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ON MAHARAM OPERATORS
SUMMARY

In this thesis, it has been worked on positive operators and Maharam operators which
is a special kind of positive operators.

In the first section after the introduction, the circumstances in which a Riesz space is
Archimedean or Dedekind complete have been given and their results have been
discussed. The important fact that an additive mapping between the positive cones of
two Riesz spaces has a unique extension to a positive operator between these Riesz
spaces has been stated. The definition of order bounded operators has been given and
the modulus of an order bounded operator and the infimum and supremum of two
order bounded operators have been examined. The extension of positive operators
has been discussed in a detailed fashion. The concept of ideal, band and band
projection of a Riesz space has been examined. The relationship between order
continuous and order bounded operators has been given and related to the band
projections. The concept of the null ideal and the carrier of an operator has been
discussed. The linear functional, order bounded functinal and order continuous
functional has been introduced. The definition of a component of a positive operator
has been given. Freudenthal’s Spectral Theorem has been proved. The lattice
homomorphisms and orthomorphisms have been introduced and the properties of the
space of lattice orthomorphisms has been examined in a detailed way. Consequently,
f-algebras have been introduced and their properties have been discussed. In the last
part of the first section, as an additional information, the concept of the Banach
lattices has been given.

In the beginning of the second section, the definition of Maharam operators, the
center operators and the center of a Banach lattice has been given. The properties of
the Boolean ring homomorphism between the Boolean algebra of the corresponding
band projections induced by the Boolean ring homomorphism between the Boolean
algebras of bands in two Dedekind complete Riesz spaces have been examined. The
properties of f-algebra homomorphisms between the center of Riesz spaces have
been discussed in a detailed fashion. The lattice structure of £"(L, M), the collection
of order continuous operators which satisfies IIT = Th(IT) VII € Z(M), has been
constructed and proved to be a band in £,,(L, M). All operators in the band generated
by a Maharam operator are proved to be Maharam. The properties of null ideal and
the carrier of an operator in £!(L, M) and the relationship between them have been
examined in a detailed fashion.

XV



In the third section, first of all, the concept of f-module, f-submodule and A —
linear operator has been introduced. £{(E, F) and L4 (E,F) have been defined and
proved to be a band in £, (E,F) and £, (E, F ), respectively. Some examples of f-
modules has been given. In this examples, LZ(M)(E, F) = LM(E,F), where h is an
f-algebra homomorphism between the centers of two Archimedean Riesz spaces
where the latter is also Dedekind complete, is defined and its properties have been
discussed in a detailed fashion. It is also proved to be a band in £, (L, M) and f-
module structure over Z(M). The concept of an ideal of LTZl(M)(J,M) and it’s being
an f-submodule over Z(M) have been examined. The circumstances in which the
range of an Archimedean Riesz space under an order continuous Z(M) — linear
Riesz homomorphism is an ideal of Lﬁ(M)(J,F) or Lﬁ(M)(J,F) itself have been
shown.

In the fourth section after introduction, Z(M)® L, the linear subspace of

Li(M)(J,M) generated by the operators of the form N®f where L is an
Archimedean Riesz space and J is an ideal of £,(L, M), and Z(M)®,L, the ideal
generated by Z(M)® L in £5(M)(J,M) and a mapping yo:L - Li(M)(J, M) given
by xof = I®f has been defined and the properties of this operator has been

discussed in a detailed fashion. The definition of a Maharam extension space (F, xr),
where F is a Dedekind complete f-module over Z(M) and yr:L - F is a Riesz

homomorphism, for an ideal of L,Zl(M) (J, M), has been given and the circumstances
in which a Maharam extension is minimal or maximal has been examined.

In the last section, to extend the subject, two examples have been given. In the first
example, the Riesz spaces have been taken as finite dimensional real spaces. In the
second example, the Maharam extensions of kernel operators have been discussed.
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MAHARAM OPERATORLER

OZET

Bu tezde, pozitif operatorler ve pozitif operatorlerin 6zel bir ¢esidi olan Maharam
operatorler Uzerine galisilmistir. Temelde bir pozitif operator, iki sirali uzay arasinda
pozitif elemanlar1 yine pozitif elemanlara tasiyan bir lineer operatdrdiir. Benzer
sekilde, eger bir pozitif operator sirali sinirli kiimeleri yine sirali sinirli kiimelere
gotiirliiyorsa siral1 sinirli olarak adlandirilir. Bu argiiman devam ettirilerek, Maharam
operatorler, modulinin sirali araliklari yine sirali araliklara tasidigi, yani sirali aralik
koruma o6zelligi (interval preserving) bulundugu bir sirali smirli operatér olarak
adlandirilabilir.

Giristen sonraki ilk bolimde, Riesz uzaylarimin hangi sartlarda Arsimed veya
Dedekind complete olacagi verilmis ve sonuglari tartisilnustir. iki Riesz uzayinin
positif konileri arasinda tanimlanan bir toplamsal fonksiyonun bu Riesz uzaylari
arasindaki bir pozitif operatore yalnizca bir genislemesinin bulunacag ispatlanmustir.
Bu genisleme her eleman i¢in elemanin pozitif ve negatif kisimlarinin goriintiilerinin
farkidir. Bu sekilde, her pozitif operatoriin tanim kiimesinin pozitif konisi iizerindeki
davranistyla belirlenecegi sonucuna varilmistir. Riesz uzayinin bir alt kiimesinin
hangi sartlarda sirali sinirli olacagi agiklanmus, sirali sinirli ve diizenli operator
tanimlar1 verilmistir. Dedekind complete Riesz uzaylarda bir operatériin modiilii ve
iki farkli operatoriin supremumu ve infumumu tanimlanmis ve tanimin dogrulugu
ispat edilmistir. Sublineer fonksiyon tanimlanmis ve bir positif operatdre nasil
genigleyecedi gosterilmistir. Ideal, sirali yogun Riesz altuzayi, sirali yogun ideal
anlamina gelen band, band projeksiyonlari, sirali siirekli operator kavramlari verilmis
ve birbirleriyle iliskileri incelenmistir. Sirali siirekli bir operatdriin ayn1 zamanda
siralt sinirlt olacagr ve modiiliiniin de sirali siirekli olacagi gibi temel teoremler
belirtilmis ve ispatlanmistir. Buradan sirali siirekli operatérlerin uzayinin siral simirl
operatorlerin uzaymin bir bandi olacagr sonucuna varilmistir. Projeksiyon band
kavrami verilmis ve orneklendirilmistir. Bir operatoriin null ideali ve tasiyict uzayi
tantmlanmugtir. Lineer fonksiyonel, sirali smirli lineer fonksiyonel, sirali siirekli
fonksiyonel tanmimlar1 verilmis ve sirali sinirli lineer fonksiyonellerinin vektor
uzayinin Riesz uzayindaki noktalar1 ayirmasmin hangi anlama gelecegi ifade
edilmistir. Lineer fonksiyoneller ve null idealleri ve tasiyicilart arasindaki bagintilar
incelenmistir. Bir Riesz uzayinin duali, ikinci dereceden duali ve perfect Riesz uzayi
kavramlar1 detaylandirilmig ve her perfect Riesz uzaymin aym1 zamanda Dedekind
complete olmasi gerektigi belirtilmistir. Rank operatér kavrami verilmis ve
ozellikleri incelenmigstir. Riesz uzaylarinin arasindaki sirali sinirli bir operatoriin
adjoint operatoriiniin 6zellikleri incelenmis ve ispatlanmistir. Bir positif operatoriin
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bilesen operatorii tanimlanis ve detaylandirilmis ve sirali projeksiyonlarla baglantisi
gosterilmistir. x-step fonksiyonu incelenmis ve buna bagl olarak Freudenthal’in
spektral teoremi verilmis ve ispatlanmistir. Latis homomorfizm ve izomorfizmi
kavramlari tanitilmis ve incelenmistir. Izomorfik iki Riesz uzayin es kabul edecegi
belirtilmistir. Bir operatoriin hangi sartlarda aralik koruyucu olacagi (interval
preserving) ifade edilmis ve aralik koruyucu bir operatdriin goriintii kiimesinin her
zaman bir ideal olacagi belirtilmistir. Bir Riez uzayinimn Dedekind completion
kavrami incelenmistir. Band koruyucu operator (band preserving) tanitilmis ve bu
kavramin farkli sartlarda nasil sonucglar doguracagi gosterilmistir. Ortomorfizm
kavrami tanitilmis ve ortomorfizmlerin uzaymin oOzellikleri incelenmistir. Bir
ortomorfizmin modiiliiniin varlig1 ve yine bir ortomorfizm olacaginin yani sira iki
ortomorfizmin supremumunun ve infimumunun da yine bir ortomorfizm olacagi
ispatlanmistir. Ortomorfizmlerin uzayinin sirali sinirh operatorlerin uzayindaki birim
operatoriin urettigi ideal ile ¢akisacagi gosterilmistir. Arsimed Riesz uzayinda bir
ortomorfizmin bu uzayin Dedekind completion uzayinda yalnizca bir genislemesi
olacagi ispatlanmistir. Bir ortomorfizmin kernelinin bir band olacagi gosterilmistir.
f-cebiri kavramu verilmis ve oOzellikleri incelenmistir. Her Arsimed f-cebirinin
degismeli olacagina dikkat ¢ekilmistir. Ilk béliimiin sonunda Banach latis kavrami
verilerek Maharam operatorler ve genislemeleri kavraminin anlagilmasi i¢in gerekli
altyapi tamamlanmaistir.

Ikinci boliimiin basinda Maharam operatdrler, merkez operatorler ve bir Banach
operatoriiniin merkezi tamtilmustir. Iki Dedekind complete uzaymin bandlarinm
Boolean cebirleri arasindaki sirali siirekli Boolean halka homomorfizminin bunlara
karsilik gelen band projeksiyonlarinin Boolean cebirleri arasinda bir siralt siirekli
Boolean homomorfizmi indirgeyecegi gosterilmistir. Eger sirali siirekli Boolean
homomorfizminin Uzerine kuruldugu operatér bir Maharam operatdr ise sonuglarin
nasil gelisecegi incelenmistir. Iki Arsimed uzayinin, ikincisi Dedekind complete
olmak tizere, merkezleri arasinda tamimlanan bir f-cebiri homomorfizminin h
yardimiyla olusturulan £(L, M), MT = Th(Il) VII € Z(M) sartin1 saglayan siral
siirekli operatorlerin uzayi, tamimlanmus ve £, (L, M) uzaymda bir band oldugu
kanitlanmigtir. Bir Maharam operatoriin  Urettigi banddaki her operatoriin de
Maharam olacag1 gosterilmistir. Bundan yararlamlarak £F(L, M) deki disjoint
operatdrlerin birtakim ozellikleri ispatlanmistir. Ornegin £(L, M) de iki operator
disjoint ise tasiyicilarinin da disjoint olacagi gosterilmistir. Sonrasinda bu
operatorlerin disjoint olmamast durumunda tasiyicilar1 arasinda nasil bir baglanti
kurulabilecegine ¢alisilmistir. Buradaki ilk uzayin da Dedekind complete alinmasiyla
sonuglarin  nasil  degisecegi  gosterilmistir. LF(L,M) uzaymm Maharam
operatorlerden olusan bir ideali ile f-cebiri homomorfizmleri arasindaki baglanti
incelenmis ve son olarak Maharam operatorlerden olusan bir ideal tarafindan iiretilen
bir bandin da yine Maharam operatorlerden olusacagi ispatlanarak boliim
bitirilmistir.

Uciincii  boliime  f-modilii, f-altmodili ve A — lineer operator Kkavramlar
incelenerek baslanmustir. £L{1(E, F) ve L£A(E,F) tamtilmis ve sirastyla £, (E, F) ve
L, (E, F) uzaylarinin bandi oldugu ispatlanmistir. Sonrasinda f-modillerinin cesitli
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ornekleri incelenmistir. Bu orneklerin ilkinde herhangi bir Arsimed Riesz uzayinin,
merkezinin tizerinde bir f-modiilii olarak alinabilecegi gosterilmistir. Ikinci ornekte
ise £,,(E,F) uzayinin L, (E,F) uzaymin bir f-altmodilii oldugu ifade edilmistir.
Uclincii 6rnekte ise, h, ikincisi ayn1 zamanda Dedekind complete olarak alinirsa iKi
Arsimed uzaymin merkezleri arasindaki f-cebiri homomorfizmi olmak Uzere
Li(M) (E,F) = LI(E, F) tammlanmis ve dzellikleri iigiincii ve dordiincii rneklerde
detayli olarak incelenmistir. Bu uzayin aym zamanda £,, (L, M) uzayinin bir bandi ve
Z(M) Uzerinde bir f-altmodilii oldugu ifade edilmistir. £2(E, M) bir idealinin
aynt zamanda bir f-altmodilu oldugu sonucuna varilmis ve bu idealden alinmis
herhangi bir operator lizerinde tanimlanan LZ(M) (E, M) uzayina ait bir fonksiyonun
Ozellikleri incelenmistir. Sirali sinirhi Z(M) — lineer Riesz homomorfizmi kavrami
tamitilmis ve bir Arsimed Riesz uzaymin bir sirali siirekli Z(M) — lineer Riesz
homomorfizmi altindaki goriintiisiiniin hangi sartlarda L,ZL(M)([],F ) in bir idealine
veya kendisine esit olacagi gosterilerek ispatlanmisgtir.

Girigten sonraki dordiincii bolim Maharam genislemelerinin kurulma strecini
anlatmaktadir. Bolime £ bir cisim olmak Uzere, izerinde kurulan birimsel A modul
ve #-lineer gdomme kavramlari hatirlatilarak baglanmistir. L bir Arsimed uzayi, M bir
Dedekind complete Riesz uzayr ve J, L,(L,M) nin bir ideali olmak (zere
Z(M)® 4L, Li (M)([], M) uzaymin TQ®f formundaki operatorler kullamlarak

iiretilmis lineer altuzay1, ve Z(M)® gL, Z(M)® 4L in iirettigi ideal, tammlar1 verilmis
Xo:L - L‘,,Zl(M)(J, M) fonksiyonu xof = I®f seklinde tanimlanmustir. Z(M)® ;L in

Xo(L)in L‘i Mg, M) uzayinda tirettigi ideal ile ¢akistig1 belirtilmis ve ispatlanmigtir
ve bu idealin hangi sartlarda sirali yogun olacag: tartistlmstir. (F, x) ikilisi hangi
ozellikleri saglarsa Liw)({], M) uzayinda y,(L) € E sartin1 saglayacak tek bir ideal
olacagi ve y o yr = X, sartin1 saglayan tek bir Z(M)-lineer Riesz izomorfizmi
olacag1 gosterilmistir. Buna bagl olarak bir ideal i¢cin Maharam genisleme uzay1
tammlanmstir. (F, yr) Maharam genisleme uzayinda F, Z(M) {zerinde bir
Dedekind complete f-modili ve x:L — F bir Riesz homomorfizmidir, idealdeki
her T operatérii icin T = T o x; sartint saglayan L2 (F, M) de tek bir T operatoril
vardir ve {T:0<T € J} kimesi F uzayindaki noktalar1 ayirir. Bir Maharam
geniglemesinin hangi sartlarda minimal veya maksimal olacagi incelenmistir. Her
Maharam genisleme uzayimin LZ(M)([], M) da bir ideal olarak diisiiniilebilecegi
sonucuna varilmistir. Ayrica, her minimal Maharam genisleme uzayimin J nin
minimal Maharam genisleme uzayi olan Z(M)C;)JL e izomorfiktir ve benzer olarak J
nin maksimal Maharam genisleme uzay1 izomorfizm yoluyla tek olarak belirlenmistir
ve Z(M)®,L ile gosterilmistir. Eger (E, ), J nin bir Maharam genisleme uzay1
ise y in her zaman birebir olmasina gerek olmadigi belirtilmis ve hangi sartlarda
birebir olacagi ve bunun diger hangi sonuglara yol acacagi incelenmistir. Yine y
homomorfizminin sirali siirekli olma kosullar1 ispatlanmistir. Bir idealin minimal
Maharam genisleme uzayinin ayn1 zamanda o idealin iirettigi bandin da minimal
Maharam genisleme uzay1 olacagi gosterilmis ve detaylandirilmustir.
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Son boéliimde, konunun detaylarinin daha acik bir sekilde incelenebilecegi iki drnek
verilmistir. Ilk &rnekte, Riesz uzaylar1 m ve n boyutlu reel uzaylar, lineer operatorler
nxm boyutlu matrisler ve Z(M) nxn boyutlu diagonal matrisler olarak alinmis ve
buna bagh olarak Z(M) lzerinde f-modiiliin nasil sekil alacagi incelenmistir. ikinci
ornekte ise kernel operatdrlerin Maharam genislemeleri incelenmistir.

Sonu¢ ve Oneriler kisminda, bu tezde incelenen Maharam genisleme uzaylarinin
cebirsel yapisint yani sira topolojik ve Banach latis yapisinin da incelenerek farkli
sonuglara varilabilecegi belirtilmistir.
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1. INTRODUCTION

Operator theory is located in the intersection of the main subjects of mathematics
such as Analysis, Algebra and Topology. Besides the beauty of working on the
intersection of different subjects, operator theory is useful on some very striking
areas such as it’s being one of the most powerful tools in the study of Quantum
Mechanics. The concept of positive operators has been worked on since the
beginning of the nineteenth century but the importance of this subject has not been

understood until the middle of the last century.

A positive operator is actually a special type of a linear operator between two
ordered spaces that carries positive elements to positive elements. As a special case,
a positive operator is called order bounded if it carries order bounded subsets to order
bounded subsets. In the same fashion, a Maharam operator is defined as an order
bounded operator whose modulus is interval preserving, that is, the image of an order

interval remains in an order interval.

In this work, after the necessary information is given, in the Section 3, it is shown
that for any order continuous Maharam operator T between Dedekind complete
spaces L and M, there exists an algebra and lattice homomorphism h from Z (M) into
Z (L) such that IIT = Th(I1) for all IT € Z(M). The existence of this homomorphism
h proves that Maharam operators are indeed Z(M)-linear operators with respect to an
appropriate Z(M)-module structure on L induced by h. After establishing this result,
in the Section 4, some of the properties of f-modules and in particular f-modules

over Z(M) for some Dedekind complete space M are given. In this section, for a
Z(M)-module E, Li(M) (E, M) denotes the space of all normal Z (M)-linear operators

from E into M. Li(M)(E, M) is proved to have many properties in common with the
normal dual L; of a vector lattice L, one of which plays the crucial part in
constructing of the Maharam extensions and that is the analogue of the well known
Nakano perfectness criterion for vector lattices in the setting of Z(M)-modules. In

section 5, it has been worked on to construct Maharam extension spaces for the



ideals of operators in £, (L, M). The uniqueness of these extensions is discussed and

the main properties of them are established.



2.BASIC PROPERTIES OF POSITIVE OPERATORS

Definition 2.1: A Riesz space L is said to be Archimedean if %x L 0in L for each

x € L*.

Theorem 2.2: Let L and M be Riesz spaces with M Archimedean and let T: LT —>
M™ be an additive mapping, thatis, T(x + y) = T(x) + T(y) for all x,y € L*. Then,

T has a unique extension to a positive operator from L to M.
Moreover, the extension which will be denoted by T again is given by
Tx)=Tkx") —T(x") (2.1)
forall x € L.
Proof: Let T: L* - M* be an additive mapping and let us define a mapping
S:L->M (2.2)
by
SX)=TkxY) -Tx) (2.3)
If x € LT, S(x) = T(x). Therefore, the mapping S extends T to all of L.

Since x = x* — x~ for each x € L, S becomes the only possible linear extension of T
to all of L.

Hence, it is only left to show that S is linear. For this purpose, we need to show that

S is additive and homogeneous.

Let us fix any x € L and assume that x = x* — x~ = x; — x, where x;,x, € LT,

Then, x* + x, = x; + x~. Since T is additive on L™, it can be written as
T +T,)=Tx +x,)=T(x; +x7)=T(x) +Tx") (2.4)
So,
Sx)=T&Y) —Tx™) =T(xy) — T(xy) (2.5)

From this property, the additivity of S can be easily established. If x,y € L, then



S+y) =S(xt+y+ =G +y7)
=T +yH)-T&™+y7)
=TEHD+TON) - TE)-TH)
=[Tx*) =T+ [T - T
=S(x) + S (2.6)

In particular, the additivity of S implies that S(Ax) = AS(x) for all x € L and all

rational numbers A.
To show that S is homogeneous, first we need to show that S is monotone.
If x >y, then x — y € L*, and so by the additivity of S, we obtain that
S =S((x—y+y)=SE—-N+SO =T —-y)+SH) =S») (27
So,if x = yin L, then S(x) = S(y) in M. It follows that S is monotone.

Now, let x € L* and let 2 > 0. If we pick two sequences of nonnegative rational
numbers {r;,} and {¢t,,} such that ;, T 1 and ¢,, ! 0, then the inequalities r,x < Ax <

t,x and the monotonicity of S imply
1,S(x) = S(rpx) < S(Ax) < S(t,x) = t,S(x) (2.8)
for each n.
If A € Rand x € L, then,
SAx) =SUxT + (—=D)x7) =SUx™) + S((—/l)x‘)
=AS(xH) —AS(x) = A[T(xT) —T(x7)] = AS(x) (2.9)
Therefore, S is homogeneous and the proof is finished.

According to this theorem, we conclude that a positive operator is determined
completely by its action on the positive cone of its domain. (Aliprantis and
Burkinshaw, 2006).

Definition 2.3: For an operator T: L —» M between two Riesz spaces, its modulus |T|

exists if
IT| =TV(-T) (2.10)

exists, that is, |T| is the supremum of the set {- T, T} in L(L, M).



Theorem 2.4 : Let T:L - M be an operator between two Riesz spaces such that

sup{|Ty|: |y| < x} exists in M for each x € L*. Then, the modulus of T exists and

IT|(x) = sup{|Tyl|: |yl <x} (2.11)
forall x € L*.

Proof: Let us define S: LT - M* by

S(x) = sup{|Tyl: [yl < x} (2.12)
for each x € L*.

Since |y| < x implies |+y| = |y| < x, it can be written as S(x) = sup{Ty:|y| < x}

for each x € L™.

We need to show that S is additive. For this purpose, let w,v € E*. If |y| < u and
|z| <v, then |y+z|<|yl+|z| <u+wv, so it follows from T(y)+T(z) =
T(y+2z) < S(u+v)that S(u) + S(v) < S(u + v). On the other hand, if |y| < u +
v, then there exist y; and y, with |y;| < u, |y,| < v and y = y; + y,. Therefore
T(y)=T(,)+T(y,) <S) + S) and it follows that S(u + v) < S(uw) + S(v).
Hence, S(u+ v) = S(u) + S(v). Now, S can be extended to a positive operator
from L to M.

By the definition of S, T < Sand —T < S in L(L, M). If we assume that +7 < R in
L(L,M), then for a fixed x € L* and for all y € L such that |y| < x, it can be written

as
Ty=Ty"— Ty < Ry*+ Ry~ =R|y| < Rx (2.13)

Therefore. S(x) < R(x) for each x € L* and so S = TV(=T) in £L(L, M). (Aliprantis
and Burkinshaw, 2006).

Definition 2.5:

1) A subset A of a Riesz space is bounded above if there exists some x
satisfying y < x for all y € A.

2) A subset A of a Riesz space is bounded below if there exists some x
satisfying y = x for all y € A.

3) A subset A of a Riesz space is called order bounded if it is bounded both

above and below.



4) An operator T: L — M between two Riesz spaces is said to be order bounded

if it maps order bounded subsets of L to order bounded subsets of M.

The vector space of all order bounded operators from L to M will be denoted by
Ly (L, M).

Definition 2.6: An operator T: L - M between two Riesz spaces is said to be regular
if it can be written as a difference of two positive operators and the vector space of

all regular operators from L to M will be denoted by £,.(L, M).
Definition 2.7:

1) A Riesz space is called Dedekind complete if every nonempty bounded above
sunset has a supremum (or, equivalently, if every nonempty bounded below
subset has an infumum) . That is, a Riesz space L is Dedekind complete if and
only if 0 < x, T x implies the existence of sup{x,}.

2) A Riesz space is said to be Dedekind o-complete if every countable subset
that is bounded above has a supremum. (or, equivalently if 0 < x, T x)

implies the existence of sup{x,,}. (Gok, 2011)

Theorem 2.8: If L and M are Riesz spaces with M Dedekind complete, then the
ordered vector space L,(L,M) is a Dedekind complete Riesz space. Its lattice

operations satisfy
IT1(x) = sup{|Tyl: [yl < x} (2.14)
[SVT](x) = sup{S(y) + T(2):y,z€ LT and y +z = x } (2.15)
[SAT](x) = inf{S(y) + T(2):y,z€ LT and y + z = x} (2.16)
forall S,T € £,,(L,M) and x € L*.
Proof: Let T € £, (L, M). Since T is order bounded,
sup{|Ty|: [y| < x} = sup{Ty:|y| < x} = sup T[—x, x] (2.17)
exists in M for all x € L*, so by Theorem 2.4, the modulus of T exists and
IT|(x) = sup{Ty:|y| < x} (2.18)
By using the lattice properties, it can be easily seen that £, (L, M) is a Riesz space.

Let S,T € L,(L,M) and x € L*. y,z € L* satisfy y + z = x if and only if there
exists [u| < x withy = %(x +u)and z = %(x — ). So,
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[SVTI(x) = 5 (Sx + Tx + IS = Tlx)
= %(Sx + Tx + sup{(S — T)u: |u| < x})

= %sup{Sx +Su+Tx—Tu: |lul <x}

= sup {S(%(x+u)) +T(%(x—u)):|u| Sx}

=sup{S(y) + T(z):y,z€ LT and y + z = x} (2.19)
[SAT] = inf{S(y) + T(2):y,z € LY and y+ z = x} can be proven in the same

fashion so £, (L, M) is a Riesz space.

Let 0< T, T< T in £,(L,M) and let S(x) = sup{T,(x)} for all x € L*, so, T, (x) T
S(x). Since T,(x +y) = T,(x) + T,(y), the mapping S: L* - M* is additive so S
defines a positive operator from L to M. Hence, T, T S in £, (L, M) and it proves that
L, (L, M) is Dedekind complete.

Theorem 2.9: If L and M are Riesz spaces with M Dedekind complete, then for all
S, T € £,(L, M) and each x € L*, the followings hold:

1) O, S&IVT(x): x;, €E* and Y-y x; = x}3 T [SVT](x)
(2) O SC)AT(x;) : x; €ET and Y- x; = x} L [SAT](x)
R) L TIx)|: x; € EY and N1y x; = x3 L [T (%)

Definition 2.10: A function p: G —» M, where G is a real vector space and M is an

ordered vector space, is called sublinear if the followings hold
@ p(x+y) <pk)+pQ)
(b) p(Ax) = Ap(x)
forall x,y € G and for all A > 0.
Theorem 2.11: Let G be a real vector space and M be a Dedekind complete Riesz
space, and let p: G > M be a sublinear function. If H is a vector subspace of G and

S:H — M is an operator satisfying S(x) < p(x) for all x € H, then there exists some

operator T: G — M such that

(1) T =SonH,thatis, T is a linear extension of S toall of G.
(2) T(x) < p(x) forall x € G.



Proof: If S has a linear extension which satisfies (2) on an arbitrary vector subspace
generated by H and one extra vector, then we can guarantee the existence of an

extension of S to all of G with the desired properties by using Zorn’s lemma.

LetxgHandletV={y+Ax:y€ Hand A € R}. IfT:V —» M is a linear extension
of S, then

T(y+ Ax) = S(y) + AT (x) (2.20)

forall y € H and 1 € IR. If we choose z = T(x), it has to be shown the existence of

some z € M such that
SO+ 1z < p(y + Ax) (2.21)
forall y € H and A € IR. For A > 0, the inequality (2.21) equals to
SW+z<ply+x) (2.22)
forall y € H and if 2 < 0, the inequality (2.21) equals to
S)—z<ply—x) (2.23)
for all y € H. The last two inequalities are satisfied by any choice of z for which
SO)—-ply—-x)<z<plu+x)—Sk) (2.24)
forall y,u € H.

To see that, there exists some z € M satisfying (2.24), the following can be obtained

for each y,u € H,
SM+SW=SG+w<py+w =p(y-—x+ u+x)
<ply—x)+pu+x) (2.25)
Therefore,
S —p(y—x) <plu+x)—Sw (2.26)

for all y,u € H. This inequality and the Dedekind completeness of M guarantees that

both suprema and infima
s=sup{S(y) —p(y—x):y € H} and t=inf{p(u+x)—Sw):u€eH} (2.27)

exists in M and satisfy s < t. Hence any z € M such that s < z < ¢t satisfies the
inequality (2.24), and so (2.21).



Theorem 2.12: Let T: L — M be a positive operator between two Riesz spaces with
M Dedekind complete. Assume that G is a Riesz subspace of L and that S: G —» M is
an operator satisfying 0 < Sx < Tx for all x € G*. Then S can be extended to a
positive operator from L to M suchthat 0 < S < T in L(L, M).

Proof: Let us define p: L - M by p(x) = T(x*) and so p is sublinear and satisfies
S(x) < p(x) for all x € G. By the Theorem 2.11, there exists a linear extension of S
to all of L which will be denoted by S satisfying S(x) < p(x) forall x e L. If x €
L*, then

—S(x) = S(=x) < p(=x) = T((=0)*) = T(0) = 0 (2.28)
and therefore, 0 < S(x) < p(x) = T(x).

Theorem 2.13: Let L and M be Riesz spaces with M Dedekind complete. If G is a
Riesz subspace of L and T:G — M is a positive operator, then the following

statements are equivalent:

(1) T extends to a positive operator from L to M.
(2) T extends to an order bounded operator from L to M.
(3) There exists a monotone sublinear mapping p: L — M satisfying T (x) < p(x)

forall x € G.
Proof:

(1)=(2) Since every positive operator in a Riesz space is an order bounded operator,

itis clear.

(2)=(3) Let S € £,(L, M) satisfy S(x) = T(x) for all x € G. So, we can define a

mapping p: L - M by p(x) = |S|(x™) is monotone, sublinear and satisfies
T(x) <T(") =S&") < |IS[(xT) =px) (2.29)
forall x € G.

(3)=(1) Let p: L - M be a monotone sublinear mapping satisfying T (x) < p(x) for
all x € G. Then, q(x) = p(x™) defines a sublinear mapping from L to M such that

T <TG <plx™) =qX) (2.30)

for all x € G. Therefore, there exists an extension R € L(L,M) of T satisfying

R(x) < q(x) for all x € L. In particular, if x € L*, then



—R(x) =R(—x) < q(-x) = p((-x)") =p(0) = 0 (2.31)

implies R(x) = 0. That is, R is a positive linear extension of T to all of L.
(Aliprantis and Burkinshaw, 2006)

Definition 2.14:

1) Asubset A of a Riesz is called solid if [x| < |y| and y € A imply x € A.

2) A solid vector subspace of a Riesz space is said to be an ideal.

Theorem 2.15: If T: L — M is a positive operator between two Riesz spaces with M

Dedekind complete, then for every ideal A of L
T,(x) =sup{T(y):yedand 0 <y <x}, «x€L* (2.32)
defines a positive operator from L to M.
Proof: It can be written such that
T,(x) = sup{T(xAy):y € A*} (2.33)

for all x € L* and if we prove that T, is additive on L*, by Theorem 2.2, it extends to
all of L.

Let x,y € L*. If z € A%, then the inequality

x+yYNz<xNz+yN\z (2.34)
gives us that
T((x + y)/\z) <TxAy) + T(yA\z) < T,(x) + T,(y) (2.35)
So,
Ta(x +y) < Ta(x) + Ta(y) (2.36)
Also, the inequality
xANu+yAv<(x+y)A(u+v) (2.37)
yields
Ta() + T,(0) < Tp(x +y) (2.38)
Therefore,
Ta(x +y) = Ty(x) + Ty (y) (2.39)

Hence, T, is additive on L*.

10



If T:G — M is a positive operator, where G is a vector subspace of an ordered vector
space L and M is a Dedekind complete Riesz space. We will denote the collection of

all positive extensions of T to all of L by £(T):
eTM={SeL(,M):S=>0and S=T on G} (2.40)

Definition 2.16: A positive operator T: G - M, where G is a vector subspace of an
ordered vector space E, is said to have a smallest extension if there exists some
S € &(T) satisfying S < R for all R € £(T) and S is called the smallest extension of
T. In other words, T has a smallest extension if and only if min £(T) exists in
L(L,M).

Theorem 2.17: Let L and M be Riesz spaces with M Dedekind complete, let A be an
ideal of E, and let T:A - M be a positive operator. If £(T) # @, then T has a

smallest extension. Moreover, if in this case S = min £(T), then
S(x)=sup{Ty:y€Aand 0 <y < x} (2.41)
forall x € L*.
Proof: Since £(T) # @, T has at least one positive extension and
T,(x) =sup{T(y):y€Adand 0 <y <x}, x€lL* (2.42)
defines a positive operator from L to M satisfying T, = T on A4, and so T, € &(T).

If S € &(T), then S =T on A. Therefore T, = S, < S and T,=min £(T). (Aliprantis
and Burkinshaw, 2006)

Definition 2.18:

1) A Riesz subspace G of a Riez space L is said to be order dense in L if for each
0 < x € L, there exists some y € G suchthat 0 < y < x.

2) A net {x,} of a Riesz space is said to be order convergent to a vector x, that
is, x, — x, if there exists another net {y,} with the same index set satisfying
Yo 4 0and |x, — x| <y, forall indices « :

lx,—x| <y, L 0 (2.43)

3) A subset A of a Riesz space is said to be order closed if {x,} € A and
x, — x imply x € A.

4) An order closed ideal is called a band. That is, an ideal A is a band if and only

if {x,}€Aand 0 < x, T ximply x € A.
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5) Aband B ina Riesz space L such that L = B@®B? is called a projection band.

6) Let B be a projection band in a Riesz space L. Thus, every vector x € L has a
unique decomposition x = x; + x, , where x; € B and x, € B%. Then a
positive projection Pg:L — L defined by Pz(x) =x, is called a band
projection.

7) A vector e >0 in a Riesz L is said to be a weak order unit if the band

generated by e satisfies B, = L.

Theorem 2.19: If Bis a band in a Dedekind complete Riesz space L, then L =
B®B.

In converse, the set B = {f € C([0,2]): fjo,1] = 0} isa band in C([0,1]) but it is not a
projection band. (Wickstead, 2004)

Definition 2.20: An operator T: L — M between two Riesz spaces is said to be

(a) Order continuous if x, —» 0 in L implies Tx, — 0in M.

(b) o-order continuous if x,, - 0 in L implies Tx,, » 0 in M.

The collection of all order continuous operators of £, (L, M) will be denoted by
L, (L,M).

Similarly, the collection of all o-order continuous operators of £, (L, M) will be
denoted by £.(L, M).

Lemma 2.21: Every order continuous operator is order bounded.

Proof: Let T:L - M be an order continuous operator and let x € L*. The order
interval [0, x] can be considered as a net {x,}, where x, = « for each « € [0, x], so,
X 4 0. Since T is an order continuous operator, there exists a net {y,} of M with the
same index [0, x] such that |Tx,| < y, ! 0. Therefore, if a € [0,x], then |Ta| =

|Tx,| <y, <y, and it gives us that T[0, x] is an order bounded subset of M.

Theorem 2.22: For an order bounded operator T:L — M between two Riesz spaces

with M Dedekind complete, the followings are equivalent:

1) T is order continuous.
2) If x,l0inL,thenTx, - 0in M.
3) If x, 1 0inL,theninf{|Tx,|} =0in M.

4) T*and T~ are both order continuous.
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5) |T| is order continuous.

Theorem 2.23: If L and M are Riesz spaces with M Dedekind complete, then
L, (L,M) and £L.(L, M) are both bands of £, (L, M).

Proof: If |S| < |T| in £,(L,M) with T € £,,(L, M), then, by the Theorem 2.22,
S € L£,(L,M). It means that £,,(L, M) is an ideal of £, (L, M).

Let 0 < Ty TTin L,(L, M) with {T;} € £,(L,M) and let 0 < x, T x in L. Therefore,

for each fixed index
0<Tx—x,) < (T—-T)(x)+ T (x—x4) (2.44)
And x — x, | 0. Since T, € £,,(L, M), it is obtained that
0 < inf {T(x —x,)} < (T - THHX) (2.45)

for all A. It follows from T — T, | 0 that inf, {T(x — x,)} = 0. Thus, T(x,) T T(x)
and hence T € £,,(L, M).

To prove that £.(L, M) is a band of £, (L, M) can be done in the same fashion.

Let L and M be Riesz spaces with M Dedekind complete. The band of all operators
in £,(L, M) that are disjoint from L£.(L, M) will be denoted by L(L, M), that is,
L.(L,M) = £L&(L,M), and its nonzero members will be called singular operators.
Since £, (L, M) is a Dedekind complete Riesz space, £.(L, M) becomes a projection

band and it can be written as
Ly(L,M) = L (L, M)®L;(L,M) (2.46)

In particular, each operator T € £, (L, M) has a unique decomposition T = T, + T,
where T. € L.(L,M) and T, € L;(L, M). The operator T, is called the o-order

continuous component of T and Ty is called the singular component of T.
Similarly,
Ly(L,M) = L, (L, M)®L,(L, M) (2.47)

where £, (L, M) = LE(L,M). So, in a similar way each operator T € £, (L, M) has a
unique decomposition T = T,, + T, where T,, € £,(L,M) and T, € L,(L,M). The

operator T,, is called the order continuous component of T.

Definition 2.24: Let T:L — M be an order operator between two Riesz spaces with

M Dedekind complete.
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1) The null ideal &V of T is defined by
Ny, ={x€L:|T|(|x]) = 0} (2.48)
2) The disjoint complement of 2V, is called the carrier of T, denoted by ¢;, and
is defined by
Cr=Nt={x€L:x 1N} (2.49)

When an order bounded operator is also order continuous, its null ideal is a band.

An operator T € £, (L, M) is said to have zero carrier if ¢; = 0. It is clear that the
zero operator is the only continuous operator with zero carrier. (Aliprantis and
Burkinshaw, 2006)

We will denote the band projections in L onto € and N; by Cr and Ny |,
respectively. (Luxemburg and De Pagter, 2001).

Definition 2.25:

1) Let L be a Riesz space. A linear functional f is called positive if f(x) = 0 for
all x e L.

2) A linear functional called order bounded if f maps order bounded subsets of
L to order bounded subsets of R.

3) The vector space L™ of all order bounded linear functionals on L is called
order dual of L, that is, L™ = £, (L, R).

If we consider the order relation f, g € L”such that f = g in L™ means f(x) =

g(x) forall x € L*, L~ becomes a Dedekind complete Riesz space itself.

4) L~ seperates the points of L means that for each x # 0, there exists some
f € L™ with f(x) # 0.

5) A positive linear functional on L is order continuous if and only if x, L 0 in L
implies f(x,) ! 0 in R. Similarly,f is o-order continuous if and only if for
every sequence {x,}with x,, L 0, f(x,,)) L 0in R

6) The vector space £,, (L, R) of all order continuous linear functionals on L will
be denoted by L). Similarly, the vector space L.(L,IR) of all o-order

continuous linear functionals on L will be denoted by L.

Theorem 2.26: If L is an Archimedean Riesz space, then for all f,g € L}, the

followings are equivalent:

1) fLg
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2) ¢ S,
3) ¢, C N
4) ¢ Le,
Proof: Without loss of generality, it may be assumed that 0 < f, g € L7,.

=@ Let0<x€Cf = J\Gf‘ and let £ > 0. Since f A g = 0, a sequence {x,,} €

L* can be found such that
0<x,<x and fl) +gx—x,) <2 (2.50)

Let us pick y, = Aluyx; . If 0<y <y, foralln,then 0 < f(y) < f(y,) <27"¢
for all n and hence f(y) = 0. So, y € C; N N and it follows that y = 0. Therefore
v, 4 0.

Now, since 0 < g € L;, , we obtain that g(x — y,,) T g(x). Also,
0<glxr—y) =g(Vi(x —x)) < T g(x —x) <e  (251)
S0, 0 < g(x) < eforall e > 0. Hence g(x) = 0 and it follows that C; € V.
(2)=(3) As we know that JV; is a band, it yields that & = Nt e Ny Hence,
Cy = Nt € WA = I, (2.52)
(3)=(4) Since ¢, < Ny and also Ny L Cy, it givesusthat Cr L C,.

(4)=(1) Since & L €y, Cy € Cf = Ny = N;. S0, f0<x =y + z € N;®C, and
it follows that

0<[fAgl) =1fAgly) +1fAgl2) <g(y) +f(2) =0 (2.53)
Hence, f A g = 0 on V;@C,. Since f A g € Ly, [f A gl(x) = 0forall x € L.
By this theorem, it results that two linear functionals in L}, are disjoint if and only if
their carriers are disjoint sets.
Definition 2.27:

1) Let L be a Riesz space and L™ be its order dual. The Riesz space of all order
bounded linear functionals on L™ is called the second order dual of L and
denoted by L™. It is also the order dual of L™.

2) For all x € L, an order bounded linear functional £ can be defined on L™ by
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() =f), feL (2.54)
Here, if x > 0, then £ = 0. Also, as we know that f, | 0 in L™ if and only if
2(f,) = f,(x) L 0 for all x € L*, it follows that each x € L defines an order
continuous linear functional on L™. So, a positive operator x — £ can be
defined from L to L™~ This operator called the canonical embedding of L into
L~~. The canonical embedding always preserves finite suprema and infima
and when L~ separates the points of L, it is also injective.

3) Let L be a Riesz space and let A be an ideal of L™. Then, for each x € L, the
restriction of £ to A defines an order continuous linear functional on A.
Hence, there exists a natural embedding x — £ of L into A;, defined by

2(f)=f(x), feA (2.55)
The natural embedding x — £ from L into A;, is lattice preserving and also is
injective if and only if the ideal A separates the points of L.
When A consists of order continuous linear functionals, x — £ preserves
arbitrary suprema and infima.

4) A Riesz space L is called perfect if the natural embedding x —» £ from L to

(L3,)5 is one-to-one and onto.
Every perfect Riesz space must be Dedekind complete.

5) If feL” and u € M, then f®u will denote the order bounded operator of

Ly, (L, M) defined by
[f®ul(x) = f(x)u (2.56)

for each x € L. Every operator of the form f ®u is called a rank one operator.
If f € Ly, then f®u is an order continuous operator.
Every operator T:L —» M of the form T =Y, f;®u;, where f; € L™ and
u; EM (i =1,2,...,n),is called a finite rank operator.
In general, if G is a vector subspace of L™, then we define

TeL(LM): An,f,€Gu; EMA<i Sn)with}
T =X, [i®y

Hence, G®F is a vector subspace of £, (L, M).

COF = { (2.57)

Theorem 2.28: Let L and M be Riesz spaces Then, the followings hold:

1) fo<fel andu,v € M,then (fOu) vV (f®v) and (f®u) A (f®v) both
existin £L(L,M) and
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feow Vv (fev) = fAuVvv) (2.58)

(fFRW A (fOV) = fFO(UAD) (2.59)

2) If 0<u€eM and f,g €L, then (f@u) vV (g®u) and (f®u) A (g@u)
both exist in £L(L, M) and

(few) v (g®uw) = (f v g)®u (2.60)
(feOu) A (@®u) = (f A g)®u (2.61)

3) If f € L and u € M, then the modulus of f®u exists in L(L, M) and
lf@ul = IfI®ul (2.62)

Proof:

leto< felL andu,veEM.So, fOU fO®wVv)and fOV < f®(uV v)and
then f®(u v v) is an upper bound for f®u and f®wv.

On the other hand, if T € £L(L, M) satisfies f®u < T and f®v < T, then for each

x € L* we obtain that
[fO V) ]x)=fx)@Vvv)=I[fu] Vv [f(x)v]
<Tx)VT(x)=T(x) (2.63)

So, f®(wVv)<Tin L,(L, M) and hence f®(u V v) is the least upper bound of
f®uand f®vin L(L,M).

The other equality can be proven in the same fashion.

2)Letue Mt and f,g € L. Then, f®u < (f v g)®u and g®u < (f V 9)®u, S0,
(f v g)®u is an upper bound for f®u and g®u.

On the other hand, if y,z € L* suchthaty + z = x
[fOul(y) + [g®ul(2) < T(x) + T(y) = T(x) (2.64)
So, for all x € L* we obtain that
[(f v @ ®ul(x) = [(f v g)(x)].u
= [sup{f(y) + 9(@):y,z€ L* and y + z = x}].u
=sup{fOWu+g@Duyzeltandy+z=x}
= sup{[f@ul(y) + [g®ul(2):y,z€ LT and y + z = x}

< T(x) (2.65)
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Thus, (f vV g)®u is the least upper bound of f®u and g®u in L(L, M).
The other equality can be proven in the same fashion.

3) For all x € L*, +[f®ul(x) = £[f(x).ul < [ful = [f)|lul < [fl()|u] =
[If1®lul1(x) and so, +[f®u] < |f|®|ul.

On the other hand if T € £(L, M) satisfies f®u < T and —[f®u] < T.
Let x € L*. If f(x) < 0, then [f®|u|](x) < T(x), and if f(x) = 0, then

[f®lull(x) = f)lul = [f(u] v [-f(x)u] < T(x) (2.66)
So, f®|u| < T and by the same way we obtain that (—f)®|u| < T. Using (2), we
see that

IfI®ul = [f®lullv[(-N®lul]l <T (2.67)

Hence, |f|®|u]| is the least upper bound of f®u and —f®u. Therefore, |f®u| =
IfI®lul in L(L, M).

Definition 2.29: Let T: L — M be an operator between two Riesz spaces and let us
define an operator T*: M~ — L™ by [T*f](x) = f(Tx) forall fe M~ and x € L. If
A is an order bounded subset of L and f € M™, then it follows from [T*f](4) =
f(T(A)) that [T*£](A4) is a bounded subset of R and so T*f € L~. The restriction of
T* to M~ is called the (order) adjoint of T and denoted by T'. Thatis, T':M~ —» L~

satisfies that

(T'f,x) = (f,Tx) (2.68)
forall f € M~ and x € L.
If T is a positive operator, then its adjoint T’ is also a positive operator.

Theorem 2.30: If T: L — M is an order bounded operator between two Riesz spaces,

then its adjoint T': M~ — L™ is order bounded and order continuous.

Lemma 2.31: T:L — M is an order bounded operator between two Riesz spaces,
then forall 0 < f € M~and all x € L*,

(f, ITx|} <[ T'|f,x) (2.69)

Proof: Let 0 < f € M~and all x € L*. Then, there exists some g € M~ with |g| < f
and (f, |Tx|) = (g, Tx). So,
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(f,1Tx[) =g, Tx) =(T'g, x) < IT"[lgl, x) < AIT"If, x) (2.70)

Theorem 2.32: If T: L —» M is an order bounded operator between two Riesz spaces

with M Dedekind complete, then
IT'|f =IT|'f (2.71)
forall f € F;".
Proof: Let 0 < f € E;". Then, |T'|f < |T|'f.
On the other hand, if 0 < x € L
(T'If,x) = (f,IT|x)

= (f, sup{Xie ITx;|: x; € LY and Y} x; = x})

= sup{(f, ITx;):x; € LY and Y1y x; = x}

< O AITIf, x):x; € LY and Y-y x; = x}

=(|TI'f,x) (2.72)
Hence, |T|'f < |T'|f,andso |T'|f = |T|'f forall f € E;".

Theorem 2.33: For a Riesz space L whose order dual separates the points of L, the

followings are equivalent:

(@) L7 = L™, that is, every positive linear functional on L is g-order continuous.

(b) Whenever T:L — L is a positive operator and a sequence {T,} of positive
operators from L to L such that T,(x) T T(x) in L for all x € L*, then
T2(x) T T?(x)in L forall x € L*.

Proof:

(1)=(2) Let0 < T,,(x) T T(x) forall x € L*and let y € L*. So, 0 < T,2(y) T T%(y)
in L. To see that T2(y) is the least upper bound of the sequence {T,2(y)}, let
T.2(y) < zin Lforall n. So, forall 0 < f € L™, f(T2(y)) < f(2) for all n.

On the other hand, for all 0 < f € L™, the sequence {f o T,,} € L™~ = L7 satisfies that
0< foT, T foTinL". Therefore,

F(T2)) = [f  TI(T) T [f e TI(TY) = f(T?()) (2.73)
It follows that f(T2(y)) < f(2) forall 0 < f € L". Since L~ separates the points of
L, T?(y) < z.Hence, T2(y) T T2(y) in L forall y € L*.
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(2)=(1) Let 0<felL” and let 0<x,Tx in L. Hence 0<[f®x,I]({)T
[f®x](y) for all y € L* and it follows that

[f@x,12() = fCefDxnl TI[f®x]*(r) = FOIf O] (2.74)

for all y € L*. Hence f(x,) T f(x) and it follows that f is o-order continuous.
Therefore, L, = L™.

Definition 2.34:

1)

2)

Let T:L - M be a positive operator between two Riesz spaces with M
Dedekind complete. Then a positive operator S: L — M is a component of T if
SA(T —S) =0 and €; will denote the Dedekind complete Boolean algebra

of all components of T':
Cr={S€L,(L,M):SA(T—S5)=0} (2.75)

Let P be an order projection on L and Q be an order projection on the
Dedekind complete Riesz space M. Then, the operator II: £, (L, M) —
L, (L,M) defined by M(Q) = QTP satisfies 0 <TI(T)<T for all Te€
L (L, M) and 1% = 1. Therefore I is an order projection on £, (L, M). In
particular, if T is a positive operator, then each order projection Q on M and
each order projection P on L, the operator QTP is a component of T. Any
component of the form QTP is called an elementary component of T. Any
component of the form ViL,Q;TP; is called a simple component of T. The

collection of all simple components of T will be denoted by S;.

For two order projections I1,, [T, on a Riesz space,it can be written as

for all w,v = 0. So, if Q;,Q, are order projections on M and P;,P, are order
projections on L, then for I1; (T) = Q;SP; and I1,(T) = Q,TP, on L, (L, M),

(Q1SP)) A (Q.TP,) = Q1Q,(SAT)P P, (2.77)

forall S,T € £L£(L,M). In particular, if either Q;Q, = 0 or PP, = 0, then Q,SP; L
Q,TP, for all £ (L, M). It shows that

T—QTP=(U-Q)T+QTU—-P)=[U—-Q)T]vVIQTU—-P)] (2.78)
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Let T: L - M be a positive operator between two Riesz spaces with M Dedekind

complete. If ViL,Q;TP; and V;Z,R;TS; are two simple components of T, then we
obtain that

(V1 QiTP) V (V24R;TS;) € Sy (2.79)

(VL1 QiTP) A (V4R TS;) = ViL, V2, QR TP;S; € Sy (2.80)

T —Vi,Q;TP, = Ny (T — Q;TP;) = N, [ — Q)T Vv Q;T(I — P;)] € S; (2.81)

Hence, S; is a Boolean subalgebra of the (Dedekind complete) Boolean of all

components €, of T.

Let T: L — M be a positive operator between two Riesz spaces with M Dedekind

complete. Now let us consider the positive operator T, defined by
T,(x) = sup{T(y):y€Aand 0 <y <x}, «x€L* (2.82)

If A is a ideal of L, then, a mapping T — T, defined from L7 (L, M) to £} (L, M)
satisfies

(S + T)alx) = Sp(x) + T4 (x) (2.83)
forall S,T € LA (L, M) and x € L*. It shows that the mapping T — T, is additive and

so it extends to a positive operator from £, (L, M) to L, (L, M).

Theorem 2.35: If M is Dedekind complete and A is a ideal of L, then the operator
T - T,, from £, (L, M) to £, (L, M), is an order projection.

In particular, if T: L — M is a positive operator, then T, is a component of T for all
ideal A of L.

Proof: Since 0 < T, < T forall T € £;(L,M), T - T, is bounded by the identity
operator of £,(L, M). Also, it follows from T, = T that (T,), = T,. Since every
projection which satisfies 0 < T < I is an order projection, so is the operator T —
T,.

Definition 2.36: Let L be a Riesz space and a vector 0 < x € L. An x-step function
is any vector s € L for which there exists pairwise disjoint components x4, x,, ..., X,

of x with x; + + --- + x,, = x and real numbers «;, a,, ..., &, such that

S = Mg AiX; (2.84)
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It is clear to see that every component of x is an x-step function. Also, every x-step

function belongs to the ideal generated by x.
If u and v are x-step functions such that
u=Xiax; and v=X,py; (2.85)
then
=3 Y e(xay) and  v=3R, T Bi(x Ay;) (2.86)

are also representations of u and v as x-step functions.So, it can be expressed as

follows
u+v= ?=1Z'jm=1(ai + ﬁj)(xi A yj) (2.87)
Au = Yioq daix; (2.88)
lul = X laglx; (2.89)

Hence, the collection of all x-step functions is a Riesz space.

Theorem 2.37: (Freudenthal’s Spectral Theorem): Let E be a Riesz space with the
principal projection property (that is, every projection band is a principal projection)
and let 0 < x € L. Then for every y € L,, there exists a sequence {u,} of x-step

functions such that
0<y—-u,< %x foreachnand u, Ty (2.90)

Proof: Without loss of generality, we may assume that 0 < y < x.Forall 0 < a <
1, let us denote the order projection of L onto the band generated by (y — ax)* by

P,. The family {P,: 0 < a < 1} of order projections has the following properties:

(@ Pp=B, and P, =0
b)Ifo<a<p<1lthen0<P <P <I
() Ifo<a<p<1,then

a(B, —Pg)x < (B, — Bp)y < B(Py — Pg)x (2.91)
Indeed, from
(P, — Pg)y — a(B, — Pg)x = (I — Pg)B,(y — ax)
=(I-B)y—ax)*=0 (2.92)
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It follows that « (B, — P )x < (B, — Pg)y. On the other hand, from
(P — Pg)y — B(Pu = Pg)x = Py (y — Bx) — Py (y — fix)
=Py —pfx)— - px)7"
<SR- —@-px)T <0 (293)
we obtain that (B, — Pg )y < B(P, — Pg)x.
@dIfo<a<p<a<p <1, then (B,— PBs)x and (P, — Pg )x are two
disjoint components of x.
Indeed,
0<(B,—B)xA(Py, —Pg)x<(x—Ppx)APgx=0  (2.94)
and
0 < (B = Pg)x A |x — (P — Pp)x]
< PxA(x—Byx) + (x— Pﬁx) APgx =0 (2.95)
Let e>0and let 0 = ¢y < a; < -+ < a,, = 1 be a partition of [0,1] with less
than &. Pick x; = (B, — B, )x forall i = 1,2,...,n and x; + X, + -+ x, < x
and x; Ax; = 0 for i # j. Also, by using (c), we obtain that the x-step function
u = X, a;_1x; satisfies
U =Yg d_1X; < Z?=1(Pai_1 - Pai))’ =y < XX
<3t (ai_18)x; S u+ ex (2.96)
and hence 0 < y — u < &x. (Aliprantis and Burkinshaw, 2006)

Definition 2.38: An operator T: L — M between two Riesz spaces is said to be lattice

(Riesz) homomorphismif T(x vy) = T(x) v T(y) forall x,y € L.
If x € L*, then
T(x)=T(xVvO0)=Tx)VTO) =[Tx)] =0 (2.97)

in M.Hence, every lattice homomorphism T: L — M is also a positive operator.Also,

the range of a lattice homomorphism is a Riesz subspace. (Wickstead, 2004)
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Theorem 2.39: For an operator T: L — M between two Riesz spaces, the followings

are equivalent:

1) T isa lattice homomorphism.

2) T(x*) = (Tx)*forall x € L.

3) T(xAy)=T(x)AT(y)forall x,y € L.

4) IfxAy=0inL,thenT(x) AT(y) = 0in M.
5) T(|x]) = |T(x)| forall x € L.

It follows from this theorem that every order projection is an order continuous lattice

homomorphism. Also, the kernel of every lattice homomorphism is an ideal.

Definition 2.40: A lattice homomorphism which is also injective is called a lattice

(Riesz) isomorphism.

Two Riesz spaces L and M are called Riesz isomorphic if there exists a lattice
isomorphism from L onto M. If two Riesz spaces L and M are lattice isomorphic,

then from the Riesz space point of view, L and M are considered as identical.

Definition 2.41: An operator T:L — M between two Riesz spaces is called interval
preserving if T is a positive operator and T[0,x] = T[0, Tx] for all x € L*. That is, if

0 <w < TinM,thenthereexists 0 < v < uin L such that w = Tv.

Therefore, the range of an interval preserving operator is an ideal. Also, every

positive linear functional is interval preserving.

Definition 2.42: A sequence {x,,} in a Riesz space is said to be relatively uniformly
convergent to x if there exist some u > 0 and a sequence {g,,} of real numbers with
&, 4 0 such that |x,, — x| < g,u for all n. A subset A of a Riesz space is said to be
uniformly closed if for each sequence {x,} € A which is relatively uniformly

convergent to some x, then x € A.

Definition 2.43: A Dedekind complete Riesz space M is called a Dedekind
completion of the Riesz space L if L is Riesz isomorphic to a majorizing order dense

Riesz subspace of M and denoted by L".

It is obvious that only Archimedean Riesz spaces can have Dedekind completions.
Also, any two Dedekind completions of a Riesz space are necessarily Riesz

isomorphic.
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Definition 2.44:

1) A Riesz space L is said to have the og-order continuity property if every
positive operator from L to an arbitrary Archimedean Riesz space is o-order
continuous.

2) A Riesz space L has the order continuity property if every positive operator L

to an Archimedean Riesz space is order continuous.
Theorem 2.45: For a Riesz space L, the followings are equivalent:

1) L hasthe o-order continuity property.
2) Every lattice homomorphism from L to an Archimedean Riesz space is o-
order continuous.

3) Every uniformly closed ideal of L isa o-ideal.

Definition 2.46: A Riesz space L is said to have the countable sup property if

sup A € L, then there exists an at most countable subset B of A with sup B = sup A.

Theorem 2.47: An Archimedean Riesz space has the countable sup property if every

o-ideal is a band.
Theorem 2.48: For an Archimedean Riesz space L, the followings are equivalent:

1) L hasthe order continuity property.

2) Every lattice homomorphism from L into any Archimedean Riesz space is
order continuous.

3) Every uniformly closed ideal of L is a band.

4) L has the g-order continuity property and the countable sup property.

Theorem 2.49: Let G be an order dense Riesz subspace of an Archimedean Riesz

space L. If G is Dedekind complete itself, then G is an ideal of L.

Proof: Let 0 < x <y € G and x € L. Since L is Archimedean and G is order dense
in L, there exists a net {x,} € G with 0 < x, T x in L. On the other hand, by the
Dedekind completeness of G, we obtain that 0 < x, T z in G for some z € G.Hence

X TzinL.So, x =z € G and it shows that G is an ideal of L.

Definition 2.50: A Riesz space is called laterally complete if every subset of

pairwise disjoint positive vectors has a supremum.
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Definition 2.51: An operator T:L — L on a Riesz space is called band preserving if
T leaves all the bands of L invariant, that is, if T(B) < B for all B of L.

Theorem 2.52: For an operator T:L — L on Archimedean Riesz space the

followings are equivalent:

1) T is band preserving.
2) Ifx Ly, thenTx Ly
3) Forall x € L, Tx € B,, where B, is the band generated by x.

Proof:

(1)=(2) Let x L y. Then x L B,. Since T(B,) € B,, y L T(B,). It follows that
Tx 1Ly.

(2)=(3) Let x € L. So, for all y € B, x 1y, and hence Tx L y for all y € BZ.
Then, Tx € B3 = B,

(3)=(1) Let B be a band of L. If x € B, then B, € B and so Tx € B, € B. Hence
T(B) € B and T is band preserving.

Theorem 2.53: If L has the principal projection property, then an operator T:L — L

is band preserving if and only if T commutes with every order projection of L.
Proof: Assume that T commutes with every order projection. Then for all x € L,

T(x) =TB.(x) = B,T(x) € B, (2.98)
and by the Theorem 2.52, T is band preserving.

For the converse, assume that T is band preserving, and let P; be an order projection.
If x € L, the it can be writtenas x = y + z € B®B®. Soif T(y) € B and T(z) € B<.

Therefore,
PyT(x) = PgTy + PgTz =Ty = TPz(x) (2.99)
forall x € L and hence PyT = TP;.

Definition 2.54: An operator T: L — M between two Riesz spaces is said to preserve

disjointness if x L y in L implies Tx L Ty in M.

Therefore, every band preserving operator preserves disjointness.
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Theorem 2.55: If an order bounded operator T:L — M between two Riesz spaces

with M Archimedean preserves disjointness, then its modulus exists and
ITI(xD) = ITxDI = |T () (2.100)
forall x € L.

Proof: Let T:L - M be an order bounded and disjointness preserving operator

between two Riesz spaces with M Archimedean. If 0 < y < x, then
T =T&-y+TW)
= [T =)+ @ - [(Tx-») + @] @10y
and also since (Tx)* A (Ty)~ = 0 for all x,y € L*, we obtain that

ITx| = (TG = )"+ @+ (T =) + (Ty)"
= [T =+ Tyl = Tyl (2.102)
Let |y| < xin L. Since Ty* 1L Ty~ it gives us that
[Tyl =ITy* =Ty~ = |Ty*+ Ty~ = |T(yDI < ITx|  (2.103)
Then, |Tx| = sup{|Ty|: |y| < x} for all x € L*. So, the modulus of T exists and
ITI(x) = T ()] (2.104)
forall x € L*.
On the other hand, if x € L, then T(x*) L T(x~) and hence
IT(xDI = ITI(UxD) = ITI(x) + ITI(x7) = [T&HO+ T )|
=T —T&)| =ITx)| (2.105)
Definition 2.56:
1) An orthomorphism is a band preserving operator that is also order bounded.

It also means that an order bounded T: L — L is an orthomorphism if and only if

x L yimplies Tx 1 y. In this case, every orthomorphism preserves disjointness.

2) If an orthomorphism is also a positive operator is called a positive
orthomorphism.
3) The vector space which is formed by the collection of all orthomorphisms in

a Riesz space L is denoted by Orth(L), that is,

27



Orth(L) ={T € £L,(L):x L yimpliesTx Ly} (2.106)
Orth(L) is a vector subspace of £,(L) and Orth(L) with the ordering
inherited from £, (L) is an ordered vector space itself.
4) LetT:L — M be an operator between two Riesz spaces. Then the set
{x € L:T[O0, |x|] is order bounded} (2.107)
is nonempty and solid. This set is also a vector subspace of L and so it is an
ideal. Hence it becomes the largest ideal on the order bounded operator T and

is called the ideal of order boundness of T.

Theorem 2.57: If L is an Archimedean Riesz space, then Orth(L) is an
Archimedean Riesz space under the pointwise algebraic and lattice operations. That
is, if S,T € Orth(L), then

[SVT](x)=Sx)VvT(x) and [SAT](x) =S(x)AT(x) (2.108)
forall x € L*.

Proof: Let T: L — L be an orthomorphism. So the modulus of T exists and satisfies
IT|(x) = |Tx| for all x € L*. Since |T| is an orthomorphism, Orth(L) is a Riesz

space. The followings can be obtained from the lattice identities
SVT=§(5+T+|5—T|) and S/\T=%(S+T—|S—T|) (2.109)

Theorem 2.58: Every orthomorphism on an Archimedean Riesz space is order

continuous.

Proof: Let T: L — L be a positive orthomorphism on an Archimedean Riesz space

and let x, 1 0 in L. We may assume that 0 < x, < x for all « and some x € L.

Suppose that some y € L* satisfies 0 < y < T(x,) < T(x) for all a. Since (x, —

ex)* A (x, — ex)™ = 0 for all £ > 0, we obtain that
0<(y—eTx)"A(xy—ex)” <T(xy,—x)" A (x,—x)” =0 (2.110)
Hence
0= —eTx)"A(x,—ex)" T, (y—eTx)* Aex (2.111)

and so (y —eTx)™ Ax = 0 for all a. Since L is Archimedean, y A x = 0. Hence,

y=yAT(x)=0andsoT(x,) ! 0inLanditprovesthat T is order continuous.
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Since each orthomorphism on L is the difference of two positive orthomorphisms,

every orthomorphism is order continuous.

Theorem 2.59: If L is a Dedekind complete Riesz space, then Orth(L) coincides

with the band generated by the identity operator in £, (L).
Proof: Let B, be the band generated by the identity operator . So, B; € Orth(L).

For the inverse, let 0 < T € Orth(L). Since I is a weak order unit in the
Archimedean Riesz space Orth(L), we see that T Anl T T. It follows from {T A
nl} € B, that T € B,. Hence Orth(L) € B, and we obtain that Orth(L) = B,.

Theorem 2.60: If T: L — L is an orthomorphism on Archimedean Riesz space, then

T extends uniquely to an orthomorphism L".

Proof: We need to show that every positive orthomorphism on L extends to a
positive orthomorphism L". Therefore, let T:L — L be a positive orthomorphism.

Then T is order continuous and
T*(x) =sup{T(y):y€Land 0<y<x}, 0<xel" (2.112)

defines an order continuous positive operator on L*. Since L is order dense in L*, T*

becomes the only linear order continuous extension of T to L".

LetxAy=0inL". IfuveLsatisfy0<u<xand0<y<v,thenuAv=0in

L and hence u A Tv = 0. Therefore,
xXAT*y=[supfu € L:0<u<x}|Al[sup{Tv:v € Land 0 < v < y}|
=supfuATriu,veELO<u<xand 0<v<y}=0 (2.113)
Hence, T* is an orthomorphism.

For each T € Orth(L), we will denote the unique orthomorphism in Orth(L") by T*
which extends T linearly to all of L". It means that a mapping T — T* defined from
Oorth(L) to Orth(L") is linear and one-to-one. The image T — T* is the Riesz
subspace of Orth(L") consisting of all orthomorphisms of Orth(L") which leave L
invariant. So, if we identify Orth(L) with its image in Orth(L") under the lattice

isomorphism T — T*, then

orth(L) = {T € Oorth(L"):T(E) € E} (2.114)
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Theorem 2.61: The kernel of an orthomorphism is a band. In particular, if two
orthomorphisms agree on a set, then they also agree on the band generated by that
set.

Proof: Let T: L — L be an orthomorphism. Then, Ker(T) = N;. Since T is order

continuous, the ideal NV isa band and so is Ker(T).

If two isomorphisms S and T agree on a set A, then the orthomorphism R =S — T is
zero on A, and so A € Ker(R). Since Ker(R) is a band, the band generated by A is

in Ker (R). Hence S and T agree on the same band.

Definition 2.62:

1) A Riesz space L under an associative multiplication is called a Riesz algebra
if the multiplication forms L as an algebra and additionally, with the property
that if x,y € L*, then xy € L*.
2) A Riesz algebra L is called an f-algebra if x Ay =0 implies (xz2)Ay =
(zx) Ay = 0forall x € Lt.
Let L be an f-algebra. Then for each y € L*, the mappings x - xy and
x — yx are positive orthomorphisms. In particular, for all y € L, the
mappings
x-oxy=xyt—xy~ and xoyx=ytx—yx (2.115)
are both orthomorphisms on L.
Theorem 2.63: In any f-algebraif x L y,then xy = yx = 0.
Proof: Let x Ay = 0. Then (xy) Ay = 0 and hence (xy) A (xy) = 0.So, ifx Ly,
xy =t —x )@yt —y ) =xtyt —xy* —xty  +x"y~ = 0(2.116)
In the same way, yx = 0.
Corollary 2.64: If x is a vector in an f-algebra, then x?2 = (x*)2 + (x )2 >0

Theorem 2.65: Every Archimedean f-algebra is commutative.

Proof: Let y € L. Then, T(x) = xy and S(x) = yx define orthomorphisms on L.
Since S(y) = T(y) = y2, S = T on L,. Also, if x € E}, then S(x) = T(x) = 0. So,
S =T on the order dense ideal EyGDE)‘} and also on L. That is xy = yx for all
X,y €L.
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Let L be an Archimedean f-algebra with a multiplicative unit vector e. Since
e = e? > 0, e has to be a positive vector. Also, since e Ax = 0 impliesx = x Ax =
(xe) Ax = 0, it concludes that e is a weak order unit and so x Ane T x for all

x €L

Let L be an Archimedean f-algebra. Then a mapping u — T,, from L to Orth(L)
defined by T,(x) =wux is a multiplication preserving operator. If L has a

multiplicative unit, then u — T, is an onto f-isomorphism.

Theorem 2.66: Let L be an Archimedean f-algebra with a multiplicative unit. Then
u - T, is an f-isomorphism from L onto Orth(L), and so, according to this f-

isomorphism, Orth(L) = L.
In particular, for all Archimedean Riesz space L, Orth(Orth(L)) = Orth(L).

Proof: Let e > 0 be the multiplicative unit vector of L. Also, let T € Orth(L). Then
the orthomorphism S(x) = T(x) — T(e)x satisfies S(e) = 0. Since e is a weak order
unit, B, = L and so S = 0 on L. Hence T(x) = T(e)x for all x € L. It means that

T =T, for u = T(e) and hence u — T, is onto.
Since T,, = O ifand only if u = 0, it can be obtained that u — T,, is one to one.
Definition 2.67:

1) A norm ||. || on a Riesz space is said to be a lattice norm if x| < |y| implies

Il < llyll.
2) A Riesz space equipped with a lattice norm is called a normed Riesz space.

3) If anormed Riesz space is also norm complete, it is called Banach lattice.
In a normed Riesz space ||x|| = [||x]]| for all x.
Theorem 2.68: The norm dual of a normed Riesz space is a Banach lattice.

Proof: Let L be a normed Riesz space. Since E’ is an ideal of E~, E' is a Riesz space
itself. And as E’ is also a Banach space, we need to show that the norm of E’ is a

lattice norm.
Let [x'| < |y'| in E’. So,
lx" GOl < |x'[(xD) < [y'[(xD) = sup{ly’DWI: Iyl < |x[3 < lly'll. Ix]l (2.117)

Then, |lx’|l < |ly’ll. (Aliprantis and Burkinshaw, 2006)
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3.MAHARAM OPERATORS

Definition 3.1: LetLandMbe ArchidemeanRiesz spaces withMDedekind complete.
AnoperatorT € £, (L, M)is a Maharam operator if|T|is interval preserving, that is, if
0<w<|T|uin M implies that 0 < v <wu in L such that w = |T|v.(Luxemburg
andBurkinshaw, 2001)

Let LandMbe ArchidemeanRiesz spaces withMDedekind complete and let a Boolean
ring homomorphism o;: B(M) - B(L)whereB(L)and B(M)are the complete

Boolean algebra of bands in Land M, respectively, be defined such as
or(B) ={f € L:|T|(|f]) € B} n C;forB € B(M)(3.1)
or(B) € B(L)ando,(B)is a band.
Lemma 3.2: The mappingo;: B(M) - B(L)is an order continuous Boolean ring
homomorphism.

Proof: Sinceo; = ojyit follows thatT > 0. Also, the following results can be

obtained from the definition ofo;:
or({0}) = {0}(3.2)
or(By N By) = 07(By) N o7 (B,)(3.3)
or(By) V 0;(B;,) € 0;(B,;VB,) (3.4)
To prove thatoyis a Boolean ring homomorphism, we need to show that
or(B,VB,) € o;(By)Vo;(B,)forB,, B, € B(M)(3.5)

If we take 0 < f € 04(B{VB,), thenTf € B,VB, .Since M is Dedekind complete,
B;VB, = B, + Byand it follows thatTf = w; + w,for0 < w; € B;(j = 1,2). At this
point,if we use the Maharam property of the operatorT, we obtain that there exists
0 <y, < finLsuch thatTu, = wy.Let us chooseu, = f —u,, then u; € o7(B))(j =

1,2), and SOf = u1 + uz € O-T(Bl) + O-T(BZ) c O-T(Bl) \ O-T(BZ)' Iff €
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or(B1)Vorp(By)whenever 0 < f € a,(B,VB,), it is obvious thato;(B;)Vo;(B,) S
o7(B1VB,), and soo7(By)Vor(B,) = o7(B1VB;)

Therefore,ois a Boolean ring homomorphism.

It is only left to show thatoyis order continuous. Since T (o7 (B)) € Bfor allB €

B(M),o,(B;) | Owhenever B, ! 0in B(M). So,0,is order continuous.(Luxemburg
andBurkinshaw, 2001)

Definition 3.3:

1) An operator T:L — L on a Riesz space is called center if and only if there
exists some scalar A > 0 such that |Tx| < Ax for all x € L.

2) Thecollection of allcenteroperators is calledthecenter of theBanachlatticeL
and denoted by Z (E):
Z(E) ={T € L,.(L):|T| < Al for some A = 0} (3.6)

Every center operator is regular and every positive center operator is a lattice
homomorphism so Z(E) is an ideal of £,(L). Actually, the center operators are a

special kind of orthomorphisms. (Pestil, 2000)

In this situation, ifLis also Dedekind complete, the Boolean algebra B(L)of bands
inLisomorphic to the Boolean algebra® (L)of band projections inL. The same
argument applies also to B(M)and P (M). So, the Boolean ring homomorphismaoy,
defined as above, induces a corresponding Boolean ring
homomorphismh,: P(M) — P (L) . Here,h;(I) = C; and it follows thatTh,(I) =
T. In addition,PTh;(P) = Thy(P)for allP € P(M)since T(o7(B)) € Bfor allB €
B(M). If we replace Pbel — Pin this equation and use thatTh,; (1) = T, it is obtained
thatPT = Thy(P)and h,(P) < Cyfor allP € P(M). If we use Freudenthal’s spectral
theorem, it gives us that hyextends to an order continuousf-algebrahomomorphism

fromZ (M)intoZ (L)which we denote byh again.

By using Lemma 3.2, it follows that T = Th,(ID)andh;(I1)C; = hy(IT)for
allll € Z(M).

Proposition 3.4: LetLandMbe Dedekind complete Riesz spaces andT € £, (L, M).
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(1) NTis a Maharam operator, then there exists a uniquef-algebra
homomorphismh: Z(M) — Z(L)satisfying TIT = Thy(Iandh, (I1)C; = hy (TD)for
allll € Z(M).

(2) If there exists anf-algebra homomorphismh: Z(M) — Z(L)such thatll(T) =
Thy(I)for allll € Z(M), thenTis a Maharam operator.

Proof:

(1) Since we have already established the existence, we only need to prove that
such anf-algebra homomorphism is unique.lf we takell,,II, € Z(L)such
thatTTl; = TM,and I;C, =11, (j = 1,2), then it follows that |T|.[IT; —
I,| = Owhenever T(Il; —I,) = 0. So, |[II; —IL,| = |II,C; —I1,Cy| =
|TI, — I1,|C; = 0 ,and, it shows that IT; = II,.

(2) Let us defineS - Sh(Il)and S — IISfor 11 € Z(M)as center operators
inl,,(L,M). 1t follows that {S € £,(L,M):1IS=Sh(Il)}is a band
inL,,(L,M). So, by the hypothesis onT, we obtain thatll|T| = |T|h(IT) for
allll € Z(M). Now, let us choose0 < u € Land 0 < w < T|ul|inM. Since Mis
Dedekind complete, there existsO < 1 < [ in Z(M) such thatw = II|T|u =
|T|(h(IDw). In addition, asO < h(ID) < h()<I, 0<h(IDu<wu, we

conclude that |T'|is a Maharam operator, so isT.

Definition 3.5 :Let Land Mbe ArchidemeanRiesz spaces withMDedekind complete
and leth: Z(M) — Z(L)be anf-algebra homomorphism. Let us define£! (L, M)such
that

LML, M) = {T € £, (L, M): IT = Th(I) VII € Z(M)} (3.7)
Lemma 3.6: LI(L, M) is a band inZL, (L, M).

Proof: Let us define the operatorsLy, R, € Z(£, (L, M)) forTl € Z(M)and o € Z(L)
byLy(T) = lITand R,(T) = Torespectively for all.£, (L, M). Therefore,

L, M) =n {ker(Ly — Ryap):T1 € Z(M)}(3.8)

As we know that the kernel of any center operator is a band, it concludes that

LI(L, M)is a band in£,, (L, M).
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Corollary 3.7: IfLand Mare Dedekind complete Riesz spaces andT € £,(L, M)is a

Maharam operator, then all operators S € {T'}*%are Maharam.

Proof: Ifh = hyis thef-algebra homomorphism associated withTas in Proposition
3.4 (1), thenT € LI (L, M)and it follows that{T}% c £I(L, M)since LI(L, M)is a
band. If we consider the second part of Proposition 3.4, it concludes that all operators
inLlt(L, M) are Maharam.

If we choose M = R, Z(M) = Rand thenL;, = £,,(L, M) = LI(L, M), whereh(a) =
alfor alla € R. In this situation,L;;has new properties which do not hold for
L, (L,M)in general. For example, Cy = C,whenevery L pin Lzand there is a

natural correspondence between bands inLyand inL.

Lemma 3.8: LetLand Mare Dedekind complete Riesz spaces andh:Z(M) —
Z(L)anf-algebra homomorphism. Suppose thatS,T € £*(L, M)with SAT = 0.
Ifo <u e Lland 0<w € Msuch thatTu € {w}?, then there existsO < v < uin

Lsuch thatTv + S(u — v) < w.
Proof: Let us define
0={QePM):30 <v<uinlLsuchthat Q[Tv+ S(u—v)] < w}(3.9)
If I € Q, the proof will be done.
We need to use the following observations to complete the proof:
(i) Let0 # P € P(M), 0 # Q € QsuchthatQ < P.
Proof:I1fPw = 0, thenPTu = Oand soP € Q .

Now letPw = 0. Then, IifSAT =0, there existsO < v < wusuch thatZ =
{Pw — [Tv + S(u—v)]}’ > 0. Here, if Q is a band projection inMonto {z}%¢,
then 0 # Q < Pand Q[Tv + S(u + v)] < Pw < w. So we reach the conclusion

thatQ € Qand the claim is proved.
(ii) Let{Q,: a« € A}be a disjoint system inQ,so Q@ = V,Q, € Q.

Proof: Let0 < v, <u be such thatQ,[Tv, + S(u — v,)] < wand also let us
define= V,h(Q,)v,. Since h is anf-algebra homomorphism,{h(Q,): @ € A}is a
disjoint system inP (L). So,h(Q,)v = h(Q,)v,. It follows that

QuTv+ S(u—v)] =Th(Q v, + S(h(Qy,)u — h(Q,)v,)
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= QulTv, +Su—v )l <w (3.10)
for alla € A. Therefore,Q[Tv + S(u — v)] < wand Q € Q.

Now, to prove the Lemma 3.8, if we take a maximal disjoint system{Q,}in Q, we
obtain{Q,}as a maximal disjoint system inP(M)by using (i). Therefore,V,Q, =
Iand by using (ii), it concludes that I € Q.

Proposition 3.9: LetLand Mbe ArchidemeanRiesz spaces withMDedekind complete
and leth:Z(M) — Z(L)be anf-algebra homomorphism. For S,T € LI (L, M), the

following statements are equivalent:

(1)SLT
(2) & 1 ¢C;

Proof:

(1)=(2): LetS, T = 0. In addition, first, let us takeLas Dedekind complete. If we
take 0 <u € Cryand w = Tu, then by using Lemma 3.8, we obtain that there
exists0 < v, < usuch thatTv, + S(u —v,) < 27w,

Then,0 < Tz, < Y., 2 %¥w = 271 wsince Tis order continuous.

Here, if we take z, = inf,z,, thenz, | z, soTz, ! Tzand TZ =0. S0,0<z €
Crwhenever 0 < z € uand it follows thatz =0, i.e., z, 1 0. Hence, 0 <u—2z, T
uand it gives us that S(u—2z,) TS. Since0 < S(u—z,) < S(u—v,) < 27 "wfor
all=1,2,... , we obtain thatSu =0, i.e. ,u € Nzand it proves thatC,; € N;and

s0Cs 1 Cy.

Now let us takeLas only an Archimedean Riesz space and letL"be the Dedekind
completion ofL. Every operatorR € £,(L", M) has a unique extensionR”" €
L, (L", M) and the mapping R — R’is a Riesz isomorphism fromZ, (L, M)onto
L, (LN, M). Similarly, everyIl € Z(L)has a unique extensionIl”" € Z(L")and the
mappingll — M"defines anf-algebra isomorphism embedding ofZ (L)intoZ (L"). So,
we can consider thef-algebra homomorphism h:Z(M) — Z(L)as anf- algebra
homomorphism fromZ(M)into Z(L")and so the above isomorphismR — R”maps
LI(L,M)onto  L(L",M). Moreover,Ny = NzaNLand Cgr = CrNLfor all R €
L, (L,M). IfS,T € £I(L, M) such thatS L T, thenS” L T in £(L", M)and it follows
that C¢n L Cprand SOCs L Cr.
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(2)=(1): LetCs L C;, thenCs € Nyand so the order continuous operator|S| A
|T|vanishes on the order dense idealCs®N;. It follows that|S| A |T| = Oand
henceS L T.

Let us denoteE = £(L, M), where L, Mand hare as in the Proposition 3.9. So, we
define the absolute null ideal of Bby

Np = {f € L:|T|(If]) = OVT € B}(3.11)

for any band B € E. Here,Ngisa band andN; =A {N;:T € B}in B(L).
Similarly, the carrier ofB; €5 = Ndis defined by

Cp =vV{C;:T €B} (3.12)

in B(L). So, if B = {T}*for someT € E, thenNy = Ny andCp = C; .
Proposition 3.10: If the same notation is used as above, the following holds:

(1)  The mappingz: B(E) —» B(L)defined by 7(B) = Cgz, is an injective
Boolean ring homomorphism withz(B(E)) = B(Cy)
(2)  ForallB € B(E), we haveB = {T € LI'(L,M):C; S Cp}

In particular, ifS, T € £!(L, M), thenS € {T}%%if and only ifCs € C;.
Proof:

(1)If Bl' Bz € B(E), thenN31V32 = NBl n NBzand SOCB]_VBZ = CBl \% CBZWhICh
implies thatt(B,VB,) = ©(B;) V ©(B,). Let us takeB,, B, € B(E)such as B; N B, =
{0}. So,S 1 Tfor allS € B;andT € B,and henceCs 1 C;by Proposition 3.9. It follows
that

CBl =V {CS:S € Bl} v {CT: T e Bz} = CBZ (313)

and so,7(B;) A 7(B,) = 0. From these properties ofr, we conclude thatzis a Boolean

ring homomorphism.

If B € B(E)and t(B) =0, thenNz = L. HenceB = {0}and it gives us thatzis
injective. Now let us taked € B(Cz)and defineB = {T € LI(L,M):C; € A}.
So,B € B(E)and 1(B)CS A. Ifd; =Ant(B)® andBis defined byB, =
{T € L'(L,M):C; € A;}. ThenB; € B(E)andt(B,) € A,. Therefore,z(B; N B,) =
7(B;) nt(B,) = {0}and it follows thatB, n B = {0}. Here,if A; € A, thenB; €
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Band so B; ={0}. Now letd; # {0}. A, S Czand so there existsO<T €
LI(L, M)such thatT|,, # 0. IfT,is the minimal positive extension of the restriction of
TofAy, then Ty # Oand Af € Ny, s0C;, C A,. It follows that0 # Ty € By, which is a
contradiction. Therefore,A; = {0}and A < ©(B). So, t©(B)=A. It gives us
thatt(B(E)) = B(Cp).

(2) Let B € B(E)and B,be defined by
B, = {T € LI(L,M):C; € Cg} (3.14)

If we apply the second part of the proof of (1) above to4A = Cp, it gives us thatB, €

B(FE) satisfiest(B,) = Cjp. It follows thatB = B, since tis injective.

Remark 3.11: Let us takeLas Dedekind complete in the above argument. ForB €
B(E), let us denote byNzandCp, the band projections inLonto NV, andCyzrespectively.
Here, we obtain that T = TCgfor allT € Band thatC; < C; < h(I)for all T €E =
LI(L,M).

Let B € B(E)and hgz:Z(M) — Z(L)be defined byhgz(IT) = h(IT)Cxfor allll €
Z(M). It follows thathgis anf-algebra homomorphism and thatB < L',:B (L, M). Here
B = £'®(L,M). Indeed, ifT € L"®(L, M), then C; < hy(I) = Czand henceT € Bby
(2) of the Proposition 3.10.

Proposition 3.12: Let Land Mare Dedekind complete Riesz spaces andh: Z(M) —
Z(L) anf-algebra homomorphism. Suppose that0 < T € LI (L, M).

(1) If S isa component of T, then S = TCs.
(2) If 0 < S < T, thenthere existsO < II < Iin Z(L)such thatS = Tl

Proof:

(1) We have thatCsC;_s = Oby Proposition 3.9. HenceS = Csand—S = (T — S)Cy_s.

(2) If we combine the results from (1) with the Freudenthal Spectral Theorem, the

proof is complete.
In particular, if we takeT € £(L, M)in the Proposition 3.12, it gives us that

T+ = |T|CT+ = TCT+ ’ T = |T|CT— = TCT—(315)
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Proposition 3.13: Let LandMbe Dedekind complete Riesz spaces and suppose
thatg < £,,(L, M) is an ideal which consists of Maharam operators. Then there exists
an f-algebra homomorphism h: Z(M) — Z(L)such thatg € £*(L, M).

Proof: Before proving the proposition, we need to point out the next three

observations:
LetS,T € J.

(i) If S L T,thenCsCr =0
(ii) If C; < Cp, S € {T}%

(iii)  SCyis a component of Sin {T}%¢,

Let {T,}be a maximal disjoint system inJand let the carrier projection ofT, be

denoted byC,,.

From the observation (i), we have thatC,Cswhenever a # f. By Proposition 3.5 and
Lemma 3.6, for eacha, there exists anf-algebra homomorphismh,:Z(M) —
Z(L)which satisfiesIIT = Th,(IDfor all T € {T}%? and allll € Z(M). Without loss
of generality, we may assume thath,(I/) = C,. Therefore h,(IT) L he(I1) for
allll € Z(M)if a # . Now let uschoose 0 < Tl € Z(M), and so we have0 <
h, () < AC,for all asince 0 < II € AIfor some0 < A € R. It follows thath(IT) =
Vo h,(Mis well defined inZ(L). It defines a mapping h:Z(M)* — Z(L)*such
thathextends to anf-algebra homomorphismh:Z(M) — Z(L). So,lIT = Th(II)for
all e zZ(M) and allT € J. To prove this, it is sufficient to show it for0 <II €
Z(M)and 0 <T € J. If we use the observation (iii) and{T,}’s being a maximal
disjoint system in J, we obtain thatTC, € {T,}%*andT =v, TC,,. Since left and right
multiplication in£,, (L, M) by center operators inZ(M) and Z(L)respectively are itself
operators inL,, (L, M), it follows that

NT =MV, TC, =V, 1(C,) =V, (TCy4)h, ()
=V, (TCHR(D) = [V, TC,Ih(T) = Th(I1)(3.16)

This proves that IIT = Th(IT) for allll € Z(M) and allT € Jand the proof of the

proposition is complete.
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Corollary 3.14: Let Land Mbe Dedekind complete Riesz spaces and suppose
thatg < £,,(L, M) is an ideal which consists of Maharam operators. Then the band

generated by J in £,,(L, M)also consists of Maharam operators.

Remark 3.15: LetJbe an ideal inL,, (L, M) consisting of Maharam operators as in
Proposition 3.13, and leth:Z(M) — Z(L)be the f-algebra homomorphism as
constructed in the proof of the proposition. If B = J%is the band generated by J,
then J € B € L"(L,M). Since{T,}is a maximal disjoint system inBas well, it
follows thatCy =v,C,. So,h(I)=v,C, =Cz . This implies that B =
L1 (L, M).(Luxemburg andBurkinshaw, 2001).
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4. f- MODULES

Let A be an Archimedean f-algebra and E an Archimedean Riesz space.
Definition 4.1: E is called a left f-module over A4 if:

(i) E is a left-module over A with respect to a left multiplication (a, f) - af
from AXE into E, ie., (a+b).f=a.f+b.f, a.(f+g)=af+
a.g, a.(b.f) = (ab).f and a(Af) = (Aa).f = A(a.f) for all a,b € A,
f,g€eEand 1€ R;

(ii) a.f=0whenever0<a€eAand0< f €E.

(iii) If fLgIinE,af LginE forall a € A.
The right f-module can be defined in a similar fashion.

Remark 4.2: Let E be an f-module over the f-algebra A and for a € A let us define
M,(f) = a.f for all f € E. From the Definition 4.1, we have that I, € Orth(E).
The mapping h: A — Orth(E) is a positive algebra homomorphism and so & is a

Riesz homomorphism. (Indeed, a L b in A implies that ab = 0, so I, Iz=0 and

hence IT, 1 Mg in Orth(E)).

Conversely, if E is an Archimedean Riesz space, 4 is an Archimedean f-algebra and
h:A - Orth(E) is an f-algebra homomorphism, then h induces an f-module

structure over A on E by setting a.f = h(a)f forall f € E and all a € A.
Lemma 4.3: Let E be an f-module over A.

(1) (aVb)f = (af) v (bf) and (aAb)f = (af) A(bf) for all a,b € A,
0<fE€E.

(2) laf| = |al.|f| foralla € A4, f € E.

(3) Ifa LbinA,thenaf L bgforall f,g €E.

In definition, it is stressed that even if f-algebra A has a unit element e, we do not

assume that e. f = f for all f € E. It follows that if e € A is a unit element, then the
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mapping f — e. f in E is a band projection. Ife. f = f for all f € E, then E is called

a unital f-module.

In addition, if J € E is a band, or more generally uniformly closed ideal in the f-
module E over A, then af € g for all a € A whenever f € J and hence J inherits the
f-module structure such that J is an f-submodule of E. If A has a unit element
0 < e € A which is also a strong order unit in A, then every ideal J € E is an f-

submodule.

Definition 4.4: : Let A be an Archimedean f-algebra and let E and F be f-modules
over A. A linear mapping T:E — F is called A — linear if T(a.f) = a.Tf for all
feEandall a € A.

Then, £{(E, F) and £A(E, F) can be defined as
LA(E,F) ={T € L,(E,F):T is A — linear} (4.1)
LA(E,F) = L{(E,F) n L, (E,F) (4.2)

Lemma 4.5: If E and F are f-modules over A, with F Dedekind complete, then

LA(E,F)isaband in £, (E,F),and £LA(E,F)isaband in £, (E,F).

Proof: It is sufficient to prove that £{1(E,F) is a band in £,(E, F). For a € A, let us
define I, € Orth(E) by I,f = af for all f € E and o, € Orth(F) by 0,9 = ag for
all g € F. Also, if we define the operators R, and L, from £, (E, F) into itself by

R,(T)=TM, , L,(f) = 0,T VT € £,(E,F) (4.3)
then Ry, L, € Orth(L, (L, M)) and hence
LAE,F) ={T € L,(E,F): (R, — L )(T) =0 Va€ A}
= N{ker(R, — Ly):Va € A} (4.4)

Since the kernel ker(R, — L,) of the orthomorphism R, — L, is a band, it is
obtained that £ (E, F) is also a band.

Let us give some examples of f-modules and examine the relations with the above

arguments:

Examples 4.6:
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(i)

(i)

(iii)

(iv)

Let L be an Archimedean Riesz space. Then L has a natural f-module
structure Orth(L) if we set I1. f = TI(f) for all f € L and IT € Orth(L). In
the same way, we obtain that L is an f-module over Z(L) . If it is not
stated otherwise, we will consider a Riesz space L as an f-module over
Z (L) in this natural way.
Let L be an Archimedean Riesz space and F be a Dedekind complete f-
module over the f-algebra A. Then £, (L,F) has a natural f-module
structure and defines a. T by

(a.T)f =a.Tf VfEL (4.5)
for a€e A and T € L,(L,F). It follows from £, (L, F)’s being a band
L, (L, F) that £, (L,F) is an f-submodule of L,(L,F). In particular,
L, (L,M) and L,,(L, M) have natural f-module structures over Z(M) if M
is a Dedekind complete Riesz space. In the same way, if E and F are f-
modules over A, with F Dedekind complete, then £{1(E, F) and LA (E,F)
are similar f-modules over A.
Let L and M are Archimedean Riesz spaces with M Dedekind complete. If
h:Z(M) — Z(L) is an f-algebra homomorphism, h induces on L an f-
module structure over Z(M) with II. f = h(IT)f for all f €L and I €
Z(M) . So, L™ (E,F) = Lh(E, F).
Conversely, let E be an f-module over Z(M) and let h:Z(M) —
Orth(E) be the corresponding f-algebra homomorphism as in Remark

4.3. Since h(I) is a band projection in E, h maps Z(M) onto Z(E) and so
LZ(M) (E,M) = LI(E, M). Hence the results of Propositions 3.9, 3.10 and
3.12 can be applied to LZ(M) (E,M). Furthermore, all operators in

£7™ (E, M) are Maharam operators.

Let L and M be Dedekind complete Riesz spaces and let T € £,,(L, M) be
a Maharam operator. So, there exists an f-module structure over Z(M) on
L such that T € Li(M)(L, M) by Proposition 3.4. In fact, we obtain from
Proposition 3.13 that there exists an f-module structure on L such that
B = Li(M)(L,M) if B< £,(L,M) is a band consisting of Maharam

operators.
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Let M be a Dedekind complete Riesz space and E be an f-module over Z(M). By
Lemma 4.5, £2™ (E,M) is a band in £,(E,M) and as it is observed above,
Li(M)(E,M) is an f-module over Z(M), where for e Z(M) and T €
L,,Zl(M)(E,M), the product II. T is defined by (IL. T)f = TI(Tf) forall f € E. If J
is an ideal in Li(M)(E,M), then J is an f-submodule of Li(M)(E,M). For f € E,
the mapping f~(T) = Tf forall T € J.

Lemmad4.7: f~ € L'i(M)(J,M) forall f € E.

Proof: As we know that f~ = (ft) = (f7)~ and (f*)",(f7)” =0 and so
f~ € Ly(J,M). If we take that T, L 0 in g, then T, L 0 in £,(E,M ) and hence
T \fl L 0in M inf,|f~(T,)| = 0 since |f~(T.)| < T,If]. Therefore, f~ € £, (J,F).
In addition, if T € Z(M) and T € g, then f~(IIT) = (IIT)f = I1f~(T) and hence f~
isZ(M) — linear.

Lemma 4.8: Let the mapping a: E > £°™ (g, M) be defined by a(f) = £~ for all

f € E. Then a is an order continuous Z(M) — linear Riesz homomorphism from E

into LZ(M)(J, M).

Proof: By the way of defining «, « is a positive linear mapping. If £, L 0 in E and
0<TeJg, thenTf, L 0in M since T is order continuous. So, a(f;) L 0in £,(J, F)
and a(IIf)(T) = TUIf) = N0Tf = Na(f)(T) for fe E, 1€ Z(M) and for all T €
J. Hence a(Ilf) = NMa(f) and it gives us that a is Z(M) — linear and so « is a

Riesz homomorphism.

a is injective if and only if J separates the points of E, that is, for every 0 # f € E,
there exists T € J with Tf # 0. But, if a is injective, then E and «(E) are

isomorphic f-modules over (M) .

Lemma 49:If 0<feEand0<A1E€ Li(M)({],M) are suchthat 0 < A< ™,

then there exists 0 < g € E suchthat0 < g~ < A.

Proof: As 0 < A < f~, there exists 0 < £ € Rsuch that Ay, = (A —ef~™)* > 0. Now,
if Ay >0, then the carrier e, = {0} since A, is order continuous. Let us take

0<T,Eey,0<A; <A< f~andso
Tof = f7(To) = Ao(Tp) >0 (4.6)
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Hence, the ideal e; @ Ny, is order dense in E. It follows from T, € J that T, is order
continuous and since T, f > 0, there exists f, € ey such that 0 < f, < f. As J itself

is Dedekind complete, J = e, @N,, . Let us choose any 0 < Te J and take

T=T,+T,with0 <T; €Eeyand 0 <T, € Ny .Aswe know that, in Li(M)(J,M)
(A—ef"~)" L(A=efr~)" =17, (4.7)
it is obtained that e, < N¢y_.r~.y- by Proposition (3.9). As a consequence,
AN—ef )T =U—ef)*(T) =0, that is, ef~(Ty) < A(Ty). Also, since
0<T, €Ny, and 0<T,E€e,, ityields that ey, © N,. So, in particular , T, f, =
0,and Tf, = T f,. Therefore
AT) =2 A(Ty) = ef"(Ty) = eTi fo = €T fo = (efo")(T) (4.8)
Here, if we take g=¢f,, we have 0 < g~(T)< A(T) for all 0 <T € J, that is,
0< g~ < Ain£2®(3,M) . We conclude that 0 < g~ < 4 since g~ (To)= eTof.
Theorem 4.10: Let M be a Dedekind complete Riesz space, E be an f-module over
Z(M)and J be an ideal in LZ(M) (J, M) separating the points of E.
(1) The band generated by a(E) in Li(M) (J, M) is equal to L,Zl(M) (dJ, M)
(2) a(E) isanideal in Li(M)(J,M) if and only if E is Dedekind complete.

(3) a(E) = LZ(M)(J,M) if and only if 0 < f; T in E with sup,Tf, existing in M
implies that there exists 0 < f € E suchthat 0 < f; T f.

Proof:

1) Let A€ £2™(J,M)besuchas 4 La(f) = f~forall f € E. So, ¢, € Cy~, that
is, ey € Ny~ forall f € E. Itgivesus that if 0<T € e, , then Tf = f~(T) = 0 for
all 0 < f € E and hence T = 0. Therefore, e, = {0} and 4 = 0.

2) Let a(E) be an ideal in £2™ (g, M), then a(E) becomes Dedekind complete. As
E and a(E) are Riesz isomorphic, we obtain that E is also Dedekind complete. If
0< A<a(f)in

LZ(M)(J, M) for some 0 < f € E, we may define

g=sup{0< h€eE:0<a <A} (4.9)
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0<a(h)<A<a(f)impliesthat 0 < h < f and so it is well defined. By Lemma

4.9, a is an order continuous Riesz homomorphism. And so 0 < a(g) < A.

Assume a(g) < A. Hence 0 < A — a(g) < a(f — g). So, there exists 0< g, € E
satisfying 0 < a(gy) < A— a(g). Therefore, 0 < a(g+ go,) <A and by the

definition, it gives us that g + g, < g and it is an contradiction. Hence, a(g) = A

and a(E) becomes an ideal in £Z*P (g, M).

3) First let us choose a(E) = LZ(M)(J,M) and let 0 < f; T in E satisfying sup,Tf,
existsforall 0 < T € J. If it is defined as

A(T) = sup,Tf; (4.10)
forall 0 < T € g, then A: gt -> M is additive and hence A extends uniquely to a
positive linear operator A: J — M. By the definition of A, we obtainthat 0 < f; T fA
in £,(J,M). Since f£," € £™(g,M) and £**(g,M) is a band in £,(J, M), it

follows that 0 < 4 € Lﬁ(M)(J,M). Our hypothesis gives us that there exists 0 < f €
E suchthat A = f~ = a(f). As a is a Riesz isomorphism, a(f;) T a(f) implies that

fTfInE.
Conversely, by using (2), we obtain that @(E) is an ideal in Li(M)(J,M). Let us pick
0< A€ £’™(g M). As we know that a(E) coincides with £Z™ (g, M), then
there exist 0 < £, Tin E satisfying 0 < f; T A in L,,Zl(M)(J, M). So,

0<Tf = f(T) T ACT) (4.11)
for all 0 < T € J. Hence, sup,Tf; € M exists. The hypothesis gives us that there
exists 0 < f € Esuchthat £, T £.S0,0< 7 1 f in £Z™ (g9, M) and A = f = a(f).

It concludes that £7™ (g, M) = a(E). (Luxemburg and De Pagter, 2001)
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5. THE CONSTRUCTION OF MAHARAM EXTENSIONS

Let £ be a field, V be a vector space over £, A be an algebra with unit element e

over £ and let the tensor product A®V of 4 and V as vector spaces over £.

1) A®Vis a unital A module witha. (b®v) = (ab)®v
foralla,b e Aand v € V.

2) xo0:V -> A®Vdefined by y,(v) =e®v for all veV is a #-linear
embedding of V into AQV.

Assume that M is a unital A-module. Since £ is embedded in A by the mapping

A — Ae, M is also a £-vector space.

Let T:V - M be a £-linear mapping. Then, the mapping (a,v) - a.Tv is #-linear

and hence there exists a unique £-linear mapping T from A®V into M such that
T(a®v) = a.Tv (5.1)

forall a € Aandall v € V. Here, T is A-linear and that T = Ty, (that is, Textends

T). Also, T is unique. The A-module A®V is said to be the extension of Vover A.

Let L be an Archimedean Riesz space and M be a Dedekind complete Riesz space
and consider M as an f-module over Z(M). Then, £, (L, M) is an also an f-module
over Z(M) with II.L.T =1l T for all T € Z(M)and T € £, (L,M). Let us pick an
ideal J € £, (L, M). Via the operations induced by £, (L, M), this ideal is an f-
module over Z(M).

For IT € Z(M)and f € L, let us define the mapping
n®f:Jd-M (5.2)

by(II®F)(T) = N(Tf) forall T € J. So, I®f € LZ™ (g, M).
And, also, let us define the mapping

P:Z(M) x L - £ (g, M) (5.3)

by % (11, f) = I®f.
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Lemma 5.2: 1 is a Riesz bimorphism, that is, vy is bilinear and |[Y(II, f)| =
Y1), |f]) forall T € Z(M)and f € L.

Proof: The bilinearity is obvious.
LetlTe Z(M),feLand0 < T € J. So,
INfI(T) = sup{|(MO®f)(S)|: S € J,IS| < T}
= sup{|I(SHI: S € J,|S| < T}
= sup{|TI|(ISfD): S € J,IS| < T}
= 0] sup{|Sfl:S € J,IS| < T}
= [I(TIfD = (NISIFD(T) (5.4)

Therefore, [T®f| = |T|®|f]in Lf(M)(J,M)-

Definition 5.3: We will denote by Z(M)®L the linear subspace of £2* (g, M)
generated by the operators of the form [I®f, that is,

ZM)®,L = 31, ;®f: ; € Z(M),f; € Li=1,..,m;n € N} (5.5)

Moreover, Z(M)® ;L will denote the ideal generated by Z(M)®,Lin £LZ™ (g, M).
The mapping

Xo:L = £2* (g, m) (5.6)

defined by x,f = [®f for all f € L is a Riesz homomorphism and so y, maps L into
Z(M)® L. Hence, it can be considered y,: L - Z(M)® L.

Lemma 5.4: Z(M)®,L coincides with the ideal generated by y,(L)in £2*"(g, M),
that is,

Z(MQ L = {9 € L‘Z(M)(J, M): 0| < I®u for some 0 <u € L} (5.7)

Proof: Let 6 € Lf(M)(J,M). Then there exist Iy, ..., I, € Z(M) and fi, ..., f;, € L
such that

1] < X, L ®f] (5.8)
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Let u=Y",Ifiland I = };;-,|II;|. 0 <TI € Z(M)and so there exists 0 < k € R
such that 0 < Il < kI. Therefore,|0] < X, ;®f;| < X 1L |®fi] < TIOu <
kD®u = I®(ku) = xo(ku)

Let us pick any ideal E in L,Zl(M)(J, M) such that
Z(M)®,L < E c £2M(g,m) (5.9)

Actually, E is Dedekind complete and an f-submodule of £2%(g, M). Moreover, if
T € J satisfies 6(T) =0 for all 8 € E, then Tf = (I®f)(T) =0 for all f €L,

hence T = 0. It concludes that E separates the points of J.

Let us define the mapping
ag:J - L2 (E, M) (5.10)

by az(T) = T, where T(8) = 8(T) for all & € E. Then a is a Riesz isomorphism
and az(J) is an order dense ideal in L,,Zl(M)(E,M). Here, T(II®f) = N(Tf) for all
e zZ(M)and f € L. Also, T(xof) = TU®f) = Tf forall f € L, thatis, T = Tyx,.

Theorem 5.5: Let L,M,J € £, (L,M) and E € L,Zl(M)(J, M) be defined as above.
Then

(1) Eis a Dedekind complete f-module over Z(M).
(2) xo:L — Eis a Riesz homomorphism such that y,(L) is order dense in E, that

iS, XO(L)d = {0}
(3) For every T € J, the operator T = az(T) is the unique operator in

LZ(M)(E, M) satisfying T = Ty, and a; is a Riesz isomorphism from J onto
an order dense ideal in £7(E, M).
(4) {T:0 < T € J}separates the points of E.
Furthermore, if J isa band in £, (L, M), then aj is a Riesz isomorphism from J onto
LZ(E M.
Proof:

(1) It has been observed above.
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(2) Assume that 8 € Esatisfies 8 € y,(L)%. Then, 8 L xof in LZ(M)(J, M) for
all f€L.So, Cg LCy r, thatis, Cg € N, in J for all f € L. Therefore, if
T € Cy,thenTf = (x,f)(T) = 0 forall f € L. Hence, Cy = {0}and 6 = 0.

(3) We only need to show that the operator T = a(T) is unique.
Let us define the operator
R: L2 (E, M) > £, (L, M) (5.11)
byR(A) = Aoy, for all Ae£Z?(E,M) which is positive and order
continuous. Also, R(T) =T forall T € J.
Assume that A; A A, = 0Oin L,Zl(M)(E, M). As we know that az(J) is order
dense in £Z™ (E, M), there exist 0< T, T and 0 <S, T in J satisfying
0<T.TA and 0 < S, T A, in £Z™(E,M). Also,
0<ag(T,AS;) =T, AS, <A AA, =0 (5.12)
Hence, a;(T; A S;) = 0 and since a is one-to-one, it gives us that T, A S, =
0 for all 7,0. Since R is order continuous, 0 < T, TR(A;) and 0 < S, T
R(A,)in £, (L, M). So, R(A;) A R(A,) = 0 and R is a Riesz homomorphism.
Assume that A € L2 (E, M)satisfies R(A) = 0. R(|A|]) = OasR is a Riesz
homomorphism. So, |[A|(x,f) =0 for all 0 < f € L. Since y,(L) is order
dense in E, A=0. Hence, if TeJ and A€ LZ(M)(E, M)satisfies T =
To © Xo = Ao xo, then A = T. So, R is injective.

(4) It follows directly from the definition.

Let J beabandin £,(L,M). If 0 < T, TinJ such that sup,.6(T,) € M exists for all
0 <6 €EE, bytaking 8 = I®f, 0 < f € L, we obtain that sup,T,f € M exists for
all 0 < f eL. Let us define Tf = sup,T.f forall 0 < f €L and extends T to a
positive operator 0 < T € £,(L,M). S0, 0 < T, T T in £,(L,M) and by J's being a

band, we obtainthat 0 < T, T T € J and hence ajis surjective.

Proposition 5.6: Let L and M be Archimedean Riesz spaces with M Dedekind
complete and let J € £, (L, M) be an ideal. Suppose that the pair (F, y) satisfies

(1) Fis a Dedekind complete f-module over Z(M) and L,,Zl(M)(F, M) separates
the points of F.

(2) xris a Riesz homomorphism from L into F.
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(3) For each T € J, there exists a unique T € £Z®(F, M) satisfying T = T o x
and the mapping w; defined by wz(T) = T is a Riesz isomorphism from J

onto an order dense ideal in L2 (F, M).

Then, there exists a unique ideal E in LZ(M)(J,M) satisfying y,(L) € E and a

unique Z(M)-linear Riesz isomorphism y from F onto E such that y o yr = x,.

Proof: Since wy is an injective Riesz homomorphism and wx(J) is an ideal, wp

becomes order continuous.

For ue€ L,Zl(M)(L,f(M)(F, M),M), let us define wy‘u:J->M by (wz*w)(T) =
u(wpT) forall T € J. Since wp is order continuous and Z (M)-linear, it gives us that

wptu € LX) (g, M). So a linear mapping can be defined such as
wp': Ly (£ (R, M), M) > £ (g, 1) (5.13)

Since wy is a Riesz homomorphism and wg(J) is an order dense ideal in

LZM(F, M), we obtain that w;* is a Riesz homomorphism which is Maharam,

injective and Z(M)-linear.

As we know that F is Dedekind complete and LZ(M)(F, M) separates the points of F,
then it gives us that the mapping

jpiF > L,{(M)(Lﬁ(M)(F, M), M) (5.14)

defined by (jzh)(A) = A(h) forall A € LZ(M)(F, M), h € F,isa Z(M)-linear Riesz
isomorphism onto an order dense ideal. Also, let us define E = (wz" ¢ jz)(F). Hence
E is an ideal in £Z™(g,M) and also y = wy* o is a Z(M)-linear Riesz

isomorphismfrom Fonto E. It follows that y o y = x, and so y,(L) € E.

Now assume that E is an ideal in £Z® (g, M) with x,(L) € E and that §:E —
LZ(M)(J, M) is Z(M)-linear and order continuous satisfying f ° x, = x,. Then, for
all @ € E, f(0) = 6. Letus denote T = a;(T) € L,,Zl(M)(E, M) for T € J and define
Ay € LEZO(E, M) by A (8) = T(O) for all 8 € E. Hence, Ay (xof) = T(Bxof) =
T(xof) = Tf for all £ € L. It gives us that A, = T and so (88)(T) = 6(T) for all
T € Jandall 6 € E. Therefore f(8) = @ for all 8 € E and hence E and y becomes

unique.
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Definition 5.7: A Maharam extension space for J is a pair (F, y) satisfying
(1) Fis a Dedekind complete f-module over Z(M) and y:L — F is a Riesz
homomorphism.
(2) For each 0 < T € J, there exists a unique 0 < T € £ (F, M) such that
T="Toxp
(3) {T:0 < T € J}separates the points of F.
Also, (F, xz) is said to be minimal if the ideal generated by (L) coincides with F
and it is called maximal if 0 < h, 1 in F with sup,Th, € M existsforall 0 < T € J
impliesthat 0 < h, Th € F.
Remark 5.8: It is clear that (E, x,) is a Maharam extension space for any ideal E in
LZ(M)(J, M)with x,(L) € E. Also, Z(M)C;)JM is a minimal Maharam extension
space and £Z™(7,M) is maximal. To this end, assume that 0 <@, T in
LZ(M)(J, M) such that sup,T(0,) for all 0<Te€J. Hence 0<HE
LXM (g9, M)and 0 < 6, 1 6.

Proposition 5.9: Let (F,xz) be a Maharam extension space for the ideal J €
L, (L, M). Let us define

R: LZ™(F, M) > £,,(L, M) (5.15)
byR(A) = Ao x, forall A € L2 (F, m).

(1) Ris a Riesz isomorphism (into) and {A e LZM(F,M):R(A) € J} is an order

dense ideal in £ (F, M).
(2) For each T € J, there exists a unique T € £Z™ (F, M) such that T = T o x;

and the mapping T — T is a Riesz isomorphism from J onto some order

dense ideal in £ (F, M).

Proof: Since (F,xr) is a Maharam extension space,{T:0 < T € J} separates the

points of F. Assume that 0 < A € L2 (F, M) satisfies that AAT =0 for all
0<TeJd. Then G, L Cy, that is, Cy €S N7 for all 0 <T € J. It follows that

Cy=0and so A= 0. Hence, {T:0<TE€ J}d = {03in 2™ (F,M). Then R is a

Riesz isomorphism and {Ae LZ(M)(F,M):R(A) EJ} is an order dense ideal in
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LZ(M)(F,M). It also requires that for each T € J, there exists a unique T €
LZM(F, M) such that T = T o x» and the mapping T — T is a Riesz isomorphism

from J onto some order dense ideal in £ (F, M).

Theorem 5.10: Let J € £, (L, M) be an ideal as above and let (F, ) be a Maharam

extension space for J. Then there exists a unique ideal E in £Z*(g, M) with
Xo(L) € E and a unique Z(M)-linear Riesz isomorphism y from F onto Esatisfying

Yy o Xg = Xo. Furthermore, (F,xy) is minimal if and only if E =Z(M)®JL or

(F, xr) is maximal if and only if E = L,Zl(M)(J. M).

Proof: By the definition of the Maharam extension space, LZ(M)(F, M) separates the

points of F. Also, by Proposition 5.9, there exists a Riesz isomorphism w; from J
onto an order dense ideal in LZ(M)(F, M) such that T = w(T) is the unique operator
in LZ(M)(F, M)satisfying T = T o . Hence the first part is obtained directly from
Proposition 5.6. Clearly, F is minimal if and only if = Z(M)C;)JL . Again, let us
denote the unique operator in L2 (E, M) suchas T = T o y,by T. Then, T = T oy
forall T € J. It gives us that (F, x) is maximal if and only if (E, x,) is maximal.

Hence, now we need to show that (E,y,) is maximal if and only if E =
LX) (g, M). Since we already know that £Z®" (g, M) is maximal, let us assume
that (E, x,) is maximal and pick 0 < 6 € LZ(M)(J, M). As E is an order dense ideal
in £ZM(g,M), there exist 6, € E satisfying 0 < 8,18 in £Z*(g,M). So,
0.(T) T 8(T), that is, T(8,) T 8(T) in M for all 0 <T € J. Since E is maximal,
sup,T(6,) € M exists for all 0 < T € g, there exists 8, € E such that 0 < 6, T 6, in
Eandso 0 <8, 18,in £2™(g,M) since E is an ideal. Hence 8 = @, € E and so

E= £’ m).

As a conclusion of Theorem 5.10, we may say that any Maharam extension space
can be considered canonically as an ideal in LZ(M)(J,M). Furthermore, any minimal
Maharam extension space is canonically isomorphic to Z(M)® ;L, which will be
called as the minimal Maharam extension space of J. In the same fashion, the
maximal Maharam extension space of J is uniquely determined via the isomorphism

and denoted by Z(M)® ;L and is taken as Z(M)® 4L = LD (g M).
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Remark 5.11:

(1) Let (E,x) be a Maharam extension space for the ideal J € £,(L, M). Then
for each 0 < T € J, there exists a unique 0 <7T € £Z*(E,M) and it
satisfies that T = T o y. Also, T is a Maharam operator and hence Z(M)-
linear via a Z(M)-module structure of the space E.

(2) Let (E, x) be a Maharam extension space for the ideal J € £, (L, M), then
need not be injective. Actually, y becomes injective if and only if J separates
the points of L. Hence, if J separates the points of L, then y is a Riesz
isomorphism of L into E and by this way, L can be considered as a Riesz
subspace of E. For every T € J, the corresponding operator T € LZ(M)(E, M)
becomes an extension of T. Hence T is said to be the Maharam extension of T

with respect to (E, y).
Proposition 5.12: The Riesz homomorphism y is order continuous if and only if
Jc L,(L,M).
Proof: Assume that J € £,,(L, M) and u, ! Oin L. Also, let 8 = inf,y(u,) in Eand
0 =0. For TeJ, T denotes the corresponding operator in LZ(M)(E,M). As
{T‘: 0<TE€ J} separates the points of E, there exists some 0 < T € J satisfying

T8 >0. So, T(yu,) =Tu,l0in M, but also T(yu,) >T#>0 and it is a

contradiction. It gives us that yis order continuous.
Conversely, since T =T oy forall T € J, J € £,(L, M).

Proposition 5.13: Let E = Z(M)® 4L, the minimal Maharam extension space of the
ideal J € £, (L, M) and let B denote the band generated by J in £, (L, M).

(1) Eis the minimal Maharam extension space of B, that is, Z(M)@)JL:
Z(M) @g L.
(2) The Riesz isomorphism T - T from J into £Z™(E, M) is sujective if and

only if J=1B.
Proof:

1)Let us consider the mapping R: £ (E, M) — £, (L, M) defined by R(A) = Ao

Xo forall A e LZ(M)(E, M). Then R is an injective Riesz homomorphism. We need to
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show that there exists 0 < A € LZ(M)(E, M) such that R(A) =T forall 0 < T € 8.
Indeed, let 0 < T € B and T, € J satisfying 0 < T, T Tin L,(L,M). If0< O €EE,
then 0 < @ < I®u for some 0 < u € L, hence T,() < T,(I®u) = T,u < Tu for all
7. S0, A() = sup,T,(8) € M exists for all 0 <@ € M and it defines that A €
LZ(M)(E, M)satisfying T, T A. It follows from R’s being order continuous that
T, = R(T,) T R(A) in £, (L, M) and therefore R(A) = T.

2) For eachT € B, there exists a uniqueT € L,Zl(M)(E, M)such thatT = T o y and so
the mappingT — Tis a Riesz isomorphism from%ontoLZ(M)(E, M)and it proves the

case.

Proposition 5.14: LetLandMbe Archimedean Riesz spaces withMDedekind
complete and let Dbe a subset of £, (L, M) ™. Assume thatEis a Dedekind completef-

module overZ(M)andy: L — Eis a Riesz homomorphism satisfies

(1) For allT € D, there exists a unique0 < T € £Z™)(E, M)WithT = T o x
(2) {T:T € D}separates the points of E.

Then (E,x) is a Maharam extension space for the ideal J generated by Din
L, (L,M).

Proof: Let us consider the mapping R: LZ(M)(E, M) - L, (L, M) defined by R(A) =
Aoy, for all A€ £Z*(E,M). Then R is positive Maharam operator since y is a
Riesz homomorphism. Now, let 0 < T;,T, € £L,(L,M) and so there exists 0 <
T, T, € LZ™(E, M) such that R(T))=T; (j=1,2). Also assume that 0 < A€
LM (g M) such that R(A) =Ty, + T,. Then 0 < T, < R(A) implies that T, =
R(A,) for some 0 < A, < A . By the way of choosing T;, we obtain that A; = T; and
s00<T, <A A—T, =0and (A—T,) =T,, hence A—T, =T, and it proves that
T, + T, has the same property with T, and T,.

As a consequence, without loss of generality, we may assume that D is upwards
directed. Let 0 < S € J. Thenthereexist T € D and n € N suchthat 0 < S < nT =
R(nT). So, there exists $ € £2™ (E, M) satisfying that 0 < $ < nTand R(S) = S.
Now assume that 0 < A € £Z™ (E, M) such that R(A) = S. Then nT + (A-$)=
oand R[nT + (A — $)] = R(nT). By combining it with (1), A = S.
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Corollary 5.15: Let 0 < T, € £, (L, M). Assume that E is a Dedekind complete f-

module over Z(M) and y: L — E a Riesz homomorphism such that

(1) There exists a unique 0 < T, € £Z™ (E, M) satisfying T, = Ty  x

(2) Toh>0forall0 <h €E
Then, (E,x) is a Maharam extension space for the ideal J;, generated by Tyin
Ly (L,M).
Furthermore, if we choose E as minimal (that is, the ideal generated by y(L) equals
to E), then (E, y) is also the minimal extension space for {T,}%¢, hence there exists a
unique T € L2 (E, M) such that T =T o y for all T € {T,}%¢, and the mapping

T - T is a Riesz isomorphism from {T,}%¢ onto £Z*(E, M).(Luxemburg and De
Pagter, 2001)
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6. EXAMPLES

1) In this example, we will consider finite dimensional spaces. Let L = R and
M = R™ We will denote the standard bases in R™ and R" by {e,, e, ..., e,,} and
{f1, f2, .-, fn}, respectively. Every linear operator T from L into M can be represented
by n x m matrix (rl-]-) via these basis. Let the center Z(M) correspond to all n x n

diagonal matrices and can be identified with R™. If A = (44, ..., 4,) € R", then the
corresponding operator IT, € Z(M) is defined by I, = (A4;nq, A1, ... Ayny,) for all

y =M 1) €M.
Let g =£,(L,M) = L(L,M) and E = R™ with standard basis {hy, ..., Ay, }. If
z= (s $mn) €EMand A = (A, ..., 4,) € R™ = Z(M), then we can define
/1' zZ= (/11(1’ B A].Cm’ }{qu+1r ey AZZZ‘m; e :Anc(n_l)-m.pl; sy )‘n(n‘m) (6.1)
Then E isan f-module over Z(M). Let us define the Riesz homomorphism y:L - E
by
X(x) = (Ell ---;gm; 51; ---,E—m, ...,61, ey fm) (6.2)

for all x = (&, ..., &p). If T € £,(L, M) has matrix (z;;), then the linear operator
T:E — M with matrix

741 o Tgm O ... 0 ... 0 .. 0
0 . 0 7 W Tym e 0o .. 0
0O .. 0 T T Th1 o Tnm (6.3)

becomes the unique Z(M)-linear operator with T = T o y. (Luxemburg and De
Pagter, 2001)

2) In this example, we will examine the Maharam extensions of kernel operators. Let
(X, A, 1) and (Y,B,v) be o-finite measure spaces. The space of all real valued A-
measurable functions on X, with the usual identification of u-a.e. equal functions will
be denoted by L,(u) = Ly(X, A, ). Moreover, A®B is the product o-algebra of A

and 8 in X x Y and u®v will denote the product measure. Now, let us define the
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function g®f on X xY by (g®f)(x,y) = gx)f(y) u®v-a.e. for all g € Ly(u)
and f € Ly(v).

Assume that L € Ly(v) and M € L,(u) are order dense ideals (and hence the carriers
of L and M are Y and X respectively).We know that a linear operator T: L — M is
said to be an absolute kernel operator if there exists a function T(x,y) in Ly(u®v)

satisfying
JITCGfldv(y) EM VfEL (6.4)
Tf(x) = [T(xy) f()dv(y) p-aeonX,Vf €L (6.5)

Here, T = 0 if and only if T(x,y) = 0 u®v-a.e on X xY. We will denote the
collection of all absolute kernel operators from L into M by £, (L, M). Clearly,
L. (L,M) < £, (L,M) and so £, (L, M) is an ideal, also a band in £,,(L, M).

Without loss of generality, it may be assumed that *(L;) = {0}. Also, let us define
the ideal E in Ly(u®v) by

E={heLyu®v):|h <1, ® f for some0 < f € L} (6.6)

We will identify Z(M) with L, (). Hence p € Ly, (1) corresponds with IT,, € Z(M)
defined by I1,(g) = pg for all g € M. It will be defined as p.h = (p ® Iy)h for
p € L,(1) and h € E that gives E the structure of a Dedekind complete f-module
over Z(M). The Riesz homomorphism x: L — M is given by x(f) =1, ® f for all

f € L.ForT € Ly (L, M), Th, defined by
(Th)(x) = [ T(x,y)h(x,y) dv(y) p-aeonX 6.7)

for all h € E is well defined and includes in M. So, T € £,,(E,M) and Tox =T.
Also, if p € L,(u) and h € E, then

T(p. W) = [ TC,y)p () h(x,y)dv(y)
= p(0) [ T(x,h(x,y) dv(y) = p)(Th)(x) (6.8)
p-a.e on X and it concludes that T € LZ(M)(E, M).
Lemma 6.1: {T:0 < T € £, (L, M)} separates the points of E.
Proof: Let 0 < h € E and pick {(x,y) € X x Y:h(x,y) > 0}. As the carrier of M is

X, there exists pairwise disjoint 4,, € A (n =1,2,...) such that X = U;~, 4,, and
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I, € M. Also, since L(L7) = {0}, there exist pairwise disjoint B, €8 (n =
1,2,..) such that Y = Uy, B, and Iz € L. If u®v(G) > 0, then there exists n
such that u®v(G n (4, x By)) > 0. Assume that 0 < T € L, (L, M) is the operator
with kernel T(x, y) = I, (x)Ip (¥), s0o Th > 0.

Lemma 6.2: If A € £7™(E, M) satisfies A o x = 0, then A = 0.
Proof: If A € A and B € B with I; € L, then
A(lyg) = A1,®lg) = 1,.A(xIz) =0 (6.9)
Let B, € B with Iz € L and 6, be the collection
®, = {G € AQB: G S X X By, A(I) = 0} (6.10)

Then, it follows that all sets of the form UjL, 4; X B; with 4; € A and B; € B such
that B; € B,, includes in ®,. Also, since A is order continuous, ®, is a monotone
class of subsets of X x B,. Hence, ®, = {G € A®B: G S X X By}. The carrier of L
equals to Y and therefore there exist B, € 8 (n=1,2,...) such that I, € L and
B, TB.If G € A®S such that I; € E, then lznp T I and so A(ll;) = 0. By the

order continuity of A, it concludes that A = 0.

By combining Lemma 6.1 and 6.2 with the Section 5, we obtain that (E, y) is the
minimal Maharam extension space of the ideal J generated by £, (L, M)*. This gives
usthat £, (L, M) isanideal in £,,(L, M). (Luxemburg and De Pagter, 2001)
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7. RESULTS AND RECOMMENDATIONS

The subject of positive operators and Riesz spaces is a wide area which is very open
to new researches and so are Maharam operators and extensions. In this thesis,
Maharam operatorsa are introduced and Maharam extensions are constructed not for

a single positive operator but for some collections of positive operators.

As we see in Section 6, if the Riesz spaces vary, the specific properties of Maharam
extension will also vary according to the choice of the space while the main
properties remain same. It is possible to say that working on different spaces may
provide more certain grounds and new research areas. Besides that, other than the
algebraic construction, the topological or the Banach lattice structure of Maharam
extensions may also be discussed and some new properties may come to light in this

perspective.

Maharam operators may be connected to the other types of linear operators and the
connections between Maharam extension spaces and other types of extension spaces
may be constructed via transformations and linear mappings, respectively. These
transformations can be examined if they have homomorphism structure. According

to the obtained results, new properties of these extension spaces may be found.
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