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ABSTRACT

COMPUTATIONS ON COXETER GROUPS

GUVEN GENC
M.Sc., Department of Mathematics

Supervisor: Assist. Prof. Dr. Erol Yilmaz

February 2015, 32 pages

Grobner-Shirshov bases of certain Coxeter groups are computed. Using Grobner-
Shirshov bases, reduce forms and their multiplications are obtained for these Coxeter

groups.
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OZET

COXETER GRUBLARI UZERINE HESABLAMALAR

GUVEN GENC
Yiiksek Lisans, Matematik Bolimii

Tez Yoneticisi: Yrd. Doc¢. Dr. Erol Yilmaz

Subat 2015, 32 sayfa

Bazi Coxeter grublarinin Grobner-Shirshov tabanlari hesablandi. Grobner-Shirshov
tabanlar1 kullanilarak bu grublarin indirgenmis formlar1 ve onlarin carpimlari elde

edildi.

Anahtar Kelimeler: Coxeter Grublari, Grobner-Shirshov Tabanlari, 1ndirgenmi§ Form-

lar.
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CHAPTER 1

INTRODUCTION

1.1 Finitely Presented Groups

Definition 1.1. Let A be an alphabet, that is, a set of symbols. Consider AUA™!, where
A~!is the set of symbols a~! disjoint from A, one for each a € A. The free group F(A)
consists of all words in A UA~! without occurrences of the kind aa™! or a™'a for a € A.
Such words will be called reduced. Multiplication on F(A) is given by concatenation
followed by removal of all forbidden occurrences so as to obtain a reduced word, and

in which empty word 1 is the identity element.

Definition 1.2. A group presentation < A | R > is made up of a set A of generators
and a set R of relations. Here a relation is an expression of the form w; = w,, where
w; and w, are elements of the free group F(A). The group < A | R > is then defined as
the quotient group of F(A) on the generating symbol from A by the normal subgroup
generated by all wyw;' for each expression w; = w, occurring in R. A group presenta-
tion < A | R > is said to be finite if both A and R is finite. It is said to be a presentation
of G if G is a group isomorphic to < A | R >. The group is called finitely presented if

it has a finite presentation.

Example 1.1. Let m € N. By Dih,,, we denote the group with presentation

Ha,b)|a® = 1,b* = 1,(ab)™ = 1)



Set ¢ = ab. It is easy to claim that, as a set
Dihyy, = { d'¢/ | i €{0,1},j€1{0,1,2,...m - 1}}
Since
a = (ab)ka = a(ba)k = a(b—la—l)k — a((ab)—l)k — ac % = gk

each element is of the form a'c’ for some i, j € N. Now, keeping into account that

a>=1and " =1, We see that i € {0,1}and j €{0,1,2,....m — 1}

1.2 Coxeter Groups

In this section we follow the notation given in [1].

Definition 1.3. A n X n symmetric matrix M whose elements are positive integers or

positive infinity is called a Coxeter matrix if it satisfies m;; = 1 if and only if i = j.

Definition 1.4. Let S = {sy, 55,..., 5,}. A Coxeter matrix can be presented by a Cox-
eter graph whose nodes are elements of S and whose edges are unordered pairs {s;, 5;}

such that m;; > 3. The edges with m;; > 4 are weighted by m;; — 2. For instance

1 3 2 2
3 1 4 o
2 4 1 2
2 o0 2 1

)
253

§1 AY)
S4

Definition 1.5. Let M be a Coxeter matrix. A Coxeter group is a free group with



presentation

< Sl(SiSj)mij =1>

Since m; = 1, we have that 31'2 = 1. It is easy to show that for i # j and m;; # oo,

(sis)™ = 11is equivalent to

Sl'SJ'SiSj"' = SjSiSjS,""

where length both sides is m;;.

For example, the group determined by the above Coxeter diagram has a presenta-
tion.
2
1

2 2 2
<{s1, 52, 83,84}, 8] = 85 = 55 = 55, = 1, 51528 = 525182, S153 = §351, 52535253 = §35253852 >

Coxeter groups arise naturally in several areas of mathematics. They are studied in
Lie theory, commutative algebra, representation theory, combinatoric, and geometric
group theory. In this thesis, we restrict ourselves to the finite Coxeter groups. The
finite Coxeter groups where classified in [1], in terms of Coxeter diagrams. They
are all represented by reflection groups of finite-dimensional Euclidean spaces. The

following table gives graphics of finite Coxeter groups of type A,, B, and D,,.

Name Diagram

A, n=1) &—06—0@ - 0—0—0

oo o o e —»
D, (>4 | e—e—e O—I—Q

1.3 Grobner-Shirshov Bases

The Grobner basis theory for commutative algebras was introduced by Buchberger

[4]. A parallel theory of Grobner bases was developed for Lie algebras by Shirshov



[8]. The key ingredient of the theory is the so-called composition lemma which char-
acterizes the leading terms of elements in the given ideal. Later, Bokut noticed that
Shirshov’s method works for associative algebras as well [2]. Thus this theory in non-
commutative setting is called the Grobner-Shirshov basis theory. In the following, we

give some fundamental facts about this important subject.

Definition 1.6. Let S be a linearly ordered set and F(G) =< § | R > be a finitely
presented group. Each relation u = v can be presented by a polynomial f = u — v.
We impose the degree lexicographic order (compare two words first by length and the
lexicographically) on words. Hence any polynomial f has a leading word f. We say
that f is monic if f has coefficient 1. A word s is called R-reduced if s # afb for any

words a,b and f € R.

Definition 1.7. Let f and g be two monic polynomials. A composition of intersection

of the polynomials f and g over some word wis < f, g >= fb—ag where w = fb = ag.

Definition 1.8. Let f and g be two monic polynomials such that w = f = agb for some
words a and b. A composition of inclusion of the polynomial f and g is < f, g >,=
f —agb. The transformation f — f —agb is called the elimination of the leading word

(ELW) of g in f.

Definition 1.9. For two polynomials f and g, we say f is equivalent to g relative to R,
write f = g modR, if g is R-reduced word and it can be obtained from f by a sequence

of ELW’s. If g is zero polynomial we say f is trivial R.

Definition 1.10. A set of relations R of a finitely presented group G =< S | R >
is called a Grobner-Shirshov basis of G if any composition of polynomials from R is

trivial relative to R.
At this point, we prove a result about triviality of certain compositions.

Lemma 1.1. Let f = f — fand g = g — & be two polynomials. The composition of

intersection of fand g < f, g >, is trivial if w = f3.



Proof.
<fg>=-P2-f@-2=7rG-2-(-Ds
Hence we only have to consider the compositions < f, g >, with w # f2. O

Definition 1.11. If R is not a Grobner-Shirshov basis for G =< § | R > then one can
add to R all nontrivial compositions of polynomials of R, and continue this process
until all compositions are trivial. This procedure is called the Buchberger-Shirshov

algorithm.

Definition 1.12. A Grobner-Shirshov basis R is called reduced if there is no composi-

tion of inclusion in R.

If (f, )., is a composition of inclusion in R, then R \ {r} is still a Grobner basis. In
this way we can obtain a reduced Grobner-Shirshov basis.

Grobner-Shirshhov bases of Coxeter groups of the type A,, B, and D, is obtained
by Bokut and Sharer in [3]. They order generating sets as r; < r, < --- < r,,. They used
famous composition-Diamond Lemma in order to prove the set is a Grobner-Shirshov
basis. We will use only Buchberger-Shirshov algorithm to obtain Grobner-Shirshov
bases. Furthermore, we order generating set as r; > r, > --- > r, which more natural
than their order. Our reduced words will be different than they found because of the
order we choose. We claim that our reduced words are more suitable for understanding
of structures of these groups. Grobner-Shirshhov bases of exceptional finite Coxeter
groups is found in [7] and [9]. The first example of finding a Grobner-Shirshov basis
of an infinite Coxeter group is given in [10].

The famous Composition Diamond Lemma implies that reduced words with re-
spect to Grobner-Shirshhov basis is a set of normal forms of the finitely presented
group (see [7]). A group can have several set of normal forms. The most common
normal form for the elements of a Coxeter group is the lexicographically first reduced
word. This normal form is called reduced form. The properties of the reduced form are
not only useful for computations but are also interesting and elegant from a combinato-

rial point of view (see [1]). Because of our choice of order, we will obtain the reduced



forms of Coxeter groups. In addition, we obtain some results about multiplication of

these reduced forms. Thus, we completely reveal the groups.



CHAPTER 2

COXETER GROUPS OF TYPE A,

Let n be a positive integer. Define the following words

Filip1 = - Fj, 1<i<j<n,
Filisl " Tulpet Ty, 1 <1< n < j<2n,
Tij =y FPon=il2n—(i+1) " * Fon—j> n<i<j<2n,
1, J<li
ri, i=]
Definition 2.1. Coxeter group of type A, (n > 1) is generated by ry,r,,- - ,r, with

defining relations:
Rl:r}=1wherel <i<n,
R2 :rrj=rjriwhere 1 <i<j—-1<n-1and

R3 :ririgri = riggririy; Wwhere 1 <i<n-—1.

Hence A, has a presentation A, (ry,...r,) = {{ri,...,r,} | R1,R2,R3).

2.1 Grobner-Shirshov Basis of A,

Proposition 2.1. The reduced Grobner-Shirshov basis of Coxeter group A, contains

the following polynomials:
1@ =rri—1 wherel <i<n,
2(i’j) =rirj—rjr; wherel <i<j-1<n-1,

3(’) = FiFig1 Vi — Fig1Fitis1 Where 1 <i<n—1and



gD = riri —rigriy where1 <i<j-1<n-1

Proof. The first three polynomials comes from defining relations of A,,. We have to
obtain g/ from some compositions of the first three polynomials.
() pi+2) _ _
< f > Jp > = (rirrti — FisthilieD)Viv2 — Tt (Firiga — Figaly)
= Tl T2y = Tiet Vil Tig2
N (A)) h .
=g where 1<i<n-2.

(o) £+
7, 2 > (”ij”i - ”i+17”ij)”j+1 - ”ij(”i”j+1”j+1’”i)

<g
= Tij1Vi — Fiv1Tij+1
= g*h where 1<i<j-1<n-2.
O
LetR = { fi), 2(i), 3(i’j), g"}. At this point, we are not claiming that R is a reduced

Grobner-Shirshov basis for A,. The following results ease to prove this fact.
Lemma 2.1. If1 <i<t< j<n, thenrir; = r1rij modR.

Proof.
Fijty = Fig—1Ftjly,
= T 1T by an ELW of g or f3,
= 1t by a sequence of ELWs of f,.

O

Proposition 2.2. Let 1 <i< j<nand1 <k <1< n Ifi > k then the word rjry is

reduced. Otherwise

Tt tij 1< J,

rkﬂ,lri,j_l k < ] < l’
Tijth = mod R.

ril j:k—l,

Tritij j<k—1



Proof.
Case 1 : If [ < j, then r;jry = ris1417;; by Lemma 2.1.
Case 2 : If k < j <[, then
TijFk = Tijlk,j-17ji

= Ige1,jtijo17j1 by Case 2

= Ike1,jTij-11j+1; by an ELW of f;

= reeigtij-1 - by a sequence of ELWs of f.
Case3:If j=k—1,then rjjrj,i; = ry.

Case 4 :If k > j+ 1, rjjry = riyrij by a sequence of ELWs of f,. O

Theorem 2.1. The set R = { l(i), 2(:‘), 3(i’j), g%} is a reduced Grobner-Shirshov basis

for A,.

Proof. We have to show that all compositions of R = {f.", £", f;i’j), g9} are trivial

relative to R.

0 @) o

< 1 o) :(rir,-—l)rj—r,»(r,-rj—rjr,-)
:rirjri—rj
= (i’j)r-—r-f(i) where 1<i<j-1<n-1
=L Tl s J s .
< (0 (i)>— 7 — Dr: — (77 Ly 7.
1 °J3 —(r,rl )rl+1rl rl(rlrl+1rl rl+1rlrl+1)

Viriv1Fitivel — Vg1t

3(l)l’l'+1 + 11 l(l) where 1<i<n-1.

i) i
<fy P > = iy = ey = riryr = 1)

= —rjr,-rj+rl~

:—rjfz(i’j)— l(j)ri where 1<i<j-1<n-1



(1)
<J3

(@)
»J17 2 (ririrri — T ririe ) — ririp (rir — 1)
= =T Vi1 Vi + Filigg

—r,-+1f3(0 - fl(m)r,-r,-ﬂ where 1<i<n-1.

@) ) o _
<[ 6 > = (riry = Drj = r(riry = rjr)
:rirjri—rj
= (i’j)r-—r-f(i) where 1<i<j-1<n-1
=L =rif = J = :

) 2D o _
< LT > =g = rprriar = ririrpary = riariri)

=Tl 1l jFje1 — Vrirjr;

_ @D 0.)) G D)
=f i v [y U+ rarfy rify
—riri i = fPr where 1<i<j-l<n-1

@) 00 o
<J5H/h >—(riri+1ri_ri+lriri+1)rj_riri+1(rirj_rjri)

= Vil Vil — Fip 1l 1y

(i+1,))

(i+1,)) (i,)) () (i,))
> rit U rari +rify = rparify = rivtfy " rist

_]02("+1’f');~l.;»l.Jrl where 1<i<;j-2<n-2.

(i) (0] _
</ ,g( D> = (riri — 1)”i+1,ﬂ’i - ”i(’”iﬂ’i - Vi+1l”ij)

= Fitiv1Fij — Figl,jTi where lSl<]—1§}’l—1

Fifis1hij = i itivifiv1,; - by ELW of f3
= rinririsz2,j by ELW of f

= 11,7 by asequence of ELWs of f,

10



< fz(i’j),g(j’k) > = (1irj = rir)rje il — 1Tl — a7 i)
= 1Tl = Tl il where 1<i<j-1<k-2<n-2.
Then
rirjciTj = riarjr; - by a sequence of ELWs of f,
and
riritjicixli = rkir; - by a sequence of ELWs of f,

risiriri by ELW of g.

(@) @) —
<f3 8 > = (l”i’”i+1”i—”i+17”i”i+1)”i+1,j’”i—”iri+1(’”ij’”i—”i+1”ij)

= Tl Vit Vij — Vit Filig1 Fig1 T where 1<i<j-1<n-1

Then

Fitic1ricirij = riri; - by an ELW of fi

Viv1,j by an ELW of fl

and

FigtTilie1 Fig1,jTi = i1 Filipo, 7 by an ELW of f;

riz1,riti - by a sequence of ELWs of f,

Tit1,j by an ELW of fl.

< gt {05

(rijri = risarij)ti = rij(riri = 1)
= Tiglijhi + 1ij

11



@ O o —
<8 ]’fg >—(”iﬂ’i—’”i+17’ij)7’i+1”i—l”ij(”i’”i+1”i—7’i+1”i’”i+1)

= FijFivtVitivl — Fis1 il 7

— @+1,)) ()] (+1,)) (i,i+2)
=rig " lriri + riag ri + riaria g TP + riaria 5 i
(i+1,j) (i,i+2) i.)) (i+1)
—rigrig U = T 2 Tiv1,5Fi — Tiv1Tie28 / —f3 Tij

where 1<i<j-1<n-1.

ik
< g(l’j), él ) > (rijri = rigiripry — rij(rirg = reri)
= Fijhkli — Vi Tijry where 1Sl<]—1 and 1 <i<k-1.

We have several cases to consider. The case k = j+ 1 has already been investigated.
Ifk = i th =i =1 FY = £ 4 0D If k< 7. th

= J,then ryjrjr; — rigrijrj = rij-1 f rigifij-1f;” + & . < Jj, then
VijTeli = et il byLemma21

= Te+1Tiv1 1ij by anELWofg

and

Fie1lijTk = Tig1Tgs1 7 by Lemma 2.1

Tis1tisi7ij by an ELW of f,.
If k> j+ 1, then
rijreri = rerijr; by a sequence of ELWs of f,
= ririati; by an ELW of g
and
Tis1ijTe = Fimtirij by a sequence of ELWs of f,

riririj by an ELW of f,.

@) Sk o —
<g". g > = (rijri - ”i+1”ij)ri+1,kri - rz‘j(rikri — Fis1Tix)

= TijtivtVik — VietVijliv1 ki where 1 Sl<]—1 and 1 <i<k-1

12



If k < j, then
TijtisiTik = Figolijrie - by Lemma 2.1

= riaricix+17ij by case 1 of Proposition 2.2
and

Fie1TijTis1kli = Tis1Fizo k1 Tijti - by case 1 of Proposition 2.2

Fistks1Fis1rij by an ELW of g

Fisalivias17i; by an ELW of g.
If j <k, then
Yiilis1Tik = Figolijrie by Lemma 2.1
= riolis1xlij-1 by case 2 of Proposition 2.2
and

Fig1Vijliv L kVi = Vive1Fis2 k Vi j-17i by case 2 of PrOpOSitiOl’l 2.2

FistaTivilij-1 by an ELW of g

Tivaliv1 kT j-1 by an ELW of 8.

2.2 Reduced Forms for A,

Since R = {f?, 2(i), 3(i’j), g%} is a Grobner-Shirshov basis for A,, the R-reduced

words are in fact reduced forms for A,,.

Theorem 2.2. Any word in A, can be represented in a form

Fnjon—1,j,o1 """ 2o 71y

wherei—1 < j; <nforalli.

Proof.  We can claim that the word r; ;7 j, 1s reduced if and only if i < k. The
necessary part is directly given in the Proposition 2.2. If i > k, the same proposition

implies that the word r; 7y ;, 1s not reduced and furthermore it is equivalent to a reduced

13



word in the desired form. Hence any word in A, can be presented in a form

Fnjon—1,j,-1 """ 2o 71y

where i — 1 < j; < nforalli. O

The word r; ;, has the generating function 1+x+- - -+x"*!. That means if j; = i—1,
we have empty word whose length is zero. If j; = i, we have the word r; of length 1. If
Ji =1+ 1, we hat the word r;r;;; of length 2 and so on. Hence the generation function

of all reduced words is

T+0)A+x+x) - (1+x+...+x.

This generating function is well known (see [6] ). That means number of elements of
A, for each length is known but its forms have not been known until Bokut and Shiao
gave a form of them in [3]. Here, we gave another form of them in Theorem 3.2. The
form we are given is more natural one, because A,_; can be embedded to A, by the map
r; = ri_1. After expanding the generating function and taking the sum of coefficients,
then one can show that the number of reduced forms in A, is (n + 1)! [1]. For example,

Aj has the following 24 reduced words according to Theorem 3.2

{1, 71,72, 13, P12, 12T1, 723, 371, 1312, 113, T2F 12, 12371, 13T 12, 3123,

P31l , Fal13, 123112, 13113, 312 12, 1312311, 123113, 1312113, 13123112, 13123113 ).

Using Proposition 2.2 one can find complete multiplication tables for A,. Let us

give an example for n = 3.

14



(r3r12)(r3r13) = ras(riars)ri3

rysrizri; by case 3 of Proposition 2.2

rysrary - by case 2 of Proposition 2.2

= r3rpr;p by case 2 of Proposition 2.2.

The following is the multiplication table of As.

15



r

r

r3

2 rr I3 rsr
1 1 r r r3 r2 rr I3 rsr
r ry 1 r2 r3r r rriz ri3 r3
r r rar 1 123 rar r r3 ra3ry
r3 r3 r3r rsrp 1 r3riy r3rr r3rs r
Iz Iz rria r ri3 rr 1 rs3ry rris
rr rr r rria r3r 1 2 rris I3
I3 I3 r3r 313 ) 3l F3rsr rr rry
rr rr r3 r3ryp r r3r r3rryz r3ris 1
r3r; r3r; r3rry r3 r3rp; r3rriz r3r 1 r3rysry
ri3 ris rris r3rs r2 3713 r3rrs r3riz rnrz
rriz rnriz Iz rr rrs r r r3ry rs
r3ry 31 I3 3712 rr r3rp; r3ra3riz - 123713 r
r3ri r3ri r3rri; r3r r3ry; r3rr r3 r r3rris
r3rr r3rr r3r; r3rriy  F3rsr r3 r3riz r3rr3 r3r3
r3rp;3 r3r3 r3rysry 23 r3r; r3ry3riz - 13l r r3rry
rris rris I3 3113 rriz r3ri; r3rx3riz - sl I
3F2 r3ria  r3rsrig r3r 3713 r3rsry I3 rry r3r3ri3
r3ris r3ri3 r3rris I3 r3riz r3rs3ris rris r2 r3rris
r3rria | 13rr2 r3ria r3rry r3rris r3r r3r; r3rysry r3ris
r3ra3ry | r3rasry r3r; r3rysriy I3 I3 r3ri2 1313713 r3r
r3r3 r3ri3  r3rsrs rnris r3ria  F3rrs I3 rriy  r3nsrp
r3rriz | 13rars r3ris r3rp3riz  r3nr ri3 r3riz  13rsr2 r3riz
r3rsriy | F3rpsriy 13Fnn r3rsry  r3rsris r3r r3rs r3rr; 3713
r3ry3ri3 | r3rsriz 12s3ris r3rri3  r3rsriy s r3ris r3rriy - 1ar

16



rr

ri3

nry r3r

r3riz r3rry r3rs rris
1 r3r; ris nrp r3ry r3rip r3rrg r3r3 rrs
r r3riz 23 rnr rris r3r; r3rriz r3ris r3ry
r r3rp;3 rri; L&V} r3r r3riy  r3rsr r3r; ri3
r3 r; r3rs r3rriy  r3rsr r2 rnry I3 r3rr3
Iz r3ri3 31 r r3 123713 r3rris r3ria I3
rr 3712 r3 r I3 r3rp; r3ry3riz - 123rs r3r
I3 1 r3riz  r3rasriy r3nr rnrz r r3 r3ry3ris
r3r Iz 313 r3rr r3rri3 r rrp rs r3rys3ry
r3r; I3 r3rris r3ria r r3rp3riy 13l r r3ris
ri3 ry r3ria  r3rsriz  r3nr nr 1 rry r3r3ris
rriz r3r13 rsr 1 I3 r3rs r3rasriz  123r2 r3
r3r riz rsrp r3rp3ry  r3rsris 1 r2 rris r3rr
r3ri ri3 r3ryry r3rp 1 r3rs3ris rri; I r3rp;
r3rry | 131ar 1 r3r rrs I3 r3rip 1313713 r
r3rp;3 r3 r3r3riz - 3t rr r3rriz r3r 1 23713
rris rr r3riz r3rriz  r3rsr r r r3ry r3rris
3F12 rnris r3rr 313 r r3rr3 rs rriz r3r
r3ris rary r3r3riz - 13rs rriz r3rr r3 r 23712
r3raFipy | 312373 r r3 r3rp; ri r3riz  r3rsrn 1
r3rasry | r3rriz r r3ry 3713 r3 r3riz r3rrs rr
3113 r3ry r3rrp r3rs Iz r3rsry I3 rr r3riz
r3rariz | r3rr I rris r3ri2 r3r r3r; r3rysry rriz
r3rsriy | r3rris rry 3 r3r; rrs r3ris r3rriz r
r3ry3ry3 | I3l nrp rs r3rp r3ry r3r3 r3rrg Iz

17



r3F12 r3rs r3rriy  r3rsr 3713 r3rr13  r3rariy r3rsrs
1 3F12 r3rs 3y F3rsr 3713 r3rryi3  r3rariy r3rsls
r 3713 r3ra3 r3rry r3rris I3riy  F3r3ry F3rsri3 F3ishys
r r3ri r3riz 13l r3nn r3ri; r3ry3riz  r3rriy r3nrs
r3 r3r3rin I3 nrp r3r r3r3r3 rris 3712 3713
Iz rs3rp r3riy  F3r3his I3nrp r3rp; r3rysriy - r3nr r3rsry
rr r3ris r3rp r3ry3ry  r3rsris r3riz r3rr r3rriz  r3nr
I3 r3rriz rris r2 r3ry r3rrs rs r3riz r3ris
r3r r3r3ri3 I3 rr rnrs r3r3rin r3rg 33 3F2
r3r; Iz r3r3riz - sfe rr ri3 23713 rriz rris
ri3 r3rar; r3rg r r3 r3rsr I3 r3r; r3rp;3
rriz r3r3 Lk18V) r3rri3  r3rsri r3r r3rriy  F3rsr r3rr
r3r r3rris r3 r ri3 r3rria r3r r3ris r3riz
r3ri r r3r3riy  13rs rriz 3 3’2 rnr r3r
r3rr rs r r3r 3713 r2 rnr rris rrz
r3rp;3 rria r3rris r3riz r rris r3ris r2 ri3
rris r3rysry r3r 1 3 r3rr r3 r3rp; r3r;
r3F2 1 r3rr; r3rs r2 r3 r3riz r r3ry
r3ris rr r3rsry rsrp 1 31 r3rp; r I3
r3rari I3 2 rri; r3ri2 r rriz r3ry rr
r3rysry rnris 1 r3ry r3rs rrz r ris Iz
r3r13 r r3rr 313 r r3r r3r; 1 r3
r3raris r3ry r r3 r3rp; rr 1 I3 r
r3rsrin r3 rriz rs r3riz 1 r2 rry r
r3r3ri3 r3r rr I3 r3r r r r3 1
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CHAPTER 3

COXETER GROUPS OF TYPE B,

Definition 3.1. Coxeter group of type B, (n > 2) is generated by ry, r,, -, r, with
defining relations:

R1:r=1wherel <i<n,

R2:rirj=rjrywherel <i<j—-1<n-1,

R3: Viris1Vi = ¥ig1Filis1 where 1 <i <n-2and

R4 : Yn-1rntn-1rn = pn-1rnrp-1.

3.1 Grobner-Shirshov Basis of B,

Proposition 3.1. The reduced Grobner-Shirshov basis of Coxeter group B, contains
the following polynomials:

1(’) =rr;—1 wherel <i<n,

Z(i’j) =rirj—rjri wherel <i<j—-1<n-1,
3@ = ritig1 i — Fig1titisn where 1 <i<n-2,

Ja = Tu Pl i Ty = Tal o Tl e,

g(i’j) =Tl — Fig1lij wherel <i< j_ 1 <2n- (l+2) and

hD = Figp_itiv1 — Fig1Fioni wherel <i<n-—1.
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Proof. Let us first look at the possible compositions of f;.

-1
< fl(n )»f4 >

(rn—lrn—l - 1)rnrn—lrn - rn—l(rn—lrnrn—lrn - rnrn—lrnrn—l)

Tn—1"n¥n-1"nTn-1 — FnFn-1"n

-1
f4rn—1 + rnrn—lrnfl(n )'

i,n—1
< D f > = (Pt = Fact F) Tt T = Fi(Fae A Tl P = Taluet Tt

= Filnln-1"nln—1 — Fp—1Filpln-17y

(i.n) (i.n—1) (i.n)
fz Tn—1¥nTn-1 + rnfz Tulp-1 +rnrn—1f2 Fn—1

(i.n=1) (i) (in=1)
+rnrn—lrnf2 _rn—lfz rn—lrn_rn—lrnfz In

—rn_lrnr,,_lfz(l’”) — fari where 1 <i<n-2.

< f4’ fl(n) > (rn—lrnrn—lrn - rnrn—lrnrn—l)rn - rn—lrnrn—l(rn—lrn—l - 1)

= =Faln—1TnVn-1Tn + V1 Faty—1

=—r.fi— fl(")rn_lrnr,,_l.

The polynomial g/ is same as in A, for 1 <i < j—1 < n— 1. Notice that we had

the polynomial f3("_1) in A, but it is not exist in B,. Hence we can not use it in B,,. This

forces us to recalculate the following compositions.

j in—1
< g(l’n),fz(m ) > (Finhi = FistFin)n—1 = Fin(FiTnt = Fno117)

Vipn—1Fi — Fix1¥in¥n-1

(i,n+1)

=g where 1 <i<n-1.

(i) fG2n=(+1D)
<8 / ,fz > (”iﬂ’i - i’i+17’ij)7’2n—(j+1) - rin(rir2n—(j+1) - 7’2n—(j+1)”i)
= Tijrp-G+)Vi — Fie1TijFon—(j+1)

=Tij1ti — Fis1?ij+1

= gl+h wheren< j<2n-i,1<i<n.
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The polynomial 4 can be obtained as follows.

@2n—=(i+2)) ()  _
<g > f3 > = (Fign—+)ti — l”i+1”i,2n—(i+2))7’i+1ri = Fign—i+2)(Filig11i — Fig1Tilis1)

= Fion—-G+2)Vi+17iliv1 — Vi1 Vi2n-G+2) Vi1 7i

Fipn-iti+1 = Vit1¥i2n—i
=h"  wherel <i<n-1.
O
LetR = { l(i), 2(1') , 3(i’j ), f1, 8%, h9}. The following results ease to prove that R is in

fact is a reduced Grobner-Shirshov basis for B,,.
Lemma3.1. If 1 <i<t<j<2n-(t+1), then rijr; = rurij.

Proof.

VijFy = Vig—1T1j1y

Fig—1Te1T1j by ELW of g or f;,

= Trsttij by a sequence of ELWs of f;.

O
Lemma3.2. If1 <i<t<n<2n-t<j<2n-1,then rjjr; = ryryj.
Proof.
Fiite = Fipn—(-1)12n—@—2),j DY a sequence of ELWs of f,
= T2V -120--1) 1 2n—-(1-2),j
= Fig—2lili-120--1)F2m-—2),; by ELW of hoor f4
=r;; by asequence of ELWs of f,
O

Proposition 3.2. Let 1 <i,k<n i< j<2n—-iandk <1<2n—k. Ifi > k then the

word r;jry is reduced. Otherwise
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Tk+1,0+17ij
Tr+1,07i,j-1
Tis1,07ij+1
Tijtki =\ Tre1,-17i)
Trilij

Til

Vi2n—(+1)

Proof.

(I<n) AN(l<j<2n—-(1+1)

(J<m ANkk<j<I<2n—-(j+1)
(j>n) A Qn-(j+1)<I<j<2n-k)
(U>n) AQ@n-(U+1)<j<]
(j<k-=1) Vv (j>2n-k)

j=k-1

j=2n-k

mod R.

Casel:If/<nandl < j<2n—(l+1),then rjjry = riy1 417 by Lemma 3.1.

Case2:If j<nand k< j<[I<2n-(j+1),then

VijTer = TijTg,j-17ji1

= I'e+1,jlij-17j1

by Case 1

= Ike1,jTij-11j+1; by an ELW of f;

= Te+1,4ti, -1

by a sequence of ELWs of f,.

Case3:Letj>nand2n—-(j+1)<I<j<2n-k.

If j = 2n — (k + 1), then

VijTki = Tik=1Vk2n—k+ D)V kF k1T k42,1

= Fik-1Tk+1"k2n-kTks2, Dy an ELW of h

= e+ 1,07 2n—k

Vi 17i 20—k k+2,1 by a sequence of ELWs of fz

by Lemma 3.2.

If j <2n—(k+ 1), then

VijTki = TijTion—-(j+2) 2n-(j+1).1

= Ii12n-(ia)Fijhan—(j+10 by Lemma 3.1

= N 1,20+ 1) 2n—j 170, j+1 by Case 2.1

= Ie+1,0tij+1-

Cased:Letl>nand2n—-(l+1)< j<L
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If j < n, then
VijTe = TijTg j-17ji1

Tiv1,jTi57 1 by Lemma 3.1

= Ike1,jTij-17j+1; by an ELW of f;

il 2n—(j+)Ti j-172n—j1 by a sequence of ELWs of f,

Tk+12n-(+D)Vij2n-(j-1),1
= 1017 by Lemma 3.1.
If j > n, then
VijTk = Tijliil s,
= Ige1,jTij+17j+1 by Case 3
= Tie1jijTj+20 by an ELW of f;
= Ige1-17; by Lemma 3.1.
CaseS:Letj<k—1orj>2n—k.
If j < k-1, then r;jry = ryr;j by a sequence of ELWs of f,.
If j > 2n — k, then ryry; = ryr;j by Lemma 3.2.
Case 6 : If j = k— 1, then r;jrj.1; = ry.
Case 7 : If j = 2n — k, then r;2,-xFy = rizn-g+1) by a sequence of ELWs of f;.

O

Theorem 3.1. The set R = { f(i), 2(i), S(i’j), 4,850, WD} is a reduced Grobner-Shirshov

basis for B,.

Proof.  Since all polynomials except 4 is also in Grobner-Shirshov basis of A, we

only consider compositions involving 4.

< l(i)’ h(i) >

(rir; — 1)”i+1,2n—ﬂ’i+1 - "i(’”i,2n—i”i+1 - "i+1”i,2n—i)

= Filis1Vion—i = Fie1 2n-iTi+1 where 1<i<n-1
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Then

Filis1Fign—i = FistTilis1Fiz12n—i Dy an ELW of f3

FisiTilivoon—i+2)ti17i by an ELW of f;

Fitl 2n—Gi+2)rryr, DY case 5 of Proposition 3.2

Fis12n-iTiv1 by an ELW of f3.

< fz(i,j)’ ho

\
|

= (”i’”j - ”j”i)”j+1,2n—j7’j+1 - ri(rj,Zn—jrj+1 = V1720
= Filjaljon-j = Uilil je12n- 7 j+1 where 1<i<j-1<n-1.
Then
Filje1Tjon—j = Tjs1Tjon—i by a sequence of ELWs of f,
and
FiTiljv1on-jTjs1 = Tjon—jrjs17i by a sequence of ELWs of f,

= rjs1Fjon-jri by an ELW of A.

< fg(i)a R > = (ririr - FictTilis OV iv1 2n-iliv1 = Filis1(Fign—ifis1 = Fis1¥i2n—i)
= FilistFis1Fion-i — Vis1Filis1 Viv1 on—itis1 Where 1 <i<n—1.

Then

Filis1FictFion—i = Fitign—; by an ELW of f

Fiv1on-i Dy an ELW of fi,

and
Vi1 Vilis1 Tic1 pn—ilis1 = Fig1Filiz2on—i+2)Fis1 Fitis1 Dy an ELW of fi

Vis12n—G+2)Tili+17iTi+1 by case 5 of PrOpOSitiOH 3.2

Fiv1on-ilis1Fic1 Dy an ELW of f3

Tiv1on—i by an ELW of f;.

< glh p 5

(rijri - ”i+1rij)7’i+1,2n—iri+1 - rij(ri,Zn—irHl = Fix1Ti2n—i)

= FijFistFion—i = Viv1Tijlis12n-itis1  Where 1 <i<j<2n—1i.
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Then
VijlistTion-i = Fizalijlion-i by Lemma 3.1

FivoTis12n—Gi+1)¥ij DY case 4 of Proposition 3.2,

and

Vis1?ijriv1 2n-itiv1 = Vi1 7ViVi01 20—+ ) Vitiv1

Tiv1Viv2 2n-i+2)Fijlitiv by case 4 of Proposition 3.2

Fis1Tiv2on—Gs)1ijTiv1 Dy an ELW of g

Fiv1on—G+1)Tis2tij by Lemma 3.1

Vivaliv1 20—+ 1)Tij by an ELW of 4.

@) g+ o —
<h",h > = (i’i,znfﬂ’m - ri+lri,2n—i)ri+2,2n7(i+l)ri+2 - ri,2n7i(ri+l,2n7(i+1)ri+2 - ri+2ri+l,2n—(i+1))
= Fign-ilis2lis1 2n—Gi+1) = Vie1Vizn—ilis2on—G+D)liv2  Where 1 <i<n—2,

Then

Vion—iVi+2Viv1,2n—(i+1) = FTix2¥i2n—-iVi+1,2n—(i+1) by Lemma 3.2
= rigaliv1on-G+Dlion—i Dy case 5 of Proposition 3.2,

and

Vie1Fion—iti+22n-(i+ ) i+2 = Vie1Vi2n-ili+22n—-(i+2)Vi+17i+2

Tisl 2n—G+)tion—ili+17i+2 Dy case 5 of Proposition 3.2

Viv12n—G+D)Vi2n—-ili+2 by an ELW of h

Fit1on—G+))Ti+2lion-i Dy Lemma 3.2

Tivaliv1 on—(i+ylizn—i Y an ELW of h.

(i) gG+D)
<h", 1 > = (Fion-ilis1 = Tix1Tion-i)¥is1 = Fipn-i(Tig1Tis1 — 1)

= —Fiv1Tign-iti+1 + Vi2n—i

= —r;  hY — 1(”1)1”1-,2,,_,- where 1<i<n-1.
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@ pU+L))
<h ,f2 > = (Fign-ili+1 — 7’i+17’i,2n—i)”j - i’i,zn—i(”i+1”j - 7’ﬂ”i+1)

= ri’zn_irjr,url — ri+1r,~’2,,_,~rj where 1 <i< j— 2<n-2.
Then
Yion—il' jTis1 = F'jlion-itis1 by Lemma 3.2
= Ijliv1tion-i by an ELW of h,
and
Fiv1Tion—il'j = F'jTis1Fion—i by Lemma 3.2.

(i) gG+D)
<h ,fg > = (Fion-ilis1 = Tiv1Tign-i)Fis2Viet = Fion-i(Fis1Fix2lis1 = TigaTis1¥i2)

= Fign-iTiv2lis1Fis2 = Tiv1Fign-iTiv2liv1  Where 1 <i<n-—2.

Then
Fion-iliv2Tis1Tis2 = Figalion-ilis17iv2 by Lemma 3.2

= risalistTion-itiv2 - by an ELW of i

= risalistFis2lion-i Dy Lemma 3.2,
and
FiviTign—iliv2lis1 = Fig1Tis2lion-itis1 by Lemma 3.2

= Iivilisalisifign—i by an ELW of A

= riafivilivalion-i by an ELW of f;.

(@) (i+L,))
<h" g P> (”i,zn—ﬂ’i+1 - Vi+1l”i,2n—i)’”i+2,ﬂ’i+1 - 7’i,2n—i(”i+1,ﬂ’i+1 - Vi+2l”i+1,j)

Fign-iliv2lis1,j = Tis1Tign-itis2,jlis1  Where 1 <i<j—1<2n-(+1).

Then

Vion-iliv2¥i+1,j = Vis2Vi2n-ili+1,j by Lemma 3.2

Fizalict,jlion-i Dy case 5 of Proposition 3.2,
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and
Tis1Vion-iti+2,jVi+1 = Vit1Tiv2,ji2n-iVit+1 by case 5 of Proposmon 3.2

Viv1,jriv1¥i2n—i by an ELW of &

Fisalis1,jTion—i by an ELW of g.

3.2 Reduced Forms for B,

Since R = { fi), 2(;'), ;i’j), f1, 8%, K9}, is a Grobner-Shirshov basis for B,, the R-

reduced words are in fact reduced forms for B,,.

Theorem 3.2. Any word in B, can be presented in a form

Pnjatn—1j, """ 21211y

wherei—1< j; <2n—iforalli

Proof. =~ We can claim that the word r; 7y j, is reduced if and only if i < k. The
necessary part is directly given in the Proposition 3.2. If i > k, the same proposition

implies that the word ; ;7 j, 1s not reduced and furthermore it is equivalent to a reduced

word in desired form. Hence any word in B, can be presented in a form

Fnj,"n—1ju1 """ 12571

where i — 1 < j; < 2n —ifor alli. O
Like in A,,, Proposition 3.2 can be used to inductively compute the normal form of

any product of normal forms. Hence one can obtain whole multiplication table for B,.
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CHAPTER 4

COXETER GROUPS OF TYPE D,

Definition 4.1. Coxeter group of type D, (n > 4) is generated by ry, rp,- -+

defining relations:

R1:r?=1wherel <i<n,

R2 :rirj=rjriwhere 1 <i< j—1<n-1except(ij) =(n-2n),
R3 : ririy1r; = rig1ririy; Where 1 <i<n-—2,

R4 :r,_1r, = r,r,_1 and

RS : ryor tn_n = ruru_ary,

4.1 Grobner-Shirshov Basis of D,

Definition 4.2.
. Tijs ] <n
r,-j =
ri,n—2rn,j, J >n

, F, with

Proposition 4.1. The reduced Grobner-Shirshov basis of Coxeter group D, contains

the following polynomials:

(D) _

. =riri—1 wherel <i<n,

z(i’j) =rirj—rjr; wherel <i<j—-1<n-1 except(i,j) = (n-2,n),
3(i) = Filip1 1 — Fig1Fitisy wWhere 1 <i<n-2,
ﬁ‘ = Tp—1Ty — I'plp-1,

f5 = Fnalulu—a = Ful'n_aly,

g% =Tjri = rig iy where 1 <i< j—1<2n—(i+2),
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WY =TFipp_iTis1 — a1 Fion—i wherel <i<n—1,
P = mnaltnhn-1"n-2"n = Fn—1Tn-2"n"n-1"n-2 and
q = I'na2lnln_1rn2Vn-1 = Yntn2rnfn-1rn-2.
Proof. The polynomials g and ¥’ can be obtained by the following compositions
similar to B,. Because of this, we will not give detailed computations.
< gln=2), fz(i’") >= g™ where 1 <i<n-2.
< g(i’j),fz(i’zn_(j+1)) >= g/*D wheren < j<2n—iand 1 <i<n-2.
G2n—(i+2)) £00D _ 1.0) . _
<g 7 >=h"Y where 1 <i<n-2.

We only show that how the polynomials p and ¢ are obtained.

< f3(n_2)»f5 >

(rn—Zrn—lrn—2 - rn—lrn—Zrn—l)rnrn—Z - rn—Zrn—l(rn—Zrnrn—Z - rnrn—Zrn)

TnoVlp-1rntn-2Vn = Fn-1rn-2"n—-1¥n¥n-2 — rn—2f4 + rn—lrn—2f4 + p.

(n-2)
< fS’f3 > (rn—lrnrn—Z - rnrn—Zrn)rn—lrn—Z - rn—Zrn(rn—Zrn—lrn—Z - rn—lrn—Zrn—l)

Fn—2TnVn-1"n-2"n-1 = "n¥n-2"n"n-1rn-2
=q.
m]
The following proposition is similar to Proposition 3.2. This helps to prove the set
R ={ l(i), z(i), ;i’j), f1, f5, 857, D p, g} is reduced Grobner-Shirshov basis for D, and

to multiply reduced forms.

Proposition 4.2. Let 1 <i,k<n i< j<2n—iandk <1<2n—k. If i > k then the

word r;jry is reduced. Otherwise
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Tesity A<y A (A<j<2n—(A+1) AGD #(n,n-2)
Teenilijor G<m) A (k< j<I<2n-(+1) AGD #@m—1,n)

T (G=n) A Qu—-(+1)<I<j<2n—k) A (I#n~1,n)

TiiTi =1 Tesrgityy (>n) A Qu—=(I+1)<j<D A (j#n-1,n)

Thrij (j<k-DAGRHE@-2n)V (j>2n—-k) A (#n-1,n)
i (J=k=1 A ((k)#@n-1,n)

Tion-a+y  (J=2n—=k) A ((j,k) # (n,n))

The proof of general cases is similar to prof given in Proposition 3.2. Hence we
only proof the exceptional cases.
Proof.
?infk,n—l = finfk,n—3fn—2
= Fre1n—2Tinfn— by case 1

Fre1n—2Tin-3Tu-2TnTn—2 by a sequence of ELWs of f,

?k+l,n—2?i,n—3 7',17',1_2}7,1 by an ELW of f5

= I'e+1.ntin-2-

FiiFin-1 = FijTxpn-2Tn-1
= Fre1n-27i j+17n-1 by case 3
= Fretn—2Tins2Fn-17ns3 j+1 by a sequence of ELWs of f,
= Fratn—2Fin-3Tn2lnFn1Tn2Fn 17043 j41
= 77k+1,n—2’7i,n—3?n’7n—2?n?n—l ?n—lfn+3,j+l by an ELW Of P

= Fre1afij+1 by a sequence of ELWSs of f,.
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Vin-1"k1 = Vin-1Tkn-2"nl

Frstn-1Tin-17m by case 4

Protn—1Tin—2TuTn-1Tns2; by a sequence of ELWs of f,

rk+1,n—1 ri,n—2rnrn—l rn+2,l

Fre1n-1Tin=3TnTn—2TnTny3; by an ELW of fs

FretnTinTnisy by a sequence of ELWs of f,

Fre1,0=1Fin-

O

Theorem 4.1. The set R = { fi), éi), 3(i’j), fa, f5, 857 19 p, g} is a reduced Grobner-

Shirshov basis for B,,.

Proof. The proof is just the adaptation of the proof of Theorem 3.1. O

4.2 Reduced Forms for D,

Since R = {f", £, ;i’j), fi f5,8%7, W9, p, q}, is a Grobner-Shirshov basis for D,,,

the R-reduced words are in fact reduced forms for D,,.

Theorem 4.2. Any word in B, can be presented in a form
FajuTntjos " T2jpT1jy

wherei—1< j; <2n—iforalli
Proof. The proof is just the adaptation of the proof of Theorem 3.2. O

Proposition 4.2 can be used to inductively compute the normal form of any product

normal forms. Hence one can obtain whole multiplication table of D,,.
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