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ABSTRACT

DEVELOPMENT OF A NEW SPECTRAL MODELING APPROACH TO
INVESTIGATE THE DYNAMIC AND BUCKLING BEHAVIOR OF
COMPOSITE STRUCTURES

MIRMEYSAM RAFIEI ANAMAGH
Ph.D. Thesis, July 2021

Thesis Supervisor: Asst. Prof. Bekir Bediz

Keywords: Chebyshev, meshless methods, composite structures,
functionally-graded materials, carbon nanotubes, graphene nano-platelets,

vibration, buckling, design

In recent years, composite materials have become increasingly important due to
rapidly increasing applications in aerospace, civil, offshore engineering and struc-
tural systems in other modern industries. The use of composite materials in the
automotive and aerospace industry continues to become widespread due to its high
specific strength and high specific rigidity. Since, the composite structures are criti-
cal to the functional and failure characteristics of a myriad of systems, understanding
and predicting the static, buckling, and dynamic/vibration behavior of these sys-
tems is highly crucial. A composite material is obtained basically by mixing two or
more materials having different physical and/or chemical properties.

The material properties of the obtained material have different physical and chemical
properties. According to the reinforcement type, composite materials are classified
as fiber-reinforced, particle-reinforced, and laminated/sandwich composite materi-
als. Also, another category of composite materials are functionally graded materials.
Due to the flexibility of the reinforcing process using functionally graded materials, it
is possible to design and produce composite materials with desired properties along
the specific direction of the structure. Predicting the strains and stresses, buckling
instability and dynamics of composite materials is critical to the functional and fail-
ure characteristics of a myriad of systems. Furthermore, during the design stage of a
composite structure, it is necessary to perform dynamic/structural analysis for the
entire design alternatives.

Although there are many analytical /numerical modeling methods developed for com-
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posite structures in the literature, they are either for composite structures having
simple geometries (one-dimensional models such as beam or two-dimensional models
such as plates) or computationally inefficient such as finite element technique. There-
fore, in literature, there is no comprehensive modeling technique that can accurately
and efficiently calculate the deformation, buckling loads (instability), the vibrational
behavior of composite structures having arbitrary geometries under mixed boundary
conditions.

In this thesis, it is aimed to develop a new modeling technique for accurate and
efficient prediction of two-dimensional and three-dimensional vibration/dynamic be-
havior, static, and buckling behavior of composite structures and to integrate the
proposed solution approach with an optimization algorithm to determine the opti-
mum design. In the proposed modeling technique, first order deformation theory as
a two-dimensional modeling and three-dimensional elasticity equations will be used
and above-mentioned analysis will be performed using kinetic and strain energies
of the composite structure. Since the material properties of composite structures
may vary continuously/discontinuously or depend on the direction, the constitutive
relationship between strains and stresses needs to be expressed to include all the
different material properties specified. Furthermore, to simplify the domain of the
boundary value problem, necessary coordinate transformations will be derived to
transform the geometries of composite structures having variable curvature along
one or two directions. To obtain high accuracy and high computational efficiency
in the analyses, a spectral solution technique will be used incorporating Chebyshev
polynomials in discretizing the problem domain.

As a general conclusion, this research aims to present an accurate approach to
decrease the cost of analysing of composite structures with complex materials and
geometries to be a promising method for optimization studies.



OZET

KOMPOZIT YAPILARIN DINAMIK VE BURKULMA DAVRANISINI
ARASTIRMAK ICIN YENI BIR SPEKTRAL MODELLEME YAKLASIMININ
GELISTIRILMESI

MIRMEYSAM RAFIET ANAMAGH
DOCTORA TEZI, TEMMUZ 2021

Tez Danmigmani: Asst. Prof. Bekir Bediz

Anahtar Kelimeler: Chebyshev, agsiz yontemler, kompozit yapilar, fonksiyonel
olarak derecelendirilmigs malzemeler, karbon nanotiipler, grafen nano-plakalar,

titresim, burkulma, tasarim

Son yillarda, insaat, denizcilik, havacilik miihendisligi ve diger modern endiistril-
erdeki yapisal sistemlerdeki hizla artan uygulamalarindan dolayr kompozit
malzemeler giderek énem kazanmistir. Ozellikle, kompozit malzemelerin yiiksek
spesifik mukavemet ve yiiksek spesifik rijitlik benzeri tistiin 6zelliklerinden dolay:
otomotiv ve havacilik sanayiinde kullanimi giderek yayginlagmaktadir. Dolayisiyla,
bu yapilarin gerilme (yari-duragan ve dinamik kuvvetler altinda), burkulma (yapisal
kararsizlik) ve dinamik/titregim davraniglarinin modellenmesi, fonksiyonel 6zellikleri
ve performanslar1 acisindan biiytik bir 6nem arz eder.

Kompozit malzeme, temel olarak farkh fiziksel ve/veya kimyasal 6zelliklere sahip iki
veya daha fazla malzemenin karigtirilmasi/birlegtirilmesi yolu ile elde edilir. Elde
edilen malzeme, bu malzemelerden farkli fiziksel ve kimyasal ozelliklere sahiptir.
Kompozit malzemeler takviye tiiriine gore lif destekli, parcacik destekli ve katmanlh
kompozit malzemeler olmak tizere tige ayrilir. Takviye isleminin esnekliginden dolay1
istenilen saglamlik ve sertlik gibi 6zelliklere sahip kompozit malzemeler tasarlan-
abilir ve tiretilebilir. Kullanildiklar1 alanlardan dolay1 kompozit malzemelerin yapisal
kararsizlik ve dinamik davraniglarinin yiiksek hassasiyet ile bulunmasi caligma
kosullar1 altindaki davranmiglar1 ve arizalanma karakteristikleri agisindan kritik bir
o6neme sahiptir. Ayrica tasarim siirecinde ortaya ¢ikan tiim tasarim alternatiflerinin
degerlendirilmesi i¢in dinamik/yapisal analizlerinin yapilmasi ve sistem karakteris-
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tiklerinin gikarilan tiim alternatif tasarimlar i¢in belirlenmesi ve en uygun tasarimin
secilmesi gerekmektedir.

Literatiirde kompozit malzemelerin yapisal/dinamik davramglarim tahmin etmek
i¢in birgok analitik/numerik yontem olmasina ragmen, bu yontemler sadece belli
basit geometrideki (kirig benzeri bir boyutlu -1B- ya da plaka benzeri iki boyutlu
-2B-) kompozit yapilar i¢in ¢aligmaktadir ya da sonlu elemanlar teknigi gibi uygu-
lama alani genis ama oldukca zaman alici yontemlerdir. Fakat, giiniimiizde g
boyutlu kompozit yapilarim gerilme/gerinim, burkulma (yapisal kararsizlik) ve di-
namik davraniglarinin tam olarak anlagilmasini ve c¢aligmalar: esnasinda degisik di-
namik yiikler altindaki davraniglarinin incelenmesini/6n gortilmesini saglayacak sek-
ilde kapsamli, yiiksek bagarimli (hem yiiksek dogruluga hem de yiiksek hesaplama
verimliligine sahip) bir hesaplama teknigi bulunmamaktadir.

Bu tezde, kompozit yapilarin iki ve {i¢ boyutlu titresim/dinamik davraniglarmin,
burkulma davraniglarinin ve deformasyon karakteristiklerinin hizl ve yiiksek dogru-
lukla tahmini i¢in yeni bir modelleme teknigi gelistirilmesi ve bir tasarim siirecinde
optimum ozelliklere sahip kompozit yapimin bulunabilmesi amaciyla gelistirilecek
modelleme teknigi ile entegre calisabilecek optimizasyon (eniyileme) algoritmasi
tasarlanmasi amaclanmaktadir. Ongériilen modelleme tekniginde birinci dereceden
kayma deformasyon teorisi (2-B-) ve ti¢ boyutlu dogrusal olmayan elastisite denklem-
leri kullanilacak ve belirtilen analizler yapinin kinetik ve gerinim enerjis kullanilarak
gerceklegtirilecektir. Kompozit yapilarin malzeme o6zellikleri yapi icerisinde stirekli
veya stireksiz bir davranig gosterebilecegi i¢in veya yone bagl olabilecegi igin ger-
ilim ve gerinim arasinda iligkiyi igeren yapisal matris belirtilen tiim farkli malzeme
ozelliklerini icerecek sekilde ifade edilecektir. Endiistride kullanilan degisken kavisli
ve kompleks bir kesit alanina sahip olan geometrilerdeki kompozit yapilarin incelen-
mesi i¢in gerekli koordinat transformasyonlar1 tanimlanarak problemin tanimlandig:
alan basitlestirilecektir. Yapisal ve dinamik analizler i¢in elde edilecek denklemlerin
¢oziimiinde hem yiiksek dogrulugun hem de yiiksek hesaplama verimliliginin elde
edilmesi amaciyla spektral bir ¢oziim yonteminden yararlanilacak ve denklemlerin
ayriklagtirilmasinda Chebyshev polinomlar: kullanilacaktir. Geligtirilen modelleme
teknigi sonlu elemanlar yontemi kullanilarak dogrulanacaktir.

Genel bir sonug olarak, bu aragtirma, optimizasyon caligmalar: i¢in umut verici bir
yontem olarak karmasgik malzeme ve geometrilere sahip kompozit yapilarin analizinin
maliyetini digiirmeyi amaglamaktadir.
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1. INTRODUCTION

1.1 Motivation

Material science has achieved notable progress in recent years to produce novel
materials with extraordinary mechanical properties for various applications such as
aerospace, energy, and biomedical fields. In these wide range of engineering fields,
the need for lighter and stiffer materials become inescapable. Composite materials
are one of the outstanding materials that can meet the need for many cutting-edge
applications due to their high stiffness-to-weight ratio, resistance to corrosion and
thermal effects [1].

Composite materials are basically composed of two or more materials [2]. Thus,
tailoring the design (or material properties) is highly feasible [3]. However, consid-
ering the vast design space and complexity in geometry, an accurate and efficient

modeling approach is required to leverage the flexibility in design.

Therefore, the main goal of this study is to develop an accurate and computation-
ally efficient modeling approach to study and predict the behavior of composite

structures.

1.2 Composite materials

Materials have always played a major role in the development and growth of hu-
man civilization. Generally, materials can be divided into four main categories; (i)
metal, (ii) polymers, (iii) ceramics, and (iv) composites. Composite materials are
composed of the first three categories of materials. The use of composite materials
can be traced back to 4000 BC or even earlier[4]. Evidence exists on the use of
composites in ancient Japan, where the Samurais used laminated metals to make

swords[5].



The composite materials can be considered as a two-phase material that includes a
continuous phase (matrix) and a discontinuous phase (reinforcement) [2]. The role
of the matrix phase is to bind the reinforcement phase together. The reinforcement
parts are not dissolved or merged. Therefore, the constituent materials retain their
individual properties. The resultant combination of these two-phase exhibits an ef-
ficient behavior in comparison to each phase behavior merely. From the structural
and material points of view, the composite definition includes two main categories
where they can be subdivided into the several different types as shown in Fig. 1.1.

Furthermore, Table 1.1 is presented for common terms used in the composite mate-
rials field.

—» Short fiber composites

> Particulate composites

—| Phased composites [—

- Flake composites

Composite material | L Unidirectional composites

Laminated composites
L Layered composites {

Sandwich composites

Figure 1.1 Categorization of composite materials.

Table 1.1 Terminology for composite materials.

Terminology Definition
Isotropic Material properties are not dependent on directions in an isotropic material.
Anisotropic Material properties are dependent on directions.
Orthotropic Material properties that are different in three mutually perpendicular directions at a point.
Homogeneous Material has equal or same material properties in a specified direction at all points.
Nonhomogeneous | Matrial has unequal or dissimilar material properties in a specified direction at different points.
Lamina It (laminae in plural) is a single layer or ply in a laminated composite material.
Laminate It is a laminated composite structural element that is made by a number of laminae.

The first category is the phased composites in which inclusions in the form of (i)
short fibers/whiskers, (ii) particles, (iii) flakes, and (iv) continuous fibers are added
to a continuous matrix. In short fiber, particulate, and flake composites, the inclu-
sions are distributed randomly; thus the material properties are isotropic [5]. Note
that, although the material properties are isotropic, the inclusions can be added to
increase/decrease along a specified direction to create a varying material property
[5]. On the other hand, unidirectional composites include continuous fibers. Since
the strength and stiffness of the structure highly depend on the direction of the

fibers, the material property is anisotropic [5].
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The second category is the layered composites, commonly divided as laminated
and sandwich composites. The laminated composite structures include stacked
thin plies, where each ply is reinforced with unidirectional, bidirectional, or multi-
directional fibers. In the case of sandwich composites, there is a core layer (com-
monly lightweight) between two face sheets. The core material can be foam or

honeycomb type of structures [6].

The composite materials can be produced via various manufacturing processes as
presented in Fig. 1.2. Open mold processes, also referred to as contact molding
processes, are one of the most common fabrication techniques that operate as placing
either dry fabrics or prepregs on an open mold [7, 8]. The main advantage of these
processes is that the cost of tooling and equipment, and machinery is generally low.
On the other hand, in the closed mold processes, the fabrication is performed in a
closed mold as the names suggests; thus it is more expensive compared to the open
mold process. The closed molding is done by pumping the matrix part in a porous
environment which contains the fibers. Another fabrication process is continuous
molding processes that include pultrusion, winding processes, fiber placement, etc.
Winding processes are those in which continuous reinforcement in the form of either
roving or tape is deposited on a rotating mandrel. Two distinct winding processes

are in practice, filament winding and tape winding [5].

Composite parts manufacturing processes

l |

Open mold processes Closed mold processes Continuous molding
\ \
I — T
Wet Prepreg Spray-up Rosette Compréssion RTM .and Pultrusion Fi¥am.ent "I‘ap.e Fiber
lay-up lay-up lay-up molding | its variants winding | winding | placement

Figure 1.2 Manufacturing processes of composite parts.

The introduction of advanced composites has influenced almost every aspect of mod-
ern life. Today, major impacts are experienced in the aerospace/aviation, automo-
bile, naval and civil engineering application, etc. Composites have their own unique
features that enables them to be used in a wide range of applications [9, 10, 11, 12].

However, note that they have advantages as well as disadvantages as listed below:
o Advantageous:
— high strength and stiffness

— high weight-to-stiffness ratio



— high fatigue strength
— inherent material damping and good impact properties
— design flexibility
— resistance to corrosion
— near net shape part and lower part count
— cost-effective product development
o Disadvantages:
— may have low service temperature
— sensitivity to radiation and moisture
— low elastic properties in the transverse direction
— complex design and analysis
— complex mechanical characterization
— high cost of raw materials and fabrication
— difficulty in joining

A common type of (laminated) composite structures is the singly- or doubly-curved
geometries since the coupling between the membrane and bending deformations
leads to higher strength [13, 14, 15]. Thus, these structures have attracted increasing
attention leading to a wide range of applications [16]. In recent decades, compos-
ite sandwich structures have been designed and used in complicated systems such
as aerospace applications (e.g., helicopter rotor blades, large wind turbine blades,

fitting, joints and ribs, and vehicle armor).

In addition to the fabrication of thin composite shells and plates with low curvature,
thick laminates are growing to be utilized in automobile and aerospace industries to
decrease the system’s overall weight. Sandwich types of structures can be designed
with specific materials to satisfy the reduction and enhancement of the weight and
stiffness properties of the thick structures, respectively. Sandwich structures consist
of two thin and stiff face-sheets, usually the same thickness, that are separated by
a lightweight, thicker core. The face-sheets carry almost all of the bending and in-
plane loads, while the core helps stabilizing the face-sheets and defines the flexural
stiffness and out-of-plane shear and compressive behavior [17]. Generally, these

structures are subjected to dynamic loading. Therefore, it is highly crucial to obtain



high-fidelity computationally efficient models to understand their dynamic/vibration
behavior [18].

1.2.1 Functionally graded materials

The main scope of this study is on developing novel modeling approaches for
thin/thick functionally graded (FG) composites. Functionally graded materials
(FGM), a concept in composite structures that is proposed in the late twentieth
century, are heterogeneous composites made from different phases of material con-
stituents (usually ceramic and metal) [19, 20]. Depending on the volume fraction
of the material constituents that is generally described by a simple power law or an
exponential relationship, a smooth transition (variation) of material properties can
be obtained within the structure (along the gradation direction) [21, 22|. There-
fore, it is possible to mitigate the problems of the conventional laminated composite
structures such as delamination and matrix cracking problems that occur due to
the sudden change of material properties [23]. Furthermore, to achieve a desired
dynamic behavior, a tailor-made composite structure can be designed by simply
varying the gradation amount and rate along a desired direction within the domain
of the structure [23, 24, 25].

To describe the material distribution within the FGM structure along one or more
spatial directions, there are two common approaches: (i) Mori-Tanaka Method
[21, 22, 26] or (ii) the theory of mixtures [14, 27]. In the theory of mixtures method,
the material properties of the composite structure is found as a linear combination of
the constitute materials based on their volumetric ratios. Various models are based
on the thoery of mixture such as Rule of mixture (ROM) [28], Chamis (Ch) [29],
Halpin-Tsai (HT) [30], Modified rule of mixture (ROMm)[31]. In the Mori-Tanaka
approach the material properties are found using Eshelby’s elasticity solution us-
ing the eigenstrain concept [32] where the idea is to establish an average behavior
defined from fiber and matrix behaviors. To find the volumetric fractions for both
techniques, different methods such as four parameter power law and Weibull distri-

butions are used in literature [14, 33].

As aforementioned, FGMs are fabricated generally using metals and ceramics as
in particulate composites (see Fig. 1.1). However, it is possible to obtain a vary-
ing material property through various approaches such as the inclusion of short
fibers/whiskers (e.g. carbon nanotubes - CNTs) and flake composites (e.g. graphene
nano-platelets - GPLs) [34].



1.2.1.1 Porous media

Porous (cellular) materials, such as metal foams, are one of the recent composite
materials [35, 36]. The porosity distribution in the structure can be engineered
to offer distinct properties such as weight reduction, energy absorption, and bio-
compatibility; thereby enabling these materials to be used in diverse applications in
aerospace, automobile, civil industries, and bio-engineering fields [37, 35]. Although,
there has been a lot of attention to these materials in recent years, mainly mate-
rials having uniform or random porosity distributions are used. However, above-
mentioned distinct properties highly depend on the porosity distribution, and ran-
dom porosity distributions may have problems such as mismatch of mechanical prop-
erties. To better control the associated material properties of the porous structures,
a smooth (7.e. functionally graded - FG) distribution can be utilized [38, 39, 40].

Although, the porosity in the structure can be tailored to achieve an FGM property
and meet the design requirements, effective stiffness of the material is significantly
compromised due to the presence of pores [41]. To overcome this reduction in
stiffness without increasing the weight of the material, one common approach is
to reinforce the material with nanofillers [42, 43, 44]. In this regard, due to the
remarkable mechanical and stability characteristics, carbon nanotubes (CNTs) have
been widely used as reinforcement material [45, 46]. More recently, instead of CN'Ts,
platelets that include few layers of graphene (graphene platelets - GPLs) have been
introduced as a reinforcement material. It has been reported that compared to
CNTs, due to the increased interaction between the surfaces of GPLs and the matrix

material, GPLs showed better mechanical enhancement [42, 47, 48].

1.2.1.2 Carbon nanotubes

Carbon nanotubes (CNTs) have been widely used as a reinforcement material due to
their extraordinary mechanical and stability characteristics (high strength, high stiff-
ness, and high aspect ratio but very low density) [49]. Carbon nanotubes can be pro-
duced in two different configuration: (i) single-walled carbon nanotube (SWCNT)
[50, 51] and (ii) multi-walled carbon nanotube (MWCNT). Single-walled carbon
nanotubes are fabricated by rolling a graphene sheet as a cylindrical shaped particle
with 1 nm diameter, where the MWCNTs are fabricated as an array of concentric

cylinders with an interlayer spacing of 3.4 nm [52].

Until recently, scientists mostly research on the traditional fiber fillers. These con-
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ventional fibers have an impressive ultimate and yield stresses properties with a
range of 230-725 G Pa and 1.5-4.8 G Pa, respectively [53]. The carbon nanotubes
with a diameter of between 1 to 100 nm and a length in the order of millimeters pro-
vide superior mechanical properties compared to the traditional fibers; for instance
the Young’s Modulus exceeds 1 T'Pa. Thus, they act as the leader type of carbon
fibers [54] and an excellent candidate to be used in . FGMs. Functionally graded
CNTs (FGCNTs) as an advanced type of FGM can also be engineered to achieve

the desired behavior in a preferred direction.

The FGCNTs were presented by Shen [55] for the first time with an isotropic material
property. After Shen’s study, it can be seen that there is an extraordinary interest
on FGCNT materials [56]. After Shen’s study, a large body of literature is devoted
to the advantages of using CNTs to enhance the dynamic and static behavior of
composite structures. Investigations demonstrate that utilizing a meager percentage
of the weight of CN'Ts compared to the matrix part of the composite has a remarkable
effect in improving the performance of the structure [57, 58, 59, 60, 61]. Thostenson
and Chou [62] show that using CNTs, the tensile modulus, yield strength, and
ultimate strength of the structure increases significantly. Also, they concluded that
the improvement of elastic modulus with the aligned CN'Ts is five times greater
than the improvement of the randomly oriented CNTs. Zhu. et al. [63] considered
the various distribution type of CN'Ts along with the thickness of the structure and
show that the volume fraction distribution of CNTs has a major role in changing the
natural frequencies and mode shapes of the moderately thick structure. Aragh et al.
[64] studied different distribution of CNTs and geometry parameters and their results
indicate that the symmetric distribution of CNTs enhances the dynamic behavior

more effectively than the uniform distribution of CNTs.

Considering the mentioned extraordinary properties of FGCNTs, they are a promis-
ing candidate to be used in the face-sheet and core layers of a sandwich structure to
strengthen the weak structures such as honeycomb type of structures. In practice,
sandwich structures include a core layer, usually composed of foam materials [65]
or lattice materials [66]. In this regard, the advantage of the foam type of layer is
to have a continuous form, leading to a continuous connection to the face-sheets.
Nevertheless, the foam structures have low stiffness and strength. In contrast, the
lattice material such as honeycomb types possesses high stiffness and strength due
to their strong nodal connectivity [67]. Due to the high out-of-plane stiffness, lon-
gitudinal shear strength, and ultra-low density characteristics of honeycombs, they
are considered a viable solution for aerospace engineering application [68]. To over-
come the honeycomb’s weakness in the in-plane stiffness, the CNT face-sheets can

be used.



1.2.1.3 Graphene platelets

Functionally graded graphene platelets (GPL) reinforced porous composite materials
are a relatively new concept and have attracted immense attention since it can be
widely used in many engineering applications. Thus, it is highly critical to develop
novel modeling approaches to accurately and efficiently predict their mechanical
and dynamic behavior. Although, there are many studies regarding modeling of
the conventional composite materials, the computational modeling studies of GPL
reinforced FG porous composites are still limited. The studies in the literature can
be divided into two categories as beams and plates/shells depending on the domain

of the problem.

Among the recent studies on the GPL reinforced FG porous material (FGPM-GPL)
composites, the majority of the literature are devoted to investigate the bending
and dynamic behavior of structures using beam based theories. Kitipornchai et al.
[42] employed the Timoshenko beam theory with the Ritz approach to obtain the
natural frequencies and critical buckling loads of nano composite beams. Then,
buckling and post-buckling behavior of functionally graded multilayer beams rein-
forced with randomly oriented GPLs was studied by Yang et al. [69]. In this study,
the first order shear deformation theory (FSDT) was used to express the kinematic
relations and the numerical solution was performed using the differential quadrature
method (DQM). They concluded that introducing even a low percentage of GPLs
into the matrix material enables the composite structure to have stiffer behavior.
The post-buckling behavior was also studied by Kiani and Mirzaei [70] for laminated
beams reinforced with the GPLs using the von Karman type of strain displacement
relations and including the temperature effects. In a recent work done by Gana-
pathi et al. [71], the vibrational behavior of curved FG porous beams with GPLs
by employing the trigonometric shear deformation theory and considering thickness
stretching effect was studied. The Navier’s method is applied to solve the derived
equations and the results showed that porosity distribution over the thickness result
in variation of natural frequencies. Apart from predicting the natural frequencies
and buckling loads, dynamic stability is another important issue. Liu et al. [72]
studied the stability of FG porous arches reinforced with graphene platelets (GPLs)
analytically. Later, Zhao et al. [48] conducted the instability analysis using the clas-
sical Euler—Bernoulli theory and Galerkin approach. They investigated the dynamic
instability using the Bolotin method. The dynamic buckling analysis of FGPM-GPL
plates were investigated by Li et al. [73]. They concluded that the porosity and
GPLs distributions have a significant effect on the stiffness of the plate. The dy-
namic behavior and stability of the FGPM-GPL plates under dynamic/aerodynamic
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loads were also investigated [74, 75]. It was concluded that increasing the percentage

of GPLs in the structure increases the resonance frequencies.

1.3 Modeling approaches of composite structures

To model composite structures, researchers use either two-dimensional (2D) or three-
dimensional (3D) modeling approaches based on the geometry of structure such as
thickness ratio and curvature amount. It should be noticed that there is not a
straightforward conclusion to choose a 2D or 3D approach. However, using an
appropriate approach can help to decrease the cost of computation. Furthermore,
using an approach that enables to predict strains and stresses at any location of
the structure is a critical issue [76]. Therefore, in this section, an overview of the

common 2D and 3D modeling approaches is presented.

1.3.1 Two-dimensional approaches

Due to the wide range of applications, plate/shell type of composite structures have
also attracted considerable attention due to their load carrying capabilities. Ma-
jority of the studies based on different 2D analytical and numerical methods are
listed in the review articles of Gibson et al. [77], Liew et al. [54], and Swaminathan
et al. [19]; however only the significant and recent relevant works are listed here
for the sake of completeness. These studies can be classified according to the or-
der of the shear deformation mechanism that is followed, such as Kirchhoff-Love
(classical) plate theory (CPT) [78, 79, 80, 81, 82|, Mindlin plate (first order shear
deformation theory — FSDT) theory [81, 83, 84, 85], or higher-order shear defor-
mation theories (HSDT) [86, 87]. The classical theory that follows Kirchhoff-Love
assumptions is only suitable for thin plates and shells as it neglects the effects of
the shear deformation [88, 89, 90, 91, 92]. To overcome the limitations of the clas-
sical plate theory, Mindlin or higher order shear theories are utilized. For instance,
in Tornabene et al’s work [93, 94], the dynamics of the doubly-curved plate is ana-
lyzed using FSDT where the solution is performed using the Generalized Differential
Quadrature (GQD) method.

To overcome the inadequacies of the plate theories (arising from the restricting as-
sumptions for the deformation kinematics) and also to increase their computational

efficiency, attempts were made to modify the plate/shell theories to accurately and



efficiently capture the dynamics of composites and also to construct a general mod-
eling approach. For instance, Tornabene et al. [16, 86| overcome the inadequacies of
the plate theory in the case of zig-zag effects [95] and analyzed the dynamics of lam-
inated doubly-curved structures including plate geometries with arbitrarily shaped
in-plane geometries [16] and varying thickness [86]. Another important modeling
approach that can overcome the limitations in deformation kinematics is to use
meshless methods such as unified formulation (UF) where the displacement field
is written by approximating functions; and the solution can be performed using
collation methods or generalized differential quadrature (GDQ) method [96, 97].
The GQD method is one of the common approaches used in the literature due to
its simplicity and versatility [98]. However, the derivative and integral operations
are performed numerically in the GQD technique; thereby, the selected basis func-
tions and the sampling scheme highly effect the precision of the results. To analyze
the arbitrarily shaped composite plates, in some recent studies, a unified modeling
approach such as integration of NURBS or isogeometric modeling or conventional
mapping approach commonly used in finite element method to plate modeling equa-
tions is followed [99, 100, 101, 102, 43]. This method enables accurately capturing
the geometry of the structure and achieving more controllable continuity across

elements.

As stated above, computational duration is another important factor of the devel-
oped modeling techniques. Thai et al. [100] and Khiloun et al. [103] used a re-
fined plate model and thus decreased the total number of degrees of freedom of the
structure. Another common approach to increase the computational efficiency is to
select fast converging orthogonal polynomials in the solution approach. To achieve
this, Fourier series or Chebyshev (Tchebychev) polynomials are selected since they
present exponential convergence characteristics [104, 105, 106, 107]. Furthermore,
spectral /meshless methods lead to lower number of degrees of freedom; since these
methods uses basis functions that are non-zero over the whole domain, they enable
accurate and computationally efficient prediction of the mechanical and dynamic

behavior [108, 107, 109].

Despite that the mentioned plate theories can predict the accurate behavior of the
thin structures, they have a critical weakness in the study of thick structures, espe-
cially when the material properties have a smooth variation through the thickness
[110]. Demasi [111] studied the static behavior of a laminated structure using two
dimensional, quasi-three dimensional, and exact three dimensional. He concluded
that by increasing the thickness of layers, the accuracy of the two-dimensional ap-
proach is decreased. For the moderately thick structures, proportional types of plate

theories should be selected among various types of theories. Also, he demonstrated
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the high accuracy of layer-wise modeling of laminated structures. Using a simplified
formulation of plate theories indicates that they lack accuracy in analyzing the free
vibrations [112]. Furthermore, in the case of sandwich structures, the discontinuity
between the face-sheets and the core layer with different material properties carried
another difficulty for the shell/plate theories [113].

1.3.2 Three-dimensional approaches

Although, there is a large body of literature on 2D (plate and shell) methods to
understand the dynamics of composite structure, there are only a few studies on
fully 3D methods due to the difficulties in the modeling process [19]. However,
3D methods lead to higher accuracy and also automatically eliminates the need to
make the restricting assumptions for the deformation kinematics of the structure
as in most of the 2D approaches [114, 115, 116]. In this regard, various HSDT
with refinement parameters and quasi-3D theories are presented to catch the thick
structure’s behavior, especially the transverse deformation of the structure as close as
possible to the 3D solution. However, the mentioned approaches are highly affected
by geometry’s complexity, such as change of thickness and radius of curvature. Also,
deriving the analytical or numerical solutions of these approaches need too much
effort.

As a part of the engineering process, the empirical stage of testing the study can
increase the cost due to the repetition of the test process to evaluate the analyzing
method, especially if the study is accomplished for the cases with plastic defor-
mations such as impact or buckling analysis. Hence, it is necessary to improve
an accurate and sufficient three-dimensional method to minimize the development

costs.

In recent years, it can be seen that literature have been more devoted to using
three-dimensional approaches to model and predict the behavior of thick struc-
tures. Farid et al.[117] studied a thick and functionally graded curved panel using
the three-dimensional elasticity formulation. They used a hybrid semi-analytic-
differential quadrature method to solve the problem with the series based expansion
of displacement components[117]. In another work done by Malekzadeh, the men-
tioned method is employed to study the free vibration of a functionally graded
structure(FGM) [118]. Liu et al. [119] used the 3D elasticity approach to investi-
gate the static and vibration behavior of a structure reinforced with CNTs. In this
study, the state-space-based differential quadrature method is employed to solve the
equation of motion for an annular-shaped structure. Malekzadeh and Heydarpour
11



[120] utilized 3D elasticity to investigate the static and free vibration behavior of a
laminated composite structure reinforced with CNTs. A semi-analytical approach
composed of the layer-wise differential quadrature method and the series solution
was employed to model the 3D variations of the displacement components accu-
rately. Alibegloo et al. [121, 122] study the static and vibrational behavior of CNT
reinforced type of laminated structure using 3D elasticity equation and Fourier se-
ries expansion approach. In another research, Albeigloo et al. [121, 123] apply the
3D elasticity approach to the FGM sandwich structures where the face-sheets are
the soft materials. They carried out the static and vibration analysis by employing

the differential quadrature approach and the Fourier series expansion method.

The main disadvantage of using three-dimensional solution of thick structures is the
computational time. As a part of the author’s knowledge, advances in computer
sciences and using new meshless methods integrated with mathematical science can
be part of investigations of the engineering field to overcome the computational
weakness of the 3D solution methods. In deriving the BVP, 3D elasticity equa-
tions are used; and the solutions are carried out using techniques such as spectral
element method (SEM), differential quadrature method (DQM), or quadrature ele-
ment method (QEM) [85, 124, 125]. Although, they are computationally efficient,
they suffer due to the difficulty in selecting proper basis/trial functions that needs to
be determined for each different geometry and boundary conditions (thus, the solu-
tions can only be performed for certain simple geometries and boundary conditions),
and the necessity to use special numerical algorithms to calculate the derivative and

integral operations.

One of the most common method that is used in literature to model the dynamics
(vibration behavior) of composite structures is finite-element (FE) methods [19, 126,
127]. The FE technique uses weak formulation of the boundary value problem (BVP)
and requires an arduous effort to obtain a suitable mesh of the investigated structure.
If 3D elements are used, this technique enables accurate prediction of deformations
within the structure, natural frequencies, and mode shapes, even for FGM structures
having complex geometries and material distributions. Although finite element (FE)
based methods are the prevailing approach to analyze mechanical /dynamic behavior
of structures, it has several drawbacks: (i) when the material gradation rate is rapid
along one or more directions, obtaining a converged result requires a significant
amount of computational cost; (ii) when the investigated structure has complex
geometry (for instance sharp edges), it is required to perform h-refinement or p-
refinement techniques to achieve accurate results. Both of the refinement techniques
increases the size of the system matrices, leading to a decrease in the computational

efficiency. Consequently, researches aim to develop more computationally efficient
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techniques. However, computational efficiency is the main problem of FE approach.
Especially time domain response simulations and harmonic solutions lead to overlong

simulation duration.

1.4 Design of composite structures

Due to the flexibility in composite fabrication, the material properties and/or the
geometry of the structure can be tailored to meet the design requirements. The
process of finding the best possible design is called optimization. In the modern
era, optimization is one of the most crucial issues associated with engineering de-
signs. Weight reduction, utilizing less expensive materials, increasing the strength,
reducing the number of prototype fabrication and testing have always been sought
in designing different mechanical structures. As a result, there are many optimiza-
tion studies conducted on composite structures, that are focused on developing new
optimization algorithms and/or on implementing new design variables, objective
functions, and/or constraints. A great insight into optimization of composite struc-
tures can be achieved by probing these two areas individually and/or combining

them comprehensively.

Commonly, the objectives of most of the studies in literature are either maximiz-
ing the critical buckling load [128], minimizing the weight [129], maximizing the
fundamental frequency [130], minimizing the coefficient of thermal expansion and
maximizing the elasticity modulus [131] or combination of them, where the design

variables can be defined as stacking sequence of layers and fiber orientations.

From the literature, it can be concluded that the design studies related to the sand-
wich structures with accurate solutions need more and comprehensive investigations.
Setoodeh and Shojaei accomplished an optimization study to obtain optimum CNTs
orientations for maximizing the buckling critical force [132]. They performed the op-
timization using Genetic algorithms. Vo-Duy et al. [133] conducted an optimization
of natural frequencies of the structure by designing the CNTs orientations. Adap-
tive Elicit Differential Evolution Algorithm (AEDEA) is developed by authors to be
used in the optimization process. In the reviewed literature, the CNTs orientations
are designed for one layer or for a laminated structure. However, majority of the
studies focused on dynamic or static behavior optimizations of sandwich structures
are conducted for FGM structures. The materials volume, thickness, and distribu-
tion types of FGM are the main design variables of these studies [134, 135, 136].

The literature reviews show a lack of research on the design of sandwich structures
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via a 3D modeling approach.

1.5 Objectives

In this thesis, it is aimed to develop a new modeling technique for accurate and
efficient prediction of two-dimensional and three-dimensional vibration/dynamic be-
havior, static, and buckling behavior of composite structures and to integrate the
proposed solution approach with an optimization algorithm to determine the op-
timum design. In the proposed modeling technique, first order shear deformation
theory for two-dimensional modeling and three-dimensional elasticity equations will
be used and above-mentioned analyses will be performed using kinetic and strain
energies of the composite structure. Since the material properties of composite
structures may vary continuously /discontinuously or depend on the direction, the
constitutive relationship between strains and stresses needs to be expressed to in-
clude all the different material properties specified. Furthermore, to simplify the
domain of the boundary value problem, necessary coordinate transformations will
be derived to transform the geometries of composite structures having variable cur-
vature along one or two directions. To obtain high accuracy and high computational
efficiency in the analyses, a spectral solution technique will be used incorporating
Chebyshev polynomials in discretizing the problem domain. The accuracy/precision
of developed modeling technique will be validated comparing the results to those

obtained through finite element method.

1.6 Thesis organization

The thesis outline is as follows:

The second chapter presents the problem definitions and describes the cases to be
analyzed. In this chapter, the material definitions for various types of materials are
explained. Since complex geometries are considered, a coordinate transformation is
presented to simplify the problem domain. Finally, the 2D and 3D integral boundary

value problems are derived to obtain the governing equations.

The third chapter is devoted to developed spectral method based on Chebyshev
polynomials to solve the integral boundary value problem. The main elements of

the spectral-Chebyshev(ST) approach includes discretization, differentiation and in-
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tegral operations. Furthermore, basis recombination approach is described to couple

different composite structures and to impose (essential) boundary conditions.

The presented approach is validated and examined in chapter four through various
problems defined in chapter two. This chapter includes the vibration, buckling, and
static analysis of composite structures. Also, a design study is accomplished for the

sandwich structure to obtain an optimized displacement and natural frequency.

In the last chapter, a general conclusion regarding the performance of the developed
modeling approach is presented. Furthermore, possible future studies are high-

lighted. The flowchart of thesis is presented in Fig. 1.3.
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2.  PROBLEM DEFINITION

2.1 Plate contains graphene platelets and porous media

2.1.1 Boundary value problem

In this study, a multilayer plate model as depicted in Fig. 2.1 is used where the
displacement fields are defined based on the first-order shear deformation theory
(FSDT) as follows

'U(ZL',y,Z,t) U0($,y,t)+2¢y(l‘,y,t) (21)
w(z,y, z,t) = wo(z,y,t)

Here, ug, vy, and wq indicate the displacements on the neutral surface along z, y,
and z directions, respectively; ¢, and ¢, represent the rotational movements on

x —z and y — z planes, respectively.

Figure 2.1 Schematic of a multilayer plate.

16



Considering linear strains, the strain-displacement relations can be written in matrix

form as:
€rx 8% 0 0 za% 0 ug
0 0
ny O @ 0 0 Z% Vo
_ 10 0 0 0
€y (= oy oz O Z3; Zaz||wo (2.2)
€= 00 2 1 0||¢a
€yz (0 0 8% 0 1] |y
———
B q

where B is the differential operator matrix and q is the displacement vector. The
strain field can also be used to obtain the stresses in the structure using the con-
stitutive matrix, C, as o = Ce. Therefore, using the stresses and the strains, the

strain energy can be expressed as
E, = 1/ LodV = 1/ [a"BTCBadzd4 (2.3)
b 248 2.4 '

The kinetic energy for the plate can be written as

1000 0
1 0100 0
Ekzi/A/qu 001 0 0|gdeda (2.4)
000 22 0
_000 22_
by

where p is the density and ¢ represent the velocity terms. Lastly, the work done

by in-plane stresses (Ng; and Ny,) can be expressed as
1 8w0 2 8’(1)0 2
W= o |V () +3n(55)

Inserting Eqgs. (2.3)-(2.5) into Hamilton’s equation, the system matrices can be de-

av (2.5)
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rived as

_ TpT
K—/A/q BTCBéqdzdA (2.6)

o .. T
M—/A/q pY 6qdzdA (2.7)
ow,\ T 0
Kg = a Nxa: a_ [2)
o fof | () e (om)
ow,\T 0
%) N, | —bw,
+< oy > v (8y5w )

where M, K and Kg are the mass, elastic stiffness, and geometric stiffness matri-

dzdA (2.8)

ces, respectively. Therefore, to determine the free vibration behavior, the following

eigenvalue problem needs to be solved
[K—W2M}l/) —0 (2.9)

where w and 1 represent the natural frequencies and mode shapes of the investigated
structure. In the case of (elastic) buckling, the critical buckling load (\) can be found

solving the following eigenvalue problem,

BK—KGP =0 (2.10)

2.1.2 Porosity distributions

Figure 2.2 illustrates the symmetric and uniform porosity distributions. The ma-
terials properties corresponding to symmetric porosity distribution can be found

as

(2)[1 —epcos(mz/h)]
G(z) =G (2)[1 —egcos(mz/h)] (2.11)
p(2) = p* (o)1 — emcos(mz/ )]
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Similarly, for the uniform porosity distribution, the material properties can be cal-

culated as

E(z) = E*(2)a
G(z) =G"(2)x (2.12)
p(z) =p"(2)o

where E(z), G(z), and p(z) defines the variation Young’s Modulus, shear modulus,
and density of the porous plates along the thickness direction; E*(z), G*(z), and
p*(z) are the materials properties corresponding to the non-porous case; eg and e,
present the porosity coefficients of distribution and mass density, respectively; o and

o' are the coefficients for uniform distribution.

z
h/zml\
Material Property
th2
_____ /24
{ Material Property
: gccosrscciiiiim h2,
(b)

Figure 2.2 (a) Symmetric and (b) uniform porosity distributions along the
thickness direction.

Porosity coefficient, ey can be calculated as
eo=1—F1/E> (2.13)

where Fp and Es represent the maximum and minimum values of the Young’s mod-
ulus of the porous plate. The porosity coefficient is proportional to the size and
density of pores. As shown in Eqgs. (2.11) and (2.12), as the porosity increases, the

material properties diminish. The relation between ey and e, is defined as

em=1—v1—eg (2.14)

Based on the porosity coefficient, o can be calculated using the theory for open-cell
19



metal foams:

h/2 h/2
/0 Vadz = /0 \/1 —eg cos(mz/h)dz (2.15)

As stated above, the effective stiffness of the material is compromised due to the
porosity; thus nanofillers such as CN'Ts and GPLs can be introduced to improve the

strength without a significant increase in the overall weight.

2.1.3 Reinforcing with randomly oriented GPLs

Graphene nanoplatelets (GPLs) are a type of 2D nanofillers that are basically stacks
of graphene sheets. In this study, two different distributions for randomly oriented
GPL reinforcements are considered as shown in Fig. 2.3. The material properties
along the thickness vary and they can be obtained following the Halpin-Tsai mi-

cromechanics model as follows [137, 48];

GPL, GPL
E*(z) r 3 <1+<L ng VGPL(Z)) Em

8 1—nFP Vapr,(2)
5 14 GPL GPLV P
oLt i GrL(a)y g (2.16)
8" 1—ny ~VapL(?)
v (2) = vapLVapL(2) +vmVin(2) (2.17)
p*(2) = papLVGPL(2) + pm Vin(2) (2.18)

where E,,, pm and v, are the elasticity modulus, density, and Poisson’s ratio of
matrix material; pgpr, and vgpr, are the density and Poisson’s ratio of GPL, re-
spectively; Vapr(z) and V,(2) are the volume of the constituent materials along z
direction; CSPL, Q%/PL, ng'PL and n%/PL represent the geometric parameters of the
GPLs that are defined as;

(¢ = 2lgpr/tapL (2.19)

G " = 2wapL/tapL (2.20)
E E.

nt = (1o ) (1 ) (2.21)
GPL GPL
E E.

it = (1- ) (1 ) (2.22)
GPL GPL

Here, lgp1,, tgp1, and wgpr, represents the length, thickness and width of GPLs, and
Eqpy, is the elasticity modulus of GPLs. The GPL distributions along the thickness
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Figure 2.3 (a) Symmetric and (b) uniform configurations of randomly oriented
nanofillers.

corresponding to each distribution, shown in Fig. 2.3, can be found as follows:

Pattern A: Vgpr(z) = Ax [1 — cos (Wz/h)] (2.23)
Pattern B: Vgpr, = As (2.24)

where A; and A can be determined by calculating the total volume of GPLs (VJ3})

in whole structure as

Acrr
Vgt — 2.25
GPL ™ Aapr + (papr/pm)(1— Agp) (225)
>i1pi/pt
A = Tot - J (2.26)
GPL i1(L—cos(mz;/h)) p(zj)/p*
Ay = Vg L1 (2.27)

i1 p(z5)/p*

where Aqpy, is the weight fraction of GPLs in the plate.

2.2 Laminated structure with functionally graded materials

2.2.1 Structure model

The schematic of a doubly-curved 3D structure having an arbitrary geometry is
depicted in Fig. 2.4. Here, z-y-z is the global (inertial) coordinate frame of reference;
B(z,y,z) defines the boundary of the 3D structure; and R;(6;) and Ry(62) are the

vectors that define curvatures around x and y axes, respectively.
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physical
coordinates

Figure 2.4 Schematic of a doubly-curved laminated composite structure having an
arbitrary curved (in-plane) geometry.

To obtain the integral boundary value problem (IBVP) that governs the dynamics
of the laminated structures, extended Hamilton’s principle is used. Therefore, the
IBVP can be derived as;

/V<PfiTq+qTIB%TCIB3q> dV:/ququV. (2.28)

Here, p is the density as a function of spatial variables (z, y, and z), q = {u;v;w} is
the deflection vector, B is the differential operator matrix that relates the displace-
ments (deflections) to strains (¢ =Bq), C is the constitutive matrix (o = Ce), and
fy is the non-conservative forces acting on the structure. Note that the IBVP defined
by Eq. (2.28) seems straightforward to solve; however since the integral operation
includes varying functions (due to the varying material properties) and is defined
over a complicated domain (doubly curved structure with arbitrary geometry), the

solution of the IBVP poses significant challenges.

2.2.2 Domain simplification: Coordinate transformations

To address the aforementioned challenges/complexities, in the first step, the domain
of the problem is simplified using coordinate transformations and cross-section map-
ping. Figure 2.5 depicts the flowchart of the domain simplification process. The
process starts with mapping the curved geometry onto a straight geometry using
two translating (local) coordinate frames, 2/-y/-2" and z”-y”-2" that curl with the

curvature around = and y axes (see Fig. 2.5(a)-(c)). Thus, using two rotational
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transformation matrices consecutively, as follows

T '

— Ty Rysin(6;) (2.29)
2 27— Ry [1 — cos(@l)}
x Ry sin(6y)
y V=T, Y (2.30)
2! 2" — R, {1 — 008(92)]

the doubly curved geometry in Fig. 2.5(a) can be transformed into a straight ge-
ometry as depicted in Fig. 2.5(c). Here, Tx and Ty are the rotational transfor-
mation matrices around z and y axes, respectively; 6;, is the angle associated with
the amount of curvature at any particular location. For instance, considering the
rotation around z axis, the angle, #; at any particular location (z') is equal to
01 = 2w By’ /L,, where (3 is the curvature rate that quantities the fraction of full rev-
olution. Therefore, it is possible to relate the coordinates of the straight geometry

to the coordinates of the curved geometry through the Jacobian matrix, JC€°o™M,
dzdydz = |.]IC00rM‘ dx”dy”dz" (2'31)

where the Jacobian matrix includes the mathematical relationship of the derivatives
of Egs. (2.29)-(2.30) with respect to the coordinates of the straight geometry. Sec-
ondly, the complex geometry is mapped onto a simple rectangular geometry defined
by the coordinates (£ and 1) using one-to-one cross-section mapping approach [107].
The main steps of the procedure shown in Fig. 2.5(c)-(d) are depicted in Fig. 2.6. To
obtain the Jacobian of this cross-section mapping, a polynomial approach is used.
In this approach, first, the complex domain defined by z” and 3" coordinates are
discretized; where the number of mapping points are determined based on the order
of the mapping functions [138]. Then, a shape function is derived for each mapping
point such that the value of the shape function is unity for the corresponding point

and zero for all other mapping points.
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Figure 2.5 Coordinate transformation applied to simplify the primary model: (a)
doubly-curved structure with arbitrary geometry, (b) singly-curved structure with
arbitrary geometry, (c) straight structure with arbitrary geometry, and (d)
straight parallelepiped.
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Figure 2.6 Cross-section mapping of arbitrary (in-plane) geometry to a square
cross-section.

Using the shape functions defined for the mapping points, the derivatives of these
functions respect to the coordinates (£ and 7) in the simplified domain can be calcu-
lated to determine the Jacobian matrix, JE™M  that relates the physical coordinates

(z” and y") to the mapped coordinates (£ and 7) as follows

0 > CrossM 1o
b= 3 <Jij ) G (2.32)

i=1
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where ¢ and € represent the physical domain and mapped domain coordinates, re-

spectively.

Finally, using the Jacobian of the coordinate transformations defined by Eqs. (2.29)-
(2.30) and the Jacobian of cross-section mapping, the physical coordinates of the

original doubly-curved structure can be related to the mapped coordinates (¢ and

1)

dzdydz = [JOrossM)  gCoorM) qe dp d¢ (2.33)
J

Note that this mathematical relationship increases the computational complexity of
the problem; however, more importantly, it simplifies the domain of the IBVP and

the calculation of the integral operations given by Eq. (2.28).

2.2.3 Functionally graded materials

Another challenge aforementioned above is the variation of the material proper-
ties within the 3D structure. The material distribution can be defined three-
dimensionally; however in this study, uni-directional (that the material gradation is

only along the one direction) case is considered.

The varying material properties (such as density, Young’s Modulus, etc.) in FGM
structures are based on the volume fraction distributions and thereby the properties
of the constituent materials. In literature, two common approaches are used to
model the varying material properties: (i) Mori-Tanaka [26, 139] and (ii) theory
of mixtures [14, 83]. For both methods, first, the volume fraction of the material
constituents needs to be calculated using methods such as power law or exponential
methods. In this study, the volume fractions for an FGM having uni-directional

material gradation are calculated using the power law approach as

p
Vely,2) = (;+Z) (2.34)
Vin(y,2) =1-Ve (2.35)

where V. is the volume fraction of the particulate phase (added material) and V,,, is
the volume fraction of the matrix phase; p is the gradation parameter along the z
axis.

Based on the volume fractions, the varying material properties can be calculated
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using either the Mori-Tanaka method or theory of mixture. In the method of theory
of mixture, the material property of the FGM structure is basically the linear com-
bination of the mechanical properties of the constituent materials [14]. However,
for the Mori-Tanaka method, the effective material properties are found using the
effective local bulk and shear moduli of the FGM calculated using the technique
described in [21, 107].

2.3 Sandwich structure with carbon nanotube face-sheets and honeycomb

core

2.3.1 Model development

The schematic of the (curved) sandwich-structured composite is depicted in Fig. 2.7.
A hexagonal type of honeycomb layer, having a thickness of h,,, is used as the core
layer (see Fig. 2.7(b) with detailed geometry properties of the hexagonal type of
honeycomb structure); and the top and bottom layers (i.e. face-sheets), having
a thickness of h,, are composed of a porous matrix reinforced with CNTs. The
curvature of the structure is defined by either the radius of curvature (R) that is
measured from the mid-plane of the structure or angle of the curvature (©). The
curvature amount (f3), that quantifies the number (or fraction) of full revolution
along the specified direction, can be defined to calculate the curvature radius as
R = L/(2nf3) where L is the length of the structure along x or y axis. Lastly, a
distributed line force (F') is applied on the edge of the top layer along (—z) direction
as shown in Fig. 2.7a. It should be noticed that the domain of this structure is

simplified using the transformation approach described in section. 2.2.2.

2.3.2 Material definition

2.3.2.1 Honeycomb

In this study, the hexagonal honeycomb structure with double thickness walls as

depicted in Fig. 2.7(b) is used as the core layer of the sandwich-structured composite.
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Figure 2.7 (a) Schematic of the sandwich-structured composite with
CNT-reinforced face-sheets and a honeycomb core. (b) Detailed geometry of the
hexagonal type of honeycomb structure.

Based on the study of Kelsey et al. [140], out-of-plane shear stiffness and density

values can be obtained as;

0 cosp
ik 9.
Gi3 1+Sm(st (2.36)
26
= 2.37
P (1+Sing0)cos<,0'05 (2.37)

where ¢ is the ratio of thickness to the length of hexagonal geometry (t/1), ¢ is
the honeycomb angle, G5 and ps are the shear and density of the honeycomb ma-
terial, respectively. In continue, Sun et al. purpose that the direct stiffness of the
honeycomb core is proportional to its density [141] and can be presented as;

20

E33 = Ey 2.
53 (1+sing)cosp (2.38)
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Also, Klintworth and Strong [142] present the equations to obtain the elasticity

modulus in other directions;

53 cosp
E = E 2.39
1 (1+sing)sin®p " (2.39)
§3(1 +sin
Fay = WES (2.40)
63 (1 +si
Gy = TULTSP) C;S;n ?) (2.41)

where FEg is the hexagonal honeycomb core elasticity modulus. The accurate in-
plane poisson’s ratio is a function of hexagonal honeycomb core poisson’s ratio (vs)

presented by Scarp and Tomlinson [143] as;

2 2
R~ (1+ (S:ionsgoc)psingo 14+ (122 :—114;/31—1?2252 g0)52] (242)
Grediac approximates the other out-of-plane shear modulus [144];

Gas = mw.?g?(liggiw 2) 5G, (2.43)

Also, Zhang and Ashby calculated the out-of-plane poisson’s ratios as [145];
V3] = /39 = U (2.44)
Vi3 = g;ugl ~0 (2.45)
Vo3 = gzygg ~ (2.46)

2.3.2.2 Face-sheets

In this section, porosity and CNTs distributions along the thickness of the face-sheets

and honeycomb type of structure are described. Four different CNTs distributions

28



along the thickness of the face-sheets are used as shown in Fig. 2.8;

Vent = Ve UD
Vant = (1422, FG -V

h
v —o1 22y pa_o
cnt — ( h ) cnt
zZ
Vo = (12 vz, PO x

(2.47)

where Vont defines the contained volume of CNTs in thicknesses direction and Vg
is the total volume contained of CNTs in each layer;

WCNT
weNT + (PONT/ Pm) — (PONT/ Pm)WENT

*
Vet =

(2.48)

where wenT is the mass fraction of CNTs in the layer, py, and ponT are the matrix

AZ
0000000000000000000000 0000000000000000000000
0000000000000000000000 0000000000000 0
0000000000000000000000 00000000
HONEYCONB o HONEYCONB

»X

\/

(¢) FG-X

Figure 2.8 CNT distribution along the thickness of each face-sheets with
honeycomb core; (a) Uniform, (b) FG-V, (¢) FG-X, (d) FG-O.

and CN'Ts densities, respectively. However, the effective material properties of face-

sheets can be determined using the matrix and CN'Ts material properties;

B =mVent BN 4 Vi B™

m _ Vonr | Vi
E3<2 E'2CQNT Em
ns _ Vont | Vi
o Gptoon

29
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where ESNT, ESNT “and G{NT corresponds to the elasticity and shear modulus of
CNTs. Also, E™ and G™ are the elasticity and shear modulus of the matrix part
of the CNTs, respectively. n; (i=1,2,3) are the CNTs efficiency parameters. Poisson

ratio and density properties of face-sheets can be obtained as;

Vg = VE;NTV%NT + V™

p=Ventp Nt + Vi p™ (2.50)

where, v12°NT and nu™ are the poisson’s ratios of CNT and matrix parts of face-
sheet, respectively. p®NT and p™ are the CNT and matrix parts’ densities, re-
spectively. The CNTs composite including the CNTs particles and matrix part is
distributed in the porous media in which the media’s distribution (Py;s) along the

thickness is specified as;

S l—egcos(ﬁ (2.51)

7

where eq is the porosity parameter. It should be noticed that Eq. (2.51) is defined
for the mechanical property variation of the material along the thickness; where, for
the density distribution, ey should be replaced with e, (porosity mass parameter,
em =1—+/1—e¢g). Consequently, the face-sheet material properties can be obtained

as;

Eii = Ez*z X Psymm
Gij = Gj; X Peymm  Symmetric porosity distribution,i,j = 1,2,3 (2.52)
p=p"x Psymm

2.3.3 Governing equations

To study the sandwich structure’s dynamic and static behavior, the system’s integral
boundary value problem (IBVP) is obtained using the Hamilton approach as written

in equation. 2.28. It should be noticed that the constitutive matrix C' contains the
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transformed material properties of the face-sheets as[146];

Q1 Q2 Qi3 0 0 0
Q2 Q2 Q23 0 0 0
c_|@s @ G 0 0 01, (2.53)
0 0 0 Qu 0 0
0 0 0 0 @55 O
0 0 0 0 0 Qss

| cos?(v))  sin?(y)) 0 0 0 sin (1)) cos()) ]
sin?(¢))  cos?(y) 0 0 0 —sin (1)) cos(1)
T 0 0 1 0 0 0 (2.54)
B 0 0 0 cos(¢) —sin(v) 0 '
0 0 0 sin(¢)  cos(y) 0

|—sin(2¢) sin(2y) 0 0 cos? () — SiHQ(lﬂ)_

The v is the CNTs orientations. The system matrices can be obtained;
M= /V p dV (2.55)
K:/VIB%TCIB% av (2.56)

where M and K are the stiffness and mass matrices of the problem, respectively.
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3. SOLUTION OF GOVERNING EQUATIONS

3.1 Two dimensional spectral-Chebyshev solution

To numerically calculate the vibration and buckling behavior, the continuous de-
flection functions need to be represented by a vector sampled at certain increments
in the domain. For sampling the domain, Gauss-Lobatto sampling is used to min-
imize the interpolation error. Since, the problem domain forms a 2D space, the
sampling of deformations along x and y directions will lead to a second rank ten-
sor as ¢i; = q(z(i),y(j)). However, for numerical purposes, the following mapping

algorithm is used
ak = 4ij , k= (i—l)]\@—l—j (31)
to obtain the deflections as a vector where 4,7 =1,..., N, or Ny. The deflection at
any point (x, y) can be expressed as double expansion of Chebychev polynomials
Nx Ny
@ =>_>_ agTi-1(2)Tj-1(y) (3.2)

i=1j=1

where T’s are the Chebychev polynomials (of the first kind), a’s are the coefficients
of expansion, N, and N, are the number of polynomials used for expansion along

and y directions, respectively. The (sampled) deflection vectors can be written as

u,=I10000]=1L,,q

]
v, =[0I000]=1,,q
w,=[00100]=1I,,q (3.3)
¢, =[00010]=1I4,q
¢, =[0000I] =14,q
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where I and @ are (NN, x N;Ny) zero and identity matrices, respectively. It is
possible to relate the sampled function’s values to the coefficients of expansion as
qgq=Tpaor a=Tpq, where I'g and I'p are (NN, x N;N,) extended backward
and forward transformation matrices (I'gI'r =1I). These extended transformation
matrices can be derived using the forward and backward transformation matrices
obtained using the one-dimensional expansion for each direction as I‘%Z_j =Tj_1(q;)
where 4,7 =1,...,N,, and t =1,2 (i.e. ¢1 =z and g2 =y) [108, 107]. Thus, using
the mapping algorithm defined in Eq. (3.1), extended transformation matrices can

be calculated as
_ 1T Yy
1—‘B’<1’€2 o FBiliz FBJUQ (34)
k1= (il—l)Ny+j1, ko = (iQ—l)Ny+j2
il,ig = 1,...,Nm, jl,jg = 1,...,Ny

To perform the derivative operations in Eqgs. (2.6)-(2.8), differentiation matrices (Qz
and Q) need to be determined. Using the recursive polynomial form of the Cheby-
chev polynomials, it is possible to obtain a relationship between the coefficients of
expansion of a function and its derivative as b = D%a, where b’s are the coefficients
of expansion of the function’s derivative and D% is (N, x Ny,) derivative matrix.
Using Eq. (3.4), the derivative matrices calculated for x and y variable can be ex-
tended for a two-dimensional function to obtain (N; N, x NN, ) extended derivative
matrices, D9. Note that these derivative matrices are defined between the coeffi-
cients of the expansion; however, it is required to apply the derivative operation to
the function values. Thus, using the extended forward and backward transforma-
tion matrices, the derivative of the deflection vector with respect to z and y can be
calculated as follows
9q

87 = FBb = FBDqta = FBDthFq = thq (35)
qt

where, Qq, is the differentiation matrix.

To obtain the system matrices in Eqs. (2.6)-(2.8), we need to perform integral oper-
ations. Similar to the derivation operation described above, first the inner product
matrix, V9 for each individual direction needs to be determined [108]. Then, using
the mapping algorithm as in Eq. (3.4), the extended inner product matrix, V, can
be derived [147].

After finding the differentiation and inner product matrices, the system matrices
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(mass, elastic stiffness and geometric stiffness matrices), can be obtained as follows:

K=h

Cnll QIVQ,L, +Cl; Q;VQ,L, +Co I} QEVQquO +Co I, QEVQvaO

+Cs3l;, QEV Q, L, +Cs3l, QZ,T,V Q.L, +CI) Q;VQ,L, +Cs3l) QI VQ,L,
+Culy, QrVQely, + Culy, Q) VI, + Cusllf VQu Iy, + Cul VI,

+Cs51,, Q,VQy Ly, + Css1, Q) VI, +Css 1) VQu Ly, +Css15 VI, |+

h3

3 |CH I QIVQUL, 4 Cull QIVQL, + Ca QIVQLL, 4 Cal] QI VO,

+C3lf, QVQy Ly, +Cs3lf Q,VQ.ILy +Cslf QIVQ,I,, +Cssly Q;V le%]

(3.6)

M = ph (It VI, +I'F VI, +I' VI h I vi, +1I' VI 3.7
=p (uo U0+ Vo Uo+ Wo wo>+pﬁ(¢m ¢g;+ (by ¢y) ( . )
K¢ = h(I, QI N,V Q. 1, +15, Q) N,V Q, L, ) (3.8)

The system matrices that are evaluated by applying the area integrals as shown
in Eqgs. (3.6)-(3.8), corresponds to a plate whose mid-surface is its neutral surface
(note that the integral operation along the thickness is evaluated analytically and
the results are placed as constants in area integral calculations). However, to ac-
curately capture the varying material properties along the thickness direction, a
multilayer plate approach is used. In this approach, the plate is divided into n
number of layers having the same thickness (see Fig. 2.1). It is assumed that each
layer is made from an isotropic porous matrix and nanofillers; however the porosity
amount and the weight fraction of the nanofillers varies from layer to layer. In other
words, each layer has different material properties based on the gradation amount.
Furthermore, the integral operation along the z direction has different limits for
each layer based on the distance of the individual layer to the neutral surface of the
composite plate. Therefore, the overall system matrices can be obtained using the
superposition method. For instance, the overall stiffness matrix can be calculated

as

K= [ [ {"BTCBiqdzdA (3.9)
=> /) a a -
=1

3.2 Three dimensional spectral-Chebyshev solution
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The three dimensional deformations in the FGM structure can be expressed as a

summation of triple expansion of Chebychev polynomials as

2(Em.O) = f: fi: f_oj T 1() T ()T () (3.10)

where T"s represent the orthogonal Chebychev polynomials, and a’s are the coeffi-
cients of the polynomial expansion (that decay exponentially with increasing i value
[148]).

For numerical calculations, the continuous deflection function needs to be discretized
(which leads to finite summation in the expansion process). Thus, using the Gauss-
Lobatto sampling [149] algorithm, the continuous deflection function is represented

by a third rank tensor as follows

Gimn = q(&(1),n(m),¢(n)) (3.11)

Here, [=1,...,Ne, m=1,..., Ny, and n=1,..., N are the indices of the tensor; N,
Ny, and N are the polynomial numbers used in &, 7, and ¢ directions, respectively.

To transform this third rank tensor to a vector, a mapping algorithm as follows
% = fimn i:(l—l)NnN§+(m—1)Nc+n. (3.12)

is used. Then, we can write a relationship between the vector of the sampled de-
flection function (q) and the coefficients of expansion (a) through either extended

forward (I'g) or backward (I'g) transformation matrices
q=TIga, or a=Tgq, (3.13)

whose sizes are N¢ N,y N x N¢NyN¢, and are obtained using the forward/backward
matrices defined for each direction as F%M =Tj_1(qx,). Thus, using the mapping
algorithm defined by Eq. (3.12), the extended forward/backward matrices can be
obtained using the individual forward/backward matrices having a size of N, X
Ny, [150].

After simplifying the domain, calculating the functions for the varying material
properties and discretizing the domain using Chebychev polynomials, the IBVP

given in Eq. (2.28) can be rewritten for the free vibrations of a lamina as

/V (Tqu+qTBTCBq> \J|d¢ dnd¢ = 0. (3.14)

Here, Y and C are the matrices that includes the varying density, and Young’s
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Modulus and Poisson’s ratio, respectively, that are evaluated at the sampling points.
To solve this equation, the derivative operations inside the differential operator
matrix, B, and the volume integral operations should be evaluated considering the

varying material properties.

To calculate the spatial derivatives of the 3D deflection vector, differential matrices
(Qq,) are needed. To address this issue, first, the spatial derivative operations, D%,
for each direction are defined. Since the derivative of the deflection function can
also be expressed as a summation Chebychev polynomials with different expansion
coefficients, we can formulate a relationship between the coefficients of the derivative
of the original function (b) and the original function (a) as b =D%a. Secondly, using
the same mapping algorithm as in the backward/forward matrices, the extended
derivative matrices (ID9) with respect to each direction, ¢;, can be obtained. Finally,
the required (NeN,N¢ x NeN,N¢) dimensional differential matrices (Qg;) can be

derived as follows

gf =T'gb = I'gD%a = (TgDUTE )f = Qq,f, (3.15)
d;

To calculate the volume integrals, inner product matrix approach is used [108]. The
derivation of the inner product matrix for simple 1D and 3D problems are given
in author’s previous publications [150, 151, 107, 152] in detail. However, here, the
IBVP given in Eq. (3.14) has two varying functions (i.e. weighting functions).
Therefore, the inner product matrix calculation for the multiplication of arbitrary
functions f(x,y,z) and g(x,y,z) with weighting functions A(z,y,z) and B(z,y,2)

can be written as

| F@y.2)9(2.9.2) Ale,y.2) Bla,y. 2)AV = Va g (3.16)

where V4 p is the weighted inner product matrix. Each function in the integral
operation has a degree of N, N, IV, ; thus the multiplication of four functions will have
an order of 4N,4N,4N.. Therefore, to obtain the weighted inner product matrix,
each function evaluated at N, Ny N, sampling points needs to be extrapolated to

4N, 4Ny 4N, sampling points using

fun, an, an, = S™S¥S™ fy, N, N. (3.17)

where S%n is the extrapolation matrix that can be obtained following the derivation
in [108, 150]. Inserting Eq. (3.17) into Eq. (3.16), we can rewrite the weighted inner
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product tensor as

ANy 4N, 4N. w
abcdef 4N, Yy 4N T4 QY4 QR4
v S vy IV (smsﬂ,s
1,5,k

(sususiy ) (sisasia ) (558087 ) AmnBar

id ™ je 0~ jp ) (3'18)

where v’s are the definite integral matrix derived in [108]. Note that Vadeef is a
6" order tensor. To efficiently calculate this 6! order tensor, tensor multlphcations
are used [153, 154]. To transform Va “df into a matrix form, the same mapping

algorithm, as given in Eq. (3.12), is apphed.

Consequently, the system matrices of a lamina for the unconstrained case can be

derived using the above formulations as;

M =L,V pylu + L, Vi ply + Lo Vir gl (3.19)
K = (Qul) Vo) (Qull) +2(Qulu) V(5 (Qul)

= (Qxllu)TVN) (Qyl) + (Qula) Vrg (Qul)

+(Q v) 20 () + (@) Vg QL)

2 V(u,J)(Q ) (Qy ) (A,.]I)(Qzllw)

+(Qa ) Vi (Qul) + (Qal) Vi) (Qyl)

Q) Vi (Qul) +2(Qulu) Vi) (Qull)
Q) Vi (Qul) + (@) Vi) ()
+(Qels) Vi) (Qal) + (Qyl) Vi) Q1)
+(Qul) Vi) (Qal) + (Qul) ' Vig) (Qul ). (3.20)

Here, A and p are the varying Lamé parameters, and I, is the operator matrix (hav-
ing a size of N¢N,yN¢ x 3 NeNyN¢) to extract the necessary deflection components

(u, v, and w) in each direction and can be defined as

u = -]IO O-q:]qu, (3.21)
v= 0 I (O) =I,q, (3.22)
W= 0 (0) ]I =Tuq, (3.23)

where I and @ are (N¢N,N¢ x Ne N, N¢ dimensional) identity and zero matrices.
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To increase the numerical efficiency of the presented technique, a non-
dimensionalization approach can be used. For non-dimensionalizing, the spatial
variables are scaled by a reference length, L,; thus the spatial parameters defining
the geometry of doubly-curved geometry leads to z* = z/L,, y* = y/L,, and
2* = z/L, (superscript * denotes the parameter is non-dimensionalized). The
differential operator matrix needs to be non-dimensionalized as B* = B L,., since
the partial derivative operation includes spatial variables. Lastly, using the Young’s
Modulus of the one of the constitutes of the FGM material, the constitutive matrix

can be non-dimensionalized, C* = C/E;.

3.2.1 Boundary condition and coupling of the laminates

To couple the system matrices (i.e. the dynamics of) each lamina, and also to impose
the boundary conditions to the system, projection matrices approach can be used.
However, note here that since the IBVP approach is used, natural boundary condi-
tions are already incorporated to the system matrices; only the essential boundary
conditions need to be imposed. The boundary conditions can be defined in a matrix
form as Bqqg = 0 where q¢ is the generalized coordinates of the laminated composite

structure.

To couple individual lamina, compatibility equations need to be formed. These
compatibility equations can basically be obtained by equating the degrees of freedom
(u, v, and w) of each laminate at the intersection boundary. Similar to the boundary

conditions, these equations can be included in the 8 matrix.

Then, following the projection matrices approach, the singular value decomposition
of the B matrix will lead to 8 = UXVT where U and V are unitary matrices and
3 is diagonal matrix with singular values of 8. Thus, using the left singular values,

we can obtain
ac =Paqg (3.24)
where P is the matrix that span the null space of 8 and can be expressed as
P=|Vg;;VRryt15.-; VN | (3.25)

where Rg is the rank of B, and N is the size of 8. Inserting Eq. (3.24) into the
IBVP equation, and premultiply each term by PT, the global system matrices can
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be found as

My, ... O
M=pPY| : .. :|P (3.26)
0 M,
K, 0
K=pPT| : L P, (3.27)
0 Ki,

where My, and K|, are the mass and stiffness matrices of each individual (™) lamina

calculated using Egs. (3.19) and (3.20), respectively.
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4. RESULTS

4.1 Plate reinforced with GPLs

In this study, we present a two-dimensional spectral method that uses Chebyshev
polynomials (that have exponential convergence characteristics [30]) as the basis
functions. The integral boundary value problem is derived using FSDT assump-
tions together with Hamilton’s principle. To capture the varying material properties
of FGPM-GPL reinforced composite plates, a multilayer modeling approach is fol-
lowed. The problem domain is descritized using Gauss—Lobatto points to minimize
the effect of Runge’s phenomenon and further increase the computational efficiency.
The problem domain is scaled to interval since in this interval a stable representation
can be obtained with Chebyshev polynomials [30], [31]. The accuracy and perfor-
mance of the presented solution technique is demonstrated for different porosity and
nanofiller contents by comparing the natural frequencies and the critical buckling
loads to those found in literature or to those calculated using a commercial finite

element software.

The main contribution of this work is an accurate and fast converging meshless
solution approach based on a novel use of Chebyshev polynomials to predict the
vibration and elastic buckling behavior for functionally graded porous plates rein-
forced by graphene platelets. The recursive relations in forming the differentiation
and inner-product (integration) matrices and the basis recombination (projection
matrices) approach brings significant advantages including numerical efficiency and
stability to the solution approach. The derivative and inner-product operations are
calculated exactly, and the basis recombination approach can directly incorporate
different boundary conditions without the necessity to use an admissible or an aux-

iliary function for each different boundary condition.

4.1.1 Model validation
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To demonstrate the capability of the presented solution approach, two main case
studies are investigated: (i) functionally graded porous material (FGPM) plates,
and (ii) FGPM plates reinforced with GPLs (FGPM-GPL). In each case study, nat-
ural frequencies and critical buckling loads under fully-clamped (CCCC) or fully
simply supported (SSSS) cases are calculated and the results are validated by com-

paring to the ones found in literature and/or using FE approach.

4.1.1.1 Convergence study

To determine the required number of layers (to accurately capture the grading ma-
terial properties) and polynomial numbers along x and y directions, a convergence
study is conducted. In this study, polynomial numbers and number of layers in
the presented modeling approach is incrementally increased and the results for each
individual case is compared to a reference case, that is obtained using a large poly-
nomial number set (N, = N, = 17) and number of layers (n = 20). The convergence

assessment is performed via a logarithmic approach given as follows:

LCViy, n, = log (W) (4.1)
. A
where LC'V represent the logarithmic convergence number, )\Z}me N, and A’ are the
results for each individual case calculated using the selected polynomial numbers,
and for the reference case, respectively. Note that the convergence analysis can
be performed either for a specific parameter or for a set of parameters through
averaging. The logarithmic approach enables to assess the convergence based on
percent errors. For instance, for an error threshold of 0.1 %, the polynomial and
layer numbers can be selected such that LC'V < —3 is satisfied.

This convergence analysis leads to a four dimensional data. However, two dimen-
sional contour plots are used to clearly visualize the convergence behavior. For
instance, Fig. 4.1 shows the convergence behavior of the first five natural frequen-
cies of an FGPM plate having the geometric properties of a = b, h/a = 0.01, and
porosity coefficient of e, = 0.1 under fully simply supported (SSSS) boundary condi-
tion for several selected number of layers. Note that, interpolation is used to present

continuous contour plots.

As shown in Fig. 4.1, the optimum number of polynomial numbers correspond to
N, = Ny since the investigated geometry is a square plate and the boundary con-

dition is symmetric. Therefore, depending on the required accuracy, suitable poly-
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Figure 4.1 Convergence plots for a square FGPM plate with hA/a = 0.01 under
SSSS boundary condition for (a) n=3, (b) n =38, (c) n=12, and (d) n = 16.

nomial numbers and total layer number can be found. It is important to highlight
that depending on the geometry, material gradation amount, and the boundary con-
dition, the required polynomial numbers may change to satisfy the same accuracy.
The effect of these parameters on the convergence behavior has been investigated in
detail in authors’ previous publications [107, 109]. Therefore, following the presented
convergence analysis, the polynomial numbers and the number of layers are selected
to be N = Ny =11 and n = 15, respectively, to achieve a minimum logarithmic

convergence value of -4 (corresponds to an accuracy of 0.01 %).

4.1.1.2 Vibration and buckling analysis of FGPM plate

In this case study, first, the vibration behavior of an FGPM plate, having the geo-
metric properties of a/b=1, h/b=0.01 or 0.1, is analyzed. The material properties
of the nonporous material are given as £* = 200 GPa, v = 0.3, and p* = 7850 kg/m?3.
Using the presented solution approach, first five natural frequencies corresponding
to symmetric and uniform porosity distributions are calculated for fully-clamped
(CCCC) and fully simply supported (SSSS) boundary conditions. The results are

compared (i) to those given in Xue et al.’s study [155] where an isogeometric anal-
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ysis based on FSDT and non-uniform rational B-spline (NURBS) basis functions is
used, and (ii) to those obtained using a commercial FE software (COMSOL v5.5).
The FE modeling in COMSOL is performed using the shell model with quadratic
shape functions, based on a layered material approach and FSDT theory. A similar
convergence analysis is also performed for FE analyses, and the required number of

elements along x and y-directions of the plate are determined to be 20.

Table 4.1 The comparison of non-dimensional first five natural frequencies of an
FGPM plate with symmetric porosity distribution, having the geometric properties
of a=b, h/b=10.01 or 0.1.

ep=0.1 e0=0.3 ep=0.5
ST [155] FE ST [155] FE ST [155] FE
10.853 | 10.857 | 10.853 | 10.837 | 10.848 | 10.837 | 10.893 | 10.912 | 10.893
22.115 | 22.126 | 22.115 | 22.082 | 22.106 | 22.081 | 22.192 | 22.234 | 22.192
22.115 | 22.126 | 22.115 | 22.082 | 22.106 | 22.081 | 22.192 | 22.234 | 22.192
32.579 | 32.595 | 32.578 | 32.528 | 32.564 | 32.526 | 32.688 | 32.749 | 32.687
39.595 | 39.649 | 39.594 | 39.531 | 39.608 | 39.531 | 39.725 | 39.829 | 39.724
9.798 | 9.800 | 9.798 | 9.726 | 9.734 | 9.726 | 9.699 | 9.713 | 9.699
18.664 | 18.668 | 18.664 | 18.468 | 18.482 | 18.468 | 18.338 | 18.361 | 18.338
18.664 | 18.668 | 18.664 | 18.468 | 18.482 | 18.468 | 18.338 | 18.361 | 18.338
26.138 | 26.143 | 26.137 | 25.815 | 25.832 | 25.815 | 25.570 | 25.601 | 25.570
30.774 | 30.781 | 30.774 | 30.351 | 30.371 | 30.351 | 30.008 | 30.042 | 30.007
5.959 | 5.960 | 5.959 | 5.950 | 5.956 | 5.950 | 5.981 | 5.991 | 5.981
14.888 | 14.893 | 14.888 | 14.866 | 14.881 | 14.866 | 14.943 | 14.969 | 14.943
14.888 | 14.893 | 14.888 | 14.866 | 14.881 | 14.866 | 14.943 | 14.969 | 14.943
23.807 | 23.816 | 23.807 | 23.772 | 23.796 | 23.772 | 23.893 | 23.935 | 23.893
29.748 | 29.772 | 29.748 | 29.704 | 29.746 | 29.704 | 29.853 | 29.918 | 29.854
5.752 | 5.754 | 5.752 | 5.732 | 5.737 | 5.732 | 5.746 | 5.755 | 5.746
13.709 | 13.712 | 13.709 | 13.626 | 13.638 | 13.626 | 13.612 | 13.632 | 13.612
13.709 | 13.712 | 13.709 | 13.626 | 13.638 | 13.626 | 13.612 | 13.632 | 13.612
19.168 | 19.169 | 19.168 | 18.511 | 18.513 | 18.511 | 17.831 | 17.835 | 17.831
19.168 | 19.169 | 19.168 | 18.511 | 18.513 | 18.511 | 17.831 | 17.835 | 17.831

BC | h/b | Mode

0.01

CCcCC

0.1

0.01

SSSS

0.1

U W N PO WN O WND PO R WD =

Tables 4.1 and 4.2 list the first five non-dimensional natural frequencies for porosity
coefficients of eg = {0.1, 0.3, 0.5}. The results are non-dimensionalized following the
relation, @ = w (b?/h),/p*/E*. As shown, based on the investigated case studies,
the results are in excellent agreement with literature and FE results. To show
the spectral-Chebychev efficiency in solving the problem, the computational time is
compared to the FE method duration. The computational cost are obtained for three
boundary conditions of a plate with geometric properties of a/b=1 and h/b=0.1,
where the the porosity distribution is set to be symmetric along the thickness. It
should be noticed that the study is accomplished with the same central processing
unit(CPU). The computational costs are shown in Table. 4.3. The results indicate
that the spectral-Chebuchev approach can obtain the accurate solution more efficient

in comparison to the most-used method, FE approach.

Secondly, the elastic buckling of an FGPM plate with uniform porosity distribution
having the geometry of a/b=1.5, h/b={0.01, 0.05, 0.1, 0.2}, is analyzed under SSSS
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Table 4.2 The comparison of non-dimensional first five natural frequencies of an
FGPM plate with uniform porosity distribution, having the geometric properties of
a="b, h/b=0.01 or 0.1.

ep=0.1 e0=0.3 e0=0.5
ST [155] FE ST [155] FE ST [155] FE
10.698 | 10.698 | 10.698 | 10.296 | 10.296 | 10.296 | 9.810 | 9.811 | 9.810
21.798 | 21.803 | 21.798 | 20.979 | 20.984 | 20.979 | 19.991 | 19.995 | 19.990
21.798 | 21.803 | 21.798 | 20.979 | 20.984 | 20.979 | 19.991 | 19.995 | 19.990
32.113 | 32.119 | 32.112 | 30.907 | 30.912 | 30.905 | 29.450 | 29.456 | 29.449
39.029 | 39.072 | 39.028 | 37.563 | 37.604 | 37.562 | 35.792 | 35.832 | 35.792
9.680 | 9.680 | 9.680 | 9.317 | 9.317 | 9.317 | 8.877 | 8.877 | 8.877
18.465 | 18.465 | 18.465 | 17.771 | 17.771 | 17.771 | 16.933 | 16.933 | 16.933
18.465 | 18.465 | 18.465 | 17.771 | 17.771 | 17.771 | 16.933 | 16.933 | 16.933
25.879 | 25.879 | 25.879 | 24.907 | 24.907 | 24.906 | 23.733 | 23.733 | 23.732
30.488 | 30.488 | 30.488 | 29.342 | 29.343 | 29.342 | 27.959 | 27.959 | 27.959
5.873 | 5.873 | 5.873 | 5.652 | 5.652 | 5.652 | 5.386 | 5.386 | 5.386
14.674 | 14.675 | 14.674 | 14.123 | 14.124 | 14.123 | 13.457 | 13.458 | 13.457
14.674 | 14.675 | 14.674 | 14.123 | 14.124 | 14.123 | 13.457 | 13.458 | 13.457
23.466 | 23.467 | 23.466 | 22.584 | 22.585 | 22.584 | 21.520 | 21.521 | 21.520
29.322 | 29.337 | 29.322 | 28.220 | 28.235 | 28.220 | 26.890 | 26.904 | 26.890
5.674 | 5.674 | 5.674 | 5.461 | 5.461 | 5.461 | 5.204 | 5.204 | 5.204
13.537 | 13.537 | 13.537 | 13.028 | 13.028 | 13.029 | 12.414 | 12.414 | 12.415
13.537 | 13.537 | 13.537 | 13.028 | 13.028 | 13.029 | 12.414 | 12.414 | 12.415
19.162 | 19.163 | 19.162 | 18.443 | 18.442 | 18.443 | 17.573 | 17.573 | 17.573
19.162 | 19.163 | 19.162 | 18.443 | 18.442 | 18.443 | 17.573 | 17.573 | 17.573

BC | h/b | Mode

0.01

CCcCC

0.1

0.01

SSSS

0.1

U W N PO WN RO WN H O R WD =

Table 4.3 The computational cost comparison of cases studied.

Case (i) Case (ii) Case (iii)

(FFFF) (SSSS) (CCCo)
ST [FEM || ST | FEM || ST | FEM
DOFs 605 | 5766 || 477 | 8214 || 405 | 10036

Duration (s) || 0.34 | 10 (/029 11 ] 030 10

boundary condition. The material properties of the nonporous material is given
as E* =70 GPa, v = 0.3, and p* = 2707 kg/m>3. The calculated critical buckling
loads are compared to those found using FE analysis and to those listed in Thang
et al’s study in which the results are obtained following FSDT assumptions and
Navier procedure [41]. Table 4.4 lists the non-dimensional uniaxial and biaxial
critical buckling loads (N = N-b?/E*h3). As expected, the plate gets stiffer with
increasing thickness; thereby leading to higher critical buckling loads. Due to the
geometry of the plate and the selected boundary condition, the critical buckling
load is higher if the plate is uniaxially compressed along x direction. In all cases,
excellent agreement is observed with the results found in literature and calculated

using the FE approach.

Based on the performed convergence analyses, it is demonstrated that the presented
solution approach enables a rapid convergence. To quantitatively assess the compu-

tational performance, we measured the simulation durations to obtain the results in
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Table 4.4 The comparison of non-dimensional critical uniaxial and biaxial buckling
loads of an FGPM plate having the geometric and material properties of a/b=1.5
and e, = 0.4 under SSSS boundary condition.

(uniaxial) (uniaxial) (biaxial)
Distribution h/b Ny=—-1, Ny=0 Nz =0, Ny =-1 Ny =—-1, Ny=-1
ST FE ST [ Ref. [41] | FE | ST | Ref. [41] | FE

0.01 | 2.875 2.876 1.383 1.383 | 0.957 — 0.957
uniform 0.05 | 2.822 2.823 1.369 1.369 | 0.948 — 0.948
0.1 2.669 2.669 1.329 1.332 1.329 | 0.920 0.922 0.920
0.2 2.191 2.191 1.190 1.198 1.190 | 0.824 0.829 0.824
0.01 | 3.342 3.342 1.607 1.607 | 1.113 — 1.113
symmetric 0.05 | 3.272 3.272 1.590 1.590 | 1.100 — 1.101
0.1 3.070 3.070 1.536 1.544 1.536 | 1.064 1.069 1.064
0.2 2.462 2.462 1.355 1.370 1.355 | 0.938 0.948 0.938

Tables 4.1 and 4.2. Note that the simulations are performed on the same computer,
and computation duration is measured as the total simulation time in terms of cen-
tral processing time (CPU) to find the first hundred eigenvalues and eigenvectors.
Since the presented approach is a meshless method, the size of the system matrices
is significantly smaller (about 20 folds in this case study) than the size of the sys-
tem matrices used in a finite element approach to achieve the same level of accuracy.
Consequently, the simulations durations are decreased at least 30 times with respect
to FE simulations. Therefore, it can be concluded that the presented ST solution
technique enables to capture the vibration and buckling behavior of porous plates as

accurate as finite-element approach, yet at a fraction of the computational duration.

4.1.1.3 Vibration and buckling analysis of reinforced FGPM plate

To remedy the significant reduction in the effective stiffness of the material due
to the porosity, nanofillers are used as reinforcement materials. In literature, re-
inforcing with CNTs is a common approach that can be applied to introduce an
FG property along the thickness direction. However, due to the increased specific
surface area and interaction between the matrix material, reinforcing with GPLs
offers better mechanical enhancement compared to reinforcing with CNTs. There-
fore, to demonstrate and compare the mechanical enhancement due to the addition
of different nanofillers, natural frequencies of an FGPM composite plate and the
percent improvements in the natural frequency values are calculated. The geometry
of the plate is selected to be a/b =1 and h/b = 0.1; the porosity distribution is set
to be symmetric with a porosity coefficient of e, = 0.3. The material and geometric
properties of the matrix and nanofiller materials are tabulated in Table 4.5. In both
cases of nanofillers, uniform distribution is used and the effective material properties

can be found using the Halpin-Tsai formulations defined in Sec. 2.1.3. However, note
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Table 4.5 Material and geometric properties of matrix material, GPLs, and
single-walled CN'Ts.

Property Matrix GPLs CNTs
Young’s Mod. [Pa] 3x10° 1.01x10% 1.12x10%
Density [kg/m?] 1200 1062.5 2290
Poisson ratio 0.34 0.186 0.245
Width [m] —  15x1076 —
Thickness [m] — 1.5x107? 0.34x 107"
Length [m] —  25x107% 10x1076
Radius [m)] — — 1x 1079

that the nanofiller geometry factor, CSVPL is equal to 2 for CNTs [48, 69].

Figure 4.2 presents the variation of first and second natural frequencies as a func-
tion of wt.%. To validate the results in the case of nanofiller reinforcement, FE
simulations are also performed. As shown, presented model predicts the natural
frequencies as accurate as the FE approach; the maximum difference is calculated
to be less than 0.003%. Another important observation that can be inferred from
Fig. 4.2 is that as the volume of the reinforcement material is increased, the stiffness
of the structure is significantly improved. Lastly, reinforcing using GPLs presents
significantly better mechanical enhancement; for instance, the improvements in the
fundamental frequency values are calculated as 37 % and 73 % due to the inclusion
of 0.5 wt.% CNT and GPL, respectively. As stated above, the main reason is due

to the GPL’s improved interaction with the matrix material.

Next, to investigate the effect of thickness on the critical uniaxial buckling load of an
FG square composite plate reinforced with GPL, a case study is performed for the
porosity and GPL distribution patterns shown in Figs. 2.2 and 2.3. The porosity
coefficient and the weight fraction (wt.%) of GPL are set to e, = 0.5 and A =1
wt.%, respectively. The matrix material is selected to be copper with the material
properties defined as E,, = 130 GPa, p,, = 8960 kg/m?, v,,, = 0.34. The results are
listed in Tables 4.6 and 4.7. To validate the calculated critical buckling loads, the
results found in literature are used. Note that in this study, the results in the referred
literature are obtained using 12 layers and non-dimensionalized following the relation
N = Nep(1—22))/E*h; thus the same amount of layers and non-dimensionalization
approach are used for comparison. As seen, the results are in good agreement to
those found in Yang et al.’s study [69]; the maximum difference is below 1%. The
(uniaxial and biaxial) critical buckling loads increases as the composite plate gets
thicker and also if the plate is fully-clamped, due to the significant increase in the
stiffness of the structure. Furthermore, distributing the GPLs symmetrically instead

of uniformly will increase the stiffness of the structure (that leads to an increase in
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Figure 4.2 The comparison of non-dimensional first and second natural frequencies
of a fully-clamped FG porous plate reinforced with uniformly distributed CNTs
and GPLs. The geometry of the plate is defined as a/b=1 and h/b=0.1.

critical buckling loads) if the wt.% of the nanofillers is kept constant. This is mainly
due to the fact that, in the case of symmetric distribution the GPL content at the
outer layers of the plate is higher than the uniform distribution case and the stiffness
of each layer is calculated based on the distance of each layer to the neutral surface
(see Eq. 3.9).

To investigate the effects of weight fraction of GPL inclusion, the porosity and GPL
distributions on the fundamental frequency and uniaxial critical buckling loads of
an FGPM composite plate, a parametric case study is performed and the results
are plotted in Fig. 4.3. Firstly, as expected, the fundamental frequency and critical
buckling load increase as we increase the weight fraction of GPLs; even a small
amount of GPL inclusion has a significant effect on the stiffness of the structure.
Secondly, the distribution of the nanofiller has also a dominant effect. Although the
same amount of nanofillers are used, distributing them closer to the outer layers of
the material will increase the stiffness of the composite panel more than distributing
them uniformly; thereby leading to higher natural frequency and critical buckling

force values.
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Table 4.6 The comparison of non-dimensional uniaxial (N, = —1, Ny = 0) buckling
loads of an FGPM square plate reinforced with GPLs having a porosity coefficient
of e, = 0.5 and weight fraction of A =1 wt.%.

Symmetric Porosity Distribution Uniform Porosity Distribution
BC b/h | GPL - Patern A | GPL - Patern B | GPL - Patern A | GPL - Patern B
ST [69] ST [69] ST [69] ST [69]
20 | 0.02912 | 0.02899 | 0.02396 | 0.02384 | 0.02464 | 0.02452 | 0.02002 | 0.01990
CoCC 30 | 0.01349 | 0.01343 | 0.01103 | 0.01098 | 0.01136 | 0.01130 | 0.00917 | 0.00911
40 | 0.00771 | 0.00767 | 0.00629 | 0.00625 | 0.00647 | 0.00644 | 0.00521 | 0.00518
50 | 0.00497 | 0.00494 | 0.00405 | 0.00403 | 0.00417 | 0.00415 | 0.00335 | 0.00333
20 | 0.01223 | 0.01217 | 0.00998 | 0.00992 | 0.01028 | 0.01022 | 0.00827 | 0.00822
§99S 30 | 0.00550 | 0.00547 | 0.00448 | 0.00445 | 0.00461 | 0.00459 | 0.00371 | 0.00368
40 | 0.00310 | 0.00309 | 0.00253 | 0.00251 | 0.00260 | 0.00259 | 0.00209 | 0.00208
50 | 0.00199 | 0.00198 | 0.00162 | 0.00161 | 0.00167 | 0.00166 | 0.00134 | 0.00133
20 | 0.02235 - 0.00237 - 0.00245 - 0.00196 -
ele 30 | 0.01035 - 0.00106 - 0.00110 - 0.00087 -
40 | 0.00591 - 0.00060 - 0.00062 - 0.00049 -
50 | 0.00381 - 0.00038 - 0.00040 - 0.00032 -
20 | 0.00292 - 0.01835 - 0.01886 - 0.01530 -
SFSF 30 | 0.00131 - 0.00844 - 0.00869 - 0.00700 -
40 | 0.00074 - 0.00481 - 0.00495 - 0.00398 -
50 | 0.00047 - 0.00310 - 0.00319 - 0.00256 -
——— - Posority Distribution (UD) - GPL Distribution (UD)
—---- Posority Distribution (SYM) - GPL Distribution (UD)
Posority Distribution (UD) - GPL Distribution (SYM)
_____ Posority Distribution (SYM) - GPL Distribution (SYM)
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Table 4.7 The comparison of non-dimensional biaxial (N, = —1, Ny = —1) buckling
loads of an FGPM square plate reinforced with GPLs having a porosity coefficient
of e, = 0.5 and weight fraction of A =1 wt.%.

Symmetric Porosity Distribution Uniform Porosity Distribution
BC b/h | GPL - Patern A GPL - Patern B GPL - Patern A GPL - Patern B
ST Ref. [69] ST Ref. yang2017buckling ST Ref. [69] ST Ref. [69]
20 | 0.01557 | 0.01550 | 0.01278 0.01271 0.01315 | 0.01308 | 0.01066 | 0.01059
coce 30 | 0.00715 | 0.00712 | 0.00584 0.00581 0.00602 | 0.00599 | 0.00485 | 0.00482
40 | 0.00407 | 0.00405 | 0.00332 0.00330 0.00342 | 0.00340 | 0.00275 | 0.00273
50 | 0.00262 | 0.00261 | 0.00214 0.00212 0.00220 | 0.00219 | 0.00177 | 0.00176
20 | 0.00611 | 0.00608 | 0.00499 0.00496 0.00514 | 0.00511 | 0.00414 | 0.00411
9998 30 | 0.00275 | 0.00273 | 0.00224 0.00223 0.00231 | 0.00229 | 0.00185 | 0.00184
40 | 0.00155 | 0.00154 | 0.00126 0.00126 0.00130 | 0.00129 | 0.00105 | 0.00104
50 | 0.00100 | 0.00099 | 0.00081 0.00081 0.00083 | 0.00083 | 0.00067 | 0.00067
20 | 0.01142 - 0.00934 - 0.00961 - 0.00776 -
§CSC 30 | 0.00522 - 0.00425 - 0.00437 - 0.00352 -
40 | 0.00296 - 0.00241 - 0.00248 - 0.00199 -
50 | 0.00190 - 0.00155 - 0.00159 - 0.00128 -

Finally to understand the effects of other parameters such as porosity coefficient and
aspect ratio (a/b) on the dynamic and buckling behavior of FGPM reinforced with
GPLs, several case studies are performed and the results are plotted in Figs. 4.4 and
4.5. As shown in Fig. 4.4(a), in the case of symmetric porosity distribution, porosity
coefficient does not have a significant effect of the vibration behavior of the composite
structure due to the fact that porosity decreases the stiffness and the weight of the
structure proportionally. On the other hand, the weight fraction of the nanofiller
affect the stiffness of the structure dominantly; thus the natural frequencies depends
highly on the weight fraction. However, in the case of buckling behavior, both the
porosity coefficient and the weight fraction values have a significant effect on the

critical buckling load.

In Fig. 4.5, the variation in natural frequency and uniaxial buckling load values as a
function of plate aspect ratio (a/b) is shown for three different thickness ratios (h/b).
As expected, as the length of the structure increases, its natural frequency decreases
as well. Since the non-dimensional natural frequency is plotted, the difference be-
tween the three different thickness ratios is extremely small; the only difference in
these cases are due to the variations arising from the porosity and GPL distributions.
On the other hand, the critical buckling load does not monotonically decrease as
the aspect ratio increases. The lowest critical buckling loads are observed for aspect
ratios where the number of half sine waves divides the buckling mode shape into
unit squares [156, 157]. In both cases, the effect of aspect ratio is highly significant
between a/b= 0.5 to a/b = 1; both the natural frequency and critical buckling load

values experiences a sudden decrease with a minor increase in aspect ratio.
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Figure 4.4 Contour plot showing the effects of weight fraction and porosity
coefficient on (a) non-dimensional fundamental frequency and (b) uniaxial
buckling load of a simply-supported FGPM plate reinforced with GPLs. The
geometry of the plate is selected to be a/b=1 and h/b=0.1. The porosity and
GPL distributions are selected to be symmetric.
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Figure 4.5 Effect of aspects ratio (a/b) on (a) non-dimensional fundamental
frequency and (b) uniaxial (N, = —1, N, = 0) buckling load of a simply-supported
FGPM plate reinforced with GPLs. The porosity and GPL distributions are
selected to be symmetric.

4.2 Layered FGM structure

The aim of the present work is to study the 3D (coupled) dynamics of laminated
FGM composite structures having arbitrary shapes using the 3D spectral Chebychev
(3D-ST) technique. In this technique, the integral boundary value problem (IBVP)
governing the dynamics of the problem is derived using 3D elasticity equations. To
simplify the domain of the problem, two consecutive transformations are applied:
(i) first, a coordinate mapping to map the curved geometry to a straight one [50],
[56], and (ii) second, a one-to-one mapping technique based on polynomial mapping
to map the arbitrary curved geometry onto a simple square geometry [57]. Then,

the simplified form of the IBVP is discretized using Gauss—Lobatto points and triple
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expansion of Chebychev polynomials [58]. To facilitate the spatially varying mate-
rial properties along one or more spatial directions, the Mori—Tanaka or theory of
mixtures methods are utilized. Finally, the boundary conditions are incorporated
and the laminates are coupled using projection matrix method. This technique
offers several important advantages compared to the available methods in the lit-
erature. First of all, the projection matrices approach eliminates the need to use
different basis/trial functions for each different boundary condition. Secondly, the
presented approach can be applied to arbitrarily shaped composite structures since
the free-from geometry is transferred to a simplified geometry. Thirdly, since the
integral form of the boundary value problem is used, the necessity to impose natu-
ral boundary conditions is eliminated; only the essential boundary conditions need
to be imposed. Lastly, the IBVP is discretized using Chebychev polynomials that
exhibits exponential convergence behavior [59], [60]; and the derivative and integral
operations are evaluated exactly and efficiently using Chebychev matrix operations
and Galerkin’s method [61]. Note that compared to (spectral-) collocation meth-
ods (such as Chebyshev spectral approach [62] or Carrera Unified Formulation [63],
[64]) where the equations are satisfied only at the sampling points, the presented
solution technique ensures that the integrals of the equations vanish with respect to
all polynomials of a certain degree; thereby increases the accuracy /precision of the

solution approach.

4.2.1 Model validation

The validation and performance of the presented spectral-Chebychev solution ap-
proach is performed through three case studies. In the first case study, the (non-
dimensional) natural frequencies and the corresponding mode shapes of a FGM dou-
bly curved lamina under various boundary conditions is investigated. Second case
study includes the analyses of doubly-curved laminated FGM structures. Lastly,
in the third case study, FGM structures having arbitrary geometries are studied.
In each case, the results are compared either to those obtained through a com-
mercial FE software or to those found in literature. For FE analysis, COMSOL
Multiphysics® software is used. The composite structures are meshed with tetra-
hedral elements (with linear shape functions) and the natural frequency and mode
shapes are determined using direct eigenfrequency solver MUMPS (which is based

on LU decomposition).

For case studies, the constituent materials of the FGM doubly-curved structure

are selected to be aluminum as the metallic structure (E,, =70 GPa, v, = 0.3, and

51



pm = 2702 kg/m?) and zirconia as the ceramic structure (E,. = 200 GPa, v. = 0.3, and
pe=5700 kg/m3). Note that, if necessary, the IBVP is non-dimensionalized based on
the material properties of the metallic structure (i.e., E*, = Ey/Em, EX = E./Ep,

Prn = Pm/Pm> and pg = PC/Pm)'

4.2.1.1 Doubly-curved FGM rectangular lamina

In this case study, a doubly curved lamina made of FGM, as depicted in Fig. 4.6,
is investigated using the presented solution method. Here, R; and Ro represent the
radii corresponding to the curvatures around x and y axes, respectively; L, and L,
are the lengths of the rectangular lamina along z” and y” axes, respectively; and
h represents the thickness of the lamina. Note that, depending on the R; and Rs
values, it is possible to analyze the dynamics of straight, cylindrical, spherical, and

hyperbolic laminates.

Figure 4.6 Schematic showing the geometries of a rectangular doubly-curved
lamina.

Prior to the validation of the presented solution technique, a convergence analysis
is performed to demonstrate the stability and fast convergence characteristics of the
presented approach. In this analysis, the geometric parameters of the doubly curved
FGM lamina is selected as L;/L, =1 (i.e. when mapped to a straight lamina, it
corresponds to a parallelepiped), h/L, = 0.1, and §; = 2 = 0.25 (note that f is
defined as the fraction of full curvature in Sec. 2.2.2). The material distribution is
assumed to be along the thickness direction (z direction) and gradation parameter
is selected to be p=0.3. For the investigated geometry, the number of polynomials
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along each direction x, y, z (or £, n, and () are increased incrementally, and the
results are compared to those obtained for a reference case (that is obtained using a
large triplet polynomial number set). To qualitatively assess the level of convergence
for each triplet number of polynomials, a logarithmic convergence (LC) value defined

as follows

(4.2)

is used. Here, the \'s are the natural frequencies and C' is the LC value. The
superscripts represents the values corresponding to the it natural frequency, and
subscripts show the chosen triplet polynomial numbers or the result of the selected
reference case. Therefore, based on a selected convergence value (that can be defined
for each individual mode or can be defined as an average of a number of modes),
the optimum triplet polynomial numbers can be selected. Note that the LC values
forms a three-dimensional matrix. Thus, the optimum triplet polynomial number is
determined such that it both satisfies the selected convergence criteria and leads to

the smallest product of polynomials (thus minimizes the degrees of freedom -DOF-

of the model).

To understand the convergence rate/characteristic thoroughly, two studies are per-
formed. In the first one, the convergence characteristic of the presented solution
approach is investigated in detail for an unconstrained doubly curved FGM paral-
lelepiped. Although, the convergence analysis leads to a 3D-plot, to clearly visualize
the behavior, 2D convergence plots that are given for a specific Ny value (i.e. hori-
zontal and vertical axes indicate the N¢ and N, polynomials, respectively), are given
in Fig. 4.7. Note that, the 2D convergence plots are based on the average L.C values
calculated using the first ten natural frequencies that are compared to the reference
solution, that is selected as N¢ — Ny — Ne =21 —21—13 . As seen from straight
portions of the contour lines in Fig. 4.7, increasing the polynomial numbers along
the N¢ and N, directions beyond a point does not affect the results. Since the ge-
ometry of the investigated geometry is selected as L, /L, = 1, the convergence plots
are (almost) symmetric with respect to N¢ = N, line. Therefore considering the
convergence data in Fig. 4.7, if the convergence criteria is determined as C* < —3
or C* < —4, the triplet polynomial number can be selected as 9-9-7 or 11-11-11,

respectively.

Next, to demonstrate the convergence characteristics corresponding to various
boundary conditions and geometric parameters, four different cases are inves-
tigated (keeping the geometric parameters of the structure as L,/L, =1 and

h/L;=0.1): (i) unconstrained straight parallelepiped with uniform material prop-
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Figure 4.7 Convergence study for an unconstrained doubly curved FGM structure
with uni-axially varying material property along the z (p =0.3) direction. Red
circle markers show the required (optimum) number of triplet-polynomials to meet
the selected convergence criteria.

erties (i.e. 1 = P2 =0 and p = 0.0), (ii) unconstrained singly-curved (cylindri-
cal) parallelepiped with uniform material properties (i.e. (1 = 0.25, f2 =0, and
p=0.0), (iii) unconstrained doubly curved FGM parallelepiped (i.e. 1 = 2 =0.25
and p =0.3), and (iv) fully-constraint doubly curved FGM parallelepiped (i.e.
p1 =2 =0.25 and p=0.3). The first ten (non-dimensional) natural frequencies
are calculated in each case and the results are compared to the one that is found

using N¢ — N;; — N¢ = 21 — 21 — 13 polynomials (that is selected to be the reference
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Figure 4.8 Convergence study for (a) unconstrained straight parallelepiped (b)
unconstrained doubly-curved structure (c¢) unconstrained doubly-curved structure
with uni-axially varying material properties along the z (p = 0.3) direction and (d)

doubly-curved structure with uni-axially varying material properties along the z

(p=0.3) direction and constrained at all edges. Red circle markers show the
required (optimum) number of triplet-polynomials in each case to meet the
selected convergence criteria (C? < —3).

solution). The convergence criteria is selected such that the individual and average
error threshold values are set to 0.1% (C* < —3). The selected triplet polynomial
numbers are shown in Fig. 4.8. Although, the convergence analysis leads to a 3D
plot, as mentioned above 2D convergence plots are used here. Therefore, based on
the selected convergence criteria, the triplet polynomial numbers can be chosen as
9-9-4, 9-9-4, 9-9-7, and 10-10-6, for cases (i) through (iv), respectively.

Note that comparing the cases (i) and (ii) in Fig. 4.8, the required triplet polynomial
numbers to meet the convergence criteria is found to be equal to each other; however,
if the contours of the plots are analyzed, it can be seen that there is a shift in counter
lines to higher polynomial numbers. Thus, the LC value corresponding the chosen set
of polynomials in case (i) is calculated to be higher than case (ii) (see Fig. 4.8 (a) and
(b)). Therefore, it can be concluded from Fig. 4.8 that as the complexity increases
in the problem either in geometry (due to curvatures or boundary conditions) or
in material distribution, the convergence rate decreases. As a result, to meet the
required LC value, the required triplet polynomial numbers (i.e., required degree of

freedom) increases as well.
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Table 4.8 The comparison of non-dimensional natural frequencies of an
unconstrained doubly-curved FGM (p = 0.3 along the z direction) structure having
the geometric properties of L,/L, =1, h/L, =0.1, (i) f1 = 0.0, S2 =0 (ii)
p1=0.50, f2 =0.00, (iii) 81 =0.25, P2 = 0.25, and (iv) f1 = 0.25, f = —0.25
predicted using the presented ST solution and FE simulations.

Case (i) Case (ii) Case (iii) Case (iv)

, (straight panel) (cylindrical panel) (spherical panel) (hyperbolic panel)
Hode ST FEM Diff. ST FEM Diff. ST FEM Diff. ST FEM Diff.
(%) (%) ~ (%) (%)
1 0.4120 | 0.4119 | 0.04 || 0.3554 | 0.3554 | 0.03 || 0.4446 | 0.4444 | 0.04 || 0.3408 | 0.3405 | 0.08
2 0.6124 | 0.6131 | 0.10 || 0.4165 | 0.4180 | 0.35 || 0.5616 | 0.5623 | 0.13 || 0.6126 | 0.6142 | 0.26
3 0.7527 | 0.7553 | 0.34 || 0.6856 | 0.6865 | 0.13 || 1.0193 | 1.0196 | 0.02 || 0.7776 | 0.7791 | 0.19
4 1.0350 | 1.0357 | 0.06 || 1.1130 | 1.1152 | 0.20 || 1.1599 | 1.1611 | 0.11 || 0.7983 | 0.7967 | 0.19
5 1.0350 | 1.0357 | 0.06 || 1.2018 | 1.2048 | 0.25 || 1.2175 | 1.2187 | 0.10 || 1.0316 | 1.0322 | 0.06
6 1.7960 | 1.8000 | 0.22 || 1.2961 | 1.2972 | 0.08 || 1.7941 | 1.7976 | 0.20 || 1.4010 | 1.3986 | 0.17
7 1.7960 | 1.8000 | 0.22 || 1.3981 | 1.4015 | 0.25 || 1.9098 | 1.9116 | 0.09 || 1.6454 | 1.6429 | 0.15
8 1.8116 | 1.8128 | 0.06 || 1.8740 | 1.8734 | 0.04 || 2.1370 | 2.1399 | 0.14 || 1.7236 | 1.7192 | 0.26
9 1.9731 | 1.9730 | 0.00 || 2.1874 | 2.1908 | 0.15 || 2.1396 | 2.1399 | 0.02 || 1.7302 | 1.7346 | 0.25
10 2.2012 | 2.2044 | 0.15 || 2.2764 | 2.2873 | 0.48 || 2.5320 | 2.5370 | 0.20 || 1.7793 | 1.7801 | 0.05

To validate and present the capability of the solution approach, firstly, various 3D
geometries such as straight, cylindrical, spherical, and hyperbolic structures are
investigated (see Table 4.8). Secondly, the dynamics of a 3D doubly-curved structure
under various boundary conditions is analyzed (see Table 4.9). As described in
Sec. 3.2.1, the essential boundary conditions can be applied in 3D-ST solution by
using the projection matrices. In both studies, the material variation is assumed to
be along the z (¢) direction and the gradation parameter, p, is selected to be 0.3 (see
Eq. (2.34)) in both cases. The calculated non-dimensional natural frequencies are
compared to those obtained from a commercial FE software (COMSOL v5.3). Note
that a similar convergence analysis is performed for the FE analysis to determine the
required element number. As seen from the given tables, the maximum difference in
predicted natural frequencies is calculated as 0.77% (the average difference is found

as 0.13%); therefore we can conclude that the results are in excellent agreement.

The predicted mode shapes are also investigated and validated using FE results.
As an example, Fig. 4.9 shows the predicted first four mode shapes for the cases
investigated in Table 4.8. To validate the mode shapes, the modal assurance criteria
(MAC), which is a measure of consistency of mode shapes calculated by two different
solution approaches [158], is used. The MAC plots for the case studies given in
Tables 4.8 and 4.9 are given in Fig. 4.10. Note that for the symmetric mode shapes
(corresponding to the same natural frequency) as can be seen in the straight panel
case in 4" and 5" and 6" and 7*" mode shapes, the MAC values can be lower than
0.9. However, in general it is observed that the calculated MAC values for the first
ten natural frequencies for all cases are close to unity. The average MAC value is

calculated to be 0.9716 for the investigated cases. Therefore, we can conclude that
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Table 4.9 The comparison of non-dimensional natural frequencies of a
doubly-curved FGM structure having the geometric properties of L, /L, =4/3,
h/L;=0.1, p1 =1/4, S = 1/3 and material variation parameter as p = 0.3 (along
the z direction) under four different boundary conditions: (i) unconstrained
(FFFF), (ii) constrained at © = —L, /2 side (CFFF), (iii) constrained at
r=—Ly/2 and x = L, /2 sides (CFCF), and (iv) constrained on all sides (CCCC).

Case (i): FFFF Case (ii): CFFF Case (iii): CFCF Case (iv): CCCC

Mode Diff. T Diff. T Diff. [ Diff.
ST FEM (%) ST FEM (%) ST FEM (%) ST FEM (%)

1 0.3864 | 0.3868 | 0.10 || 0.0720 | 0.0719 | 0.10 || 0.7072 | 0.7055 | 0.24 || 1.8366 | 1.8358 | 0.04
2 0.3985 | 0.3985 | 0.00 || 0.1068 | 0.1066 | 0.14 || 0.7368 | 0.7355 | 0.18 || 2.0453 | 2.0421 | 0.16
3 0.8518 | 0.8516 | 0.02 || 0.2845 | 0.2844 | 0.04 || 0.9476 | 0.9470 | 0.06 || 2.0833 | 2.0849 | 0.07
4 0.9724 | 0.9740 | 0.17 || 0.3592 | 0.3587 | 0.16 || 0.9925 | 0.9918 | 0.08 || 2.5830 | 2.5858 | 0.11
5 1.4424 | 1.4446 | 0.15 || 0.6656 | 0.6650 | 0.08 || 1.2509 | 1.2503 | 0.05 || 2.6733 | 2.6729 | 0.01
6 1.4832 | 1.4844 | 0.08 || 0.8084 | 0.8083 | 0.02 || 1.5865 | 1.5858 | 0.04 || 2.9768 | 2.9802 | 0.12
7 1.6618 | 1.6633 | 0.09 || 1.1838 | 1.1838 | 0.00 || 1.8398 | 1.8413 | 0.08 || 3.2907 | 3.2935 | 0.09
8 1.7743 | 1.7775 | 0.18 || 1.3963 | 1.3958 | 0.04 || 1.8775 | 1.8759 | 0.08 || 3.4268 | 3.4004 | 0.77
9 2.1222 | 2.1257 | 0.17 || 1.5648 | 1.5656 | 0.05 || 1.8785 | 1.8796 | 0.06 || 3.5447 | 3.5494 | 0.13
10 2.1958 | 2.1943 | 0.07 || 1.6545 | 1.6542 | 0.01 || 2.2219 | 2.2195 | 0.11 || 3.9027 | 3.8946 | 0.21

Table 4.10 The computational cost comparison of cases studied in Table 1

Case (i) Case (ii) Case (iii) Case (iv)
(straight panel) || (cylindrical panel) || (spherical panel) || (hyperbolic panel)
ST FEM ST FEM ST FEM ST FEM
DOFs 1701 | 153165 || 2079 178794 1701 145806 1701 158877
Duration (s) || 1.55 127 3.92 1112 3.07 91 2.9 125

the mode shapes obtained using the presented solution technique are in excellent

agreement to those found through FEM approach.

In these analyses, we also compared the computational cost of each solution approach
based on the central processing unit (CPU) time. To compare the computational
cost, the total duration of the simulation to find the first hundred eigenvalues and
eigenvectors is measured. Tables 4.10 and 4.11 show the simulation duration (in
terms CPU time) of the presented solution technique and the FE simulations to
achieve a converged result, and the corresponding number of degrees of freedom
for each case. The comparison are performed on the same computer. As a result,
the matrix sizes are decreased significantly (around 50 folds), thereby reducing the
computational cost of the investigated cases at least 10 folds. Note that in FE
modeling, the meshing is performed automatically with tetrahedral elements (with
linear shape functions) and solutions are performed using MUMPS algorithm (that

can take advantage of all of the processor cores).

The presented approach can be used both together with the Mori-Tanaka and the-
ory of mixtures approaches to impose the varying material properties to the system
equations. To investigate the changes in predicted natural frequencies, we performed

three case studies for an unconstrained cylindrical FG composite structure having
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Figure 4.9 The first four mode shapes of the case studies investigated in Table 4.8.
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Figure 4.10 The MAC plots of the first ten natural frequencies for the cases
investigated in Tables 4.8 and 4.9 (Top row shows the results of the cases (i) to

(iv) in Table 4.8 and bottom row shows the results of the cases (i) to (iv) in

Table 4.9 from left to right).

0.25 and 85 =0.0. Table 4.12

the geometric properties of L, /L, =1, h/L, =0.1, 51

presents the first ten natural frequencies obtained for three different volumetric ra-

0.1, p=1.0, and p = 10.0). It is observed that Mori-Tanaka and theory of

mixture methods lead to similar results, as also stated in [14]; however experimen-

tios (p
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Table 4.11 The computational cost comparison of cases studied in Table 2

Case (i) Case (ii) Case (iii) Case (iv)
(FFFF) (CFFF) (CFCF) (CCCO)

ST FEM ST FEM ST FEM ST FEM

DOFs 1680 | 107319 || 1848 | 107319 || 1848 | 107319 || 2457 | 107319
Duration (s) || 2.79 78 3.4 67 3.26 82 6.89 73

h;

!hz Metalorceramic\
M

\

Figure 4.11 Schematic of a FG sandwich composite structure.

tation need to be done to determine the most accurate approach to characterize the

varying material property.

Table 4.12 The comparison of first ten (non-dimensional) natural frequencies of an
unconstrained cylindrical FG composite structure having the geometric properties
of Ly/Ly=1, h/L,=0.1, 1 =0.25 and 2 = 0.0.

(i) p=0.1 (i) p=1.0 (iii) p=10.0
Mode || Mori-Tanaka | Theory of Mixtures || Mori-Tanaka | Theory of Mixtures || Mori-Tanaka | Theory of Mixtures
1 0.3981 0.4078 0.3674 0.3815 0.3779 0.3871
2 0.5656 0.5807 0.5211 0.5417 0.5374 0.5503
3 0.8944 0.9169 0.8244 0.8574 0.8456 0.8650
4 1.0719 1.0961 0.9951 1.0365 0.9854 1.0091
5 1.0747 1.0999 0.9957 1.0429 1.0091 1.0337
6 1.5567 1.5982 1.4330 1.4924 1.4692 1.5024
7 1.7762 1.8177 1.6436 1.7153 1.6550 1.6935
8 1.8081 1.8540 1.6651 1.7345 1.6989 1.7357
9 2.1257 2.1760 1.9686 2.0561 1.9770 2.0237
10 2.2375 2.2912 2.0706 2.1599 2.0925 2.1420

4.2.1.2 Laminated FGM parallelepiped

In this section, the dynamics of laminated doubly curved FG structures are studied.
In this case study, two different FG sandwich configurations, as seen in Fig. 4.11, are
considered: (a) soft-core and (b) hard-core. The first configuration is referred as the
soft-core since the middle laminate is metal and outer layers are FGM. Similarly,

the second configuration is hard-core since the middle layer is ceramic and outer
layers are FGM.
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Table 4.13 The comparison of natural frequencies (in Hz) of a soft-core FG (p =1)
sandwich cylindrical (51 = 0.5, and 2 = 0) structure having the geometric
properties of L, =2.67 m, L, =3 m, hy = 0.3 m (where ho/h1 =2 and hy = h3).

Case (i): FFFF Case (ii): FCFC Case (iii): CFCF Case (iv): CCCC
Mode ST | Ye at al. | FEM ST Ye at al. | FEM ST Ye at al. | FEM ST Ye at al. | FEM
1 171.2 171.2 171.2 || 414.3 418.6 414.1 340.2 343.0 340.1 674.7 678.1 674.6
2 220.2 220.2 220.2 562.5 565.0 562.2 401.9 404.6 401.8 845.3 850.9 845.5
3 327.4 327.3 327.4 || 564.5 568.0 564.3 484.4 486.5 484.3 || 1100.5 1104.7 | 1100.5
4 449.1 - 449.0 || 716.6 - 716.7 671.9 - 671.8 || 1134.1 - 1134.2
5 525.1 - 525.1 || 830.1 - 830.2 742.3 - 742.4 || 1272.1 - 1273.1
6 580.8 - 582.0 || 909.0 - 908.8 || 751.2 - 751.1 || 1311.3 . 13114
7 657.6 - 658.2 || 949.6 - 949.7 783.9 - 783.8 || 1348.6 - 1350.2
8 666.2 - 666.1 || 1147.6 - 1148.2 || 951.2 - 951.1 1506.1 - 1506.7
9 887.9 - 888.5 || 1206.7 - 1207.5 || 1093.2 - 1093.2 || 1523.6 - 1524.0
10 910.2 - 910.5 || 1222.3 - 1223.2 || 1183.6 - 1183.2 || 1555.7 - 1556.2

First, the dynamics of a soft-core FG sandwich cylindrical structure having the
geometric properties of L, =2.67 m, L, =3 m, hy = 0.3 m (where ho/h1 =2 and
hi = hs, i.e. 1-2-1 configuration), 51 = 0.5, and f2 = 0 is investigated. The predicted
natural frequencies are compared to those obtained from FE simulations and also
to those found in the literature. For this purpose, a recent study done by Ye et al.,
in which they investigated the dynamics of FG sandwich shells using cosine Fourier
series together with the Rayleigh-Ritz approach, is used [12]. In this study, the
material gradation in the FG layer is determined using theory of mixtures. For the
analysis, they selected the constituent materials of the FGM doubly-curved structure
to be aluminum as the metallic structure having the properties of E,, =70 GPa,
Vm = 0.3, and p,, = 2707 kg/ m? and the ceramic structure having the properties
of £, =380 GPa, v. = 0.3, and p. = 3800 kg/m3. The volumetric amounts of the
constituent materials are calculated based on power law, Eq. (2.34), and the material
gradation parameter, p, is set to 1. The first ten natural frequencies (in Hz) are
predicted under FFFF, FCFC, CFCF, and CCCC boundary conditions and listed
in Table 4.14. Note that, in Ye et al.’s work only the first three natural frequencies
are calculated; however, here we included the comparison of the first ten natural
frequencies. As seen, the results are in excellent agreement to those calculated
using FE approach, and to those presented in Ye et al.’s work [12]; the average and
maximum percent differences in predicted natural frequencies are calculated as 0.03

% and 0.21 %, respectively.

Second, the dynamics of a hard-core FG sandwich spherical structure having the
geometric L, = 1.34 m, Ly, =2.0 m, hy = 0.3 m (where hy = hy = h3, d.e. 1-1-1
configuration), 51 = 0.25, and o = 3/8 is investigated. Similar to the previous case,
the material gradation parameter, p, is set to 1. The calculated natural frequencies
are compared using the FE results and the results presented in Ye et al.’s work

[12]. Table 4.14 lists the first ten natural frequencies that are calculated under
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Table 4.14 The comparison of natural frequencies (in Hz) of a hard-core FG (p=1)
sandwich spherical (81 = 1/4, and S = 3/8) structure having the geometric
properties of L, =1.34 m, L, =2.0 m, hy = 0.3 m (where hy/hy =1 and hy = h3).

Case (i): FFFF Case (ii): FCFC Case (iii): CFCF Case (iv): CCCC

Mode ST Ye at al. | FEM ST Ye at al. | FEM ST Ye at al. | FEM ST Ye at al. | FEM
1 430.4 430.5 430.4 || 1057.0 1060.8 1055.6 || 1188.9 1194.5 1188.3 || 1725.1 1726.8 1724.1

2 468.5 468.6 468.5 || 1074.9 1077 1074.4 || 1244.1 1247.9 | 1243.6 || 1991.1 1992 1990.5

3 923.7 923.8 923.6 || 1336.8 | 1337.7 | 1336.4 || 1467.3 | 1467.9 | 1467.1 || 2059.9 | 2062.9 | 2058.4

4 1098.8 - 1098.7 || 1483.0 - 1482.8 || 1605.2 - 1604.9 || 2588.7 - 2587.6

5 1166.7 - 1166.3 || 1518.5 - 1517.7 || 1713.1 - 1711.4 || 2651.4 - 2649.7

6 1460.9 - 1461.4 || 1792.2 - 1791.8 || 1789.3 - 1787.6 || 2699.6 - 2699.4

7 1732.9 - 1732.5 || 2155.3 - 2154.9 || 1941.5 - 1941.1 || 3231.4 - 3231.1

8 1908.4 - 1908.2 || 2296.0 - 2294.8 || 2232.2 - 2231.8 || 3250.8 - 3249.6

9 2021.6 - 2021.5 || 2320.7 - 2320.5 || 2572.7 - 2573.5 || 3449.5 - 3446.1
10 2082.9 - 2083.5 || 2449.3 - 2448.3 || 2782.9 - 2781.5 || 3471.6 - 3471.2
[ Mode 1] [Mode 2| [Mode 3] [Mode 4| ‘Mode 5| | v  AlHNEIEEEEN {09
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Figure 4.12 The first ten mode shapes and the corresponding MAC plot for the
unconstrained soft-core sandwich composite given in Table 4.13.

FFFF, FCFC, CFCF, and CCCC boundary conditions. It is observed that the
natural frequencies obtained using the ST solution match those obtained from the

FE closely; the maximum difference is below 0.13 % for any boundary condition.

In both soft and hard core sandwich structures investigated here, the mode shapes
are also calculated and validated using modal assurance criteria. The minimum
MAC value for all the cases listed in Tables 4.13 and 4.14 is found to be 0.9915. As
an example, Fig. 4.12 shows the first ten natural frequencies of the unconstrained

soft-core structure and the corresponding MAC plot.

Due to the simplicity, numerical efficiency, and completely parameterized nature
of the presented ST solution approach, it is possible to perform the analysis of
the effects of different parameters on the dynamics of FG structures easily. As an
example, we investigated the change of first three natural frequencies with (1) in-
creasing gradation amounts for a hard-core FG sandwich spherical composite having
the geometric properties of L;/L, =1 m, hy/L; = 0.3 m (where hy = ho = hg, i.e.
1-1-1 configuration), and f; = B2 = 0.25; (2) increasing core thickness for a hard-
core FG (p=0.8) sandwich spherical composite having the geometric properties of
Ly/Ly=1, hi/Ly =ho/L, =0.1, and S = 2 = 0.25. The results of the ST and
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Figure 4.13 Variation of the first three non-dimensional natural frequencies of a
spherical sandwich FG composite structure for (a) varying gradation parameter
(p) and (b) varying core thickness (ha/h1). The solid (blue), dashed (red), and
dotted black lines presents 15, 27¢ and 3™ (non-dimensional) natural frequencies
found using the ST approach. Similarly, circle, square, and diamond markers shoes
the results of the FE simulations.

FE approaches with varying volume fraction parameter (p) and core thickness are
plotted in Fig. 4.13. As observed, the natural frequencies are decreasing with de-
creasing the ceramic content or the core thickness of the structure, and the ST model

matches very closely with the results of the FE (the maximum difference is 0.85 %).

4.2.1.3 Curved FG laminated structure having complex geometry

In this case study, to present the capability of the 3D-ST solution approach, curved
FG laminated structures having complex/arbitrary geometries are investigated. As
mentioned in Sec. 2.2.2, the presented solution technique enables accurately cap-
turing the dynamics of structures having complex geometries using the one-to-one
mapping procedure. This mapping procedure basically simplifies the domain of the
problem (defined by the governing IBVP) through the Jacobian of mapping. To this
end, the curved geometry as depicted in Fig. 4.14 is investigated.

62



Figure 4.14 Laminated composite structure having arbitrary geometry: (a-b)
in-plane geometry (in 2" —y” plane) and curved three-dimensional model of the
investigated geometry, respectively.

Table 4.15 The comparison of first ten natural frequencies (in Hz) of an
unconstrained doubly-curved (1 = 0.5 and S2 = 0.0) FG (p=0.7) soft-core
sandwich lamina having a total thickness of hy = 0.3 m, 0.4 m, and 0.5 m and
thickness ratios of 1-1-1, 1-2-1, and 2-1-2, respectively, using the presented 3D-ST
solution and 3D-FE simulations.

(i) 1-1-1 (ii) 1-2-1 (iii) 2-1-2
Mode | 3D-ST | 3D-FEM ?(;,Oﬁ)' 3D-ST | 3D-FEM ](D(;g' 3D-ST | 3D-FEM [()%
1 63.98 | 69.05 | 009 | 8539 | 8544 | 006 | 9833 | 9839 | 007
2 1 106.66 | 106.66 | 0.00 | 132.83 | 132.77 | 0.04 | 152.38 | 152.27 | 0.07
3 |1 202.04 | 202.25 | 0.10 || 246.70 | 246.85 | 0.06 || 272.43 | 272.38 | 0.02
4 | 20682 | 206.87 | 0.03 || 249.02 | 248.99 | 0.01 || 277.86 | 278.08 | 0.08
5 | 39554 | 39572 | 0.05 || 470.36 | 470.37 | 0.00 | 503.84 | 503.80 | 0.01
6 | 396.31 | 396.43 | 0.03 | 473.46 | 474.33 | 0.18 || 521.08 | 522.52 | 0.28
7 | 567.38 | 564.19 | 0.56 | 666.90 | 666.75 | 0.02 | 644.23 | 643.99 | 0.04
8 | 62890 | 62898 |0.01 | 671.31 | 668.39 | 0.44 || 737.00 | 735.18 | 0.25
9 | 64122 | 639.84 | 022 | 754.97 | 75452 | 0.06 | 791.51 | 791.53 | 0.00
10 | 682.53 | 682.53 | 0.00 || 762.38 | 763.12 | 0.10 || 811.57 | 813.25 | 0.21

In this case study, a doubly-curved soft-core sandwich composite structure (as de-
picted in Fig. 4.14(b)) having the curved (in-plane) geometry is considered. The
material gradation amount for the outer layers is set to p = 0.7, and the curva-
ture amounts are assumed to be 1 = 0.5 and o = 0.0. The total thickness of the
sandwich composite structure is varied as hy = 0.3 m, 0.4 m, and 0.5 m and the
corresponding thickness ratios of each sub-cases are set to hy/hg =1, hy/he = 0.5,
and hy/hg = 2, respectively (note that the thicknesses of the outer layers are as-
sumed to be equal, h1 = h3). The first ten natural frequencies calculated using the
presented 3D-ST approach and FEM analysis are listed in Table 4.15. As observed,
the results found using the 3D-ST approach accurately matches to those found using
FE approach. The average and maximum differences in results are obtained to be
0.1 % and 0.56 %, respectively.

Similar to previous case studies, the mode shapes are also calculated using the
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Figure 4.15 The first ten mode shapes and the corresponding MAC plot for the
case (i) where the thickness ratio is selected as 1-1-1 (in Table 4.15.

presented solution technique and compared to those found using COMSOL. Modal
assurance criteria is used to assess the consistency of the mode shapes obtained by
these two approaches. Figure 4.15 shows the first ten mode shapes of the soft-core
case study where the thickness ratio is selected as 1-1-1. Based on these analyses,
the minimum MAC value is calculated as 0.9941; therefore we can conclude that
the mode shapes obtained by the ST technique are in excellent agreement to those

found by FE approach.

4.3 Sandwich structure with carbon nanotubes face-sheets and honey-

comb type core

This section, the 3D-ST method is developed to study and design the straight and
curved sandwich structures. The hexagonal type of honeycomb as a core layer of
sandwich structure is reinforced by the face-sheets, including CNTs within porous
media. CNTs distribute along the thickness of face-sheets with two symmetric, one
anti-symmetric and uniform form. To validate the presented approach, vibration
and static studies are conducted by obtaining the natural frequencies and defor-
mation, respectively. The design process is accomplished using the Pattern Search
algorithm to optimize the CN'Ts orientations to maximize the fundamental frequency

and minimize the displacement.

4.3.1 Model Validation

The 3D-ST approach explained in section. 3.2 is validated through studying the
vibration and static behavior of the straight and curved sandwich structure. For

this purpose, the face-sheets contain CNT particles where the CNTs distribution
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along the thickness of the layers are the same for both face-sheets as F'G — O type
of distribution. The distribution type defined in Eq. 2.51 is utilized for the varia-
tion of porosity along the thickness. The CNTs material properties are presented
in Table. 4.16 and 4.17. The middle layer is defined as a hexagonal honeycomb
with the mechanical properties presented in Table. 4.18. For the vibration analysis,
all edges are clamped. For the bending study the clamped boundary condition is
applied at y = L, edge where a line force is applied on the edge y = 0 as shown in
Fig. (2.7)a. The obtained results from the 3D-ST approach are compared to those
calculated with the FE method. The finite element approach is accomplished by
using COMSOL v5.5.

Table 4.16 Material properties of CNTs composite

material Elasticity(Pa) Poisson ratio Shear elasticity(Pa) Density(%)
CNT E11=5.6466 x10™2 via =113 =0.175 G2 = Ggi3 = 1.9445 x 1012 1400
E22 = E33 =T7.08 x 1012 V93 = 191 G23 = %1fi23
Matrix 2.1 x10° 0.34 - 1150

Table 4.17 CNT material parameters

VéNT m 712 73
0.11  0.149 0.934 0.934

0.14 0.150 0.941 0.941
0.17 0.149 1.381 1.381
0.28 0.141 1.585 1.109

Table 4.18 Material properties of hexagonal honeycomb structure

Elasticity(Pa) Poisson ratio  Shear elasticity(Pa) Density(%)

Ei1; =0.0354 x 10° 115 =0.999856 Gj2 = 0.0266 x 10°
Egs = 0.0354 x 106 v13 =0 G13 = 92.463 x 106 24.94
E33 = 655.87 x 106 Va3 =0 Gos = 141.12 x 106

4.3.1.1 Straight sandwich structure

In this section, vibration and bending analysis of a square layered structure are

studied. The non-dimensional geometry properties are L, /L, = 1 with two different

thickness to length ratios of hs/L, = 0.1 and 0.2. Also, the ratio of face-sheets to the

middle layer is hy/hy, = 0.5. The number of polynomials used to model the struc-

ture to accomplish the vibration and static studies is 11x11 in x and y directions.

Also, the number of polynomials in the thickness direction is set to 7, 5, and 7 for
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the bottom face-sheet, core layer, and upper face-sheet, respectively. After applying
the coupling conditions, the overall degrees of freedom decreased to 3x11x11x17.
Table. 4.19 shows the first five natural frequencies of a square thick structure for
different porosity parameters (eg) and different CN'Ts orientations[i¢,12], where 1)y
and 1) are the bottom face-sheet and top face-sheet CN'Ts orientations, respectively.
The results are compared to those obtained from the FE analysis. The error per-
centage indicates that the 3D-ST approach can predict the vibration behavior of the

sandwich structure accurately. The bending analysis of the aforementioned struc-

Table 4.19 Natural frequencies (Hz) of straight structure with different porosity
values and CNTs orientations|ty, 9]

€)= 0.1 €y = 0.3 €)= 0.5
30,60] [45,45] (60,30]
h/a Modes 3D-ST FEM Diff (%) 3D-ST FEM Diff (%) 3D-ST FEM Diff (%)
1 96.80 96.69  0.12% 91.29 91.15  0.15% 96.71  96.52  0.19%
2 153.561 153.32  0.12% 156.66 156.46  0.12% 153.21 15292  0.19%
0.1 3 174.56 174.42  0.08% 163.31 163.08  0.14% 173.79 17351  0.16%
4 210.70 210.44 0.12% 222.71 22244 0.12% 210.13 209.74 0.18%
5 245.90 245.72  0.07% 237.32 237.05 0.11% 245.17 244.78  0.16%
1 123.71 123.65 0.05% 123.00 122.90 0.08% 123.17 123.02  0.13%
2 192.16 191.97  0.10% 198.30 198.08 0.11% 190.84 190.56  0.15%
0.2 3 215.57 215.39  0.08% 207.41 207.15  0.12% 211.63 211.33  0.14%
4 259.46 259.18  0.11% 272.20 271.83 0.13% 258.14 257.74  0.15%
5 275.98 275.04  0.34% 290.54 290.14  0.14% 261.16 260.44  0.28%

ture is accomplished by calculating the displacement magnitude of the center of the
structure on the top surface of the upper face-sheet. The acting force is described in
section 4.3.1. However, for the thickness ratios of 0.1 and 0.2, the line force amount
is 105 N/m. Table. 4.20 indicates the displacements (L%) of the structure with dif-
ferent CNTs volume percents and various CNT orientations. Comparing obtained
results with the FE approach solutions shows that the 3D-ST approach can obtain

accurate results in static studies.

Table 4.20 Bending analysis of straight structure for different volume and
orientations[ty, 12| of CNTS.

Vi =011 Viyy =013 Viny =017

[30,60] [-45,45] 60,30]
h/L, 3D-ST FEM Diff%  3D-ST FEM Diffi% 3D-ST FEM Difi%
01 04150 04184 0.82% 05892 05944 0.88%  0.2877 0.2902 0.86%
02 0.0710 0.0717 0.99%  0.0887 0.0894 0.81%  0.0518 0.0522 0.75%

4.3.1.2 Single-curved sandwich structure
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In this section, a single curved sandwich structure’s vibration and static behaviors
are investigated to validate the presented approach. Considering the Fig. 2.7a, the
geometry properties for this study are % =3, % =3 and % = 0.3 and 0.6. The
curvature amount(3) is set to 0.25. The material property configuration and the
type of boundary conditions were described in the section. (4.3.1). The vibration
and static investigations are accomplished for different volume percentages and var-
ious orientations of CNTs[¢)1,12]. Vibration study of the single-curved structure
is conducted by obtaining the first five natural frequencies shown in Table. 4.21.
The results show an excellent agreement between the 3D-ST approach and the FE
method. It should be noticed that to study the curved layered thick structure, the
3D-ST approach employs 13x13x(7x5x7) polynomials in X, Y and Z directions,
respectively. Consequently, considering the boundary condition, the number of de-
grees of freedom is 7293 for the 3D-ST approach. This number is equal to 40000 for
the FE method. Hence, it can be concluded that decreasing the number of degrees
of freedom results in decreasing the computational time.

The static behavior of a curved sandwich structure is studied via investigation of

Table 4.21 Natural frequencies (Hz) of the curved sandwich structure for different
porosity values and various CNTs orientations[t,2].

€0 = 0.1 €)= 0.3 €)= 0.5

[30,60] [-45,45] [60,30]
h/a Modes 3D-ST FEM Diffi% 3D-ST FEM Diff% 3D-ST FEM Dift%
1 272.89 27276  0.05 270.15 269.99 0.06 269.31 269.15 0.06

2 292.46 294.75 0.78 294.33 295.12  0.27 280.78 281.76  0.35
0.1 3 307.00 306.88 0.04 308.73 309.47 0.24 305.40 305.20 0.07
4 356.64 358.61 0.55 354.35 35443 0.02 344.10 344.71 0.18
) 367.47 367.48 0.00 381.42 382.38 0.25 362.49 362.36 0.04
1 266.24 266.58 0.13 261.80 261.57 0.09 257.39 25721 0.07
2 299.11 298.68 0.15 301.95 302.15 0.07 286.37 286.84 0.16
0.2 3 315.72 31581 0.03 324.73 32553 0.24 305.89 305.74  0.05
4 383.20 382.83 0.10 361.62 361.25 0.10 367.30 367.58 0.08
5 394.15 393.82  0.08 377.09 37721  0.03 378.44 378.37  0.02

the structure’s displacement using the 3D-ST approach. The boundary condition
type and line load are described in the section. 4.3.1. Three different volume per-
cent of CNTs are defined for the face-sheets with various orientations[iy,12]. The
applied load on the edge for thickness ratios of 0.3 and 0.6 are 10°. Table. 4.22
indicates the comparison of displacements at the center of the structure between
the presented approach and the FE method. The results show that the 3D-ST ap-
proach can predict the proper static displacement of a thick sandwich structure with

complex geometry.

In the following, a parametric study is accomplished to present the CNTs orienta-
tions effect on the displacement and fundamental natural frequency of a described
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Table 4.22 Bending analysis of a curved sandwich structure with different volume
and orientations|¢n,12] of CNTs

Vinr = 0.11 Viyy =013 Venr =017
[30,60] [-45,45] [60,30]
h/a 3D-ST FEM Diff% 3D-ST FEM Diffi% 3D-ST FEM Diffi%
0.1 00307 0.0304 093  0.0401 00399 053  0.0236 0.0233 0.94
0.2 0.0060 0.0060 0.51  0.0073 0.073 0.78  0.0045 0.0045 0.85

geometry in this section. The structure is clamped at y =0 edge. The CNTs volume
is set to 0.17. The results are plotted and shown in Fig. 4.16. The results show that
the CNTs orientations effect the static and dynamic behavior of the structure signif-
icantly. For the presented case of structure, the structure indicates to be more stiff
around the zero orientation of CNTs. The validation is accomplished for some cases
and shown on the figure with black circles. Obviously, the CNTs orientations of the
upper or bottom face-sheets have a recognizable effect on the structure behavior.
For instance, for two points marked with red stars on the Fig. 4.16a and b for the
displacement and fundamental natural frequency studies, the CNTs orientations are
[-50,0], [0,-50] and [-70.,0], [0,-70], respectively. It shows that the behavior of the
structure is not symmetric relative to the CNTs orientations, where the percent of
differences are 5% and 10% for displacement and fundamental natural frequency,
respectively. This issued can be caused by the curvature complexity which leads
to have the variation of length in X axis for bottom and upper face-sheets. The
parametric study shows that the CNTs affect on the structure static and dynamic
behavior is significant and a design studies should be conducted to obtain a desired

decision.

4.3.2 Design of sandwich-structured composites

This section aims to optimize the CNTs orientations of face-sheets ([11,12]) to catch
the desired dynamic and static behavior. The objective functions of the optimization
are maximizing the fundamental natural frequency(wy) and minimizing the deflec-
tion of the center point of the upper face-sheet(0), separately. The contained CNTs
of each face-sheet has independent orientations defined as the design variables of

this optimization study. Mathematically, the optimization study can be written as;

Objective function: Maximum wy or Minimize §

Design variables : [1)1,1)9] (4.3)
T T T 77
B S ro.r T
ounds 2<@ZJ1<2, 2<@D2<2
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Figure 4.16 Parametric study of CNTs orientations effect on the (a) displacement
and (b) fundamental natural frequency of a sandwich structure

To solve the optimization problem, the Pattern Search(PS) method presented by
Hooke and Jeeves[159]is used, which is a member of the Generalized Pattern Search
(GPS) algorithms. This method is presented as a local optimization theory. How-
ever, this method has valuable characteristics compared to the global optimization
algorithms such as Genetic Algorithm(GA)[160]. The initial mesh size is set to
1, which can change with the basis of 2. For the optimization step, geometry of
structure is set to two thickness ratios (L—hy =0.1,0.2) and five curvature amounts
(8=0.1,0.2,0.3,0.4,0.5). Also, four case of CNT distributions along the thickness of
face-sheets (FG — X,FG—O,FG—V and UD) with four value of volume percent-
age of CNTs (V*=0.11,0.14,0.17 and 0.28) are defined. The porosity distribution
is set to the symmetric equation presented in Eq. 2.52 with porosity coefficient
of eg = 0.3. The boundary conditions for the natural frequency and displacement
optimizations are defined as all-edges clamped and one-edge clamped at (y = L),
respectively. Also, in the case of displacement optimization, line force is applied to
the half part of the y = L, edge of the upper face-sheet in Z direction with the value
of 106%(shown in Fig. 2.7 with the red color.

4.3.2.1 Fundamental natural frequency optimization
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In this section, the optimum CNTs angle of upper and bottom face-sheets are ob-
tained to maximize the fundamental natural frequencies. Table. 4.23 presents the
optimum CNT angles and obtained maximum fundamental natural frequencies re-
lated to the optimum CNT angles. It should be noticed that each row of results
includes optimum CNTs orientations[i1,12] and maximum fundamental natural
frequency(wy). In an overview, Table. 4.23 shows that the optimum CNT angles
highly depend on the geometry and material properties of the sandwich structure.
For instance, the change of curvature amount () results in the mode shape jump,
leading to changes in the optimum CNT angles. However, optimum CNT angles
are changed for different thickness ratios with the same curvature amounts. On
the other hand, It is clear that the structure tends to have a higher fundamental
natural frequency due to the curvature amount. However, it can be concluded that
for higher curvature amounts, the increment of fundamental natural frequency has
a slow growth, whereas it decreases after a specific curvature amount (here 5=0.4).
Another part of this optimization study is to present the effect of material vari-
ation on the optimum CNT angles and maximum fundamental natural frequency.
Table. 4.23 indicates that the distribution type of CNTs along the thickness has
a small effect on the obtained optimum CNT angles. However, the results show
that geometry parameters are more effective on the CN'Ts angles than the material
characteristics. To highlight the material and geometry complexity effects on the
optimization process, the maximum fundamental natural frequencies are presented
in Table. 4.23. Considering the curvature amount, it is clear that CN'Ts distribu-
tion type can affect the maximum fundamental natural frequency approximately
1% to 5% with the same volume of CNTs. The CNTs distribution type effect is
more comprehensible when the CNT volume and curvature amounts have higher
values. A substantial point about the CNT volume role is that increasing the CN'Ts
volume increases the natural frequency. However, the increase of optimum natural
frequency does not have a meaningful relation with the increase of CN'Ts volume.
For instance, change of the contained volume of CNTs from 0.14 to 0.17 (+21%)
results in an 18% increment of optimum fundamental natural frequency, approxi-
mately, where this volume changes from 0.11 to 0.14 (+27%) result in 3% increment
of optimum fundamental natural frequency. This issue is related to the CNTs effi-
ciency parameters (7;) obtained from the molecular dynamic analysis of CNTs. To
show the optimization importance, Fig. 4.17 indicates the comparison of optimum
fundamental natural frequencies to those obtained for the [0,0] angle of CNTs for
upper and bottom face-sheets. Fig. 4.17 is accomplished for different types of CNT
distributions, thickness ratios, and curvature amounts, where the CNTs volume is
set to 0.11. The results show that the fundamental natural frequency can be in-

creased 45% at most by designing the CNTs orientations. As shown in Fig. 4.17,
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Table 4.23 Optimized CNT orientations of upper and bottom face-sheets [61,65]
and maximum fundamental frequencies.

LL; =0.1 L% =0.2

V¥ | 3 | FGX FG-O | FG-V UD FG-X [ FG-O | FG-V UD

01 [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0]

: 149.2 146.5 148.2 150.2 158.6 | 154.7 | 156.7 | 158.3

0.9 [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0]

' 162.8 160.3 161.6 162.6 167.5 | 165.3 | 166.4 | 167.1

011 |03 [-50, -35] | [-45,-35] | [45,-40] | [50,-35] | [55.0] | [55,5] | [50,0] | [55,0]
' : 165.2 161.0 161.9 163.8 202.1 | 171.0 | 171.9 | 173.1
0.4 [60,60] | [-60,60] | [-60,60] | [-60,60] | [-65,60] | [-60,55] | [-60,55] | [-65,60]

: 171.9 167.0 169.0 169.9 182.6 | 177.2 | 1789 | 180.5
05 [-60,70] | [-60,70] | [-60,70] | [-60,70] | [-55,55] | [-55,55] | [-55,50] | [-55,60]

: 170.9 165.9 167.7 168.9 182.4 | 1775 | 1783 | 180.6

01 [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0]
153.8 151.1 152.7 154.3 162.5 | 158.7 | 160.6 | 161.8

09 [0,0] [0,0] 0,0] 0,0] 0,0] 0,0] 0,0] 10,0]

: 166.6 163.9 165.3 165.9 170.8 | 168.5 | 169.6 | 169.9

014 | 03 [-50,-35] | [-50,-40] | [-45,-40] | [-50,-35] | [55,0] | [55,-10] | [50,0] | [55,0]
' : 168.5 164.5 164.8 166.7 177.6 | 173.7 | 174.8 | 175.8
04 [60,60] | [-60,60] | [-60,60] | [-60,60] | [-65,60] | [-65,60] | [-60,60] | [-65,60]

' 175.8 170.5 172.5 173.3 186.2 | 180.7 | 182.2 | 183.8
- [60,70] | [-60,70] | [-60,70] | [-60,70] | [-60,55] | [-65,55] | [-55,55] | [-55,60]

: 174.4 168.8 170.7 171.9 185.7 | 180.4 | 181.7 | 183.9

01 [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0]
180.6 176.6 178.9 180.6 189.2 | 183.5 | 186.3 | 187.7

0.9 [35,0] [45,0] [45,10] | [35,-5] [0,0] [0,0] [0,0] [0,0]

: 192.8 186.1 187.4 190.2 201.0 | 197.4 | 199.0 | 199.2

017 |03 [-35,40] | [-35,40] | [40,40] | [-40,35] | [0,50] | [-10,45] | [-15,35] | [0,50]
' ‘ 198.3 191.4 194.0 195.2 206.3 | 200.5 | 2025 | 203.2
0.4 [60,60] | [-60,60] | [-60,60] | [-60,60] | [-55,60] | [60,55] | [-55,55] | [-60,60]

’ 205.4 197.6 200.3 201.4 217.0 | 209.6 | 211.6 | 213.6
05 [60,70] | [-60,65] | [-60,65] | [-60,70] | [-55,55] | [-565,55] | [-55,50] | [-65,65]

: 199.7 192.1 194.6 196.0 214.4 | 206.4 | 207.6 | 210.6

01 [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0]
185.4 182.0 183.0 180.7 192.3 | 187.8 | 189.0 | 186.8

0.2 [30,0] [40,0] [35,-5] [30,0] [0,0] [0,0] [0,0] [0,0]

: 194.8 189.2 190.3 188.7 | 200.8 | 197.6 | 198.0 | 194.8

092 | 0.3 [-60,40] | [-55,40] | [-55,40] | [-60,40] | [55,0] | [-60,55] | [-5,50] | [55,0]
' : 200.1 193.6 194.9 192.8 206.8 | 200.5 | 201.7 | 200.1
04 [60,65] | [-60,65] | [-60,65] | [-65,65] | [-60,65] | [-60,60] | [-60,60] | [-65,60]

‘ 208.2 200.4 202.1 200.9 2175 | 2109 | 211.6 | 2105
05 [-55,70] | [-60,70] | [-60,70] | [-60,70] | [-55,60] | [-55,60] | [-55,60] | [-55,60]

’ 201.5 193.2 194.9 194.8 214.2 | 206.3 | 207.6 | 207.4
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the optimization is more effective in higher curvature amounts. In general, it can
be detected that optimization can change the dynamic behavior of the structure.
For instance, Fig. 4.17 shows that the sandwich structure with [0,0] orientations of
CNTs, tends to decrease the fundamental natural frequency for higher curvature

amounts, where the optimum CN'Ts orientations behave in the opposite direction.
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Figure 4.17 Comparison of the optimum natural frequency and the obtained
fundamental frequency by set of [0,0] orientation for the face-sheets for different
CNT distributions; (a) h/L; =0.1,(b)h/L; = 0.2.

4.3.2.2 Optimization of static behavior of a sandwich structure

In this section, the optimization study of the static behavior of the sandwich struc-
ture is accomplished to minimize the displacement of the center of the top surface
of the upper face-sheet. The CN'Ts orientations of the face-sheets are designed to
catch the minimum displacement. Fig. 4.18 shows the comparison of the optimized
displacement and the displacement with [0,0] CNTs orientations of face-sheets. The
CNTs distribution is F'G — X in this section. The comparison indicates that the

CN'Ts orientations significantly affect the displacement of sandwich structure with
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honeycomb core. It should be noticed that the line force is applied to the half-edge
of the structure, which leads to having a torsion moment and shear stress. In this
regard, the honeycomb structures cannot tolerate that stress effectively, because
of their structural characteristics. It is obvious that for the lower thickness ratio
(Fig. 4.18a), the percentage of improvement is too high in comparison to the higher
thickness ratio(Fig. 4.18b). Also, it is shown that increasing the curvature follows
the making the optimized CNTs orientation role less effective in minimizing the
displacement. On the other hand, the mentioned issue is confirmed for the volume
percentage of CN'Ts role, where for the lower volume percentage of CN'Ts the design

study should be considered a determinant element of analysis.

Another design study is conducted using the aluminum core to show the structure
behavior in different conditions. The same boundary condition, line load, and CNTs
material properties are included in this study. The elasticity modulus, Poisson ra-
tio and density of the aluminum are 70 Gpa, 0.34 and 2700 l{;g/m?’, respectively.
Fig. 4.19 shows the displacement results for the optimized and [0,0] orientations of
CNTs displacements. In comparison to the sandwich structure with a honeycomb
core(Fig. 4.19), curvature effect shows the same trend of decreasing. In general,
it can be seen that the improvement percentage is decreased in comparison to the
sandwich structure with a honeycomb core. The variation of volume of CN'Ts shows
a vice versa effect compared to its effect on the honeycomb case, where the per-
cent of improvement of displacement increases with the increase of the volume of
CNTs. Also, the same trend is detected for the thickness ratio, wherein the case
of aluminum core, for the high thickness ratio (Liy = 0.2), the percentage of the
difference between optimized orientations and [0,0] case is higher than the lower
thickness ratio (L% =0.2). In conclusion, the design approach strongly depends on
the geometry complexities and material properties, which can be an interesting field

to be investigated in more detail.
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Figure 4.18 Comparison of the minimum displacement with optimum CNT angles
and obtained displacement of the sandwich structure with [0, 0] orientation of the
CNTs for different volume of CNTs; (a) h/L, =0.1, (b) h/L, =0.2.
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Figure 4.19 Comparison of the minimum displacement with optimum CNT angles
and obtained displacement of the sandwich structure with [0,0] orientation of the
CNTs for different volume of CNTs and aluminum core; (a)

h/L, = 0.1,

(b)h/Ly = 0.2.
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5. CONCLUSIONS

5.1 Results and discussion

In this study, we presented a general 2D and 3D spectral-Chebyshev modeling ap-
proach to obtain high-fidelity dynamic models for laminated or sandwich (doubly-)
curved (FG) composite structures. The Hamilton energy approach is utilized to ob-
tain the integral boundary value problem. The Chebyshev polynomials are used to
approximate the function due to their exponential convergence characteristics. The
derivative operator is obtained using the expansion of a function, where the inner
product approach accomplishes the integral operation. Furthermore, the domain is

discretized using the Gauss-Lobatto points.

The performance of the solution approach in terms of accuracy and computational
efficiency is shown through various case studies. For comparison, the reference so-
lutions are obtained either using a commercial FE software (COMSOL) or data
available in literature. Since, the solution approach uses mapping algorithms (coor-
dinate transformation) to simplify the domain, the vibrational behavior of composite
laminated structures having complex geometries can be accurately identified. Fur-
thermore, due to the parametrized nature of the presented solution approach, it is

possible to efficiently perform various parametric analyses.
Based on the studies performed, following the conclusions can be obtained:

o In all case studies (both using 2D and 3D spectral Chebyshev approach), it
is shown that the results obtained using the presented solution approach are
in excellent agreement to those found in literature or to those obtained using
FE analysis. The maximum differences are calculated to be less than 1 %
corresponding to literature and FE result. To validate the predicted mode
shapes, modal assurance criteria is used and MAC plots are obtained for each
case study. The minimum MAC value is calculated to be 0.8 for the symmetric

(repeated) modes; note that the average MAC value for the investigated cases
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are above 0.95.

Based on the computational efficiency analyses performed in the same comput-
ing environment, the presented solution approach provides analysis speed-ups
at least 30 folds compared to FE methods. The main reason due to this advan-
tage is the significant decrease in the number of degrees of freedom to achieve

the same level of accuracy.

As expected, the increasing porosity decreases the stiffness of the plate leading
to lower uniaxial /biaxial buckling loads. However, since the mass of the struc-
ture decreases with porosity, it has a minor effect on natural frequencies. On
the other hand, as the reinforcement amount increases (either in the case of
CNT or GPL reinforcement), there is a significant improvement in the stiffness

of the structure.

Due to the fact the GPLs are a type of 2D nanofillers, significant improvements
are observed compared to CNT reinforcements. This finding is consistent
with the literature, since it has been reported that the GPLs showed better
mechanical enhancement as a result of the increased interaction between the

nanofiller and matrix materials [47, 48, 42].

Note that the developed model can also be extended (i) to different distribu-
tion profiles including asymmetric distributions considering the chance in the
neutral surface [161] or (ii) to the analysis of curved composite panels by in-
cluding a curvilinear coordinate frame and updating Eq. (2.2) accordingly. In
the future, this modeling technique can be utilized to optimize the gradation
profile and wt.% of the reinforcement amount in composite panels exploiting

its numerically efficient and accurate nature.

To leverage the computational efficiency, design studies are performed for sand-
wich structures. The CNTs orientations are designed to obtain the maximum
fundamental natural frequency and minimum displacement, respectively. The
pattern search method is used as an optimization algorithm. It can be con-
cluded that in both dynamic and static optimization processes, the optimum
CN'Ts orientations highly depend on the geometry and material characteris-
tics. To comprehend the advantage of optimization, we compared the op-
timum CNT orientations and [0,0] orientations of CNTs. The results show
that dynamic and deformation behavior (with defined objective functions) are

enhanced approximately 45% and 1000%, respectively.
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5.2 Future work

In this thesis, the 2D and 3D spectral Chebyshev technique is presented. It is
possible to extend this study in different aspects such as (i) flexibility for differ-
ent geometries, (ii) material complexities, and (iii) various different engineering

problems.

In this thesis, although complex geometries such as singly or doubly curved geome-
tries are studied, due to the nature of the spectral technique, the geometry needs
to be expressed higher order polynomials; thereby necessitates a continuity. To
overcome this problem such that this approach can be applied to an assembly of
structures or geometries that have discontinuities such as cavities, it should be ex-
tended to a spectral element formulation. One of the first attempts of this approach
is applied to piezoelectric energy harvester systems that shows promising results to

be implemented for composite structure design problems [162].

Furthermore, it can be applied to different types of composite structures such as vari-
able stiffness composites or to analyze different phenomenon such as non-linearity,

post buckling, cracked or delaminated composite structures.

5.3 Side works

During the developing the spectral-Chebychev approach as the main work of inves-
tigations, we try to extend this approach to study various problems presented in

following to show the capability of this technique.

5.3.1 Dynamic analysis of a doubly curved composite structure

In this research[163], a modeling framework for the dynamic analysis of doubly
curved composite panels is developed. Lamination parameters are used to char-
acterize the stiffness properties of the laminate, and the responses are calculated
through the two-dimensional spectral-Tchebychev method. The proposed frame-
work combines the computational efficiency advantages of both lamination param-
eters formulation and spectral-Tchebychev method which is extended for dynamic

analysis of curved composite laminates.
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5.3.2 Electromechanical analysis of functionally graded panels

This study [164] presents an electromechanical modeling approach for predicting
the dynamics of (straight/curved) functionally graded panels with multiple surface-
integrated piezo-patches. Bi-axial material variation is considered using the theory
of mixture approach. The governing equations are derived following the first or-
der shear deformation theory and the Hamilton’s principle. The derived boundary
value problem is solved numerically using a meshless approach based on Chebyshev
polynomials. Mass and stiffness contributions of piezo-patch(es), as well as two-way
electromechanical coupling behavior, are incorporated both for modal and harmonic
analyses. To validate the accuracy of the presented solution technique, the results
for various cases are compared to those obtained from finite-element analyses. It is
shown that the maximum difference in the predicted natural frequencies is below
1%, but for a fraction of the computational time. Furthermore, the harmonic anal-
ysis results excellently match FE results. Note that material variation changes the
spatial stiffness of the panel and thus, the functionally graded panel can be designed
according to a predefined objective function using the proposed modeling approach.
As a demonstration, specific to energy harvesting application, the voltage/power
output was maximized through material and geometry/shape variations. It was
demonstrated that significant improvements can be achieved through the presented

methodology.

5.3.3 vibration analysis of axially moving doubly-curved panels/shells

In this research [165] a general model to study the vibration behavior of axially mov-
ing two-dimensional continuums in the presence of curvature along the moving axis
is developed. To this end, an axially moving doubly-curved panel of variable radius
of curvature is considered. The integral boundary value problem is obtained based
on a higher-order shear deformation with first-order thickness stretching theory. Due
to its high accuracy and computational performance, spectral Chebyshev approach
is used to numerically solve the boundary value problem. Considering the geometry
capabilities of the developed model, dynamics of various axially moving structures
such as flat, singly- and doubly-curved plates/shells in different engineering applica-
tions with different boundary conditions can be investigated. The numerical results
confirmed that the calculated natural frequencies for axially moving flat plates and
circular cylindrical shells are in excellent agreement to those found in the literature

and obtained via finite element approach. Furthermore, the effects of the axial ve-
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locity, thickness stretching, curvature ratio, and boundary conditions on the natural

frequencies and stability behavior of the doubly-curved panels are investigated.

5.3.4 Nonlinear resonances of axially functionally graded rotating beams

The purpose of the current study is to develop an accurate model to investigate the
nonlinear resonances in an axially functionally graded beam rotating with timede-
pendent speed. To this end, two important features including stiffening and Coriolis
effects are modeled based on nonlinear strain relations. Equations governing the
axial, chordwise, and flapwise deformations about the determined steady-state equi-
librium position are obtained, and the rotating speed variation is considered as a
periodic disturbance about this equilibrium condition. Multi-mode discretization of
the equations is performed via the spectral Chebyshev approach and the method of
multiple scales for Gyroscopic systems is employed to study the nonlinear behavior.
After determining the required polynomial number based on convergence analysis,
results obtained are verified by comparing to those found in literature and numerical
simulations. Moreover, the model is validated based on simulations carried out by a
commercial finite element software. Properties of the functionally graded material
and the values of average rotating speed leading to 2:1 internal resonance in the
system are found. Time and steady-state responses of the system under primary
and parametric resonances caused by the time-dependent rotating speed are inves-
tigated when the system is tuned to 2:1 internal resonance. A comprehensive study
on the time response, frequency response, and stability behavior shows that the ro-
tating axially functionally graded beam exhibits a complicated nonlinear behavior
under the effect of the rotating speed fluctuation frequency, damping coefficient, and

properties of the functionally graded material.

5.3.5 Design of laminated conical shells

This study presents a modeling approach to accurately and efficiently predict the dy-
namics of laminated conical shells. The governing equations are derived based on the
first order shear deformation theory kinematic equations following the Hamilton’s
principle. To express the strain energy of the shells, in-plane and bending lamina-
tion parameters are used. A two-dimensional spectral approach based on Cheby-
shev polynomials is implemented to solve the governing equations. The developed

framework including the spectral-Chebyshev approach and lamination parameters
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results in an accurate and computationally efficient solution method. To demon-
strate the performance of the presented solution approach, various case studies in-
cluding straight panels, curved shells, and truncated conical shells are investigated.
The benchmarks indicate that the calculated non-dimensional natural frequencies
excellently match the results found using finite element method and the simulation
duration can be decreased by 100 folds. To leverage the computational performance
of the presented approach, a stacking sequence optimization is performed to max-
imize the fundamental frequency of a shell geometry, and the corresponding fiber
angles are retrieved from the optimized lamination parameters. Furthermore, a para-
metric analysis is performed to investigate the effect of geometry on the optimized
lamination parameters (and fiber angles) based on fundamental natural frequency

maximization.
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APPENDIX A

The in-plane geometric information of the arbitrary cross-sections in the third case
study is given in Fig. A.1. To map the arbitrary cross-section into a simple rect-
angular cross-section using Eq. (2.32), a fourth order polynomial mapping is used.
As shown in Fig. A.1, fourth order polynomial mapping necessitates 25 sampling

points.

4 15 11 7 3 4 3

3
S

o
o

Figure A.1 Coordinates of the arbitrary in-plane cross-section geometry used in
the case studies: (i) tapered geometry (top figure), (ii) complex-curved geometry
(bottom figure)

Points 1, 2, 3, and 4 in Fig. A.1 correspond to the four edges of the rectangular cross-
section as seen in Fig. 2.6. Table A.1 shows the x and y positions of each mapping
point used in this study. The details of the mapping procedure is described in detail
in [107]. Note that the accuracy of the cross-sectional mapping highly depends
on the selection of the mapping points and the order of the polynomial mapping;

however, in this study no attempt has been made to obtain the optimum mapping.
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Table A.1 Positions (z and y coordinates) of the 25 sampling points used to map
the complex cross-section into a simple rectangular cross-section.

Point 4 Tapered Geometry || Curved Geometry
x [m] |y [m] X [m] |y [m]
1 -3 0 -1.5 -1
2 3 0 1.5 -1
3 1 5 1.5 il
4 -1 5 -1.5 1
5 -1.413 0 -0.760 | -0.813
6 2.410 1.490 1.868 -0.559
7 0.583 5 0.760 0.813
8 -1.427 3.932 -1.868 0.559
9 0 0 0 -0.750
10 1.893 2.766 2 0
11 0 5 0 0.750
12 -1.893 2.766 -2 0
13 1.413 0 0.760 -0.813
14 1.427 3.932 1.868 0.559
15 -0.583 5 -0.760 0.813
16 -2.410 1.490 -1.868 | -0.559
17 -1.238 1.262 -0.944 | -0.465
18 1.238 1.262 0.944 -0.465
19 0.750 3.791 0.944 0.465
20 -0.750 3.791 -0.943 0.434
21 0 1.263 0 -0.434
22 0.970 2.581 1.010 0
23 0 3.777 0 0.434
24 -0.970 2.581 -1.010 0
25 0 2.544 0 0
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