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ABSTRACT
RANDOM SETS AND CHOQUET-TYPE REPRESENTATIONS

Sabri Umur Cetin
M.S. in Industrial Engineering
Advisor: Cagin Ararat
August 2021

As appropriate generalizations of convex combinations with uncountably many terms, we
introduce the so-called Choquet combinations, Choquet decompositions and Choquet convex
decompositions, as well as their corresponding hull operators acting on the power sets of
Lebesgue-Bochner spaces. We show that Choquet hull coincides with convex hull in the
finite-dimensional setting, yet Choquet hull tends to be larger in infinite dimensions. We
also provide a quantitative characterization of Choquet hull. Furthermore, we show that
Choquet decomposable hull of a set coincides with its (strongly) closed decomposable hull
and the Choquet convex decomposable hull of a set coincides with its Choquet decomposable
hull of the convex hull. It turns out that the collection of all measurable selections of a
closed-valued multifunction is Choquet decomposable and those of a closed convex-valued
multifunction is Choquet convex decomposable. Finally, we investigate the operator-type
features of Choquet decomposable and Choquet convex decomposable hull operators when
applied in succession.

Keywords: Random sets, Choquet theory.
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OZET
RASTSAL KUMELER VE CHOQUET- TIP TEMSILLER

Sabri Umur Cetin
Endiistri Miihendisligi, Yiiksek Lisans
Tez Danmigmani: Cagin Ararat

Agustos 2021

Digbiikey birlegimlerin sayillamaz c¢oklukta terim igeren genellemesi olarak Choquet
birlesimlerini, Choquet ¢oziigsiimlerini ve Choquet digbiikey ¢Oziisiimlerini tanimlanmig ve
bunlara karsilik gelen ortii oparatorlerinin Lebesgue-Bochner uzaylarinin kuvvet kiimelerine
etkilerini incelenmigtir. Sonlu boyutlu uzaylarda Choquet ortiilerinin digbiikey ortiilerle ayni
oldugunu, fakat sonsuz boyutlu uzaylarda Choquet ortiilerinin daha biiyiik oldugunu goster-
dik. Choquet ortiilerinin niceliksel karakterizasyonlarini gosterilmistir. Sonrasinda Choquet
¢oziimlenebilir ortliniin digbiikey ¢oziimlenebilir 6rtiiniin kapanigt oldugunuve ayni zamanda
digbiikey ortiintin Choquet ¢6ziimlenebilir ortiistintin oldugunu gosterilmistir. Kapali degerli
rastsal kiimelerin Olgiilenebilir seleksiyonlarinin kiimesinin Choquet ¢oztimlenebilir oldugunu
ve kapali digbtikey degerli rastsal kiimelerin 6l¢iilenebilir seleksiyonlarinin kiimesinin Choquet
digbtikey ¢oziimlenebilir oldugunu gosterilmistir. Son olarak Choquet ¢oziimlenebilir ve Cho-
quet digbiikey c¢oziimlenebilir ortiilerin oparator ozelliklerini ve art arda uygulandiklarindaki

aralarindaki etkilesimi incelenmistir.

Anahtar sozcikler: Rastsal kiimeler, Choquet teorisi.
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Chapter 1
Introduction

Integration of multifunctions dates back to Aumann [1]. The Aumann integral [ XdP of an
F-measurable multifunction X: Q — P(RY) is defined as the collection of expectations of
integrable random vectors taking values in X, provided that at least one such random vector

exists. Here, (Q, F,P) is a probability space and P(R?) denotes the power set of R

For a measurable multifunction X : Q — P(R?) satisfying some mild boundedness condi-

/conVX dIP’zconv(/XdP),

which is known as the Aumann identity; see Theorems 1.2.26 and 1.2.27 in [2]. The Au-

tions, one has

mann identity shows the importance of having a convex representation ¥ = conv X for a

multifunction Y in terms of another multifunction X.

A probability measure g on R? is said to have a barycenter if there is a point y € R?
satisfying
() = [ w2} nlda)
Rd
for every u € R%. Notice that a convex combination 27;1 \iz; of points in R? can be seen as

the barycenter fRd x pu(dx) of p=31" \idy, since for every u € R, one has

(o fLantan)) = [ tnshstte) = [ gn.2) >
= é)\i /Rdm, x) Oy, (dz) = iki (u,x;) = <u, i)\le> _

i=1 i=1



In this thesis, by generalizing convex combinations, we introduce Choquet combinations
as barycenters of probability measures. Then, we call a set a Choquet set if it contains
every Choquet combination of its points and define the Choquet hull of a set as the smallest
Choquet set containing it. We show that convex hull and Choquet hull coincide for every
subset of RY. However, in infinite-dimensional spaces there are convex sets that are not
Choquet sets, hence Choquet hulls tend to be strictly larger than convex hulls, yet we show
that every closed convex set is a Choquet set. We also show that the Choquet hull of a set
precisely consists of the collection of all Choquet combinations of its points, that is, every
Choquet combination of Choquet combinations of points of a set can indeed be seen as a

Choquet combination of its points.

In this spirit, we consider Choquet-type representations for a multifunction X and for the
collection of random vectors taking values in X, see [3] for an overview of Choquet’s theorem.
We show that the collection of random vectors taking values in a closed convex random set
is a Choquet set. Theorem [5.0.8] Corollary and Theorem are the main results
on Choquet combinations, providing the theoretical foundations for further methods in the

computation of Aumann integrals.

For random vectors £ and (, and an event B € F, the random vector 15§ + 15:C is
called a decomposition of £ and (. For every p € {0} U[1,+00), a subset of LP(R?) is called
decomposable if it contains every decomposition of its elements and the decomposable hull
of a subset of LP(R?) is defined as the smallest decomposable subset LP(R?) containing
it. Consider a measurable multifunction X: Q — P(RY). If £ and ¢ are random vectors
taking values in X and B € F is an event, then 15§ + 15.¢ takes values in X, showing the
decomposability of the collection of random vectors taking values in X. Moreover, given a
sequence (&;)22; of random vectors taking values in X and a measurable partition (B;)$2,
of Q, the random vector >, 1p,¢;, called a countable decomposition of (&;);en, also takes

values in X.

By generalizing finite and countable decompositions, we introduce Choquet decomposi-
tions, which serve as uncountable-type decompositions in LP(R?). We call a subset of LP(R?)
a p-Choquet decomposable set if it contains every p-integrable Choquet decomposition of its
elements, and define the p-Choquet decomposable hull of a subset of LP(R?) as the smallest
p-Choquet decomposable subset of LP(R?) containing it. We show that p-Choquet decom-

posable hull coincides with the strong closure of decomposable hull for subsets of LP(R?).



However, by studying it as a single hull operator, we are able to extend the definition of
p-Choquet decomposable hull for every subset of LO(R?), without assuming any integrabil-
ity, for every p € {0} U [1,+00). It turns out that p-Choquet decomposable hull operators
can be obtained from the 0-Choquet decomposable hull operator via truncation. We also
show how p-Choquet decomposable hull operators interact with each other when applied in

succession. See Proposition [6.0.5] Corollary and Theorem [6.0.10] for the main results
and Theorems [6.0.15| and [6.0.19] for a discussion from a hull operator point of view.

Finally, consider a measurable multifunction X: Q — P(R?) with convex values. For
random vectors &, ...,&, taking values in X and measurable functions Ay,..., A\, > 0
with Y ", A; = 1 P-almost surely, the random vector > " A&, called a random convex
combination of i, ..., &y, takes values in X. For every p € {0} U [1, +00), by generalizing
random convex combinations and Choquet decompositions, we introduce Choquet convex
decompositions, which serve as uncountable-type convex decompositions in LP(R?). We
call a subset of LP(RY) a p-Choquet convex decomposable set if it contains every p-integrable
Choquet convex decomposition of its elements and define the p-Choquet convex decomposable
hull of a subset of LP(R%) as the smallest p-Choquet convex decomposable subset of LP(R?)

containing it.

We show that p-Choquet convex decomposable hull coincides with the closure of the
decomposable hull of convex hull, hence also with the p-Choquet decomposable hull of convex
hull, for subsets of LP(R?). Similar to what we did before, by studying it as a hull operator, we
extend the definition of p-Choquet convex decomposable hull for every subset of L°(R?) for
every p € {0}U[1,400). It turns out that the p-Choquet convex decomposable hull operators
can be obtained from the 0-Choquet convex decomposable hull operator via truncation. We
also show how p-Choquet convex decomposable hull operators interact with each other when
applied in succession. See Proposition and Corollaries [7.0.5] and [7.0.6] for the main
results and Corollary and Theorem for a discussion from hull operator point of

view.

We review random sets in Chapter [2| focusing on graph measurability and Effros measur-
ability. We also consider set-theoretic operations in relation to these measurability notions.
Chapter 3| contains selections of random sets, the Aumann integral and selection expectation.
We review the representation of compact convex sets in Chapter @l Chapter [ introduces

Choquet combinations and Chapter [6] introduces Choquet decompositions. In Chapter [7], we



introduce Chouquet convex decompositions and investigate their relation to Choquet com-
binations and Choquet decompositions. Chapter [A] the appendix, treats Bochner integrals

in relation to transition kernels and distributions.



Chapter 2

Random sets

In this chapter, we consider multifunctions and provide a detailed review of two relevant
measurability notions. Some are original slight improvements, we intend to have an almost
complete overview for our purposes. Let E be a separable metric space. Let P(F) denote the
power set of E and let B(E) denote the Borel o-algebra of E. Let (Q, F,P) be a probability
space. For x € F and € > 0, B.(x) denotes the open ball centered at x with radius e.
For a set A C E, we denote by clA = A, int A, OA the closure, interior, boundary of A,

respectively. We write B.(z) := B.(x) for the closed ball centered at z € E with radius
e > 0. When FE is a Banach space, we denote by conv A, tonv A the convex hull, closed

convex hull of A, respectively.

2.1 Measurability notions

For a multifunction X : Q — P(E), the domain of X is defined as
dom(X) = {w € Q: X(w) # 0},
and the graph of X is defined as
Graph(X) ={(w,z) € A x E: v € X(w)}.
For a set B C FE, denote
X (B) ={weQ: X(w)N B #(}.

5



A multifunction X is said to be closed/compact/open if X (w) is closed/compact/open for
P-almost every w € 2. When E is a Banach space, X is said to be convex if X (w) is convex

for P-almost every w € 2. We recall the following measurability notions for multifunctions:

Definition 2.1.1. A multifunction X : Q — P(F) is called

1. graph measurable or a random set if Graph(X) € F @ B(E),

2. Effros measurable if X~ (U) € F for every open subset U of E.

We have the following relation between graph measurability and Effros measurability:

Theorem 2.1.2 (Theorem 4.1, Hess [4]). For closed multifunctions, Effros measurability
implies graph measurability. When E is a separable Banach space and the probability space
(Q, F,P) is complete, graph measurability implies Effros measurability, and in this case the

two are equivalent for closed multifunctions.

We consider several examples of closed Effros measurable multifunctions that are auto-

matically graph measurable when the probability space (€2, F,P) is complete.

Example 2.1.3. Let &, 7 be real-valued random variables such that n < &. Let r be a real-
valued positive random variable and let ¢ be an n-dimensional random vector with n € N.
Let X = {¢}, Y = (—00,&], Z = [n,&] and W = B,(p) == {z € R?: |p — 2| < r}, where ||
denotes the Euclidean norm on R?. Then X, Y, Z and W are closed convex Effros measurable

multifunctions.

2.2 Set-theoretic operations

We start with a theorem summarizing some useful properties of Effros measurable multifunc-
tions. Note that Effros measurable multifunctions are mostly studied in the closed-valued set-
ting and the proofs rely heavily on Castaing representations, see for instance Theorem [3.1.3]
below; such proofs fail to generalize further. For that reason, we unify the theorems with
minimal assumptions, including the proofs for those that extend the literature. Recall that,
for a set B C (), its indicator function 15 is defined by 1g(w) = 1 forw € B and by 15(w) =0
forw e B =Q\ B.



Theorem 2.2.1 (Molchanov [2]). Let X, Y and X,, be Effros measurable multifunctions for
every n € N. The following results hold:

1. dom(X) € F.
2. The multifunction X is Effros measurable.
3. For every y € E, the distance function
d(y, X) = inf{d(y,x): x € X}
is a random variable taking values in [0, +00].
4. For every e > 0, the multifunction X¢ = {x € E: d(x,X) < €} is Effros measurable.

5. For every B € F, the multifunction Z = X1p + Y1pge defined as

X(w), ifweB
Y(w), ifwe B°

Z(w) =

1s Effros measurable.

6. For every measurable partition (By)nen of , the multifunction Z = %2 | X,1p, is

Effros measurable.

7. The multifunction |, . Xn is Effros measurable.

neN

8. If X and X' are Effros measurable multifunctions in second countable metric spaces
E and E', respectively, then the Cartesian product X x X' is an Effros measurable

multifunction in E x E' considered with the product topology.

Let us further assume that E is a separable Banach space and X, Y and X, are closed

for every n € N. Then, we also have the following results:

9. The multifunctions conv X, conv X are Effros measurable.

10. For every real-valued random wvariable o, the multifunction aX is closed and Effros

measurable.

11. The multifuncions cl(X°¢), cl(int X), 0X are closed and Effros measurable.

7



12. The multifunctions X UY and X NY are closed and Effros measurable.
13. The multifunctions cl(J, ey Xn) and (,cny Xn are closed and Effros measurable.
14. The multifunction cl(X +Y) is closed and Effros measurable.

15. If X and 'Y are both bounded P-almost surely, then d(X,Y") = inf{d(z,y): v € X, y €

Y} is a real-valued random variable.

Proof.

1. For U = E, we have
X (U)={weQ: X(wNE#D} =dom(X) e F
by the Effros measurability of X.

2. For every open subset U of E, we have

X (U)={weQ: X(w)nU # 0}
={we: X(w)NnU # 0}
=X (U)eF
by the Effros measurability of X. Indeed, X is Effros measurable if and only if X is.

3. For every € > 0, we have

{we:d(y,X) <e} ={we Q: Ix € X(w) such that d(y,x) < e}
={weQ: X(w)NB.(y) #0}
= X" (B:(y) e F

by the Effros measurability of X. Indeed, the measurability of d(y, X) ensures the
Effros measurability of X.



4. For every open subset U of E, U :={z € E: d(z,U) < €} is an open set. We have

(X)) (U)={weQ: X°NU #0}
= {w € Q: 3z € U such that x € X*(w)}
={weQ: Ir e U, Jy € X(w) such that d(z,y) < €}
={w € Q: Jy € X(w) such that y € U}
={weQ: XNU* £ 0}
=X (U°) e F

by the Effros measurability of X.
5. For every open subset U of E, we have
Z7U)={weQ: Z(w)NU # 0}
= (fwe 9 Z@nU £01nB) U (fw € 2 Zw)NU # 0} B7)
~ ({wGQ: X(w)ﬂU%@}ﬂB) U ({weQ: Y(@mU%@}mBC)
=X (U)NB)U (Y (U)NB°) € F
by the Effros measurability of X and Y.
6. For every open subset U of E, we have
Z7(U)=4{weQ: Z(w)NU # 0}

:G{WGQ;Z(w)mU#(Z),wGBn}

:G{wEQ:Xn(w)ﬂU#Q),wEBn}

o0

U ({weQ: Xu(w)nU #0}N B,)

G(XH(U) NnB, eF

by the Effros measurability of X,,, n € N.



7. For every open subset U of E, we have

(UXH>_(U): {weQ: UXn(w)ﬂU;é(Z)}

neN neN

= | J{w e Q: X, (w)nU # 0}

neN

=Jx,w)er

neN

by the Effros measurability of X,,, n € N.

8. Let (U;)ien be a basis for E and let (V});en be a basis for E'. Then, (U; X V;); jen is a
basis for £ x E’. We have

(X x XU x V) ={weQ: (X xX)N (U xV;) # 0}
—{weQ: XNU; #0}n{weQ: X' NV, #0}
= X" (U)nX)"(Vj) e F

by the Effros measurability of X and X’. By second countability, we have (X x
X")~ (W) € F for every open subset W of E x E'.

We refer the reader to Theorem 1.3.25 in Molchanov [2] for the proofs of 9-15. O]

We continue with a lemma that is known as the projection theorem.

Lemma 2.2.2 (Theorem F.7, Molchanov [2]). Suppose that E is a separable Banach space
and (2, F,P) is a complete probability space. Then, the projection of every set in F @ B(FE)

onto Q) is F-measurable.

The next theorem summarizes some useful properties of graph measurable multifunctions,

where we include the proofs for those extending the literature.

Theorem 2.2.3 (Molchanov [2]). Let X, Y and X,, be graph measurable multifunctions for
every n € N. Then, the following results hold.

1. The multifunction X is graph measurable.

2. The multifunctions X UY, X NY, Y\ X and XAY = (X \Y)U (Y \ X) are graph

measurable.

10



8. The multifunctions |J,,cy Xn and (,cn Xn are graph measurable.
4. For every B € F, the multifunction Z = X1g + Y1ge is graph measurable.

5. For every measurable partition (By,)nen of 2, the multifunction Z = Y2 | X,1p, is

graph measurable.

6. If X and X' are graph measurable multifunctions in second countable spaces E and E’,

then the X x X' is a graph measurable multifunction in E x E' considered with the

product topology.

Let us further assume that E is a separable Banach space and X, Y and X, are closed

for every n € N. Then, the following results are valid:

7. dom(X) € F.
8. The multifunction X is graph measurable, equivalently, it is Effros measurable.
9. For every y € E, the distance function
d(y,X) = inf{d(y,z): x € X}
is a random variable taking values in [0, 400].

10. For every € > 0, the multifunction X = {x € E: d(x, X) < €} is graph measurable.

Proof.

1. We have
Graph(X¢) = (Graph X)° € F ® B(E)

by the graph measurability of X.

2. We have
Graph(X UY') = Graph(X) U Graph(Y) € F ® B(E)
and
Graph(X NY') = Graph(X) N Graph(Y) € F ® B(E)
by the graph measurability of X and Y. The graph measurability of Y\ X and XAY

follows easily.

11



3. We have
Graph <U Xn> = U Graph(X,) € F ® B(E)

neN neN

and

Graph (ﬂ Xn> = ﬂ Graph(X,) € F ® B(E)

neN neN

by the graph measurability of X,,, n € N.

4. We have
Graph(Z) = (Graph(X) N (B x E)) U <Graph(Y) N (B x E)> € F® B(E)
by the graph measurability of X and Y.

5. We have
Graph(Z U (Graph N (B, x E)) € F®B(E)
by the graph measurability of X,.
6. We have

Graph(X x X') = (Graph(X) X E') N (Graph(X') X E) € FRB(E)® B(E')
=FQB(E x E')

by the graph measurability of X and X'.

7. The projection of Graph(X) onto Q is {w € Q: X(w) # 0}, hence dom(X) € FRB(E)
by Lemma [2.2.2

We refer the reader to Theorem 1.3.25 in Molchanov [2] for the proofs of 8-10.

Next, we consider sampling points from random sets.

12



Chapter 3

Selections of random sets and

Aumann integral

In this chapter, we review the notion of expectation for random sets, which is defined by
considering the expectations of all samples from the random set. Let E be a separable Banach
space equipped with its Borel og-algebra B(FE) and let (€2, F,P) be a probability space. We
denote by L°(FE) the collection of all equivalence classes of random variables taking values
in I/, where two random variables belong to the same class if they are equal P-almost surely.
For each p € [1,00), LP(E) denotes the set of all £ € L°(F) with [|¢]|, = (E PP < o0,
where |- is the norm on E. When & € LP(F), E(§) € E denotes the expectation of £, which
is defined as a Bochner integral. We refer the reader to Frieler and Knoche [5], Mikusinski [6]

and Rieffel [7] for an overview of Bochner integration over Banach spaces.

3.1 Measurable and integrable selections

Definition 3.1.1. Let X: Q — P(FE) be a multifunction. A random variable & with values
in E is called a measurable selection of X if £(w) € X(w) for every w € dom(X).

Note that we do not have any measurability assumption on X, hence dom(X) need not
be measurable. When dom(X) is ensured to be measurable, it suffices to have {(w) € X (w)

for P-almost every w € dom(X).

13



We denote the collection of all equivalence classes of measurable selections of X by L°(X).
Let p € [1,00). A measurable selection £ of X is called p-integrable if ¢ € LP(FE), in particular,
integrable if ¢ € L'(F). We denote the collection of all p-integrable selections of X by LP(X).
Note that LP(X) = L°(X) N L*(F).

The following theorem provides with an affirmative answer to existence of measurable

selections:

Theorem 3.1.2 (Theorem 4.4, Hess [4]). Consider a multifunction X : Q — P(E).

1. If X is closed and Effros measurable with dom(X) # (), then X admits a measurable

selection.

2. If (Q, F,P) is a complete probability space and X is graph measurable with Graph(X) #

(0, then X admits a measurable selection.

Closed Effros measurable multifunctions can be characterized by a countable family of

selections as the next theorem shows.

Theorem 3.1.3 (Theorem 4.5, Hess [4]). Consider a closed multifunction X : Q — P(E).
Then X is Effros measurable if and only if there exists a sequence (&, )nen of random elements
in E such that

X(w) =cl{&(w): n e N} (3.1.1)

for every w € dom(X) and dom(X) € F.

Remark 3.1.4. In [4], the previous theorem is stated without the condition dom(X) € F.
However, without this condition, the theorem seems to be invalid: Let £ be a random variable
with values in F and let B C Q) be a nonmeasurable set. Then, consider X (w) = {£{(w)}
for w € B and X(w) == 0 for w € B°. Then, dom(X) = B and X (w) = cl{{(w)} for each
w € dom(X). However, X is not Effros measurable: X~ (F) = dom(X) ¢ F. We provide
a corrected version in Theorem Nevertheless, we skip the proof since the rest of the

arguments in [4] still works.

The representation of a multifunction X as in (3.1.1)) is called a Castaing representa-

tion of X. By providing a practical approach for closed Effros measurable multifunctions,
Theorem plays a key role in Theorem below.

14



For every p € {0}U[1, +00), aset A C LP(FE) of random variables is called decomposable if
1g€+1p.C € Aforevery &, € Aand B € F. It is easy to see that LP(E) is decomposable and
an arbitrary intersection of decomposable sets is decomposable. Hence, for a set A C LP(FE),
we may define the decomposable hull dec A of A as the intersection of all decomposable subsets

of LP(FE) containing A, which turns out to be the smallest decomposable set containing A.

Remark 3.1.5. There is a simple quantitative characterization of the decomposable hull.
For a set A C LP(F), it is easy to see that

dec(A) = { Z 15,6 & € A, (B;)M, is a measurable partition of Q,m € N}.
i=1

Here, we call Y"1 1p5.&; the decomposition of &, ..., x,, along the partition (B;)!,.

Example 3.1.6. If (Q, F, P) is nontrivial, then it is clear that the unit ball B;(0) in L'(R¢)

is not decomposable' Let B € F be an event with 0 < P(B) < 1. Then £ = 1341}»( 7 € By (0)
and ( = 1Bc 41P’(BC) S Bl(O), yet
Elg+(lp. =1 5 +1 5 ¢ B1(0)
BESEEE T ABup(B) T P up(Be) T TN

Indeed, one has dec B;(0) = L'(R?). The same holds for the closed unit ball in L!(R?).

It is clear that the weak and strong closures of a decomposable subset of LP(E) are
decomposable. The next proposition shows that convex hull and decomposable hull operators

are compatible with each other.

Proposition 3.1.7. The decomposable hull of a convex subset of LP(E) is convex, and
the conver hull of a decomposable subset of LP(E) is decomposable. Moreover, for every
A C L*(E), one has

conv dec A = decconv A. (3.1.2)

Proof. For the first part, let A be a convex subset of LP(E). Let u,v € dec A and let 0 < A <
1. We show that Au+(1—\)v € dec A to conclude the convexity of dec A: since u, v € dec A,
they can be written as the decompositions of elements of A along measurable finite partitions
of Q. Let (B;), be a finer partition so that v = Y"1 &1lp, and v = Y ", (;1p, for some
(&)t (G)ity € A. Then,

m m

Mot (=X =AY &lp +(1=N)> Glg =Y (A& + (1= NG)1p, € dec A
=1

i=1 =1
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where A& 4+ (1 — M) € A for every i € {1,...,m} by the convexity of A. Hence, dec A is

convex.

For the second part, let A be a decomposable subset of LP(F). Let u,v € conv A and let
B € F. We show that ulg+wvlge € conv A to conclude the decomposabilty of conv A. Since
u,v € conv A, we have u = > " | ;§, v =", B;¢; for some (§)iLy, (G)2y € A. One can
find constants (¢;;); ; with Z;nzl cij = oy for every i € {1,...,n} and > | ¢;; = B; for every
je€{l,---,m} so that

UlB + ’Uch = ZO@&lB + ZﬁjleBc = Zcij(filB + leBC) c COHVA,
i=1 7=1

i’j

where &1p + (j1p- € A by the decomposability of A. Hence, conv A is decomposable.

As a consequence of the first two parts, (3.1.2)) follows for every A C LP(E). ]

The next theorem establishes several useful properties of p-integrable selections of a ran-
dom set. We denote by cl, the closure operator in the norm topology for p € [1,00), and in

the topology of convergence in probability for p = 0.

Theorem 3.1.8 (Molchanov [2]). Let p € {0} U[1,+00) and consider two multifunctions
X,Y:Q— P(E). The following results hold:

1. L*(X) is decomposable.
2. If X 1s closed, then LP(X) is a closed subset of LP(E) in the strong topology.

3. Suppose that X is closed with L*(X) # 0. Then, X is Effros measurable if and only if

there exists a sequence (&,)nen of random elements in E such that
X(w) = cl{&,(w): n € N}

for every w € dom(X) and dom(X) € F, that is, X has a p-integrable Castaing

representation.

4. Suppose that X is closed and Effros measurable with LP(X) # (. Then, for every

p-integrable Castaing representation (£,)nen of X we have

LP(X) = cl,dec{,: n € N}.
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10.

11.

12.

Let X be closed and Effros measurable. Then,
LP(conv X) = conv LP(X).
Moreover, X is convez if and only if LP(X) is conver.

If X and Y are closed and Effros measurable with LP(X) = LP(Y) # (), then X =Y

almost surely.

Suppose that (2, F,P) is a complete probability space. If X andY are graph measurable
with LP(X) = LP(Y) # 0, then X =Y almost surely.

Let ) # A C LP(E) be a closed set. Then, A is decomposable if and only if A = LP(Z)
for some closed and Effros measurable multifunction Z: Q — P(E). In this case, A is

convez if and only if Z is convew.

If X is closed, then LP(X) = LP(Z) for some closed and Effros measurable multifunc-
tion Z: Q — P(FE). In this case, X is convez if and only if Z is convex.

Suppose that X is closed and Effros measurable such that L'(X) is bounded in L'(E).
Then, X is relatively weakly compact if and only if L'(X) is relatively weakly compact
in LY(E).

Suppose that X is convex, closed and Effros measurable such that L*(X) is bounded in
LY(E). Then, X is weakly compact if and only if L'(X) is weakly compact in L'(E).

Suppose X is closed and Effros measurable such that LP(X) is bounded in LP(E). Then,
LX) = L*(X) = L*(X) for every s € [1,p).

Proof. We refer the reader to Theorem 2.1.10 for [T} to Proposition 2.1.4 for [2] [3] [6]
to Lemma 2.1.5 for [, to Proposition 2.1.7 and Corollary 2.1.11 for O to Theorem
2.1.17 for [L0 and to Theorem 2.1.18 for [11] all cited results being in [2]. [7] follows from
Theorems 2.2.3 and B.1.21 O

There is an appealing connection between decomposability, weak closedness and convexity

given by the next theorem.

Theorem 3.1.9 (Theorem 11.3.17, Hu [§]). If (2, F,P) is non-atomic, then every decom-
posable weakly closed subset of LP(E) is convex for every p € [1,+00).
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Based on Example we observe that L'(X) = L'(R?) whenever L!(X) has nonempty
interior, which happens only in the case where X = R¢, P-almost surely. Hence, in most

cases of interest L'(X) has empty interior.

Theorem provides a practical way of studying the collection of p-integrable selections

of a random set. We next focus on expectations of integrable selections.

3.2 Aumann integral and selection expectation

Definition 3.2.1. For a multifunction X : Q — P(E) the Aumann integral [ X dP of X is
defined as

/XdIP = {E¢: € € LX)},

the selection expectation EX of X is defined as
EX = cl/XdIP’ = cl{E¢: € € LY(X)},

where the closure is taken with respect to the norm topology on E.

In general the Aumann integral is not a closed set.

Example 3.2.2. Let £ = R? and consider the deterministic closed multifunction

ZZ{(WJ)GRQ:yZ%}-

T

Then, it is clear that
LY(7) = {(X,Y) € L'(R*):Y > X—} ,

/ZdIP’:{(x,y) cR*: y >0}

and
EZ:C]/ZdIP’:{(x,y) ER2: y > 0).

In particular [ Z dP is not closed and [ ZdP C EX.

Note that the lack of convexity in Example [3.2.2]is not the main reason for this issue:
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Example 3.2.3. Let £ = R? and consider the clos”ed convex mutlifunction

2o {00, (12). (1-1)).

where u is a uniformly distributed random variable over the interval (0, 1]. Then, we have

Ll(Z):{(Oz—l—ﬂ,a—;B) eLl(R2):a,ﬁzo,a+5g1},

/ZdIP’:{(0,0)}U{(x,y): 0<z<l}
and
]EZ:CI/ZdP:{(x,y):Ongl}.

In particular, [ ZdP is not closed and [ ZdP C EZ.

Yet there are cases where the Aumann integral and the selection expectation coincide,
given by the next theorem. To that end, a Banach space F is said to have the Radon-
Nikodym property if for every finite measure space (A, a, u) and every E-valued measure v
on (A, a) which is of bounded variation and absolutely continuous with respect to p, there

exists a Bochner integrable density f: 2 — E such that

U(B)Z/deu

for every B € a. It is well-known that reflexive spaces have the Radon-Nikodym property.

Theorem 3.2.4 (Theorem 2.1.37, Molchanov [2]). Let X: Q — P(E) be a closed Effros
measurable multifunction such that L*(X) is bounded in L'(E). Then [ X dP is closed,

hence it coincides with EX, if one of the following conditions is satisfied:

1. E 1is finite dimensional.
2. E has the Radon-Nikodym property, and X 1s convexr and compact.

3. X is convexr and weakly compact. In this case, EX = fXd]P’ 15 weakly compact as

well.

4. FE is reflexive and X is convex.

We continue with a theorem that investigates the convexity of Aumann integral and

selection expectation.
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Theorem 3.2.5 (Proposition 2.1.15, Theorem 2.1.30, Theorem 2.1.31, Molchanov [2]). Let
X:Q — P(E) be a multifunction such that L'(X) # (.

1. If X is graph measurable, then EX =EclX and [cl X dP C cl( [ X dP).
2. If X is convex, then f X dP s conver.

3. If (Q, F,P) is non-atomic and X s closed, then EX is conver.

4. If X is closed, then Econv X = conv EX.

5. If (2, F,P) is non-atomic and X is closed, then Econv X = EX.

In the spirit of Theorems [3.2.4] and [3.2.5] we consider the case £ = R? next.

Theorem 3.2.6 (Theorem 2.1.26, Molchanov [2]). Let X: Q — P(R?) be a closed Effros
measurable multifunction such that L'(X) # 0. Then, L*(X) is bounded in L*(RY) if and
only if EX (= [ X dP) is compact in R%. If the probability space (2, F,P) is non-atomic and
LY(X) is bounded in L*(R?), then

/XdP:EX:/coandP:Ecoan.

We consider some examples:

Example 3.2.7. As in Example 2.1.3] let &, n be integrable real valued random variables
such that n < &. Let r be an integrable real-valued positive random variable and let ¢
be a d-dimensional integrable random vector. Let X = {{}, Y = (—00,€], Z = [1,£] and
W = B,(¢). Then, it is easy to see that

D00 ={g) BX = [Xdp—(Bg),
DY) = (Ce PR (<, BY = [ VP (-ocEf,

LYZ)={Ce L'(R): n < ( < ¢}, EZ:/Zd]P:[En,Eg],
and
L'W)={¢eL'R): [¢—¢| <r}.

For every ¢ € L'(W), since | — ¢| < r, one has |E¢ — E¢| < E|( — | < Er, that is, EC €
Bg,(Eg). Hence, JWdP C Bg,(Ep). Conversely, for every deterministic unit vector u € R?,
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we have ¢ == ¢ +ru € LY(W) and E¢ = Ep + Eru € [ W dP. Hence, dBg,(Ep) C [ W dP
and by the convexity of [ W dP, we conclude that

EW = /WdIP = B, (Ep).

We have the following theorem covering the deterministic case:

Theorem 3.2.8. Let X: Q — P(E) be a deterministic multifunction.

1. If the probability space (0, F,P) is non-atomic, then

EX =FEclX =Econv X =Econv X = /deP:mX.

2. In particular, if the probability space (0, F,P) is non-atomic and X is convez, then

EX =EclX = /chdIP’:ch.

3. If X is convex and closed, then EX = [ X dP = X.
Proof.

1. Suppose that (2, F,P) is non-atomic. Since X and conv X are graph measurable, by
Theorem [3.2.5, we have EX = Ecl X and Econv X = Econv X. In addition, cl X
is closed and since (€2, F,P) is non-atomic, by Theorem , we have Econv X =
Econvcl X = Ecl X. By taking deterministic selections, it is clear that [ conv X dP 2
conv X. Lastly, by Theorem [5.0.8|, we have Econv X C conv X, completing the proof.

2. This part follows easily from the first part.

3. Suppose that X is convex and closed. By taking deterministic selections, it is clear
that [ X dP D X. By Theorem , we have EX C X, completing the proof.

[]

Remark 3.2.9. Even for a deterministic multifunction X : Q — P(FE), although the selec-
tion expectation EX = conv X is well understood, the Aumann integral [ X dP is not known

in general.
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Theorems [3.2.4) and [3.2.5] suggest that it is useful to have a convex representation for the

collection of integrable selections of a random set. Hence we continue by investigating the

representation of compact convex sets.

22



Chapter 4

Representation of compact convex

sets

Let V be a separable Banach space equipped with the Borel o-algebra B(V') and let V*
denote the dual of V. A point z in a convex set A C V is called an extreme point of A if
x & conv(A\{z}), that is, if x = Ay + (1 —N\)z with y, z € Aand A € (0,1), then y = z = z.
Let £(A) denote the set of extreme points of A.

Representation of compact convex sets is well understood in the finite-dimensional case:
every point is a finite convex combination of the extreme points. Considering all convex
combinations is not sufficient to capture all points in the infinite-dimensional case, but

considering all limits of all convex combinations suffices as stated in Krein-Milman Theorem:

Theorem 4.0.1 (Theorem 8.14, Simon [9]). Let A be a compact convex subset of V.. Then,

e(A) # 0 is a Baire G5 set in the sense that e(A) is a countable intersection of open sets and

A =conve(A).

An appealing idea is to consider the limit of convex combinations as an integral. A
probability measure p on (V,B(V)) is said to have a barycenter if there is a point y € V
satisfying

L) = [ L) i)
for every L € V*. Since V* separates points in V, a probability measure p can have at most

one barycenter, which is denoted by r(u) or [, z ju(dz) whenever it exists. For a Borel subset
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A of V, let M(A) denote the set of all regular Borel probability measures p with p(A) =1

that have barycenters. For every subset A of V' that is not Borel, we define

M(A) = ] M(B)

B: BCA
BeB(V)

which coincides with the original definition for Borel subsets. As shown by the next theorem,
considering barycenters suffices to recover the limits of all convex combinations. For a point

x € E, 6, denotes the Dirac measure associated to x, that is, 0,(B) = 1lg(x) for every

B e B(V).fg

Theorem 4.0.2 (Theorem 9.1, Simon [9]). Let A be a compact convex subset of V. Let ju be
a reqular Borel probability measure on A. Then, n € M(A), that is, i has a barycenter, and
r(pn) € A. Moreover, the map r: M(A) — A is a continuous affine map from M(A) (with
the weak-x topology) onto A and is the unique such map with r(0,) = = for each x € A. More

generally, for every closed subset B of A, we have

r(M(B)) = conv B.

As an immediate corollary, we obtain an integral representation of a compact convex set

over the closure of its extreme points, which is known as Strong Krein-Milman Theorem:

Theorem 4.0.3 (Theorem 9.2, Simon [9]). Let A be a compact convezr subset of V. Then,

every point in A can be represented as the barycenter of a measure in M(e(A)), that is,

Proof. By Krein-Milman Theorem (Theorem [4.0.1)), we have conv(e(A)) = A. By taking
B = ¢(A) in Theorem [4.0.2, we obtain

r(M(ECA)) ) = conv (04)) = 4,

as desired. 0

The potential weakness of Theorem is that one might have e(A) = A, in which case

the conclusion becomes conv A = A for a compact convex subset A of V, which is trivial.
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Example 4.0.4. Let p € (1,00) and let A be the unit ball in LP(R?). By Banach-Alaoglu

theorem, A is weakly compact and convex. We claim that
e(A) = {z € LP(RY): 2], = 1}

To sce this, let z € LP(R?) with |[z[|, = 1 and suppose that z = Az + (1 — A)y for some
0<A<1landzx,ye€ A. Then,

L= [lz[l, = [IAz + (L= Nyll, < Azl + (T = A) [lyll, <A+ (1=K =1L

The only case for equality in Minkowski’s equality [[Az + (1 — Ny, < A|z[[, + (1 = A) [ly],
is that Az = ¢(1 — A)y for some ¢ > 0 and ||z[|, = |ly|l, = 1. If ¢ =0, then Az = 0, and
z = 0 contradicting ||z[|, = 1. Hence ¢ > 0 and A = ¢(1 — A) since [[z||, = [ly[|, = 1. Then it

follows that x = y = z showing that z is an extreme point of A.

=1<1and

On the other hand, if 0 < [|2], < 1, then ‘
p

[E8
z
z=|=l, e (1 —1lz[l,)0
p

where [|z[|, € (0,1). If [[2][, = 0, then

2= 0= (+1) + 5(-1).

Hence, z cannot be an extreme point of A and the claim follows. Indeed, it is well-known

that the weak closure of the unit sphere is the unit ball, that is,

c(A) = e P®RY: 2], =1} = A.

Yet there is a stronger version of Strong Krein-Milman Theorem (Theorem [4.0.3)) which

is known as Choquet theorem:

Theorem 4.0.5 (Theorem 10.7, Simon [9]). Let A be a compact convexr subset of V. Then,

every point in A can be represented as a barycenter of a measure in M(e(A)), that is,

r(M(e(4))) = 4
There is a partial converse to Theorem [£4.0.1]:
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Theorem 4.0.6 (Theorem 9.4, Simon [9]). Let A be a compact conver subset of V. Let
B C A be such that

conv B = A.

Then e(A) C B.

Theorems 4.0.1], [4.0.2}, [4.0.5[ and 4.0.6| establish the theoretical foundations to study com-

pact convex sets. Inspired by Theorems [4.0.1| and [4.0.5] we investigate the image of the

operator r in detail in the next chapter.
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Chapter 5
Choquet combinations

Let V be a Banach space equipped with the Borel g-algebra B(V') and let V* be the dual of V.
Let (Q, F,P) be a complete probability space. Notice that a convex combination » " \;a;
of elements of a subset A of V' can be seen as the barycenter [, apu(da) of p = 37" Ny,

since for every L € V* one has

o [ antan) =2

Generalizing convex combinations, we want to introduce a new terminology for barycenters

with an emphasis on taking combinations:

Definition 5.0.1. Let A be a subset of V. A point of the form r(u) = [, ap(da) for some
€ M(A) is called a Choquet combination of points in A. We say that A is a Choquet set

if it contains every Choquet combination of its elements, that is, if fA ap(da) € A for every

e M(A).

Remark 5.0.2. Note that V' is a Choquet set. Moreover, arbitrary intersection of Choquet
sets is a Choquet set. To see this, for an index set J # ), let A; be a Choquet set for every
J € Jandlet A:=();c;Aj. Let p € M(A). Then, p € M(B) for some Borel subset B C A.
Since B C A;, we have p € M(A;) for every j € J. Since A; is a Choquet set, r(n) € A;
for every j € J. Thus, r(u) € ;c; 4; = A, showing that A is a Choquet set. Hence, one

can define the Choquet hull of a set A as the intersection of all Choquet sets containing A,
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which is equivalently the smallest Choquet set containing A; we denote the Choquet hull of
A by ch A.

Remark 5.0.3. It is clear that ch is a hull operator, that is, for every A, B C V, one has

the following properties:

(i) Extensive: A C ch A.
(ii) Monotone: If A C B, then ch A C ch B.
(iii) Idempotent: ch(ch A) = ch A.

Remark 5.0.4. Since every Choquet set is convex, for every subset A of V, we have conv A C

ch A. In infinite-dimensional spaces, one might have conv A C ch A; see the next example.

Example 5.0.5. Let (2, F,P) = ([0, 1], B([0, 1]), £), where B([0, 1]) is the Borel o-algebra of
the interval [0, 1] and £ is the Lebesgue measure on [0, 1]. Let p € (1,00), and let V = LP(R).

Consider

A={{ e LP(R): ¢ is a simple function and 0 < ¢ < 1 almost surely}.

The convexity of A is clear. For each n € N, let &, = 1[ L ) € A, and define p =
S | 50¢,. Our intuition suggests that p € M(A) and

n=1 2n
/au(ala)zgoo —15 :EOO —11 :
A —~ o ! 2n " [zt

2N 1 on—1
n=1 2

To verify this, let L € V*. Then, there exists Z € LI(R) such that L(W) = E[Z W] for
every W € LP(R). We have

o [autan) = [ sontan =3 Jrie) =3 ge[21y, )]

n=1 n=1 2mogn—l
e ] HE 2 )
n—1 2" [271” 2711*1) o 2" [21" 2n1*1)

Taking countably many values, [, ap(da) = Y7 -1

L is not simple; hence
2Mon—1

[yap(da) & A= conv A although [, ap(da) € ch A by definition.

Proposition 5.0.6. The operators conv and ch coincide in finite-dimensional spaces.
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Proof. Since we already have conv A C ch A for every subset A of R?, it suffices to show

that every convex set A C R? is a Choquet set, which will be done by induction on d.

Initial step: Let d = 1 and let A C R be convex. If A is bounded, then, being convex, A
must be equal to one of the sets (inf A, sup A), [inf A, sup A), (inf A, sup A], or [inf A, sup A],

each of which is a Choquet set. The case where A is unbounded follows similarly.

Induction step: Let d > 2 and by contradiction suppose that there exists a convex set A C
R? which is not a Choquet set. Then, there exists some € M(A) such that [, a u(da) & A.

By the separating hyperplane theorem, there exists some nonzero vector u € R% such that

sup (1.9) < (. [ ataa)) = [ .0} utao)

Hence, we obtain

(u,a) =sup (u,y) for p-almost every a € A.
yeA

Therefore, letting ¢ = sup,c 4 (u,y), one can consider x on the set AN {z € R%: (u,z) = t},
living in a lower dimensional space. Since the set AN{x € R¢: (u,z) =t} is convex, by the
induction assumption, we must have [, au(da) € AN{z € R%: (u,z) =t} C A, which is a
contradiction. O

Note that Theorem reads as follows in our new setting:

Theorem 5.0.7. Every compact convex subset A of V' is a Choquet set.

Indeed, we show that compactness can be replaced with closedness in Theorem [5.0.7}

Theorem 5.0.8. Every closed convex subset A of V' is a Choquet set.

Proof. We argue by contradiction. Suppose that there is a closed convex set A that is not

a Choquet set. Then, there exists

Y:—/Aau(da) Z A

for some p € M(A). Then A and {Y'} are disjoint convex sets such that {Y'} is compact and

A is closed. By Hahn-Banach separation theorem, there exists a continuous linear functional
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L € V* such that

sup L(a) < inf L(b) = L(Y) :L(/Aau(da)>

ac€A be{Y'}

:/L(a)u(da) §/ sup L(b) u(da) = sup L(b),
A

A beA beA

which is a contradiction. O

We have an immediate corollary of Theorem for the collection of p-integrable selec-

tions of a closed convex random set:

Corollary 5.0.9. Let p € {0} U [1,4+00) and let X be a closed convex random set. Then,
LP(X) is a Choquet set.

Proof. Let X be a closed convex random set. Then, by Theorem [3.1.8, L?(X) is closed and
convex, hence is Choquet by Theorem [5.0.8| n

Remark 5.0.10. For every subset A of V, since conv A is a Choquet set containing A, we

have conv A C ch A C conv A. By taking the closure of the last two items, we obtain

convA CchACconvA=chA.

It is well-known that the convex hull of a compact subset of R? is compact. More generally,
the closed convex hull of a compact subset of a Banach space is compact as well. In this

case, the Choquet hull of a compact set coincides with its closed convex hull:

Proposition 5.0.11 (Theorem 3.28, Rudin [10]). Let A be a compact subset of V. Then

ch A = {/Aa,u(da): e M(A)} — conv A.

To obtain the convex hull of a set, it is enough to add all convex combinations of the
points in the set. New points do not generate new convex combinations. The same principle
holds for Choquet hull as well: once all Choquet combinations of the points in a set are
added, one obtains a Choquet set. New points do not generate new Choquet combinations.

This is shown by the next theorem which is the main result of this chapter:

Theorem 5.0.12. Let A be subset of V. Then,

ch A = {/Aa,u(da): he M(A)}. (5.0.1)
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Proof. Let D denote the set on the right of . Since ch A is a Choquet set, we clearly
have ch A O D since M(A) € M(ch A). It is also clear that A C D. Hence, it suffices to
show that D is a Choquet set. Since the barycenter map r: M(A) 3 p— r(p) = [, ap(da)
is measurable, the map ¢: D x M(A) — D x D defined by

Db, 1) = (b, (1))

is jointly measurable. Consider the closed random set X defined by X (b) = {b} on the
measurable space (D, B(D)). Then, the multifunction S: D — P(M(A)) defined by

S() =71 ({b}) = {1 € M(A): r(n) = b} (5.0.2)
is graph measurable since
Graph(S) = ¢~ (Graph(X)) € B(D) @ B(M(A)).

By definition dom(S) = D, and by Theorem [3.1.2} the multifunction S admits a measurable
selection L: D — M(A). Then, for every C € B(V), the map b+ L(b) — L(b)(C) on D is

measurable being a composition of measurable maps.

Hence, (b,C) — L(b)(C) is a transition kernel from (D,B(D)) into (V,B(V)), where
B(D) and B(V') denote the corresponding Borel o-algebras. Let v € M(D). We show that
r(v) = [,bv(db) € D:

/D bo(db) /D F(L(B)) v(db) = /D /A o L(b)(da) v(db)
/A 1d(a) L(b)(da) v(db)

(L(1d)) (b) v(db) = v(L(Id)) = (vL)(Id)

S—S—

_ /A Id(a) (vL)(da) = / o (vL)(da) € D,

A

where Id: A — A is the identity mapping. Containing all Choquet combinations of its
elements, D is a Choquet set, concluding the proof. We refer the reader to Theorems
and in the appendix for the details of the above calculation. O

Unlike the argument in the proof of Theorem [4.0.2] the barycenter map r may not be
continuous and the multifunction .S introduced above may not be closed in the non-compact

case. We provide the following counterexample:
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Example 5.0.13. Let V =R and A = [0, +00). Consider

n—1

1
Hn = 60+_5n
n n

for every n € N and let p = §p. Then, it is clear that u, € M(A) and u € M(A) since

r(pn) =1 and r(u) = 0. For every continuous bounded function f: R — R, we have

/R F(&) pa(dz) =

Hence, p,, — p weakly yet r(u,) =1 - 0 = r(u), showing that r is not continuous and S(1)
is not closed, where S is defined by ([5.0.2]).

SF(0) + /f neN.

Theorem [5.0.12| provides an elegant quantitative characterization of the Choquet hull. We
have the following partial result analogous to Proposition [3.1.7}

Proposition 5.0.14. For every p € {0}U[1, +00), the Choquet hull of a decomposable subset
of LP(E) is decomposable.

Proof. Let A be a decomposable subset of LP(FE). Let u,w € chA and let B € F. We
show that ulg + wlge € ch A to conclude the decomposabilty of ch A. Set C' = A. Since
u,w € chA, by Theorem [5.0.12, we have u = [, ap(da) and w = [, cv(de) for some
w,v € M(A). Consider A x C' with the product measure w = p X v and by decomposability
of A, consider the map e: A x C' — A defined by e(a,c) = alg + clge. Then, we have

ulB—l—wch:/au(da)lg—f—/ v(de) 1pe

//a,u (da)v(de) 15 + cp(da)v(de) 1pe
cJa

//alBuda (de) —i—//cch dc)
cJa

//a1B+c1BCM da) v(de) — /Axce( &) w(da x dc)
_ /A  H(efa,0)) w(da x de) = /A 1d(a) s(da) € ch A

for s = w o e, the distribution of e under w, therefore showing the decomposability of
ch A. We refer the reader to Theorem in the appendix for the details of the above

calculation. n

We continue by considering decompositions and explore their relation to barycenters:
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Chapter 6
Choquet decompositions

Let E be a separable Banach space equipped with the Borel o-algebra B(E) and let E* be
the dual of E. Let (2, F,P) be a complete probability space. For every p € {0} U [1,400),
by Theorem for every ) # A C LP(E), cl, dec(A) = LP(F,) for a unique closed random

set F'4 up to almost sure equality, the independence of p in the definition of F4 will become
apparent in Proposition [6.0.11] below.

It is clear that the decomposition > " 15,& of (&), C A along a measurable partition
(B;)™, is in A whenever A is decomposable. Notice that the coefficients (1p,)", have the
property that 15, > 0 for every i € {1,--- ,m} and > ", 15, = 1. Hence they play the role
of random convex coefficients, with the addition that for every w € €2, only one coefficient
is present. For every w € €, the expression > ;" 1p,(w)&;(w) can be seen as the barycenter
of the measure """, 15,(w)d¢, (). Combining them on €, we obtain a transition probability
kernel K defined by

m

K(w)(B) =Y 15,(w)dew)(B) = Osm, 1n,6)w P

i=1

from (€2, F) into (E, B(E)). The barycenter of this kernel is given by

rK(dx)= | x i 1g,(w)deg,w)(dx) = [ 6 m o1 e (dx) = i 1p,&;
[E /E - /E (Siiime) -~

since, for every L € E*, we have

L( [E "0 (s, 1Bi§i)(dm)) - /E L) B (5n 1, ) @) :L(él&g).
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In this spirit, a transition probability kernel K from (2, F) to (E, B(F)) is said to have
a barycenter in LP(E), where p € {0} U [1, 00), if there exists a point Y € LP(F) satisfying

LoY:/EL(x)K(dx)

for every L € E*. Since E* separates points in E, a transition probability kernel K can have

at most one barycenter, which is denoted by r(K) or [,z K(dx) whenever it exists.

Let X: Q — P(E) be a graph measurable multifunction. Then Z(w,x) = 1x(x) is

jointly measurable since
{(w,2) € A X E: Z(w,z) =1} ={(w,z) € QX E: x € X(w)} = Graph(X) € F ® B(E)
by the graph measurability of X. Then,

/EZ(w,x) K(w,dz) :/Elx(w)(x) K(w,dzr) = K(w, X(w))

is measurable in w. For every subset A of E, let K,(A) denote the set of all regular Borel
transition probability kernels K with K (w, F4(w)) = 1 for P-almost every w € €, having
barycenters in LP(FE). The barycenter of a transition probability kernel K relates to the

barycenters of the measures K (w),w € €2, in the following way:

Remark 6.0.1. If a transition probability kernel K from (€2, F) to (E, B(E)) has a barycen-
ter Y in L°(E), then Y (w) is the barycenter of K (w) in E for P-almost every w € Q.

Let us also denote by KJ(A) the set of all transition kernels K € K,(A) such that K (w)
is a Dirac measure for P-almost every w € 2. Analogous to the construction in Chapter
bl generalizing decompositions, we want to introduce a new terminology for barycenters of

transition probability kernels with an emphasis on taking decompositions:

Definition 6.0.2. Let p € {0} U[1, +00). For every subset A of LP(FE), a point of the form
KId= [,z K(dz) for some K € KJ(A) is called a p-Choquet decomposition of points in A.
We say that a set A C LP(E) is a p-Choquet decomposable set if it contains every p-Choquet
decomposition of its elements, that is, if [,z K(dx) € A for every K € /Cg(A).

Remark 6.0.3. Note that LP(F) is a p-Choquet decomposable set. In addition, arbitrary
intersection of p-Choquet decomposable sets is a p-Choquet decomposable set. Indeed, for

an arbitrary index set J, let A; be a p-Choquet decomposable set for every j € J and let
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A=, 4 Let K € K2(A). Then K € KJ(A;) for every j € J. Since A; is a p-Choquet
decomposable set, r(K) € A; for every j € J. Thus, r(K) € (;c;4; = A, showing that
A is a p-Choquet decomposable set. Hence, one can define the p-Choquet decomposable hull
of a set A as the intersection of all p-Choquet decomposable sets containing A, which is

equivalently the smallest p-Choquet decomposable set containing A; we denote it by chd, A.

Remark 6.0.4. It is clear that chd, is a hull operator, that is, for every A, B C LP(E), we

have the following properties:

(i) Extensive: A C chd, A.
(ii) Monotone: If A C B, then chd, A C chd, B.

(iii) Idempotent: chd,(chd, A) = chd, A.

Next, we prove a qualitative characterization of p-Choquet decomposability in terms of

decomposability and strong closedness:

Proposition 6.0.5. Let A be a subset of LP(E). Then, A is p-Choquet decomposable if and

only if A is decomposable and strongly closed.

Proof. Suppose that A is decomposable and strongly closed and let K € ICg(A). Then,
K1d(w) € Fa(w) for P-almost every w € §; hence, K'Id € LP(F,) = cl, dec(A4) = A.

Conversely, let A be p-Choquet decomposable. For every a € cl,dec(A) = LP(F4) and
w € Q, define K (w) = d4(). Then, K € KJ(A) and we have

(k1)) = [

E

Id(z) K(w,dx) = / T da(w)(dr) = a(w)

E

for P-almost every w € ). Therefore, being a p-Choquet decomposition of elements in A,
a = K Id belongs to A, showing that A = cl, dec(A). O

Although p-Choquet decomposability does not seem to be a new concept, studying p-

Choquet hull as an operator is insightful as we will observe in Theorems [6.0.10] and [6.0.19|
below. We have two immediate corollaries of Proposition [6.0.5}

Corollary 6.0.6. For every subset A of LP(E), we have chd, A = cl,, dec(A).
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Corollary 6.0.7. A subset A of LP(E) is p-Choquet decomposable if and only if A = LP(X)

for a unique closed random set X in E.

Remark 6.0.8. For every subset A of LP(E), since chd, A = cl, dec(A) is a decomposable set
containing A, we have dec A C chd, A = cl, dec(A). Yet it is possible to have dec A C chd,, A,

see Example below.

Example 6.0.9. As in Example let (2, F,P) = ((0,1),8((0,1)),L). Let p € (1, 00),
and £ = R. Consider

A ={¢ e LP(R): £ is a simple function and 0 < £ < 1 almost surely}.

The decomposability of A is clear, yet the infinite decomposition
a = Z 1 [
n=1
1

of (%)neN along the partition ([, 2n#,l))neN is not simple. Hence a € A, showing that A is

1
1)2_n

1
2N on—1

not p-Choquet decomposable. More precisely, considering

K:zgl[;mnll)(szln,

2

we have K € K)(A). However, r(K) ¢ A. Indeed, we have

chd, A = clydec(A) = {£ € LP(R): 0 < ¢ <1 almost surely} = LP([0, 1]).

One of the main results of this chapter is a relation between Choquet hull and p-Choquet
decomposable hull analogous to Propositions [3.1.7 and [5.0.14}

Theorem 6.0.10. The p-Choquet decomposable hull of a convex subset of LP(E) is Choquet.
Moreover, for every A C LP(E), one has

chd, ch A = chd, conv A = LP(conv F4) = conv LP(Fy)

= conv chd, A = convdec A = dec conv A.

Proof. For the first part, let A be a convex subset of LP(E). Then, chd, A = cl, dec(A) is
convex and strongly closed by Proposition [3.1.7, hence is Choquet by Theorem [5.0.8] For
the second part, let A C LP(FE). Then, by Proposition and Theorem we have

chd, conv A = cl, decconv A = dec conv A = conv dec A

= conv cl, dec A = conv chd, A = conv LF(F) = LP(conv Fjy).
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Since both chd, ch A and chd, conv A are Choquet and p-Choquet decomposable sets con-
taining A, we also have chd, ch A = chd,, conv A. H

Considering a subset A of LP(E), there is an almost surely unique random closed set X
such that chd, A = LP(X). However, A can also be seen as a subset of L°(E). Then, there
is an almost surely unique random closed set Y such that chdg A = L°(Y). It is natural to

expect X =Y almost surely, which is the case:

Proposition 6.0.11. Let ) # A C LP(E) so that chd, A = cl, dec A = LP(X) for an almost

surely unique random closed set X. Then,

chdg A = clydec A = L°(X).

Proof. Let () # A C LP(E) so that chd, A = cl,dec A = LP(X) for an almost surely unique
random closed set X. Since dec A C LP(X) C L°(X), we have clgdec A C L(X). Conversely,
let Z € A C LP(X) be fixed. For every Y € LX), consider

YE=Y 1gyicry + Z 1y isn

for each k € N. Since Y* € LY(X)NLP(E) = L(X) = cl, dec A, there is a sequence (XF), e
in dec A such that X* % Y* in LP. Then, X* % Y* in L° as well, hence Y* € clydec A.
It remains to show that Y* % ¥ in IO to conclude that Y € cly dec A, showing LO(X) C
clpdec A. To that end, for every € > 0, we have

P(Y* ~Y|>e) <P(Y]>k) 50,

showing that Y* 5 Y in L0 O

We have an immediate corollary of Proposition [6.0.11 comparing chd, A and chdy A for
0 #ACLP(E):

Corollary 6.0.12. Let ) # A C LP(E) so that chd, A = cl,dec A = LP(X) for an almost

surely unique random closed set X. Then, we have

chd, A =cl,dec A = [P(X) = L°(X) N LP(E) = clydec AN LP(E) = chdy AN LP(E).

Combining Proposition [6.0.11] and Corollary [6.0.12] we get a comparison between chd,, A
and chdg A for 1 < s < p as given by the next corollary.
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Corollary 6.0.13. Let 1 < s <p < oo. Let ) # A C LP(E) so that chd, A = cl,dec A =

LP(X) for an almost surely unique random closed set X. Then,
chd, A = chdg AN L*(E) = L°(X) N L*(E) = L*(X).
Hence,

chd, AN LP(E) = chdg AN L*(E) N LP(E) = chdg AN LP(E) = chd,, A.

Corollary [6.0.13| suggests that the operator chdy is the essential one and other chd, oper-

ators can be obtained from the operator chd, via truncation.

Remark 6.0.14. As stated in Corollary [6.0.12] for every ) # A C LP(E), we have chd, A =
chdy AN LP(E). Although the operator chd, is only defined for subsets of LP(E), chdy A N
LP(E) makes sense for every A C LY(E). Hence, we may define

chd, A = chdy AN LF(E)
for every A C LO(E), which coincides with the original definition when A C LP(FE).

Note that since chdy A = clydec A = L°(F4) for an almost surely unique random closed
set Fy,
chd, A = chdy AN LP(E) = L°(Fa) N LP(E) = LP(F4)

is a p-Choquet decomposable subset of LP(FE).

Theorem [6.0.10] holds with the extended definition in Remark [6.0.14]

Theorem 6.0.15. The p-Choquet decomposable hull of a convex subset of L°(E) is Choquet.
Moreover, for every A C L°(E), one has

chd, ch A = chd,, conv A = LP(conv F4) = conv LF(F) = conv chd, A.
Proof. For the first part, let A be a convex subset of LY(E). Then, by Theorem [3.1.8]

chdy A = clydec A = L°(F,) for an almost surely unique closed convex random set F by

the convexity of A. Then, by Corollary [5.0.9]
chd, A = chdy AN LP(E) = L°(Fa) N LP(E) = LP(F4)
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is Choquet. For the second part, let A C L°(F). Then, by Theorem [6.0.10, we have
chdych A = chdg conv A = L°(conv F) = conv L°(F,) = conv chdy A.
Hence, by Theorem [3.1.8 we have

chd, ch A = chdych AN LP(E) = chdy conv AN LP(E) = chd, conv A
= L°(conv Fa) N LP(E) = LP(conv F4) = conv LP(F,) = conv chd,, A,

which completes the proof. n

The extension of Proposition [6.0.11] for subsets of LY(E) follows easily:

Proposition 6.0.16. Let ) # A C L°(E) so that chd, A = LP(X) for an almost surely

unique random closed set X. Then,

chdy A = clydec A = L°(X).

Proof. We have chdy A = L°(F4) for an almost surely unique random closed set Fs. Then,
chd, A = LP(F,) and suppose chd, A = LP(X) for a random closed set X. Hence, LP(Fy4) =
LP(X), and by Theorem F4 = X P-almost surely. Therefore,

chdg A = clydec A = L°(F,) = L°(X),

as desired. ]

Corollaries [6.0.12] and [6.0.13] extend easily as well:

Corollary 6.0.17. For () # A C L°(E) with chd, A = L(X) for an almost surely unique

random closed set X. Then,
chd, A = LP(X) = L°(X) N LP(E) = clydec AN LP(E) = chdyg AN L?(E).

Corollary 6.0.18. Let 1 < s <p < oo. Let ) # A C L°(E) so that chd, A = cl,dec A =

LP(X) for an almost surely unique random closed set X. Then,
chd; A = chdg AN L(E) = L°(X)N L¥(E) = L*(X).
Hence,

chd, AN LP(E) = chdy AN L*(E) N LP(E) = chdy A N LP(E) = chd, A.
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Inspired by Corollaries and [6.0.18] let £P(E) denote the collection of subsets of
LP(E) and let £, ,(E) denote the collection of p-Choquet decomposable subsets of LP(E).
Then the operator chd,: £2(E) — £°(F), taking values in £°, ,(F), is still monotone and
idempotent yet is not extensive anymore, hence chd,, is not a hull operator on £°(F). Notice
that chd, is still a hull operator on £°(E). In the next theorem, we investigate how the
operators chd,,, chdg and chd, interact with each other when applied in succession, which is

another main result from this chapter.

Theorem 6.0.19. Let ) # A C L°(E) and let 1 < s < p.

1. If chd, A # 0, then chdychd, A = chdy A.
2. chd, chdy A = chd, A.
3. chd, chd, A = chd, A.
4. chd, chds A = chd,, A.

5. If chd, A # 0, then chd chd, A = chd; A.
Proof.

1. We have chd, A = chdg AN LP(E) C chdy A. Since chdy is a hull operator, we get
chdy chd, A C chd, chdy A = chdy A.
Conversely, let b € chd, A be fixed. For each a € A, and for each n € N, we have
an = al{n_1<jaj<n} + bl{n_1<jqj<n}c € chdg AN LP(E) = chd, A.

Then,
a = Z anl{nflg‘akn} € chdg Chdp A.

n=1

Hence, A C chd, chd, A. Since chdy is a hull operator, we have

chdy A C chd, chdy chd, A = chd, chd, A.

2. Since chdg is a hull operator, we have

chd,, chdy A = chdy chdy A N L*(E) = chdy A N LP(E) = chd,, A.
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3. We already had this when we observed that chd, A is a p-Choquet decomposable set
and the extended definition coincides with the original definition which acts as identity
on p-Choquet decomposable sets. Yet we provide another proof purely based on simple
manipulations: If chd, A = ), then the claim is trivial. Consider the case chd, A # 0.
Then, by [T}, we have

chd, chd, A = chdychd, AN LP(E) = chdg AN LP(E) = chd, A.
4. If chdg A = (), then chd, = 0 as well, making the claim trivial. Consider the case
chdg A # (). Then by [1}, we have
chd, chdg A = chdy chds AN LP(E) = chdg AN LP(E) = chd,, A.
We provide another proof for the case chds A # 0: by [l and [2], we have

chd, chdy A = chd,, chdy chdg A = chd, chdy A = chd, A.

5. By [l}, we have
chds chd, A = chdgchd, AN L*(E) = chdg AN L*(E) = chd, A.
We provide another proof for the case chd, A # 0: by [l] and ., we have

chd chd, A = chd, chdg chd, A = chd, chdy A = chds A.

[]

Remark 6.0.20. The assumption chd, A # () in Theorem [6.0.19 and [p) is worth some
attention: It is possible to have a set A C L°(E) such that chd, A = clgdec AN LP(E) # )
vet dec AN LP(E) = 0. Let (Q,F,P) =((0,1),B((0,1)),£) and let E =R. For each k € N,

consider

szzll[l N )Qn_k.

2Mgn—1

It is clear that X ¢ L'(R). Let A := dec{Xy: k € N}. Then, AN LY(R) = (. However,
0 € clg AN LY(R) since, for every € > 0, we have

P(|X5| > €) & 0.

We continue by considering random convex combinations and explore their relation to

barycenters:
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Chapter 7
Choquet convex decompositions

Let E be a separable Banach space equipped with the Borel o-algebra B(E) and let E* be
the dual of E. Let (2, F,P) be a complete probability space.

For measurable functions \; with \; > 0 for every ¢ € {1,...,m} and > ", \; = 1 P-
almost surely, the expression Y.~ A& is called a random convex combination of (&),.
Notice that for P-almost every w € €, the expression » ", \;(w)&;(w) can be seen as the
barycenter of the measure » " | A;(w)d¢, ). Combining them on €, we obtain a transition

kernel K defined by

Z Ai(W)0g; () (B
from (2, F) into (F, B(E)). The random barycenter of K is given by
/ x K(dx) = / x Z)\i(w)égi(w)(dx) = Z)\i(w / T 0¢, () (d) Z)\ &
B B =1 i=1

since, for each L € E*, we have

L(/Ex gAi(“)‘S&w)(dﬂf)) = /EL(x) g;&(w)fsfi(w)(dm) = z/\i<w)/ L(x) 8¢, (o (d)
= f;Mw)L(w» - L(fpg)

Generalizing the convex combinations and the Choquet decompositions in Chapter [6] and
[l we introduce a new terminology for barycenters of transition probability kernels with an

emphasis on taking convex decompositions:
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Definition 7.0.1. Let p € {0} U [1,+00) and let A be a subset of LP(E). A point of the
form K Id = [,z K(dx) for some K € KC,(A) is called a p-Choquet convex decomposition of
points in A. We say that A is p-Choquet convex decomposable if it contains every p-Choquet
convex decomposition of its elements, that is, if [, x K(dx) € A for every K € K,(A).

Remark 7.0.2. Note that LP(E) is a p-Choquet convex decomposable set. Moreover, arbi-
trary intersection of p-Choquet convex decomposable sets is a p-Choquet convex decompos-
able set. To show this, let A; be a p-Choquet convex decomposable set for every j € J and
let A =[),c;Aj, where J is an arbitrary index set. Let K € K,(A). Then, K € IC)(4;)
for every j € J. Since A; is a p-Choquet convex decomposable set, r(K) € A; for every
j€J. Thus, r(K) € ﬂjeJ A; = A, showing that A is a p-Choquet convex decomposable set.
Hence, one can define the p-Choquet convex decomposable hull of a set A as the intersection
of all p-Choquet convex decomposable sets containing A, which is equivalently the smallest

p-Choquet convex decomposable set containing A; we denote it by ched, A.

Remark 7.0.3. It is clear that ched,, is a hull operator, that is, for every A, B C LP(E), we

have the following properties:

(i) Extensive: A C ched, A.
(ii) Monotone: If A C B then ched, A C ched, B.

(iii) Idempotent: ched,(ched, A) = ched,, A.

We have a quantitative characterization of p-Choquet convex decomposability in terms of

the collection of p-integrable selections of a closed convex random set:

Proposition 7.0.4. Let A be a subset of LP(E). Then, A is p-Choquet convex decomposable

if and only if A = LP(X) for an almost surely unique closed convex random set X in E.

Proof. Let X be a closed convex random set and let K € K,(LP(X)). Then K(w) is sup-
ported on X (w) for P-almost every w € Q. Since X (w) is closed and convex by Theorem [5.0.8]
X (w) is Choquet for P-almost every w € €. Then, we have

(k1)) = [

EId(x) K(w,dz) = / r K(w,dr) € ch X(w) = X(w)

E
for P-almost every w € Q. Hence, K Id € LP(X), showing that L?(X) is p-Choquet convex

decomposable.
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Conversely, suppose that A is p-Choquet convex decomposable. Since A is p-Choquet
decomposable, by Corollary [6.0.7, A = LP(X) for some random closed set X. By Theo-
rem |3.1.8] the convexity of A ensures the convexity of X. n

Although Proposition [7.0.4]looks similar to Corollary[6.0.7} our proof for Proposition [7.0.4]
is rather indirect since no transition probability kernel is defined explicitly. We have three

immediate corollaries of Proposition [7.0.4}

Corollary 7.0.5. Let A be a subset of LP(E). Then A is p-Choquet decomposable if and only

if A is convex, decomposable and strongly closed.

Although p-Choquet convex decomposability does not seem to be a new concept, study-
ing p-Choquet decomposable hull as an operator is insightful, we refer the reader to Corol-
lary and Theorem [7.0.16] We have two immediate corollaries of Proposition [6.0.5

Corollary 7.0.6. Let A C LP(E). Then, one has

ched, A = chd, ch A = chd, conv A = LP(conv F) = conv LP(F}y)

= conv chd, A = convdec A = dec conv A

where F4 s the almost surely unique random set provided in Proposition |6.0.11].

Proof. By Corollary chd, A = cl, dec A = LP(F},) for an almost surely unique random
closed set F'4. Then, by Theorem [3.1.8 and Proposition [7.0.4, we have

conv chd, A = conv LP(F,4) = LP(conv F4) C ched, A.

By Proposition [7.0.4] LP(conv Fy) is a p-Choquet convex decomposable set containing A,
hence we have LP(conv F4) C ched, A as well. The rest follows from Theorem [6.0.10} O]

Corollary factors the operator ched, as chd,ch and convchd,, which is useful for
computational purposes since one does not have to work with arbitrary transition kernels in

IC,(A). We consider a particular case of Corollary for closed random sets:
Corollary 7.0.7. Let X be a closed random set. Then,

ched, LP(X) = conv chd, LF(X) = conv LP(X) = LP(conv X).
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Considering a subset A of LP(FE), there is an almost surely unique random closed set
X such that chd, A = LP(X) and ched, A = LP(conv X). However, A can also be seen
as a subset of LY(F). Then, there is an almost surely unique random closed convex set YV’

such that chedg A = LY(Y). Tt is natural to expect conv X = Y, which easily follows from
Proposition [6.0.11] and Corollary [7.0.6}

Proposition 7.0.8. Let ) # A C LP(E) so that chd, A = cl,dec A = LP(X) for an almost

surely unique random closed set X. Then,

chedg A = conv chdy A = conv L°(X) = L°(conv X).

Proof. We have chd, A = cl,dec A = LP(Fy) for an almost surely unique random closed

set X. By Proposition [6.0.11, we have
chdg A = clydec A = L°(Fy).
Then, by Corollary [7.0.6] we have
chedg A = conv chdy A = conv LO(F,) = L°(conv F),

as desired. O

We have an immediate corollary of Proposition comparing ched, A and chedy A for
0#AC L(E):

Corollary 7.0.9. Let ) # A C LP(E) so that chd, A = cl,dec A = LP(X) for an almost

surely unique random closed set X. Then,

ched, A = conv chd, A = conv LP(X) = LP(conv X ) = L°(conv X) N LP(E) = chedg AN LP(E).

By combining Proposition and Corollary [7.0.9) we get a comparison between chd,, A
and chdg A for 1 < s < p as described in the next corollary.

Corollary 7.0.10. Let ) # A C LP(E) so that chd, A = cl,dec A = LP(X) for an almost

surely unique random closed set X. Then,
chedg A = chedg AN L*(E) = conv chdy A = conv L*(X) = L*(conv X).
Hence,
cheds AN LP(E) = chedg AN L*(E) N LP(E) = chedg AN LP(E) = ched,, A.
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Corollary suggests that the operator chedy is the essential one and other ched,

operators can be obtained from the operator chedy via truncation.

Remark 7.0.11. As stated in Corollary for every ) # A C LP(E), we have ched, A =
chedg AN LP(E). Although the operator ched,, is only defined for subsets of LP(E), chedg AN

L?(FE) makes sense for every A C L°(E). Hence, we can define
ched, A = chedg AN LP(E)

for every A C L°(F), which coincides with the original definition when A C LP(E).

Note that since chedy A = clydecconv A = L%(conv F4) for an almost surely unique

random closed set F4, the set
ched, A = chedg AN LP(E) = LO(conv Fa) N LP(E) = LP(conv Fy)

is a p-Choquet convex decomposable subset of LP(E).

Corollary holds with the extended definition:

Corollary 7.0.12. For every subset A C L°(E), one has

ched, A = chd, ch A = chd, conv A = LP(conv F4) = conv LP(F4) = conv chd,, A.

Proof. Let A C L°(E). Then, by Corollary we have
chd, ch A = chd, conv A = LP(conv F4) = conv LP(F,) = conv chd, A.
By Corollary [7.0.6, we also have
chedg A = chdg ch A = chdg conv A = L°(conv Fy) = conv L°(F,) = conv chd, A.
Intersecting with LP(F), we get

ched, A = chedg AN LP(E) = chdgch AN LP(E) = chd, ch A = ched,, conv A
= L°(conv Fa) N LP(E) = LP(conv F4) = conv LP(F,) = conv chd,, A.

The extension of Proposition follows easily:
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Proposition 7.0.13. Let ) # A C L°(E) so that chd, A = cl,dec A = LP(X) for a unique

random closed set X. Then,

chedy A = conv chdy A = conv LO(X) = L°(conv X).

Proof. Let ) # A C L°(FE) so that chd, A = cl, dec A = LP(X) for a unique random closed
set X. By Proposition [6.0.16, we have

chdg A = clpdec A = L°(X).

By Corollary [7.0.12] we have

chedg A = conv chdy A = conv L°(F,) = L°(conv Fj).

The extensions of Corollaries and [7.0.10| follow easily as well:

Corollary 7.0.14. Let ) # A C L°(E) so that chd, A = cl,dec A = LP(X) for a unique

random closed set X. Then we have
ched, A = conv chd, A = conv LP(X) = LP(conv X)
= L°(conv X) N LP(E) = chedg AN LP(E).

Corollary 7.0.15. Let ) # A C L°(E) so that chd, A = cl,dec A = LP(X) for a unique

random closed set X. Then,
chedg A = chedg AN L*(E) = conv chdy A = conv L*(X) = L*(conv X).
Hence,

ched, AN LP(E) = chedg AN L*(E) N LP(E) = chedg AN LP(E) = ched, A.

Inspired by Corollaries [7.0.14| and [7.0.15| let £F, (FE) denote the collection of all p-
Choquet convex decomposable subsets of LP(E). Then, the operator ched,: £°(E) — £°(E),

taking values in £, ,(E), is still monotone and idempotent yet is not extensive anymore,
hence ched,, is not a hull operator on £°(E). Notice that chedy is still a hull operator on
£Y(E). We now investigate how the operators ched,, chedg and chedy interact with each

other when applied in succession:
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Theorem 7.0.16. Let ) # A C L°(E) and let 1 < s < p.

1. If ched, A # 0, then chedg ched, A = chedg A.
2. ched, chedg A = ched,, A.
3. ched,, ched, A = ched,, A.
4. ched, chedg A = ched,, A.
5. If ched, A # 0, then chedg ched, A = chedg A.
Proof.
1. By Theorem [6.0.19] (1}) and Corollary [7.0.12] we have

2.

3.

4.

D.

chedy ched, A = chdg conv chd, conv A = chd, chd, conv A = chd, conv A = chedg A.

By Theorem [6.0.19 ) and Corollary |7.0.12}, we have

ched, chedy A = chd,, conv chdy conv A = chd,, chdy conv A = chd,, conv A = ched,, A.

We already had this when we observed that ched, A is a p-Choquet convex decompos-
able set and the extended definition coincides with the original definition which acts as

identity on p-Choquet convex decomposable sets. Yet we provide with another proof

purely based on simple manipulations: By Theorem |6.0.19 ) and Corollary [7.0.12

we have

ched,, ched, A = chd,, conv chd, conv A = chd,, chd,, conv A = chd,, conv A = ched, A.

By Theorem [6.0.19 ) and Corollary |7.0.12 we have

ched,, cheds A = chd,, conv chdg conv A = chd,, chdg conv A = chd,, conv A = ched,, A.

By Theorem [6.0.19 ) and Corollary |7.0.12}, we have

ched ched, A = chd, conv chd,, conv A = chd chd,, conv A = chd, conv A = chedg A.
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Chapter 8

Conclusion

In this paper, we introduce Choquet combinations and Choquet hulls generalizing convex
combinations and convex hulls. We show that Choquet and convex hulls coincide in finite-
dimensional spaces, yet generally differ in infinite-dimensional spaces, Choquet hulls being
the larger ones. We show that closed convex sets are Choquet and provide a quantita-
tive characterization for Choquet hulls. By generalizing finite decompositions, we intro-
duce Choquet decompositions and Choquet decomposable hulls. Choquet decomposability
is characterized by being strongly closed and decomposable. By generalizing random convex
combinations, we introduce Choquet convex decompositions and Choquet convex decompos-
able hulls. We show that the Choquet convex decomposable hull operator is the composition
of the Choquet decomposable hull operator with the convex hull operator. Lastly, Choquet
decomposable and Choquet convex decomposable hulls are investigated as hull operators in

relation to the collection of measurable selections of random sets.
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Appendix A
Appendix

We refer the reader to Cinlar [T1] for the details regarding transition probability kernels and
distributions, and to Mikusinski [6] for the construction of Bochner integral, which is similar

to that of Lebesgue integral.

A.1 Bochner integrals and transition kernels

Let (A, a) and (B, b) be measurable spaces. A mapping K': Axb — R" is called a transition
(probability) kernel if

e Measurable part: for every D € b, the mapping a — K (a, D) is a-measurable,

e Measure part: for every a € A, the mapping D — K (a, D) is a (probability) measure
on (B,b).

Theorem A.1.1 (Theorem 6.3, Cnlar [I1]). Let K be a transition probability kernel from
(A, a) to (B,b).

1. For a measurable function f: B — R, the function K f: A — R, defined by

K1 (@)= [ £0) K (o)
1s a random variable.

o1



2. For a probability measure v on (A, a), the set function vK : b — R, defined by

vK (D) = /AK(a, D)wv(da)
is a probability measure on (B,b).
3. For a measurable function f: B — R, and a probability measure v on (A, a), we have
v(Kf) = (vK) f,
that s,

0(<f) = [ Kr @) = [ 16)or(an) = wi) 1.

Bochner integrals enjoy similar properties:

Theorem A.1.2. Let (C,B(C)) be a Banach space equipped with its Borel o-algebra B(C).
Let K be a transition probability kernel from (A, a) to (B,b).

1. For a measurable function f: B — C, the function K f: A — C defined by
K1 (@)= [ £0)K (o)

18 measurable provided that the above Bochner integrals exist.

2. For a probability measure v on (A, a), the set function vK: b — Ry defined by

vK (D) = /AK(a, D)v(da)
is a probability measure on (B,b).
3. For a measurable function f: B — C and a probability measure v on (A, a),
v(Kf) = (vK) [,

that s,
o (K f) = /A K f () v(da) = / F(b) oK (db) = (uE) |

provided that the above Bochner integrals exist.
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Proof. Proof of the first part, which is avoided, is quite standard relying on a monotone class
argument. The second part is the same as of Theorem Hence we only focus on the last
part: Assuming that the above Bochner integrals exist, let Z(a) .= K f (a) = [, f(b) K(a, db)
for each a € A in Bochner sense, where Z: A — C. To show the equality of the two Bochner

integrals
[ Z@vida) = [ 10y ek an),
A B
let W: C — R be a continuous linear functional. Then, by Theorem [A.1.1] we have

W( /A Z(a)v(da)) _ /A W(Z(a)) v(da)
= /,4 W( /B () K(a,db))v(da)
:/A/BW(f(b)) K (a, db) v(da)
:/BW(f(b))vK(db)

:I/V(/Bf(b) vK(db)),

where W o f: B — R is a real valued random variable. Hence, v (K (W o f)) = (vK) (W o
). .

A.2 Bochner integrals and distributions

Let (A, a,w) be a probability space and let (B, b) be a measurable space.

Theorem A.2.1 (Theorem 2.4, Cimnlar [11]). Let Y: A — B be a random variable and let s

be the distribution of Y under w. Then for every measurable function f: B — R*, we have

/A f oY (a) w(da) = / F(0) s(ab).

Bochner integrals enjoy similar properties:

Theorem A.2.2. Let (C,B(C)) be a Banach space equipped with its Borel o-algebra B(C).

Then, for every measurable function f: B — C, we have
/ foY(a)w(da) = / () s(db) (A2.1)
A B
provided that the above Bochner integrals exist.
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Proof. Assuming that the above Bochner integrals exist, to show (A.2.1), let W:C — R
be a continuous linear functional. Then, by Theorem [A.2.T we have

W(/Aon(a) ) /W f oY (a)) w(da)

/AWof)oY() (da)
- / (W o f)(b) s(db)
= [ wire) sy

= frwsm)

where W o f: B — R is a real-valued random variable. n
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