 — & + (1 — 82)Y2)||u||, which implies 6 < 1.

Hence for any 0 < ||v||/||un]| we have § < 1, so ||v|| < ||u||. B

Now we can complete the correspondence:
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Theorem 3.4.5 S(n) € R(G) for every € T(G).

Proof: Let u € J(G) and A as in the above setting. Then the closure of A in the
weak® topology is compact (by Banach-Alaoglu as (1/||p||)A C unit ball of M(G)) and
does not contain 0, as ||kp|| > 1 for each kp € A. As norm is a continuous convex
function in usual topology of M(QG), it is lower semi-continuous in the weak™ topology,
so the norms of the elements of A attain the minimum value, say at v € A.

[f/ kdv # 0 for some k, then kv € A. So the set B = {sv : D(k) # 0} C A and can
notinclude an accumulation point. Since otherwise, this accumulation point is in A
and by lemma 3.4.4 must have norm less than ||v||, contradicting minimality. Thus
B is finite, and so is S(v) = {x € G : (k) = 1}. Hence S(v) is compact open, and
thus in R(G) by lemma 3.3.2.

(1) If v is not an accumulation point of A then v = yu for some vy, so S(u) =
S(v) + v hence S(u) is in the coset ring too.

(2) If v is an accumulation point of A, then by lemma 3.4.3, as v and my (Haar
measure of K ) are not singular for any compact subset K, v|x = (yu)|x for some
y. Let = pl, then = p + (u— 1) and S(u) € R(K). As ||| > 1 and
el = Tl + Ve = palls N = ] < {lpd] = 1 and S(p) = S(pa) U S(p — pa).

Now taking ji' = p—p, ' is idempotent and so we can apply the above arguments for
i . If (1) holds then we are done as finite union of elements of §R(@) is in the coset
ring. Otherwise, (2) holds and ' = pg + (1’ — po) = po + g with ||p” || < ||p|| — 2.
Since ||u|| is finite and every idempotent measure has measure > 1, we can have at
most finitely many steps and at last we have S(p) is a union of finitely many elements

~

from the coset ring. Hence S(u) € R(G). A
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Chapter 4

HOMOMORPHISMS BETWEEN GROUP ALGEBRAS

Let G, H be LCA groups, L'(G), L'(H) their group algebras, and M(G), M(H)
measure algebras. Let T': L'(G) — L'(H) be a mapping such that:
T(f+9)=Tf+Tg, T(f*xg)=Tf*Tgand T(\f) =\Tf
for any f,g € L'(G) and X € C, then T is a homomorphism of L'(G) into L*(H).
Since L'(H) is a closed ideal in M(H), we will look at the homomorphisms from

LY(G) into M(H) and characterize the ones between group algebras.

Let ¢ : L'(G) — M(H) be a homomorphism, then as M(H) is semisimple, 1) is
continuous. Hence for a € H, the map f — Ef(a) from L!'(G) into C is either a
multiplicative functional or identically zero. Let Y be the set of all o € H , for which

this map is non-zero. Then for & € Y, there is a character () € G such that

w(a) = f(@b*(oz)), by theorem 2.2.2.

Hence, the homomorphism ¢ induces a map ), : H — G defined as
fWu(@), ifacy,

0, otherwise.

W(a) = (f € LY(G) and a € ﬁ)

Let E be a coset in H and ¢ FE — G be continuous, then ¢ is said to be affine
if (k1 + K2 — K3) = @(k1) + d(K2) — O(Ks).
This affine map is uniformly continuous: Indeed let fix kg € E and let k1, ko € E, then
d(k1) — ¢(k2) = @(ko + K1 — Ka) — ¢(Ko), so by continuity of ¢ at kg, for V € V(1)
in @, there is a neighborhood U of 1 in é, such that for k1 — ko € U we have
¢(k1) — P(k2) € V.

Let now Sy, ..., S, be pairwise disjoint elements of é)‘E(ﬁ) with each S; C H;, where
H; is open coset in H. And let ¢ H; — G be affine map for each 7. Then the map
¢:Y =S, — G is said to be a piecewise affine if ¢ coincides with ¢; on S;.
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Main Result: If ¢ : L'(G) — M(H) is a homomorphism, then the induced map .
is a piecewise affine map of Y into G and Y € %(ﬁ)

Conversely, if Y € 9%(?[) and ¢ : Y — G isa piecewise affine map then there is a
homomorphism 1 of L*(G) into M (H) which induces it.

Moreover, 1) maps L'(G) into L*(H) iff ¢ }(K) is compact for every K compact
subset of G.

4.1

First, we will prove a special case of the second part of the main result:

Lemma 4.1.1 LetY be an open coset in H and Ve Y — G be an affine map. Then
there is a homomorphism v : L*(G) — M(H) such that W(a) = f(.()).
Proof: Fix kg €Y such thatY — ko is an open subgroup of H. Now define on this
subgroup ¢(k) = V(K + ko) — ¥u(Ko). Then for ki,k2 €Y — Ko,
G(k1 — Ka) = iK1 — K2 + ko) — Yu(ko)
= Uu(k1 + ko) = Yulk2 + Ko) + Pu(0) — Pu(r0)
= ¢(k1) — ¢(k2)

Hence ¢ is a homomorphism, and also it is continuous as v, is affine (which is
continuous).

Now for up € M(G), let 1?(;) = (o) on'Y — Kko. As ¢ is a homomorphism of
topological groups and the map u — fi is an isomorphism (theorem 3.2.1), then 1) is

a homomorphism between measure algebras. Then, o = 1.(Ko) is a fized element in

G and Yp(k) = f($(K)) = At (5 + Ko) — %0).

~

Since B(G) is invariant under translations there is a measure v € M(G) such that
iy = 0) = 2(7) s0 i((k + Ko) —70) = P(:(k + Ko))-

Since B(H) is invariant under translations there is a measure ¢ € M(H) such that
Yi(r) = (s + ko). Hence (ki + ko) = () = fithu (s + ko) — 70) = (1 (5 + Ko)).
Now with these translations there is a similar homomorphism of M(G) into M(H)
inducing .. Since L*(G) is a subspace of M(G), it is also a homomorphism from

LY(G) into M(H). &
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Now we can prove the second part of the main result;

Theorem 4.1.2 IfY € E}?(ﬁ) and ¢, 1 Y — G is a piecewise affine map then there
is a homomorphism ¢ of L*(G) into M (H) which induces it.

Proof: Now let S;, H;, ¢; be as in the definition of a piecewise affine map, where 1,
coincides with ¢; on S;. By theorem 3.4.2, for each S; there is an idempotent measure
w; € J(H) such that [i; is the characteristic function of S;. Now since ¢; is affine on
H;, by the previous lemma, there is a homomorphism v; of L'(G) into M(H) such
that W = f(@) on H;. Now the map (f) = >, i * ¥i(f) is a homomorphism
from LY(G) into M(H) as is a finite sum of homomorphisms. And 1 induces 1, as

~

DN = S mNEDG) = Féi() = Fa(r) fory € S;. @

4.2

In this section, we will prove the first part of the main result.
Note that, for any locally compact group H the set {g € L'(H) : g has compact support}
is dense in L*(H). Also {§: g € L'(H), § has compact support} is dense in Co(H).

Let v, 1., Y be as in the setting of main result:

Lemma 4.2.1 ¢ : L'(G) — M(H) can be extended to a homomorphism of M(G)

into M(H), in the form 17(;) = [1(.), where the extension has the same norm as 1.
Moreover, this extension is unique iff ¥ = H or G is discrete.
Proof: (i) Let fix a measure p € M(G) and define A\(k) = j1(v«(k)) for k € Y. If we
can show that \ € B(f[) then there is a measure Yu € M(H) with 1;/\; = ), defining
Y on M(G) by @7(-,17) = [1(1s); hence v becomes a homomorphism on M(G) and it
coincides with the given homomorphism on L'(G).

To this end, let define a map by Tg = [5G \dmg for g € Co(H) with § has a
compact support say K. Then T s a functional and T is also bounded:

Let C be a bound for v, then ||t f|| < C||f]| for each f € LY(G). Fore >0, let f. be
in LNG) with ||f.|| =1 and |f. — 1| < € on .(Y N K). Then for A and g as above,

—

DDA = J-()iu(w.) = (o % p)(wh.) = (- * ), and so



Chapter 4: Homomorphisms Between Group Algebras 45

= ' [ él/}(z*\u)dmﬁ
H

< lgllso 19 (f * w)l|
< Cllglloc|lpll as [[fe]] =1
Now as e tends to zero ¥(f.) = fg(w*) tends to 1 and the left side of above inequality

[ @@@Admﬁ
H

/ GO, * p)dmy
H

tends to |Tg|. Since right side is independent of €, |T'g| < C||g||col|1]|-

Since the set of all such g are dense in Co(H), then T can be extended to be a bounded
functional on Co(H). And then by Riesz representation theorem, there is a Radon
measure v € M(H) such that [5 gAdmp = Tg = [, gdv and as [,; gdv = [ godmg
we have fﬁ g dmpg = fﬁ gudmyg for every g € C’c(lf]), which is dense in CO(IC-\I), hence
v =\. Hence Yu = v gives the extension of ¥ to M(G).

(ii) If G is discrete M(G) = L'(G), hence extension is the function itself. So suppose
G is not discrete and ) is extended to M (G).
Assume Y = H. Fiz f € LYG), n € M(G) and set 0 = f and v = Yu, then

—

[ e LNG) and (f = ) (thu(r)) = F(0u(r) s (k) for & € Y (= H).

—_—

Since Y(f % 1) = 0 f % b = o v, and $(f % 1) = (F * ) (1), then

F@W)iw.) = 6(f) dlw) = 6 on .

Since these equalities hold for any f € LY(G), then i(1.(k)) = D(r) for any x € H.

So that U is uniquely determined on ﬁ, which determines v uniquely by lemma 3.2.2.
For the converse, suppose Y # H. Leth be a complex homomorphism of M(G)

such that h = 0 on L'(G) which is not identically zero (such an element exist since

group algebra is a closed ideal in mesure algebra). For a fived measure p € M(G),

i(.(7)), fy €Y,

h(w), if v &Y.
gives a measure Yy € M(H) such that IZZL = \ as proved in the first part.

the map A\(vy) =

Also replacing that h above with h = 0 on M(G), gives another map Ao similar
to above, which is different from X\, hence the measures corresponding to p in the two

cases are different. W
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Let now G, H be compact and, ¥, ¥, Y be as in the setting of main result.
A subset EC G x H is a graph if for every k € H there is at most one v E G such
that (7, x) € E. The graph of 1, is the set E = {(¢,(a),0) € G x H:a € Y}.

For an abelian group G, let E;, E5 be cosets of the subgroups Ay, As of G. The
index of E; is the index of A; in G. And the index of F; in FE, is the index of
A; N Ay in Ay. Note that an abelian group is not a finite union of cosets of infinite
index.

For a finite collection of subgroups of GxH , call S, let R(S) be the ring generated
by the cosets of elements in S.

Now if E is in the coset ring of G x H, then E € R(S) for some finite S. We
may assume G x H € 8. We can also enlarge S so that the intersection of any two
members of S is in S, without changing the ring R(S). An element A € § is minimal
if there is no proper subgroup of A of finite index contained in S. Let S” be the set of
all minimal elements in §. Then for any Ay, A; € S’ the index of A; in A, is either
1 or infinite. Since S is finite and every non-minimal element has a proper subgroup
of finite index, S € R(S'). Hence E € R(S'). Thus E is a finite union of sets of
the form: ((j_, Ki;) N (M=, KF,) where Kj;’s are cosets of elements of S’ Let

j=r+1

L ={j_, Ki, and M; = L. N K;;, then above set can be written as L N ((;_,,, M;).
Let L be coset of L' and M; be coset of MJI», since finite intersections of minimal
elements is minimal, then L/, M ]' are in &’. Hence the index of M ;in L is either 1 or
infinite. If it is 1 then either M; = L, hence LN ((_,,, M) =0 or M;N L = { hence
the intersection will not change if we drop this M;. Thus re-numbering if necessary,

the index of each M, in L is infinite.

Lemma 4.2.2 If the graph of 1., E is in the coset ring ofé x H then 'Y is in the
coset ring ofﬁ and 1, 1s piecewise affine.

Proof: Suppose E is in the coset ring of@ X ﬁ, then by above arguments we can
assume E is finite union of sets of the form E; = L; N ((; M), 1 < i < n, where
L, M;; are cosets in G x H and there are finitely many M;; for each t, each of which

has infinite index in L;.
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Now since E is a graph, each E; is also a graph. FEach L; is also a graph: Indeed,
since L; is a coset of a subgroup L, it is a graph iff the L is a graph. If by con-
tradiction, L; is not a graph then (yo,1) € L; for some vy9 # 1. If (v,k) € E;, then
(0, 1) + (v, &) = (0 + 7, k) € U; My, since otherwise (o + v, k) € E; contradicting
being a graph. So E; C \J; Mij — (Y0, 1), that is LiN ((; M55) € U; Mij — (70, 1). And
so Li C U;[Mi; — (90, )] U (U; Mij), where each M;; has infinite index in L;. Then
since L; is coset of L;, L; 1s subset of a finite union of cosets of infinite index, which
1$ not possible since L; 18 an abelian group.

Now let 7 : G x H — H be the natural homomorphism w(vy, k) = Kk which is onto.
Set H; = n(L;) and S; = w(E;). Since L; is a graph for every k € H; there is a unique
element in é, call ;(K) such that (¢;(k), k) € L;, hence ¢; : H; — Gisa well-defined
map. Moreover, ¢; is affine: Indeed, ¢; is continuous since defined on discrete spaces.
And for ki1, ke, k3 € H; there are corresponding unique elements ¢;(k;) € G. Since
L; is a coset, it is of the form G; + (Vi, k;) where G; is a subgroup and (7;, k;) fizved.
Hence, H; is a coset in H and
(9i(k1), k1) + (9i(k2), K2) — (Di(rks), k3) = (di(K1) + Qi(k2) — Gi(K3), k1 + K2 — K3) is
in L;, so that ¢;(k1 + ko — k3) = ¢i(Kk1) + di(K2) — di(K3).

NowY =n(E) =, n(E;) = U, Si. Moreover, each S; is in the coset ring of H.
Indeed, S; = w(E;) = m(L;N((;(LiNM;;)°)) = H;N((; m(LiNM;5)¢). As both L; and
M;j are cosets, m(L; N M;;) is in the coset ring of ]/-j, hence so is S;. And for k € S;,
(¢i(K), k) € E;, hence is in E, but also there is (V«(k), k) € E, hence ¥, = ¢; on S;
(as E is graph). To make v, piecewise affine, set S; = {k € S;: v ¢ S U...US; 1}
for 1 <i<mn, then S, is in the coset ring ofﬁ andY =JS; and ¢; on S; is affine

and agrees with 1,. W

Now to show that first part of the main result holds in the compact case, it is

enough to show the following (by theorem 3.4.5):

Lemma 4.2.3 Let E be the graph of 1., as above. Then the characteristic function

of E 1s the Fourier transform of an idempotent measure on G x H.
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Proof: Let \ be the characteristic function of E. Let f € L'(H) be such that
If]] = 1 and support of f is compact, so f is non-zero at finitely many points.
Define f as a function on Gx H by f(% K) = f(l{)

And for (x,y) € G x H, define ¢ as ¢p(x,y) = Zf < x, (k) ><y,k >, then ¢

weH
1s a map of G x H into C. Moreover,
é(v, @) =/ <= >3 f(k) < 2,0.(k) >< y, k> d(z,y)
GxH
weH
—Zf /<y,f<a—oz>dy/<x,w*(/<o)—7>dac
G

weH
Then ¢(v,a) # 0 only if @ = k and v = ¥, (k) for some k € Y, and in that case
6(v,0) = f(). Hence o = Af.
Let ¢ be extended to all M(G) as in lemma 4.2.1, for 0, (unit mass concentrated
at x € G) set p, = Po,. Thenfor a fived v € G,
<2 () 3= fp <~ (R) > dOolt) = o0 (0) = BO_)(R) = o).
And also inverse Fourier tmnsformation holds for f, so that

=Y f(r)<y.r> /H < —t k> du_y(t)

wEH
— U, K d —x - —t)d —x
/Zf <y—tr > du_alt) /Hf(y Hidp_o(t)
Then, as [[5_|| = 1 = ||
/H|¢ 2y !dyS/H/H|f(y—t)|d\um|(t)dy§/H||fHd\um|=\|f\|\|ux!|§|!¢||

Hence, ||6]| = /G /H 6(x,y)|dyda < ||]).

Now as in lemma 4.2.1, for g € C(G x H) define Tg = Jar g 9Mdme, 5. And for

every such choice of f, we have

[ T
GxH Gx GxH

H
so that | [5. 5 g)\fdmg;xg‘ < |lgllsol|?0|], hence this inequality holds for f. with the

additional property |f. — 1| < € on support of f.. And so as e — 0 (the left side of
inequality becomes |Tq|), so that |Tg| < ||g||so||?||, hence there is v € M(G x H)
such that 0 = X. Thus v is idempotent and E = S(v). B
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Let now G, H be LCA groups and é, H be the dual groups. Suppose @d, f[d denote
the groups G ) H with the discrete topology, and G, H the dual groups of them. Hence
G, H are compact abelian groups. Moreover, there are continuous isomorphisms (¢
of G onto a dense subgroup of G and Sy of H onto a dense subgroup of H. So G, H
are compactifications (called Bohr compactification) and we can consider G and H

as subsets of G and H. Suppose Yy is the set Y with discrete topology.

Lemma 4.2.4 1, as a map from Yy into @d is induced from a homomorphism )’
from LY(G) into M(H).
Proof: As there is an embedding of H as a subset of H, there is an induced mapping

7w of M(H) into M(H) which is a homomorphism as induced from an isomorphism.

Then the composition wo is a homomorphism of L*(G) into M (H). And the induced

map (o), =1, as (Wo/w\)(f)(a) #0 iﬁw/(f\)(a) 0 for o in dual of H which is
ﬁd. Also by lemma 4.2.1, there is an extension of wo1 to a homomorphism of M (G)
into M(H) by w0 (1) = fia (4b).

Let i € M(G), e > 0 and Ky, ..., k, € H. Then there is a measure 1y € M(G)
such that ||pa|| < ||pll and |p(.(r;)) — fiy(u (k)| < € as G is dense in G. By
lemma 3.2.2, as a measure is determined by its Fourier-Stieltjes transform, there is
a measure ' (1) € M(H) such that m = () for p € M(G). Hence ' is a
homomorphism from M(G) into M(H) inducing 1,.

Then by lemmas 4.2.3 and 4.2.2, Y, is in the coset ring of ﬁd and 1, is a piecewise

affine map. Now the following steps will lead to the general case:

1. Y s open in H: Fix an element ko € Y, need to find an open set V' C H containing
ko and subset of Y. Let U C G be an open subset containing Yi(Ko). Thereis an f in
LM(G), with supp f in U such that f(i, (ko)) # 0. Let W = {x € H : f(¥.(r)) # 0}.
Asyf € M(H) and f (1) = w is (uniformly) continuous on H , W is an open subset
of H. Moreover, kg € W and W C Y.

Also, ¥, (W) = {1.(k) : f(¥u(r)) # 0} C suppf C U, hence 1, is continuous as

a function from Y into @ .
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Now we have the following situation:

Y =U; S;is openin H, where S; € R(H,) are of the form S; = H;0 (N} Nf;) with

H;, Nj; cosets in ﬁd and N;; has infinite index in H;. On each H; there is an affine map
¢; - Hy — @d and ¥, = ¢; on S;. Since the groups f[d and I are the same groups with
different topologies, H;, N;; cosets in H and N;; has infinite index in H; as subsets of
H. The map ¢; : H; — G has the property ¢; (k1 + ko — i) = ¢;(1) + ¢;(2) — ¢i(r3)
and is continuous on S;, since coincides with ., hence is affine on .S;.
2. ¢; is affine from H; into G: As H; is not contained in the union of a finite number
of translates of the NV;;’s, there are elements aq, ..., a,,, oy, 41 in S; such that o, — oy,
for k # n is not in UjNZ-/j, where N;; is coset of Ngj. Then for z,y € H;, there is
some n < 7; + 1 such that o, + * — y € S;: Indeed, otherwise o + 2z —y ¢ 5;
for each k, and so there are at least two of them, say ap ++ —y and oy + = — v,
in the same N;;. Thus o — oy is in Ngj,
¢i(x) — ¢i(y) = dilon + = — y) — gi(am).

Now since 1), is uniformly continuous on S;, for a neighborhood U of 1 in G , there

which is not the case. So for x,y € H;,

are neighborhoods Vj of oy such that if z1, 29 € Vi N S;, then ¥,(z1) — 1. (29) € U.
For some neighborhood V' of identity of I/-_;, ar +V C Vg, hence for every z,y € H;, if
r—y €V, then ¢;(z) — ¢i(y) = Yu(an +x —y) — Yu(ay,) € U. Hence ¢; is uniformly

continuous on H;, so is affine on H;.

Lemma 4.2.5 Each ¢; can be estended to an affine map of H; (closure).

Proof: By uniform continuity of ¢;, if W is a compact neighborhood of 1 in @,
there is an open neighborhood V of 1 in H such that ¢;((k + V) N H;) C ¢i(r) + W
for each k € H;. Let A be a subset of H; with compact closure. Since A C A+V,
there are au, ..., € A such that A C J;(aj +V). Hence ¢;(A) C U; ¢i(ay) + W.
Thus ¢;(A) has compact closure.

Now fiz ko € H; then for every compact neighborhood U of kg, the set Fyy = m
is compact, so that (| Fy has a unique element. Calling it ¢;(ko), we have extended ¢;
to closure of H;, which is well-defined as intersection has unique element. And also

continuous as for any neighborhood W of ¢;(ko), W N Fy # O for some U, and by
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uniform continuity of ¢; there is an open subset U of U such that
oi(H;NU') C W N Fy.

Now since group operations and ¢; is continuous on H;, ¢; is affine on the closure.

3. Y is closed in H: Suppose now ¢; are extended affine maps. Fix ko € Y. Then
ko € S; for some i and ¢;(ko) € G. Choose f € L'(G) such that f(¢;(ko)) # 0.
Since f (¢;) is continuous, there are k € S; arbitrarily close enough to kg such that

FW.(r) = f(¢i(k)) £ 0. Since f(v,) is continuous, f (1), (ke)) # 0, hence kg € Y.

4. Suffices to show H; is open coset and S; is in the coset ring since then 1, is
piecewise affine and Y is in the coset ring.

Let F be the set of 4 such that S; has non-empty interior. Since Y is open, F is
non-empty finite and Y C {J,.p S;. But Y is also closed so Y = Uicer S;.
Now for i € F, H; and m has nonempty interiors. As H; is a coset, then H; is a
coset and hence it is open.
For i € F, if N;; has non-empty interior then it is open, so that the complement is
closed and N;; does not intersect S;. If N;; has empty interior, then the complement
is dense in H , so the closure of intersection without this term will be the same. Hence
fori € F, S; = H; N (M, IVf;) where the intersection is over the open Nj;’s. (If none
of them is open, then S; = E) Hence S; is in the coset ring of HforicF.

Now to satisfy piecewise affine definition, we need S;’s to be disjoint. Let enumer-
ate the sets S; with i € F so that F' = {1,2,...,n}. Then the sets

Ei={keS;:k¢g S U...US;_ 1} for 1 <i<n arein the coset ring of H and
Y =JE; and ¢; on F; is affine and agrees with ..

4.3

So far, we have characterized the homomorphisms from a group algebra into a mea-
sure algebra. And as group algebra is a closed ideal of measure algebra, the set
of homomorphisms characterized above include the homomorphisms between group

algebras. Now in this final step, we will characterize the ones between group algebras.
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Theorem 4.3.1 The map v defined in main theorem carries L'(G) into L'(H) iff
Y 1K) is compact for every compact K C G.
Proof: If there is a compact subset K C G such that YN (K) is not compact, then
choose f € LY(G) such that f = 1 on K. Then the set {y € Y : f(i.(y)) = 1}
contains ¥ (K), which is closed and non-compact, so the set is not compact either.
Then (f) is not in L*(H)

Conversely, suppose ;7 (K) is compact for every compact K C G and let f be
in LY(G). Then there is a sequence f, in L'(G) such that f, — f in LY(G) and f,
has compact support. So fn(w*) also has compact support for each n and so V(f,) €
LY (H). As ) is continuous Y(f,) — ¥(f); since L'(H) is closed ¥(f) € L'(H).
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Appendix A

A.1 Banach Algebras

Proposition A.1.1 Every Banach algebra Ay can be embedded in a Banach algebra
A with unit.
Proof: Let A= Ay x C. Then define addition and multiplication in A as follows:
(z,a) +(y,0) = (z +y,a + 3)
(2, 0)(y, B) = (zy + ay + Bz, af3)
Since both Ay and C are vector spaces over complexr numbers, A is a vector space.
Clearly, associativity and bilinearity of multiplication holds. Hence it is an associative
algebra.
Define a norm on A by: ||(z,a)|| = ||z|| + |a|. Then as both Ay and C are complete,
A is a Banach algebra.
Moreover, (0,1) € A is unit for the algebra as: (z,a)(0,1) = (0,1)(z, o) = (x, ).

And we can embed Ay into A by the mapping x — (z,0).

Hence now on all Banach algebras are assumed to be unitary.

For the identity element e € A, |le|| = |lee|| < [|e|]?, so that |[e]| > 1. Tt is always

possible to re-norm A so that ||e|| = 1. (let |||y||| = sup,ea |‘|Tﬁ‘|| then ||[e]|| = 1)
Let A be a Banach algebra and e be unit of the algebra.

Lemma A.1.2 Forxz € Aif||z|| <1 then e—ux is invertible and (e—x)~' = Y7 a™.
Proof: As ||> 7 x| < 307 [|z||™ and ||z|| < 1, the series converges absolutely,
so converges.

Fork >0, (e—x) Zﬁzox” =(et+x+...+2%) (v +.. . +2F+ ") =e— 2P,

0 (e = ) Ty = ¢~ lim g 2" = ¢ a5 limy oo 2]} * = 0.
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Theorem A.1.3 z,y € A, Ao, A € C,
(a) If |\| > ||z|| then Xe — x is invertible and its inverse is y .o A" ",
(b) If \oe — x is invertible and |\ — Xo| < |[(Moe — x)7H|7L, then Ae — x is invertible
and (he — )~ = X350 — AV ((Aoe — )1
(c)If x is invertible and |ly|| < ||z7Y|7" then x — y is invertible and its inverse is
D DRI
1
(d) If x is invertible and ||y|| < §||x*1||*1 then ||(z —y)~' — =7 < 2[|=7 ||yl

1

(e) The set of invertible elements of A is open and the map x — x~' is continuous

on this set.

Proof: (a) If |\ > ||z|| then [N z|| = [A7Y||z]| < [N"HIA =1, so by lemma A.1.2
e — X\'x is invertible and (e — A\ 7te)t =307 (A1) But de —x = Me — A1),
so(Ne—z) t=Ate—ATa) t =AY (A )

() Z (o = A7 (0oe =)™ < 2 o = Al dge = 2)
The term on the right-hand-side is < ||()\Oe— )0 (Ao = A)"[(Aoe — ) |,

hence by the assumption the series on the left-hand-side is convergent. And,
k k

(Ae =2) > (Ao = A)"((hoe = 2) 7)™ =10 = A) = (o = ] D_ (Ao = A)"((hoe — 2) 7)™

k k

=D Qo= N"((oe = 2) )" =Y (Ao = )" (Aoe — ) H" !
= Z:—O (Ao — V) (Mo — x)_l)k+1n:0—> e as k — oo

Hence the inverse of Ae — x s the given series.

(c) |z yl| < |l=7 Y| |ly|]| < 1 by the hypothesis, so e —x~'y is invertible by lemma
A.1.2, and (e — a7 ty) P =30 (a7 ty)"

Asz —y =x(e — 27 'y) and both x and e — x~'y are invertible then their multi-

plication is invertible and inverse of the multiplication is multiplication of inverses.

(d) Using (c) and hypothesis of d, we have;
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@@=y =27 =z @y = < e D @ )
n=0 n=1

<D™ = =10l gl )™
n=1 n=0
= |1yl Uz i)
n=0
<l Plyl Y (1/2)" = 2|z [yl
n=0

(e) Let G(A) be the set of all invertible elements of A.

Then for x € U,

lza™| = llel| = 1 < ||2]| [|]2™|| which implies that ||z~*||7" < ||=|]

So let e = ||z7Y||7! then for each y € B.(x) in A, ||z —y|| <e= ||z~ !

Then by (c) x — (v — y) = y is invertible, i.e. y € U, hence B:(z) C U, so U is
open.

Now let (x,)nen be a sequence in U with x, — v € A.

Let y = x — x,, and x be itself in the setting of (d), then as ||x — x,|| — 0, there
exist N € N: for eachn > N, ||z —z,|| < %Hx_lﬂ_l, |zt =27 < 2|27 |2 — 2]

1

for allm > N; so that ;' — x~1, hence the mapping x — x~1 is continuous. W

For x € A the spectrum of z is o(x) = {\ € C: e — z is not invertible}.

Proposition A.1.4 The spectrum, o(x) is a closed subset of {\ € C: |\ < ||z||}.
Proof: By the theorem A.1.3 (a), o(x) C{\ € C: |\ <||z||}

Now C\ o(z) = {\ € C: \e — x is invertible}.

For Ny € C\ o(z) let e = ||(Moe — )| then by theorem A.1.3 (b),

B.(Ao) C C\ o(x). Hence C\ o(z) is an open set, so o(x) is closed.

The function R, : C\ o(z) — A defined as R,(\) = (Ae — x)~! is called the

resolvent operator of .

Theorem A.1.5 For allz € A, o(z) # 0.

Proof: For xz € A, consider the resolvent operator of ¥, R,(p) = (ue — x)™!.
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Forp e C\o(x) lete = ||(ne—x)7Y |7 then by theorem A.1.3 (b), B-(u) C C\ o(x).
And for any A € Bu(n), Ro() = (e — )" = S22 (1 — A" (e — )71+,
Hence R, is an analytic function on C\ o(x).
If for some xz, o(x) = 0 then f o R, is an entire function for each f € A*. As it
is also bounded, by Liouville’s theorem, f o R, is constant for each f.

1

As p — oo, ||R(w)]| = |pl (e — p'z)7Y| — 0 so by Hahn-Banach theorem

R, =0, but 0 cannot be an inverse, hence result follows.

Theorem A.1.6 (Gelfand-Mazur) If A is a Banach algebra in which every nonzero
element is invertible, then A is isomorphic to C.
Proof: Ce C A where e is the identity of the algebra.

If © ¢ Ce, then Ae — x # 0 for all X € C, then by hypothesis e — x is invertible
for all X € C, but this implies that o(x) = (), contradicting above theorem. Hence

A = Ce, and A — e gives the isomorphism of C onto A.

Let A be a Banach algebra and x € A. The spectral radius of x is the number
r(z) =sup{|A\| : A € o(x)}.

Theorem A.1.7 Forz € A, r(x) = lim, o ||z"]|*/".
Proof: As \te—z" = (de—z)(A\" e+ N 2o+ ..+ " 2+ 1), X € o(x) implies
that \* € a(z™). So by theorem A.1.83 (a), |\|" < ||z™].

Then r(z) = liminf |\| < lim inf ||2"||/"
Now assume that © # 0 and choose A € C such that |\| < 1/r(z) (for r(z) = 0 take
any A). Claim: {(Az)" :n € ZT} is bounded.

By Banach-Steinhaus theorem it is enough to show that {f((Ax)") : n € Z*} is
bounded for all f € B(A), we know that such an f is differentiable.

Consider the function ¢ defined on {z € C: |z| < 1/r(z)} by ¢(2) = f((1—zz)™h).
¢ is analytic since: for |z| < 1/||z||, (1—zz)™!

linear functional, ¢(z) = >, cz+ [(2™)2". And for the region {z : 0 < z < 1/r(x)},
(1= 22)7 = (1/2)(z7" = 2)7" s0 6(2) = (1/2) f((z7! = 2)7)

=Y ez+ (z2)" and since f is a bounded
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¢ is analytic on R = {z : z < 1/r(x)} and ¢(z) = >, .5+ f(2™)2" on R. So the
sequence (f(z"™)2") is bounded for all z € R, and |f(z")2"| = |f((z2)™)| so {(Az)" :
n € Z*} is bounded. So for each N\ with 0 < A < 1/r(x), there is an M < oo such
that |IN"| [|=™]| = ||(Az)"]| < M for alln € Z*. Then
MY 1
e = o for each X\ with 0 < X\ < 1/r(z).
So it must be true for inf{+ : 0 < X\ < 1/r(z)} = r(z), i.e. limsup,_ |[z"|[*/" <

r(zx).

limsup,, . ||2"||*/" < limsup,, .,

Lemma A.1.8 Let (x,)nen be a sequence in G(A), set of invertible elements in A
and z be a boundary point of G(A) where x,, — x. Then ||z || — oo.
Proof:  Suppose ||z;'|| - oo, then there is M < oo such that ||z, '|| < M for
infinitely many n. As x, — x, there exists N € N such that for alln > N, ||z, —z|| <
1/M. So there is ng > N such that ||z, !|| < M.

And|le—z72]] = 5725~ DI < [z 1[50 —3l] < 1, 50 e~ (e—2702) = a7k
is invertible by the lemma A.1.2. Hence x € G(A). But G(A) is open contradicting

x being in the boundary. Hence the result follows.

Theorem A.1.9 If there exists M < oo such that ||z|| ||y|| < M||zy]|| for each z,y €
A then A= C.
Proof: Let x and x, be as in the above lemma, then for each n € N we have:
|z Y| |znl| < Mle|| by the hypothesis.
As ||z || — oo by the lemma, ||x,|| — 0, then ||z|| =0 = x =0, s0 0 is the only
boundary point of G(A) which implies that 0 is the only non-invertible element of A,
hence by Gelfand-Mazur theorem (A.1.6) the result follows.

If A is any algebra, a left(right) ideal of A is a subalgebra Z such that zy € Z,
foreveryx e A,y eZ(x€Z,ye A

Proposition A.1.10 If Z is a closed ideal in a Banach algebra A, then AJT is a
Banach algebra with the quotient norm: ||al| = ||la + Z|| = inf{|la + b|| : b € T}.
Proof: As T is a closed subspace, we know that A/Z is a Banach space with the

following operations:
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(+D)+y+I)=(x+y)+T

alr+I)=ar+7

|z + Z|| = infyez |z + yl|
Now define multiplication as: (v +Z)(y+Z)=zy+7Z

This multiplication is well-defined as: ifa—a' € T and b—1b € T then o'/ —ab =
(@' —a)b + a(bl —b) € T (since T is an ideal), so a't/ + 7T = ab+T.
Moreover,

llab+Z|| =infyez|lab+ z|| = inf,, 4,e7||ab + axe + bry + 2129

= infy, pper [[(@ + 1) (b + 22)[| < infy, pyez [Ja + 2] [0+ 25|

Hence |lab+ Z|| < |la+Z|| ||b + Z||, and A/Z is a Banach algebra.

Proposition A.1.11 Let A be a commutative Banach algebra and I be a proper
ideal. Then:

1. T does not contain invertible elements.

2. T is a proper ideal.

3. I is contained in a maximal ideal.

4. If T 1s maximal then it is closed.
Proof: 1. Suppose x € T is an invertible element. Thenx ' € A, andav 'x =e €T
which implies that x = xe € T for each x € A contradicting to I being a proper ideal.
2. AsT is proper, T C A\G(A), which is a closed as G(A) is open, then T C A\G(A),
and e ¢ A\ G(A), hence T is proper.
3. Consider the set § ={J C A:Z C J and J is a proper ideal of A}. Order §
by inclusion, then it is inductive (take a chain (J,), then let J = UyaJs so that J
is an upper bound for this chain which is in the set §). Hence by Zorn’s lemma, §
has a maximal element, say Jo. This Jo 15 a maximal ideal, since otherwise there
15 a proper ideal Jy such that J D Jo D I, then Ji must be in §, contradicting
maximality of Jo.

4. T is proper ideal by 2, and T C I, but T is maximal ideal, so T =T
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For a commutative Banach algebra A, Mt(.A) denotes the set of all maximal ideals of

A.

Theorem A.1.12 Let A be an algebra with unit 1. Then the intersection of all
maximal left ideals of A and the intersection of all maximal right ideals of A are the

same sets.

Let A be a Banach algebra, the intersection of all maximal left( or right) ideals of

A is called radical of A; denoted as RadA. And A is semisimple if RadA = {0}.

Example A.1.13 Let X be a Banach space, then L(X) is semisimple.

Let £ # 0 be fized in X and let I = {T : T € L(X),T¢ = 0}, then it is a left ideal of
L(X). Claim: It is a mazimal left ideal.

Suppose J is another left ideal containing it, with I # J, then J§ ={T¢ T € J} is
a linear subspace of X different from {0} and it is invariant under all S € L(X) as
J is a left ideal. If J§ # X, then there is x1 ¢ JE in X and there is o # 0 in JE.
Then there is S € L(X) such that Sty = x1, contradicting the invariance of JE. So
JE =X and there exists W € L(X) such that W& = €.

Then for each T € L(X), T —TW € I¢, soT € J+1,; C J, hence J = L(X).

Then for any nonzero element & € X, I¢ is a mazimal left ideal, hence

RadE(X) C ﬂg#o]g = {O}

A.2 DMeasures on Locally Compact Spaces/Groups

A Radon measure on a topological space X is a regular Borel measure which is

finite on compact sets.

Theorem A.2.1 (Riesz-Markov) Let X be a locally compact (Hausdorff) space.
To each bounded linear functional T on Cy(X) , there corresponds a unique Radon

measure m on X such that Tf = [, fdm, for f € Co(X).
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Theorem A.2.2 (Riesz Representation) (1) Let X be a compact space and A\ in
L(C(X),C) be positive then there is a unique reqular Borel measure p on X such that
Af = /fd,ufor every f € C(X).
(2) Let X be a locally compact space and A : Co(X) — C is positive linear then
there is a unique Radon measure p on X such that Af = / fdu for every f € C.(X).
X

A measure p is absolutely continuous with respect to a measure m if for every

Borel set E m(E) = 0 implies that u(E) = 0.

Theorem A.2.3 (Radon-Nikodym) If n € M(X) where X is a locally compact
(Hausdorff) space and if m is a non-negative measure on X and p is absolutely
continuous with respect to m then there is f € L'(m) such that p(E) = [, fdm for
each Borel set E. Moreover, ||u|| = [ [fldm = ||f]]:

Theorem A.2.4 (Hahn-Jordan Decomposition) If (X, M) is a measurable space
and p is a signed measure on M then there exist two sets P, N € M such that
PUN =X, PNN =0 and P is positive, N is negative for u. Moreover, there are
positive measures ut, = such that pt(F) = wW(ENP) and p (E) = p(E N N) and

p=pt—p

Theorem A.2.5 (Stone-Weierstrass) Let X be a compact Hausdorff space. If
A C C(X) is a separating subalgebra containing C then A = C(X).

If X is a locally compact (non-compact) Hausdorff space and A is a separating
subalgebra of Cy(X) then either A is dense in Co(X) or A ={f € Co(X) : f(xy) =0}

for some xy € X.

Theorem A.2.6 (Fubini) Let X,Y be a locally compact (Hausdorff) spaces and
[, A be regular measures on them respectively. If pw > 0, X > 0 and f is a Borel
function on X XY such that f >0, then

Jxoy fd(px X) = [ [, f(z,y)dA(y = [, [x [z, y)dpu(z)d\(y).
Ifue M(X),\e M(Y), fisa Borelfunctzon on X XY and

Jx [y 1f (@, 9)|dA\(y)d|p|(z) < oo then above also holds for this setting.
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For any locally compact group G there is a non-zero Radon measure m on G that
is invariant under left translations, i.e. m(zE) = m(FE) for every Borel set E C G
and x € G. If v is another such measure then there is a constant ¢ > 0 such that
v =cm.

The proof of this statement can be found in various sources. In the case of LCA
groups, the proof is simpler and given by Alexander J. Izzo for existence. Also unique-
ness is easy to prove:

Uniqueness Fix g € C(G) so that [, gdm = 1. Define ¢ = [, g(—x)dv. Then for any
f € C.(G) we have
Jo fdv = Jgg(x)dm(x) [ f(y)dv(y) = fG glx)dm(x) [, f(x +y)dv(y)
= fG ng(x)f(x + y)dm(x)dv(y) = fG ng x —y)f(x)dm(x)dv(y)
= fG f(x)dm(x) ng(x — )du = ch fdm

Hence v = em.

The measure defined above which is unique up to a constant multiple is called the

(left) Haar measure on G.

Proposition A.2.7 For G a LCA group and f € L'(G), [, f(z)dm = [, f(—x)dm.
Proof: Let m'(E) = m(—E) for every Borel set E C G, then as —FE is Borel set
for every Borel set E, m' is a non-zero Radon measure on G. Moreover, for E Borel
subset, v € G, m' (v + E) = m(—z — E) = m(—E) = m'(E), hence m" is a Haar
measure on G. Then by uniqueness of Haar measure, there is a constant ¢ > 0 such
that m" = em. Now for E Borel set, A= —E N E is also a Borel set and A = —A.
m (A) =m(—A) = m(A) and m/(A) = cm(A), hence c = 1.

Now fG —z)dm(x fG fG x)edm(z fG

Theorem A.2.8 (Gelfand-Raikov) If G is locally compact group, the irreducible

representations of G separate points on G.

Theorem A.2.9 (Plancherel) The Fourier transform restricted to L*(G) N L*(Q) is
an isometry onto a dense linear subspace of L*(G). Hence it can be extended to a

unique isometry of L*(G).
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Complementary Notes:
e The set {f € L'(G) : f has compact support} is dense in L'(G).

o For pe M(G), [, fdu= [z fadmg

e A subgroup is open iff it has non-empty interior. (by translation invariance,

same is true for cosets)

e If M closed convex subset of a Banach space and f : M — R is continuous

convex function then f is lower semicontinuous in the weak topology.

e [nverse Fourier transform(See [13], 1.5):

Let B(G) = {f : G — C: fis in the form f(z) = [5 <,k > du(k), z € G}.
For fixed Haar measure on GG, the Haar measure on G can be normalized so

that, for each f € L'(G) N B(G), the following inversion formula holds:

f(z) = /Af(/i) < x,k > dk, for each z € G
G
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