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ABSTRACT

DATA DRIVEN MODEL DISCOVERY AND CONTROL OF
LONGITUDINAL MISSILE DYNAMICS

Matpan, Hasan
Master of Science, Mechanical Engineering
Supervisor: Assoc. Prof. Dr. A. Bugra Koku

September 2021, 105 pages

Dynamical systems in nature are generally nonlinear and usually contains many
hidden dynamics. Therefore, the need for data-driven model discovery and control
methods continues. The most popular of these methods is neural networks-based
methods nowadays. However, excessive data requirements, long training times and
most importantly lack of interpretability of results are the main problems in neural
networks-based system identification methods. Among the many other methods used
for model discovery, SINDY (Sparce Identification of Non-linear Dynamical
Systems) has recently attracted great attention with its simple and effective nature.

SINDY, which has many extensions, also has various open problems.

The proposed extension in this study is called SINDY-SAIC and combines the
methods from Stepwise Sparse Regression (SSR) and Akaike Information Criteria
(AIC) model selection algorithm. The need for tuning threshold parameter in SINDY
is relaxed using SSR and the robustness to noisy measurements is increased with a
newly used state derivative calculation method in sparse regression. In addition,
presence of model selection with AIC enables sparse solution by penalizing the

number of terms and prevents the algorithm to converge collinear basis.



Studied dynamical systems are controlled by Model Predictive Control using
discovered models. MPC is a control method that uses prediction models mostly
discovered from data and try to minimize a given cost function subjected to the
constraints. Both linear and nonlinear prediction models are generated using SINDY -
SAIC and used in MPC as prediction models. The traditional state feedback (SF)

controller is also presented for comparison.

The proposed SINDY-SAIC algorithm and the controllers (MPC and SF) are tested
for linear and highly non-linear longitudinal missile dynamics under moderate and

high level of noise conditions.

Keywords: SINDY, AIC, Model Discovery, System Identification, Sparse Regression,
Model Selection, Model Predictive Control (MPC), State Feedback Control, Missile

Dynamics
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0z

FUZE DINAMiIK MODELININ VERi TABANLI YONTEMLER iLE
KESTIRIMI VE KONTROLU

Matpan, Hasan
Yiiksek Lisans, Makine Miihendisligi
Tez Danismani: Dog. Dr. A. Bugra Koku

Eyliil 2021, 105 sayfa

Dogada bulunan dinamik sistemler genellikle dogrusal degildirler ve bazi gizli
dinamikler igerirler. Bu nedenle veri tabanli model kestirimi ve kontrol yontemlerine
olan ihtiyag¢ hala devam etmektedir. Bu yontemler arasinda giinlimiizde en taninmis
olani yapay sinir ag1 tabanl sistem tanimlama yontemleridir. Ancak asir1 miktarda
veri ihtiyaci, uzun egitim siireleri ve en dnemlisi sonuglarin yorumlanma zorlugu bu
yontemlerin temel problemlerindendir. Model dinamiginin bulunmasi i¢in kullanilan
diger bircok yontem arasinda SINDY, yalin ve verimli yapist ile son zamanlarda
blyiik ilgi gérmektedir. Birgok tiireve sahip olan SINDY algoritmasinin hala

¢oziilmemis bazi problemleri de bulunmaktadir.

Bu ¢alismada o6nerilen algoritma SINDY-SAIC olarak adlandirilmistir ve Adimsal
Seyrek Regresyon (SSR) ile Akaike Bilgi Kriterleri (AIC) model se¢iminden gelen
yontemleri birlestirmektedir. SSR kullanilarak esik parametresinin ayarlanmasi
ithtiyac1 azaltilmistir ve seyrek regresyonda ilk kez kullanilan bir durum tiirevi
hesaplama yontemi ile giiriiltiilii 6l¢timlere kars1 dayanim artirilmistir. Ayrica AIC ile
model seciminin varlhigi, terim sayisim1 cezalandirarak seyrek c¢Oziime olanak

tanimakta ve algoritmanin esdogrusal ¢dzlimlere yakinmasini engellemektedir.

vii



Incelenen dinamik sistemler, kesfedilen modeller kullanilarak Model Ongoriilii
Kontrol (MPC) ile kontrol edilmistir. MPC, ¢ogunlukla veri tabanli model kestirimi
yontemleri ile olusturulan tahmin modellerini kullanan ve kisitlamalara tabi belirli bir
maliyet fonksiyonunu en aza indirmeye calisan bir kontrol yontemidir. Bu ¢alismada
hem dogrusal hem de dogrusal olmayan tahmin modelleri SINDY-SAIC kullanilarak
olusturulmustur ve MPC algoritmasinda tahmin modelleri olarak kullanilmistir.
Karsilastirma yapabilmek igin geleneksel Durum Geri Besleme (SF) kontrolciisiine ait

sonuglar da sunulmustur.

Onerilen SINDY-SAIC algoritmast ve kontrol yontemleri (MPC ve SF), orta ve
yiiksek seviyede giiriiltii kosullar1 altinda dogrusal ve yiiksek seviyede dogrusal

olmayan flize dinamik modelleri ile test edilmistir.

Anahtar Kelimeler: SINDY, AIC, Model Kestirimi, Sistem Tanimlama, Regresyon,
Model Se¢imi, Model Ongoriilii Kontrol, Durum Geri Besleme Kontrolii, Fiize

Dinamigi
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CHAPTER 1

INTRODUCTION

This chapter will provide general information about system identification (SI) or
model discovery. Commonly used SI methods will be described and compared in
terms of data requirements, speed of convergence and interpretability. Finally, a brief

introduction of the proposed model discovery method will be given.

1.1. System Identification

The identification of dynamical systems attracts great attention in many fields, such
as engineering, biology, and finance. Obtaining the terms and coefficients in
governing equation of a dynamic system is very important to predict the future
behavior of this system. In addition to prediction, system identification plays an
important role in understanding the nature of the system and detection of errors.
It is also easier to control a system whose behavior is adequately determined. For these

reasons, various methods have been studied to identify dynamical systems.

Studies in which the relationship between input and output is determined as a black
box model frequently draw attention. The most common and popular of these methods
is neural networks-based methods. System identification and control of an aerobatic
helicopter are studied using fully connected neural networks in [1] and convolutional
neural networks in [2]. Long execution times, need for large amount of data and lack
of interpretability of results are the main issues in these studies. If enough data is
available, in theory, it is possible to model any dynamical system with a deep neural
network [3], [4]. These methods usually require large amount of data and training
time. Therefore, they are usually used offline. Thanks to the rapid development of
deep learning (DL) architectures, networks have a very high predictive capacity.

However, since it is a black box method, it cannot give much information about the



inherent structure of the dynamic system. Another problem related to the DL system
identification methods is lacking of any guarantees on convergence especially in low
data limit [5].

Recently, physics informed neural networks are gaining attention in system
identification community. This method attempts to reduce the problem of black box
nature of neural network by incorporating physical law into the cost function
formulation [5]. However, the need for long training periods remains. Another type of
physics informed neural networks called structured neural network (SNN) [6], [7] are
also proposed to deal with training issues in classic neural network architectures. The
main idea of SNN is based on the divide-and-conquer approach. In other words, prior
knowledge of the system is used to break down the identification problem into its basic
components. Several small networks are then designed to solve these fundamental
problems and are eventually combined to come up with a general solution. There are

several approaches and still issues for improvement in this area.

Another method used in system identification is the newly popular Koopman based
predictors. Koopman B. O. proposed his method in 1931 [8] . So far, many
developments and applications are studied [9], [10]. The theory behind this method
states that a nonlinear system appears linear in an infinite-dimensional space after
passing through some observer functions [11]. In other words, some observer
functions are tried to be found that will transform or lift the data into this high
dimensional space in which systems becomes linear. With these observer functions
and Koopman matrix, the system can be advanced over time with a linear model. In
this way, both the system identification is performed, and the non-linear system is
transformed to a linear model. Therefore, standard linear control theory can be applied
to the identified linear model. The most important problem in Koopman based Sl
methods is that it is not known how to determine the observer functions. Polynomials
[12], basis functions [13] and neural networks are mostly used to determine these
functions. Although neural networks have great potential to find observer functions, a

general solution for different dynamical systems has not been achieved yet. A lot of



work is still being done on this subject. In [14], very successful implementation of
encoder-decoder type network for determining observer functions is performed,
although the issue for generalizability still exists. Network structure requires lots of
adaptation which is highly problem dependent. In general, since it is not very practical
to determine observer functions in infinite dimensional space, the aim of Koopman
based techniques is to find an accurate approximation in which the system behaves

acceptably linear.

Another system identification method is called SINDY that is based on sparse
regression. In this method, a non-linear function library is prepared, and sparse
regression is performed to ensure that the system is represented with this library
functions. In this way, the equations and coefficients governing the dynamic system

are determined.

SINDY has some advantages over NN based system identification methods. SINDY
is not a black box model like neural networks, so it is possible to study and interpret
the system behavior in detail. Also compared to neural networks, SINDY is much
faster to train and requires much less data [15]. The advantages of SINDY over
Koopman-based SI methods can be expressed as that SINDY does not have hard-to-
detect observer functions like Koopman. Also, SINDY finds a much more explicit and
interpretable form of the dynamic system than Koopman [16]. The main issues in
SINDY type Sl techniques are as follows. At first, calculation of the state derivatives
with enough precision is required for almost all extensions of SINDY. Secondly, an
effective method of solving regression problem is crucial. Lastly, selecting the best
model from among possible candidates is very important. So far, various studies are

performed to overcome these problems.

In [17], L regularized least-square minimization is used to discover unknown
dynamics. The method gives accurate results under the assumption that state
derivatives are measured accurately and then noise is added to the state derivatives

after. However, in real life scenarios, generally states are measured with noise and



state derivatives are calculated from noisy state measurements. Therefore, a robust

method to calculate state derivatives from noisy data is required.

The most popular SINDY implementation is given in [18] and abbreviated as SINDY -
T throughout this thesis. In related work, “sequential thresholded least-square
algorithm” is used to solve the regression problem. This is an iterative algorithm, that
is, initially coefficients of the unknown dynamical system are found by standard least-
square solution without any regularization. Then the coefficients smaller than some
cut-off value are thresholded. Next, using the remaining active terms, new least-square
solution is obtained for non-zero indices. This new solution is thresholded again. This
procedure is repeated until all the coefficients are above the threshold value. Finally,
the coefficients of the unknown dynamical system are obtained. The algorithm is more
efficient and simpler than the previous regression type SI methods and convergences
to a sparse solution rapidly. However, in cases where a suitable threshold value cannot
be determined, it may be necessary to run the algorithm multiple times for different

threshold values. This negatively affects the execution time.

Another extension of SINDY framework called SINDY-PI (SINDY Parallel Implicit)
is in given in [19]. This approach is used to identify a dynamical system including
partial derivatives and rational functions. The main difference from standard SINDY
is that SINDY-PI considers every candidate function as a possible solution of
regression equations and solve multiple optimization algorithms in parallel. Noise
robustness of this extension is better than SINDY -1 algorithm [20] which is developed

to identify the dynamical systems including rational function.

The final SINDY extension examined is called Stepwise Sparse Regression (SSR)
algorithm [21]. It is inspired by SINDY-T algorithm in the original SINDY study [18].
In SSR, thresholding approach is modified to remove only one coefficient per iteration
to enforce sparsity. This modification eliminates the need of searching a threshold
parameter and has the best accuracy and rate of convergence performance among the

other SINDY applications. However, absence of model selection that penalizes the



number of terms result in solutions that are not sparse enough. Therefore, it is seen
that algorithm may converge to non-sparse collinear basis depending on the library

selection.

1.2. Thesis Statement

Many dynamical systems in nature are nonlinear and contain many uncertainties.
Therefore, there is always a need for a data-driven model discovery and control
methods for dynamic systems specialists. The most common and popular of these
methods is neural networks-based methods. Long execution times, need for large
amount of data and lack of interpretability of results are the main issues in neural
networks-based SI methods. Among the many other methods used for system
identification, SINDY has recently attracted great attention with its simple and

effective nature. SINDY, which has many extensions, also has various open problems.

Instead of commonly used sequential thresholded SINDY-T, in this study an existing
but rarely used sparsity promoting technique called “Stepwise Sparse Regression
(SSR)” is used with AIC model selection algorithm. The proposed extension is called
SINDY-SAIC and combines the methods from SSR [21] and AIC (Akaike
information criteria) model selection [22], [23]. Shortly, in SINDY-SAIC, the safely
determined expected number of terms (n) in the dynamical systems are used as
threshold for regression to promote sparsity. Hence, SINDY-SAIC produces n
candidate models that includes number of active terms ranging from 1 to n. Then, the

best model is selected using AIC scores of the candidate models.

SINDY-SAIC does not require tuning of any threshold parameter as in the case of
SINDY-T and state derivatives are estimated using a sliding window approach which
improves the performance of model discovery over the traditional total variational
regularization [24] . In addition, presence of model selection with AIC enables sparse
solution by penalizing the number of terms and prevents the algorithm to converge to



collinear basis. Hence, SINDY-SAIC has speed and accuracy advantages over

previously studied SINDY extensions.

In addition, the dynamical system is controlled by Model Predictive Control (MPC)
using discovered models. MPC is a control method that uses short-term predictions
using approximate system model to minimize a given cost function subjected to
constraints. Both linear and nonlinear models are prepared for MPC. Traditional state

feedback (SF) controller is also presented for comparison.

The proposed SINDY-SAIC algorithm and the controllers (MPC and SF) are tested
for linear and highly non-linear longitudinal missile dynamics under moderate and

high level of noise conditions.



CHAPTER 2

SPARSE IDENTIFICATION OF DYNAMICAL SYSTEMS

In this chapter, general form of the dynamical system equations and the type of
regression methods used for model discovery will be presented. Cross validation and
AIC algorithm that are used to select the best model among candidates will be

explained. Finally, proposed SINDY extension will be presented.

2.1. Dynamical Systems and Measurement Data

%X(t) =f(x(®,w) (2-1)

Almost all the dynamical systems exist in nature have some degree of nonlinearity and
can be defined as Eqgn. (2-1) where x is the state, u is the control input of the system,
and f is the non-linear function that possibly depends on x and u. The non-linearity
in some dynamical systems may be quite low whereas, many other dynamical systems
are highly nonlinear. However, the common feature of real dynamical systems is that
their mathematical models usually have a simple and sparse form at least on an
appropriate basis. Therefore, it may be possible to extract simple yet accurate

mathematical models using a suitable system identification method.

The data required by the system identification methods are measured by means of
various sensors on these systems. By using measurement data and the specified library
functions, the system identification problem is transformed into a linear regression
problem with the SINDY algorithm.

The measurement data is often not completely clean and contains some amount of
noise. The amount of noise affects the system identification performance. Every
system identification method has a noise upper limit at which it fails.



In the case of SINDY, noise affects system identification performance in two ways.
First, noise complicates taking the derivative of measurements. Secondly, the solution
of the regression problem becomes more difficult. For this reason, it is required to

increase the noise robustness of the solution with various methods.

2.2. Regression on Over Determined Systems

Regression has long been used to solve a set of linear equations. However, in modern
data science, this set of linear equations is generally over or under determined and has
no analytical solution. Instead, various optimization methods are used to find an

approximate solution.

The idea of regression can be stated as fitting a model to data using some parameters.
Generally, regression is formulated as given in Eqgn. (2-2) and is treated as a least

square fitting problem.

Ax = b (2-2)

As stated, lots of the system in nature is over or under-determined systems. In an over
determined system, the number of equations is larger than the number of unknows
(tall skinny system matrix A in Figure 2.1) and therefore the set of equations given in
Eqgn. (2-2) cannot be satisfied in general. Instead, it is tried to solve the optimization
problem given in Eqgn. (2-3). The error to be minimized to find an appropriate value
of X is generally selected as the least square error (L,) due to the inexpensive

optimization cost [25].

X = argmin,||Ax — b||, (2-3)



Figure 2.1. The shape of matrices for overdetermined system

In general, solution architecture given in Eqn. (2-3) does not give satisfactory results
without any constraint on the solution of x. Therefore, optimization formulation is
modified to enforce both minimizing the least square error and satisfying the
constraint on the x. Parameters 4, and A, given in Eqn. (2-4) are the penalization of

the L; and L, norms, respectively.

X = argmin,(||Ax — bl + A¢llx|ly + 22 1lx]l2) (2-4)

The terms including A, , and L; , norms are called regularization in machine learning
literature. Some form of regularization is required and very important for model

selection, which will be discussed in following section.

2.3. Sparsity Promoting Algorithms

In order to solve overdetermined regression problems, some form of regularization
should be used to promote sparsity in the solution. The commonly used sparsity

promoting methods are L, (Lasso), L, (Ridge) and Elastic Net regularizations.

In Ridge regression, the penalty term equivalent to square of the magnitude of

coefficients is added to regression equation that is term A, in Egn. (2-4) becomes non-



zero and A is zero. On the other hand, in Lasso regression, A, in Eqn. (2-4) are set
to zero and A, is non-zero. In Elastic Net regression, both 4, and A, are non-zero in
Eqgn. (2-4).

Furthermore, “sequential threshold least square algorithm” proposed by [18] is
another powerful sparsity promoting algorithm which is an extension of hard
thresholded regression. Initially coefficients of the unknown dynamical system are
found by ordinary least square (LS) solution without any regularization. Then the
coefficients smaller than some cut-off value is hard thresholded that is forced to be
zero. Next, using the remaining active terms, new ordinary LS solution is obtained for
non-zero indices. This new solution is thresholded again. This procedure is repeated
until all the coefficients are above the threshold value. Finally, the coefficients of the

unknown dynamical system are obtained with promoting sparsity.

The final sparsity promoting algorithm is called Stepwise Sparse Regression (SSR)
algorithm [21] and is inspired by previously mentioned sequential thresholded
regression[18]. In SSR, thresholding approach is modified to remove only one
coefficient per iteration to enforce sparsity. This modification eliminates the need of
searching a threshold parameter and has the best accuracy and rate of convergence
performance among the other applications. However, absence of model selection that
penalizes the number of terms result in solutions that are not sparse enough. Therefore,
it is seen that SSR algorithm may converge to non-sparse collinear basis depending

on the library selection.

In this study, the SSR algorithm will be used to promote sparsity to the solution of
regression equation whereas AIC model selection is included to solve the issues

encountered during SSR implementation.

To sum up, all methods reduce the complexity of regression equation to prevent
overfitting by means of penalizing the coefficients in the solution using different

approaches.
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2.4. Overfitting and Underfitting

Overfitting and underfitting are one of the most common problems encountered in
data science applications. Overfitting results from having a model that is much more
complex than necessary. As a result, model tries to memorize the data instead of
learning the inherent structures. The major indicator of overfitting is that the error in

the learning set is very small whereas the error in test set is relatively large.

On the other hand, underfitting is the lack of capacity of the model to accurately
represent the data. In this case, the error in both training and test (withhold) sets are

significantly large.

Over-fitting Under-fitting

withhold

Error
Error

traming

model complexity model complexity

Figure 2.2. Over-fitting and Under-fitting [25]

As can be seen on the Figure 2.2 for overfitting, increasing the model complexity
results in increasing the error in test data while error in training data continuously
decreasing. In underfitting, on the other hand, error performance is limited because

the model does not have enough number of free parameters required for the problem.

2.5. Cross Validation

Cross validation is one of the widely used techniques in almost all machine learning
algorithms. Indeed, the model should not be trusted unless it is properly cross-

validated. The procedure of cross-validation (Figure 2.3) can be given as follows:
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1) Split the data as training and test sets.

2) Take a random portion of training data and build a model (Yy = f (X, Bx))-

3) Repeat “step 2” k times and average values of the model parameters to obtain
the final model (Y = f(X, B)).

4) Performs the model predictions on test data and evaluate the final model

performance.

The reason behind splitting the training set into parts can be explained as follows: The
common feature of the k sets is that they belong to the same real system. Random
factor such as noise and outliers are not expected to be similar in these sets. In this
way, system-specific features are learned by cross-validation and hence cross-

validated models are expected to have high performance on test data.

training
data
—

data

withhold
(test) data

f(Xl ,81) \\\\
1%z, 8) |\
f (X, Br)

k-folds

Y
Y,
Y,

/

=f(X.8)

cross-validated error

Figure 2.3. Procedure for k-fold cross validation [25]

2.6. Model Selection

The success of a model is closely related to the success of its generalization ability. In
other words, a model is only as successful as its predictions in the extrapolation
regime. However, given that the dominant behavior of real systems can be expressed
in a limited number of terms, it is also important to choose the simplest model possible.
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Therefore, selecting the appropriate model among many candidates is important for
system identification. The solid line in Figure 2.4 represents the average behavior of
the models having lowest error and least number of terms (magenta points) whereas
models having high error are shown with green points. The aim of model selection is
not only to discard the green models, but also to select the optimal model between

candidates on the solid line.

OEOOG
‘ Ogggo; . @ Models with high error
e% 8o @ ® ° @
Qogﬁo °°ﬁ°§ g ° 0,° ©
o 85.° 8° aq g °8°° .
o | ogg°§§°§§§°§§§°°§oo§§§o§§0
® g o @OO oo % %Oggooogoog
® ® ’
o o F\ccur:te butbigh @
@ # of terms® e

Number of Terms

Figure 2.4. Model error vs model complexity [26]

Information theory provides an established statistical framework for model selection
that has been studied for many years. Since the 1950s, the measure of information loss
between the experimentally collected data and the model constructed from these data
has been calculated using the Kullback-Leibler (KL) divergence [27],[28]. Based on
this idea, Akaike then developed a method for estimating the relative loss of
information between models and calculated a metric that balances model complexity

with goodness of fit called Akaike Information Criteria, abbreviated as AIC [22].

AIC calculates estimates of the KL distance between the candidate models and the
true measurements. Hence, selecting the model with minimum AIC score means

choosing the one having the smallest KL distance to the true measurements. In other
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words, AIC is used to compare and select candidate models. The AIC score for each

candidate model j can be calculated using Eqgn. (2-5).

AIC; = 2k — 2In(L(x, 1)) (2-5)

where k is the number of free parameters which corresponds to model complexity,
L(x, 1) = P(x|w) is the likelihood function of measurements x given candidate model

parameters u [22].

In general, for finite sample size AIC score formulation requires a correction [29] as

given in Eqn. (2-6);

AIC, = AIC +2(k + D)(k+2)/(m—k —2) (2-6)

where m is the number of observations and AIC, is the corrected AIC score.

If residual sum of squares (RSS) is used in likelihood function, AIC formulation
becomes as given in Eqgn. (2-7)

AIC = m - In(RSS/m) + 2k 2-7)

where RSS = ¥, (y; — g(x;; 1))? and g is the candidate model and y; , x; are the

observed outcomes and independent variables, respectively.

Note that Eqn. (2-7) penalizes models that have many free parameters and do not
match with the observed outputs by increasing their AIC scores. An example AIC
scores of the candidate models with increasing number of terms is given in Figure 2.5.
As can be seen, if AIC model selection is applied to these candidate models, the model

having 5 number of terms will be selected.

Note that AIC scores are stated as relative to each other. In other words, the minimum
of the AIC score of the candidate models is found first and subtracted from all scores.

Therefore, the minimum AIC score value is always equal to zero and does not always

14



indicate good performance. It only shows relative performance among candidate

models.

251

20

AIC score
o

N
o
T

3 4 5 6 7 8 9 10
number of terms

Figure 2.5. Sample AIC score with increasing model complexity

2.7. SINDY-SAIC Method for Nonlinear System Identification

SINDY (Sparse Identification of Nonlinear Dynamical System) is an algorithm that
identifies nonlinear dynamical system from measurement data using special sparse
regression techniques. Sparse regression with proper model selection algorithm can
be very powerful yet simple for system identification. Sparsity comes from the
assumption that many dynamical systems are governed by relatively few terms in their
governing equations. This assumption is valid for many dynamical systems at least in

an appropriate basis [18].

The proposed SINDY-SAIC algorithm which is an extension of SINDY is a sparse
regression method with model selection and cross validation algorithm. It is used to
identify the fewest terms in the governing equation that are required to accurately
represent the data. Sparsity of the SINDY-SAIC algorithm establish the balance

between accuracy and complexity that prevents overfitting. Model selection and cross-
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validation allow the selection of the model with the fewest terms and at the same time
having most representation capacity among the many candidate models. Therefore,
SINDY-SAIC is not only a regression method, but it is a set of algorithms that are

used to obtain a system model from measurement data.

In general, many system identification techniques such as neural networks result in
black box models which are difficult to examine and control. On the other hand,

SINDY-SAIC explicitly gives dominant terms in the governing equations.

The general flow of SINDY-SAIC algorithm is given in Figure 2.6.

Unknown Dynamics Data Collection Library Function Construction
*, = —0.4382x, + 0.5392x, — 0.0243u X1 Xy u / . \
—0.2x;? — 1.2%,2x;, + 45,3 + 100x;%u y 3 U GG
%, = —122.5085x; + 1.0823x, + 102.794%u > 7 3 ‘j ; 3
-
—120x,2 — 30x,3 + 20x,2 < T TE iy %0 1
SRR . ¢ 28 {4
) | 5 0 ) |2 |=| (¢ ol
= o2 ge {5
> P~ 5 {9
{ < % > <4
¢ < 33 ¢ 5
K X =0(X,)C /

Discovered Model
C G

X = 08X, )
X = 0(Xy)c,

Select best model using
AIC with Cross Validation

Solve Sparse Regression with SRR Algorithm

C = argminc||X - (9()('“)(2”2

= +

Stepwise Sequantial Regression

AICscore

Figure 2.6. Schematic of SINDY-SAIC algorithm

To find unknown and possibly non-linear system of equations purely from data using
SINDY-SAIC, following algorithm can be used.
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Step 1. Measure x;(¢;)

xi(tj) is the measurement of the i™" state of the system at time j. In other words,
I is the subscript for states of the system ranging from 1 to the number of states
n and j is the subscript for the measurements ranging from 1 to the number of
measurements m. For example, a system can have 1000 measurements and 2

states such as position and velocity.

Step 2. Split measurement data into training and test sets and select number of folds k
for cross validation. Selection of k mainly depends on the time response characteristics
of the interested dynamical system and quality of measurement data. It is not
recommended to select too large k value that will prevent the transient and steady state

behavior to occur.

Step 3. Construct the measurement matrix X from training data.

x1(t) x(t) o xu(t1)
X = x1(.t2) xz(.tz) xn(.tz) (2-8)
X1 () a(tm) - n(E)

Step 4. Calculate derivative x;(¢;) and construct the matrix X

«  x;(¢;) is the derivative of measurement data. Derivative is calculated using
proper methods. Note that in case of noisy data, using difference formulas to
calculate derivative generally fails. Therefore, in this study local slope for a
sequence of points is estimated using sliding window approach. In this
approach, a polynomial of given model order is fitted to the noisy data of

selected windows size. Then the polynomial derivative is taken.
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X1(t) %2(t) o dn(ty)
X = 551(:152) xz(:tz) 9'Cn(:tz) (2-9)

$1(tm) 22(tm) o (t)

Step 5. Select the library of candidate functions and construct the matrix ©

Proper choice of candidate function is crucial for success of SINDY
algorithms. In general, polynomials up to order n and trigonometric functions
are used as library functions. Note that it is better to choose library functions
from a wide range and gradually reduce them. Also, already known terms in

the equation of the dynamical system can be selected as library functions.

x1(t) x2(t) -+ xp(ty)
X, = x1(.t2) xz(.tz) xn(.tz) ,, (2-10)
X1 (tm) Xa(bm) - Xntm)

where X, is the “augmented state-control matrix” formed by state X and control input

u.
[ | | - | | | |

0(Xy) =1 x, x,2 x,©* - sin(X)) cos(X,) sin(2X,) cos(2X,) - (2-11)
[ | | - | | | |
x2(t) X (EDxa(t) - x(E)u (6D xp(t)xs(t)  x(tdu - x,2(8)
x,2(8) % (8)x,(t) - x(tDu  x2(8)  x(t)xs(ty)  x(tu - x,(t)

X, =l : ; ; ; ; : : ; (2-12)
02 () X1 (6% ()~ (6t 126 %)% (n) Xo(tndu - Xyt

Step 6. Solve for coefficient matrix C using Stepwise Sparse Regression (SSR)

technique [21] on training data.

Each column of C contains the sparse coefficient for every row of the

governing equations. Sparsity is promoted during the calculation of C.
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X = 0(X,)C (2-13)

C =[c1Cy... Cp] (2-14)

Step 7. Perform cross-validation on k folded test data and calculate the error in test
data. Error is defined as residual sum of square (RSS) of the difference between the

true and prediction value in the test data.

Step 8. Using the RSS error and the number of terms in the candidate models, apply
Akaike Information Criteria (AIC) to select the appropriate model among many others

using Eqgn. (2-6).

The SINDY-SAIC algorithm provides a suitable environment for model discovery and
selection. The discovered model will be more useful when used in conjunction with a
data-driven control method such as Model Predictive Control. In the next chapter, the

details about MPC will be given.
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CHAPTER 3

MODEL PREDICTIVE CONTROL

MPC is a control strategy that uses a model to predict future plant output and solves
an optimization problem with constraints to select the optimal control action. MPC is
multi variable controller that can handle multi-input multi-output systems and can
handle constraints that prevent the system from undesired consequences [30].
However, MPC requires a powerful, fast processing units and a large amount of
memory because it solves an online optimization problem at each time step. In general,
linear MPC solve the convex quadratic problem, thereby requires less computational
power. On the other hand, nonlinear MPC solves non-convex optimization problem,
thereby requires much more processing power, memory, and time [11]. Considering
the rapid development of computational capacities, it is not difficult to predict that the
use of nonlinear MPC will increase sharply in the near future.

3.1. Working Principle of MPC

MPC is formulated as an open-loop optimization problem. As with all optimization
problems, MPC has a cost function to minimize and constraints to satisfy at each time
step. The basic working principle of MPC is as follows: At current time t,, future
prediction up to t, + H,, (prediction horizon) time is calculated using the approximate
model of the real system and is called output prediction. Next, the cost function is
calculated using the difference between the set point and the output prediction. By
using a proper optimization routine, the cost function and constraints are tried to be
satisfied and the control input u is calculated. Usually, the control input u is kept
constant after time t, + H,, (control horizon) during the calculation of the output

prediction. Finally, only the first value of the control input is applied to the system and
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the optimization is restarted using new measurements and repeated at each time step

until the end of the trajectory as shown in Figure 3.1.

< Past Future >

Prediction horizon_ :
>

:Control horizon
Set point € >

r— — — —

: 'l

. v . ]
jf+1‘| j+ Hpy—1
T j+H,—1

> .

Moving horizon window

Figure 3.1. MPC working principle [26]

MPC requires a system model for its future predictions [31]. The higher the accuracy
of this model, the higher the performance of the MPC. Therefore, MPC should be used
in conjunction with a successful system identification method. The results obtained
with SINDY-SAIC and MPC in the following sections will demonstrate the success

of this combination in details.

3.2. MPC Design Parameters

Sample time, Prediction horizon, Control horizon, Constraints and Weights are the

main design parameters of the MPC framework. The success of the results is closely
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dependent on the appropriate selection of these design parameters. Therefore, in this

section, some recommendations for the selection of these parameters will be given.
3.2.1. Sample Time (Ty)

T, is the rate at which the controller executes the controller algorithm. The large
sample time means that the controller cannot react fast enough to disturbances and
changes in the reference input. On the other hand, in case of very small sample time
controller can react much faster to disturbances and set point changes, but this
introduces computational overloads. To balance the performance and the
computational efforts, a general recommendation is to choose sample time between 5

-10 % of the rise time ( T,-) of the open loop response.
0057, < T, < 0.1T,

However, the designers should determine sampling time according to their
performance expectations, available hardware, and other application specific

requirements.

3.2.2. Prediction Horizon (H,)

The number of predicted future time steps is called prediction horizon and determines
how far the controller predicts into the future. In MPC, the model of the system is used
for future predictions and as it is known, no model is perfect. In addition, unexpected
situations may arise during long trajectories. Therefore, long-term predictions are not
very accurate. Choosing a large prediction horizon does not offer much benefit, but
also increases the computational burden. On the other hand, very small prediction
horizon should not be chosen than the system dynamics allows. The general
recommendation is to choose prediction horizon bigger than the settling time

(Tsettiing ) OF the open loop response.

Tsettling
H, > ——%
Ts
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3.2.3. Control Horizon ( H,,)

The number of steps after which the control remains constant is called the control
horizon. Control horizon determines the number of free variables to be chosen by the
optimizer. So, the smaller the control horizon, the fewer the computations. Too small
control horizon worsens the future predictions. The rule of thumb to choose control

horizon is between 10-20% of the prediction horizon and having 2-3 steps at least.

0.1H, < Hp < 02H,

3.2.4. Constraints

In MPC, constraints on inputs, rate of change of inputs and outputs can be
incorporated. These constraints can be soft and hard constraints. Hard constraints
cannot be violated whereas soft constraints can be violated. Hard constraints generally
come from the physical limits such as maximum allowable deflection of a missile
canard, or the gas pedal limits of a car. On the other hand, soft limits are mostly due
to performance requirements and measures taken to prevent the system from
approaching operating limits of some of the subsystems. Setting hard constraints on
both input and output at the same time should be avoided as these requirements may
conflict and leading to an unfeasible solution for optimization.

3.2.5. Weights

In MPC, multiple goals are present, such as reference tracking and smooth control
input. The importance of these goals relative to each other are specified with weights.
In addition, reference tracking of the outputs can be weighted within itself. For
example, if the reference tracking of the first output is important than the second,

bigger weight should be selected for the first output.
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3.3. Prediction Formulation and Solution of MPC Problems

Linearized, discrete time state space model of a dynamical system can be given in the

form

x(k +1) = Ax(k) + Bu(k)
y(k) = Cyx (k) 3-1)
z(k) = C,x(k)

where X is the state vector, y is the measured outputs, z is the outputs which are to be
controlled and u is the input vector. Generally, y and z are the same that is all

controlled outputs frequently are measured.
The general formulation of the controlled output z is given in Eqn. (3-2)

z(k) = C,x(k) + Dyu(k) (3-2)

However, D, is assumed to be zero in this study for the ease of computation of optimal
u(k). If in real system, D, is not equal to zero, this complication can be avoided by

defining a new variable as follows,

Z(k) = z(k) — D;u(k) (3-3)

3.3.1. Prediction Formulation

The predicted values of the controlled variables Z(k + i|k) should be calculated using
the estimate of the current state X(k|k), the latest input u(k — 1) and the assumed

future input changes Ati(k + i|k).

In case of no disturbances and full state measurements that is X (k|k) = x(k) = y(k),
the future prediction of states can be calculated simply by iterating the state space

model as derived in Egn. (3-4),
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2(k + 1]k) = Ax(k) + Ba(k|k)
2(k + 2|k) = Az(k + 1|k) + Ba(k + 1]k)
= A%x(k) + ABa(k|k) + Ba(k + 1|k)
. (3-4)

2(k + Hylk) = A%(k + H, — 1|k) + Ba(k + H, — 1|k)
= Aex (k) + A" Ba(k|k)+... +Bi(k + H, — 1]k)

For the sake of optimization, it is better to express predictions in terms of A#(k +
i|k) rather than #@i(k + i|k). Note that Ati(k + i|k) = a(k +ilk) —ta(k + i — 1|k),
then,
u(klk) = Au(klk) + u(k —1)
A(k + 1|k) = Ati(k + 1]k) + At(klk) + u(k — 1)
' (3-5)
u(k + H,, — 1k) = Ati(k + Hp, _ 1|k)+... +At(k|k) + u(k — 1)

If Egn. (3-4) and (3-5) are combined, state prediction equation can obtained in matrix-
vector form and given in Eqgn. (3-6).

X(k) = Wex(k) + You(k — 1) + 0,AU (k) (3-6)

Definitions of X (k), ¥, , Y, , ©, and AU (k)[30] are given as follows:
x(k + 1lk)

xX(k + Hplk)

X(K) =\ 2k + H,, + 1]k

2k + Hylk) |
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Z._ AB - B Adi(klk)
0, =| —rn and AU(k) = [ : ]
AB AB +B AMi(k + H,, — 1]k)
=0
Hp;1 : Hp—:Hm
Z A'B - z A'B
i=0 i=0

Finally, the output prediction can be calculated simply as,

2(k + 11k) = C,2(k + 1]k)
2(k + 21k) = C,&(k + 2|k)

(3-7)
2(k + Hylk) = C,2(k + Hylk)
or in matrix-vector form,
20k + 11k %Z A 8 2(k + 1[k)
; =, 5 (3-8)
2(k + Hylk) 0 0 - C 2(k + Hylk)
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3.3.2. Solution of MPC Problem

2(k + Hy k) #(k + H, k)
Z(k) = : , T(k) = '

Ai(k|k)
2(k + Hylk) #(k +-Hp|k) ]

AUk = [ :
Ak + H,, — 1]k)

Z(k),T(k),AU(k) are the outputs, reference (Target trajectory) and change in the
control inputs respectively. Note that if the start index (H,,) is selected greater than
unity, it means that the deviations of z from r are not penalized immediately. If Eqgn.
(3-6) and (3-8) are combined with the Z(k),T(k), AU (k) definitions, the following

output prediction equation is obtained,

Z(k) = Wx(k) + Yu(k — 1) + OAU (k) (3-9)
where
c, 0 0 c, 0 0
Y = 0 G O Y., , Y= 0 G 0 Y,

0 0 C, 0 0 C,

C, O 0
o=|, “ 7 Ve,

0 0 C,

The cost function that should be minimized is given as [30],

Hp Hp—1
JU) = D Nalk+ il =k + dOle + ) 180tk +il)l3g  (3-10)
i=H,, i=0

Or in more compact form,

28



JUe) = Z (k) = TUONIG + 1AU (k)11 (3-11)

The tracking error E, that is the difference between Target trajectory and the “free

response” of the system is

E(k) = T(k) — Wx(k) — Yu(k — 1) (3-12)

Free response of the system is the output of the system that changes in the input is
zero (AU (k) = 0).

Using Egns. (3-11) and (3-12),

J(k) = [I8AU (k) — E(K) I3 + 1AU(R)1I%

= [AU(k)TOT — E(k)T]Q[OAU (k) — E(k)]+ AU (k)T RAU (k) (3-13)
= E(k)TQE(k) — 2AU(K)TOTQE(k) + AU(K)T[6T QO +
R] AU(k)

Let’s define G = 20T QE(k) and H = O Q0 + R), then cost equation becomes,

J (k) = const — AU(K)TG + AU (k)T HAU (k) (3-14)

As seen G and H does not depends on AU (k). To find the optimal value of AU(k), the
gradient of (k) with respect to AU (k) should be calculated and set to zero.

Vavo) = =G + 2HAU(k) - 0

1
AU(K) ppt = EH-1G (3-15)

As stated, in MPC only the first part of the solution (Eqgn. (3-15)) should be used
because of the receding horizon concept. Note that this ensures the closed loop
behavior of MPC.
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3.4. MPC Framework with SINDY-SAIC Algorithm and Integral Action

The proposed SINDY-SAIC and MPC framework is given in Figure 3.2. After

approximate model of the unknown dynamical system is discovered by SINDY-SAIC,

this model is used as prediction model in MPC framework to control the system.

Unknown Dynamics

X; = —0.4382x; + 0.5392x, — 0.0243u
—0.2x,2 — 1.2x,%x, + 4.5x,% + 100x,%u
#, = —122.5085x, + 1.0823x, + 102.7949u

—120x,2 — 30x,% + 20x,u?

X o -»7"‘77
Online implementation
possible

Missile Flight

Model Discovery

SINDY-SAIC

Closed Loop Response

Discovered Model

A.’1 = O(Xu)cl [ Cy

X = 0(Xy)c,

J = J(x.u, Au)

s.t. constraints

State Feedback

\ Controller )

Figure 3.2. Schematic of SINDY-SAIC and MPC framework

In MPC when the prediction model and the true model differs, a steady state error in

set point tracking can be observed. This issue is studied a lot in MPC literature, and

several solutions are proposed.

One of the approaches to remove the offset is as follows: The disturbance (d) that is

the difference between the measured output of the real plant and the predicted output

of the model in MPC is calculated (3-16).
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The steady state error is removed from the system by shifting the prediction output as
given in Eqgn. (3-17). The corrected prediction output (y*) is fed to the PID controller
to remove the offset from tracking. The assumption that disturbance stays constant is
not valid for some cases, therefore, in this method the offset free tracking cannot be

obtained at all conditions. The details of the implementation can be found in [32].

y*(k+10) =ylk +i)+ dk) (3-17)

Another approach is to include the tracking error into the states of the system by
augmentation [33]. However, this is valid only for linear prediction models and

increases the system order that affects the MPC computation time.

In this study, a non-linear integration scheme [34] is used to remove the offset from
MPC. The steady state error that is the difference between the set point and the
measured output is calculated and fed to a nonlinear function. The output of the
nonlinear function is integrated and multiplied by a proper gain and added to the

control input of the system Figure 3.3.

r u Ymeasured
True Model —
(reference) MPC @

Uint
Integral Action

Nonlinear function
=K, z 1
Ly | | ¥less) = Jlm- ] — D -

'y
1
1
1
1
1
1
1
1
1
1
1
1
1

Figure 3.3. Schematic of integral action in MPC
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The nonlinear integration differ from the standard integration by means of smoothing
the steady state error that does not cause excessive overshoot in the response. The

sigmoidal type of tanh nonlinear function is used and given in Eqn. (3-18).

v(ess) = Ky 1] (3'18)

1+ exp(—K,es) h

K; and K, are both selected as 0.5 and the output of nonlinear function for different
gain values is given in Figure 3.4.

2l — I»(1 =1.2, K, =03, emx:15 ; ; ;
[ K1 i1'5‘ K2 i0_5, emxim .

15— I»(1 =15, I-(2 =15, €™ IS SO SRR S
’ =0.5, K2 =0.5, € Lo - . :

. . o

I I I I i i i
-20 -15 -10 -5 0 5 10 15 20
Offset Error e

Figure 3.4. Output of non-linear function for different gain values [34]

A properly working integral action method reduces the need for accurate prediction
models in MPC. Hence, using integral action, non-linear systems can be controlled by
MPC using approximate linear prediction models and provides effective solutions.

These results will be presented in the relevant sections.

In this chapter, basic idea behind MPC and general solution to MPC formulation with
no constraints case were presented for completeness. The important design parameters
in MPC such as prediction and control horizons were explained. The integral action
was presented to remove steady state offset. In the next chapter, the derivations of

dynamical system equations that are used for model discovery will presented.
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CHAPTER 4

MISSILE DYNAMIC MODEL AND STATE FEEDBACK CONTROL

In this chapter missile dynamic model that will be discovered using SINDY-SAIC will

be derived using 6 DOF motion equations. Then, the general architecture of state

feedback control used for comparison with MPC will be given.

4.1. Longitudinal Missile Dynamics

6 DOF motion equations [35] are given in Eqgn. (4-1) through Eqgn. (4-6).

Fy = m(u +qw—1v+ gsin(@))
Fy = m(v + ru — pw — gcos(0) sin(¢))
E, = m(W + pv — qu — gcos(6) cos(¢))

My = Lxp — Iyz(q2 - TZ) — L, (7 +pq) — Ixy(q —1p)
— (Lyy — Lz)ar

MM = Iyyq - sz(rz - pZ) - xy(p + qr) - Iyz(f' - pq)
- (IZZ - Ixx)rp

My = I,,7 — Ixy(pz - qZ) - yz(q +1p) — Lx(® — qr)
- (Ixx - Iyy)pq

(1)

(4-2)

(4-3)

(4-4)

(4-5)

(4-6)

In this study, only the longitudinal dynamics will be discovered using SINDY-SAIC.

Hence, Eqns. (4-3) and (4-5) are the ones defining the longitudinal motion of the

missile.
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For rotationally symmetric missiles, cross product of inertia terms is generally

neglected for simplicity that is I, = I, = I, = 0. In addition, roll rate of the missile

is usually controlled by roll autopilot and can be assumed to zero (p = 0). Hence,
Egns. (4-3) and (4-5) becomes,

F, = m(Ww — qu — gcos(8) cos(¢)) (4-7)
My = L4 (4-8)

where m is the mass of the missile, u and w are the body frame velocities in x and z
directions respectively, ¢ and 6 are the roll and pitch angles, q is the pitch rate, g is

the gravitational acceleration, I,,, is the moment of inertia in longitudinal plane, F,

and M,, are the aerodynamic force and moment in longitudinal plane.

During the longitudinal autopilot design, the gravitational acceleration acting on the
missile generally considered as a disturbance, therefore g is assumed to be zero.

Hence, simplified longitudinal equations of missile becomes,

F, =m(w — qu) (4-9)
My = Lyq (4-10)

Note that only the terms belonging to longitudinal dynamics exist in Eqgns. (4-9) and

(4-10). All the dependence on roll and yaw dynamics are eliminated.

The states that are measured in this study is determined as « and q. Hence, conversion
from w to «a is required. This accomplished by using small angle assumption. Angle

of attack (a) smaller than 15 degrees can be approximated using Eqn. (4-11).

a =tan™! (g) = g (4-11)
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The derivative of Eqn. (4-11) under the assumption of constant u velocity gives,

q=2 (4-12)
u
Therefore, the equations of motion in longitudinal plane become,
F,
d=—+q (4-13)
mu
M
g=— (4-14)
Iyy

Strong nonlinearity comes from the force and moment terms in Eqgns. (4-13) and

(4-14). In this study, F, and M,, are expressed as follows,

d
E, = QA(Cza-a+Cz5e-6e + Cz4-q=5 + Cz,, - q?
2v (4-15)
+Czgq, " qa® + Czg, - a® + Czq,5, a26e>

d
My = QAL (Cma a+Cmgs, 6 +Cmy-q——
‘ 2V 4-16
, , , (4-16)
+Cmg, - a® + Cmg, - a® + Cmygs,, *q0, )

Note that the type of nonlinearities in F, and M, can change depending on the

aerodynamic characteristics of the missile.

It is better to use some definition for the clarity of the results. The definitions are given
in Table 4.1.
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Table 4.1. Definitions for missile equations of motion

7 & % Cz M, 2 % lyer Cm
a =7 ta “=1, ref LMg

Zs, = % Czs, Ms, = % lLrey Cms,
Zg = Q—I; % Czq M, £ % lrefﬁ(fmq

Zg, = Sl—é Czq, Mg, = % lLrey CMyg,

Zg, = % Czq, M, = % Lrey Cmg,
Vi, o % Zg,s, Mgs,, = % lyer CMmys,,
Zga, = % Cz4q,

Finally, using definitions above, the equations (4-13) and (4-14) take the form given

in Eqn. (4-17) and (4-18) for nonlinear missile model.

d=Zy a+Zs, 6.+ (Zg+1) q+2,,-a*>+2Z,,-a®

q = Mg + Ms, 8 + Myq + My, - a® + Mg, - a® + Mgs,_ - q6

+ Zyys, 0%8e + Zyg, * qa*

(4-17)

(4-18)

These are the dynamical equations in general form that will be discovered by SINDY -

SAIC in the following sections. For the studied highly nonlinear missile model, all the

coefficient in Eqns. (4-17) and (4-18) are non-zero. For linear missile model, the

coefficients of the nonlinear terms are set to zero. Linear missile model is given in

Eqgns. (4-19) and (4-20).
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d=Zy-a+Zs, 6.+ (Z;+1)-q (4-19)

q=Mya+ Ms,6, +Myq (4-20)

4.2. State Feedback Control

The state space formulation of linear or linearized system (for non-linear missile
model) is given by Eqns. (4-21) and (4-22). Here the states are x = [a, q]” and the
output to be controlled is angle of attack, .

ze (z,+1) [ Zs,
A= [Ma " ] B= Mse] (4-21)
c=[1 0, D=][0] (4-22)

The plant A has no integrator and therefore an integrator will be added in the
feedforward path. The schematic of the state feedback controller is given in Figure
4.1.

r@{'f fk] )2 g I(EIJ’ X c y
A

v

Figure 4.1. State Feedback Controller Structure [36]

From Figure 4.1, the following set of equations can be obtained [36] ,
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x = Ax + Bu
y=Cx
u=—Kx+k;
E=r—y=r—=Cx

(4-23)

where u is the control input, y =output of the system, ¢ is the output of the integrator

(augmented state variable) and r is the reference signal. If the n dimensional state x

and the integrator output ¢ are augmented to form a new state space model,

Eqgns.(4-23) can be expressed in the form,
[F]=1% SIEI+[5]ue +[9]ro
Note that at steady state £(t) = 0 and y(co) = 7.
[t =L A[ES [+ [ ]ee +[F]re
Notice that r(¢) is a step input and hence, (o) = r(t) =r.

Subtracting Eqn. (4-25) from (4-24) yields,

0 O
[z;e(t) =[—AC g”xe(g "‘[lg]ue(t)

(4-24)

(4-25)

(4-26)

where x,(t) = x(t) — x(o0) and same definitions are valid for &.(t) and u.(t).

Ue(t) = —Kxe(t) + kie (V).

In more compact form, Eqgn. (4-26) can be given as [36],

e = Ae + Bu,
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where

~_[A O 5 _[B [ Xe _»
a=|", 0]' B_[O] , e—[fe], ue = —Re  (4-28)
K = [K,_kl]
The error equation of states can be obtained by substituting u, = —Ke into Eqgn.
(4-27).
é = (A-BK)e (4-29)

The desired closed loop poles of the 4 — BK matrix is specified during the design of
the State Feedback (SF) controller in this study. K and k; are determined by means

of pole placement technique.

Note that if the matrix [—AC lg] has rank (n+1), then the system defined by Eqn.
(4-29) is completely controllable [36].
In this section, nonlinear and linear equations of longitudinal missile dynamics were

derived using 6 DOF motion equations. The brief information about state feedback

control were given for completeness.

In the next section, numerical results about SINDY-SAIC algorithm will be presented
as prediction comparison. Then, the comparison of the control methods (MPC, NMPC

and SF) will be given.
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CHAPTER 5

NUMERICAL RESULTS

In this chapter, the results obtained from SINDY-SAIC algorithm will be presented in
Prediction Comparison section. Then, the control performance results of the MPC,
NMPC and SF controllers will be presented using discovered linear and nonlinear

models.

5.1. Prediction Comparison

The prediction performance of SINDY algorithm for the interested dynamical system

is presented in this section.
The dynamical systems whose prediction performances are presented is as follows,

1. Longitudinal Linear Missile Dynamics

2. Longitudinal Highly non-linear Missile Dynamics

5.1.1. Linear Missile Dynamics - Longitudinal

The continuous formulation of linear longitudinal missile dynamic derived earlier is

given in Egn. (5-1)

@ =Zya+Zs5,0,+(Z;+1)q

1
§ = Mya + M558, + Myq (5-1)

where

Zo =-04382 Zs, =-0.0243 Z,; = —-0.4608
My, = —122.5085 M;s, = 102.7949 M, = —1.0823
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After substituting [x4, x, ] = [a, q] and coefficients, the dynamical equation becomes

%, = —0.4382x; + 0.5392x, — 0.0243u

X%, = —122.5085x, — 1.0823x, + 102.7949u (5-2)

The data generation procedure is performed as follows:

1. Dynamics are discretized using the Runge Kutta 4™ Order method with time
step Ts= 0.0025s.
2. Using discretized dynamics, a trajectory data lasting 400 seconds is generated.
3. The initial condition is selected as [5 deg, -30 deg/s],
4. The control input u is generated using
u = [0.5sin(5t)sin(0.5¢t) + 0.1] 3 ,rad

The control input u and the generated measurements angle of attack and pitch rate are

given in Figure 5.1, Figure 5.2 and Figure 5.3 respectively for first 50 seconds.

control input (deg)

4 I | I I I
0 5 10 15 20 25 30 35 40 45 50

t (sec)

Figure 5.1. Control Input (u)
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angle of attack (deg)
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Figure 5.2. Angle of Attack (x1)
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Figure 5.3. Pitch Rate (x2)

For the linear missile model discovery, 2 cases are studied.

1. Clean State (x) - Clean Derivate (x) Case

2. Noisy State (x) - Derivative (x) Calculated from Noisy States Measurements



5.1.1.1. Clean State (x) - Clean Derivative (dx) Case

In this case, it is assumed that states are measured without noise and derivatives are

measured directly or calculated from clean state measurements perfectly.

Polynomial orders up to 2 is used to construct the library functions. Number of terms
in the discovered model is restricted between 1 to 7. All the models that SINDY
generated are given in Table 5.1. According to the AIC scores of these models, the
model with the minimum AIC score is selected. As can be seen in Figure 5.4, the
minimum AIC scores is obtained for the models with 3 number of terms both for x,

and x, equations.

Table 5.1. Candidate models that SINDY generates.

True Number of Terms in the Discovered Model
model 1 2 3 a4 | s 6 7
X1
X1 -0.4382 0 -0.45104 -0.4382 -0.4382 -0.4382 -0.4382 -0.4382
Xo 0.5392 0.535881 | 0.538839 0.5392 0.5392 0.5392 0.5392 0.5392
u -0.0243 0 0 -0.0243 -0.0243 -0.0243 -0.0243 -0.0243
x12 0 0 0 0 0 0 -7E-07 -1.6E-06
X1X; 0 0 0 0 0 0 0 -1.5E-07
xiu 0 0 0 0 0 -3.5E-07 1.45E-06 | 4.83E-06
x> 0 0 0 0 0 0 0 0
XU 0 0 0 0 0 0 0 0
u? 0 0 0 0 -7.2E-07 -4.3E-07 -9.1E-07 -2.4E-06
x2
X1 -122.5085 -67.802 -119.873 -122.5085 -122.508 -122.508 -122.508 -122.508
X -1.0823 0 0 -1.0823 -1.0823 -1.0823 -1.0823 -1.0823
u 102.7949 0 96.26163 | 102.7949 | 102.7949 | 102.7949 | 102.7949 | 102.7949
x1? 0 0 0 0 6.9E-06 1.57E-05 | 1.79E-05 | 1.79E-05
X1X; 0 0 0 0 0 0 0 0
xiu 0 0 0 0 0 -2.4E-05 -2.4E-05 -2.4E-05
xzz 0 0 0 0 0 0 -5.2E-08 -5.2E-08
XU 0 0 0 0 0 0 0 0
u? 0 0 0 0 0 0 0 1.46E-07
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Figure 5.4. AIC scores of the candidate models (the figure on the right is zoomed for better

readability)

True model and the selected model parameters are highlighted in Table 5.1. As can
be seen all model parameters are discovered with minor error using SINDY. The
results of the true and the discovered models are shown in Figure 5.5 for training data.
The lines in Figure 5.5 almost completely overlap, as the discovered model parameters

match the true model parameters with great precision.

1
0 5 10 15 20 25
true model

discovered model

angle of attack (deg)

pitch rate (deg/s)

t (sec)

Figure 5.5. Prediction over training data of SINDY vs true model for clean measurements
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The discovered model should be tested as well for data that the model never seen
before. Therefore, the prediction performance of SINDY is given in Figure 5.6 for test
data. To generate test data, new set of inputs is used and given in Figure 5.7. It is seen

that the model is highly accurate for the test data as well.

N
o
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o
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angle of attack (deg)
O‘ o

| 1 | 1 1 |
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true model
discovered model

200 —

pitch rate (deg/s)

I=3
1S3

200 L ! L ! L ! L !
0 5 10 15 20 25 30 35 40 45 50
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Figure 5.6. Prediction over test data of SINDY for clean measurements of states

control input (deg)

-10 | I | I | |
0 10 20 30 40 50 60 70 80 90 100

t (sec)

Figure 5.7. Control Input u for the Test Data
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Table 5.2. RMSE values for training and test data (clean measurements)

Root Mean Squared Error
(RMSE)
X1 X2
Training Data 0.00053 0.0076
Test Data 0.00048 0.0072

5.1.1.2. Noisy State (x) - Derivative (dx) Calculated from Noisy Data

In this case, Gaussian noise is added to state measurements and derivatives are

calculated with noisy measurements using special technique called sliding window

approach. Noisy and clean measurements are given in Figure 5.8.

angle of attack (deg)

_x1-w/noise

X,-wo/noise

pitch rate (deg/s)
o

t (sec)

20

e X ,-W/N0OISE

X,-wo/noise

t (sec)

Figure 5.8. State measurements with and without noise

Noise level is calculated as the ratio of L? norm of the noise to that of the clean data

and given in Eqgn. (5-3).
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”xnoisy - xclean”

noiselevel(%) = 2x100 (5-3)

”xclean ”2

Two noise levels (moderate and high) are used and given in Table 5.3.

Table 5.3. Noise levels for Linear Missile Dynamics

Noise Level (%) of | Noise Level (%) of
X1 X2
Clean 0 0
Moderate 6.0 7.7
High 18.1 23.0

Polynomial orders up to 3 is used to construct the library functions. Number of terms
in the discovered model is restricted between 1 to 7. All the models that SINDY

generated are given in Table 5.4.
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Table 5.4. Candidate models that SINDY generates (moderate noise level)

Number of Terms in the Discovered Model

True
Model 1 2 3 4 5 6 7
Xy
X, -0.4382 0 -0.4413 | -0.43828 | -0.43999 | -0.45161 | -0.45144 | -0.45621
Xy 0.5392 | 0.532667 | 0.5356 | 0.535711 | 0.535669 | 0.536512 | 0.536491 | 0.53633
u -0.0243 0 0 0 0 0 0 0
x> 0 0 0 0 0 0 0 0
X1X2 0 0 0 0 0 0 0 0
XU 0 0 0 0 0 0 0 0
X, 0 0 0 0 0 0 0 0
XU 0 0 0 0 0 0 0 -0.13134
u? 0 0 0 0 0 0 0 0
x3 0 0 0 0 0 0 0 0
x12%x, 0 0 0 0 0 0 0 0
x1%u 0 0 0 0 0 0 0 0
X1%52 0 0 0 0 0 0 0 0
X1 XU 0 0 0 0 0 -0.85899 | -0.81243 | -1.40003
xqu? 0 0 0 0 0.767156 | 9.595147 | 9.359713 | 15.15915
x° 0 0 0 0 0 0 0 0
x%u 0 0 0 0 0 0 0 0
X u? 0 0 0 0 0 0 -0.03851 | 1.064786
u? 0 0 0 -0.35735 | -0.77426 | -3.36561 | -3.1842 | -6.5649
X,
X1 -122.5085 | -67.5105 | -119.062 | -121.647 | -121.172 | -121.085 | -120.065 | -120.062
Xy -1.0823 0 0 -1.06267 | -1.06291 | -1.06275 | -1.06738 | -1.07369
u 102.7949 0 95.55336 | 101.9802 | 99.95954 | 99.60682 | 96.70618 | 96.73651
x.2 0 0 0 0 0 0 -8.1123 | -11.6288
X1X3 0 0 0 0 0 0 0 0
xu 0 0 0 0 0 0 0 13.93773
x,2 0 0 0 0 0 0 0 0
XU 0 0 0 0 0 0 0 0
u? 0 0 0 0 11.65835 | 20.97148 | 65.26909 | 54.83435
xq3 0 0 0 0 0 0 0 0
x12%x, 0 0 0 0 0 0 0 0
x1%u 0 0 0 0 0 0 0 0
X1X52% 0 0 0 0 0 0 0 0
X1 XU 0 0 0 0 0 0 0 0
xqu? 0 0 0 0 0 0 0 0
x5 0 0 0 0 0 0 0 0
x%u 0 0 0 0 0 0 0 0
xu? 0 0 0 0 0 0 0 0
u? 0 0 0 0 0 -43.6794 | -197.461 | -178.765
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According to the AIC scores of these models, the model with the minimum AIC score
is selected. As can be seen in Figure 5.9, the minimum AIC scores is obtained for the

models with 2 number of terms both for x; and 3 number of terms for x, equations.

180 25
160 [\
140 | 207
120
o L 15¢
8 100 8
(7] /5]
Q sof Q
< < 107
60 f
40 sl
20 b
0 0 & & . ; : /
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Figure 5.9. AIC scores of the candidate models (the figure on the right is zoomed for better

readability)

The selected model and the true model parameters are highlighted in Table 5.4. There
is only one major difference between discovered and the true model. It is seen that
SINDY could not find the coefficient of the term “u” which exists in the true model

in x; equation.

If the discovered model for x, equation having same number of terms with true model
is analyzed, it is seen that additional discovered term (u3) does not exist in the true
model. Note that true model has "u" term as a third active parameter. Therefore, the
algorithm selected the sparse solution that is having two terms even though it was
missing one parameter. When the output of the discovered model is compared with
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the true model (see Figure 5.10), it is understood that the effect of missing term is not

very significant. The prediction performance for training set is given in Figure 5.10.
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Figure 5.10. Prediction over training data of SINDY vs true model for noisy measurements of states
and calculated derivatives

On the other hand, the best way to see if there is really a significant difference between
the true model and the prediction model is to compare the results of the test data. The
prediction performance of SINDY is given in Figure 5.11. It is seen that the model is

highly accurate for the test data as well. The input used for test data is given in Figure

5.7
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Figure 5.11. Prediction over test data of SINDY vs true model for noisy measurements of states

Note that SINDY captures the dynamics accurately in both clean and noisy
measurements for linear missile dynamics. It is observed that differentiation using
sliding window approach significantly increases the robustness of SINDY to noisy
data. The RMSE values is given in Table 5.5. Compared to clean data case, the RSME
values increased approximately 3 times for training data and 4 times for test data,

however still the performance of the identified model is very satisfactory for

prediction.

Table 5.5. RMSE values for training and test data (moderate noise)

Root Mean Squared Error
(RMSE)
X1 X2
Training Data 0.0016 0.0251
Test Data 0.0021 0.0324
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Next, noise level has increased to high noise level to examine the system’s

performance more clearly under different noise levels. The measurements which is

clean and having moderate and high level of noise is given in Figure 5.12.
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150
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Figure 5.12. State measurements with different noise levels

Table 5.6. True and discovered model for high level of noise

True Model | Discovered Model

X4

X1 -0.4382 -0.4719

X, 0.5392 0.5085

u -0.0243 0

x1%u 0 7.9094

X,

x; | -122.5085 -114.4319

Xy -1.0823 -0.9413

u 102.7949 94.8600
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The discovered model using SINDY under high level of noise is given in Table 5.6.
The parameters having zero coefficient are not displayed. The prediction result on
test data is shown in Figure 5.14. It is seen that SINDY is able to capture important
dynamics of the system even under high level of noise. In addition, prediction
performance on training and test set is acceptable especially for short term predictions
(Figure 5.13 and Figure 5.14). Therefore, the discovered model is tried to be used for

MPC that requires short term predictions.
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Figure 5.13. Prediction over training data of SINDY vs true model for high level of noise
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Figure 5.14. Prediction over test data of SINDY vs true model for high level of noise

The RSME values are given in Table 5.7. Note that the RMSE increased 6-7 times

that of moderate level of noise.

Table 5.7. RSME values for high level of noise

Root Mean Squared Error
(RMSE)
X1 X2
Training Data 0.0113 0.1785
Test Data 0.0208 0.3110
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5.1.2. Highly Nonlinear Missile Dynamics — Longitudinal

The continuous formulation of nonlinear longitudinal missile dynamic derived earlier

is given in Egns. (5-4) and (5-5).

d@=Zga+Zs,0,+(Zy+1)q+2Zp,a* +Zp,a + Zg,5,a°6, (5.4)

+ Zgq,q0°
q = Mo + Ms,8, + Moq + M,,a® + M, a® + Mg, q8.° (5-5)
where

Z, = —0.4382 Zs, = —0.0243 Z, = —0.4608

Zy, =—0.2 Zy, =45 Zg,5, = 25.0

Zga, = —1.2 M, = —122.5085 Ms, = 102.7949
M, = —1.0823 M,, = —120 M,, = -30

Mygs,, = 20.0

After substituting [x4, x, ] = [a, q] and coefficients, the dynamical equation becomes

%, = —0.4382x; + 0.5392x, — 0.0243u — 0.2x,% — 1.2x,2x,
+ 4.5x,% + 100x,%u
(5-6)
%, = —122.5085x, + 1.0823x, + 102.7949u — 120x,>
— 30x,3 + 20x,u?

The data generation procedure is performed as follows:

1. Dynamics are discretized using the Runge Kutta 4™ Order method with time
step Ts=0.0025s.
2. Using discretized dynamics, a trajectory data lasting 400 seconds is generated.
3. The initial condition is selected as [5 deg, -30 deg/s],
4. The control input u is generated using
u = [0.5sin(5t)sin(0.5t) + 0.1] 3, rad
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The control input u and the generated measurements angle of attack and pitch rate are

given in Figure 5.15, Figure 5.16 and Figure 5.17 respectively for first 50 seconds.
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Figure 5.15. Control Input (u)
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Figure 5.16. Angle of Attack (x1)
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Figure 5.17. Pitch Rate (x2)

For the non-linear missile model, 2 cases are studied which are:

1. Clean State (x) - Clean Derivate (x) Case

2. Noisy State (x) - Derivative (x) Calculated from Noisy States Measurements

5.1.2.1. Clean State (x) - Clean Derivative (dx) Case

In this case, it is assumed that states are measured without noise and derivatives are
measured directly or calculated from clean state measurements perfectly.

Polynomial orders up to 3 is used to construct the library functions. Number of terms
in the discovered model is restricted between 1 to 10. All the models that SINDY
generated are given in Table 5.8 and Table 5.9. According to the AIC scores of these
models, the model with the minimum AIC score is selected. As can be seen in Figure
5.18, the minimum AIC scores is obtained for the models containing 6 number of

terms for both x; and x, equations.
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Table 5.8. Candidate models that SINDY generates for x,; (clean data)

Number of Terms in the Discovered Model
True
Model 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘ 10
X
Xy -0.4382 0 0 03134 | -03520 | -04583 | 04495 | 04382 | -04382 | -0.4382 | -0.4382
x2 0.5392 | 05177 | 0.5253 0.5240 0.5407 0.5392 0.5392 0.5392 | 05392 | 05392 | 0.5392
u -0.0243 0 0 0 0 0 0 0.0243 | -0.0243 | -0.0243 | -0.0243
Xy 0.2 0 0 0 0 0 -0.190 -0.200 -0.200 -0.200 -0.200
XX 0 0 0 0 0 0 0 0 0 0 0
xqu 0 0 0 0 0 0 0 0 0 0 1.7E-06
X2 0 0 0 0 0 0 0 0 0 0 0
xpu 0 0 0 0 0 0 0 0 0 0 0
u? 0 0 0 0 0 0 0 0 0 -1.5E-06 | -1.8E-06
x,® 45 0 0 0 0 5.888 4927 4.500 45000 | 4.5000 | 4.5000
x1%%x5 -1.2 0 0 0 -1.384 -1.183 -1.197 -1.200 | -1.2000 | -1.2000 | -1.2000
x,*u 100 0 88.15 107.0 103.7 96.79 98.77 100.0 100.0 99.99 99.99
x1x3° 0 0 0 0 0 0 0 0 0 0 0
xqxu 0 0 0 0 0 0 0 0 0 0 0
xqu? 0 0 0 0 0 0 0 0 2.7E-05 | 3.9E-05 | 3.6E-05
x53 0 0 0 0 0 0 0 0 0 0 0
x2°u 0 0 0 0 0 0 0 0 0 0 0
xzu? 0 0 0 0 0 0 0 0 0 0 0
u’ 0 0 0 0 0 0 0 0 0 0 0
Table 5.9. Candidate models that SINDY generates for x, (Clean data)
Number of Terms in the Discovered Model
True
Model 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 6 7 ‘ 8 ‘ 9 ‘ 10
Xz
X -122.5085 | -783 | -116.1 1215 -123.6 -123.5 -122.5 1225 -122.5 -122.5 -122.5
X -1.0823 0 0 0 -1.032 -1.078 -1.082 -1.082 -1.082 -1.082 -1.082
u 102.7949 0 90.92 101.71 103.41 103.05 102.79 102.79 102.79 102.79 102.79
x,? -120 0 0 -115.9 -118.05 -118.87 -120.00 -120.00 | -120.00 | -120.00 | -120.00
X%y 0 0 0 0 0 0 0 0 0 0 0
xXju 0 0 0 0 0 0 0 0 0 0 0
x;° 0 0 0 0 0 0 0 0 -4.56-08 | -4.3E-08 | -4.3E-08
XU 0 0 0 0 0 0 0 0 0 0 0
u? 0 0 0 0 0 0 0 0 0 0 0
x,? -30 0 0 0 0 0 -30.00 -30.00 -30.000 | -30.00 | -30.000
x1%x3 0 0 0 0 0 0 0 0 0 0 0
x2u 0 0 0 0 0 0 0 0 0 0 0
xpx5°2 0 0 0 0 0 0 0 0 0 0 0
x1%2U 0 0 0 0 0 0 0 0 0 -1.4E-05 | -1.4E-05
xyu? 0 0 0 0 0 0 0 -0.0002 | -0.0002 | -0.0002 | -0.0002
x3 0 0 0 0 0 0 0 0 0 0 0
x3%u 0 0 0 0 0 0 0 0 0 0 0
xu? 20 0 0 0 0 19.92 20.00 20.00 20.000 | 20.000 20.000
u’ 0 0 0 0 0 0 0 0 0 0 4.1E-05

It is obvious that for x; equation, model having 7 number of terms instead of 6 would

be a better choice (see Table 5.8). However, missing term has little effect on system
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performance as can be seen in the top of the Figure 5.19. The algorithm selected most

sparse solution among the models having nearly same error magnitudes as expected.

For x, equation, model having 6 number of terms which is same as the true model is

selected. The discovered and the true model parameters are almost identical with the

minor differences.

Finally, true model and the selected model parameters is highlighted in Table 5.8 and

Table 5.9. As can be seen all model parameters are discovered with minor error using

SINDY.
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Figure 5.18. AIC scores of the candidate models (the figure on the right is zoomed for better

readability)

The results of the true and the discovered models are shown in Figure 5.19 for training

data. The lines almost completely overlap, as the discovered model parameters match

the true model parameters with great precision.
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Figure 5.19. Prediction over training data of SINDY vs true model for clean measurements of states
and derivatives

The discovered model should be tested as well for data that the model never seen
before. Therefore, the prediction performance of SINDY is given in Figure 5.20 for
test data. To generate test data, new set of inputs is used and given in Figure 5.7. It is

seen that the model is highly accurate for the test data as expected.
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Figure 5.20. Prediction over test data of SINDY for clean measurements of states
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Figure 5.21. Control Input u for the Test Data

Table 5.10. RMSE values for training and test data

Root Mean Squared Error
(RMSE)
X1 X2
Training Data 0.00058 0.00852
Test Data 0.00123 0.01880

5.1.2.2. Noisy State (x) - Derivative (dx) Calculated from Noisy Data

In this case, gaussian noise is added to state measurements and derivatives are
calculated with noisy measurements using special technique called sliding window

approach. Noisy and clean measurements are given in Figure 5.22.
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Figure 5.22. State measurements with and without noise

Two noise levels (moderate and high) are used and given in Table 5.11.

Table 5.11. Noise levels for Non-Linear Missile Dynamics

Noise Level (%) of | Noise Level (%) of
X1 X2
Clean 0 0
Moderate 5.2 6.0
High 12.9 15.0

Polynomial orders up to 3 is used to construct the library functions. Number of terms
in the discovered model is restricted between 1 to 10. All the models that SINDY
generated are given in Table 5.12 and Table 5.13.
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Table 5.12. Candidate models that SINDY generates for x; (moderate noise level)

Number of Terms in the Discovered Model
True
Model 1 ‘ 2 ‘ 3 ‘ 4 5 6 7 ‘ 8 ‘ 9 ‘ 10
X
x) -0.4382 0 0 -0.3033 -0.3411 04454 | -0.4454 | -0.4462 | 0.4447 | -0.4334 | -0.4230
x 0.5392 | 0.5157 | 0.5232 0.5220 0.5382 0.5368 0.5368 0.5367 0.5340 0.5340 0.5341
u -0.0243 0 0 0 0 0 0 0 0 0 -0.0295
X2 -0.2 0 0 0 0 0 ] 0 01998 | -0.2022
X1X2 0 0 0 0 0 0 0 0 0 0 0
xgu 0 0 0 0 0 0 ] 0 0 ] 0
x3° 0 0 0 0 0 0 0 0 0 0 0
xu 0 0 0 0 0 0 ] 0 0 ] 0
u? 0 0 0 0 0 0 0 0 0 0 0
%3 4.5 0 0 0 0 5.7781 5.7728 6.0656 6.3389 5.1764 4.8038
x12x5 -1.2 0 0 0 -1.3472 -1.1508 | -1.1508 | -1.1564 | -1.1459 | -1.1600 | -1.1615
x1%u 100 0 87.7066 | 105.9054 | 102.7670 | 95.9496 | 95.9749 | 93.7895 | 91.6935 | 94.2458 | 95.9758
x1x5°% 0 0 0 0 0 0 0 0 0 0 0
X1xou 0 0 0 0 0 0 0 0 0
xqu 0 0 0 0 0 0 -0.0215 3.5795 6.4831 6.7106 4.6737
x2° 0 0 0 0 0 0 ] 0 0.0004 0.0004 0.0004
xo%u 0 0 0 0 0 0 0 0 0 0 0
xqu? 0 0 0 0 0 0 0 0 0 0 0
u? 0 0 0 0 0 0 0 -1.3513 | -2.2116 | -2.6989 | -1.3475
Table 5.13. Candidate models that SINDY generates for X, (moderate noise level)
Number of Terms in the Discovered Model
True
Model 1 ‘ 2 ‘ 3 ‘ 4 5 6 7 ‘ 8 ‘ 9 ‘ 10
Xo
X, -122.5085 | -78.1146 | -115.6062 | -120.8325 | -122.9857 | -122.9884 | -121.4774 | -121.1278 | -120.9452 | -120.9481 | -120.8499
Xz -1.0823 0 0 0 -1.0204 -1.0666 -1.0730 -1.0741 | -1.0773 | -1.0772 | -1.0761
u 102.7949 0 00.5177 | 101.2121 | 102.9230 | 1025359 | 102.1638 | 100.4928 | 99.5841 | 99.5480 | 93.9839
x,% -120 0 0 -115.0204 | -117.1365 | -117.9593 | -119.5889 | -120.2380 | -121.3184 | -121.6700 | -119.7359
XX 0 0 0 0 0 0 0 0 0 0 0
xu 0 0 0 0 0 0 0 0 0 0 -13.3255
x4° 0 0 0 0 0 0 0 0 0 0 0
XU 0 0 0 0 0 0 0 0 0 0 0
u? 0 0 0 0 0 0 0 10.3742 | 29.2113 | 28.9525 | 44.5411
x,°3 -30 0 0 0 0 0 -43.5719 | -44.5802 | -44.6968 | -47.7719 | -50.0045
x, 2%, 0 0 0 0 0 0 0 0 0 0 0
x°u 0 0 0 0 0 0 0 0 0 0 0
Xy %% 0 0 0 0 0 0 0 0 0 0 0
Xy XU 0 0 0 0 0 0 0 0 0 0 0
xu? 0 0 0 0 0 0 0 0 0 40.2827 | 110.2658
x53 0 0 0 0 0 0 0 0 0 0 0
x°U 0 0 0 0 0 0 0 0 0 0 0
xpu? 20 0 0 0 0 20.0004 | 20.1120 | 19.1744 | 19.7179 | 19.0022 | 18.9180
u? 0 0 0 0 0 0 0 0 -78.3029 | -95.7587 | -166.547

Based on the AIC scores of these models, the model having minimum AIC score is
selected. As can be seen in Figure 5.23, the minimum AIC scores is obtained for the

models with 5 number of terms both for x; and x, equations.
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Figure 5.23. AIC scores of the candidate models (the figure on the right is zoomed for better
readability)

The selected model and the true model parameters are highlighted in Table 5.12. There
are three differences between discovered and the true model. It is seen that SINDY
could not find the coefficient of the term u and x# for the x; equation and could not
found a coefficient belonging to the term x3 for %, equation. However, when the
output of the discovered model is compared with the true model (see Figure 5.10), it
is understood that the effect of these terms is not very significant. The prediction

performance for training set is given in Figure 5.24.
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Figure 5.24. Prediction over training data of SINDY vs true model for noisy measurements of states

and calculated derivatives

On the other hand, the best way to see if there is really a significant difference between

the true model and the prediction model is to compare the results of the test data. The

prediction performance of SINDY is given in Figure 5.25. It is seen that the model is

highly accurate for the test data as well. The input used for test data is given in Figure

5.21.
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Figure 5.25. Prediction over test data of SINDY vs true model for noisy measurements of states
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As can be seen SINDY captures the dynamics accurately in both clean and noisy
measurements for non-linear missile dynamics. It is observed that differentiation using
sliding window approach significantly increases the robustness of SINDY to noisy
data. The RMSE values are given in Table 5.14. Compared to clean data case, the
RSME values increased approximately 6 times for training and test data, however still

the performance of the identified model is very satisfactory for long term predictions.

Table 5.14. RMSE values for training and test data (moderate noise level)

Root Mean Squared Error
(RMSE)
X1 X2
Training Data 0.0042 0.0650
Test Data 0.0168 0.2562

The level of noise is increased from moderate to high to test SINDY algorithm under

different noise levels for non-linear systems.

Table 5.15. True and discovered model for high level of noise

True Model | Discovered Model
X
X1 -0.4382 -0.3981
X, 0.5392 0.5085
u -0.0243 0
x12 -0.2 0
x,3 4.5 5.4889
x1%x, -1.2 -0.9221
x1%u 100 91.9266
X
X1 -122.5085 -119.7355
P -1.0823 -0.9822
u 102.7949 99.3816
x12 -120 110.1007
x.3 -30 0
x,u? 20 0
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The discovered model using SINDY under high level of noise is given in Table 5.15.
The parameters having zero coefficient are not displayed. SINDY capture the 9 terms
out of 13 successfully with at most 10% error. The prediction result on training and
test data are shown in Figure 5.26 and Figure 5.27. It is seen that SINDY can capture
important dynamics of the system even under high level of noise. Prediction
performance on test set is acceptable especially for short term predictions (Figure
5.27). Therefore, the discovered model is tried to be used for MPC that requires short

term predictions.
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Figure 5.26. Prediction over training data of SINDY vs true model for high level of noise
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Figure 5.27. Prediction over test data of SINDY vs true model for high level of noise

The RSME values are given in Table 5.16. Note that the RMSE increased 4-5 times

that of moderate level of noise.

Table 5.16. RSME values for high level of noise

Root Mean Squared Error
(RMSE)
X1 Xy
Training Data 0.0298 0.4816
Test Data 0.0386 0.6220

5.1.3. Comparison of SINDY-SAIC with Sequential Threshold Least Square

SINDY (SINDY-T) Algorithm

Finally, prediction performance of the proposed SINDY-SAIC algorithm is compared

with the commonly used SINDY-T algorithm in [18] for moderate noise level. The

comparison will be in terms of RMSE values and the execution time of the algorithms.
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The discovered model parameters of both methods and their percent error in model
parameters are given in Table 5.17 and Table 5.18 for x; and x, equations
respectively. It is seen that both methods successfully discovered the important
dynamics. However, for the examined dynamical system, SINDY - SAIC has slightly
lover percent error in some of the coefficients for x, equation. Furthermore, SINDY -
SAIC captures the dynamics related to x,u? term successfully whereas SINDY-T does

not.

Table 5.17. Comparison of SINDY methods for x;

Xq % Error in the Parameters
True Model SINDY-SAIC SINDY-T SINDY-SAIC SINDY-T
X4 -0.4382 -0.4454 -0.4454 1.64 1.65
X, 0.5392 0.5368 0.5368 0.45 0.45
u -0.0243 0 0 100.00 100.00
X2 -0.2000 0 0 100.00 100.00
X1X3 0 0 0
xX{u 0 0 0
X2 0 0 0
u? 0 0 0
x,3 4.5000 5.7781 5.7781 28.40 28.40
x1%x, -1.2000 -1.1508 -1.1508 4.10 4.10
x%u 100.0000 95.9496 95.9496 4.05 4.05
X1X5> 0 0 0
X1XU 0 0 0
x u? 0 0 0
x,°3 0 0 0
x%u 0 0 0
x,u? 0 0 0
ud 0 0 0
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Table 5.18. Comparison of SINDY methods for X,

Xq % Error in the Parameters
True Model SINDY-SAIC SINDY-T SINDY-SAIC SINDY-T
X1 -122.5081 -122.9884 -122.9857 0.39 0.39
X -1.0823 -1.0666 -1.0204 1.45 5.72
u 102.7944 102.5359 102.9230 0.25 0.13
x> -120.0000 -117.9593 -117.1365 1.70 2.39
X1Xo 0 0 0
X u 0 0 0
X% 0 0 0
XU 0 0 0
u? 0 0 0
x.3 -30.0000 0 0
xX1%x, 0 0 0
x%u 0 0 0
X1x,°% 0 0 0
X1XU 0 0 0
xu? 0 0 0
x,3 0 0 0
x%u 0 0 0
xu? 20.0000 20.0004 0 0.00 100.00
u? 0 0 0

The RMSE values of both algorithms are given in Table 5.19. It is seen that SINDY -
SAIC algorithm has lover RSME values than the SINDY-T algorithm. This result is

consistent with that the later one captured one less term than the former.

Table 5.19. RSME values of SINDY methods

Root Mean Squared Error

(RMSE)
X1 X,
SINDY-SAIC | SINDY-T SINDY-SAIC | SINDY-T
Training Data | 0.0042 0.0048 0.0650 0.0735
Test Data 0.0168 0.0371 0.2565 0. 4807

The time of execution for methods are measured and observed that SINDY-SAIC
converges 5.6 faster than the SINDY-T. SINDY-SAIC algorithm produces a much
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smaller number of candidate models and hence execution time is much shorter. In this
example, SINDY-SAIC algorithm generated 10 candidate models, while the SINDY -
T algorithm generated 56 candidate models. All the time difference come from the

number of candidate models generated by methods.

5.2. Control Performance Comparison

In this section control performances of the discovered models and the different kind

of controller are to be analyzed. The cases studied are given as follows.

1. Linear Missile Model Control (with clean and noisy measurement)
1. MPC
2. State Feedback (SF)
2. Non-Linear Missile Model (with clean and noisy measurement)
1. Non-linear MPC
2. State Feedback (SF)
3. MPC

The performances are to be compared in terms of The Tracking Error (TE), Control
Expenditure (CE) and Control Rate Expenditure (CRE) and the definitions are given
in Eqgn. (5-7).

Tsettling
Tracking Error := f |(a - aref)|
0

Tsettling

Control Expanditure := f )

: (57)

Tsettiing .

Control Rate Expanditure := J |6|
0
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5.2.1. Control Performance Comparison for Linear Missile Model

In this section, discovered model is used to control the linear missile model using MPC
and state feedback (SF) control methods. In MPC discovered model is used for
prediction whereas in state feedback control it is used during the pole placement
procedure. Both control methods are compared for clean and noisy measurements. The
true model and the previously discovered models for clean and noisy measurements

are given in Table 5.20.

Table 5.20. Discovered models using SINDY

True model Model-1 Model-2 Model-3
(Clean Measurement) (Moderate Noise) (High Noise)
Xy
Xq -0.4382 -0.4382 -0.4413 -0.4719
Xo 0.5392 0.5392 0.5355 0.5085
u -0.0243 -0.0243 0 0
Xz
X1 -122.5085 -122.5085 -121.6470 -114.4319
Xy -1.0823 -1.0823 -1.0627 -0.9413
u 102.7949 102.7949 101.9802 94.8600

MPC and State Feedback (SF) design parameters are given in Table 5.21 and Table
5.22 respectively.

Table 5.21. MPC design parameters for linear system

MPC Design Parameters Values
Sample Time (Ts) 0.025
Prediction Horizon (Hp) 35
Control Horizon (Hm) 4
Output Weight (Q)
Input Rate Weight (R) 2.5
Input Constraints [-15, 15] deg
Input Rate Constraints [-250, 250] deg/s
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Table 5.22. SF design parameters

SF Design Parameters Values
Sample Time
) 0.0025
Desired CL Damping Ratio 0.55
©) '
Desired CL N(z)tu)ral Frequency 1.3 X (wp0f open loop)
n

It is better to analyze the open loop response of the real system before starting control
system design. The open loop response for zero initial condition and step input is given
in Figure 5.28(a) whereas free response for x, = [5 15] is given in Figure 5.28(b).
The damping ratio and the natural frequency of the open loop system is 0.09 and 8.2
rad/s respectively. It can be observed that open loop system has very low damping
ratio. Also noted that, for x, = [5 15] the system exhibits rapid movement toward
zero which may degrade the performance of the controller for specific cases especially
for State Feedback.

(a %.=[0 0] & u=1 deg/s
0
b 1
Y
D 1 | 1 1 L | 1 J
0 1 2 3 4 5 B 7 8
t(sec)
5
_ (b) X,=[5 15] & u=0
=TH -
T 0
-5 1 | 1 1 1 | 1 |
0 1 2 3 4 5 B 7 B
t(sec)

Figure 5.28. Open loop response for x, = [0 0] and x, = [5 15]
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5.2.1.1. Control of Linear Missile Model Discovered from Clean Data

The model discovered from clean measurements (Model-1 in Table 5.20) is used for
the design of controllers. The results of MPC and SF for initial condition x, = [0 0]
are given in Figure 5.29 through Figure 5.32. Both controllers are tuned to be close to

each other in zero initial condition in terms of tracking performance for better

comparison.
12
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——MPC
"0 ——SF
S
3
Al
oL
0 | 1 | | | | | 1 | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
t (sec)
Figure 5.29. Angle of attack results for x, = [0 0]
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Figure 5.30. Pitch rate results for x, = [0 0]
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Figure 5.31. Delta results for x, = [0 0]
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Figure 5.32. Delta dot results for x, = [0 0]

For zero initial condition case, it is seen that MPC and SF controllers exhibits almost

the same performance. The only difference is that MPC requires slightly less & than

SF controller especially at the beginning of the simulation.
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The results of MPC and SF for initial condition x, = [15 5] are given in Figure 5.33

through Figure 5.36.

- = =Ref
——MPC
——SF

I
1 1.2 1.4

t (sec)

2
0 0.2 0.4 0.6 0.8

Figure 5.33. Angle of attack results for x, = [5 15]
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Figure 5.34. Angle of attack results for x, = [5 15]
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Figure 5.35. Angle of attack results for x, = [5 15]
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Figure 5.36. Angle of attack results for x, = [5 15]

For x, =[5 15]case, MPC outperforms SF in terms of tracking. Transient
characteristics such as rise time, maximum overshoot of MPC is better than SF. There

is also an undershoot behavior in the SF response initially which can be seen in the

open loop response given in Figure 5.28 (b).

78



When the SF controller tries to follow a setpoint value above 5 degrees, an undershoot
behavior occurs due to the system's tendency to return to zero. In addition, SF makes
sharp movement in control action and control rate is saturated which can be seen in
Figure 5.36.

Table 5.23. Performance Metrics of MPC and SF for Different ICs

sz[OO] Xg = 515]
MPC SF MPC SF
Tracking
Error 126.9 124.5 76.1 122.1
(TE, deg)
Control
Expenditure 907.9 918.3 948.7 935.8
(CE, deg)
Control Rate
Expenditure 798.6 938.9 730.6 2469.0
(CRE, deg/s)

Performance metrics are also calculated to compare the results numerically and given
in Table 5.23. MPC and SF performance metrics are nearly same for zero initial
condition case except control rate expenditure. SF has 17 % higher CRE than MPC.
For the second initial condition (x, = [5 15]), MPC has much better performance in
terms of TE and CRE whereas CE values are similar. MPC has 60 % lower tracking

error than SF controller.

To summarize the effect of initial conditions on the controller’s performance, MPC
appears to be more successful than SF, especially at nonzero initial conditions. This is
because the SF is designed at zero initial condition and MPC has a prediction model
which increases the robustness of MPC for different initial conditions. The fact that
MPC is better in terms of CRE in both cases is related to the presence of constraints
in MPC design.
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5.2.1.2. Control of Linear Missile Model Discovered from Noisy Data

The model discovered from measurements with high level noise (Model-3 in Table
5.20) is used for the design of controllers. The results of MPC and SF responses for

initial condition x, = [0 0] are given in Figure 5.37 through Figure 5.40.

10f === === ofo e a S
8 =
o - = =Ref
< 6k —MPC
S~—
S —SF
4 =
2 =
0 ! I ! ! ! ! I I ! |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t (sec)

Figure 5.37. Angle of attack results for x, = [0 0]

——MPC
——SF
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Figure 5.38. Pitch rate results for x, = [0 0]

80



10 ——MPC
——SF

0 I | | I I I | | | ]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t (sec)

Figure 5.39. Delta results for x, = [0 0]
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Figure 5.40. Delta dot results for x, = [0 0]

For zero initial condition case, it is seen that SF controllers exhibits better performance
in term of settling time and percent overshoot than MPC. It is due to model mismatch
between the real system and the model used for prediction in MPC for high level of
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noise case. MPC still has enough set point tracking and requires slightly less & than

SF controller especially at the beginning of the simulation.
The results of MPC and SF for initial condition x, = [15 5] are given in Figure 5.41

through Figure 5.44.

0 0.2 0.4 06 0.8 1
t (sec)

Figure 5.41. Angle of attack results for x, = [5 15]
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Figure 5.42. Angle of attack results for x, = [5 15]
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Figure 5.43. Angle of attack results for x, = [5 15]
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Figure 5.44. Angle of attack results for x, = [5 15]

For x, = [5 15] case, MPC outperforms SF in terms of rise time and undershoot
characteristic whereas SF controller has better settling time and overshoot behavior.
There is an undershoot behavior in the SF response initially which can be seen in the

open loop response given in Figure 5.28 (b).
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When the controller tries to follow a setpoint value above 5 degrees, an undershoot
behavior occurs due to the system's tendency to return to zero. In addition, SF makes
sharp movement in control action and control rate is saturated which can be seen in
Figure 5.44.

Table 5.24. Performance Metrics of MPC and SF for Different ICs

x0=[00] Xg = 515]
MPC SF MPC SF
Tracking
Error 146.2 127.0 93.93 125.3
(TE, deg)
Control
Expenditure 925.9 910.9 974.9 928.9
(CE, deg)
Control Rate
Expenditure 799.6 890.6 781.1 2435.0
(CRE, deg/s)

Performance metrics are also calculated to compare the results numerically and given
in Table 5.24. SF has lower TE about % 13 and higher CRE about 11 % than MPC in
zero initial case. For the second initial condition (x, = [5 15]), MPC has much better

performance in terms of TE and CRE whereas CE values are similar.

The tracking performance results of all noise and controller combinations studied for
linear system are summarized in Figure 5.45 and Figure 5.46. MPC appears to be more
successful than SF, especially at nonzero initial conditions. As stated before, this is
because the SF is designed at zero initial condition and MPC has a prediction model
which increases the robustness of MPC for different initial conditions. The fact that
MPC is better in terms of CRE in both cases is related to the presence of constraints

in MPC design. The main disadvantage of MPC is having much overshoot than SF.
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This results from the integral action added to MPC which is used to resolve the steady

state error in case of model uncertainties.
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Figure 5.45. Angle of attack results for x, = [0 0]
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Figure 5.46. Angle of attack results for x, = [5 15]
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5.2.2. Control Performance Comparison for Non-Linear Missile Model

In this section, 3 control methods that is non-linear MPC, linear MPC and State
Feedback will be compared. In all methods, nonlinear system model given by Eqn.
(5-6) is used as true system model. The description of the methods is as follows.

1. Non-liner MPC (NMPC)
True system is controlled by MPC using the non-linear system model
discovered by SINDY.

2. Linear MPC (MPC)
True system is controlled by the MPC using the linearized system model that

is obtained using non-linear SINDY model.

3. State Feedback (SF)
True system is controlled by the state feedback using the linearized system

model that is obtained using non-linear SINDY model.

With this comparison, the performance of MPC and SF in the control of a nonlinear
system will be examined. In addition, the performances of using linear and nonlinear
prediction models in MPC will be analyzed. The true model and the previously

discovered models for clean and noisy measurements are given in Table 5.25.
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Table 5.25. Discovered models using SINDY

Model-4 Model-5
Jggsl (Clean (Mod_erate (H'}g?]dﬁllt;?se)
Measurement) Noise)
X
X1 -0.4382 -0.4495 -0.4454 -0.3981
X 0.5392 0.5392 0.5368 0.5085
u -0.0243 0 0 0
x.% -0.2 -0.190 0 0
X1 4.5 4.927 5.7781 5.4889
x1%x, -1.2 -1.197 -1.1508 -0.9221
x1%u 100 98.77 95.9496 91.9266
x
X1 -122.5085 -122.5085 -122.9884 -119.7355
X -1.0823 -1.0823 -1.0666 -0.9822
u 102.7949 102.7949 102.5359 99.3816
x.% -120 -120.0000 -117.9593 110.1007
x.3 -30 -30.0000 0 0
xu? 20 20.0000 20.0004 0

MPC and State Feedback (SF) design parameters are given in Table 5.26 and Table

5.27 respectively.

Table 5.26. MPC design parameters for linear system

Parameters Values
Sample Time (Ts) 0.025
Prediction Horizon (Hp) 35
Control Horizon (Hm) 10
Output Weight (Q) 1.0
Input Rate Weight (R) 2.0
Input Constraints [-15, 15] deg
Input Rate Constraints [-250, 250] deg/s
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Table 5.27. SF design parameters

SF Design Parameters Values
Sample Time

(Ts) 0.0025

Desired CL Damping
Ratio 0.55
©)

Desired CL Natural

Frequency (w,,) 1.5 X (w,0f open loop)

5.2.2.1. Control of Non-Linear Missile Model Discovered from Clean Data

The Model-4 in Table 5.25 obtained using SINDY is used as a prediction model in
NPMC method whereas linearized version is used for MPC and SF design. The results
for initial condition x, = [0 0] are given in Figure 5.47 through Figure 5.50. Both

controllers are tuned to be close to each other in zero initial condition in terms of

tracking performance for better comparison.
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Figure 5.47. Angle of attack results for x, = [0 0]
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Figure 5.48. Pitch rate results for x, = [0 0]
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Figure 5.49. Delta results for x, = [0 0]
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Figure 5.50. Delta dot results for x, = [0 0]

For zero initial condition case, it is seen that NMPC is slightly better than SF in terms
a tracking. SF’s tracking response is satisfactory as well. On the other hand, MPC
exhibits some oscillations that die out shortly and has moderate set point tracking. The
comparisons in terms of control inputs do not give very distinctive information. The
only difference is that SF requires slightly more & than the others at the beginning of

the simulation.

The results for initial condition x, = [15 5] are given in Figure 5.51 through Figure

5.54.
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Figure 5.52. Pitch rate results for x, = [5 15]
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Figure 5.54. Delta dot results for x, = [5 15]

For x, = [15 5] case, NMPC outperforms both SF and MPC in terms of set point
tracking. Rise time of NMPC is highly better than the others. There is an undershoot

behavior in the SF response initially whereas MPC has some degree of oscillations in
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a tracking. On the other hand, SF makes sharp movements in control action and

control rate is saturated which can be seen in Figure 5.54.

Table 5.28. Performance Metrics for Different ICs

x():[OO] x0:[515]

NMPC SF MPC NMPC SF MPC
Tracking
Error 102.2 110.7 122.6 53.9 111.7 77.9
(TE, deg)
Control
Expenditure | 1068.3 1068.4 | 1036.5 1115.9 1104.3 | 1077.8
(CE, deg)
Control
Rate
Expenditure | 1394.2 1438.9 | 1315.8 1056.5 4108.9 889.7
(CRE,
deg/s)

Performance metrics are also calculated to compare the results numerically and given
in Table 5.28. For zero initial condition case, CE values are all similar whereas MPC
has lowest CRE. In terms of TE, NMPC has the best performance as stated before.
MPC has nearly 10% and 20% higher tracking error than SF and NMPC respectively.

For the second initial condition (x, = [5 15]), tracking error of NMPC and MPC is
much better than SF. All methods are similar in terms of CE. For CRE, MPC has the
best performance again whereas SF reaches the operating limits of the system for short

time interval.

To summarize the effect of initial conditions on the performance, NMPC and MPC
appear to be more successful than SF, especially at nonzero initial conditions. As
stated before, this results from the fact that SF is designed at zero initial condition and
MPC type controllers have a prediction model which increases the robustness of MPC
for different initial conditions. Also, presence of constraints in MPC makes it better
than SF in terms of CRE.
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As can be seen, use of linear and non-linear models in MPC has also effects on
performance. Comparing the NMPC and MPC results, it was observed that the use of
non-linear model improved the set point tracking performance as expected. This is
because the non-linear model represents the real system model more accurately and
its predictions are more successful than the linear one. On the other hand, MPC model

has the lowest CRE in all cases.

5.2.2.2. Control of Non-Linear Missile Model Discovered from Noisy Data

The Model-6 in Table 5.25 obtained using SINDY is used as a prediction model in
NPMC method whereas linearized version is used for MPC and SF design. Remember
that Model-6 was discovered using SINDY with high level of noisy measurements.
The results for initial condition x, = [0 0] are given in Figure 5.55 through Figure
5.58. Both controllers are tuned to be close to each other in zero initial condition in

terms of tracking performance for better comparison.
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Figure 5.55. Angle of attack results for x, = [0 0]
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Figure 5.57. Delta results for x, = [0 0]
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Figure 5.58. Delta dot results for x, = [0 0]

For zero initial condition case, it is seen that NMPC and SF’s tracking response is
satisfactory. NMPC has better rise time than SF, however overshoot and settling time
of SF controller is better than NMPC. On the other hand, MPC has slightly longer time
to reach the set point and exhibits some oscillations that die out shortly. The
comparisons in terms of control inputs do not give very distinctive information. The
only difference is that SF requires slightly more & than the others at the beginning of

the simulation.

The results for initial condition x, = [15 5] are given in Figure 5.59 through Figure

5.62
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Figure 5.59. Angle of attack results for x, = [5 15]
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Figure 5.60. Pitch rate results for x, = [5 15]
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Figure 5.61. Delta results for x, = [5 15]
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Figure 5.62. Delta dot results for x, = [5 15]

For x, = [15 5] case, NMPC is better than SF in terms of set point tracking. Rise time
of NMPC is highly better than the others. There is an undershoot behavior in the SF

response initially whereas MPC has longer time to reach set point in a tracking. SF
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has the best settling time between the studied controllers. On the other hand, SF makes
sharp movements in control action and control rate is saturated which can be seen in
Figure 5.62.

Table 5.29. Performance Metrics for Different ICs

xo = [0 0] xo =[515

NMPC SF MPC NMPC SF MPC
Tracking
Error 111.6 111.6 128.3 62.0 112.6 85.2
(TE, deg)
Control
Expenditure | 1078.4 1064.6 | 1020.9 1125.8 1100.5 | 1062.4
(CE, deg)
Control
Rate
Expenditure | 1413.6 1406.3 | 1236.1 1103.7 | 4047.0 | 8544
(CRE,
deg/s)

Performance metrics are also calculated to compare the results numerically and given
in Table 5.29. For zero initial condition case, CE values are all similar whereas MPC
has lowest CRE. In terms of TE, NMPC and SF have very similar performance. MPC
has nearly 10% higher tracking error than SF and NMPC.

For the second initial condition (x, = [5 15]), tracking error of NMPC and MPC is
much better than SF. All methods are similar in terms of CE. For CRE, MPC has the
best performance again whereas SF reaches the operating limits of the system for short

time interval and has larger CRE.

To summarize the effect of initial conditions on the performance, NMPC and MPC
appear to be more successful than SF, especially at nonzero initial conditions. On the
other hand, SF controller has very promising performance at zero initial condition

case. As stated before, this results from the fact that SF is designed at zero initial
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condition and MPC type controllers have a prediction model which increases the
robustness of MPC for different initial conditions. Also, presence of constraints in
MPC makes it better than SF in terms of CRE.

As can be seen, use of linear and non-linear models in MPC has also effects on
performance. Similar to the case of clean measurements at previous section,
comparing the NMPC and MPC results show that the use of non-linear model
improved the set point tracking performance as expected. This is because the non-
linear model represents the real system model more accurately and its predictions are
more successful than the linear one. On the other hand, MPC model has the lowest

CRE in all cases.
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CHAPTER 6

DISCUSSION

The proposed SINDY-SAIC algorithm determined the important dynamics of the
longitudinal missile system accurately for clean, moderate and high level of noise
cases. In case of clean measurement of states, SINDY-SAIC could find the
coefficients of the true model with great accuracy whereas for noisy data, all the
important dynamics of the system was captured with at most 10% error in the

coefficients.

Calculation of state derivatives using sliding window approach significantly increased
the robustness of SINDY-SAIC to noise.

In addition, the proposed algorithm eliminated the need for threshold parameters
tuning and presence of AIC model selection enables to select the most sparse solutions

among many others.

Furthermore, MPC and state feedback controllers were designed using discovered
models. All controller’s performances such as tracking, control expenditure and
control rate expenditure were compared. For linear missile system, MPC appears to
be more successful than SF, especially at nonzero initial conditions. This is because
MPC uses the prediction model to overcome initial condition changes. Also, MPC

requires less control rate due to the presence of constraints inherently.

For non-linear missile system, NMPC and SF performed similarly for zero initial
condition case whereas MPC has slightly longer time to reach the set point and
exhibits some oscillations. In non-zero initial condition, NMPC is better than SF.
MPC and SF are similar in terms of set point tracking. All controllers tracked the set
point successfully and exhibit stable behavior under uncertainties. Therefore, an

appropriate controller can be selected according to the controller requirements.
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This study motivates several future investigations and extensions such as:

e Measurement data obtained from real flight tests could be used to check the
robustness of the SINDY-SAIC algorithm.

e Hardware implementation of the algorithm and the controllers could be done
on cost effective platforms such as CPUs, GPUs, or FPGAs.

e It is possible to use SINDY-SAIC online since its convergence rate is very
high. Especially with linear SINDY, an approximate linear model could be
built quickly, and then more exact nonlinear model could be estimated in

parallel with increasing amount of data online.

e Inaddition, if there are known terms, functions, and constraints in the dynamic
model of the system, this knowledge could also be included in the SINDY -

SAIC algorithm to increase accuracy and speed.

e The required full-state measurements were assumed to be available in this
study. Instead, state estimation and mapping techniques could be used to

convert measurements to appropriate basis for better generalization.
o Nonlinear integral action was added to MPC to avoid steady state errors in case

of model uncertainties. This resulted in slight overshoot in the response.
Different nonlinear functions for integral action could be further analyzed.
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