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MECHANICAL BEHAVIOR OF THE BI-DIRECTIONAL BEAMS

SUMMARY

Nanotechnology, which is one of the most developed areas of today's technology, has
a widespread usage area because it can be easily integrated into many areas of
engineering. The design and production of very small-scale functional materials in
fields such as aerospace and aviation industry, medicine, energy and civil engineering,
and their effective use in related fields make significant contributions to engineering
science.

The fact that these very small-scale materials used in many areas of technology have
spread to almost every field of engineering has revealed the need to determine their
internal structure and mechanical properties. Materials exhibit some mechanical
behavior such as bending, torsion and buckling under loads. It is an important issue
for the stability of the structure to be able to detect such mechanical effects in the most
accurate way. In this sense, the dimensions of nanoscale structures, which are
comparable to the distance between atoms that make up that material, have shown that
the classical elasticity theory, which is currently widely used, is not sufficient in
determining the mechanical behavior of such structures. Since the size effect is an
important factor in nanoscale structures, defining a more general continuum model
that includes such parameters increases the accuracy of the solution of the related
problems.

In this thesis, the bending and buckling behavior of beams is investigated within the
framework of the strain gradient theory. In determining the mechanical behavior of
nanostructures, the non-local elasticity theory, the couple stress theory and the strain
gradient theory, which are proposed by respectable scientists such as Eringen and
Mindlin, are widely used. The calculation load of the problem may increase depending
on the loading, boundary conditions and geometric properties of the analyzed
structure. Thus, the Initial Values Method is used to solve the problem in the thesis.
The transport matrix approach is used for the static bending analysis of the beam within
the scope of Initial Values Method.

In the first part of the study, the bending behavior of the Euler-Bernoulli nano beam
whose material properties change in two directions (bi-directional) is investigated.
Therefore, it is assumed that the modulus of elasticity is variable along the axis and
thickness of the beam. In the literature, the modulus of elasticity for a functionally
graded material (FGM) is expressed in terms of arbitrary functions and the bending
behavior is investigated for the first time within the scope of the gradient elasticity
theory. In this context, the basic equations and boundary conditions (simply supported
and fixed at both ends) are obtained with the help of Hamilton’s principle for the beam
under uniformly distributed load. While 4 end conditions can be written depending on
the boundary conditions in the classical elasticity approach, 6 end conditions are
obtained by using the gradient elasticity theory. While each loading case is required
for the solution of the 6th order differential equation in the classical solution, the
vertical displacements for two different types of loading cases are calculated by
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solving 3 linear equation systems based on 3 unknowns using the initial values method.
As a result of the study, it was observed that the size effect decreased depending on
the increase of nano beam length. In other words, the difference between local and
non-local theory becomes important in small scales. However, it was observed that
there is a lower vertical displacement in the bi-directional Euler-Bernoulli nano beam
due to the increase in the inhomogeneous material constant (B). The accuracy and
importance of the study for both boundary conditions are demonstrated with the help
of graphics.

In the second part of the study, the buckling behavior of the Euler-Bernoulli nano beam
(FGM) whose material properties change in two directions (bi-directional) is
investigated. Basic equations and boundary conditions are derived with the help of
Hamilton's principle. Since the transport matrix cannot be calculated analytically for
buckling analysis, the approximate transport matrix (Matricant) is used in the solution.
Critical buckling loads are calculated for the classical theory of elasticity and the
gradient elasticity theory depending on the number of intervals. In the results of study;
It is observed that the first two terms of the transport matrix reflect the exact result if
the number of intervals is chosen large enough. Remarkably, it is concluded that the
first and second type of boundary conditions in the buckling calculation may depend
on the type of material used. The accuracy of such a proposition can only be
demonstrated more clearly by experimental studies. In addition, it is observed that the
buckling resistance of the beam increases depending on the increase in the material
characteristic length (y). The accuracy and scientific contribution of the study is
expressed with the help of the diagrams.

The greatest contribution of the subject investigated herein to science is that it can
guide the analysis and design of nanostructures used in many areas of technology. The
importance of parameters such as the size effect and inhomogeneous material
coefficient in the analysis of very small-scale structures has once again been
demonstrated with strong propositions and results. Thus, it is supported by previous
studies that theories such as the non-local elasticity theory and the gradient elasticity
theory give more realistic results compare to the classical theory.

With the design of micro and nano electro-mechanical systems (MEMS and NEMS),
which are frequently encountered in the electronic device industry, as functional
graded materials, it has become more important to determine the mechanical properties
of such small-scale structures. In this sense, it is aimed that the relevant thesis study
and the international publications published by us will make significant contributions
to the literature.
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MALZEME OZELLIiKLERI iKi DOGRULTUDA DEGISEN KiRiSLERIN
MEKANIK DAVRANISLARI

OZET

Gliniimiiz teknolojisinin en ¢ok gelisme gosteren alanlarindan olan nanoteknoloji,
miihendisligin birgok alanina kolayca entegre edilebildigi i¢in yaygin bir kullanim
alanina sahiptir. Ozellikle uzay ve havacilik sanayi, tip, enerji ve ingaat miihendisligi
gibi alanlarda ¢ok kiiclik 6lgeklerdeki fonksiyonel malzemelerin tasarimi ve iiretimi,
onlarin ilgili alanlarda efektif kullanimi miihendislik bilimine 6nemli katkilar
saglamaktadir.

Miihendislik yapilarinda siklikla kullanilan bu tiir malzemelerin ¢ok kii¢iik dlgeklerde
olmasi onlarin i¢ yapisint ve mekanik Ozelliklerini tespit etme gereksinimini
dogurmustur. Malzemeler yiikler altinda egilme, burulma ve burkulma gibi bazi
mekanik davranislar sergiler. Bunun gibi mekanik etkilerin en dogru bi¢imde tespit
edilebilmesi yap stabilitesi agisindan 6nemli bir husustur. Bu manada bilhassa nano
Olcekteki yapilarin boyutlarinin o malzemeyi olusturan atomlar arasi mesafelerle
kiyaslanabilecek 6l¢iide olmasi halihazirda yaygin olarak kullanilan klasik elastisite
teorisinin bu tiir yapilarin mekanik davranislarini belirlemede yeterli olmadigin
gostermistir. Nano Olgekteki yapilarda boyut etkisi énemli bir faktor oldugu igin,
icerisinde boyut parametrelerini de barindiran daha genel bir siirekli ortam modeli
tanimlamak 1ilgili problemlerin ¢oziimiiniin dogrulugunu artirmaktadir. Yirminci
yiizyilin ortalarindan itibaren yapilan ¢aligmalarda nano yapilarin mekanik
davraniglarinin belirlenmesinde Eringen ve Mindlin gibi 6nemli bilim insanlar
tarafindan Onerilen yerel olmayan elastisite teorisi (non-local), gerilme ¢ifti teorisi
(couple stress theory) ve sekil degistirme gradyani teorisi (strain gradient theory) gibi
teoriler 6n plana ¢ikmaktadir. Eringen tarafindan Onerilen yerel olmayan elastisite
teorisi -klasik teoriden farkli olarak- elaman igerisindeki bir noktaya ait gerilme
durumunu ilgili noktaya komsu olan tiim noktalarin bir fonksiyoneli olarak ifade
edilebildigi zenginlestirilmis yeni bir stirekli ortam modeli sunmaktadir. Oysa ki yerel
teori bizlere belirli bir noktaya ait fiziksel tanimlamanin yalnizca o noktaya ait
gerilmeler cinsinden ifade edilebildigini onermekteydi. Sekil degistirmenin hesaba
katilmadig1 bu yaklagimin 6zellikle mikro ve nano olgeklerdeki yapilarin mekanik
davraniglarini belirlemede yetersiz oldugu Eringen ve Edelen tarafindan 1972 yilinda
yapilan onciil ¢aligmalarla ortaya konmustur. Analiz edilen yapinin yiikleme durumu,
sinir  sartlar1 ve geometrik Ozelliklerine bagli olarak problemin hesap yiikii
artabilmektedir.

Bu tez caligmasinda nanomekanik alaninda yapilan c¢aligmalarda yaygin olarak
kullanilan Euler-Bernoulli kiriglerinin egilme ve burkulma davranislar sekil
degistirme gradani teorisi kapsaminda arastirilmistir. Bilindigi iizere genel anlamda
nano yapilarin modellenmesi ve analizi i¢in Euler-Bernoulli kiris modeli ve kesme
etkisinin de hesaba katildigr Timoshenko kiris modeli gibi teoriler bulunmaktadir.
Gecmis calismalarda nano kirislerin egilme ve burkulma davranislarinin ¢6ziimii i¢in
bircok farkli yontem kullanilmistir. Bununla beraber kiris iizerinde malzeme
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ozelliklerinin, egilme rijitliginin degisken olmasi ve/veya siireksizlik sayisinin artmasi
gibi durumlar problemin ¢dziimiinii zorlastirmaktadir. Mustafa Inan tarafindan 1964
yilinda Onerilen “Baslangi¢ Degerleri Yontemi” bircok mekanik probleme
uygulanabilmesi agisindan 6nemli bir ¢6ziim yontemidir. Bu nedenle tez ¢alismasinda
literatiirde nano kirislerin ¢ozlimiinde de siklikla kullanilan baslangic degerleri
yonteminden faydalanilmistir. Baslangic degerleri yonteminde kirisin statik egilme ve
burkulma analizi i¢in tagima matrisi yaklagimi kullanilmistir.

Ik boélimde malzeme ozellikleri iki dogrultuda degisen (bi-directional) Euler-
Bernoulli nano kirisin egilme davranisi arastirilmistir. Buna binaen kirisin ekseni ve
kalinlig1 boyunca elastisite modiiliiniin degisken oldugu kabul edilmistir. Literatiirde
ilk defa fonskiyonel olarak derecelendirilmis bir eleman i¢in elastisite modiilii keyfi
fonskiyonlar cinsinden ifade edilerek egilme davranisi gradyan elastisite teorisi
kapsaminda incelenmistir. Sekil degistirme gradyani (Strain Gradient Theory)
teorisinde toplam gerilmeye ek olarak Cauchy gerilmesi ve gerilme c¢ifti de
yazilmaktadir. Bu baglamda temel denklemler ve sinir sartlari (basit mesnetli ve iki
ucu ankastre olarak) diizgiin yayili yiik etkisi altindaki kiris i¢in Hamilton prensipi
yardimiyla elde edilmistir. Klasik elastisite yaklagiminda mevzu bahis menetlenme
kosullarina bagli olarak 4 adet u¢ kosulu yazilabilirken, gradyan elastisite teorisi
kullanilarak 6 adet uc¢ kosulu elde edilmistir. Problemin daha sade bir forma
indirgenmesi ve bdylece ¢oziimiin kolaylagmasi agisindan bazi boyutsuz parametreler
tanimlanmistir. Klasik ¢oziimde 6’nc1 dereceden diferansiyel denklemin ¢oziimil i¢in
her bir yiikkleme durumuna ihtiya¢ duyulurken, baslangic degerleri yontemi
kullanilarak 3 bilinmeyene bagli olarak olusturulan 3 lineer denklem sistemi ¢oziilerek
iki farkli tip smir kosulu i¢in diisey yer degistirmeler hesaplanmistir. Calisma
sonucunda nono kirig uzunlugunun artmasina bagli olarak boyut etkisinin kii¢iildiigi
goriilmiistiir. Baska bir deyisle eleman boyutu kiigiildiikce boyut etkisinin énemi
artmaktadir. Bununla beraber homojen olmayan malzeme sabiti () nin artisina bagh
olarak bi-directional Euler-Bernoulli nano kiriste daha diisiik bir diisey yer degistirme
oldugu gozlenmistir. Her iki sinir sartina bagli olarak ¢alismanin dogrulugu ve 6nemi
grafikler yardimiyla ortaya konmustur.

Ikinci boliimiinde ise yine malzeme zellikleri iki dogrultuda degisen (bi-directional)
Euler-Bernoulli nano Kirisin (FGM) burkulma davranigi arastirilmistir. Yine bu
calisma ile FGM olarak iiretilmis Euler-Bernoulli kirigsinin burkulma davranisi ilk kez
gradyan elastisite teorisi kapsaminda baslangi¢ degerleri yontemi ile ele alinmustir.
Temel denklemler ve sinir kosullart Hamilton prensibi yardimiyla tiiretilmistir.
Burkulma hesab1 i¢in tasima matrisi analitik olarak hesap edilemediginden ¢6ziimde
yaklagik tasima matrisi (Matricant) kullanilmistir. Kritik burkulma yiikleri klasik
elastisite teorisi ve gradyan elastisite teorisi i¢in farkli aralik sayisina bagl olarak
hesaplanmistir. Problemin ¢oziimiinde hesap kolayli§i acisindan boyutsuz
parametreler tanimlanmistir. Kritik burkulma ytiklerinin hesabi1 i¢cin homojen lineer
denklem sisteminde katsayilar matrisinin determinant1 sifira esitlenerek matrisin 6z
degerleri hesaplanmustir.

Bu ¢aligmayla birlikte aralik sayisinin yeterli genislikte se¢ilmesi durumunda tagima
matrisine ait ilk iki terimin kesin sonucu biiyiik dl¢iide yansittig1 goriilmiistiir. Ikinci
tip sinir kosulu icin elde edilen kritik burkulma ytiklerinin, birinci tip sinir sart1 i¢in
hesaplanan kriitik burkulma yiiklerinden her zaman daha kii¢iik oldugu goriilmiistiir.
Burkulma hesab1 i¢in kabul edilen birinci ve ikinci tip sinir sartlarinin kullanilan
malzemeye gore degisebilecegi fikrine varilmistir. Boyle bir dnermenin dogrulugu
ancak yapilacak deneysel ¢alismalarla daha net bir sekilde ortaya konulabilir. Bununla
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beraber malzeme karakteristik uzunlugu y’nin artigina bagl olarak kirisin burkulma
direncinin de arttig1 goriilmistiir.

Calismanin dogrulugu ve bilimsel katkist kullanilan diagramlar yardimiyla ifade
edilmistir.

Burada aragtirilan konunun bilime en biiyiik katkisi teknolojinin bir¢ok alaninda
kullanilan nano yapilarin analizine ve tasarimina yon gosterebilecek nitelikte
olmasidir. Cok kiiclik 6lgekteki yapilarin analizinde boyut faktoriiniin ve homojen
olmayan malzeme katsayisi gibi parametrelerin 6nemi yapilan ¢aligmayla bir kez daha
kuvvetli 6nermeler ve sonuglarla ortaya konmustur. Boylece yerel olmayan elastisite
torisi, gradyan elastisite teorisi vb. teorilerin klasik teoriye gére daha gergekei sonuglar
verdigi gecmis ¢alismalarla birlikte desteklenmistir.

Ek olarak, ozellikle elektronik aygit sanayisinde siklikla karsimiza ¢ikan mikro ve
nano elektro-mekanik sistemler (MEMS ve NEMS)’in fonskiyonel derecelendirilmis
malzemeler olarak dizayn edilmesi ile bu tiir kiigiik ¢aptaki yapilarin mekanik
ozelliklerinin belirlenmesi daha da 6nem kazanmigtir. MEMS ve NEMS gibi yapilarin
egilme, burulma, burkulma, titresim ve sicaklik gibi etkilere bagli olarak
deformasyonu 6nemli bir fenomen olarak karsimiza ¢ikmaktadir. Gegmis c¢alismalar
bilhassa bu gibi mekanik etkileri azaltmak ya da oneleyebilmenin ilgili elemanlari
kompozit ya da fonksiyonel derecelendirilmis olarak dizayn etmek ile miimkiin
oldugunu gostermistir.

Bu baglamda ilgili tez calismasinin ve bu kapsamda iiretilen uluslararasi yaymlarin
litiiratiire 6nemli katkilar sunmasi1 amaglanmustir.
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1. INTRODUCTION

Have you ever thought about the meaning of "small™? In the literature B.C, the concept
of small was scientifically put forward by Democritus with the word "Atomus™, which
means indivisible. It is very clear that over the centuries no civilization and / or person
could predict that this magic word could actually be the smallest building block of
everything observed. In fact, how small a substance is can only be interpreted by the

dimensional accuracy of the instrument observing it.

Although there were many attempts in the name of scientific work in the past, it is
known that the scientific study in the real sense started with the Italian scientist Galileo
Galilei. Due to the necessity of science to be dependent on experimentation and
observation, studies conducted before the relevant period are called "occupation™ in

the history of science literature.

Looking at the recent history, the beginning of nanotechnology, which is also one of
the fields of study of this thesis, is regarded as "There is plenty of room at the bottom",
that magnificent sentence that Nobel Prize-winning physicist Richard P. Feynman said
at a meeting held in CalTech in 1959.

Since the beginning of the 19th century, the necessity of deriving field equations was
revealed with the studies of scientists such as Claude Navier and Augustin Cauchy on
linear elastic materials. The idea of linear elasticity was first put forward by the British
scientist Robert Hooke in 1660. He stated that the deformation of many materials under
loads is proportional to the applied load. Despite this proposition he made, he could
not express this concept in terms of stress and strain. The Swiss mathematician Jacob
Bernoulli in 1705, in his last article published, showed that the most correct way to
describe deformation is to define stress as a function of force per unit area or elongation
per unit. In 1727, the Swiss scientist Leonhard Euler, who was also a student of Johann
Bernoulli, proposed the linear relationship in the equation o = E-¢including the E
coefficient. Due to Thomas Young's similar studies in 1807, this coefficient was later
called the Young's module.



The classical elasticity theory, which is widely used in solving mechanical problems,
is not sufficient to describe the mechanical behavior of very small scale materials. In
this context, Cosserat (1909) presented an important source for modeling elastic and
inelastic homogeneous deformations with his book titled “Theory of deformable
boddies."”

In the 20th century, methods such as the non-local elasticity theory (Eringen, 1972),
the strain gradient theory (Mindlin, 1960), and the couple stress theory (Mindlin and
Tiersten,1962) were developed in order to express the size effect at nanoscale

structures in the most accurate way.

Today, nanotechnology is one of the fields of engineering for many more such as
aviation and space industry, energy, medicine, construction, electronics, and
biotechnology. In this context, there are many important studies in the literature. In
addition to the theoretical studies, the fact that such structures can be tested

experimentally is a scientifically important achievement.

1.1 Purpose of Thesis

The classical elasticity theory, which is widely used in solving mechanical problems,
is insufficient in determining the mechanical behavior of structures such as bending,
buckling and vibration, especially of nanoscale structures. Because of this
requirement, approaches such as gradient elasticity theory, non-local elasticity theory
and couple stress theory have been put forward by scientists such as Eringen and
Mindlin.

In this thesis, the bending and buckling behaviors of nano beams, which are frequently
used in many areas of engineering today, are investigated within the framework of the
strain gradient theory. Although there are many studies in the literature to determine
the mechanical behavior of nano beams, the bending and buckling behaviors of nano
beams whose material properties change in two directions (bi-directional) are
investigated for the first time using the Initial Values Method within the framework of

“Strain Gradient Elasticity Theory.”

Transport matrix is expressed analytically for the bending behavior of nano beams. As

is known, the transport matrix is unique for the initial values problems.



The bending and buckling behavior of nano beams are investigated within the scope

of this thesis.

i)

Basic equations and boundary conditions are obtained with the help of
Hamilton's principle, and the effect of the size effect and characteristic
length on the bending behavior for different end conditions is presented

with graphs.

For the buckling behavior of nano beams, Matricant, also known as the
approximate transport matrix, is used since the transport matrix could not
be obtained analytically. This method is one of the methods used to analyze
the buckling behavior of functionally graded materials (FGMs). Basic
equations and boundary conditions are obtained with the help of Hamilton's
principle. Critical buckling loads are presented with the help of graphs

depending on different dimensional ( 7, ) parameters.

The greatest contribution of the scientific study conducted in this thesis to the

literature is the determination of the mechanical properties of nanostructures used

in many areas of technology. Thus, the information required for the design and

production of such structures can be used.






2. NANOTECHNOLOGY

Nanotechnology is a branch of science that includes engineering and technology
studies carried out in sizes ranging from 1 to 100 nanometers. The idea and concept of
nanoscience and nanotechnology was brought up by physicist Richard Feynman in his
speech titled "There is Plenty of Room at the Bottom™ at the American Physical
Society meeting held at the California Institute of Technology (CalTech) in 1959, long
before the term nanotechnology was introduced. It is not only the size that
distinguishes nanoparticles from large materials. These particles also appear as a
different structure from large materials in terms of physical, chemical and biological
properties (Solmaz, 2017). There are two different issues on the basis of
nanotechnological studies. The first is that atoms can be moved as desired and also
their order can be changed as required (Solmaz, 2017; Toksoz, 2010). When the atomic
structures of materials are observed, many different properties belonging to them come
in sight. Second, when the atomic structure is descended, the classical physics rules
begin to lose their validity and the effects stem from atomic dimensions begin to show

themselves in the problem under investigation.

Nanotechnology or nanoscience is a science that has increased its popularity today
with the increasing use of quantum properties and atomic metrics. This science which
combines physics, chemistry and biology and associates it with engineering branches
such as mechanics, electronics, industry, and space, uses functional materials that are
reduced to nano-dimensions at the atomic and molecular level and uses them for the
production and development of devices or systems (Erkog, 2007). In recent decades,
with the development of nanotechnology and softwares in this field, important
technological developments have been achieved in many other important fields such

as defense industry, space aviation and medicine.

The properties of matter at nanoscale are different from that on a larger scale. The
main reason of this is the effect that occurs in the quantum dimension. As the
dimensions of a material decrease, its properties initially remain the same, however,
in time small changes in material properties are observed. When the material size is

less than 100 nm, its properties change dramatically. These properties can differ



significantly from the properties of bulky materials and single atoms or molecules
(Clayton, 2018).

Materials at nanoscale show different properties for two main reasons:

i)

First, nanomaterials have greater surface area when compared to material
produced in larger form with the same mass of material. Since most atoms
are located on the surface, as the size of a particle decreases, the ratio of
atoms on the surface to the atoms in the particle increases. For example,
there are 5% of all atoms on the surface of a 30 nm particle, 20% of all
atoms on the surface of a 10 nm particle, 50% of all atoms on the surface
of a 3 nm particle, and almost all of the atoms on the surface of a 1 nm
particle (Taourirte et al., 2016). Increasing the surface area makes materials
more chemically reactive (in some cases, materials that do not react in their
larger form become reactive when produced in nanoscale form) and may

affect their strength and / or electrical properties.

The second reason is that quantum effects can affect the optical, electrical
and magnetic behavior of the material effectively on the behavior of matter
at the nanoscale. For example; opaque materials can become transparent
(copper), chemically non-reactive materials can become catalysts
(platinum), stable materials can become flammable (aluminum), solids can
turn into liquids at ambient temperature (gold), insulators can become
conductive (silicon) (Giigli, 2020). With the quantum effects on the
nanoscale and the increase in surface area, researchers have enabled the
production of many different materials by taking advantage of these new

properties that materials have acquired (Berger, 2016).

The emergence of nano-scale structures and developments in nanotechnology; Its

mechanical, electrical, chemical and biological properties have enabled the production

of new generation materials, devices and equipment that are far superior to those

produced by conventional methods (Ansari and Sahmani, 2011). Nanotechnology has

become arich field of study due to the contributions of physicists, chemists, engineers,

manufacturing technology workers, biologists and medical professionals (Chakraverty
and Behera, 2016).
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An indication that nanotechnology is actively studied and used by different disciplines
around the world is the amount of investments made in nanotechnology. For example,
between 2001-2015, United States of America (USA) Congress allocated
approximately 20 billion US dollars to research and development in nanotechnology.
It is seen that there is an enormous return on income compared to the investments made
with the revenues obtained. In 2012, the revenue generated from nano products in the
USA alone was 200 billion US dollars, while the whole figure was 700 billion US
dollars in the world (The National Nanotechnology Initiative, 2015). In 2014, the
European Union launched the Horizon 2020 Research and Innovation Framework
Program with a budget of 77 billion Euros. Six main research areas have been
determined in the Horizon 2020 program. These areas are nanotechnology, advanced
manufacturing, advanced materials, nanoelectronics, photonics and biotechnology. A

total budget of 6.6 billion Euros was allocated for these areas (de Oliveira et al.,2017).

Nanotechnology is considered as the fastest growing technology of the current decade
(Mangematin and Walsh, 2012). The main reason behind this exponential growth is
the invention of devices such as scanning tunneling microscopy (STM) and electron
microscopy, allowing scientists to research at the nanoscale level in matter, and then
synthesize, characterize and use nanoscale materials (Rao and Cheetham, 2001).
Researchers and industrialists believe that smart nanomaterials have an important
potential that can be adapted to almost every area of modern life. Nano structures play
a very important role in modern world technology due to their economic potential,
optimized product development capability and most importantly the possibility of
reducing the pressure on natural resources and the environment (Bhagyaraj and
Oluwafemi, 2018).

In the future, it is predicted that nanotechnology will lead to applications that provide
more added-value, it will enable the production of new diagnostic devices, and will
lead to the emergence of new sectors such as nanoenergy, nanofood, nanotechnology,
nanomedicine, nanobiotechnology and nanoelectronics (Lee and Song, 2007,
Allarakhia and Walsh, 2011). In addition, by helping other technologies that can bring
solutions to industrial problems, scientific fields such as biotechnology, physics,
computer science, psychology will be able to advance faster than ever before.
Moreover, nano technology will provide sustainability in many areas of our lives
(Loveridge et al., 2008).



2.1 Application Fields of Nanotechnology

Nano sized materials are presented to the market after being designed in an innovative
way thanks to the advantage of being functional and useful. The qualities of these
products have shown the variety of uses of nanotechnology and how widely they can
be used (Allhoff et al., 2007).

Computer technologies, another of the fields where nanotechnology is used, are
developing rapidly as a result of the production of nano-scale electronic circuit
components. The systems used in electronic devices become more useful and effective

by increasing their processing power thanks to their nano structures (Demirkan,2020).

Quantum computers come to the forefront as another innovation that nanotechnology
has shown its effect on. In addition, thanks to nanotechnology, great advances were
made in industries such as sensors, every product that can transmit signals and

navigation display systems (Toksoz, 2010).

Nano materials are used as many tools in the field of medicine and health in the
diagnosis and treatment process. These tools, with their correct results, allow not only
to affect the diseased area but also to produce more sensitive measurement devices and

to integrate them in harmony with foreign tissues.

Products made of nano structures in aviation and space fields have an important place
in the construction of space and rocket stations because they are more durable and
resistant to temperature changes. Nano-structures are also very light materials and this
feature makes them important to construct engineering elements. Examples of
applications on this subject are: The production of computers that require less energy,
more resistant to radiation, and high efficiency, nano-sized instruments that can be
used in micro-sized spacecraft, nano-material sensors and flight mechanisms provided

with nano-electronics, heat-resistant nano-structured coating materials.

Today, one of the most prominent sectors is the energy industry. For example,
nanomaterials increase efficiency in fossil fuels and enable transportation and
production sectors to work properly (Toksoz, 2010). There are also some application
areas such as storage and production of energy in nanotechnology to use energy
effectively. With the hydrogen storage method, cars that operate with the help of
hydrogen energy will be developed, and environmentally friendly fuel consumption

will be achieved. Moreover, with the development of nano filters regarding water
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consumption, which is one of the fundamental problems of humanity, clean water will
be obtained (Ersoz, Isitan, and Balaban, 2018).

2.2 Nanomaterials
2.2.1 Graphenes

Graphene is the name given to a single-atom-thick full planar layer in which sp2-form
bonded carbon atoms are densely arranged to form a honeycomb crystal lattice.
Graphene is also a crystalline allotrope of carbon. Graphene, which is harder than
diamond but more elastic than rubber, as well as more durable than steel but lighter
than aluminum, is the strongest material known (Ovid'ko, 2013). This method is based
on the use of a piece of tape made to remove graphite flakes from a highly regular
pyrolytic graphite sheet, which is then deposited on a silica tape. The flakes are then
exfoliated using more adhesive tape and finally applied to other silica slides until they
have a graphite layer at an atomic thickness, while viz.graphene is left immobilized
and is kept in a rest position on the slide. With this breakthrough, which allows
graphene to be easily isolated, it has not only shown a remarkable high load-bearing
mobility of 2000-5000 cm2 / Vs, but also allowed its unique properties to be measured
(Novoselov et al., 2005).

Figure 2.1 : Graphene and related structures: fullerene carbon nanotube and
graphene structures (Geim and Novoselov, 2007).

In fact, this was not the first time that ultra-thin carbon films were observed. Before
2005, there were some reports that graphene was observed but its unique properties
have yet to be determined (Brownson et al., 2012; Geim, 2012; Wallace, 1947). For



example, graphite oxide was independently synthesized in 1859 by Brodie
(Brodie,1859), Hummers in the late 1950s, and Staudenmaier (Staudenmaier, 1898) in
1898.

Geim and Novoselov were awarded the Nobel Prize in physics in 2010 for their
pioneering work on two-dimensional atomic crystals (T.N. Foundation, 2013). For
some researchers since the aforesaid study, the focus has been to explore the large-
scale synthesis of graphene, while for others, manipulating the structure so that its
properties can be utilized. The adhesive tape method has become a problem for the
production of graphene only because it can isolate both small amounts of graphene
and is a laborious process (Randviir et al., 2014).

Some important fields of usage of graphene:
e High-speed electronics
e Data storage

e LCD smart windows and OLED displays

o.. > % ;‘%
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”

Figure 2.2 : Ultra-thin flexible graphene transistor (Mattevi et al., 2012).

e Supercapacitors
e Solar cells

e Electrochemical sensing

Graphene; It is a material with impressive properties such as hardness, strength and
toughness. In addition, graphene can be used both as a material itself and also to
reinforce composites. The modulus of elasticity of graphene calculated from both
experimental studies and simulations is almost the same, and it was calculated as 1.0
+ 0.1 TPa for single layer graphene. Single layer graphenes without defects are the
strongest material tested thus far. Tensile strength of graphene is 130 GPa. Fracture

toughness, a property related to engineering applications, is one of the most important
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mechanical properties of graphene and has a critical stress density factor of 4.0 + 0.6

MPa (Papageorgiou ve dig, 2017).

2.2.2 Carbon nanotubes (CNTS)

CNTs are cylindrical molecules obtained by bending graphene. They can be single or
double layered. The lengths of these tubes can reach several micrometers and / or
millimeters (Agel et al., 2012). Like the building block graphenes, CNTs are
chemically bound in the form of sp?, which is a very strong form of molecular
interaction. In addition to this feature, CNTs offer the opportunity to develop ultra-
high strength, low-weight materials with high electrical and thermal conductivity
properties, as they naturally tend to join each other in the form of rope through van der

Waals forces.

Carbon nanotubes discovered by lijima in 1991 have a wide range of applications in
structures such as bio sensors, actuators, bulletproof vests, and high performance

composites, and many more.

(0,10) nanotube

(zig-z0g]

(7,10) nanotube (10,1
(chiral)

Figure 2.3 : SWNT and MWNT (URL-1).

Carbon nanotubes can be obtained by several different methods. One of them is the
arc evaporation method. The arc evaporation method is carried out by applying electric
current between two electrodes in the atmosphere where helium and argon are present.

In this method applied with electrodes consisting of two graphene rods, the intensity

11



of the current applied is 50-100 amperes. Some of the carbon evaporating from the
anode is re-evaporated cylindrically at the cathode. Nanotubes and nanoparticles are

formed in the center of this cylindrical sediment (Yiikseltiirk, 2008).

In the laser evaporation method, single-walled carbon nanotubes are obtained by
evaporating carbon. The first efficient single-walled carbon nanotube production was
carried out using this method. This method is disadvantageous compared to other
methods in that it is high cost and requires high temperature for its application
(Yiikselttrk, 2008).

In another method, chemical evaporation, a substrate containing magnetic metals such
as iron, nickel or cobalt is prepared. These materials act as catalysts in the process. The
prepared substrate is heated to a temperature of 700 °C. In order to start the nanotube
formation, ammonia, nitrogen, one of hydrogen gases and carbon containing gases
such as acetylene, ethylene, ethanol, methane are introduced into the reactor. These
gases ruptured at the surface of the catalyst and stick to the catalyst. Consequently,

nanotube formation occurs around the metal catalyst (Yiikseltiirk, 2008).

2.2.2.1 Mechanical properties of the CNTs

Although carbon nanotubes are very light, their elastic modulus are quite high
compared to other building materials. Carbon nanotubes can withstand a weight of 300
million times their weight, yet they are many times stronger than steel (Ciract, 2005).
The tensile strength of single-walled small-scale CNTs was determined as 45x10° MPa
(Erkog, 2001). The first experimental review of the modulus of elasticity of MWCNTSs
was conducted by Treacy et al. (1996). Using the thermal vibration method, the
modulus of elasticity of the carbon nanotubes was measured in the range of 0.40-4.15
TPa. Krishnan et al. (1997) also determined that the elastic modulus of SWCNTs is in
the range of 0.9-1.9 TPa.

12



3. INITIAL VALUES METHOD AND TRANSPORT MATRIX

While calculating the elastic curves of the bearing elements, the solution is made by
applying the differential or integration method. However, it is necessary to divide the
element into regions due to discontinuities such as concentrated moment, singular
load, and hinge. The number of regions will increase depending on the number of
discontinuities. When calculating with the integration method, it is necessary to
calculate the integral constant for each region and the amount of integral constant to
be calculated increases with the increase in the number of regions. Boundary
conditions on the bearing element are used to determine the aforementioned
integration constants. Since the solution of integration constants is not easy due to its
computational load, different types of solutions are investigated in such cases to

minimize the number of unknowns (Demirkan and Artan, 2019).

Initial values method, which is a method to simplify the solution, is used in the solution
of such problems. This solution method is suitable for solving univariate systems
(Tepe, 2007).

Let us investigate a system whose coordinate systems are;
S.,S,,55,45,4, S, (3.1)

If we assume that these coordinates change due to a free variable of z, the coordinates
of the system are expressed as Si (z). In some problems, this parameter can also

represent the location or time in a one-dimensional continuum.

Si (z) can be written as a vector coordinate according to the type of problem as follows
5,(2)
S,(z

5,2

13
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This vector is called the state vector. In order to express the vector S(z), the derivatives
of Si(z) functions are calculated. If we assume that all elements belonging to the vector

S(z) have first derivatives, the derivative of the state vector can be written as follows;

S/(2)

S;,(2)

S'(z) = (3.3)

5102

In order to describe how the transition from the state of the parameters in z to the state
at z + dz will be, it is necessary to explain the system in canonical form showing the

relations between the vectors S’(z) and S(z). Assuming that these relations consist

of n linear equations, the linear differential equations of the system are written as;

S/(z2)=d,,-S,(2)+d,-S,(2) +...... +d,, S, (2) (3.4)
S:Z'(z) =d,, -S,(z2)+d,, - S, (2) +...... +d,, -S,(2) (3.5)
S/(z2)=d,-S,(z2)+d.,-S,(2)+...... +d_ -S,(2) (3.6)

These equations are of great importance as they express the conformity between the
state coordinates, the balance of the system and the position of the object in many
cases. The coefficients dix in linear equations is independent of the S; (z) parameter,

however they can depend on the z parameter.

If linear equations are written more regularly:

S, (z)=D-S(2) (3.7)
If D is expressed as a matrix,
_dll dlZ d13 ce dln ]
d21 d22 d23 tc d2n

D=|d, d, d, .. d, (3.8)

dnl dn2 dn3 d

14



Matrix D is called as “differential transition matrix”. The relationship between z and
z + dz, which are close to each other by the definition of the linear differential equation

derivative in equation (3.8), is expressed as follows.
S(z+dz)=S(z)+[D-S(2)]dz (3.9

Provided that the z parameter starts from a certain value for instance, when z = 0; the
obtained value of z can be calculated by making a large number of partial differential
transitions in infinitesimal steps. In fact, the finite value of the z parameter can be
calculated with a single integral using the initial condition z = 0 instead of the
piecewise transition. The matrix that makes this transition possible with a single step

is called the “Transport Matrix”.

The transport matrix, which can be used in many areas of mechanics, is used by
researchers in the past studies to examine the mechanical behavior of nanostructures
with the development of calculation methods (Celik and Artan, 2020). First proposed
by Holzer Van Dungen in 1856, the transport matrix was introduced by Mustafa Inan
under the name of “Initial Values Method” in the following century (Inan, 1964). Nam
and Lee (2000) investigated the problem of cylindrical tanks placed on elastic ground
using the transport matrix method in their studies. Lin (2004) examined of simply

supported beams with open cracks using the transfer matrix method in his study.

Thanks to the transport matrix method it is predicted that the solution of any
differential equation system can be solved easily. However, with the increase in the
number of variables in the equations written in matrix form, the solution of the problem
getting difficult. In such cases, the approximate transport matrix method (Matricant)
is used (Celik and Artan, 2020).

The transport matrix is calculated with the help of the equation given below;
S(z2)=F(2)-S(0) (3.10)
Where S(0) indicates the state of the system at an initial position. The state vector:

5,(0)

S,(0)

S(0) = (3.11)

S:(0)
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And the transform matrix F (z) can be written as,

fll(z) f1.2 (Z) fln (Z)
F(Z) — f21:(z) fzz:(z) onZ(Z) (3.12)
fnl(z) fnZ (Z) fnn (Z)

As seen in matrix above the F(z) transport matrix consists of n? number of fix elements.
The expression given in (3.10) is a homogeneous equation. That is, the system is
unloaded. Herein, F (z) expresses the integral character of the system, while D (2)
expresses the differential character of the system. If it is to explain how the F(z) matrix

is derived from the D (z) matrix;

Darivation of the both sides of the equation (3.10),

S'(z)=F'(2)-S(0) (3.13)
And with the help of the eqgn. (3.7),

D-S(z)=F'(2)-S(0) (3.14)
If the equation (3.10) substitute into the egn (3.14), then,

D[F(z)-S(0)] = F'(z)- S(0) (3.15)
The arranged form of the expression (3.15) can be written as follows:

[D-F(z)-F'(z)-S(0)] =0 (3.16)
Also S(0) # 0 and the column matrix is,

F'(z)=D-F(2) (3.17)

F () and S (z) satisfy the same type of differential equations. If all the elements that
construct the D matrix are constant values, the solution of the differential equation

becomes very easy.

F(z) =F(0)-e"® =¢"® (3.18)
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This equation transforms into an exponential matrix form as above. The value of F (0)

in the expression (3.18) represents the situation at z = 0 and is called the identity matrix.

0
01 --- 0

FO=1=|. . . . (3.19)
00 - 1

If the expression of e*® described as a matrix polynomial,

2 3 k

F(Z)=e® =1+2-D+ > D'+ 2 D' +..4 = . D" 4 ... (3.20)
2! 3! k!

The F (z) transport matrix is solved using the Cayley-Hamilton equation. The point to
be noted here is that the coefficients of matrices consist of scalar quantities.

When the rod/beam is loaded, the transition expression is not same with the eqn (3.10).
In some cases, there may be discontinuities due to external loads at a location such as

z = ¢£. Situations with such transitions are called non-homogeneous conditions. If the

calculation for transition is written for z > ¢£ ;

S(2)=F(2)-S(0)+F(z—-%)-K(&) (3.21)

For z < £, the equation (1) is valid. If z=¢&, it means that there is discontinuity in the

state vector. Where K(&) indicates the discontinuity matrix. This means that,

S(z) =F(2)-S(0), if z<¢& (3.22)

S(2)=F(2)-SO)+F(z-¢)-K(&), if z>¢& (3.23)
In case of discontinuity at more than one point:
S(2)=F(2)-S(0)+ X F(z=-8)-K(&), (5.&.& & <) (3.24)
i=1
In this case, it means that the discontinuity in the state vector exists at m different

points. If the external effects are distributed loads, the integral is written instead of the

finite sum in the above equation.
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S(Z)=F(Z)-5(0)+IF(Z—§)-K(é)-d(ﬁ) (3.25)

Where k(&) is,

ki ($)

K, (S)

k(¢) = (3.26)

knl (é:)

3.1 Cayley-Hamilton Equation

Assume that A is an arbitrary square matrix and size of nxn. The characteristic
polynomial of this matrix can be expressed for eigenvalues A1, A2, A3 ...., A as follows,

p(A)=det(Al=A)=A"+a _ -A""+---e- +a - A+a, (3.27)

The Cayley-Hamilton theorem states that each square matrix satisfies its own
characteristic equation. According to this definition, matrix A satisfy the Cayley-
Hamilton equation. Hence, by replacing the eigenvector (1) in the above equation with

A, the matrix polynomial p (A) becomes equal to zero.

p(A)=A”+an_l.A”‘1+ ...... +a1.A+a0.| =0 (328)

3.1.1 Calculation of exponential function e**
The exponantiial function e**can be calculated as follows:

n-1
e =) a, - A (3.29)

k=0

Where ¢, values are found by solving the systems of equations created by the

eigenvalues of A. These eigenvalues (Ai) are expressed in the exponential matrix as

follows;

n-1
e =2 - A (3.30)
k=0
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3.1.2 Example: Calculation of Sin(Az) for a square matrix

Let A square matrix is given as,

a=|? 2 3.31
=1, o (3.31)

Characteristic equation of the matrix A is,

D(A) = det (A1 — A) =0 (3.32)
’1_‘23 ‘/12| =0 (3.33)

In order to determine eigenvalues A1 and A2, we must solve second order polynomial.
A*=31-4=0 (3.34)

The eigenvalues of the above equations are obtained as; 4 =4, A4 =-1.Then,

Sin(At)=a,- 1 +a,- A (3.35)

Sin(it)=a,+a, - 4 (3.36)
For 4, =4,

Sin (4t) = a, +4a, (3.37)
For 4, =1,

Sin(~t) =—Sin(t)=a, - 3, (3.38)

If the above two equations are solved together, the coefficients are found as;

_ Sin(z) +Sin (4z2)
5

(3.39)

4 = Sin(4z)-4-Sin(z)

0 c (3.40)

The Transform Matrix, Sin(Az)=a,-1+4a,-A
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And let us substitute the real values of the coefficients ag and az into the transfer matrix,
we obtain,

i —4.5j 10 i i 3 2
Sin(AZ)=[Sln(4z) 54 Sm(Z)]'[O 5}+(S|n(z)+58|n(4z)]{2 0} (3.41)

Simplified form of the Transform Matrix is found as:

4sin(42) _Sin(z)  2Sin(z) , 2Sin(42)

Sin(Az)=| _ ; 2 N N (3.42)
2Sin(z) N 2Sin(4z) Sin(4z) 4Sin(z)
5 5 5 5
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4. NON-LOCAL ELASTICITY

4.1 Eringen’s Non-Local Elasticity

Nonlocal elasticity theory is an important issue in engineering mechanics problems
and has an important place in cases where local elasticity theory is insufficient. In the
classical elasticity theory, while calculating the stress at a point, the stress and strain
of other points adjacent to that point are not taken into account. Since the classical
elasticity theory was not suitable for the analysis of nano-sized elements, scientists
were manipulated to another theory and the scope of the non-local elasticity theory

was first presented to the scientific world by Eringen (1983).

The most realistic approach for these circumstances is to express the mechanical
behaviour of micro-sized structures by defining the stress at a point as a function of all
adjacent points. When objects are displaced, geometric discontinuity caused by these
displacements create stresses in the body. The calculation of these stresses arising from
displacements within the framework of classical elasticity theory shows some
irregularities. For instance, when some objects deformed, both the stresses and the
deformation energies that occur in the object go to infinity. The nonlocal elasticity
theory is a very important method for dealing with such problems (Artan, 1992). When
the distance between the stresses occurring in the internal structure of the body is in
atomic dimensions, it is appropriate to calculate the stresses within the framework of
classical elasticity theory (Tepe, 2007).

Mercan and Civalek (2017) examined the stability analysis of silicon carbide nanotube
by taking into account the surface effect. Peddieson et al. (2003) have extended the
Euler-Bernoulli beam model and presented some closed form solutions based on

boundary conditions.

Demirkan and Artan (2020) investigated the buckling problem of non-local
Timoshenko rods within the framework of nonlocal elasticity theory using the method
of initial values. Gurtin (1965) made preliminary work on non-local continuum

mechanics.
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Korner (1968) made an evaluation of the non-local theory according to other theories

in his study on the mechanics of continuum theory.

Edelen (1969) has published articles and books on the basics of calculus of variation

in non-local theory.

Eringen (1972) obtained constitutive equations of non-local elasticity for non-local

elastic media.

Eringen and Edelen (1972) carried out a series of studies on the derivation of

constitutive equations for elastic media by both mechanical and variational method.
Eringen (1973) obtained constitutive equations for nonlocal microfluidics.

Mawphlang et al. (2020) investigated the buckling behavior of a non-uniform single-
wall carbon nanotube using the non-local elasticity theory. They analyzed the buckling
loads for different boundary conditions using the differential transformation method.
Norouzzadeha, Ansaria and Rouhi (2018) tackled the buckling, bending and wave
propagation problems of nano-beams made of FGM materials analytically with the

integral formulation of the non-local elasticity theory of Eringen.

Nonlocal Cauchy equation of motion in a homogeneous and isotropic material:

o’u,
aj-aij+p-|:fi—at2} (4.1)

Constitutive equation is defined as follows,

o, (2) = j a2’ - 7). 7, () dv(2") (4.2)

Where o

i » 7; are indicate non-local stress tensor and local stress tensor, respectively.

In equation (4.2), it is shown that the stress in the material at any z point depends on

the deformations of the material at z’ points.

Tij(z’) = A& (Z’)é‘ij +2'ﬂ"9ij(z’) (4.3)
n _ 1 aui(z') auj(z’)
g;(2") = E{ 62} + o } (4.4)
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Tij (z') = Cijkl £4(2") (4.5)

Where 4 and p are the Lame constants, C is the elastic modulus tensor, and ¢, is the

local strain tensor.

L-a(|z’—z|)=5-(|z’—z|) (4.6)
Nonlocal relation in the equation is as follows:

L-o. =1, 4.7)
Considering the partial differential relation given in the equation (4.1),

o%u
ot?

aj-rij+L-(p-fi—p- iJ=O (4.8)

Eringen proposed a non-local method for the above differential relation expressed as

follows;
L=1-(g-a) -V (4.9)

Where strain ¢ =¢,-a, V? indicates Laplace operator, a is the distance between the

atoms, and eg is material constant.

The strain tensor ¢,,,

1
k -_— s s .
&y 2(uk|+u|k) (4.10)

Where u, , is the displacement and defined as,

_ou,

U, =— 4.11
“ =% (4.10)

If the constitutive equation is written in a more suitable form,
[1-(e ) v*] 0 =1, (4.12)
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Equation (4.12) represents the uniaxial constitutive equation.

The plane state stress for non local elasticity can be stated with the help of three

equations:

(Gzz )non

local

o’c, 0°c, E
_(eo.a)2.|: oz° " 6y2 :|n0n :(GZZ)IocaI ZM'(EZZ +U.8W) (4.13)

local

(Uyy )Inoocr;“ —(eo . a)2 . aZZW + ayZW :|n0n = (Uyy )Iocal = (jl_—%.(gw +0- gzz) (4.14)

local

[ 8%c,, 8o, E
(00 ), = (2)" | 52+ 5 . =(%0)\a T @+o) (4.15)

local

4.2 Euler-Bernoulli Beam Theory

Many beam theories are developed based on different approaches and they have
different levels of accuracy. One of the simplest and most useful of these is the theory,
commonly known as the Euler-Bernoulli beam theory, originally proposed by Euler
and Bernoulli.The Euler-Bernoulli beam theory is a simplistic form of the elasticity of
a straight isotropic beam. Using this theory, load bearing and collapsing behavior of
beams are determined. One of the basic assumptions of this theory is that the cross
section of the beam is infinitely rigid in its plane, that is, no deformation occurs in the

cross section plane (Bauchau and Craig, 2009).

The Euler-Bernoulli Theory was first mentioned in 1750, but it was not widely
accepted in the period until the Eiffel Tower and Ferris Wheel structures in the 19th

century.

The first studies on the calculation of the load carrying capacity of materials date back
to the 17th century. Galileo Galilei (well known as Galileo) is one of the scientists who
have worked in this field. Galileo's work is generally based on the study of the forces
of materials under different stress conditions. In this context, the analysis of beams has
played an important role in his studies. In the years following Galileo, Robert Hooke's
studies on the elasticity of materials was a pioneer in this field. Mariotte is another
researcher who worked on the elasticity of materials during Hooke's research
(Timoshenko, 1953).
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4.2.1 Euler-Bernoulli beam equations

Euler-Bernoulli expressions are the equation expressing the relationship between the

deflection of the beam depending on the load applied to the beam.

Assume that z indicates the normal direction of the beam axis and y is the deflection
axis. Vertical displacement v at any point d; at a distance z from the origin expresses
the displacement of that point in the y direction measured from the z-axis to its elastic
curve. Therefore, the downward deflection value should be positive and the upward
deflection value should be negative. When v is stated as a function of z, the elastic

curve equation is obtained. (Gere and Timoshenko, 1984).

Z dz
|«—>|

—_—

|
|
|
|
i

.. N\

0

Figure 4.1 : Elastic curve of the beam.

The angle of rotation Q of the beam axis at point ds is the angle between the z-axis and
the tangent of the deflection curve. Besides, assume that there is a second point dz on
the deflection curve along the slope at a distance ds and a distance z + dz from the
origin. In this case, the deflection value will be v + dv. In addition, the rotation angle
at the point dz will be Q + dQ. If lines perpendicular to the tangent of the elastic curve
are formed from di and d2 points, the intersection point of these lines represent the
center of the curvature (O). The distance from point O to the slope is the radius of
curvature (p). Thus, the curvature is represented by the following equation (Gere and

Timoshenko, 1984).
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l:d_Q (4.16)
p ds
The first derivative of the deflection (dv/dz) is called slope. Since the slope is
extremely small, it is equal to the tangent of Q. That is,

av =tanQ (4.17)

dz
Elastic curves are almost even due to very small rotation values when many beams are
loaded. In this case, since Q has a very small value, simplification operations can be

performed as follows.

dse 22 (4.18)
CosQ
In this case CosQ~1, and ds~dz.
1_do (4.19)
p dz
It is also considered as tanQ = Q).
Q=tanQ = dv (4.20)
dz

In this case, the angle of rotation and the slope are equal for the small rotational

situations that will occur in the beam. If the Q derivates with tespect to the z, then;

dQ  d*
S 4.21

dz  dz? (4.21)

If equation (4.21) is combined with equation (4.19) the following equation is obtained:

1 dQ d%
P S (4:22)

If the beam material is elastic, the expression of curvature is expressed as follows:
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__M (4.23)

i__M
yo, El

Where M indicates the bending moment and El is the flexural rigidity of the beam.
This equation is valid for both small and large rotations. When this equation is
combined with the previous equations, the basic differential equation for the elastic

curve of beams emerges.

aa _ d_zv __M (4.24)
dz dz® El '
If the above equation is differentiated with respect to z then we get,
dv T
bl L 4.25
dz> El (4.25)
dv g
ol 4.26
dz* El (4.26)
Where T is the shear force, g is the uniform load.
4.2.2 Stress-strain relationships in Euler-Bernoulli beams
1 k 7 n
.is ________________________________________ S 4 P L
> >
rM, & M,
)
: h t

Figure 4.2 : mn section of the beam under the bending effect.

To find the internal deformation of the beam, the slope of the beam and final
displacement which stem from that behavior must be taken into account (Janecka,
Prusa, and Rajagopal, 2016). For the section ab given in the figure, the Mo moments

create a positive curvature. Therefore, negative bending moment develops.
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Figure 4.3 : Deformed shape of the mn beam section.

The Euler-Bernoulli beam theory is based on the assumption that cross-section of the
beam remains plane and it is perpendicular to the deformed axis after deformation.

As all the fibers except the fiber, which is called the neutral axis, will shorten or

elongate, the strain (&,) occurs along the beam. In order to calculate this deformation,

considering a pq fiber on the beam at a distance y from the neutral surface, the length

of the fiber L is found as:

L=(p-y)dQ=dz—Ydz (4.27)
P

From this equation the strain can be calculated using following expression:

(4.28)

If we check over the equations dealing with the stress and strain relationship, for a
homogeneous, isotropic elastic material, the stress and strain are related by Hook’s
formula denoted with o = Ee. With the help of the equations (4.24) and (4.28) the stress
on the beam is expressed as follows:

d’v

0, =YE— (4.29)
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5. GRADIENT ELASTICITY

The strain energy was first expressed as the deformation (F) and its gradient (V)

Afterwards, with the help of some mechanical principles, the strain energy density has

become the following form for the given any X reference position (Bertram, 2020).

1
W= E( EIJ CIJKL EKL + 2EI.] K H 1JKLP ELP + EIJ ,KGIJKLPQ ELP,Q ) (51)

Where uppercase indices indicate a representation and distinction with respect to
Cartesian coordinates (Bertram,2019). The stiffness tensors C, H and G demonstrate
fourth, fifth and sixth order tensors, respectively. In this case Green-Lagrange Tensor

€,

1ior
g:E(F F-1) (5.2)

If the material is isotropic, then H disappears since the Green-Lagrange tensor is
symmetrical. Thus, C and G can be written as follows;

CIJKL = )]“§IJ5KL +/u(5IJ5KL +5IL5JK)’ HIJKLP =0 (5-3)

Giskero = C2 (8130 g + 01y 0kpOig + O OroOip + 010001 ) +

C+ 8,300 +Cs (81181.8rq + O OypO1q + OO0 + 0y O 1p + 010y O1g )
+Cy (8 OpOg + 01p 0y Feq ) +

Cis (81.8100kp + O1pO100x. + 6100 5kp + 0100154 )

(5.4)

To analyze and / or model the deformation behavior of solids, the linear strain tensor

is calculated for small deformations as follows;

€=%(VU+UV) (5.5)
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5.1 Strain Gradient Elasticity

This theory is based on the assumption that the strain gradient tensor can also be
included in the calculations to calculate the elastic strain energy. Thus, in addition to
the Lame constants, new characteristic length parameters are added to the constitutive
equations (Sadeghi et al., 2012).

1
_ (2) (2) ). (2 (2) (2)
W= Eﬂgngﬂ tus g A Gy T s Eg T &8 € (5.6)

2. 2 ). (@
Ta& S T8 i

Where 4 and u are Lamé constants, and a; indicates the second order constant. Herein

second-order strain tensor denoted as;
g? =vvu (5.7)
With the help of the Castigliano theorem, high-order stresses are calculated as follows:

ow @  OW

Ay oW

% ° "o, (8

The Green-Lagrange strain tensor (€5) can be written as the gradient of displacement
(u):

1
€y :E(UI,J Uy, U 'UK,J) (5.9)

Lam et al. (2003) expressed the strain energy density equation that includes three
additional length parameters (lo, I1, I2) required to model a material with almost

incompressible structure in the form below;

1 2 2
_ (2, (2 2.8 S
W= E/lgiigjj + HE; & + g € i€y + 4L Sik ik +ul, Kij Kiik (5.10)
Where second-order strain gradient tensor is,
2) (2)5 1 (2)S (2)S (2)8
!
ik = Sijk _g é‘ij Enmk +5jk o Enmi (5.11)
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The second order symmetric strain tensor and the symmetric curvature tensor in the

above expression are expressed respectively as follows:

(ZS) 1/ @ @ @

k=3 Ejt Ejat E (5.12)
Q1 @ @

Kij = 2 €ipq T €ipg T Eing Eig (5.13)

Li, Li and Hu (2015) derived a size-dependent Timoshenko model that explains the
thickness-strength variation of a two-component functional graded material within the
framework of the non-local strain gradient theory. Akgoéz and Civalek (2013)
investigated the buckling of tapered micro columns using the modified strain gradient
elasticity theory. In their studies, Rayleigh-Ritz solution method is used for different
taper ratios to determine the critical buckling loads of cantilever tapered micro
columns. The strain gradient theory modified by Lam et al. (2003) which includes two
high-order stress components in addition to the classical and couple stress. Moreover,
this theory is also used to analyze the static and dynamic behavior of linear
homogeneous micro beams (Akgoz and Civalek, 2011a, b, 2012,2013b).

5.2 Functionally Graded Materials (FGMs)

Basically, FGMs are composite materials where mechanical properties can change
from one surface to another without problems and continuously (Ozturk and
Gulgec,2011). FGMs are now frequently used to achieve successful results in many
different topics such as alleviation of residual stresses, reducing stresses throughout
the life of the structure, preventing fracture and fatigue (Birman, 2014). Along with
the technological developments, FGMs are used as thin films in micro and nano
structure alloy electromechanical systems (MEMS/NEMS) (Lii et al., 2009b).

Most of the studies on FGMs are related to the fact that the material properties are
changing in one direction. However, there may be situations where macroscopic
properties are graded in two and /or three directions. According to an information
reported by Steinberg (1986), it is observed that an aircraft body used in aviation is
exposed to extreme temperature gradient and an extremely high temperature effect

during flight, at high speed and at an altitude of about 29km, on the surface and
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thickness of the aircraft body. In this context, it is of great importance to developing
macroscopic properties of FGMs that change in two or three directions in order for
such structures to have a more comprehensive temperature field (Nejad and Hadi,
2016).

There are very few studies in the literature on beams and plates made of bi-directional
FGMs. Li et al.(2009) carried out some studies on thermo-elastic analysis of bi-
directional FGM plates. Zhao, Chen and Lii (2012) presented a study on the plane
problems of bi-directional FGMs where the modulus of elasticity varies exponentially
in both longitudinal and transverse directions. Wang et al. (2016) examined the free
vibration behavior of a two-directional functionally graded beam with variable
material properties along the length and thickness of the beam. Nejat, Hadi and
Rastgoo (2016) analyzed the buckling analysis of arbitrary two-directional
functionally graded (FG) Euler-Bernoulli nano beams based on the theory of non-local
elasticity. In another study of Nejad and Hadi (2016), they examined the free vibration
behavior of the bi-directional functionally graded (BDFG) Euler-Bernoulli nano
beams using the non-local theory of elasticity. Using the non-local elasticity theory
(Eringen, 1983), Lim and Wang (2017) examined the static bending problem of nano-
beams and obtained the governing equation and boundary conditions with the help of

a variational principle.

Figure 5.1 : FGM plate (Do et al., 2020).
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6. MECHANICAL BEHAVIOR OF THE BI-DIRECTIONAL BEAMS

Determining the mechanical behavior of Euler-Bernoulli nano beams has come into
prominence in the last decades. In order for such nano structures to be designed and
used in industry, their mechanical behaviors such as bending, buckling and vibration
should be well analyzed. The use of FGM nano beams and plates has become
widespread in the medical, aviation and electronic device industries with the

developing technology.

Kahrobaiyan et al. (2011) developed a size-dependent functionally graded Euler-
Bernoulli beam model based on the strain gradient theory that can define the size effect
in micro-scale structures. In the study, the governing equation was obtained using a
variational approach to both classical and non-classical boundary conditions. In the
past years, non-classical continuity theories such as non-local strain gradient and
couple stress theories are developed and used to investigate micro-scale structures
(Fleck et al., 1994; Ashby and Hutchinson, 1994; Lam et al., 2003). Considering the
first and second derivatives of the stress tensor, Mindlin (1965) proposed a higher
order gradient theory for the behavior of elastic materials. Fleck and Hutchinson (1993,
2001) used Mindlin's formulations considering only the first derivative of the tensile
tensor, and called it the strain gradient theory. Unlike the couple stress theory, the
strain gradient theory includes some high-order stress components in addition to the
classical and couple stress. In fact, the couple stress theory is in one respect a special
case of strain gradient theory. With a similar consideration for the modification of
couple stress theory by Yang et al. (2002), Lam et al. (2003) developed a modified
strain gradient theory for a particular case. Strain gradient theory is used by researchers
such as Kong, Zhou, Nie, Wang (2009) and Wang Zhao, Zhou (2010) to formulate the
static and dynamic behavior of linear Euler-Bernoulli and Timoshenko beam models.
In their studies, these researchers analyzed the effect of the ratio of beam thickness to
the material length scale parameter on the static deflection and natural frequencies of
microbeams. Furthermore, the size-dependent non-linear Euler-Bernoulli beam model

is developed by Kahrobaiyan et al. (2011) based on the strain gradient theory. In
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addition, this non-classical theory is used to investigate the buckling behavior of micro
scale beams (Akgoz and Civalek, 2011).

6.1 Static Bending of a Bi-Directional Strain-Gradient Euler-Bernoulli Nano
Beams (BDSGEB)

In this section, the bending behavior of the beam whose material properties are vary
both axially and thickness directions is investigated. By defining the arbitrary function
for the variability of material properties, the effect of size parameters on bending
behavior was presented. Kahrobaiyan et al. (2011) have demonstrated that static and
dynamic torsional behavior of micro rods is size-dependent. Linear FG Euler-
Bernoulli and Timoshenko beam models were formulated in some important studies
by Asghari et al. (2010,2011) using the modified couple stress theory. Li and Hu
(2015) analytically derived the post-buckling deflection and critical buckling loads of
the size-dependent simply supported beams. The results obtained from the study were
compared with strain gradient theory, non-local elasticity theory, and classical theory
of elasticity. As a result of their study, it is observed that the deflections that occur
after buckling can be increased either by increasing the non-local parameter or by
decreasing the material characteristic parameter. Reddy (2007) examined the buckling
and vibration behavior -which are based on Eringen's non-local model-of different

linear beam models.

6.1.1 Basic equations and boundary conditions of bi-directional beam

According to the Euler-Bernoulli beam theory, if the horizontal displacement is
expressed as w and vertical displacement is v at any point on the beam (see Figure 6.1);

v(z)=v(z), W(2)=yy(2) (6.1)
Where

w(z) =V'(2) (6.2)
The axial strain &,,,

£, =W(Z) =, =W (6.3)
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Considering the modulus of elasticity as an arbitrary function both in the direction of
the axis and thickness of the beam as shown in the figure and following term (Nejad

and Hadi,2016).
N
ZW - J
B ke

Figure 6.1 : Bi-directional beam.

Elastic modulus E,
E=1(2)g(y) (6.4)

Where f (z) and g(y) are arbitrary functions.

In the frame of gradient elasticity, Cauchy, double stresses and total stress are

expressed as follows, respectively (Vardoulakis and Sulem, 1995).

¥ — E-4 (6.5)
Hy = ]/ZEg;Z (66)
Oy =Ty~ ﬂ;z (67)

Where y is the characteristic length of the material.

The governing equation and all boundary conditions are constructed with the help of

the Hamilton’s principle.

Such that,
Ooll=06U-6W =0 (6.8)

Strain energy (U) for a gradient elastic Euler-Bernoulli beam is expressed as follows:
1
U :E( € + Uy En, ) dzdA (6.9)

Where A is the cross-sectional area of the given beam. And the work stem from

external forces can be calculated following integral:
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W = jq(z)vdz (6.10)

Where q(z) is the uniform distributed load. Thus, constitutive equations and boundary

conditions are obtained as follows:

L((f V") =" (f(2v")") +a(z) =0 (6.11)
Tov|, =0 (6.12)
Msv'| =0 (6.13)
VSV |0 =0 (6.14)

Moment and shear force are expressed as,

M = j o, ydA=M =L (f (V" - y*(f(2)v")) (6.15)

T=L((f@V) -7 (F@V)) (6.16)
Where 12 is,

1, =[y'a(y)dA (6.17)

It is useful to define some dimensionless parameters for convenience in calculations.

4
’ }7:%1 \7:1, V():qOLv q:&a M: ’ f:l

Vo l, GR q,L* qL

(6.18)

If we substitute the above parameters into the equations (6.11) and (6.14), the

following expressions and boundary conditions are obtained.

(F (V)" =7*(f (u¥v")")+a(2) =0 (6.19)
M = f UV =7 (f (V") (6.20)
T = (f (V) -7 (f (uyV")’ (6.21)
Tov| =0 (6.22)
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Mov| =0 (6.23)
V'SV | =0 (6.24)

Let us define new variables for some parameters mentioned in the expressions above.

V=i, v=a, a=p M=T, T =-qu) (6.25)

With the help of the eqn. (6.20), ' is found as follows.

polg tw, 1 g
oot 7 ()

(6.26)

The initial value problem given in equations (6.22) and (6.25) is expressed in matrix

form as follows.

@y A
d—y=Ay+g, y(0) =7, (6.27)
u
Where,

01 0 0 0 0]
0 1 0 0 0
00 0 0 0 0

A= ' 6.28
0 0 _iz ' __21 0 (6.28)

7 fu 7 f)

00 0 0 0 1
00 0 0 0 0]
(V] (7, T 0 ]
7 7, 0

_|a | a B 0

y=| _ |, VY,=| |, §= (6.29)
H Hy 0
N M, 0
T T | | —q(u) |

In this case, the solution of the initial value problem is calculated with the help of the
formula below.
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y(u)=TM(u)-Y, +]LTI\/I(U -7)-9(7)dr (6.30)

Where TM(u) is the transfer matrix. If we substitute f(u)=e”*, the components of

the transfer matrix become following form (Nejad and Hadi, 2016).

™M, =1, TM,,=u (6.31)

™y, = (72 [—Feﬁ; (B°7% + pu+1)+ By (A°7* +3)sinh G_Ej
7

(6.32)
T'u a
+I(B°7* +1)cosh (—_jD/(Fe 2 j
2y
le
™y, =(7°(7 (-8 7"+ BT7 +(B7(B7 +T)+2)e” ~2)
u(p7+T) u(p7+T) (6.33)
—2F(ﬂ;72+u)e 2 J /| 2Te % ]
_Bu
e 2 (ﬁ?sinh (Fﬂ}ﬂ“ cosh(rﬂn
L 2y 2y
T™M;;=y"1- T
(6.34)
pluy _
N pu +eﬂ2 1
_pu
2pye 2 sinh[?]
™,, =(-4%7" '/ el 1
r (6.35)
+pure’™ (pu+2)-2)/(5°)
TM,, =0, TM,, =1 (6.36)

u(py+r) Tu

TM,, =(7(B7(-B7—2Te ¥ +(B7+T)e’ +T)

ru u(p7+T) (6.37)
+2(e71D]/£21“e 27 J
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_U(ﬁyjr) FTU
e ¥ {—ﬂ7+(ﬁ7+r)e7+rj
™, =7° 2|12

Zsmh(
2

™y = ; - T

(e s 37) o3
TM,, =| 7| e? | pysinh| — | —T cosh +T
2y 2y

I(B(-u)+e™ —1))/(ﬁ2re/’”)

‘h
N—
N
&
K,
>
=0
VR
N [
e
N—
~~
7N\
=
o
N—

TM,, =0, TM,, =0

ﬂysmh[ ]

_Bu

T™M,, =e 2 —27+cosh I
r 27

_pu
2ye 2 smh(guj
T™,, = 4

r

e’““{eﬂ (,Bysmh( ] Fcosh[runﬂ"J
B 27 27

TM, = T
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(6.39)

(6.40)

(6.41)

(6.42)

(6.43)
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N B7 sinh (FE]
= I'u 2y
™, =e ? cosh(—_j——

2y r

u Tu, pu
TM45:(—2ﬂl“;7e27+(,B;7(1“—,B;7)—2)e7 2
pu l"—EJfﬂu

+e? (ﬂ?(ﬂ7+F)+2)J/(ZF7eZ7 }

pu
™, = Lﬁzrf +pye? (B°7* +3)sinh (F—Ej
2y
pu

-Te? (g7 +1)cosh(g—;j+r—ﬂFuJ/(Feﬁ“)
T™M, =0, TM,=0, TM, =0
T™M,, =0, TMg =1 TM, =u
T™M, =0, TM,=0, TM, =0
T™M, =0, TM_=0, TM, =1

Where T is,

I'= \/4+,82}/2

6.1.2 Examples

6.1.2.1 A simply supported beam subjected to distributed load

(6.48)

(6.49)

(6.50)

(6.51)
(6.52)
(6.53)

(6.54)

(6.55)

In this section we will discuss two types of boundary conditions in order to obtain

initial values.

First type of boundary conditions

In this section, three of initial values are known as can be seen from the equations

(6.22,6.23 and 6.24).

(6.56)



And the end conditions are,
v)=0, a(®=0, M@D)=0 (6.57)

By means of the eqn. (6.30) other initial values are obtained as an analytical functions

as seen in the figures (6.2-6.3, and 6.4).
Second type of boundary conditions

In this section, three of initial values are known as can be seen from the equations
(6.22,6.23 and 6.24).

v,=0, =0, M;=0 (6.58)
And the end conditions are,
V() =0, u@®=0, M@)=0 (6.59)

By means of the eqn. (6.30) other initial values are obtained as an analytical functions
as seen in the figures (6.5 and 6.6). The situations described in the first and second

cases are compared in terms of given notations as also seen in Figures (6.10 and 11).

V(u,7, ) Deflections in the bi-directional beams

0.000 — Wu, y, B)
-0.002f \ Venst (U, ¥)
~0.004 \ wiu)
~0.006 |
~0.008
~0.010

-0.012

0.0 0.2 0.4 0.6 0.8 1.0
Figure 6.2 : Deflections of the bi-directional gradient elastic beam. For the simply

supported beam » =0,05 and £ =0,05 and E is constant (Initial conditions are
V,=0, @, =0, M,=0,and end conditions are V(1) =0, @(1)=0, M (L) =0).
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Figure 6.3 : Deflections of the bi-directional gradient elastic beam. For simply
supported beam » =0.05 and £ =1 and E is constant (Initial conditions are

V,=0, @, =0, M,=0,and end conditions are V(1) =0, @(1)=0, M(1)=0).
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—-0.002
—-0.004
—-0.006
—-0.008
-0.010
-0.012

— v(ua 75 ﬁ) "V/.»")
* Venst(U, ¥) g .
w(u)
i/
\ ,/“'/
/
» A
/
Y \;‘_» e . rd
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6.4 : Deflections of the bi-directional gradient elastic beam. For simply
supported beam » =0.1 and S =1 and E is constant (Initial conditions are

V,=0, @, =0, M,=0,and end conditions are V(1)=0, @(1)=0, M(1)=0).
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Figure 6.5 : Deflections of the bi-directional gradient elastic beam. For simply
supported beam » =0.05 and £ =0.05 and E is constant (Initial conditions are

V,=0, 7,=0, M,=0,and end conditions are V(1) =0, z(1)=0, M(1)=0).
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Figure 6.6 : Deflections of the bi-directional gradient elastic beam. For simply
supported beam » =0.05 and £ =1 and E is constant (Initial conditions are

V,=0, 7,=0, M,=0,and end conditions are V(1) =0, z(1)=0, M(1)=0).
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6.1.2.2 The beam fixed at both ends subjected to distributed load
First type of boundary conditions

In this section, three of initial values are known as can be seen from the equations
(6.22,6.23 and 6.24).

v, =0, w,=0, ¢&,=0 (6.60)
And, the end conditions are;
V=0, w@®=0 a@=0 (6.61)

By using the egn. (6.30) other initial values are obtained as an analytical functions as

seen in the figures (6.7 and 6.8).
Second type of boundary conditions

In this section, three of initial values are known as can be seen from the equations
(6.22,6.23 and 6.24).

v,=0, w,=0, =0 (6.62)
And, the end conditions are;
V=0, w@®=0 u@=0 (6.63)

By using the eqn. (6.30) other initial values are obtained as an analytical functions as
seen in the figures (6.9 and 6.10). The situations described in the first and second cases

are compared in terms of given notations as also seen in Figures (6.11).
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Figure 6.7 : Deflections of the bi-directional gradient elastic beam. For the beam
fixed at both ends » =0,05 and £ =1 and E is constant (Initial conditions are

v,=0, ,=0, a,=0,and end conditions are V(1) =0, w(1)=0, a()=0).
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Figure 6.8 : Deflections of the bi-directional gradient elastic beam. For the beam
fixed at both ends » =0,05 and £ =4 and E is constant (Initial conditions are

v,=0, ,=0, &,=0,and end conditions are V(1) =0, w(1)=0, a(@)=0).
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Figure 6.9 : Deflections of the bi-directional gradient elastic beam. For the beam
fixed at both ends ¥ =0,05 and £ =1 and E is constant (Initial conditions are

v,=0, ,=0, u,=0,andend conditions are V(1)=0, w(1)=0, z@)=0).
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Figure 6.10 : Deflections of the bi-directional gradient elastic beam. For the beam
fixed at both ends  =0,05 and £ =4 and E is constant (Initial conditions are

v,=0, ,=0, u,=0,andend conditions are V(1)=0, w(1)=0, z(@)=0).
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Figure 6.11 : Deflections of the bi-directional gradient elastic beam. For the fixed-
fixed beam with the first and second types of boundary conditions for » =0,1 and

p=4.

6.2 Buckling Analysis of a Bi-Directional Strain-Gradient Euler-Bernoulli Nano

Beams

In this section, the buckling behavior of an Euler-Bernoulli nano beam whose material
properties change in two directions is investigated. Since the transport matrix cannot
be calculated analytically, the approximate transport matrix (matricant) method was
used in the solution of the problem. Equations and boundary conditions are derived
with the help of Hamilton's principle. (Celik and Artan, 2020).

Nejat et al. (2016) examined the buckling behavior of a bi-directional FGM beam
within the framework of the non-local elasticity theory. Deng and Cheng (2016)

studied the buckling and vibration behavior of a bi-directional nano-beam.

The novelty that this study brings to the literature is that both the size effect and the
effect of the non-local parameter on the buckling load were presented for the first time

with the method of initial values.
6.2.1 A brief introduction to the Initial VValues Method

The solution of the initial values problem is,

d
A YO=Y, (6.64)
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y(2) =Y(z,0) (6.65)

Where Y/(z,0) is the transfer matrix, y is the column matrix containing unknowns, y(0)
is the column matrix whose elements are initial values, and A is the coefficient matrix.

The Matricant can be calculated with the help of the consecutive approximations.

TM(z,2) =1 +j-A(T)dT+j.A(T)j.A(O')dO'dT-l-j-A(Z‘)j.A(O')

4

. (6.66)
+[A(B)dpdodr +...
Where | is the identity matrix, and TM satisfied following expressions:
TM(z,2) =1 (6.67)
TM(z,2,) =TM(z,2,)- TM(z,,2,) --- TM(z, ,,Z,) (6.68)

If we known the value TM (z,0) at the point z, then the solution of the initial value

problem can be calculated.

6.2.2 Classical beam

For the convenience of calculations, some dimensionless parameters are defined as

follows:

2
MM v o,z § T p_PL (6.69)
PL L L P El
Where V is the vertical deflection, M is the bending moment, T is the shear force, u
Is axis of the bar and L is the length of the beam. P indicates the axial compression
force. Then, the basic equations can be esppressed in the following form:
av de

—=p, —=-PM, —=T+¢p, —=0 6.70
du ¢ du du ¢ du ( )

Here, ¢ shows the rotation. Then, y and A can be written as:
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v 01 0 O
00 -P O
Y= ,\; A% 1 0 1 (6.71)
T 00 0 O
6.2.2.1 Simply-supported beam
The initial conditions are,
v(0)=v,=0, M(0)=M,=0 (6.72)
And, the end conditions are,
v =0, M@=0 (6.73)

The transport matrix can be written by using the equation (6.68). The end conditions

also can be espressed as follows:
{va)HTMum TMMa)M@}:[o} 674
M@ |[TM;@) TM, @[T, [0
The solution of the above differential equation is possible if and only if determinant of
the coefficient matrix is zero. Hence, the buckling loads calculated for different term

numbers (nt) and interval numbers (ni) by using that condtions (see, Table 6.1). All

calculated values for the given conditions were demonstrated as follows. In this

problem the exact solution is P =9.8696.

6.2.2.2 Beam fixed from the both ends
The initial conditions are,
v(0)=v,=0, ¢0)=¢,=0 (6.75)

And, the end conditions are,

v()=0, ¢0)=0 (6.76)
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Table 6.1 : Critical loads calculated for simply- supported beam with the help of
the classical elasticity theory.

ni/ n 2 3 4
12 9.6570 9.8665 9.8704
16 9.7470 9.8686 9.8698
20 9.7902 9.8692 9.8697

Table 6.2 : Critical loads calculated for the fixed ends beam with the help of the
classical elasticity theory.

ni/ n 2 3 4

12 36.5975 39.2912 39.5233
16 37.6970 39.4176 39.4932
20 38.2851 39.4532 39.4846

The transformation matrix can be obtained by using the eqgn. (6.66), and the end

conditions are expressed as follows:
{\7(1)} - |:TM13(1) TM14 (1):||:M0j| _ {0} (6 77)
Q)] [TMx@) ™™, @ T, | |0
The solution of the above differential equation is possible if and only if determinant of
the coefficient matrix is zero. Hence, the buckling loads calculated for different term
numbers (nt) and interval numbers (ni) by using that condtions (see, Table 6.2). All

calculated values for the given conditions were demonstrated as follows. In this

problem the exact solution is P =39.4784.

6.2.3 Basic equations and boundary conditions of bi-directional Euler-Bernoulli

beam

According to Euler-Bernoulli beam theory, the axial displacement (w) and the vertical
displacement (v) of the beam at any point can be expressed with the following

equations:
v(z)=v(2), W(2)=yy(2) (6.78)
Where,
w(z) =V'(2) (6.79)

The axial strain &, is,
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g, =W(2)=>¢, =y (6.80)

Considering the modulus of elasticity (E) as an arbitrary function both in the direction

of the axis and thickness of the beam as shown in the figure and following term.

E="f(2)g(y) (6.81)

!
| zw -u
55

Figure 6.12 : Bi-directional beam.

Where f(z) and g(y) are the arbitrary functions. In the frame of gradient elasticity,
Cauchy, double stresses and total stress are expressed as follows, respectively

(Vardoulakis and Sulem, 1995; Papargyri-Beskou, Tsepoura et al., 2003).

r, =Ee, (6.82)
t, =7°Ee,, (6.83)
Oy =Ty~ /U;z (684)

Where y indicates the characteristic length of the material. The governing equation

and boundary conditions are obtained with the help of the Hamilton’s principle. As it

known the first derivation of the total potential energy must be zero.

Such that,
OoIll=6U-6W =0 (6.85)

The strain energy (U) can be written for a gradient elastic Euler-Bernoulli beam in

terms of W which shows the work done by external load.

U= %( + 11,6, ) dzdA (6.86)

ZZ ZZ

A is the cross-sectional area of the beam, and W can be calculated with the aim of the
following integral:
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W :%ij’zdz

(6.87)

Where P is the axial force. With the help of the minimum potential energy, the

equilibrium equation and boundary conditions are obtained as:

L(f(V) =7 (f(2v")")+PV" =0

L

{Iz [—( fV') +72(f (z)v"')"] - Pv’}5 =0

0

L[ f@Vv'=y*(f(2v"y |ov'|, =0

P21, T (V" ov"|; =0

Where

1, = [ y*g(y)dA

Let us write some dimensionless parameters for convenience in calculations:

2
oyl og=Y Pl gw-M
L v, 3 PL

T

, Vo=

ol

(6.88)

(6.89)

(6.90)

(6.91)

(6.92)

(6.93)

Equilibrium equations and the boundary conditions are can be expressed in terms of

dimensionless parameters with the help of the equations (6.88-6.91).

T'+PV'=0

Where,

M = f V" = 7*(f (uv"y
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(6.95)

(6.96)

(6.97)
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T=(f V) -7*(f V")’

And new variables are defined as:

<1 <
I
ST

<
[
iy

<l

\

=g

Il ”‘

|

o ) <

o=
Rl

R

f'(u) _

1

Tt )

If we write the above equation in a matrix form:

<l

o
N
o (I I S TR

10
0 1
0 0
0 =

7
0 0
0 -P

0 0

0 0

1 0

f'(u) 1
Cfu) 7

0 0

0 0

<l

o (I I S TN

I

(6.99)

(6.100)

(6.101)

6.2.4 Bi-directional strain-gradient beam and Matricant

With the help of the eq. (6.66) and f (u) =e” the components of the matricant can

be obtained by using its first three terms.

™,=1 TM,=z-z, TM, :%(z ~7,) (6.102)
™, :%(z ~2),  TM;=0, TM,, =0, TM, =0 (6.103)
T™,, =1  TM,, = (Z_Zl)(6z;:(z_zl)z) (6.104)
™,, =—%(z—zl)2(ﬂz—ﬂzl—3) (6.105)
. RVICEN (zeﬁ’zl —ef? (ﬁ(z -2,)(Bz- Bz, -2)+ 2)) (6.106)

287"
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TM,, =0, TM,=0, TM,=0

™., = 672 —(z-2) (Bz-pz,-3)

67°
~2,)(7°(B2(Bz-3)+ Bz, (~2Bz + Bz, +3) +6)
-2,)’)/67"
e P (oh2(g(— 2\ _ 4ePn
R SUSTEGRS
27y
iy :e-f”“”ﬂ(eﬂz (B(-2) Bz, —2)+€"* (B(-2)+ Bz, +2))

36 ﬂ3}72

T™,, =0, TM,,=0, TM,, =0

™., =(7°(B(-2) B2(B2-3)+86) Bz, (3B2( B2 -2)
+ B2, (-3B7+ B2, +3)+6)+6)
—(2—21)2(2,82—2,821—3)/6}72)/6772

™, = 2" (35%7° +1)
—e”(B7° (B(2-1,) (B2~ Bz,—4)+6)
+B(z2-1,)(S2- 2, -2)+2))
x(2p°7 e/ ™)

e /W (e (28222, +3)+e” (Bz— Bz, -3))

™M, = 557

:_(z 2)5(6;/ +(z- z))
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(6.107)

(6.108)

(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

(6.114)

(6.115)

(6.116)

(6.117)

(6.118)



TM64:%(2—21)2F_>(,BZ—,821—3) (6.119)

 pe (e'”Z (B(z-2)(Bz- Pz, —2)+2)—2e/“1)

Mg = 25777 (6.120)
T™M, =1 (6.121)
6.2.4.1 Simply-supported beam
Calculation of critical loads for the first type of boundary conditions
The initial values for the first case are:
V(0)=V,=0, M(@0)=M,=0, a0)=a,=0 (6.122)
The end conditions are,
v()=0, M@®=0, a@)=0 (6.123)

The transport matrix is obtained with the help of the egn. (6.66), then, the end

conditions can be written as follows:

\7(1) TM 12 (1) TM 14 (l) TM 16 (1) @0
@) |=| M, @) T™M, (@) ™M, || 7 [=|0 (6.124)
MO [TM@ TML@ ™M@ )T, [0

The solution of the above differential equation is possible if and only if determinant of
the coefficient matrix is zero. Hence, the buckling loads calculated for different term
numbers (n¢) and interval numbers (ni) by using this conditions (see, Table 6.3-6.6).

All calculated values for the given conditions were demonstrated as follows.

Table 6.3 : Critical loads calculated for simply- supported beam for the first type of
. 1 1
conditionsfor y =—, f=—.
7= P10

ni/ N 2 3 4

12 10.3944 10.5256 10.6298
16 10.4936 10.6279 10.6292
20 10.5413 10.6285 10.6291
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Table 6.4 : Critical loads calculated for simply- supported beam for the first type of
. 1 1
conditions for y =—, f=—.
710 P 10

ni/ n 2 3 4
12 11.1299 11.3936 11.3983
16 11.2429 11.3962 11.3976
20 11.2973 11.3969 11.3975

Table 6.5 : Critical loads calculated for simply- supported beam for the first type of

. _ 1
conditions for 7 = 20" p=1.
ni/ ny 2 3 4
12 15.8817 16.2575 16.2647
16 16.0424 16.2614 16.2637
20 16.1201 16.2625 16.2634

Table 6.6 : Critical loads calculated for simply- supported beam for the first type of
. 1
conditions for y =—, g =1.
=7 B

ni/ N 2 3 4

12 17.0815 17.5136 17.5208
16 17.2665 17.5175 17.5196
20 17.3555 17.5184 17.5192

Bi-directional-buckled shapes- gradient elastic beam

) 1 1 —
i) ¥=—, B=— and P =10.6291.
)7=%P"1g

For this case, ¥, and z, are calculated in terms of T, with the aid of egn. (6.124) as,

7, =—0.0940824T, i, =0.970296T, (6.125)

Deformed (buckled) shapes of this beam can be plotted with the help of the egn.
(6.124), as shown in the figure (6.13).

.. 1 1 —
il) y=—, f=— and P =11.3975.
) 7=10 P10

For this case, ¥, and z, are calculated in terms of T, with the aid of eqn. (6.124) as;
w, =-0.0877398T,, 1, =0.89982T, (6.126)

Deformed (buckled) shapes of this beam can be plotted as shown in the figure (6.14).
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i) 7 :2%’ B=1and P =16.2634. For this case, 7, and z, are calculated in terms

of T, with the aid of eqgn. (6.124) as,
7, =—0.0614885T,, 7, =0.920583T, (6.127)

Deformed (buckled) shapes of this beam can be plotted as shown in the figure (6.15).

0.000 f
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Figure 6.13 : For the first type of boundary conditions buckled shapes of the beam.
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Figure 6.14 : For the first type of boundary conditions buckled shapes of the beam.
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Figure 6.15 : For the first type of boundary conditions buckled shapes of the beam.
Iv) 7:%, B=1and P=17.5192. For this case, 7, and z, are calculated in terms

of T, with the aid of eqn. (6.124) as,

7, =—-0.0614885T,, [, =0.920583T, (6.128)

Buckled shapes of the beam can be plotted as shown in the figure (6.16).
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Figure 6.16 : For the first type of boundary conditions buckled shapes of the beam.
Calculation of critical loads for the second type of boundary conditions

The initial values for the second case,
V(0)=V,=0, u(0)=pg, M(@0)=M,=0 (6.129)

And, the end conditions are:
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v()=0, umM=0, M@D)=0 (6.130)

The transport matrix can be obtained with the aim of the eqn. (6.66). And, the end

contions are expressed as follows:

VA | [ TMp@) TM(D) M@ (@ | |0
A |=|TM,@Q) TM;@0) TMQ) (| |=|0
M@ ] [TM;,(Q) TMu@ TM@ | T, ] [0

(6.131)

The solution of the above differential equation is possible if and only if determinant of
the coefficient matrix is zero. Hence, the buckling loads calculated for different term
numbers (nt) and interval numbers (ni) by using this conditions (see, Table 6.7-6.10).

All calculated values for the given conditions were demonstrated as follows:

Table 6.7 : Critical loads calculated for simply- supported beam for the second type

" 1 1
of conditions ¥ = —, =—.
7=% =10
ni/ Nt 2 3 4
12 10.3439 10.5744 10.5783
16 10.4441 10.5766 10.5778
20 10.4912 10.5771 10.5776

Table 6.8 : Critical loads calculated for simply- supported beam for the second type

. 1 1
of conditions ¥ =— =—.
7“1 710

O 1
ni/ Nt 2 3 4
12 10.7547 10.9916 10.9953
16 10.8565 10.9936 10.9948
20 10.9052 10.9942 10.9947

Table 6.9 : Critical loads calculated for simply- supported beam for the second type

. 1
of conditions 7 = —, =1,
7= B

ni/ N 2 3 4
12 15.7738 16.1693 16.1739
16 15.9537 16.1721 16.1734
20 16.0319 16.1728 16.1732
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Table 6.10 : Critical loads calculated for simply- supported beam for the second type

1
of conditions y = —, =1.
7 =10 B

ni/ nt 2 3 4
12 16.4622 16.8579 16.8599
16 16.6323 16.8589 16.8591
20 16.7128 16.8590 16.8589

6.2.4.2 Beam fixed from the both ends
Calculation of the critical loads for the first type of boundary conditions

The initial values:

v0)=V,=0, w(0)=y,=0, a0)=¢,=0 (6.132)
And, the end conditions:

vi)=0, w@®=0, a@®=0 (6.133)

The transport matrix is obtained with the help of the egn. (6.66), then, the end

conditions can be written as follows:

V(@) ™,@ TM D) TMQ) || & 0
70 |=| M, TM@) M, @) || M, |=|0 (6.134)
a®] |T™M, @ ™0 ™,@] T, | |0

The critical loads for the buckling calculated for different calues of the parameters as
seen in the tables (6.11-6.14).

Table 6.11 : Critical loads calculated for fixed-fixed beam for the first type of

.. 1 1
conditions y = —, =,
7=16 "7 10
ni/ n 2 3 4
12 55.6275 61.7977 62.5201
16 58.0959 62.1906 62.4285
20 59.4659 62.3036 62.4020
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Table 6.12 : Critical loads calculated for fixed-fixed beam for the first type of
conditions y = 1 b= 1
"1 10

O L
ni/ n 2 3 4
12 76.0658 86.4590 87.8191
16 80.1378 87.1941 87.6427
20 82.4734 87.4045 87.5912

Table 6.13 : Critical loads calculated for fixed-fixed beam for the first type of
1

conditions ¥ = —, =1.
7 =16 B
ni/ N 2 3 4
12 85.7056 95.6253 96.9654
16 89.7676 96.3425 96.7862
20 91.9765 96.5483 96.7338

Table 6.14 : Critical loads calculated for fixed-fixed beam for the first type of

r 1
conditions ¥ = —, =1,
Y =10 B
ni/ Nt 2 3 4
12 117.2770 134.3020 136.4950
16 123.9660 135.4770 136.1780
20 127.7810 135.8030 136.0850

Calculation of the critical loads for the second type of boundary conditions

The initial values are:
V(0)=Y,=0, #(0)=#=0, a(0)=%=0 (6.135)
And, the end conditions:
vi)=0, w@®=0, u@®=0 (6.136)

The transport matrix is obtained with the help of the eqgn. (6.66), then, the end

conditions can be written as follows:
V(@) ™M, TM @) TM Q@) || & 0

(D) =] TMz0) TM,D) TM,Q) I\ﬁo =0 (6.137)
H() ™1 TM,;(1D) TM, D) 0 0
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The critical loads for the buckling calculated for different calues of the parameters as

seen in the tables (6.15-6.18).

Table 6.15 : Critical loads calculated for fixed-fixed beam for the second type of

. 1 1
conditions ¥ = —, =—.
7= P70
ni/ Ny 2 3 4
12 43.9598 47.6409 47.9587
16 45.4560 47.8145 47.9180
20 46.2594 47.8631 47.9053

Table 6.16 : Critical loads calculated for fixed-fixed beam for the second type of

. 1 1
conditions ¥ = —, =—.
7“1 710

ni/ Nt 2 3 4
12 52.5294 57.5346 57.9673
16 54.5559 57.7702 57.9104
20 55.6478 57.8362 57.8941
Table 6.17 : Critical loads calculated for fixed-fixed beam for the second type of
iy 1
conditions y =—, p=1.
r=%5 P
ni/ ne 2 3 4
12 67.8507 73.8222 73.3621
16 70.2647 74.1151 74.2880
20 71.5724 74.1978 74.2659
Table 6.18 : Critical loads calculated for fixed-fixed beam for the second type of
. 1
conditions y =—, f=1.
7= P
ni/ ne 2 3 4
12 81.3164 89.5266 90.2095
16 84.6253 89.8953 90.1063
20 86.4112 89.9940 90.0769

Bi-directional-buckled shapes-gradient elastic fixed beam

) 7=t ,B=% and P =62.4020.

16

For this case, iz, and M, are calculated in terms of T, with the aid of eqn. (6.134) as,

f, =661.0945T,, M, =45.3428T, (6.138)
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. 1 1 -
i) y=—, f=-—and P=87.5912.
)71 10
For this case, z, and M, are calculated in terms of T, with the aid of eqn. (6.134) as;

i, =414.9989T,, M, =51.8689T, (6.139)

iif) 7=%, B=1and P=96.7338.
For this case, 7z, and T, are calculated in terms of M, with the aid of eqn. (6.134) as;

i, =14.0180T,, T, =0.2436M, (6.140)

iv) 7=%, B =1and P=136.0850.
For this case, &z, and T, are calculated in terms of M with the aid of eqn. (6.134) as;
I, =35.6888T,, T,=0.2104M, (6.141)

Deformed (buckled) shapes of this beam can be plotted with the help of the egn.
(6.134), as shown in the figures (6.17-6.20).

0:0 0‘.2 of4 0j6 0:8 110
Figure 6.17 : For the second type of boundary conditions buckled shapes of the
beam (fixed at both ends).
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0:0 0‘.2 014 0:6 0:8 1i0
Figure 6.18 : For the second type of boundary conditions buckled shapes of the
beam (fixed at both ends).
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Figure 6.19 : For the second type of boundary conditions buckled shapes of the
beam (fixed at both ends).
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Figure 6.20 : For the second type of boundary conditions buckled shapes of the
beam (fixed at both ends).
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7. CONCLUSIONS AND RECOMMENDATIONS

In recent years, important breakthroughs have been made in areas such as
nanotechnology with the advances in technology. The design and analysis of nanoscale
structures is important for the integration of such structures into today's engineering.
From this point of view, the topology and mechanical analysis of micro or nano-sized
structures draw attention as a very important issue. With the introduction of classical
elasticity theory almost a century ago, analysis of many mechanical problems has
become very easy. Although the local theory, which is widely used today, is an
important approach for the solution of the aforementioned problems, it has shown that
the classical eleasticity theory is insufficient in the analysis of such structures if the
dimensions of the analyzed structural element are at the level that can be compared
with the distance between the atoms of the relevant structure. Therefore, the idea of
developing a new enriched continuum model in which the size effect is also taken into
account was put forward by published scientific studies. In the analysis of nanoscale
structures, the importance of the size effect was emphasized with the non-local
elasticity theory and the strain gradient theory developed by scientists such as Eringen
and Mindlin (These methods are explained in more detail in Chapters 4 and 5).

In this thesis, static bending and buckling analyzes of bi-directional Euler-Bernoulli

nanobeams are investigated within the scope of strain gradient theory.

In the first part of the study, the bending behavior of the Euler-Bernoulli beam, whose
material properties vary along the beam axis and thickness, is investigated. The
problem solved with the help of Initial Values Method and Transport matrix approach.
As it is known, in the Initial Values Method, the transport matrix is unique for the
problem. The transport matrix of the problem is created to analyze the bending
behavior of the bi-directional strain gradient Euler-Bernoulli (BDSGEB) beam. The
modulus of elasticity of beam is defined in terms of arbitrary functions. In the strain
gradient theory, in addition to the total stress, Cauchy and double stresses are also
expressed. Accordingly, the governing equations and boundary conditions are

obtained with the help of the minimum potential energy principle. The bending of the
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Euler-Bernoulli beam under uniformly distributed load for two different boundary
conditions is investigated. In fact, 4 end conditions can be written in the classical
elasticity theory, while 6 end conditions can be written in the gradient elasticity theory.
The displacements obtained for two different boundary conditions are presented in the
figures (see 6.2-6.11).

As a result of the study, the following informations are presented:

i) It is observed that the size effect decreases depending on the length of the
nano beam. That is, in other words, the difference between local and non-
local theory becomes important in small-scale structures.

i) It is observed that the inhomogeneous material constant causes lower
displacement in the nanobeams.

iii) The contribution of material characteristic length and inhomogeneous
material constant to displacement depending on different boundary

conditions are demonstrated with the help of graphs.

In the second part of the study, the buckling behavior of the bi-directional Euler-
Bernoulli beam is analyzed within the framework of the gradient elasticity theory. The
modulus of elasticity is expressed in terms of arbitrary functions to represent the
thickness and beam axis. In the calculation of the critical buckling load-within the
scope of the Initial Values Method-since the transport matrix cannot be obtained
analytically, the approximate transport matrix (Matricant) approach is used. The
governing equations and boundary conditions obtained with the help of Hamilton's

principle.
As a result of the study, the following informations are presented:

) It is shown that if the convergence interval number is large enough, the
value of the transport matrix calculated for the first two terms converges
significantly to the exact value.

i) It is shown that the critical buckling load values obtained for the second
type boundary condition were always smaller than the values found for the
first type boundary condition.

i) It is observed that the buckled shape of the beam shows a symmetry as the

material characteristic length increases.
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Iv) It is observed that the buckling resistance of the beam increased with the

increase of the material characteristic length.

In the calculation of the critical buckling load; It is considered that both types of
boundary conditions may be suitable for different types of materials. That is, the type
of material to be used may depend on boundary conditions. The accuracy of such a
proposition can only be demonstrated by experimental studies. The information
provided as a result of both studies is expected to be an important guide in the design

and analysis of functionally graded nanostructures.
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APPENDICES

APPENDIX A: Bending Figures
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Figure A.1 : Deflections of the bi-directional gradient elastic beam. For the simply
supported beam » =0.1 and =2 and E is constant (Initial conditions are

V,=0, @,=0, M,=0,and end conditions are V(1) =0, @(1)=0, M(L)=0).
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Figure A.2 : Deflections of the bi-directional gradient elastic beam. For the simply
supported beam ¥ =0.1 and £ =1 and E is constant (Initial conditions are

V,=0, 7,=0, M,=0,and end conditions are V(1) =0, (1) =0, M(L)=0).
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Figure A.3 : Deflections of the bi-directional gradient elastic beam. For the simply
supported beam y =0.1 and £ =2 and E is constant (Initial conditions are

V,=0, =0, M,=0,and end conditions are V(1) =0, z(1)=0, M(1)=0).
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Figure A.4 : Deflections of the bi-directional gradient elastic beam. Simply
supported beam with the first and second type of boundary conditions y =0.1 and

f=2.
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Figure A.5 : Deflections of the bi-directional gradient elastic beam. For beam fixed
at bothends »=0.1 and S =1 and E is constant (Initial conditions are

v, =0, ,=0, &, =0, and end conditions are V(1) =0, w(1), a()=0).
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Figure A.6 : Deflections of the bi-directional gradient elastic beam. For beam fixed
at bothends y=0.1 and =4 and E is constant (Initial conditions are

v,=0, ¥,=0, &,=0,and end conditions are V(1) =0, w(1), a()=0).
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Figure A.7 : Deflections of the bi-directional gradient elastic beam. For beam fixed
at bothends »=0.1 and S =1 and E is constant (Initial conditions are

v, =0, ¥,=0, 1, =0, andend conditionsare V(1) =0, w(1), z()=0).
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Figure A.8 : Deflections of the bi-directional gradient elastic beam. For beam fixed
at both ends y=0.1 and =4 and E is constant (Initial conditions are

Vv, =0, ,=0, 1, =0, andend conditionsare V(1) =0, w(1), u()=0).
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