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ABSTRACT

GENERALIZED COMPLEX GEOMETRY AND
NILMANIFOLDS

The generalized complex geometry is a relatively new and highly popular subject
which also has applications in theoretical physics. It studies the geometric structures
on T'M & T*M. That is to say, this new geometry develops a new language that treats
tangent and contangent bundles of a manifold simultaneously. In this thesis, we will
first study essential properties of generalized complex geometry. On the way we will
see, how this approach gives a new way to study complex and symplectic structures.
This observation directs us to investigate the generalized complex and generalized
Kahler structures on nilmanifolds since these spaces contain interesting examples of
complex and symplectic geometries. Although it is known that some six dimensional
nilmanifolds do no admit neither symplectic nor complex structures, they all admit
generalized complex structure. In order to understand these structures in details, we
explicitly construct a generalized complex structure on a nilmanifold. Moreover, dis-
cussing the Hodge theory and the formality property of generalized complex structures,
we will show that if a nilmanifold admits a generalized Kahler structure then it has a

trivial nilpotent Lie algebra.



OZET

GENELLESTIRILMIS KOMPLEKS GEOMETRI VE
NIL-UZAYLARI

Genellestirilmis kompleks geometri farkli alanlardan bir¢ok aragtirmacinin il-
gisini ¢eken, goreceli olarak yeni sayilabilecek bir caliyma sahasidir. Bu yeni konunun
iizerinde ¢aligtigr kavramlar, bir cokkatlinin ne teget uzayindan ne de es-teget uzayindan
gelirler. Bunlarin yerine, iki farkli kavram birlestirilip, bizim genellestirilmis teget
uzay1 diye isimlendirecegimiz uzay tizerinde c¢aligihir. Bu tezin amaci, bu yeni konunun
karakteristik ozelliklerini anlamak olacaktir. Bunu yaparken, kompleks ve simplek-
tik geometrilerin yeni kurgu igerisinde, farkli bir sekilde anlagilabilecegini gorecegiz.
Boylece konunun daha net anlagilabilmesi icin nil-cokkathlarini ¢aligacagiz. Bu uzay-
lar, tarihsel olarak birgok ilging ornek ve karsi érnege dogal kaynak olugturmuslardir.
Yine gorecegiz ki, genel teorinin aksine, tiim alt1 boyutlu nil-cokkatlilarinin tizerine
genellesgtirilmis kompleks yapi tanmimlanabilir. Ne var ki, Kahler ¢okkatlhilar1 igin du-
rum genel durumla ortiigiiyor. Yani genellegtirilmis Kahler yapisina sahip olabilecek

tek nil-cokkatlist sinifi, bu sinifa kargilik gelen Lie algebrasinin bariz olmasi durumudur.
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1. INTRODUCTION

Generalized geometry is a relatively new and intensely studied branch of differen-
tial geometry in which, cotangent and tangent bundles are treated together. In other
words, it unifies and extends the notions developed separately for tangent and cotan-
gent spaces to generalized tangent bundle T'M & T*M. This subject was introduced
by N.Hitchin [1] in 2003. In the introduction of his paper, N. Hitchin states: “we in-
troduce in this paper a geometrical structure on a manifold which generalizes both the
concept of a Calabi-Yau manifold and that of a symplectic manifold ” which explains

the origins of this new field.

Following Hitchin’s work, this subject initially developed further by his Ph.D.
students M. Gualtieri [2], and G. Cavalcanti [3]. In fact, M. Gualtieri’s Ph.D. thesis [2]
is commonly accepted as the main source on this field. Although Hitchin’s initial
motivation did not stem from physics, it was soon recognized that this subject has
very deep relations with one of the major study areas in theoretical physics, namely
the String Theory. M. Gualtieri introduced the notion of Generalized Kahler Structure
and showed that this is equivalent to bi-Hermitian geometry [2] which was developed
years ago by physicists, S. Gates, C. Hull and M. Rocek [4] as a general solution to
the (2,2) supersymmetric sigma model. Developing further this relation, C. Hull and
B. Zweibach introduced “Double Field Theory” [5] which provides a framework for
geometrical understanding of the so called T-duality in the String Theory. (For further
discussion of T-duality from generalized complex geometry (GCG) point of view, see [6].
For more detailed discussion of applications of this subject in physics, see [7] and [§].)
Thanks to these connections generalized geometry receives a big amount of interest

from physicists.

Besides its importance in physics, generalized geometry is also a very natural and
interesting subject to study for mathematicians. In this new setting, complex, sym-
plectic and Poisson geometries appear as special cases of generalized complex geometry.

Thus, the tools developed for these geometries work in harmony. For example, a gen-



eralized version of Darboux theorem and the decomposition of differential operator are
some results which we can get their generalized analogous in GCG [2]. In addition to
its unification property, it enables to study some important mathematical objects, like
Dirac geometry and Courant algebroids introduced by J. Courant [9], from different
perspectives. For more motivation and further applications of generalized geometry,

see |10] and [11].

One of the our main goals in this thesis is to apply the theory of GCS on nilmani-
folds. Nilmanifolds are homogeneous spaces that are given as the quotients of nilpotent
Lie groups by co-compact discrete subgroups. Since their appearance in the article of
Thurston [12] as the first example of a symplectic manifold which do not admit a Kahler
Structure, they are studied intensively as a source of interesting examples for geomet-
rical structures. The classification of nilmanifolds with dimension less than seven was
done by L. Magnin in [13]. and in [14] it is shown that, up to isomorphisms there are 34
different equivalence classes of six dimensional nilmanifolds . Moreover, due to results
in [15] and [16], we know that the five of 34 different classes of nilmanifolds does not
admit a symplectic or a complex structure. Since in the above we stated that GCG
is closely related to complex and symplectic structures, it is natural to ask whether
these five classes of nilmanifolds do admit generalized complex structures (GCS). In
their articles [14], M. Gualtieri and G. Cavalcanti ask this question and show that
every six dimensional nilmanifold admit a GCS. Taking one step further, motivated by
the Thurston’s original paper we can wonder whether nilmanifolds admits generalized

Kéhler structures (GKS). This question is answered in Cavalcanti’s article [17].

This thesis is organized as follows. In the second chapter, we will discuss the
generalized complex structure in the linear algebra setting. In that chapter, we will
introduce basic concepts, definitions and theorems without taking into account the
integrability issues of the structure. In the third chapter, we extend our definitions
to manifolds and state the integrability conditions on these structures. Then we will
discuss GKS and metric structures on generalized geometry. Finally, in chapter four,

we will focus on the constructions of GCS and GKS on nilmanifolds.



Finally, we assume basic knowledge on differential geometry, Riemannian geom-
etry and complex geometry. For comprehensive introduction to these subjects, see for

example [18] and [19].



2. LINEAR ALGEBRA SETTING

Throughout this chapter, we will work on V = V & V* where V is an m-
dimensional vector space over R and V* its dual space. In fact, this setting is an
essential ingredient of generalized geometry since pointwise we will work on such a
vector space in general. After introducing the basic tools, we will define linear gen-
eralized complex structures on V. In Sections and we will try to understand
GCS in terms of maximal isotropic subspaces and pure spinors. The maximal isotropic
description of a GCS will be particularly important since the integrability conditions
will be mainly discussed in terms of closedness of these subspaces under a suitably de-
fined bracket called Courant bracket. On the other hand, pure spinor description will
be useful when we study GCS on nilmanifolds. Moreover, the pure spinors enable us
to extend some well-known results like Dolbeault decomposition theorem on complex
manifolds and closedness condition on symplectic manifolds. In this chapter we mainly

follow the articles [2] and [20].

In this chapter, we mainly follow the articles [2] and [20] and our conventions are
as follows : An element of the space V will always be denoted in the form X +¢. In
this notation, capital letters from Latin alphabet, e.g. X,Y, represent the elements
from V' and the letters from Greek alphabet, e.g. £, n, represent the elements from V*.

Also {e!,---e™} stands for a basis for V, and {e, - - ¢e,,} stands for a basis for V*.
2.1. Linear Algebra of V

In this section, we will develop some basic tools on V. The first one is a symmetric,

signature (m,m) bilinear form <, >, which is defined in the following way:

< X4EY4n> = %(n(X)Jrf(Y)) 2.1)



This bilinear form will be called the natural pairing. Notice that, if we choose

1

1
{e +e1, € +en, e —ep, ..., e — em}

as a basis for V then the matrix representation of the natural pairing becomes

I 0
0 -1

which proves that this bilinear form has signature (m,m). If we study in the basis

el,...,e™ e1,...,em}, then the matrix representation of the natural pairing <, > is

. Also, in this case if we write a linear map M = from V to itself,
I 0 B C

O* /B*
B* A*
Now we will investigate the action of elements of so(m,m). An arbitrary element of

s0(m,m) can be written in the form P where A € End(V), § € \V and

B —A*
B e /\2 V*. If we consider B as a map from V to V*, its action which is extended to

then the adjoint of M with respect to the natural pairing will be M* =

V can be written as :
B = = (2.2)

We will denote this map again by B. It is easy the see that the map B is in so(m,m) :
1
< B(u),v >+ <u,B(v) >= §(B(X,Y) +B(Y,X)=0)

where u = X + & and v = Y 4 n are any two elements of V. Similarly define the

mappings

A o) (x) [ AX) s (0 9) (X B(E)
0 —A \¢ A ) 0 0) \¢ 0



Similar to the above argument, again one can show that all these mappings are the
elements of so(m,m). Also, let us write the SO(m, m) action of these elements. We
know that the exponential map takes an element of the Lie algebra and maps it into

the corresponding Lie group. So, the exponentials of the elements of so(m,m) given

in Equations [2.2] and [2.3] are given by :

1 0 et 0 1
el = , et = ] : ef = P . (2.4)
B 1 0 (e)t 0 1

Also their corresponding SO(m, m) action on an element of V is given by :

BX+E = X+E+B(X,)
X+ = X))+ ()
F(X+E) = X+B(6)+¢ (2.5)

2.2. Linear Generalized Complex Structure

In this section, we will give the definition of the GCS on V and then discuss some
properties of these structures. Throughout this thesis we will use the symbol J for a
GCS on V. Also, the symbol I is used for the identity map on V and I denotes the

identity map of V.

Definition 2.1. A generalized complex structure GCS on a vector space V is an en-

domorphism J of V such that J* = —1 and J* = —J .

Remark 2.2. Notice that the definition of a GCS generalizes the complex structure

condition J* = —I and the symplectic structure condition w* = —w.

Proposition 2.3. J is a generalized complex structure on V if and only if J* = —1I

and 1t 1s orthogonal with respect to the natural pairing.

Proof. Assume that 7 is a GCS on V. Then, it is clearly a complex structure on V and



also 7*J = —JJ = —(—1) = I, which proves the first part of the claim. Conversely,
assume that J% = —I and J*J = [ then (J*J)J = JI which implies J* = —J. O

We will now observe that usual complex and symplectic structures are naturally

embedded in the notion of generalized complex structure.

Example 2.4. Let J be a complex structure on V. Then

—-J 0
J; =
0o J*
defines a GCS on V. This is because
) -J 0 —J 0 J: 0 -1 0
J= = = =—1I
0o J 0o J* 0 (J?)* 0 I
Also we have
. -J 0 (J*)* 0
0o J* 0 (=J)

Example 2.5. Let w be a symplectic structure on V. Then

0 —wt 0 —w!
jw =
w 0 w 0
0 —w! ' 0 (—w ) 0 w!
(jw)* = = = :—jw
w 0 (w)* 0 —w 0

So w defines a GCS on V.



2.3. Maximal Isotropic Subspaces

As we know, we can determine a complex structure J by specifying its i-eigenspace.
Here we will see that a similar property is valid for a GCS. However, first we need to

define maximal isotropic subspaces and investigate some properties of these subspaces.

Definition 2.6. A subspace L is called an isotropic subspace of a vector space V if
< u,v >= 0 for any elements u,v € L. Moreover, L is called mazimal isotropic

subspace if we cannot find a subspace L' such that L < L' < V.

Proposition 2.7. If L is an isotropic subspace of V with dim(L) = m, then L is

mazimal isotropic.

Proof. Assume that L is an isotropic subspace and has dimension m. Suppose we have

a subspace L' such that dim (L") = m + 1. Consider a basis

1 1
{e +e1, € +en, e —ep, ..., e — em}

of V. The subspaces Vi = span {e' +ey,...,e™ + e, } defined in this way are positive
definite and negative definite subspaces of V. Hence L' NV, = {0} (similarly L'NV_ =
{0}). However, this implies dim(L" & V) > 2m + 1 which is a contradiction. O

We will give now an important example of a maximal isotropic subspace. Then

we will show that this actually is the generic example of maximal isotropic subspaces.

Example 2.8. Let us define the following subspace of V
L(Ee)={X+E{ec EaV": {p=¢X,)} (2.6)

where € € N°E*. First of all, this space is isotropic because € is chosen to be an anti-
symmetric bilinear map. Moreover, this is a maximal isotropic subspace, since we will
see 1 next Lemma that dimension of this space is m. So, Proposition shows

that L(E,¢€) is a maximal isotropic.



Lemma 2.9. Every mazximal isotropic subspace L of V is in the form of L(E,e€).
More explicitly, it is the direct sum of the annihilator E° of the subspace E of V
with the graph of a two form € defined on a subspace E i.e. L = graph(e) ® E° =
{(X+eX,)eV|XeE, eec NV} E°

Proof. Let us define E in the following way: E = |y L, where 7|y is the projection
onto V. Observe that E is a subspace of L and also the kernel of the linear map 7|y
So, we can write L = L' @ E° where L’ is the complementary subspace of E° in L.
Since we take out the kernel of the mapping 7|, we know that L’ is isomorphic to its
image F. That is to say we can find an isomorphism A such that, L' = {X+AX | X €
V, A: E — 7 |,.(L)}. Finally, we need to show that A € A*> E*. We know that
L' is an isotropic subspace so 0 = (X + AX,Y + AY) = A(X,Y) + A(Y, X) = 0. So,
define €(X,Y) = A(X)(Y) O

Let us note that, all these results can be extended to complex vector spaces by

extending our natural pairing to complex bilinear pairing.

Theorem 2.10. All mazimal isotropic subspaces of VRC can be written as e’ (E® E°)
where 0 = B +iw is an element of N*(V*®C) and e acts on X +& € VR C as follow

X+ =X+<¢+0(X,) (2.7)

Proof. In Lemma [2.9] we have already showed that all maximal isotropic subspaces are
in the form L(FE,¢€). Now, assume that every maximal isotropic is of the form L(FE,e€).
Then, we can choose o as an element of A*(V* ® C) such that o(X,Y) = €(X,Y) for
X,Y€E. 0

Corollary 2.11. If L is a maximal isotropic subspace, then dim(L) = m.

Proof. Assume that L is a maximal isotropic subspace of V. Due to Lemma [2.9] ,

L=L(E,e) =L @ E°. A basis for L can be given by {u' + Au!, u?+ Au®..u* + Au*}
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where {u} is a basis for £ and A is the map given in the proof of Lemma[2.9} Moreover,

we know E° has dimension m — k which implies that the dimension of L must be m. [

Now we are ready to relate generalized complex structures on V and the maximal

isotropic subspaces of V® C.

Proposition 2.12. Defining a generalized complex structure on 'V is equivalent to the

specification of a maximal isotropic subspace L <V ® C such that LN L = {0}.

Proof. First, if we have a generalized complex structure, its i-eigenspace L satisfies

properties which are mentioned in this proposition. That is,

<u,v >=< J(u), J(v) >=<iu,iv >= — < u,v >

which implies < u,v >= 0. Also its dimension equals to 2m where m is the real
dimension of V. Finally, it is clear that LN L = 0 since L is the (—i)-eigenspace of 7.
For the converse, if we are given a maximal isotropic subspace L such that L N L = 0
then construct an endomorphism J such that L is the i-eigenspace of L and L is the

(—1)-eigenspace of J. O

Definition 2.13. Let L be a maximal isotropic subspace of V®C and (LNL) = K®C
Then,

dimc(LN L) = dimg(K) =r

is called the real index of L.

Remark 2.14. Thanks to Proposition and Definition [2.13, we see that studying
generalized complex structures on a vector space V 1is equivalent to studying mazimal
isotropic subspaces of V& C with real index zero. Therefore, it will be useful for us to

study mazimal isotropics to get a deeper understanding of these structures.

Proposition 2.15. (Proposition 4.4 of [2]) The maximal isotropic subspace L(E,€)
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has real index zero if and only if E+E =V ®&C and € is such that the real skew 2-form

wa = i(€|gng — €lpng) is nondegenerate on A where A C=ENE

Proof. First assume that L(F,€) is a maximal isotropic subspace with real index zero.
So LNL = {0} and LUL = E® C. This implies EUE =V ® C. To prove the
second part of the claim, suppose that there is a nonzero vector X € A such that
(e — €)(X,-) = 0. This condition implies that on E N E, €(X,-) = €X,). So, we can
define £ € V* ® C such that ¢|p = (X, ) and {|5 = €(X, ). On the intersection, this
one form is well-defined since we have ¢(X,-) = €(X,-). Therefore, we conclude that
a nonzero element X + ¢ is in L N L which is a contradiction. Conversely, assume
that E+ F =V ® C and w = i(€| g5 — €| pnp) is non-degenerate on A ® C. Suppose
X + &€ LN L. Then, the action of ¢ on E given by ¢(X, ) and the action of ¢ on F
is given by €(X,-). Also, on the intersection these must be equal to each other. So,
on A we would have €(X, ) = €(X,-). Therefore, wX,- = 0 on A. By assumption of
nondegeneracy of w we get X = 0. Recall that {|p = €(X,:) =0 and {|z = €(X,-) = 0.
Since, we assume that £ @ F = V ® C we conclude that £ = 0. Hence, we see that if
X+&e LNl then X +£=0. O

Definition 2.16. As we proved in Proposition[2.19, we can uniquely determine the gen-
eralized complex structure J by its corresponding maximal isotropic subspace L(E, €).
The dimension of the space E° will be called the type of this generalized complex struc-

ture.

2.4. Clifford Algebra of V

In this section we will discuss the Clifford algebra generated by (V, <, >). This
algebra will be denoted by C'L(V). In this context the exterior algebra A\ V* of V' can
be seen as the spinor representation of C'L(V). Understanding spinor description will
be very useful in our later discussions. In particular, when we discuss the GCS on
nilmanifolds, we will mostly define the structure by just stating its corresponding pure
spinor, which will be defined in the next section. Let us note that, detailed information

about Clifford algebras and pure spinors can be found in [21].
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Definition 2.17. The Clifford algebra of a vector space W, with a symmetric, bilinear
form < -+ > on it, is the vector space \ W with an associative product called the

Clifford product. This new algebra will be denoted by CL(W') and the Clifford product
15 defined by the following relations

eel +ele' = 2<ee >

wl = lw=w (2.8)

where €' is an element of the oriented orthonormal basis for W, w is any element in

AW and1e \°W.

Definition 2.18. A left ideal L of the algebra A is called a minimal left ideal if it
does not contain any other nontrivial left ideal. The spinor representation of a Clifford
algebra C L(W) is the reqular representation on a minimal left ideal S C CL(W). An

element of the spinor representation is called a spinor.

Let us now take W = V. Since V and V* are maximal isotropic subspaces, the
CL(V) is a subalgebra of C'L(V) and this subalgebra is isomorphic to /A V. Similarly,
AV* = CL(V*) < CL(V). Moreover, A"V generates a left ideal since

(' +e))o = (e +e;)(cete? - e™) = ces(e'e? - - - e™) = e;0 (2.9)

Where 0 € A" V. Therefore, any element of this left ideal can be written as ¢o where

¢ € A V*. Due to this ideal we get a natural action on AV*:

(X+&) - ¢d=ixd+E{NG (2.10)
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Notice that this is a Clifford action, that is :

(X+6)%-0 = ix(ixp+EAND) +EN(ixd+ENQ)
= ix(ix®) + (ixY) NP —ENixd+ENix+EAEN
= (ix§)¢
— < XA4EX+E>¢ (2.11)

So, it is natural to choose A V* as a spinor representation of C'L(V). Treating
forms as spinors for C'L(V) will give a different and easy way to understand GCS in
our later discussions. We will also define a bilinear form on the space of spinors which
will be called the Mukai pairing of forms. Define the main anti-automorphism « of the
CL(V) as, a(vy - - - vg) = vg - - - v1 where v; € CL(V). Then, the Mukai pairing is a map
(,7) : S®S — det(V*) such that (s,t) = (a(s) A t)wp where (, )i, means taking the
m-th degree part of the form.

Proposition 2.19. Let v € V be any element and s,w € \'V* then

(v-s,v w)=<v,v>(s,w) (2.12)

Proof. To prove this claim, we assume without loss of generality that s € /\k V* and
w € /\mfk V*. Let v = X +&. The action of this element to the spinors is given by
V-8 =15+ &N S So, we compute:

(ves,v-w) = (alixs+ENS) A (ixw+EAwW))

top

(=D (ixa(s) AEAW) +a(s) ANENixw
= (=D ixa(s) NEAW) +als) ANENixw — E(X)a(s) Aw
+ {(X)a(s) Aw

= <wu,v>(s,t) (2.13)

Here, in the last step we used the fact that first three terms of (2.13)) equals to i x (a(s) A
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& A w) which is zero. O

It is a well-known fact that the spin group is a double cover of the special orthog-
onal group. So, it has an induced action on the vectors of V. This action is defined in

the following way:

p : Spin(m,m) — SO(m,m)

p(g)(v) = gug ™!, g € Spin(m,m), veV (2.14)

Here in the right hand side, multiplications are Clifford multiplication and in
the left hand side we have the usual SO(m,m) action on vectors. This Lie group
homomorphism induces a Lie algebra isomorphism spin(m,m) ~ so(m,m) and a Lie

algebra action :

dp : spin(m,m) — so(m,m)

dpg(v) = guv—vg (2.15)

Therefore, for g € spin(m,m) the action given by gv — vg must be equal to usual
so(m,m) action of dp, on V. Recall that we have mentioned the so(m,m) action on
V, in Equations , (2.3) . Now, we will define spinorial action of the elements of

so(m,m).

Example 2.20. (Example 2.10 of (2])(B-action) Equation defines the so(m,m)
action of an element B € AV*. The corresponding element is in the Lie algebra

spin(m, m) whose action is similar to B = bjje' N €’ is bjjele’ since

enNel e 0’ —dle’

ele’ e — ele'e, — epele’
= /(0 —exe’) — (8] — eley)e’

= 0ied — ol (2.16)
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notice that the action of this element to an element of the spinor space is given by

(e = e A(e' Ap)

= —BAy (2.17)
Therefore the action of the Spin(m,m) can be obtained by exponentiating

1 1
e—%:(1—BA§BAB—§BABAB-~)A¢ (2.18)

Example 2.21. Similar to the above argument we can discuss the spin(m,m) corre-
spondence of the action of an element A € End(V'). The action of A = A{ei ®e; as an
element of so(m,m) is given in the Equation[2.5 as A(X + &) = A(X) — A*(§). The

corresponding element in spin(m,m) is given by %Ag(ejei —ele;).

(e* ®ej)(ex +€') = drej — (5;.6’\ (2.19)

1 4 1 .
§(eje’\ —etej)(ex + ') — §(ek + e (ejet — eley)

1 A ,
=3 [eje)‘ek — e’\ejek + eje’\e’ — e)‘ejel]
— 5 [ekejeA — €k€)\ej + eieje)‘ — eie)‘ej}
1 . , .
=3 [ej(é,? — ekeA) - (e’\ejek) + (eje’\ez) — eA(cS;- — elej)}
1 . . .
b [exeje® — (e — 0p)es + (6 — eje’)e — e'edey)
= pej — 0he (2.20)

In the last line, we make use of the fact that e'e? = —ele' and e;e; = —eje;. Now, we
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try to understand the action of this element on a spinor element ¢:

1 . . . 1 . ; I
gAllee —cee = SAli (¢ A p) — S Al Nieyp)
= —A§p— Al Nip.p) — =Al(e' N,
. e : (e Nie,p) 5 i(€" Nie, )
1 . .
- 5A;go—Ag(e’/\iejso)
1

The exponentiation of this element gives the spinorial action of A which is gp =
Vdetg(g*) "t where g € GL(V)" where GL(V)™T is the connected component of iden-
tity element of GL(m, V).

2.5. Pure Spinors
Definition 2.22. Let ¢ be any nonzero spinor. Define the subspace L, of V:
L,={veV:v-¢=0} (2.22)

This space s called the null-space of .

In fact, we can show that any null-space is isotropic with respect to our natural

inner product <, > on V.
2<v,w>p=(vw+wv) =0 for v,we L, (2.23)

Which implies < v, w >= 0. Now we are ready to define pure spinors:

Definition 2.23. A spinor ¢ is called pure if L, is mazimal isotropic subspace. Let us
remark that any constant multiple of a pure spinor is also a pure spinor corresponding
to the same maximal isotropic subspace. This line of pure spinors will be called the
canonical line of pure spinors.(When we study on manifolds, we will use the term the

canonical line bundle for the bundle of pure spinors.)
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Notice that we have defined the null-spaces in terms of Clifford action of the
elements of V on the differential forms. Now, using the relation between SO(m,m)

and Spin(V) we will get an useful relation:

Proposition 2.24. Let L be a maximal isotropic subspace corresponding to the pure
spinor . Also let g be an element of Spin(V). Then the relation between the action
given in Equation and the SO(m,m) action of the element given by the image of

g under the homomorphism p which is defined in Equation|2.14] is given by :

P(Q_I)Lso =Ly (2.24)

Proof. Note that

Ly = {veV:v-(g-¢)=0}
= {veV: (7)) (g-9) =0}
= {veV: plg (v ) =0}
= plg7) {veV:v p=0} (2.25)

Example 2.25. Consider 1 € AV*.

L ={X+¢:ix1+&{N1=0} (2.26)

However EN1=0<E&=0andix1 =0, VX €V. Therefore we see that L1 =V =
L(V,0). We know that V is mazximal isotropic subspace of V so 1 is a pure spinor.
Using Equation [2.24] we can find another maximal null-subspaces. Apply spinor action
eB .1 =eB A1 =¢eB. From this action we get L,z = e PL(V,0) = L(V,—B) =
{X—ixB: X eV}

We have a dual of Definition [2.23] Every maximal isotropic can be identified by a

pure spinor line bundle. Now we will try to make this clear. (We will follow arguments
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given in [20])

Proposition 2.26. L, = L(FE,0) = E® E° if and only if ¢ = (61 A ... A i) where

{0} is a basis for E° and c is any nonzero constant.

Proof. Let us assume that L, = E ® E° then we must have (X +¢)-¢ = 0 if and only
if ixeo =0 and £ A = 0. These equations must hold VX € E and V¢ € E°. Therefore
these equations are valid if and only if ¢ = (61 A ... A 6y). O

Let J be a GCS on V and L be its i-eigenspace. Then, we get CL(V ® C) =
CL(L ® L). The action of CL(L @ L) on pure spinor ¢ corresponding to the L gives
a new Z grading of forms on V. This decomposition will be given by the following

construction

Uk = /\nmiki'p

ANV*®C) = U, & ---@U,. (2.27)

Proposition 2.27. (Proposition 2.3 of [3]) In the above decomposition each Uy can be
defined as the ki-eigenspace of the GCS J in the Lie algebra action.

Proof. We know that L and L are maximal isotropic subspaces of V ® C so we have
the identification CL(V ® C) = CL(L @ L). Following the argument given in Section
, we try to find the spinorial action of 7 to the space U, = (/\”_I‘C L) - p, where p is

a pure spinor of L. Notice that under this setting one can see J as

iLmxm 0
J = (2.28)
0 Z[m><m
Since, if we choose a basis ey, - - - , ey, for the i- eigensubspace L of J then we can write

il =ie' ®e;. It is clear that il - p = 0 since e; - p = 0 for any ¢; € L. So, using (2.3)
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we can see that the action of 7 on ¢ € (A" " L) - p

Top = STriDe (D)
= inp— (i(n— b))y
= ik (2.29)

O

Proposition 2.28. Let L(E,€) be any mazimal isotropic. Then, the defining pure

spinor line bundle Uy, is given by
op = c(e”BOL A A (2.30)

such that .*B = € and 0;’s are basis for E°.

Proof. We know that

Lz, = e PL,=e¢PL(E,e)
= e {X + 8¢ =e(X, )}
= {X+&{—ixB:{g=€¢X, )} (2.31)

If we choose € = * B we will get (2.31]) equals to L(F,0). We have shown in Proposition
that the pure spinor of the subspace L(E,0) is Q = ¢(01 A ... A 6x). Therefore we
get that e? - p = QO = p = e BQ. m

Proposition 2.29. (Proposition 5.14 of [20]) Let L and L' be two mazximal isotropic
subspace of V and let ¢ and ¢’ their corresponding pure spinor lines. Then L, N Ly =
{0} if and only if (¢, ¢") # 0 where (,) is the Mukai pairing defined on spinors.

Proof. Here without loss of generality we can assume that L, = L(E,0)(since Mukai

pairing is invariant under B- field transformations, we can fix it by multiplying suitable
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B-transformation). Also let Ly = L(E’, €) again we can find a B-transformation such

that L(E',¢) = eBL(E',0). Let ¢’ = e PQ and p = Q.

(@) = [ A e Doy

= +[eP AQA D sop (2.32)

if £+ E"#V ® C then we can easily see that Ann(FE) N Ann(E’) # {0}. So we get
QA = 0. However, in this case we would get L, N L, # {0}. Since (E")? C L’ and
E° C L. As the second case, assume that £+ E' =V @ C. Let us write L, = L+ E°
and Ly = I/ + E" where L = {X + B(X,-)| X € E} (similar definition for L’). Also
consider bases {uy,- -+ ,ug} for ENE' let {v1,--- ,u} be a basis for the complement
of ENE"in E. finally {fi, -, f.} for the complement of E N E" in E’. The duals of
these vectors are represented with {uf, - ui},{vf, -, v}, {fy, -+, fF} With these

vectors we can write:

LQO = Span{U1,"',U]g,U1,"',’Ul,fl*“‘f:}
L, = span{u; + B(us,-), - ,ux + Bluy, ),

f1+B(f17’>7"'7f7"+B(fT7')7UT7"'7U;<} (233)

Now if we have L, N L, # {0}, then we must have a nonzero volume element from

wedge products of basis elements of these two spaces :

AUT A ANV AU A ANug Ao A== Ao A fy A AN fr
= dcfiN--ANfrAug A ANug Avp A= Ao A

Buy A+ AN Bui NQAY (2.34)
Hence, (2.34)) implies that L, N L, # {0} if and only if

Buy A+ ABupy ANQAQ #£0 (2.35)
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Write B = C'+ A where A, C are two forms such that A contains only the basis elements
{uf---u’} and C contains all the other terms in B. So, (2.35)) becomes:

Aug A~ NAug AQAQ #0 (2.36)

Notice that A maps {uy ---u,} to {uj---ur} and Auy A--- A Auy, is the determinant of
this map. We see that L, N L, # {0} if and only if A is an isomorphism. Hence, A" is
a volume form for E. Therefore [eZ AQA QY ]iop = [eANQAD |10p = ATAQAQ £ 0. O

Corollary 2.30. Let ¢ be a pure spinor corresponding to maximal isotropic L. L
has real index zero if and only if ¢ = exp(B + iw)Q) satisfies the following property:
WEAQAQAD0.

Proof. ¢ = exp(B + iw)Q then ¢ = exp(B — iw)Q which is the pure spinor corre-

sponding to maximal isotropic subspace L. Applying B—field transformation e=® and
then using Proposition [2.29] we see that L has real index zero if and only if
(0, @) =T ANQAQ#0 (2.37)

which implies that w™* A QA Q # 0. ]
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3. GENERALIZED COMPLEX STRUCTURES ON
MANIFOLDS

In the previous chapter, we have defined the generalized complex structures on a
vector space. Now we will extend this definition to the fibres of the TM & T*M and
try to understand the integrability conditions. From now on, the letter T" denotes the
tangent bundle of the manifold M, T™ denotes the cotangent bundle of M and T' & T™
denotes the generalized tangent bundle T' @ T*. Also, the structures defined on the
vector spaces, like the natural pairing and the Mukai pairing are extended to T'® T

by defining them fibrewise on T' @ T™.

Notice that in the usual complex geometry we define the integrability of a complex
structure J in terms of closedness of its i-eigenspace in terms of a Lie bracket. However,
we have not yet defined a suitable candidate for the Lie bracket on the sections of T®T™.
So, our first aim is to establish this. In Sections and we discuss the notion
of generalized metrics which will lead us to define generalized Hodge star operation.
Using this operation we can define adjoint and Laplacian of the differential operator
d. In Section we will briefly study the generalized Kéhler manifolds. Finally, in
Sections and [3.6] we will discuss the results similar to the 9d-lemma in complex
geometry and formality in differential graded algebras. These results will be used to
put a restriction on manifolds admitting a GKS. In this chapter, we mainly follow the

related chapters of the following articles: [20], [2], |[17] and [22].
3.1. Generalized Complex Manifolds
Definition 3.1. Let M be a differentiable manifold. At each fibre of T ®T™, an almost

generalized complez structure (AGCS) on M is a map J from this fibre to itself such
that 7% = -1 and J* = —J.

As we have already mentioned in the introduction of this chapter, the integrability
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of an almost complex structure J is equivalent to the closedness of its i-eigenbundle
under the Lie bracket. On the other hand, Newlander- Nirenberg theorem states the
equivalence of this condition to vanishing of the Nijenhuis tensor which is defined as
N(X)Y) = [X,) Y]+ J[JX,Y] + J[X,JY] — [JX,JY]. To generalize these theorems
and definitions, first we need to define a bracket in the sections of T'& T™*. To achieve
this goal, we will take advantage of the duality between Lie bracket and the exterior
derivative. That is to say, using the exterior and interior derivatives we can naturally

define the Lie bracket by the following formula:

[ﬁx, iy]Oé = l'[X7y]Oé.

Extending this formula by using the spinor action instead of interior derivative, we

define

[u,v|p - v = [Ly,v] -

where u, v are sections of 7@ T™ and o € \ T*. The definition of the Lie derivative is

given by the Cartan’s formula

Loo=du-a)+u-da.

More explicitly :

[u,v]p-a = du-(w-a))+u-(dv-a))—v-(du-a))—v-(u-dax)
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= dixiya+dn(X)ANa+n(X)da —dnpNixa+nAdixa
+dENiya—ENdiya+dEANANa—EANdINa+ENAN N da
+ixdiya+ixdn ANa+dn ANixa —n(X)da +n Aixda
+EANdiya+EANdnNa—EANNda —iydixa — iydéE N o
—dé Niya+&(Y)da —E Niyda —np ANdixa —n ANdE N«
+n ANENda —iyixda — E(Y)da+ &€ Niyda —n Nixda —n ANEN da

= dixiya+ ixdiya —iyixdo — iydixa + dn(X) AN a+ixdn A «
—iydé N o

= dxyj +dixna +ixdn Ao —iyd{ Ao

= ([X,Y]+ Lxn —iyd§) - (3.1)

The last Equation [3.1] gives an explicit definition of the bracket [-, -] p which is called the
Dorfman bracket. Unlike the Lie bracket, the Dorfman bracket is not skew-symmetric.

In fact, its skew-symmetrization gives what we want.

Definition 3.2. Let X +& and Y +n in TM & T*M the Courant bracket [-,-]. is
defined in the following way

[, v]eo = 5 ([u, v]p = [v,ulp) (3:2)

N | —

If we take u =X + & and v =Y +n then the Courant bracket becomes

X+ €Y 41l = XY] 4 Lan = 46— Sdlixn — ivE) 33

Now we are ready to define the integrability of J in terms of closedness of its

1-eigenspace with respect to the Courant bracket.

Definition 3.3. An AGCS J is said to be integrable or a generalized complex structure

(GCS) if its i-eigenspace L is closed under the Courant bracket [, ]co.

Example 3.4. Note that, in Frample we have produced a generalized complex

structure from a complex structure defined on a vector space. Now, suppose we have
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an almost complex structure J on M. Then almost generalized complex structure

—-J 0
J = is integrable if and only if J is integrable. To prove this claim, first
0o J*

note that L = Ty @ Tl’“’0 where Ty 1 denotes the anti-holomorphic vectors and T1*,o de-
notes the holomorphic 1-forms on M. Let X +& and Y +n be two sections of L. Then,

their Courant bracket
1. .
[X+€,Y+7]]CO: [X,Y] +£X77_£Y§_ §d(lx’)7—’lyf) (34)

is closed if [X,Y] is closed under Lie bracket, i.e. J is integrable. For the converse of

the statement assume that J is integrable. Then, the Courant bracket gives

X &Y 4l = [X,Y]4 Ln— Lyé— ydlixn - ive)
= [X,Y]+d(ixn) +ix(dn) — d(iv€) — iy(d€)
= [X, Y] +ix(9n) — iy (€) (3.5)

Notice that this is a section of Ty, © Tho. So J is an GCS on M.

Now, we define the Nijenhuis operator for 7. Then, we will claim that the

integrability of an AGCS is equivalent to vanishing of its Nijenhuis operator.

Definition 3.5. Let (M,J) be a manifold with an AGCS J on it. The Nijenhuis
operator of this AGCS is defined as

N7(u,v) = [u,v]eo + T[Tty Vo + T [ty TV]eo — [Tty TV]co (3.6)

where u,v are the sections of T T*.

Proposition 3.6. Let (M,J) be a manifold with an AGCS J. J is integrable to a
GCS if and only if Ng(u,v) =0 for any u,v € T & T*.

Proof. The proof is exactly the same with the case when we have an almost complex

structure. Details can be found in [1§]. O
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In Section we have defined linear generalized complex structures on vector
spaces and then we characterized them with maximal isotropic subspaces. Also in
Lemma [2.9], we gave explicit form of the maximal isotropic subspaces with real index

zero. The following proposition give, a criteria on integrability of these subbundles .

Proposition 3.7. (Proposition 4.19 of [2]) Let E C T ® C be a subbundle and ¢ €
/\2 E*. Then the mazimal isotropic L(E,¢) defines an integrable generalized complex
structure if and only if E is involutive and dge = 0. Here dge is defined in the

following way : Consider the inclusion map i : E — T. Its pull-back is denoted by
i NT* — N E*. Then forwe \NT*

dp(i"w) = i*(dw) (3.7)

Proof. (We will sketch the proof given in [2].) Let us assume that L(E, ¢) is integrable.
That is to say, if X + ¢ and Y + n are two elements of L(E,¢) then their Courant
bracket Z + ¢ = [X + &, Y + 1], is also an element of the subbundle. If we write this
condition explicitly using the definition of the Courant bracket given in (3.3]), we will

get the following conditions
Z:[X,Y} ek and C|E—i25:iyixdE€:0.

The first one of these equations implies the involutivity of £ and the second one implies

the closedness of €. For the converse, just reverse the same arguments. O

Example 3.8. In Example |2.5, we observed that if we have a symplectic structure

0
w on V then J, = defines a GCS on V. Now, assume that we have a
w 0

manifold M together with a symplectic structure w on it. Then J, s a GCS if and
only if dw = 0. To prove this claim, just use Proposition and note that in this case

e=w and dg = d.

Lemma 3.9. Let (M, J) be an almost generalized complex structure. Let p be a element

in the canonical line bundle. Then J is integrable if and only if dp = (X +&) - p
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Proof. Let us state the following identity ; (whose proof can be found in lemma 4.24

of [2].)

A-B-dp=d(B-A-p)+B-d(A-p)—A-d(B-p)+[A,Ble-p—d <A B> Ap (3.8)

This equation holds for any sections A, B of T'® T™*. So, if we choose A, B € L then
Equation (3.8)) becomes

Ade: [AuB]cop (39)

Since L is isotropic and A-p = 0 for any A € L. Let us now assume that dp = (X+&)-p
then A- B - ((X +¢) - p) = 0 which implies [A, Bl = 0. Therefore, L is closed under
the Courant bracket. Conversely, assume that L is closed under the Courant bracket.
Then becomes A - B - p = 0. This implies that dp C U_,, & U_,+1. However,
d changes the parity of a differential form. that is if p is an even form then dp and

(X +&) =ixp+&ANpare odd forms. Therefore, we get dp € U_,,41. m

We have already seen how generalized complex geometry includes the integrability
condition of symplectic geometry, see Examples [3.4] and Now, by using the lemma

above, we will obtain the complex geometry analogue of the integrability condition.

Theorem 3.10. (Theorem 4.23 of |2])

Let J be a generalized almost complex structure, and define

5 = TMk41 0 d: COO(Uk) — COO(Uk_H),
0 = TMg—1 O d: COO(Uk) — COO(Uk_l) (310)

where . is the projection onto Uy and Uy is defined as in Equation |2.27. Then J is

integrable if and only if d = 0 + 0.

Proof. (We will sketch the arguments given in the article [2].) We have already proved
that d(U_,) € U_,1 if and only if L is integrable. For the rest of the proof, just use
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the method of induction on n for Equation (3.8)) and the fact that multiplication by
A € L decreases the degree by one and multiplication by B € L increases the degree

by one. O]

3.2. Generalized Metric

Now, let us choose an m dimensional, positive definite subbundle C', of T'® T*
with respect to natural pairing on it. Then, the orthogonal complement of this space
C* will be negative definite and denoted by C_. Since C; NT = {0} the choice of the
(', is equivalent to the choice of a linear bundle map A : T — T such that the graph
is Cy.

Proposition 3.11. The subbundle C is given as Cy. = graph(g + b)(T) where g is a

positive definite metric on M and b is an element of \> T*

Proof. Let us choose an orthonormal basis {a4, - - ,a,} for C; and for an orthonormal

basis for C_ for {a',--- ,a"}. We know that under such these basis <,> will be in

I 0
the form . Since we have C; N'T = {0} and Cy NT* = {0} then a;|r = ¢;

0 —1I
r+ = €' must be a basis for the corresponding subbundles. Therefore, we can define

a
an isomorphism A : T' — T* such that e; + A(e;) = a;. That is to say, C, is the graph
of T" under the isomorphism A. The symmetric part will be g and the antisymmetric
part of A will be denoted by b. Similarly, the space C'_ can be expressed as the graph
of g — b in this setting. O]

Definition 3.12. The choice of the subbundle Cy naturally defines a metric G, which

is called the generalized metric on T ® T*. The metric is explicitly given as:

Gg=<,>|c,— <,>|c_ (3.11)

Using the natural pairing and the generalized metric we can define a map G such

that G(u,v) =< Gu,v >. In fact, due to natural pairing we can consider G as a map
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from T @ T™ to itself. Under this identification, clearly, G will be equal to G. So we
will interchangeably call them as generalized metric structures. Also note that G has
the following properties: G? =1 and G* = G.

Let us understand the action of G on the sections u = X 4+ £ of T'@® T™*. Assume that
CY = graph(g,T), i.e. b =0. If we decompose u into orthogonal components in Cy

we get
X 6= (X476 ) +g(XH ) +8) +5(X g7 (6) — g(X+,) +6)
If we define uy = 2[X + g7 (&,-) £ g(X+,-) + & then
GX 4= Clw) = Clug +u)=us —u =g (€ ) +9(X,)  (312)

Here, we have used the fact that G =T on C'y and G = —I on C_ . In the general case,
we have ' = ¢’C?, that is C; is the B— field action of C%. So in matrix represention,

we can write the general form of G as

10 0 g! 1 0 —g~ b -1
G g [ g (3.13)
b 1 g 0 -b 1 g—bg b bg?

3.3. The Born-Infeld Metric

Recall that in the usual Riemannian case, we can define a Hodge star operation
on differential forms and using this operator, we define Hodge dual of d-operator and
finally we arrive at “The Hodge Decomposition Theorem” . Now, we will discuss an
analogous operator and try to get a similar result. (In this section, we will mostly
follow section 4.3.2 of [20] and section 2.1 of [23].)

We have seen that the generalized metric can be written as:

10 0 ¢g! 1 0 —g7 b -1
G = g = g g (3.14)
b 1/ \g 0 —b 1 g—bg~'b bg !
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The term g — bg~'b defines a new Riemannian metric on 7" and the invariant volume
det(g + b)

V/ (detg)

form we will define a metric on the spinors. Now consider the case b = 0. Let C?r be

form induced from this metric is given by volg = , [22]. Using this volume

the graph of g only. Then if we let {e!,--- €™} be an oriented basis for the fibres of T
then {e' 4+ ey, -+ ,e" + e, } will be an oriented basis of the subbundle CY. If we relabel
the elements of this basis as a; = €’ + ¢;, then the product *q = a; - - - a,, acts on forms

by Clifford multiplication. So, we have

a(x0)f = alxgp) (3.15)

where « is the main anti-automorphism mentioned in Section and *, is the usual

Hodge star operator defined by the metric g. Furthermore, we find

*0 (*05) =

1)~ = g (3.16)

n(n

So (x0)? = (—1) g Using these properties, one can show that

g(a, B)dvol, =< a, %03 > (3.17)
Where 3 = *4(x¢0) and g(a, 5) is the Hodge metric defined on the forms. Let us

now consider the general case that is when b # 0. In this case, we observed that

Cy=eCY. It {e' +e1, -+ ,e" +e,} is an oriented basis of the subbundle C?, then
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{eb(ei + ei)}?zl will be an oriented basis for C';

(chu)(e~tw) = (X+§+b(X,~))-(w—b/\w—k%bQ/\w—%b:*/\erm)
= WX, )+ EAw+bX,)Aw—bX, ) Aw—bAw(X,")
—f/\b/\w—b(X,-)/\b/\w+2%b(X,-)/\b/\w+%62/\w(X,-)
—i—%f/\bQ/\w—i—%b(X,-)/\bZ/\w—S%b(X,-)/\b2/\w

1 1 1

—Eb?’/\w(X,-)—gf/\b?’/\w—gb(X,-)/\b?’/\w---
1

= w(X,-)+f/\w—bAw(X,-)—b/\f/\w—l—ab/\w(X,-)

1, 1, 1,
+5b /\f/\w—gb /\w(X,«)—gb NEAW

= e (u-w) (3.18)

where w is a spinor and u is a section of T'® T* and b* = b A --- A b wedge product of
b, i times. Therefore, we get
xw = (fay)(ay)---(Pay) - w
= (ebar)(e’ay) - - - (e¥ay) - e P(ebw)

= (ePay)(ebag)--- (e ay) - e'w)

= ¢7? *Q ew

Thus, * = e % e’. If we define G(«, 8) dvolg = < «, % >, then

Gla,) = <a,*f>

= <uq, e? *Q ebﬁ >
= < ePa,xpe’B >
= < ela, xpetB >

= g(eba,e’B > dvol, (3.19)

which implies the symmetry of G(a, ) and positive definiteness of G(-,-). We are

now ready to define a positive definite, Hermitian inner product, which is called the
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Born-Infeld metric on differential forms.

Definition 3.13. [22] Let M be a compact manifold. The Born-Infeld metric is the

metric h on differential forms given by

h(a, B) = / G(a, f) dvolg (3.20)

Definition 3.14. The generalized Hodge star operation x¢ is defined as: *qf = %03.
Notice that, in this setting we have < a,*gf >= G(«, [3)

3.4. Generalized Kahler Manifolds

Now, we will discuss one of the most important subset of generalized complex
manifolds, namely generalized Kahler manifolds. Similar to complex case, GKS are
a generalization of the usual the Kahler structure. In this section, definition of these
structures will be given and then an important decomposition of differential forms will
be constructed. These results will be used in the next section when we try to get
formality property on generalized Kéahler manifolds. We know that this property is
satisfied by differential graded algebras of Kahler manifolds and due to this property

we can check whether some manifolds admit Kéahler structures or not [17].

Definition 3.15. Let J be a GCS on T ® T* and G be a generalized metric defined
as in Equation [3.11 If these two structures are compatible (i.e. G(J(v),T(u)) =

G(u,v)) then we will call G as a Hermitian structure on T @& T*. The compatibility
gives J*GJ = G which implies GT = JG since J* = —7J.

Remark 3.16. Notice that when we have a Hermitian structure then we have one
more AGCS on the space namely Jo = GJ which is another AGCS since (GJ)? =
(GI)(GT) = (G*)(J?) = —1. On the other hand, this AGCS Jy is not integrable to a
GCS in general. This extra condition will lead us to GKS.

Definition 3.17. A generalized Kdhler structure on T ®T™* is given by two commuting

GCS J1 and Jo such that G = —J1Jo gives a generalized metric.



33

Remark 3.18. In the case of generalized Kahler structures since J, and Jo commute
Jo preserves the i-eigenspace Ly of the GCS J,. So Ly can be decomposed into two parts
L, = Lf @ Ly . In this decomposition, we have defined L™ = LyN Ly and L™ = L, NLs.

Note that in the case of GCS we have defined a decomposition of forms in ([2.27))
and in Proposition [2.27, we proved that Uy is the tk-eigenspace of J. Since in GKS

case we have two GCS J; and J, we get the following decomposition of forms

(ANT"eC)=PU,, (3.21)

where U,, = U, N U,. In Proposition we have seen that if GCS is integrable
then the exterior derivative decomposes in to two part, namely, d = 0 + 0 such that
0 : U, — U,_y. Let us now consider the GKS case. The exterior derivative d will
take an element 3 of U,,. As an element of U,, d3 € U,_; ® U,+1 and as an element

of Uy, dB = Uy—1 @ Ugq1. So, we have the following proposition :

Proposition 3.19. Let (M, 71, J2) be a GKS. The the exterior derivative decomposes

in four components

0r = Upg — Uptrgn
0 Upg — Uptig1
0 ¢ Upg— Up-141

0— 1 Upg — Up-14n1

Let us note that with this decomposition in fact we get the following decomposi-

tion ajl == 5+ +6_ and 352 = 5+ +g_

We have seen that 7, is an complex structure on L;. Also it is integrable with
respect to the Courant Bracket. So, the differential operator defined on L; can be

decomposed into two parts. In other words, we can write d;, = 8;:1 + d, where
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9y, 97, is defined like this

NALY = ALY @ A(Ly)”
0f, = Tps1q0dr, : CF(AMILY) — C%(APTHLY)

Op, = Mg 0di, s CR(APILY) — C=(APILY) (3.22)
Using the identity
da-p) = (dr,a) - p+(=1)*a-dp (3.23)

given in Cavalcanti’s paper [17] and degree matching arguments, for any element « in

A"(Ly), we can also derive the following relation:
dp(a-p)=(0fa)-p+ (=Dfa-dp (3.24)
which will be useful when we try to construct GKS on nilmanifolds.
3.5. Hodge Decomposition

In Section [3.3] we have constructed a Hermitian metric on forms. We know
that in the usual complex geometry similar constructions leads to d- harmonic and O-
harmonic forms. Finally, these give the complex version of Hodge’s theorem. In this
section, we will show that in generalized geometry we have similar results for § and &

operators defined in Proposition [3.19

Lemma 3.20. Let (M, J1, J2) be a compact generalized Kdhler manifold without bound-
ary. 0y be the operator defined in Proposition and let h(-,-) be the Born-Infeld
inner product defined on forms. Then the adjoint of 6 with respect to this inner prod-
uct is gien by 0} = —%Gép?gl where % 1is defined in the following way *x,0 = .0

where 0 € \(T* @ C).

Proof. Without loss of the generality, let us choose 0 € U, , and 8 € U_, _,_1. Using
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the identity
<0p0,8>+ <0,0.0>=d(a(c) Ap). (3.25)
given in the lemma 2.5 of [23], we will get :

h(5+0', ﬂ) = / < 5+0'7 *Gﬂ_ >
M
= —/ < 0,0, %, B>
M

— _/ <O FoF 0y kg B>
M

= h(o,—%,'0.%,0). (3.26)

Equation implies 8% = —*, 0,5 O

The following lemma will enable us to understand the action of generalized Hodge

star operation of forms. The proof can be found in [24].

Lemma 3.21. (Lemma 2.6 of [24)]) If G is a generalized metric structure compatible
with a GCS Ji, then the generalized Hodge star operation assumes U,, as its P9
eigenspace. More explicitly, for an element o € U,, the action of generalized hodge

star is given by xgo = "o

Note that in the usual Hodge theory, after we construct the adjoint differential
operators, we define the Laplacian operator A = dd* + d*d. Similarly we will define
the Laplacian operators for the differential operators we have constructed so far. The

relation between them will be stated in the next theorem.

Theorem 3.22. (Theorem 2.1 of [25]) In a compact generalized Kdhler manifold with-
out boundary, the operators defined in Equation[3.19 and their adjoints satisfy

0t =0, and & =—0_ (3.27)
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Moreover, the Laplacians of these operators satisfy the relations

A0 = 205, =205, =20y, =2A;
= As, =As = D5, = A5 (3.28)

Proof. (We will sketch the proof given in the article [23].) We have stated that in a
compact generalized Kahler manifold % = —%G&r;gl by, Lemma Using Lemma
for o € U, , and noting that ¢ € U_,, _, we have :

x 1 s -1
0,0 = —k,04%_ 0
—  _ptix S 5
= —1 *G(5+O—

_ _Z'p+qi(—p+1—q+1)5+0

Also for the relation §* = —§_ we have
8’0 = —%,0_% '
= —ip+qJ<G5_5

_ _Z'(fp+1fq712-p+Q)570.

I (3.30)

So, we have proved the first part of the theorem. For the second part of the claim, let

us note that,

d=07+07=0+0_+06, +6_
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By using the fact that d?> = (90 + 99) = 0, we can derive the following

d? 6404 +6,0, +6_0_+6_0_=0
5.6 —5.5_ 5.0, + 0,0,
S5t 466 = 6,60 4656,
As_ As, (3.31)
For the other identities
Ay = (dd* + d*d)
= (04 +0_ 404 +06_)(8 + 0"+ +6)
+(6 0" 05 4+ 6) (0 + -+ 04 +0)
= 200,04 +0.0,)+2(5.6_+5.6.)
= 205, +20; =440, (3.32)
O

Following the usual arguments in Kahler geometry we can define analogues of

Hodge decomposition theorem and dd—lemma. These theorems in Kihler geometry

put restrictions on manifolds admitting a Kahler structures. For more detailed argu-

ments on generalized Hodge decomposition and 99— lemma, see [3] and [22].

Theorem 3.23. (0,.9_-lemma of [22])

In a compact generalized Kahler manifold

Iméy N Kerd_ =Imdé_ N Kerdy = Im(d,9_) (3.33)
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3.6. Formality in Generalized Kahler Geometry

In this section by following the arguments given in article [17], we will discuss an
important property of generalized Kéahler geometry, namely formality. This property
provides a criteria for the existence of a Kéhler structure on a manifolds. Similarly, one
can show that nilmanifolds with non-trivial nilpotent Lie algebras cannot have Kahler
structures since they are not formal. So, we will use an analogous argument to show
that they do not admit GKS.

In order to achieve our aim, we need some definitions related to differential graded
algebras. Let us note that, by a differential graded algebra we mean a graded algebra

endowed with a differential operator which must be a derivation.

Definition 3.24. A differential graded algebra is called minimal if it is free as a dif-
ferential graded algebra and has generators ey, --- ,e,, -+ such that

i)The degree of the generators form a weakly increasing sequence,

ii) There are finitely many generators,

iii) The differential operator satisfies de; € span{ey,--- ,e;_1}

Definition 3.25. A minimal model M, for a differential graded algebra A is a minimal
differential graded algebra together with a quasi-isomorphism v : M — A.

Definition 3.26. A differential graded algebra A is called formal if it has the same
minimal model as its cohomology when we consider the cohomology with trivial differ-

ential operator.

Example 3.27. (Nilpotent Lie Algebra)(Exzample 1 of [17]) One can show that if g is
a nilpotent Lie algebra then, (\ g*,d) is minimal differential graded algebra. However,

if the bracket is non-trivial it is not formal. A proof of this statement will be given in

Proposition [{.1].

Theorem 3.28. (Theorem 2.15 of [25])

If 71, J2 is a GKS on a compact manifold and J, has a trivial canonical bundle,
then (QU(L1),dy,) is a formal differential graded algebra.
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Proof. (We will sketch the proof given in the article |23].) Let us assume that J; has
canonical bundle satisfying dp = 0. In this case Equation becomes

5ila-p) = (9f,0) - p (3.34)

and using this relation between d, and 9}, Theorem implies

Im(07,) N Ker(9;,) = Im(d;,) N Ker(9},) = Im(9},9;,) (3.35)

Let us prove this claim. Let v € Im(9] ) N Ker(d;,). Then o = 9F f and 9; o = 0.

If we define@ =a-pand B=06-p

a=a-p=(9fB)-p=0.(8-p). (3.36)

So, & € I'm(d,). Similarly,

0_(a-p)=(9,a) p=0. (3.37)

So, @ € Ker(d_). Thanks to the (§,0_)-lemma , we have & € Ker(dy)NIm(d_).
This implies,

a-p = a=0-(y-p)=(9,7)p- (3.38)
So, we get the first part of the our claim: Im(9;,) N Ker(d;,) = Im(d;,) N Ker(d,).
For the other part, just apply the same argument and a € Im(9;, ) N K er(@fl) in this
case. Finally, we get the natural extension of ([3.35)):

Im(dp,) N Ker(dy,) = Im(dy,) N Ker(dg,) = Im(dg,d},) (3.39)

where df = (0] — 9;,). So, consider the following differential graded algebras
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Q(Ly,dy,), algebra of d closed forms (Q.(L), dp, ) with the differential d;, and finally
the cohomology (H.(L1),dy,) of L with respect to d7, and its differential is dp,. It is

obvious that we have the following maps between these differential graded algebras

i (Q(Ly),dp,) — (QLy),dg,)

™o (QC([_’l)?qu) _><HC(L1)7dL1)'

These are the injection and the projection mappings respectively. In fact, these map-
pings form isomorphisms between cohomologies of these algebras. Therefore, if we have
a minimal model M for (Q.(L,),dr,) and ¢ is the morphism between them, then one

can construct the following isomorphism between M and H(L,).

10 @ : M — (Q(Ll),dLl)

i*o(m ) tomop : M — H(L)) (3.40)

This implies that (©(Ly),dr,) is formal for a compact generalized Kéhler manifold

whose canonical bundle satisfies the relation dp = 0. [
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4. NILMANIFOLDS

In this chapter, we discuss the GCS on nilmanifolds. Historically, these spaces are
the first examples of manifolds which admit symplectic structure but not the Kahler
structures, see [12]. Also, it is known that on six dimensions five classes of nilmanifolds
admit neither a symplectic nor a complex structure [14]. So, it is natural to ask whether
these manifolds admit a GCS. In this section we will obtain following results: Every six
dimensional nilmanifold admit a GCS. If also, a nilmanifold admits a Kéhler structure
then its corresponding Lie algebra must be trivial. Throughout this chapter we followed

the articles |17] and |14].

4.1. Nilmanifolds and Nilpotent Lie Algebras

Definition 4.1. Let G be connected, simply connected, nilpotent Lie group and J is a
left invariant GCS on G. We can identify this structure on G with a GCS defined on g.
Let T be a cocompact discrete subgroup of G. In this case, the quotient space M = I'\ G
is called a nilmanifold. This manifold has an induced GCS from the structure defined
on G. We will denote this GCS again by J and call this structure as left invariant
GCS on M. Thanks to the left invariance of these structure it is enough to study on
the Lie algebra g of G

In the remaining part of this chapter we will work on six dimensional nilmanifolds.
Since the exterior derivative is dual to Lie bracket, in the sense that da(X,Y) =
—a([X,Y]) for an element o € g*, we will use the exterior derivative to describe Lie
algebra g*. In addition to this, we will use the following notation to describe structure

constants:

(0,0,0,12, 13,23 + 13)
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which means that

d61 :0,d€2:0,d63:0,d€4:€1+62,d€5261/\63,d€6:€2/\63+€1/\63

From now on we will use a short hand notation e; A e; = e;e;. Since g comes from
a nilpotent Lie group its Lie algebra is also nilpotent in the sense that the following

sequence of ideals of g

will end g* = 0 for finite s € Z. Also we can construct annihilators of each g

Vi={aeg| daenVi,}, Vy={0} (4.1)

In fact, we can easily see by induction that each element of the V; is an annihilator of
g'. For i = 1, we need to show that a(X) = 0 for an arbitrary element o € Vi and
X € g'. Remember that being an element of g' implies that X = [Y, Z] for elements

Y, Z € g. So, since o € V; implies da = 0 we get the following

da(Y,Z) =0 = —a([Y, Z]) = a(X)

Assume that for i = k — 1 our claim holds, i.e. Vj; is the annihilator of the g’. In order
to prove our claim we need to show that Vj, is the annihilator of g*. Let us choose X as
an arbitrary element of g*. That is to say, X is in the form X = [V, Z] where Y € gh!
and Z € g. If we calculate a(X)

a(X) = a([Y, Z]) = da(¥, Z) = 0

since da € A?Vj,_; which is the annihilator of the g#~!

Definition 4.2. The nilpotent degree of a p-form o, which is denoted by nil(«), is the
smallest i such that o € \''V;.
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Now we can prove our claim stated in Example [3.27}

Proposition 4.3. The nilpotent Lie algebras are minimal differential graded algebras.

Howewver, they are not formal unless they are trivial.

Proof. Thanks to the property given in Equation we can choose a basis inductively
such that de; € A2 < eq,---,e;,_1 > where we use the notation A? < ey, -+ ,e,_1 > to
denote the two forms generated by the forms ey, --- ,e;_1. It is clear that, this property
implies that these algebras are minimal. Also note that, if the differential is not trivial
then de,, must be nonzero (otherwise for any element 5 of g* we have df = 0) and
e1---e,_1 is an exact form. If the algebra g* is formal then there is an isomorphism

between the differential graded algebras:

Y (Ag*,d) — H(g) (4.2)

However, this map cannot be an isomorphism since in this case we would have:

0F#P(er---e,) =1(er--epn1)(e,) =0 (4.3)

So, we conclude that a nilpotent Lie algebra is not formal unless it is trivial. O

4.2. Generalized Complex Structures on Nilmanifolds

In this section we will first show that any GCS on a nilmanifold satisfy the re-
lation dp = 0 where p is any element in the canonical line bundle of the GCS, see
Definition [2.23] Then, we will see the effect of the type on the construction of GCS.

Finally, we will give an explicit GCS for a specific six dimensional nilmanifold.

Now, we will prove a theorem which is one of the most important results about
GCS on nilmanifolds. Before that we need a technical lemma. The proof of this lemma

can be found in [14] so we will omit the proof here.
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Lemma 4.4. (Lemma 8.3 of [14)]) Let p = ePT“Q be an element of the canonical line
bundle of a GCS defined on a nilmanifold M. Recall that €2 is given in the form ) =
01 A+ Ny (Proposition|[2.28). In this case {01, -0} can be chosen so that nil(6;) <
nil(6;) wheneveri < j and also the set {0}, nil(0;) > i} are linearly independent modulo
Vi. Moreover, suppose that none of these 6;’s satisfy the condition nil(0;) = X\ but there

is a 0; such that nil(6;) = A+ 1. Then, V;11/V; must have dimension two or grater.

Theorem 4.5. (Theorem 3.1 of [14)]) Any left invariant global trivialization p of the

canonical bundle must be a closed differential form.

Proof. Let M be a nilmanifold on which a left invariant GCS J is defined. We know
that this structure corresponds to a canonical line bundle p which is given in the

following form

p=eBrIQ Q=0 A NG (4.4)

Also from Lemma , we know that integrability implies the following: dp = (X +&)-p
for some X 4+ £ € V. When we expand this condition

dp=(X+&)-p = ixp+&Ap
d(B +iw)ePrIQ + BP0 = ix(B+ iw)ePT0 +
e(B+iw)Z~XQ + e(BJriw)é/\ 0

AB+iw) ANQ+dQ = ix(B+iw)AQ+ixQ+EAQ (4.5)

from k + 1-part of this equation we get :

dQ =ix(B +iw) ANQ+EAQ. (4.6)

Multiplying both sides of Equation [4.6] with 6;, we find

O; NdQY=dO; N0y A\ --- NO = 0. (4.7)
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As we stated in Lemma [4.4] we can choose 6;’s in such a way that the elements of the
set {6, : nil(#;) > i} are linearly independent modulo V; [14]. This fact allows us to
say that

which implies

However, this argument holds for all ¢ so, we conclude that d2 = 0. Also, when we

compare degree k + 3 forms in Equation 4.5 we get

d(B+iw)ANQ =0 (4.10)

Finally, combining the result with d€) = 0, we get dp = 0 which is what we wanted
to show. O]

Now by using the above machinery we will show how we can put some restrictions

on the type of GCS of a six dimensional nilmanifolds.

Proposition 4.6. [14] If a siz dimensional nilmanifold M has nilpotent Lie algebra
given by (0,0,0,12,14, —) and has a nilpotent index four, then M does not admit a left
invariant GCS of type 2.

Proof. Suppose that M has a nilpotent Lie algebra given by (0,0,0,12,14, —) and it
admits a GCS of type two whose corresponding pure spinor is p = eBT)g; A 6,.
Here we choose {6;} as in Lemma {4.4 From Equation we find that nil(6;) = 0.
So that 6, = z1e; + 29e5 + 23e3. Notice that since we suppose g has nilpotent index
four we have dim(V;11/V;) = 1 for i > 1. So Lemma implies nil(6y) < 2, that

is Oy = wie; + woeg + wsez + wyey. Now, we will apply the conditions df2 = 0 and
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WFA QA Q # 0 which imply :

Q = 9192 = (leg — 22w1)€162 —+ (21w3 — 23w1)6163 +

(z1wg)ereq + (zows — z3wsg)eges + (zawy)esey + (z3wy)esey

Then taking the exterior derivative of €2, we get :

dQ) = —<23w4)€361€2 =0 (411)

The condition (4.11]) implies that

23 =10 or  wy=0 (4.12)

QAQ = (zrwy — 2wy )(z3ws)erezezes + (21w — 23wy ) (22w )erezeaey +

)
(21U)4>(22"LU3 — ZgUJ2)€1€4€2€3 -+ (ZQU)g — Z3ZU2>(21U}4)62€3€1€4 -+
)

(20wyq)(z1w3 — z3wq)egeserez + (23wy)(21we — 29w )ezeseres  (4.13)

From Equations [4.12] and 4.13| we deduce that z3 = 0. So 6; = z1e; + 225 and

Q = (z1wy — 20wy )eres + (z1ws)eres + (z1wy)eres + (zows)eses + (2owy)eses. Moreover
the condition w A Q A Q = 0 implies w must be nondegenerate on {e’, e®}. Using this
we find that B + iw = (kye; + - - - kses)eg + o where a € A% (e1,--- ,e5) and ks # 0.
Equation [4.5] implies

dp = d(B+iw)ANQ=0 (4.14)
In our case we get

d,O = (]{34616266 + k’56164€6 - (]{5161 + - l{?5€5)d66 + dOé) A
= k’522w3€164€66263 — [(k:161 + - k5€5)d€6] A [(2211]3)6263 + (22w4)€264]

+do A Q (4.15)



47

Notice that in Equation the only term that contains eg is kszowsejesegeses (recall
that do € V;_; if 0 € V;) and the coefficient of this term kszows is nonzero. First note
that, we have assume that kj is a nonzero constant. Also, if 2o = 0 then 6;0; = 0 which
implies that QA Q = 0 and finally w3 = 0 implies Q = (z1ws — 2w e+ (21wy)ereq +
(z9w4)e2ey4 and hence Q A Q) = 0 again. Therefore we can conclude that dp cannot be

a closed pure spinor which gives a contradiction. O

Using similar arguments we can put some restrictions on the type of a left invari-
ant GCS on nilmanifolds. Moreover, these restrictions in some cases help us to find

GCS explicitly.

Let M be a nilmanifold with nilpotent Lie algebra (0,0,12,13,14 + 35). We will

investigate type two GCS on this nilmanifolds. First of all, let us write V;’s explicitly.

‘/1:< €1, €2, €3 >7‘/2:< €1, €2, €3,€4 >, ‘/?):V (416)

So 0; = z1e; + z9€9 + 23e3. Due to Lemma and the fact that dim(V3/V3) =1 ,we

have 6 = wie; + woes + wses + wyes + wses, and w4 or wy are nonzero.

Q = 01 A0y = 6105 = (zyws — 20wy )eres + (z1w3 — 23wy )ejes +
(z1wg)ereq + (z1ws)eres + (zows — z3wq)eges + (zawy)esey + (zows)eses +
(z3wyq)eseyq + (z3ws)eses
dQ) = —(zws)eseres — (zzwy)eseren

= 0 <= 2ws = 23wy (417)
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Rearranging the terms we get the following coefficients.

The coefficients of ejeqeszey :

a = Re(zw4(Zaws)) — Re(z1ws(Zowy)) + Re(z1wq(Z3wy)) —

Re(zwy(Z3ws)) + Re(zzwy (Zowy)) — Re(zow: (Z3wy))
The coefficients of ejeqezes :

b = Re(zwy(Z3ws)) + Re(z1ws(Z2ws)) — Re(zows (Z3ws)) —

Re(zyws(Z1ws)) — Re(z3wy(Zaws)) — Re(zws(Z3ws))
The coefficients of ejeqeqes :

¢ = Re(znws(Zawy)) — Re(z1w4(Z2105))

€1€2€3€4 +

e1e263€5 +

)

)
m_ e1€362€4 +

)- e1e3e9es +

ZoWs — z3Wsq)(2z1Wy) | €1€4€2€3 +

ZoW3 — Zg’LUQ)(Zl'LU5) €1€5€9€3 +
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(4.18)

(4.19)

(4.20)



The coefficients of ejeseqes :

d:

The coefficients of egeseqes :

Re(z1ws(Z3wWs)) — Re(z1w4(Z3wWs))

[ = Re(znws(Z3wy)) — Re(2wa(Z3ws))
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(4.21)

(4.22)

Notice that e is in the kernel of Q A €. Suppose the other vector in the kernel is in

the form vie! + - - - + vse® then we get the following conditions

cvp — fu3 =0,
cvy +bvg =0,

cvs + avyg =0

cvy +dvy =0, cvs —avy =0
dvy + fuy =0, dvy — bvy =0
avy — fus =0, evy +bv; =0
avy + bvs =0

(4.23)

Finally, we compute the condition dp = 0. As we have seen in the above computations,

we can write B + iw = (kijeq + koea + -+ - + kses) eg + o such that at least one of the

2
k;’s are nonzero and o € \° < e, -+ ,e5 >.

d(B +iw)Q =

k:423w4 €1€2€3€4€E4 + (k423'll)5 €1€2€3€E5E5 —
kszowy)eregeseses — (kszaws)eiesezeses +
k1 zowy)eieseseqses — (k2z3w5 €1€2€3€4€5 —
kiziws)ereseseses — (kazowy)ereseseses —

( ) )
( ) )
( ) )
(koziwy)ereseseqses + (kszows)eieseseses +
( ) )
( ) )

k’g,ZQ’LUg €1€2€3€4€E5 + (k:523w2 €1€92€3€4€5

(4.24)
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The Equation must be equal to zero. So, in particular

w4(k423 — ZQ]{?5) = 0

w5(k423 — 22k5) = O

Since wy and ws cannot be equal to zero simultaneously, we see that

]{5423 - 22k5 =0 (425)

Also the remaining terms in Equation [4.24] must satisfy :

w4(k‘1z2 — Zlk’g) + w5(k322 — 23]{?2) + k:4(21w2 — w122) + k5(23w2 — wgzg) = O (426)

To sum up:

The nilmanifold whose nilpotent Lie algebra given by (0,0, 0, 12,13, 14 + 35) admits a
type two left invariant GCS if and only if the conditions found in Equations [£.17] [4.23]
must hold. Also a, b, c,d, f given in Equation [4.22| should not be zero simul-
taneously. These conditions allows us to construct type two GCS on (0,0, 0, 12,13, 14+
35).

Proposition 4.7. p = elc1¢steses)ileses—eres) (je, +ey+iez)(eq+ies) gives a type two left
invariant GCS on the nilmanifold with associated nilpotent Lie algebra (0,0,0,12,13, 14+
35). Also note that this GCS does not apper in the list given in [14)] which says that

these structures do not need to be unique.

Proof. Just check the conditions [4.17], [4.23], [4.26], [4.25] and [4.22] for

01 = ’i61 +e9 + i€3 and 92 = ey + Z'€5

B+ iw = (6166 + 6366) + i(€366 - 6166)
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Remark 4.8. As we already stated in the introduction, there are 34 different nilman-
ifold classes and only five of them do not admit a complex or symplectic structure.

These classes are given in [14] as:

0,0,12,13,14, 34 + 52)
0,0,0,12,13,14 + 23,34 + 52)

(
(
(0,0,0,12,13, 14 + 35)
(0,0,0, 12,23, 14 + 35)
(

0,0,0,0,12,15 + 34)

Notice that we already find a GCS on the nilmanifold class (0,0,0,12,13,14 + 35).
Using sitmilar arguments as we used to obtain the conditions in the proof of Proposition

one can show that all of these nilmanifolds admit a GCS [14).

We know that except the trivial nilpotent Lie algebra, none of these algebras
admit a Kahler structure. So it is natural to ask whether they admit generalized

Kahler structures or not. The answer is:

Theorem 4.9. [17] If a nilpotent Lie algebra g admits a generalized Kdhler structure

then g is Abelian.

Proof. We have showed in Theorem that if a manifold admits a generalized Kéhler
structure with trivial canonical bundle then its differential graded algebra Q(Ly,dy,)
must be formal. Moreover, Example shows that the differential graded nilpotent
algebras are not formal except they are trivial. Also note that L, is nilpotent subalgebra
of the nilpotent algebra (g @ g*) ® C. So we can conclude that only Abelian nilpotent
Lie algebras can admit GKS. m
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5. CONCLUSION

In this thesis, we studied the generalized complex geometry which is a generaliza-
tions of the complex and symplectic structures. In fact, these two are just some special
examples of GCG. Then, in order to demonstrate that the GCS is more than just
the union of these structures, we considered GCS on six dimensional nilmanifolds.It
is known that five classes of nilmanifolds admit neither a complex nor a symplectic
structure. In the article [14] the nilpotent Lie algebra (0,0, 0,12, 13,14 + 35) is one of
the classes admitting neither structures. Following the arguments given in this article,
in Corollary we explicitly constructed a generalized complex structure on these
nilmanifolds. Proceeding similarly, we aimed to understand GKS on nilmanifolds. Fol-
lowing the article [17], we discussed the Hodge theory of GCS and formality property.
These notions brought us to the result that if a nilmanifold admits a GKS then its

corresponding Lie algebra must be trivial, (Theorem |4.9)).

Our main purpose was to understand essential properties of the generalized com-
plex structures and applications of these in the nilmanifolds. For this aim, we tried
to study these structures on the most basic level. Therefore, we avoided going into
the relations of the subject with Courant algebroids and gerbes which provide higher
generalization of the subject. For these one can consult the articles 2], [9] and [25].
Also we did not mention H— fluxes and generalized diffeomorphisms which have im-
portant counterparts in the physics literature, see [6] and [2]. In addition to these,
recall that in Section [3.2] we have define a metric on the generalized tangent bundle.
So, one of the natural study area in generalized geometry is to study the Riemannian
geometric properties of these structures. Especially, understanding the properties of
the generalized Riemannian curvature and generalized Ricci tensors is an interesting

task for both mathematicians and physicists. For details see [26] and [27].

In the search of generalized Kahler manifolds in Section [3.4] we limited ourselves
to a small portion of the subject. Historically, the relation with the generalized com-

plex geometry and the string theory rooted in the equivalence of the generalized Kahler
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structures and Bi-Hermitian structures. Originated from this relation, now string the-
ory and generalized complex geometry have very tight relations. Moreover, very large

amount of researchers still try to make this relation more apparent, see [5], [8] and [7].

Let us also mention some possible further study topics in the field GCS on nil-
manifolds. In Chapter [£.1] we focused on six dimensional nilmanifolds and showed that
all of them do admit a GCS. The natural question in the sequence is, whether this fact
is valid for all nilmanifolds or not. In fact, one can find eight dimensional nilmanifolds
which does not admit a GCS. This result makes things much interesting since it implies

that the construction of GCS on nilmanifolds is not a trivial task.
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