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ABSTRACT

The automorphism groups of the pure integer octonions are studied. The
seven-dimensional matrix representation of the automorphism group of pure integer
octonions constituting the root system of E; is constructed. It is shown that G2(2) which
is a finite subgroup of the exceptional Lie group G,, of order 12096, has four maximal
subgroups. The structure of G2(2) and its maximal subgroups are identified and their
possible implications in physics are discussed. The maximal subgroups of G;(2)
having the orders 432,192,192 and 336 preserve the octonionic root systems of Eg,
SO(12), SU(2)°xS0(8) and SU(8), respectively.

Matrix representation of the automorphism group of the octonionic imaginary
units xe; (i=1,...7) is also constructed. The group 2°-PSLy(7) of order 1344 is the non-
split extension of the elementary Abelian group of order 8 by Kilein's simple group
PSLy(7) of order 168. The maximal subgroups of 2°.PSL,(7) and their structure are
analysed. Seven-dimensional matrix representation of another group 2*PSL,(7) of
order 1344 which is the split extension of the elementary Abelian group of order 8 by

_PSL;(7) is constructed. Its maximal subgroups are studied.

The character tables and the conjugacy classes of the groups Ga(2),

22.PSLy(7), 2%PSL,(7) and all maximal and Sylow subgroups are computed.



0z

Oktonyonlarin otomorfizma gruplan c¢alisildi. E, Lie cebirinin kdklerini
teskil eden oktonyonlarin otomorfizma grubu olusturuldu ve yedi boyutlu
matris temsilleri bulundu. Dért maksimal altgruba sahip olan G,(2) grubu ayn
zamanda G, Lie grubunun sonliu bir alt grubudur. G,(2) grubunun ve maksimal
altgruplarinin yapilari incelenerek, fizikteki uygulamalarn tartisidi. G,(2)
grubunun maksimal altgruplarinin eleman sayilari 432, 192, 192’ ve 336 olup,
bunlarin sirasiyla E;, SO(12),SU(2)*xSO0(8) ve SU(8)’ in oktonyonlardan

olusturulan kdk sistemlerini korudugu gésterildi.

Ayrica oktonyonlarin +e,(i=1,...,7) otomorfizma gruplannin matris temsilleri
olusturuldu. Elde edilen 23.PSL,(7) grubunun eleman sayisi 1344 olup 8 elemanh
temel Abelian bir grup ile basit bir grup olan PSL,(7)’ nin ayrigmadan (non-split)
genisletiimesiyle elde edilebilecedi gdsterildi. Maksimal altgruplar ve yapilar
caligildi. Eleman sayisi yine 1344 olan fakat yapisi farkh olan 2%:PSL,(7)
grubunun yedi boyutlu matris temsili elde edilerek, maksimal altgruplariyla

beraber yapisi ortaya konuldu.

G,(2), 2%PSL,(7), 2%PSL,(7) gruplan ve maximal altgruplan ile Sylow

altgruplannin karakter tablolan olusturuldu.



CHAPTER 1

INTRODUCTION

Symmetries have scored great success in the simplification of the laws
of physics as well as in the description of the physical states. Group theory
has been applied in many different fields of physics such as, classification of
eigenfunctions, analysis of different types of phase transitions in solids,
classifications of energy levels of atomic, molecular, solid-state and nuclear
systems. It is also widely used in the symmetry considerations of nuclear
forces and the classification of elementary particles and the forces combining

them.

The standard, model SU(3)cxSU(2).xU(1) is the unique manifestation of
the fundamental forces such as_the strong interaction and the electroweak
interaction. Group theoretical approach has always shaped our perception of

the nature.

In physics, Lie groups and the finite subgroups of the rotation group in
three dimensions have played important roles. Further unification of the
standard model in the larger groups like SU(5)~E4, SO(10)~Es and Eg[1, 10,
11, 17] changed our understanding not only of the fundamental interactions of
the fundamental particles besides the gravitation but also led to a deeper
insight of the modern cosmology. Unification of all interactions including the
gravity manifested itself in the superstring theory with an EsxEs gauge

symmetry[12,14]. It turned out that all Lie groups in the E-series (E4=SU(2),



E2~SU(2)xSU(2), Es~SU(3)xSU(2), E«~SU(5), Es~SO(10), Ee, E7 and Eg) have

been proposed as models toward the solutions of problems of particle physics.

The principal features of the Lie algebras associated with the Lie groups
are encoded in the root systems of the Lie algebras. Some of the selected Lie
algebras such as SU(2), SO(4), SO(5) , SO(8), F4, Es have peculiar root
systems which can be described by the discrete elements of the division
algebras[18, 23]. For instance the root system of SO(8) can be described by
24 quaternions which themselves form a finite subgroup of SU(2). Similarly the
240 roots of Eg can be described by the integer octonions which are closed

under octonion multiplication.

The root system of Eg is also constructed with icosians. Koca has
worked out the details of this construction and confronted it with the root
system of Eg obtained by the integer octonions[24]. Koca has also proposed a
mode! where three families of leptons and the electroweak bosons are
assigned té the irreducible representations of the binary tetrahedral group of
order 24, a discrete subgroup of SU(2)[25].

On the other hand finite subgroups of SO(3) are either used for
molecule symmetries or the crystal symmetries together with the discrete
transiations[33]. Liquid crystals further require the lifting of these symmetries
to SU(2)[32]. Ordinary Lie groups or super Lie groups had great impact both in
nuclear and particle physics as classification of symmetries and/or gauge

symmetries.

Simple finite groups have, for nearly a century, been a central research
area in mathematics and their classifications have recently been completedts].
They are the Lie type groups, alternating groups and the 26 sporadic groups.
In 1980 McKay [31, 36] has noted an interesting correspondence between the



finite subgroups of SU(2) and the A-E-D classifications of the Lie algebras. In
brief, the eigenvectors of the Cartan matrices of the affine Lie algebras of the
A-D-E series constitute the bharacter table of the associated finite subgroups
of SU(2). It seems that there eXists an interésting interplay between certain Lie

algebras and the finite subgroups of SU(2).

The SL(7) group of order 336, which is the double cover of the finite
subgroup of SU(3) of order 168, has some relations with the conformal field
theory based on the G, affine Lie algebra[4]. A detailed study regarding the
group PSLy(7) of order 168, which is isomorphic to the projective modular
group on the finite field with seven elements, has been extensively worked out

by Bauer and ltzykson[2].

it is all well known that the automorphism group of the octonion aigebra
is the exceptional Lie group G;[26]. For the root system of Es can be described
by the integer octonions its automorphism group is of great interest. This
problem seems to be rather involved but the automorphism group of the pure
imaginary octonionic roots corresponding to the root system of E; can be

handled relatively easily[22].

The group 2°.PSL,(7) is first discussed by Coxeter[7]. The structure of
the group 2*PSL,(7) is worked out by Conway[6] proving its extraordinary
structure related to the behaviour of its two non-conjugate maximal subgroups
PSLy(7). The groups PSL;(7) and 23:PSL2(7) arise also as the automorphism
group of the binary Hamming codes of the types E; and E; respectively[35].
Some of the subgroups of 23-PSL2(7) and 2%PSLy(7), of orders 24,48, and 32
turned out to be the Demazure[8] and Tits[37] subgroups of the Lie groups

SU(3), Gz, and SO(5). Their relevance to physics has been studied by Michel,
Patera and Sharp[34)].



In this thesis we focus mostly on the automorphism group of the 126
pure imaginary octonions constituting the root system of E;. We determine its
order and give an explicit 7x7 irreducible representation of the group of
concern. It turns out that it is the Chevalley’s group G»(2)[3]. We notice that
the maximal subgroups of the group G(2) preserve the octonionic root

systems of the maximal Lie algebras of E; with one exception[27].

Another interesting group 2°-Ly(7) is the one with the order of 1344
which is the automorphism group of the set of octonions *e; (i=1,...,7). The
group 2%L,(7) and G,(2) share the same maximal subgroup 4.S4:2 of order
192. We also note that understanding the structure of the group 23.1,(7) also
makes it easier to analyse the structure of the group 2%1,(7) which is also of
the same order and has the same character of the group 2%.L,(7). Many
interesting features of these groups have been worked out and their character

tables with the relevant irreducible representations have been constructed[28].

We organise the thesis as follows. In chapter 2 we introduce all the
relevant group theoretical concepts of finite groups. We do not give the proofs
of theorems but explain most of them with examples to make them self
contained. This chapter can be regarded as a kind of group theoretical

dictionary.

In chapter 3 we introduce the octonion algebra and construct the root
system of Eg and then decompose the roots under its maximal Lie algebra

SU(2)xE; where pure imaginary octonions constitute the root system of E;.

Chapter 4 constitutes the main topic of the thesis where we worked out
the details of the automophism group G2(2) of the octonionic roots of Ej.

Chapter 5 is devoted to the study of the groups 2%L,(7) and 2%L,(7). Chapter



6 involves the conclusive remarks where we briefly discuss our results and
make comments on the possible use of these groups in particle physics. We
tabulate the character tables in Appehdix A and briefly discuss the computer
programmes, which we have used in the analysis of the group structure, in

Appendix B.



CHAPTER 2

FINITE GROUPS

2.1. Introduction

We start with the basic properties of the finite groups and introduce
some related systems that are necessary for our latter applications. Since the
finite matrix groups and their applications are the main topic of this work, we
had better discuss them in detail[15].

2.2. Group Postulates

A set of symmetry transformations on a physical system has the
mathematical properties that are associated with a group. The rotations,
translations in space and time, and most symmetry transformations on physical
systems have the group properties. Symmetries are described using a branch
of mathematics known as group theory. A certain definition of a group is as
follows: A group is a set of elements (often in practice represented by

matrices) that can be combined together with the following four postulates:
o Closure Law. The group is closed under multiplication
(9,€G.0,€C) = g,9,€G (2.1)

e Associative Law. The elements of the group G are combined together

under multiplication, that is,



01(9293) = (8192)93. 9 €G (2.2)

¢ Unit element. Among the group elements there exist one and only one unit

element go(or | or 1) which has the property,
909i= 9% = G Go. i€ G (2.3)

o Inverse element. For every element g; of the group G there exists an

inverse element g;' such that

gigi = g7lgi =1 (2.4)

A group is’ called finite if it has a finite number of elements. The number
of elements of a finite group is called the order of the group and is denoted by
the symbol |G]. If the elements of a group are denumerable infinite, then the
group is called infinite discrete group. If the elements of a group form a
- continuum, then the group is said to be a continuous group. Every finite group

is isomorphic to a suitable group of nxn non-singular matrices.

There are a number of special groups. We mention just a few here that
will be used later. If all elements of a group commute with each other (gig; =
_ gjgi), then it is called an Abelian group. If a group can be generated by
repeated applications of one element, then it is called a cyclic group. All cyclic

groups are Abelian, since each element commutes with itself.

There are various ways to construct the group and to understand the
structure of a given group. The subgroups play important roles in
understanding the structure of the group. For a subgroup in a group is often
useful for the construction of the group and its character table, we will first

discuss the subgroups and their roles in a group.



2.3. Subgroups

A subset H of a given group G is called a subgroup if the elements of H
form a group under group postulates. Every group has at least two trivial
subgroups, the group itself and the identity element. A subgroup different from
G and the unit element is called a proper subgroup. A proper subgroup H is
called a maximal subgroup if there is no subgroup of G containing H and
different from H and G. A subgroup H of G is called a normal subgroup if the

following condition holds:
gHg' € H forallg e G (2.5)

A group which has no proper normal subgroup is called a simple group,
otherwise a composite group. If a group contains no invariant Abelian

subgroup besides the identity element, it is said to be a semisimple group.

In this work subgroups, normal subgroups, maximal groups and
structure of the related groups are determined by the use of computer. In the
latter chapters we will explain how the computer programs are implemented to

obtain certain properties of the groups of concern.

2.3.1. Basic Theorems

Consider a finite group G with a subgroup H of G. The fundamental
question at this point is about the orders of H and G. Lagrange's theorem
partially answers this question. Lagrange's Theorem states that the order of a
subgroup of a finite group is always a divisor of the order of the parent group.

The order of the group divided by the order of the its subgroup |G|/|H| always



gives an integer number. This integer number is called index of the subgroup
H. In spite 'of this theorem, there is no guarantee that G will contain a
subgroup ‘ofborder n which is a divisor of the order of the group. But if n is a
prime divisor of the order of G, then G contains a subgroup of order n. Since
the order of an element is equal to the order of the subgroup generated by that

element, then the order of every element of G is a divisor of the order of G.

Three remarkable theorems of Sylow deal with the existence of certain

subgroups in a finite group and with their properties in relation to the group.

s Sylow's first theorem. Let p" be the highest power of the prime number p
that divides the order of the group 'G. Then, G contains at least one Sylow p-

subgroup of order p".

o+ Sylow's second theorem. In a finite group the Sylow p-subgroups (for a

fixed prime p) is isomorphic to each other.

o Sylow's third theorem. The number of Sylow p-subgroups of a finite group

G is of the form 1+kp and is a divisor of the order of G.
2.3.2. Properties of Maximal Subgroups

In this work, we consider only finite groups, therefore the maximal
subgroups always exist. It is hard to calculate all maximal subgroups of a
group. Especially, nilpotent and supersolvable groups can be characterised by
properties of their maximal subgroups. Huppert's two remarkable theorems
that are about the supersolvable and nilpotent groups, are important at this
point.
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. The elements g;'g5'g4g, of a group G is called commutator of g, and g,
denoted (g, gz). From its definition (g, g2)=1 if, and only if, 919,=g.91. The
subgroup H of G generated by all commutators (g;, g;) is called derived group.
Clearly, H is a fully invariant subgroup of G. A group G is said to be solvable if
the sequence G o H' o3 H2 5 ... o ... o H® = 1, where each group H? is the
derived group of the preceding, group which terminate in the identity in a finite
number of steps. If each factor group H*"/H® of a solvable group is cyclic,
then the group is said to be supersolvable. If the factor set H""/H® is in the

center of G/H®, then the group is said to be nilpotent group.

e Huppert's theorem. If the index of every maximal subgroup of a finite
group G is a prime number, then G is supersolvable. The other theorem is
about the nilpotent group. If a maximal subgroup of a group is normal then the

group is called nilpotent.

~ The intersection of all maximal subgroups of a group G is called the
Frattini subgroup. This is also called characteristic subgroup of a group G. It
is obvious that if H is a proper subgroup of the group G (not maximal in G),
then there exists a maximal subgroup of G containing H. The maximal
subgroups of a group play important roles in the group extension together with

the normal subgroups of the group.
2.3.3. Cosets and the Properties of Normal Subgroups

Consider a group G and a subgroup H. The set of elements gH, ge G is
called a left coset of H. Similarly the set of elements Hg, geG is called a

right coset of H. If G is finite then we can decompose G in terms of cosets

(say left cosets)
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G = H+gH+g,H+---+gH (2.8)
We state this relation in the formv

# elements in a group G
# elements in subgroup H

# cosets of H= (2.7)
The right cosets or left cosets of the subgroup H in the group G form a group
if, and only if, H is a normal subgroup. At this point it is appropriate to define
the factor group. The factor group of the group is the group formed by the
cosets of the normal subgroup H. Determination of normal subgroups of a
group G is rather easy, since the set of generators of the normal subgroup is
the union of complete conjugate classes of the elements of G. Hereafter we

will denote by N the normal subgroup of G.
2.4. The Concept of Homomorphy

A very fundamental concept 6f modern mathematics is that of a
mapping of a set S into a set T. A single valued mapping of the elements in S
onto a certain subset of T is called homomorphy, if the product of two
elements is mapped onto the product of the image elements. The homomorphy
is called homomorphism if every element of T is an image element of an
element of S, so that the set T is saidb to be homomorphic to the set S. Two
groups are said to be homomorphic if there is a many-to-one correspondence
between the elements of two groups. This statement implies that a given group
G is homomorphic to its factor group H, if H=G/N. In this type of

homomorphism N is called the kernel of homomorphism.
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2.4.1. The Isomorphy Concept

If a group G is mapped onto the group G' homomorp‘hically, then
multiplication in G' parallels that in G. A one-to-one mapping G<G’ of the
elements of group G and G’ is called an isomorphism if whenever g<g,' and
0202’ then g1g.<g1'g2’. Thus, the orders of the two groups must be the
same. Then from the abstract group theoretical point of view, the two groups
are identical even though the meaning of elements in the two groups may be

different.
2.4.2, Automorphism of a Group

An isomorphic mapping of a group onto itself is called an
automorphism. If a: geg® is a one-to-one mapping of a group G onto itself, a
will be an automorphism if, and only if, gig; = g« implies that g;* g;=gi*. The
transformation of elements of a group G by a fixed element r is an

automorphism. Formal!y we can write
w rgr’ = g and rgr = g = rggr” = gg; (2.8)

where g;, gje G and g/, g/’ G and r is a fixed element of G. This is called the
inner automorphism. All of the automorphisms of a group G, different from

inner automorphism are called outer automorphism.
2.4.3 Extensions of Groups

There are a number of ways for the group extensions. Generally the
groups are extended from their subgroups. Although we will mostly consider
the extension of a group from its normal subgroup N in our constructions, let

us first briefly discuss the possible group extensions.
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2.4.3.1. Direct Product

The groups are constructed by the direct product of two groups as
follows. Let H and H’ be two groups with h;, h; € H and hy, hi' € H'. The

multiplication is defined by
(h.h)(hi.ht) = (hhy, hihi) (2.9)

Since h; and h; are elements of H and hy and hy elements of H’' then (hih;,
hi'hy') is an element of HxH'. It is clear that HxH’ is isomorphic to H'xH. The
order of HxH' is the product of the orders of H and H’. Now H and H’ are both

subgroups of HxH’. A group is extended from its subgroups, in a way such that
G = H1 X H2 X e X Hm (210)

if every element of each subgroup commutes with every element of all the
other subgroups, and each element g; of G can be expressed in a unique way

in the form g; = h{h; --- hy, where h;eH..

Direct product of the groups defined in Equation (2.9) is applicable for
matrix representations of the groups as follows: if H is a group of nxn matrices

and H' is a group of mxm matrices then we can represent HxH' by matrices
h,h’ -h@h'—[h 0] 2.1
(hh) = hon =| .11

Then the matrix multiplication gives the operation described above on HxH’,

such as

(h,.h )i, h1) = mhy O
phLRD = | i (2.12)
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2.4.3.2. Semi-Direct Product (Split Extension)

Consider two groups H and N and for every element h € H and an
automorphism of k € N, then the symbol [k,h] form a group under the product

rule,
h h - .13
ki, hyl-kz, ha] = [Ki?ko, heholi K;' = hkghy' (219)
called the semi-direct or normal product of N by H.

Given two groups N and H, with keN and heH respectively, if G is semi-
direct product of N and H, symbolically N:H then the elements [k, 1] form a
normal subgroup isomorphic to N and the elements [1, h] of G form a subgroup
isomorphic to H. In general G is the semi-direct product of N by H if, and only
if N is a normal subgroup of G and H is the factor group with intersection of H
and N being only the unit element. This is an example of the split extension. If
H, in the above construction, is a factor group but not a subgroup of G then G

is the non-split extension of N by H.
2.5. Representations of Groups by Matrices

The matrix representations of groups are important, because from a
practical point of view, many groups have their natural representations in
terms of matrices. If there is a correspondence between a set of square
matrices and the elements of a group, then the set of nxn non-singular
matrices form a group under matrix multiplication. Suppose that g and g; are
two elements of the group G. There exist associated mxm non-singular

matrices with the following properties:
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A(gy)

A(QZ) = aij(QZ)s (i:j=1|21"':m)1

ag(g), (,j=1.2....m), |
(2.14)

where a; is the member of real or complex numbers. If they satisfy the relation

A(g1)A(92) = A(9492). (91,92, 919, € G). (2.15)

Note that we have A(1) = I, where |, is mxm unit matrix and A(x") = [A(X)]"

is the matrix inverse. There are a number of ways to construct the matrix
representation of a group. Generally groups are formed by symmetry
operations. In order to construct any matrix representation of a group, we

choose a vector space (carrier space) and then define the operations of G on

this space.

Historically, group theory began with finite permutation groups. If we

have n objects, then there are n! arrangements which form a group S, which
is called the symmetric group. At this point consider permutations of n
objects and a set of finite number of variables x,, x,,...,x,. A general linear
transformation on n variables replaces each variable x,, x,,...,x,, by a linear

combination of the following form
Al X = X|= agXy + agXy + -+ agX, (2.16)

The coefficients a; are real or complex numbers in general. It is possible to

write the last Equation in the form

1
I—"1 X, an 2 vt A, X
X x! a a v Q X
2 2 21 22 2n 2
- = (2.17)
?
xu xn anl an2 b ann xn
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(a) All finite groups are the subgroups of a permutation group and it is
possible to write the matrix representation of a permutation group, by linear

substitution x; — x;. The corresponding matrix gives a matrix representation

of the permutation group.

(b) For any finite group there are infinitely many matrix representations.

Proof of this statement is easy. Consider a matrix representation A(g) of a

group G and any non-singular matrix T. We can define B(g) = TA(g)T". Then

B(019,) = TA(g,0,)T" = TA(g,)A(g) T
(2.18)
= TA(g,) T TA(g,)T™ =B(g,)B(g,)

where B is also a matrix representation of G. This transformation is known as
the similarity transformation, and the representations which are obtained by

similarity transformations are called equivalent representation.

(c) Let A(g) and B(g) are matrix representations of the group G of

dimensions n and m respectively, then the matrix

Mg 0 ] (2.19)

Clo = [ 0 B(g)

of degree n+m also form a matrix representation of G. The matrix C(g) is
defined above is called the direct sum of A(g) and B(g), denoted by
C(g) = A(g)®B(g). The representation C(g) is said to be decomposable and

A(g) and B(g) are its components.

As an example, we take the group S;. The symmetric group S; can be
obtained by permuting three objects that is denoted by (x4, X2, x3) of the

components of a vector x. The carrier space of this representation is three
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dimensional Euclidean space. The permutations of elements are as follows (

the bottom row of each element is the result of permutation):

(123} [123} [123} [123) (123] [123J
Po = D Py = ' p2= P p3= P P4 = P Ps =
° 23S T a12) 2 laa) T lsz) Tt le21) U (213

X =Xy X7 —> X3 X{ —> Xy X; =X X1 —> X3 Xi —>Xo
X5 —» X, X5 = X4 X5 —> X3 X5 —> X3 X5 =Xy X5 =Xy
X3 —> X3 X3 =X X3 > X X3 —> X5 X5 =Xy X3 —> X3

(2.20)

We can construct transformation matrices, as indicated in Equation (2.17), so

they take the forms

100 00 1 010
Alpg)={0 1 Ol Alp)=/1 0 O} A(py)=|0 0 1}
00 1 010 100
100 00 1 010
A(p3)=|0 0 1| A(pg)={0 1 O} A(ps)={1 0 Oj
010 100 00 1]

(2.21)

Each matrix element transforms the coordinate x; into x; and they aitogether

form the group S; under group postulates.

We can find other representations of S; by considering the set of

symmetries of an equilateral triangle which lies in a plane. We chose one unit

vector a4 along the x-axis and the second a, along the y-axis. The matrices

which are then obtained by making symmetry operations, as in Figure (2.1),

form the symmetric group S;.



y y
1 2
A X X

2 3 2 3 1
Ar y Ary > y
3 2

X X
1 2 2 1 1 3

Figure 2.1 Symmetries of the Equilateral Triangle.

The matrices A(g;) take the forms

10 -1 0 -1 -3
A(90)=[0 1]2 A(91)=l:0 1]1 A(92)=%L[5 \/-—1:‘,

- 1 g -
Ag)-3 7 ‘/_ﬂ A(g4)=—;-[ A . [ae-4 g ‘/_ﬂ
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(2.22)

The matrices A(g) form also a matrix representation of S;. The matrix

representation A(g) of a group G is reducible over a given field if there exists

a non-singular matrix T such that

B 0]
Cl@ = T7AQT = [EEZ; D(g)]'

(2.23)
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Here B(g) and D(g) are representations of G. If E(g) is a null matrix, then the

representation A(g) is completely reduced.

2.6. Construction of Character Tables and

Conjugate Classes

The conjugacy classes and the character tables involve numbers that
are known as the characters of the given representation. The character y of a

matrix representation A(g) is defined by

i=n
1(@) = THA@)] = 2.a;(g) (2.24)
i=1

Thus the characters are the elements of the given field. All equivalent
representations have the same characters over which the matrix
representations are defined. It is easy to see that if the dimension of the

representation is 1, then y= A

2.6.1. Conjugate Classes of a Group

Consider a set S of a group G with elements seS and geG. If g1'1Sg,=S,
then S=g,Sg;'. If also g;'Sg,=S, then S=(g,g,) 'S(g,9,). Hence the set of
0:€G, such that S= gi"Sgi, is a subgroup of G which we call the normalizer of
S in G, and we designate this by Ng(S). Again the set of g;eG such that s=
g{‘sgl, for all s€S, may similarly be shown to be a subgroup of G which we call
the centralizer of S in G and designate it by Cg(S). It is obvious that if S

consists of a single element, the centralizer and normalizer are identical;

moreover, always Co(S)cNg(S). The centralizer of G in G is called the center
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of G. Formally the sets Ng(S) and Cg(S) are obtained by transforming the
elements of the set S such that

Ng(S) = {geG| gs = sg foralls e S}
(2.25)
Ca(S) = {geCl ¢S = Sg}.

The center is clearly intersection of all the normalizers of elements in G. By

definition the center is an Abelian normal subgroup.

Consider a set S obtained as follows: Let G be a group and the set S of
elements of the form g;’gig,. Both g; and g; are elements of G and gy is a fixed
element. Then we call the set S a class of conjugation of the group G. If the
whole group G is partitioned into disjoint sets, they are then called classes of
conjugate elements or conjugate classes or conjugacy classes of the group

G. Formally we can write

Ci(p) = {ge G| hy=gr'gi9r} . (2.26)

In our latter applications a number of notations designating the
conjugate classes, character tables, etc. of a group will be demonstrated, in
general, in the form of Table(2.1). The first row of the table corresponds to the
name of the class, which is denoted by Ci(pi) and p; represents the order of
each element. The second and third rows of the table correspond to the
number of elements in a class and the characters of each element,

respectively.
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Table 2.1. The Conjugate Classes of a Given group G

Class | C4(1) Ca(p2) «: Cipn)
# Elements | h; h; hn
Characters | y, Ln %n

After this brief definition let us obtain the conjugacy classes of the group S; by
using matrix representations given in Equations (2.21) and (2.22). The first
class contains only unit element of 3x3 matrices. If we chose A(py) as a fixed
element, then the set of matrices obtained by using Equation (2.26) are A(pa),
A(ps) and A(ps) which are of order 2 and character(trace) 1. The other class
members obtained by choosing A(ps) as a fixed element, are A(p,) and A(p2) of
order 3 and trace 0. They are tabulated in Table (2.2). Similarly the conjugate
classes of S; is obtained for the 2x2 matrix representation, the character

values are demonstrated in the fourth row of Table (2.2).

Table 2.2. Conjugacy Classes of the Group Ss.

Class | C4(1) C2(3) Cs(2)
# Elements 1 2 3
Characters(3x3) 3 0 1

Characters(2x2) 2 -1 0

Since each class is obtained by the similarity transf'ormation, then trace and
orders of each element in a class are equal to each other. The number of
elements in a class, which divides the order of the group G is called the index
of a class. We can say that if C; is a class of conjugate elements of a group G,

then C;‘ (inverse of elements of C;) form also a class of conjugate elements.
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2.6.2. Relations on Irreducible Characters

The number of inequivalent irreducible representations of the group G,
is equal to the number of classes of the group G. Consider a group of order

|G| and let n,, n,, -~ n; be the degrees of the inequivalent irreducible

representations g, x%--, 1, then
|G| =n? +n2 + ... +n? (2.27)

In our applications, the character tables are demonstrated in the form of Table
(2.3). In Table (2.3) Ci(p;) denotes the name of the class and p; represents the
order of each element with C4(1)=1 which is the unit element. The second row
corresponds to the number of elements h; in a class C;. The third row
represents the order of centralizer or index which is obtained by dividing the
order of the group by the number of elements in the corresponding class. x'is
the identity representation, and x’,...,x' are the absolutely irreducible
representations. y? is the character of an element of the i" class in a™

representation and n; are the degrees of the irreducible representations.

Table 2.3. The Character Table of a Group G

Class Ci«(1) Cap2) ... Cilp) ... Cipy)
# Elements hy hy ... h; hy
Index | |Gl/hy |GYhz ... [Glhs ... [Gl/hy
z! nq 1T .1 .1
4 Nz 2 A e A
X Ns X2 - Xi x:
x n Xz - Xi %k
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Without proof, we give the following relations on characters: The
orthogona.lity relations satisfied by the irreducible characters of a group G are

given successively by the relations:

2 = 840 (2.28)
i=1

on rows, and
D E = 2y (2.29)
a=1 1

on columns. The relations within each row is given by the Equation

hy2 h h y2

UL = Fog 2 (@=12 0 (2.30)
na na [3 na

where c;, are non-negative integers, n, and h; correspond to the degree of

irreducible a™ representation and the number of elements in i class

respectively.

Consider two irreducible representations of a group G, with characters

i and X? corresponding to the same class. Then there is a relation between

the irreducible characters of a group G satisfying

A = D Oabef (2.31)

where g.pc are non-negative integers. The relations from (2.27) to (2.31) hold

for all irreducible representations of the group G. A reducible representation g
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of a group G can be written in the form of compositions of the irreducible

representations, such as,

x = 2Kaxf (2.32)

where k., is an integer number y* is the character of an irreducible
representation of the group G. The integer coefficient k, is obtained from the

relation

ks = I—é—.;h.m? (2.33)

where y; are the characters of the reducible representation and y} are the
characters of the irreducible representations. After this brief summary on the

character relations, the construction of character tables will be discussed in

the following section.
2.6.3. Construction of Character Tables

In the construction of a character table of a group G the multiplication
table of the conjugacy classes plays an important role. Let Y; be the sum of the
elements of the conjugacy class C; (i=1,...r), where r is the number of

conjugacy classes of the group G. Then we can construct the following set of

Equations: -
v, -1=0
2 r
[Y?- 2 m,Y, =0 (2.34)
1j=2

T
YiYp - 2dyY =0, iz]
Uuk=2
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r-Nr-2)+2r
2

" Equations, then we obtain r independent set of solutions for Y. If we denote
each set of solutions of Ylkby yi, then from Equations (2.28), (2.29) and (2.30)

where my and djx are non-negative integers. We have

we obtain an equation

h n
yi=—tf or 2f =12y, (2.35)

N |

Notg that it is hard to solve the Equation (2.34). Some computer programs are
used to solve them. Now let us construct the character table of symmetric
group S;. The elements of the classes C4, C,, and C3 , obtained in Table (2.2),
are {po}, \{pa, pa, ps} and {p;, ps}, respectively. By using the elements and
Equation (2.34) we obtain

[Y;)? - 1 =0
Y, ?-2Y,- Y =0
‘[ 2] 1 2 (2.36)
[Y5)? - 3Y, - 3Y, =0
Y2Y3 - .4Y3 =0

The set of solutions can be obtained by solving Equation (2.36) such that,

yi={1 2 3
y2={1,2, -8} (2.37)
ys={1 -1,0}

By using the Equations (2.28 and 2.35) we obtain the ‘charabter Table (2.4) of
the group S3, )



Table 2.4. The Character Table of the Symmetric Group S;

Class | C1(1) C2(3) Cai(2)
# Elements | 1 2 3
Index| 6 3 2
x| 1 1 1
, o1 1 -1
| 2 -1. 0
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The 3x3 and 2x2 matrix representations of S; were obtained earlier and given

by the Equations (2.21) and (2.22) respectively. Conjugacy classes of each

representation are obtained in Table (2.2). Let us investigate whether the

given representations are irreducible or reducible. Remember the Table (2.2)

that involves the characters of the 3x3 and 2x2 matrix representations. By

using Equations (2.32-33) and character table of the S3, we find the relations .

for 3x3 matrix representations such that

ki =3(1x3x1+3x1x 1+ 2x0x 1) = 1

Ky =1(1x3x1+3x1x (1) +2x0x ) = 0

k1 =g(1x3x2+3x1x0+2x0x(-1) =1

Then from Equation (2.32) we can write

Similarly for 2x2 matrix representations of S; we obtain the Equations

x:x1 +X3

(2.38)

(3.39)
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Ky =4(1x2x1+3x0x 14+ 2x(-)x1) =0
Ky =3 (1x2x1+3x0x (=9 + 2x1x (-10) = 0 (3.40)

Ky =3(1x2x2+3x0x0 + 2x (-1 x(-1) = 1

Then it is obvious that 2x2 matrix representation of S; is irreducible, while 3x3

matrix representation is reducible.

Equation (2.39) implies that there is a non-singular matrix T which
transforms all 3x3 matrix elements of S; into 1x1 and 2x2 block-diagonal

forms. As an example the matrix T is given as

1 1 1

1 1 1
T={1 -1 OjandT'=31 -2 1 | (2.41)
1 0 -1 1 1 -2

Then by the similarity transformation we can transform the 3-dimensional

reducible representation to the block-diagonal form

B(pi) = TA(p)T™' (2.42)

They are
100 10 0O 1 00
A(pg)={0 1 0f A(py)=|0-0 -1 A(py)=|0 -1 1},
c 0 1] o 1 -1 . 1lo <10
(2.43)
1 0 0] 10 o 100

Alp3)=|0 -1 1},  A(ps)=|0 1 -1|; A(ps)=|0 -1 0O}
0 10 0 0 -1« 0 -1 1
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The first block corresponds to the trivial representation and the 2x2 block

matrices correspond to the 2-dimensional irreducible representation of Ss.
2.6.4. Determination of Normal Subgroups from
the Character Table

The présence of a normal subgroup of a group G can be easily
understood from the character Table. The condition that if the characters of a

conjugate class either equal to the order of the representation or related by
lhix?f = n, for all irreducible representations,k then the elements of the

corresponding conjugate classes form the subgroup N. This group is normal

subgroup in the group G.
2.7. Generators and Generation Relations

The set of elements g1, gz, ... , m, Of @ group G, are called generators,
if every elements of G is expressible as a finite product of their powers. It is
conveniently denoted by the symbol {g1, 92, ... gn}. It is clear that if m=1 then
the group is cyclic group. If a given set of generators are abstractly defined
then it is called the abstract definition or the presentation of the group G. An
element expressed as a product of generators and their inverses is said to be
a word. Suppose that X is a set of generators for G, and let Y be another
subset for G. Then if Y contains X or if every element of X can be expressed

as a worq in the elements of Y, then Y is also a set of generators for G.

In our work, the generation relations of the groups of interest will be
given without any further discussion. The generation relation for symmetric

group S; is
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X=(pppz1p} = p5 = 1. (ppa)* = 1) (2.44)

All the elements of the group can be obtained from the given generators. In
other words all the remaining elements of the group can be expressed in terms

of the given generators. The elements of S; can be written as:

{1, p1, P2, pa, P3p1, P1P3 }
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CHAPTER 3

OCTONIONS AND THE CONSTRUCTION

OF THE ROOT SYSTEM OF E;

3.1. Introduction

The development of the theory of Lie groups is characterised by a
number of distinct approachs. Although the Lie groups may be formulated by
using the properties of invariant matrices, generaily, physicists followed a path
which made by the use of the roots associated with the corresponding Lie
algebras. The root systems Qf the Es Lie algebras can be constructed by

integral octonions.
3.2. Octonions

Due to the Hurwitz theorem there are only four divisioh algebras
formed by real numbers, complex numbers, quaternions, and octonions.
Quaternions ‘appear everywhere in physics' and has been studied by many
authors. The octonion algebra and especially automorphism groups of integral
octonions has much less been studied. In this section, the concept of

octonions and some of their properties will be introduced[9].



31

3.2.1. Basic Definitions

An algebra which consists of a systevm of elements, may be combined
together by addition or multiplit:ation or both. Let V be a vector space over a

field 3, forallac3 and x, y,z € V. The following conditions hold:

(1) Multiplication relation with field element

(ax)y = a(xy) = x(ay) (3.1)

(2) Distribution Laws |
X+ y)z=xz2+yz (3.2)
Xy +2) = Xy + X2 (3.3)

These three conditions are sufficient for an algebra. If in addition, we have

(3) Associative Law ‘

(xy)z = x(yz) (3.4)

then the algebra is called an associative algebra over the field 3.

An algebra over a field 3.is called division algebra over 3, if for every
element of V there exists a unit element 1 with the property

(4) xX=x1=x (3.5)

) X = xxt =1 (3.8)
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3.2.2. Division Algebras with Integral Elements

Under the above axioms we will construct the octonion algebra. Let X
denote an element over the field 3. Complex numbers, quaternions and

octonions obey the equation
X2 - (X+X)X+XX=0 (3.7)

where X + X is twice the scalar part and XX = XX is the norm of X, X being

the conjugate of X. Integer elements of Hurwitz algebras obey equation (3.7)
with integer coefficients, so twice the scalar part of X and norm of X are both
integers[7,18, 23].

We may define complex numbers by taking a pair of real numbers.
Similarly quaternions can be defined as pairs of complex numbers and
octonions can be defined as pairs of quaternions. Let [P, Q] be a pair of such

elements then they can also be defined by
[P.Q]=P+eQ (3.8)

where e is an imaginary number, e* = -1. The product of two pairs are defined
by

[P, QJ[R, S]=[RR-SQ,RQ+PS] (3.9a)
The conjugate of such a pair is defined by
[P, Q1=IP.-Q] (3.9b)

Then the norm of [P, Q] takes the form
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[P, QlIP. Q]=[P. Q] [P, Q1= [PP, QQ, 0] =PF + QQ (3.10)

Let us now find the relation between this description and those with explicit
imaginary units. Let xo and x; be two numbers, then [xs, x1] is a complex

number which can be written as
X0, X{1=%; +€4%,=C (3.11)

where ef =-~1ande, =—-e,. e, corresponds to the usual imaginary number i.

Similarly, we can take two complex numbers as pairs
C=xg +ex; andC' = X3 + X, (3.12)

where xo, X1, X2 and x;, are real numbers. By combining two complex numbers

C and C' in the usual manner we obtain a quaternion Q given by

Q=[G CT =xp +eX +e3(x; + exy)
: (3.13)

= Xg + €%y + 65X, + €3X3
where the imaginary units €3 =18, =—e; and e, = eseq, = -e1e3. Similarly we
take a pair of quaternions Q and Q' to obtain an octonion x by multiplying Q'

by an imaginary unit e; on the left
x = [Q, Q1 = Xg +X;81 + X8, + X383 + 85 (X4, +X5€, + Xg€3 +X7)

7
= inei

j=

(3.14)

with the definitions ey = eseq = -e487, €5 = €78, = -€387, €5 = €783 = -€387.

Koca[29] has used this method to construct the algebra of integral elements of
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quaternions and octonions. Now we will continue to investigate the properties

of octonionic units.

We denoted octonions by a letter e (i=0,1,...,7), where eg=1
corresponds to the unit element. Now we will give some properties of

octonions. Consider an octonion x that can be written as before
X = (Xg) Xqy.0e s X7) = Xg€0 + X4€ + -+ + X785 (3.15)
which are added like vectors and multiplied according to the rules
€€ =€y =¢, (i=012 ...7) (3.16a)
ee;=—0; +yye,, (L,j,k=12,.,7) (3.16b)

where the structure constant yjx are completely antisymmetric and takes
values 1 and 0 for the cycles (ijk) = (123), (246), (435), (367), (651), (527),
(741) and for i = j respectively. By using equations (3.15) and (3.16) we can

construct a multiplication table for octonions as illustrated in Table (3.1).

Table 3.1. Multiplication Table of Octonions

F"' €p €4 =71 €3 €4 (=1 (=1 ey

€0 (1) e4 (=71 €3 €4 es €35 ez

€4 €4 =1 €3 -2 e7 -€5 €s -84

€2 e -83 -€p e1 g ez -84 -es

€3 | e; e, -1 | -€p | -€5 e4 ey -Bg

€4 &y -y -85 €5 ~&p -3 ez e4

€5 €s (=7 -7 -€4 e;3 -€p -84 €2

€g =T -5 €4 -e7 -€2 eq -€0 €3

ey ey e4 €5 ©g -84 -€32 -3 ~€p
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The conjugate elements of octonions are defined as
X = X -%e, (=12..7) (3.17)
then the scalar and vector parts of octonions can be written as

Sc(x) = 3(x + X) =X

(3.18)
Vec(x) = 3(x- X) = xe,
respectively.
The scalar product is defined by
jIF AN | S
<X, Y >=§(xy+yx)=5(xy+ yXx) (3.19)
In terms of octonionic units this definition can be written as
’ e s +05 3.20
<€, € >=—2-('e'iej +ejei)=—2—(eiej +e,§) =9 (3.20)
and the norm N(x) of an octonion is its scalar product with itself:
N(X) = XX = XX = X;X; (3.21)

From the definitions, one can easily show that the octonion algebra is
neither commutative nor associative. in terms of octonionic units, we can write
the commutator [e;, ;] of two octonions in the form

[e, e]= ee;j-¢e

i € jei (322)

From equations (3.15) and (3.16) we can find a relation such that
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[eo.&]=0 and [e;, e]=2yye,. (ik=12..7) (3.23)

Equation (3.23) implies that the octonions are non-commutative as
quaternions. The associator [e;, e;, e of three octonions e, e, e« are defined

as
[e, &), ] = (ee))ey — &i(e)8)) (3.24)

The associator of octonions can also be written by defining a completely anti-

symmetric 4-index object ¢;;, then the associator of octonions becomes

[ei, e ex] =20 (3.25)

The values of ¢y are determined by using equation (3.24) and table (3.1). But
in practice diagrammatic multiplication table is more useful rather than
multiplication Table (3.1). Figure (3.1) illustrates diagrammatic representation
of the octonionic multiplication table that is composed of a circle with 7 points
representing the imaginary octonionic units and a triangle forming the

associative triads.

In figure (3.1) we can read the whole multiplication table by rotating the

triangle. It thus gives e.e; = e3, ;84 = €5, €483 = €5, €386 = €7, etC.
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Figure 3.1. Diagrammatic Representation of Octonionic Multiplication Table

The other diagrammatic representation relating the associators of three
octonions can be read in a similar manner from the Figure (3.2) by rotating the
triangle. For example the triangle defined by the vertices [eq, e;, e4] and the

lines joining the vertices of the triangle to e; form an associator. By rotating

2
the quadrilateral in Figure (3.2) by the angle 7“- one obtains the associators

[e1, €4, €2]=2es5, [€2, €3, €4]=2ey, [es, @6, €3]=2e4, [€3, €5, €5]=2e;, [e5, €7,

es]=2ey, [es, 1, e7]=2e3, [e7, €3, €1]=265

The quaternions in physics are usually introduced as Pauli o-matrices

which yield a realisation of the algebra of quaternions, in connection with the

rotation group in 3-dimensions.
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& &

Figure 3.2. Diagrammatic Representations of Associator [e;, e;, €] of Three

Octonions.

The product rule for quaternions can be obtained from octonionic
multiplication table, then the quaternionic unit e; satisfy the reiations
e =—8; +ee, (jk=1273) (3.26)

j

where §; and g are the Kronecker and Levi-Civita symbols, respectively.

Commutation relations of quaternions are
[ei ej]=eie; —eje; =28y, (jk=123) (3.27)

Although the algebra of octonions are non-associative, the quaternions are

associative.
3.2.3. Matrix Representations of Quaternions and Quaternion Group

The integral quaternionic units e; can be represented in terms of Pauli

spin matrices o;(i=1, 2, 3):

e1 =i0'1, ez =i0'2, 63 =—-i0‘3, (3.28)
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where

0o 1 0 i 1 0
%=, g 2= 9 %=y (3.29)

It can be directly verified that the Pauli matrices in Equation (3.29) satisfy the
quaternion algebra. The matrices Q: { 1, te4, te,, e} form a finite subgroup

of SU(2) which is called the quaternion group.

The quaternion group is the smallest dicyclic group which has the

generation relation
q={(e;. e, | e;’ = eg = (e1e2)4 =1) (3.30)

The quaternion group Q is a non- abelian group but all of its proper subgroups
are abelian and normal. The conjugate classes of Q are given in table (3.2) is
obtained from the Pauli matrices. The character table of Q is illustrated in
" Table (3.3).

Table 3.2. Conjugate Classes of Quaternion Group Q

Class { C1(1) C32(2) Cs(4) C4(4) Cs(4)

# Elements 1 1 2 2 2

Characters | 2 -2 0 0 0

The quaternion group has 5 conjugacy classes and the 2x2 dimensional
representation is irreducible. The elements of the classes Ci(i=1, 2,..., 5) are 1,

-1, e, te,y, *e;, respectively.



Table 3.3. Character Table of the Quaternion Group Q

Class | Ci(1) Ca(2) Ca(4) C4(4) Cs(4)
# Elements 1 1 2 2 2
Index 8 8 4 4 4
! 1 1 1 1 1
12 1 1 1 -1 -1
o 1 1 -1 1 -1
x4 1 1 -1 -1 1
x° 2 -2 0 0 0
3.2.4. Split Octonions

In the construction of root systems, sometimes we need to rewrite the
octonionic units in the split-base. In general octonions can be written in the

split-base such as[16]

1 1 . .

and their complex conjugates. The split octonion units u; satisfy the

multiplication table given in Table (3.4).
The anti-commutation relation of split octonions have the interesting property,

fup Uk ={u], U} =0, {u, ugh=-3 (3.32)
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Table 3.4. Multiplication of the Split Octonionic Units

— | Y ug | Ut | Uz | us | oup | uy | oug
Ub Ug 0 Uy Uz - Uz 0 0 0
g | 9 | ug | © 1 O O | u | u, | us
U4 0 U4 0 U; 'U; -Ug 0 0
u; | 0 u; -u; 0 u; 0 | -ug 0
Us 0 Us U; -U; 0 0 0 -Ug
uy u; 0 Uy 0 0 0 us | -uz
u; u; 0 0 u; 0 ~U3 0 U4
u; u's 0 0 0 u;, uz | -us 0

Although, in general, the split octonions are defined in equation (3.31), we can
also partially split octonions, such that the quaternionic units remain the same

and the remaining octonions can be written as
us= -‘/%(e,,, +ieg), and d= 71—2-(e6' +iey) (3.33)
and the complex conjugates of u and d.
3.3. Construction of the Root System of E; with
Integral Octonions

Root systems of the Exceptional Lie group E; and its subgroups SU(2),
SU(2)xSU(2), SO(8), SU(2)xE;, and SU(3)xEs may be constructed with integral
elements of four division algebras. Dynkin has shown that the simple roots

may be represented by two dimensional diagrams referred as Dynkin
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diagrams, from which the complete set of root vectors may be obtained as

well as all information concerning root lengths and 'angle's.
3.3.1. Properties of the Simple Roots and Dynkin Diagrams

All groups of continuous operators that are called Lie groups are
outside our main work, but we are dealing with automorphism groups of
integral octonions that are strongly related by the root systems of Lie groups.

The infinitesimal generators X, of the Lie group satisfy the condition:

[xpt Xv] = fp,lel (334)

where f,,, are the set of numerical constants called structure constants. Since
the commutators are linearly independent, then the structure constant satisfy

fuva =-f,. The commutators satisfy the Jacobi identity
[Xp,' [XVl Xl]] + [Xw [Xll xp,]] + [le [Xp,t XV]] =0 (335)

Under the above conditions the infinitesimal operators X; form the Lie algebra
of the corresponding Lie group. For an r-element Lie algebra there are at most
r roots. However degeneracies of the roots may exist. The root vectors have

the following properties:
(1) If o is a root vector, then -a is also root vector.
(2) If « and P are root vectors then

5 (o, B)

=integer (3.36)
(o, @)

(3) Two root vectors a and B give a third one such that
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(o)

B—Zczg—'ﬁ—)—y (3.37)

is also root vector. From the definition of scalar product the angle 8 between

two roots o and B is given by

Cos9 = __@h (3.38)
(o, a)(B, B)
or
2 _(@B)ep) 113
Cos?8 = C OGP 0, 227" or1 (3.39)

Thus we obtain the angles between the roots a and p as 0°, 90°, 120°, 135° or
150°.

It is obvious that the simple roots either all have the same length or all

have one of two lengths.

We consider a root diagram, which is the graphical representation of
the root vectors in an r-dimensional space. In this approach it is hard to draw
root diagrams in three dimensions. We give here only the root diagram for
SU(3), as an example. The root diagram of SU(3) is presented as follows:
Suppose o is a root vector with coordinate being (1,0). Since the angle

between a and the other root vector B, possessing the same length as a, is 60°
Equation (3.36) leads to the coordinates (1/2, V3 /2) for B. From equation
(3.37) another root vector a-f is obtained and it lies at the point (1/2, -J§/2). It

follows that if o and B are roots, then -a and -p are also roots, so that we can



draw the resultant root diagram that is the hexagon as in figure (3.3). The

roots for su(3) Lie algebra are listed as follows:

143 V3 '1 V3. 143
(1.0); ( )(2 )( 1.0)( 2)( 2,-2—) (3.40)
-l | B
=0 o
Y Yap

Figure 3.3. Root Diagram of SU(3) Algebra

For the Lie algebra of rank r>2 it is hard to draw a diagram as in figure (3.3). A
shorthand method has been developed by Dynkin. Each simple root is

represented by a small circle. If the simple root is a long one the circle is
white-b; if it is @ short one the circle is made black-e. The angle between any

two roots is denoted by the number of lines joining the circles which represent
them. We join the circles by one, two, or three lines depending on the angles
‘between the corresponding simple roots are 120° 135° or 150°, respectively.

No line is drawn if two roots are perpendicular to each other.

All the Lie algebras of simplﬁe‘compa‘c‘t groups have been classified by
Cartan(1933). The Dynkin diégram of all the simple Lie algebras are illustrated

in Table (3.5). According to the Cartan’s classification no other diagrams are

possible.
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Table 3.5. Dynkin Diagrams and Root Structure of the Simple Lie Aigebras '

Group

Cartan

Order  label label ‘Dynkin Diagram

I(+1) A SU(H1) A AR A

(2H1); B,  SO(@2k1) &&=

V22

I(21+1); C Sp(2/) &1 &2 o’g “—x

/>3

1(21-1); D, SO(2/) Oa

O——O——0

124 o & o 0?1<:
/!

52 Fa Fs &G o

78 Es . Es

133 Er Ey

248 Es Es G G A % o o

< L




3.2.2. Weights

The concept of weight and weight space play an important role in the
théory and application of semisimple Lie groups. For an N-dimensional
representation of a group of rank r there are r self commuting nxn matrices

H, (=1, ..., r). Then we may construct a set of eigenvectors |u> of the

matrices H, , thus

a4

Hylw=mjuy (i=1...r) (3.41)

The eigenvalue m is called a weight. We shall now give some of the properties

of the weights associated with the simple Lie groups.

(1) For any weight m and root p there is a relationship

2(m. 2(m.
—(——p—)=integer and m'=m——(——p)—E

3.42
(p P . P, P) (3.42)

-where m' is also a weight as m.

It is obvious that if we have a weight m, then by reflecting it in the

hperplane perpendicular to p, we obtain the new weight m'.

(2) Cartan has proved a theorem states that, :for.every simple group of
rank r, there are r dominént weights called fundamental dominant weights
denoted by M®, (i=1,...r), such that any other dominant weight M is a linear

combination of the fundamental dominant weights

) ' r
M=) pMO (3.43)
=1
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where p; are nonnegative integers.

3.3.3. Construction of the Root System of the Exceptional Lie group
E; and its Subgroups SU(2), SU(2)xSU(2),S0O(8), F;, and E;[18,23]

During the construction of the octonion algebra, we have already given
the properties of an element X of the division algebra. Let us try to find Hurwitz
integers for real numbers, complex nﬁmbers, quaternions and octonions. For
real numbers the Hurwitz integer r of unit norm is only X=1+1. These correspond

to the roots of SU(2). The Gaussian integers of unit norm satisfy
X=m+in (3.44)

where m and n are ordinary integers. Its solutions are X=+1 and X=#i, since
XX and X + X must be integer and half odd integer, respectively. Four units of

Gaussian integers represent the four roots of SO(4)=SU(2)xSU(2).
: /

For the integer quaternions we have

X = Xo + e1X1 + 32X2 + 63X3, with

_ _ (3.45)
X+ X =X andXX=x§+x12+x§+x§ =1
If xo=integer then we obtain 8 solutions for equation (3.43), that is
X = {1, e, te,, tez} (3.46)

‘where e4, e; and e; are the imaginary quaternibn units. If x¢ = half odd integer
then 16 linear combinations are obtained as the solution of the Equation
(3.45), these are,
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X = 1(t1te te,tey) « (3.47)

The set of solutions in Equations (3.46) and (3.47) which together form the 24
roots of SO(8). The Coxeter-Dynkin diagram of SO(8) corresponding to the
so(8) Lie algebra is depicted in Figure (3.4)

€

.el D___o<-{(l +etet %)
€

3
Figure 3.4. Coxeter-Dynkin Diagram of SO(S)

We define the integral quaternions

So = 3(1+e +e;+e3);S, = F(1+e -¢e,-ey);
(4.48)
S, = 1(1-e +e,-e3); S5 = 2(1- e - e, + e3);

The roots in equation (3.46) are the roots of the SO(4)xSO(4) subgroup of

SO(8) and the roots in equation (3.47) represent the roots of the coset

SO(8)

. The roots that are constructed by integral quaternions fo‘rm a\
SO(4) x SO(4) y Integral q

group that is called binary tetrahedral group denoted by <3, 3, 2> meaning that

its generation relation satisfy the equation

S=(Sy, S;1S3 = 8% =(5,8)% =2 2%=1). (3.49)
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For the quaternionic units to be represented by the Pauli matrices, the 24 roots
of SO(8), represented by unitary matrices must form a discrete subgroup of

SU(2). The elements of the binary tetrahedral group are compactly written as
+1 tey e, teg 8, +5,, (@ = 0,1,2,3) (3.50)

The roots of the SO(4)xSO(4) that are { 1, te1, te,, ez} form a subgroup of
the binary tetrahedral group of order 8 which is the quaternion group that has

been discussed before.

The action of the group element P on a root of SO(8) can be defined
Q- Q' =PQP' =PQP (3.51)

which corresponds to a rotation of an angle = or 2=/3 in a certain hyperplane
depending on the choice of the group element P. The transformations by *e;
(i=1,2,3) and i(+1+e te,tes) correspond to/\anglgs n and 2=n/3 respectively.
The scalar part of a quaternion is‘ left invariant under the binary tetrahedral

group. The imaginary units e,, e, and e; transform under the action of group

elements, such that

€4 €, e —€4 €4 —€4
€3 —€3 €3 —©; €3 €3 -
(3.52)
€y e, e ~€3| - e €3 | - & —€3

iSo= ez -> 63 ;:tS1= 82 —> —91. ;i82= ez - .'—'e1 ;i83= 92 - e3 ;
€3 € €3 €, €3 € €3] L€y
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These transformations form the 3-dimensional irreducible representation of the
tetrahedral group of order 12 isomorphic to the even permutations A4 of the
four objects. It is clear that the quaternion algebra is left invariant under the
binary tetrahedral group. Now we calculate the weights of three spinor
representations of SO(8) in terms of quaternionic units. The usual notations
are 8,= (1 000), 8=(000 1) and 8,=(0 0 1 0) for the vector, spinor and
antispinor representations respectively. The weights for three 8-dimensional

representations of SO(8) can be taken as

Aq Az As
8,:3(x1 te,) 8c:3(x1 te,) 8s:3(£1 tey)

(3.53)

(te, tej) 3(xe; tey) 3(te, ze,)

N

~

If we multiply the set of weights A4, A, and A; by 1/5 and combine them with
24 integral quaternions we obtain a new discrete subgroup of SU(2) of order
48 which admits the binary tetrahedral group as alsubgroup. This group,
denoted by <4, 3, 2>, is called the binary octahedral group. The set of weights
A1, Az, A; of SO(8) with 24 integral quaternions that are roots of SO(8) form
the root system -of F, With 24 short and 24 long roots respectively. The
Coxeter-Dynkin diagram of F, illustrated in figure (3.5) with simple roots are

associated with integral quaternions. We will denote the roots of SO(8) by A,.

Figure 3.5. Coxeter-Dynkin Diagram of F4. The raots a; correspond to the

‘quaternions that are a=7 (1-81-€,-€3), az=€2, xa=1 (€3-62) and a4=1 (e1-€3)
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The root system of Ea can be decomposed in terms of the units of
octonions by takmg the palrs of the sets of F,; root system. By pairing the
roots of F, with each other and A, with zero root we obtain the octonionic

representation of E; roots:

[A0,0]=A0 i [A1,A1]=A1 +e7A1 ,[A3,A2]=A3 +e7A2

(3.54)
: [0, Ao] = e7A0 ’ [Az, A3] = A2 + e7A3
Thus we obtain a decomposition of Eg under SO(B)xSO(B):
248 = (28, 1) + (1, 28) + (8, 8)) + (8s, 8:) + (8, 8s) (3.55)

The non-zero rbqts of Eg are represented by the followihg integral octonions,

(24, 1) +1, teq, 1oy, te3, +(+1te e tes)

(1,24) : tey, +ey, €5, te5, +(terte4testes) (3.56a)

(8, 8)) : [T (x1xey), T (x1xeq)] = T (21te teqter)
[L(+14eq), 1 (2estes)] = L (£1+e testes)
[%(i‘eaiez), %(i1:te1)] = ’é‘(i‘éz:t&aie‘gieﬁ (3.56b)

[';‘(ieai'ez), %(i‘e3i‘ez)] = %(iezie;;iesies) A

(8, 8:) : [F(1tes), 1 (£14e,)] = § (t1testester)
[T (21ea), §(+este)] = 3 (1teste tes)
[4(teites), §(£12es)] = L (testestester) (3.56¢)

[% (ie1i92), %’ (ieaie1)] = ’%‘ (ie1ie2ie4ie5)
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(8, 8s) : [3(21162), T(+11e3)] = 7 (+1+e teste;)
[ (x11e,), 7(testey)] = 7 (t1teteqtes)
 [7(testey), 3 (+11e5)] = T(tetestecter) (3.56d)

[3(testey), 3 (tertey)] = 7 (testeste tes)

The extended Coxeter-Dynkin diagram of E; including the roots in terms of
octonionic units are given in Figure (3.8). Several properties of octonionic

roots can be mentioned:
i) Real roots M : 1 (roots of SU(2))

ii) Pure imaginary roots N: (126 roots of E7)

iy Mixed roots R: (112 roots of m

These roots satisfy M2 = 1, N> = -1 and R® = +1.

o Oy O3 a4 % %

C
Figure 3.6. Extended Coxeter-Dynkin Diagram of E;. The roots are ag=e;,
=1 =1 1 =
=7 (-81+e3+estes), 0=y (-€2-63-€4+€7), 03=7 (€2+€3-85+€6), 04=-€g,

as=% (82-€3+es+8g), As=7 (-82+€3-64-€7) , 73 (-€2-83+E4-67).

The most natural representation'of the root system of E; can be made

with pure imaginary octonionic roots. In this case 1 represents the roots of
SU(2).
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CHAPTER 4

AUTOMORPHISM GROUPS OF PURE

INTEGRAL OCTONIONS
4.1. Introduction

in the previous section, octonionic presentation of the root
systems of Es and E; have been discussed. It is known that the
automorphism group of the octonion algebra is the exceptional group
G;. lts finite subgroup G)(2) of order 6048 preserves the discrete
octonionic algebra of order 240. G,(2)=U3(3) =PSU(3,3) (Projective
Special Unitary group) was first discovered by Dickson in 1901[38].
G3(2) is the maximal subgroup of the sporadic Janko group j4. The
adjoint Chevalley group G;(2) of order 12096, is the automorphic
extension of the finite simple group G4(2). The seven-dimensional matrix
representation of G,(2) was constructed. In this section we work out the ~
structure of G2(2), and' find the Lie subalgebra structures of E;

corresponding to the maximal subgroups of G3(2).

[y

4.2. Seven Dimensional Irreducible Representation of G;’(2)

The root system of Eg ﬁave been described by integral octonions
which form a closed non-associative algebra of order 240. There is a

natural classification of the octonionic roots decomposing +1, pure
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imaginary integral octonions, and the octonions with non-zero scalar

parts respectively. They describe the roots of SU(2), E; and the coset
space Es/E;xSU(2)[22]:

su) E, Eg /E; xSU(2) 1)
1 e, (ke ke e tey) F(Hlte, e, teg) '

where the indices take the values

(i=1..7)
(jkim: 1246, 1257, 1345, 1367, 2356, 2347, 4567) (4.2)

(npqg: 123, 147, 165, 245, 267, 346, 357)

The set of roots in Equation (4.1) is closed under the octonionic

multiplication of the roots.

In order to construct the automorphism group of the pure

octonions in Equation (4.1) let us choose the ti’lree roots

py=1(1+e +e, +e3)
Py =3(1-"e; +&, +e3) (4.3)

1
p; =3(1+e,+e5 +eg)

from the coset space Es/E;xSU(2) and define 7x7 matrices

corresponding to the transformations

7
ef = (+p,)e(P,) = (P, )y, (a=123)  (4.9)
=
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where e;' satisfy thé octonion algebra described by e;. From Equation
(4.4) all matrix elements of the group G§(2) can not be obtained. But
whole group can be generated by considering the matrix elements which
are obtained from Equatvion (4.4),as generators. The matrices
corresponding to the transformations of these roots with their

conjugates can be calculated using Equation (4.4)[16].

0 0 0 0 0 -2 O 00 2 0 0 0 O
0 -1-1 1 0 0 1 20 0 0 0 0 O
o 1110 0- 102 000 00
Pp=40 -1 -1 -1 0 0 -1 P,=H00 0-1-1 1-1
2 00 0 0 0 O 00 0 1-1 1 1
0 0 0 0 -2 0 O 00 0 -1 -1 -1 1
0 -1 1 1 0 0 -1 00 0 1 -1 -1 -]
(0 2 0 0 0 0 O]
002 0 0 0 O
1200 0 0 0 0
P;=40 0 0. -1 -1 1 1
000 1-1-1 1
000 -1 1-1 1 ' |
0 0 0 -1 -1 -1 —1] (4.5)
‘They satisfy the relation:
PP =P2 =P} =(PP,P,;) =I ' (4.6)

where | is the 7x7 unit matrix. It is straightfofward to check that these
matrices leave the root system of E; invariant. The matrices P,(a=1,2,3)
generate a group of order 6048 which is the simple group U3(3)=G5(2).

The generation relation given in Equation (4.6) is. not a minimél
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generation relation. The matrices Q¢ and Q; that can be expressed in
terms of P, also generates whole group. The ‘minimal “generation

relation for G’(2) are given by[20]
G=(Q? =Q§ = (Q;Q2)" =(@102)3(Q1Q5%)° = (@1Q,0:032)%Q;Q,(Q;Q3")% =1 (4.7)

where Q; and Q; are

0 -1 1 10 0 1 -100 0 0 00

1 0 1 00 1 -1 001 0 0 00

-1 1 0 10 1 0 010 0 0 000
Q=41 0-1 00 1 1{ Q=000 0 -1 00 (4.8)

0 0 0 02 0 0 000 0 0 0 1

0 1 1-10 0 1 000 -1 0 00

.1 1 0 10 -1 0] L0 00 0 0 -1 0

4.3. Structure of The Group G(2)

The simple group G4(2) which has 14 conjugacy classes and 4
maximal subgroups, is the automorphism group of octonion algebra. The
character tables of the groups and its maximal and Sylow subgroups will
be given in Appendix A. The group G}(2) involves many interesting
subgroups such as the binary tetrahedral group 2A4, symmetric group
S4, and so on. For instance the matrices Py and P, generéte‘ a group c;f'
order 24 which is isomorphic to the binary tetrahedral group 2A.. The
character values of the seven-dimensional irreducible“representation of

G4(2) are given in Appendix A (x° in Table A2).

One can easily check that the seven-dimensional matrix

representation of G'2(2) is irreducible. The maximal subgroups of G5(2)
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and their structures are computed by a computer program the flow-chart

of which will be given in Appendix B. The results are

Group Order
Hq ’ 216
Ha 168
Ha 96
Hq 96

Structure
3I+2 :8
PSL2(7)
4.5,
42183

which can be contrasted with those in the ATLAS of Finite groups[5].
The character tables of each maximal subgroup Hy, Hz, Hs and H4 are
given in appendix A, (Tables (A7, A10, A8 and A9), respectively. The

s“even-dimensional representations of the ‘generators of the group of

interest are the matrices;

1000000 -1
0001000 0
000000 I 0

Q,={0 0 0001 0| Q=0
001000 0 0
0100000 0
00001 0 0 [ 0
0 =2 0 0.0 0 0
2 00 0 0 0 0
o 02 0 0 0 of

Q=340 00 -1 1-1 - q,

o 00 -1 -1 -1 -l
0. 00 1 1 -1 -1
0 00 1 -1 1 -1

© - o o o o o

o O o O o O

I - - - T

o O ©O ©o O O

o o o o o

Lo o

& © o o

©c o o o o ©

OHOO‘OO‘O

(=T = R~ 2

(4.92)

(4.9b)
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The generators of the maximal subgroups Hi, H2, Hs and H, can be
chosen as <Q4,Q%>, <Qs, Qs>, <Q2, Qs> and <Q,, Qs>, respectively. The
conjugacy classes of each maximal subgroup obtained for 7x7 matrix
representations are reducible except the maximal subgroup PSL.(7).

Decomposition of reducible representations are as follows:

Group Decomposition Order of Irreps.
Hy x2 + 410 1+6
H, +%(irreducible) 7
Hy AT T 148
Hs | : AR A T A 2+2+3

where y' are given in tables, in Appendix A. The group G,(2) has three

Sylow p-subgroup of orders 32, 27 and 7. The character tables of the
Sylow p-groups are given in Appendix A, (Tables A11, A12 and A13),

respectively.

4.3. G2(2) as the Automorp‘hic Extension of the Group G'z(i)

The seven-dimensional irreducible representation of G}(2)

involves three diagonal matrices other than the unit matrix and are given
by

Ny=(1 1.1, -1, -1, -1, -1)
Ny=(1 -1, -1, 1, =1, -1, 1) (4.11)
N3 =N1N2 = N2N1 = (1, ’1, "1, 1, '1, "1, 1)

An inspection proved that the diagonal matrix
N= (1,1, -1, 1, -1, 1, -1), N%:I also preserves the octonionic roots of

E; in Equation (4.1). The matrices Ny, N3, Ny generate an elementary
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Abelian group of order 8 where we define the other elements of the

group by
Ng = N;N, Ns = N;N, Ng = NyNj. (4.12a)
They satisfy
NiN; = NjN; = N¢  (ijk = 123, 147, 165, 246, 257, 354, 367) (4.12b)

One can readily show that the generators of G5(2) and N; satisfy

the relations
N,QN;' = Q N,Q,N7' = Q) (4.13)
where Qq, Qz, Q},Q5 € G,(2).

This proves that N; constitutes the outer automorphism of G4(2),
and G;(2) is obtained by adjoining N; to the generators Q¢ and Q. of
G,(2). The product of the elements of ‘G'2(2) with N7 from left or right
define the new sets of elements of the extended group G:(2) of order
12096, denoAted as G5(2):2. Therefore the group G.(2) is the split
extension of the G'2(2) by the Abelian group of order 2. Thus, we obtain
the seven-dimensional irreducible representation of the adjoint
Chevalley group G:(2) which is one of the maximal subgroups of the
Weyl group of E; with index 240. Indeed, the Weyl group of E; is the
direct product of Chevalley group S0;(2) with the inversion group of
order 2. Therefore, G2(2) are the orthogonal matrices 6f determinant +1.

The character table of G2(2) is computed and given in Appendix A,
(Table A1).



4.4. Maximal Subgroups of G(2) and the Related
Subalgebras of E;

The simple group G4(2) has four maximal subgroups of orders
216(37%8), 96(4-S,), 96'(4%.S;) and 168(PSLy(7) which have been
mentioned[5]. The notation in the parentheses are the names of the
groups and will be clarified in what follows. Double covers of four
respective groups of orders 432, 192, 192' and 336 preserve the root
systems of Eg, SO(12), SU(2)°xS0O(8) and SU(8). ’

We discuss each case separately below.

4.4.1. The Group 3."*%:8:2 of Order 432 and the Octonionic

Roots of E;

Est(‘l) is one of the maximal Lie algebras of E;. U(1), being in
the Cartan subalgebra, ié represented -by the zero root. 126 non-zero
roots of E; decompose as 126 = 72+27+27 , where the 72 non-zero

roots of Eg are given by

te,,te;, €5, ey T(te, tez teg teg)

+1(e,te, e, teg) ti(e;te; e, tes) ‘
(4.14)

i"%’(e1iez :1:85,—37) i%(e1iea i36—'e7)

i%(iez tezte, —e7) i%l(e4 te; teg - e7)

The 24 roots in the top line of Equation (4.14) correspond to the
roots of SO(8) subalgebra of Es. The matrices G5(2) which leave the set

of roots in Equation (4.14) form a group of order 216. This group has 13
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conjugacy classes. The notation 3‘:2:8 used for the group 216 has the
following meaning. It is the semi-direct product of two groups: one is the
cyclic group of order 8 énd the other is an extraspecial group of order
27. The Eg root system is also left invariant by the matrix Qs, which is
not an element of G,(2). The order of Qg is 2 since Q§=l. By taking the
semi-direct product of 3'2:8 with the cyclic group of order 2 we obtain

the group 3'2:8:2 of order 432. We have also checked that 3M*2 is a

normal subgroup of 3}*2:8:2 of index 16.

The Weyl group of Eg is the automorphic extension of S0s(2) =
Us(2) = 2A:,,(Z) with the cyclic group of order 2. Here SO0;(2), for
example, is generated by 6x6 matrices over the field with two elements

preserving a non-singular quadratic form x12 + Xy Xp + x% + X3X4 + X5Xg.

It is interesting to note that |W(Eg)|/|31%:8:2|=120. We have
analysed the maximal subgroups .of the group of order 432 and obtained
three different maximal subgroups, each of order 216. in addition to_the
usual maximal subgroup of G4(2) having 13 conjugacy classes, we
obtained the other two groups with 13 and 16 conjugacy classes. The
second group of order 216, aﬂlthough possessing 13 conjugacy classes,

is different from the one in G'2(2). The character table of the group

31"2:8:2 are shown in Appendix A (Table A7).



62

b

4.4.2. The Group 4-S,:2 of Order 192 and the Root
System of SU(2)xS0(12)

The Lie algebra SU(2)xS0(12) is maximal in E;. In fact the
isotropy group of the highest root of E; is the Weyl group of SO(12).

The E;roots decompose under SU(2)xS0O(12) roots as follows:

SU(2): te

SO(12): zte, tez te, teg, teg ey
(e, te; teg teg) . (4.15)
1(ze, teg te, tey)

1(te, tes teg tey)

The remail.wing roots of E; transform as the weights of the direct
product of spinor .representation [2,32] of SU(2)xS0O(12). Here we are
concerned with the transformations which stabilise +e4. The mafrices of
G5(2) preserving roots in Equation (4.15) form a group of order 96 with
10 conjugacy classeg whose generators can be taken as the matrices
Qs, Q4 whose elements consist of only +1,0. The other maximal
subgroups of Gz(2) generated by the other matrices also include
elements +I in addition to +1,0. Being a subgroup of G;(2), the 4.8,
consisting of all matrices with elements +1,0 involves the diagonal
matrices N; (i=1,2,3). We note that N; also preserves the root system in
Equation (4.15) so that the group can be extended to 4.S54:2 of order
192 possessing 14 conjugacy classes of all matrices with +1,0 in G2(2).
These 192 matrices are of the form 7=1+6 so that the 6x6 blocks act on

the octonionic units e(i=2,...,6) and can be further reduced to two sets
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of 3x3 matrix blocks. This is then a discrete subgroup of SU(3). The
matrices generating S4 can further be reduced to 7=1+3+3’, two blocks
of 3x3 matrices acting on the sets (e, e4,,"e5) and (e;, es €7) which
correspond to two different three-dimensional irreducible
representations of S,. In fact, the whole group involving S, (firnite
subgroup of SO(3)) can be reduced to 7=1+3+3'. The SO(12) roots in
Equation (4.15) can be regarded as the union of three SO(8), (a=1, 2, 3)

roots. One of the S; subgroups of 4-S4:2 permutes these root systems

amongst themselves. We heve checked that the group of order 192 has
three maximal subgroups of orders 96. In addition to the usual one
which is involved in G;(2) there are two more groups with 10 conjugacy

classes. However, they are not ‘isromorphic to each other.

4.4.3. The Group 4%:S;:2=4%:D; of Order 192 and
The Root System SU(2)*xSO(8)

A computer program gave two maximal groups of order 96 in

G.(2). The one with elements +1,0 which we have already discussed

was obtained while searching for the transformations preserving the root

system of SO(12). The second one was given“by computer calculation.
This group has 16 conjugacy classes, and the matrices can be reduced
to block diagonal forms of 3x3 and 4x4 matrices where the upper 3x3
matrices possess elements £1,0 only acting on (e4, e;, e3) and the lower
4x4 matrices involve the additional elements +1 and transform the
octonionic units (ea, es, ©s, e7) among themselves. The upper block of
3x3 matrices in fact transforms the roots of SU(2)xSU(2)xSU(2) where
each SU(2) is ‘represented by one o{ctonionic unit ‘ie; (i=1,2,3) whereas
the lower 4x4 matrices preserve the root system of an SO(8) Lie algebra

whose roots ore the linear combination of e/'s (i=4,5,6,7). Therefore, the

4
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group of order 96 with 16 conjugacy classes leaves the root system of

SU(2)3xSO(8) invariant where the roots are given by

SU2): xe
sU@2): e,
SU@2): +e, (4.18)

SUB): te, tes, teg te; +(fe,te;tegte;)

The matrices of G,(2) which preserve this root system are
generated by the matrices Q; and Qs. Again noting that N; preserves tﬁe
same root system, the group is easily extended to a group of order 192
which is maximal in G;(2) and has 17 conjugacy classes, the character
table is shown in appendix A, (Table (A4). The SU(2)°xS0(8) is not a
maximal subalgebra as it is involved in SU(2)xS0O(12). However, we
should emphasise that while the SU(2) in the case of SU(2)xS0(12)
were invariant, here three SU(2) roots are permuted. Once again we
notice that the group 192’ involves three maximal subgroup of order 96
but with different structures. They have, respectively 16, 13 and 19
conjugacy classes, and only the one with 16 classes is involved in

5(2). The group of order 9/6' with 13 conjugacy classes has the
structure 42.8; where 4% denotes the direct product of two cyclic groups
~ of ord;er 4 and S; is the pe.rmutation group of ’3-ob'ject's. It is understood
that 4% is invariant in 42.S;. An extension of this to 192’ is made by the
2-group, so the structure is given by 42.Dg where Dg is the dihedral
group of order 12. In fact, Dg is the automorphism group of the root
system of G,. The 4%.Ds group has many interesting subgroups/ such as
the binary tetrahedral group 2A, of order 24, and dihedral groups. of
various orders. With a unitary transformation
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(e4, €4, 83, 84, €5, €5, 87) —> (&4, €9, €3, U, d, d*, — ) (4.17)

where u, d are the split octonions

5 (84 +ieg) u*=-—=(e4 —ieg)
(e (

(4.18)

sl— ‘wl-‘

g +ies) d*

Sk Sk

eg —iey)

th§ generators of 192; can be written in the form

&k

where

1 00
Ry=|0 0 1| 8 =1x(io, +is3)® (I +ioy)
0 -1 0
(4.20)
0 -1 0
R,={1 0 0 \sz=-j;(|+ic1)®(i+i¢3)
0 0 1 |

and o; (i=1,2,3) are the 2x2 'Pauli matrices and ® stands for the direct
product of S4 and S,. If all possible products of Ry and R, were allowed
then we would have generatéed the direct products of two binary

octahedral groups so that the order would be 48x48=2304 instead of
192.

We have checked that the 3x3 matrices Ry and R, generate a
group of order 24 isomorphic to S4 with five conjugacy classes. This is

the octahedral group where +e; (i=1,2,3) denote the vertices of
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octahedron. However, the lower 4x4 blocks of matrices S; and S;
generate a group of order 192 which unifies the two two-dimensional
irreducible representations of Dg in the four-dimensional representation
of the group 192’,

4.4.4 PSL(7) and the Root System of SU(8)

SU(8) is a maximal subaigebra of E; where the E; roots

decompose under SU(8) as
126 =56 + 70 (4.21)

Here, 56 represents the non-zero roots of SU(8) and 70 the weights of
the 70-dimensional representation. We are interested in the subgroup of
G5%(2) which preserves this decomposition. Octonionic roots of SU(8) are

given by

te, te, te,, teg
+3(te, te, +e, +6;)
t3(te, +e;te5 +€;)
J(te, ey e, +eg) (4.22)
+3(+e, +e; —e5 teg)

1
t5(te, +e5teg—ey).

The matrices Q; and Qs of G4(2) preserve this system and
generate a group of order 168 with six conjugacy classes (the well
known finite subgroup of SU(3)). The 7x7 dimensional representation is

irreducible and the character table is given in appendix A (Table A10).
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The group 168 has the maximal subgroups S4 and a group of
order 21 with the structure 3:7. We will see that the group 21 will also
play an important role in the construction of the group 1344. We should
emphasise that the group 168 which preserves the octonionic roots of
SU(8) is the finite subgroup of SU(3) which is isomorphic to PSL;(7). Its
class structure and the characters of the seven dimensional irreducible
representation are the same as for PSL2(7). The matrix N; also
preserves the root system of SU(8). Therefore, PSL;(7) can be extended
to the group PSL,(7):2 of order 336 with nine conjugacy classes. The
character table of the group 336 will be given in appendix A, (Table A8).
Hence the generators of the group 336 are Q¢, Qs and N;. This group is

related to the conformal field theory of G, affine Lie algebra.

Another interesting observation here is that the group 336 is a

subgroup of the Wey!l group of SU(8) with index 120.
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CHAPTER 5

OCTONIONS, THE GROUPS OF ORDER 1344

5.1. Introduction

In this chapter the irreducible representation of the automorphism group of the
octonionic imaginary units +e; (i=1,...,7) and the group of order 1344 possessing the
same character table are constructed by 7x7 matrices. Although the two groups have
the same character table their structures are different. Two groups are the extensions
of the elementary Abelian group 2° of order 8 by the Klein's simple group isomorphic
to PSL,(7) of order 168. One of the groups 2°PSL,(7) which is the non-split extension
of the elementary Abelian group by the Klein's group of order 168 tums out to be the
automorphism group of the octonionic imaginary units * ¢ (i=1,...,7). The
other group 2*:PSLy(7) is the split extension displaying exceptional features for it

admits two non-conjugate subgroups of the Klein's group of order 168.

It is interesting to note that the group 2%.PSL(7) occurs naturally as a subgroup
in various sporadic groups. The group 2°.PSL,(7) is first discussed by Coxeter. The
structure of the group 2%PSLy(7) is worked out by Conway proving its extraordinary
structure related to the behaviours of its two non-conjugate rﬁaximal subgroups
PSLy(7). The groups PSLy(7) and 2%PSL,(7) arise also as the automorphism groups
of the binary Hamming codes of the types E; and Es respectively[39].

We observe that the group 23-PSL2(7) can be derived from one of the maximal

subgroups of order 192 of the adjoint Chevalley group G;(2) of order 12096.
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5.2, Octonions and the Group of Order 21

The octonion algebra has been studied in chapter 3. We are searching the
group that' ifs elements preserve the multiplication table of octonions under
transformation operations. Since there are seven imaginary octonionic units, the
dimension of the matrix elements of the group must be 7x7. We are dealing with the
transformations of only integral octonions(not linear combinations of octonions), so
only one element of the rows or columns of the matrix is +1, all the others are zero.
Let us consider a matrix a which operates on the imaginary units e; (i=1,...,7) in the
cyclic order ( eje;ese3es€5€7 ) so that o = 1. Similarly let B fix e; and permutes the
associative triad ( esese2 ) and the anti-associative triad .(939735 ) in the indicated
orders. These two transformations preserve the multiplication table of octonions
permuting the set of seven imaginary units e; among themselves and form a group
7:3 of order 21 with 5 conjugacy classes. The matrix representations of o and B acting

on the basis (e,,..., e, ) are given by[28]

(5.1)

Q
. i .
a4 O 0O 0O O 0 o
O O O 0O O O A
O 0O 0O . 0 0 0
O O O O O a4 O
O a0 O 0 0O O O

O 00 o .00
O o0 .0 o0 o0
-
I
O OO O O .
O . 00 0O O
OO0 .00 0o
© OO0 O a0
. OO0 O O O

O O O . O 0 O
0O O O O . O

They satisfy the relations
o’ =p%=1 pap'=a (5.2)

indicating that o forms an invariant subgroup of the 7:3. The conjugacy classes are

given by
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CiD=1 C,(M={waa*} Ca(M={a’a} -
(5.3)
C4(3)={a®p} Cs(3) ={a?p?} (a=01...6)

The character table of the group of order 21 is given in Appen&ix A, (Table A7). The
seven dimensional representation of 7:3 is reducible and the character values are
given in Table (5.1). The 7-dimensional reducible representation can be decomposed

as the direct sum of its irreducible representations
7=1+3+3 (5.4)

The group 7:3 is the largest group preserving the octonion multiplication without
changing the sign of e; (i=1,.....,7). Had we allowed the change of signs of g; , in
other words, if we had considered the transformations preserving the octonionic set of

imaginary units + (i=1,...,7) we could have generated a larger group.

Table 5.1. The Conjugacy Classes of the Group 7:3

CLASS | Ci(1) | C3) | Ca(3) | Cu7) | Cs(7)

ELEMENTS 1 7 7 3 3

CHARACTERS| 7 | 1 1 o | o

5.3. The group 23.L(7) as the Automorphism Group
of the Octonionic Set #* ej(i=1,...,7)

In the previous chapter the seven-dimensional matrix represehtation of the

group G2(2) was constructed. We mentioned that there was seven diagonal matrices
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besides the unit matrix preserving the octonion algebra. Those matrices playing an
important role in the construction of the group 221L,(7), are the matrices N; (i=1,...,7)

given by the equations (4.11 and 4.12)..

Now we consider the matrix transformations a: N; — aN; o™ and B: N> BN;
B! where a and B are the matrices given in Equation (5.1) and N; are the diagonal
matrices defined in Equations (4.11 and 4.12) . ltis rather trivial to show that o and B

permutes the set of matrices N; in the cyclic order defined by

o Ni —> (N1N2N4N3N6N5N7) -
(5.5
B:N; = (NaNoN;(N,NgNs )Ny )

This proves that the group 7:3 acts as an automorphism group on the
elementary Abelian group of the matrices N;. (We will complete the proof in the next
section that full automorphism group of the group 2° is the Klein's simple group of
order 168 isomorphic to the group Ly(7)).

L}

We now make the split extension of the group 2° by the group of order 21 by
adjoining the generator, say N,, to the generators o and B. This group has fhen the
structure 2%7:3 possessing the éight conjugacy classes. This structure is evident from
Equation (5.5) indicating that the group 2°is the invariant Abelian subgroup of the
group 2%7:3 where the group 7:3 forms the factor group. Since the matrices o and
themselves generate the group of order 21 it is the split extension. The matrices o, B
and N, acting on the imaginary units e; preserve the octonion algebra. Therefore the

group 2%7:3 constitutes an automorphism group of the octonion algebra.

With the use of the character table (in Appendix A, Table A17) of the group of
order 21 it is rather straightforward to calculate the character table of the group 2*.7:3

which is given in Table (A5) in Appendix A. The 7- dimensional representation
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generated by the matrices «, P and N, is real and irreducible which can be read from
Table.(5.2)

Table §.2. Conjugacy Classes of 7-Dimensional Matrix Representation
of the Group 2%7:3.

'CLASS | Cy(1) | C2(2) | Co(3) | C4(3) | Cs(7) | Ce(6) | C1(6) | Co?)

#ELEMENTS | 1 7 28 28 24 | 28 28 24

CHARACTERS | 7 | -1 | 1 1 o | 1|11 o

The group 2%7:3 is not complete all possible transformations of octonions. We note

that another transformation T, (which cannot be obtained from a,B and N; )

0 0 0-100 0O
0 0 0 0 -10 0
0 0-10 00 O
T,=|-1 0.0 0 00 O (5.6)
0-1 0 0 00 O
0 O 0 0 1 0f
L0 0 0 0 0 0 —1]

preserves the octonion algebra. Adjoining Ts to a, p and N4 one can generate a
group of order 1344 with 11 conjugacy classes. The representation so obtained is

irreducible. One can show that T, acts as an automorphism on Ni.
Ty N = (N5 )(N2)(NgN7 )N )(Ng ) (6.7)

Hence the elementary Abelian group 2° is an invariant subgroup of order 1344.

The factor group obtained dividing the group of order 1344 by the group 2° is
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isomorphic to (7). However the coset representatives do not form a ‘subgroup,
rather'generate the whole group. Therefore the automorphism group of order 1344 of
the octonion algebra is the non-split extension of the elementary Abelian group 2° by
Lo(7). The group 2%L,(7) is a finite subgroup of the Lie group Gg. It is maximal in
the Chavalley group G»(3). It is also true that the whole group 2%1,(7) can be
generated simply by two generators o andv T,. It turns out that the group 2%73 isa
maximal subgroup of the group 2%L,(7). We have calculated the character table of
the group 2% Ly(7) using the character table of its maximal subgroup 2°:7:3 and
also compared it with that of obtained from an independent calculation based on the
class multiplication. The result is given in Appendix A (Table (A14). It is rather amusing
to note that the octonionic set + e(i=1,...,7) constitute a scaled root system of the Lie

algebra SU (2)’ in the octonionic representation of the E; root system.

The group 2°L5(7) has three maximal subgroups two of which are of order
192 and one is the usual group 2° :7:3 of order 168. One of the groups of order 192
has 14 conjugacy classes and can be generated by the matrices T1 given in Equation
(6.8)and Ty

[0 00 010 O]
000 -10 0 O
000 -10 00

T,={0 0 0 0 0 0 -1 _ (5.8)
100 0 0 0 O f
000 0 0 -10
001 0 0 0 0 O

The character values of the 7-dimensional representation of the group of order
192 generated by the matrices T'1 and T indicate that it can be decomposed as the
sum of two irreducible representations of the group of order 192, namely 7=1+6. This

is also obvious from the matrices Ty and T, which leave e invariant. This group also
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occurs as a maximal subgroup in the adjoint Chevalley group Gz(2), of order 12096,
the automorphism group of the octonionic roots of E; Lie algebra. In fact one can first
construct the gkoup of order 192 then make a cyclic extension to the group 2%.L,(7) by
the generator o. We have checked that this group of order 192 with 14 conjugacy
classes has a structure 4-S4:2 indicating that it has an invariant subgroup of order 96
isomorphic to the group 4-S, which is the non-split extension of a cyclic group by the

permutation group S,.

Ahother interesting subgroup, of order 192, of the group 2%1,(7) can be

generated by the matrices T; and T,

00 0 0 0 0 -1 1000 0 0 0]

00 0-1 0 0O 0000 0 -10

140 0 0 0 0 O 0000-1 00
T,=/0 0 0 0 0 1 0| T,=000 1 0 0 O (59

00 0 0 -1 00O 00 10 0 0 O}

01 0 0 0 0 0 100 0 0 Of

L, 00-10 000 (00000 0 1]

The 7-dimensional represéntation generated by matrices T; and T4 has 13
conjugacy classes which can be decomposed as the direct sum 7=3+4. Indeed, we
~ have calculated the character table of this group and checked that it possesses the
irreducible representations of dimensions 3 and 4(see Table A18). One can also be
convinced by looking at the matrices Ts and T4 that théy preserve the sets of
octonionic units ( + €3, &4, £ ) and ( * 1, €3, + es,* ;) separately where the first
set always form the associative triads while the second anti-associative triads. It is
also clear why one can generate the group 2°.L5(7) by adjoining the generator « to
either sets of generators T, and T, in Equations (5.5 and 5.8) or T; and T, in

Equation (5.9) . In the first case =+ egis permuted through the other imaginary units of
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octonions whereas in the second the triad ( £ e;,+ e4, * g ) is cyclically rotated

through 'ihe 7 sets of associative triads.

The detailed structures of these groups of order 192 are very int_erésting. The
maximal subgroup 4-S4 of order 96 fixes es therefore constitutes a finite subgroup of
SU(3). We also note that the subgroup 27 of the group 2° :7:3 is one of the
maximal subgroup of order 56 with 8 conjugacy classes and turns out to be aiso a
maximal subgroup in the simple group of order 504 known as the derived Ree group
R(3) ~ 2G,(3). '

5.4. The group 2°:L,(7) of Order 1344

We have already discussed in the preceding section that the generators a and
B generate an automorphism group, of order 21 of the elementary Abelian group
generated by the matrices Nj, Nz, and N;. This is not the all automorphism. Indeed

another generator y of order 2 {28]

17000000 .
0 00 1000
000000 1
y={0 1 0 0 0 0 O y2=| (5.10)
0000100
00000 10
0 0 10 0 0 O
permutes the elements N, of the group 2° as follows

¥ :N; = (NgN5)(N3)(NgN5)(Ng)N;) (5.11)

When v is adjoined to the generators a and B one generates a simple groub of

order 168 which is the Klein's simple group isomorphic to the PSLy(7). This group
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possesses no invariant subgroup indicating that it is a simple group with 6 conjugacy

classes. The generatdrs satisfy the well-known relation of L2(7) .

a’ =p% =y =pap™a® = (By)? = (ar)® =1 (5.12)

The character table of L,(7) given in Appendix A,(Table (A10)) can be computed with
the use of the character table of its maximal subgroup of order 21 given in Appendix A

(Table (A17)) and/or via the class multiplication. One can also find it in various

references.

The 7- dimensional representation generated by the matrices o, and v is
reducible which can be checked comparing the values in Appendix A (Table A10) with

those giveh in Table (5.3). One can readily see that it decomposes as 7=1+6.

Table 5.3. The Character Values of the 7-Dimensional Representation of

the Group L(7) Generated by the Matrices «, B, .

CLASS | Ci(1) Ci(3) Ci(7) Caq7) Cs(4) Ce(2)

ELEMENTS 1 56 24 24 42 21

CHARACTERS| 7 1 © o 1 3

Interestingly enough one can choose another matrix 5 with 8% =1

-1 0 00 0 0 O]

00 0100 O

00 00 00 -1 (,
§={0 1 00 00 O (5.13)
00 00-10 O

00 00 0 1 0 \

00 -10 00 O



77

which acts on the matrices N; in the same way as that the matrix y operates on N
8 :N; = (NyN2)(N3 )(NgN5 )(Ng)(N7) (5.14)

Therefore it is expected that the generators o,p and & also generate the group Ly(7).
Indeed it does. The character values of the 7-dimensional representation in this case
is given by Table (5.4). When compared with the character values in Table 4 it is
obvious that the 7-dimensional representation of Lo(7) generated by the matrices a,p

and § is‘ irreducible.

Table 5.4. The character values of 7-dimensional representation

of the group L,(7) generated by the matrices a, B, 6.

CLASS Ci(1) | C3) | Ca(7) | Cu(7) | Cs(4) | Cs(2)
ELEMENTS 1 56 24 24 42 21
CHARACTERS 7 1 | o 0 -1 -1

Knowing that the Klein's simplg_ group Lo(7) generated either by «, p ,y or by
a, B, 8 is the automorphism group of the elementary Abelian group 2° generated by
N1, Ng, and N;we can extend the group either by the setvof generators (o, B, v, N7)
or by (o, B, 8, N7 ). Both ways one reaches the same group of order 1344 with 11
conjugacy classes. The 7- dimensional répresentation so obtained is irreducible. It
follows from the preceding discussions that the group of order 1344 admits the
elementary Abelian group 2 as an invariant subgroup. We notice once again that
L2(7) generated by either set of matrices do not involve the diagonal matrices
Ni(i=1,...,7) except thg unit matrix. Therefore the group L2(7) not only constitutes the

factor group of the group of order 1344 but also a subgroup whose iﬁtersection with
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the group 2° is just the unit element. Therefore the group generated this way is the
semi-direct product (or split extension) of the group 2° by La(7) which we can safely
denote by the group 2%L,(7). The group obtained this way does not preserve the

octonion algebra.

The surprise in this construction is that the group 2*Lu(7). possesses two
maximal subgroups isomorphic to L(7) but they are not conjugate in the group
2%L,(7). This follows from their representations; one is reducible and the other is

irreducible. It is also amusing that the generators y and & satisfy the relation
dy=y6=Ny (5.15)

Conway[6] attributes this exceptional behaviour to the holomorphy of an
elementary Abelian group. The group 2*L,(7) is one of the maximal subgroups of As,

the group of even permutations of 8 letters.

The group 2%L,(7) can also be generated by two matrices, say, a, and N, &.
The character table of the group 2*:L,(7) is the same as that of the group 2%L,(7) and
given in Appendix A (Table A14).

The group 2%L,(7) has five maximal subgroups as compared to the group
23.15(7) which has only thrée maximal subgroups. Of these maximal subgroups only
the group 2%7:3 occurs in both groups. This is obvious from the construction of two
~groups of order 1344. The remaiﬁing four maximal subgroﬁps of the group 23:L2(7)
are of orders 192 and 168. Two subgroups of order 192 have 14 and 13 conjugacy
classes respectivély, hdwever they are not isomorphic to those in the group 221,(7) .
These subgroups of order 168 are the non-conjugate Kiein's groups which we have

already studied to some extend.

The group of order 192 with 14 conjugacy classes is generated by the matrices



[ 0] (-1 © 0]

1 0 0 000 1 000 O
0 00O 010 O 0 0010 0 O
0 0 0 00 1 0 0 0000 0O -1

Ts={0 0 0 000 -1 T,={0 1000 0 0 (5.16)
0 0-1 000 O 0 00010 0 :
01 0 000 O 0 0000 -1 0
0 0 0 -1 0 0 O] |0 0 100 0 O]

When they act on seven objects x;( i= 1,...7) they leave % x; invariant. We
have checked that the representation of the group of the matrices Ts and Tg can be
decomposed as 7 = 146. Although many things are similaf to those of the group of
order 192 with 14 conjugacy classes in 2>.L,(7) they are not isomorphic for some of

the powers of the elements do not match.

The similar arguments are also valid for the groups of order 192 with 13
conjugacy classes. The subgroup of order 192 with 13 conjugacy classes is generated

by the matrices Tz given by equation (5.16) and T

00 0 0100 -
006 0 00 -10
10 0 00 0O

T,={00 0-10 00 (5.17)
00 O 0 0 1 .
010 00 00
L0 0 -1 0.0 0 O

It is indeed isomorphic to 2°:S, the Weyl group of D, ~SO(8). This group
; preservqs the sets (% xz,:t X4, £Xs) and ( t X1,E Xa, £ Xs5,% X7 ) sepérately. Therefore
the 7-dimensional representation can be decomposed as sum of the irreducible

representations 7=3+4. We have checked tﬁrough the character tables that is true. |
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5. 5. The Demazure-Tits Subgroups of SU (3), G2 and
SO(5) as Subgroups of the Groups of Order 1344

The Demazure-Tits subgroup DT(G)[8, 37] of a compact Lie group G is a
particular finite subgroup of the group G. We will only deal with DT(SU(3)), DT(G,),
and DT(SO(5)) as they naturally occur in the groups we have discussed in the
preceding sections. For further information on the DT groups the reader is referred to

the paper by Michel, Patera and Sharp and the references therein[34].

The DT(SU(n)) for odd values of n is the semi-direct product of the elementary
Abelian group 2™ by the Weyl group W (SU(n)=S, . In our notation it is denoted by
DT(SU(n)) »2™":S, (n=odd integers). For SU(3)~2%SS,. The DT subgroup of the
exceptional Lie group G; is isomorphic to DT(G,)x2°xW(G2)~2xS,. The DT subgroup
of SO(5) is the semi-direct product of the quaternion group Q of order 8 by the cyclic
group 4 of order 4 which can be denoted by DT(SO(5))~Q:4

We had already noted in section 2 that the group A23-L2(7) is the subgroup of
the Chevalley group G,(K) with the characteristic of K not equal 2. Indeed the group
2%15(7) is a maximal subgroup of the G2(3) of order 4,245,696. Therefore it is quite
natural to expéct that the Demazure-Tits subgroups of G, and SU(3) occur in the
group 2°Ly(7).

The DT(SU(3))=S, is a group of order 24 with 5 conjugacy classes with the
irreducible répresentations 1, 2, 2, 3, 3'. Since the DT (G,) is the direct product of S,
with the 2-group it turns out to be a group of order 48 with 10 conjugacy classes
doubling the irreducible representations of S4' . Therefore the DT(G,) possesses four
singlets, two doublets and four triplets as irreducible representations. The DT(SO(5))

) is a group of order 32 with 14 conjugacy classes.-
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Let us consider the DT groups arising as subgroups in the group 23.15(7). They
are naturally nested in the subgroups of order 192 having both conjugacy classes 13
and 14. For instance, the 7-dimensional representations of DT (G;) in the group of

order 192 with 14 conjugacy classes can be generated by the matrices.

[0 0 0 -1 0 0 O] 0 0 001 0 0 O]
0 0 0 0-10 0 O 0 00 O 0 1
0 0-10 00 O 10 00 0 0O
Tg={-1 0 0 0 00 Of T,={0 0 -10 0 0 O (5.18)
010 0 00 O 0 -1 00 0 00O
0 0 00 01 0 0O 0 00 0-10
fo o 0o 0 00 -1l 0 0 00 -1 0 O

This 7-dimensional representation of DT(G,) can be decomposed as the direct ”
sum of one singlet and two triplets representation of the. same group. In terms of the
notation of reference[34] it can be written as 7=, + I'; + [y where I, is a singlet
and I'y and I'sy stand for two different irreducible triplet representations. The group of
order 192 with 13 conjugacy classes posseéses also a DT (G;) subgroup whose 7-
dimensional representation can be decomposed in the same way as above so that
they are conjugate in the group 2°.L,(7). The DT(SU(3)) is a subgroup of DT (Gy).
Therefore it arises as the subgroup of the group DT (G;) discussed above. However
we have checked thatit.also occurs independently in the group of order 192 with 13

conjugacy classes.

We have checked they are of the form of the semi-direct product of the
quaternion group Q with the cyclic group of order 4. One of the 7-dimensional
representations of DT(SO(5)) is decomposed as the direct sum of three singlets and
two doublets. The group of order 192 with 13 conjugacy classes involves the same
two representations of the DT(SO(5)). Since the Lie group G has the group
SU(2)xSU(2) as the maximal subgroup we have also chéckéd whether the group
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DT(SU(2)xSU(2)) ~ 4x4 of order 16 occurs as a subgroup. It arises as subgroups in
the both groups of order 192 with 14 and 13 conjugacy classes. We note in passing

that no DT groups occur in the subgroup 2°:7:3 of order 168.

When we tumn to the group 2%L,(7) we naturally do not expect the DT
subgroups of concem because 2%L,(7) . is not a subgroup of G,. But they really do
exist as subgroups except the DT (SO(5)). The DT (SU(3)) ~ S, is a maximal subgroup
of Ly(7) which occurs as two non-conjugate subgroups in the group 2%Ly(7).
Moreover the two groups of order 192 possess the DT (G;) as subgroups. The
situation for the DT(G,) is very similar to that in 2*L,(7) although the groups of order
192 are not isomorphic to those in the group 2%L,(7). For instance, the group 192
with 14 conjugacy classes admits DT(G,) as a subgroup with the decomposition 7=
4 + I'7 + T'yg where T4 represents a singlet I'; and 'y stand for ‘two distinct triplets.
The same DT(Gz) happens to'be a subgroup of order 192 with 13 conjugacy classes
but in the form of two non-conjugate groups. One of them has the same.
decomposition as abbve whereas the other one is in a different form. Another distinct
feature between two groups of order 1344 that the DT(SU(2)xSU(2)) does not arisé as
a subgroup in the group 2%L,(7)

5.6. P, CP, and CPT Violations

It is intriguing to note that the Loperators, charge conjUgation C, parity P,-and
time reversal T when acting on the bilinear Dirac fields generate an elementary
Abelian group of order 8. Eigenvalues of the group elements corresponding to the

eigenvectors: YT,y where I; represent the eigen set of Dirac matrices |, iyy, iys, 74,‘icm,,,

iYsYn: iCam, YsY4 COnstitute the character table of the group of concern (see Table 5.5)
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Table 5.5. The Character Table of the Group 2° Generated by C, P, T and the

iT; Corresponding Eigenvectors of Hermitian Dirac Bilinears

c |p |T |cp |cT |PT |cPT |1

Viigmy (-1 (-1 |1 |1 (1 |1 |1 |1

Ve=igysy |1 |1 {1 |1 {1 [1 |1 1

V3= -\FY4\|I -1 1 1 f1 -1 1 -1 1

V= Yomy -1 1 1 (-1 1 -1 1 1

Vs=igystay |1 |1 |1 |1 |1 -1 |- 1

Ve=iyoumy (-1 (-1 1 1 -1 -1 1 1

Ve sy |1 (-1 |1 (1 |1 |1 |- 1

Ve= W\.y 1 1 1 1 1 1 1 1

Na [Ns {Ne |Ns [Nz [Ny [Ny |

Since the automorphism group L,(7) of the group 23 has three generators a, B,
y with the Aproperties o =p? =72= | which transform the seven elements of the group
2* in the manners of equations (5.5 and 5.11) it is natural to interpret them as parity,
CP, and CPT violating transformations.-Seven dimensional representations act on the
first seven bilinear Dirac fields depicted in the first column of table 5.5. Thén it is rather .
trivial to classify the quadratic forms invariant under the respective actions of y, B,

and a.



Let us first discuss the case of y which acts on the discrete operators and on

the bilinear forms as follows[30]

| (C o P)(CP)(CT & PT)(T) (CPT)

y: (5.19)
V1 '—)V1, V2 (—)V4, V3 (‘)V7,V5 —)V5,V6 "—)Vs

This leaves the following effective Hamiltonian invariant:
4 2
H=g D ViV +G4(VZ + V2 + V2) +05(VoVy + VgVy) + 95 (Vs Ve + Vo V) (5.20)
=1 .

The Lorentz invariance requires g+= g3 =0 gpq 9=t gz . This leads to the usual
parity violation of the form V+A or V-A which is consistent with a gauge theory of
electroweak interaction SU (2).xSU (2)rxU(1).

if one imposes the B-invariance on an effective Hamiltonian we may obtain an

“interaction violating CP. while preserving CPT. Indeed B operates as follows

. (C,P, T) (CP, PT, CT) (CPT)

B: (5.21)
(V1) (V2V4 V) (V3 V7 V5)

This leaves the following quadratic form invariant
O (V2 + V2 0 V2) £ GoV2 4 05 (Vo + Vg + Vg V) + G, (Va Vo + Vo Vs +VsVs)  (5.22)

If we insist on the Lorentz invariance no CP violating term is left over. Consequently,
we suggest that, if this approach makes sense, then CP violation will require also the

violation of the Lorentz invariance.

-

The third generator o of the group Lp(7) permutes the seven discrete

operators as follows
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a: (C(CP)TP(CPT)(PT)(CT)) (5.23)
which alsb transforms the Dirac bilinears accordingly
a:Vi->V, -V, oV oV oV oV, oV, (5.24)
The quadratic form
V2 +V2 et V2) + V)V + VoV, + VgV +V5Vs + VaVs + VeV + VVL)  (5.25)

is left invariant under a.. This is one of the typical cases where all discrete symmetries

including CPT are violated which certainly violates also the Lorentz invariance.

According to the present scenario it is tempting to assume that the effective
Hamiltonian of particle interactions consists of four parts: The first part preserves.all
discrete symmetries as in the case of strong and electromagnetic interactions. The
second part violates parity, the third part violates CP and finally fourth term violates
CPT. Last two pérts violate also Lorentz invariance. There are also possibilities that

CP and CPT violations can be reconciled with Lorentz invariance. ~



CHAPTER 6

CONCLUSIONS

The seven-dimensional irreducible representation of the adjoint
Chavalley group G,(2) constructed by the inner automorphism of the integral
octonions has not been obtained elsewhere. The correspondence between the
octonionic subroot system of E; and its maximal subgroups of G,(2), for the
first time, is.made clear in this work. We have observed that there is a close
connection between the Weyl groups of these Lie algebras and G;(2) and their

maximal subgroups:

|W(E7)/Z5]  [W(Eg) |W(SU(8))] |W(SO(12))|
IG,(2) — 436 = 33 192

=120

G2(2) and the groups of order 1344 arise as maximal subgroups in various
groups of Lie type and sporadic groups. For instance, G,(2) is one of the
maximal subgroup of the Hall-Janko group J;[19, 21], and the group 23-PSL,(7)
of order 1344 plays an important role in the constructions of various sporadic
_groups[30]. These features of the automorphism groups of octonions may

relate sporadic groups to any physics associated with the exceptional Lie

algebras Ej, E7 and their subalgebras.

We would like to make som'é remarks on the group structures as to how
they can be used as models in physics. Many physicist have made attempts to.
drag octonions into physics with some partial success. If octonions play any
role in physics at all then the groups, associated with their integer elements,

which we have discussed in chapters 4 and 5 should show up as relevant
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symmetries. An immediate concern perhaps is the following obsevation. The
elementary Abelian group 2° is isomorphic to the divscre»te‘ g'rqup generated by
the operators C, P, and T. The extension of the group 2° by its aujcomorphism
group L»(7) manifest itself either as a split extension 2*L,(7) or the non-split
extension 2°.L,(7). The subgroups of either of these groups of order 1344 can
be used for the formulations of the parity, CP and CPT violations. For
instance, we have checked that the invariance of a group of order 16 leading
to the parity violation necessarily reqUire the form of the weak cUrrent of the

form V+A. The other subgroups involve CP and/or CPT violations.

Many of the finite subgroups which we have discussed are in use for
different purposes. For instance the simple grou’b‘l'_z(7) of order 168 is used in
the Lattice Gauge Theory as an approximation for the SU(3)c. From our point
of view the roots of SU(8) then constitute the qiscrete closed quarks which is
supposed to be transformed to each other by SU(3)c on the lattice. We have
checked that all the point crystal groups are the subgroups of the groups we
have analysed. Therefore we are optimistic that some of these subgroups will

show up as models for certain physical phenomena.

Any possible use of the group 23.L,(7) will pave the road for unexpected roles
of the sporadic groups in physics for it is naturally embedded in the sporadic groups in

a systematic way.
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SUMMARY

This thesis contains, two main subjects, one of which is the
automorphism group of the octonionic root systém of E; and the other is the
automorphism group of the integer octonions xe; (i=1,2,...,7). First we have
iﬁtrodUced some group theoretical concepts of finite groups, the octonion
algebra and constructed the root system of E;, to make the concept and the
construction of the automorphism groups of the integer octonions, self

contained.

A method is introduced to obtain the seven-dimensional irreducible
representation of G,(2). A computer program is made to generate the matrix
group and to find its maximal subgroups. The maximal subgroups of G,(2) are
obtained and their relations to the root systems of the subalgebras of E; are

discussed.

The full automorphism group of the integer octonions te(i=1,2,...,7) is
23-Lz(7) of order 1344. It is constructed by seven-dimensional matrices. The
structure, and‘ the maximal subgroups of the group 23-L2(7) are obtained and
their possible implications in physics are discussed. The seven-dimensional
matrix representation of the other group 2%:PSL, of the same order as 2%.L,(7),
but possessing different structure is also constructed. We made remarks on

the relations between the groups Ga(2), 2°-L,(7) and 23:L,(7).

The character tables of the various finite groups of concern are
computed. Finally the results and the possible use of the relevant groups are

discussed.
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OZET

Bu calisma iki temel konﬁyu kapsamaktadir. Bunlardan birisi E,'nin
kéklerini teskil eden oktonyonlarin otomorfizma grubu olan G,(2)'nin yedi-
boyutlu matris temsilinin olusturulmasidir. Digeri ise, =*xegli=1,2,...,7),
oktonyonlarin otomorfizma grubunun olusturulmasidir. Konunun iyi anlasiimasi
icin, sonlu gruplarla ilgili bazi teoremler, oktonyon cebiri ve Eg'in koklerinin

oktonyonlarla nasil teskil edilebilecedi kisaca ele alinmistir.

Calismamizda, G,(2) grubunun yedi-boyutlu indirgenemgz temsilini elde
etmek igin bir method ortaya konmustur. Bir komputer programi hazirlanarak
matris gruplan olusturulmus ve olusturulan gruplarnin maksimal altgruplari
bulunmustur. G,(2) grubunun E, Lie cebiriyle iligkisi ortaya konularak, s6z
konusu grubun maksimal altgruplarinin E, Lie cebirinin altcebirieriyle iliskileri

tartisilmistir.

Ayrica :tei(i=1,2,...,7) oktonyonlarinin otomorfizma grubu olan 1344
elemanh 23.L,(7) grubunun yedi-boyutlu matris temsilli elde edilerek fizikteki
muhtemel uygulamalarn tartigildi. Grubun yapisi ve maksimal altgruplar elde
edildi. Yine 1344 elemanii fakat yapisi farkli olan 2%L,(7) grubunun yedi-
boyutiu matris temsilleri olusturuldu.  Elde edilen 2%.L,(7), 2%L,(7) ve/veya

G,(2) gruplarn arasindaki iliskiler bulundu.

iigilendigimiz gruplarin karekter tablolari hesap ed“ildli. Son olarak

sonuglar defierlendirilerek fizikteki uygulamalari tartigildi.
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Table A2. The Charcter Table of the Group G'(2) of Order 6048. Here N=(-1+iV7).
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Table A4. The Character Table of the Groups 4-S,:2 and 4:84:2 of order 192.
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Table A6. The Character Table of the Gro&.;p PSL;:2 of Order 336
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Table A8. The Character Table of the Group 4-S, of Order 96

1
1
96

-1

-1

-1

-1
-1-2i
-1-2i

-1+2i
-1+2i

-1

~1+2j
-1+2i

.
-1

-1
-1
-1
-1

3
3
3
3

-1

-i

-1-2i
-1-2i

-i

-2

ORDERS
# ELEMENTS
INDEX

X

%2

%3

x4

*5

4]

y A4

%8

%9
¥10

Table A9. The Character Table of The Group 4%S;
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Table A10. The character Table of The Group PSL,(7) of Order 168

1
1

168

24 24 42 21

56

ORDERS
# ELEMENTS

INDEX

Table A11. The Character Table of the Sylow Subgroup of G;'(2), of order 32

-1
-1

-1

-1

-1
-1

-1

-1
-1

-1

-1

-1

-1

-2

-2

A M 0

-1+

14
~1-i

-2i
-2

2i

1+
1+

1-i
-1

0

0

-2

2i
-2
-2

0

1+
-1-i

1+
i

2i

1-i

1+i

0

0

-2

2i

ORDERS
INDEX

# ELEMENTS

11

%2

®3

14

A5

%6

%7

%48

i)
ALY

211

113

114
*It is isomorphic to the Demazure-Tits subgroup of SO(5), DT(SO(5)
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Table A12. The Character Table of the Sylow Subgroup of theGroup G,'(2), of Order 27.
Here p=—12' (-1+iV3)

ORDERS| 1 3 3 3 3 3 3 38 3 3 3
# ELEMENTS 1 3 3 3 3 3 3 3 3 1 1
INDEX | 27 9 9 9 9 9 9 9 9 27 21
x' 1 1 1 1 1 1 1 1 1 1 1
»| 11 1 B P p p p 1 1
x 1 1 1 p p p P P P 1.1
! 1 P p 1 B p B 1 p 1 1
| 1 P p P p 1 p P 1 1
*, 1 P p p 1 P p P 1 1 1
¥/ 1 p P 1 5, P p 1 F 1 1
*{ 1 p B P 1 P p 1 1 1
X 1 p P p P 1 1 P p 1 1
2’ 3 0 0 0 0 0 0 0 o 3 3P
1" 3 0 0 0 0 0 0 0 0 3P 3p
Table A13. The Character Table of the Sylow Subgroup of the Group G;'(7), of
Order7. Here t=e 7" |
ORDERS 1 7 7 7 7 7 7
# ELEMENTS 1 1 1 1 1 1 1.
INDEX 7 7 7 7 7 7 7
% 1 1 1 1 1 1 1
1 1 72 T 7 7 T -
* 1 7 72 - T o T
oal 1 T - T 7 - 72
. 1 T T T 72 - 7
% 1 - ? 7 1 T2 T
x 7 T 72 - T 7
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Table A14. The Character Table of the Groups 2*-PSL,(7) and 2%:PSL(7)
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Table A15. The Character Table of the Group 2:3:7. Here p
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Table A16. The Character Table of the Sylow Subgroup of the Groups 23.PSL,(7) and 2°

PSL2(7), of Order 64

N < <

16

4
4
4
16

4
2
2
32

4
4
4
16

1
1
1
4

-1

-1

-1

-1

-1

-1
-1

-1
-1

-1

-1

-1

1
-1

-1

-1

-1

-1

-1

-1

-PSLy(7)

3

ylow Subgroup of 2

ORDERS"”
ORDERS®?
# ELEMENTS
INDEX

Morders of the S

@0Orders of the Sylow Subgroup of 2°

PSLy(7)

100
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Table A17. The Character Table of the Group 7:3 of Order 21

N S R s e
3731_“ 2 O o
oM+ |3 O O
™yl v — N N
~N
[ ) - ™~ 1] ) w
Rmﬂx = T T =
wiya
=2
=
O i
3k

Table A18. The Character Table of the Groups 2°-S, and 2°:S,, of order 192

NN~ N
(-2

-1

-1

-1

-1

]
-1
-1
-1

1
1
-1
1
1

~ oW
-
- v v N
[-2]
-
mn.ﬂ
BREa
ww =2
[afal
e o
OO0 =%

rders of the group - 2°-S,
@Orders of the Group 28,
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APPENDIX B

To handle some of the problems of groups such as the generation of a
group, determination of its maximal subgroups, calculation of conjugacy classes and
the character tables, some computer programs have been written in 'FORTRAN, in
addition to GAP ( Groups, Algorithms and Programming ). The FORTRAN programs
are supported by MATHEMATICA, 'especially during the calculation of character

tables. Here we will give some flowcharts for the prepared programs.
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Q ( sTART )
GENERATORS »
| INPUT
| og s ~ /J

.

=0, j=0, n=k _
»!
.

i=i+1

A

=+

d=gg,

Y
L4

OUTPUT
| : / GROUP

) | ELEMENTS
STOP- " v

Figure B1. Flow-Chart of the FORTRAN Program that Generates a Matrix Group

:




© sTART)
 GROUP |
ELEMENTS} INPUT
2 5

OUTPUT :l >

(_sToP)

Figure B2.Flow-Chart of the FORTRAN Program to Find Maximal
- Subgroups of a éiven Group G.
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Tr(d)
order(d ¢

8, Tr(ds) | ‘
~ - order(d

Figure B3.  Flow-Chart of the FORTRAN Program to Calculate the
Conjugacy Classes Of a Group G.
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