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SUMMARY

In this thesis, the numerical analysis of the Laplace and Steklov eigenvalue prob-
lems (EVPs) using the finite element method (FEM) is considered. The EVPs are posed
on a number of both one- and two-dimensional domains which are discretized using
linear and quadratic triangular elements. Then, the Galerkin approximations of the
variational formulations that consist in constructing finite dimensional subspaces and
in solving the discrete problems are presented. The convergence analysis is mainly
based on the well known Babuska-Osborn theory in which the orders of convergence
of the eigenvalues and the eigenvectors are estimated. Apart from the abstract spectral
approximation theory, a proof of convergence of the eigensolutions that is based on the
standard aspects of the Rayleigh quotient is presented for elliptic EVPs.

A formalism is considered to estimate the changes in the eigenvalues of the Laplace
and Steklov EVPs due to a perturbation in the boundary of the problem domain. The
influence of these boundary perturbations on the eigensolutions is investigated both
analytically and numerically for several one- and two-dimensional perturbed domains
that are assumed to be inscribed in the original domains. The convergence behavior of
the perturbed solution to the original solution in terms of a characteristic perturbation pa-
rameter is obtained by a Taylor series expansion of the errors between the two solutions.
The analogous convergence behavior of the FEM solution of the perturbed problem is
obtained numerically. Besides, the Laplace and Steklov EVPs are considered on regular
polygons inscribed in the unit disc. It is numerically shown that both simple and multiple
eigenvalues of the Laplace EVP on the polygon domain obey a representation in inverse
powers of the number of sides of the polygon. Analogous results are numerically shown
to hold for the Steklov EVP in terms of several characteristic properties which are not

available in the open literature to the best of the author’s knowledge.

Keywords: Laplace EVP, Steklov EVP, FEM, Boundary Perturbations.



OZET

Bu tezde, Laplace ve Steklov 6zdeger problemlerinin (ODP) sonlu elemanlar yon-
temi (SEY) kullamlarak say1sal analizi ele alinmaktadir. ODPler, dogrusal ve kuadratik
ticgensel elemanlar kullanilarak ayriklastirilan hem bir hem de iki boyutlu bir dizi
tanim bolgesi tizerine yerlestirilmektedir. Daha sonra, sonlu boyutlu alt uzaylarin olus-
turulmasina ve ayrik problemlerin ¢6ziimiine dayanan varyasyonel formiilasyonlarin
Galerkin yaklasimlar1 sunulmaktadir. Yakinsama analizi esas olarak, 6zdegerlerin ve
Ozvektorlerin yakinsama mertebelerinin tahmin edildigi, iyi bilinen Babuska-Osborn
teorisine dayanmaktadir. Soyut spektral yaklagim teorisinin yani sira, Rayleigh oraninin
temel dzelliklerine dayanan, 6z¢oziimlerin yakinsamasimin bir kanit1 eliptik ODPler i¢in
sunulmaktadir.

Problem tanim bélgesinin sinirindaki bir pertiirbasyona bagli olarak, Laplace ve
Steklov ODPlerinin 6zdegerlerinde meydana gelen degisiklikleri tahmin etmek i¢in
bir formalizm ele alinmaktadir. Bu sinir pertiirbasyonlarinin 6z¢dziimler tizerindeki
etkisi, orijinal tanim bolgelerinin i¢ine kaydedildigi varsayilan ¢esitli tek ve iki boyutlu
pertiirbe tanim bolgesi icin hem analitik hem de sayisal olarak arastirilmaktadir. Pertiirbe
¢oziimiin orijinal ¢oziime yakinsama davranisi, iki ¢6ziim arasindaki hatalarin karakter-
istik bir pertiirbasyon parametresi cinsinden Taylor seri a¢ilimi ile elde edilmektedir.
Pertiirbe problemin SEY ¢6ziimiiniin benzer yakinsama davranisi, niimerik olarak elde
edilmektedir. Ayrica, Laplace ve Steklov ODPleri, birim disk i¢ine kaydedilmis olan
diizglin ¢okgenler tlizerinde de ele alinmaktadir. Cokgen tanim bolgesi tizerindeki
Laplace ODPnin hem tek hem de ¢oklu 6zdegerlerinin, ¢okgenin kenar sayisinin ters
kuvvetlerindeki bir temsiline uydugu sayisal olarak gosterilmektedir. Yazarin bilgisi
dahilinde acik literatiirde bulunmayan c¢esitli karakteristik 6zellikler agisindan Steklov

ODP icin de benzer sonuglar sayisal olarak gosterilmektedir.

Anahtar Kelimeler: Laplace ODP, Steklov ODP, SEY, Sinir Pertiirbasyonlari.
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1. INTRODUCTION

Many problems in natural sciences, engineering, and economics involve partial
differential equations (PDEs). In many cases, determining exact solutions of PDEs is
either too complicated in closed form or even impossible. Therefore, their solutions must
be approximated numerically using numerical methods such as finite difference, finite
volume, finite element, boundary element, and spectral methods to provide accurate
and reliable approaches to these exact solutions.

Finite element methods including conforming, non-conforming, mixed finite ele-
ments, standard, discontinuous, and weak Galerkin approximations, can be described as
a family of procedures of approximating functions as discrete models. These procedures
involve a set of finite number of points and subdomains in the domain where the given
problem is defined. The most important advantage of finite element methods is that
they achieve more accurate solutions than the finite difference method on geometrically
complex domains. Another significant advantage is that finite element methods trans-
form the governing differential equations into a system of algebraic equations that can
be solved locally over each finite element.

In this thesis, the finite element method (FEM) that is based on the standard
Galerkin approximation is considered to obtain the approximate solutions of the Laplace
and Steklov eigenvalue problems (EVPs) involving the Laplace operator which is a
second-order elliptic partial differential operator. In general, numerical integrations,
boundary perturbations (variations, deformations), and approximate boundary condi-
tions, can be the cause of various errors in finite element methods (one can refer to, for
instance, [1] for more details). Based on this, a series of strategies on investigating the
effect of boundary perturbations on the eigensolutions of the Laplace and Steklov EVPs

are identified and discussed in this study.

1.1. Literature Survey

Approximation of EVPs is significant to many scientific and engineering applica-
tions, such as structural dynamics, quantum chemistry, electrical networks, magnetohy-

drodynamics, and control theory [2]. Due to the important features such as the ability to



handle solution domains with arbitrary geometry and rigorous theoretical foundations,

finite element methods have been studied extensively for EVPs, for instance, [2—12].

1.1.1. Finite Element Methods for the Laplace EVP

The Laplace eigenvalue is the fundamental problem resided in many physical
phenomena such as fluid flows being modeled by Navier-Stokes equations, acoustic
theory, problems of vibrating elastic membranes, electromagnetic waveguides, electron
wave functions in quantum waveguides, nuclear magnetic resonance measurements of
diffusive transport, construction of heat kernels in the theory of diffusion, etc. [2, 13].
For instance, vibration modes of a thin membrane are given by the Laplacian eigen-
functions under the Dirichlet boundary conditions for a fixed boundary with the drum
frequencies proportional to the corresponding eigenvalues [13, 14]. Finite element
methods including conforming, non-conforming, mixed finite elements, standard, dis-
continuous, and weak Galerkin approximations have been studied by many researchers
for approximating the Laplace EVP. A review of them is given below.

Different types of non-conforming and conforming finite elements have been
considered in [15, 16] to obtain and analyze the approximate solution of the Laplace
EVP. In [15], Armentano and Duran have analyzed the approximation obtained for the
Dirichlet eigenvalues of the Laplace operator by the piecewise linear non-conforming
Crouzeix-Raviart finite element method. Later on, FuSheng and HeHu [16] have ob-
tained the lower bound for the eigenvalues of the Laplace EVP using the two types of
non-conforming finite elements which are Crouzeix-Raviart element and extended Q.
They have also provided an upper bounds using conforming finite elements for the
eigenvalues. On the other hand, discontinuous and weak Galerkin finite element meth-
ods have been used to approximate the eigensolutions of the Laplace EVP in [17, 18].
Antonietti, Buffa, and Perugia [17] have presented and analyzed discontinuous Galerkin
methods for computing the eigenvalues and eigenfunctions of the Laplace operator. In
[18], Zhai, Xie, Zhang, and Zhang have analyzed the two-grid and two-space schemes
for the approximation of the Laplace EVP by the weak Galerkin finite element method.
Liu and Oishi [19] has applied the finite element method to bound leading Laplacian
eigenvalues over polygonal domains and provided concrete eigenvalue bounds for do-

mains of arbitrary geometry.



A comprehensive review of the standard Galerkin approximations, non-conforming
approximations, and approximation of EVPs in mixed form have been given by Bofti in
[12]. In this study, Boffi has also presented several examples about the approximations
of the Laplace EVP using the finite element method in one-dimension, two-dimensions,
and also in mixed forms. Besides, this study involves the direct proof of convergence
and the Babuska-Osborn spectral theory [9], which are widely used methods for the
convergence analysis of the finite element solutions of EVPs. A proof the convergence
estimates for the eigensolutions of the Laplace EVP has been provided in [12] also
using the direct method and the spectral theory. Later on, Xiao, Gong, Sun, and Zhang
[20] have proposed a new finite element approach for the Dirichlet EVP using the
abstract approximation theory for holomorphic operator functions. This new approach

is different than the classic Babuska-Osborn spectral theory.

1.1.2. Finite Element Methods for the Steklov EVP

The Steklov EVP defined with the boundary condition involving the eigenvalue
parameter has also various applications in many physical subjects. For instance, it is
employed to model the dynamics of liquids in moving containers (sloshing problems)
and problems involving a vibrating membrane with its mass concentrated along its
boundary (see, e.g., [21-27]). A review of the studies about the approximation of the
Steklov EVPs using finite elements methods is given below.

Bramble and Osborn [28] have studied the Galerkin method with the conver-
gence estimates for the approximation of Steklov eigenvalues of a strongly elliptic,
non-selfadjoint, second-order differential operator. Later on, Andreev and Todorov
[29] has presented the isoparametric variant of the finite-element method to obtain
an approximation of Steklov EVPs for second-order, selfadjoint, elliptic differential
operators.

Different types of non-conforming and conforming finite elements are also used
widely for finite element analysis of the Steklov EVP. Yang, L1, and Li [30] have inves-
tigated non-conforming finite element approximations of the Steklov EVP and derived
the error estimates for eigenvalues and eigenfunctions. They have also provided the
lower bounds for the eigenvalues using two different types of non-conforming elements.

Then, Bi and Yang [31] have presented and analyzed a two-grid discretization scheme of



non-conforming Crouzeix-Raviart finite element for the Steklov EVP. Later on, Li, Lin,
and Xie [32] have considered four types of non-conforming finite elements and provided
error estimates for the non-conforming finite element approximations of the Steklov
eigenvalues both on convex and concave domains. Further, a multilevel correction
scheme of non-conforming finite element has been given by Han, Li, and Xie in [33].
Besides, the conforming finite element approximation of a fourth-order Steklov EVP
has been studied by Bi, Ren, and Yang in [34]. The accelerated two-grid algorithm has
been presented and analyzed by Weng, Zhai, and Feng [35] to approximate the solution
of the two-dimensional Steklov EVP using the finite element method.

It is of particular importance to note that, approximation of the Laplace and Steklov
eigensolutions has also been studied by many researchers using other numerical methods.
As on instance, Kuttler has analyzed the Laplace EVP given with Dirichlet boundary
condition using the finite difference method in [36]. A boundary element method is
presented and analyzed by Steinbach and Unger in [37] for solving the Dirichlet EVP
for the Laplace operator. Meng, Zhang, and Mei [38] have studied the virtual element
method to approximate the Laplace EVP in mixed form, and have provided the spectral
approximation and the optimal convergence order for the eigenvalues using the spectral
theory of compact operators. A virtual element method has also been presented and
analyzed by Mora, Rivera, and Rodriguez [39] for the two-dimensional Steklov EVP.
Tiirk [27] has proposed a dual reciprocity boundary element method to obtained and

analyzed an approximate solution of the Steklov EVP.

1.1.3. Boundary Perturbations

There are numerous studies in the literature about boundary perturbations for
BVPs and EVPs on smooth and non-smooth domains with several boundary conditions.
A review of them is given below.

Strang and Berger [40] have considered Poisson’s equation given with the Dirich-
let boundary conditions on a convex plane domain and on a polygon which is inscribed
the convex plane domain. They have investigated the difference between the solutions
on the convex plane domain and the polygon.

Blair [41] has analyzed the difference between the solutions of second-order ellip-

tic partial differential equations for Dirichlet boundary conditions when the boundary is



perturbed. It has been considered the domain, where the given problem is originally
defined, with the perturbed domain, which approximates the original domain, in this
analysis. He has shown that the error between the solutions on the original domain and
the perturbed domain depends only on the Euclidean distance between the original and
perturbed domains.

Dauge and Helfer have investigated the variations of Neumann eigenvalues con-
cerning a one-dimensional domain in [42]. They have derived the formula for the
first variation of the eigenvalues concerning the Sturm-Liouville operators to obtain
information about the variations of the eigenvalues when the width of the domain goes
to zero or infinity. In [43], they have extended that formula for higher-dimensional
domains. Such formulas, commonly referred to as shape derivative formulas, represent
the rate of change of the eigenvalues as a given domain deforms and has been given first
by Hadamard in [44] for the simple Laplacian eigenvalues under the Dirichlet boundary
conditions.

In [45-47], Vanmaele and Zeniek have investigated the effects of the bound-
ary perturbations on the finite element analysis of second-order elliptic EVPs in the
case where the approximate domains are not subdomains of the original domain. The
optimum rate of convergence for the approximate eigenvalues and the approximate
eigenfunctions are obtained for simple eigenvalues and corresponding eigenfunctions
in [45]. The convergence of approximate eigenfunctions corresponding to the multiple
eigenvalues is investigated in [46] for a second-order elliptic EVP on a concave bounded
domain with homogeneous Dirichlet boundary conditions.

Kozlov has derived the formula for the first eigenvalue of the Laplace EVP, given
with Dirichlet boundary condition, on arbitrary non-smooth domains in [48]. The for-
mula has been derived for this eigenvalue considering an arbitrary perturbation of the
domains in that study. It has been observed that the leading term of this formula is the
same as in Hadamard’s shape derivative formula, but the second term is new and is of
the same order as the first one for arbitrary non-smooth domains. Besides, Kozlov and
Nazarov have considered the eigenvalues of a second-order elliptic EVP given with
Dirichlet boundary condition on a non-smooth domain, and have derived the formula for
the eigenvalues in [49]. This formula contains terms that are not involved in Hadamard’s

formula.



In [50, 51], Grinfeld and Strang have shown that the eigenvalues of the Laplace
EVP, given with Dirichlet boundary conditions, on N-sided regular polygon, which is in-
scribed in the unit disc, are represented as a series in terms of the inverse powers of sides
N. This series has been obtained for the lowest simple eigenvalues using Hadamard’s
formula in [51]. A similar application of Hadamard’s formula to the Laplace eigenvalues
on an ellipse with semi-axes 1 4+ @ and 1 + b, which is a perturbation of the unit disc,
also given by Fiore and Grinfeld in [52]. It has been shown that the eigenvalues on
the ellipse can be given as a series in terms of powers of a and b. Besides, Grinfeld
has derived shape derivative formulas for Neumann, and mixed boundary conditions,
multiple eigenvalues, and second-order derivatives in [53]. The theoretical background
of these studies can be found in [54]. Bandle and Wagner [55] have been interested in
how functionals related to elliptic boundary and EVPs with Robin boundary conditions
are affected by domain variations. They have computed the first and second domain
variations for these functionals and also for the eigenvalues. The shape derivative
formulas have been derived in [56] for both simple and multiple eigenvalues of the EVP
with Wentzell boundary conditions. Besides, the formulas for the simple and multiple
eigenvalues of the Steklov and Laplace-Beltrami EVPs are given in Appendix E of [56].
The formula has also been derived in [57, 58] for the simple eigenvalues of the Steklov

EVP.

1.2. Plan of the Thesis

As a prelude, basic FEM principles are introduced for boundary value problems
(BVPs) in Chapter 2. FEM analysis of the Laplace and Steklov EVPs that is provided
in Chapter 3 and Chapter 4 is based on these principles.

In Chapter 3, FEM is introduced for the Laplace EVP, and this problem is ana-
lyzed on various one- and two-dimensional domains. In the one-dimensional case, the
convergence the FEM solution computed using piecewise linear and quadratic basis
functions to the exact solution is investigated with respect to the mesh parameter. As in
the one-dimensional domain, the convergence behaviors of the FEM solutions are inves-
tigated on the square domain and the unit disc which are discretized by linear elements.

Since the FEM solutions are actually obtained on discretized domains inscribed in the



original domains, the influence of the boundary perturbations to the eigensolutions is
investigated. Based on the study [41], the Laplace EVP is considered on the perturbed
domain assumed to be placed within the original domain and approximately close to
the boundary of the original domain. The convergence between the solutions of the
Laplace EVP on the original domain and the perturbed domain is investigated both
analytically and numerically with respect to the perturbation parameter by introducing
a set of differing perturbations on a one-dimensional domain. Besides, the conver-
gence properties of the approximate eigenvalues of the perturbed problem, which can
be obtained analytically using FEM with piecewise linear basis functions to the ana-
lytical solution of the original (unperturbed) problem on a one-dimensional domain,
are investigated for a fixed mesh. The computations concerning the eigenvalues are
extended to two-dimensional settings by analytical considerations when the problem is
considered on square and disc domains. Taylor’s series expansions of the errors between
the solution on the original domain and the solution on the perturbed domain are used to
obtain these convergence behaviors. Moreover, based on the fact that the FEM solution
of the Laplace EVP on a disc is actually obtained by discretizing a polygon inscribed in
this disc, the Laplace EVP is considered on regular polygons, which are inscribed in the
unit disc with an increasing number of sides. Then, it is numerically shown that both
simple and multiple eigenvalues of the Laplace EVP on the polygon can be represented
in terms of inverse powers of the number of its sides, as given in [51] (see also [50]) for
the simple eigenvalues. Note that numerical results about the boundary perturbations
are obtained using FEM on domains discretized by linear elements.

In Chapter 4, the FEM approximation of the Steklov EVP is analyzed. The con-
vergence of the FEM solution computed using linear elements to the exact solution is
investigated, considering the Steklov EVP on the unit disc. In addition, in analogy with
the Laplace EVP case, a series representation in terms of inverse powers of the sides of
the polygon is investigated numerically for the Steklov EVP.

Finally, Chapter 5 includes a summary of the studies carried out in the thesis and

ideas for future studies.



1.3. Contributions in the Thesis

In this thesis, FEM is considered to obtain approximate solutions of both the
Laplace and Steklov EVPs. It is known that the double eigenvalues are approximated
by two distinct discrete ones, and the direct sum of the eigenspaces corresponding to the
discrete eigenvalues should be compared to the two-dimensional eigenspace associated
with the continuous eigenvalue [12]. In the present study, a procedure is proposed
to obtain the linear combinations of the approximate eigenfunctions corresponding to
the multiple eigenvalues. As a consequence, the convergence behavior of the linear
combinations to the exact eigenfunctions is provided numerically.

Several forms of the Steklov EVP have been studied by finite element methods in
the literature (e.g., in [59, 60]). On the other hand, FEM for a Steklov EVP in which
the differential operator is the Laplace operator and the associated bilinear form is not
coercive, has been analyzed for the first time in this thesis to the best of the author’s
knowledge.

The influence of the boundary perturbations on the solutions of the Laplace and
Steklov EVP is also investigated in the present study. It is known that the solutions of
the second-order elliptic BVPs on the perturbed domain converge to the corresponding
ones on the original domain as the boundary of the perturbed domain approaches to the
boundary of the original domain [41]. An analogous investigation is conducted for both
FEM and exact solutions of the Laplace EVP, considering the problem on various one-
and two- dimensional perturbed domains in this thesis. Theoretically, the convergence
together with its order of the perturbed solution to the original solution is explored in
terms of a characteristic perturbation parameter.

Furthermore, the Laplace and Steklov EVPs are considered on regular polygons
which are assumed to be variations of the unit disc. In [51], it has been theoretically
shown that the eigenvalues of the Laplace EVP on regular polygons corresponding to the
simple eigenvalues on the unit disc can be represented as a series in terms of the inverse
powers of the number of the sides. In this thesis, analogous results are numerically
shown to hold for the multiple eigenvalues of the Laplace and Steklov EVPs, which are

not available in the open literature to the best of the author’s knowledge.



2. THE FINITE ELEMENT METHOD

In this chapter, the principles of FEM are presented for BVPs. Specifically, the
function spaces where the solutions are sought, the variational formulation of BVPs, the
Galerkin approach, the approximation properties of piecewise polynomials, and some
theoretical results of convergence analysis are introduced.

In general, the finite element methodology consists of three basic components:

1) The given problem is converted into an equivalent form, known as the weak or
variational form.
i1) Piecewise polynomials are used as trial functions to discretize the variational
form.
iii) The discrete problem is represented as an algebraic form, and the solution of this
form gives the approximate solution.

To begin with, the function space that have fundamental importance in the analysis
of PDEs with FEM and norms on these spaces are presented. The following definitions
and theorems on these spaces can be found in standard texts on finite element methods

for instance [2, 61-66].

2.1. Function Spaces

2.1.1. Normed and Banach Spaces

A vector space X is called a normed space if it is defined with a norm on it. A
norm on a vector space X is a mapping such that ||-|| : X — R with the following

properties:

* lu+ ol < lull + flv

* llec-ull = lal - lull,
o |lu|| > 0, with equality if and only if u = 0
forallu,v € X and a € R.
Let {u;},-, be a sequence in a normed space X . A sequence {u; },, is called a

9



Cauchy sequence in a normed space X, if for all € > 0 there exists a positive integer n

such that
Jui —uj|l <€ Vi,j>n, (2.1)
A sequence {u; }, is said to be convergent if there exists u € X such that
lu—u|| <e, Vi>n, (2.2)

for all € > 0, and n is a positive integer. A normed space X is called complete if every
Cauchy sequence defined in X is convergent. A Banach space is a complete normed

vector space.

2.1.2. Inner Product and Hilbert Spaces

Let X and Y be normed vector spaces with the norms ||-||, and || ||, respectively.
A linear mapping L is called a linear operator if it is defined from the normed space X
into the normed space Y. The linear operator L(-) is bounded if there is a real number

¢ such that
| Lul| < clull, (2.3)

for all u € X. The norm of the linear operator L is defined as

| Lu
1) = sup 124

, 2.4)
wex |lull

for u # 0. A linear functional or linear form on the normed space X is a linear
operator from the normed space X into the scalar field R, and is commonly denoted by
I(): X - R

A bilinear form on the normed space X is defined as a mapping from X x X to

R. A bilinear form B(-, -) satisfies the following properties:

e Bu+v,w) = B(u,v) + B(v,w).
« B(u,v +w) = B(u,v) + Blu, w),
« B(a-u,v) = a- Blu,v),
¢ B(u,ov) = a- Blu,v),

10



for all u,v,w € X and a € R. A bilinear form is symmetric if
B(u,v) = B(v, u), 2.5)

for all u,v € X. An inner product is a symmetric bilinear form which satisfies the
condition B(u,u) > 0, with equality if and only if u = 0 forall w € X. Inner products

are commonly denoted as (-, -). An inner product defines a norm as

lu|| = 1/ (u, ), (2.6)

for all w € X. Also, a bilinear form B(-, -) defines the so called energy norm ||u||, =
\/ B(u, u). The vector space X is called an inner product space if it is defined with an

inner product on it. A Hilbert space is a complete inner product space.

2.1.3. L? Spaces

The space of p-times integrable functions L? in a given domain (2 is defined as

7(Q) = {u Qo Rl g < oo} : .7)
where
1/p
el ey = ( / ru\pdﬂ) Cl<p<s, 8)
and
”UHLoo(Q) = sup |u(x)]. (2.9)
€N

The function spaces L”({2) are Banach spaces for all 1 < p < oc.

2.1.4. Weak Derivatives

Let C*(€)) be the space of k times continuously differentiable functions on a
given domain 2. Also, let D(€2) be the space of all infinitely differentiable functions
which vanish on the boundary of a given domain €2. Space D(2) is also named as the
space of test functions.

The partial derivative is defined as

a‘akp

Drp=— 2P
A TR

Vi € D(92), (2.10)

11



where a = (o, ..., ay) is a multi-index, and || = "I, « is the length of cv.

For u € C'(f), using integration by part gives the following identity

ou Op
o, odr = —/aniud:z:, Vo € D(Q), (2.11)

since the test function (o vanishes on the boundary of €). Repeating this process yields

/ Dupdr = (—1)|a/ uD%pdz, Yy € D(0), (2.12)
Jo 0

for u € C1*(Q).

A function is called locally integrable when it is integrable on every compact
subset of its domain. In other words, a locally integrable function f is a measurable
function such that [ « | f| is finite for every compact subspace K of a given domain.

The space of locally integrable function is denoted by L;,.(2) and is defined as
Lipe(Q) = {v: v € L'(K), forall compact K C Q}, (2.13)

for a given domain 2. A given function f € L;,.(€2) has a weak derivative D f if

there exists a function g € L;,.(€2) such that

/ggpd:z: = (—1)‘a|/fD“g0dx, Vo € D(Q). (2.14)
Q Q

The function g is called as a weak derivative of the function f.

2.1.5. Sobolev Spaces

Sobolev spaces are essential in finite element analysis because they provide the
norms to deal with the solutions of PDEs, and to be able to measure the approximation
errors. Let k be a positive integer and u € L;,.(£2). Assume that all weak derivatives

D®u exist for || < k. Then, the Sobolev space is defined as
WP(Q) = {u € Lioe(S) : |[ull (e < oo} , (2.15)

where HuHW]f (o) is the Sobolev norm of u defined as

1/p

lulliry = | D I ulfoiey | (2.16)

la|<k

12



and for the case p = oo,

[ullyr i) = max [ D*ull e - (2.17)

The case p = 2 is the most common one encountered in finite element analysis. For
this case, ||u||W3(Q) = |lul[2(g)- Since ||u||iQ(Q) = (u, u)r2), Where (u,v)20) =
o, uvdS2, the Sobolev spaces W2 (€2) are Hilbert spaces. These spaces are denoted by
H* = WZ2(Q). The Hilbert space H"(2) denotes the space of functions that have kth

derivatives and are square integrable in L*(£2), and is defined as
H*(Q) ={ue L*Q): D'ue L*(Q)}. (2.18)
In particular, the space H'({2) is defined as
H' () ={ueLl*(Q): D'ue L*(Q)}, (2.19)
and is given with the norm
1/2
lull ;= (/Q |u|2dS2—|—/Q|Vu|2dSZ> , Yu e H'(Q), (2.20)
associated to the following inner product
(u,v) = /Q(uv + Vu - Vo)dQ, Yu,v € H'(Q). (2.21)

The norm and the inner product on H' will be denoted as ||-||, and (u, v), respec-
tively. Also, the norm and the inner product on L? will be denoted as ||-|| and (u, v),
respectively. The space H;(€2) denotes the space of functions in H'(£2) vanishing

along the boundary 9. The inner product and norm on H; are defined as

(u,v) ) = /Q(Vu - Vu)dS2, Vu,v € Hy(Q), (2.22)

1/2
ol ) = (/Q\wy?dﬂ) | Ve H(Q). (2.23)

2.2. Variational Formulation

The variational formulation of a BVP is the starting point to discretize the prob-
lem with finite elements. As a beginning, some prerequisites and theorems about the

existence and uniqueness of the solution of a variational problem are given below. Then,

13



it is described with examples how the variational formulation of a second order elliptic
PDE is obtained.
Let V be a Hilbert space and B(+,-) : V x V — R be a bilinear form. If there

exists a positive constant ¢; such that
|B(u,v)| < lully v, Yu,veV, (2.24)

then the bilinear form B(-, -) is said to be continuous. If there exists a constant ¢, > 0

such that
B(v,v) > ¢, |v]|}, Yo eV, (2.25)

then the bilinear form B(+, -) is said to be coercive on V', or V-elliptic.
Let/(-) : V' — R be a continuous linear functional. Since a continuous linear

functional satisfies
l(v) <cl||y, Yu,veV, (2.26)

for a constant ¢, the variational form of a given BVP takes the following form: find

u € V such that
B(u,v) =1(v), YveV. (2.27)

The Riesz representation theorem is necessary to analyze the variational problem

(2.27). A proof of this theorem is provided in [67].

Theorem 2.1: Riesz Representation Theorem: Every continuous linear functional [(-)

on a Hilbert space V' can be uniquely represented as
[(v) = (u,v), Yv eV, (2.28)

for some w € V', where (-, -) denotes the inner product on'V.

Since the symmetric, continuous, and coercive bilinear form is an inner product,
the existence and uniqueness of a solution to variational problem (2.27) follow from the
Riesz representation theorem. Hence, there is a unique solution to variational problem
(2.27) for symmetric bilinear form. The extension of the Riesz representation theorem
known as Lax-Milgram Lemma is required for non-symmetric bilinear forms. The
Lax-Milgram Lemma and its proof can be found in many texts about finite element

methods such as [67].
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Theorem 2.2: Lax-Milgram Lemma: Let V' be a Hilbert space with inner product (-, -),
and B :'V XV — R be a bounded and coercive bilinear form on 'V, and l() be a
linear functional on V. The following variational problem has a unique solution: find

u € V such that

B(u,v) =1(v), YveV. (2.29)

2.2.1. Variational Formulations of Second Order Elliptic PDEs

Assume that ) C R? is an open, bounded set with boundary 9€2. Consider the

following second order elliptic partial differential equations in the general form

d
0 ( > .
_ — | ay; b —|— cu=f inf), (2.30)

where a;;, b; and c are coefficients for ¢, 7 = 1,2,...,d. In the compact form, the

differential equation can be written as
— V- (AVu) +b-Vu+ cu=f, (2.31)

where A is the d X d matrix with entries a;;, and b is the d x 1 vector with entries b;.

The differential equation has to be considered with boundary conditions such as
¢ Homogenous Dirichlet boundary conditions: u = 0 on 0f2,

u
 Inhomogeneous Neumann boundary conditions: Aa— = g on 0f),
n

* Mixed boundary conditions: © = 0 on ', and A—u =gonly.

on
Note that Ou/0n = n - Vu is the outward normal derivative of u, and assume
that 'pNTy =0and I'p ULy = ON.
Let u be the solution of (2.31) with homogenous Dirichlet boundary conditions.
Multiplying (2.31) by a test function v € H and integrating by parts using Green’s
identity yield

/fdez —/V-(AVu)de—i—/b-Vude—i—/cude
Q Q Q Q

= —/AVU-VUdQ—i—/b-Vude+/cude

“ @ @ 9u (2.32)
—/ (AVU-VU+b-Vuv+cuv)dQ+/ v - A—dof)
Q

a0 871

—/AVU-VUdQ—F/b-Vude+/cude.
Q Q

Q
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The variational formulation of (2.31) is obtained as B(u, v) = [(v), where
B(u,v) = (AVu, Vv) + (b - Vu,v) + (cu,v), (2.33a)
l(v) = (f,v). (2.33b)

Note that (-, -) stands for the inner product in L*(€2).
If the equation (2.31) is considered with inhomogeneous Neumann boundary con-
ditions, the variational formulation is obtained by multiplying (2.31) by a test function

v € H' and integrating by parts:

/fde: —/V-(AVu)de+/b-Vude+/cude
Q Q Q Q

:—/AVu-Vde-l—/b-Vude
0 Q

on
:_/AVU-VUdQ+/b-Vude
Q Q

+/cude+/ gudoS2
Q 09

for v € H'. For mixed boundary condition, same procedures result in

+/cude+/ U-A%daﬁ (2.34)
0 29

/fde: —/V-(AVUU) dQ—i—/b-Vude—l—/cude
Q 0 Q 0

= —/ (AVU-VU+b-Vuv+cuv)dQ+/ U-A@dafl
Q o0 on
= —/ (AVu - Vo +b- Vuv + cuv) dS) (2.35)
Q
+/ v-A%dFDJF/ U-A%dFN
I'p 8” I'n an
= —/ (AVu - Vo +b- Vuv + cuwv) dS2 +/ gudly,
Q I'n
wherev € Hj, = {p € H'(Q) : ¢|r, = 0}.
Example 2.1: Consider Poisson's equation
—Au=f in{Q, (2.36a)
u=0 ondfl. (2.36b)

The variational formulation of this problem is obtained by multiplying the equation

—Au = f by atest function v € H;(SY), and integrating by parts using the boundary
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conditions.:

/fde: —/Aude
Q Q

= / Vu - VodS) — / v - @dGQ (2.37)
Q oo On
= / Vu - VodS).
Q
The variational formulation of this problem is stated as B(u,v) = l(f,v), where
B(u,v) = (Vu, Vo) andl(f,v) = (f,v) for all u,v € H. The coercivity of bilinear
for B(-,-) follows as
a(u,u) = / Vu - Vud
Q
> C ||Vl (2.38)
y 2
— O uly,

where C'is a positive constant. The continuity of B(-,-) follows from the Cauchy-

Schwarz inequality as
a(u,v) = /QVU - VodS)
< ||\Vul| Vo] (Cauchy-Schwarz inequality) (2.39)
< lull g ol -

The continuity of [(+) follows from the Cauchy-Schwarz and Poincaré inequalities

as

l(f,v):/gfvdﬂ

< ) : .
< |Ifll Vo] (Cauchy-Schwarz inequality) (2.40)
< C|fIl Vvl (Poincaré inequality)

< Ol gy

where C' is a positive constant. Thus, it is concluded that the variational problem has a

unique solution according to the Lax-Milgram lemma.

2.3. Galerkin Method

The Galerkin method is used for converting a given BVP into a discrete problem

based on the variational form of the problem. From the Lax-Milgram Lemma, it is
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known that the solution v € V' to the variational form (2.27) exists and is unique. Let
V), be a finite- dimensional subspace of V. Since V), is finite- dimensional, it has a basis
{b1, P2, ..., } such that V;, = span {¢y, ¢s, ... d, }, and v, € V}, can be represented

as

=Y g, i=12...n, (2.41)
=1

where « is an unknown vector. The aim of the Galerkin method is to solve a given

equation in V},. Consider the following aforementioned variational form
B(u,v) =1l(v), YveV, (2.42)

where B is a bilinear form on the Hilbert space V', and [ is a continuous linear functional

on V. The variational form becomes
B(Uh, Uh) = l(Uh>, \V/Uh S Vh (243)

inV},. Since {1, ¢o, . . . ¢, } is a basis for V, the discrete form (2.43) can be represented

as
B(U/h, ¢2) = Z((bl), V’Uh - Vh. (244)
Inserting the linear combination (2.41) into the discrete form (2.44) results in
> aiB(gi,¢) =U(ey), i=1,2,...,n, (2.45)
i=1
which is a system of 7 linear algebraic equations for the unknowns a;, 2 = 1,2, ..., n.

In the matrix form (2.45) can be written as
Ka =b, (2.46)

where K is the so called stiffness matrix with the entries k; ; = B(¢;, ¢;), and b is
the load vector with the entries b; = I(¢;). Solving the linear system (2.46) for the

unknown vector « gives the approximate solution uj, = > | ;.

2.3.1. Galerkin Orthogonality
It is known that the solution w satisfies the conditions (2.27) and in particular,
B(u,vy) = l(vy), Yv, € Vj. (2.47)
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The Galerkin approximation u;, € V}, also satisfies the conditions (2.43). Sub-

tracting (2.43) from (2.47) yields
B(u — up,vp) =0, Vo, € V. (2.48)

This means that the error e = u — wy, is orthogonal to V},. The Galerkin orthogo-
nality gives the best approximation result in the energy norm a result known as Cea’s

lemma. This results known as Cea’s lemma and its proof can be found e.g., in [67].

Theorem 2.3: Ceas Lemma: The error e satisfies the best approximation result

Ca
lell, < =% u=vly, Voe Vi (2.49)

2.4. Piecewise Polynomials

FEM is stated as the Galerkin method with a subspace of piecewise polynomial
functions. In this section, piecewise polynomials used as a basis functions to discretize

a variational form are introduced.

2.4.1. One Dimensional Piecewise Polynomials

A polynomial in one-dimension with degree n has the following form
p(7) = ap + anw + apr® + - + (2.50)

where «; are constants for 2 = 0, 1, ..., n. The space of the nth degree polynomials is

denoted as P™(£2) on an interval 2, and is defined as
P'Q)={p:p(z) =+ oz + -+ 2", xonQ, o; € R}. (2.51)
The space of linear polynomials and quadratic polynomials are denoted as

PH(Q)
P2(Q)

() =+ aqz, xon ), a; € R}, (2.52)

{p:p
{p:p(x) =ao+ aw+ax® zon ), o; €R}. (2.53)

To define piecewise polynomials over a domain, it is necessary to partition the
domain into subdomains. The polynomials defined on each subdomain are called

piecewise polynomials. The collection of subdomains is commonly referred as a mesh.
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Let Q2 = [a, b] be an interval. A partition of {2 into n subintervals I; = [z;_1, ;]

with length h; = x; — x;_; is defined as
la=20<21 <x9< - < Xp_y1 <x, =0, (2.54)

with n + 1 nodal points {z; }_,. The space of continuous piecewise linear functions is

defined as
P ={v:veC’(), v|, € P(L)}, (2.55)

where C" is the space of all continuous functions on /. Any function v can be determined

by its nodal values {v(x;)};_,. A basis ¢; for P, satisfies the condition

¢i(z;) = i,j=0,1,...,n, (2.56)
0; 177

and is called a Lagrange basis or a nodal basis. These basis functions are also called as

hat functions or shape functions, because of their shapes, see Figure 2.1.

0.8+

0.6 -

0.4+

Lij—1 T Tijt1

Figure 2.1: Hat function ¢;.

Each hat function takes a unit value at its own node x; whereas zero at other

nodes. So, the hat function ¢; has non-zero value only on the intervals /; and /;; which
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contain the node z;. Besides, the hat functions have the following explicit expression

((SC 332‘—1)> if «’13171§1L’<IE¢,
T; — Tj
¢i(z) = M if 2 <2<z, (2.57)
Tiy1 — T
0 otherwise,

fori,7 =0,1,...,n.

The quadratic basis function is defined as the following two types of basis func-

tions:
r—X; T —X; 2
1+3< h Z>+2< A Z) if ZCE[(EZ’_l,fL’Z‘],
¢i(x) = ‘ i 2 (2.58)
]_—3< hz >—|—2( h,z > if xe[wi,xi_l],
and,
T —X; T —x; 2

The first type (2.58) is a piecewise-quadratic polynomial, and it satisfies the usual
condition (2.56), also vanishes at two interior points Z;1 /2. The second type (2.59) is a
quadratic polynomial which takes on the value one at ;o and vanishes at the other

nodes. Figure 2.2 illustrates a quadratic basis function.

0.8 -

0.6 -

0.4+

0.2 -

-0.2

Figure 2.2: Piecewise quadratic basis function.
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2.4.2. Two Dimensional Piecewise Polynomials

A polynomial in two-dimension with degree n has the following form
p(,y) = oo + 1ot + aory + 202’ + anxy + aey’ + -+ apy”,  (2.60)

where «;; are constants for ¢, 7 = 0,1, ..., n. The space of the nth degree polynomials

is denoted as P"(€2) on a given domain €2, and is defined as
PY(Q) = {p:p(zx,y), z,yon Q, ay; € R}. (2.61)
The space of linear polynomials is defined as
PYQ) = {p: p(z,y) = ag + auox + any, T,yon ), a;; €R},  (2.62)

on a domain (2. The most common meshes in two-dimension are triangulations. Let
) C R? be a bounded two-dimensional domain with smooth boundary 92, and let
T be a triangulation or mesh of 2. T is a set of triangles T; which are called finite
elements. The domain €2 is expressed as the union of triangles such that = (J**, T},
where N, denotes the number of triangles (elements) in the mesh. Every edge of 7} is
either a part of the boundary OS2, or the edge of another element. The corners of the
triangles are called the nodes. These nodes will be denoted as P;. Figure 2.3 illustrates

triangular meshes of two polygonal domains, namely, a square and a hexagon.

(a) Triangulation of a square. (b) Triangulation of a hexagon.

Figure 2.3: Triangular meshes of two polygonal domains.

To describe the shape of a triangle 7;, the largest disc contained in 7 can be

compared with the diameter of 7;. The diameter of a set S defined as [63]

diam(S) = sup {d(z1, 22) : 21,21 € S}, (2.63)
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where d(z1, z9) denotes the all distances between z; and z,. For a triangle 7}, diam(7T})
states the length of the longest side of 7. The diameter of the largest disc involved in 7}
is denoted by dr. The triangulation 7 is called non-degenerate if there exists a positive

constant € supplying the following condition

dr
Y S T eT forall h, 2.64
diam(T)) > e, V1, €T fora (2.64)

where h is the maximum diameter of any triangle in 7", and will be denoted as h,,,,, in
the Chapter 3 and Chapter 4.

Let P,% be the space of all continuous piecewise linear polynomials, defined as

PIQ)={v:vel’(Q), v, € P(T)}. (2.65)

The polynomial v can be determined by its nodal values {v(P;)}” , where n,
denotes the number of nodes. The basis ¢; satisfying the condition given in (2.56) at
the nodes P, is a basis for P} as in one-dimensional case. The linear polynomial can be

given as

r ¥ z Y
pi=1- i_z - }_l7 Gip1 = i_f Gira = E’ (2.60)
for the standard triangle given in Figure 2.4a.

The space of quadratic functions is defined as

P Q) = {p:p(x,y) = o + arx + a1y + o’ + iy + ay® (0.67)
zr,yonf), a;; € R}

on a two dimensional domain ). If three more nodes are added to the triangle 7,

the quadratic function can be determined. These nodes are commonly located at the

midpoints of the three edges of the triangle 7. Figure 2.4b and Figure 2.4c illustrate the

triangular meshes which are constructed by linear and quadratic elements, respectively.

(0,h)

(0,0) (h,0)

(a) The standard triangle. (b) Linear elements. (¢) Quadratic elements.

Figure 2.4: The standard triangle and triangular meshes constructed by linear and
quadratic elements.
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2.5. Convergence Analysis of FEM

From Cea’s Lemma, it is known that FEM gives the best approximation in the
energy norm to the exact solution of the given BVP. As the mesh size goes to zero, to
prove that the approximate solution converges to the exact solution, it is necessary to
understand how well piecewise polynomials can approximate a given function. For
this purpose, fundamental theorems about the approximation with finite elements are
given in this section. These theorems and their proofs can be found in standard texts for

instance [62, 63, 67].

2.5.1. Approximation by Linear Elements

Consider the use of continuous piecewise linear polynomials. Let u; be the

piecewise linear interpolant of u such that

p

up =y u(P), (2.68)

i=1
where P, and n,, denotes the nodal points and number of the nodal points respectively.
Since the function u; has the same nodal values with u at the nodes V,, is called as
interpolant of u. If uy, is the best approximation to u from the approximating subspace

in FEM, then it satisfies
Ju—wpllp < llu—urllg- (2.69)

The following theorem introduces bounds on the approximation errors in L?(£2)
and H' () defined by the L*- and H'-norms. A proof of this theorem is provided in
[62] (see also [63]).

Theorem 2.4: Let ‘T be a non-degenerate family of triangulation of a polygonal domain
Q C R?, and suppose u € H*(Q). Then there exists a constant C' depending on §) and
the value p in (2.64) such that

lu — || < Ch? ‘U‘H2(Q) ) (2.70)
and

Ju —urll; < Ch‘u‘HZ(Q)’ (2.71)
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where |u| 2 q, is the semi-norm defined as

’U‘iﬂ(m :/<
Q

2.5.2. Approximation by Higher-Order Elements

2

_'_

0*u
0y?

0%y

da?

2 ‘a%
0xdy

2
) . (2.72)

Consider the use of nth degree piecewise polynomials. Let u; be the piecewise
polynomial interpolant of degree n of w which satisfies (2.68).

The following theorem introduces bounds on the approximation errors in L?(£2)
and H'(Q)) defined by the L*- and H'-norms. A proof of this theorem is provided in
[62] (see also [63]).

Theorem 2.5: Let T be a non-degenerate family of triangulation of a polygonal domain
Q C R?, and suppose v € H"(Q). Then there exists a constant C depending on )
and the value p in (2.64) such that

lu — || < Ch" ’u‘H"Jrl(Q) 5 (2.73)
and
|u—url, <Ch” |U|H”+1(Q) ’ (2.74)

where [u| s is the semi-norm defined as

2
‘U’m(sz): Z /Q

i+j=n+1

8n+1u 2

oxoy’

(2.75)
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3. LAPLACE EIGENVALUE PROBLEM

In this chapter, the Laplace EVP given by Dirichlet boundary conditions is ana-
lyzed using FEM on one-dimensional, square, and disc domains. Since FEM solutions
of the EVPs are obtained on discretized domains replaced within these original domains,
the Laplace EVP is considered on the perturbed domains which are assumed to be
inscribed into these original domains and whose boundaries are approximately close
to the boundaries of the original domains. In this way, the effects of this boundary
perturbation on the exact and the FEM solutions of the Laplace EVP are investigated
both analytically and numerically.

Assume that ) is a domain in R? where d = 1,2, 3, with boundary 9. The
Laplace EVP is defined as: find eigenvalues A € R, and eigenfunctions u # 0 such
that

—Au = A u in (), (3.1a)
u=0  on0f), (3.1b)

where A is the Laplace operator. Here u and A comprise the eigensolution of (3.1),
which can be obtained analytically on one-dimensional, square, and disc domains. Since
the convergence behavior of the FEM solution to the exact solution of the Laplace EVP
will be investigated in this chapter, it is explained how exact solutions are obtained on
these domains.

1D- Case

Assume that the first original domain €2, is the interval [0, 7]. For this one-

dimensional domain, the Laplace EVP is written as

—u’ = Xu in €, (3.2a)
u(0) = u(r) = 0. (3.2b)

Let 0;,7 = 1, 2, be the roots of the characteristic polynomial of (3.2a) such that

P+ A=0= 015 = TV (3.3)
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When A < 0, the Laplace EVP has the trivial solution. Indeed, if it is assumed

that A < 0, the general solution of (3.2a) is written as

u(z) = creV 4 ey VAT, (3.4)

and the only solution that satisfies the boundary conditions (3.2b) is u(x) = 0, which
corresponds to the values of ¢; = ¢, = 0. In the case of A = 0, the general solution
of (3.2a) is u(z) = ¢; + cox, and the trivial solution u(x) = 0 is obtained when the
boundary conditions are applied. On the other hand, when \ > 0, the general solution

of (3.2a) is written as
u(z) = ¢; cos(VAz) + ¢ sin(vVx), (3.5)

and the condition u(0) = 0 requires ¢; = 0. From the condition u(7) = 0, it is

obtained that
¢y sin(VAz) = 0. (3.6)
The eigenvalues different from zero that satisfy (3.6) are
A®) = 2 (3.7)
and the corresponding eigenfunctions are
u®) (z) = csin(kx), (3.8)

where k € Z7, and c is an arbitrary constant.
2D- Case: Square
Assume that the second original domain €2, is the square [0, 7] x [0, 7. For this

two-dimensional domain, the Laplace EVP is written as

Uy — Uy = AU in €y, (3.9a)
u(0,7) = 0, (3.9b)
u(m,y) =0, (3.9¢)
u(z,0) =0, (3.9d)
u(z,m) =0 (3.9¢)
Suppose that the solution of (3.9a) is in the form of
u(z,y) = X(@)Y(y). (3.10)
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Substituting the partial derivatives of u obtained from (3.10) into (3.9a) and
dividing both sides by XY yield

X”—i—Y”—k)\—O (3.11)
X v '
If it is assumed that A\ = A\, 4+ A, such that \, = —Xyn and \, = —YTN, two

ordinary differential equations are obtained as

X"+ \,X =0, (3.12a)
Y+ \,Y =0. (3.12b)

From the 1D-Case, it is known that (3.12a) and (3.12b) have trivial solutions,
when A\, < 0 and A\, < 0. This means that (3.9a) has trivial solution in the cases of
Az < 0and A, < 0. When A\, > 0and A\, > 0, the general solutions of (3.12a) and

(3.12b) are written as

X(z) = ¢1 cos(v/Aux) + e sin(y/A,2), (3.13a)
Y(y) =cs cos(\/)Tyy) + ¢4 sin(\//\:y), (3.13b)

respectively. From the conditions (3.9b) and (3.9d), it is obtained that ¢; = ¢3 = 0. On
the other hand, applying the conditions (3.9¢) and (3.9¢) to (3.13a) and (3.13b) results

in

¢y sin(v/ Agz) = 0, (3.14a)
¢ sin(\/A:y) 0, (3.14b)

where ¢, and ¢, are arbitrary constants. Thus, the non-zero values of A, and ), are
obtained as A, = m? and \, = n?, where m and n are positive integers. Since A = A, +
Ay, and u(z, y) = X (z)Y (y), the eigenvalues and the corresponding eigenfunctions
of (3.9) are obtained as A\(™™ = m? + n? and u™" (x,y) = csin(mz) sin(ny)
respectively, where m,n € Z* and c is an arbitrary constant.

2D- Case: Disc

Assume that the third original domain {23 is a disc with radius a. The two-
dimensional Laplace EVP must be written in the polar coordinates (7, #) to obtain its

solution on the disc. Using the transformations x = r cos @, y = r sin , and the chain
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rule gives

2 2 2 2
% = cos? Q% +2c:os€sinﬁaaxgy + sin® 92—;, (3.15a)
o%*u ou . Ou
202 = —r (cos 9% + smﬁa—y> st
+r? <sin2 «9@ + 2cosfsinf Ou + cos? «982—u> |
Ox? Ox0y oy?)’

where = /22 4+ y? and 6 = arctan £. Dividing both sides of (3.15b) by * and
summation with (3.15a) side by side yields

1 1
Ugy + Uyy = Upp + ;ur + ﬁU@g. (3.16)

Thus, the two-dimensional Laplace EVP is written as
1 1
—Upp — —Up — —Ugg = Au. (3.17)
r r
As in the square case, separation of variables gives the solution of the Laplace
EVP in polar coordinates. Assume that u(r, §) = R(r)©(6) is the solution of (3.17).
Substitution of partial derivatives into (3.17) and dividing both sides by RO yield

S 1
R +R e G18)

Multiplying both sides of (3.18) by r? and moving all of the terms dependent on
R to one side and all of the terms dependent on © to the other side yields
7“2 R// r R/ _ @//

Ar? .
"t R TR o

(3.19)

Both sides of (3.19) must be equal a constant p for these two expressions to be

equal for all possible values of r and #. Thus, it is obtained that
0"+ ue =0, (3.20a)
1
R'+-R + ()\ - %) R=0. (3.20b)
r T
First, consider the equation that depends on . The boundary conditions to be

applied to (3.20a) state that the function ©(6) and its first derivative with respect to

are periodic such that

O(0) = 6(27), (3.21a)
©'(0)

o' (27). (3.21b)
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Let 0,7 = 1, 2, be the roots of the characteristic polynomial of (3.20a) such that
o’ +pu=0= 015=F /. (3.22)

In the case of 1 < 0, the general solution of (3.20a) is obtained as
O(0) = c1eV™ + eV, (3.23)

Applying the conditions (3.21a) and (3.21b) gives the trivial solution ©(6) = 0,
which corresponds to the values of ¢; = ¢, = 0. Ifit is assumed that ;o > 0 and ;1 = p?,

the solution of (3.20a) is written as
O(0) = c1 cos(pf) + o sin(ph), (3.24)

where p =0,1,2,....

Now, consider Equation (3.20b) dependent on radius 7. By changing the variables
such that p = v/Ar, Equation (3.20b) is written in terms of a function S(p) = R(p/v/'\).
Thus, the derivatives of R(r) are obtained as R’ = v/AS’ and R” = A\S". Substituting
of these derivatives into (3.20b) and multiplying both sides of (3.20b) by 72 gives

p°S" + pS'+ (p° = p*) p=0, (3.25)

where p? = p1. Equation (3.25) is a well-known ordinary differential equation, and is
called as Bessel’s equation of order p. To solve this equation, it is assumed that there is

a solution such that

S(p) =p™>_ arp”, (3.26)
k=0
where aq # 0. Substituting (3.26) and its derivatives into (3.25) results in

P an(k+ a)(k+a = 1) 4 p Y " ap(k + a)ptt!
k=0 k=0 (327)

p_p f: k+a50.
k=0

After the necessary index shifting and simplification process, (3.27) is written as

(@ — p*)ags™ + [(a + 1) — p*] ay s
(3.28)
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Since ay # 0, Equation (3.28) requires o> — p> = 0. When the roots of this
equation are considered, a; must be zero since the coefficient of a; is not zero. The

other coefficients are computed by using the recurrence relation

ay = mak_g, k> 2, (3.29)
that is obtained by equating the coefficient of p*** to zero. Since a; = 0, a;, must be
zero for all odd £ according to the recurrence relation. The sequence corresponding to
the even k is obtained as

(1)

T2y )(pr2) - (p+ )

ao, (3.30)

Clgj

where 5 = 1,2,.... If it is assumed that ag = for convenience, (3.30) is written as

2Pl

(=1

Q2j = 22+v5! (p+ j) 31
where j = 1,2, . ... Substituting (3.31) into (3.26) yields
i L p\Zitp
= : 3.32
g J' p + 7)! ( ) (32

J=
Function (3.32) is known as Bessel’s function of order p, and is denoted by .J,(p).
Thus, the solution of Equation (3.20b) is obtained as R(r) = S(p) = J,(p). The
boundary condition to be applied to (3.20b) is R(a) = 0, where a is the radius of
the disc. This means that J,(p) = 0. Assume that p®? is the gth root of J,(p).
Since p = V/Ar and u(r,0) = R(r)O(H), the eigenvalues and the corresponding
eigenfunctions of the Laplace EVP are obtained as

2
(p,9)
AP — (p ) , (3.33a)

a

p(p#I)r

u®9 (r,0) = J, ( ) [c1 cos(ph) + ¢, sin(ph)] , (3.33b)

where ¢, and c; are arbitrary constants.

3.1. The Finite Element Method for the Laplace EVP

In general, it may be difficult or even impossible to obtain the exact solution of the

Laplace EVP, unlike the cases given in the previous section. In such cases, the solution
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must be approximated numerically. To this end, FEM is introduced for the Laplace
EVP in this section. As described in Chapter 2, the basic idea of FEM is to obtain the
variational formulation of the Laplace EVP and the approximate solution, which is an
approximation to the exact solution from the finite-dimensional subspace constructed
by piecewise polynomials.

The variational formulation of the Laplace EVP is obtained by multiplying Equa-

tion (3.1a) by a test function v, and integrate by parts using the boundary conditions

(3.1b) such that
/\/uudﬂ = —/Auvd&l
Q Q

:/Vu-Vde—/ wvdos) (3.34)
Q o0
:/Vu-Vde

Q

for all u,v € Hj(€2). Thus, the variational formulation of the Laplace EVP (3.1) is

obtained as

/ Vu - VoudS) = /\/ uwvds). (3.35)
Q Q
Let Vj, = span {¢y, s, . .. ¢ } be a finite dimensional subspace of H, where
¢; are piecewise polynomials forz = 1,2, ..., N. The discretization of (3.35) is stated
as
/ Vuh : V’l)th = )\h/ Uh’l)th (336)
Q Q

for all v;, € V},. According to the Galerkin method, we seek the eigenvalues \;, € R,
and the eigenfunctions u; = Zfil a;¢; € Vy, where «; are the unknowns, of the

system
/ Vuy, - VdS) = )\h/ Up P;dS2. (3.37)
Q Q
Inserting u;, = Zf\il a;p; € V), into Equation (3.37) results in

N N
Zai/ Vo, - V,;dSl = )\hZai/ 0i0;dS2, 1,5 =1,2,... N, (3.38)
i=1 Q i=1 Q

which consists of /V linear algebraic equations for the unknowns ;. In the matrix form,
(3.38) can be written as

Ka=MNMa, (3.39)
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which is an NV X NN linear system for the unknown vector v = [avy, va, . . ., |, where

K and M are stiffness and mass matrices respectively, with the entries
Ky = / Vi - V,dQ, i,j=1,2,...,N, (3.40a)
Q
M;; = / Gip;dSY, 1,5 =1,2,...,N. (3.40D)
Q

Solution of the linear system of equations (3.39) gives the FEM solution of the
Laplace EVP. The analytically known FEM solution of the Laplace EVP on a one-
dimensional domain is given in the following case to illustrate FEM.

1D-FEM Case

Consider the first original domain €, = [0, 7|, and assume that €, is partitioned
into N equally spaced subintervals. Each subintervals written as [ = [z;_y, ;] such

that
I 0=y <t1 <3< - <ay<any =T, (3.41)

where x; = th, h = n/N, fori = 0,1,..., N. If the piecewise linear polynomial
given as

.

(.',E — xi_l)/h if Ti—1 S r < xj,

0 otherwise,

\
is considered as a basis function to construct the finite dimensional subspace V/},, then
the entries of the stiffness matrix are obtained by computing the explicit expressions of

(3.40a) such that

m 11 1
Ko\ = iy == 4
- / =y (3.43a)
e 11 1
1, / ™ T Th (3.43b)
T 1\ 2
K, =0, for |i—j|>1, (3.43d)
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fori,7 =1,2,..., N — 1. In the same way, the entries of the mass matrix are obtained

as
T i — T X — Xy h
= e e (3.44a)
Tl — X Ti — X h
+1, /ml h h x 6 ( )
. 2 . 2
T — Tl g — 4h
M;; = d —— | dr = —, 3.44
[ ) e [ () o= omo
M;; =0, for |i—j|>1, (3.444)
fori,j =1,2,..., N — 1. Thus, the stiffness and the mass matrices are written as
2 -1 4 1
1 |-1 2 1 4 .
K=—- , and M = —- . (3.45)
h -1 oo 1
-1 2 1 4
It is known that the eigenvectors and eigenfunctions of a tridiagonal matrix
a b
k=21 " | ecwoxann (3.46)
c a
given as
k
A = a+ 2vVbcceos ~ ) (3.472)
i
w = (¢/b)*/ sin (%) , (3.47b)

respectively, where k,2 = 1,2,..., N — 1 [68]. Now, assume that \; and A\, are the
eigenvalues of /X and M respectively. From (3.47a), the eigenvalues of K and M are

obtained as

1 k
e =5 (2 —2¢os (W”)) , (3.482)
h km
From (3.47b), the eigenvectors of the both matrices are obtained as
. (ki 3.49
up = — .
p=sin (= ) (3.49)
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for k,= 1,2,..., N — 1. Since the both matrices has the same eigenvector, the
eigenvalues of the system Ku;, = A\, Muy are obtained by dividing Ax by Ay, such
that

Kuy, = AKU}L, Muy, = )\Muh = Kuy, = )\hAMuh

= )\Kuh = >\h)\MUh

kﬂ) (3.50)

1 —cos| —
\ (
:>/\h:—K_ N

Ay km\ '
2 >0
+cos(N)

Thus, the FEM solution of the Laplace EVP is derived as

uy, = sin(kih), (3.51a)
6\ 1— cos(kh)
= (=) —== 51
A (hQ) 2 + cos(kh)’ (3:516)

where h = 7/N,and k,i =1,2,..., N — 1.

3.1.1. Assembly of Stiffness and Mass Matrices

Although, in 1D- FEM Case, the entries of the stiffness and mass matrices are
obtained directly with computing the integrals in (3.43), and (3.44), assembly procedure
is required to obtain these entries on higher dimensional domains or in the case of using
the quadratic elements. Therefore, the assembly procedure is described in this section.

Assumed that 7 is a mesh described by the union of disjoint domains ¢ C (),
where e denotes the label of the elements in the mesh. Let K“ and M*“ denote the local
stiffness and mass matrices respectively. For each element €2°, the entries of the local
stiffness and mass matrices is obtained by computing the integrals

Ky = . V¢, - V,;dQe, (3.52a)

M= | hich; dSY°. (3.52b)

The assembly procedure can be defined as the summation of the local matrices

over all elements in the mesh, and gives the entries of the global stiffness and mass
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matrices as

Ne Ne

Ky =2 | Véi-Vodd =3 K-, (3.530)
e=1 e=1
Ne Ne

M;; = Z /Q Gip;d€) = Z Mc, (3.53b)
e=1 e=1

where N, denotes the number of elements in the mesh. The following example is given

to illustrate the idea of this procedure.

Example 3.1: Consider the domain Qy = [0, 7] X [0, 7|, and the mesh of this square

given in Figure 3.1 with the linear basis function

r oy T Y
QSZ- =1~ 7[} 7 Ev gbi—&—l - Ev ¢i+2 - E? (354)
where h = w/N.
Py Py
Q?
Ql
Pl P2

Figure 3.1: A mesh for the square [0, 7] x [0, | for N = 1.

Note that Q)¢ and P, denote the elements and nodal points of the mesh respectively
fore = 1,2andn = 1,2,3,4. For each linear triangular element, the integral in

(3.52a) can be computed with the quadrature formula [1]

Kiej — /{;e VQbZ : ngdee,

= (bibj + cic;) |27,

(3.55)

where |Q°| is the area of the linear triangular element Q¢, and NV ¢; = [b; ¢;|*. The

following formula is used for computing the entries of the local mass matrix [67]

2m!n!p!
(m+p+n+2)

| orasonaer - ], (3.56)
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where |Q°| is the area of the linear triangular element )¢, and m, n, and p are positive

integers. Thus, the entries of the local mass matrices are obtained as
e L ae .
Mg = | ¢y =19 fori#j (3.57a)
Qe 12
e Lae S
A%ZLﬁMZgM|ﬁH=% (3.57b)

and the local stiffness and mass matrices are obtained as

2 —1 -1 211
Ke=2|1 1 o dW—m121 (3.58)
—2— an —24 .

-1 0 1 112

with using the formulas (3.55) and (3.56). Hence, the global stiffness matrix is assembled

as
Table 3.1: The entries of the local and global stiffness matrices.
Py P, P Py P, P P P Ps Py
Py 1 -z -3 Py 1 -1 -3 Py 1 -3 -3 0
Py | -3 i 0 P | -1 10 Pl -3 i+%1 0+0 -1
1 1 1 1
Py —% 0 % Ps —% 0 % Pyl -3 0+0 5+35 -3
. . Py 0o -3 —1 1
(a) Local stiffness (b) Local stiffness 2 2
matrix K¢ on Q. matrix K¢ on Q2. (c) Global stiffness matrix K on ).

The global mass matrix is obtained in a similar way. Thus, the global matrices

are written as

(2 1 -1 0] 2 1 1 0]

1]1=1 2 0 -1 l1 4 2 1
K=- , and M = — (3.59)

2121 0 2 -1 2411 2 41

0 -1 -1 2 011 2

3.1.2. Convergence Analysis

In this section, two widely used methods that are critical for the convergence
analysis of FEM solutions of EVPs are considered. One is the direct proof approach to

show convergence and based on fundamental aspects of the Rayleigh quotient [1] (see
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also [12]). The direct proof of convergence is mentioned for the elliptic EVPs Lu = \u,
where L is an elliptic operator. The other one is the Babuska-Osborn spectral theory [9]
(see also [2], and [12]) defined by a compact solution operator on a Hilbert space where
the solution of the EVP is defined. The Babuska-Osborn spectral theory is introduced
in order to give the convergence estimates for the eigenvalues and the eigenfunctions of

the Laplace EVP approximated with the use of piecewise polynomials.

3.1.2.1. Direct Proof of Convergence

In this section, direct proof of convergence is introduced for the elliptic EVP
Lu = Au of order 2m, where is L is an elliptic operator.
Let V be a Hilbert space and B is the bilinear form associated to £. The variational

form of the problem Lu = Au is obtained as
B(u,v) = AMu,v), Yu,v €V, (3.60)

where (-, -) stands for the inner product in L?(£2). As mentioned in Section 2.2.1, the
variational formulation is produced by multiplying the problem Lu = Au by a function
v € V, and integrate by parts. The Galerkin discretization of problem (3.60) is given

as: find eigenvalues \; € R and eigenfunctions 0 # u;, € V}, such that
B(uhavh) - Ah(uha Uh)? vUh S ‘/;17 (361)

on the finite dimensional subspace V}, C V constructed by piecewise polynomials.
The direct proof is based on the Rayleigh quotient given as

B(v,v)

(v,v)

and the corresponding eigenvalues are obtained as A = R(v). Moreover, the first and

R(v) =

Yo #£0 €V, (3.62)

kth eigenvalues of problem (3.60) satisfy

M — mij
A min R(v), (3.63a)
(k) — ;
A _min R(v), (3.63b)
where E*~1) denotes the space spanned by the eigenfunctions u”, i =1,... k — 1

[1] (see also [12]). The kth eigenvalue is also obtained by the min-max principle which
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does not required knowing the eigenfunctions u'”, i = 1,..., k — 1. This principle is
defined as

A = min max R(v), (3.64)

Ecv(k) veE

where V' (*) denotes the set of all subspaces of V, and E denotes the any subspace of
V' (*)The proof of this principle can be found in [1] and [12].
On the finite dimensional subspace V},, the Rayleigh quotient is given as

B(Uh, Uh>

(Uha Uh)

R(v) = . Yo, £ 0 € Vi (3.65)

The properties of the Rayleigh quotient given in (3.63) are satisfied by the eigen-

values of discrete problem (3.61) such that

AV = min R(v), (3.662)
vREVY,

AM = min R(u). (3.66b)
UhLE]Sk_l)

Besides, the analogous min-max principle is valid for the discrete problem (3.61)

such that

A% = min  max R(uy), (3.67)

E}LCV}EM v EER

where Vh(k) denotes the set of all subspaces of V},, and Ej, denotes the any subspace of
Vh(k). As a result of the min-max principles (3.64) and (3.67), all eigenvalues satisty [1]
(see also [12])

AR < AWy ezt (3.68)

Before giving the error estimate of the eigenvalues and eigenfunctions of the

elliptic EVPs, assume that P : V' — V/, is an elliptic projection such that
B(u — Pu,v,) =0 Vo, € V. (3.69)

This means that Pu is the closest function to the eigenfunction v in V},. Thus, the

projection Pu satisfies the best approximation property given as [1]

”u B PUH <C [hs—H + h2(s+1—m)] ||u| HoH1(Q) 0 (3.70)
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where s is the degree of the piecewise polynomial which is used to construct the finite
dimensional subspace V}, [1].

Now, the following theorems give the error estimate of the eigenvalues and
eigenfunctions of the elliptic EVPs Lu = Aw of order 2m. The proofs of these theorems
can be found in [1], and based on the min-max principles (3.64), (3.67), and the best
approximation property (3.70).

Theorem 3.1: Let V;, be a finite element space constructed by a piecewise polynomial
of degree s, and /\ék) be an eigenvalues converging to \*). Then there is a constant C

such that the approximate eigenvalues )\Elk) are satisfy
AB < A < N oo (3.71)
for a small h.

Theorem 3.2 Let 'V}, be a finite element space constructed by a piecewise polynomial of

degree s, and uﬁf) be an eigenfunction converging to u'® associated with the eigenvalue

A®) Then there exists a constant C' such that the approximate eigenfunctions ugk)

satisfy

s+1)/2m

[u® — D[ < € [t 4 prosiom] pweroe (3.72)

3.1.2.2. Babuska-Osborn Theory

In this section, the Babuska-Osborn spectral theory is introduced for the Laplace
EVP. As mentioned before, the variational form of the Laplace EVP is to find eigenvalues

A € R and eigenfunctions 0 # u € Hj(€2) such that
B(u,v) = ANu,v), Yv € Hy(Q), (3.73)

and the discrete problem is to find eigenvalues \; € R and eigenfunctions # u;, € Vj,

such that
B(up,vn) = M(un,vn), Yo, €V, (3.74)

in the finite dimensional subspace V;, C H;(€2). Assume that X is a Hilbert space, and

T : X — X is a solution operator such that

B(Tf,v)=(fv), VfveX (3.75)
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and T}, : X — X is a discrete solution operator such that [12]
\ T —Tully =0 as h—0. (3.76)

LetTy : Hy — Hjand Ty : L? — L? denote the operators which are underlying

the corresponding spaces. Assume that 1}, provides the best approximation

. . min{s+1,r}

Ulen‘;fh |lu—v|| <Ch [wll gy - (3.77)
1 — i {S,T—l}
Ulen‘fh |lu—wvl|, < ChR™ wll ey » (3.78)

where s is the degree of the piecewise polynomial which is used to construct the finite
dimensional subspace V/},, and r is the regularity of the eigenspace F spanned by the
eigenfunctions associated with A in other words ¥ C H". Such convergence results
are standard in the case of V}, contains the piecewise polynomials.

Consider the first case of Ty, : Hy — Hj, and assume that 7' = Ty,. The discrete

solution operator 7}, : Hy — H; can be defined as
B(T,f,v) = (f,v), Yv €V, (3.79)
and satisfies the estimate
ITf = Tufll, < Che Il (3.80)
where € > (. This implies that
|7 = T3, = O (minter=12) (3.81)

The following theorems present the estimates for the eigenfunctions and eigenval-

ues and are given in [12].

Theorem 3.3: Let 'V}, be a finite element space constructed by a piecewise polynomial of

degree s, and u be an unit eigenfunction associated with the eigenvalue \ of multiplicity

m. Assume that wg), w,(f), ceey wém) denote eigenfunctions associated with the m dis-
crete eigenvalues converging to \. Then there exists u;, € span {w}(bl), w;(f), ce wém)}
such that

[ = unlly < CRT |ull v (3.82)

where T denotes the value min {s,r — 1}.

41



Theorem 3.4: Let V;, be a finite element space constructed by a piecewise polynomial
of degree s, and )\Elk) be an eigenvalue converging to \\*). Then, there is a constant C

such that the approximate eigenvalues )\Elk) are satisfy
AR < A < A® 4 op? (3.83)

where T denotes the value min {s,r — 1}.

Now, consider the second case of Ty : L? — L2, and assume that 7' = T},. To
obtain the estimate for the eigenfunctions on L?(f2), let T}, : L?* — L? be the discrete

solution operator such that
B(Tnf,v) = (f,v), Yv eV, (3.84)
and satisfies the estimate
ITf = Tfll < CR IS (3.85)

The following theorem present the estimate for the eigenfunctions and are given

in [12].

Theorem 3.5: Let u be an unit eigenfunction associated with the eigenvalue \ of mul-

tiplicity m, and let wg), w}(f), e w,(lm) denote eigenfunctions associated with the m
discrete eigenvalues converging to \. Then there exists u;, € span {wél), ce w,(lm)}
such that

s — ) < Ol oy - (386

If €2 is a convex domain then the eigenspace F spanned by the eigenfunctions
associated with \ is contained H?(€2) [12]. Thus, the approximate solution of the
Laplace EVP provides

IA =Xl = O(h?), [lu — || = O(h?), and [Ju — uyl|, = O(h) (3.87)

for linear elements. Also, the convergence estimates for quadratic elements are obtained

as
A= Aull = O(h4), |lu — || = O(h3), and |lu —u||, = O(hQ) (3.88)
for a convex domain ().
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3.1.3. Numerical Results

In this section, the numerical results obtained by using FEM is presented. The

Laplace EVP is considered on the following domains:

« O : [0, 7]
e Qy [0, 7] x [0, 7]

'Q3:I2+y2:1

The convergence behavior of the FEM solution to the exact solution is investigated
as the number of elements is increasing; in other words, as the mesh size is decreasing.
This investigation is carried out according to mesh size h = /N on uniform meshes of
), and €2, for increasing values of V. Besides, the convergence behavior is investigated
on non-uniform meshes of €2, and €23 when h,,,, goes to zero, where h,,,, denotes
the maximum of the longest side of the triangles in the mesh. The numerical results
for the convergence behavior are compared with the corresponding theoretical results
given in the previous section. Also, note that linear and quadratic elements are used
for the discretization of §2,. The computations concerning {2, and {25 involve linear
triangular elements. All of the computations and figures are procured by means of a

program written using MATLAB.
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3.1.3.1. Linear Elements on (2,

First ten approximate eigenvalues )\gf) and exact eigenvalues \*) = k2 of the

Laplace EVP on §2; = [0, 7| are given in Table 3.2 with the rates of convergence for

N =8,16,32, ..., 256.

Table 3.2: First ten exact and approximate eigenvalues with the rates of convergence
for Section 3.1.3.1,and N = 8,16, 32, ..., 256.

AR N =8 N =16 N =32 N =64 N =128 N = 256
1 | 1.0129 | 1.0032(2.0) | 1.0008(2.0) | 1.0002(2.0) | 1.0001(2.0) | 1.0000(2.0)
4 | 42095 | 4.0517(2.0) | 4.0129(2.0) | 4.0032(2.0) | 4.0008(2.0) | 4.0002(2.0)
9 | 10.0803 | 92631 (2.0) | 9.0652(2.0) | 9.0163(2.0) | 9.0041(2.0) | 9.0010(2.0)
16 | 19.4537 | 16.8382 (2.0) | 16.2067 (2.0) | 16.0515(2.0) | 16.0129 (2.0) | 16.0032 (2.0)
25 | 332628 | 27.0649 (2.0) | 25.5059 (2.0) | 25.1257 (2.0) | 25.0314 (2.0) | 25.0078 (2.0)
36 | 51.3724 | 40.3212 (1.8) | 37.0525(2.0) | 36.2610 (2.0) | 36.0651 (2.0) | 36.0163 (2.0)
49 | 69.5582 | 57.0672 (1.3) | 50.9572 (2.0) | 49.4840 (2.0) | 49.1206 (2.0) | 49.0301 (2.0)
64 : 77.8147 | 67.3528(2.0) | 64.8266 (2.0) | 64.2059 (2.0) | 64.0514 (2.0)
81 - 103.0473 | 86.3943 (2.0) | 82.3258(2.0) | 81.3299 (2.0) | 81.0824 (2.0)
00| - 133.0513 108.2597 102.0237 100.5030 100.1256

(2.0) (2.0) (2.0) (2.0)

From Table 3.2, it is observed that the approximate eigenvalues /\ék) converge to

the corresponding exact eigenvalues A*) = k2 as the number of elements is increasing.

To illustrate this convergence behavior, the log-log scale plots of the errors between

the exact eigenvalues \*) and the approximate eigenvalues /\Elk) are given in Figure 3.2

fork=1,2,...,6,and N = 8,16, ...,256. Looking at Figure 3.2, it is clearly seen

that the expected convergence behavior ‘)\(k) — )\gf)‘ = O(h?) given in Section 3.1.2

is provided. Also, the rates of convergence given in Table 3.2 are in well accordance

with this behavior.
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Figure 3.2: Log-log scale plot of [A®) — A\¥| /|\®)| for Section 3.1.3.1,
—1.2,....6.and N = 8.16,....256.
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Since the approximate eigenfunction u,(lk) = sin(kih) takes the same values

with the corresponding exact eigenfunction u*) = sin(kx) at the interpolation points

xr; =1thfori=0,1,..., N, the error between uﬁlk) and u* is numerically obtained as
zero. For this reason, to show that this is the case, Figure 3.3 is givenfork = 1,2,...,6,
and N = 32.

0.3

0.25 ot

0.2

(k)

s Uy
h

0.15

.
ul®), u(')

“\I:y

0.1

0.05

(k)
s Uy,

) k
u®), u} )

ulk)

(k)
5 Uy,

®) k)
ul™ | uy

ulh)

(e) k=5 H k=6

Figure 3.3: Plots of approximate eigenfunctions uék) together with the corresponding
exact eigenfunctions u® for Section 3.1.3.1, k = 1,2,...,6,and N = 32.
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3.1.3.2. Quadratic Elements on ¢);

First ten approximate eigenvalues )\gf) and exact eigenvalues \*) = k2 of the

Laplace EVP on €, = [0, 7] are given in Table 3.3, with the rates of convergence for
N =9,27,...,729. As seen in Table 3.3, the approximate eigenvalues /\;k) converge

to the exact eigenvalues A(¥) as the number of elements is increasing.

Table 3.3: First ten exact and approximate eigenvalues with the rates of convergence
for Section 3.1.3.2,and N = 9,27,...,729.

AR | N=9 | N=27 N =381 N =243 N =129
1| 1.0005 | 1.0000(4.0) | 1.0000(4.0) | 1.0000(4.0) | 1.0000 (3.6)
4 | 4.0301 | 4.0003(3.9) | 4.0000(4.0) | 4.0000(4.0) | 4.0000 (4.0)
9 | 92997 | 9.0034(3.8) | 9.0000(4.0) | 9.0000(4.0) | 9.0000 (4.0)
16 | 16.2114 | 16.0185(2.1) | 16.0002 (4.0) | 16.0000 (4.0) | 16.0000 (4.0)
25 | 31.2325 | 25.0689 (3.8) | 25.0008 (3.9) | 25.0000 (4.0) | 25.0000 (4.0)
36 | 52.1694 | 36.1998 (3.7) | 36.0024 (3.9) | 36.0000 (4.0) | 36.0000 (4.0)
49 | 80.5295 | 49.4874 (3.5) | 49.0061 (3.9) | 49.0001 (4.0) | 49.0000 (4.0)
64 - 65.0463 64.0136 (3.9) | 64.0002 (4.0) | 64.0000 (4.0)
81 - 83.0329 | 81.0274 (3.8) | 81.0003 (4.0) | 81.0000 (4.0)
100 - 103.6337 | 100.0512 (3.8) | 100.0006 (4.0) | 100.0000 (4.0)

The log-log scale plots of the errors between the exact eigenvalues A*) and the

approximate eigenvalues )\,(f) are given in Figure 3.4 to illustrate the convergence

behavior of the approximate eigenvalues A;Lk) to the exact eigenvalues \*) = 2

according to h = w/N for N = 9,27, ...,729. From Figure 3.4, it is observed that

the expected convergence estimate |A® — A"| = O(h*) given with Theorem (3.4) is

provided and the rates of convergence given in Table 3.3 are in well accordance with

this behavior.
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The convergence behaviors of the approximate eigenfunctions u* to the corre-

h

sponding exact eigenfunctions u*) = sin(kx) are given in Figure 3.5 and Figure 3.6

with respect to the L?- and H'-norms, which are defined in (2.8) and (2.20).
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Figure 3.5: Log-log scale plot of |[u® — u{®||/||u®]| for Section 3.1.3.2,
k—=1,2.....6,and N = 27,81, 243, 729.
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_ ugk) I11/||u®)]|, for Section 3.1.3.2,

k=1,2,...,6,and N = 27, 81,243, 729.

From Figure 3.5 and Figure 3.6, it is observed that the approximate eigenfunctions

(k)

u,’ converge to the exact eigenfunctions u*) as h = 7/ N goes to zero. Besides, it

is clearly seen that these convergence behaviors are of order O(h*) and O(h?) with

respect to L?- and H'-norms respectively. When the results obtained by using linear

and quadratic elements are compared, it is seen that when linear elements are used,

convergence behavior of the approximate eigenvalues )\Ef) is of order O(h?), while

quadratic elements are used, it is of order O(h*). This means that the approximate
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eigenvalues )\ék) obtained by using quadratic elements converge faster to the exact

eigenvalues \(F),

3.1.3.3. Linear Elements on (2

(m,n)

In this section, convergence behaviors of the approximate eigenfunctions wu,,
corresponding to the simple eigenvalues \™™ = m?+n?, where m = n, of the Laplace
EVPon €, : [0, 7] x [0, 7] are investigated on both uniform and non-uniform meshes
constructed by linear triangular element as seen in Figure 3.7 and Figure 3.8. Besides,
the eigenfunctions associated with the multiple eigenvalues A" = m? + n?, where
m # n, is also considered and the numerical results concerning these eigenfunctions are
obtained on uniform meshes. The convergence behavior of the approximate eigenvalues

AU is investigated on both types of mesh.

(a) N=4 (b) N=38 (c) N=16

Figure 3.7: Uniform meshes of 2, for Section 3.1.3.3 and N = 4, 8, 16.

(@) hmaz =0.8 ®) hpee =04 ©) Pmaz = 0.2

Figure 3.8: Non-uniform meshes of 2, for Section 3.1.3.3 and h,,,,, = 0.8, 0.4, 0.2.
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First ten approximate eigenvalues A

(m,n)
h

and exact eigenvalues \(™™ = m? 4-n?

of the Laplace EVP on (2, are given in Table 3.4 and Table 3.5, together with the rates

of convergence and the size S of the solved linear system of equations reduced by

imposing the boundary conditions.

Table 3.4: First ten approximate and exact eigenvalues computed on uniform meshes
with the rates of convergence for Section 3.1.3.3 and N = 4, 8, 16, 32, 64.

o | 2 N =4 N=38 N =16 N =32 N =64

S:9x9 | S:49x49 | S:225x225 | S:961 x 961 | S : 3969 x 3969
1,1 2 23168 | 2.0776(2.0) | 2.0193(2.0) | 2.0048 (2.0) 2.0012 (2.0)
1.2 5 6.3387 | 5.3325(2.0) | 5.0829(2.0) | 5.0207 (2.0) 5.0052 (2.0)
2,1 5 72502 | 5.5325(2.1) | 5.1302(2.0) | 5.0324 (2.0) 5.0081 (2.0)
2.2 8 122145 | 9.1826(1.8) | 83054(2.0) | 8.0769 (2.0) 8.0193 (2.0)
1,3 10 | 15.5629 | 11.5492(1.8) | 10.3814(2.0) | 10.0949 (2.0) | 10.0237 (2.0)
3,1 10 | 167643 | 11.6879 (2.0) | 10.3900 (2.1) | 10.0955(2.0) | 10.0237 (2.0)
2,3 13 | 20.8965 | 152270 (1.8) | 13.5716(2.0) | 13.1443(2.0) | 13.0362 (2.0)
32 | 13 | 26.0989 | 17.0125(1.7) | 13.9825(2.0) | 13.2432(2.0) | 13.0606 (2.0)
14 | 17 | 324184 | 21.3374(1.8) | 18.0416(2.1) | 17.2562(2.0) | 17.0638 (2.0)
4.1 17 - 21.5751 18.0705 (2.1) | 17.2626 (2.0) | 17.0653 (2.0)

Looking at Table 3.4 and Table 3.5, it is clearly seen that the approximate eigen-

values A,(lm’") approach to the exact eigenvalues A" as the number of elements is

increasing. When Table 3.4 and Table 3.5 are compared, it is observed that rates of

convergence obtained on uniform meshes are more stable than the rates obtained on

non-uniform meshes.
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Table 3.5: First ten approximate and exact eigenvalues computed on non-uniform

meshes with the rates of convergence for Section 3.1.3.3 and A,,,, = 0.8, ...,0.05.
o ) hmaz = 0.8 | hmazr =04 hmaz = 0.2 hmaz = 0.1 hmaz = 0.05
S:40 x40 | S:148% 148 | §:578x 578 | §:2202x2202 | S : 9076 % 9076
11 2 2.1424 2.0393 (1.9) | 2.0102(2.0) | 2.0027(1.9) 2.0006 (2.1)
1,2 5 6.0961 52495 (2.1) | 5.0628 (2.0) | 5.0163(1.9) 5.0039 (2.0)
2,1 5 6.0986 52592 (2.1) | 5.0636(2.0) | 5.0164 (2.0) 5.0040 (2.0)
22 8 10.2557 8.6427 (1.8) | 8.1630(2.0) | 8.0422(1.9) 8.0102 (2.0)
13| 10 12.9564 | 11.0246 (1.5) | 10.2560 (2.0) | 10.0647 (2.0) | 10.0158 (2.0)
3,1 10 12.9964 11.0850 (1.5) | 10.2589 (2.1) 10.0660 (2.0) 10.0159 (2.1)
2,3 13 203752 | 14.7013 (2.1) | 13.4310 (2.0) | 13.1105(2.0) | 13.0266 (2.1)
32 13 204362 | 14.7766 (2.1) | 13.4345(2.0) | 13.1110(2.0) | 13.0268 (2.1)
14 | 17 283108 | 20.0209 (1.9) | 17.7467 (2.0) | 17.1883 (2.0) | 17.0456 (2.0)
4,1 17 29.7370 | 20.1168 (2.0) | 17.7587 (2.0) | 17.1917 (2.0) | 17.0459 (2.1)

Figure 3.9 and Figure 3.10 are given to show that the convergence behavior of the

approximate eigenvalues A,([”’”) to the exact eigenvalues A™™ . From Figure 3.9 and

Figure 3.10, it is observed that the convergence behavior of the approximate eigenvalues

A s of order O(h?).
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(m;n)

The convergence behavior of the approximate eigenfunctions wu; ' to exact
eigenfunctions u(™™ = sin(mx) sin(ny) corresponding to the simple eigenvalues
Amn) where m = n, of the Laplace EVP on uniform meshes is given in Figure 3.11

and Figure 3.12 with respect to L2- and H'-norms respectively. Besides, the analogous

behavior obtained on non-uniform meshes is also given in Figure 3.13 and Figure 3.14.

107" 107"
h h

@m=1n=1 b)) m=2,n=2

Figure 3.11: Log-log scale plot of | [u™™ — 4{™™]|/||u(™™|| for Section 3.1.3.3 on

uniform meshes and N = 8§, 16, ..., 128.

107" 107"
h h

@m=1n=1 by m=2,n=2

Figure 3.12: Log-log scale plot of |[u™™ — w\™™||, /||ut™™||; for Section 3.1.3.3
on uniform meshes and N = §,16,...,128.
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Figure 3.13: Log-log scale plot of |[u™™ — u{™™]|/||u™™|| for Section 3.1.3.3 on
non-uniform meshes and h,,,, = 0.4,0.2,...,0.025.
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Figure 3.14: Log-log scale plot of |[u™™ — u{™™ ||, /[|u™™ ||, for Section 3.1.3.3
on non-uniform meshes and h,,,,, = 0.4,0.2,...,0.025.

Compering Figure 3.11 and Figure 3.13, it is observed that the convergence be-
havior of the approximation eigenfunctions u\™"™ to the exact eigenfunctions u(™" =
sin(ma) sin(ny) of the Laplace EVP is of order O(h?) with respect to L?-norm on both
uniform meshes and non-uniform meshes. In addition, while it is observed from Fig-
ure 3.12 that this convergence behavior on the uniform mesh with respect to H'-norm is
of order O(h?), it is clearly observed from Figure 3.14 that this behavior on non-uniform
mesh is of order O(h). Therefore, it is deduced that the approximate eigenfunctions
u{™™ behave more smoothly on uniform meshes.

While there is only one eigenfunction of the Laplace EVP on (2, corresponding
to a simple eigenvalue A" = m? + n2, where m = n, there are two distinct eigen-
functions u(™™ = sin(max) sin(ny) and u™™ = sin(nx) sin(my) corresponding

to double eigenvalues A™™) = \™) = m? 4 n2 where m # n. Therefore, the
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eigenfunctions corresponding to the double eigenvalues are considered separately.
When the approximate eigenvalues A,(lm’") given in Table 3.4 are considered, it is
observed that there are two distinct eigenvalues A;Lm’") which are the approximations
to the corresponding double eigenvalues A™™ = \»™) for m £ n. On the other
hand, it is known that the dimension of the exact eigenspace is two and is spanned
by the exact eigenfunctions u(™™ and ©"™ corresponding to the double eigenvalue
for m,n = 1,2,..., and m # n. Since the approximate eigenvalues are distinct,
the approximating eigenspace consists of two separate one-dimensional eigenspaces
[12]. For this reason, in order to investigate the convergence behavior of approximate

eigenfunctions corresponding to double eigenvalues, it is first assumed that

(m,n

) = Bmmyus™™ + By ™, (3.89)

O‘(m,n)u(m’n) + a(mm)u(n,m

nym) ,, (M,

where u™™), (™) g 2 ,and u h"’m) denote the exact and approximate eigenfunctions

corresponding to the double eigenvalues, and A(mn), Xnm)s Bimny» and B, my are

constants for m,n = 1,2, ..., and m # n. Equation (3.89) can be written as
(64 m,n m.n o T ﬂ m,n
u(mm u(”’m)] e | — [ué ™ )] N (3.90)
Oé(n,m) B(n,m)

1T
When both sides of (3.90) are multiplied by [u(m’”)T u™™" | such that

(mvn)T (m’n)T /B
U A (m,n U mon nm m,n
o [u(mm u(n,m)] (mn) | _ ot [ug m g | P03 91
u\™mm Q(n,m) e _ﬂ(n,m)
it is obtained that
u(m,n)TU(m,n) u(m,n)TU(n,m) Vmm) u(m,n)Tung,n) U(m’n)TUEme) ﬁ(m,n)
u(n,m)TU(m,n) u(n,m)TU(n,m) Qnm) o u(n,m)Tungvn) u(n,m)Tu;anm) 6(n,m)

(3.92)

Let the matrix in the right hand side of (3.92) be denoted by B. Since the matrix in
the left hand side of (3.92) is identity matrix as a result of the orthonormality, Equation
(3.92) is reduced as

amn m,n
o | _ g | o (3.93)

a(n,m) 6(n,m)
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If B is a non-singular matrix, and [a(mm) oz(mm)] " is a nonzero vector, then the
existence of nonzero constants 3, ), and B, ,,,) is guaranteed. To show that B is a non-

singular matrix numerically, its determinant is listed in Table 3.6 for m,n = 1,2, 3, 4.

Table 3.6: Determinant of 53 and the corresponding double eigenvalues for Section
3.1.3.3and N = 64.

)\(m,n) u(m,n)7 u(mm) uglmvn) uglnvm) ’B‘

A2 =5 | (12 = sin(z) sin(2y), u(>Y) = sin(2z) sin(y) ugz), uf’l) 1.0000

AL =10 | w®¥) =sin(z)sin(3y), w3V =sin(3z)sin(y) | u; . u; 1.0000

A23) =13 | u®3) = sin(22) sin(3y), u®? = sin(3z)sin(2y) | ulY, u? | 0.9978

ALY =15 | (Y = sin(z) sin(4y), u*Y = sin(4z) sin(y) u,(11’4), ugl’l) 0.9970

If it is assumed that [a(mn) Qmmy] = [1 0], then [Bunny Bum) is easily
determined from (3.93). Moreover, (3.90) is reduced as

(m,n) __ (m,n) (n,m) 3.94

U - ﬁ(m,n)uh + B(n,m)uh . ( .- )

In the case of [y Q(nm)] = [0 1], it is similarly obtained that
u™ = B ™™ 4 B myul™. (3.95)

To validate this behavior qualitatively, the contour plots of the exact eigenfunc-
tions u(™" = sin(mz) sin(ny), u™™ = sin(nx)sin(my) and the corresponding
approximate eigenfunctions u!™"™ and u{""™ obtained on uniform meshes are provided
in Figure 3.15 and Figure 3.16 together with the linear combinations of the approximate
eigenfunctions u\™" and u{™™ given in the right hand sides of (3.94) and (3.95) for
m,n = 1,2, 3. It is important to note here that the same contour plots are also obtained

on non-uniform meshes.
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From Figure 3.15 and Figure 3.16, it is observed that the linear combinations of

(m;n) m)

the approximate eigenfunctions u; " and u; """ are reasonable approximations to the
exact eigenfunctions u(™™ = sin(mx) sin(ny) and u™™ = sin(nx) sin(my). The
convergence behavior of this linear combinations to exact eigenfunctions u(™™ and
u™™) corresponding to the multiple eigenvalues A(™™) = m? + n? of the Laplace EVP
for m # n is given in Figure 3.17 and Figure 3.18 with respect to L?- and H'-norms

respectively.
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Figure 3.17: Log-log scale plot of ||t — By ul™™ — B myuis”™ ||/ [|ut™]
on uniform meshes for Section 3.1.3.3 and N = 8, 16, 32, 64, 128.
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From the Figure 3.17 and Figure 3.18, it is clearly seen that the linear combinations

of u{™™ and u{"™™ satisfy

™™ — B myus™™ — Bemyus™™|| < Ch2, (3.96a)
™™ — B myus™™ = Bemyus™ ||, < Ch, (3.96b)

where (' is an arbitrary constant.
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3.1.3.4. Linear Elements on ()3

In this section, convergence behavior of the approximate eigenfunctions uflp )

to the exact eigenfunctions uP? = .J (p(p7q)r) corresponding to the simple eigenval-
ues AP0 = p(p7q)2, where p = 0 and p»? is the gth root of Bessel’s function Jp
of order p, are investigated on non-uniform meshes of the unit disc €23. The numer-
ical results concerning the eigenfunctions associated with the multiple eigenvalues
AP0 — p(p”)z, where p # 0, are obtained for linearly independent eigenfunctions
ulP? = J (pP9r) sin(pf) and u? = J (p®9r) cos(ph) separately. Also, the con-
vergence behavior of the approximate eigenvalues )\Ef ’q), corresponding to the both
simple and multiple eigenvalues A»?, are investigated.

The fist fifteen approximate eigenvalues )\ﬁf’ ) and exact eigenvalues A\P% of the
Laplace EVP on (23 are given in Table 3.7, together with the rates of convergence and
the size .S of the solved linear system of equations reduced by imposing the boundary
conditions. The errors between the approximate eigenvalues )\ép “) and the exact eigen-
values A\*? are shown in Figure 3.19 and Figure 3.20. From Table 3.7, Figure 3.19, and

P9 converge the exact

Figure 3.20, it is observed that the approximate eigenvalues A
eigenvalues A" as h,,,,. is decreasing, and this convergence behavior is observed to

be of order O(h?) as expected from Theorem (3.4) as in Section 3.1.3.3.
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Table 3.7: First fifteen approximate and exact eigenvalues on the unit disc for Section
3.1.3.4 and he = 0.4,0.2,...,0.025.

I hmas = 04 | hmaz =0.2 | hmas =01 | hmaz = 0.05 | hpax = 0.025
S:12x12 | S:73x73 | S:316x316 | S:1370x1370 | S: 6028x6028
0,1] 57832 |  6.1608 5.8698 (2.1) | 5.8047(2.0) | 5.7886(2.0) | 5.7844 (2.1)
1,1 14.6820 | 174675 | 152977 (2.1) | 14.8351 (2.0) | 14.7190 (2.0) | 14.6907 (2.0)
1,1 146820 | 17.5397 | 15.2991(2.2) | 14.8378 (2.0) | 14.7194(2.1) | 14.6907 (2.1)
2,1| 263746 | 35.0387 | 28.3286 (2.1) | 26.8612(2.0) | 26.4917 (2.1) | 26.4024 (2.1)
2,1 263746 | 359420 | 28.3436 (2.3) | 26.8793 (2.0) | 26.4936 (2.1) | 26.4026(2.1)
0,2 | 304713 | 41.0836 | 33.1361 (2.0) | 31.1656 (1.9) | 30.6349 (2.1) | 30.5094 (2.1)
3,1 (407065 | 60.3291 | 45.3231(2.1) | 41.8674 (2.0) | 40.9838 (2.1) | 40.7707 (2.1)
3,1 40.7065 | 60.8080 | 45.3358 (2.1) | 41.8730(2.0) | 40.9843 (2.1) | 40.7709 (2.1)
1,2 | 492185 | 75.8528 | 56.9692(1.8) | 50.9822 (2.1) | 49.6436 (2.1) | 49.3204 (2.1)
1,2 | 492185 | 77.4468 | 57.0001 (1.9) | 51.0280 (2.1) | 49.6529 (2.1) | 49.3207 (2.1)
4,1] 575829 | 84.1747 | 66.8191 (1.5) | 59.8437 (2.0) | 58.1247 (2.1) | 57.7067 (2.1)
4,1] 575829 | 128.0208 | 67.1903 (2.9) | 59.9110 (2.1) | 58.1401 2.1) | 57.7082(2.2)
2,2 | 70.8500 - 86.0513 745781 (2.0) | 71.7255(2.1) | 71.0590 (2.1)
2,2 | 70.8500 - 863187 | 74.6803 (2.0) | 71.7454 (2.1) | 71.0596(2.1)
0,3 | 74.8870 - 91.8737 | 79.0550 (2.0) | 75.8718 (2.1) | 75.1237 (2.1)
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The errors between approximate eigenfunctions uﬁf’ ) and exact eigenfunctions

19 corresponding to simple eigenvalues with respect to L?- and H*-norms are shown

in Figure 3.21 and Figure 3.22 respectively.
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Figure 3.21: Log-log scale plot of |[u®? — u\"?||/||u®9)|| corresponding to the
simple eigenvalues for Section 3.1.3.4 and h,,,,, = 0.2,0.1,...,0.0015625.
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From Figure 3.21 and Figure 3.22, it is observed that the convergence behavior of
the approximation eigenfunctions u,(lp ) to the exact eigenfunctions, corresponding to the
simple eigenvalues, is of order O(h?) with respect to L?-norm, while this convergence
behavior with respect to H'-norm is of order O(h). On the other hand, it is known that
the linear combinations of the approximate eigenfunctions corresponding to the multiple
eigenvalues are reasonable approximations to the corresponding exact eigenfunctions
from (3.96). To illustrate this behavior on {23, the contour plots of the exact eigenfunc-
tions uP?1 = J (p®9r) sin(ph), uP92 = J (p®9r) cos(ph), and the approximate
eigenfunctions uép Dt uﬁlp 92 are given in Figure 3.23 and Figure 3.23, together with
the linear combinations of the approximate eigenfunctions B(y.q), U ™" + B2,

where i = 1,2 and 3, 4),, B(».q). are constants obtained in a similar way with (3.93).
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the multiple eigenvalues for Section 3.1.3.4,p = 1, ¢ = 1, and h,,,, = 0.025.
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3.2. Boundary Perturbations

Based on the fact that FEM solutions of EVPs are obtained on discretized domains
considered within the original domains where the problem is originally defined, the
effects of boundary perturbations on the Laplace EVP are investigated both analytically
and numerically in this section. To do this, it is assumed that the perturbed domain €2’ is
placed within the original domain 2 and approximately represented by the boundary
of the original domain. Then, the convergence behavior of both analytical and FEM
solutions on €)' to the analytical solution on € are investigated with respect to the
perturbation parameter ¢ which is assumed to be approximately close to zero.

Let the Laplace EVP on the perturbed domain €2’ be defined as

—Au = Nu' in{, (3.97a)
u =0 on OfY'. (3.97b)
The analytical solution of Problem (3.97) can be obtained in a similar way as is

done for €2, {25, and {23 in 1D-case and 2D-cases.

3.2.1. 1D Perturbation on an Interval

Assume that 2] is the interval [6;, m — J5], and d;, i = 1, 2, is close to zero. For

this perturbed domain, the Laplace EVP is written as

Av' = Nu' inQ, (3.98a)
uw'(6) = u'(m — dy) = 0. (3.98b)

Let 0;,7 = 1, 2, be the roots of the characteristic polynomial of (3.98a) so that
P+ N =0= 01, =TFVNi. (3.99)

When ) < 0, the Laplace EVP has the trivial solution. If it is assumed that

A < 0, the general solution of (3.98a) is written as
W(z) = 16V 4 eV (3.100)

To satisfy the boundary conditions (3.98b), it must be either ; + d, = 7 or

u'(x) = 0. Since ¢; is close to zero, it cannot be so that §; + d, = 7. Thus, the trivial
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solution /() = 0 is obtained. In the case of A’ = 0, the general solution of (3.98a)
is u'(x) = ¢; + ¢y, and the same result in the case of A < 0 is obtained when the
boundary conditions are applied. When X" > 0, the general solution of (3.2a) is in the

form
U () = ¢ cos(VNE) + ¢y sin(v/ Ni). (3.101)
Applying the boundary conditions (3.98b) to (3.101) yields

0= ¢ cos(VN(3y)) + ¢y sin(vV N (6y))

(3.102)
= = —0¢y tan(\/y(&)),

and

0=c¢ cos(\/y(ﬁ — )+ Sin(\/y(ﬂ = %)) (3.103)
= ¢ = —cy tan(V N (1 — &,)).

From (3.102) and (3.103) it can be written
tan(vV/X'(6,)) = tan(v/ X (7 — &)). (3.104)

Taking the inverse tangent of the both sides of (3.104) results in the eigenvalue

v — (kY (3.105)
- mw— 51 — (52 ’ )

for k € Z". If ¢, is inserted into (3.101) in terms of ¢, the eigenfunction corresponding
to ') is obtained as

km
sin (— (x — (51)>
W B () = — AT 01— 0 (3.106)

( km 5) ’
cos —77—51—52 1

fork € Z™.

3.2.2. 2D Perturbation on a Rectangle

Assume that (2}, is the rectangle [6;, m — ds] X [d3, ™ — 4] which is inscribed

in the domain 2, = [0, 7] x [0, 7] given in the 2D-case that is a square. On this
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two-dimensional perturbed domain, the Laplace EVP is written as

—Uy, — Uy, = Nu' in ), (3.107a)
u(61,y) = 0, (3.107b)
u'(m— dy,y) =0, (3.107¢)
' (w,85) = 0, (3.107d)
u'(x,m—04) =0 (3.107e)

As given in (3.10), separation of variables u/(z,y) = X (2)Y (y) results in

X"+ N.X =0, (3.108a)
Y+ NY =0, (3.108b)
where X' = A + A/ such that A, = —XYN and \| = —Y7”. From the 1D-case, it is

known that (3.108a) and (3.108b) have the trivial solution when A, < 0 and A} < 0. If
it is assumed that A\, > 0 and A, > 0, the general solutions of (3.108a) and (3.108b)
take the form

X (x) = ¢1cos(y/ALx) + casin(y/ N, x), (3.109a)
Y(y)=c3 cos(\/)zy) + ey sin(y /N y), (3.109Db)

respectively. In a similar way as in 1D perturbation on an interval, it is obtained that

sin (% (x — 51)>
X(z) = Ul — : (3.110a)
in( - 5)
s _
Y(y) = — : (3.110b)
cos <—7r 5, 5452)
and
mmT 2
A (L E— 111
v (=ims) A
2
;o nm
N = (—77—(52 _54> : (3.111b)
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form,n € Z*. Since v/(z,y) = X (7)Y (y) and X' = X, + \, the analytical solution
of the Laplace EVP is obtained as

u/(m’n)(x’y N mm nmw ’
] — )
COS<7T—51—53 1) COS<7T_52—54 2>
(3.112a)
N ( o )2 + < -z )2 (3.112b)
“\7 =05, — 0 T—0y,—04) '

where m and n are positive integers.

3.2.3. 2D Perturbation on a Disc

Assume that (2} is a disc with radius @ — J, and has the same center with {23 given
in the 2D-case that is a disc with radius a. From (3.17), it is known that the Laplace

EVP is written as
1 1, ,
—u, — ;u; — e = N/, (3.113)

in the polar coordinates (7, #)). As before, separation of variables u/(r, ) = R(r)O(0)

yields
0" 4 1O = 0, (3.114a)
1
R'+-R + (X — %) —0. (3.114b)
T T

Since the perturbed domain €2} has same center with the original domain €23, the

solution of Equations (3.114a) and (3.20a), which depend on @, are equal such that
O(0) = ¢1 cos(pf) + o sin(ph), (3.115)

where p = 0,1, 2, - - - . For Equation (3.114b), which depends on radius r, the boundary
condition is R(a — ¢) = 0. This means that, the difference between the radius of the
perturbed domain €25 and the radius of the original domain 23 only effects the boundary
condition to be applied to Equation (3.114b). In this way, the solution of (3.114b) can

be obtained as

(p.9))?
)\l(p:Q) — ((5_ 5))2’ (31163)
(»,9)
R(r) = J, (p g) , (3.116b)
a J—
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where p®? is the gth zero of the pth Bessel function J,. Thus, the eigenvalues and the

corresponding eigenfunction of the Laplace EVP on (2} are obtained as

(p7q))2
AP — (p_ 3.117
(a _ 6)27 ( a)

u’(p’q)<9,7"> =J, <

pP9)
5" [c1 sin(ph) + ¢4 cos(pd)] . (3.117b)

a —

3.2.4. FEM Solutions on Perturbed Domains

The only difference between obtaining FEM solution on the original domain and
the perturbed domain is the domain discretization. Since this situation changes only the
mesh parameter, the stiffness and mass matrices are affected from the perturbation. The

following one-dimensional case is given to illustrate this difference.

FEM Solution on 1D-Perturbed Domain (2]
Consider the perturbed domain 2] = [d;, ™ — 05]. Assume that 2] is partitioned
into N subinterval [ = [x;_;, x;] with the same length h = (7 — §; — d5)/ N such that

[251:ZCQ<ZU1<ZCQ<"'<xn_1<xN:7T—(52, (3118)

where x; = ih. If the linear basis function (3.42) is considered, the entries of the

stiffness matrix are obtained as

K /+ N N g N (3.1192)
Qi+l = L= ’ -iva
da z 7T—51—527T—(51—52 7T—(51—52
ne N N N
Ky = — dp = ——— 3.119b
+ /x 7—51—5277'—51—5233 7T—51—62 ( )
Til N ? 2N
K’ii = —_— d == < < 3.119
/zi_l <7T—51—52) ! T — 01— 0y ( ©
K;=0, for |i—j|>1, (3.119d)
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fori,7 =1,2,..., N — 1. In the same way, the entries of the mass matrix are obtained

as
Tit1 ('ri-i-l — .'E)N (.CC — .'EZ)N ™= (51 — 52
M., = dr = ——, 3.120
At /g;l 77—51—(5277'—51—52x 6N ( a)
it (x —x)N (i1 — )N T —0; — 0y

M, = dr = ——, 3.120b
+ /x‘l 7T—51—627T—51—52 . 6N ( )

M, = /9C (—(x —z)V >2dx + /%1 ((xiﬂ - fC)N)Qda:
Yol \m=d =6 v AT =01 =0 (3.120¢)

_ 4(7T — 51 — 62)
6N ’
M;; =0, for |i—j|>1, (3.120d)
fori,7 =1,2,..., N — 1. Thus, the stiffness and the mass matrices can be written as
2 -1
N -1 2
K=——"— 3.121
7—51—(52 o —1 ’ ( )
-1 2
and
_4 1 .
mw — 61 — 52 1 4 .
M=———— 3.122
6N | ( )
1 4

Since the eigenvalues and eigenfunctions of tridiagonal matrices are known [68],

FEM solution of the Laplace EVP on {2’ is obtained as

u;L(k) s <k2<7T _]\il - 52)) ' (3.123a)
N 2 1 —cos (k<7T _j(ifl_52))
(k) _
2 + cos N

in analogy with the 1D-case fork =1,2,...,N —l,and7 =1,2,..., N — 1.

3.2.5. Error Estimates with Respect to the Perturbation Parameter ¢

The difference between the solutions of second-order elliptic PDEs given with

Dirichlet boundary conditions is analyzed in [41] in the case of boundary is perturbed.
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A domain € and the perturbed domain {2’, which approximates (2, are considered
in this analysis. It is proved that the error between the solutions depends only on the
Euclidean distance between the domains {2 and €)'

Let Q be a smooth bounded subset of R%. Consider the following second order

elliptic PDE with the Dirichlet boundary conditions

Lu=f in(), (3.124a)
u=0 ond, (3.124b)

where L is an elliptic second order differential operator on 2. In order to investigate
the effect of boundary perturbations on the solution of (3.124), consider the following

perturbed problem

L =f in®, (3.125a)
u'=0 on0. (3.125b)

Definition 3.1: Assume that W and W be bounded subsets of R?. Then, the distance
between W, and W is defined as

dist(Wy, Ws) = sup inf |z — 2|, (3.126)
TEWLUWo ' eW1NWa

where |x — 2’| denotes the Euclidean distance between x and x'.

The bounds for the error between the solution of (3.124) and (3.125) are given

with the following theorem, and the proof of this theorem can be found in [41].

Theorem 3.6: Let f € H°(R?) and u be the solution of the problem Lu = f in Q. Let
Q' be an open subset of S (S is an open neighborhood of $2) and ' be the solution of the
perturbed problem Lu' = f in Y. Then, there exist constants Cy and C'y, independent

of v, such that

D) Nlu =y, < Cod || fllow
i) ||u— u/”1,w < 1917 ”f”o,W’

Sor sufficiently small 6, where § = dist(2,2') and W = Q U (V.
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Based on the study [41], the convergence behavior of the solutions of the Laplace
EVP on the perturbed domains to the corresponding exact solutions on the original
domains is analytically investigated in this section. Also, the convergence behavior of
the analytically known approximate eigenvalues given in (3.123) is obtained. To this
end, it is assumed that §; = 0 for i = 1,2, 3, 4. The perturbed problem (3.97) is not
defined on §2/€Y, but the solution of the perturbed problem in this area is assumed to be
zero in order to facilitate the calculations. All these results are obtained using Taylor’s
series expansion about 9 = 0. All computations are made by the symbolic math toolbox
of MATLAB.

Consider the solutions on the domains §2; = [0, 7] and ] = [0, 7 — J]. The

error between the eigenvalues on the perturbed domain €2 and the original domain €2,

is given by
k2m?
A =M= |k 4= &5 3.127
Taylor’s series expansion about 6 = 0 gives the error
5 307
A= N[ =4k |—— — — 4+ 0(5%)| = O(9), (3.128)
T T
and the estimate
5 307
E\(6) = ‘—— - — (3.129)
T T

to be used in the numerical examples. Besides, the error between the exact eigenvalues
of the original problem and the approximate eigenvalues of the perturbed problem are
given as

| o (k;(w]; 25))

N 2

_,: 2_ .
A=Al =k 6(7r—25) 2+Cos(k’(7r—25))
N

(3.130)

Using Taylor series expansion about § = 0 yields

km
91— cos (—>
A=)\ | = k2—6<%> gr +0(9)|. (3.131)
2 4 cos (W)

Note that the second term 6 (N /7)* (1 — cos (kn/N))/(2 + cos (km/N)) is

the approximate eigenvalue )\, of the Laplace EVP on the original domain €2;, and it
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converges to the exact eigenvalue A = k? as h goes to zero. Taylor’s series expansion
ath=0(h=m/N) gives
h2k?

A=\ = k% — k2
| d T

+ O(hY)| = O(h?). (3.132)

If it is assumed that k> = 6 (N /7)? (1 — cos (kn/N))/(2 + cos (kx/N)) for a

sufficiently small mesh parameter h, the error (3.131) implies that
A=\, | = O(0). (3.133)

The errors between the eigenfunctions are obtained by computing the norms

4 =3 T 1/2
= | = (/ |u|2d:1:+/ |u—u’|2d:1:+/ |u|2d:1:> EREN
0 4 T—0

and

6 T—0 T
|lu—u||, = (/ |u|2dx+/ |u—u’|2dx+/ ul? da
0 6 T—0
1) =0 ™ 1/2
+/ ]uxIQd:c—k/ \ux—u;\Qd:z:—k/ ]uxIQda;> :
0 ) T—0

Computing these integrals and Taylor’s series expansion about 0 = 0 yields

(3.135)

lu— || = (0(8°))"* = 0(5), (3.136a)
lu—u'[l, = (O(5))"* = O(5"?), (3.136b)

and the estimates

E(5) = ((6(6km* — 66 sin(2kn) + 26k°m* + 675k — 6km* cos(2k) (.1373)
137a
— 30k*n? sin(2k7) + 60kn cos(2k7r)))/(12k7r2))1/2,

Ey(0) = (8(2k* — k?sin® (k) 4 sin®(kn)))*/?, (3.137b)

to be used the in the numerical examples. The results concerning the eigenfunctions
are coherence with the results obtained for the corresponding boundary value (source)
problem given in Theorem (3.6).

When the eigenvalues are considered on the domains €2, = [0, 7] X [0, 7] and
Q) = [0, m — 0] x [d, m — 0], the error between the exact eigenvalue on €2, and the
analytical eigenvalue on (2, is given as

m2m? n?m?

V| = 2 2 _
IA=XN|=|m"+n =202 (r—20)|

(3.138)
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Using Taylor series expansion about 6 = 0 yields

52
A= X|=4(m* +n?) |—— — 3—2 O(5*)| = 0(9), (3.139)
s
with estimate
2
E\(9) = ‘—é — % (3.140)
T
Similarly, it is obtained that
, (p®9) (p®)”
A== — 3.141
‘ ‘ a2 (CL _ 5)2 ? ( )
and
, 2| 25 30%  46°
A= X = (o) ‘_E - 0] = 00, (3.142)
with estimate
20 30%  46°
E\(0) = v Bl § (3.143)

to be used in the numerical examples for the disc domains {25 and €2;.
As a result, it can be inferred that the eigenvalues on the perturbed domains (2

converge with order O(0) to the exact eigenvalues on the original domains 2.

3.2.6. Regular Polygon Inscribed in the Unit Disc

Since FEM solution of the Laplace EVP on a disc is actually obtained by dis-
cretizing a polygon inscribed in this disc, the Laplace EVP is considered on /N-sided
regular polygons inscribed in the unit disc. Suppose the N-sided regular polygon is the
boundary variation of the unit disc in a such a way that each point on the boundary of
the unit disc moves, starting at ¢ = 0, along the radial direction with velocity C' and
arrives at the boundary of the polygon at ¢ = 1. Then, the Taylor series expansion at

t = 0 gives the approximation of the eigenvalues Ay on the polygon [53] such that
1 1
)\N:)\+>\/+§)\”—|—6)\m—|—-.. , (3144)

where ) is the corresponding simple eigenvalue on the unit disc, and A’ denotes the
shape derivative of \. The first three derivatives ', \”, and A" are derived in [51, 53].

The first variation )\’ is obtained using Hadamard’s formula (see [50, 51, 53])

N=— [ C|Vul|*dog, (3.145)

o0
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where C' is the velocity. Thus, the simple eigenvalues of the Laplace EVP on N-sided

regular polygon can be expressed as a series of power 1/ N such that [50, 51, 53]

1 1 1
AN:)\ 1+C1N+Cgﬁ+63m+"' s (3146)

where Ay is the eigenvalues on N-sided regular polygon, and A is the corresponding

eigenvalue on the unit disc. The coefficients ¢; can be determined from the Taylor series

by expanding each term in powers of 1/ N such as
N T 1+ sin (1)
N(0)= =2\ — —)In| —2 | -1
(0) (27TCOS<N> n(l—sin(ﬂ)> )

N
o 1 onb 1 1

S e —1).
(vt o(w)

Thus, the coefficient of the first non-zero term is obtained as ¢, = 27°/3 from

(3.147)

the first Taylor term. For the lowest simple eigenvalue on the unit disc, (3.146) takes

the form [51]

- 4(2) | 4¢(3) | 28¢(4)
AN_A(1+ A 4 +) (3.148)

where ( is the Riemann zeta function. The derivation of (3.146) and (3.148) can be
found in [50, 51, 53] with details.

3.2.7. Numerical Results

The numerical results that confirm the convergence behavior of both analytical and
FEM solutions on the perturbed domains to the exact solutions on the original domains
obtained by the Taylor series expansion are given in this section. Linear elements are
used to obtain the numerical results concerning FEM solutions for a fixed number of

elements, that is V. The Laplace EVP is considered on four perturbed domains:
o Q)i [0, — ]
o Q4 [0, — 6] x [§,m — 0]

e Ut —y*=1-90

Regular polygon inscribed in the unit disc
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Convergence behaviors are investigated with respect to decreasing perturbation
parameter ¢ for first three domains. These numerical results confirm the convergence
results related to the perturbation parameter d obtained by the Taylor series expansion.
For a regular polygon inscribed in the unit disc, it is numerically shown that both
simple and multiple eigenvalues of the Laplace EVP on N-sided regular polygon can
be expressed as a series of powers of 1/N. All of the computations and figures are

procured using MATLAB.

3.2.7.1. Errors with Respect to § on (2]

The convergence behaviors of both approximate eigenfunction u;l(k) and analytical

km km
eigenfunction v'\*)(x) = sin (71- — 55 (x 5)) / cos (W 2 55> on the perturbed

domain ) = [§, 7 — 4] to the corresponding exact eigenfunction u®) () = sin(kx)

on the original domain €, = [0, ] as the perturbation parameter § goes to zero are
given with the estimates
E(0) = ((6(6kw* — 6 sin(2km) + 20k*w> + 6mdk — 6k7* cos(2k)

(3.149a)
— 30k?n? sin(2k7) + 66km cos(2k)))/(12kn?))*/2,

E,(0) = (8(2k* — k?sin? (k) + sin®(kn)))*/?, (3.149b)

in Figure 3.25 and Figure 3.26 with respect to L?- and H'-norms. It is observed that the
analytical eigenfunctions «/*) and the approximate eigenfunctions u;fk) on ()] converge
to the exact eigenfunctions u'®) on €2, as the perturbation parameter § goes to zero,

when looking at Figure 3.25 and Figure 3.26. Also, it can be seen that this convergence

is of order O(8) in L*-norm, and is of order O (6'/?) in H'-norm.
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Figure 3.25: Log-log scale plot of the errors between the eigenfunctions for Section
3271, k=1, N=2%and § = 7/2°, /2% ... 7/2%.
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Figure 3.26: Log-log scale plot of the errors between the eigenfunctions for Section
3271, k=2,N=2"%and § = w/2° /2% ... =/2%.

The convergence behaviors of analytical eigenvalues N'* = (kn /(7 — 26))”
and the approximate eigenvalues )\/h(k) on 2] to the corresponding exact eigenvalue

A®) = L2 on € are given with the estimate

5 38
E\(0) = ‘_— -

T 72

(3.150)

)

in Figure 3.27 and Figure 3.28 with respect to decreasing perturbation parameter . From
Figure 3.27 and Figure 3.28, it is observed that the analytical eigenvalues \'*) and the
approximate eigenvalues )\;fk) on (2] converge to the corresponding exact eigenvalues
A®) on € as the perturbation parameter & goes to zero. Also, it can be seen that this

convergence is of order O().
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Figure 3.28: Log-log scale plot of the errors between the eigenvalues for Section
3271, k=2, N=2%and § = 7 /2%, /2% ... =/2%.

3.2.7.2. Errors with Respect to J on (2
The convergence behaviors of the analytical eigenvalues
N — (g /(= 26))° + (nm /(7 — 26))°, (3.151)

and the approximate eigenvalues )\;fm’”) on the perturbed domain €2, = [0, 7 — 4] X
[0, 7 — §] to the corresponding exact eigenvalues A™™ = m? + n? on the original

domain €2, = [0, 7] x [0, 7| are given with the estimate

(3.152)
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in Figure 3.27 and Figure 3.30 with respect to decreasing perturbation parameter 9.
It is clearly seen that the analytical eigenvalues \'™™ and the approximate eigenval-
ues )\;L(m’”) on €Y, converge to the exact eigenvalues A(™™ on (2, as the perturbation

parameter § goes to zero. Also, it can be seen that this convergence is of order O(9).
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Figure 3.29: Log-log scale plot of the errors between the eigenvalues for Section
3272,m=n=1,N=2%and § =« /2° m/2° ... /2.
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Figure 3.30: Log-log scale plot of the errors between the eigenvalues for Section
3272,m=1,n=2,N=2%andd = 7/2° 7/2% ... 7/2'°,
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3.2.7.3. Errors with Respect to § on 25

The convergence behaviors of the analytical eigenvalues

NP — (p(p’Q)/<a — 5))2 , (3.153)

where p”? is the gth zero of the Bessel function J, of order p, and the approxi-

P,q)

mate eigenvalues \'**? on the perturbed domain €2’ , that is the disc with radius
g h p 3

1 — 4, to the corresponding exact eigenvalue \#9 = (p(p’q))2 on the original do-
main {23, that is the unit disc, are given in Figure 3.31 and Figure 3.32 with the estimate
E\(0) = |—26 — 36% — 46|. The results show that the analytical eigenvalues \'®¢
and approximate eigenvalues )\;fp 9 on (), converge to the analytical eigenvalues A%

on 23 in order O(9) as in 2] and (2.

100 [\ B
—a—E,(d)
—x—slope 1

‘/\fm‘» — \N@a) |
3 3

710-1 102 107 102
5 4§

(a) [\PD) — N@a)| (b) ‘)\(p,q) _ A;L(P,q)‘

Figure 3.31: Log-log scale plot of the errors between the eigenvalues for Section
3273, p=0,¢ =1, hypax = 0.0125,and 6 = w/2° 7 /2, ... /210,
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Figure 3.32: Log-log scale plot of the errors between the eigenvalues for Section
3273, p=1,¢=1, hypar = 0.0125,and 6 = w/2° 7/2°, ... /210,
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3.2.7.4. Regular Polygon Inscribed in the Unit Disc

The approximate eigenvalues Ay on 128-sided regular polygon corresponding to
the first simple eigenvalue of the Laplace EVP on the unit disc are listed in Table 3.8.
This table also includes the error between A and the corresponding reference eigenvalue
Ares = D.78552, which is given in [50]. According to Table 3.8, Ay approaches with
approximately zero error to the reference eigenvalue \,.; = 5.78552 when /0, =
0.00625. For this reason, h,,,, = 0.00625 is chosen in the calculations of the numerical
examples in this section.

The ratio of the approximate eigenvalues on N-sided regular polygon and the
corresponding eigenvalues on the unit disc Ay /) is given with the estimate

E(\) =1+ 45\53) - 45\53’),

(3.154)

in Figure 3.33 with respect to increasing number of sides /V. From Figure 3.33, it is
deduced that the infinite series given in (3.148) represents not only the lowest simple

eigenvalue but also the other simple eigenvalues and the multiple eigenvalues as well.

Table 3.8: First simple approximate eigenvalues A\ and the error between A and
Ares for the Laplace EVP, N = 128, and h,,,,, = 0.2,0.1,...,0.003125.

Rmag AN ’Aref - AN’ / p\ref‘

0.2 5.826777089710585 0.007131094475619

0.1 5.796671497963499 0.001927484126491

0.05 5.788403281150408 | 4.983616253003344e-04

0.025 5.786272155113283 | 1.300064839951145e-04

0.0125 | 5.785696366930097 | 3.048419676998874¢-05

0.00625 | 5.785567109135556 | 8.142593156026770e-06

0.003125 | 5.785534637721554 | 2.530061524973944¢-06
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Figure 3.33: Log-log scale plot of Ay /A and E()\) for the Laplace EVP,
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As a conclusion, in this chapter, the Laplace EVP is analyzed on various one and
two-dimensional domains. Later on, based on the study [41], the Laplace EVP is consid-
ered on the perturbed domain, which is assumed to be inscribed in the original domain
and its boundary is approximately close to the boundary of the original domain. Then,
the analytical solution of the Laplace EVP is obtained on perturbed one-dimensional,
square, and disc domains. The convergence estimates of these solutions to the solutions
on the corresponding original (unperturbed) domains are provided according to the
perturbation parameter o using Taylor’s series expansions of the errors between the
solutions at 0 = 0. It is deduced that the analytical eigenvalues on the one and two-
dimensional domains converge to the exact eigenvalues on the corresponding original
domains in order O(J). Besides, the already mentioned behavior is obtained for the
approximate eigenvalues of the perturbed problem, which can be obtained analytically
using FEM with piecewise linear basis functions on a one-dimensional domain for
a fixed mesh. For the eigenfunctions on the one-dimensional domain, it is observed
that this behavior is of order O(d) and O(6%/2) with respect to the L2 and H*-norms
respectively, which is in good agreement with the results obtained for the corresponding
boundary value (source) problem in [41]. Moreover, the Laplace EVP is considered
on NN-sided regular polygon inscribed in the unit disc with an increasing number of
sides /V. Then, it is numerically shown that both simple and multiple eigenvalues of the
Laplace EVP on the polygon can be represented in terms of inverse powers of sides, as

given in [51] (see also [50]) for the simple eigenvalues.

91



4. STEKLOV EIGENVALUE PROBLEM

As mentioned in Chapter 1, the Steklov EVP involving the Laplace operator is
of fundamental importance in many applications and is defined as: find eigenvalues

A € R and eigenfunctions 0 # u € H' such that

Au=0 in{), (4.1a)
@ = Au on0Jf2, (4.1b)
on

where Ou/dOn = n - Vu is the outward normal derivative and €2 is a domain in R,
d = 1,2, 3, with boundary 0f2. As clearly seen in (4.1b), the eigenvalue parameter
of the Steklov EVP appears in the boundary condition, unlike the Laplace EVP. This
chapter is devoted to the presentation of the FEM approximation of the Steklov EVP.
To start with, the Steklov EVP is considered on the unit disc discretized using linear
triangular elements and is analyzed using FEM. Based on the fact that the FEM solution
of the Steklov EVP on a disc is actually obtained by discretizing a polygon inscribed
in this disc, the eigenvalues of the Steklov EVP is considered on the N-sided regular
polygon inscribed in the unit disc. Since the eigenvalues of the Laplace EVP on the
N-sided regular polygon can be represented in terms of the inverse powers of N [51]
(see also [50]), existence of such series representation for the eigenvalues of the Steklov
EVP is numerically investigated.

Exact Solution on the Unit Disc

To investigate the convergence behavior of FEM solution to the exact solution of
the Steklov EVP on the unit disc, a procedure that allows to obtain an exact solution is
provided in the sequel.

As has already been done for the Laplace EVP, applying the transformations

x =rcosf and y = rsinf to (4.1a), and using the chain rule results in

0 0 0
8_;’L = 8_Z cosf + 6_Z sinf., (4.2a)
1 1
Ugg + Uy = Upr + ;ur + ﬁu%. (4.2b)
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Since the unit outward normal vector is obtained as n = (cos @, sin §), Equation

(4.2a) is reduced as Ou/0r = n - Vu. Thus, the Steklov EVP is written as

1 1 .
Upp + —Ur + —Ugy =0 in Q, (4.3a)
r r
@ = Au onJf2 (4.3b)
or

in the polar coordinates (7, 0). The solution of (4.3) is obtained by separating the
variables so that u(r, §) = R(r)©(#). Substitution of the partial derivatives u,, = RO,
u,r = R"O, and ugy = RO" into (4.3a), and multiplying both sides by r?/ RO result
in

rr— +r— =——. 4.4

Assume that both sides of (4.4) are equal to a constant y. Then, it is obtained that

Q" 4+ 16 =0, (4.5a)
”R'"+rR — uR =0. (4.5b)

The solution of Equation (4.52) is given in Chapter 3 as
O(#) = ¢y cos(k) + ¢, sin(kO), (4.6)

where 1 = k*and k = 0,1,2. ... Besides, Equation (4.5b) is known as Euler equation
and its solution is assumed to be in the form R(r) = r". Substitution of the derivatives

R, =nr"'and R,, = n(n — 1)r"2 into (4.5b) yields

(n* —p) 1" =0. 4.7)

Since p = k2, it is obtained that ) = £k. Thus, the solution of Equation (4.5b)

is derived as
R(r) = csr® + ™. (4.9)

For the solution on the disc to be finite, ¢, must be equal to zero since R(r) — 0o

as 7 — 0. Thus, the solution of (4.3) is obtained as

u(r,0) = r¥ (c; cos(kB) + ¢y sin(k0)) . 4.9)
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Inserting (4.9) into (4.3b) gives

kr¥=1 (¢ cos(k@) + cysin(k0)) = Ar* (c; cos(kB) + ¢, sin(k0))
" (4.10)
= A=-.
r

For the unit disc, the Steklov eigenvalues are obtained as [24]

A=) =A@ — | Yk e N 4.11)
with multiplicity two for £ = 1,2, . ... The eigenfunctions corresponding to the double
eigenvalues are given by

u(r, 0)%Y = rFsin(kO) and  u(r, 0)*) = ¥ cos(kh), (4.12)

in polar coordinates (r,6) for k = 1,2, .... In the case of k = 0, the Steklov EVP
has the only simple eigenvalue A\(®) = 0 associated that is with the constant solution

u® = c.

4.1. The Finite Element Method for the Steklov EVP

In some cases, such as on a polygon, it is necessary to obtain approximate solutions
using numerical methods when it is difficult or not possible to obtain the exact solution
of the Steklov EVP. Therefore, FEM is introduced for the Steklov EVP in this section.

As mentioned before, the basic idea is to obtain the variational formulation of
the Steklov EVP, and to seek the approximate solution which is an approximation
to the exact solution from the finite-dimensional subspace constructed by piecewise
polynomials. Multiplying Equation (4.1a) by a test function v € H', and integrating
by parts using the boundary condition given in (4.3b) yield

O:/Aude
Q
_ —/Vu~Vde+/ n - Vuvdo$) (4.13)
Q o0

:—/Vu-Vde+)\/ wdd.
Q o0

Thus, the variational formulation of the problem (4.1) is obtained as

/ Vu - Vod) = A uvdof2. (4.14)
Q

o0
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Let Vj, = span {¢y, ¢y, ... ¢ } be a finite dimensional subspace of H', where
¢; are piecewise polynomials forz = 1,2, ..., N. The discretization of (4.14) is stated

as

/ Vuh : Vvth = )\h/ UhUhdaQ, \V/Uh € Vh. (415)
Q o

According to the Galerkin method, we seek the eigenvalues A\, € R, and the

eigenfunctions u;, = Zf\il a;¢; € Vj,, where «; are the unknowns, of the system
Q o0

Inserting u;, = Zf\il a;¢; into (4.16) results in the V linear algebraic equations

for the unknowns «; given as

N N
> o / Vi VidQd =1 a / i dOQ, (4.17)
i=1 Q i—=1 o0

fori, 5 = 1,2,..., N. Equation (4.17) can be represented as the matrix form
Ka = ARa, (4.18)

which is an NV X NN linear system for the unknown vector v = [avy, va, . . ., |, Where
K and R are stiffness and boundary mass matrices respectively. The entries of these

matrices are given as

K = / Vi - Vo,dQ), R = / Bih;dOSY. (4.19)
Q o0

fori,j = 1,2,..., N. Solution of (4.18) constitutes the FEM approximation of the
Steklov EVP.

4.1.1. Assembly of Boundary Mass Matrices

As mentioned in Chapter 3, assembly procedure is required to obtain the entries of
the stiffness and boundary mass matrices. Since the stiffness matrix is the same for both
Laplace and Steklov EVPs, assembly of only the boundary mass matrix is described in
this section.

Assume that 7 is a mesh described by the union of disjoint domains 2¢ C (),

where e denotes the label of the elements in the mesh. Let K¢ and R¢ denote the local
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stiffness and local boundary mass matrices, respectively. For each element €2¢, the

entries of these matrices are obtained by computing the integrals
K = / V¢, - Vo,;dQe, (4.20a)
Qe
R, = /8 iy (4.20D)

The assembly procedure can be defined as the summation of the local matrices
over all elements in the mesh, and gives the entries of the global stiffness and boundary

mass matrices as

Ne N
Ki; = Z /Qe Vo, - V,dQd = ZKe, (4.21a)
e=1 e=1
Ne N.
Ryj=>" /a  $i9yd00 = SR 4.21b)
e=1 e=1

where N, denotes the number of elements in the mesh. Since the Steklov EVP is
considered on a discretized domain using linear triangular elements in this chapter, the
assembly procedure is described for a small mesh constructed by two linear triangular

elements as an example.

Example 4.1: Consider the domain € = |0, 7| x [0, 7|, and the mesh of this square

given in Figure 4.1, with the linear basis functions

r oy
i:]-____v
¢ h h

where h = w/N, N = 1 for this example.

€T
b1 =7, Gisa = g (4.22)

>

P3 P4

QZ

Ql

P] PZ

Figure 4.1: A mesh for the square [0, 7| x [0, 7] for N = 1.

Note that Q)¢ and P, denote the elements and nodal points of the mesh respectively
fore=1,2, andn =1,2,3,4
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For a linear triangular element, the integral in (4.20b) is computed using the
formula [67]
1
qbngjdaQe = 6 (1 + 52]) lengl‘h (E) y (423)
o0e
where length (F) is the length between the two nodes of an element on the boundary,

and ¢;; is the Kronecker delta function defined as

L if 1=y,
0 if ©1#].
Thus, the local boundary mass matrix for this configuration is obtained as
h |2 1
Rt =— (4.25)
611 2

using (4.23). It is important to note here that the local stiffness matrix is the same as
the one obtained for the Laplace EVP. The entries of the local boundary mass matrix
with respect to each element $)°, are given in Table 4.1 with the corresponding points

P, fore=1,2, andn =1,2,3,4.

Table 4.1: The entries of the local boundary mass matrix ¢ with respect to each

element €)°.
PR Py, Py Py B Py P
h o h
By 5
h o h
Pols 3
(a) R° on the (b) R on the (¢) R€onthe (d) R°€ onthe
bottom of 9Q!. right of Q2. top of 902, left of 001,

Assembly of the global boundary mass matrix is described in Table 4.2.

Table 4.2: Assembly of global boundary mass matrix R.

P P, P, Py
Alier b 0
Plboeb b o
Plo b oded
I A
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Thus, the global boundary mass matrix is obtained as

| >

(4.26)

4 1
1 4
01
10

~ = O =

0
1
4
B 1 .

4.1.2. Convergence Analysis

In this section, the Babuska-Osborn spectral theory [9] is introduced in order to
obtain the convergence estimates for the eigenvalues and the eigenfunctions of (4.1)
approximated with the use of piecewise polynomials.

As mentioned before, the variational form of (4.1) is given as: find eigenvalues

A € R and eigenfunctions 0 # u € H' such that
a(u,v) = \b(u,v) Vv € H', (4.27)
where
a(u,v) = /QVU -VodQ) and b(u,v) = /an uvdos). (4.28)
The Poincaré inequality yields
a(u,u) = /QVU - VudS)
> C||Vulf (+:29)

2
> [lull”,

where (' is a positive constant. Since

ul? :/u2d$2
Q

< / V- Vud + / W2dO) (4.30)
9] Q
= ||ulf?,

a(u,v) does not satisfy the coercivity condition a(u,u) > ¢||ul|; on H'. In other
words, a(u,v) is not H'-elliptic. As an example, if © = ¢ (a constant function),
then a(u,u) = 0. Since |Ju||, > 0, the coercivity condition is not satisfied. As a

consequence, a shift argument is used to rewrite (4.27) as

a(u,v) = (A + 1)b(u,v) Yo e H', (4.31)

98



where
a(u,v) = a(u,v) + b(u,v)
= / Vu - VudS +/ uvdos.
Q o9
The continuity of a(u, v) follows from Cauchy-Schwarz inequality
a(u,v) = / Vu - Vde+/ uvdos)
0 o9

< [[Vu| Vo] + HU”L2(aQ) ”U”m(am

2 2 1/2 2 2
< (IVull® + lull00)  (IV01 + 0132 00

From the trace inequality [67] one has

1/2

9 9 1/2
Il 200 < € (I0IP + [ VoI)
< Cul,,

where C'is a positive constant, and then the continuity of a(u, v) follows

a(u,v) < Cfull; .

(4.32)

(4.33)

(4.34)

(4.35)

The coercivity of a(u, v) follows from the generalized Poincaré inequality [65]

1/2
(/ |Vu|2dﬂ+/ u2d8Q> > C flull, |
Q o0

where is C' a positive constant, so that
a(u,u) = / Vu - VudQ—l—/ u?dos
Q o9

2
> Clully -

(4.36)

(4.37)

The continuity of b(u, v) follows immediately from (4.34). According to the

Lax-Milgram lemma, it is observed that (4.31) has a unique solution. It is clearly seen

that if A 4 1 is an eigenvalue of (4.31), then ) is an eigenvalue of (4.27).

Next, define a solution operator

T:HY(Q)— H'Y(Q)
f—=Tf :=u,

such that

a(Tf,v) =b(f,v) YveH',

(4.38a)
(4.38b)

(4.39)
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where u € H" is the solution of the corresponding source problem given as
a(u,v) = b(f,v) Vfve H. (4.40)

Since a(u,v) = a(v,u) and b(u, v) = b(v, u), the bilinear forms are symmetric.

The positive definiteness of a(u, v) follows from

a(u,u) = / Vu - VudQ + / u*dos)
Q 09 (4.41)
2 2
= [IVull” + flullz2 o0, > 0.
Thus, it is observed that a(u, v) is an inner product. Since

a(Tf,9) =b(f.9) =0blg,f) =a(Tyg, f)=a(f,Tg) Yf,ge H' (442

the solution operator 7" is self-adjoint with respect to the inner product a(-, -).
Now, consider the discrete problem defined as: find eigenvalues )\;, € R and

eigenfunctions 0 # u;, € V}, such that
a(un, vp) = Ab(un,v) Yoy € Vi, (4.43)

in the finite dimensional subspace V}, C H'. Using the shift argument to rewrite (4.43)

results in
a(up,vp) = (A + 1)b(up, vy) Yoy, € V. (4.44)
Then, define a discrete solution operator T}, : H* — H'! is such that
a(Tyf,vn) =b(f,vy) Vv, € Vj. (4.45)
and
|\ T —Tull, =0 as h—0, (4.46)

where V}, C H'. It is important that 7}, is also self-adjoint, since

a(Tnf,9) =b(f,9) =blg, f) = a(Thg, f) = a(f,Thg) Yf.ge H'. (447)

The eigensolution of (4.43) convergence to the eigensolution of (4.31) if and only
if the discrete solution operator 7}, satisfy (4.46) (see [12]). The following theorems
give the convergence estimates for the eigenvalues and eigenfunctions in the symmetric

case. The proofs of these theorems can be found in [12].
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Theorem 4.1: Let V), be a finite element space, and )\ék) be the eigenvalues of (4.43)
converging to the eigenvalues of (4.27) \¥). Then, there is a constant C' such that the
approximate eigenvalues )\gk) satisfy
AE < AP < A®) L & sup inf [|u — ]}, (4.48)
h

ucE V€
[lull=1

where E denotes the eigenspace associated with \*).

Theorem 4.2: Assume that u\*) is an unit eigenfunction associated with the eigenvalue

A®) of multiplicity m, and w}bl), w,(f), e wém) are the eigenfunctions associated with

m discrete eigenvalues converging to \\¥). Then, there exists

uy, € span {w}(bl), w}(f), . ,w}(Lm)} , (4.49)
such that
|lu —upll, < C sup inf |ju—wvl,, (4.50)
ueE vE€VR
[lull=1

where E denotes the eigenspace associated with \*) and C is a constant.

The following lemma is an additional regularity result for the eigenfunctions of

(4.1). The proof this lemma can be found in [39] (see also [69]).

Lemma 4.3: There exists Tq > 1/2, which is the Sobolev exponent for the Laplace

problem with Neumann boundary conditions, such that following result holds:

e ifwis an eigenfunction of (4.1) with the associated eigenvalue )\ then there exists

a positive constant C' such that
[l fror @) < Cllully (4.51)

forallr € [1/2,rq) andu € H''".

Note that, 7q > 1 if € is a convex domain and 7 := 7/w, with w being the
largest inner angle of {2, otherwise (see [39] and [69]).

Now, assume that the best approximation result

Jnf flu— ol < CA™ lul ) (4.52)
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is satisfied for the finite dimensional subspace V;, C H' constructed by piecewise
polynomials of degree s. Such results are standard in the case of V), contains the
piecewise polynomials.

From Theorem 4.1, Theorem 4.2, and (4.52), the estimates for the eigenvalues

and the eigenfunctions are obtained as

A= | < CR, (4.53a)
|lu —upll, < Ch, (4.53b)

for linear piecewise polynomial, where C'is a positive constant. Analogous estimates are
also obtained for the virtual element method, using the spectral approximation theory, in
[39] (see also [70]). The virtual element method involves the Galerkin discretization of
the problem using polygonal or polyhedral elements. For this reason, the virtual element
method has the theoretical background of FEM, and the estimates are assured for FEM.
Besides, these estimates are analogous with the estimates given in [59] (see also [15])
for FEM analysis of the Steklov EVP in the case the PDE is given as —Au + u = 0 in
Q.

4.1.3. Numerical Results

The numerical results obtained by using the linear triangular elements to discretize
the unit disc are presented in this section. The convergence behaviors of the approximate
solutions to the exact solutions are investigated as h,,,,, goes to zero, where h,,,, denotes
the maximum of the longest side of the triangles in the mesh. All of the computations

and the figures are procured by means of a program written using MATLAB.

4.1.3.1. Linear Elements on the Unit Disc

The first ten approximate eigenvalues )\20), )\2%_1), )\fk) and the corresponding

exact eigenvalues A" = 0, A~ = X\~ — [ of the Steklov EVP are given in
Table 4.3 with the size S of the solved linear system of equations reduced by imposing
the boundary conditions and the rates of convergence for h,,,,, = 0.2,0.1,0.05,0.025.
From Table 4.3, it is observed that the approximate eigenvalues converge to the exact

eigenvalues as h,,,, goes to zero.
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Table 4.3: First ten approximate and exact eigenvalues of the Steklov EVP for Section
413.1,k=0,1,...,5,and h,,,, = 0.2,0.1,0.05,0.025.

The errors between the exact eigenvalues A

AR =k | Bpge = 0.2 hmas = 0.1 Bmaz = 0.05 | hpae = 0.0025
AR =k | §:105%x 105 | S:407 x 407 | S:1457 x 1457 | S: 6117 x 6117
A0 =0 0.0000 0.0000 0.0000 0.0000
2D =1 1.0016 1.0004 (2.0) 1.0001 (1.9) 1.0000 (2.0)
A2 =1 1.0016 1.0004 (2.0) 1.0001 (1.9) 1.0000 (2.0)
A3 =29 2.0326 2.0076 (2.1) 2.0020 (1.9) 2.0005 (2.0)
A®) =2 2.0328 2.0077 (2.1) 2.0020 (1.9) 2.0005 (2.1)
A0 =3 3.1311 3.0308 (2.1) 3.0081 (1.9) 3.0019 (2.1)
A0 =3 3.1311 3.0308 (2.1) 3.0081 (1.9) 3.0019 (2.1)
AT =4 43329 4.0786 (2.1) 4.0206 (1.9) 4.0049 (2.1)
A®) =4 43369 4.0787 (2.1) 4.0206 (1.9) 4.0049 (2.1)
A9 =5 5.6869 5.1614 (2.1) 5.0423 (1.9) 5.0101 (2.1)

2k—1

) = k and approximate eigen-

values /\2%_1) of are shown in Figure 4.2. These figures show that the convergence

behavior of the approximate eigenvalues Afk_l) is of order O(h?). Also, the rates of

convergence given in Table 4.3 are in well accordance with this behavior.
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It is known that the eigenfunction u(?) is a constant function corresponding to
the only simple eigenvalue A’ = 0. To numerically show that the approximate
eigenfunction uﬁf) is also a constant function, plots of the eigenfunctions u(*) and uﬁlo)

normalized with respect to infinity norm are given in Figure 4.3.

1.5¢

05

-1 -0.5 0 0.5 1

Figure 4.3: Plot of u(®) and u,(f) corresponding to A = 0 for Section 4.1.3.1 and
Pomaz = 0.4.

If the approximate eigenfunctions corresponding to the double eigenvalues of
the Steklov EVP are considered, it can be observed that the linear combinations of
the approximate eigenfunctions associated with the double eigenvalues are reasonable
approximations to the corresponding exact eigenfunctions as given in (3.96). To illustrate
this behavior on the unit disc, the contour plots of the approximate eigenfunctions
u® Y ' and the corresponding exact eigenfunctions u(2~1 = 7 sin(kf), u) =
r* cos(k@) are given in Figure 4.4 and Figure 4.5 together with the linear combinations

(2k—1

of the approximate eigenfunctions [3(o_1)u, ) + B(gk)ufk) where k = 1,2 and

B(2k—1)> B2k are constants obtained similarly from (3.93).
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4.2. Regular Polygon Inscribed in the Unit Disc

In this section, the Steklov EVP is considered on /V-sided regular polygons, which
are assumed to be a boundary variation of the unit disc in such a way that each point
on the boundary of the unit disc moves, starting at ¢ = 0, along the radial direction
with velocity C' and arrives at the boundary of the polygon at ¢ = 1. From the studies
[50, 511, it is theoretically known that the simple eigenvalues of the Laplace EVP on
N-sided regular polygon can be represented in terms of inverse powers of sides /N such
that

\ \ 1 1 1
N = 1+01N+62ﬁ+03ﬁ+'” ; (4.54)

where Ay is the eigenvalue on the N-sided regular polygon, and A is the corresponding
eigenvalue on the unit disc. As mentioned in Chapter 3, the series given in (4.54) is
obtained by using Hadamard’s shape derivative formula (3.145) for the lowest simple
eigenvalue of the Laplace EVP. Based on this study, the relation between the eigenvalues
of the Steklov EVP on the unit disc and the eigenvalues on /N-sided regular polygon
inscribed in the unit disc is investigated in this section. This investigation aims to
numerically show that the eigenvalues of the Steklov EVP on the regular polygon
can be represented in terms of inverse powers of sides as in the Laplace EVP. In this
investigation, the eigenvalues of the Steklov EVP on N-sided regular polygon are
denoted as Ay and are computed by using FEM on the discretized regular polygons
by using linear triangular elements. Then, the plots of Ay /A procured by means of a
program written using MATLAB are given in Figure 4.6 and Figure 4.7 for increasing
number of sides V. From Figure 4.6, it is observed that the nonzero eigenvalues of the
Steklov EVP on /N-sided regular polygon can be represented as infinite series in terms

of the inverse powers of NV as given in (4.54).
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As a conclusion, in this chapter, the Steklov EVP is considered on the unit disc.
FEM is applied to this problem using linear triangular elements to discretize the unit
disc. It is observed that the approximate eigenvalues of the Steklov EVP converge
to the corresponding exact eigenvalues as the number of elements is increasing, and
this convergence behavior is observed to be of order O(h?). Besides, it is deduced
that the linear combinations of the approximate eigenfunctions associated with the
double eigenvalues are reasonable approximations to the exact eigenfunctions. Also, it
is numerically shown that the eigenvalues of the Steklov EVP on the regular polygon
inscribed in the unit disc can be represented as a series in terms of inverse powers of
sides of the polygon which are not available in the open literature to the best of author’s
knowledge.

It is known that analogous series is obtained using Hadamard’s shape derivative

formula for the Laplace EVP. The shape derivative formulas derived in [56] for the both
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simple and multiple eigenvalues of the EVP with Wentzell boundary conditions

—Au =0 1in(, (4.55a)
ou
—BAgu + s At on 052, (4.55b)

where Ag is the Laplace operator on 0f2, 3 is a given real number, and Ju/0n is the
outward normal derivative. Note that, (4.55) becomes the Steklov EVP in the case of
[ = 0. For this case, the shape derivative formula (see Appendix E in [56]) is given as

M x M matrix D with the entries
Dy = / C (VumVun — 2\ U, — )\/-wmun) ds, (4.56)
s

where « is the mean curvature, C'is the velocity, m,n = 1,2, ..., M, and u,, are the
orthonormal eigenfunctions which correspond to the eigenvalues of the Steklov EVP
with multiplicity M. The eigenvalues of D give the shape derivatives of the multiple
eigenvalues of the Steklov EVP denoted by ).

It is known that, the Taylor series expansion at ¢t = 0 gives the approximation of
the eigenvalues Ay on the polygon [53] such that

1, 1
Ay = AN N N (4.57)

where \ is the corresponding eigenvalue on the unit disc. As a future work, the other
derivatives A" and A"’ can be obtained by taking the derivative of (4.56) with respect to
the time parameter ¢. Then, the series given in (4.54) can be obtained with coefficients
by substituting the Taylor series expansion of the derivatives ', A”, and X" in terms of

powers of 1 /N into (4.57).
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S. CONCLUSION

In this thesis, numerical approximations of the Laplace and Steklov EVPs posed
on one- and two-dimensional domains obtained using FEM are presented. In the one-
dimensional case, the FEM solution of the Laplace EVP is obtained by means of the
analytically known eigensolutions of the resulting tridiagonal matrices, and its conver-
gence behavior to the exact eigensolution is presented with numerical results obtained
on an interval discretized by linear and quadratic elements. As for the two-dimensional
cases, the Laplace EVP is considered on square and disc domains discretized by linear
triangular elements. The convergence behavior of the FEM solution is obtained on both
uniform and non-uniform meshes for the square domain and the non-uniform meshes
for the disc domain.

It is theoretically known that the convergence behaviors with respect to the mesh
parameter h are of order O(h?) and O(h*) for the eigenvalues obtained on discretized
domains using linear and quadratic elements, respectively. For the approximate eigen-
functions obtained using linear elements, the convergence is of order O(h) and O(h?)
in H'-and L?-norms, respectively. On the other hand, the convergence behavior of
the eigenfunctions considering the quadratic elements is of order O(h?) and O(h?) in
H'-and L?-norms, respectively. In all cases considered in this study, it is observed that
the convergence results obtained with numerical experiments are in good agreement
with the already known theoretical results for the eigenvalues and the eigenfunctions
corresponding to the simple eigenvalues. Besides, linearly independent eigenfunctions
of the Laplace EVP corresponding to the multiple eigenvalues are considered separately
in the two-dimensional cases, and it is deduced that their linear combinations constitute
reasonable approximations to the corresponding exact eigenfunctions associated with
the multiple eigenvalues. Moreover, the obtained numerical results show that the linear
combinations satisfy the convergence behavior for the eigenfunctions (O(h) and O(h?))
on the uniform mesh of the square constructed using linear triangular elements. On the
other hand, the convergence behavior of the eigensolutions to the exact solutions of the
Steklov EVP is provided using the spectral theory for the symmetric case presented in
[12]. It is observed that the convergence behavior of the approximate eigenvalues and

eigenfunctions are of order O(h?) and order O(h) (with respect to H'-norm), respec-
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tively. The convergence results obtained that concerns the approximate eigenvalues
for this case are confirmed numerically on non-uniform discretizations of the unit disc
constructed by linear triangular elements. As in the Laplace EVP, it is shown that the
linear combinations of the approximate eigenfunctions of the Steklov EVP constitute
reasonable approximations to the corresponding exact eigenfunctions associated with
the multiple eigenvalues.

Since the boundary perturbations can be the cause of various errors in finite ele-
ment methods, the influences of the boundary perturbations on the eigensolutions of the
Laplace and Steklov EVPs are investigated in this thesis. First, it is assumed that the
perturbed domain is inscribed into the original domain, and it approximates the boundary
of the original domain by means of a perturbation parameter . Then, the analytical
solutions of the Laplace EVP are obtained in terms of this perturbation parameter on the
perturbed one-dimensional domain, rectangle, and disc domain. In addition, the FEM
solution of the Laplace EVP on the one-dimensional perturbed domain is analytically
derived by means of known eigensolutions of the resulting tridiagonal matrices. The
convergence of the analytically obtained perturbed solutions to the original solutions is
explored by Taylor’s series expansion of the errors between the two solutions at o = 0.
It is observed that the perturbed eigenvalues converge to the corresponding original
eigenvalues as  goes to zero, and this convergence behavior is of order O(4) in both
one- and two-dimensional cases. An analogous result is shown to hold numerically for
the approximate eigenvalues. Further, it is shown that the convergence behavior of the
perturbed eigenfunctions in the one-dimensional case is of order O(d) and O(§/2) in
L?- and H'-norms, respectively. These convergence results are in coherence with the
numerical experiments conducted in this study, and also with the results obtained for
the corresponding boundary value (source) problem in [41]. Numerical examples are
provided to show that analogous behaviors are found by the approximate eigenfunctions
on the one-dimensional domain.

Finally, the Laplace and Steklov EVPs are considered on N-sided regular polygons
assumed to be inscribed in the unit disc to address the evolution of the eigensolutions
on domains induced by the motions of the boundaries. It is known that the simple

eigenvalues of the Laplace EVP on the polygon can be represented as a series in terms
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of the inverse powers of the number of sides such that

\ \ 1 1 1
N = 1+C1N+C2ﬁ+cgﬁ+"' : (5.1)
where Ay is the eigenvalue on the polygon, and A is the corresponding eigenvalue on
the unit disc. For the lowest simple eigenvalue, this series is obtained as

N 4C(2) | 4C(3) | 28¢(4)
)\N—A<1+ BB +> (5.2)

using Hadamard’s formula (see [50, 51]), where ( is the Riemann zeta function. In this
thesis, it is numerically shown that analogous results hold for the multiple eigenvalues
obtained using FEM on the polygon discretized by linear triangular elements. Further-
more, a similar investigation is conducted for the multiple eigenvalues of the Steklov
EVP on the polygon, and the analogous series representation with different coefficients
is numerically shown to hold for the Steklov eigenvalue problem. As a future study, the
series given in (5.1) can be derived with coefficients using the shape derivative formula

for the multiple eigenvalues of the Steklov EVP.
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