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ABSTRACT

ESSAYS ON MICROECONOMICS

OZAN ALTUG ALTUN
Economics, M.A. Thesis, July 2021

Thesis Supervisor: Assoc. Prof. Mehmet Barlo

Keywords: Contagion, Interbank Network, Bank Failure, Cascade, Nash

Bargaining, Proportional Cost Allocation

This thesis analyzes bargaining situations via cost allocation methods pertaining to
rescue in an interbank market where there exists contagious financial distress. Our
results extend the rescuing structure of Rogers and Veraart (2013) into a bargaining
perspective. We consider different cost allocation methods which can be used to
save the defaulting banks and to stop the contagious effect of the bank failure. We
show that under proportional cost allocation, the solvent banks who have strictly
positive income will always save the defaulting bank under mild conditions. On the
other hand, we show that rescuing formation might not work under some other cost
allocation methods.
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OZET

MIKROEKONOMI UZERINE MAKALELER

OZAN ALTUG ALTUN
EKONOMI, YUKSEK LISANS TEZI, TEMMUZ 2021

Tez Danigmani: Dog¢. Dr. Mehmet Barlo

Anahtar Kelimeler: Ekonomik Kriz, Bankalar, Ag Yapilar1, Nash Pazarlik Coziimii

Bu tezde, finansal sikintilarin bankalararasi piyasada sebep olabilecegi bulasici
bir iflas zincirinin, farkli masraf tahsis yontemleri ile elde edilen pazarlik yapilar
ile kurtarilmasi incelenmektedir. Elde ettigimiz sonuclar, Roger and Veraart
(2013) tarafindan kurtarma yapilar ile ilgili bulgular1, pazarhik yapilar ile deger-
lendirmektedir. Farkh pazarlik yapilarini, batan bir bankay1 kurtarma ve yayilan
finansal sikintilar1 durdurma agilarindan degerlendirdik. Orantili maliyet tahsisi kul-
lanildiginda, batan bankalar1 kurtarmaya giicii yeten ve tesvigi olan diger saglam
bankalar grubunun midahale edecegini kanitladik. Ayrica, bagka pazarlik yapilar
altinda, bu kurtarma grubunun olusamayacagi durumlar olabilecegini gosterdik.
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1. INTRODUCTION

Financial institutions are connected through financial commitments to each other.
The banks “lend to and borrow from each other to smooth idiosyncratic liquidity
variations and meet deposit requirements; they collaborate on investment opportu-
nities; and they operate in chains —repackaging and reselling assets to each other”
(Jackson and Pernoud (2020)). Therefore, a considerable amount of costs occurs
in the case of insolvency of some part of the financial system due to the spread of

financial distress through the network.

The resolution of Long-Term Capital Management (LTCM) in 1999 is one of the
examples of such insolvencies. LTCM has lost nearly $4.6 billion due to its exposure
to Russian and Asian Financial Crises (1997 and 1998, respectively). A financial
consortium injected $3.6 billion to save LTCM without government assistance. An-
other example is the sale of Merrill Lynch to Bank of America in 2008. Merrill Lynch
has lost $50 billion because of the subprime mortgage crisis, and it is sold to Bank
of America at a price representing a discount of %61 from its September 2007 price.
Cypriot Finacial Crisis in 2012 set an example of a bail-in where bondholders in
Cyprus banks with more than 100,000 euros in their accounts were forced to write

off a portion of their holdings.

If a bank in the network defaults, then some losses are realized in bank failures due
to liquidation. James (1991) finds that the loss on assets is substantial, averaging
over 30 percent of the assets of the defaulting bank. Because of the decrease in the
value of these assets, the bank cannot meet its obligations to its creditors. Due to
the linkages of financial commitments, these losses spread throughout the financial
network. Thus, the interconnectedness of banks causes the whole network to be
exposed to the risk of a crisis that can stem from a failure of an individual financial

institution (a node in the financial network).

The banking crisis in 2008 has shown that regulators and market participants had

limited information about the network of obligations between financial institutions,



and there was little theoretical understanding of the relationship between intercon-
nectedness and financial stability (Glasserman and Young (2016)). The spread of
financial distress through a network of institutions and the risk of interconnected-
ness across banks have been extensively studied. An incomplete list of papers in
that literature are Allen and Gale (2000), Eisenberg and Noe (2001), Furfine (2003),
Upper (2011), Elsinger, Lehar, and Summer (2013), Elliott, Golub, and Jackson
(2014), Glasserman and Young (2016), Banerjee and Feinstein (2019), Papp and
Wattenhofer (2020), and Kanik (2020). The network models in these studies have

been instrumental to understand financial systemic risk better.

Some of these models operate with given network structures of financial institutions
and analyze the failure of financial systems while investigating policies aimed to

prevent the contagion of financial distress.

Eisenberg and Noe (2001) shows the existence of a market clearing vector by employ-
ing a fixed point argument. It also obtains the uniqueness of the market clearing
vector under a condition called regqularity that demands “any maximal connected
subset of nodes of the financial system has some surplus to transfer among the other
nodes”. In furtherance, that study characterizes the market clearing vector with the
help of an algorithm called the “Fictitious Default Algorithm” (FDA, henceforth).

Another significant contribution on this subject is made by Rogers and Veraart
(2013), and it extends the model of Eisenberg and Noe (2001) by including (depre-
ciation) constants that capture the realized fraction of the face values of the assets
that a bank owns. The motive behind this is as follows: The defaulting bank would
have to sell its loan portfolio probably at a price strictly less than it could sell when
the bank is solvent. Rogers and Veraart establish that if a group of banks (rescue
merger) can rescue banks in financial distress, then the group also has the incentive

to rescue these failing banks.

In this thesis, we utilize both the determination of the market clearing vector (Eisen-
berg and Noe (2001)) and the idea of loss on assets’ values in case of default (Rogers
and Veraart (2013)).

On the other hand, other models assume different structures (concerning capitaliza-
tion levels, degrees of connections between the banks, sizes of financial commitments
among the banks, etc.) in conjunction with the financial network and aim to obtain

general results for these structures.

Elliott, Golub, and Jackson (2014) approach the literature on bank failure by intro-
ducing two key concepts: integration and diversification of the network structure.

Integration refers to the proportion of the assets held by the investors of the bank
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versus the proportion of the claims held by the other banks in the network. Mean-
while, diversification involves the number of banks that the aforementioned bank
has an obligation to. That study concludes that diversification and integration bring
about trade-offs that have nonmonotonic effects on the spread of financial distress,
and financial networks with an intermediate degree of diversification and integration

are the most susceptible to widespread financial cascades.

Nier et al. (2007) approach the effect of the structure of the network on the contagion
by varying the level of capitalization of the banks, the degree to which banks are
connected, along with the diversification and integration. Their findings on the effect
of diversification and integration are parallel to the results of Elliott, Golub, and
Jackson. In addition, they conclude that as the aggregate amount of capital in the
network (the measure of absorbing shocks) increases, the risk of spread of financial
risks decreases. Moreover, they also show that the more concentrated the network
is, the more banks fail (where their measure of concentration increases when there

are more banks in the network with the same aggregate size of assets).

Notwithstanding, Kanik (2020) extends the model of Elliott, Golub, and Jackson
(2014) to the bank rescue context with a game theoretical framework. It concludes
that financial contagion risk in banking networks may imply greater stability in
particular network structures. Kanik also finds that the networks connected through

an intermediate level of liabilities are welfare-maximizing.

Our thesis utilizes the model of Rogers and Veraart (2013) and makes use of the
“Fictitious Default Algorithm” of Eisenberg and Noe (2001) to observe and investi-
gate the cascade of bank failures (insolvencies causing “ripple effects” and “domino
effects” as put forth by Papp and Wattenhofer (2020) and Upper (2011), respec-
tively).

Even though the FDA is theoretically an algorithm (alternatively, a tatonnement),
we argue that individual steps of this algorithm are sufficiently rich to model and
display the real-world cascades of bank failures. Therefore, the FDA provides real-
world applicability not only in terms of the identification of the limit (fixed-point)
market clearing vector, but also in terms modeling cascades of bank failures. To
our knowledge, this assessment concerning the FDA and other sequential default
algorithms (Upper (2011) an example of which is the FDA) is shared by each of the
following papers: Eisenberg and Noe (2001), Furfine (2003), Upper (2011), Elsinger,
Lehar, and Summer (2013), Elliott, Golub, and Jackson (2014), Glasserman and
Young (2016), Banerjee and Feinstein (2019), Papp and Wattenhofer (2020), and
Kanik (2020).



To exhibit tangible examples displaying the real-world applicability of the sequential
default algorithms (including the FDA), we cite Elliott, Golub, and Jackson (2014):

Globalization brings with it increased financial interdependencies among
many kinds of organizations—governments, central banks, investment
banks, firms, etc.—that hold each other’s shares, debts and other obliga-
tions. Such interdependencies can lead to cascading defaults and failures,
which are often avoided through massive bailouts of institutions deemed
“too big to fail” Recent examples include the U.S. government’s inter-
ventions in A.I.G., Fannie Mae, Freddie Mac, and General Motors; and
the European Commission’s interventions in Greece and Spain.

They continue to associate these cascades with sequential default algorithms are

follows:

Some initial failures are enough to cause a second wave of organizations
to fail. Once these organizations fail, a third wave of failures may occur,
and so on. A variation on a standard algorithm [of Eisenberg and Noe
(2001)] then allows us compute the extent of these cascades by using
the formula discussed above to propagate the failure costs at each stage
and determine which organizations fail in the next wave. Policymakers
can use this algorithm in conjunction with the market value formula to
run counterfactual scenarios and identify which organizations might be
involved in a cascade under various initial scenarios.

Similarly, Banerjee and Feinstein (2019) offers the following related observations

from the real-world to justify to use the FDA in their analysis:

The important role that such contingent linkages play is demonstrated
by the financial crisis of 2007-2009. As that crisis unfolded, AIG faced
bankruptcy after the failure of Lehman Brothers due to the large payouts
it was required to make on its CDS contracts referencing Lehman and
mortgage backed securities. When the crisis hit, the sudden calls to pay
out the CDS contracts put great pressure on AIG, which traditionally
had a thin capital base. Consequently AIG had to be rescued by the
U.S. Department of Treasury so as to avoid jeopardizing the financial
health of firms which bought CDSs from AIG.

On the other hand, we wish to acknowledge that “the unfolding of default cascades
and the realization of domino effects of insolvency are rarely observed and there is no

reasonable database that would allow a systematic and reliable empirical answer to
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the question of how big contagion risks actually are.” (Elsinger, Lehar, and Summer
(2013))

In this thesis, we integrate cost allocation methods into the analysis of how to

prevent bank failures and stop contagion cascades in financial networks.

We analyze different cost allocation methods; proportional cost allocation, equal
sharing cost allocation, and Talmudic cost allocation methods in the context of
cascading failures. Our findings show that the power to stop cascades of failures with
equal sharing cost allocation and Talmudic cost allocation methods is limited, while
it is possible to prevent the default chain right at the beginning with the proportional
cost allocation method. Our results show that the resilient banks can prevent the
cascade by relinquishing some portions of their claims, whenever possible. This
relinquishment leads to a financial situation where all the banks in the network

achieve higher wealth compared to the situation in which at least one bank defaults.

We adopt the model of Eisenberg and Noe (2001) and—as in Rogers and Veraart
(2013)—we concentrate on the analysis of the FDA with the distinct feature that
defaulting banks cannot extract the whole face value of their assets and have to
suffer some depreciation losses to meet their obligations. Indeed, the assets of a
financial institution consists of its exogenously given endowments and the financial
liabilities owed by other banks to the bank at hand. It needs to be emphasized that
the endowments of a bank does not contain shares of ownership of other banks and
is rather limited to given monetary holdings. Unlike Rogers and Veraart (2013), we
operate with a common depreciation loss with regards to defaulting banks. That is,
the depreciation rate for endowments and the depreciation rate for liabilities to be
collected from other banks is assumed to equal one another. While restrictive, this
condition does not imply important qualitative differences and is rather imposed
for reasons of simplicity. Another condition we impose demands that the financial
system at hand is one where in the modified FDA in every cascade of bank failures,
only one bank is in distress, if any. We confess that this assumption that we keep due
to reasons of simplicity, eliminates interesting but complex situations in which the
choice of which bank to rescue leads to some bargaining among the resilient banks.
The final condition we need for our results is one where each bank is assumed to have
a strictly positive income. This condition is related to the “regularity” assumption
of Eisenberg and Noe (2001) which is required to obtain uniqueness of the clearing

vector of the system.

We analyze the implications of the cost allocation methods on financial contagion
and magnitude of bank defaults, and membership composition of a rescue consortia.

We show that the spread of financial distress can be prevented at the beginning with
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the proportional cost allocation method and this prevention (weakly) improves the
welfare of every member of the financial system. Additionally, we provide some ex-
amples that show the limitations of the other two cost allocation methods, equal cost
sharing, and Talmudic cost allocation, in preventing the cascading failure. There-
fore, our results establish that the cost allocation method matters for rescuing banks

in financial networks.
The thesis proceeds as follows.

In Section 2.1 we describe the preliminaries, the “market clearing vector” used
throughout this thesis, and a version of “Fictitious Default Algorithm” introduced
by Eisenberg and Noe. The clearing vector is a fixed point of payments or liabilities
of the banks to the others and it is characterized by the limit point of the algorithm.
A due remark is that our version of the FDA does not suffer from the simultaneity
problem of sequential default algorithms elaborated by Upper (2011). Please see
Footnote 2 for the details. Using our setup, we are able to divide the cascades of
bank defaults into clear steps with the help of the FDA and observe the spread of
financial contagion clearly. By examining these steps, we investigate the formation
of rescuing banks, their membership composition, and the bargaining procedure in
each round. Our results show that behavior of the banks in rescue formation may

change from one round to another under different cost allocation methods.

In Section 2.2, we introduce the main assumptions of this thesis. Our first assump-
tion is that in the context of cascading failures, only one bank can go bankrupt at a
step. This assumption eliminates complex cases where there exist multiple default-
ing banks and a resulting bargaining situation about the determination of which
distressed bank(s) to rescue. The second assumption we have is that all banks
should have strictly positive income. This assumption is related to the “regularity”
assumption of Eisenberg and Noe (2001) which is required to obtain uniqueness of
the clearing vector of the system. These two assumptions put some structure on the

financial network model we study.

In Section 2.3, we discuss the cost allocation methods that we use in this thesis and
present the main result and the required examples of this thesis. An important re-
mark concerning these cost allocation methods is their time-consistency feature. We
evaluate the rescuing decisions and effort associated with each step of the financial
contagion separately. In particular, the banks that have not defaulted yet in a given
round will consider their participation in the rescue group under a cost allocation
method by evaluating/foreseeing the specifics of the rescue efforts and arrangements
in the following rounds with the same cost allocation method. Therefore, whether

or not an individual bank wishes to participate and act according to the a rescue
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effort in a given step of the FDA depends on its value in the current round and
its “continuation value” that the bank foresees to achieve in the next round of the

rescue effort under the same cost allocation method.

Section 3 concludes the thesis.



2. HOW TO STOP CASCADES: AN ANALYSIS OF COST
ALLOCATION METHODS TO FLOAT DEFAULTING BANKS

2.1 Preliminaries and the Fictitious Default Algorithm

Our model parallels that of Rogers and Veraart (2013) and we use the same notations

with some small differences.

In our network model, each node represents a bank indexed by N :={1,...,n} with
n > 2. Each bank ¢ € N has a monetary endowment which is denoted by e; > 0
that captures the initial net assets of bank 7. The profile of endowments is given by
e:= (€;)ien. We wish to remind that the endowments of a bank does not contain

shares of ownership of other banks and is limited to given monetary holdings.

Each of these banks also has nominal liabilities to the other banks in the system,
and these liabilities are represented with a matrix that we refer to as the liability

matrix.

Definition 2.1. The liability matriz among the banks indezed by N is L = [L;;];;
where the ij™ cell, l_)ij, gives the nominal liability of bank i to bank j. Total nominal
liability of bank i to other banks is given by the vector L; = > jeN Eij. We will assume
that [_/,-j >0 for all i,j € N with the convention that Ly =0 for all i € N.

In order to dismiss some of the unnecessary complications, we assume that L;; >0

implies that Ez}j =0, 7,5 € N. That is, we consider only the “net” liabilities.

In our model, we operate using a constant rate of depreciation § € (0,1) which acts
as a reduction rate of total assets of a defaulting bank 7. With this constant, we
make sure that the failure of the banks leads to a real cost. We denote d :=1—9.
As a result, we have d € (0,1).!

When d = 1, then the model at hand is that of Eisenberg and Noe (2001). In our analysis, we insist on
d <1 in order to force banks to float the other banks whenever the opportunity arises, the main result of
Rogers and Veraart (2013).
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We define the financial system as a triple (e, L,d) where e is the endowment vector,

L is the liability matrix, and d is the net depreciated amount.

A clearing vector describes the payments of each bank to the others in the network.
We assume that the clearing vector is consistent with three criteria proposed by
Eisenberg and Noe (2001). These criteria are limited liability, which requires that
each bank cannot pay more than its available assets, the priority of debt claims,
which requires that a bank must first pay its outstanding liabilities before stock-
holders receive their claims, and proportionality, which requires that in the case of
a default, the defaulting bank pays all creditor banks in proportion to the size of
their nominal claims on its assets. We are going to use a similar definition of the

clearing vector with Rogers and Veraart (2013).

Definition 2.2. A market clearing vector for the financial system (e,L,d) is a
vector L* := (L});en where L} € [0, L;] is such that

L* =¢(L"),

where ¢ : Rﬂ — Rﬂf is a function such that for all liability matrices L = [L;j] with
Li; =0, Lijj >0 implies Lj; =0, and 3_; L;j € [O,I_/i] foralli,j € N, ¢ is defined by
o(L) := (¢i(L))jen where we have

L; if Li < e;+ Y jen Lji
d (e;+Xjen Lji) otherwise.

Theorem 1 of Eisenberg and Noe (2001) establishes the existence of a clearing vector
for d =1 by using Tarsky’s fixed point theorem as well as come up with a condition
that guarantees the uniqueness of this vector in general. This condition, which
Eisenberg and Noe call reqularity, says that “any maximal connected subset of nodes
of the financial system has some surplus to transfer among the nodes of the system.”
Moreover, they observe that regularity follows whenever “the financial system is

strongly interlinked or each node is endowed with some transferable surplus.”

That paper also contains an algorithm and Eisenberg and Noe call it the Fictitious
Default Algorithm (henceforth, the FDA). Indeed, this is an algorithm that identifies
an interbank payment vector among all the financial institutions of a system by
iteratively considering consecutive rounds where in each round the insolvent bank(s)
at the end of that round is identified.



In this thesis, we focus on the following version of the FDA:?

1.1 Let each node represent a bank in the network. We denote the set of nodes
by ¢ € N.

1.2 In the first round, we assume that all nodes i € N in the financial system will

satisfy their obligations, meaning that they pay their initial liabilities L;.

1.3 If all the banks in the system meet their obligations, then the algorithm ter-
minates. That is, if (e;+ Y jen Lji) > Li, then the algorithm ends.

1.4 If there exists a bank j such that (e; +> ey I}j,i) < L;, this bank is in financial
distress and if not rescued it will go bankrupt at the end of round 1. Let such
financially distressed banks in round ¢ = 1 be denoted by B' ¢ N.

1.5 When B! # (), FDA moves to the second round. The payments become L} by
for all i € B while it is L; for all j € N\ B,

1.6 The FDA procedure ends in round 2 if all the banks i € N\ B! fulfill their
liabilities. That is, we terminate the FDA if (e;+ X jep1 L} ; + X jen\ B Lji)>
L; for all i € N\ B'.

1.7 If there exists a bank i ¢ B! such that (e; +Xjep Lj; +35¢B1 Ejﬂ-) < L;, bank
i is in financial distress in round 2 (and if not rescued bank i will go bankrupt
at the end of this round). We denote the union of the financially distressed
banks in this round ¢ = 2 and the banks that have started bankrupt in this

round by B? C N. So, the financially distressed banks in round 2 are those in
B?\ B,

1.8 If B2\ B! # 0, the FDA moves to round 3. The payments become L} for all
i € B while they are L; for all j € N\ B2
1.9 The FDA continues into further rounds by replicating these steps.

This algorithm proposes that in a default cascade, banks that go bankrupt are
determined according whether or not they satisfy their obligations in each round.
In particular, if all banks satisfy their obligations fully in a round, then the algorithm

ends in that round. Otherwise, in the next round, obligations of all the banks and

°In general, the FDA of Eisenberg and Noe (2001), bears a small difference when compared to ours. In our
setting, when a bank defaults, in the next rounds it pays the “fixed point” amount of liabilities. On the
other hand, in Eisenberg and Noe’s version, the defaulting bank does not necessarily pay the fixed point
amount but instead pays all the proceeds it collects in that round from the other banks among which there
may be some that will default in future rounds. Thanks to Theorem 1 of Eisenberg and Noe (2001) and
our requirement that the defaulting banks pay their fixed point liabilities, both of these versions of the
FDA converge to the same unique clearing vector whenever the financial system satisfies the regularity
requirement. In furtherance, our formulation is immune to the simultaneity problem of sequential default
algorithms as elaborated by Upper (2011).
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their payoff amounts are calculated by using the market clearing vector L*. The

algorithm continues until there are no new defaulting banks.

2.2 Floating Insolvent Banks

Eisenberg and Noe (2001) model assumes that defaulting banks realize the face
value of their assets fully to meet their liabilities. The model presented by Rogers
and Veraart (2013) extends Eisenberg and Noe’s model and considers when a bank
defaults, it will be realizing some loss given by a proportion (strictly less than
one) of its assets to pay its obligations. However, for purposes of simplicity, our
model includes the depreciation variable § (a constant rate of depreciation) in the
same fashion as Rogers and Veraart (2013), with the minor modification of using a
common depreciation rate (instead of separate rates) for endowments and interbank

assets.

Rogers and Veraart (2013) consider a rescue consortium (merger) that is formed
among the banks excluding distressed ones. They consider situations where par-
ticipation into a rescue consortium may be costly. That paper shows that when a
rescue consortium is “able” to rescue the failing banks, then the consortium/merger
also has an incentive to save the defaulting banks, i.e., the overall rescue costs of

the merger are outweighed by the total benefits from rescuing distressed banks.

On the other hand, Rogers and Veraart (2013) is silent on the inner workings of
the consortium and does not model how the members of the merger share the cost
of rescue. Indeed, the particulars of the cost allocation that emerges when saving
defaulting banks, we think, is an essential part of how rescue consortia operate and
how they are formed. That is why, in this thesis we aim to model the inner workings
of the rescue consortia by using cost allocation methods and thereby analyze the im-
plications on financial contagion as well as understand the membership composition

of the mergers.

In our model, we will have a condition similar to the Rescue Incentive condition
of Rogers and Veraart (2013) that arises from an assumption for requiring strictly
positive income for all banks. Using this condition, we show that when forming
consortia is costless and the consortium of rescuing banks share the cost of rescue
among themselves proportional to their benefits from saving the insolvent banks,
all insolvent banks will be “rescued” meaning that the members of the consortium

relinquish their cash inflow from insolvent banks accordingly so that insolvency does
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not trigger a societal loss due to the depreciation of assets. Moreover, we identify

the membership composition of the rescue mergers.

To obtain tangible results and prevent unfruitful technicalities, in this thesis we

adopt the following simplification:

Assumption 1. The financial system (e,L,d) is such that only one bank can go
bankrupt at a round. That is, if B¥ # () for k > 1, then \Bk/ \Bk/_1] =1 for all
k' <kand |B'|=1.

When the financial system (e, L, d) satisfying Assumption 1 is such that there are de-
faulting banks, then we can calculate the total number of rounds by >N, I Li<L)=
M. In such a case, we call the last bank that defaults as the Mth bank by indexing
banks relative to the rounds when they become financially distressed. Moreover,
if BM £ (), then for t < M we define B! a non-empty subset of N as the set of
defaulting banks until the beginning of round ¢+ 1.

Next, we identify the cost of rescue:

Definition 2.3. Whenever the financial system (e,L,d) is such that there are de-
faulting banks (i.e., BM #0), we define ¢}, to be the cost to save the kth bank with
1<k<M from default which equals the following:

(2.1) cp = Ly — (ew > Lkt > Eu«) :

ic Bk i¢ Bk

In words, when there are defaulting banks, the cost to save bank k from default
equals banks k’s total nominal liabilities subtracted from its endowments and cash
inflow from other banks. Bank k’s cash inflow, on the other hand, equals the nominal
liabilities to bank & from those banks that have not defaulted until the k£ — 1th round
added to the fixed point payment amounts to bank k& from the other banks that have
defaulted until the £ — 1th round.

Our second assumption is related to the regularity of Eisenberg and Noe (2001).

Assumption 2. All banks have strictly positive income in the financial system
(e,L,d), i.e., for all i € N we have that e+ jeN l_/j’i > 0.

The regularity of Eisenberg and Noe demands that every subset S € N with banks
that are connected within the network via liabilities (this subset excludes the banks
that have liabilities to one of the banks in the subset) should have Y ,cq ¢e; > 0.
However, this condition would not be enough for our setting. Consider the example

with given liability matrix, e = [0,10,1] and the constant rate of depriciation is
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§=0.2 (d=0.8). The entry L;; denotes the liability of bank i to bank j, the row
denoted by + shows summation of cash inflow at that round and initial endowments,
the column denoted by — shows total liabilities of the banks and the net column
shows the difference between row + and column — which equals the net amount of

assets the banks have.

Round 1:
1 2 3 — net
1 (0 100 0\ 100 | —100
2 {0 0 100|100 | 10
310 O 0 0 101
+ \0 110 101

The financial network in this example satisfies regularity because bank 2 and bank
3 have strictly positive endowments for all connected subsets S € N (in this case
{1,2,3},{2,3} and {3}). However, we wish to exclude the banks like bank 1 in our
context since the main focus of this paper is rescue of banks with bargaining rules
/ cost allocation methods. This type of banks (banks with no endowments and no
positive cash inflow) will not be worthy to rescue. We note that Eisenberg and
Noe’s regularity condition holds whenever our strictly positive income requirement

is satisfied.

An important implication of the strictly positive income requirement is that when
a bank defaults (in a round up to round M), in the market clearing vector it makes
strictly positive payments to the other banks. As a result, we observe that for any
defaulting bank, M* € BM that defaults in a round up to round M, we have that
Yjen L+ ;>0 (due to the defining property of ¢ in Definition 2.2), while for any
other bank k ¢ BM, YjenLy ;= Ly > 0. We use this observation to obtain the

following result critical for our thesis:

Proposition 2.1. Suppose that Assumptions 1 and 2 hold. Then, if M* is one of
the defaulting banks, M* € BM | then

ieGM*

where GM™ .= {i € N : Lys+; > 0}.
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Proof. Note that

ieBM* i¢ BM*

Moreover, due to the definition of the market clearing vector (in particular, ¢) we
have that

ieGM* ic BM* i¢ BM*
where d € (0,1). This follows from the fact that when a bank defaults, it has to pay

all of its monetary assets net of some loss given by 6 =1 —d.

As Ly = YoM I_LM*7Z~ due to the definition of GM™, and equation (2.3) we attain
that

Cpx = LM*—(GM*-'- Z LZM*_F Z LZ,M*)

ieBM* i¢ BM*
T 1 * T 1 *
= Lae—o > Lipg= 2 Lwi—g > Lips
ieGM* ieGM* ieGM*
< X Lyi- X Liei= ¥ (s L)
ieGM* ieGM* ieGM*

since 3, qu+ Ly ; > 0 due to Assumption 2. The last inequality delivers (2.2) and
hence finishes the proof of this proposition. m

Intuitively, Proposition 2.1 displays that the cost of saving a financially distressed
bank is strictly lower than the forfeited amount of money that this bank would not

be able to pay to the other banks in case of its default.

2.3 The Proportional Cost Allocation

The main cost allocation method that has been analyzed in the current thesis is the

proportional cost allocation method, the PCA.

This time-consistent cost allocation demands that if there exist a rescue opportunity;,

the rescuing banks should share the recovery cost proportional to their benefits.

Given the financial system (e,L,d) satisfying Assumptions 1 and 2 with a clearing
vector L* and B # () (i.e., there are defaulting banks), the benefit of a bank i ¢ BM
to save bank M (in the very last round of the FDA before the fixed point payments

14



are achieved), is given by
(2.4) SZJM = (62‘ + Z L;f,i + Z f/jﬂ' — [_/z) — V;*,
jeBM—l j¢BM_1
where
(2.5) ‘/z* = (Gi—i— Z L;i—f— Z I/jﬂ'—fzi>
jeBM j¢BM

denotes the monetary surplus that firm ¢ obtains in the fixed point payment scheme.
Notwithstanding, for any bank j € BM (including M), the benefit of saving bank

M is given by 0. Therefore, we obtain the following benefit /surplus representation:
In round M of the FDA:

(2.6) Szj\/[ — (61 + ZjGBM*1 L;,i + ZjGN\B]fol Ejﬁ' — El) = VZ* if ¢ ¢ BM,
0 otherwise.

Using (2.5) in (2.4), we observe that the benefit of firm i ¢ BM to save bank M is
given by (thanks to Assumption 1) SM which equals

€; + Z L;i—F Z Ej7i—ii — | e+ Z L;i—F Z Ej,i—iz-

jeBM-1 jeN\BM-1 jeBM jeN\BM
= * * T e T .. — T R * 3
= ( > Lii— X Lj,z') + >, Lji— > Lji|=Lwmi— L
jeBM-1 jeBM JEN\BM-1 jeEN\BM

Then, the proportional payments of banks in round M in the FDA to save bank M
are determined as follows: For any i € N,
SM

(27) bi,M = — CM -
YjenSM

Then, by using the above we obtain (2.7) is equivalent to

Lyi—1L%,
(2.8) bi,M: M,17 Mt T CM-
Yjen\M Lrg — Ly ;

In round M — 1, the benefit of bank M to rescue bank M — 1 equals

S]\]Z[il:: (€M+ Z L;,M—i_ Z Lj,M_LM)

jGBM*Z j¢BJv172
15



as M will be needing rescue in the next round and hence obtain a value of Vj; = 0.
Moreover, it is straightforward to see that for any bank j € BM~2, the benefit of
rescuing bank M —1, S]M*l =0. On the other hand, in round M — 1, the benefit of
a bank i ¢ BM to rescue bank M —1 equals

sHti= (€i+ > L+ X Lj,z'—Lz') -V,
jEBM_2 j¢BM_2
where

V;MZ:HI&X{(BZ'—F > L+ ) Lj,i_Li_bLM)vVi*}'

jEBMfl ngMfl
For obvious notational reasons, we let VM1 .= v2*,

Then, the proportional payments of banks in round M — 1 of the FDA to save bank

M —1 are determined as follows: For any i € N,
SMt

(2.9) biM—1= "y
Z Sjen S

CM—1-

Continuing in this fashion, we obtain the PCA defined formally.

We include the example below to provide a better understanding for the propotional
payment b; ;.. The constant rate of depriciation, ¢, is 0.2 (d = 0.8) and e = [200, 10, 0]

for this example.

Round 1:
1 2 3 — net
1 /0 1000 0 1000 | —800
210 0 1000 | 1000 10
310 0 0 0 1000
+ \200 1010 1000
Round 2:
1 2 3 — net
1 /0 160 0 160
210 0 1000 | 1000 | —830
310 0 0 0 1000
+ \200 170 1000
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Round 3:

1 2 3 —  net
1,0 160 0\ 160
210 0 136 O
310 0 0 0 | 136
+ \200 170 136

At the last round, we observe the clearing vector payments for all banks, which
means L] 9 = 160, L33 =136 and bank 3 does not have a payment to make. We
reach this step if banks do not make any rescue initiative. At the last round, the
only solvent bank is the third bank and only this bank can offer a rescue. Under
any cost allocation rule, the third bank will have to pay the rescue amount of the
second bank, co = 830, meaning that b3 2 = 830. However, as we can observe from

the third matrix, bank 3 will have only $136 in net terms to cover those costs.

The logic behind the payment share b3 2 is as follows: We consider this payment share
as the amount of money that bank 3 is willing to relinquish from the net amount
it has at the second round. That means, by giving up its claims of $830 (bank 3’s
net claims were $1000) and accepting a total payment of $170, bank 3 can rescue
bank 2 in the second round. That will make bank 3 better of by 170 — 136 = $44
compared to the net amount it would have in round 3. As a result, by forfeiting its
claims of $830, bank 3 ensures that $44 is not lost due to depreciation of bank 2’s

assets as a consequence of its default.

In round 1, we observe the total amount of money that has to be relinquished is $800
which is the payment that bank 1 cannot fulfill. By using the equation (2.9), we
calculate ba 1 = 9.52 and b3 1 = 790.48 under the PCA. That means, the amount of
money that bank 3 and bank 2 have to relinquish is $790.48 and $9.52 respectively.
Since bank 2 has only $10 in net terms before the bankruptcy of the first bank, by
giving up $9.52, it will have $0.48 when bank 1 is rescued. With the same logic,
Bank 3 will have 1000 — 790.48 = $209.52. Both of these values are greater than the
amount that bank 3 and bank 2 would have when the first bank defaults. We want
to stress that, when we calculate the net amount they have when the first bank is
saved, we observe that bank 2 transfers some amount of its endowments to bank 3
(bank 2 had an initial endowment of $10 at the beginning and the net amount after
rescuing bank 1 is $0.48). That means b;;, cannot be interpreted as the amount of
money that bank j relinquishes just from the payment it would get from bank k.
The relinquishment related to the amount of money that bank j gives up from the

net amount it would have if the default at issue would have not occurred.
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The following result, establishes that if a bank ¢ is an active contributor of the
rescuing consortium for bank 1 < k£ < M, then bank ¢ must be an active contributor

of also the rescuing consortium for all banks &' < k.

Proposition 2.2. Suppose that Assumptions 1 and 2 hold. Then if a defaulting
bank k € BM s saved and we have that bi . >0 for some i € N\Bk, then b; 1 >0
even if [_/k—l,i =0.

Proof. First, we wish to remind that
(2.10) Vil =max{ei+ > Li+ > Lji—Li—big1,Vj"
jeBk—2 JEN\Bk—2

and as k € B* (i.e., bank k defaults in round k)

‘/ik :€i+ Z L;:z‘i‘ Z Ej’i—ii—bi7k,
jGBk_1 jGN\Bk_1

where the last equality holds by hypothesis that bank ¢ will save bank k by hypothesis
as b; ;, > 0 by assumption, thus VZ’C > VikH.

As a result, the benefit of bank i to save bank k—1 (provided that bank i will save
bank k by hypothesis as b; ;, > 0 by assumption) is

ei+ >, L+ Y Lji—Li|=VF=Lii—Li_y;+bix
jeBk-2 JEN\Bk-2

We note that the group of banks saving bank k£ — 1, consortium at £ —1 denoted by
GF=1 obtain a total surplus of

(2.11) Z ([_/k_l,j—LZ_l,j+bj7k>+ ek + Z L;,k”' Z I’Lk_[_/k
JeGE=1\{k} jeBk—2 JEN\Bk—2

since ka =0 and hence equation (2.10) evaluated for ¢ = k shows that the benefit
of bank k by saving bank k —1 (given that bank k will default in the next round)

equals

(2.12) er+ Z L;k—i- Z léjﬁ—ik.
jeBk-2 JEN\Bk-2

18



By using the definition of the cost to save bank k

ce=Lp—|ex+ D Lix+ Y, Ljx
jeBE jEN\BF

in equation (2.12) we obtain (as Lj j = Ly =0)

et > L+ > Lig— ck—i-ek—i-ZL;k—i- > L
jeBk—2 JEN\Bk—2 jeBk JEN\Bk

et >, Lig+ D Lig—|ck+ex+ > Lig+ Y L
jeBk—2 JEN\Bk—2 jeBk—1 JEN\Bk-1

= Lk—l,k — szl,k —Cj.

Ergo, substituting this finding into the total surplus of the consortium at £ — 1 shows

that equation (2.11) becomes

> (ik—l,j — L1 +bj,k) - (Elc—l,k —LZ—l,k—Ck)

jeGF\{k}
= X (Ek—l,j - LZ—LJ‘) + Y bir—ok
jeGkt JEGF-1\{k}
- Z (Ek—l,j - LZ—I,J’)
jeGk—1

as Zjekal\{k} bj,k = Ck.

Therefore, the proportional payment share of bank ¢ is to be calculated via the

following equation:

(Li—1i— Li1i i)
Yjecrh1(Lk—1—Li_q;

(2.13) bi,k—l = ) Clk—1-

By Proposition (2.1), we know that ;. k-1 (I_L;f_u —L’,;_l’i) > c,—1. Hence, b; 1 <
Ly_1;—Lj,_y ;+b; 1, meaning that the benefit of bank i to save bank k —1 is strictly
greater than the payment i is to make to save k — 1 under the PCA rule.

Finally, even if Ek—l,z‘ =0, then it is clear that the gain for bank ¢ to save bank k—1
is b; ), and by Proposition 2.1, we observe that b; ; > b; ,—1. This means that even
if there is no positive inflow from bank k£ —1 to bank ¢, bank ¢ will be willing to

participate the consortium to save bank £ — 1. O]

The following is our main result that says any bank will be saved under the propor-
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tional cost allocation.

Theorem 2.1. Suppose that Assumptions 1 and 2 hold. Then, any bank can be

rescued with the proportional cost allocation rule.

Proof. Consider the last defaulting bank M. By Proposition 2.1 we have obtained
equation (2.2), i.e., ¥ ;ecn (Lasi — L}y ;) > car where GM c N\BM. Ergo, M ¢ GM.
We can calculate the net gains for all banks i € GM using their value functions which

are given by

(2.14) VM=max{e+ Y Li;+ > Lji—Li—bia, VM
jeBM-1 ieN\BM-1

where we remind that ViMH =Vi=ei+XepnLj; + 2 ieN\BM I_/j,i — L;. Then,

the benefit of bank i to rescue bank M is given by

(2.15) ei+ Y Li;+ > Lji—Vi=Lyi—Li,
jeBM-1 ieN\BM-1

Therefore, the payment share of all healthy banks i € BM under the PCA can be

written as _
L — LM@'
ZieGM(LM,i - L}kw,i)

By equation (2.2), we conclude that the total net gains for all banks exceeds the

biv = M

payment share or individual rescue costs, EM,z‘ — L}k\/l,i > bi a1, so bank M will be

saved.

For induction purposes, suppose bank N*+1 € BM is rescued and we need to show
that bank N* will be saved. Consider i € GV with

N* * T T N*-f—].
V; =max\{ €; + Z Lj7i + Z Lj,i — Li — bi,N*a V;
jeBN*—1 JEN\BN*-1

For this bank 4, there can be only three cases: b; y+41 > 0 meaning that bank ¢
would contribute to rescuing operation in round N*+1 and we can categorize this
type of banks under the set T'1. Second case is i = N*+1 | i.e., bank i could be the
bank that will face financial distress next round. Our last case will be b; y+41 =0
with ¢ # N* 41, meaning that bank ¢ would not attend any rescuing operation until

this round and we label these type of banks under the set T3.

If b Ne41 _> 0 (alternatively, i € T1), then ‘/;N*+1 — i + X L+
2 jen\N* Lji —bin+41 > 0. So the benefit of this type of bank can be written
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as

(216) e+ Y. Li;+ > Ly, —L;-VN = L+ i— L +bine 1.
jeBN*—1 JEN\BN*~1

I_f'l = N* + 1, then V]{]\{k*_,'_l = maX{eN*+1 +Zj€BN*71 L;,N*-Fl +2j€N\BN*71 Ej’N*+1 —
Ln+41—b; y+,0}. In this case, the benefit of this bank is
(2.17)

* T T T *
enN*41+ Z Lj7N*+1+ Z Lj,N*+1_LN*+1:LN*7N*+1_LN*,N*.H_CN*—H-
jeBN*—1 JEN\BN*-1

Lastly, if b, ny+41 = 0 with ¢ # N*+1 (or i € T3), then V;N* = max{e; +
ZjGBN*—l L;i +Zj€N\BN*_1 Eﬂ — L —bi,N*,V;N*H}. By Proposition 2.2, b; y+41 =
0 =0b;N*42 = ... =b; p+1 and that means VZ-N*Jr1 = VZNk+2 S — ViMJr1 =e; +
ZjeBN* L;,i + ZjGN\BN* L;;— L; the benefit of this bank is

(2.18) et Y L+ > Lji—Li—VN =Ly L,
jeBNT-1 JEN\BN*~1

If we sum the benefits of these three type of banks, > ;e EN*,Z' —L*N*’Z-—l—
bi,N*—H + LN*,N*—H — L}(\/'*7N*+1 — CN*41 T EieTi’) LN*,i - L?\/'*J’ we would get

ZieN\BN**l (EN*,i - L7V*,z‘) = 2ieq(v) (LN*J - L7V*,i)'

By Proposition (2.1), we have the equation (2.2) and this implies for all banks
1€ N\BN*_l7 ‘/iN* —b; N+ > V;N*H. From this inequivalence, we observe that
these banks increase their values by saving the financially distressed bank N* and
hence this bank will be rescued. Since N* € BM ig arbitrary, by induction we can
conclude that any bank can be rescued with the PCA rule. O]

This theorem shows that under the PCA rule, the contagion of financial distress
will be stopped by other banks in the network before it starts. Every bank in the
financial network will be achieving a higher value compared to the situation when

defaulting cascade happens.

2.4 Other Cost Allocation Methods

In this section, we discuss two other time-consistent cost allocation methods that

can be used in the case of rescue opportunities. Then, we compare these methods
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to the PCA and identify examples where the PCA stops the failure cascade at the

beginning while the other methods involve cascades of bank failures.
Suppose that the given financial system (e,L,d) satisfies Assumptions 1 and 2.

Equal Cost Sharing Method: This time-consistent cost allocation method re-
sembles the PCA with the critical difference demanding that the solvent banks share
the rescue payment for bank & equally, i.e., for all i,j ¢ BF with Sf >0 and S]kf’ > 0,
it should be the case that b; ;. = b; 1.

In the example 3 below, we compare proportional cost allocation and equal cost
sharing method. The constant rate of depriciation, ¢, for the example below is 0.2
(d=0.8) and e = [200,700,500,250,200].

Round 1:
1 2 3 4 ) — net
1 /0 700 400 200 100\ 1400 | —1200
210 0 500 400 300 [ 1200 | 200
310 0 0 600 400 | 1000 | 400
41 0 0 0 0 1000 | 1000 | 450
51 0 0 0 0 0 0 2000
+ \200 1400 1400 1450 2000
Round 2:
1 2 3 4 ) — net
1 /0 80 45.71 22.86 11.43 160
210 0 500 400 300 1200 | —420
310 0 0 600 400 1000 | 45.71
410 0 0 0 1000 | 1000 | 272.86
51 0 0 0 0 0 0 1911.43
+ \200 780 1045.71 1272.86 1911.43

3This example is a modified and corrected version of the one that appeared in ECON 399 Independent
Study Report of U. Mergen (2018) supervised by Mehmet Barlo.
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Round 3:

1 2 3 4 ) — net
1 /0 80 45.71 22.86 11.43 160
210 0 260 208 156 624
310 0 0 600 400 1000 | —194.29
410 0 0 0 1000 | 1000 | 80.86
51 0 0 0 0 0 0 1767.43
+ \200 780 805.71 1080.86 1767.43
Round 4:
1 2 3 4 ) — net
1 /0 80  45.71  22.86 11.43 160
210 0 260 208 156 624
310 0 0 386.74  257.83 | 644.57
410 0 0 0 1000 1000 | —132.4
51 0 0 0 0 0 0 1625.26
+ \200 780 805.71 867.6 1425.26
Round 5:
1 2 3 4 ) — net
1 /0 80 4571  22.86 11.43 160
210 0 260 208 156 624
310 0 0 386.74  257.83 | 644.57
410 0 0 0 694.08 | 694.08
51 0 0 0 0 0 0 1319.34
+ \200 780 805.71 867.6 1319.34

At the last round Bank 5 has to pay 132.4 to save bank 4, ¢4 = 132.4. The
value of bank 5 at round 5 (in the case where the system achieves the fixed point
payments) is V55 = 1319.34 and bank 5 will compare this value with the value it
would have when bank 4 is rescued, Vi! = max{1625.26 — b5 4,V55}. Since the
only healthy bank is bank 5, bank 4 can be rescued by only bank 5. As ¢4 = b5 4,
Vi = 1625.26 — 132.4 = 1492.88 because 1492.88 > 1319.34. Notice that since bank
5 is the only resilient bank, cost in PCA and cost in Equal Cost Sharing will be equal.

Now, consider rescuing of bank 3. The cost of saving bank 3 is c3 = 194.29. With the
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same fashion, bank 5 will compare its maximum value until this round with what
it would achieve when bank 3 is rescued, Vi = max{1767.43 — bs 3, Vit = 1492.88}.
Also bank 4’s maximum value until this round is 0 since it would default next
round. Therefore, we have V;} = max{80.96 — by 3,V;' = 0}. Now, we can examine
the cost allocations for PCA and Equal Sharing.

Proportional Cost: Bank 5’s Gain: 1767.43 — 1492.88 = 274.55. Bank 4’s Gain:
80.96 — 0 = 80.96. b5 3 = 21222 x 194.20 = 150.044 and by 3 = S99 x 194.29 = 57.29.
V3 =1767.43 —150.044 = 1617.39 and V;? = 80.96 — 57.29 = 23.67.

Equal Cost Sharing: Since c3 = 194.29, b5 3 = by 3 = 97.145. V3 = max{1767.43 —
97.145,1492.88} = 1670.285. However, V}? = max{80.96 —97.145,0} = 0, bank 4

wouldn’t contribute to rescuing bank 3.

The cost of rescuing bank 2 is cg = 420 in round 2. Now, bank 5 and bank
4 will be comparing their maxiumum value until this round with what they
would get when bank 2 is rescued, VZ = max{1911.43 — b5, V& = 1617.39},
VE = max{272.86 — by 2,V = 23.67} respectively. Bank 3 will be comparing the
value it will have when bank 2 is rescued with 0 because it would default next round
if bank 2 is not rescued, Vi = max{45.71 — b3 9, V5’ = 0}. We can now compare the
two cost allocation methods with the same logic above.

Proportional Cost: Bank 5’s Gain: 1911.43 — 1617.39 = 294.04.  Bank
4’s Gain:  272.86 — 23.67 = 249.19. Bank 3’s Gain: 45.71 — 0 = 45.71.
bs.o = 2304 % 420 = 209.69, by = Zga5) X 420 = 177.71 and by » = A% x 420 = 32.6.
V2 = 191143 — 209.69 = 1701.74, V2 = 272.86 — 177.71 = 95.15 and
Vi =45.71—-32.6 =10.11.

Equal Cost Sharing: Since co = 420, bs2 = by = b32 = 140. V}? =
max{1911.43 — 140,1492.88} = 1771.43 and V}? = max{272.86 — 140,0} = 132.86.
However, V{# = max{45.71 —140,0} = 0, bank 3 wouldn’t contribute to rescuing
bank 2.

We can now consider the first round where cost of rescuing bank 1 is ¢; = 1200.
Again, all the banks will be comparing the value what they would achieve when
bank 1 is saved with the maximum value they achieve until this round, meaning
that V&' = max{2000 — b5 1,VZ = 1701.74}, V} = max{450 — b1,V = 95.15},
Vit = max{400 — by 1,V = 10.11} and V4! = max{200 — by 1,0} respectively. Below,
we compute the cost allocations for each bank with PCA and Equal Sharing
methods.

Proportional Cost: Bank 5’s Gain: 2000 — 1701.74 = 298.26. Bank 4’s
Gain: 450 — 95.15 = 354.85. Bank 3’s Gain: 400 — 10.11 = 389.89. Bank 2’s
Gain: 200 —0 = 200. bs; = 2820 % 1200 = 287.94, by, = 22285 x 1200 = 342.57,
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b1 = 35289 x 1200 = 372.54, boy = g x 1200 = 193.08. Vi = 2000 — 287.94 =
1712.06,V;! = 450 — 342.57 = 108.43,V3 = 400 — 372.54 = 27.46,V4 = 200 — 193.08 =
6.92 and V{' =0.

Equal Cost Sharing: Since c¢; = 1200, b51 = bg1 = b31 = ba1 = 300.
Ve = max{2000 — 300,1492.88} = 1700 and V}' = max{450 — 300,0} = 150
and V3 = max{400 — 300,0} = 100. However, V3 = max{200 —300,0} = 0, bank 2

wouldn’t contribute to rescuing bank 1.

So, this example shows that it is possible to stop the cascade of failiures at the
start (round 1) under PCA, as we proved in Theorem 2.1 while the rescue operation

would be limited under Equal Cost Sharing method.

Talmudic Cost Allocation Method: The Talmudic division is first stated in the
Babylonian Talmud. In this text, this division method is used for the inheritance
divisions between the right holders, However, in Aumann and Maschler (1985), this
method is used to analysis of Bankruptcy problem which we will also apply it in our

cost allocation framework. Consider the example

100 200 300
100 333 333 33%
200 50 75 75
300 50 100 150

According to traditional Talmud, suppose that there are three creditors in the above
system and their debts are 100,200 and 300 respectively and also corresponding
estates are 100, 200 and 300 as well. When E = 100 the estate equals to smallest
debt, therefore equal division will be applied. However, the figures for 200 and 300
are not suitable to fit any obvious extension of either equal or proportional division.
In Aumann and Maschler (1985) by looking at the above divisions that are taken
directly from the Talmud, a cost allocation formula is constructed, therefore in our

context we call this Talmudic cost allocation method.

Let us say there is two-creditor bankruptcy problem with estate £ and claims dy, ds.

The amount that each claimant ¢ concedes to the other claimant j is (E — d;) , where;

(2.19) 0+ = max(6,0)
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The amount at issue is therefore;

(2.20) E—(E—d), —(E—dy),

It will be shared equally between the two claimants and in addition to this each
claimant will receive the amount conceded to her by the other one. Thus the total

amount awarded to 7 is

.21 r= PECOL R gy,

To use the above equation in our framework we will modify it a little to fit in the
context. In our context, the cost allocation process is done between the saver banks
and cash flow will happen from them to the insolvent bank if all the saver banks
will be better than their initial situation. Therefore, in the above formula, we will
change to claimants as savers and we will change their claims as payments that they

should allocate the recovery cost between the saver banks.

The example below compares proportional cost allocation and Talmudic cost sharing
method in the case of rescue opportunities. The constant rate of depriciation, ¢, for
the example below is 0.2 (d = 0.8) and e = [200, 100, 160, 0, 0].

Round 1:
2 3 4 5 — net

200 200 200 200\ 800 | —600
0 100 100 O | 200 | 100
0 0 300 0 ]300 160
0 0 0 0 0 600
0 0 0 0 0 0 200

200 300 460 600 200

o O O O =

+ ot~ W N
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Round 2:

1 2 3 4 ) —  net
1 (0 40 40 40 40\ 160
210 0 100 100 O | 200 | —60
310 0 0 300 O ]300] O
410 0 0 0 0 0 | 440
51 0 0 0 0 0 0 40
+ \200 140 300 440 40
Round 3:
1 2 3 4 5 —  net
1 /0 40 40 40 40\ 160
210 0 56 56 0| 112
310 0 0 300 0| 300 | —44
410 0 0 0 0 0 | 396
51 0 0 0 0 0 0 40
+ \200 140 256 396 40
Round 4:
1 2 3 4 ) = net
1 /0 40 40 40 40\ 160
210 0 56 56 0] 112
310 0 0 2048 0 | 2048
410 0 0 0 0 0 300.8
51 0 0 0 0 0 0 40
+ \200 140 256 300.8 40

Consider the last round where bank 3 defaults. Bank 5 would not contribute to
rescue amount because Bank 3 is the last defaulting bank and bank 5 is not connected
to bank 3 (L35 =0, V& = max{40,40 — bs 3} = 40 implies b5 3 =0.). Thus, only bank
4 would be willing to contribute to the rescue and it will compare the value what
it would achieve when bank 3 is saved with the maximum value it achieves until
this round which is the fixed point value, V} = max{396 — b4.3,300.8} . Therefore,
all rescue amount will be paid by Bank 4, by 3 = 44 and V;} = max{396 — 44,300.8}
means that Bank 3 will be rescued by Bank 4.

Now, consider the next round where bank 2 defaults. Again, bank 5 and bank 3
would not contribute the rescue amount because of the same reason above (we can
also observe this by value comparisons for bank 5 and bank 3, V2 = max{40 — b5 2,40}
and Vi = max{0— b3 2,0} implies b5 2 = 0 and b3 2 = 0). Again bank 4 will compare
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the value what it would achieve when bank 2 is rescued with the maximum value it
achieves until this round, V,? = max{440 — by 2,352}. Therefore, all rescue amount
should be met by Bank 4 if possible, so V = max{440 — bs2,352} and bgo = 60
together implies that Bank 2 will also be rescued by Bank 4.

We can now examine the round where bank 1 defaults. This time all the banks
are getting some amount of payments from bank 1, and that’s why they all would
contribute to the rescue amonut if possible. The cost of rescuing the first bank
is ¢ = 600. With the same logic, all banks will compare the value they would
achieve when bank 1 is saved with the maximum value they would get until this
round, Vi = max{200—bs 1,40}, V! = max{600— b4 1,380}, V5l =max{160—b3 1,0},
Vah = max{100 — b2.1,0} respectively. Until this round, the banks were rescued by
only bank 4, and therefore PCA cost and Talmudic cost were the same. In this case,

we have to compute them seperately.

Proportional Cost: Bank 5’s Gain: 200 —40 = 160. Bank 4’s Gain: 600 — 380 =
220. Bank 3’s Gain: 160 —0 = 160. Bank 2’s Gain: 100 —0 =100. b5 = g50 x

600 = 150, by,1 = 223 x 600 = 206.25, b3 1 = gog X 600 = 125, by 1 = 299 x 600 = 93.75
Talmudic Cost: Since the lowest gain is 100 by Bank 2, all banks will share the
cost of this proportion. bo1 = 100 0 % k, b31 = 05,1 = 100 X k+ 1603100 x k and
byg = 190 x k100400 5 k4 (220 —160) x k. To meet the cost, sum of all this
payments should add up to ¢y = 600. That means k = % = 2.73. That means
by =25%2.73+20%2.73+60*2.73 = 286.65. From the value function of Bank 4,
Vi = max{600 — 286.65,380}, we can conclude that Bank 4 would not contribute

to rescue operation for Bank 1 and Bank 1 cannot be saved under Talmudic Cost

Allocation rule.

Thus, this example shows that it is possible to stop the cascade of failiures at the
start (round 1) under PCA, as we proved in Theorem 2.1 while the rescue operation

would be limited under Talmudic Cost Sharing method.

2.5 The Dismissal of Time-Consistency

In this section, we discuss rescue and cost allocation without considering the various
steps of the bank failure cascades.* In this alternative approach, time-consistency

is dismissed, as rounds of the FDA is not considered.

4We thank our jury member Han Ozsoylev for his input leading to the findings in this section.
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Given a financial system (e,L,d), suppose that Assumptions 1 and 2 hold. The
rescuing consortium decides whether to rescue (the insolvent) bank i* such that

{i*} = B, If i* is saved at a cost

(2.22) Civ = 3 Ly — (ei* +> Lm> ;

keN keN

then each of the banks j € N with j #¢* get to enjoy a level of wealth of

(2.23) V} =e;+ Z (ijk’j — Ej,k) ,
keN
as the cascade of bank failures will not be triggered in the first place. Notice that

ci+ is strictly positive and Vi« = 0 since {i*} = B!

On the other hand, if +* is not rescued, unlike our time-consistent cost allocation
rules, this time we assume that the system goes to the limit (fixed-point) market
clearing vector L*. We let the set of banks defaulting B given by BM. Then, the
wealth of banks ¢ € B (including ¢*) are all 0 (i.e., V; =0 for all £ € B), while the
wealth of bank j ¢ B is given by (rewritten version of equation (2.5))

(2.24) Vii=ej+ > Lij+ Y Lij— Y Lik
k¢ B keB keN

As a result, the net gains of the banks emerge from using equations (2.23) and (2.24)
as follows: For any bank j ¢ B, the net gains from the rescue of bank i* (and hence

the prevention of cascade of bank defaults) equals

(2.25) > [Lkj—Lil,
keB

as

(ej + Z (Ek,j _Ej,k)) - (ej + Z Ek,j+ Z LZJ - Z Ej,k) = Z {Ek,j —LZ,]} :

keN k¢B keB keN keB

These deliver the following net gains (of wealth) from the rescue of bank i*:

2 keB [zk,j - L}';,j] if j & B,
(2.26) Wj=1 ej+Shen (Dnj—Lix) if j € B\{i},
0 if j = i*.
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Therefore, for any given a financial system (e,L,d) satisfying Assumptions 1 and
2, using the net gains from rescue (given by equation (2.26)) and costs of rescue
(given by equation (2.22)), we can define the proportional cost allocation without

time-consistency as follows: Bank j € N\ {i*} pays

W‘

2.27 bj = —=——1— ¢~
(227) T Yeen Wi
It is clear that for any bank j € B with W; =0 (which includes i*), we have that
bj = 0. Similarly, we can formalize the equal cost sharing allocation without time-
consistency as follows: Bank j € N\ {i*} pays

1 .
(2.28) b =

0 otherwise.

Meanwhile, we skip the definition of the Talmudic cost allocation without time-
consistency as it can be defined accordingly using the net gains from rescue (given

by equation (2.26)) and costs of rescue (given by equation (2.22)).

Comparing the PCA (involving time-consistency) with the proportional cost allo-
cation without time-consistency, we observe that in any given a financial system
(e,L,d) satisfying Assumptions 1 and 2 (thanks to Theorem 2.1) under the PCA,
the cascade of bank failures will be stopped before they start. Thus, the cost of
rescue both under the PCA and under the proportional cost allocation without

time-consistency are the same. However, the benefits are different.

Notice that under the PCA we know that thanks to Theorem 2.1 the cascade of
bank failures will be stopped at every round of the FDA. Thus, the benefit of bank
j € N at the first round of the FDA equals

Vi—|ej+Lisg+ 3 Lig— > Ljn| = Lieg — Linj > 0,
k#i* keN
where f/z’*, j is such that
> kenN Lix k kEN

When B = B!, then L;+; = L

Yk e
LV}

market clearing vector, Ei*yj > L. ; and this inequality may become strict when B™

However, in general, as L* is the fixed-point

is non-empty for m > 1. Therefore, the benefit of bank 7 € N at the first round of
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the FDA is greater or equal to Lj, =L

Z*]

As a result the benefit of a resilient bank j ¢ B under the PCA (from rescuing
i*) equals [_/i*J — Ei*,j < [_zi*] L;k*J On the other hand, under the proportional
cost allocation without time-consistency, the benefit of j ¢ B equals Y pcp Ly j —

r;- Therefore, when B = {i"}, the benefit of j ¢ B under the PCA and the
proportional cost allocation without time-consistency equal one another. However,
when B contains other financial institutions (that default due to the so-called domino

effects), it is clear that

Z LkJ - L:*,j = (Li*,j z* j Z Lk] Lk] Ll*] L:* g = > LZ* J Li*J?
keB k#£i*

establishing that the benefit of a resilient bank j ¢ B under the proportional cost
allocation without time-consistency is bloated when compared with the benefit of
j under the PCA. On the other hand, for j € B\ {i*}, we see that the benefit of j

under the proportional cost allocation without time-consistency equals

(2.29) ej+ 3 (Lry— Lin)

keN
while j’s benefit under the PCA equals the expression in the previous equation (2.29)
when j € B2, but when j € B™ for m > 2 we observe that j’s benefit cannot exceed
(and at the time it may be strictly lower than) the expression given in equation
(2.29). As a result, for non-resilient banks j ¢ B too, the benefit of j ¢ B under

the proportional cost allocation without time-consistency is bloated when compared
with the benefit of j under the PCA.

Even though the benefits of all banks (apart from ¢*) are bloated under the propor-
tional cost allocation without time-consistency when compared with benefits under
the PCA, we cannot conclude an implication pertaining to the rescue operations
and emergence of cascades of bank failures. This is because, the costs are the same
and the banks’ payments depend on total benefits. For example, for a bank £ € B
but k ¢ B'UB?, the benefit under the proportional cost allocation without time-
consistency could be strictly more than the benefit under the PCA, while this also
holds for the total benefits. Hence, we cannot predict which way the “ratio” will go,

and hence, cannot produce implications.

Notwithstanding, these suggest that the proportional cost allocation without time-
consistency is not qualitatively different than the PCA, thanks to Theorem 2.1. The
differences are merely quantitative. The same techniques can be used to analyze

equal sharing with and without time consistency. However, whether or not the
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differences are merely quantitative (not qualitative) in such analysis is an open

question.
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3. CONCLUDING REMARKS

This thesis utilizes the model presented by Rogers and Veraart (2013) and the FDA
of Eisenberg and Noe (2001) with cost allocation methods to analyze in the context
of preventing cascading failures in banking networks. By doing so, we are able
to evaluate the financial contagion in steps and we can observe what the financial

network look like without any intervention to stop the cascade.

In this thesis, we show that the PCA method can be utilized to stop cascading bank
failures and prevent the spread of financial distress before it starts. Solvent banks
in the system have an incentive to save the defaulting banks with the PCA method.
The outcome reached with PCA shows that all the banks have higher wealth when
compared to the situation in which at least a bank defaults. We have discussed two
other cost allocation methods (equal cost sharing and Talmudic cost allocation) and

show some examples where they might fail to put a stop to these failures.

One can extend this model by relaxing the assumption of single failure and allowing
multiple bank failures. This relaxation will make the model more complex since new
bargaining situations emerge. For example, there can be some cases in which solvent
banks cannot rescue both of the financially distressed banks and have to bargain
over which banks should be rescued. In that case, the bargaining will be on two
dimensions, the amount of money to rescue and the choice of banks to save. Another
future direction of this thesis would be examining some other cost allocation methods
and finding general features that a cost allocation method should have to guarantee
a rescue before the cascade of defaults starts as it is the case for PCA. With this way,
one can group the cost allocation methods that have common features and gives the
same rescuing outcome for rescue in financial networks. Moreover, another avenue
of future research involves the study of the effect of the network structure on the
bargaining among the banks and vary some key parameters in the system such as
the capitalization level of the banks, diversification, and integration of the network,

and the concentration of the banks.
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