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ABSTRACT

ON CLASSIFICATION OF ELEMENTS OF WEYL GROUP OF
THE LOOP GROUP LG FOR COMPACT GROUP G = A3
Toprakli, Ali
MSc, Department of Mathematics
Supervisor: Associate Prof. Cenap OZEL
FEBRUARY 2007, 94 pages

In this thesis we describe the general theory of compact connected semi-simple Lie
groups and algebras including root system, Weyl group an Dynkin diagram, and we
describe the root system and Weyl group of LG as well. We give the group presentation
of the affine Weyl group of G = As. We classify all elements of affine Weyl group W
and W = W /W for As.
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OZET

TIKIZ G = As ICIN DONGU GRUBU LG’'NIN WEYL GRUBUNUN
ELEMANLARININ SINIFLANDIRILMASI
Toprakli, Ali
Master Tezi, Matematik Bolimi
Tez Yoneticisi: Docent Doktor Cenap OZEL
SUBAT 2007, 94 sayfa

Bu tezde dongi gruplarin genel kurami ile beraber klasik, tikiz, baglantili, yari-
baglantili Lie grup ve cebirlerinin karakter sistemi, simetri gruplar1 ve Dynkin ¢izgelerini
igeren genel kuramini tammmhiyoruz. G = Asm afin Weyl grubunun iirete¢ ve bagintilar
anlaminda grup temsilini veriyoruz. Ayrica, As icin W ve W = W/ W’nin elemanlarini
siniflandiriyoruz.

Anahtar Kelimeler: Lie grup, Lie cebiri, Déngii grubu, Weyl grup, Ka¢-Moody Lie

cebirleri.
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CHAPTER 1
INTRODUCTION

In [23], Kumar described the Schubert classes which are the dual to the closures of the
Bruhat cells in the flag varieties of the Ka¢-Moody groups associated to the infinite
dimensional Kac¢-Moody algebras. These classes are indexed by affine Weyl groups
and can be choosen as elements of integral cohomologies of the homogeneous space
EpolGC / B for any compact simply connected semi-simple Lie group GG. Later, Kumar &
Kostant gave explicit cup product formulas of these classes in the cohomology algebras
by using the relation between the invariant-theoratic relative Lie algebra cohomology
theory (using the representation module of the nilpotent part) with the purely nil-Hecke
rings [22]. These explicit product formulas involve some BGG-type operators A’ and
reflections. In the paper [29] of Ozel, using some homotopy equivalences, cohomology
ring structures of LG /T have been determined where LG is the smooth loop space on
G. He has calculated the products and explicit cohomology ring structure of LG /T for
G=A using these ideas. He found that it has a quotient of the divided power algebra.
Other details can be found in [29]. Later Ozel & Yilmaz [30] calculated the products
and explicit ring structures of integral cohomology of LG /T and QG for G = Aj using
these ideas. In this thesis, we give explicit presentation of affine Weyl group of the loop
group LSU; and make classify elements of affine Weyl group LSU(4) and determine
the minimal elements of each coset wIV. We note that all multiplications in the Weyl
group can be verified in MATHEMATICA.

Some comments about the structure of this thesis are in order. It is written for a
reader with a first course in matrix groups and some understanding of the structure
of compact semi-simple Lie groups and their representations, plus some mathematical
maturity. Some good general references are Bredon [4] for topology and geometry,

Pressley-Segal [32] for loop groups and their representations, Ka¢ [18] for Ka¢-Moody



algebra theory, Hiller [14] for reflection and Coxeter groups, and Humpreys [16] for Lie
algebras and representations, [2] for matrix groups.

The organization of this thesis is as follows.

Chapter 2 is about the theory of Lie algebras and their representations on vector
spaces. Chapter 2 includes descriptions of manifolds, tangent space, Lie groups, one-
parameter groups, adjoint derivative and differentials as well.

In Chapter 3 we describe the general theory of compact connected semi-simple Lie
groups and algebras including root system, Weyl group an Dynkin diagram.

In Chapter 4, we describe the root system and Weyl group of LG and we give the
group presentation of the affine weyl group of G = As. We classify all elements of affine

Weyl group W and W = W/ W for As.



CHAPTER 2
SEMI-SIMPLE LIE GROUPS AND THEIR ALGEBRAS

The general references for this chapter are [16] and [2] respectively.
Lie algebras arise ”in nature ” as vector spaces of linear transformations endowed
with a new operation bracket [z,y] = xy — yx which is in general neither commutative

nor associative where the operations on the right side are the usual ones.

Definition 2.1 A wvector space L over a field F, with an operation L x L — L, denoted
(z,y) — [z,y] and called bracket or commutator of x and y, is called a Lie algebra

over I if the following axioms are satisfied.
(L1) The bracket operation is bilinear.
(L2) Vz € L, [z,z] = 0.

(L3) Vx,y,z € L, [z, [y, 2]] + [y, [z, 2]] + [z, [z, 9]] = 0 (Jacobi identity).

We note that if (L1) and (L2) are applied to [z + y,z + y], then we have anti-
commutativity [x,y] = —[y,z]. Conversely, if char[F # 2, it is clear that the anti-
commutativity will imply (L2).

We say that two Lie algebras L, L’ over I are isomorphic if there exists a vector
space isomorphism ¢ : L — L' satisfying ¢([zy]) = [¢(x), ¢(y)] for all x,y € L where ¢
is called an isomorphism of Lie algebra.

A subspace K of L is called a subalgebra if [z,y] € K whenever z,y € K; in
particular, K is a Lie algebra in its own right relative to the inherited operations. Note
that any nonzero element x € L defines a one dimensional subalgebra Fz, with trivial
multiplication, because of (L2).

Let V' be a finite dimensional vector space over F, and let hom (V') be the set of

linear transformations V' — V. As a vector space over F, hom(V') has dimension



n? where n = dimV, and hom(V) is a ring relative to the usual product operation
composition. We define a new operation [z,y] = xy — yx, called the bracket of z and
y. With this operation hom(V') becomes a Lie algebra over F. In order to distinguish
this new algebra structure from the old associative one, we write gl for hom (V') viewed
as a Lie algebra and call it general linear algebra because it is closely associated with

the general linear group GL(V') consisting of all invertible endomorphisms of V.
Definition 2.2 Any subalgebra of a Lie algebra gl(V') is called a linear Lie algebra.

If we fix a basis for V, then we are identifying gl(V') with the set of all nan matrices
over I, denoted gl(n,F). For the standard basis consisting of the matrices e;; = [E,]

where

I p=1v=y,
w =
0 elsewhere,

we can write down the multiplication table for gi(n,F). Since e;jer = d;iey, it follows

[eij, ert] = Ojxei — Oiek;j

where the coefficients are all +1 or 0.

They fall into four families A;, B;,Cy, Dy, I > 1 and they are called the classical
algebras because they correspond to certain classical linear Lie groups. In the thesis
we will be interested to only classical linear Lie algebra A;, [ > 1.

Let dimV =1+ 1 and Let sl(V), or sl(l + 1,F) be the set of endomorphisms of V'
having trace zero. Since trace(zy) = trace(yz), and trace(x +y) = trace(x) + trace(y),
then sl(V)is a subalgebra of gl(V') which is called special linear algebra because of its
connection with the special linear group SL(V') of endomorphisms of det 1. On the one
hand sl(V) is a proper subalgebra of gl(V), hence the dimension is at most (I +1)% — 1.
So, we can exhibit this number of linearly independent matrices of trace zero. Let
us take all e;; (i # j), along with all h; = e; — ej41541 (1 < @ < 1), for a total of

I+ (+1)2—(I+1) =1(l+2) matrices. We shall always view this as the standard basis



for sl(l + 1, F).

Now we introduce other subalgebras of gl(n,F). Let t(n,F) be the set of upper
triangular matrices [a;;] where a;; = 0 if @ > j. Let n(n,F) be the strictly upper
triangular matrices [a;;] where a;; = 0 if ¢ > 7). Finally, let 9(n,F) be the set of all
diagonal matrices. It is trivial to check that each of these is closed under the bracket.
Notice also that t(n,F) = 2(n,F) @Pn(n,F) with [p(n,F),n(n,F)] = n(n,F), hence
[t(n,F),t(n,F)] = n(n,F).

Some Lie algebras of linear transformations arise most naturally as derivations of

algebras.

Definition 2.3 (Lie algebras of derivations) Let U be an F-algebra. By a deriva-
tion of U we mean a linear map 6 : U — U satisfying the familiar product rule

d(ab) = ad(b) + (a)b.

It is easily checked that the collection DerU is a subalgebra of gl(U).
Since a Lie algebra L is an F-algebra, DerL can be defined. Certain derivations arise
quite naturally, as follows. If x € L, by bilinearity of the bracket operation, the map

y — [z,y] is an endomorphism of L which is denoted by adjz. Using Jacobi identity

[z, [y, 2] = [z, 9], 2 + [y, [, 2] = [y, [, 2] + [[2, 9], 2],

hence adjx € DerL. The map L — DerL sending = to adjx is called adjoint represen-
tation of L. Derivations of this form are called inner, all others outer.

We will use adj;z or adgx to indicate that x is acting on L and K respectively.
For example, if 2 is a diagonal matrix, then adjy(, r)(z) = 0, whereas adjg(,, ) (z) need

not be zero.

2.1 Abstract Lie algebras.

So far we have looked at some natural examples of linear Lie algebras. In fact, every
finite dimensional Lie algebra is isomorphic to some linear Lie algebra. Later this claim

will be proved using matrix representation.



For example, if L is an arbitrary finite dimensional vector space over F, we can view
L as a Lie algebra by [z,y] = 0 for all x,y € L. Such an algebra having trivial Lie
multiplication is called abelian. If L is any Lie algebra with basis x1, ..., x, it is clear
that the entire multiplication table of L can be obtained from the structure constants

akij which occur in the expressions
n
2 : k
[aci,xj] = a ija:k.
k=1

By anti-commutativity these constant structures for which ¢ > j can be deduced from
the others. So, it is possible to define an abstract Lie algebra by specifying a set of
structure constants. Of course, just any set of scalars {afj} will not do, it is enough to

require the following identities which are implied by (L2) and (L3)
k k k
Az = 0= aij + aji

and

k. _m k m k- m\ __
Z (aijakl + ajlaki + aliakj> =0.
k

In practice, we will not construct Lie algebras in this artificial way. But, as an ap-
plication of the abstract point of view, we can determine all Lie algebras of dimension
< 2 up to isomorphism. In dimension 1 there is a single basis vector x, with multipli-
cation table [z, z] = 0 by (L2). In dimension 2, we start with a basis x,y of L. Clearly,
all products in L yield scalar multiples of [z,y]. If these are all 0, then L is abelian.
Otherwise, we can replace x in the basis by a vector spanning one dimensional space
of multiplies of the original [z, y], and take y to be any other vector independent of the

new x. Abstractly, therefore, at most one non-abelian L with dim L = 2 exists.

2.2 Ideals and homomorphisms.

Definition 2.4 A subspace I of a Lie algebra L is called an ideal of L if forx € L,y €
I[z,y| €1



Since [z,y] = —[y,z], the condition Yz € L,Vy € I,[z,y] € I implies [y,z] € I.
Ideals play the role in Lie algebra theory which is played by normal subgroups in group
theory and by two sided ideals in ring theory. They arise as kernels of homomorphisms.

Obviously {0} and L itself are ideals of L. A less trivial example is the center

Z(L)={z€ L|[zz]=0Vx e L}.

Another important example of ideals is the derived algebra of L, denoted [L, L], which is
analogous to the commutator subgroup of a group. It consists of all linear combinations
of commutators [z, y], and is clearly an ideal.

Evidently L is abelian if and only if [L, L] = 0. If I, J are two ideals of a lie algebra
L I+J={zx+y|xelye J}isalso an ideal. Similarly, [I,J] = {>_ ai;[zs, y;] |
xz; € I,y; € J} is an ideal; the derived algebra [L, L] is just a special case of this
construction.

It is natural to analyze the structure of a Lie algebra by looking at its ideals.
Definition 2.5 L is called simple If L has no ideals except itself and {0}.

Clearly, if L is simple then Z(L) =0 and L = [L, L].
Let L = sl(2,F) with charF # 2. Let us consider as standard basis for L the three

matrices

The multiplication table is then completely determined by the equations [z,y] =
h, [h,x] = 2z, [h,y] = —2y. Notice that x,y, h are eigenvectors for adjh, corresponding
to the eigenvalues 2, —2, 0 respectively. Let I # 0 be an ideal of L, and let ax+by+-ch be
an arbitrary non-zero element of I. Applying adjz twice, we get —2ay € I. Therefore,
if a or b is nonzero, I contains either x or y. Then I = L follows. We conclude that L

is simple.



Definition 2.6 (Homomorphisms and representations) Let L and L' be two Lie
algebras over F. A linear transformation ¢ : L — L' is called @ homomorphism from

L to L' if it preserves bracket operations. i.e. ¢ is a homomorphism from L to L' if it

is a lincar map satisfying o[z, y]1, = [6(z), 6(y)]1-

A representation of a Lie algebra L on V' is a homomorphism ¢ : L — gl(V') where

V' is a vector space over .

Since a Lie algebra L is a vector space and DerL C gl(L), the only important
example to keep in mind is the adjoint representation adj : L — gl(L) which sends z to
adj z, where adjz(y) = [z,y]. By bilinearity of the bracket operation [,], adj is a linear

transformation. To see that it preserves the bracket, we calculate as follows

ladj =, adjy] (2) = adj z adjy(z) — adjy adj z(z)
= adjz([y, z]) — adjy([z, z])
= [z, [y, 2] = [y, [z, ]]
= [z, [y, 2]] + [[z, 2], 9]
= [[z,y], 2]

= adj [z,y] ().

What is the kernel of adj? It consists of all x € L for which adjz = 0, for which
[z,y] =0, Vy € L. This has an interesting consequence. If L is simple, then Z(L) = 0,
so that adj : L — gl(L) is a monomorphism. It means that any simple Lie algebra is

isomorphic to a linear Lie algebra.

2.3 Lie Groups and their Lie algebras

The general reference for this section is [2].



2.3.1 Groups of matrices.

Let My, »(F) be the set of m x n matrices whose entries are in F. We will denote the

(i,7) entry of an m x n matrix A by A;; or a;; and also write

ail .o Q1np

aml  --- Qmn

We will use the special notations

M, (F) = My, ,(F),F" = M,, 1 (F).

My, n(F) is a F-vector space with the operations of matrix addition and scalar
multiplication. The zero vector is the m xn zero matrix O, ,, which we will often denote
O when the size is clear from the context. The matrices E™® withr =1,....m,s =1,...,n

and

Y 1 ifi=randj=s,
(E™)ij = 0irdjs =

0 otherwise

form a basis of M, ,(F), hence its dimension as a F-vector space is

dimg M, »(F) = mn.

When n=1 we will denote the standard basis vectors of (F)" = M, 1(F) by

e, =FEYr=1,..,m).

As well as being a F-vector space of dimension n?, M, (F) is also a ring with the
usual addition and multiplication of square matrices, with zero O, = O, , and the

n X n identity matrix I, as its unity; M, (IF)is not commutative except when n=1.

Proposition 2.7 The determinant function det : M, (F) — F has the following prop-



erties.
(i) For A,B € M,(F), det(AB) = det Adet B
(ii) det I, = 1.

(i1i) A € M, (F) is invertible if and only if det A # 0.

We will use the notation

GL,(F) = {A € My(F) : det A # 0}

for the set of invertible n X n matrices, and

SL,(F)={A € M,(F) :det A=1} C GL,(F)
for the set of n x n unimodular matrices.

Theorem 2.8 The sets GL,(F), SL,(F) are groups under matriz multiplication. Fur-
thermore, SL,(F) < GL,(F),i.e, SL,(F) is a subgroup of GL,(F).

Because of these group structures, GL,(F) is called n x n general linear group.
When F =R or F = C, we will refer to GL,(R), SL,(R) or GL,(C),SL,(C) as real or

complex general linear or special linear groups.
2.3.2  The matrix exponential and logarithm.
Throughout this section, we will assume that F = R or C. The power series

_1n—1)(n

Exp (X) =) %X", log(X) =)

. n
n>0 n>0

have radii of convergence (r.0.c) co and 1 respectively. If z € C, the series Exp(z), log(z)
converge absolutely whenever |z| < (r.o.c).

Let A € M, (F). The matrix-valued series

10



- 1 n _ Lo 1 3
Bxp(d) =) A" =T+ A+ A+ A+
n>0

(=t Lo 1,3 1,4

1 S N Ve S | R A M’ By

og(A) =) AT = A AT AT A
n>1

converge whenever || A ||< (r.0.c). So Exp(A) makes sense for every A € M, (F)

while log(A) only exists if || A [|< 1.

Proposition 2.9 Let A € M,(F).
(i) For u,v € C, Exp ((u +v)A) = Ezp (uA)Ezp (vA).
(ii) ExpA € GL,(F) and Exp (A)~! = Ezp (—A).

Proof.

(i) By expanding the first series we obtain

Exp((u+v)A) = Z %(u + )" A"

n>0

u+v)"
:Z(n!)A'

n>0

By a sequence of obvious manipulations that are justified since these series are all

11



absolutely convergent,

u" v
Exp(uA)Exp(vA) = Z FA Z EA
r>0 s>0

T hyS

_ u v AT+S
Z rls!
r>0,5>0

TN —T

“ 2

n>0 r=0

- (S ()

n>0 r=0

:ZMAH

n!
n>0
= Exp((u+v)A).
(ii) From part (i),
I = Exp(0) = Exp((1 + (-1))A) = Exp(A)Exp(—A)
so Exp(A) is invertible with inverse Exp(—A). O

Using these series we can define the matrix version of the exponential function

exp : My (F) — GL,(F) by exp(A) = Exp(A).
Proposition 2.10 If A, B € M,(F) commute then exp(A + B) = exp(A) exp(B).

Proof. Again we expand the series and perform a sequence of manipulations, all of

12



which are justified because these series are absolutely convergent. Then we have

exp(A) exp(B)

1, 1
DA DB

r>0 >0

17’8
:Z@AB

r>0,s>0

n 1 .
5 ()

r=0

1 . n r pPN—Tr
=2 (Z (7)as )
n>0 r=0

Of course the identity

znj <Z> A'B" = (A+ B)"

r=0

holds whenever A and B commute. [J

We define the logarithm function by

log : Ny, r)(1;1) — My (F) by log(A) = log(A —I).

Then for || A—1 ||< 1,

_1\n—1
log(A) =" (17)1(14 — "

n>1

Proposition 2.11 The functions exp and log are inverses each other.
(i) If || A— I ||< 1, then exp(log(A)) = A;

(ii) If || exp(B) — I ||< 1, then log(exp(B)) = B.

13



Proof. These results follow from the formal identities between power series

and

n>1 m>1

which are powered by comparing coefficients. [J

The functions exp and log are continuous and in fact infinitely differentiable on

their domains. By continuity of exp at 0, there is a d; > 0 such that

N, 7 (0:01) € exp ' Nep, ;) (1; 1))

In fact we can actually take §; = log 2 since

exp Nz, ;) (0;7) € Ny, ry(I;€" — 1))
Hence we have the following results.

Proposition 2.12 (inverse mapping theorem) The exponential function exp is in-
jective when restricted to the open subset NMH(,:)(O;ln 2) € Ny, (F), hence it is locally

a diffeomorphism at 0 with local inverse log.

It will sometimes be useful to have a formula for derivative of exp at an arbitrary

A € M, (F). When B € M, (F) commutes with A,

exp(A + tB) = lim ~ (exp(A + hB) — exp(A))

dt|t:0 h—0 h

= exp(A)B = Bexp(A).

The general situation is more complicated.

For a variable X consider the series

14



B 1 _exp(X) -1
F(X)_,;O(kﬂ)!Xk_ X

which has infinite radius of convergence. If we have a linear operator ® on M, (C)

we can apply the convergent series of operators

1
F@):Z(kﬂ)!‘pk

k>0
to elements of M, (C). In particular we can consider the adjoint operator adj, :
M, (C) — M, (C) by
adj4(C) =[A,C) = AC — CA.

Then

F(adj)(C) =)

Proposition 2.13 For A, B € M, (C) we have

o exp(A+tB) = F(adj,)(B)exp(A).
[t=0

In particular, if A =0 or more generally if AB = BA,

exp(A +tB) = Bexp(A).
dt|t=0

Proof. We begin by observing that if D = d% and f(s) is a smooth function of the real

variable s, then

D)ol (s / 7(s (2.1)

holds since the Taylor expansion of a smooth function ¢ satisfies

S 2iDkg(s) = gls + 1) — g(s).

k>1

Taking g(s) = [ f(s)ds to be an indefinite integral of f we obtain

15



1
;0 it 1)!Dkf(8) =g(s +1) + g(s).

Evaluating at s=0 gives Equation 2.1.

The matrix-valued function

¢p(s) = exp(sA)Bexp((1 —s)A)

satisfies

o(s) = exp(sA)Bexp(A) exp(—sA)
= exp(sadj A)(Bexp(A))

= exp(sadj A)(B) exp(4),

since for m,n > 1,

(adj A)™(BA") = (adj A)™(B) A"

So

is giving

which is the desired formula. O

16



2.3.83  One-parameter subgroups in matrix groups.

Let G < GL,(F) be a matrix group. Since G C M, (F), in particular the derivative is

defined by

provided this limit exists.

Definition 2.14 A differentiable curve in G is a function 7y : (a,b) — G for which the

derivative v/ (t) exists at each t € (a,b).
Since G C M, (F), such a curve is also a curve in M, (F).

Definition 2.15 Let e > 0. A one parameter semigroup in G is a continuous function

v : (—¢e,e) — G which is differentiable at 0 and also satisfies

(s +1t) =7(s) - y(t)

whenever s,t, (s +t) € (—¢,¢).

We will refer to the last condition as the homomorphism property.
If £ = 0o then v : R — G is called a one-parameter group in G or one-parameter
subgroup of G.

Notice that for a one-parameter semigroup in G, y(0) = I € G.

Proposition 2.16 Let v : (—¢,e) — G be a one-parameter semigroup in G. Then for

every t € (—e,¢), v is differentiable at t and

Proof. For a small h € R,

Y(R)y(t) = v(h +1t) =~ + h) = v(t)y(h).
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Hence

and similarly 7/(¢) = v(¢)7/(0).
O

Of course, part of the importance of this result is the implication that v is differen-

tiable curve in G even though we only assumed it was continuous.

Proposition 2.17 Let v : (—e,e) — G be a one-parameter semigroup in G. Then
there is a unique extension to a one-parameter group 7 : R — G,i.e, a function ¥ for

which 5(t) = y(t) for allt € (—¢,¢).

Proof. Let ¢t € R. Then for a large enough natural number m,t/m € (—¢,¢), hence
~y(t/m), (y(t/m))™ € G. Similarly, for a second such natural number n, y(t/n), (y(t/n))" €

G. Since mn > m and mn > n, we also have t/mn € (—¢,¢) therefore

V(t/n)" = y(mt/mn)"
= (t/mn)™"
= y(nt/mn)™

— y(t/m)™.

Thus v(t/n)" = v(t/m)™, which shows that we obtain a well-defined element of G
for every real number ¢. This defines a function 5 : R — G by 4(t) = lim ~(¢/n)". It
n—oo

is easy to see that 4 is one-parameter group in G. [

We can now determine the form of all one-parameter groups in G.
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Theorem 2.18 Let v: R — G be a one parameter group in G. Then it has the form

(1) = exp(tA)

for some A € M,(F).

Proof. Let A = +/(0). By Proposition 2.16, v(t) = exp(tA) satisfies the following

differential equation

We can not yet reverse this process and decide for which A € M, (F) the one-
parameter group

7R = GLy(F); 7(t) = exp(tA)

actually takes values in G. Notice that we also have the curious phenomenon that
although the definition of a one-parameter group only involves first order differentia-
bility, the general form exp(tA) is always infinitely differentiable and indeed analytic

as a function of ¢.

2.83.4 Clurves, tangent spaces and Lie algebras.

Let G < GL,(F) be a matrix group.

Definition 2.19 : The tangent space to G at U € G is

TG = {7/ (0) € M, (F) : v is a differentiable curve inG with~(0) = U}.

Proposition 2.20 Ty G is a real vector subspace of My (F)

Proof. Suppose that a, 3 are differentiable curves in G for which «(0) = (0) = U.
Then
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v : dom(a) Ndom(B) — G

defined by v(t) = a(t)U~'3(t) is also differentiable curve in G' with v(0) = U. The

product Rule gives

7Y (t) = (OUTIBE) + a(U (1),

hence

7' (0) = o/ (0)U3(0) + a(0)U15(0) = &/ (0) + 5/(0),

which shows that Ty is closed under addition.
Similarly, if » € R and « is a differentiable curve in G with «(0) = U, then n(t) =
a(rt) defines another such curve. Since 7'(0) = ra/(0), we see that Ty G is closed under

real scalar multiplication. [

Definition 2.21 The dimension of the real matriz group G is dim G = dimr T7G If G

is complex then its complex dimension is dimc G = dimc T7G.

We will use the notation g = TG for this real vector subspace of M, (F). In fact, g

has the algebraic structure of a real Lie algebra as we now show.

Theorem 2.22
(i) If G < GL,(R) is a matriz subgroup, then g is a real Lie subalgebra of My (R).
(i) If G < GL,(C) is a matriz subgroup then g is a complex Lie subalgebra of M, (C).
Proof.
(i) We will show that for two differentiable curves o and  in G which satisfy

a(0) = (0) = I,,, there is another such curve v with 4/(0) = [/(0), 5/(0)].

Consider a function
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F :dom(a) x dom(B3) — G; F(s,t) = a(s)p(t)a(s) L.

This is clearly continuous and differentiable with respect to each of the variables
s,t. For each s € domq, the function F(s,—) : dom(3) — G is a differentiable curve in

G with F(s,0) = I,,. By differentiating we find

dF(s,t)

G =) 0al) ™,

and so

a(0)3'(0)a(s)™! € g.

Since g is a closed subspace of M,,(F), whenever this limits exists we also have

We will use following easily verified matrix version of the usual rule for differenti-

ating inverse:

Z(@®™) =—a@®)d/Ba®) "

We have

s—0 s - ds‘é Oé(s)ﬂ/(())a(s)fl

—

= d/(0)8'(0)a(0) — (0)3'(0)cx(0) e/ (0)x(0)
= /(0)8'(0)a(0) — a(0)5'(0)a’ (0)
= a/(0)8'(0) — B'(0)a(0)
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This shows that [a/(0),3'(0)] € g, hence it must be of the form +/(0) for some
differentiable curve.

So for each matrix group G there is a Lie algebra g = T7G. O

A suitable type of homomorphism G — H between matrix group gives rice to a

linear transformation ¢ — h which is a homomorphism of Lie algebras.

Definition 2.23 : Let G < GL,(F),H < GL,(F) be matriz group and ¢ : G — H be
a continuous map. Then ¢ is said to be a differentiable map if it satisfies the following
two conditions:

e for every differentiable curve v : (a,b) — G, the curve poy : (a,b) — H is

differentiable and has derivative

(por) (1) = o(r(H);

e if two differentiable curves o, 3 : (a,b) — G satisfies

then

(o)’ (0) = (v03)'(0).

A differentiable map which also a group homomorphism is called o differentiable
homomorphism. A continuous of matriz groups that is also a differentiable map is

called a Lie homomorphism.

Proposition 2.24 Let G, H, K be matriz groups with ¢ : G — H and 0 : H — K

differentiable homomorphisms. Then the following are true.

(i) For each A € G there is an R-linear transformation dy, : TAG — Ty,a)H given by

dya(7'(0)) = (w07)'(0),
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for every differentiable curve 7 : (a,b) — G with v(0) = A

(ii) We have

dg@(A) o dW(A) = d(@O(p)A.

(111) For the identity map dldg = Idr,G.

If p: G — H is a differentiable homomorphism then since ¢(I) = I, dyr : T1G —
T7H is a linear transformation called derivative of ¢ which is usually denoted d, : g —

h.

Theorem 2.25 Let G, H be matrix groups and ¢ : G — H be a differentiable homo-

morphism. Then the derivative d, : g — b is a homomorphism of Lie algebras.

Proof. Following ideas and notation in the proof of Theorem 2.22, for differentiable

curves «, 3 in G with a(0) = 3(0) = I, we can use the composite function poF given

by

to deduce that

As a special case, for each A € G the conjugation map

XA:G — G; xA(U) = AUA™!

has as its derivative at identity I the adjoint action of A on g, namely the linear

transformation
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adjg =dy : 9 — g5 xa(X) = AXAL

2.3.5 The Lie algebra of some matrix groups.

We will start with the real matrix group GL,(R) C M,(R). For A € M,(R) and € >0
there is a differentiable curve
a:(—ee) = My(R); at) =1+ tA.

For ¢t # 0, the roots of the equation det(A — ¢t/+) = 0 are of the form ¢t = —1/A
where ) is a non-zero eigenvalue of A. Hence if we choose € as ¢ < mm{ﬁ :
A a non-zero eigenvalue of A}, then Im(a) C GL,(R), so we will view « as a func-
tion « : (—e,e) — GL,(R). Calculating the derivative we find that o/(t) = A, hence
o/(0) = A. This shows that A € TGL,(R). Since A € M, (R) was arbitrary, we have

gL, (R) = T1GLn(R) = Mn(R),

dim GL,(R) = n?.

Similarly,

g[n((c) = TIGLn((C) - Mn(C),
dimc GL,(C) = n?

For SL,(R) < GL,(R), suppose that « : (a,b) — SL,(R) is a curve lying in SL,,(R)

and satisfying a(0) = I. For ¢ € (a,b) we have det a(t) = 1, so

d(det au(t))
d(deta(t)) _
dt
Lemma 2.26 We have
M = tmceO/(O)'
dt|t:0
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Proof. Recall that for A € M, (F),

n
trace A = Z Ay
i=1

d

@, on functions has the derivation property
t=0

It is easy to verify that the operation 0 =

d(m2) = (071)72(0) +71(0)0v2.

Put a;; = a(t);; and notice that when ¢t = 0, a;; = 6;;. Write Cj; for the cofactor
matrix obtained from «(t) by deleting the ith row and jth column. By expanding along

the nth row we obtain

det a(t) = Z(—l)”+janj det Cp;.
j=1

Then we have

n

Odeta(t) = > (=1)"" ((a,;) det Crj + an; (0 det Cyyj))

j=1

For t =0, det Cy,; = 0y since a(0) = I, hence

Odet a(t) = Japy, + 0det Chy,.

We can repeat this calculation with the (n — 1) x (n — 1) matrix C),, and so on.

This yields

ddet a(t) = dann + 0a(n—1)(n—1) + 0 det Crp_1y(n—1)
= Oanp + 8a(n_1)(n_1) + ...+ 0anp

= trace(’(0)),
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giving the result. [J

So we have trace(a/(0)) = 0 and hence

sl (R) = T1SL,(R) C ker(trace) C M, (R).

If A € ker(trace) C M, (R), the function

k
0t (~6,6) = My(R); aft) = eap(td) = 3 A%,
k>0

is defined for every £ > 0 and satisfy the boundary conditions

We will make use of the following lemma.

Lemma 2.27 For A € M,(C) we have

detexp(A) = etrace(),

Proof. Approach using Jordan form. If S € GL,(C),

det(exp(SAS™Y)) = det(S exp(A4)S™1)
= det S det(exp(A)) det S~*

= detexp A,

and

etrace(SAS*l) _ etrace(A).
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So it suffices to prove the identity for SAS~! for a suitably chosen invertible matrix

S. Using the theory of Jordan forms,there is a suitable choice of such an S for which

B=SAS'=D+N,

where D is diagonal, N is strictly upper triangular,i.e. N;; = 0 whenever ¢ > j)
and with D, N commuting. Then N is nilpotent, N¥ = 0,, for k large.
We have

For each k£ > 0, the matrix

k
N (k: + 1>Dij_j
o\ J

J

is strictly upper triangular, hence

exp(B) = exp(D) + N,

where N’ is strictly upper triangular. If D = diag(\1,...,\,), by calculating the

determinant we find that

detexp(A) = det exp(B)
= det exp(D) = det(diag(e™, ..., e M))

Al . A ()\1++)\n)

=e .eft =e
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Since trace(D) = (A1 + ... + Ay), this implies that

detexp(A) = etrace(D),

Using this lemma and the function «, we obtain

sl,(R) = T71SL,(R) = ker(trace) C M, (R)

dim SL,(R) = n® — 1.

Working over C we also have

sl (C) = T1SL,(C) = ker trace C M, (C).

Hence

dimc SL,,(C) = n* — 1.

2.3.6 Upper triangular and unipotent groups.

For n > 1, recall the upper triangular and unipotent subgroups UT,,(F) and SUT, (F)
of GL,(F). Let

a:(—ee) = UT,(R)

be a differentiable curve with «(0) = I. Then o/(¢) is upper triangular. Moreover, using
the argument for GL, (F) we see that given any upper triangular matrix A € M, (FF),

there is a curve

a:(—ee) = UT,(F);a(t) =1+ tA,
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where € > 0 has to be chosen small and o/(0) = A. Then we have

t,(F) = set of upper triangular matrices in M, (F), and

dim t(n, F) = <” ; 1).

An upper triangular matrix A € M, (F) is strictly upper triangular if all its diagonal
entries are 0, i.e, a;; = 0. Then

n(n,F) = set of strictly upper triangular matrices in M, (F), and

dimn(n,F) = <Z>

2.3.7 Unitary and special unitary groups.

Now consider n X n unitary group

U, ={A€GL,(C): A*A =TI},

For a curve « in U, satisfying a(0) = I, we obtain

&/ (0)* + o/ (0) = 0

and so o/ (0)* = —a/(0),i.e, «(0) is skew hermitian. So

u(n) = TyU(n) C Skew-Herm,,(C),

the set of all n x n skew hermitian matrices.

If H € Skew-Herm,,(C) then the curve

n:(—€,e) = GLu(C); n(t) = exp(tH)
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satisfies

0t n(t) = exp(tH)* exp(tH) = exp(tH") exp(tH)
= exp(—tH)exp(tH)

=1

Hence we can view 7 as a curve ) : (—¢,¢) — U(n). Since 1/(0) = H, this show that

Skew-Herm,,(C) C u(n) = T7U(n).

Hence since

dim Skew-Herm,,(C) = n + 2 (Z) = n?,

We have
u(n) = T7U(n) = Skew-Herm,,(C),
dimU(n) = n
The special unitary group SU(n) can be handled in a similar way. Again we have

su(n) = TrSU(n) C Skew-Herm, (C).

But also if n : (a,b) — SU(n) is a curve with 7(0) = I, then as in the analysis for

SL,(R), we have n'(0) = 0. Writing

Skew-Herm? (C) = {H € Skew-Herm,,(C) : trace(H) = 0},

we see that
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dim Skew-Herm,,’(C) = dim Skew-Herm,,(C) — 1 = n? — 1,
and su(n) C Skew-Herm,’(C). On the other hand, if H € Skew-Herm,(C) then
the curve
n:(—e,e) = U(n);n(t) = exp(tH),

takes values in SU(n) by Lemma 2.27 and satisfies n'(0) = H. Hence

su(n) = TrSU(n) C Skew-Herm,,%(C),

dim SU(n) = n* — 1.

2.3.8 Some observations on the exponential function of a matriz group.

The function

expg 1 § — GLp(R); expa(X) = exp(X),

has image contained in G, exps g C G, so we will usually write exps : g — G for the
exponential of G and sometimes even just exp.
If G is compact and connected then exp;(g) = G. y inverse mapping theorem, there

is an open disc Ng(0;7) C g on which exp is injective and gives a homeomorphism

exp : Ng(0;7) — exp(Ny(057)),

where exp(Ng(0;7)) C G is in fact an open subset.
Here is an example which shows that the exponential map need not be surjective

for a connected matrix group.

Example 2.28 Consider the exponential expgr,r) : 5/(2,R) — SLa(R). Then for

6 > 0, the matrix
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—(2+48) 0

-1
0 (2+49)

€ SLy(R)

is not in the image of expgr,(R)-

Proof. Let
A € slh(R) = {A € My(R) : traceA = 0}.

By Cayley-Hamilton Theorem, we have

A? + (det A)I = 0.

If det A = 0 then the only eigenvalue of A is 0 and for any ¢ € R we have

exp(tA) = Iy + tA,

from which we obtain

traceexp(tA) = 2.

If det A # 0, then A has two distinct non-zero eigenvalues, namely

+vdet Ai  if det A > 0,

+v—det A if det A < 0.

2.3.9 SO(3) and SU(2)

The Lie algebras s0(3) and su(2) are both 3-dimensional real vector spaces, for example

having the following bases:
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0 -1 0 00 -1 00 0
so(3):P=1|1 0o 0. Q=00 0|, R=]0 0 —-1],

—_
~
es}

—_
[es}
=

—_
o
~

The non-trivial Lie brackets amongst these are

[PvQ] :R,[Q,R] :P7[R7P] =Q,

[H,E] = F,|E,F| = H,[F,H] = E.

This implies that the R-linear isomorphism

v :s5u(2) — s0(3);0(xH +yE + 2F) = P +yQ + zR (z,y,x € R),

satisfies

e([U,V]) = [e(U), p(V)];

and so is an isomorphism of R-Lie algebras. Thus these Lie algebras look the same

algebraically. This suggest that there might be a close relationship between the groups

themselves.

2.3.10  Smooth manifolds.

Definition 2.29 :A continuous map g : Vi — Vo where each Vi, C R™k s open is

smooth if it is infinitely differentiable. A smooth bijection ¢ is a diffeomorphism if its

inverse g~' : Vo — Vi is also smooth.

Definition 2.30 : A topological space X is separable if it has a countable open cover-
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ing, an open of the form {U;}52, = {U1,Us, Us, ...}

Every compact topological space is separable, as is any subspace of R™ or C™ for
n > 1, so all matrix groups are separable. A quotient space of a separable space is also
separable.

From now on, let M be a separable Hausdorff topological space.

Definition 2.31 IfU C M andV C R" are open subsets, a homomorphism f : U — V
is called an n-chart for U.

If U= {U, € A} is an open covering of M and F = {fo : Uy — Vu} is a collection
of charts, then F is called an atlas for M if, whenever U, N Ug # ¢,

f30f3" i fa(Ua NUg) — f3(Ua N Up)

s a diffeomorphism.
Sometimes we will denote an atlas by (M, U, F) and refer to it as a smooth manifold

of dimension n or smooth n-manifold.

Let (M, U, F) and (M', U, F') be atlases on topological spaces M and M’. A smooth
map h: (M, U, F) — (M', U, F) is a continuous map h : M — M’ such that for each

pair o, @’ with h(Uy) NU., # ¢ , the composite

foroho ft s fa(h™'Ug) — Vs

is smooth.

2.83.11 Tangent spaces and derivatives.

Let (M, U, F) be a smooth n-manifold and p € M. Let 7 : (a,b) — M be a continuous

curve with a < 0 < b.

Definition 2.32 v is differentiable at t € (a,b) if for every chart f : U — V with

~(t) € U, the curve foy: (a,b) — V, is differentiable at t € (a,b),i.e., (foy) (t) exists.
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v is smooth at t € (a,b) if all the derivatives of (foy) exists at t.
The curve v is differentiable if it is differentiable at all points in (a, b). Similarly

v is smooth at all points in (a, b).

From now on we will often write fg = fog for the composition of functions f and g

when no confusion seems likely to result.

Lemma 2.33 Let fo: Uy — Vi be a chart with ~(t) € Uy and suppose that
foory:(ab)nfg'Vo— Vo

is differentiable at t. Then for any chart f : U — V with v(t) € U,

foy:(a,b)Nf V-V
1s differentiable at t.

Proof. The composition fovy is defined on a subinterval of (a,b) containing ¢ and is

smooth. There is the usual chain rule or function of a function rule for the derivative

(F2)(8) = Jac, ;1 (Foy(H)(For) (8 (2.2)
Hence, for a differentiable function

ha ()
h: Wy — Wa; h(z) =

P,y (v)

where W1 C R™ and Wy C R™2 are open subsets, x € W7 and

Jacy(x) = [g’; (a;)} € My (R)

is the Jacobian matrix of A at x.
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If v(0) = p and # is differentiable at 0, then for any chart fy : Uy — Vy with
~(0) € Uy, there is a derivative vector vg = (f7)'(0) € R™. In passing to another chart

f:U — V with v(0) € U by equation 2.2, we have

(f%)(0) = Jac -1 (fo(0))(foy)'(0)

In order to define the notion of the tangent space 1), M to the manifold M at p, we

consider all pairs of the form

(f0) (0. f: U=V

where 7(0) = p € U, and then impose an equivalence relation ~ under which

((f1)(0), f1 : Ur = V1) ~ ((f27)'(0), fo : Uz — Va).

Since

(1) (0) = Jacy, 1 (1) () (f7)'(0).

whenever there is a curve a in M for which v(0) = p, (f17)'(0) = v. The set of

equivalence classes is TpM and we will sometimes denote the equivalence class of (v, f :

U—V)by[v,f:U—V].
Proposition 2.34 : For p e M,TpM is an R-vector space of dimension n.

Let h: (M, U, F) — (M', U, F) be a smooth map between manifolds of dimensions
n,n’. We will use the notation of Definition 2.31. For p € M, consider a pair of charts
with p € U, and h(p) € U’y Since hy o = f'gohofy ! is differentiable, the Jacobian

matrix Jacy, o D (fa (p)) has an associated R-linear transformation

s,y R" = R dhor ) (@) = Jach,,,  (fa(p)).

36



It can be verified that this passes to equivalence classes to give a well-defined R-linear
transformation

dhp . TpM — Th(p)M/-

Proposition 2.35 : Leth: (M, U F) — (M',U,F)andg: (M',U,F)— (M", U, F")
be smooth maps between manifolds M, M', M" of dimensions n,n’,n”. Then for each

p € M we have

(Z) dgh(p)Odhp - d(QOh)pa
(11) dId, = Idrpnr, where Id : M — M is the identity map.

Definition 2.36 Let (M, U, F) be a manifold of dimension n. A subset N C M is a
submanifold of dimension k if for every p € N there is an open neighbourhood U C M

of p and an n-chart f : U — V such that

pe f[fHAVNRF) =NNTU.

For such an N we can form k-charts of the form

fo: NNU = VR fo(z) = f(2).

We will denote this manifold by (N, Uy, Fn).

The following result is immediate.

Proposition 2.37 For a submanifold N C M of dimension k, the inclution function

incl : N — M is smooth and for every p € N, dincl, : T,N — T,M 1is an injection.

The next result allows us to recognise submanifolds as inverse image of points under

smooth mappings.

Theorem 2.38 (Implicit Function Theorem for manifolds) Leth : (M, U, F) —
(M', U, F) be a smooth map between manifolds of dimensions n,n’. Suppose that for

some q € M',dhy, : TyM — Ty, M’ is surjective for every p € N = h=lq. Then
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N C M is submanifold of dimension n —n' and the tangent space at p € N is given by

T,N = ker dh,.

Theorem 2.39 : Let h : (M, U, F) — (M',U,F) be a smooth map between mani-
folds of dimensions n,n'. Suppose that for some p € M,dh, : T,M — Th(p)M' s an

isomorphism.

Then there is an open neighbourhood U C M of p and an open neighbourhood
V C M’ of h(p) such that hU = V and the restriction of h to the map hy : U — V
is a diffeomorphism. In particular, the derivative dhy, : T, — Tj(,) is an R- linear
isomorphism and n = n'.

When this occurs we say that h is locally a diffeomorphism at p.

2.3.12 Lie groups.

Definition 2.40 Let G be a smooth manifold which is also a topological group with
multiplication map mult : G X G — G and inverse map inv: G — G and view G X G

as a product manifold. Then G is a Lie group if mult, inv are smooth maps.

Definition 2.41 : Let G be a Lie group. A closed subgroup H < G that is also a
submanifold is called a Lie group of G. It is then automatic that the restrictions to H

of the multiplication and inverse maps on G are smooth, hence H is also a Lie group.

For a Lie group G, let g € GG. The following three functions are of particular importance:
Ly : G — G; Ly(z) = gz, Left translation
R, : G — G; Ry(x) = xg, Right translation

Xg: G — G;xg(z) = grg~! Conjugation

Proposition 2.42 For each g € G, the maps Ly, Ry, x4 are diffeomorphism with in-

Verses

Ly =Ly, Ry =Ry1, x5 = xg-1.
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Proof. Charts for G x G have the form

(p1><(p2:U1XU2—>V1><V2,
where ¢y, : Uy — Vj, are charts of G. Now suppose that p(Uy x Uz) € W C G where
there is a chart 6 : W — Z. By assumption, the composition
Bopo(pr x @2) " = Bopo(ey ! x @3") : Vi x Vo — Z

is smooth. Then Lg(x) = p(g,x) so if g € U and « € Us, we have

Ly(z) = 9_10(90Lgo¢51)0g02(3:).

But then it is clear that

(90g02_1:V2—>Z

is smooth since it is obtained from fouo(¢1 X )L, but treating the first variable as
a constant. A similar argument deals with R,.

For x4, notice that

Xg = LgoRy = RyoLg,
and a composite of smooth maps is smooth. [J

The derivatives of these maps at the identity 1 € G are worth studying. Since L,

and R, are diffeomorphism with inverses L,-1 and Ry -1, the derivatives

d(Lg)l, d(Rg)l g = TlG — TgG

are R-linear isomorphisms. We can use this to identify every tangent space of G with

g. The conjugation map x4 fixes 1, so it induces an R- linear isomorphism
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adjy = d(xg)1:9 — g
This is the adjoint action of g € G.

Theorem 2.43 Let G, H be Lie groups and ¢ : G — H be a Lie homomorphism. Then
the derivative is a homomorphism of Lie algebras. In particular, if G < H is a Lie

subgroup, the inclusion map ¢ : G — H induces an injection of Lie algebras di : g — b.

2.3.18 Some examples of Lie Ggroups.

Example 2.44 When F =R or C,GL,(F) is a Lie group.
Proof. Since det : M, (F) — F is continuous and
GLy(F) = det™ (F — {0}),

GL,(F) C M,(F) is an open subset, where as usual we identify M, (F) with F"’. For
charts we take the open sets U C GL,(F) and the identity function Id : U — U . The
tangent space at each point A € GL,,(F) is just M, (F). The multiplication and inverse
maps are obviously smooth as they are defined by polynomial and rational functions

between open subsets of M, (F). O

Example 2.45 For F =R or C,SL,(F) < GL,(F) is a Lie subgroup.
Proof. Since det : GL,(F) — F* = F — {0} is a group homomorphism,

SL,(F) = ker(det) < GL,(F).

Since T1'F* = F is a smooth manifold, by the implicit function theorem, SL,(F) is a

submanifold of GL,(F). Hence SL,(F) is a Lie subgroup of GL,(F). O
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Proposition 2.46 (Left Translation Trick) Let F' : GL,(R) — M be a smooth
function into a smooth manifold M and suppose that B € GL,(R) satisfies F(BC) =
F(C) for all C € GLy(R). Let A € GL,(R) with dFy is surjective. Then dFpa is

surjective.

Proof. Left multiplication by B € G,Lp : GL,(R) — GLy,(R), is a diffeomorphism

and its derivative at A € GL,(R) is

d(LB) : Mn(R) - Mn(R);dLB(X) = BX

By assumption FoLp = F as a function on GL,(R). Then

dFpA(X) = dFps(B(B7'X))
= dFpa0d(L)a(B71X)
= d(FoLp)4(B™1X)

= dFA(B7'X).

Since left multiplication by B~! on M, (R) is surjective, the result follows. [J

Proposition 2.47 Let G < GL,(R) be a matriz subgroup and let M be a smooth
manifold. Let F : GL,(R) — M be a smooth function with F~1q = G for some q € M.
Suppose that for every B € G, F(BC) = F(C) for all C € GL,(R). If dFT is surjective
then dF 4 is surjective for all A € G and ker dF 4 = Ag.

Theorem 2.48 Let G < GL,(R) be a matriz group which is also a submanifold, hence
a Lie subgroup. Then the tangent space to G at I agrees with the Lie algebra g and the

dimension of the smooth manifold G is dim G; more generally, TAG = Ag.

Theorem 2.49 Let G < GL,(R) be a matriz subgroup. Then G is a Lie subgroup of
GL,(R).

Theorem 2.50 Let H < G be a closed subgroup of a Lie group G. Then H is a Lie

subgroup of G.
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2.4 All matrix groups are Lie groups.

Let G < GL,(R) be a matrix subgroup. Recall that the Lie algebra g = TG is a Lie
subalgebra of gl,,(R) = M, (R). Let

g={Ae M,(R):VteR, exp(tAd) € G}.

Theorem 2.51 g is a Lie subalgebra of M,(R).

Proof. By defining, g is closed under multiplication by real scalars. If U,V € g and

r > 1, then following are in G:

exp((1/r)U) exp((1/r)V), exp((1/r)U) exp((1/r)V)",

exp((1/7)U) exp((1/r)V) exp(—(1/r)U) exp(—(1/r)V)"",

2

exp((1/r)U) exp((1/r)V) exp(—(1/r)U) exp(=(1/r)V)"".

By Theorem of Trotter, for ¢t € R, we have

exp([tU,tV]) = limr — oo(exp((1/7)tU) exp((1/r)tV))", and exp(t[U, V]) = exp([tU, V]) =

lim 7 — oo(exp((1/r)tU)) exp((1/r)V) exp(—(1/r)tU) exp(—(1/r)V).
As these are both limits of elements of the closed subgroup G < GL,(R) they are

also in G. This shows that g is a Lie subalgebra of gl,,(R) = M, (R). O

Proposition 2.52 Let U € g. Then the curve
7R = G;y(t) = exp(tU),

has v(0) = I and v/ (0) = U, hence U € g.
Eventually we will see that g = g.
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Theorem 2.53 A subgroup of GL,(R) is a closed Lie group if and only if it is a matrix

subgroup, i.e, a closed subgroup.

Notice that the dimension of a matrix group G as a manifold is dimg g. By Proposition

2.52, g C g and dimg g < dimg g. By Theorem 2.51, these dimensions are in fact equal,

giving g = g.

Theorem 2.54 For a matriz group G < GL,(R), the exponential map exp : g —
M, (R) has image in G, Im(exp) < G. Moreover, exp is a local diffeomorphism at 0,

mapping some open neighbourhood of 0 onto an open neighbourhood of I in G.
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CHAPTER 3
MAXIMAL TORI IN COMPACT CONNECTED LIE GROUPS

The general reference for this chapter is [2].

Theorem 3.1 Let G be a compact Lie group. Then for some m,n > 1, there are

injective Lie homomorphisms o : G — O(m) and G — U(n), hence G is a matric

group.

The familiar circle group

T={zeC:|z|=1} <C*

is a matrix group since C* = GL(C); its Lie algebra is the 1-dimensional real abelian
subalgebra

{tieC:teR} <C.

Notice that T is a closed and bounded subset of C, hence it is compact; it is also path

connected and abelian.
Definition 3.2 For eachr > 1,
T" = {diag(z1,...,2r) : |z21| = ... = |z;| = 1} < GL,(C)
is the standard torus of rank r . More generally, a torus of rank r is any Lie group
isomorphic to T".
We will often view elements of T" as sequences of complex numbers (21, ..., 2,) with

|z1] = ... =|z| = 1, this corresponds to an identification

T"=Tx...xT<(C")"

r factors
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T" is an abelian Lie group of dimension r whose Lie algebra is the abelian Lie
algebra

{diag(tli, R ,tri) tt1,...,0 € R}

which can also be identified with

{(t1i, ... tri) : Vk,t), € R).

Proposition 3.3 Let T be a torus. Then T is a compact, path connected and abelian

Lie group.

Theorem 3.4 Let H be a compact Lie group. Then H is a torus if and only if it is

connected and abelian.

Proposition 3.5 Let T be a torus of rank r. Then the exponential map exp : t — T is
a surjective homomorphism of Lie groups whose kernel is a discrete subgroup isomorphic

to Z". Hence there is an isomorphism of Lie groups R" /Z" = T

Definition 3.6 Let G be a Lie group. Then an element g € G is called a topological

generator or just a generator of G if the cyclic subgroup < g >< G is dense in G, i.e.,

<g>=0G.

Proposition 3.7 Fvery torus T has a generator.

3.1 Maximal tori in compact Lie groups.

Definition 3.8 Let G be a Lie group and T < G be a closed subgroup which is a torus.
Then T is maximal or @ maximal torus in G if the only torus T' < G for which T < T’

is T,

It is easy to see that every torus T < G is contained in a maximal torus T < G
where

dimT < dimT < dim G.
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Later we will also see that if GG is connected then every element g € G is contained in
a maximal torus.
We will now describe some important examples of maximal tori in compact con-

nected matrix groups. For 6 € [0, 27), let

cos —sinf
R(0) = € SO(2).
sinf cosf

More generally, for each n > 1, and §; € [0,27) (i = 1,...,n), let

RO) 0 oo oo i 0
0  R(6) 0
Rop(b1,...,0,) =
%) 0 R(6,)
R6r) O ... ... ... ... 0
0 R(6) 0
R2n+1(017 .. 7971) =
O . . . 0 R, 0
0 0 1

where each entry marked O is an appropriately sized block so that these are matrices
of sizes 2n x 2n and (2n + 1) x (2n + 1) respectively. Then Rg,(61,...,60,) € SO(2n)
and Rop11(01,...,0,) € SO(2n+1).

It is obvious that T = U(1) as Lie groups. After first identifying C with R? as real
vector spaces using the bases {1,i} and {e1,e2}, we also obtain an isomorphism of Lie

groups

T — SO(2); exp6; — Ro().

The maximal tori listed in the next result are usually regarded as the standard

mazimal tori for the corresponding groups.
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Proposition 3.9 Fach of the following is a maximal torus in the stated group:
{Ron(b1,...,6p) : VKb € [0,2m)} < SO(2n).

{R(2n+1)(91, ce ,Qn) : VKO, € [0, 277)} < SO(QTL + 1)

{diag(z1, ... za) : Y, || = 1} < U(n).

{diag(z1, ... ,2n) Yk, |2zk| = 1, 21,...,2n} < SU(n).
{diag(z1,...,2n) : Vk, 2z, € C, |zx| = 1} < Sp(n).

We now begin to study the structure of compact Lie groups in terms of their maximal
tori. Let G be a compact connected Lie group and T' < G be a maximal torus. The next
result is fundamental to understanding the relationship between the different maximal

tori in G.

Theorem 3.10 If g € G, there is an x € G such that g € xTx™1, i.e., g is conjugate

to an element of T'. Equivalently,

G = U xTz L.

zeG

Theorem 3.11 If T,T' < G are mazimal tori then they are conjugate in G,i.e., there

is ay € G such that T' = yTy~'.

Theorem 3.12 (Principle Axis Theorem) In each of the following matriz groups
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every element is conjugate to one of the stated form.

SO(2n) : Rop (61, ..,6n), Vk 0y € [0,27);
SO(2n +1) : Rign41)(01, - - -, 0n), Vk Oy € [0,27);
U(n) : diag(z1,. .., zn), Vk z, € C, |zx| = 1;
SU(n) : diag(z1, ..., 2n), Vkzr € Clzk| = 1,21 2 = 1
Sp(n) : diag(z1, ..., 2n), Vkz, € C, |z = 1.

There are related results on the Lie algebra g of such a compact, connected matrix

group G. Recall that for each g € G, there is a linear transformation

Ady: G — g; Ady(t) = gtg™".

Proposition 3.13 Suppose that g € G and H,K < G are Lie subgroups with Lie
algebras b, € < g. If gHg™ ' = K, then Adgh = .

We can now give an important result which we have already seen is true for many

familiar examples.

Theorem 3.14 For a compact connected Lie group G, the exponential map exp : g —

G is surjective.

3.2 The normaliser and Weyl group of a maximal torus.
We can continue to develop the general theory for a compact connected Lie group G.

Proposition 3.15 Let A < G be a compact abelian Lie group and suppose that A1 < A
is the connected component of the identity element. If A/A; is cyclic then A has a

generator and hence A is contained in a torus in G.

Proposition 3.16 Let A < G be a connected abelian subgroup and let g € G commute
with all the elements of A. Then there is a torus T < G containing the subgroup

< A, g >< G generated by A and g.
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Theorem 3.17 Let T < G be a mazimal torus and let T < A < G where A is abelian.

Then A =T. Equivalently, every maximal torus is a maximal abelian subgroup.

Lemma 3.18 Let T < G be a torus and let Q < Ng(T') be a connected subgroup acting

on T by conjugation. Then Q acts trivially, i.e., for g € Q and x € T,

g-x:g:rg_lzx.

Theorem 3.19 Let T < G be a mazimal torus.
i) The Weyl group Wq(T') is isomorphic to the group of components of the nor-
maliser,

Wa(T) = Ng(T)/T = woNe(T)

Hence Wq(T) is finite.

it) Wa(T') acts on T by conjugation

gT -z = gxg™ L.

This action on T is faithful, i.e., the coset gT € Ng(T)/T acts trivially on T if and

only ifgeT.

Proposition 3.20 Let T < G be a mazimal torus and x,y € T. If x,y are conjugate
in G then they are conjugate in Ng(T'), hence there is an element w € Wg(T) for which

Yy=w-x.

3.3 Root systems, Weyl groups and Dynkin diagrams.
3.4 Roots systems and their Weyl groups

Let V be an [- dimensional real vector space with a positive definite inner product <, >;

as usual, the length of a vector a € V' is defined to be |a| = /< a,a >.
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If uw e V — {0}, there is an associated R-linear transformation

—x ifx = tufor somet € R,
su(z) =
x  if <u,z>=0.

It is easy to see that for x € V,

2 <u,x >
—_—u.

su(®) =@ = <u,u >

Geometrically, s, is a hyperplane reflection in the hyperplane
HY={zcV :<uz>=0}CV.
Proposition 3.21 Ifu,v € V — {0}, the following identities are satisfied:
Sy’ = 8y 0 Sy = Idy,

Sy = Sy ifv = tu for somet € R,

Sy # Sy otherwise.
Definition 3.22 A subset ® C V is a reduce root system if it has the following
properties:

o & spans V and 0 ¢ ®;

e if u € & then —u € ¢ and no other multiplies of u are in ®;

o if u,v € ® then ngf; € Z and sy(v) € P.

An element of ¢ is called a root. The final condition is equivalent to the requirement

that for u,v € ® and some k € Z,

su(v) — v = ku.

Each s, acts on ® as a permutation and it can be viewed as an element of the group
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of all permutations of ¢, Sg.

Definition 3.23 The Weyl group of ® is the subgroup W(®) < S generated by the

Su, U € P.

By definition W (®) is finite with order |W(®)| dividing |®|.
Definition 3.24 A subset [| C is a set of fundamental or simple roots if it satisfies
that

e [[ is anR-basis of V;

e cvery u € ® can be uniquely expressed in the form

CoW
we

where ¢, € Z either all satisfy ¢, > 0 or all satisfy ¢y, < 0.

The choice of such a fundamental system is not unique, however given [] there is a

partition ® = &+ J®~ where

ot = z;cww:cwzo , 07 = z;cww:cwgo

we we

Notice that
bt ={-uiuedt} =07, -0 ={-u:uecd }=0"

The elements of [] are called (positive) simple roots, while the elements of ®* or &~
are called positive or negative roots. It is easy to see that W (®) is generated by the

reflections s,,u € [].

3.5 Some examples of root systems.

The root system of U(2). Consider t* with orthonormal basis e1,e2 dual to the

orthonormal basis {I/{\l, I/J\g} of t 2 t**. Here we take V = z(u(2))* C t*. If a = €1 — &9
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and 3 =1 + 3 then o - f =0 and R{f} = z(u(2))*. So for this root system we have

[]=1{a}.@={-aa).

with Weyl group W (®) = Sg = Ss.

In the remaining examples, R and its subspaces have the usual positive definite
inner product < z|y >=z - y.

The root system A;.

Let V =R and

[[=A{a}, @ ={-a1,a1}

where a; € R is non-zero. This root system has Weyl group W (®) = Sg = Ss.

—ap ¢-—- - —
Figure 3.1: The root system of A;

The root system As.
Let V = R? and

[[= {102}, @ ={a1,—0n, 00, —a2, 01 + g, —a1 — a3}
where a1, as are two vectors for which
lon| = |azg|, a1 ag = —|oa| - [az]/2.

This root system has the hyperplane reflections sq,, Say, Say+a, and Weyl group Sp =

Ss.
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Figure 3.2: The root system of As

The preceding examples generalize to give the root systems A,.

V= {$€Rn+1::L'-(€1+...—|-€n+1):0} C R™t!
and o = e —epy1 for 1 < k <n. Then V is a vector space of dimension n with basis
{a1,...,a,}. Notice that
2 ifi=j
ai-oj =9 -1 ifli—j|=1

0 otherwise.

Taking

H:{al,...,an},

O ={+(ay +py1+...+a5): 1 <r<s<n}

we obtain a root system with Weyl group S¢ = S,.

3.6 The Dynkin diagram of a root system.

Let J] be a fundamental system of the root system ® C V. Choosing an ordering

ai,...,qq for the elements of [], there are integers
2 < ay, aj > ..
a;j = ————, 1 <4,5 <.
< ooy >
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The [ x | matrix [a;;] with integer entries is called the Cartan matriz of the root
system .

We will now show how to associate to a root system [[ C ® with a Dynkin diagram.
The diagram has one vertex for each simple root labelled by the root, with some bonds
joining pairs of them. For distinct simple roots o, a; € [, there are d;; bonds between

the corresponding vertices, where

1 ife;=5%
2 ifegy; =%
3 ifey=7§ T

In the cases where d;; = 2, 3, an inequality sign >is added indicating which of the roots
is larger. Here are the possible connections between nodes that can occur.

The whole Dynkin diagram is obtained by filling in the bonds between the vertices
for all simple roots. Such a diagram is irreducible or connected if it has only one path

component.

3.7 Irreducible Dynkin diagrams.

The connected irreducible Dynkin diagrams are given in Figure 3.3 below. Each of the
four classical series Ay, By, Cy, D, consists of infinitely many distinct examples. The
classical Dynkin diagrams are related to familiar matrix groups, where the entries at

the bottom of Figure 3.3 are consequences of certain special isomorphisms.
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Root System MatrizGroup Dynkin Diagrams
An(nzl) SU(TL) 6— 0 —O0-++ — O——0— 0
B,(n>2) Spin(2n+1),S0(2n+1) 6— 0 —0-+-— 0—0 =0
Cp(n > 3) Sp(n) 6—0—0---— 0—o0<«<o0

o
D,(n>4) Spin(2n),SO(2n) O O ——Or v+ — o_<
O
Ay SU(2) = Spin(3),S0(3) o
By =Cy Sp(2) = Spin(5), SO(5) o= o0 ~ 0= o

Figure 3.3: Classical Dykin diagrams and associated matrix groups

Now assume that [[ = {a1,...,q;} is a set of simple roots for a root system ® C t*,
the linear dual of an R-vector space t of dimension [, equipped with a positive definite

inner product (|). Using the duality isomorphism v : t — t*, we can define elements

via)et, acd

"= (o)

which are called coroots. We have the formula
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We write
@:{d:aeé},nz{d:aen}

for the sets of all coroots and simple coroots respectively.

Then & C t is a root system with ﬁ C & which is called t dual root system to

I]C o.
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CHAPTER 4
THE ROOT SYSTEM, WEYL GROUP AND CARTAN MATRIX
OF THE LOOP GROUP LG

4.1 The adjoint decomposition of semi-simple Lie algebras.

We know from compact simply-connected semi-simple Lie theory that the complexified
Lie algebra gc of the compact Lie group G has a decomposition under the adjoint

action of the maximal torus T of G. Then, from [16], we have

Theorem 4.1 There is a decomposition

gc = tc@ga,
«

where go = tc is the complexified Lie algebra of T and
ga=1{¢€gc:t-E=at)EVte T}

The homomorphisms « : T — T for which g, # 0 are called the roots of G. They form

a finite subset of the lattice 7' = hom(T, T).

Definition 4.2 Let G be a compact simply connected semi-simple Lie group. Then the
set of all smooth functions from the unit circle §' to G is called free loop space of G

and it is denoted by LG. LG has group structure with loop multiplication on G.

By analogy, the complexified Lie algebra Lgc of the loop group LG has a decom-
position

Lgc = Pec -2
kez
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where gc is the complexified Lie algebra of GG. This is the decomposition into eigen-
spaces of the rotation action of the circle group T on the loops. The rotation action

commutes with the adjoint action of the constant loops G, and from [32], we have

Theorem 4.3 There is a decomposition of Lgc under the action of the mazximal torus

T of G,

Lgc = Pgo- 2 o P ga- 2.

kez (k)

The pieces in this decomposition are indexed by homomorphisms

(k,a) : TxT —T.
The homomorphisms (k, ) € Z x T which occur in the decomposition are called the
roots of LG.

Definition 4.4 The set of roots is called the root system of LG and denoted by A.

Let 6 be (0,1). Then

A= J(Au{o}+kd) = AU{0} + 23,
keZ

where A is the root system of G. The root system A is the union of real roots and
imaginary roots:

A= Are ) Aima

where

Ae = {(a,n):a €A, nelZ

Am = {(0,7):reZ}
Definition 4.5 Let the rank of G be l. Then, the set of simple roots of LG is

{(2;,0) : s € X for 1 <i <I}U{(—ays1,1)},
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where ayy1 s the highest weight of the adjoint representation of G.

The root system A can be divided into three parts as the positive and the negative and

0:
A=ATU{0}UA~
where
A+ — A UAL
A=A UA_,
where
AL ={(a,n) € A :n >0} U{(a,0): a € AT},
Afrrn ={nd :n >0}
and

~_ g
Are - _Arev
o g
A11rn - _Aim

In the case of LSU,,, for n > 3, the root system A of the loop group LSU, has basis

elements ag = (—ap, 1) and a; = («;,0), 1 < i < n — 1 where «; is the simple root of
n—1

SU,, and ag = Z «;. All roots of LSU,, can be written as a sum of the simple roots
i=1

a;.

Theorem 4.6 (see [18]) The set of roots of LSU,, for n > 3, is

i—1 Jj—1 n—1
A={kY a+1> a+kY ar:|k—I|=1keZand0 <i<j<n}.
r=0 r=g r=j
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Corollary 4.7 The set of positive roots of LSU,, for n > 3, is

i—1 j—1 n—1
A=Y a+1> a +kY aclk—1=1,keZ" and0 <i<j<n}.
r=0 r=i r=j

Corollary 4.8 The simple roots of LSUy are ag = (—a1 —ag—as, 1),a1 = (a1,0),a9 =
(a2,0),a3 = (as,0) where a1, ag and ag are the simple roots of compact Lie group SUy.
The set of all positive real roots of LSUy is {(a1,m), (ag, m)(az, m), (a1 + a2 +

ag,m), (—ay, s), (—ag, s), (—as, s)(—a; — ag —ag,s) m > 0,s > 0}.

4.2 Affine Weyl groups.

Now, we will discuss the Weyl group of the loop group LG. In order to define this
group, we need a larger group structure. We define the semi-direct product T x LG of

T and LG in which T acts on LG by the rotation. From [32], we have

Theorem 4.9 T x T is a maximal abelian subgroup of T x LG.
Theorem 4.10 The complexified Lie algebra of T x LG has a decomposition
Catc)® | Ptc-Fo P ea- "
k#0 (k,a)
according to the characters of T x T.

We know that the roots of G are permuted by the Weyl group W. This is the
group of automorphisms of the maximal torus 7" which arise from conjugation in G,

i.e. W= N(T)/T, where
N(T)={neG:nITnt =T}

is the normalizer of T in G. In exactly same way, the infinite set of roots of LG
is permuted by the Weyl group W = N(T x T)/(T x T), where N(T x T) is the
normalizer in T x LG. The Weyl group W which was defined above is called the affine

Weyl group.
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Proposition 4.11 The affine Weyl group W is the semidirect product of the coweight
lattice TV = hom(T,T) by the Weyl group W of G.

We know that the Weyl group W of GG acts on the Lie algebra of the maximal torus
T, it is a finite group of isometries of the Lie algebra t of the maximal torus 7. It
preserves the coweight lattice T"V. For each simple root «, the Weyl group W contains
an element rq of order two represented by exp (5 (eq + €—4)) in N(T'). Since the roots
« can be considered as the linear functionals on the Lie algebra t of the maximal torus

T, the action of r, on t is given by

ra(§) =& — al§hafor € € t,

where h,, is the coroot in t corresponding to simple root c. Also, we can give the action

of r, on the roots by

ro(B) = B — alhg)afor o, B € t*,

where t* is the dual vector space of t. The element r,, is the reflection in the hyperplane
H, of t whose equation is «(§) = 0. These reflections r, generate the Weyl group W.
For G = SU,,, we have from [17].

Theorem 4.12 The Weyl group of SU, is the symmetric group Sp,.

Proposition 4.13 The Weyl group W of SUy is isomorphic to the symmetric group

Sy which has the following presentation

2 . . ..
{ra; « i =1, ryrjry = rymry, i — j| # 2, andi, j = 1,2,3, andrirs = r3ri}.

Proof. If we check the action of reflections corresponding to simple roots of SU; on
the root system then we see that there are the relations above. We know that the
symmetric group of Sy of an ordered set {0,1,2,3} is equal to Sy = {x = (01),y =
(0123) € Sy]2? = y* = e} where z,y are cycles. Now if we define a morphism ¢ from
Sy to the Weyl group of SUy by ¢(x) = rirersrer; and ¢(y) = rirorsrire, we have a

group isomorphism between S; and the Weyl group of SU; which is our aim. [

61



Now, we want to describe the Weyl group structure of LG. By analogy with R for
real form, the roots of the loop group LG can be considered as linear forms on the Lie
algebra R x t of the maximal abelian group T x 7. The Weyl group W acts linearly on
R x t, the action of W is an obvious reflection in the affine hyperplane 1 x t and the

action of A € T is given by
A (x,8) = (@,§ + ).

Thus, the Weyl group w preserves the hyperplane 1 x h, and \ € T acts on it by
translation by the vector A € TV C t. If a # 0, the affine hyperplane H,j can be

defined as follows. For each root («, k),

Hop={{€t:af) =—k}.

We know that the Weyl group W of G is generated by the reflections r,, in the hyper-
planes H, for the simple roots a. A corresponding statement holds for the affine Weyl

group W.

Proposition 4.14 Let G be a simply-connected semi-simple compact Lie group. Then
the Weyl group W of the loop group LG is generated by the reflections in the hyperplanes

H, . The affine Weyl group W acts on the root system A by

Pak) (1:m) = (ra(v),m — a(hy)k) for (a, k), (v,m) € A,

Proposition 4.15 The Weyl group of LSU,, is the semi-direct product Sy, x Z" 1 where

S, acts by permutation action on coordinates of Z" 1.

Actually the symmetric group S, acts on Z" by the permutation action. Z"~! is the
fixed subgroup which corresponds to the eigen-value action.
By 4.15, the Weyl group of LSUy is Sy x Z3. Moreover, we explicitly give the group

presentation of Sy x Z3.
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Proposition 4.16 The Weyl group w of LSUy is isomorphic to the group presentation
{ra, : riz = 1,rrjry = rjrry, i # 4,1, =0,1,2,3, andriry = rir;, (ijkl) € Sa},

where (ijkl) be the cycle of 0,1,2,3 respectively.

Proof. By 4.14, we know that the Weyl group W of the loop group LSUy is gen-
erated by the reflections r4,, 74, Tay, and rg,, in the hyperplanes Hy,, Hy,, Hy,, Hyy
respectively.

Now we will find the relations in the presentation by the action of the Weyl group

of LSU, on the real root system
ﬁre ={(a;,m) : m € Z, a;is a root of SU,}.

First we show that riz =1, =0,1,2,3. It is enough to check the action of r,, on the
real root (a1, m) because the Cartan matrix of SU, is symmetric and the action is

bilinear. The action is as follows.

(—ag —ag,m+1) fori=0,

(—ai,m) fori =1,
Tai(alvm) —

(a1 + a2, m) fori =2,

(a1, m) fori =3,

and r?“(al,m) = (a1,m),i=0,1,2,3.
So we get T‘Zi =1,i=0,1,2,3. Now we are looking for the other equations in the
presentation.

For ¢ =0,

(1 + ag +az,m—1) forj=1,
rairajrai (al,m) =

(—ag,m+1) for j = 3.
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For i =1,

(1 + ag +az,m—1) forj =0,
Ta;Ta;Ta; (0417m) -

(—a2,m) forj = 2.
For : = 2,
(al + (0%) + a37m) fOI‘j = 37
Ta;Ta;Ta; (01, M) =
(—ag,m) forj =1.
For i = 3,
(—ag,m+1) forj =0,

Ta;Ta;Ta; (01, M) =
a1+ ag +as,m) forj=2.

By these calculations, we see that rorirg = r1rori, rorsro = rarers, rirary = rarira,
and r9r3re = rarers hold. Addition to these we also have rore = rorg and r173 = r3ry.

Now we will show that the presentation of the Weyl group W of LS U, has just the
relations in 4.16. To prove that first we classify elements of the Weyl group W of LSU,
after then we check that there are no more relations using the actions of these classified
elements to the root system.

Let Sy be the permutation group on the set {0, 1,2,3}. Let o denote a cycle in Sjy.

All elements of the Weyl group W of LS U, are classified as the following. For every

m,n,p € N,

iljlk]|1
0[{1]2|3
1121310
213|101
31012

Relations:

.

Tk = TgT;
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ririr =TT

0 Mod 4

1.1 (nrjrkrl)m
( m

1.2 (ryryryry)

1.3 (rirjryrg)™
1.4 (rirprjr)™
5 (

L5 (ryrjryrs) (rgririrs)™

2.1.1 (ryrjryry)™ (rarir) (rirgrjrs)
2.1.2 7“[(T’iT'jT’k?“l)m(T’iT’jTZ‘)(TlTkT’jTi)n
2.1.3 riry(rirrer) ™ (ririrs) (rirgrrs) " rirgr;

2.1.4 TiTET] (rirjrkrl)m(mrjri) (TlTkT‘jTi)nTﬂ‘k

2.2.1 (ryrjrgry)™ (ririr:) (rerjrir) "y
2.2.2 ry(ryryryry) ™ (rirjrs) (rrrrir)" nzl
2.2.3 rri(rirgrery) ™ (rivgra) (rergrir) " rETTi

2.24 T‘j7’k7’l(T'Z‘TjT’kT'l)m(T’iTj’r’i) (TkT'jT’iTl)nT’kT'j

2.3.1 (ryrjriry) ™ (riryry) (rriryr:) " n>1
2.3.2 ry(ryrjrery) ™ (ririr) (reriryrs)" n>1
2.3.3 Tle(TiTjT‘kT'l)m(T‘iTjTi)(TleTjT'i)nT’leTj

2.3.4 ryrpr(ririrry) ™ (riryrs) (rerir i)t rir

2.3.4a rjrr(riryrer) " (rirgr) (rerrrs) "rer; n>1

2.4.1 (rirjryrg) ™ (riryry) (rirgrri) m > 1
2.4.2 ry(rirjryrg)™ (ryrgry) (rprgrri)™

2.4.3 ryr(ryryryrg) ™ (riryr) (rirgrrs) “rirgr;
2.4.3a rjrg(rirgrirg) ™ (ririr) (rirgr ) M rirgr;

2.4.4 ryrpry(ririryrg) ™ (rirgrs) (rirgrry) e

3.1.1 (ryrjryry) ™ (raryry) (rirjrirs) P (reryry) (ryrariry) " rr;
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3.1.2 rl(rirjrkrl)m(rirjn)(rkrjrlri)p(rkrlrk)(rjrirlrk)”rj
3.1.3 rpry(rirjrery) ™ (rivir) (rirjrirs) P (rrey) (ryrarry)"

3.1.4 TkaT'l(TiTkaTl)m(TiTjri) (TijTﬂ'i)p(?”k’l“lTk) (TjT'iTlTk)nTj’r‘iTl

3.2.1 (TiTkaTl)m(TiTjTi)(T‘kT'jT'lTi)pO"kT’jTﬂ“k)(T’jTiTlTk)nTj
3.2.2 ry(rirjrery) ™ (riryry) (rryrers )P (rerjriry) (ryrirrg)”
3.2.3 rry(rirjrery) ™ (rivir) (rirjrirs) P (reririry) (ririr ey ) Ve

3.2.4 T‘j?‘krl(TZ‘T‘jT’kTZ)m(T’Z‘TjT’Z') (TkT'jT’ﬂ’i)p(TijT'lTk) (Tj?“ﬁﬂ’k)nrjn‘

3.3.1 (Tk’r’lT’ﬂ’j)m(TijTﬂ’k)(TiT'lT’ka)p(TiTjri)(TlT'ijTi)nT’l
3.3.2 vj(rpryryry) " (reririry) (ravgr g )P (ravjrs) (rirgrirs)"
3.3.3 Tﬂ’j (Tkrl?”irj)m(’I”ijTﬂ“k)(T’ﬂ’lTjT’k)p(T’ﬂ'jTi)(TlTijTi)nTlTij

3.3.4 T’l’r’ﬂ'j (T’kT’lT'i’r’j)m(T‘kT’j’r’ﬂ’k) (TiTlTjT’k)p(Tﬂ’j’r’i) (TlTij’r’i)nT’lTk

3.4.1 (ryryryry) ™ (rirjrs) (rirjriry) (ririrey )P (rivre) (rirgr 7)) " rir
342 ry(riryriry)™ (rirjri) (rirgrors) (rivgrr )P (rivrs) (reerjra) o
3.4.3 rkrl(rirjrkrl)m(nrjn)(rkrjrlrk)(rirjrlrk)p(rirjri)(rlrkrjn-)"

3.4.4 ryrgry(rirjriry) ™ (rirjr) (rer i) (riv )P (ririr) (riegrra) " rirgr;

number of elements

1.1 4
1.2 4
1.3 4
14 2
1.5 4
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2.2.1
2.2.2
2.2.3
2.2.4
2.3.1
2.3.2
2.3.3
2.3.4
2.3.4a
2.4.1
2.4.2
2.4.3
2.4.3a
2.4.4

3.1.1
3.1.2
3.1.3
3.14
3.2.1
3.2.2
3.2.3
3.24
3.3.1
3.3.2
3.3.3
3.34

k—4

k—4

k—4
k—4
k—4

4(k—4)*l~c _ (k=K
4x4%2 T 8
(k—4)k

8
(k—4)k

8
4 (k=8)x(k=4)

(k—8)(k—4)
Ax4*2 8

(k—4)k

8

(k—4)k
N

(k—8)(k—4)
8

(k—8)(k—4)
8

(k—4)k
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k—8)(k—4)
341 (=80

3.4.2 (=8)kd)

k—8)(k—4
3.4.3 (=80

k—12)(k—8
3.4.4 (-12(8)

Type 1= 18
Type 2= 4k + 13(k — 4) + (k — 8) = 18k — 60

Type 3= 7Ok 4 SE-8)hod) | (-1(=8) _ g2 ygp 4 gy,

18 + 18k — 60 + 2k? — 18k + 44 = 2k? + 2 = 2(k? + 1).
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1 Mod 4

1.1

1.2

(rirjrgry) ™
( m

rirlrkrj T

)
TiTjTlTk)mTi
)m

3 (
1.4 (rirgrjr

Ty

2.1.1 (ryrjriry) ™ (rirrs) (rirgrjrs) " rir
2.1.2 7“[(T‘iTj’r‘k?”l)m(’r‘iTjTi)(T[TijTi)nTl
2.1.3 T’le(T’ﬂ’kaTl)m(Tﬂ'jY’i)(TlTkT’jT’i)n

2.14 rjrkrl(rirjrm)m(rﬂ‘jﬁ)(TlTijTi)nTlTij

2.2.1 (ryrjryry) ™ (rarir:) (rerjra) " ryr;
2.2.2 rl(rirjrkm)m(rirjm)(Tkrjrirl)"rk
2.2.3 riry(rirrer) ™ (ririry) (rgrrir)” nz>1

2.2.4 rjrpri(ririrer) " (rirgrs) (rerrir) "rrr;

2.3.1 (ryrjryry) ™ (ririr:) (reririrs) " rer

2.3.1a (ryrjriry) ™ (ririry) (rprjrr:) " rir; n>1
2.3.2 ry(ryryrery) ™ (rarjrs) (rerirrs) "y n>1
2.3.3 rpry(rirjrery) ™ (ririr) (rprirgrs)™ n>1

2.34 ryrpr(rirjrry) ™ (rirjrs) (rerirrs) "t rgrr;

2.4.1 (ryrjryrg)™ (rirjrs) (rirgrjri) vy m>1
2.4.2 v (rirjryryg) ™ (rarir) (rirgrjrs)

2.4.3 ryr(rirjryrg) ™ (rirri) (rirgrir)™

2.4.3a rjr(ryryrirg) ™ (rirjr) (rrgr )"

2.4.5 rjryry(riryrry) ™ (rirgrs) (rirgrr) " rirgr;

3.1.1 (rirjryry)™(rirri) (rirjrirs )P (rerry) (ryririry) " ririr
3.1.2 vy (rirjriry)™ (riryrs) (rirjrirs)P (riryry ) (ryraryry) " rjr;

3.1.3 ryry(rirjriry) ™ (rivjr) (riryrers)P (riryey) (ryrarre) "y

69



3.1.4 T’j?’krl(TZ‘TjT’kT'Z)m(TiTjTi) (TijT’lTi)p(TleTk) (Tj?’ﬂ"lrk)n

3.2.1 (ryrjryry)™ (rariri) (rirjrirs)P(reririry) (ririrry) rirs
3.2.2 Tl(TiT‘kaTl)m(TiT’sz‘)(TijTlTi)p(T‘ijTlTk)(T’jT‘Z‘TlTk)nTj
3.2.3 riry(riryrery) ™ (rirrs) (reririrs) P (rpr ) (ririrrg)"

3.2.4 rjrpri(ririrer) " (rirgrs) (rerirrs))P(rerrry) (rjrariry) " ririr

3.3.1 (rgryriry)™ (rerjriry) (raryryre)P (rivry) (rirgr;ra) " riry
3.3.2 v (rryrery) ™ (riryrery ) (rivryre) P (raryrg) (rirgr )y
3.3.3 T'iTj (Tk’f'lTiTj)m(TijT'lTk)(TZ‘T[T‘ka)p(TZ‘TjTi>(T’lTijTi)n

3.3.4 ryriri(reryriry) " (rr k) (rirgrre)P (ravjrs) (rrer ) M rirgr;

3.4.1 (TiTkaTl)m(TiTjTi)(T‘kT'jT'l’r’k)(TiTjTﬂ’k)p(T’iT’jTi)(TlTijT'i)nTlT'kT’j
3.4.2 ry(rirjrery) ™ (ririri) (reririry) (riririrg )P (rirjrs) (rirgrrq) e
3.4.3 iy (rirjryry)™ (riryri) (reryrore) (rivgriry)P (rivgra) (rryrra) o

3.4.4 Tj?“krl(T‘Z‘TkaTl)m(T'iTjTi) (TijT'lTk) (rirjrlrk)p(rirjri) (rlrkrjri)"

number of elements

11 4
12 4

1.3 4

14 4

211 k-1
21.2 k-1
21.3 k-1
214 k-5
221 k-1
222 k-1
223 k-5
224 k-5
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2.3.1
2.3.1a
2.3.2
2.3.3
2.3.4
24.1
2.4.2
2.4.3
2.4.3a
2.4.4

3.1.1
3.1.2
3.1.3
3.1.4
3.2.1
3.2.2
3.2.3
3.24
3.3.1
3.3.2
3.3.3
3.3.4
3.4.1
3.4.2
3.4.3
3.4.4

(k—5)(k—1)

Type 1= 16

Type 2= 9(k — 1)+ 9(k — 5) = 18k — 54
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_10(k—5)(k—1 5(k—9)(k—5)
Type 3= 00=DE=L | SE9E=D) _ 952 _ 18k + 40,

16 + 18k — 54 + 2k? — 18k + 40 = 2k? + 2 = 2(k? + 1).
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2 Mod 4

L1 (ryrjrgry)™rir;
1.2 (ryryrgry)™rry
1.3 (rirjryrg)™rr;
1.3a (ryryrjry)™rir

L4 (ryrgrjry)™rry,

2.1.1 (T'iTkaTl)m(Tﬂ'j?”i)(?”lTkT'j?“i)nTlTk’r‘j
2.1.2 T’l(Tﬂ’jrkrl)m(’r’ﬂ’jn)(TlTijT'i)nTlTk
2.1.3 rpry(ryrjrery) ™ (rarjr) (rirgrirs)

2.14 Tj?"krl(TiTkaTl)m(TiTjri) (TlTijT’i)n

2.2.1 (TiTkaTl)m(TiTjTi)(TkT'jT'iT’l)nT'kT'jTi
2.2.2 r(riryrery) " (rirry) (reririry) e
2.2.3 rpry(riryrery) ™ (ririrs) (reririr) "y

2.2.4 rirri(rivirr) ™ (rirgrs) (reririr)" n>1

2.3.1 (rirjrgry)™(ririri) (rpreryrs) " rErr;

2.3.2 ry(ryrjrery) ™ (riryr) (rerirrs) " rery

2.3.2a ry(rirjrry) ™ (ririr) (reryrirs) M rer; n>1
2.3.3 riry(rirrer) ™ (ririr) (reririrs) "k n>1
2.3.4 rjrri(riryrr) ™ (rirgrs) (rerirr)" n>1
2.4.1 (ryrjryrg) ™ (rarir) (rirgrjrs) " rrgr; m>1

2.4.2 Tk(TiT'j’f'lTk)m(’f'iTjTi)(T[Tkrjri)nhrk
2.4.3 ryr(riryryry) ™ (rirrs) (rirgrrs)
2.4.3a rjry(ryryrrg) ™ (rirgr) (rirgrrs)

2.4.5 T’j?‘ﬂ"}c (TZ‘TjT’lTk)m(TiTjTi) (rlrkrjri)”

3.1.1 (ryrjryry) ™ (rirjri) (rir )P (rerry) (ririrrg)™

3.1.2 vy(ryrjrry) ™ (raryrs) (rirjrirs) P (v ) (ryrargry) " ryriry
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3.1.3 T’le(T'iTkaTl)m(Tﬂ'jm) (rkrjrlri)p(rkrlrk)(rjrirlrk)"rjm

3.1.4 rjryri(riryrir) " (rirjrs) (reryrrs)P(reriry) (ryrirryg)

3.2.1 (ryrjryry)™ (rarjry) (rirjrirs) P (rerjriry) (ririrry) e
3.2.2 T‘l(T'iTjT’kT‘l)m(T’iT’jTi)(TijTlT'i>p(7“k7’j7“l7“k)(Tj?“iTlTk)nTjTi
3.2.3 riry(riryrer) ™ (rarrs) (reririrs) P (rprjrrg) (ririrrg)rj

3.2.4 rjrpri(riryrr) " (rirjrs) (rerrrs) P (rprjrirg) (rjrarrg)”

3.3.1 (rkrlnrj)m(rkrjrlrk)(rirlrjrk)p(rirjri)(rlrkrjri)"rlrkrj
3.3.2 T’j(TleTz‘Tj)m(T’ijTlTk)(TiTlTjT'k)p(T’iTjTi)(TlTijT’i)nTﬂ’k
3.3.3 rirj(rigryrery) " (rirjriry) (rirgrrg)P (rarjrs) (rirgrra) "y

3.3.4 7“[7‘1'7“1' (rkrlrirj)m(rkrjrlrk) (TiTlT’ka)p(TiTjri) (?“lTij’r’i)n

3.4.1 (TiTkaTl)m(TiTjTi)(T‘kT'jT'ﬂ’k)(TZ’TjTﬂ’k)p(T’iT’jTi)(TlTijT'i)n
3.4.2 ry(rirjrery) " (riiri) (reririre ) (rivirirg )P (rarrs) (rirr i) " rirgr;
3.4.3 rpry(rirjrery) ™ (rivir) (reryrirg) (rirgrrg)P (rargrs) (riegrra) " rirg

3.4.4 Tj?“krl(T‘Z‘TkaTl)m(T'iTjT’i) (rkrjrlrk) (TZ‘TjT’lTk)p(TZ‘TjT'i) (T’ﬂ’ijT'i)nTl

number of elements

1.1 4
1.2 4
1.3 4
1.3a 4
14 2
211 k-2
212 k-2
213 k-2
214 k-2
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221 k-2

222 k-2

223 k-2

224 k-6

231 k-2
232 k-2
232a k-6
233 k-6
234 k-6
241 k-6
242 k-2
243 k-2
2430 k-2
244 k-2

3.1.1 k=2(E+2)

3.1.2

3.1.3 (*=6)(k=2)
3.1.4 (k=06)(k=2)

3.2.1

3.9 (k=06)(k-2)

3.2.3
3.24

331 82

3.3.2

3.33 *=6)(k=2)
3.3.4 (k=0)(k-2)
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3.4.1

—
e
|

2
oo=X
T

N
=

—

3.4.2 (k—10)(k—6)

— oo

3.4.3 (kZ10)(k=6)

— 00

3.4.4 (k-10)(k=6)

o]

Type 1= 18
Type 2= 13(k — 2) + 5(k — 5) = 18k — 56
Type 3= (=2(k+2) | 126-0(-2) | SG-10(=6) _ 92 15} 4 40,

18 + 18k — 56 + 2k% — 18k + 40 = 2k% + 2 = 2(k? + 1).
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3 Mod 4

1.1

1.2

(rirjrgry)™rirTy
(riryrgr;)™

) TiriTE
3 (TiTjTlTk)mTiTjTl
1.4 (ryrgrjry)

Mg

2.1.1 (ryrjryry)™(rariry) (rirgrjrs)"
2.1.2 rl(nrjrkrl)m(rirjm)(rlrkrjr,;)”rlrkrj
2.1.3 T’le(T’ﬂ’kaTl)m(Tﬂ'jY’i)(TlTkT’jT’i)nrlTk

2.1.4 rjryri(riryrr) " (rirgrs) (rirgrrs) My

2.2.1 (ryrjryry)™(rirjry) (rrjrar)™ n>1
2.2.2 rl(rirjrkm)m(rirjn)(rkrjrirl)”rkrjri
2.2.3 riry(riryrer) ™ (ririrs) (rerriry) " rer;

2.2.4 rjrpri(ririrer) " (rirgrs) (rerrir) " r

2.3.1 (rirjryry)™(ririry) (rprrjrs)™ n>1
2.3.2 T’l(TiTj’r’kT’l)m(’r’ﬂ’jT'i)(TleTjT'i)nTkrlTj

2.3.3 rpry(rirjrery) ™ (rirgrs) (rerirrs) " rery

2.3.3a rry(rirjrry) ™ (ririr) (reryrirs) M rer; n>1
2.34 ryrpry(rirjrry) ™ (rirgrs) (rergrr) " n>1
2.4.1 (ryrjryrg) ™ (rirjri) (rirgryr:)™ m>1

2.4.2 v (rirjryr) ™ (ririry) (rirgrrs) Mg
2.4.3 rlrk(rirjnrk)m(nrjn)(rlrkrjm)”rlrk
2.4.3a rjrg(ryryrirg) ™ (rirjrs) (rrgr ) triry

2.4.5 ryryry(ririrry) " (rirgrs) (riegrr) My

3.1.1 (TiT’kaTl)m(Tﬂ’jTi)(’I"kT‘j?“l?“i)p<7’kTﬂ’k)(Tjrimrk)nrj
3.1.2 ry(rirjrery) ™ (riryry) (rryrers )P (rerry) (ryrirrg) ™

3.1.3 ryry(riryriry)™ (riryrs) (rergrers)P (rerire) (ryririre) " ryriry
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3.1.4 T’j?’krl(TZ‘TjT’kT'Z)m(TiTjTi) (TijT’lTi)p(TleTk) (Tjrirlrk)”rjri

3.2.1 (ryrjryry)™ (ririry) (rirjrirs)P (reririry) (ririrrg) ™

3.2.2 T (TiTj’r’kT’l)m(’r’iTjT‘i) (Tkrj’r’lT'i)p(TijT’lTk)(T’j?‘Z‘T’lT‘k)nT‘jY’irl

3.2.3 rpry(rirjrery) ™ (rivyr) (rerjrirs) P (rgryriry) (ryrirry) s

3.2.4 TkaT’l(TiTkaTl)m(TiTjri) (TijTlT’i)p(?”kT'jTlrk) (rjn-rlrk)”rj

3.3.1 (rpryriry) ™ (rirjriry) (ravyrjre) P (rivgrs) (reegrry) ™

3.3.2 Tj (’I“kT’l?"Z'?”j)m(Tij?”lTk)(TirlTka)p(Tﬂ’j?”i) (rlrkrjn)”mrkrj

3.3.3 ryrj(riryriry)" (rerjriry) (raryryre)P (riirs) (rirgrra) " riry

3.3.4 ryryry (reryriry) ™ (rryriry) (rivyr )P (rarjrs) (ryrgrra)

3.4.1 (ryrjriry) ™ (riryry) (rrjryr) (rirgrrg)P (ravjrs) (rirerrs) "y

3.4.2 vy (ryryrery) ™ (raryr) (rerjriry) (ravirery)P (rirgrs) (riegrr) ™

3.4.3 T‘kT'l(T'iTkaT'l)m(TiTjTi) (TkT’jT'ﬂ'k) (T‘iTjT‘ﬂ'k)p(TZ"r’jTi) (rlrkrjri)"rlrkrj

3.4.4 ryrpry(rirjrry) ™ (rirjre) (rer i) (rir ey P (ririr) (riegrra) "

1.1
1.2
1.3
14

2.1.1
2.1.2
2.1.3
2.14
2.2.1
222
2.2.3
224

S N

E+1
k—3
k—3
k—3
k—3
k—3
k—3
k—3

number of elements
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231 k-3
232 k-3
233 k-3
233a k-7
234 k-7
241 k-3
242 k-3
243 k-3
2430 k-3
244 k-3

k—3)(k+1)
3.1.1 =Bk

3.1.9 (*=3)(k+1)
3.1.3
314 G=0k=3)
3.9.1 (¢k=3)(k+1)
3.2.2
393 *=NkE=3)
394 ¢k=0k=3)
3.3.1 k=3t

8
3.3.2 (k=03

3.3.3
334 *k=1)(k=3)
3.4.1 Gk=0kE=3)
k—7)(k—3)
3.4.2 (=NH3)
3.4.3 G*-1D(k=T7)

8
k—11)(k—=T)
3.4.4 ()T
Type 1= 16

Type 2= (k+ 1) + 15(k — 3) + 2(k — 7) = 18k — 58
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N 10(1@7?@—3) I 2(k7118)(k*7) = 2k? — 18k + 44.

_ A(k=3)(k+1)
Type 3= 3

16 + 18k — 58 + 2k? — 18k + 44 = 2k? + 2 = 2(k? + 1).

If each class in the entries is acted by each reflection r,, from the left and right
sides, by the relations in 4.16, we get new classes which are similar to one of the classes
above.

To show that the Weyl group W of LSUy4 has just two relations in 4.16, we will
check the action of these classes on the real root system of LSUy.

Since the Cartan matrix of SUy is symmetric and the action is bilinear on the root
system, we have just checked the action of that class on the roots (a1, m) and (g, m).
As it is seen in these actions will not give a new relation to us. Hence the proof of 4.16

is done. O

From [14], we have
Theorem 4.17 The affine Weyl group w of LG is a Coxeter group.
We will give some properties of the affine Weyl group W.

Definition 4.18 The length of an element w € W s the least number of factors in

the decomposition relative to the set of the reflections {ra,}, is denoted by {(w).

Definition 4.19 Let wi,wo € /W’7 € AL. Then wy 2 wo indicates the fact that

ryw1 = w2,

f(’wz) = E(wl) + 1.
We put w < w' if there is a chain
w:w1—>w2—>-~—>wk:w’.

The relation < s called the Bruhat order on the affine Weyl group w.

Proposition 4.20 Let w € W and let w = Ta;Tas """ Ta, be the reduced decomposition

of w. If 1 <ip < ... <1 <1 andw’:railraiQ---raik, then w' < w. If w' < w, then
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w’ can be represented as above for some indexing set {i¢}. If w' — w, then there is a

unique index 1, 1 <1 <1 such that
r_
W =Tay ccTa Tag,-

The last proposition gives an alternative definition of the Bruhat ordering on w.

Proposition 4.21 In the Weyl group W of LSUy, the number of elements with length

s is 2(s2 +1).

Now we will define the subset W of the affine Weyl group W which will be used
in the text later. We know that the Weyl group W of the loop group LG is a split
extension TV — W — W, where W is the Weyl group of the compact group Lie group
G. Since the Weyl group W is a sub-Coxeter system of the affine Weyl group W, we

can define the set of cosets W JW.

Lemma 4.22 The subgroup ofW fixing 0 is the Weyl group W.

Corollary 4.23 Let w,w' € W. Then, w(0) = w'(0) if and only if wW = w'W in
W/W.

By the last corollary, the map w JW — TV given by wW — w(0) is well-defined and
has inverse map given by x; — 7o, W, so the coset set w /W is identified to T as set.
We have from [3],

Theorem 4.24 FEach coset in W/W has a unique element of the minimal length.

We will write m for the minimal length element occuring in the coset wW , for w € W.
We see that each coset wW,w € W has two distinguished representatives which are not
in the general the same. Let the subset W of the affine Weyl group W be the set of the
minimal representative elements £(w) in the coset wW for each w € W. The subset W
has the Bruhat order since it identifies the set of the minimal representative elements

l(w). As a example, we calculate the subset W of the Weyl group of LSU,. Our aim
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is to find the minimal representative elements ¢(w) in the right coset wW for each the

element w € W, where
W= {ry : 177 = 1, rrjry = ryriry, 0 # joi,§ = 0,1,2,3, and ryry, = rry, (i5k1) € Sa},

and W = {rg, : 7'12 = 1,mrjry = ryriry, i — j| # 2, and i, j = 1,2,3, andrirg = r3ri}.
We have the minimal representative elements ¢(w) for each coset wW, w € W as

follows.

Proposition 4.25 In the Weyl group W = W/W of LSUy, the number of elements
with length s is
3k24+3k+1 ifs=0Mod6,

3k24+4k+1 ifs=1Mod6,
3k2+5k+2 ifs=2Mod6,
3k +6k+3 ifs=3Modb6,

3k2+Tk+4 ifs=4Mod6,

3k +8k+5 ifs=5Mod6,

\

where k = |s/6] is floor function.

4.3 Kac-Moody Lie algebras

Now we will describe the Lie algebra L,gc and its universal central extension in terms
of generators and relations. For a finite dimensional semi-simple Lie algebra gc, we

can choose a non-zero element e, in g, for each root . From [16], we have

Theorem 4.26 gc is a Kac-Moody Lie algebra generated by e; = eq, and f; = e_q,
fori=1,... 1 where the o; are the simple roots and | is the rank of gc only if G is

semi-simple.
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Let us choose generators e; and f; of Lgc corresponding to simple affine roots. Since
gc C Lgc, we can take

2€_q, forj=0,
e; for 1 <j <l

and

2 e, forj =0,
fi for1 <y <l

where g is the highest root of the adjoint representation. ;From [32],

Theorem 4.27 Let gc be a semi-simple Lie algebra. Then, Lyoggc is generated by the

elements e; and f; corresponding to simple affine roots.

The Cartan matrix A(y1)xq41) of Lge has the Cartan integers a;; = a;(ha;) as the

entries where ag = —ayg, and a; = a; if 1 < j <. As an example,

Proposition 4.28 Let G = SUy. The Cartan matriz Asxq of Lgc is the symmetric

matrix

Although the relations of the Kac-Moody algebra hold in Lgc, they do not define
it. By a theorem of Gabber and Ka¢ in [10], the relations define the universal central

extension Zpolgc of Lyoigc by C which is described by the cocycle wg given by

1

wr(§,m) = o

2
/0 o(£(0). 1/(6))do.

As a vector space Epolgc is Lpoige @ C and the bracket is given by

(&), (n, w)] = ([§; ], wic (€5 m))-
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Theorem 4.29 Egc s an affine Kac-Moody algebra.
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