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ÖZET

Stiff diferansiyel denklemler için bir kapalı-açık lokal
yöntem
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Bu tezde, stiff diferansiyel denklemler için keyfi mertebeden yeni bir kapalı-açık

yerel diferansiyel dönüşüm yöntemi (IELDTM) üretilmi̧stir. Diferansiyel dönüşüm

fikrini başlangıç noktası olarak kabul ederek kararlılığı koruyan bu sayısal

yöntemde, hesaplama süreci ile ilgili tüm bilgiler doğrudan söz konusu diferansiyel

denklemlerden alınır. Bu çalı̧smada önerilen yöntem, stiff başlangıç değer problemleri

(BDP), stiff sınır değer problemleri (SDP) ve stiff parabolik başlangıç-sınır değer

problemleri için üretilmi̧stir. Hata tahminleri ve kararlılık analizleri dahil olmak

üzere tüm teorik çalı̧smalar sağlanıp teorik olarak beklenen mertebeler çeşitli sayısal

deneylerle doğrulanmı̧stır. Sunulan yöntemin hem adi diferansiyel denklemler hem de

üç boyutlu parabolik kısmi diferansiyel denklemlere kadar yüksek mertebeli, kararlılığı

koruyan ve çok yönlü sayısal bir yaklaşım olduğu gösterilmi̧stir. Bu çalı̧smada üretilen

yöntemin, optimize edilmi̧s serbestlik dereceleri sağlanarak hem diferansiyel dönüşüm

tabanlı yöntemin mevcut dezavantajlarını hem de sonlu elemanlar yöntemi ve sonlu

farklar yöntemi gibi diğer sayısal tekniklerin bazı dezavantajlarını ortadan kaldırdığı

kanıtlanmı̧stır.

Anahtar Kelimeler: Adveksiyon-difüzyon-reaksiyon denklemi, stiff diferansiyel

denklem, nümerik algoritma, Taylor serisi, başlangıç değer problemi, sınır değer

problemi
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1
INTRODUCTION

1.1 Literature Review

Capturing numerical behaviour of differential equations encountered in various fields

of science such as physics, chemistry, engineering, biology, and finance, is vital.

In general, it is often not possible to obtain analytical solutions of the equations

representing realistic behaviours in nature. Besides, analytical methods, which

are available for only simple differential equations, yields time-consuming symbolic

calculations for especially solving relatively large system of differential equations.

These restrictions of analytical approaches can be handled by considering accurate

and economic numerical methods that have a rich history dates back to 1768 with

the well-known study of Euler [1]. In numerical techniques, it is, in general, easy to

convert differential equations to algebraic equations. By the appropriate selection of

parameters used in a numerical method, the accuracy of the method can generally

be controlled by constructing suitable meshes. Thus, numerical methods for the

differential equations eliminate the existing drawbacks of the analytical methods and

yield quantitative results to observe the corresponding dynamics.

Performance of the numerical methods for solving differential equations strongly

depends on the smoothness of the solution functions. Stiff differential equations,

which are invented by Curtiss and Hirschfelder at the beginning of the 1950s [2],
yield non-smooth solutions and it is not an easy task to find out reliable numerical

solutions for these equations in the entire domain. Solutions of the stiff differential

equations include both transient and smooth components that yield rapid and slow

changes in the solutions, respectively. The areas of chemical kinetics, nonlinear

mechanics, fluid dynamics and biochemistry are main sources of stiff problems [3].
Stiff behaviours are modelled by not only ordinary differential equations (ODEs) [4,

5] but also partial differential equations (PDEs) [6, 7] and arise in various phenomena.

Numerical techniques are also classified according to the stiff and non-stiff problems

in the literature [3, 5]. Since capturing behaviours of the fast transient components

is not an easy task, the constructed numerical methods to solve stiff problems are
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an event of special interest [3, 5]. Divergence, reduction of order and undesired

oscillations are commonly faced in solving stiff problems under the consideration of

some inappropriate numerical techniques.

Stiff initial value problems (IVPs) for ODEs can be solved by suitable time integration

methods by constructing adaptive time-discretizations. Time integration methods are

mainly divided into two subgroups, such as multi-point [8–13] and multi-derivative

methods [14–22]. The multi-point methods are based on the idea of interpolation,

such as finite element methods [8, 12, 13] and spectral methods [9–11]. Even if

this group of methods is widely used for the spatial parts of PDEs, it is also possible

to solve IVPs with these methods. The multi-point methods lead to large degrees

of freedom and a large system of linear/nonlinear algebraic equations for solving

ODEs due to their non-iterative nature. This is an essential drawback due to both

computational cost and loss of accuracy over large time scales. The multi-derivative

methods such as Runge-Kutta methods [14–16], Rosenbrock methods [17–19], Taylor

series methods [20–23] have been used extensively to observe the behaviour of stiff

and non-stiff IVPs. As for this group of methods, they are iterative in nature and

have both explicit and implicit forms of their own. The Runge-Kutta and Rosenbrock

methods are derived from the Taylor series expansions by introducing interior ghost

nodes to get higher-order approximations. The Taylor series methods directly use the

higher-order derivatives of given implicit/explicit functions by the procedure known

as automatic differentiation or differential transformation [20–22, 24–27]. The idea

of differential transformation leads us to a useful procedure for recursively evaluating

higher-order Taylor coefficients [24–27].

In recent years, various numerical techniques have been derived in the literature to

deal with challenging stiff IVPs for ODEs [13, 28–35]. A quasi-consistent fixed-step

size numerical integration was used as an implicit stiff IVP solver [28]. The method

was found to be stable and was seen to preserve accuracy but is not computationally

optimal due to the use of fixed step sizes. Another numerical study [29] on solving stiff

IVPs was presented as a one-leg explicit-implicit method, which is second-order and

A-stable. Although this method offers an important numerical approach for stiff IVPs,

the low order of the method and assuming fixed step sizes lead to a computationally

ineffective algorithm. For solving stiff differential-algebraic equations, an adaptive

implicit Euler scheme was proposed in literature [30]. Even if the method produces

acceptable results for stiff differential-algebraic equations, the order of the method is

one, and the adaptive procedure requires many time steps to achieve acceptable results

over long intervals of time. Abdi et al. [31] proposed arbitrary sequential barycentric

rational finite difference method regarding the backward difference formulae (BDF).

This method was shown to be adaptable to stiff IVPs, but the A-stable cases are
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obtained for at most second-order formulations as it is also the case in the BDFs.

A multistep method based on the BDFs was derived for stiff linear problems in the

literature [32]. The proposed method offers a different perspective on the construction

of constrained optimization in terms of the coefficients of the BDFs rather than using

predetermined coefficients. The authors tested their method on the linear equation,

and the method seems to have a lack of computational efficiency for nonlinear stiff

problems due to the extra cost of the optimization process. Moreover, it is known from

the literature that the discontinuous Galerkin methods (DGM) are very effective for

the differential equations representing shock behaviours. In the study of Fortin and

Yakoubi [13], advantages of the DGM were discussed for stiff IVPs, and an adaptive

formulation was presented. A considerable disadvantage of the DGM is the coupling

of the degrees of freedom at common interior nodes, which makes the method a

bit computationally ineffective. Recently, a modified approach based on radial basis

functions that improve the quality of known numerical techniques was offered by Gu

and Jung [33] for non-stiff problems. In addition, recently some techniques such as

various versions of Runge-Kutta methods [14–16, 34, 35], backward differentiation

methods [36–38] and collocation methods [39–41], have been in a competition to

solve stiff IVPs of ODEs.

Stiff ODE systems do not only come out directly in applications but also are

encountered in the discretization of some challenging processes described by PDEs,

such as advection-diffusion equations [42, 43]. Time integrations of the reduced

space-time partial differential equations are of great importance. Various versions

of both explicit and implicit time integrators are constantly under development to

create accurate and stable numerical approaches. For higher dimensional parabolic

PDEs, the computational efficiency of the time integrator becomes more critical due

to the large ODE systems obtained after spatial discretization [44]. In such cases,

the performance of the effective explicit ODE solvers such as Taylor series methods

or explicit Runge-Kutta methods is weakened due to instability [3, 5, 45]. Implicit

time integration schemes are the best options in such situations but require more

computational effort, especially for nonlinear problems [3, 5, 45].

When dealing with the time integration of the advection-diffusion processes,

numerous numerical methods have been proposed in the literature [42, 44, 46–

54]. Explicit Runge-Kutta schemes are more common in applications [44, 46–49]
due to their efficient computational structures. It is well known that this group of

time-integrators has a lack of stability preserving properties. The second-order and

unconditionally stable Crank-Nicolson method (CNM) is another widely used time

integrator in advection-diffusion processes, and the CNM is a special case of the

well-known θ -method [42, 50–52]. Even if the stability properties of the CNM were
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found to be excellent, the method is second order and needs small time-increments

to get higher accuracy. This serious drawback of the θ -methods will be eliminated

in this thesis with the derivation of a more general time-integration technique (see

Chapters 3 and 5). Another time-integration technique for solving the reduced ODEs

is the backward differentiation method (BDM), in which stability is preserved and

has higher-order formulae [54, 55]. The BDM has A-stable formulae up to the

second-order accuracy. Since the CNM is also a second-order A-stable method, the

BDM is not of a considerable advantage over the CNM in this sense.

Other types of challenging problems in applied science are the stiff boundary value

problems (BVPs) of ODEs. BVPs for ODEs arise in many disciplines such as physics,

chemistry, engineering, finance and mathematical biology [56]. Stiff boundary

value problems are also known as the singularly-perturbed BVPs, which are highly

challenging problems for numerical methods [57]. Stiff BVPs involve significant local

behaviours such as sharp discontinuities or boundary layers, and various notable

difficulties are encountered in numerical methods [57–59].

Numerical methods for BVPs are mainly divided into two categories: direct methods

and shooting methods [60]. The shooting strategies are important for using IVP

algorithms to solve BVPs, but the computational mechanisms involve additional

costs to find high-order initial conditions [61–63]. A well-known direct method

for BVPs is the finite difference method widely used in literature [64–69]. Even

if finite difference methods produce acceptable results for many BVPs, their local

order refinement (p-refinement) is not an easy task due to direct disconnection of the

higher-order formulations. Another kind of direct method is the collocation methods

based on direct substitutions of approximate solutions and getting algebraic equations

at collocation points [70–75]. This group of methods is suitable for local order

refinement and can also be used in either local or global forms. Besides these widely

used techniques, local discontinuous Galerkin method [76], spline interpolation

based numerical methods [77–79], Adomian decomposition methods [80, 81] and

reproducing kernel methods [81–83] have been applied to solve various kinds of BVPs

for ODEs.

For solving BVPs for ODEs, the Taylor series-based differential transform method

(DTM) provides semi-analytic series solutions [84, 85]. The DTM can solve the BVPs,

even if the original structure of the method is designed for IVPs. Thus, DTM based

methods for BVPs can be considered to be shooting methods [84–91]. Generally, those

semi-analytic approaches produce divergent results for solving stiff BVPs. The idea of

discretizing a finite domain and then applying the DTM procedure is known as local

DTM (LDTM), or multistep DTM [27, 92]. Although the LDTM is better than the DTM
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in terms of convergence, as shown in Chapter 4, the LDTM does not lead to stable

results as a shooting method [44] for especially highly stiff BVPs. Thus, by eliminating

the existing drawbacks of the DTM-based methods, the development of a higher order

and stability preserved method will fill a serious gap in this area (see Chapter 4).

The stiff BVPs represented by parabolic PDEs are highly challenging for

numerical methods. One of the prominent stiff parabolic PDE examples is the

advection-diffusion-reaction (ADR) equations in various spatial dimensions. The ADR

equations naturally appear in the modelling of many physical or biological problems

such as the tumour angiogenesis model, the tumour invasion model, heat transfer in

draining film, dispersion of tracers in porous media, the spread of pollutants in rivers

and stream, the dispersion of dissolved material in estuaries and coastal sea and so

on [4]. When the advection is dominant to the diffusion in the process, the sharp

behaviours naturally occur at some spatial positions [42, 43, 46]. In these cases,

numerical methods should be constructed in such a way that spurious oscillations

do not occur. Since the advection-dominated processes need carefully constructed

meshes, the minimization of the required degrees of freedom is vital for any numerical

approach.

For solving stiff ADR equations, various versions of the finite element method (FEM),

discontinuous Galerkin method (DGM), finite difference method (FDM) and finite

volume method (FVM) have been presented in literature [42, 43, 46, 93–111].
Among these high capacity numerical approaches, finite element-based techniques

have been dominantly applied for these extremely challenging problems [42, 43,

93–100]. The FEMs take advantage of geometric flexibility, weak formulation

and interpolation. Even if the classical Galerkin FEM suffers from instability

for advection-dominated problems, some stabilization methods together with the

Galerkin FEM offer better numerical results [95–97]. Despite all these considerable

advantages, the p−refinement procedure of the FEM increases the degrees of freedom

and computational cost. Also, the discontinuous Galerkin methods (DGM) have

several advantages: high geometric flexibility, mass conservation properties, and

shock-capturing nature. In recent literature [101–106], various versions of the spatial

DGM and space-time DGM have been presented for solving stiff ADR equations.

Since the common nodes of the elements contribute two times in the DGM, both

h−refinement and p−refinement procedures increase the degrees of freedom much

more than the Galerkin FEM. In addition to these methods, the finite difference

methods have been widely used for solving the ADR equations either in explicit

or implicit forms [46, 107–111]. The FDMs take advantage of the p−refinement

procedure by increasing the nodes used in the stencils. The required degrees of

freedom are not affected by order of the FDM formulation. However, the FDMs
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have crucial restrictions, such as the need for a structured geometric domain and

the necessity of using low order approximations around the boundaries. One more

disadvantage of the FDM is the high-order formulations are not directly related to each

other, and all formulations must be redefined to increase the order of the method.

Another spatial discretization method of the ADR equations is the finite volume

method (FVM) or control volume method widely studied in literature [112–115]. The

FVM is based on the spatial integrations of the given differential equations over the

control volumes, and the method is more suitable for the problems that represent the

conservation laws, such as the pure advection problems. Hybridization of the FVM

with some flux limiting techniques produces physically acceptable numerical solutions

around the shock positions [116]. The FVM has two crucial drawbacks. First, the

known FVM can not take advantage of p−refinement, and thus the algorithms are

low order [112, 113]. The second one is that the FVM is not a versatile method, i.e.

the FVM works only for the differential equations representing the conservation laws.

All of the above mentioned methods for solving ADR equations are multi-point

numerical methods, i.e. the derivatives encountered in the equations are

approximated using local differential operators. This group of methods uses

differential equations in various forms, such as integral forms in FEMs or collocational

forms like in FDMs, to derive a system of algebraic equations. On the other hand,

the Taylor series based methods use differential equations to evaluate higher

order derivatives with a priori information such as positions or slopes of solution

functions. These higher-order derivatives are used to represent the approximate

local or global solutions. The global semi-analytic Taylor series-based methods are

known to be highly restricted for some specific problems [117]. The Taylor series

based multiple derivative techniques are widely used to solve higher dimensional

elliptic partial differential equations that arise in elasticity problems [118–123]. The

primary motivation of using local Taylor series expansions is to minimise required

degrees of freedom with the use of recurrence relation obtained from the differential

equation itself. The nature of the elliptic PDEs is suitable for the multi-derivative

Taylor series-based methods since one has information at all boundaries to be

used at interior nodes. Derivation of an effective implicit-explicit Taylor series

method has been seen to be a necessity for solving parabolic PDEs by reducing

them into nonhomogeneous elliptic systems (see Chapters 6 and 7). The space-time

implementation of the Taylor series-based algorithms to the parabolic PDEs leads to

a difference between the temporal and spatial order of the local approximations (see

[117] and Chapter 6). This limitation can be handled with the use of an effective

continuous time integration method or a one-step discrete time integration method

(see Chapter 6). In this way, the multi-derivative and multi-centre Taylor series-based
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algorithms can produce highly accurate results with optimized degrees of freedom

for solving parabolic PDEs (see Chapters 6-7).

1.2 Objective of the Thesis

To overcome the aforementioned drawbacks, the main objective of this thesis is to

produce an effective Taylor series-based numerical method for solving stiff differential

equations that appear in the modelling of various real-life phenomena. First of all,

we begin with constructing the implicit-explicit local differential transform method

(IELDTM) for numerical solutions of the stiff IVPs for ODEs. Based on a crucial

theorem of real analytic functions, the IELDTM is derived as a stability preserved,

high order, adaptive and versatile numerical approach. The second concern of this

study is how the IELDTM can be adopted to solve stiff BVPs for ODEs, which have a

completely different nature than the IVPs. In this way, we will present the required

theoretical explanations and various numerical implementations for stiff BVPs. Our

next objective is to derive the IELDTM as a high order, stability preserved, and adaptive

time-integrator for the reduced space-time parabolic PDEs. The final objective of

this study is to derive the IELDTM for the spatial parts of the (1+1)-, (2+1)-,

and (3+1)-dimensional parabolic PDEs. With the consideration of the Chebyshev

spectral collocation method (ChSCM), the (1+1)-, (2+1)-, and (3+1)-dimensional

parabolic PDEs will be reduced to a system of BVPs with one, two, and three spatial

dimensions, respectively. The IELDTM will be constructed over these one-, two-, and

three-dimensional meshes as a direction-free, higher-order, and optimal numerical

algorithm.

1.3 Hypothesis

A highly stable, high-order, computationally efficient and versatile numerical method

is found to solve stiff ODEs and stiff parabolic PDEs up to three spatial dimensions.

1.4 Thesis Outline

This thesis includes eight chapters. The literature review, objectives of the thesis,

and hypothesis of the thesis are presented in Chapter 1. Chapter 2 introduces

the polynomial approximation theory, stiff differential equations and stiffness of the

advection-diffusion equations. The IELDTM for the numerical solutions of the stiff

IVPs for ODEs with various real-life applications is derived in Chapter 3. The priori
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error analysis, stability analysis, and adaptive construction of the IELDTM are also

studied in this chapter. In Chapter 4, the IELDTM is derived for the numerical

solutions of the stiff BVPs represented by ODEs. The priori error analysis of the

IELDTM is provided, and order conditions of the method are determined in terms

of the direction parameter θ . Various types of BVPs, particularly high-order BVPs,

singular BVPs, singularly perturbed BVPs, and strongly nonlinear BVPs are solved by

the IELDTM to test the performance of our algorithm. In Chapter 5, the IELDTM is

derived as an adaptive, stability-preserved and high-order time-integration technique

for the two-dimensional nonlinear advection-diffusion (AD) equations. The priori

error analysis with order conditions are presented for the time-integration of the

reduced matrix ODEs. The IELDTM is produced for the spatial discretizations of

the one-dimensional advection-diffusion-reaction (ADR) equations with theoretical

analysis in Chapter 6. Various linear and nonlinear ADR problems are numerically

solved by the IELDTM and the quantitative observations are discussed in detail.

In Chapter 7, the IELDTM is introduced for spatial discretizations of the two and

three dimensional AD equations. The (2+1)- and (3+1)-dimensional AD equations

are reduced to a system of nonhomogeneous elliptic PDEs using the Chebyshev

spectral collocation method (ChSCM) as a continuous-time integrator. The IELDTM

is derived over two- and three-dimensional computational meshes as a direction-free

and optimal numerical technique. By considering various two- and three-dimensional

test problems, both p−refinement and h−refinement performance of the IELDTM are

presented quantitatively.
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2
FUNDAMENTAL CONCEPTS

In this chapter, we present some fundamental concepts related to this thesis. First

of all, some introductory properties of the polynomial approximation theory are

presented. Secondly, the nature of the stiff differential equations is explained in detail.

Finally, at the end of this chapter, stiffness of the advection-diffusion equations are

discussed on a physical and mathematical basis.

2.1 Polynomial Approximations

The importance of approximation theory can be understood by addressing the

following famous quote of Bertrand Russel:

"All exact science is dominated by the idea of approximation."

Determination of a quantity in any experiment depends on the sensitivity of the

recorded instrument. More or less, the approximation of a given quantity is always

inevitable. Similarly, observing the solutions of some problems with the computer

programs depends heavily on the compute and memory capacity of machines. All

these facts imply that the only option to understand the exact science is the use of

approximation theory in an optimum way.

Polynomial approximations are an essential part of the approximation theory.

Polynomials are known to have distinct features, such as easy computation of their

integrals and derivatives. The most important question here is, can any function

be approximated with a polynomial with the desired precision? This vital issue was

entirely solved by Karl Weierstrass in 1855 by presenting the well-known Weierstrass

approximation theorem.

Theorem 2.1. (K. Weierstrass) Given f : [a, b]→ R continuous and an arbitrary ε > 0,

there exists an algebraic polynomial p such that

| f (x)− p(x)| ≤ ε, ∀x ∈ [a, b]. (2.1)
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The Weierstrass approximation theorem implies that the space of all polynomial

functions is dense in the space of all continuous functions. Thus, any continuous

function f (x) can be approximated with a polynomial function, and the approximation

error can be chosen arbitrarily. The proof of this important theorem was given in

several papers, and we suggest the proof given by Jackson in [124].

Even if existence of the best polynomial approximation is theoretically guaranteed,

the determination of the best possible polynomial approximations is still under

development. The methodological concepts can be divided into two main

categories as multi-point polynomial approximations and multi-derivative polynomial

approximations. The well-known interpolation theory provides an insight into the

multi-point polynomial approximations. On the other hand, the theory of analytic

functions and the Taylor series ensures good information about the multi-derivative

methods. In the following subsections, we present the necessary procedures of both

groups of ideas.

2.1.1 Multi-point Polynomial Approximations

Multi-point polynomial approximation deals with the determination of a polynomial

approximation PN (x) for given set of discrete data (x i, f (x i)). The following key

theorem provides the existence and uniqueness of these polynomials under some

conditions [125].

Theorem 2.2. (Existence and Uniqueness Theorem) Let the nodes x i ∈ I ⊂ R with i =
0,1, 2, ..., N be distinct.Then there exists a unique polynomial PN (x) of degree less than

or equal to N which satisfies

PN (x i) = yi = f (x i), i = 0,1, 2, ..., N (2.2)

for a given function f ∈ C(I).

The proof of this important theorem is straightforward and can be found in [125].
Determination of the polynomial approximations can be utilized by directly calculating

the Vandermonde matrix of the given data. In practical problems such as the solution

of the differential equations, one often needs to find out nodal forms of these

polynomial representations using the Lagrange polynomials.
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2.1.1.1 The Lagrange Interpolation

Construction of a polynomial PN (x) of degree at most N that passes through N + 1

distinct points (x0, y0),(x1, y1), ..., (xN , yN ) has the following form [126]

PN (x) =
N
∑

i=0

LN ,i(x)yi (2.3)

where the Lagrange coefficients LN ,i(x) are defined as

LN ,i(x) =

∏N
j=1, j 6=i(x − x j)

∏N
j=1, j 6=i(x i − x j)

. (2.4)

Nodal formulation (2.4) provides several advantages for solving differential equations

with finite element-based methods [127]. By increasing polynomial approximation

order N in representation (2.4), p-refinement procedure can be used in finite

element-based techniques [47, 127]. In the following theorem, we give the error

bounds of the Lagrange polynomial interpolation [126].

Theorem 2.3. Assume that f ∈ CN+1[a, b] and that x0, x1, ..., xN ∈ [a, b] are N + 1

nodes. If x ∈ [a, b], then

f (x) = PN (x) + EN (x), (2.5)

where PN (x) is defined in (2.3) and the error term has the form

EN (x) =
(x − x0)(x − x1)...(x − xN ) f N+1(c)

(N + 1)!
(2.6)

for some value c = c(x) that lies in the interval [a, b].

The proof of this key theorem is based on the Rolle theorem and can be found in the

literature [126]. As observed from the error term of the Lagrange interpolation, the

error term strongly depends on the distribution of the nodes and the smoothness of

the function itself.

A fundamental problem of the polynomial approximation is the determination of

optimal node distributions (x i)i=N
i=0 to minimize the error function defined in (2.6). To

theoretically observe this issue , let us consider the Lebesgue constant [128] related

to the Lagrange interpolation operator IN

|| f − IN ( f )||∞ ≤ (1+ΛN )|| f − I∗N ( f )||∞ (2.7)

where I∗N denotes best possible approximation operator, IN is the polynomial

approximation operator related to the predetermined nodes (x i)i=N
i=0 and ΛN is the
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Lebesgue constant defined by

ΛN = ||IN ( f )||∞ = ||PN (x)||∞ = ||
N
∑

i=0

|LN ,i(x)||∞. (2.8)

The Lebesgue constant ΛN determines how far we are from the best polynomial

approximation. Thus, minimization of the Lebesgue constant leads to an optimal

polynomial approximation. We present the Chebyshev polynomials and the minimax

theorem to minimize the Lebesgue constant in the following subsection.

2.1.1.2 The Chebyshev Interpolation

Chebyshev polynomials are related to minimization of the error function EN (x) for

any given function f (x) defined on the interval [−1, 1]. Definition of the Chebyshev

polynomials is given in the following trigonometric form.

Definition 2.1. The Chebyshev polynomials of the first kind defined on the interval

[−1,1] have the following trigonometric form

Tn(x) = cos(ncos−1(x)), n= 0,1, 2, .... (2.9)

Table 2.1 Some of the key properties of the Chebyshev polynomials.

Property Description
Recursive relation Tn(x) = 2x Tn−1(x)− Tn−2(x)
Leading coefficient TN (x) = 2N−1 xN + ..., N ≥ 1
Symmetry T2N (−x) = T2N (x) and T2N+1(−x) = −T 2N+1(x)
Distinct zeros Roots of TN (x) are xk = cos

� (2k+1)π
2N

�

, k =
0, 1, .., N − 1

Extreme values |T N (x)| ≤ 1 for −1≤ x ≤ 1

Some of the Chebyshev polynomials are T0(x) = 1, T1(x) = x , T2(x) = 2x2 − 1,

T3(x) = 4x3−3x and so on. In Table 2.1, some of the key properties of the Chebyshev

polynomials are illustrated [126]. As mentioned earlier, invention of the Chebsyhev

polynomials are directly related to the minimization of polynomial approximation

error (2.6). Before giving this relation explicitly, we must observe the following

inequality

|EN (x)| ≤ |Q(x)|
max−1≤x≤1 f N+1(x)

(N + 1)!
(2.10)

where

Q(x) = (x − x0)(x − x1)...(x − xN ). (2.11)
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The following minimax theorem provides a way to select the distinct interpolation

nodes related to the Chebyshev polynomials.

Theorem 2.4. (Minimax Theorem [126]) Among all possible choices for Q(x) in equa-

tion (2.11) for fixed values of N, and thus among all possible choices for the distinct nodes

(x i)i=N
i=0 in [−1, 1], the polynomial T (x) = TN+1(x)/2N is the unique choice which has

the property

max
−1≤x≤1

|T (x)| ≤ max
−1≤x≤1

|Q(x)| (2.12)

and also

max
−1≤x≤1

|T (x)|=
1

2N
. (2.13)

Theorem 2.4 implies that the node distribution (x i)i=N
i=0 becomes an optimal selection

if one chooses them as the roots of the Chebyshev polynomial presented in Table

2.1. This optimal interpolatory structure of the Chebyshev polynomials leads to a

strong numerical method for solving differential equations. The Chebyshev spectral

collocation method (ChSCM) has a great importance for solving ODEs and PDEs with

optimal accuracy and exponential convergence [48, 129, 130]. Unlike the finite

element methods, the ChSCM uses the modal forms of the polynomial approximations

in terms of the Chebyshev polynomials as follows,

f (x)∼= PN (x) =
N
∑

n=0

cnTn(x), x ∈ [−1, 1] (2.14)

where the coefficients cn need to be determined with respect to function f (x). If

one aims to produce the polynomial approximation of the known function f (x),
determination of the coefficients can be completed with the use of orthogonality

relations of the Chebyshev polynomials. The Chebyshev polynomials satisfy the

following orthogonality relation [129]

∫ 1

−1

Tn(x)Tm(x)
1

p
1− x2

d x = αnδnm (2.15)

where

αn =







π, n= 0,
π
2 , otherwise.

(2.16)

Thus, for any function f (x) belonging to L2[−1,1] one can obtain the coefficients cn

as

cn =
1
αn

∫ 1

−1

f (x)Tn(x)
1

p
1− x2

d x . (2.17)
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A discrete form of orthogonality relation (2.15) can be derived with the use of the

following Chebyshev-Gauss-Lobatto (CGL) nodes

xn = −cos
�nπ

N

�

, n= 0, 1, ..., N . (2.18)

The use of the CGL quadrature nodes in (2.15) leads to the following discrete

orthogonality relation
N
∑

i=0

βi Tn(x i)Tm(x i) = γnδnm (2.19)

where

γn =







N , n= 0, N
N
2 , otherwise

(2.20)

and

βi =







1
2 , i = 0, N

1, otherwise.
(2.21)

The discrete orthogonality relation (2.19) is vital for the derivation of the Chebyshev

spectral collocation method, and details of the method will be explained in the

following chapters.

2.1.2 Multi-derivative Polynomial Approximations

Multi-derivative polynomial approximations are based on the theory of the real

analytic functions and their algebraic properties. We explain the essential properties

of the real analytic functions that allow us to produce an effective numerical method.

Definition of the real analytic functions is presented below [131].

Definition 2.2. A function f , with domain an open set U ⊆ R and range either the real

or complex numbers is said to be real analytic at α if the function f may be represented

by a convergent power series on some interval of positive radius centered at α:

f (x) =
∞
∑

j=0

c j(x −α) j. (2.22)

The function is said to be real analytic on U ⊆ V if it is real analytic at each α ∈ V .

All the required properties of representation (2.22) such as differentiation, integration,

and multiplication can be seen in literature [131]. A primer role of the coefficients c j

will come out with the following Taylor approximation theorem [126].
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Theorem 2.5. Assume that f ∈ CN+1[a, b] and x0 ∈ [a, b] is a fixed real number. If

x ∈ [a, b], then

f (x) = PN (x) + EN (x), (2.23)

where

f (x)∼= PN (x) =
N
∑

k=0

f (k)(x0)
k!

(x − x0)
k, (2.24)

and the error term has the following form

EN (x) =
f N+1(c)
(N + 1)!

(x − x0)
N+1. (2.25)

The proof of this theorem can be found in the literature [132]. An essential property

of the Taylor polynomial approximation is that the polynomial coefficients consist of

the higher-order derivatives of the function itself. Thus, a multi-derivative polynomial

approximation of a given continuous function is given in equation (2.24). The Taylor

polynomial approximations can be used for different purposes such as numerical

integration, numerical differentiation, or numerical solutions of differential equations

[126].

The Taylor polynomial approximation provides a direct semi-analytic method for

solving differential equations [90]. Taylor series-based methods for solving differential

equations need some algebraic properties between the Taylor coefficients. The

well-known definition of the Taylor coefficients can be given by the differential

transformation idea [27]. Let us define the differential transform of a given function

f (x) at x = x0 as

F(k) =
f (k)(x0)

k!
(2.26)

where k = 0, 1,2, ..., N . With the use of the differential transformation notation, the

Taylor polynomial approximation of a given function f (x) can be stated as

f (x)∼= PN (x) =
N
∑

k=0

F(k)(x − x0)
k. (2.27)

There exist various theorems and propositions related to the algebraic properties of

the differential transformation, which are presented in Appendix A. For the sake of

simplicity, the following most related proposition is selected here to explain further

analysis.

Theorem 2.6. Let y(x) be analytic in domain S and x i ∈ S. If D(yi(x), k) = Yi(k) and
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zi(x) =
dm yi(x)

d xm for m ∈ N, then the following equality holds

Zi(k) = D(zi(x), k) = (k+ 1)(k+ 2)...(k+m)Yi(k+m). (2.28)

Proof of this theorem can be seen in Appendix A. Theorem 2.6 implies that the

differential transform of the derivatives of any given function can be expressed in

terms of the differential transform of the function itself. Let us consider the following

linear second order initial value problem

y ′′ + p y ′ + q y = 0, y(0) = y0 and y ′(0) = y∗0 (2.29)

where x ∈ [0, X ]. According to Theorem 2.6, taking the differential transform of

equation (2.29) at x = 0 yields

Y0(k+ 2) =
1

(k+ 1)(k+ 2)
[(k+ 1)pY0(k+ 1) + qY0(k)] (2.30)

where k = 0,1, ..., N − 2, Y0(k) =
y(k)(0)

k! , Y0(0) = y0 and Y0(1) = y∗0 . Consider the

following global truncated representation

y(x)∼=
K
∑

k=0

Y0(k)x
k (2.31)

where K is the approximation order. Thus, one can evaluate all required transform

values Y0(k) in terms of Y0(0) and Y0(1) with the use of recursive relation

(2.30). Inserting the obtained coefficient values into equation (2.31), one obtains

the semi-analytic series solution of the IVP (2.29). Whether the global series

approximation provides a convergent solution is a vital issue. For most of the

differential equations, this approach fails to produce a convergent solutions (see

Chapter 4).

An explicit numerical method based on the Taylor series can be derived, and it is known

as the local differential transform method, or explicit Taylor series method [21, 27].
The following theorem provides a way of constructing a Taylor series-based numerical

method [131].

Theorem 2.7. Assume that the power series

∞
∑

k=0

Yi (k) (x − x i)
k (2.32)

has the radius of convergence ρ. For any point x j satisfying
�

�x i − x j

�

�< ρ, then the power
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series
∞
∑

k=0

Yj (k)
�

x − x j

�k
(2.33)

has the radius of convergence at least τ= ρ−
�

�x i − x j

�

� and on the interval (x j−τ, x j+τ)
it converges to y(x).

According to Theorem 2.7, one can obtain a neighbour representation about x = x1

with the use of the previous representation constructed over x = x0. This process

is also known as analytic continuation [22]. This numerical process has an explicit

nature. It will be shown in later sections that this approach fails to preserve numerical

stability over computational domains for solving stiff differential equations. Based

on a similar idea, a generalized approach called as implicit-explicit local differential

transform method (IELDTM) will be derived to eliminate existing drawbacks of the

explicit Taylor series-based methods (see Chapters 3-4).

A crucial observation can be done over the natural differences between the multi-point

and multi-derivative polynomial approximations. If one uses a multi-point polynomial

approximation for the solution of a differential equation such as finite element-based

methods [127], the local degrees of freedom of the representation increases with the

increase of polynomial degrees. On the other hand, recursive relations like (2.30)

provides an advantage for multi-derivative methods. Thus, the order-refinement

procedure of the multi-derivative methods does not affect the local degrees of

freedom of the polynomial representation in one-dimension. Additionally, in two-

and three-dimensions, recursive relations like (2.30) provides optimization in degrees

of freedom of the local two-dimensional and three-dimensional representations, as

will be discussed in Chapter 7. The crucial difference between multi-point and

multi-derivative approaches can be realized evidently for spatial discretizations of the

partial differential equations (see Chapters 6-7).

2.2 Stiff Differential Equations

At the beginning of the 1950s, Curtiss & Hirschfelder [2] realized that there was a class

of ordinary differential equations (ODEs), which is currently known as stiff equations,

which presented a serious challenge to the existing numerical methods. Since then,

many studies have been carried out in designing numerical methods for solving stiff

equations. In particular, the text of Hairer and Wanner [5] presents a combination of

theories and methods produced so far and has an important place in this field.

One of the significant difficulties associated with the study of stiff differential systems is
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that a good mathematical definition of the concept of stiffness does not exist. However,

definition of Lambert [133] may be the most acceptable one to understand the

behaviours of the stiff differential systems. According to Lambert, the definition is "if

a numerical method with a finite region of absolute stability, applied to a system with

any initial conditions, is forced to use in a certain interval of integration a step-length

which is excessively small in relation to the smoothness of the exact solution in that

interval, then the system is said to be stiff in that interval". Another considerable

definition was given by Curtiss and Hirschfelder [2] as "stiff equations are equations

where certain implicit methods, and in particular backward-differentiation formulae

(BDFs), perform better, usually tremendously better, than explicit ones".

In the case of linear differential equations with constant coefficients we can gain

an idea of what the problem of stiffness is. Consider the linear constant coefficient

nonhomogeneous system

y ′ = Ay + f (t) (2.34)

where y , f ∈ Rn and A is a constant, diagonalizable n × n matrix with eigenvalues

λi ∈ C and corresponding eigenvectors ci ∈ Cn for i = 1,2, . . . , n. General solution of

(2.34) takes the form

y (t) =
n
∑

i=1

ωiexp(λi t)ci + g(t) (2.35)

where ωi are arbitrary constants and g(t) is a particular integral. Suppose that

Re(λi) < 0 for all i = 1, 2, . . . , n. In such cases, it is appropriate to call
∑n

i=1ωiexp(λi t)ci as the transient solution and g(t) as the steady-state solution. If

|Re(λi)| is large, we reach a fast transient, if |Re(λi)| is small we reach a slow transient.

Defining the bounds as λ and λ given by

�

�

�Re
�

λ
�

�

�

�≤
�

�Re (λi)
�

�≤
�

�

�Re
�

λ
�
�

�

� , i = 1,2, . . . , n (2.36)

so that we define the stiffness ratio as [133]

µ=

�

�

�Re
�

λ
�
�

�

�

�

�

�Re(λ)
�

�

�

. (2.37)

By considering the literature [133], the following conclusions can be expressed

* A linear constant coefficient system is stiff if all of its eigenvalues have negative real

parts and the stiffness ratio is large.

* Stiffness occurs when stability requirements, rather than those of accuracy, constrain
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the steplength.

* Stiffness occurs when some components of the solution decay much more rapidly

than others.

The stiff differential equations are naturally occurs in various fields of science such as

the reaction kinetics [31], electric circuits [5], epidemiological modelling (see Chapter

3), fluid dynamics [134] and so on. Stiff behaviours are modelled by not only ODEs

[5, 133] but also PDEs [6, 7] and arise for instance in advection dominated fluid flow

problems. We discuss the stiff dynamics of the advection-diffusion equations in the

following section.

2.3 Stiffness of the Advection-Diffusion Equations

Let us consider the following one-dimensional advection-diffusion equation [107],

ut + Vux = Dux x , x ∈ [0, 1] and t > 0 (2.38)

with the initial condition

u(x , 0) = g(x), 0≤ x ≤ 1 (2.39)

and the homogeneous Dirichlet boundary conditions

u(0, t) = u(1, t) = 0, t > 0 (2.40)

where V is the advection constant, D is the diffusion constant, g(x) is a sufficiently

smooth function. The subscripts x and t represent the differentiations with respect

to space and time, respectively. Derivation of the advection-diffusion equation (2.38)

with the consideration of related physical laws can be found in [135].

Many of the transport phenomena can be described by two fundamental mechanisms:

advection and diffusion. Advection is described by the transport of a substance by

the bulk motion of a fluid. Physical properties carried by the advected substance are

called as conserved ones, such as energy or heat. Advection equations are also known

as conservation equations in the presence of only bulk motion of a fluid and yield

hyperbolic partial differential equation by simplifying equation (2.38) with D = 0.

Another fundamental transport mechanism is diffusion, which is the transport of the

properties thought molecular-level interactions. These molecular-level interactions

lead to net movement of any quantity such as heat or energy from a region of

higher concentration to a region of lower concentration. If the only molecular
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interactions yield the transport of a substance, then the physical system is described

by the diffusion equation by simplifying equation (2.38) with V = 0. The two

fundamental transport mechanisms, advection and diffusion, contribute to the process

when both bulk motion and molecular-level interactions co-occur as represented

in advection-diffusion equation (2.38). Contributions of physical mechanisms play

essential roles to observe the balanced advection-diffusion, advection dominated, or

diffusion dominated processes.

Here we quantitatively show that how the advection-dominance leads to stiffness by

evaluating the stiffness ratios. For the sake of simplicity, let us discretize the spatial

part of advection-diffusion equation (2.38) with the central finite difference formulae

as

(ux x)i =
ui+1 − 2ui + ui−1

h2
(2.41)

and

(ux)i =
ui+1 − ui−1

2h
(2.42)

where i = 1,2, ..., N − 1, h = 1
N and x i = ih. By considering homogeneous Dirichlet

boundary conditions (2.40) and initial condition (2.39), equation (2.38) reduces to

following system of ODEs
du
d t
= Au, u(0) = u0 (2.43)

where A is an (N − 1)× (N − 1) matrix having the form

A=

















−2 D
h2

�

D
h2 + V

2h

�

�

D
h2 − V

2h

�

−2 D
h2

�

D
h2 + V

2h

�

. . .
�

D
h2 − V

2h

�

−2 D
h2

�

D
h2 + V

2h

�

�

D
h2 − V

2h

�

−2 D
h2

















. (2.44)

The dominance of advection implies that D� V . In Figure 2.1, the stiffness ratio of the

ODE system (2.43) is presented for various values of the spatial increment h with V = 1

and D = 0.001. As observed from the figure, the stiffness ratio satisfies approximately

the power law µ = D
(πh)2 . A similar power law is also observed in literature [136] for

the pure diffusion equation. Even the power law implies that the decreasing values of

the diffusion constant D lead to lower stiffness, the Peclet number Pe = Vh
D must be low

enough to ensure physically acceptable results. Thus, because the term 1/h2 occurred

in the power law, the low diffusion constant increases the stiffness considerably. Thus,

advection dominated processes lead to stiff dynamical systems to be integrated with

suitable numerical methods.
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Figure 2.1 The stiffness ratio versus spatial increment for the advection-diffusion
equation with the parameter values V = 1 and D = 0.01.

Two primary necessities exist in dealing with stiff differential equations that occur in

real-life applications. One of them is to have an effective stiff time-integrator, and

another one is to have an effective stiff boundary value problem solver. First of all,

a time integration technique must be stability preserved, high order, computationally

effective, and versatile to accurately capture the stiff behaviours that occur in the

equations like (2.34). In the following Chapters 3-5, an implicit-explicit local

differential transform method (IELDTM) is derived for solving these types of serious

IVPs by overcoming the existing drawbacks of the Taylor series-based algorithms.

The second main issue is how stiffness occurs in boundary value problems and what

conditions must be satisfied by numerical methods to solve stiff BVPs. In Chapter 4,

we will re-derive our method for the BVPs of ODEs in various orders, including stiff

ones. In Chapters 6-7, the IELDTM is produced for the solutions of stiff parabolic

one-dimensional, two-dimensional and three-dimensional PDEs.
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3
THE IELDTM FOR STIFF IVPs

The stiff IVPs naturally occur in various fields of science and have extremely

challenging structure for many existing numerical methods [5]. Numerical methods

for solving stiff problems can be divided into two categories: explicit methods and

implicit methods. Even if the explicit methods provide computational simplicity,

their stability properties are not always satisfactory for especially stiff IVPs [3]. The

implicit methods are known to be best options for stiff IVPs since the first invention

of such problems by Curtiss and Hirschfelder [2]. However, the implicit algorithms

are computationally costly especially for solving large nonlinear systems. Thus, to

eliminate this disadvantage to some extent, an implicit algorithm must be optimized

in terms of the local degrees of freedom of the algebraic equation system.

This chapter is devoted to the derivation of a Taylor series based numerical method

for solving stiff IVPs for ODEs. The existing Taylor series based methods are the

semi-analytic differential transform method (DTM) [137, 138] and the numerical

LDTM [24, 27, 139]. The semi-analytical DTM lacks convergence for stiff differential

equations whose exact solutions are not analytical. Similarly, the explicit nature of the

LDTM yields instability for stiff IVPs for ODEs. By eliminating the existing drawbacks

of the DTM based methods, the implicit-explicit local differential transform method

(IELDTM) is here proven to provide improved stability properties for stiff problems.

This chapter begins with the derivation of the IELDTM for IVPs. The second phase is

the priori error analysis of the IELDTM with the determination of the order conditions

with respect to the local approximation order and the direction parameter. The

stability analysis of the IELDTM is performed over a scalar test equation and linear

equation systems. The A-stable and L-stable cases of the IELDTM are derived, and

the stability regions are illustrated for various values of the direction parameter θ .

The adaptivity equations are derived for stiff and non-stiff problems to minimize the

computational cost of the present algorithm. In the last part of this chapter, the

numerical experiments are performed over various real-life problems, including the

SEIR-epidemiological model, the Duffing equation, the Van der Pol equation, and the
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Robertson chemical system.

3.1 Implicit-Explicit Local Differential Transform Method

In this section, the IELDTM, which is a general multi-derivative time integration

method, is derived for a first order IVP. How the IELDTM generalizes the existing

differential transform based methods is shown here in details.

Consider the following IVP,

x ′ (t) = G (x (t) , t) , t > 0, x (0) = C , (3.1)

where x (t) ∈ Rm, C ∈ Rm, G : Rm × R→ Rm and the function G (x (t) , t) satisfies

the Lipschitz condition with constant L. We assume that the IVP (3.1) is well-posed

and the exact solution x (t) is analytic on the considered domain. Let us divide the

interval
�

0, t f

�

into at most N time elements with ∆t i = t i+1 − t i and the partition of

the interval as ω= {0= t0 < t1 < . . .< tN∗ = t f } where N ∗ ≤ N . Let us consider the

convergent Taylor series representation of the function x (t) about t = t i as

x i (t) =
K
∑

k=0

X i (k) (t − t i)
k +O

�

(t − t i)
K+1
�

, t i −ρi ≤ t ≤ t i +ρ
i (3.2)

where i = 0, 1, . . . , N ∗, X i (k) =
x (k)(t i)

k! is the local differential transform of the function

x (t) about t = t i and ρi is the radius of convergence of the representation. From our

assumption, the function x i (t) is analytic and has the radius of convergence satisfying

ρi >∆t i. Thus, according to Theorem (2.7), the function x (t) has also a convergent

Taylor series representation about t = t i+1 with the radius of convergence at least

ρi+1 = ρi −∆t i and on the interval of convergence
�

t i+1 −ρi+1, t i+1 +ρi+1
�

. Then,

the function x (t) can be written as

x i+1 (t) =
K
∑

k=0

X i+1 (k) (t − t i+1)
k +O

�

(t − t i+1)
K+1
�

, t i+1 −ρi+1 ≤ t ≤ t i+1 +ρ
i+1.

(3.3)

Assuming ρi >∆t i and ρi+1 >∆t i, we can conclude the following conclusions;

* because of the convergence assumptions, two convergent representations in

equations (3.2)-(3.3) need to give the same numerical result at any point of

the interval [t i, t i+1].

* any point in the interval [t i, t i+1] can be written as t∗ = t i + (1− θ )∆t i, where

0≤ θ ≤ 1.
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* the IELDTM can be produced with the use of continuity conditions of the solutions

at such interior points.

Convergent solutions x i (t) and x i+1 (t) at the interior points t∗ = t i+(1− θ )∆t i need

to satisfy the following continuity relation

x i+1 (t i + (1− θ )∆t i) = x i (t i + (1− θ )∆t i) . (3.4)

With the use of representations (3.2) and (3.3), the following equality needs to be

hold

K
∑

k=0

X i+1 (k) (−θ∆t i)
k =

K
∑

k=0

X i(k) ((1− θ )∆t i)
k +O

�

(∆t i)
K+1 ,θ

�

(3.5)

where O
�

(∆t i)
K+1 ,θ

�

represents the dependency of the local truncation error to time

increment, transformation order and direction parameter. It is time to determine the

algebraic relations between X i (k) and X i (0) for all k = 1,2, . . . , K . Taking differential

transform of equation (3.1), the following relation

X i (k+ 1) =
1

k+ 1
F (X i (k) , t i) (3.6)

is obtained where i = 0, 1, . . . , N ∗, k = 0,1, . . . , K−1 and F is the transformed form of

the function G (x , t) at the local point t = t i. Depending on the function G (x , t), the

F (X i (k) , t i) can be obtained by imposing related propositions proposed in Appendix

A. It is obvious that X i (k) can be written in terms of X i (0) for each i and k. Thus,

using the algebraic relations between X i (k) and X i (0) and putting into equation (3.5),

the implicit-explicit equation

g(X i+1(0),θ ,∆t i) = h(X i(0),θ ,∆t i) (3.7)

is found. Here the functions g and h are obtained from the right and left hand sides

of equation (3.5). In the right side of equation (3.7), all parameters X i (0), θ and

∆t i are known because of the previous step. The left side of equation (3.7) depends

explicit/implicitly on the unknown X i+1 (0). Thus, equation (3.7) is either linear or

nonlinear equation(s) of X i+1 (0) depending on the function G (x , t).

Then setting the initial condition x0 (0) = X0 (0) = C and predetermining adaptive

parameters θ and ∆t i, equation (3.7) can be solved either directly or numerically for

each step. Note that we consider the following global solutions

x (t i) = X i (0) (3.8)
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for each i = 0, 1, . . . , N ∗. Therefore, the following remarks should be underlined

because of its importance for the rest of the study:

* θ = 0 with N ∗ = 1 leads to the classical semi-analytic DTM [90].

* θ = 0 with arbitrary number of N ∗ leads to the explicit forward scheme and known

as local or multi-step differential transform method [27, 140, 141].

* The rest of the selections of the parameter θ , i.e. θ 6= 0, gives rise to the currently

derived implicit schemes. To the best of the author’s knowledge, this derivation

has not been studied in the DTM.

* θ = 0.5 yields the produced implicit central scheme with arbitrary order here, which

gives us a stable and order preserved method for both stiff and non-stiff cases.

* θ = 1 leads to a derivation of the implicit backward scheme which is both stable

and order preserved method for both stiff and non-stiff cases.

* Stability preserving schemes can be obtained by considering θ ≥ 0.5.

* The classical θ -method including the Crank-Nicolson method is a special case of the

IELDTM; θ = 0.5 and K = 1.

In the following section, the priori error analysis of the derived numerical technique

is done by illustrating the order conditions.

3.2 Error Analysis

Consider the following initial value problem,

x ′ (t) = G (x (t) , t) , t > 0, x (0) = C , (3.9)

where x (t) ∈ Rm, C ∈ Rm and G : Rm× R→ Rm. Considering the procedure explained

in the previous section and assuming the fixed time increment ∆tn =∆t, the present

scheme leads to,

Xn (k+ 1) =
1

k+ 1
[F (Xn (k) , tn)] , k = 0,1, 2, . . . , K − 1, n= 0,1, 2, . . . , N , (3.10)

and

x (tn+1)∼= x n+1 = Xn+1 (0) =
K
∑

k=0

Xn(k) ((1− θ )∆t)k −
K
∑

k=1

Xn+1 (k) (−θ∆t)k (3.11)
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where Xn and F are the transformed forms of the functions x n (t) and G (x n (t) , t),
respectively. The exact solution of (3.9) at point t = tn+1 can be expressed in the

Taylor expansion form as

x (tn+1) =
K
∑

k=0

Xn(k) ((1− θ )∆t)k −
K
∑

k=1

Xn+1 (k) (−θ∆t)k +∆tρn (3.12)

where n= 0,1, 2, . . . , N−1. Local truncation error can be obtained from the residuals

of the Taylor expansions as follows

ρn =
�

(1− θ )K+1 Xn (K + 1)− (−θ )K+1 Xn+1 (K + 1)
�

∆tK +O(∆tK+1). (3.13)

Now using the expansion Xn+1 (K + 1) = Xn (K + 1) +∆t(K + 2)Xn(K + 2) + O(∆t2)
leads to

ρn =
�

(1− θ )K+1 Xn (K + 1)− (−θ )K+1 Xn (K + 1)
�

∆tK +O(∆tK+1). (3.14)

Thus, the present scheme is of order K+1 if θ = 1/2 and K is odd and is of order K for

other selections of parameter θ and K . To have convergent numerical scheme, we also

need to have bounded global error of the scheme. For further analysis about global

discretization error, assume that the problem is linear, G (x (t) , t) = Ax (t)+B (t) and

let εn = x (tn)−Xn (0) for n= 0, 1, . . . , N . The present method for this equation yields

the following equation,

K
∑

k=0

Xn+1 (k) (−θ∆t)k =
K
∑

k=0

Xn(k) ((1− θ )∆t)k . (3.15)

With the use of recursive relation (3.6) with G (x (t) , t) = Ax (t) + B (t), the general

term Xn (k) can be stated as

Xn (k) =
1
k!

AkXn (0) +
k−1
∑

p=0

Ak−p−1 p!
k!

F (p, tn) (3.16)

where k = 1,2, . . . , K and F (p, tn) =
dpB(t)

d tp

�

�

t=tn
is the local differential transform of

the function B (t). Then, substituting (3.16) into (3.15) gives the following recursive
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form

K
∑

k=0

1
k!

Ak(−θ∆t)kXn+1 (0) =
K
∑

k=0

1
k!

Ak((1− θ )∆t)kXn (0)+

K
∑

k=1

k−1
∑

p=0

Ak−p−1 p!
k!

�

F (p, tn) ((1− θ )∆t)k − F (p, tn+1) (−θ∆t)k
�

+

[F (0, tn)− F (0, tn+1)] .

(3.17)

Let us define the following stability functions

R1 (A,∆t,θ ) = I + (1− θ )∆tA+ ((1− θ )∆t)2A2 + · · ·+ ((1− θ )∆t)KAK , (3.18)

and

R2 (A,∆t,θ ) = I − θ∆tA+ (θ∆t)2A2 + · · ·+ (−θ∆t)KAK . (3.19)

With the use of (3.16) into exact expansion (3.12) and subtraction of (3.17) from

(3.12) gives the following relation

εn+1 = R (A,∆t,θ )εn +δn (3.20)

where δn = (R2)
−1∆tρn and R (A,∆t,θ ) = (R2)

−1R1. Here the important fact is that

the scheme is of order p if ||δn|| = O
�

∆t p+1
�

. To bound global discretization error

in terms of initial error ε0 and local discretization error, the recursive relation (3.20)

becomes,

εn = Rnε0 +
n−1
∑

p=0

Rn−p−1δp. (3.21)

Stability of the scheme is also depending on the bound of the norm estimate ||Rn|| for

all n∆t ≤ t f , where t f is the final time. So, assuming the following stability criteria,

||Rn|| ≤ S, for all n≥ 0 and n∆t ≤ t f , (3.22)

and
�

�

�

�(R2)
−1
�

�

�

�≤ P. (3.23)

The bound of the global error norm becomes

‖εn‖ ≤ S ||ε0||+ S
n−1
∑

p=0

�

�

�

�δp

�

�

�

�. (3.24)
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Then finally, using the definition of local discretization error
�

�

�

�δp

�

�

�

�≤ Pω∆tK+1 for all

p, ω is defined as

ω=































�

�

�

�

�

�

1
(K+2)! max

︸︷︷︸

t∈[0,t f ]

�
�

�

�

d xK+2x
d tK+2

�

�

�

�
�

�

1
2

�K+1
(K + 1)

�

�

�

�

�

�

�

, if θ = 1/2 and K is odd

�

�

�

�

�

�

1
(K+1)! max

︸︷︷︸

t∈[0,t f ]

�
�

�

�

dK+1x
d tK+1

�

�

�

�

�

(1− θ )K − (−θ )K
�

�

�

�

�

�

�

, if θ 6= 1
2 and K is arbitrary.

(3.25)

Assumption of X0(0) = x (0) leads to the following error norm estimates

||x (tn)− Xn(0)|| ≤
§

ω∗∆tK+1, if θ = 1/2 and K is odd

ω∗∆tK , otherwise
(3.26)

where ω∗ = SPωtn for all n = 1, 2 . . . , N . Thus, whenever the exact solution is

smooth and stability criteria (3.22)-(3.23) are satisfied, then the present IELDTM

converges to the exact solution with order K + 1 or K depending on the selection

of the parameters θ and K .

3.3 Stability Analysis

In order to visualize the behaviour of the currently presented IELDTM, we have

analysed the stability properties over the scalar test equation and the system of linear

equations.

3.3.1 Scalar Test Equation

At first, let us consider the following scalar-complex test equation

x
′
(t) = λx (t) , x (0) = x0 (3.27)

with λ ∈ C . Application of the IELDTM, with order K , to this test problem gives

xn+1 = R (∆tλ) xn, (3.28)

R (z) =
1+ (1− θ ) z + ((1−θ )z)

2

2! + · · ·+ ((1−θ )z)
K

K!

1− θz + (θz)2

2! + · · ·+
(−θz)K

K!

∼= ez, z→ 0, (3.29)

where xn = Xn(0) and z = ∆tλ. If we perturb the initial value x0 to x̃0, we get the

recursion x̃n+1 = R (∆tλ) x̃n then the difference x̃n− xn leads to the following stability
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requirement

x̃n − xn = R (∆tλ)n ( x̃0 − x0) (3.30)

and therefore, stability region of the present method is the set

S = {z =∆tλ ∈ C : |R (z)| ≤ 1 (3.31)

where S ⊂ C . Notice that, if a numerical method has the stability set S that includes

C−, then the method is called as A−stable [4]. Additionally, if a numerical method is

A−stable and has the stability function R(z) that satisfies limz→∞ R(z) = 0, then the

method is called as L−stable.

To analyse the current approach, we need to remind the maximum modulus theorem

[4]. In the light of this theorem, we have concluded that:

* The central schemes, θ = 1/2 of order K = 1, 2, 3, 4, are A-stable.

* The backward schemes, θ = 1 of order K = 1, 2 are A-stable as well as L-stable.

* The schemes, with θ < 1/2 of any order including LDTM (θ = 0), have conditional

stability.

* For higher order implicit schemes, θ ≥ 1/2, we have almost A-stability that means

just the stability condition fails in a very little region in C−.

The stability regions of the currently produced method, the IELDTM, have been

illustrated with θ = 0, θ = 1/2 and θ = 1 for various orders, respectively, as seen in

Figures 1-3. As realized in the figures, stability properties of the central and backward

cases are stronger than that of the forward cases.

3.3.2 Stability for Linear Systems

Consider the following linear homogeneous system

x
′
(t) = Ax (t) , x (0) = x 0 (3.32)

with A∈ Rm×m and x 0 ∈ Rm. Application of the IELDTM yields the following localized

differential transformation coefficients

Xn (k) =
1
k!

AkXn (0) . (3.33)
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Figure 3.1 Stability region (blue) of the forward schemes, θ = 0, for various orders
on the complex plane.

Figure 3.2 Stability region (blue) of the central schemes, θ = 0.5, for various orders
on the complex plane.

Figure 3.3 Stability region (blue) of the backward schemes, θ = 1, for various orders
on the complex plane.
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Writing these coefficients into (3.5) leads to

K
∑

k=0

�

1
k!

AkXn+1 (0)
�

(−θ∆t i)
k =

K
∑

k=0

�

1
k!

AkXn (0)
�

((1− θ )∆t i)
k (3.34)

where Xn is the transformed form of x (t). We define the stability functions as

R (θ ,∆t, A) = R1 (θ ,∆t, A)R2 (θ ,∆t, A) (3.35)

where

R1 (θ ,∆t, A) =

�

I − θ∆tA+
(−θ∆tA)2

2
+ · · ·+

(−θ∆tA)K

K!

�−1

R2 (θ ,∆t, A) = I + (1− θ )∆tA+
((1− θ )∆tA)2

2
+ · · ·+

((1− θ )∆tA)K

K!
.

Recalling x (tn+1) = Xn+1 (0) and x (tn) = Xn (0), then (3.34) becomes

x (tn+1) = R (θ ,∆tA) x (tn) . (3.36)

For a perturbed system with initial condition x 0, we get the same formula with (3.36).

Subtraction of (3.36) from the corresponding perturbed system leads to

x (tn)− x (tn) = R (θ ,∆tA)n (x 0 − x 0) . (3.37)

Thus, the stability function R (θ ,∆tA)n determines how much initial error will grow.

Fortunately, we have a rich literature about stability conditions of like equation (3.35)

as all details analysed in the work of Hairer and Wanner [5]. First, we assume the

following important theorem related to the bound of ||R|| [5].

Theorem 3.1. Let the rational function R (z) be bounded for Re (z)≤ 0 and assume that

the matrix A satisfies

Re (y, Ay)≤ 0 f or al l y ∈ Cn (3.38)

where (., .) denotes the Euclidean scalar product. Then, in the matrix norm corresponding

to the scalar product we have

‖R (A)‖ ≤ sup
︸︷︷︸

Re(z)≤0

|R (z)| . (3.39)

Note that for the homogeneous system (3.32), the following diminishing property

leads to condition (3.38) as follows

d
d t
‖x‖2 =

d
d t
(x , x) = 2Re

�

x , x
′�

= 2Re (x , Ax) . (3.40)
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When the condition (3.38) is not satisfied, depending on the logarithmic norm of the

matrix A, the following corollary becomes useful for the bound of stability function R

[5].

Corollary 3.1. If a matrix occurred in the system (3.32) satisfies Re (v, Av) ≤ s||v||2 for

all v ∈ Cm with µ= µ (A)≤ s is the logarithmic norm of the matrix A, then

||R (A)||≤ sup
︸︷︷︸

Re(z)≤s

|R (z)| . (3.41)

In the light of Corollary (3.1), the present A−stable methods will be unconditionally

stable for linear systems (3.32) whenever the logarithmic norm of the matrix A satisfies

µ (A)≤ 0 where µ (A) = lim∆t→0
||I+∆tA||−1

∆t .

Corollary 3.2. If µ (A)≤ 0, the A−stable cases of the IELDTM are unconditionally stable

for homogeneous system (3.32).

Proof. Application of Corollary (3.1) to equation (3.41) gives

||x (tn)− x (tn)|| ≤



 sup
︸︷︷︸

Re(z)≤0

|R (z)|





n

||x 0 − x 0|| . (3.42)

The A−stability assumption leads to the following estimate

sup
︸︷︷︸

Re(z)≤0

|R (z)| ≤ 1, f or al l z ∈ C . (3.43)

Thus, the A−stable cases of the IELDTM are seen to be unconditionally stable. �

Table 3.1 Some special A−stable cases of the IELDTM.

θ K
0.5 1
0.5 2
0.5 3
0.5 4
1 1
1 2

Table (3.1) provides information on some cases of A−stability of the IELDTM. Note

that for the implicit schemes, θ ≥ 0.5, with the rest of the orders have not been

mentioned in Table (3.1), are almost A−stable as illustrated in the scalar case. Except

32



that the central or backward cases of the IELDTM with θ ≥ 0.5 stated in Table (3.1),

it is possible to find out various A−stable cases up to fourth-order approximation.

3.4 Adaptive Searching

The IELDTM needs the selection of suitable parameters ∆t i and θ to control both

accuracy and stability. This situation also depends on the nature of the considered

physical model. The established numerical approach is seen to be a general

implicit-explicit method depending on the parameter θ . Since the stability properties

of the implicit schemes and computational costs have been explained, an optimized

technique needs to be obtained in terms of accuracy, stability and computational

cost. The following adaptive techniques are produced depending on the nature of

the problem.

Case 1:

In this case, we assume that the problem is nonlinear and non-stiff. In

non-stiff problems, the current forward methods generally produce convergent and

computationally effective results. Thus, the current explicit schemes are preferable

for solving nonlinear and non-stiff problems by selecting the direction parameter

θ = 0. Even if the model equations are nonlinear, algebraic equations can directly

be solved without using any symbolic nonlinear solver. An adaptive procedure is here

proposed for the time increment ∆t i to reduce the computational cost. Considering

the transformation of order K with the selection parameter θ = 0 leads to the global

error of order K as proven in error analysis. For a given tolerance, the following criteria

need to be satisfied for scalar equations as also analysed in literature [26],

∆t i<

�

tol
|X i (K + 1) |

�
1
K

(3.44)

where tol is predetermined tolerance and X i (K + 1) can be obtained from the

recursive relation. For a system of equations, relation (3.44) can be modified to the

related matrices and vectors by considering suitable norms. In this study, the norm

|| . ||∞ is considered for the selection of adaptive ∆t i.

Case 2:

In this case, stiffness of the problem is assumed to be arbitrary. In such cases θ = 0.5

and θ = 1 will lead to accurate, stable and effective approaches. In Section 3.2, the

error bounds of central schemes have been found to be optimal by taking odd values of

the order K . Thus, the IELDTM with θ = 0.5 and odd K values leads to the following
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adaptivity equation

∆t i<





tol
�

�

�

�

�

1
2

�K+1
(K + 1)

�

X
i
(K + 2)

�

�

�





1
K+1

(3.45)

where tol is the predetermined tolerance and X i (K + 2) is obtained from the

recursion. For the backward adaptive cases, θ = 1, adaptivity equation (3.44) is also

valid for the arbitrary selection of the transformation order K . The scalar adaptive

procedure given in equation (3.45) can be enlarged to vectors and matrices with the

use of suitable norms.

3.5 Numerical Experiments

Considering the quantitative and qualitative results of various test problems, the

numerical representation and efficiency of the derived method are presented here.

To measure the effectiveness of the current method in terms of accuracy and stability,

challenging physical processes represented by stiff differential equations such as the

stiff SEIR equation system, cubic nonlinear Duffing equation, Robertson equation

system, and Van der Pol equation have been dealt with. The computed results are

compared with the results produced with the FDM [31], ode23s, ode15s, ode45 and

ode113 [142] as well as the exact solutions. To evaluate the error norms of the current

results, absolute pointwise errors Ei and maximum error norms ‖E‖∞ have been

preferred. The trust-region dogleg method [143] based fsolve built-in function of the

MATLAB program has been applied to solve the resulting nonlinear algebraic equation

system.

Problem 3.1

Consider the following Susceptible-Exposed-Infected-Recovered/Removed (SEIR)

system of equations [144]

dS
d t
= −β

�

S (t)
N

�

[P (t) + D (t) +µA(t)]

dE
d t
= β

�

S (t)
N

�

[P (t) + D (t) +µA(t)]−
1
d1

E (t)

dP
d t
= α

E (t)
d1
−

P (t)
d2

(3.46)

dA
d t
= (1−α)

E (t)
d1
−

A(t)
d3
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dD
d t
=

P (t)
d2
−

D (t)
p

dR
d t
=

D (t)
p
+

A(t)
d3

where S (t) + E (t) + P (t) + A(t) + D (t) + R (t) = N is the total population,

S (t) , E (t) , P (t) , A(t) , D (t) , R (t) denote susceptible, exposed, pre-symptomatic,

asymptomatic, hospitalized and recovered/removed number of individuals in the

population, respectively. The parameters β , µ and α are daily transmission rate,

transmission reduction factor and pre-symptomatic ratio, respectively. d1, d2, d3

and p represent the mean latency period, mean pre-symptomatic infectiousness

period, mean asymptomatic infectiousness period, and mean hospitalization period,

respectively. The SEIR model (3.46) is one of the key compartment models describing

the spread of any infectious disease, such as the COVID-19 pandemic [144], in a

population. If the basic reproduction number R0 = β [α (d2 + p) + (1−α) d3] is

greater than one, then the number of susceptible individuals will asymptotically

decrease to a threshold value with a stiff or non-stiff dynamic depending on the

transmission rate β .

Taking differential transform of equation system (3.46) leads to

X i (k+ 1) =
1

k+ 1
(AX i (k) + Bi (k)) (3.47)

where

X i (k) = [Si (k) , Ei (k) , Pi (k) , Ai (k) , Di (k) , Ri (k)]
T , (3.48)

A=





















0 0 0 0 0 0

0 − 1
d1

0 0 0 0

0 α
d1
− 1

d2
0 0 0

0 1−α
d1

0 − 1
d3

0 0

0 0 1
d2

0 − 1
p 0

0 0 0 1
d3

1
p −α





















(3.49)

and

Bi (k) =





















− βN
∑k

j=0 Si (k− j) [Pi ( j) + Di ( j) +µAi ( j)]
β

N

∑k
j=0 Si (k− j) [Pi ( j) + Di ( j) +µAi ( j)]

0

0

0

0





















(3.50)
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for all k = 0, 1, . . . , K − 1 and i = 0, 1, . . . , Nw. The parameter values d1 = 3.69,

d2 = 3.47, d3 = 3.47, p = 1.92, α = 0.14, β = 1.12 and N = 3 × 106, which are

obtained by Li et al. [144] for the dynamics of COVID 19 pandemics, considered for

all simulations. The SEIR model describes a stiff behaviour for higher values of the

transmission rate β .

The advantages of the IELDTM with θ = 0.5 over the existing LDTM [24, 25, 27]
can be seen in Figure 3.4 to solve the moderately-stiff SEIR model (3.46). The

LDTM suffers from instability when a rapid decrease is observed in the susceptible

population. Since the exact solution of the SEIR model (3.46) is not known, the

ode15s solution obtained with tol = 10−6 is considered as the reference solution.

As compared with the reference ode15s solution of the system, the behaviours of the

state variables are seen to be accurately captured by the central IELDTM using the

same parameter values. The IELDTM with θ ≥ 0.5 destroys the instability drawback

of the LDTM by solving the problem implicitly. To increase the stiffness of the SEIR

model, the transmission rate is modified to have the following time-dependent form

β(t) =

¨

1.12, t ≤ tc

1.12η, t > tc

(3.51)

where η≥1 is the scaling factor of the transmission rate. If tc is selected in an interval

in which rapid decreasing of the susceptible population occurs, then the scaling factor

η leads to increase the stiffness of the problem. The SEIR model is solved by the

adaptive central IELDTM and various MATLAB ode solvers with tc = 66 and η∈ [1, 12]
and the results are illustrated in Figure 3.5. The required number of time steps is

compared with respect to the changing stiffness of the problem in Figure 3.5a. It

has been observed that the sixth and eighth order central IELDTMs need far less time

elements than the adaptive MATLAB ode23s, ode15s, ode113, and ode45. Even if the

number of required time steps of the MATLAB solvers increases with increasing η

values, the IELDTM is not affected by increasing stiffness. The behaviour of the stiff

dynamics of the susceptible population is illustrated in Figure 3.5b. It is observed that

the central IELDTM accurately captures the dynamics at optimum cost.

Problem 3.2

Consider the following cubic nonlinear Duffing equation [27]

x ′′ +αx ′ + β x + γx3 = 0, f or 0≤ t ≤ t f (3.52)
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Figure 3.4 Comparison of the central IELDTM and LDTM with the reference ode15s
solutions of the SEIR model (3.46) for K = 6 and ∆t = 3.

Figure 3.5 a) Comparison of the required number of time steps of the central
adaptive IELDTM, ode23s, ode15s, ode113 and ode45 for solving the SEIR model

(3.46) with the changing values of η and tol = 10−5, b) Effect of the stiffness factor
η on the dynamics of the susceptible population S (t) is captured by the central

adaptive IELDTM with an optimized degrees of freedom.
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with initial displacement and velocity

x (0) = x0 and x ′ (0) = x∗0. (3.53)

In the study of Tunc and Sari [27], it is proven that the logistic function x (t) = 1
1+e−t

is exact solution of equation (3.52) with the following parameters,

α= −3, β = 2, γ= −2, x0 = 0.5, x∗0 = 0.25. (3.54)

With the use of x1 (t) = x (t) and x2 (t) = x ′ (t), the cubic nonlinear Duffing equation

is transformed to the following nonlinear system

x ′1 (t) = x2 (t) (3.55)

x ′2 (t) = −αx2 (t)− β x1 (t)− γx3
1 (t) . (3.56)

Taking differential transformation of (3.55)-(3.56), one can obtain

X i (k+ 1) =
1

k+ 1
(AX i (k) + Bi (k)) (3.57)

where k = 0,1, . . . , K − 1, X i (k) =
�

(X 1)i (k) , (X 2)i (k)
�T

is the differential

transformation of [x1 (t) , x2 (t)]
T , Bi (k) =

�

0,γ(X1)i (3; 0,0; k)
�T

(see Appendix A

for (X1)i(m; n, p; k)) and the constant matrix A can be defined as follows

A=

�

0 1

−β −α

�

. (3.58)

The IELDTM yields the following equation

K
∑

k=0

X i+1 (k) (−θ∆t i)
k =

K
∑

k=0

X i (k) ((1− θ )∆t i)
k (3.59)

where X0 (0) =
�

x0, x∗0
�T

, i = 0, 1, . . . , N − 1 and the coefficients can be evaluated

from equation (3.57). The performance of the current IELDTM is shown by comparing

the maximum errors depending on the varying values of the direction parameter

θ (see Figure (3.6)). As theoretically expected, the maximum errors are reduced

exponentially by increasing the order of the method. It can be observed from Figure

3.6 that choosing θ = 0.5 with odd-numbered K values leads to an (K + 1) − th

order numerical method. The present adaptive central scheme is used for various

transformation orders from K = 3 to K = 9 with the estimate tol = 10−15 and the
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Figure 3.6 Order refinement results of the IELDTM at t f = 1 for various values of the
direction parameter θ with the time increment ∆t = 0.05.

Figure 3.7 Pointwise errors computed by the central adaptive IELDTM with various
values of K and tol = 10−15.

numerical results are compared in terms of both accuracy and computational costs

in Figure 3.7. As seen in the figure, increasing the local approximation order with

K reduces the computational cost considerably. The theoretical order expectations

and experimental order averages of the current IELDTM are compared with various

values of the transformation order K and direction parameter θ as given in Table 3.2.

In the table, the theoretical expectations are seen to be almost matching with the

experiments. The current adaptive central scheme and the ode15s-ode23s solvers are

compared with the maximum errors in Table 3.3 to measure the advantages of the

IELDTM over the existing stiff ode solvers. In all comparisons, the central adaptive

IELDTM appears to give better results with both high accuracy and using less number

of time steps than literature [142].
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Table 3.2 Effect of the approximation order of the IELDTM with various direction
parameters in comparative way for Problem 3.2 (NE: Numerical Experiment;

TE:Theoretical Expectation).

θ = 0 θ = 0.5 θ = 1
K NE TE NE TE NE TE

K = 1 0.8348 1 1.9804 2 1.2583 1
K = 2 2.0603 2 1.9970 2 1.9319 2
K = 3 2.9458 3 4.0142 4 3.0477 3
K = 4 3.7102 4 4.0041 4 4.2008 4
K = 5 4.9576 5 5.9965 6 5.0311 5
K = 6 5.8559 6 6.0821 6 6.2854 6

Table 3.3 Comparison of the present IELDTM (θ = 0.5) and the ode15s-ode23s
solvers [142] with tol = 10−10 for adaptive time steps N ∗ and maximum errors in

Problem 3.2.

IELDTM; K = 3 IELDTM; K = 5 ode15s ode23s
t f N ∗ ||E||∞ N ∗ ||E||∞ N ∗ ||E||∞ N ∗ ||E||∞
1 51 7.93E-11 9 2.38E-10 64 1.37E-09 825 8.61E-08
2 92 4.62E-09 16 8.45E-09 99 3.08E-08 1487 2.99E-06
4 152 1.01E-05 27 1.49E-05 161 6.53E-05 2595 6.47E-03

Problem 3.3

Consider the following modified Robertson chemical stiff system of nonlinear

differential equations [31],

x ′1 = −0.04x1 + 104 x2 x3 − 0.96e−t

x ′2 = 0.04x1 − 104 x2 x3 − 3.107 x2
2 − 0.04e−t

x ′3 = 3.107 x2
2 + e−t

(3.60)

where t ∈ [0, 4] and the initial conditions are

x1 (0) = 1, x2 (0) = x3 (0) = 0. (3.61)

As stated in literature [31], the system (3.60) has the exact solution x1 (t) = e−t ,

x2 (t) = 0 and x3 (t) = 1− e−t . Taking the differential transformation of (3.60) leads

to the following relations,

(X1)i (k+ 1) =
1

k+ 1

�

− 0.04(X1) (k)i + 104
k
∑

s=0

(X2)i (s)(X3)i (k− s)−

0.96(−1)k
e−t i

k!

�

,

(3.62)
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(X2)i (k+ 1) =
1

k+ 1

�

0.04(X1) (k)i − 104
k
∑

s=0

(X2)i (s)(X3)i (k− s)−

3.107
�

X 2

�

i
(2;0, 0; k)− 0.04(−1)k

e−t i

k!

�

,

(3.63)

(X3)i (k+ 1) =
1

k+ 1

�

3.107
�

X 2

�

i
(2;0, 0; k) + (−1)k

e−t i

k!

�

(3.64)

where (X1)0 (0) = 1, (X2)0 (0) = 0, (X3)0 (0) = 0, k = 0,1, . . . , K − 1, i = 0, 1, . . . , N

and X i (m; n, p; k) is defined in Appendix A. Thus, the IELDTM yields the following

equations
K
∑

k=0

(X1)i+1 (k) (−θ∆t i)
k =

K
∑

k=0

(X1)i (k) ((1− θ )∆t i)
k,

K
∑

k=0

(X2)i+1 (k) (−θ∆t i)
k =

K
∑

k=0

(X2)i (k) ((1− θ )∆t i)
k,

K
∑

k=0

(X3)i+1 (k) (−θ∆t i)
k =

K
∑

k=0

(X3)i (k) ((1− θ )∆t i)
k

(3.65)

where i = 0,1, . . . , N − 1 and the coefficients can be calculated from equations

(3.62)-(3.64). The present central adaptive schemes and the MATLAB solvers, ode15s-

ode23s [142], have been compared to demonstrate the efficiency of the present

approach through the pointwise errors (Figure 3.8). The current adaptive IELDTM

schemes of order 4 and 6 have been shown to produce more accurate results, using

far less number of time elements, than the commonly used stiff solvers, ode15s-

ode23s. Maximum errors of the current adaptive central scheme have been presented

in comparison with the LBRFDM-BDF of the literature [31] (see Table 3.4). In the

table, it is seen that the current schemes give more accurate results using the same

number of time elements. It is also obvious from Table 3.4 that the IELDTM is far more

accurate than various versions of the rational finite difference techniques presented

for stiff behaviour in the literature [31].

Table 3.4 Comparison of the present central IELDTM with the literature
LBRFDM-BDF [31] through maximum errors at t = 4 for Problem 3.3.

∆t IELDTM;K = 3 IELDTM;K = 5 LBRFDM;(6,3) LBRFDM;(6,4) BDF;4-Step
2−5 2.69E-10 3.89E-13 3.11E-07 1.55E-07 1.41E-07
2−6 4.97E-11 3.79E-13 2.13E-08 1.07E-08 1.02E-08
2−7 4.97E-12 1.33E-15 1.40E-09 6.98E-10 6.83E-10
2−8 4.76E-13 8.88E-16 8.94E-11 4.47E-11 4.42E-07
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Figure 3.8 Comparison of the present central adaptive IELDTM and the
ode15s-ode23s through pointwise errors with tol = 10−12 for Problem 3.3.

Problem 3.4

Consider the Van der Pol equation in the first-order system form,

U
′
= V (3.66)

V
′
= −U + ε

�

1− U2
�

V

where the initial conditions are taken to be U (0) = 2 and V (0) = 0. Note that the

system (3.66) corresponds to the second-order nonlinear Van der Pol equation with

dependent variable U . The Van der Pol equation is a model of self-sustained oscillations

of a triode electric circuit with the current voltage characteristics. Stiffness of the Van

der Pol system (3.66) strongly depends on the parameter value ε. If the parameter ε

is not too large, then the equation is not stiff and can be solved with also non-stiff

methods. However, in case of ε � 1, the system (3.66) is not easy to handle and

requires more accurate numerical methods for its solution. Taking the differential

transform of the system (3.66) yields

U i (k+ 1) = AU i (k) + F (k) (3.67)

where U i (k) = [Ui (k) , Vi (k) ]
T , A = [0, 1; −1, ε], F (k) =

�

0, −ε
∑k

l=0

∑l
n=0 Ui (n)Ui (l − n)Vi(k− l)

�T
and k = 0, 1, . . . , K − 1. The IELDTM

leads to the following equations

K
∑

k=0

U i+1 (k) (−θ∆t i)
k =

K
∑

k=0

U i (k) ((1− θ )∆t i)
k (3.68)

where i = 0, 1, . . . , N − 1 and U i (k) can be evaluated from recursive relation (3.67).
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Figure 3.9 Adaptive central solutions produced with K = 7, θ = 0.5, tol = 10−10 and
various ε values for Problem 3.4.

As seen in Figure 3.9, numerical behaviours of various non-stiff cases of the Van der

Pol equation have been illustrated through the present central adaptive technique.

The qualitative behaviour is produced by considering the parameter values K = 7,

θ = 0.5, t f = 20 and tol = 10−10. As seen in Figure 3.10, as the stiffness increases,

the number of time steps required by the algorithm increases. The computed results

of the stiff cases are presented as seen in the figure for the parameter values of ε = 10

and ε = 100, respectively, in Problem 3.4. The central adaptive technique is used

for Figure 3.10 with the parameter values K = 5, θ = 0.5 and tol = 10−10. As

shown in the figures, with the current techniques, it is seen that the stiff behaviours are

correct and successfully captured. The obtained results showed that the effectiveness

of the present IELDTM has been realized by comparing the MATLAB solvers, ode15s-

ode23s [142] (see Table 3.5). In the table, it is understood that our method requires

far less number of time steps than the ode solvers to accurately capture the physical

behaviours.

Table 3.5 Comparison of the present central adaptive IELDTM and the MATLAB
solvers [142], ode15s-ode23s, with the adaptive time step numbers for tol = 10−10 in

Problem 3.4.

ε/t f IELDTM;K = 5 IELDTM;K = 7 IELDTM;K = 9 ode15s ode23s
0.1/1 254 95 53 700 10912
1/10 520 193 108 1256 15717

10/100 5339 1888 1068 9632 141653
100/1000 19012 15282 10820 17523 299643
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Figure 3.10 Adaptive central solutions produced with K = 5, θ = 0.5, tol = 10−10,
ε = 10 and ε = 100 for Problem 3.4.

3.6 Summary

In this chapter, a new one-step implicit-explicit local differential transform method

(IELDTM) has been developed with an arbitrary order for especially stiff initial value

problems. The strong stability of the numerical method produced using the Taylor

series has been proven to be preserved. A priori error estimates of the currently derived

approaches has been constructed, and order conditions of the methods have been

determined depending on direction parameters. Stability of the present methods has

been discussed, and they have thus been examined by considering A- and L-stabilities.

To reach optimal numerical methods, adaptive procedures have been produced for

forward, central, and backward cases, respectively. The currently produced versatile

methods have been seen to be effective for very challenging problems defined by

stiff differential equations. To explain and analyse the challenging aspects of the

problems, four striking stiff differential equations have been taken into account,

and thus qualitative and quantitative results have been exhibited. In a comparative

way, efficiency of the present methods in terms of accuracy, stability, versatility and

computational cost has been proven. In the next chapter, the IELDTM will be derived

for the numerical investigations of the stiff BVPs for ODEs.
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4
THE IELDTM FOR STIFF BVPs

Boundary value problems (BVPs) of ordinary differential equations (ODEs) arise in

many disciplines such as physics, chemistry, engineering, finance and mathematical

biology [60]. Analytical solutions are often not available for most of those problems.

While some series-based techniques are capable of producing semi-analytical solutions

for BVPs, the convergence of those methods is mainly dependent on the global

smoothness of exact solutions, as observed from examples discussed in the literature

[145]. Besides, stiff BVPs involving significant local behaviours such as sharp

discontinuities or boundary layers are areas where various notable difficulties are

encountered [57–59]. Practical numerical algorithms are the only options for dealing

with such challenging problems. Since the solutions of stiff BVPs have distinct local

behaviours to be captured by numerical solvers, an effective numerical algorithm must

satisfy both optimized p−refinement and h−refinement procedures.

In this chapter, we propose a new IELDTM to solve BVPs for ODEs. First of all, the

IELDTM is derived for a general two-point BVP, and the mathematical foundations of

the method are presented. The presented method here eliminates the well-known

disadvantages of the DTMs, such as divergence and numerical instability. A priori

error analysis of the present method has been done, and order conditions have

been produced. Stability results are discussed together with the selection of the

direction parameter that determines whether the method is explicit or implicit. In

numerical experiments, various types of BVPs, particularly high-order BVPs, singular

BVPs, singularly perturbed BVPs, and strongly nonlinear BVPs have been studied to

test the derived method.

4.1 The Implicit-Explicit Local Differential Transform Method

This section is devoted to numerical foundations of the IELDTM for a general

second-order BVP. A general description of the IELDTM is explained and some

comments on this method are provided.
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Let us consider the following general second order two-point boundary value problem,

y ′′ (x) = G(y ′ (x) , y(x), x), x ∈ S (4.1)

with the mixed boundary conditions

α1 y (a) +α2 y ′ (a) = δ1 and β1 y (b) + β2 y ′ (b) = δ2 (4.2)

where S = [a, b] ⊂ R, y(x) ∈ R, α1, α2, β1, β2, δ1, δ2 ∈ R and G : R× R×S→ R.

We assume that the BVP (4.1-4.2) is well-posed and the exact solution y (x) is

analytic on the considered domain S. Let us divide the interval [a, b] into at most

N spatial elements with ∆x i = x i+1 − x i and the partition of the interval is given by

ω = {a = x0 < x1 < . . .< xN∗ = b} where N ∗ ≤ N . Let us consider the convergent

local Taylor series representation of the function y(x) about x i ∈ S as follows

yi (x) =
K
∑

k=0

Yi (k) (x − x i)
k +O

�

(x − x i)
K+1
�

, x i −ρi ≤ x ≤ x i +ρ
i (4.3)

where i = 0, 1, . . . , N ∗. The function yi (x) is assumed to be analytic for all i and

has the radius of convergence ρi > ∆x i. This assumption leads us to search about

the relations between neighbour solutions yi (x) and yi+1 (x) in terms of their local

behaviours. With Theorem 2.7, since the condition |x i+1 − x i| = ∆x i < ρi holds, the

function y(x) has also a local convergent Taylor series representation about x = x i+1

with the radius of convergence at least ρi+1 = ρi−∆x i and the interval of convergence

is (x i+1 −ρi+1, x i+1 +ρi+1). Then, the function y(x) can be locally approximated as

yi+1 (x) =
K
∑

k=0

Yi+1 (k) (x − x i+1)
k +O

�

(x − x i+1)
K+1
�

, (4.4)

where x i+1−ρi+1 ≤ x ≤ x i+1+ρi+1. Let us define the intervals P i = [x i −ρi, x i +ρi],
P i+1 = [x i+1 − ρi+1, x i+1 + ρi+1] and P = [x i, x i+1]. Assume that the condition P ⊂
�

P i ∩ P i+1
�

holds. Then we state the following conclusions;

* Due to the convergence assumptions, the two convergent representations (4.3) and

(4.4) should give the same numerical result at any point in the interval [x i, x i+1].

* If necessary, Cm continuity condition i.e. continuous slopes, continuous curvatures

etc. can be applied in the interval [x i, x i+1].

* Any point in the interval [x i, x i+1] can be written as x∗ = x i + (1− θ )∆x i, where

0≤ θ ≤ 1.
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* We produce the IELDTM with the use of continuity conditions of the solutions at

such interior points.

Convergent solutions yi (x) and yi+1 (x) at the interior points x∗ = x i + (1 − θ )∆x i

need to satisfy the following C0 and C1 continuity relations

yi+1 (x i + (1− θ )∆x i) = yi (x i + (1− θ )∆x i) , (4.5)

y ′ i+1 (x i + (1− θ )∆x i) = y ′ i (x i + (1− θ )∆x i) . (4.6)

Substituting interior node value x∗ = x i + (1 − θ )∆x i to approximate solutions

(4.3-4.4) and using continuity relations (4.5-4.6) yield the following equations,

K
∑

k=0

Yi+1 (k) (−θ∆x i)
k =

K
∑

k=0

Yi (k) ((1− θ )∆x i)
k +O

�

(∆x i)
K+1
�

, (4.7)

K
∑

k=1

Yi+1 (k) k (−θ∆x i)
k−1 =

K
∑

k=1

Yi (k) k ((1− θ )∆x i)
k−1 +O

�

(∆x i)
K
�

. (4.8)

The next issue is to determine the algebraic relations between Yi (k) and Yi+1 (k) for all

k = 0,1, . . . , K . Taking differential transform of equation (4.1) leads to the following

relation

Yi (k+ 2) =
1

(k+ 1) (k+ 2)
F(Yi (k+ 1) , Yi (k) , . . . , Yi (1) , Y i (0) , H(k)) (4.9)

where i = 0, 1, . . . , N ∗, k = 0, 1, . . . , K − 2, F is the transformed form of the

function arbitrary function G(y ′ (x) , y(x), x) and H(k) is the transformed form of the

non-autonomous part of the function G(y ′ (x) , y(x), x). It is obvious that Yi (k+ 2)
can be written in terms of Yi (k+ 1) and Yi (k) for each i and k. Thus, to completely

describe approximation functions (4.3-4.4), one should evaluate the initial position

Yi (0) and the initial slope Yi (1) for all i = 0,1, . . . , N ∗. For each spatial position,

Yi (0) and Yi (1) are assumed to be unknown values to determine highly accurate local

approximations (4.3-4.4). With the use of algebraic relations in (4.9), substitution

of all algebraic coefficients Yi (k) into continuity equations (4.7-4.8) leads to the

following explicit-implicit local equations

g1 (Yi+1(0), Yi+1(1),θ ,∆x i) = h1 (Yi(0), Yi(1),θ ,∆x i) , (4.10)

g2 (Yi+1(0), Yi+1(1),θ ,∆x i) = h2 (Yi(0), Yi(1),θ ,∆x i) (4.11)
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where i = 0,1, . . . , N ∗ − 1 and the functions g1, g2, h1 and h2 are obtained

from the right- and left-hand sides of equations (4.7-4.8). If θ = 0 then the

equations (4.10-4.11) are explicit equations of Yi+1(0) and Yi+1(1) irrespective of the

linearity-nonlinearity of the differential equation. On the other hand, if θ 6= 0 and the

differential equation is nonlinear then equations (4.10-4.11) are implicit equations of

Yi+1(0) and Yi+1(1). The boundary conditions lead to the following equations

α1Y0(0) +α2Y0(1) = δ1, (4.12)

β1YN∗ (0) + β2YN∗ (1) = δ2. (4.13)

By eliminating Y0(0) and YN∗ (0) from the equations (4.12-4.13) and substituting into

system of algebraic equations (4.10-4.11), equations (4.10-4.11) can be rewritten as

follows

φ (Y0 (1) , Y1 (0) , Y1 (1) , Y2 (0) , Y2 (1) , . . . , YN∗−1 (0) , YN∗−1 (1) , YN∗ (1)) = Z (4.14)

where the system is (2N ∗)× (2N ∗) including all local positions and slopes. Depending

on the function G(y ′ (x) , y(x), x), φ (Y ) = Z is either a linear or nonlinear system of

algebraic equations with

Y = (Y0 (1) , Y1 (0) , Y1 (1) , Y2 (0) , Y2 (1) , . . . , YN∗−1 (0) , YN∗−1 (1) , YN∗ (1)) .

MATLAB built-in function fsolve has been used when equation system (4.14) is

nonlinear. The function φ also depends on the selection of the direction parameter

θ . As will be demonstrated later on, this parameter is crucial in terms of accuracy,

stability, and computational efficiency. Therefore, the following notes are important

for the rest of this study

* N ∗ = 1 and θ = 0 yields the classical semi-analytic DTM [84–89].

* θ = 0 yields the explicit forward scheme and known as the local differential

transform method, which is used in the literature [92].

* The rest of the selections of the parameter θ , i.e. θ 6= 0, leads to the implicit

schemes. To the best of the author’s knowledge, this generalization for boundary

value problems is carried out for the first time.

* θ = 0.5 leads to an implicit central scheme which will give us stability and order

preserved method for linear and nonlinear cases.
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* θ = 1 leads to the implicit backward scheme, which is also a stable and order

preserved method for linear and nonlinear cases.

4.2 Numerical Implementation and Error Analysis

Consider BVP (4.1-4.2) with

G(y ′ (x) , y(x), x) = −
�

p y ′(x) + q y
�

(4.15)

where p, q ∈ R. Thus, problem (4.1-4.2) becomes a linear two-point BVP as a test

problem to explain numerical implementation of the current IELDTM. Taking the

differential transform of equation (4.1) yields,

Yi (k+ 2) = −
1

(k+ 1)(k+ 2)
[p (k+ 1)Yi (k+ 1) + qYi (k)] (4.16)

where k = 0,1, 2, . . . , K − 2 and i = 0, 1,2, . . . , N . The following coefficients can be

evaluated

Yi (2) = −
q
2

Yi (0)−
p
2

Yi (1) , (4.17)

Yi (3) =
pq
6

Yi (0) +

�

p2 − q
�

6
Yi (1) , (4.18)

Yi (4) =

�

q2 − p2q
�

24
Yi (0) +

�

2pq− p3
�

24
Yi (1) , (4.19)

Yi (5) =

�

7pq2 − 3p2q
�

480
Yi (0) +

�

10p2q− 4q2 − 3p4
�

480
Yi (1) . (4.20)

This evaluation can be increased up to desired approximation order. If we apply the

IELDTM to the considered BVP, the following equations are found for each spatial

element [x i , x i+1]

K
∑

k=0

Yi+1 (k) (−θ∆x)k =
K
∑

k=0

Yi (k) ((1− θ )∆x)k, (4.21)

K
∑

k=1

Yi+1 (k) k(−θ∆x)k−1 =
K
∑

k=1

Yi (k) k ((1− θ )∆x)k−1, (4.22)
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where i = 0,1, . . . , N − 1 and the fixed spatial step size ∆x = (b−a)
N is assumed. With

the use of coefficients (4.17-4.20), equations (4.21-4.22) become

Yi+1 (0) + Yi+1 (1) (−θ∆x) +
h

−
q
2

Yi+1 (0)−
p
2

Yi+1 (1)
i

(−θ∆x)2+
�

pq
6

Yi+1 (0) +

�

p2 − q
�

6
Yi+1 (1)

�

(−θ∆x)3+

��

q2 − p2q
�

24
Yi+1 (0) +

�

2pq− p3
�

24
Yi+1 (1)

�

(−θ∆x)4 + . . .=

Yi (0) + Yi (1) ((1− θ )∆x) +
h

−
q
2

Yi (0)−
p
2

Yi (1)
i

((1− θ )∆x)2+
�

pq
6

Yi (0) +

�

p2 − q
�

6
Yi (1)

�

((1− θ )∆x)3+

��

q2 − p2q
�

24
Yi (0) +

�

2pq− p3
�

24
Yi (1)

�

((1− θ )∆x)4 + . . . ,

(4.23)

and

Yi+1 (1) + 2
h

−
q
2

Yi+1 (0)−
p
2

Yi+1 (1)
i

(−θ∆x)+

3

�

pq
6

Yi+1 (0) +

�

p2 − q
�

6
Yi+1 (1)

�

(−θ∆x)2+

4

��

q2 − p2q
�

24
Yi+1 (0) +

�

2pq− p3
�

24
Yi+1 (1)

�

(−θ∆x)3 + . . .=

Yi (1) + 2
h

−
q
2

Yi (0)−
p
2

Yi (1)
i

((1− θ )∆x)+

3

�

pq
6

Yi (0) +

�

p2 − q
�

6
Yi (1)

�

((1− θ )∆x)2+

4

��

q2 − p2q
�

24
Yi (0) +

�

2pq− p3
�

24
Yi (1)

�

((1− θ )∆x)3 + . . . ,

(4.24)

50



where i = 0,1, . . . , N − 1. If equations (4.23-4.24) is rearranged in terms of Yi+1 (0),
Yi+1 (1), Yi (0) and Yi (1), equations (4.23-4.24) turn into the following equations

�

1−
q
2
(−θ∆x)2 +

pq
6
(−θ∆x)3 +

�

q2 − p2q
�

24
(−θ∆x)4 + . . .

�

Yi+1 (0)+

�

−θ∆x −
p
2
(−θ∆x)2 +

�

p2 − q
�

6
(−θ∆x)3 +

�

2pq− p3
�

24
(−θ∆x)4 + . . .

�

Yi+1 (1) =

�

1−
q
2
((1− θ )∆x)2 +

pq
6
((1− θ )∆x)3 +

�

q2 − p2q
�

24
((1− θ )∆x)4 + . . .

�

Yi (0)+

�

(1− θ )∆x −
p
2
((1− θ )∆x)2 +

�

p2 − q
�

6
((1− θ )∆x)3+

�

2pq− p3
�

24
((1− θ )∆x)4 + . . .

�

Yi (1) ,

(4.25)

and
�

−q (−θ∆x) +
pq
2
(−θ∆x)2 +

�

q2 − p2q
�

6
(−θ∆x)3 + . . .

�

Yi+1 (0)+

�

1− p(−θ∆x) +

�

p2 − q
�

2
(−θ∆x)2 +

�

2pq− p3
�

6
(−θ∆x)3 + . . .

�

Yi+1 (1) =

�

−q ((1− θ )∆x) +
pq
2
((1− θ )∆x)2 +

�

q2 − p2q
�

6
((1− θ )∆x)3 + . . .

�

Yi (0)+

�

1− p((1− θ )∆x) +

�

p2 − q
�

2
((1− θ )∆x)2 +

�

2pq− p3
�

6
((1− θ )∆x)3 + . . .

�

Yi (1)

(4.26)

where i = 0, 1, . . . , N − 1. Equations (4.25-4.26) include 2N equations with 2N + 2

unknowns for N spatial elements. Thus, imposing mixed boundary conditions defined

in (4.2) we can eliminate Y0(0) and YN (0). Finally, we reach the following linear

system

AŶ = F̂ (4.27)

where Ŷ = [Y0 (1) , Y1 (0) , Y1 (1) , . . . , YN−1 (0) , YN−1 (1) , YN (1)]
T including all

unknown positions and slopes, A is a ((2N)× (2N)) known matrix and F̂ is the residual

vector coming from boundary conditions. With the use of any suitable linear solver for

equation (4.27), we find the desired solutions at discrete positions. Now, it is time to

analyse the global error of the numerical approximation. Complete form of continuity
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equations (4.21-4.22) can be written as follows

K
∑

k=0

Yi+1 (k) (−θ∆x)k =
K
∑

k=0

Yi (k) ((1− θ )∆x)k +∆xρ1
i , (4.28)

K
∑

k=1

Yi+1 (k) k(−θ∆x)k−1 =
K
∑

k=1

Yi (k) k ((1− θ )∆x)k−1 +∆xρ2
i , (4.29)

where ρ1
i and ρ2

i are the local truncation errors defined as

ρ1
i =

�

Yi∗ (K + 1) (1− θ )K+1 − Y(i+1)∗ (K + 1) (−θ )K+1
�

∆xK , (4.30)

and

ρ2
i =

�

Yi∗ (K + 1) (K + 1) (1− θ )K − Y(i+1)∗ (K + 1) (K + 1) (−θ )K
�

∆xK−1 (4.31)

where i = 0, 1, . . . , N −1 and Yi∗ defines the local transform at point x i∗ ∈ [x i−1, x i+1].
Then exact equation system corresponding to equation (4.27) can be stated as

AY = F̂ +∆xG (θ ,∆x) (4.32)

where Y is a ((2N)× 1) column vector corresponds to exact form of Ŷ and G (θ ,∆x) =
G1 (θ ,∆x) + G2(θ ,∆x) is a ((2N)× 1) column vector corresponds to the truncation

errors as follows,

G1 (θ ,∆x) =



































�

(1− θ )K+1 Y0∗ (K + 1)− (−θ )K+1 Y1∗ (K + 1)
�

0
�

(1− θ )K+1 Y1∗ (K + 1)− (−θ )K+1 Y2∗ (K + 1)
�

0

.

.

.
�

(1− θ )K+1 Y(N−1)∗ (K + 1)− (−θ )K+1 YN∗ (K + 1)
�

0



































∆xK ,
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G2 (θ ,∆x) =



































0
�

(K + 1) (1− θ )K Y0∗ (K + 1)− (K + 1) (−θ )K Y1∗ (K + 1)
�

0
�

(K + 1) (1− θ )K Y1∗ (K + 1)− (K + 1) (−θ )K Y2∗ (K + 1)
�

.

.

.

0
�

(K + 1) (1− θ )K Y(N−1)∗ (K + 1)− (K + 1) (−θ )K YN∗ (K + 1)
�



































∆xK−1.

Now, defining the error column vector as ε = Y − Ŷ and subtracting equation (4.32)

from equation (4.27) yield

Aε =∆xG(θ ,∆x) (4.33)

and defining new matrix A∗ =∆xA−1 leads to

||ε|| ≤ ||A∗|| ||G (θ ,∆x) || (4.34)

where ||.|| is an arbitrary norm. Complete error analysis of the IELDTM requires the

bound of ||G(θ ,∆x)|| in terms of the direction parameter θ . Then, the following two

cases are considered:

Case1 : Assume that the direction parameter θ = 0.5 and K is even. In this case, the

following general conditions are reached for G1(0.5,∆x)

(G1(0.5,∆x))i =
�

(0.5)K+1 Yi∗ (K + 1)− (−0.5)K+1
�

Yi∗ (K + 1)+

∆x(K + 2)Y i∗ (K + 2)
�

∆xK ,

=
�

1
2

�K

Yi∗ (K + 1)∆xK +O(∆xK+1).

(4.35)

Defining M1 =maxi

�

�

�

�

1
2

�K
Yi∗ (K + 1)

�

�

� and neglecting the higher order terms yield

||G1(0.5,∆x)|| ≤ M1∆xK .

Then the general term of G2(0.5,∆x) becomes,

(G2(0.5,∆x))i =
�

(K + 1) (0.5)K Yi∗ (K + 1)− (K + 1) (−0.5)K
�

Yi∗ (K + 1)+

∆x(K + 2)Y i∗ (K + 2)
�

∆xK−1

= − (K + 1) (K + 2)
�

1
2

�K

Yi∗ (K + 2)∆xK +O(∆xK+1).

(4.36)
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Defining M2 = maxi

�

�

�(K + 1) (K + 2)
�

1
2

�K
Yi∗ (K + 2)

�

�

� and neglecting the higher order

terms yield

||G2(0.5,∆x)|| ≤ M2∆xK . (4.37)

Remembering G (0.5,∆x) = G1 (0.5,∆x)+G2(0.5,∆x) and taking L2 =max (M1, M2)
lead to the estimate ||G(0.5,∆x)|| ≤ L2∆xK .

Case2 : Assume that the conditions of Case 1 are not satisfied. Then, the following

general terms are found for G1(θ ,∆x)

(G1(θ ,∆x))i =
�

(1− θ )K+1 Yi∗ (K + 1)− (−θ )K+1
�

Yi∗ (K + 1)+

∆x(K + 2)Y i∗ (K + 2)
�

∆xK

=
�

(1− θ )K+1 − (−θ )K+1
�

Yi∗ (K + 1)∆xK +O(∆xK+1).

(4.38)

Defining M3 = maxi

�

�

�

(1− θ )K+1 − (−θ )K+1
�

Yi∗ (K + 1)
�

� and neglecting the higher

order terms give rise to

||G1(θ ,∆x)|| ≤ M3∆xK . (4.39)

Thus the general term of G2(θ ,∆x) becomes,

(G2(θ ,∆x))i =
�

(K + 1) (1− θ )K Yi∗ (K + 1)− (K + 1) (−θ )K
�

Yi∗ (K + 1)+

∆x(K + 2)Yi∗ (K + 2)
�

∆xK−1

=
�

(K + 1) (1− θ )K − (K + 1) (−θ )K
�

Yi∗ (K + 1)∆xK−1 +O(∆xK).

(4.40)

Defining M4 = maxi

�

�

�

(K + 1) (1− θ )K − (K + 1) (−θ )K
�

Yi∗ (K + 1)
�

� and dropping the

higher order terms lead to

||G2(θ ,∆x)|| ≤ M4∆xK−1. (4.41)

Since G (θ ,∆x) = G1 (θ ,∆x)+G2(θ ,∆x), taking L2 =max
�

M3∆x , M4

�

leads to the

estimate ||G(θ ,∆x)|| ≤ L2∆xK−1. Assume that the following inequalities are satisfied

||G (θ ,∆x) || ≤ L2∆xS and ||A∗|| ≤ L1 (4.42)

where L2 is defined with respect to the direction parameter θ and S = K−1, K . Thus,

we obtain the following error estimates

||ε|| ≤







L1 L2∆xK , θ = 0.5 and K is even

L1 L2∆xK−1, otherwise
(4.43)
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Figure 4.1 ||A∗||∞ norm values as a function of the problem parameters p and q.

Note that, the norm ||A∗|| is almost independent of the spatial increment ∆x . Similar

analysis can be executed for boundary value problems of various order. If the order of

the differential equation is 2p, then one needs 2p continuity equations to get consistent

system of algebraic equations. Since one needs at least C2p−1 continuity, the truncation

error terms will start with ∆xK−2p+1 or ∆xK−2p+2 depending on θ . As a conclusion, if

the differential equation is 2p − th order and K is the transformation order, then the

IELDTM leads to (K − 2p + 1)− th or (K − 2p + 2)− th order method depending on

the selection of the direction parameter θ .

4.3 Stability Analysis

As explained in the last section, the stability and global errors of the present IELDTM

for BVP (4.1-4.2) with the selection of (4.15) clearly depend on the structure of

the matrix A defined in (4.27). Thus, the invertibility and the norm of the matrix

A determine the stability of the present method. We analyse the bound value L1

stated in the last subsection with the inequality ||A∗||= ||∆xA−1|| ≤ L1 depending on

p, q, ∆x ,θ and K . In Figure 4.1, we demonstrate the effect of the parameter values

p and q to the matrix norm ||A∗||∞. As seen in Figure 4.1, the bound value L1 is finite

and does not have much negative effect on the stability as clearly seen in equations

(4.27). As stated in the error analysis, the norm bound of ||A∗|| is almost independent

of the spatial step size ∆x . In Figure 4.2, we have demonstrated the effect of the

various values of K and θ to the norm value ||A∗||∞. Asymptotic behaviour can be

seen with changing values of K and a little effect of the changing values of θ can be

observed in Figure 4.2.
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Figure 4.2 Effects of K and θ values on ||A∗||∞ norm for the problem parameter
values p = 3 and q = −3.

4.4 Numerical Experiments

Numerical illustrations of the current method through various boundary value

problems are presented here. We considered linear, nonlinear, singular, singularly

perturbed, and high order boundary value problems to illustrate the versatility of the

IELDTM. The produced results are compared with the exact solutions, the DTM [87],
the LDTM [92], the shooting method [58] and the FDM [59]. To measure errors of

the present results, we prefer to use the following maximum error norm ||E||∞ and

absolute pointwise errors Ei

||E||∞ = max i|ynumerical
i − y exact

i |,

Ei = |ynumerical
i − y exact

i |.

Problem 4.1

Consider the following thick pressure vessel problem given in the reference [61]

d2 y
d x2

+
1
x

d y
d x
−

y
x2
= 0, 5≤ x ≤ 8 (4.44)

with the boundary conditions

y (5) = 0.0038731 and y (8) = 0.0030770 (4.45)

where the exact solution is y (x) = (10501x)/78000000 + 77999/(4875000x). The
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differential transform of equation (4.44) is

Yi (k+ 2) =
1

(k+ 1)(k+ 2)

� k
∑

n=0

(− (k− n+ 1) F (n, x i)Yi (k− n+ 1)+

G(n, x i)Yi (k− n)
�

(4.46)

where Yi is the transformed form of the local function yi(x). F (n, x i) and G(n, x i) can

be defined as follows

F (n, x i) =
(−1)n

(x i)
n+1 and G (n, x i) =

(−1)n (n+ 1)

(x i)
n+2 , i = 0,1, . . . , N (4.47)

where the nodes are defined as x i = 5+ i∆x and ∆x = 3
N . The boundary conditions

lead to the following equations,

Y0 (0) = 0.0038731 and YN (0) = 0.0030770. (4.48)

For a typical element [x i, x i+1], the present IELDTM yields the following equations,

K
∑

k=0

Yi+1 (k) (−θ∆x)k =
K
∑

k=0

Yi (k) ((1− θ )∆x)k, (4.49)

K
∑

k=1

Yi+1 (k) k (−θ∆x)k−1 =
K
∑

k=1

Yi (k) k ((1− θ )∆x)k−1, (4.50)

where i = 0,1, . . . , N −1 and the coefficients Yi (k) can be calculated from the relation

(4.46) in terms of Yi (0) and Yi (1).

Problem 4.2

Consider the following singularly perturbed nonlinear BVP [73],

−ε
d2 y
d x2

+ y + y2 = e
−2xp
ε , 0≤ x ≤ 1 (4.51)

with the following boundary conditions

y (0) = 1 and y (1) = e
−1p
ε (4.52)

where ε� 1 and the exact solution is y (x) = e
−xp
ε . The transform of equation (4.51)

is

Yi (k+ 2) =
1

ε(k+ 1)(k+ 2)

�

Yi (k) + Ȳi (2; 0,0; k)− F (k, x i)
�

(4.53)
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where Yi is the transformed form of the local function yi(x) and Ȳi is defined in

Appendix A. F (k, x i) can be defined as follows

F (k, x i) =
1
k!

�

−2
p
ε

�k

e

−2xip
ε

, (4.54)

where the nodes are expressed by x i = i∆x and ∆x = 1
N . The boundary conditions

lead to the following equations,

Y0 (0) = 1 and YN (0) = e
−1p
ε . (4.55)

The present IELDTM yields the same expressions defined in (4.49-4.50) and the

required coefficients can be obtained from equation (4.53) in terms of Yi (0) and Yi (1).

Problem 4.3

Consider the following fourth-order BVP [71]

d4 y
d x4

= sin (x) + sin2 (x)−
�

d2 y
d x2

�2

, 0≤ x ≤ 1 (4.56)

with the following boundary conditions

y (0) = 0, y ′(0) = 1, y (1) = sin(1) and y ′ (1) = cos(1), (4.57)

where the exact solution is y (x) = sin(x). The transform of equation (4.56) is

Yi (k+ 4) =
1

(k+ 1)(k+ 2)(k+ 3)(k+ 4)

�

F (k, x i)+

k
∑

n=0

F (n, , x i) F (k− n, , x i)−Ȳi (0; 2,2; k)
� (4.58)

where Yi is the transformed form of the local function yi(x) and Ȳi is defined in

Appendix A. F (k, x i) can be defined by

F (k, x i) =
1
k!

dk(sinx)
d x k

�

�

�

�

x=x i

, (4.59)

where the nodes are defined by x i = i∆x and ∆x = 1
N . The boundary conditions lead

to the following equations,

Y0 (0) = 0, Y0(1) = 1, YN (0) = sin(1) and YN (1) = cos(1). (4.60)
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For a typical element [x i, x i+1], the present IELDTM yields

K
∑

k=0

Yi+1 (k) (−θ∆x)k =
K
∑

k=0

Yi (k) ((1− θ )∆x)k,

K
∑

k=1

Yi+1 (k) k (−θ∆x)k−1 =
K
∑

k=1

Yi (k) k ((1− θ )∆x)k−1, (4.61)

K
∑

k=2

Yi+1 (k) k(k− 1) (−θ∆x)k−2 =
K
∑

k=2

Yi (k) k(k− 1) ((1− θ )∆x)k−2,

K
∑

k=3

Yi+1 (k) k(k− 1)(k− 2) (−θ∆x)k−3 =
K
∑

k=3

Yi (k) k(k− 1)(k− 2) ((1− θ )∆x)k−3,

where i = 0,1, . . . , N − 1 and the coefficients can be calculated from equation (4.58)

in terms of Yi (0), Yi (1), Yi (2) and Yi (3).

Problem 4.4

Consider the following second order nonlinear BVP [76]

d2 y
d x2

=
1
8

�

32+ 2x3 − y
d y
d x

�

, 1≤ x ≤ 2 (4.62)

with the boundary conditions

y (1) = 17 and y ′ (2) = 0 (4.63)

where the exact solution is y (x) = x2 + 16
x . The transform of equation (4.62) is

Yi (k+ 2) =
1

8(k+ 1)(k+ 2)

�

32δ0k + 2 F (k, x i)− Ȳi (1; 1,1; k)
�

(4.64)

where Yi is the transformed form of the local function yi(x), δ is Kronecker delta, Ȳi

is defined in Appendix A. F (k, x i) is defined by

F (k, x i) =







�3
k

�

x3−k
i , k = 0, 1,2, 3

0, otherwise
(4.65)

where the nodes are defined by x i = 1+ i∆x and ∆x = 1
N . The boundary conditions

lead to the following equations,

Y0 (0) = 17 and YN (1) = 0. (4.66)
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The present IELDTM yields the same expressions defined in (4.49-4.50) and the

required coefficients can be obtained from equation (4.64) in terms of Yi (0) and Yi (1).

Problem 4.5

Consider the following nonlinear BVP [76],

d2 y
d x2

=
1
x3

�

d y
d x

�2

− 9
y2

x5
+ 4x , 1≤ x ≤ 2 (4.67)

with the boundary conditions

y (1) = 0 and y ′(2) = 4+ 12ln(2) (4.68)

where the exact solution is y (x) = x3ln(x). The transform of equation (4.62) is

Yi (k+ 2) =
1

(k+ 1)(k+ 2)

� k
∑

n=0

�

F (n, x i) Ȳi (0; 1,2; k− n)−

9G (n, x i) Ȳi (2; 0,0; k− n) + 4H (k, x i)
�

(4.69)

where Yi is the transformed form of the local function yi(x) and Ȳi is defined in

Appexdix A. F (n, x i), G (n, x i) and H (k, x i) are defined by

F (n, x i) =
(−1)n (n+ 1) (n+ 2)

2 (x i)
n+3 , (4.70)

G (n, x i) =
(−1)n (n+ 1) (n+ 2) (n+ 3) (n+ 4)

24 (x i)
n+5 , (4.71)

H (k, x i) =







x1−k
i , k = 0,1

0, otherwise
(4.72)

where the nodes are defined by x i = 1+ i∆x and ∆x = 1
N . The boundary conditions

lead to the following equations,

Y0 (0) = 0 and YN (1) = 4+ 12ln(2). (4.73)

The present IELDTM yields the same expressions defined in (4.49-4.50) and the

coefficients can be evaluated from equation (4.69) in terms of Yi (0) and Yi (1).
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Problem 4.6

Consider the following nonlinear singular BVP [58],

d2 y
d x2

+
2
x

d y
d x
= −y5, 0< x < 1 (4.74)

with the boundary conditions

y ′(0) = 0 and y (1) =
p

3
2

. (4.75)

where the exact solution is y (x) =
�

1+ x2/3
�−1/2

. The transform of equation (4.4) is

Y0 (k+ 2) =
1

(k+ 1)(k+ 2)

�

−Ȳ0 (5;0, 0; k)
�

(4.76)

and

Yi (k+ 2) = −
1

(k+ 1)(k+ 2)

�

2
k
∑

n=0

F (n, x i)Yi (k− n) + Ȳi (5;0, 0; k)

�

, (4.77)

where i = 1, 2, ..., N , Yi is the transformed form of the local function yi(x), Ȳi is defined

in Appendix A and F (n, x i) is defined as

F (n, x i) =
(−1)n

(x i)
n+1 i = 0,1, . . . , N (4.78)

The nodes are defined with x i = i∆x and ∆x = 1
N . The boundary conditions lead to

Y0(1) = 0 and YN (0) =
p

3
2

. (4.79)

The present IELDTM yields the same expressions defined in (4.49-4.50) and the

coefficients can be evaluated from equation (4.76-4.77) in terms of Yi (0) and Yi (1).

In Figures 4.3-4.7, we demonstrate the effectiveness of the current IELDTM and the

DTM on various BVPs, taking into account pointwise errors. As clearly seen in the

figures, the present IELDTM with θ = 0.5 is more accurate than the LDTM (θ = 0)
and the DTM for all the types of linear and nonlinear BVPs. With the consideration

of the same transformation order K , numerically constructed IELDTM is seen to be

far more efficient than the semi-analytical DTM. While the DTM produces acceptable

results for Problems 4.1 and 4.3, the DTM results are seen to be divergent for Problem

4.2 and Problems 4.4-4.5 as shown in Figure 4.4, Figure 4.8 and Figure 4.9. Thus, the

convergence, accuracy, and versatility of the IELDTM are far more reliable than that of
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the DTM and the LDTM. To demonstrate the effect of the spatial step size ∆x and the

transformation order K , the maximum errors produced with various parameter values

are presented in Tables 4.1–4.5. In line with our theoretical analysis, the accuracy of

the present IELDTM is increasing with either ∆x-refinement or K-refinement for all

problems. Both the semi-analytical DTM [87] and the numerical LDTM [92] suffer

from instability, especially in solving stiff BVPs. Just at this time, the IELDTM is here

constructed for the elimination of this serious drawback. Since Problem 4.2 has stiff

nature for ε� 1, the IELDTM and the rival methods are compared with the calculation

of ||E||∞ error norms for various challenging ε values in Table 4.6. As observed from

the table, the DTM is completely divergent, and the LDTM produces divergent results

for ε < 0.001. The IELDTM with θ = 0 and θ = 0.5 have ability to produce accurate

numerical solutions up to ε = 0.00001 with ∆x = 0.01. To produce the results in

Table 4.6, the LDTM and the DTM are treated as a shooting method as previously

considered in literature [92, 145] and the IELDTM with θ = 0 and θ = 0.5 are treated

as a direct method as mathematically derived in Section 4.1.

The numerical nature of the current IELDTM depends heavily on the choice of the

direction parameter value θ . Figure 4.10 has shown how the maximum error norms

vary with respect to the direction parameter θ . It is obvious that the selections θ ∼= 0.5

provide more accurate results as already proven in error analysis. In Figure 4.11,

processing times of the present IELDTM algorithms for solving Problems 4.4-4.5 are

illustrated with the changing values of the transformation order K . It is possible to

observe that the computational cost increases linearly according to the transformation

order K . In Table 4.7, the theoretical order expectations and experimental order

averages of the IELDTM are compared with various values of K . The highly matching

experiment results are seen in the table, and the theoretical expectations stated

in the error analysis are verified. The experimental order is calculated as p =
log(E1/E2)/log(∆x1/∆x2) where ∆x1 and ∆x2 are spatial increments and E1 and

E2 are the corresponding absolute errors. By evaluating the experimental orders for

various ∆x1 and ∆x2 values, the experimental average order is obtained for each

problem. In addition to the above and those suggested here, also high order shooting

methods and finite difference methods (FDM) have been widely used in the solution

of various versions of BVPs in the literature [58, 59, 61–69]. To prove the efficiency

of the proposed IELDTM, the error norms ||E||∞ of the present algorithm, the sixth

order shooting method [58] and the fourth-order FDM [59] are compared in Table

4.8. The IELDTM of orders four and six are used for computations with θ = 0.5. As

clearly observed from the table, our sixth order method produces far more accurate

results than the sixth order shooting method [58]. Similarly, the present fourth-order

IELDTM offers far more accurate results than that of the fourth-order FDM [59]. The

62



Figure 4.3 Pointwise errors produced by the IELDTM and the DTM with ∆x = 0.1
and K = 9 for Problem 4.1.

CPU times required to produce the present results are also demonstrated in Table 4.8.

As illustrated both qualitatively and quantitatively, the present IELDTM is an effective

numerical method in terms of reliability, versatility, and computational efficiency.

Table 4.1 Maximum errors of the IELDTM with θ = 0.5 and various values of the
parameters K and N for Problem 4.1.

K/N N=5 N=10 N=15 N=20 N=25 N=30
K=3 6.62E-07 1.63E-07 7.22E-08 4.06E-08 2.60E-08 1.80E-08
K=4 7.84E-09 4.76E-10 9.46E-11 2.99E-11 1.22E-11 5.89E-12
K=5 2.51E-09 1.51E-10 2.99E-11 9.45E-12 3.86E-12 1.86E-12
K=6 4.39E-11 6.75E-13 5.87E-14 1.04E-14 2.73E-15 9.12E-16
K=7 8.89E-12 1.33E-13 1.15E-14 2.04E-15 5.33E-16 1.78E-16
K=8 2.06E-13 7.91E-16 3.12E-17 3.47E-18 2.17E-18 2.60E-18
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Figure 4.4 Pointwise errors produced by the IELDTM and the DTM with
∆x = 0.05, ε = 0.001 and K = 13 for Problem 4.2.

Table 4.2 Maximum errors of the IELDTM with θ = 0.5 and various values of the
parameters K and N for Problem 4.2.

K/N N=20 N=25 N=30 N=35 N=40 N=45
K=5 4.26E-04 1.86E-04 9.12E-05 4.88E-05 2.80E-05 1.70E-05
K=6 2.93E-05 8.32E-06 2.87E-06 1.14E-06 5.05E-07 2.44E-07
K=7 6.63E-06 1.82E-06 6.14E-07 2.40E-07 1.05E-07 5.03E-08
K=8 3.60E-07 6.54E-08 1.57E-08 4.56E-09 1.54E-09 5.87E-10
K=9 5.91E-08 1.03E-08 2.40E-09 6.87E-10 2.30E-10 8.67E-11
K=10 2.66E-09 3.08E-10 5.11E-11 1.09E-11 2.83E-12 8.50E-13
K=11 3.42E-10 3.78E-11 6.10E-12 1.28E-12 3.28E-13 9.77E-14
K=12 1.31E-11 9.72E-13 1.12E-13 1.74E-14 3.44E-15 7.77E-16

Figure 4.5 Pointwise errors produced by the IELDTM and the DTM with ∆x = 0.05
and K = 7 for Problem 4.3.
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Table 4.3 Maximum errors of the IELDTM with θ = 0.5 and various values of the
parameters K and N for Problem 4.3.

K/N N=5 N=10 N=15 N=20 N=25 N=30
K=5 1.90E-06 4.99E-07 2.22E-07 1.25E-07 8.02E-08 5.56E-08
K=6 2.83E-09 1.86E-10 3.70E-11 1.17E-11 4.81E-12 2.32E-12
K=7 9.51E-10 6.23E-11 1.24E-11 3.90E-12 1.60E-12 7.73E-13
K=8 1.13E-12 1.83E-14 1.67E-15 4.44E-16 2.22E-16 5.55E-16
K=9 2.26E-13 3.83E-15 3.33E-16 1.11E-16 2.22E-16 3.33E-16
K=10 3.33E-16 2.22E-16 2.22E-16 2.22E-16 2.22E-16 4.44E-16

Figure 4.6 Pointwise errors produced by the IELDTM with ∆x = 0.1 and K = 13 for
Problem 4.4.

Figure 4.7 Pointwise errors produced by the IELDTM with ∆x = 0.1 and K = 9 for
Problem 4.5.
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Table 4.4 Maximum errors of the IELDTM with θ = 0.5 and various values of the
parameters K and N for Problem 4.4

K/N N=5 N=10 N=15 N=20 N=25 N=30
K=3 4.84E-02 1.18E-02 5.20E-03 2.92E-03 1.87E-03 1.30E-03
K=4 1.16E-03 6.85E-05 1.34E-05 4.22E-06 1.73E-06 8.31E-07
K=5 3.71E-04 2.13E-05 4.14E-06 1.30E-06 5.32E-07 2.56E-07
K=6 1.41E-05 2.01E-07 1.73E-08 3.06E-09 7.99E-10 2.67E-10
K=7 2.96E-06 3.92E-08 3.33E-09 5.87E-10 1.53E-10 5.11E-11
K=8 1.56E-07 5.29E-10 2.00E-11 1.97E-12 3.53E-13 8.88E-14
K=9 2.57E-08 7.66E-11 2.82E-12 2.93E-13 4.09E-14 2.84E-14
K=10 1.73E-09 1.38E-12 2.31E-14 1.95E-14 1.95E-14 1.24E-14

Table 4.5 Maximum errors of the IELDTM with θ = 0.5 and various values of the
parameters K and N for Problem 4.5.

K/N N=5 N=10 N=15 N=20 N=25 N=30
K=3 3.13E-03 7.77E-04 3.45E-04 1.94E-04 1.24E-04 8.62E-05
K=4 1.13E-06 6.29E-08 1.22E-08 3.83E-09 1.56E-09 7.53E-10
K=5 1.51E-06 9.23E-08 1.82E-08 5.74E-09 2.35E-09 1.13E-09
K=6 9.62E-09 1.41E-10 1.22E-11 2.16E-12 5.63E-13 1.94E-13
K=7 2.42E-09 3.54E-11 3.07E-12 5.53E-13 1.41E-13 4.88E-14
K=8 3.95E-11 1.38E-13 9.77E-15 7.11E-15 7.11E-15 4.44E-15
K=9 6.47E-12 2.93E-14 3.55E-15 4.44E-15 2.66E-15 3.55E-15

Figure 4.8 Comparison of numerical results produced by the IELDTM and the DTM
with ∆x = 0.1 and K = 11 for Problem 4.4.
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Figure 4.9 Comparison of numerical results produced by the IELDTM and the DTM
with ∆x = 0.1 and K = 9 for Problem 4.5.

Figure 4.10 Effect of the direction parameter θ to maximum errors produced by the
IELDTM with ∆x = 0.1 and K = 9.

Figure 4.11 Processing times with respect to varying values of the transformation
order K with ∆x = 0.1 and θ = 0.5.
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Table 4.6 Comparison of ||E||∞ norms of the IELDTM, LDTM and DTM with K = 6
and ∆x = 0.01 for Problem 4.2.

ε DTM LDTM IELDTM(θ = 0) IELDTM(θ = 0.5)
1 divergent 2.15E-14 2.15E-14 4.44E-16
0.5 divergent 7.22E-14 7.22E-14 2.66E-15
0.4 divergent 1.38E-14 1.38E-14 8.88E-16
0.3 divergent 3.17E-13 3.17E-13 3.33E-16
0.2 divergent 9.76E-13 9.76E-13 6.66E-13
0.1 divergent 6.10E-12 6.10E-12 2.00E-15
0.01 divergent 2.08E-09 2.08E-09 2.16E-12
0.0015 divergent 6.29E-06 2.67E-07 6.38E-10
0.001 divergent 1.00E-02 7.67E-07 2.15E-09
0.0001 divergent divergent 4.12E-04 2.10E-08
0.00001 divergent divergent 4.09E-01 0.90E-02

Table 4.7 Validation of the approximation orders of the present IELDTM with the
direction parameter θ = 0.5 for Problems 4.4-4.5.

Problem 4.4 Problem 4.5

K Experimental
Average
Order

Theoretical
Expectation

Experimental
Average
Order

Theoretical
Expectation

K=3 2.016 2 2.003 2
K=4 4.030 4 4.062 4
K=5 4.047 4 4.013 4
K=6 6.054 6 6.042 6
K=7 6.095 6 6.049 6

Table 4.8 Comparison of the IELDTM and the rival higher order methods with ||E||∞
norms for Problem 4.6.

N Shooting
Method
[58]

FDM
[59]

IELDTM;
K = 4

CPU
Time (s)

IELDTM;
K = 6

CPU
Time (s)

8 1.23E-06 4.36E-07 0.025 s 9.85E-10 0.035 s
16 3.47E-08 4.78E-04 2.72E-08 0.048 s 1.54E-11 0.084 s
32 8.40E-10 3.31E-05 1.70E-09 0.127 s 2.43E-13 0.194 s
64 2.05E-11 2.12E-06 1.06E-10 0.539 s 4.21E-15 0.559 s
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4.5 Summary

In this chapter, the IELDTM has been produced for solving BVPs. Based on the

DTM and the local DTM idea, a high-order, direction free and stability-preserved

numerical method has been presented. Priori global error analysis has been done

for the second-order test problem, and the order conditions of the IELDTM have

been determined according to the direction parameter. Stability properties of the

IELDTM have been explained with the use of approximation matrices. Various linear

and nonlinear BVPs have been considered as test problems, including singular and

singularly perturbed BVPs.

As proven theoretically and experimentally throughout this chapter, the IELDTM is

a numerically reliable, high-order, stable, and computationally efficient method for

solving BVPs. One of the main advantages of the method proposed here is that the

degrees of freedom are not affected by the order of the method, i.e. the IELDTM is

an optimized numerical technique. It has been proven that the degrees of freedom

depends only on the order of the differential equation concerned. If the differential

equation is of order p and N nodes are used, then the degrees of freedom is 2pN

irrespective of the local transformation order K . It has thus been proven that the

convergence rate of the IELDTM increases with either p− refinement or h− refinement.

If the number of terms used in local approximations increases, then the p−refinement

procedure can be easily applied for the IELDTM. The central approach with θ = 0.5

has been proven to be more accurate than both other explicit (θ = 0) and implicit

(θ 6= 0) selections. With the completion of Chapters 3 and 4, the IELDTM has been

produced for IVPs for ODEs and BVPs for ODEs. In the next chapter, the IELDTM is

derived for time integrations of the partial differential equations.
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5
THE IELDTM FOR TIME INTEGRATION OF THE AD

EQUATIONS

In Chapter 3, the IELDTM was derived for the numerical investigations of the stiff IVPs

of ODEs. Since IVPs of ODEs also arise in the reduced space-time parabolic PDEs [42,

46–48], it is crucial to observe the behaviour of the IELDTM for time-integrations of the

reduced parabolic PDEs. Since the spatial discretization of the parabolic PDEs leads to

large IVPs, the performance of the used time-integration technique is highly important

for optimizing the computational cost. As proven in Chapter 3, the IELDTM has distinct

numerical characteristics over stiff IVPs and it is important to test its efficiency over

larger stiff systems.

The outline of this chapter is divided into six sections. First of all, the two-dimensional

nonlinear advection-diffusion (AD) equation is introduced. In the second phase of

this chapter, the Chebyshev spectral collocation method is derived for the spatial

discretization of the two-dimensional AD equation. As discussed in Chapter 2, the

ChSCM provides important interpolation characteristics for the numerical solutions

of differential equations. The ChSCM reduces the two-dimensional AD equation into

matrix differential equations. The IELDTM is then derived for the matrix differential

equations with the consideration of similar theoretical basis introduced in Chapter

3. The priori error analysis together with the stability conditions of the IELDTM

is theoretically derived, and the adaptivity equations are produced. In numerical

experiments, one- and two-dimensional Burgers equations are investigated with their

advection-dominated cases. At the end of this chapter, the conclusions are provided.

5.1 Two-Dimensional Nonlinear Advection-Diffusion Equation

Consider the following two-dimensional nonlinear advection-diffusion equation

(Burgers equation) [48]

ut + uux + uuy = D
�

ux x + uy y

�

, (x , y) ∈W, t > 0 (5.1)
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with the boundary conditions

u (a, y, t) = f1 (y, t) , u (b, y, t) = f2 (y, t) (5.2)

u (x , c, t) = h1 (x , t) , u (x , d, t) = h2 (x , t) (5.3)

and initial condition

u (x , y, 0) = g (x , y) (5.4)

where W = {(x , y) | a ≤ x ≤ b, c ≤ y ≤ d }, D is the kinematic viscosity constant with

D > 0 and f1, f2, h1, h2, and g are the known smooth functions. The subscripts x , y

and t represent differentiations with respect to spaces x , y and time t, respectively.

The Burgers equation is one of the most encountered nonlinear parabolic PDE for

diffusive waves in computational fluid dynamics. The corresponding equation has also

many application areas including the theory of shock waves, sound waves in a viscous

medium, mathematical modelling of turbulent fluid and so on. The Burgers equation

was firstly introduced by Bateman [146] and proposed the steady-state solution of

the equation. Burgers [147] introduced this equation to model turbulent fluid in a

channel caused by the opposite effects of convection and diffusion. The structure of

the Burgers equation is similar to that of the Navier-Stokes equations without stress

term due to the presence of the nonlinear advection term and linear diffusion term.

The Burgers equation was solved exactly by using the Hopf-Cole transformation [148,

149] which converts the equation to a heat diffusion equation. In most of those cases,

the solutions involve infinite series which may diverge or converge very slowly for

relatively small values of the kinematic viscosity constant D, which corresponds to

steep wavefronts in the propagation of the dynamic wave forms. In such scenarios,

it is inevitable to construct a space-time numerical method to observe the physical

behaviour of the nonlinear mechanism.

5.2 The ChSCM for Spatial Variation

Let us approximate the solution u(x , y, t) with (N , M) order Chebyshev polynomials

as follows [48]

u (x , y, t) =
N
∑

n=0

M
∑

m=0

αnmβnm(t)T n(x)T m(y) (5.5)

where βnm(t) are time dependent parts of the representation, αnm = 1 for interior

points and αnm = 1/2 for any boundary point. In equation (5.5), T n(x) and T m(y)
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are defined in terms of the first kind Chebyshev polynomials Tn(x) and Tm(y) as

T n (x)=Tn

�

2x − (a+ b)
b− a

�

= cos
�

n arccos
�

2x − (a+ b)
b− a

��

, (5.6)

T m (y)=Tm

�

2y − (c + d)
d − c

�

= cos
�

m arccos
�

2y − (c + d)
d − c

��

. (5.7)

Let us define the following CGL collocation points on [a, b] and [c, d] as

xn =
1
2

�

(a+ b)− (b− a) cos
�πn

N

��

, n= 0,1, 2, . . . , N ,

ym =
1
2

�

(c + d)− (d − c) cos
�πm

M

��

, m= 0,1, 2, . . . , M .

The discrete orthogonality relation stated in Chapter 2 is vital for the ChSCM defined

by
N
∑

n=0

αnT i(xn)T j(xn) = γiδi j, (5.8)

M
∑

m=0

αmT i(ym)T j(ym) =ωiδi j (5.9)

with

γi =

¨

N
2 , i 6= 0, N

N , i = 0, N ,
(5.10)

ωi =

¨

M
2 , i 6= 0, M

M , i = 0, M .
(5.11)

Thus, we reach the required derivatives at predetermined collocation points in

equation (5.1) as follows:

ux

�

x i, y j, t
�

=
N
∑

n=0

[Ax]inun j (t), (5.12)

ux x

�

x i, y j, t
�

=
N
∑

n=0

[Bx]inun j (t), (5.13)

uy

�

x i, y j, t
�

=
M
∑

m=0

�

Ay

�

jm
uim (t), (5.14)

uy y

�

x i, y j, t
�

=
M
∑

m=0

�

By

�

jm
uim (t), (5.15)
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where i = 0,1, 2, . . . , N , j = 0,1, 2, . . . , M , unm (t) = u (xn, ym, t), Bx = A2
x , By = A2

y ,

Ax and Ay are (N × N) and (M ×M) matrices are defined by

[Ax]in =















ξ1
nµ1

∑N
j=0 (−1) j+1 j2cos

�

j
�

π− nπ
N

��

, i = 0

ξ1
nµ1

∑N
j=0

jsin( j(π− iπ
N ))cos( j(π− nπ

N ))
sin(π− iπ

N )
, i = 1, 2, . . . , N − 1

ξ1
nµ1

∑N
j=0 j2cos

�

j
�

π− nπ
N

��

, i = N

(5.16)

�

Ay

�

im
=















ξ2
mµ2

∑M
j=0 (−1) j+1 j2cos

�

j
�

π− mπ
M

��

, i = 0

ξ2
mµ2

∑M
j=0

jsin( j(π− iπ
M ))cos( j(π−mπ

M ))
sin(π− iπ

M )
, i = 1,2, . . . , M − 1

ξ2
mµ2

∑M
j=0 j2cos

�

j
�

π− mπ
M

��

, i = M

(5.17)

with

ξ1
n =

¨

1
N , n= 0, N
2
N , n 6= 0, N

and ξ2
m =

¨

1
M , m= 0, M
2
M , m 6= 0, M

where µ1 =
2

b−a , µ2 =
2

d−c , [Ax]in and
�

Ay

�

im
are called the Chebyshev differentiation

matrices [48]. Writing equations (5.12)-(5.15) into equation (5.1) and imposing the

boundary conditions leads to the following nonlinear ODE system,

dβ
d t
= D

�

Bxβ +βB
T

y

�

−
¬

β ,
�

Axβ+βA
T

y

�¶

+ F (t) (5.18)

where 〈., .〉 is the standard elementwise product, β(t)=[β(t)]nm is an

((N − 1)× (M − 1)) matrix of time variable and F(t)=[F(t)]nm is an

((N − 1)× (M − 1)) matrix of time variable related to boundary conditions

(5.2)-(5.3). After applying the boundary conditions to matrices Ax , Ay , Bx and

By , respectively, Ax , Ay , Bx , and B y are obtained. Note that the initial condition of

the nonlinear ODE system is defined by

β (0)=[β(0)]nm=g(xn, ym). (5.19)

5.3 The IELDTM for Time Integration

Now, we construct the IELDTM to solve the IVP stated in (5.18)-(5.19). Detailed

description of the IELDTM for the solution of IVPs can be found in Chapter 3. Let

us divide the time interval [0, t f ] into at most P time elements with ∆t i = t i+1 − t i

and the partition of the interval as ω = {0 = t0 < t1 < · · · < tP∗ = t f }. Let us then

consider the convergent Taylor series representation of the function β(t) of order K
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about t = t i as

β i (t) =
K
∑

k=0

β i (k) (t − t i)
k
+O

�

(t − t i)
K+1
�

, t i −ρi ≤ t ≤ t i +ρ
i (5.20)

where i = 0, 1, . . . , P∗, β i(k) is the local differential transformation of β i (t) and ρi

is the radius of convergence of the representation. Taking differential transform of

equation (5.18) leads to,

β i (k+ 1) =
1

k+ 1

�

D
�

Bxβ i (k) +β i (k)B
T

y

�

−
k
∑

s=0

β i (s)
�

Axβ i (k− s) +β i (k− s)A
T

y

�

+ F i (k)
�

(5.21)

where F i (k) is the local differential transformation of F (t) . By defining the parameter

θ ∈ [0,1] as a direction parameter, continuity requirement of the two consecutive

solutions yields the following equation system,

K
∑

k=0

β i+1 (k) (−θ∆t i)
k
=

K
∑

k=0

β i (k) ((1− θ )∆t i)
k
+O((∆t i)

K+1,θ ) (5.22)

where O((∆t i)
K+1,θ ) represents the dependency of the local truncation error to time

increment, transformation order and direction parameter. By defining β0 (0) = β (0) ,
the rest of β i (k) can be calculated from the recursive relation (5.21). Since β i (0)
is known from the previous step, equation (5.22) is an implicit/explicit algebraic

equation system of β i+1(0). This numerical algorithm finds all local solutions β i (t)
by solving equation (5.22) at each time step. Finally, by obtaining all local solutions

β i (t) we reach

ui (x , y, t) =
N
∑

n=0

M
∑

m=0

αnm(βnm)i(t)T n(x)T m(y) (5.23)

where i = 0, 1, . . . , P∗.

5.4 Error Analysis

In this section, priori error estimation of the IELDTM for solving the nonlinear

ODE system (5.18) are presented. Let us first define the map φ : R(N−1)×(M−1) →
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R(N−1)(M−1)×1 as

φ(β i (k)) =
�

�

β i (k)
�

11
,
�

β i (k)
�

12
, ....,

�

β i (k)
�

21
,

...,
�

β i (k)
�

(N−1)(M−1)

�T
= ϕ i (k) .

(5.24)

The map φ reshapes the matrix β i (k) as a related vector ϕ i (k) for further analysis.

The exact form of the continuity equation (5.22) can be written as

ϕ i+1 (0) = ϕ i (0) +
K
∑

k=1

ϕ i (k) ((1− θ )∆t)k −
K
∑

k=1

ϕ i+1 (k) (−θ∆t)k +∆tρ i (5.25)

where ϕ is the exact form of ϕ and then the local truncation error ρ i takes the

following form

ρ i=
�

ϕ(i+1)∗ (K + 1) (1− θ )K+1 −ϕ i∗ (K + 1) (−θ )K+1
�

∆tK . (5.26)

Here ϕ i∗ defines the local transform at local point t i∗ ∈ [t i−1, t i+1] for all i =
0,1, 2, ..., P − 1. With the use of recursive relation (5.21), equation (5.25) can be

rewritten as

ϕ i+1 (0) = ϕ i (0) + (1− θ )∆tH1(ϕ i (0) , θ , ∆t)

+θ∆tH2(ϕ i+1 (0) , θ , ∆t) +∆tρ i

(5.27)

where H1 : R(N−1)(M−1)×1× [0,1]×R+→ R(N−1)(M−1)×1 and H2 : R(N−1)(M−1)×1× [0, 1]×
R+→ R(N−1)(M−1)×1 are defined by

H1(ϕ i (0) , θ , ∆t) =
K
∑

k=1

ϕ i (k) ((1− θ )∆t)k−1, (5.28)

H2(ϕ i+1 (0) , θ , ∆t) =
K
∑

k=1

ϕ i+1 (k) (−θ∆t)k−1. (5.29)

The IELDTM form of the continuity equation (5.22) takes the form

ϕ i+1 (0) = ϕ i (0) + (1− θ )∆tH1(ϕ i (0) , θ , ∆t) + θ∆tH2(ϕ i+1 (0) , θ , ∆t). (5.30)

Let us define the following Jacobian matrices

J1 (ϕ, θ , ∆t) =
∂ (H1)i
∂ϕ j

, (5.31)
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J2 (ϕ, θ , ∆t) =
∂ (H2)i
∂ϕ j

. (5.32)

Assume that the conditions

µ (J1 (ϕ, θ , ∆t))≤ 0 and µ (J2 (ϕ, θ , ∆t))≤ 0 (5.33)

hold for all (ϕ, θ , ∆t) ∈ R(N−1)(M−1)×1×[0, 1]×R+ and µ (A) = limτ→0
‖I+τA‖−1

τ is the

logarithmic norm [4]. Let Z1
i ∈ R(N−1)(M−1)×(N−1)(M−1) and Z2

i ∈ R(N−1)(M−1)×(N−1)(M−1)

be defined for i ≥ 0 with

Z1
i =

∫ 1

0

∆tJ1

�

σϕ i(0) + (1−σ)ϕ i(0), θ , ∆t
�

dσ, (5.34)

Z2
i+1 =

∫ 1

0

∆tJ2

�

σϕ i+1(0) + (1−σ)ϕ i+1(0), θ , ∆t
�

dσ. (5.35)

Applying the mean value theorem to vector-valued functions H1 and H2 yields

∆tH1(ϕ i (0) , θ , ∆t)−∆tH1(ϕ i (0) , θ , ∆t) = Z1
i

�

ϕ i (0)−ϕ i (0)
�

, (5.36)

and

∆tH2(ϕ i+1 (0) , θ , ∆t)−∆tH2(ϕ i+1 (0) , θ , ∆t) =

Z2
i+1

�

ϕ i+1 (0)−ϕ i+1 (0)
�

.
(5.37)

Defining global discretization error εi = ϕ (t i)−ϕ i (0) = ϕ i (0) − ϕ i (0) and

subtracting equation (5.30) from equation (5.27) give rise to

εi+1 = εi + (1− θ )Z1
i εi + θZ2

i+1εi+1 +∆tρ i. (5.38)

From (5.34)-(5.35) and Lemma 2.6 in literature [4], the following inequalities hold

µ
�

Z1
i

�

≤ 0 and µ
�

Z2
i

�

≤ 0. (5.39)

The analysis are considered in two main cases as follows:

Case 1: Assume that θ = 1, i.e. a backward local differential transform method is

obtained. Equation (5.38) gives

εi+1 =
�

I−Z2
i+1

�−1 �
εi +∆tρ i

�

. (5.40)
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Since









�

I−Z2
i+1

�−1







 ≤ 1 according to equation (5.39) and Theorem 2.13 of literature

[4], we find

‖εi‖≤‖ε0‖+
i−1
∑

j=0

∆t




ρ j





≤ ‖ε0‖+t i max
︸︷︷︸

0≤ j≤i−1





ρ j





 . (5.41)

Assumption of ε0→ 0 leads to the following global error estimate

||ϕ (t i)−ϕ i (0) ||∞ = ||β (t i)−β i (0) ||∞ ≤ t iω∆tK (5.42)

where

ω=

�

�

�

�

�

�

1
(K + 1)!

max
︸︷︷︸

t∈[0,t f ]

�











dϕK+1

d tK+1













�

�

�

�

�

�

�

.

Case 2: Let us now consider the rest of the implicit cases for θ ≥ 1/2. The transformed

errors are defined as

εi =
�

I − θZ2
i

�

εi (5.43)

where i = 0,1, ..., P. Then the following recursive relation can be obtained from

equation (5.38)

εi+1 =
�

I + (1− θ )Z1
i

� �

I − θZ2
i

�−1
εi +∆tρ i=R(Z1

i ,Z2
i )εi +∆tρ i. (5.44)

Assume also that the following stability condition holds





R(Z1
i ,Z2

i )




=









�

I + (1− θ )Z1
i

� �

I − θZ2
i

�−1







≤ 1. (5.45)

Thus, equation (5.44) becomes

‖εi‖≤‖ε0‖+
i−1
∑

j=0

∆t




ρ j





≤‖ε0‖+ t i max
︸︷︷︸

0≤ j≤i−1





ρ j





 . (5.46)

Since









�

I − θZ2
i+1

�−1







 ≤ 1 according to equation (5.39) and Theorem 2.13 of

literature [4] for θ ≥ 1/2, we have ‖εi‖ ≤ ‖εi‖. Thus, the main global error estimate

can be constructed from equation (5.46) as

‖εi‖≤‖ε0‖+ t i max
︸︷︷︸

0≤ j≤i−1





ρ j





 . (5.47)

Assumption of ε0→ 0 leads to the following global error estimate

||ϕ (t i)−ϕ i (0) ||∞ = ||β (t i)−β i (0) ||∞ ≤

¨

t iω∆tK+1, if θ = 1/2 and K is odd

t iω∆tK , otherwise
(5.48)
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where

ω=



























�

�

�

�

�

�

1
(K+2)! max

︸︷︷︸

t∈[0,t f ]

�









dϕK+2

d tK+2










�
�

�

1
2

�K+1
(K + 1

�

�

�

�

�

�

�

, if θ = 1/2 and K is odd

�

�

�

�

�

�

1
(K+1)! max

︸︷︷︸

t∈[0,t f ]

�









dϕK+1

d tK+1










�

�

(1− θ )K − (−θ )K
�

�

�

�

�

�

�

, if θ 6= 1
2 and K is arbitrary.

Adaptive construction of the step-sizes is important to capture the accuracy of

the solution and to reduce the computational cost. With the help of the local

truncation error defined in equation (5.48), adaptive step-sizes of the algorithm can

be determined with the following inequalities

∆t i <















�

tol
�

�

�

�

( 1
2)

K+1
(K+1)

�

�

�

�‖β i(K+2)‖∞

�
1

K+1

, i f θ = 0.5 and K is odd

�

tol

|(1−θ )K+1−(−θ )K+1|‖β i(K+1)‖∞

�
1
K

, otherwise

(5.49)

where K is the order of local polynomial approximation (5.20), tol is the

predetermined tolerance and β i (K + 1) or β i (K + 2) can be obtained from the

recursive relation (5.21).

5.5 Numerical Experiments

In this section, we have numerically analyzed the present ChSCM-IELDTM approach

over the one- and two-dimensional Burgers equations. The exponential convergence

of the IELDTM has been proven for various values of the direction parameter θ . The

computational efficiency of the adaptive IELDTM has been shown in comparison with

the literature and MATLAB solvers, ode15s and ode45 [142]. To measure the accuracy

of the current numerical method, we prefer to use the maximum error norm as follows:

||E||∞ = max i|uexact
i −unumerical

i |.

Problem 5.1

Consider the one-dimensional form of the Burgers equation with the initial condition

(5.1)

u (x , 0) = sin(πx), 0< x < 1 (5.50)
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and the homogeneous Dirichlet boundary conditions

u (0, t) = u (1, t) = 0, t > 0. (5.51)

The exact solution of the 1D form of the Burgers equation under the consideration of

the conditions (5.50)-(5.51) is given by

u (x , t) = 2πD

∑∞
n=1 anexp

�

−n2π2Dt
�

nsin(nπx)

a0 +
∑∞

n=1 anexp (−n2π2Dt) cos(nπx)
(5.52)

with the Fourier coefficients

a0 =

∫ 1

0

ex p
�

−(2πD)−1[1− cos (πx) ]
	

d x , (5.53)

an = 2

∫ 1

0

ex p
�

−(2πD)−1[1− cos (πx) ]
	

cos(nπx)d x . (5.54)

The performance of the current ChSCM-IELDTM is shown comparing the maximum

errors depending on the varying values of the direction parameter θ (see Figure 5.1).

As expected theoretically, the maximum errors are reduced exponentially by increasing

the order of the method. It can be observed from Figure 5.1 that choosing θ = 0.5

with odd number K values leads to the numerical method of order K + 1. Note that

the exponential convergence is verified for selections of both D = 1 and D = 0.1.

The advection-dominated cases of the present example exhibit challenging behaviour

as has been widely discussed in the literature [42, 46, 52]. The ChSCM-IELDTM

hybridization produces solutions without undesired oscillations in such stiff cases

as shown in Figure 5.2. The sharp behaviours are demonstrated by choosing the

kinematic viscosity constants as D = 0.001 and D = 0.0005. Using the current central

time integration method and high-degree spectral approach, challenging numerical

solutions have been captured for both cases. The performance of time adaptive

ChSCM-IELDTM hybridization has been illustrated based on the error norms and the

required step sizes as seen in Table 5.1. It is obvious from the table that the IELDTM

time-integration is more preferable than the ode45-ode15s of MATLAB [142]. The

overall performance of the current approach is compared with the strong Galerkin

finite element method (GFEM) [43] as shown in Table 5.2. In the temporal part of the

FEM based algorithm, the Crank-Nicolson method (a special case of the IELDTM; θ =
0.5 and K = 1) has been used as a time integration technique. The current approach,

ChSCM-IELDTM, produces more reliable results than the FEM-based technique, even if

their degrees of freedom are lower than the literature [43]. The effect of the IELDTM is

easily seen from the results in the table, i.e. the case of K = 3 and θ = 0.5, fourth-order

79



Figure 5.1 Order refinement results of the ChSCM-IELDTM for Problem 5.1 at
t f = 0.5 for various values of the direction parameter θ with a) D = 1, N = 10 and

∆t = 0.0025 b) D = 0.1, N = 40 and ∆t = 0.0025.

Figure 5.2 The ChSCM-IELDTM solutions of Problem 5.1 at various times for the
parameter values a) D = 0.001, N = 80, θ = 0.5, K = 4 and ∆t = 0.001 b)

D = 0.0005, N = 120, θ = 0.5, K = 4 and ∆t = 0.001.

in time, reduces the maximum error from 5.57E − 07 to 8.97E − 10.

Problem 5.2

Consider the two-dimensional form of the Burgers equation (5.1) with the following

exact solution [44]

u (x , y, t) =
1

1+ e(x+y−t)/2D
(5.55)

where the computational domain is W =
�

(x , y, t) ∈ R2 × R| 0≤ x , y ≤ 1 and t ∈ [0, t f ]
	

.

The initial and boundary conditions can be taken from the exact solution (5.55).

The direction parameter θ plays a critical role in terms of both accuracy and stability.
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Table 5.1 Number of time steps and the maximum pointwise errors of the
time-adaptive ChSCM-IELDTM approach for various values of the viscosity constant

D and time approximation order K with θ = 0.5, t f = 0.5 and tol = 10−10.

D Method Number of Steps ||E||∞
D = 1; N = 10 IELDTM-ChCSM; K=3 500 8.5E-09

IELDTM-ChCSM; K=4 354 8.5E-09
IELDTM-ChCSM; K=5 101 8.5E-09

ode45-ChCSM 493 8.0E-09
ode15s-ChCSM 243 8.6E-09

D = 0.1; N = 20 IELDTM-ChCSM; K=3 266 2.0E-08
IELDTM-ChCSM; K=4 189 2.0E-08
IELDTM-ChCSM; K=5 88 2.0E-08

ode45-ChCSM 596 2.0E-08
ode15s-ChCSM 163 2.0E-08

D = 0.01; N = 40 IELDTM-ChCSM; K=3 583 1.2E-05
IELDTM-ChCSM; K=4 413 1.2E-05
IELDTM-ChCSM; K=5 126 1.2E-05

ode45-ChCSM 839 1.2E-05
ode15s-ChCSM 253 1.2E-05

Table 5.2 Comparison of the numerical results produced with t f = 0.1, D = 0.1 and
∆t = 0.001 for Problem 5.1 and a) The GFEM [43] with N = 40, b) The IELDTM
with θ = 0.5, K = 1 and N = 20, c) The IELDTM with θ = 0.5, K = 3 and N = 20.

x GF EM a ChSC M − I ELDT M b ChSC M − I ELDT M c Exact
x = 0.1 0.2234492260 0.2234492160 0.2234495335 0.2234495335
x = 0.3 0.6251179353 0.6251179207 0.6251182341 0.6251182333
x = 0.5 0.8772800857 0.8772800822 0.8772796533 0.8772796530
x = 0.7 0.8369228762 0.8369228771 0.8369225592 0.8369225599
x = 0.9 0.3657542547 0.3657542612 0.3657544560 0.3657544557
‖E‖∞ 5.5E-07 5.5E-07 8.9E-10
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Figure 5.3 Order refinement results of the ChSCM-IELDTM for Problem 5.2 at
t f = 0.5 for various values of the direction parameter θ with a) D = 1, N = M = 10

and ∆t = 0.005 b) D = 0.1, N = M = 20 and ∆t = 0.005.

Exponential convergence of the current algorithm for both D = 1 and D = 0.1 is

illustrated for various θ values as seen in Figure 5.3. We observe that all our theoretical

error expectations are satisfied for all values of the direction parameter θ . Natural

solution behaviour (5.55) drops rapidly from one to zero when the viscosity constant

approaches zero. Thus, many numerical schemes fail to produce solutions without

undesired oscillations in the regions in which rapid changes occur. In Figure 5.4, it

has been shown that the present ChSCM-IELDTM technique has ability to accurately

capture the shock behaviour for both D = 0.01 and D = 0.005. In Table 5.3, our

motivation is to compare the current IELDTM integration method with the MATLAB

solvers, ode45 and ode15s, in terms of both accuracy and computational cost. As seen

in the table, the present IELDTM-ChSCM provides optimal results with fewer time

steps than the rival schemes.
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Figure 5.4 The ChSCM-IELDTM solutions of Problem 5.2 at various times for the
parameter values a) D = 0.01, N = M = 40, θ = 0.5, K = 4 and ∆t = 0.01 b)

D = 0.005, N = M = 80, θ = 0.5, K = 4 and ∆t = 0.01.

Table 5.3 Number of time steps and the maximum pointwise errors of the
time-adaptive ChSCM-IELDTM method for various values of the viscosity constant D

and time approximation order K with θ = 0.5, t f = 0.5 and tol = 10−15.

D Method Number of Steps ||E||∞
D = 1; N = M = 10 IELDTM-ChCSM; K=3 222 1.84E-14

IELDTM-ChCSM; K=4 178 1.48E-14
IELDTM-ChCSM; K=5 149 2.35E-14

ode45-ChCSM 7023 1.87E-14
ode15s-ChCSM 94 2.25E-14

D = 0.1; N = M = 20 IELDTM-ChCSM; K=3 274 8.93E-10
IELDTM-ChCSM; K=4 220 9.02E-10
IELDTM-ChCSM; K=5 183 9.02E-10

ode45-ChCSM 19919 9.02E-10
ode15s-ChCSM 504 9.02E-10

D = 0.01; N = M = 40 IELDTM-ChCSM; K=3 378 2.50E-03
IELDTM-ChCSM; K=4 311 2.60E-03
IELDTM-ChCSM; K=5 268 2.60E-03

ode45-ChCSM 55436 2.60E-03
ode15s-ChCSM 4327 2.60E-03
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5.6 Summary

In this chapter, the IELDTM has been derived for the temporal integration of

problems represented by two-dimensional nonlinear advection-diffusion processes.

The ChSCM has been considered for the spatial part of the considered PDEs due to

the computational efficiency of the method. The global error analysis of the IELDTM

together with the stability analysis has been utilized, and adaptivity equations have

been proposed. The exponential convergence of the current numerical algorithm has

been proven both theoretically and experimentally. The central case of the IELDTM,

with the selection of θ = 0.5, has been observed to be both more accurate and

stability preserved. It has been shown that the IELDTM overcomes the shortcomings of

current numerical techniques, such as the inaccuracy disadvantages of the well-known

θ−method and the instability drawbacks of the DTM-based methods. It has also been

presented that the current time integration scheme achieves optimum accuracy by

using fewer time steps than the commonly used time integrators of MATLAB such as

ode45 and ode15s [142]. It has also been shown here that the ChSCM-IELDTM has

the ability to solve advection-dominated problems without producing any unwanted

oscillation in both one- and two-dimensions. In the next chapter, the IELDTM is

derived for the spatial discretizations of the one-dimensional parabolic PDEs.

84



6
THE IELDTM FOR SPATIAL DISCRETIZATIONS OF

ONE-DIMENSIONAL ADR EQUATIONS

It has been proven in Chapter 4 that the IELDTM provides improved convergence

properties for the numerical investigations of the BVPs for ODEs. The performance

of the IELDTM encourages us to extend the scope of our method to solve

time-discretized parabolic PDEs. The IELDTM is derived here for spatial discretizations

of the one-dimensional advection-diffusion-reaction (ADR) equations encountered in

various fields of science. The spatial discretization of the ADR equations has great

importance due to the challenging physical structure of the equation, especially when

advection dominates diffusion [43]. Since the IELDTM takes advantage of optimized

p− refinement, the proposed algorithm eliminates the drawbacks of the existing

numerical methods.

The remainder of this chapter is outlined as follows: We explain why the IELDTM

should be used together with a continuous time integrator in Section 6.1. In Section

6.2, the one-dimensional ADR equation is reduced to a system of nonhomogeneous

BVPs with the use of the ChSCM in time. The IELDTM is produced for the resulted

system of BVPs, and the mathematical background of the method is discussed in

Section 6.3. The priori error analysis of the IELDTM together with stability conditions

is provided in Section 6.4. In Section 6.5, four striking test problems are considered,

and the quantitative results are illustrated to validate our theoretical results. At the

end of this chapter, a summary of our investigations is given.

6.1 Space-Time IELDTM Treatment

In this section, we prove the difficulties encountered in the space-time IELDTM for

solving the one-dimensional ADR equations. Let us consider the following linear ADR

equation [107]

ut + Vux + βu= Dux x , x ∈ [a, b], t ∈ [0, t f ] (6.1)
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with boundary conditions

u (a, t) = f1 (t) and u (b, t) = f2 (t) (6.2)

and initial condition

u (x , 0) = g (x) (6.3)

where V, D,β stand for the advection constant, the diffusion constant and the reaction

constant, respectively and while f1, f2 and g are known smooth functions. The

subscripts x and t represent differentiations with respect to space x and time t,

respectively.

Let us divide the space-time domain [a, b] × [0, t f ] into Mx Mt element [x i, x i+1] ×
[t j, t j+1] with ∆x = x i+1 − x i and ∆t = t j+1 − t j. The function u(x , t) can be locally

represented with the convergent local Taylor expansion about
�

x i, t j

�

as follows

ui j(x , t) =
K
∑

k=0

K−k
∑

p=0

Ui j (k, p) (x − x i)
k
�

t − t j

�p
+O

�

(x − x i)
K+1 +

�

t − t j

�K+1�

(6.4)

where Ui j (k, p) = 1
k!p!

∂ k+pu(x ,t)
∂ xk tp |x=x i , t=t j

is the local differential transform of the

function u(x , t) about x = x i and t = t j for i = 0,1, . . . , Mx and j = 0,1, . . . , Mt . To

completely describe the convergent local solution ui j(x , t) of order K , equation (6.4)

includes (K+1)(K+2)
2 coefficients to be determined. Taking the differential transform of

equation (6.1) yields

Ui j (k, p+ 1) =
1

(p+ 1)

�

D(k+ 1)(k+ 2)Ui j (k+ 2, p)−

V (k+ 1)Ui j (k+ 1, p)− βU i j (k, p)
�

(6.5)

where k, p = 0,1, ..., K − 1, i = 0, 1, . . . , Mx and j = 0,1, . . . , Mt .

Let us first consider that K is an even integer. Here one must notice the fact that if

one has information about Ui j (k, 0) for all k = 0,1, . . . , K then the next iteration only

yields Ui j (k, 1) for k = 0,1, . . . , K − 2 with the use of the recursive relation (6.5). By

going on this way, one only gets Ui j (0, K) for the highest time approximation term. In

this scenario, it is not possible to obtain a complete local polynomial approximation

(6.4) by optimizing the local degrees of freedom. Even if this crucial limitation has not

been stated in semi-analytic studies, this situation can block the existing advantages

of the IELDTM.

Then there exist two different ways of handling this inconvenience. One of them is

the use of a one-step time integration to reduce the space-time PDE into a system
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of BVPs. In this case, a special case of the present IELDTM (θ− method), including

the Crank-Nicolson method (CNM), can be used. However, since the CNM is only

a second-order method, the computational process needs a huge number of time

elements. The second way is the consideration of an exponentially convergent and

continuous time integration method to reduce the space-time PDE into a system of

BVPs. As described in Chapter 1, the Chebyshev spectral collocation method has

distinct properties, and the method is known to preserve exponential convergence

[129]. Thus, it is more suitable to introduce a continuous time integration method for

ADR equation (6.1) to reduce the equation into a system of boundary value problems

to be solved by the IELDTM.

6.2 The ChSCM for Time Integration

In this section, we introduce the implementation procedure of the ChSCM to the

temporal part of linear ADR equation (6.1). The ChSCM provides important

interpolation characteristics over global domains as also described in subsection

2.1.1.2. To completely describe the space-time numerical solution for (6.1), the

IELDTM is applied to the reduced system of BVPs as described in the following section.

Let us approximate the time part of u(x , t) with N th order Chebyshev polynomials as

follows [48]

u (x , t) =
N
∑

n=0

αncn(x)T n(t) (6.6)

where cn(x) represent the spatial parts of u(x , t), αn = 1 for interior points and α0 =
αN = 1/2 for any boundary point. In equation (6.6), T n(t) is defined in terms of the

first kind Chebyshev polynomials Tn(t) as

T n (t)=Tn

�

2t − t f

t f

�

= cos

�

ncos−1

�

2t − t f

t f

��

. (6.7)

We define the following CGL collocation points on [0, t f ] as

tn =
t f

2

�

1− cos
�πn

N

��

, n= 0, 1,2, . . . , N . (6.8)

The discrete orthogonality relation of the ChSCM yields

N
∑

n=0

αnT i(tn)T j(tn) = γiδi j (6.9)
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with

γi =

¨

N
2 , i 6= 0, N

N , i = 0, N .
(6.10)

With the use of discrete orthogonality relation (6.9), we arrive at the following equality

c j(x) = κ j

N
∑

n=0

αnT j(tn)u (x , tn) (6.11)

where

κ j =







2
N , j 6= 0, N
1
N , j = 0, N .

Thus, we can calculate ut(x , t) at the predetermined collocation points as follows,

ut (x , t i) =
N
∑

n=0

[At]incn (x) (6.12)

where i = 0, 1,2, . . . , N , cn (x) = u (x , tn) and At is an (N × N) matrix defined by

[At]in =















ξnµ
∑N

j=0 (−1) j+1 j2cos
�

j
�

π− nπ
N

��

, i = 0

ξnµ
∑N

j=0

jsin( j(π− iπ
N ))cos( j(π− nπ

N ))
sin(π− iπ

N )
, i = 1, 2, . . . , N − 1

ξnµ
∑N

j=0 j2cos
�

j
�

π− nπ
N

��

, i = N

(6.13)

with

ξn =

¨

1
N , n= 0, N
2
N , n 6= 0, N

where µ = 2
t f

and [At]in is called as Chebyshev differentiation matrix. With the use

of equation (6.12) for main equation (6.1) in collocation sense, we find the following

system of boundary value problems

D
d2c
d x2
− V

dc
d x
− (β I+At)c = 0 (6.14)

where c(x)= [c0(x), c1(x), c2(x), ..., cN (x)]
T is an ((N + 1)× 1) column vector and I

is the ((N + 1)× (N + 1)) unit matrix. Applying the initial condition u (x , 0) = c0(x) =
g (x) reduces the system into the following form

D
d2c
d x2
− V

dc
d x
− (β I + At)c = G(x) (6.15)

where G(x) is an (N × 1) column vector defined as (G(x))i = (At)(i+1)1 g (x) and At

is an (N × N) matrix reduced from At . Thus, equation (6.15) represents the (N × N)
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system of boundary value problems with the following conditions,

c (a)= f1(t ) and c (b)= f2(t ) (6.16)

where t = [t1, t2, . . . , tN]
T defined in equation (6.8).

6.3 The IELDTM for Spatial Discretization

Let us divide the spatial interval [a, b] into M spatial element with ∆x i = x i+1 − x i

and the partition of the interval is defined as ω = {a = x0 < x1 < · · · < xM = b}. The

function c(x) can be locally represented with the convergent local Taylor expansion

about x i ∈ω as follows

c i(x) =
K
∑

k=0

C i (k) (x − x i)
k +O

�

(x − x i)
K+1
�

, x i −ρi ≤ x ≤ x i +ρ
i (6.17)

where C i (k) =
1
k!

dk c(x)
d xk |x=x i

is the differential transform of the function c(x) about

x = x i and i = 0, 1, . . . , M . The function c i(x) is assumed to be analytic for all i and

has the radius of convergence ρi >∆x i. This assumption leads us to search about the

relations between neighbourhood solutions c i(x) and c i+1(x) in terms of their local

behaviours. Then, the function c(x) can also be approximated as

c i+1(x) =
K
∑

k=0

C i+1 (k) (x − x i+1)
k +O

�

(x − x i+1)
K+1
�

, (6.18)

where x i+1−ρi+1 ≤ x ≤ x i+1+ρi+1. Let us define the intervals P i = [x i −ρi, x i +ρi],
P i+1 = [x i+1 − ρi+1, x i+1 + ρi+1] and P = [x i, x i+1]. Assume that the condition P ⊂
�

P i ∩ P i+1
�

holds, and then we state the following conclusions:

∗ C0 and C1 continuity conditions can be applied on the interval [x i, x i+1].

∗ Any point on the interval [x i, x i+1] can be written as x∗ = x i + (1− θ )∆x i, where

0≤ θ ≤ 1.

Convergent solutions c i(x) and c i+1(x) on the interior points x∗ = x i + (1 − θ )∆x i

need to satisfy the following C0 and C1 continuity conditions

c i+1 (x i + (1− θ )∆x i) = c i (x i + (1− θ )∆x i) , (6.19)

c′ i+1 (x i + (1− θ )∆x i) = c′ i (x i + (1− θ )∆x i) . (6.20)
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With the use of the continuity conditions (6.19)-(6.20), we reach the following

equation system,

K
∑

k=0

C i+1 (k) (−θ∆x i)
k =

K
∑

k=0

C i (k) ((1− θ )∆x i)
k +O

�

(∆x i)
K+1
�

, (6.21)

K
∑

k=1

C i+1 (k) k (−θ∆x i)
k−1 =

K
∑

k=1

C i (k) k ((1− θ )∆x i)
k−1 +O((∆x i)

K) (6.22)

where C i (0) and C i (1) are unknowns for all i = 0,1, . . . , M . The parameter

θ determines the meeting point of two consecutive representations and is called

the direction parameter. Selecting θ = 0 yields forward directional and explicit

local continuity conditions (6.21)-(6.22) and θ 6= 0 yields implicit equations that

include central directed (θ = 0.5) and backward directed (θ = 1) forms. Thence,

the continuity conditions C0 and C1 (6.21)-(6.22) are in the implicit-explicit forms

depending on the direction parameter θ .

The main point here is to determine C i (k) for k ≥ 2 in terms of C i (0) and C i (1) with

the use of local differential transformation. Taking differential transform of equation

(6.15) leads to

C i (k+ 2) =
1

D (k+ 1) (k+ 2)

�

V (k+ 1)C i (k+ 1) +
�

β I + At

�

C i (k) +G i(k)
�

(6.23)

where i = 0, 1, . . . , M , k = 0,1, . . . , K−2, G i is the local transformed form of function

G(x) about the point x = x i. Thus, to completely describe the approximate solutions

(6.17)-(6.18), one needs to evaluate initial positions C i (0) and initial slopes C i (1)
for all i = 0, 1, . . . , M . For each spatial position, C i (0) and C i (1) are assumed to

be unknown values to determine highly accurate local approximations (6.17)-(6.18).

Having 2N local unknowns explains why we have applied the continuity conditions C0

and C1 to obtain 2N linearly independent local equations as widely used in quadratic

spline interpolations [150]. With the use of algebraic relations in (6.23), plugging

all algebraic coefficients C i (k) into continuity conditions (6.21)-(6.22), and imposing

the boundary conditions lead to the following system of linear equations

Z (K ,θ ,∆x)ζ= F (6.24)

where Z is a (2N M × 2N M) matrix, ζ = [C0 (1) , C1 (0) , C1 (1) , . . . , C M (1)]
T and

F are (2N M × 1) column vectors. The approximation matrix Z (K ,θ ,∆x) depends

on the spatial increment ∆x , the direction parameter θ and the local approximation

order K . Increasing values of the local approximation order K leads to a more accurate

representation (6.24) with the p−refinement procedure. The column vector ζ consists
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of all space-time approximate numerical values of u (x , t) and ux (x , t), respectively,

denoted by C i (0) and C i (1).

By solving system (6.24) for ζ, we find all numerical solutions at the required

space-time points. Note that in numerical experiments, we also solve nonlinear

equations such as the Burgers and the Burgers-Fisher equations involving the

nonlinear advective flux as c(x , t) ∂ c(x ,t)
∂ x . In such problems, the trust-region dogleg

method [143] based fsolve built-in function of the MATLAB program have been applied

to solve the resulted nonlinear algebraic system of equations.

6.4 Error Analysis

By assuming fixed step sizes ∆x i = ∆x , complete forms of C0 and C1 continuity

conditions (6.21)-(6.22) can be stated as

K
∑

k=0

C i+1 (k) (−θ∆x)k =
K
∑

k=0

C i (k) ((1− θ )∆x)k +∆xρ1
i , (6.25)

K
∑

k=1

C i+1 (k) k (−θ∆x)k−1 =
K
∑

k=1

C i (k) k ((1− θ )∆x)k−1 +∆xρ2
i (6.26)

where ρ1
i and ρ2

i are the local truncation errors expressed as follows

ρ1
i =

�

C i∗ (K + 1) (1− θ )K+1 −C (i+1)∗ (K + 1) (−θ )K+1
�

∆xK , (6.27)

ρ2
i =

�

C i∗ (K + 1) (K + 1) (1− θ )K −C (i+1)∗ (K + 1) (K + 1) (−θ )K
�

∆xK−1 (6.28)

where i = 0, 1, . . . , M − 1 and C i∗ defines the local differential transform defined at

point x i∗ ∈ [x i−1, x i+1]. Assembling all contributions in equations (6.25)-(6.26) leads

to the following system of equations

Zζ= F +∆xG (θ ,∆x) (6.29)

where ζ is a (2N M × 1) column vector corresponds to exact form of ζ and G (θ ,∆x) =
G1 (θ ,∆x) + G2(θ ,∆x) is column vector (2N M × 1) corresponds to the truncation

errors as follows,
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G1 (θ ,∆x) =



































�

(1− θ )K+1C0∗ (K + 1)− (−θ )K+1C1∗ (K + 1)
�

0
�

(1− θ )K+1C1∗ (K + 1)− (−θ )K+1C2∗ (K + 1)
�

0

.

.

.
�

(1− θ )K+1C (N−1)∗ (K + 1)− (−θ )K+1C N∗ (K + 1)
�

0



































∆xK ,

G2 (θ ,∆x) =



































0
�

(K + 1) (1− θ )KC0∗ (K + 1)− (K + 1) (−θ )KC1∗ (K + 1)
�

0
�

(K + 1) (1− θ )KC1∗ (K + 1)− (K + 1) (−θ )KC2∗ (K + 1)
�

.

.

.

0
�

(K + 1) (1− θ )KC (N−1)∗ (K + 1)− (K + 1) (−θ )KC N∗ (K + 1)
�



































∆xK−1.

Denoting the error column vector as ε = ζ− ζ and subtracting equation (6.24) from

equation (6.29) yields

Zε =∆xG(θ ,∆x) (6.30)

and defining Z∗ =∆xZ−1 leads to

||ε|| ≤ ||Z∗|| ||G (θ ,∆x) ||. (6.31)

where ||.|| is an arbitrary norm. The bound of ||G (θ ,∆x) || can be found in Appendix

B depending on the selection of the direction parameter θ and transformation order

K . Assume that the following inequalities are satisfied

||G (θ ,∆x) || ≤ P2∆xS and ||Z∗|| ≤ P1 (6.32)

where the definition of P2 can be found in Appendix B and S = K − 1, K . Finally, the

following global error estimates

||ε|| ≤

¨

P1P2∆xK , θ = 0.5 and K is even

P1P2∆xK−1, otherwise.
(6.33)

are obtained.
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6.5 Numerical Experiments

This section is devoted to numerical solutions of linear and nonlinear ADR equations

by illustrating quantitative and qualitative results. Convergence results of the present

IELDTM-ChSCM hybridization are presented by demonstrating error norms and

pointwise solutions. The produced results are compared with the literature and exact

solutions. To measure the accuracy of the current numerical method, we prefer to use

the absolute pointwise error and maximum error norms as follows:

E i
abs =

�

�uexact
i −unumerical

i

�

� ,

||E||∞ = max i|uexact
i −unumerical

i |.

Our problem set includes stiff/non-stiff linear advection-diffusion equation,

nonlinear advection-diffusion equation (the Burgers equation) and nonlinear

advection-diffusion-reaction equation (the Burgers-Fisher equation).

Problem 6.1 [151]

Consider the advection-diffusion process with the choices of V = 1, D = 0.01 and

β = 0 in the ADR equation (6.1) for which the exact solution is given by [151]

u( x , t) =
0.025

p
0.000625+ 0.02t

ex p
�

−
(x + 0.5− t)2

0.00125+ 0.04t

�

, (6.34)

where t > 0 and 0 ≤ x ≤ 1. The initial and boundary conditions of the problem are

taken from the exact solution (6.34) as follows:

u(0, t) =
0.025

p
0.000625+ 0.02t

ex p
�

−
(0.5− t)2

0.00125+ 0.04t

�

, (6.35)

u(1, t) =
0.025

p
0.000625+ 0.02t

exp

�

−
(1.5− t)2

0.00125+ 0.04t

�

, (6.36)

u(x , 0) = ex p
�

−
(x + 0.5)2

0.00125

�

. (6.37)

In Table 6.1, the present IELDTM-ChSCM algorithm has been compared with the finite

element method [151], the finite difference method [107] and the exact solution. The

degrees of freedom (dof) of all numerical algorithms have been presented. As seen in

the table, the tenth order IELDTM, K = 10, produces more accurate results with less

dof than both the finite element methods and the high-order finite difference methods.

Note that, to get better accuracy, the present IELTM needs 125 times less dof than the

other methods. While the rival iterative algorithms solve a relatively small system of
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sparse equations in each iteration, here we need to solve a relatively large system of

2N−band sparse equations. It may not be correct to expect our algorithm to be 125

times faster than the competing algorithms because the computational mechanisms

are different. In Figures 6.1-6.2, the numerical convergence of the IELDTM has

been proven with respect to K−refinement (order refinement) and ∆x−refinement

for various values of the direction parameter θ . It can be seen in the figures that

all our theoretical expectations are satisfied for both refinements and all direction

parameters. By fitting the curve ∆x − ||E||∞, we have determined the orders of the

present algorithms for various values of direction parameter θ in Figure 6.2. The

expected orders of the methods are three for θ 6= 0.5 and four for θ = 0.5, and all

expectations are matched with the numerical results in Figure 6.2.

Table 6.1 Comparison of the numerical results produced at various nodal points and
t f = 1 for Problem 6.1 and a) The FDM6/8/10 [107] with M = 100, ∆t = 0.001 and

dof= 105, b)The GFEM [151] with M = 100, ∆t = 0.001 and dof= 105, c)The
IELDTM with θ = 0.5, N = 10, M = 40, K = 10 and dof= 800, d)The IELDTM with

θ = 0.5, N = 10, M = 40, K = 8 and dof= 800.

x Exact F DM6/8/10a [107] GF EM b [151] I ELDT M c I ELDT M d

0.1 0.003599207 0.0035992 0.0035991 0.003599207 0.003599200
0.2 0.019642259 0.0196423 0.0196419 0.019642259 0.019642289
0.3 0.066009887 0.0660099 0.0660105 0.066009887 0.066009865
0.4 0.136602774 0.1366028 0.1366054 0.136602775 0.136602693
0.5 0.174077656 0.1740777 0.1740782 0.174077654 0.174077816
0.6 0.136602774 0.1366028 0.1365989 0.136602776 0.136602697
0.7 0.066009887 0.0660099 0.0660075 0.066009886 0.066009837
0.8 0.019642259 0.0196423 0.0196433 0.019642258 0.019642322
0.9 0.003599207 0.0035992 0.0035953 0.003599207 0.003599193
||E||∞ 4.40E − 08 3.90E − 06 2.00E − 09 1.75E − 07

Problem 6.2 [152]

We consider an advection dominated stiff process with β = 0 in an infinitely long

channel represented by the ADR equation (6.1). The channel length is L = 200 m and

divided into M uniform elements with the length ∆x = 200/M . The discontinuous

initial condition and boundary conditions of the problem are taken to be

u(x , 0) =

¨

1, i f x = 0

0, i f x > 0,
(6.38)

u(0, t) = 1 and
∂ u
∂ x

�

�

x=200 = 0. (6.39)
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Figure 6.1 Convergence results of the present algorithm with respect to spectral
convergence order K for various values of the direction parameter θ with

∆x = 0.01, N = 60 and t f = 1.

Figure 6.2 Convergence results of the present algorithm with respect to the spatial
increment ∆x for various values of the direction parameter θ with K = 4, N = 60

and t f = 1.

95



Figure 6.3 a) Comparison of the IELDTM-ChSCM solution with the exact solution, b)
Pointwise absolute errors produced by the IELDTM-ChSCM at various times with

∆x = 1, N = 80, θ = 0.5 and K = 6 for Problem 6.2.

The exact solution of this problem is given in literature [152] by

u(x , t) =
1
2

er f c
�

x − V t
p

4tD

�

+
1
2

e(
V x
D )er f c

�

x + V t
p

4tD

�

. (6.40)

In Figure 6.3, we illustrate the performance of the present IELDTM-ChSCM for solving

stiff advection-diffusion equation (6.1) with discontinuous initial condition (6.38).

The parameter values V = 0.02, D = 0.02, θ = 0.5, ∆x = 1, K = 6, N = 40

and t f = 6000 s are used for producing Figure 6.3. As seen in the figure, the

present approach accurately captures the physical behaviour with an optimum cost.

The stiffness of the problem is inversely proportional to the diffusion coefficient D.

In Figure 6.4, the advection dominated cases of Problem 6.2 with D = 0.005 and

D = 0.001 have been solved with the IELDTM-ChSCM to measure the potential of

the current spatial method. The numerical results without undesired oscillations have

been observed to capture the shock behaviour using the present sixth-order IELDTM

(see Figure 6.4). Thus, the present algorithm provides reliable numerical results for

the advection-dominated problems with discontinuous initial conditions.

Problem 6.3 [43]

Let us consider the following Burgers equation

ut + uux = Dux x , x ∈ [0,1], t ∈ [0, t f ] (6.41)

with initial condition

u (x , 0) = sin (πx), 0< x < 1 (6.42)
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Figure 6.4 Illustration of the advection dominated processes of Problem 6.2 solved
by the IELDTM-ChSCM for a) V = 0.02, D = 0.005, ∆x = 0.25, N = 40, θ = 0.5,

K = 6 and t f = 3000 b) V = 0.02, D = 0.001, ∆x = 0.2, N = 40, θ = 0.5, K = 6 and
t f = 3000.

and homogeneous Dirichlet boundary conditions

u (0, t) = u (1, t) = 0, t > 0. (6.43)

The exact solution of equation (6.41) under the consideration of cases (6.42)-(6.43)

given in [43] is

u (x , t) = 2πD

∑∞
n=1 anexp

�

−n2π2Dt
�

nsin(nπx)

a0 +
∑∞

n=1 anexp (−n2π2Dt) cos(nπx)
(6.44)

with Fourier coefficients

a0 =

∫ 1

0

ex p
�

−(2πD)−1[1− cos (πx) ]
	

d x ,

an = 2

∫ 1

0

ex p
�

−(2πD)−1[1− cos (πx) ]
	

cos(nπx)d x .

(6.45)

In Table 6.2, the fourth and sixth order IELDTM-ChSCM algorithm has been compared

with the FEM [43], the FDM [153] and the exact solution for solving nonlinear

advection-diffusion equation (6.41). As seen in Table 6.2, the proposed sixth-order

method offers more accurate results with the use of 20 times less dof than both

finite element and finite difference methods. Like Figures 6.1-6.2, the numerical

convergence of the IELDTM for solving the corresponding nonlinear equation has

been illustrated in Figures 6.5-6.6. For all values of the direction parameter θ , the

theoretical expectations are verified. The curves ∆x − ||E||∞ have been fitted with

functions like Shp and all expected orders p are seen to be correct in Figure 6.6.
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Table 6.2 Comparison of the numerical results produced with D = 0.1 and t f = 2.3
for Problem 6.3 and a) The BDF3 [153] with M = 100, d t = 0.01 and dof= 104, b)

The GFEM [43] with M = 100, d t = 0.01 and dof= 104, c) The IELDTM with
θ = 0.5, N = 10, M = 25, K = 4 and dof= 500, d) The IELDTM with θ = 0.5,

N = 10, M = 25, K = 6 and dof= 500.

x Exact BDF3a [153] GF EM b [43] I ELDT M c I ELDT M d

x = 0.1 0.02213962 0.02253 0.02213891 0.02213812 0.02213965
x = 0.2 0.04279559 0.04357 0.04279420 0.04279269 0.04279559
x = 0.3 0.06043125 0.06155 0.06042922 0.06042731 0.06043122
x = 0.4 0.07344309 0.07485 0.07344051 0.07343881 0.07344313
x = 0.5 0.08023096 0.08182 0.08022800 0.08022713 0.08023105
x = 0.6 0.07939879 0.08104 0.07939570 0.07939603 0.07939873
x = 0.7 0.07010678 0.07161 0.07010391 0.07010567 0.07010671
x = 0.8 0.05251977 0.05368 0.05251753 0.05252019 0.05251991
x = 0.9 0.02817404 0.02881 0.02817281 0.02817457 0.02817397
||E||∞ 1.63E − 03 3.09E − 06 4.28E-06 1.41E-07

Figure 6.5 Convergence results of the present algorithm with respect to spectral
convergence order K for various values of the direction parameter θ with

D = 0.1, ∆x = 0.05, N = 50 and t f = 2 in Problem 6.3.
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Figure 6.6 Convergence results of the present algorithm with respect to ∆x for
various values of the direction parameter θ with D = 0.1, K = 4, N = 50 and t f = 2

(see Problem 6.3).

Problem 6.4 [154]

Let us consider the following singularly perturbed Burgers-Fisher equation [154]

ut + Vuux = Dux x + βu(1− u) , x ∈ [0,1], t ∈ [0, t f ] (6.46)

with initial condition

u(x , 0) =
1
2
+

1
2

tanh (δ1 x) (6.47)

and Dirichlet boundary conditions

u(0, t) =
1
2
+

1
2

tanh (−δ1δ2 t) (6.48)

u(1, t) =
1
2
+

1
2

tanh (δ1 −δ1δ2 t) . (6.49)

where δ1 = −V/4D and δ1 = V/2 + 2Dβ/V. The Burgers-Fisher equation with the

conditions (6.47)-(6.49) has the following exact solution

u(x , t) =
1
2
+

1
2

tanh (δ1 x −δ1δ2 t) . (6.50)

The present IELDTM and the FEM solutions [154] have been compared in the presence

of weak advection and reaction effects with various values of diffusion coefficient D

in Table 6.3. As observed from the table, the IELTDM offers more accurate results

with far less dof. Even the problem behaves highly stiff with D � 1, the IELDTM

produces far more accurate results than the FEM [154]. Advection-dominated cases

of the Burgers-Fisher equation with D � V are highly challenging due to the sharp
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Figure 6.7 The IELDTM-ChSCM solution of Problem 6.4 and corresponding
pointwise errors produced with V = 1, β = 1, D = 2−8, ∆x = 0.003, N = 30, θ = 0.5

and K = 2.

behaviours of the solutions. With the selection of parameter values V = 1, β = 1 and

D = 2−8, the IELTM solution of the problem and the corresponding pointwise errors

have been illustrated in Figure 6.7. As seen in the figure, the present method has

the ability to produce accurate numerical results without producing any unwanted

oscillation.

Table 6.3 Maximum pointwise errors produced with V = 0.001, β = 0.001 and
t f = 1 in Problem 6.4 and a) The FEM [154] with M = 32, ∆t = 0.0002 and

dof= 16× 104, b) The FEM [154] with M = 64, ∆t = 0.0002 and dof= 32× 104, c)
The IELDTM with N = 10, M = 32 and dof= 640, d) The IELDTM with N = 10,

M = 64 and dof= 1280.

D F EM a [154] F EM b [154] I ELDT M c; K = 3 I ELDT M d; K = 4
D = 2−6 3.03E-06 2.97E-06 4.99E-16 5.55E-16
D = 2−7 2.80E-06 2.49E-06 4.99E-16 6.10E-16
D = 2−8 2.10E-06 1.52E-06 4.99E-16 5.55E-16
D = 2−9 5.28E-06 2.65E-06 5.55E-16 5.55E-16
D = 2−10 1.76E-05 1.69E-05 8.60E-15 9.99E-16
D = 2−11 6.04E-05 5.29E-05 2.80E-13 2.00E-14
D = 2−12 7.23E-04 2.73E-04 7.46E-12 6.07E-13
D = 2−13 2.40E-03 7.24E-04 1.61E-10 1.78E-11
D = 2−14 5.70E-03 4.10E-03 2.79E-09 4.67E-10

6.6 Summary

In this chapter, the IELDTM has been derived for the spatial parts of problems

representing the advection-diffusion-reaction equations. Time integration of the

ADR equations has been utilized with the Chebyshev collocation method. Spectral

convergence analysis of the proposed method has been done, and convergence orders
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have been determined with respect to the direction parameter θ . Various linear

and nonlinear ADR equations have been considered as test problems to measure the

potentiality of the derived method. The IELDTM has been proven to have effective

convergence properties with both h−refinement and p-refinement strategies. All

theoretical expectations have been verified through various numerical experiments.

Advection-dominated linear and nonlinear processes have been successfully simulated

with the IELDTM, and the method has been shown to produce accurate results for

these challenging situations. Another essential advantage of the IELDTM is that the

order refinement procedure of the method does not affect the degrees of freedom. The

IELDTM, even with the use of far less degrees of freedom, has been proven to provide

better accuracy than the FEM and FDM. In the next chapter, the IELDTM is derived

for the spatial discretizations of the two- and three-dimensional advection-diffusion

equations.
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7
THE IELDTM FOR AD EQUATIONS IN TWO- AND

THREE-DIMENSIONS

Various physical quantities such as mass, heat, energy, velocity, and concentration

are represented in the AD equation [155]. (2+1) and (3+1) dimensional AD

equations come out in the modelling of various real-life problems such as the tumour

angiogenesis model, the tumour invasion model, heat transfer in draining film,

dispersion of tracers in porous media, the spread of pollutants in rivers and stream, the

dispersion of dissolved material in estuaries and coastal sea [4]. When the advection

is dominant to the diffusion in the equation, the exact series-based solutions mostly

fail and thus diverge [156]. Moreover, it is not easy to find out analytical solutions in

nonlinear problems even the problem is not advection-dominated. In such scenarios,

effective numerical methods need to be constructed over two- or three-dimensional

meshes to observe the behaviour of the advection-diffusion mechanisms.

In this chapter, the IELDTM is derived for multidimensional advection-diffusion

equations, which are more realistic than the one-dimensional form described in

Chapter 6. The IELDTM is here constructed for two- and three-dimensional meshes,

and the total degrees of freedom of the representations are minimized with the use

of local differential transforms. Both (2+1)- and (3+1)-dimensional parabolic AD

equations are reduced to a system of elliptic boundary value problems with the use of

the ChSCM in time. Various realistic test equations including two-dimensional pure

diffusion equation, two-dimensional linear AD equation, two-dimensional nonlinear

AD equation, and three-dimensional linear AD equation are considered in numerical

experiments. Both h-convergence and p-convergence of the present IELDTM are

presented for two- and three-dimensional problems. Quantitative results are exhibited

in comparison with the FEM, spectral method, and FDM.
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7.1 IELDTM-ChSCM for (2+1)-dimensional AD equation

In this section, we introduce the IELDTM-ChSCM hybridization for solving the

following (2+1)-dimensional AD equation

ut + Vxux + Vyuy = Dxux x + Dyuy y , (x , y) ∈ [a, b]× [c, d], t ∈ [0, t f ] (7.1)

with Dirichlet boundary conditions

u (a, y, t) = f1 (y, t) and u (b, y, t) = f2 (y, t) (7.2)

u (x , c, t) = h1 (x , t) and u (x , d, t) = h2 (x , t) (7.3)

and initial condition

u (x , y, 0) = g (x , y) (7.4)

where Vx and Vy are the advection constants, Dx and Dy are the diffusion constants

and f1, f2, h1, h2 and g are the known smooth functions. The subscripts x , y and

t represent differentiations with respect to spaces x , y and time t, respectively. In

the following subsection, (2+1)-dimensional AD equation (7.1) is reduced to system

of elliptic boundary value problems with the use of the Chebyshev spectral collocation

method (ChSCM) in time.

7.1.1 Temporal Variation for (2+1)-Dimensional AD Equation

Let us approximate the time part of u(x , y, t) with N th order Chebyshev polynomials

as follows [48]

u (x , y, t) =
N
∑

n=0

αncn(x , y)T n(t) (7.5)

where cn(x , y) represent the spatial parts of u(x , y, t), αn = 1 for interior points and

α0 = αN = 1/2 for boundary points. In equation (7.5), T n(t) is defined in terms of

the first kind Chebyshev polynomials Tn(t) as

T n (t)=Tn

�

2t − t f

t f

�

= cos

�

ncos−1

�

2t − t f

t f

��

. (7.6)

We define the following CGL collocation points on [0, t f ] as

tn =
t f

2

�

1− cos
�πn

N

��

, n= 0, 1,2, . . . , N . (7.7)
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The discrete orthogonality relation of the Chebyshev polynomials can be stated as

N
∑

n=0

αnT i(tn)T j(tn) = γiδi j (7.8)

with

γi =

¨

N
2 , i 6= 0, N

N , i = 0, N .
(7.9)

With the use of discrete orthogonality relations (7.7), we find that

c j(x , y) = κ j

N
∑

n=0

αnT j(tn)u (x , y, tn) . (7.10)

where

κ j =







2
N , j 6= 0, N
1
N , j = 0, N .

Thus, we can compute ut(x , y, t) at the predetermined collocation points as follows,

ut

�

x , y, t i

�

=
N
∑

n=0

[At]incn (x , y), (7.11)

where i = 0, 1,2, . . . , N , cn (x , y) = u (x , y, tn) and At is an (N ×N) matrix defined by

[At]in =















ξnµ
∑N

j=0 (−1) j+1 j2cos
�

j
�

π− nπ
N

��

, i = 0

ξnµ
∑N

j=0

jsin( j(π− iπ
N ))cos( j(π− nπ

N ))
sin(π− iπ

N )
, i = 1, 2, . . . , N − 1

ξnµ
∑N

j=0 j2cos
�

j
�

π− nπ
N

��

, i = N

(7.12)

with

ξn =

¨

1
N , n= 0, N
2
N , n 6= 0, N

where µ = 2
t f

and [At]in is called as the Chebyshev differentiation matrix. Inserting

the approximation function (7.5) into main equation (7.1) in time collocation sense,

we obtain the following two-dimensional system of elliptic PDEs

Dx
∂ 2c
∂ x2

+ Dy
∂ 2c
∂ y2

− Vx
∂ c
∂ x
− Vy

∂ c
∂ y
− At c = 0 (7.13)

where c(x , y) = [c0(x , y), c1(x , y), c2(x , y), ..., cN (x , y)]T is ((N + 1)× 1) column

vector. Applying the initial condition u (x , y, 0) = c0(x , y) = g (x , y) reduces the
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system into the following form

Dx
∂ 2c
∂ x2

+ Dy
∂ 2c
∂ y2

− Vx
∂ c
∂ x
− Vy

∂ c
∂ y
− At c = G(x , y) (7.14)

where G(x , y) comes out due to the initial condition (7.4) and At is an (N × N)matrix

reduced from At . Thus, equation (7.14) represents the (N × N) system of boundary

value problems with the following conditions,

c (a, y) = f1(y, t ) and c (b, y) = f2(y, t ), (7.15)

c (x , c) = h1(x , t ) and c (x , d) = h2(x , t ), (7.16)

where t = [t1, t2, . . . , tN]
T defined in equation (7.6).

7.1.2 The IELDTM for Two-Dimensional Problems

In this subsection, the IELDTM is derived to solve two-dimensional system of

elliptic PDE (7.14). The detailed background of the differential transformation for

multi-dimensional analytic functions can be seen in literature [117].

Let us divide the spatial domain [a, b]× [c, d] into Mx My spatial element [x i, x i+1]×
[y j, y j+1]with∆x = x i+1−x i,∆y = y j+1− y j and the centre of each element is defined

at
�

x i+ 1
2
, y j+ 1

2

�

. The function c(x , y) can be locally represented by the convergent

local Taylor expansion about
�

x i+ 1
2
, y j+ 1

2

�

as follows

c i j(x , y) =
K
∑

k=0

K−k
∑

p=0

C i j (k, p)
�

x − x i+ 1
2

�k�

y − y j+ 1
2

�p
+

O
�
�

x − x i+ 1
2

�K+1
+
�

y − y j+ 1
2

�K+1�
(7.17)

where C i j (k, p) = 1
k!p!

∂ k+pc(x ,y)
∂ xk∂ y p |x=x

i+ 1
2

, y=y
j+ 1

2

is the local differential transform of the

function c(x , y) about x = x i+ 1
2

and y = y j+ 1
2

for i = 0,1, . . . , Mx − 1 and j =
0,1, . . . , My−1. To completely describe the convergent local solution c i j(x , y) of order

K , equation (7.17) includes N (K+1)(K+2)
2 coefficients to be determined. The crucial

advantage of the differential transformation leads to the reduction of these unknown

coefficients to N(2K + 1). Taking the differential transform of equation (7.14) yields

C i j (k, p+ 2) =
1

Dy(p+ 1)(p+ 2)

�

− Dx(k+ 1)(k+ 2)C i j (k+ 2, p)+

Vx(k+ 1)C i j (k+ 1, p) + Vy(p+ 1)C i j (k, p+ 1) + AtC i j (k, p) +G i j(k, p)
�

(7.18)
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where k, p = 0,1, ..., K − 1, i = 0, 1, . . . , Mx − 1, j = 0,1, . . . , My − 1 and G i j(k, p) is

the local differential transform of G(x , y) at x = x i+ 1
2

and y = y j+ 1
2
. Thus, with the

use of recursion (7.18), one only needs to determine the following set of N(2K + 1)
local values

Vi j = {C i j (k, 0) | k ≤ K ∧ k ∈ N} ∪ {C i j (k, 1) | k ≤ K − 1 ∧ k ∈ N} (7.19)

where i = 0,1, . . . , Mx−1 and j = 0, 1, . . . , My−1. Thus, the total degrees of freedom

is N M x My(2K+1). As proven in numerical experiments, the minimization of the local

degrees of freedom leads to higher-order approximations with optimum costs.

The function c i j(x , y) is assumed to be analytic for all (i, j) and has the radius of

convergences ρi
x > ∆x and ρ j

y > ∆y . This assumption leads us to search about the

relations between neighbour solutions c i j(x , y), c i( j+1)(x , y) and c(i+1) j(x , y) in terms

of their local behaviours. Let us define the intervals P i = [x i+ 1
2
− ρi

x , x i+ 1
2
+ ρi

x],
P i+1 = [x i+ 3

2
− ρi+1

x , x i+ 3
2
+ ρi+1

x ], W j = [y j+ 1
2
− ρ j

y , y j+ 1
2
+ ρ j

y], W j+1 = [y j+ 3
2
−

ρ j+1
y , y j+ 3

2
+ρ j+1

y ], P = [x i+ 1
2
, x i+ 3

2
]. and W = [y j+ 1

2
, y j+ 3

2
]. With the assumptions of

P ⊂
�

P i ∩ P i+1
�

and W ⊂
�

W j ∩W j+1
�

, we state the following conclusions;

∗ C0 and C1 continuity conditions can be applied on the region [x i+ 1
2
, x i+ 3

2
] ×

[y j+ 1
2
, y j+ 3

2
].

∗ Any point on the interval [x i+ 1
2
, x i+ 3

2
] can be written as x∗ = x i+ 1

2
+ (1− θx)∆x ,

where 0≤ θx ≤ 1.

∗ Any point on the interval [y j+ 1
2
, x j+ 3

2
] can be written as y∗ = y j+ 1

2
+ (1− θy)∆y,

where 0≤ θy ≤ 1.

We define the sets H x
i = {x i, x i + d x , ..., x i+1} and H y

j =
�

y j, y j + d y, ..., y j+1

	

with

d x = ∆x
S and d y = ∆y

S where S denotes the partition number of each edge. The sets

H x
i and H y

j include all possible collocation points in x and y directions, respectively.

C0 and C1 continuity conditions in y direction lead to

c i j(x i + qd x , y j+ 1
2
+ (1− θy)∆y) = c i( j+1)(x i + qd x , y j+ 1

2
+ (1− θy)∆y), (7.20)

�

c i j

�

x
(x i +qd x , y j+ 1

2
+(1−θy)∆y) =

�

c i( j+1)

�

x
(x i +qd x , y j+ 1

2
+(1−θy)∆y), (7.21)

�

c i j

�

y
(x i +qd x , y j+ 1

2
+(1−θy)∆y) =

�

c i( j+1)

�

y
(x i +qd x , y j+ 1

2
+(1−θy)∆y), (7.22)
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where i = 0, 1, . . . , Mx − 1, j = 0,1, . . . , My − 2 and q = 0, 1, ..., S. Similarly, C0 and

C1 continuity conditions in x direction lead to

c i j(x i+ 1
2
+ (1− θx)∆x , y j + qd y) = c(i+1) j(x i+ 1

2
+ (1− θx)∆x , y j + qd y), (7.23)

�

c i j

�

x
(x i+ 1

2
+(1−θx)∆x , y j +qd y) =

�

c(i+1) j

�

x
(x i+ 1

2
+(1−θx)∆x , y j +qd y), (7.24)

�

c i j

�

y
(x i+ 1

2
+(1−θx)∆x , y j +qd y) =

�

c(i+1) j

�

y
(x i+ 1

2
+(1−θx)∆x , y j +qd y), (7.25)

where i = 0,1, . . . , Mx−2, j = 0,1, . . . , My−1 and q = 0,1, ..., S. C0 and C1 continuity

conditions for boundaries yield

c0 j(x0, y j + qd y) = f1(y j + qd y, t ), q = 0,1, ..., S, j = 0,1, ..., My − 1, (7.26)

�

c0 j

�

y
(x0, y j + qd y) = ( f1)y(y j + qd y, t ), q = 0,1, ..., S, j = 0,1, ..., My − 1, (7.27)

c i0(x i + qd x , y0) = h1(x i + qd x , t ), q = 0,1, ..., S, i = 0, 1, ..., Mx − 1, (7.28)

(c i0)x(x i + qd x , y0) = (h1)x(x i + qd x , t ), q = 0, 1, ..., S, i = 0,1, ..., Mx − 1, (7.29)

c(Mx−1) j(xMx
, y j + qd y) = f2(y j + qd y, t ), q = 0, 1, ..., S, j = 0,1, ..., My − 1, (7.30)

�

c(Mx−1) j

�

y
(xMx

, y j + qd y) = ( f2)y(y j + qd y, t ),

q = 0,1, ..., S, j = 0,1, ..., My − 1,
(7.31)

c i(My−1)(x i + qd x , yMy
) = h2(x i + qd x , t ), q = 0, 1, ..., S, i = 0, 1, ..., Mx − 1, (7.32)
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�

c i(My−1)

�

x
(x i + qd x , yMy

) = (h2)x(x i + qd x , t ),

q = 0, 1, ..., S, i = 0, 1, ..., Mx − 1.
(7.33)

Thus, combining all continuity conditions defined in (7.20)-(7.33) leads to the

following linear algebraic system

Mζ= P (7.34)

where M is an
�

N
�

6Mx My +Mx +My

�

(S + 1)
�

×
�

N Mx My (2K + 1)
�

matrix, P is an
�

N
�

6Mx My +Mx +My

�

(S + 1)
�

×1 column vector and ζ is an
�

N Mx My (2K + 1)
�

×1

column vector defined by

ζ=
�

V00, V01, ..., V(Mx−1)(My−1)
�T

(7.35)

where Vi j is a 1× (N(2K + 1)) vector given in equation (7.19). By a suitable selection

of S with S >
Mx My (2K+1)

6Mx My+Mx+My
, equation (7.34) describes an over-determined linear

system. By minimizing the residual norm




Mζ− P




 in least square sense, all unknown

values Vi j are obtained. Note that θx and θy determine the direction of the continuity

conditions, i.e. the schemes are

∗ forward directional with θx = 0 and θy = 0,

∗ backward directional with θx = 1 and θy = 1,

∗ central directional with θx = 1/2 and θy = 1/2.

As will be proven in the following sections, the central directional schemes are more

accurate than the rest of them.

7.2 IELDTM-ChSCM for (3+1)-Dimensional AD Equation

In this section, we introduce the IELDTM-ChSCM hybridization for solving the

following (3+1)-dimensional advection-diffusion AD equation

ut + Vxux + Vyuy + Vzuz = Dxux x + Dyuy y + Dzuzz,

(x , y, z) ∈ [a, b]× [c, d]× [e, f ], t ∈ [0, t f ]
(7.36)

with Dirichlet boundary conditions

u (a, y, z, t) = f1 (y, z, t) and u (b, y, z, t) = f2 (y, z, t) (7.37)
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u (x , c, z, t) = h1 (x , z, t) and u (x , d, z, t) = h2 (x , z, t) (7.38)

u (x , y, e, t) = w1 (x , y, t) and u (x , y, f , t) = w2 (x , y, t) (7.39)

and initial condition

u (x , y, z, 0) = g (x , y, z) (7.40)

where Vx , Vy and Vz are the advection constants, Dx , Dy and Dz are the diffusion

constants and f1, f2, h1, h2, w1, w2 and g are the known smooth functions. The

subscripts x , y, z and t represent differentiations with respect to spaces x , y, z and

time t, respectively. As constructed for the (2+1)-dimensional AD equation (7.1),

(3+1)-dimensional AD equation will be reduced to a system of three-dimensional

elliptic boundary value problems with the use of the ChSCM in time.

7.2.1 Temporal Variation for (3+1)-Dimensional AD Equation

Since all the details of the ChSCM have been given in subsection (7.1.1), just the

essential formulae are presented here. Let us approximate the time part of u(x , y, z, t)
with N th-order Chebyshev polynomials as

u (x , y, z, t) =
N
∑

n=0

αncn(x , y, z)T n(t) (7.41)

where cn(x , y, z) represent the spatial parts of u(x , y, z, t). The use of approximation

function (7.41) into (3+1)-dimensional ADR equation (7.36) leads to the following

three-dimensional system of elliptic PDEs

Dx
∂ 2c
∂ x2

+ Dy
∂ 2c
∂ y2

+ Dy
∂ 2c
∂ z2
− Vx

∂ c
∂ x
− Vy

∂ c
∂ y
− Vz

∂ c
∂ z
− At c = 0 (7.42)

where c(x , y, z) = [c0(x , y, z), c1(x , y, z), c2(x , y, z), ..., cN (x , y, z)]T is an

((N + 1)× 1) column vector. Applying the initial condition u (x , y, z, 0) = c0(x , y, z) =
g (x , y, z) reduces to

Dx
∂ 2c
∂ x2

+ Dy
∂ 2c
∂ y2

+ Dz
∂ 2c
∂ z2
− Vx

∂ c
∂ x
− Vy

∂ c
∂ y
− Vz

∂ c
∂ z
− At c = G(x , y, z) (7.43)

where G(x , y, z) occurs due to the initial condition (7.40) and At is an (N × N)
matrix reduced from At . Thus, equation (7.43) represents the (N × N) system

of nonhomogeneous three-dimensional elliptic PDEs with the following boundary
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conditions,

c (a, y, z) = f1(y, z, t ) and c (b, y, z) = f2(y, z, t ), (7.44)

c (x , c, z) = h1(x , z, t ) and c (x , d, z) = h2(x , z, t ), (7.45)

c (x , y, e) = w1(x , y, t ) and c (x , y, f ) = w2(x , y, t ), (7.46)

where t = [t1, t2, . . . , tN]
T defined in equation (7.6).

7.2.2 The IELDTM for Three-Dimensional Problems

The IELDTM is derived here to solve three-dimensional system of boundary value

problems (7.43)-(7.46). In Section 7.2, the method was explained with all details,

and here we omit those details for the sake of brevity.

Let us divide the spatial domain [a, b]× [c, d]× [e, f ] into Mx My Mz spatial element

[x i, x i+1] × [y j, y j+1] × [zr , zr+1] with ∆x = x i+1 − x i, ∆y = y j+1 − y j, ∆z =
zr+1−zr and the centre of each element is defined at

�

x i+ 1
2
, y j+ 1

2
, zr+ 1

2

�

. The function

c(x , y, z) can be locally represented with the convergent local Taylor expansion about
�

x i+ 1
2
, y j+ 1

2
, zr+ 1

2

�

as follows

c i jr(x , y, z) =
K
∑

h=0

h
∑

p=0

h−p
∑

k=0

C i jr (k, p, h− p− k)
�

x − x i+ 1
2

�k�

y − y j+ 1
2

�p

�

z − zr+ 1
2

�h−p−k
+O

�
�

x − x i+ 1
2

�K+1
+
�

y − y j+ 1
2

�K+1
+
�

z − yr+ 1
2

�K+1�
(7.47)

where C i jr (k, p, h) = 1
k!p!h!

∂ k+p+hc(x ,y,z)
∂ xk∂ y p∂ zh

�

�

x=x
i+ 1

2
, y=y

j+ 1
2

, z=z
r+ 1

2

is the local differential

transform of the function c(x , y, z) about x = x i+ 1
2
, y = y j+ 1

2
and z = zr+ 1

2
for

i = 0, 1, . . . , Mx−1, j = 0,1, . . . , My−1 and r = 0, 1, . . . , Mz−1.The convergent local

solution c i j r (x , y, z) of order K includes N (K+1)(K+2)(K+3)
6 coefficients to be determined.

With the use the differential transformation of three-dimensional equation (7.43), the

number of unknowns is reduced to N(K + 1)2. Taking the differential transform of

equation (7.43) yields

C i jr (k, p, h+ 2) =
1

Dz(h+ 1)(h+ 2)

�

− Dx(k+ 1)(k+ 2)C i jr (k+ 2, p, h)−

Dy(p+ 1)(p+ 2)C i jr (k, p+ 2, h) + Vx(k+ 1)C i jr (k+ 1, p, h)+

Vy(p+ 1)C i jr (k, p+ 1, h) + Vz(h+ 1)C i jr (k, p, h+ 1)+

AtC i jr (k, p, h) +G i jr(k, p, h)
�

(7.48)
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where k, p, h = 0,1, ..., K − 1 and G i jr(k, p, r) is the local differential transform of the

G(x , y, z). Thus, with the use of recursion (7.48), one only needs to determine the

following set of N(K + 1)2 local values

Vi jr = {C i jr (k, p, 0) | k+ p ≤ K ∧ k, p ∈ N}∪{C i jr (k, p, 1) | k+ p ≤ K −1 ∧ k, p ∈ N}
(7.49)

where i = 0, 1, . . . , Mx − 1, j = 0,1, . . . , My − 1 and r = 0,1, . . . , Mz − 1. The

total degrees of freedom is Mx My MzN(K + 1)2. We define the set of collocation points

H x
i = {x i, x i + d x , ..., x i+1}, H y

j =
�

y j, y j + d y, ..., y j+1

	

and Hz
r = {zr , zr + dz, ..., zr+1}

with d x = ∆x
S , d y = ∆y

S and dz = ∆z
S where S denotes the partition number of each

edge. C0 and C1 continuity conditions in x direction lead to

c i jr(x i+ 1
2
+ (1− θx)∆x , y j + q1d y, zr + q2dz) =

c(i+1) jr(x i+ 1
2
+ (1− θx)∆x , y j + q1d y, zr + q2dz),

(7.50)

�

c i jr

�

x
(x i+ 1

2
+ (1− θx)∆x , y j + q1d y, zr + q2dz) =

�

c(i+1) jr

�

x
(x i+ 1

2
+ (1− θx)∆x , y j + q1d y, zr + q2dz),

(7.51)

�

c i jr

�

y
(x i+ 1

2
+ (1− θx)∆x , y j + q1d y, zr + q2dz) =

�

c(i+1) jr

�

y
(x i+ 1

2
+ (1− θx)∆x , y j + q1d y, zr + q2dz),

(7.52)

�

c i jr

�

z
(x i+ 1

2
+ (1− θx)∆x , y j + q1d y, zr + q2dz) =

�

c(i+1) jr

�

z
(x i+ 1

2
+ (1− θx)∆x , y j + q1d y, zr + q2dz),

(7.53)

where i = 0, 1, . . . , Mx − 2, j = 0, 1, . . . , My − 1, r = 0,1, . . . , Mz − 1 and q1, q2 =
0,1, ..., S. C0 and C1 continuity conditions in y direction lead to

c i jr(x i + q1d x , y j+ 1
2
+ (1− θy)∆y, zr + q2dz) =

c i( j+1)r(x i + q1d x , y j+ 1
2
+ (1− θy)∆y, zr + q2dz),

(7.54)

�

c i jr

�

x
(x i + q1d x , y j+ 1

2
+ (1− θy)∆y, zr + q2dz) =

�

c i( j+1)r

�

x
(x i + q1d x , y j+ 1

2
+ (1− θy)∆y, zr + q2dz),

(7.55)
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�

c i jr

�

y
(x i + q1d x , y j+ 1

2
+ (1− θy)∆y, zr + q2dz) =

�

c i( j+1)r

�

y
(x i + q1d x , y j+ 1

2
+ (1− θy)∆y, zr + q2dz),

(7.56)

�

c i jr

�

z
(x i + q1d x , y j+ 1

2
+ (1− θy)∆y, zr + q2dz) =

�

c i( j+1)r

�

z
(x i + q1d x , y j+ 1

2
+ (1− θy)∆y, zr + q2dz),

(7.57)

where i = 0, 1, . . . , Mx −1, j = 0,1, . . . , My −2, and r = 0,1, . . . , Mz −1 and q1, q2 =
0,1, ..., S. Similarly, C0 and C1 continuity conditions in z direction lead to

c i jr(x i + q1d x , y j + q2d y, zr+ 1
2
+ (1− θz)∆z) =

c i j(r+1)(x i + q1d x , y j + q2d y, zr+ 1
2
+ (1− θz)∆z),

(7.58)

�

c i jr

�

x
(x i + q1d x , y j + q2d y, zr+ 1

2
+ (1− θz)∆z) =

�

c i j(r+1)

�

x
(x i + q1d x , y j + q2d y, zr+ 1

2
+ (1− θz)∆z),

(7.59)

�

c i jr

�

y
(x i + q1d x , y j + q2d y, zr+ 1

2
+ (1− θz)∆z) =

�

c i j(r+1)

�

y
(x i + q1d x , y j + q2d y, zr+ 1

2
+ (1− θz)∆z),

(7.60)

�

c i jr

�

z
(x i + q1d x , y j + q2d y, zr+ 1

2
+ (1− θz)∆z) =

�

c i j(r+1)

�

z
(x i + q1d x , y j + q2d y, zr+ 1

2
+ (1− θz)∆z),

(7.61)

where i = 0, 1, . . . , Mx − 1, j = 0, 1, . . . , My − 1, r = 0,1, . . . , Mz − 2 and q1, q2 =
0,1, ..., S. C0 and C1 continuity conditions for boundaries yield

c0 jr(x0, y j + q1d y, zr + q2dz) = f1(y j + q1d y, zr + q2dz, t ),

q1, q2 = 0, 1, ..., S , j = 0, 1, ..., My − 1, r = 0, 1, . . . , Mz − 1
(7.62)

�

c0 jr

�

y
(x0, y j + q1d y, zr + q2dz) = ( f1)y(y j + q1d y, zr + q2dz, t ),

q1, q2 = 0, 1, ..., S , j = 0, 1, ..., My − 1, r = 0, 1, . . . , Mz − 1
(7.63)
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�

c0 jr

�

z
(x0, y j + q1d y, zr + q2dz) = ( f1)z(y j + q1d y, zr + q2dz, t ),

q1, q2 = 0, 1, ..., S , j = 0, 1, ..., My − 1, r = 0, 1, . . . , Mz − 1,
(7.64)

c(Mx−1) jr(xMx
, y j + q1d y, zr + q2dz) = f2(y j + q1d y, zr + q2dz, t ),

q1, q2 = 0,1, ..., S , j = 0,1, ..., My − 1, r = 0,1, . . . , Mz − 1,
(7.65)

�

c(Mx−1) jr

�

y
(xMx

, y j + q1d y, zr + q2dz) = ( f2)y(y j + q1d y, zr + q2dz, t ),

q1, q2 = 0,1, ..., S , j = 0,1, ..., My − 1, r = 0,1, . . . , Mz − 1,
(7.66)

�

c(Mx−1) jr

�

z
(xMx

, y j + q1d y, zr + q2dz) = ( f2)z(y j + q1d y, zr + q2dz, t ),

q1, q2 = 0, 1, ..., S , j = 0, 1, ..., My − 1, r = 0,1, . . . , Mz − 1,
(7.67)

c i0r(x i + q1d x , y0, zr + q2dz) = h1(x i + q1d x , zr + q2dz, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, r = 0,1, . . . , Mz − 1,
(7.68)

(c i0r)x(x i + q1d x , y0, zr + q2dz) = (h1)x(x i + q1d x , zr + q2dz, t ),

q1, q2 = 0,1, ..., S , i = 0, 1, ..., Mx − 1, r = 0, 1, . . . , Mz − 1,
(7.69)

(c i0r)z(x i + q1d x , y0, zr + q2dz) = (h1)z(x i + q1d x , zr + q2dz, t ),

q1, q2 = 0, 1, ..., S , i = 0, 1, ..., Mx − 1, r = 0, 1, . . . , Mz − 1,
(7.70)

c i(My−1)r(x i + q1d x , yMy
, zr + q2dz) = h2(x i + q1d x , zr + q2dz, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, r = 0,1, . . . , Mz − 1,
(7.71)

�

c i(My−1)r

�

x
(x i + q1d x , yMy

, zr + q2dz) = (h2)x(x i + q1d x , zr + q2dz, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, r = 0,1, . . . , Mz − 1,
(7.72)
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�

c i(My−1)r

�

z
(x i + q1d x , yMy

, zr + q2dz) = (h2)z(x i + q1d x , zr + q2dz, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, r = 0,1, . . . , Mz − 1,
(7.73)

c i j0(x i + q1d x , y j + q2d y, z0) = w1(x i + q1d x , y j + q2d y, t ),

q1, q2 = 0,1, ..., S , i = 0, 1, ..., Mx − 1, j = 0, 1, . . . , My − 1,
(7.74)

�

c i j0

�

x
(x i + q1d x , y j + q2d y, z0) = (w1)x(x i + q1d x , y j + q2d y, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, j = 0,1, . . . , My − 1
(7.75)

�

c i j0

�

y
(x i + q1d x , y j + q2d y, z0) = (w1)y(x i + q1d x , y j + q2d y, t ),

q1, q2 = 0, 1, ..., S , i = 0,1, ..., Mx − 1, j = 0,1, . . . , My − 1
(7.76)

c i j(Mz−1)(x i + q1d x , y j + q2d y, zMz
) = w2(x i + q1d x , y j + q2d y, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, j = 0,1, . . . , My − 1,
(7.77)

�

c i j(Mz−1)

�

x
(x i + q1d x , y j + q2d y, zMz

) = (w2)x(x i + q1d x , y j + q2d y, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, j = 0,1, . . . , My − 1,
(7.78)

�

c i j(Mz−1)

�

y
(x i + q1d x , y j + q2d y, zMz

) = (w2)y(x i + q1d x , y j + q2d y, t ),

q1, q2 = 0,1, ..., S , i = 0,1, ..., Mx − 1, j = 0,1, . . . , My − 1.
(7.79)

Assembling all continuity conditions (7.50)-(7.79) yields to the following linear

algebraic system

Mζ= P (7.80)

where M is an
�

N
�

9Mx My Mz +Mx My +Mx Mz +My Mz

�

(S + 1)2
�

×
�

N Mx My Mz(K + 1)2
�

matrix, P is an
�

N
�

9Mx My Mz +Mx My +Mx Mz +My Mz

�

(S + 1)2
�

×
1 column vector and ζ is an

�

N Mx My Mz(K + 1)2
�

× 1 column vector defined by

ζ=
�

V000, V001, ..., V(Mx−1)(My−1)(Mz−1)

�T
(7.81)

where Vi jr is a 1 ×
�

N(K + 1)2
�

vector defined in equation (7.49). If S is selected
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as (S + 1)2 > (N Mx My Mz(K+1)2)
9Mx My Mz+Mx My+Mx Mz+My Mz

, equation (7.80) describes an over-determined

linear system and minimizing the residual norm




Mζ− P




 in least square sense will

lead to unknown values Vi jr . Note that, θx , θy and θz are the direction parameters

in x , y and z directions, respectively.

7.3 Numerical Experiments

In this section, the IELDTM derived in Sections 7.1-7.2 is tested over the

linear/nonlinear (2+1)-dimensional AD problems and a linear (3+1)-dimensional AD

problem. The convergence of the present algorithms is quantitatively demonstrated

with the consideration of both h-refinement and p-refinement procedures. The

produced numerical results are compared with the finite difference, finite element,

and spectral methods presented in literature [48, 98, 108, 157]. To evaluate error

norms of the present results, we prefer to use the following definitions,

E i j
abs =

�

�

�uexact
i j − unumerical

i j

�

�

� ,

‖E‖∞ = max
(x ,y)∈D, t∈[0,t f ]

�

�uexact(x , y, t)− unumerical(x , y, t)
�

� .

Problem 7.1

Consider (2+1)-dimensional pure diffusion process with the choices of Vx = Vy = 0

and Dx = Dy = 1 in the AD equation (7.1) for which the exact solution is given by

[108, 157]

u( x , y, t) = e−2π2 tsin(πx)sin(πy), t > 0 and (x , y) ∈ [0, 1]× [0, 1]. (7.82)

The homogeneous Dirichlet boundary conditions and the initial condition are taken

from the exact solution (7.47) as follows:

u(0, y, t) = u(1, y, t) = 0, (7.83)

u(x , 0, t) = u(x , 1, t) = 0, (7.84)

u(x , y, 0) = sin(πx)sin(πy). (7.85)

In Table 7.1, the present IELDTM-ChSCM algorithm has been compared with the

finite difference-based methods [108, 157] with the consideration of maximum error
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Figure 7.1 Descriptive behaviour of pointwise absolute errors produced by the
central IELDTM at various times with θx = θy = 0.5, Mx = My = 5, K = 10,

N = 20, S = 14 and t f = 1 (see Problem 7.1).

norms. The spatial degrees of freedom (dof) of all numerical algorithms have been

presented comparatively. As seen in Table 7.1, the IELDTM with forward, backward,

and central directions produce more accurate results with far less spatial dof than finite

difference-based methods presented in [108, 157]. In Figure 7.1, pointwise absolute

errors produced by the central IELDTM are presented at various times with contour

plots. As clearly observed from the figure, the IELDTM provides highly accurate results

with optimized degrees of freedom. Even we consider only N = 20 elements in time,

the ChSCM offers continuous time integration of the advection-diffusion equation up

to t = 1 by maintaining roughly pointwise errors about 10−9.

Table 7.1 Comparison of various present schemes with the FDM-based results
produced in references [108, 157] at t f = 0.25 with N = 15, S = 14 and K = 10 for

Problem 7.1.

FDM IELDTM
Mx ×My (dof) [157] [108] Mx ×My (dof) Central Backward Forward
11× 11 (121) 1.3E-05 5.6E-06 2× 2 (84) 4.1E-08 6.9E-06 6.9E-06
21× 21 (441) 8.5E-07 3.3E-07 3× 3 (189) 1.6E-09 1.6E-06 1.6E-06

41× 41 (1681) 5.3E-08 2.0E-08 4× 4 (336) 8.7E-11 3.6E-08 3.6E-08
81× 81 (6561) 3.3E-09 1.2E-09 5× 5 (525) 9.9E-12 1.8E-09 1.8E-09

Problem 7.2

Consider the (2+1)-dimensional advection-diffusion process with Vx = Vy = 1 for

which the exact solution is given by [108]

u(x , y, t) =
1

4t + 1
ex p

�

−
(x − t − 0.5)2

Dx (4t + 1)
−
(y − t − 0.5)2

Dy (4t + 1)

�

,

t > 0 and (x , y) ∈ [0, x f ]× [0, y f ].

(7.86)
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The nonhomogeneous time dependent Dirichlet boundary conditions can be taken

from exact solution (7.86) and the initial condition is considered as

u( x , y, 0) = ex p

�

−
(x − 0.5)2

Dx
−
(y − 0.5)2

Dy

�

, (x , y) ∈ [0, x f ]× [0, y f ]. (7.87)

In Figures 7.2-7.3, spectral convergence of the IELDTM has been proven with respect

to K-refinement (order refinement) and ∆x/∆y−refinement for various values of the

direction parameters θx and θy . As theoretically expected, K−refinement procedure

leads to an exponential convergence and ∆x/∆y−refinement procedure leads to

a polynomial convergence like ∆hP when ∆x = ∆y = ∆h. Since K−refinement

procedure increases the local degrees of freedom (ldof) linearly as ldo f = 2K+1, the

IELDTM provides highly accurate results with optimized dof. The mesh discretization

parameter S plays a vital role in both the accuracy and the computational cost of

the IELDTM. In Figure 7.4a, the maximum error norms for the IELDTM have been

presented with varying values of S. A rapid decrease in the corresponding error norm

has been observed, and the curve behaves asymptotically for higher values of S. The

mesh discretization ratio φ = Number o f equations/Number o f unknowns versus

the maximum error norm curve has been illustrated with varying S values in Figure

7.4b. The curve indicates that the errors begin to be stable when the matrix that

occurred in equation (7.34) is almost square (φ ∼= 1). Advection-dominated fluid

flow problems are extremely challenging for all numerical methods [4]. With the

consideration of various diffusion coefficients (Dx , Dy) in both spatial dimensions,

the central IELDTM solutions and the corresponding pointwise absolute errors are

illustrated in Figure 7.5. By considering the parameter values for θx = θy = 0.5,

x f = y f = 1, K = 4, Mx = My = 18, N = 5, S = 6 and t f = 0.05, it can be observed

that the present algorithm produces accurate results for both non-stiff and stiff cases.

The performance of the present IELDTM is illustrated over a relatively large space-time

computational domain with x f = y f = 5 and t f = 2 in Figure 7.6. As observed from

the figure, the IELDTM accurately captures the physical behaviour with optimized

degrees of freedom.
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Figure 7.2 Convergence results of the present algorithm with respect to spectral
convergence order K for various values of the direction parameter couples (θx , θy)
with x f = y f = 1, Mx = My = 2, N = 10, S = 10 and t f = 0.1 (see Problem 7.2).

Figure 7.3 Convergence results of the present algorithm with respect to the spatial
element numbers Mx = My for various values of the direction parameter couples
(θx , θy) with x f = y f = 1, K = 8, N = 10, S = 12 and t f = 0.1 (see Problem 7.2).
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Figure 7.4 a) Effects of the mesh discretization parameter S to the maximum error
norms ||E||∞, b) Effects of the mesh discretization ratio φ to the maximum error
norms ||E||∞ with x f = y f = 1, Dx = Dy = 1, Mx = My = 1, N = 10, K = 20 and

t f = 0.1.

Figure 7.5 Numerical results and corresponding pointwise absolute errors for
solving Problem 7.2 with the use of the central IELDTM for θx = θy = 0.5,

x f = y f = 1, K = 4, Mx = My = 18, N = 5, S = 6 and t f = 0.05.
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Figure 7.6 Numerical results and corresponding pointwise absolute errors for
solving Problem 7.2 with the use of the central IELDTM for θx = θy = 0.5,

x f = y f = 5, K = 8, Mx = My = 8, N = 16, S = 5 and t f = 2.

Problem 7.3

Let us consider the (2+1)-dimensional Burgers equation [48, 98]

ut + uux + uuy = D(ux x + uy y), (x , y) ∈ [0, 1]× [0, 1], t ∈ [0, t f ] (7.88)

with the exact solution

u (x , y, t) =
1

1+ e(x+y−t)/2D
(7.89)

where D is the kinematic viscosity constant along the x and y directions. The initial

and Dirichlet boundary conditions can be taken from the exact solution (7.89).

In Table 7.2, the present IELDTM with backward, central and forward directions has

been compared with the FEM [98] and the Chebyshev spectral collocation method [48]
with respect to the maximum error norms for solving (2+1)-dimensional nonlinear

advection-diffusion equation (7.88). As seen in Table 7.2, the proposed method offers

far more accurate results with the use of far less dof than both methods. The spectral

convergence results for solving nonlinear equation (7.88) with respect to K-refinement

and ∆x/∆y−refinement procedures have been illustrated in Figures 7.7-7.8. The

expected convergence behaviours are seen to be satisfied.

Problem 7.4

Consider the (3+1)-dimensional advection-diffusion equation with Vx = Vy = Vz =
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Table 7.2 Comparison of various present schemes with the FEM and the ChSCM
produced in [48, 98] at t f = 0.25 with N = 15, S = 16 and K = 10 for Problem 7.3.

ChSCM/FEM IELDTM
Mx ×My (dof) ChSCM [48] FEM [98] Mx ×My (dof) Central Backward Forward

5× 5 (25) 8.9E-08 4.6E-08 1× 1 (21) 5.8E-10 5.8E-10 5.8E-10
10× 10 (100) 7.4E-07 5.9E-09 2× 2 (84) 1.1E-14 1.1E-12 6.4E-13
15× 15 (225) - 2.1E-09 3× 3 (189) 5.5E-17 4.1E-14 4.0E-14
30× 30 (900) - 1.1E-09 5× 5 (336) 1.6E-16 3.8E-15 4.2E-15

Figure 7.7 Convergence results of the present algorithm with respect to spectral
convergence order K for various values of the direction parameter couples (θx , θy)

with Mx = My = 2, N = 10, S = 10 and t f = 0.5 (see Problem 7.3).

Figure 7.8 Convergence results of the present algorithm with respect to the spatial
element numbers Mx = My for various values of the direction parameter couples

(θx , θy), K = 6, N = 10, S = 10 and t f = 0.5 (see Problem 7.3).
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Dx = Dy = Dz = 1 for which the exact solution is given by [111]

u(x , y, z, t) =
1

(4t + 1)3/2
ex p

�

−
(x − t − 0.5)2

(4t + 1)
−
(y − t − 0.5)2

(4t + 1)

−
(x − t − 0.5)2

(4t + 1)

�

, t > 0 and (x , y, z) ∈ [0, 1]× [0,1]× [0, 1].

(7.90)

The nonhomogeneous time-dependent Dirichlet boundary conditions can be taken

from exact solution (7.90) and the initial condition is considered as

u(x , y, z, 0) = ex p
�

−(x − 0.5)2 − (y − 0.5)2 − (z − 0.5)2
�

,

(x , y, z) ∈ [0, 1]× [0,1]× [0,1].
(7.91)

The order refinement procedure is more vital in three-dimensional equations to

minimize the computational cost of the algorithms. It is proven that the forward,

backward, and central directional IELDM provides exponential convergence with

increasing order of the method in Figure 7.9. The parameter values Mx = My =
Mz = 2, N = 10, S = 4 and t f = 0.1 are used to produce the figure with increasing

orders from K = 5 to K = 10. The h−refinement procedure is known to be

another way of increasing accuracy with the use of more elements in computational

domains. The h−refinement response of the IELDTM is illustrated in Figure 7.10

for various continuity directions and the parameter values K = 6, N = 10, S = 4

and t f = 0.5. As observed from the figure, the IELDTM ensures power convergence

with increasing values of spatial elements. The IELDTM solution of Problem 7.4 and

the corresponding pointwise absolute errors are illustrated with the consideration of

parameter values K = 12, Mx = My = Mz = 1, N = 10, S = 4 and t f = 0.25 in

Figure 7.11. As observed from the presented contour plots, the IELDTM accurately

captures the physical behaviour using optimum degrees of freedom. As shown in

Problem 7.2, the IELDTM has the ability to catch accurate physical behaviour of the

advection-dominated problems in two dimensions. Since we perform the simulations

on our personal computers, the advection-dominated three-dimensional cases lead

to a storage trouble. It is believed that the IELDTM can overcome these challenging

troubles with the optimized degrees of freedom with the computers that have relatively

large RAM capacity.

7.4 Summary

In this chapter, the IELDTM has been derived for the (2+1)- and (3+1)-dimensional

advection-diffusion equations. The parabolic PDEs have been reduced to a system of

non-homogeneous elliptic PDEs with the Chebyshev spectral collocation method. The
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Figure 7.9 Convergence results of the present algorithm with respect to spectral
convergence order K for various values of the direction parameter triples

(θx , θy , θz) with Mx = My = Mz = 2, N = 10, S = 4 and t f = 0.1 (see Problem 7.4).

Figure 7.10 Convergence results of the present algorithm with respect to the spatial
element numbers Mx = My = Mz for various values of the direction parameter triples

(θx , θy , θz) with K = 6, N = 10, S = 4 and t f = 0.5 (see Problem 7.4).
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Figure 7.11 Numerical results and corresponding pointwise absolute errors of
Problem 7.4 with the use of the IELDTM for K = 12, Mx = My = Mz = 1, N = 10,

S = 4 and t f = 0.25.

present IELDTM is observed to be a higher-order, stability-preserved, and versatile

numerical technique for solving higher spatial dimensional AD equations. The

experimental convergence analysis has revealed that the IELDTM provides excellent

convergence properties with both h−refinement and p−refinement. The IELDTM

leads to the reduction of the required degrees of freedom for achieving higher-order

convergent numerical results. It is shown that the IELDTM needs only 2K + 1

unknowns to represent a complete two-dimensional polynomial of order K while the

complete polynomial includes (K+1)(K+2)
2 terms. Similarly, the IELDTM needs only

(K + 1)2 unknowns to represent a complete three-dimensional polynomial of order

K while the complete polynomial includes (K+1)(K+2)(K+3)
6 terms. By comparing with

the existing finite difference methods, finite element methods, and spectral methods,

the IELDTM has been proven to supply more accurate results with far less degrees of

freedom than the three methods.
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8
RESULTS AND DISCUSSION

Most real-life problems are represented by differential equations, and only a very

limited number of these equations can be solved analytically. Approximate methods

with discrete or continuous representations are constantly being developed to solve

the corresponding differential equations. In this thesis, in order to realistically

capture the behaviours of some natural and difficult processes represented by some

stiff differential equations, a numerical method that is as efficient as possible in

every respect has been produced by eliminating the well-known disadvantages in the

literature. In this respect, an effective numerical approach called the implicit-explicit

local differential transformation method (IELDTM), together with its mathematical

and numerical analysis, has been presented to address the challenging behaviours of

nature defined by stiff differential equations encountered in various fields of science.

The IELDTM has been proven to be a high order, stability preserved, and versatile

numerical approach for solving stiff IVPs for ODEs, stiff BVPs for ODEs, and stiff

initial-boundary value problems for parabolic PDEs. The contributions of this thesis

can be divided into four main parts: derivation of the IELDTM for stiff IVPs of ODEs,

the IELDTM for stiff BVPs of ODEs, the IELDTM as an adaptive time integration method

for parabolic PDEs, the IELDTM as a spatial discretization method for one-, two-, and

three-dimensional advection-diffusion equations. Stiff IVPs of ODEs define how the

system behaves over time for a given initial data and the situations encountered in

emerging models in various fields such as physics, chemistry, biology, and engineering.

The existing explicit-time integration methods, such as the LDTM and the Runge-Kutta

methods, for solving stiff IVPs are known to lack stability-preserving features. The

IELDTM overcomes the major disadvantages of the differential transform-based

methods and has been shown to produce convergent solutions even for fairly stiff IVPs.

The IELDTM is highly flexible for adaptive procedures because it uses the differential

equation itself to generate highly accurate local approximations. It has been found that

the IELDTM not only overcomes the disadvantages of the DTM-based methods but also

provides better numerical characteristics than the well-established Taylor series based

time-integration methods. The IELDTM has been shown to produce very well-suited
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results with fewer time elements than that of the widely used MATLAB stiff solvers.

The stiff IVPs not only arise in direct applications but also in reduced space-time

parabolic PDEs such as advection-diffusion equations. The explicit Runge-Kutta

methods and the Crank-Nicolson method are commonly used time-integration

techniques for the AD equations. The explicit Runge-Kutta methods are not stability

preserved for especially advection dominated problems, and the Crank-Nicolson

method is a second-order A-stable method. By providing an arbitrary order and

direction-free mechanism, the IELDTM has been observed to improve the ability

of the Crank-Nicolson approach. The IELDTM has been created as an adaptive

time-integration method for the reduced two-dimensional nonlinear Burgers equation.

The ChSCM has been used for the spatial parts of the two-dimensional Burgers

equation and the resulting system of matrix IVPs has been integrated through the

IELDTM. It has been seen that the ChSCM-IELDTM hybridization has been found to

give more accurate results than the ChSCM-ode15s and ChSCM-ode45 hybridizations.

Thus, in addition, it has been shown that the IELDTM is a robust and efficient

time integration method for reduced space-time PDEs and can be adapted to various

physical problems facing the same difficulties.

Other striking problems that arise in various mathematical models are stiff or

singularly perturbed BVPs of ODEs. Moreover, the IELDTM has been derived to solve

stiff BVPs of ODEs with an arbitrary order and stability-preserved numerical approach.

Here the DTM and LDTM have been shown to have poor convergence properties

as a shooting method for singularly perturbed BVPs. Meanwhile, the IELDTM has

proven to be able to produce accurate numerical solutions with optimum degrees

of freedom for such difficult BVPs. With the use of the same approximation orders,

the IELDTM has been observed to produce more accurate results than the FDM and

the Runge-Kutta-based shooting methods. It has been shown that the p-refinement

procedure of the IELDTM does not cause any increase in local degrees of freedom.

This vital advantage in terms of computation and storage is strongly expected to make

the IELDTM preferable over the FEM-based algorithms for solving BVPs.

Stiff initial-boundary value problems of PDEs arise in modelling various physical

phenomena encountered in fields such as fluid dynamics, heat transfer, quantum

mechanics, and materials science. Precisely in this context, another important

contribution of this thesis is the derivation of the IELDTM for spatial discretizations of

parabolic PDEs up to three-dimensional, representing advection-diffusion processes.

The higher-order space-time IELDTM for solving AD equations has been proven to be

hindered by a theoretical barrier. This limitation has been overcome by considering the

ChSCM as a continuous time integrator in reducing space-time PDEs to a one-, two- or
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three-dimensional system of nonhomogeneous BVPs to be solved by the IELDTM. Up to

three-dimensional meshes, the IELDTM has been derived as an arbitrarily high-order,

stable, and optimized numerical method for solving the reduced system of BVPs. It is

important to note that the local degrees of freedom of the polynomial representations

have been minimized with the consideration of the local differential transforms of

the reduced AD equations. In this way, the IELDTM has been shown to produce

more accurate results with far less degrees of freedom than the existing numerical

methods such as the FEM, the FDM, and the spectral methods (see Chapters 6-7).

It has been concluded that the IELDTM is capable of producing physically acceptable

results for difficult advection-dominated problems with optimized degrees of freedom.

The most noticeable property of a numerical method for solving PDEs is that having

the effective hp-refinement property. The IELDTM has been proven to significantly

improve both h-refinement and optimized p-refinement procedures for solving one-,

two- or three-dimensional PDEs.

Even if the IELDTM has no noticeable disadvantage for solving ODEs, the IELDTM

has no capable of reducing space-time PDEs into a system of ODEs to be integrated

explicitly/implicitly. Thus, the IELDTM must be used as a last numerical algorithm

when two numerical methods are applied for solving a space-time PDE. In this context,

the IELDTM solves the reduced BVPs by applying a suitable time-integration method

first instead of reducing the space-time initial-boundary value problems into a system

of IVPs. This theoretical barrier seems to be the most considerable drawback of the

IELDTM for solving space-time parabolic PDEs. As analysed throughout this thesis, it

has been found that the IELDTM is a versatile numerical approach and can be adapted

to solve a wide range of problems represented by differential equations. For further

research in this area, the IELDTM can also be utilized successfully to solve:

∗ Integral equations and integro-differential equations,

∗ Elliptic PDEs occurred in the modelling of various engineering phenomena,

∗ Dispersive PDEs occurred in the modelling of various physical phenomena,

∗ Hyperbolic PDEs occurred in the computational fluid dynamics.
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A
BASICS OF THE DIFFERENTIAL TRANSFORMATION

In this section, the required definitions and theorems of the differential transformation
are introduced. The proposed properties of the differential transformation are
frequently used in dealing with the differential transform of any given differential
equation.

Definition A.1. Let x (t) is analytic in the domain T . The function ϕ(t, k) can be
defined as follows

dk x(t)
d tk

= ϕ(t, k), f or al l t ∈ T, (A.1)

where k is a non-negative integer.

By considering Definition A.1, the differential transform of function x(t) at any time
t = t i in the domain is locally defined as

X i (k) =
ϕ (t i, k)

k!
=

1
k!

�

dk x (t)
d tk

��

�

�

�

t=t i

. (A.2)

Definition A.2. If x(t) is analytic in the domain T , then x(t) can be denoted by the
Taylor series at t = t i as

x i (t) =
∞
∑

k=0

X i (k) (t − t i)
k = D−1X (k) , t i −ρ ≤ t ≤ t i +ρ (A.3)

where D−1 denotes the inverse differential transform operator and ρ is the radius of
convergence. By truncating series (A.3), x(t) can be represented as

x i (t) =
K
∑

k=0

X i (k) (t − t i)
k +O

�

(t − t i)
K+1
�

, t i −ρ ≤ t ≤ t i +ρ. (A.4)

Theorem A.1. Let x (t) and y (t) be analytic in the domain T and t i ∈ T. If
D (x i (t) , k) = X i(k), D (yi (t) , k) = Yi(k) and zi (t) = x i (t) yi (t), then the following
equality holds

Zi (k) = D (zi (t) , k) =
k
∑

n=0

X i (n)Yi(k− n). (A.5)
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Proof. Since

x i (t) yi (t) =

�∞
∑

k=0

X i (k) (t − t i)
k

��∞
∑

k=0

Yi (k) (t − t i)
k

�

, (A.6)

and

x i (t) yi (t) = X i (0)Y (0) + [X i (0)Yi (1) + X i (1)Yi (0)] (t − t i)+

[X i (0)Yi (2) + X i (1)Yi (1) + X i (2)Yi (0)] (t − t i)
2 + . . .

+[X i (0)Yi (N) + X i (1)Yi (N − 1) + · · ·+ X i (N)Yi (0)] (t − t i)
N + . . . .

Rearranging the terms yield

x i (t) yi (t) =
∞
∑

k=0

�

k
∑

n=0

X i (l)Yi(k− n)

�

(t − t i)
k. (A.7)

Taking differential transform of both sides leads to

Zi (k) = D (zi (t) , k) =
k
∑

n=0

X i (n)Yi(k− n).

�

Theorem A.2. Let x (t) be analytic in the domain T and t i ∈ T. If D (x i (t)) = X i(k)
and zi (t) = xm

i (t) for m ∈ N, then the following equality holds

Zi (k) = D (zi (t) , k) =
k
∑

n1=0

k−n1
∑

n2=0

· · ·
k−
∑m−2

i=1 ni
∑

nm−1=0

X i (n1) . . . X i(nm−1)X i

�

k−
m−1
∑

i=1

ni

�

. (A.8)

Proof. With the help of zi (t) = xm−1
i (t) x i (t), use of Theorem A.1 leads to

Zi (k) = D (zi (t) , k) =
k
∑

n1=0

X i(n1)X
m−1
i (k− n1). (A.9)

Similarly, X m−1 (k− n1) can be written as

X m−1
i (k− n1) =

k−n1
∑

n2=0

X i(n2)X
m−2
i (k− n1 − n2). (A.10)

In general, the following equality holds

X m−p
i

�

k−
p
∑

i=1

ni

�

=
k−
∑p

i=1 ni
∑

np+1=0

X i(np+1)X
m−p−1
i

�

k−
p+1
∑

i=1

ni

�

. (A.11)

With the use of equality (A.11) in equation (A.9) gives the desired result (A.8). �

Theorem A.3. Let x (t) is analytic in the domain T and t i ∈ T. If D (x i (t)) = X i(k)
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and zi (t) =
dm x i(t)

d tm for m ∈ N+, then following equality holds

Zi (k) = D (zi (t) , k) = (k+ 1) (k+ 2) . . . (k+m)X i(k+m). (A.12)

Proof. Let us consider the Taylor expansion of the analytic function x i (t) about t = t i

as follows

x i (t) =
∞
∑

k=0

X i (k) (t − t i)
k. (A.13)

m− th time derivative of the previous expression is given by

zi (t) =
dm x i (t)

d tm
=
∞
∑

k=m

k (k− 1) (k− 2) . . . (k−m+ 1)X i (k) (t − t i)
k−m. (A.14)

The series can also be written as

zi (t) =
∞
∑

k=0

(k+ 1) (k+ 2) (k+ 3) . . . (k+m)X i (k+m) (t − t i)
k. (A.15)

Taking differential transformation of both sides leads to the following desired result

Zi (k) = D (zi (t) , k) = (k+ 1) (k+ 2) . . . (k+m)X i(k+m). (A.16)

�

Definition A.3. Let x (t) be analytic in the domain T , t i ∈ T and m, n, p ∈ N . If
D (x i (t) , k) = X i(k) and zi (t) = (xm

i (t))
�

dp x i(t)
d tp

�n
, we define the following differential

transformation notation

Zi (k) = D (zi (t) , k) = X i (m; p, n; k) . (A.17)

Throughout this thesis, we assume this notation is hold with given assumptions in
Definition A.3. Let us consider the following special cases:

X i (m; 0, 0; k) =
k
∑

n1=0

k−n1
∑

n2=0

k−n1−n2
∑

n3=0

· · ·
k−
∑m−2

i=1 ni
∑

nm−1=0

X i (n1) . . . X i(nm−1)X i

�

k−
m−1
∑

i=1

ni

�

,

X i (0; p, 1; k) = (k+ 1) (k+ 2) . . . (k+ p)X i(k+ p),

X i (0; p, n; k) =
k
∑

n1=0

k−n1
∑

n2=0

. . .
k−
∑m−2

i=1 ni
∑

nm−1=0

X i (0, p, 0; n1) . . . X i(0, p, 0; nm−1)

X i

�

0, p, 1; k−
m−1
∑

i=1

ni

�

.
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Theorem A.4. Let x (t) be analytic in the domain T, t i ∈ T and m, n, p ∈ N. If
D (x i (t) , k) = X i(k), then the following equality holds,

X i (m; p, n; k) =
k
∑

j=0

X i (m; 0, 0; j)X i (0; p, n; k− j). (A.18)

Proof. Considering the Theorem A.1 and the definitions of X i (m; 0, 0; k) and
X i (0; p, n; k), the desired result (A.18) is seen to be obvious. �
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B
ERROR ANALYSIS

We analyse here the bound of ||G(θ , d x)|| occurred in Chapter 6.4 in terms of the
direction parameter θ and local order of approximation K . We consider the following
two cases;

Case 1:

Let us consider the direction parameter θ = 0.5 and K is even. In this scenario, we
get the following general terms for G1(0.5,∆x)

(G1(0.5,∆x))i =
�

(0.5)K+1C i∗ (K + 1)− (−0.5)K+1
�

C i∗ (K + 1)+

∆x(K + 2)C i∗ (K + 2)
�

∆xK

=
�

1
2

�K

C i∗ (K + 1)∆xK +O(∆xK+1).

(B.1)

Defining M1 =maxi










�

1
2

�K
C i∗ (K + 1)








 and neglecting the higher order terms yield

||G1(0.5,∆x)|| ≤ M1∆xK . (B.2)

And the general term of G2(0.5, d x) becomes,

(G2(0.5, d x))i =
�

(K + 1)(0.5)KC i∗ (K + 1)− (K + 1) (−0.5)K
�

C i∗ (K + 1)+

∆x(K + 2)C i∗ (K + 2)
�

∆xK−1

= − (K + 1) (K + 2)
�

1
2

�K

C i∗ (K + 2)∆xK +O(∆xK+1).

(B.3)

Defining M2 =maxi








(K + 1) (K + 2)
�

1
2

�K
C i∗ (K + 2)








 and neglecting the higher order
terms lead to

||G2(0.5,∆x)|| ≤ M2∆xK . (B.4)

Reminding G (0.5,∆x) = G1 (0.5,∆x)+G2(0.5,∆x) and defining P2 =max{M1, M2}
give rise to the estimate ||G(0.5,∆x)|| ≤ P2∆xK .

Case 2:

Assume that the conditions of the Case 1 are not hold. In this case, we get the following
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general terms for G1(θ ,∆x)

(G1(θ ,∆x))i =
�

(1− θ )K+1C i∗ (K + 1)− (−θ )K+1
�

C i∗ (K + 1)+

∆x(K + 2)C i∗ (K + 2)
�

∆xK ,

=
�

(1− θ )K+1 − (−θ )K+1
�

C i∗ (K + 1)∆xK +O(∆xK+1).

(B.5)

Defining M3 = maxi







�

(1− θ )K+1 − (−θ )K+1
�

C i∗ (K + 1)




 and neglecting the higher
order terms give rise to

||G1(θ ,∆x)|| ≤ M3∆xK . (B.6)

And the general term of G2(θ ,∆x) becomes,

(G2(θ ,∆x))i =
�

(K + 1)(1− θ )KC i∗ (K + 1)− (K + 1)(−θ )K
�

C i∗ (K + 1)+

∆x(K + 2)C i∗ (K + 2)
�

∆xK−1

=
�

(K + 1)(1− θ )K − (K + 1)(−θ )K
�

C i∗ (K + 1)∆xK−1 +O(∆xK).

(B.7)

Defining M4 = maxi







�

(K + 1)(1− θ )K − (K + 1)(−θ )K
�

C i∗ (K + 1)




 and neglecting
the higher order terms yield

||G2(θ ,∆x)|| ≤ M4∆xK−1. (B.8)

Since G (θ ,∆x) = G1 (θ ,∆x) + G2(θ ,∆x), taking P2 =max{M3∆x , M4} leads to the
estimate ||G(θ ,∆x)|| ≤ P2∆xK−1.
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