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REACHABILITY ANALYSIS OF LAC OPERON UNDER PARAMETER
UNCERTAINTIES

ABSTRACT

In this thesis, reachability analysis simulation challenges are discussed. In order to
understand simulation challenges in higher orders, first one dimensional case is
studied. And after that, the information and experience obtained from one
dimensional case is used to simulate higher dimension systems and interpret the
results. For one dimensional case, first, a trivial piecewise linear system is discussed
and after that a real model of lac-T is studied in one dimension for certain
parameters. In this model, how reachability analysis can be used for uncertainty of
parameters is explained. And after that, a 3 dimensional gene-protein relationship

case is considered, for fixed partition and dynamic partition. Results are interpreted.

Keywords: Reachability analysis, lac-operon.
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PARAMETRE BELIRSIZLiGi ALTINDA LAC OPERON iCiN
ERISILEBILIRLIK ANALIZi

0z

Bu tezde, erisilebilirik analizinin zorluklar1 {izerine durulmustur. Yiiksek
mertebeli sistem modellerinde, erisilebilirlik analizi yapabilmek ic¢in, dncelikle tek
boyutta erisilebilirlik analizi ¢aligmalar1 yapilip, gerekli tecriibe ve bilgi edinilmistir.
Bu bilgiler daha sonra, yiiksek mertebeli sistem modellerinin simulasyonlarini yapma
ve sonuglar1 yorumlamada kullanilmistir. Bir boyut i¢in, dncelikle uydurulmus parga-
parca dogru bir sistem calisilmig daha sonra , lac-T nin tek boyutta erisilebilirlik
analizi yapilmistir. Ayrica, parametrelerin belirsizligi durumunda erisilebilirlik
analizi kullanilmigtir. Daha sonra, 3 boyutlu bir protein-gen modelinin simulasyonu

sabit ve dinamik bolme i¢in yapilmistir.

Anahtar sozciikler: Erisilebilirlik analizi, lac-operon
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CHAPTER ONE
INTRODUCTION

1.1 Systems Biology

Systems biology is the study of biological systems in terms of dynamical systems
theory or control theory. As the name suggests, it tries to understand the biology in
system level, because, biological systems cannot be understood by its constituents
alone. Regulatory systems, molecular biology, enzyme kinetics are the areas of the
systems biology. The motivation is that, if we can understand biology in system
level, then we can make any biological system do what we want and control it. In
biological systems, parameters cannot be determined accurately. So we need to find a
way to study and model the biological systems. To model a biological system, rate
equation must be understood first. After modeling a biological system, we will see
that parameters play important role and they are usually uncertain and reachability

analysis must be done.
1.2 Interpreting Differential Equations in the Sense of Rate of Change

A simple differential equation is in the form of:

dy
= kxy (1-1)

And the solution to this equation is:
y=Cxekt (1-2)

C is determined from the initial conditions. Differential equations give the rate of
. . dy . Y .
change of a variable. If t is time, then d—i is the rate of change of y with time and it is

proportional to the value of the variable “y” itself multiplied with a constant k. The

bigger the k, the rapid is the rate of change.



1.2.1 Newton’s Law of Cooling

I thought that it would be a good starting point to mention about Newton’s law of
cooling in order to understand linear differential equations in the sense of rate of
change. Everyone who is familiar with the calculus heard about Newton’s cooling
law. It states that the heat loss rate of a body is proportional to difference between its
own temperature and the temperature of its surroundings. When we translate this

sentence into differential equation we obtain:

% = —k(T —Ts) (1-3)

Where T is the temperature of the body and Ts is the temperature of the
surroundings. And k is positive constant so that —k is negative and the rate of change

of temperature is decreasing. We know the solution of a differential equation of

“ﬂ —
dt

kxt

k * y” is in the form of y = ¢ * e***. With a few modifications we can obtain

c¢=T0-Ts and adding final value to the equation:
T(t) = Ts + (TO — Ts) * ekt (1-4)

Simulating this solution for k=0.054, T0=95 and Ts=5:

Newton's Cooling Law
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Figure 1.1 Newton’s cooling law for t=0 to 100.



1.2.2 Radioactivity

Another similar problem is about radioactivity. The rate of the change of the mass
(loss) of radioactive material is proportional to its mass. Mass is always positive so,

turning this sentence into differential equation:

dm__ _
a km (15)

As you see this equation has a well-known solution:

m(t) = m0 x ekt (1-6)

Think about a radioactive element with mass =10 gr and constant=1.2*10"-4 and

half-life of 5600 years.

radioactivity
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Figure 1.2 Radioactivity of a radioactive element.

Now let’s talk about a biological phenomenon.



1.2.3 Bacterial Growth
The rate of change of the population of bacteria is proportional to its present

population. This means the more the population, the more the growth rate.So we can

write the equation (1-1) again:

e kxy (1-7)

a
K is a positive constant, because the rate is positive.

If K, the grow rate, is 1.3 and initial population of 10000 then the solution

becomes:

y =y0x*ekt (1-8)

x 10° Growth of a bacteria population
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Figure 1.3 Growth of a bacteria population



As you see as the number increases growth increases exponentially. Even for

t=10, it becomes 4.5*%10°.

Something is not quite right in growth of bacteria population. Because the growth
rate is proportional to its population and every bacteria divides into 2 bacteria. But
the growth cannot go to infinity since the food in the environment is limited and will
not support the population. So the population will decrease. This differential equation
1s missing some parameters. This example is trivial and it has nothing to do with real
modeling. Bacterial growth curve is a nonlinear system and has been studied in
detail. It is beyond our subject now. This simple idea is the core understanding of

the modeling of biological systems.

In biological systems, nonlinear systems are a must. In order to understand
nonlinear systems, first we must understand differential equations in the sense of
linear system theory. So, now let’s focus on stability of the systems in one
dimension.

1.2 Stability in One Dimension

Differential equations occur whenever there is a rate of change, for example the
rate of change of distance which is velocity or the rate of change of population or the

rate of change of protein concentration in a cell etc.

In order to understand how the systems of differential equations will behave, let’s
talk about equilibria in Newton’s cooling law. The system went to its surrounding
temperature and in our radioactivity problem, it went to zero, which we call it stable,
but in bacteria example, it went to infinity which is unstable. Let’s explore this

behavior in one dimension. Think about:

— =4x (1-9)



The solution is:
x = x0 x et (1-10)

. dx " dx .. .
Figure 1.4 shows prl LS The positive —; means positive rate of change which
. . dx . . .
increases x and negative —; neans negative rate of change which decreases x. So if
X 1s any positive real number, so is p” and x will increase through infinity; if it is

negative, so is % and it will decrease through minus infinity. So as you see this

system is not stable unless you start with zero at which the system will stay forever

since the rate of change will be zero.

Z=4x=4x%0= (1.11)

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X

Figure 1.4 The equation (1-10), dx/dt vs. x.



Look at the arrows in Figure 1.4 and interpret. If we start at a point which is not
exactly at zero, then the point will go to plus or minus infinity, which is not

equilibrium.

Our starting points are -2, -1, 1 and 2. Wherever we begin, the starting point goes
to plus or minus infinity. So we can’t mention about equilibrium here, unless you

start with zero. If you start at zero, it will always be zero. So, is zero an equilibrium

point?
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Figure 1.5 Simulation of the equation dx/dt=4x for different starting points

Suppose you started with an initial point very close to zero but not exactly zero:
10° and -10”. Then, these initial points will go to either minus or plus infinity. But if
your initial point is zero, then it stays at zero. It is true that, it does not move away
from zero if you start with zero. But, any noise around zero will take the point to

infinity. Simulation is done below. You can see that the starting points go to infinity.



X 1034
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time

Figure 1.6 Starting with points that are very near to zero.

So we say that here zero is an equilibrium point, but not a stable equilibrium
point. These points had to be taken into consideration in polytope calculations as you

will see in following chapters. Now think about following differential equation:

&—1—x (1-12)

Look at the arrows in Figure 1.70; wherever the starting points are, they go to
point 1 which is the equilibrium point. You may not know the solution, how fast it
goes to equilibrium point but, you can say that whatever the starting point is it will

go to equilibrium point 1. The solution is:

x=1—e" (1-13)



X' vs. x plot is below:
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Figure 1.7 The equation (1-12), dx/dt vs. x.
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It does not matter where you begin. The point goes to point 1. We call it an

equilibrium point which is stable.

Figurel.6 is the unstable equilibrium; figure 1.8 is the stable equilibrium or an
attractor. So we can say: Suppose that x* is an equilibrium point of differential
equations. This equilibrium point is non-stable if dx/dt is greater than zero and stable

if dx/dt is smaller than zero.

1.3.1 Stability of Logistic Population Growth

The equation (1-14) is the logistic equation of a population growth. But let’s give
values to r and k value from scratch, r=2 and k=3. Without knowing the solution
function, let’s guess where the critical points are and which are stable and which are

nonstable as in figure 1.9.

Z—?=r*n*(1—n/k) (1-14)

Let’s discuss the equilibrium points of this differential equation by looking at the

. . . .. dx
graph. Near zero, this equations is very similar to our first example il and near

P d . .
3, it is similar to our other example of d—: =1 -1 *x. So we say, if we start with a

number close to zero and positive, it will increase, but this time not through infinity,
but through 3. We call this point as repulsor. If we start with a number near zero and
negative, then it will go to minus infinity. If we start with a number greater than 3, it
will display the characteristics of second equation, it will decrease through 3. We call

this point as attractor. Let’s show this with a graph in figure 1.10:
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Figure 1.9 The equation (1-14), dn/dt vs. n

Arrows in figure 1.10 show us the way where the starting points will end. If you
start with a number greater than 3 or between 0<x<3 it will go to 3 and with a
number smaller than zero, it will go to minus infinity. And we say the basin of

attraction of equilibrium point 3 is (0, infinity).

The logical population model is a nonlinear model and 1 won’t bother to explain
the solution of it now. As you see, even the most simplistic model in biology is
nonlinear. We have to understand linear systems which will help us to study
nonlinear systems. This attractor and repulsor concept is critical. We have to

understand it in one dimension. In higher dimensions, the results will be complex.
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Figure 1.10 Direction of flows for equation (1-14)

1.4 Stability in Two Dimension

0; The differential

Critical points occur at the solution of the system where dx/dt

equation below is linear. How do we know it? Because it does not have any product

of X’s components and can be written as follows:

(1-15)

X

X' =A

For 2 dimension A

|

(1-16)

]

a b
c d
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Another form:

1 — ax + by (1-17.1)
dt
ddit2= cx + dy (1-17.2)

Find the eigenvalues using:
Det(A—AI)=0 (1-18.1)

a—A b | _
Det|* % 7 |=0 (1-18.2)

Suppose eigenvalues of the equation below is:
,[1 4
X—[l 1]X (1.19)

AM=-1, ,=3. The solution to the system is in the form of:

x =C; *e; xeMt + (C,xe, *x eh2*t (1-20)
Where e;and e, are eigenvectors and also the span of the solution space. But I
don’t bother to explain eigenvectors now. We will focus on eigenvalues. For this

example, eigenvectors are:

e, = [_12] (1-21)
And
e, = [21] (1-22)
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The examples I have given is Newton’s law of cooling, bacteria growth and
radioactivity is in one dimension and they are the same as C; * e; * e?1*t | the first
part of the solution for two dimension. So you can guess how the system will behave.
A1 1s negative, so we say, as t increases, it will decrease in e; direction, but A; is
positive so it will increase in e, direction. What will be the flow arrows like in two

dimension? If we plot them, we obtain:

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 1.11 Eigenvectors of equation (1-19).

The direction flows would be:

N

_—
S

Figure 1.12 Direction flows of the equation (1-19)
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What the arrows in figure 1.12 are telling is, if you start with any point, it will
decrease in el direction and increase in e2 direction. This characteristic point is
called saddle point. This was for the case, one of the eigenvalues is positive and one
of the eigenvalues is negative. There are other cases where both of them negative,
positive or complex. But this was just an example to show that in higher dimension,
flows will be complex. And higher dimension set of equations are studied using

Jacobean matrix.



CHAPTER TWO
HOW TO MODEL A BIOLOGICAL SYSTEM: A PROTEIN-GENE
RELATIONSHIP

Every protein is synthesized from a gene. And some proteins activate genes so
that it can start producing a protein. Let’s say a protein A is produced from “gene a”
and protein A activates “gene b”, so that “gene b” can produce protein B.

Concentration of proteins are our quantities.

Figure 2.1 Example of a genetic regulatory network of two genes (a and b), each coding for a

regulatory protein (A and B). K.W. Kohn. (2001).

Look at the figure 2.1 above. “a” stands for gene a and “b” stands for gene b.
“A” stands for protein A, “B” stands for protein B. The arrow means activation, and
1 means inhibition. Since every product of biological reaction is the inhibitor of its
own reaction. Every protein is the inhibitor of its own production gene. So, “gene a”,
produces protein A; “gene b”, produces protein B, protein A activates “gene b”,
protein B activates “gene a”, protein A inhibits “gene a” and protein B inhibits “gene
b”. And also for a protein to activate a gene, its concentration must be above some
threshold level. This relationship is an example of a gene regulatory network. Gene
regulatory networks are perhaps the most important organization in cells. This
network includes DNA, RNA, protein and small molecules in terms of activation and
inhibition of genes. Proteins activate or inhibit the genes. And proteins are also the
product of gene expression so there is a feedback. So protein-gene mechanisms can

be modeled as differential equations. Turning this information into a set of

16
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differential equations will be examined. For threshold levels, we can use step

functions:

1 X; > 0;

_ b j j
S+(Xj'ej) - {0’ x; < 6 } (2-1)
s‘(xj,ej) =1- s+(xj,6j) (2-2)

Look at the function below, what this tells us is that: let x, be concentration of
protein A, if protein A is above some threshold level T, then, “gene b” is activated at

k, rate.
8b (Xa) = kas+(Xa' Ta) (2-3)

The rate equations express a balance between the number of molecules appearing

and disappearing per unit time.
dXi
o = &) —vix (2-4)

yi 1s degradation constant, since every product is the inhibitor of its production

gene and g is the activation function preserving the characteristics of positive

feedback. - y; can be thought of as negative feedback loop. And now for the figure

2.1, we can write the equations:

ddita = K, * sT(xp, 05) * 57 (Xa, 02) — v, * X, (2-5)
dditb = Ky, * 57 (x4, 01) * s7(xp, 02) — yp, * Xy, (2-6)

Since every protein is the inhibitor of its production, degradation factor is needed.

For x,4if x, is above threshold level 8} and x,is below a threshold level 2, then
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“gene a” is active at k, rate. And the same rule applies to B. If concentration of
protein A is above threshold level 82 and concentration of B is below some threshold
level 87, which means concentration of b will be produced till there is enough

concentration, then “gene b” is active at Ky, rate.

We can write more complex gene regulatory network:

s §

repressor ‘

Repressor complex
repressor

Figure 2.2 A protein and gene relationship.

The positive sign on the arrows means activating and negative sign means

inhibition:
X =k8"(x,,6,) =7, (2-7.1)
X, =k,(1=5"(x,,6,)s7(x3,65,)) — 7,x, (2-7.2)

Xy = K38 (X, 0,,) + K5 (35,05 ) =75, (2-7.3)
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Now look at the figure 2.3 below:

Figure 2.3 A gene-protein relationship, where protein 2 is activator and genel produces protein 1.

i =K, -y 2-8.1)
X =K2S+(x2,921)—}/1x1 (2-8.2)

For x, greater than 6,4, this formula is just K, — ¥, * x,. You know, this formula

has a well-known solution, y£+ e "1t So if you divide 3 dimensional space into
1

threshold states, which means into orthants, then for every box there is a different set

of linear differential equations and no couple.

If you look at figure 2.4, you will see that for different threshold levels, there are
different differential functions. For the bold box, the set of equations are given next
to the figure 2.4. For different regions, this network works different with a different
set of differential equations. In the box, the equations are linear anymore. Any
nonlinear system state space can be divided into linear boxes. This is how we study

nonlinear systems in terms of linear systems. This is called hybridization.
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X T K — V12X
B
marsy ):’.2 = —¥aX,
X3 = K5 — ¥3X3
O3 ¢~
023

Xy = Hy — ViXys

Figure 2.4 Phase space of the model divided into 2x3x3= 18 orthants by the threshold planes. The
state equations for the orthant 0 - x1 < p21, p12 <x2 - max2, and p33 < x3 - max3 is given. (the
orthant demarcated by bold lines). Hidde de Jong. (2002)



CHAPTER THREE
REACHABILITY

In order to understand reachability, first let’s examine discrete states:

Figure 3.1 A system with discrete states

Suppose S1, S2, S3 and S4 are the states of a system and “a” and “b” are the

inputs. Suppose the system is in S1 state now, and inputs are “abbab”, then states
will go through this trajectory: S1- S1- S2- S4- S4- S4. And the system will stay at
S4 whatever the input is. Then we say that S4 is reachable from S1 through
“abb”.let’s say S4 is a bad state, then if you don’t want to go to S4 then your inputs

must be aaaaaa or inputs must be abaaaaa or abab... etc.

And now think about a hybrid dynamic system:

21
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Hybrid Dynamics .
|dz = \‘
»7\7‘( fa(z)
/’_
T ({ (1'2 {
e e T S (v']_g»_-_ _____ 5 —\<
[.77 = fi(x) |m- = fo(x)

x €G3 .

Figure 3.2 A system of Hybrid Dynamics

The figure 3.2 tells us that: suppose you are in statel, then you system acts
according to the equation dx/dt = fj(x) until x belongs to this state, when x €

G,,.Then a new state will appear with a different set of equations.

=229

- s T S — e
/ H EAT\\// \ﬂFl\
'((1; — a(h — T),| I L — _aT '
\ /\\-—»,, .V_/,./\\

T —T < 18°C-

Figure 3.3 A climate system is an example of hybid dynamics system. Le Guernic,C.

(October 28, 2009).

For any system, if we can name a state as bad state, then we can then we can try to
simulate, if any state will go bad state under some conditions, this can be any system
with states, a computer network, or a cell, or a nuclear plant etc. In biological
networks, molecular concentrations, reaction rates and other parameters cannot be
determined with %100 precision. So you need to take a space that contains the

uncertainty of parameter and then make a reachability analysis.
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If we start with a set of points, let’s say PO, then we can compute another set of
points P1 which contains all the points reachable from P0. This set of points must be

chosen in a format of convex polytope.

3.1 Polytopes

A polytope is set of points indicated by linear inequalities:

mxx<bh 3.1

M is a real matrix and b is a real vector. You can find the positions of the vertices
given by the above equations using vertex enumeration method. A polytope example
in 2 dimension: Vertices of the polytope is (1,2);(2,4);(1,3) and inequality equation

1S:

[-0.70711 0.70711] [1.4142]
[ -1 -0 1 x<=[ -1 ] (3-2)
[0.89443 -0.44721 ] [ 0 ]

3.8 |l

3.6

3.4

3.2

2.8

2.6

2.4

2.2

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

X4

Figure 3.4 Polytope indicated by the equation (3-2).
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Another polytope example in 2-dimension. The polytope has the vertices of
(0.90, 1.1), (1.2, 1.3), (1.3, 1.5), (0.95, 4.5). The equation of inequality is:

[0.89443 -0.44721] [0.49193]

[-0.70711 0.70711] x <=[ 0.14142] (3-3)
[ 0.5547 -0.83205] [-0.41603]

4.5

i
1.1 1.15 1.2 1.25 1.3
X1

1 i i
0.9 0.95 1 1.05

Figure 3.5 Polytope indicated by the equation (3-3).

A polytope in 3 dimension would be:

10

Figure 3.6 A polytope in 3 dimension.
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If we choose X, X, and X3 three states, number of vertices must be at least
3+1=4. As you see for 2-dimension the number of the vertices of the polytope is at

least 3, and for a 3-dimension, number of vertices of the polytope is at least 4.

3.2 Polytopes Under Linear Transformation

A polytope’s image is again a polytope under linear transformation. A polytope
can be defined in terms of its vertices. Although we say, it contains all the points, by
only transforming its vertices, all the points are mapped into the new polytope. For

P1=A*PO0:

—\v2 AL A*V2
PO V3 A*V‘Sf A*PO
7‘7__,I‘A=v3
V5 A,@ _— '
v4

Figure 3.7 Transformation of a polytope for P1=A*P0

P contains all the points inside. By only applying Vnew=A*V, where V is the
vertices of polytope, all the points inside P is mapped into P’. This information is
valuable. Calculate the new vertices and take the convex hull of them. This is our

new polytope.
This works for linear reachability. But real models are nonlinear, so you have to

make small time steps and use local linear. A nonlinear system must be linearized if

it is intended to be studied. Linearization is done by using the Taylor’s formula

f(x) = f'(x0) * (x — Xo) (3-4)



CHAPTER FOUR

STUDYING REACHABILITY IN ONE DIMENSION

4.1 Finding Critical Points

In order to understand simulation challenges of reachability in higher dimensions,
first we must come over them in one dimension. In one dimension also finding the
intersection of the polytopes and dividing them into new polytopes are easier, so that

we can focus on other issues of reachability by examining it on one dimension.

Lets say we have this set of equations: x’ vs. x. As you see this is a fixed
partitioned linear system. Between -0.5 and 0.5 it is y=ax, and between 0.5 and 2, it
is y=-x+b and between -0.5 and -2 it is y=-x-1. Let’s discuss the stability of this

system.There are three equations. See Appendix 1 for m-file written in matlab.

X for —0.5<x<0.5
dx
Pl —x+1 for 05<x<2 (4-1)
—x—-1 for -2 <x<-0.5
2 ________________________________________________________________________

Figure 4.1 A fixed partition linear system modeled by the equation (4-1).

26
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Let’s define the critical points of this set of linear differential equations.

d
—=x=0 (4-2)
X=0 is a critical point and unstable. Since dx/dt=1*x and 1 is greater than zero.

The solutionis x = e’. Ast = oo, x moves away from equilibrium point.

d
d—’;=—x+1=0 (4-3)
X=1 1s a critical point and stable. Since dx/dt=-1*x+1=-1 and -1 is smaller than

zero. The solutionis x =1 —e~t. Ast = o, x moves through equilibrium point 1.

d
—=—x—1= (4-4)

X=-1 1s a critical point and stable. Since dx/dt =-x-1 and -1 is smaller than zero.

The solutionis x = —1 — e~t. Ast = o, x moves through equilibrium point -1.

~ — - — — — —
= - " & " .~ .~ -~

-1 0

Figure 4.2 direction flows

To study this set of equations in Matlab, let’s discretize them:

Region 1:

% _ x(k+1D)-x(k) _ _
<= 1 = x(k) (4-5)
x(k+1) =(1+T)*x(k) (4-6)
Region 2:
dx - 2D ® - _yk)—1=0 (4-7)

dt T



xk+1)=1-T)*x(k) =T
Region 3:

dx _ _ x(kt)=x(K) _ _
= - =—=x(k)+1=0
x(k+1D)=0Q-T)*x(k)+ T

So the equation becomes:

x(k+1) =7

—

(1+T)*x(k)
A-T*x(k)+T

1-T)*x(k)—T

for
for

for

—-05<x<05
0.5<x<2

—-2<x<-05

28

(4-8)

(4-9)

(4-10)

B (4-11)

-

And -0.5 and 0.5 are the breakpoints of the system. These points are also critical

for reachability analysis.

Now, let’s choose some starting points and see the trajectories: let’s choose

x(1)=0.2.

— o
- >

-1 0

S 8 R

—
o

0.2

e e e
:& . s
1

The arrows show that, the point 0.2 will go to equilibrium point 1.



0.9

Mw

0.8

29

£
&
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*
)

xk+1)=1-T)*x(k) + T
is applied.

0.7

0.6

0.5 <

After this p

oint another set of equation is applied.

0.4

*
*
*
o
sl:F
&
ok

x(k+ 1) = (1 + T) = x(k) is applied.

0.3

*
Fa
5

0.2 ¢
0

10 20 30 40

Figure 4.3 Trajectory of point 0.2.

50

60 70 80 90 100

If we start at equilibrium points, nothing will change, since dx/dt=0.

(0] 10 20 30 40

50

60 70 80 90 100

Figure 4.4 Trajectory of points starting exactly at equilibrium points.

Let’s choose the points -0.1, 0.1, 1.2 -1.2. Simulating all these 4 points

independently, we obtain:
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(0] 10 20 30 40 50 60 70 80 90 100

Figure 4.5 Trajectories for different starting points.

4.2 Studying with Polytopes

Because of uncertainty of parameters, we choose a set of states which is a convex
polytope. In one dimension, we have to determine 2 vertices. We already saw where

a single point will go:

D <« <« Q> D« <<«

1 0 0.2 1

A 4
A 4

But what about the region between the points 0.1 and 0.2? Without using
polytopes, we have to map all the points between 0.1 and 0.2:
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Ml

0.9

Sk
T

0.8

0.7

0.6

ko K xRl

0.5

RNV NN )
O Sl S D S S

S
%

0.4

ENVRENVARN VN3
T

0.3

sksk
T

0.2

ekl sk ek sk sk
RN R RO

0.1—=%F
0 2 4 6 8 10 12 14 16 18 20

Figure 4.6 The points between 0.1 and 0.2.

There are infinitely many points between 0.1 and 0.2. For this simulation, 0.10,
0.11, 0.12, 0.13, 0.14, 0.15, 0.16, 0.17, 0.18, 0.19 and 0.20 is taken. But intuitively,
we can see that every point between 0.1 and 0.2 will go to the equilibrium point 1.

Since the arrows also show that every point between 0" and 2 will go to 1.

D—<c—<c <« P>t >—Dc<«<«—<«—

1 0 0102 1

A 4
A 4

Figure 4.7 The polytope [0.1 0.2]. The region will flow through 1.

Now let’s use polytopes, we define a polytope by its vertices

_10.8
PO = | (4-12)
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In this region, PO is transformed into a new polytope PO'. POX+! = A x PO + f
and A is:

(1+ T) if POXis in region (0%,0.5) and (—0.5,07)
POK+1 = (1 —T) = POX if POXis in region (0.5,2) (4-13)
(1 —T) *POX — T if POKis inregion  (—2,—0.5)

PO is in region (0.5, 2). So we will apply: POX*1 = (1 — T) * POX + T . In the
figure 4.8 below, the points constituting the above line indicate the first vertices of
PO and the points constituting below line are the second vertices of the PO. The

region between these vertices is all mapped into new P0.

0.98

0.96

0.94

0.92 4

0.9

0.88

0.86

0.84

0.82
0 10 20 30 40 50 60 70 80 90 100

Figure 4.8 Trajectory of polytope [0.8 0.9].
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L ! F“‘l:)::z*f‘"“""I""‘\! ! : :
11 RO N O R S
06 SN S ——
0.94 - T S B S
0.92 T R R SRR RN - : :

- : : : E | POK*l = (1 —T) *PO* + T is
0.9 Poeee- peeeees at---{ applied only.
0.88 benenes feeeees seeeee- FRLEREL beeeees beenee
0.86 s R e
0.84 s TS SRR -
0 50 60 70 8 90 100

Figure 4.9 Trajectory of polytope region with the equation applied.

For y= ax. The equilibrium point is at ax=0; which x =0. Is this a stable or non-
stable point? Since differential is greater than zero, it is nonstable. If you start with
zero, you stay at zero. If you start with any smaller number than zero, you go away

from the equilibrium point.

4.3 Splitting Polytopes around Breakpoints

In previous example, polytope always stood in the region (0.5, 2). What will

happen if the polytope crosses a boundary?
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2 Y~ S -r Y

L S ey E P

1= T ------- rmennns R feommns i Lomnmns beneees 4
Lo PO{1}**t = (1 —T) * PO{1}* + T :

| B S g R

ol e PO{2}f*1 = (1 +T) xPO{2}* | & .

o5k H : ! : : N el ;
PO{3}f*1 = (1—-T) «PO{3}* + T :

. . .
. . .
. . .
. . . .
1 T T ' 1 '
. . . . . . . . . .
N PR (30 NN KNPSO S SR P NI — —(—
. . . 1] . 1l . . .

Figure 4.10 Polytope crossing breakpoints 0.5 and -0.5.

We have to divide the polytope into 3 new polytopes: PO{1},P0{2},P0{3}. Now 3
polytopes will be simulated independently. But it is still not enough. Because P0{2}
contains the point 0 which is an unstable equilibrium point. What to do when a

polytope contains an unstable equilibrium point.

Let’s start with a polytope, PO=[-0.2 0.2]. In this region we have to apply POX+! =

(1 +T) = POX. Take the vertices of the polytope and apply the A*V1 and A*V2
where V1 and V2 are the vertices of the polytope.
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Figure 4.11 The polytope with the vertices -0.2 and 0.2, containing unstable equilibrium point

We started with the vertices of polytope, and take the convex hull of the vertices.

Figure 4.11 tells us that, the region between -0.2 and 0.2 will go to -1 and 1 in 20

step. But it is wrong. The region between -0.2 and 0.2 will either go to -1 or 1. Not

to the re

0.8
0.6
0.4

0.2

-0.2
-0.4
-0.6

-0.8

gion between -1 and 1. The correct simulation would be.

4

.
.

. . .

....... Fe=meemepe=—====q

. ' .

Figure 4.12 The polytope containing unstable equilibrium point is divided
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So, splitting the polytope around unstable equilibrium point would give the
correct trajectory. This was for the case of unstable equilibrium point. Now let’s

discuss the breakpoints.

4.4 Challenges of Splitting Around Breakpoints

P, polytope
i} 00—
N 1
1 0 0102 g

Breakpoint

Figure 4.13 A polytope with the vertices 0.1 and 0.2.

Figure 4.14 Polytope crossing breakpoint 0.5 after n steps.

For figure 4.15, the polytope crosses the breakpoint at 31 step. Now, the region
that falls into the (0.5,2) and (0,0.5) will have different set of equations. So we have
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to split the polytope around 0.5. P03 is splitted into 2 polytopes P0’; and P0’,. Now,
2 polytopes will be simulated differently at each step.

PO%y, | : , | PO
P03 ‘_:-l*
P0? '
|
PO! — :
|
>—fp— <
1

Figure 4.15 PO is splitted into 2 new polytopes around 0.5 which is a breakpoint.

P0O’; polytope is again splitted around breakpoint after one more step. After this
step there will be 3 polytopes. And one more step, there will be 4 polytopes as shown
figure 4.16 below.

—— —_— —
” ,.

N

| P03, | [ Poe= | [Po>= | | Po
POZ,

Iﬁ / | | “ [ Poz | [ Poz |
OH—— e
0 5 1

Figure 4.16 Polytope splitting around breakpoints.
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After some time, the polytope will completely cross the breakpoint, after that the

number of polytopes will stay constant.

r /;_ _; ;_ .—.—'. S polytopes
A ) 4 polytopes
A oy A 3 polytopes
Y ol ,

| 2 polytopes |

H——F P

0 g5 1

Figure 4.17 After 4 step, number of polytopes will stay constant.

4.5 Step Size

We have to determine the step size of linearization and resolution of breakpoints.
The following figure 4.18 show what will happen if we don’t do it accordingly. Let’s
say our vertices of polytope will go according to the equation x(k+1)=(1-

a*T)*x(k)+b, where T is our step size. If T is relatively small:
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At nthstep

>—>—35 5 5 5 3

Figure 4.18 The polytope crossing breakpoint with relatively small T.

If T is relatively large:

At nthstep

H
H
| -

H
H
| N N

H
| N -

Figure 4.19 The number of polytopes decreased according to our T.

So as it can be seen in figure 4.19, if T is large, the polytopes splitted around
breakpoints are less than the polytopes with small T. And also T can be chosen so

large that in one step, it can cross the breakpoint without splitting as in figure 4.20.



1step

>—3 5

breakpoint

Figure 4.20 Polytope can jump over breakpoint in one step with appropriate T.
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But you should be careful here, if T is very large, so that both of the vertices

crosses the attractor. A scenario would be like in figure 4.21:

1 step

Figure 4.21 A scenario that would happen in case of T chosen too large inappropriately.
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4.6 Resolution of Breakpoints

'

D—I—>—le—€—<€

0.1 0.2 0.5

breakpomnt

Figure 4.22 One dimensional polytope with vertices [0.1 0.2] and breakpoint at 0.5.

Look at the figure 4.22, POZ[g';]; after n step P0" has to be splitted around 0.5

n _[0.45 . 2 _[0.45
and PO —[0.52]. The polytope has to be splitted around 0.5. PO 1—[0.5_ and
n _[0.5%]. + . . -
PO 2—[0 52], where 0.5 is the closest point to 0.5 from right. And 0.5 is the closest

point to 0.5 from left. We call it as the resolution of the breakpoint.

The resolution of the breakpoint has to be smaller than the one step displacement

of the polytope. Otherwise the polytope will disappear completely as in figure 4.23.

This data will be lost and at the last all the data will be lost due to our resolution and
small T.
| I—_— '
A 5
0:5*

Y
Y
Y
Y
Y
Y
\/

Resolution Area

Figure 4.23 Breakpoint resolution area
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Even if T is set accordingly, in resolution area data will be lost, but this is a small

portion of data compared to whole. This is illustrated in figure 4.24.

This data will be lost

7 ___— |
= = ;. > W . N
‘ Y |

Resolution Area

Figure 4.24 Data is lost in resolution area.

Another scenario would be like that if polytope is relatively small as in figure 4.25:

Polytope will be completely lost

Resolution area

Figure 4.25 Polytope will be completely lost in resolution area.
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The solution of resolution problem is that: T step size must be relatively large and
polytopes that are smaller than resolution area must be carefully detected and

resolution may be changed accordingly.
4.7 Discussion over Splitting Polytopes Around Breakpoints

If P1 c P2 you don’t have to examine the P1 in one dimension just do it for P2.
If 1NP2 # @ , then take the convex hull of the polytopes and go on with the new

polytope P3 = P1 U P2.

4.8 Studying a Piece-wise Linear Model

' '
' ' ' ' ' '

' ' ' ' ' ' '

K | RO NS NSO, SN W, S———. W S——.
: ' ' '

' '

' '

Figure 4.26 Piece-wise linear model to be studied.

Figure 4.26 shows the piece-wise linear model that we will study. Now we will
apply the techniques we have developed for one dimensional reachability analysis
after writing a suitable program in Matlab and improve it. These simulations are all
done in Matlab.
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Starting with PO = [82] and plotting the trajectory we have:

1 s g
0.98 : e eseeneee
v " T LUUIII: T T
0.96 |------¢%3- V\
P
0.94}--2-- 21 T : : : T T T
g H ; : ¢ ' : !
S SRR SR SR SR R W
« 71| 0898p-p--enee- e i iianians g 1
08p-oereei- N
] DU SO — o] T S i
7Y I SO, — —— — S i
» ' ' ‘ ' :
0.84 |------- fommmnnnnees fennnneeees ommmnnonees ennnneeees fesnnnnnneon
0.82fe--------- C— S— — SR—  SR——
0.85 H H H H H
0 20 40 60 80 100 120

Figure 4.27 Polytope starting with vertices 0.8 and 0.9

In figure 4.28, another polytope PO = [8;] will move away from 0, unstable

equilibrium point and after some time, it will cross the 0.5 breakpoint. Now the

polytope will be splitted as shown in figure 4.29:

0.6

0.55

0.5

0.45

0.4

0.35

0.3 %

0.25 &

0 @ !

Figure 4.28 Polytope crossing 0.5 breakpoint.
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Figure 4.29 Simulating a polytope crossing 0.5 breakpoint

Look at the figure 4.30, If we start with the polytope PO = [:8; 5

3.5

Figure 4.30 Polytope with the vertices of -0.1 and -0.2.

10

12



In case, PO = [:82], figure 4.31 shows the simulation.

-0.8

-0.82 -

-0.84

-0.86

-0.88

-0.92

0.94 %

-0.96
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Figure 4.31 Simulation of polytope of [-0.8 -0.9]. Polytope converges to point -1.

In case, PO = [:1;], figure 4.32 shows the simulation:

- P R
R

-1.05 -

-1.1

*
g
-1.15 gl

-1.2¢

-1.25

-1.3

-1.35

1.4

-1.45

-1.5

0 20 40 60 80 100 120

Figure 4.32 Simulation of polytope of [-1.5 -1.2]. Polytope converges to -1.
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In case, PO = [1;], figure 4.33 shows the simulation:

1.5

1.3

1.25

1.2

S

* L

o
0 20 40 60 80 100 120

Figure 4.33 Simulation of polytope of [1.5 1.2]. Polytope converges to 1.

4.8.1 Breakpoint Resolution and T Step Size Study of the Model

We already saw that for different step sizes, number of polytopes splitted will be
different. Even, if you choose resolution of breakpoint low, and step size relatively
large polytope will disappear as in figure 4.34. And now, let’s simulate it for
different step sizes. Table 4.1 shows the number of polytopes after splitting for

different step sizes.
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Figure 4.34 Choosing T relatively large and resolution low:The polytope data is lost
and only the resolution area is left. Res = 0.1 and T =0.5

Table 4.1 Number of polytopes occuring for different step sizes
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T, step size Number of polytopes
0.01 21

0.05 5

0.1 3

0.5 1

For step size T=0.5, only one polytope completes the simulation. The system

again went to its stable point -1, this time with only 20 steps, without splitting. In

figure 4.36, you can see that polytope jumps over -0.5 breakpoint in one step.

Looking at figure 4.35, you can see the polytopes splitted at breakpoint -0.5. they

cover an area, in every step every splitted polytope needs to be run, so this makes the

computation hard. Choosing a good step size is crucial.
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60 80 100 120

Figure 4.35 Splitting of a polytope around breakpoint for different step sizes, T=0.01, 0.05,
0.1 and 0.5.

The more the splitting, the harder the simulation is. Also simulation can be
impossible if the splitting is so much. Resolution area does not affect the splitting; it

may lose the data instead of splitting. See appendix 2 for m-file written in Matlab.

AS you see in figure 4.36 below, in one step, polytope completely crosses the
breakpoint -0.5. For fixed partition linear systems, in one dimension, PWA systems
and PWL systems, once a polytope crosses a breakpoint, you don’t need to split the
polytope just go on with the crossing one if polytope step size and breakpoint
resolution is set accordingly and polytope crosses one breakpoint at most at one step.
One dimension is easy and we can see that for every breakpoint combination in
piece-wise affine systems, you can only simulate the polytope that crosses the

breakpoint. Others will follow the leading polytope. This is simulated below:



1.2 1.4 1.6 1.8 2 2.2 24 2.6

Figure 4.36 For T=0.5, polytope jumps over the breakpoint in one step.

2.8

-0.85 i
0 20 40 60 80 100

Figure 4.37 Polytope splitted once.
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Zoom:

-0.79

4
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-0.82

-0.83
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Figure 4.38 The splitted polytope in figure 4.37 zoomed.

4.8.2 Discussion of Breakpoints

A polytope in one dimension crossing a breakpoint can be shown as in figure 4.39
below. After splitting two polytopes must be simulated independently. The polytope
on the left that has not been crossed the breakpoint will cross the breakpoint in next
step. So, this splitting will occur repeatedly until the polytope is crosses other side
completely. There are lots of polytopes now, this is hard to compute. But we can find
some effective methods to reduce the number of polytopes to be simulated. Some of

them can be ignored, because there are some equivalent polytopes as shown in figure
4.40.
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Figure 4.39 A polytope crossing a breakpoint.

The polytopes P1, P2, P3 and P4 shown in figure 4.40, all fall into the same

region. We are already computing the trajectory of this area. So we don’t need to

calculate all of them, just one of them is enough; it is the one that is first splitted, that

is P1.

Vi,

\

\\1
|
|

V4
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{

©
I N
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7
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Figure 4.40 Polytopes splitted around breakpoints all fall into the same region.
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So as you see, the vertex of the polytope, that is splitted at the resolution area
produces the same polytope every time. You don’t need to calculate it again and
again. P1 =P2 = P3 =P4. They will already go on the same trajectory with P1. So you
have to check the equality of these polytopes to reduce the number of polytopes to

ease the computation.



CHAPTER FIVE
REACHABILITY OF TMG IN LAC OPERON ONE DIMENSIONAL CASE
FOR DYNAMIC PARTITION

5.1 Model of TMG

Below is a nonlinear differential equation that belongs to lac operon.

at _ 5, 1+K1+T?
dt K+K1%T2

~T (5-1)

K=167.1, K1=0.02 (uM)? and p is a constant whose value may change between 0
and 500. For P=250 you can see dT/dt vs. T in figure 5.1;

dT/dt vs. T

SN

1/
Jd \

0 50 100 150 200 250

Figure 5.1 The equation (5-1), dT/dtvs T.

Critical points are marked with (*). Critical points occur at the points 1.5704,

37.7888, 210.6408. See appendix 3 for m-file written in Matlab.
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dT/dt vs. T

-8

0 10 20 30 40

a

Figure 5.2 Zoom of figure 5.1 around 0.

0 60

55

P is crucial here, for different p, equation has different number of critical points. P

is chosen so that there are 3 equilibrium points to model lac operon.

50

i

=

)
.

-100

-150

-200

-250
0

Figure 5.3 Simulation of the equation (5-1) for different P.
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As you see, for smaller P, equation has only one critical point. But lac operon has
3 critical points. This equation is one dimension and differs from the case we did in

chapter 4 which was piecewise linear as shown in figure 5.4.

Figure 5.4 Piece-wise linear model studied in chapter 4.

Now, let’s study our model for P=250, K=167.1 and K1=0.02, and T is between 0
and 250.

Critical points occurs at=1.5704, 37.7888, 210.6408. and tangents at these
points are -0.9066, 0.6396, -0.6854.

Table 5.1 Critical points of equation(5-1) for P=250

Critical points Tangent | Comment
1.5704 -0.9066 | <0, stable
37.7888 0.6396 | >0, unstable
210.6408 -0.6854 | <0, stable
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So the flow diagram would be as shown in figure 5.5:

dT/dt vs. T

SN

1/
Jd \
e -

-30

0 50 100 150 200 250

Figure 5.5 Direction of flows of T for equation (5-1).
5.2 How to Study Dynamic Partition

First, let’s simulate one point, and then we will apply it to polytopes. First

linearize then discretize it. Linearization is done with the help of following formula:

f(x) = f'(x0) * (X — Xo) (5-2)

Discretization:

dx  x(t+ At) —x(v)
dt At

T(k+ 1) — T(k)
A

= f(T(K)) + ( )lT 1o * (T(k—1) = T(k))

df(T)

T(k+1) =Tk + A * (f(TK)) + == |r=rao * (Tk — 1) — T(K))) (5-3)
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Where T(k-1) is in fact, the point differentiated before. So remember the points of
reachability in one dimension, if an unstable critical point is included in a polytope,
split polytope around the point. Endpoints are crucial and simulate endpoints of the
polytope. In every step, linearize the system and take one step more. PO=[0.1 3 ]

which includes stable critical point 1.5704.

For dynamic partition we take the derivative of the middle point of the polytope,

and linearize it at that point, and then use the polytope transformation as shown in

figures.6.
dT/dtvs. T
30

Linearize the

20 /
/V system at that
1 .
oint
10 : P
1
1
1
1

-10 Polytope PO \
-20

0 50 100 150 200 250

Figure 5.6 Dynamic partition.

This simulation uses forward Euler method. If we start at any point, the points will

go to stable points either 1.5704 or 210.6408 as shown in figure 5.7.



59

250 ! : . . :
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100

50 et

0 20 40 60 80 100 120
Figure 5.7 The simulation of 4 points: 10, 20, 50 and 150.

Now let’s use polytope, to use polytopes we have to linearize the system. We
don’t have to linearize the system in every point, just the points that we need. This is
called dynamic partition. The system is linearized at the middle point of the polytope

and then transformation is applied to vertices and a new polytope is created.

The result is shown in figure 5.8 below, now you can say, every point between 50
and 150, goes to equilibrium point 210.6; and every point between 10 and 20 goes to
another equilibrium point 1.5. Lines consisting of dense points indicate the vertices

of the polytope. See appendix 4 for m-file written in Matlab.
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Figure 5.8 Simulation of two polytopes [50 150] and [10 20].

The simulation in figure 5.9 below belongs to the polytope of vertices [10 100].
This polytope includes the unstable equilibrium point [37.7888]. If we don’t split, we
get the wrong idea that polytope will go to region between 210.6 and 1.5. The points
between 10 and 100 go to the region between 210.6 and 1.5. But this is wrong, the
right simulation would be after splitting the polytopes as shown in figure 5.10. In our
case we know there is an unstable equilibrium point, but normally we don’t know it
and we have to search for the unstable equilibrium points in every step of the
simulation. In our case, we assume that there is an effective and correct way of

finding an unstable equilibrium point.
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Figure 5.9 Simulation of polytope [10 100]. Polytope contains unstable equilibria and simulation gives

wrong result.

The simulation after splitting polytope around unstable point will give the correct
results as shown in figure 5.10. To split, the points close to unstable point is chosen,
which is: point-0.01 and point + 0.01. Now, there are two polytopes that needs to be
simulated. These two polytopes are free of unstable equilibrium point anymore. It is
easy to see that these two polytopes will go to equilibrium points by looking the
arrows in figure 5.5. So we say that the region between 10 and 100, goes to either

points of 210.6 or 1.5, not into the region between 210.6 and 1.5.
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Figure 5.10 The correct simulation of Figure 5.9. Polytope has to be splitted around unstable
equilibria point 37.79.

For polytopes, to compute a region we just calculated two points. In case of
splitting, it is 4 points, instead of several points in case of simulating every point in
region by brute-forcing. This system does not have any breakpoints, so there are no
wrapping effects. In previous case, where our system was piecewise linear, and we
had to consider the wrapping effects of polytope, where in every step; polytope had
to be splitted around breakpoint.

5.3 Uncertainty of Parameter

One of the reachability goals is to simulate the system under uncertain parameters.
The above function takes a polytope with vertices [100 200] and computes all
possible region under uncertain parameter P, between 250-10 and 250+10. See

appendix 5 for m-file written in Matlab.
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Figure 5.11 Simulation of T region between 100 and 200 under uncertain parameter P between 240

and 260.

The starting polytope region falls into this region as steps increases. The last

polytope has the vertices:

>> extreme(X0)
ans =
202.1869
219.0358

This figure is okay. Because, if we simulate a region for P=240 and 260 we obtain
the figure below. This means under uncertain parameter P, polytope will converge to

a region, not a point.
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Figure 5.12 The simulation of polytope of [100 200] for P=240 and P=260.
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CHAPTER SIX
REACHABILITY ANALYSIS IN THREE DIMENSIONAL GENE-PROTEIN
RELATIONSHIP

6.1 Three Dimensional Gene-Protein Relationship

Below is the set of equations we derived in chapter 2. These equations are called
piece-wise linear differential equations. These equations model the discrete nature of
gene-protein relationship. A gene is active, only if the protein that activates the gene
is above the threshold. This is the discrete nature of genes. So, they can be modeled

by piece-wise linear differential equations.

X, =ks"(x,0,) — 7, (2-6.1)
X, = Kz(l_S+(x1’911)s+(x3’931))_7/2x2 (2-6.2)
Xy = K58 (X,00,) H K8 (x5,05,) — 75X, (2-6.3)

This set of equations divide the state-space into orthants and in every orthant,
there is a different set of differential equations. For example, if 6 ,<x,, 6 ,<x;< 6 1,

0 3,<x3< 6 33, then equations become:

x| =K =7, (D
X, =Ky =YX, (6-2)
Xy =Ky =75, (6-3)

This equation divides the state space into 2x3x3=18 orthants. To simulate this
system, I chose the variables as: K;=K,=K3;=K4=20; and y,= y,= y3=2; and 0,; =0,,=
0:1=4, 01,= 03, =8. Below is the orthants that is divided by these thresholds. See

appendix 6 for m-file written in Matlab.
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Figure 6.1 Phase space divided by thresholds.

Every box is an orthant, and in every orthant there are different set of equations.

Now let’s simulate one point using ode functions of Matlab.

6.2 Simulation of One Point by Using Signum Function

Simulation of one point is done using the ode45 function in Matlab. The
simulation is shown in figure 6.2. See the appendix 7 for the m-file written in
Matlab. In our case, the equilibrium points of the equations belonging to the specific
orthant does not lie in the same orthant. These equilibrium points are called virtual

equilibrium points. Every orthant just pushes the point into another orthant.
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Figure 6.2 Simulation of point [1 2 3]. This point is inside orthant 1.

This was the simulation of one point in one orthant; now let’s look at other
orthants. By taking one point in each orthant and simulating them, the below
simulation is obtained. These differential equations are all has stable point. But the
focal point of orthant may not be inside that orthant. In this case, trajectories will
tend towards to near orthant. The focal state of an orthant, in form of x’=k-gx is,
x*=k/g; where in our case, k is 0, 20 or 40, and g is 2. So, the focal points of an
orthant may be 10, 20 or 0. By choosing another g3 as 20, let’s say, for x3, then
another simulation would be as in case in figure 6.4. In this case, the focal point of
one orthant is [20/2, 20/2, 20/20]=[10 10 1] and by chance it is inside that orthant, as

we can see from figure 6.4, because every point leaks into it.
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Figure 6.3 Simulation of middle points taken from every orthant.

cermenano.
~teaaloo

teeaa
Stecaca

-—n -
-———

PR L L
B e ]

3~ -
RN

Semeaal

R L
ceeedecccccbacaaatd

e em—aal

R

3~ -
cSeaaa Y

Figure 6.4 Simulation of every middle point of orthants for different k and degradation values.
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Figure 6.5 Simulation of a random point in orthant 1. This point crosses to other orthants.

6.3 Simulation of One Point Using Hill Function

An hill function is an approximation of step function. You can see the hill curve in

figure 6.6 below with increasing m.

m
J

h (xjaejam)ZW (6-4)

Simulating the same points, using hill and step functions we obtain the figure 6.7

and 6.8 below. As you see, trajectories with hill function are smoother.
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Figure 6.6 Approximation to signum function for threshold value of 4.
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Figure 6.7 Simulation of same points with using hill functions (approximated signum) and signum
function.
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Figure 6.8 Above perspective of figure 6.7.

6.4 Defining Polytopes

Before studying reachability analysis, first let’s look at how we can define
polytopes. The “polytope( )” is a mpt toolbox function that defines a polytope for
given vertices. Let’s take 4 random points between 0 and 1, and define a polytope in
region 1 as in figure 6.9. After running polytopegrid.m, which is a m-file written for

this study and writing the below code to the command window.

>>Pgrid=polytopgrid;P=polytope(rand(4,3));plot(P),hold on, plot(Pgrid(1),’y’)

Polytopgrid is a function that I wrote that divides the space into orthants

determined by the equations and returns a polytope array.
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Figure 6.9 A polytope in orthant 1.

And another polytope example, for another polytope, that is divided by different

regions. Polytope that has the vertices below, rows indicates the point location.

49605 3.6203 2.0137
47653 2.6332 4.9634
3.1833 2.9160 4.4354
3.9869 2.0402 4.3112

This polytope is divided by the 4 orthants as shown in figure 6.10. Polytope bol is

a function written by me that divides the polytope and returns the sub-polytopes as a

polytope array.

>> [P1 KK]=polytope_bol(P,Pgrid)

P1=
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Polytope array: 4 polytopes in 3D
KK =

1 2 4 8
Where KK is the array of id’s of the orthants that divides the polytope. If we plot P1
>>plot(P1)

Figure 6.10 A polytope divided by the orthants. Each color indicates different orthant.

In figure 6.11, 6.12, 6.13 and 6.14 you can see the intersection of the polytope in
figure 6.10 and the 4 orthants crossing that polytope.
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Figure 6.11 Polytope crossing orthant 1.
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Figure 6.12 Polytope crossing orthant 2.



Figure 6.13 Polytope crossing Orthant 4.
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Figure 6.14 Polytope crossing orthant 8.
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As we discussed before in order to continue reachability analysis after polytope
falls into different regions, we have to divide it into sub-polytopes and simulate each
sub-polytope. Below is the simulation of the sub-polytope that is divided by gt
orthant.

N

N S
_\\
—

\
\
=y

Figure 6.15 The sub-polytopes in different orthants are simulated independently.

Polytope simulation makes the computing easier, suppose you want to know
where some region in orthant will go. Without using polytopes, you have to take
several points and simulate each of them which is called brute-force technique. But
using polytopes, you only have to compute the vertices, in our case 4 vertices, under

linear transformation. Brute-force simulation would be as shown in figure 6.16.



Figure 6.16 Brute-force of orthant 1. Random points are simulated.

Above perspective:

Figure 6.17 Above perspective of figure 6.16.
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6.5 Fixed Grid

The system is piece-wise affine all the time, for a piecewise affine system, we can

use “range” function that is included in mpt toolbox. Range function computes the

affine transformation of a polytope. Its usage is: P=range(Q,A,f), where P ={4x + f e

RanEQ}.

In orthant 1, our system is:

x, =0-2x,
%, =20-2x, (6.5)
%, = 40— 2x,

Where f'is a column vector of [0 20 40] and Ais [-2 0 0; 0 -2 0; 0 0 -2].

-2 00
A=10 -2 0
0 0-2

We have to discretize the system so that we can use range function. In order to use
range function, we have to discretize the system in the form of x(k+1)=A*x(k)+B,
where B here is, in fact f. In mpt toolbox, B is used for the vector to use to multiply

with U. In orthant 1,

MV = Axx() +f (6-6)

And so the equation becomes:
x(k+ 1) =(+A*A) «x(k) + Axf (6-7)

And now our parameters are A’=(I+A*A) and £'=A*f; Writing a simple routine in

Matlab and choosing A=0.01.
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d=0.01;
A=[-200;0-20;00-2];
A =(eye(3)+d*A);

B=[0 20 407

f=d*B;

V=rand(4,3);
P=polytope(V)
teknokta(mean(V),1,'signum’)
for k=1:10
P(k+1)=range(P(k),A .f);
end

plot(P)

Where teknokta computes the middle point of the vertices and simulate it as a

point using an ode solver in Matlab. You can see the simulation in figure 6.18.

Figure 6.18 Simulation of a random polytope and the middle point of that polytope for orthant 1.
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As you see, the point inside polytope always stays in the polytope as long as it is
in orthant 1 as shown in figure 6.19. After orthant 1, polytopes will across another
orthant and after that different set of equations must be applied and if polytope falls
into two orthants then it has to be divided into sub-polytopes.

...........................
....................

Figure 6.19 Simulation of random polytope in orthant 1 and middle point of that polytope. In orthant
1.

The points indicated by asterisks (*) are simulated with ode45. As you see, the
point that starts with a polytope, always stay in that polytope. As we go on
simulating, polytope will tend towards another orthant, so it will be divided by the
orthants. The divided part has different color. You can see the simulation in figure
6.20 and 6.21.
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Figure 6.20 Simulation of random polytope and its middle point.

The 2 polytopes that is divided after crossing into another orhant is:

Figure 6.21 These are the polytopes that are the sub-polytopes of PO and simulated independently in
figure 6.20
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Figure 6.22 The simulation of random polytope for 60 step. It goes to equilibrium point and shrinks.

In figure 6.22, you can see the simulation of random polytope for 60 steps. In 60"
step, there are 33 polytopes. See appendix 8 for m-file written in Matlab, for fixed

partition case using piece-wise linear differential equations.
>> Pset
Pset=

Polytope array: 33 polytopes in 3D.

These are the polytopes that belong to Polytope array Pset.
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Figure 6.23 The polytope shrinks as it goes to equilibrium point.

This problem is about the division of polytopes. To overcome this problem, we
can increase step size, so that polytope can jump over the boundary. Choosing

d=0.05;
>> Pget
Pset=

Polytope array: 4 polytopes in 3D

But this time, the trajectory is not as accurate as before, due to the insufficient d.
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Figure 6.24 Choosing delta relatively large so that polytope can jump over the boundary. But this

time, trajectory is not as accurate as before. If we don’t want to divide the polytope then we can use

other methods like dynamic partition. The necessity of division of polytope is discussed in chapter 6.7

6.6 Dynamic Partition

This is the case of dynamic partition. For dynamic partition, I used hill function
instead of step functions and linearize the system at the middle point of polytope, as

we did in chapter 5, for lac T. See appendix 9 for m-file written in Matlab.



85

Figure 6.25 The line indicates the point trajectory by ode45 and polytopes trajectory.

6.7 Compare Fixed Grid and Dynamic Partition

In fixed grid we had to divide the polytopes, this makes the computing complex
and hard to comment, but dynamic partition is much simpler. Do we have to really
divide the polytope for fixed grid? Below simulation in figure 6.26 is alternative to
figure 6.22. This time simulation is done without splitting the polytope. Simulation is
more accurate and computing and programming challenges are easier. See appendix

10 for the m-file written in Matlab.
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Figure 6.26 Simulation of a random polytope in orthant 1 without splitting at the boundaries

If we don’t divide the polytopes, the results are much better for fixed grid. If we
don’t divide the polytope, in fact it is like dynamic partition with signum function

casc.

For fixed grid, vertices do not differ as step increases in particular orthant.
Suppose, we run the vertices and the middle point of the polytope independently.
This won’t make a difference because every vertices or points in that orthant are
characterized by the same linear differential equations. But in dynamic case, the
matrices A and B differs for every vertex of the polytope and middle point. So there

comes the linearization error. See figure 6.27 and 6.28.



X5 0 0

Figure 6.27 Vertices of the starting polytope is simulated using ode45. They differ from the

vertices of the polytope as number of steps increases. This is for case dynamic partition.

Figure 6.28 This is for case of fixed grid. System is characterized by piece-wise linear
differential equations. Vertices do not differ. The difference at the top of the polytope and the

point is due to crossing to new orthant.
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6.8 A Method for Reachability Analysis Using Polytopes

A method that I used for reachability analysis is that, instead of linearizing and
discretizing the middle point. Do these for every vertex, transform them
independently, and take the convex hull of the vertices. This method does not work
for every case theoretically and practically. But for the cases it works, it gives better

results. See appendix for the discussion.



CHAPTER SEVEN
CONCLUSION

In this thesis, reachability analysis for nonlinear systems is examined. First, one
dimensional case is handled, so that reachability analysis challenges are solved and

these methods are applied to 3 dimensional case.

In one dimension, for a piece-wise linear system these were the challenges:

1- How to split polytopes around breakpoints?
Polytopes at breakpoints need to be splitted into sub-polytopes. For this, the
greatest value that is smaller than breakpoint value and the smallest value that
is greater than breakpoint is determined according to our resolution area and

well-chosen step size.

2- How to determine breakpoint resolution and step size?
Breakpoint resolution is determined according to our polytopes size. This is
rather an experimental and intuitive decision. It may change according to areas
that reachability analysis is used. Resolution area cannot be greater than
polytope size. Because polytopes that are smaller than breakpoint resolution
will be lost or will lose relatively large amount of data. For these cases, step
size may be set accordingly, so that polytopes can jump over the resolution
area, but this time the accuracy of analysis will drop down.A trade-off

decision need to be done here.

3- How to ease computing?
Polytopes splitted around breakpoints may be huge. This makes the computing
harder and slow. If any polytope is a sub-set of another polytope, than you
don’t need to run the smaller one. Or if any polytope is in the area of another
polytope’s past trajectory, then we already know that this polytope will follow
the same trajectory. For this, a sub-program may be written. This sub program

runs every time polytope set that will make one step, searching if any new
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splitted polytopes fall into any past trajectory. This sub-program although may
reduce the number of polytopes to be simulated, it slows the program. This
sub-program may speed up, if the past trajectories of the polytopes to be

searched are restricted to some number.

For a detailed analysis of system, these challenges need to be considered. In 3
dimensional case, if our system is fixed grid, than polytope splitting challenges need
to be considered, for small step sizes, computation may be very hard due to
increasing number of polytopes. And I discuss the subject that: For fixed grid, do we

really have to split a polytope. In some cases no, as the case in chapter 6.

For dynamic partition and 3 dimensional cases, challenges are that: polytopes
shouldn’t be much greater relatively, because it will make the errors big. Dynamic
partition is about linearizing the system at quiescent point. If polytope is relatively
big, it will produce large errors at the vertices of the polytopes that are relatively

away from the quiescent point.

For one dimension, the challenges of reachability are examined. Resolution area,
the step size, these are all examined. These experiences will be used for 2 and higher
dimension sets, after that we will be able to make reachability analysis for biological
systems that has uncertain parameters or any nonlinear systems that needs to be

checked for bad states robustness.
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APPENDICES
1- Piece-wise Linear System for Chapter 4

%A piece-wise linear system
hold on

t=-2:0.01:-0.5

y=-t-1;
plot(t,y,'lineWidth',2.2)

grid on

t=-0.5:0.01:0.5
y=t;
plot(t,y,'lineWidth',2.2)

t=0.5:0.01:2

y=-t+1;
plot(t,y,'lineWidth',2.2)

t=-2:0.01:2

y=0*t
plot(t,y,'k','lineWidth',2.2)
plot(y,t,'k','lineWidth',2.2)

2- Reachability Analysis of Piece-wise Linear Model for Chapter 4

%% calisma 13 te iki sira halinde tutacagiz D leri. Dler de adimatacak
%% politoplar olacak, birinci sira ge¢cmisi tutacak, ikinci sira ise, adim
%% atacak

% P1=[0.01 0.749];P2=[0.751 10];P3=[-0.01 -0.749];P4=[-0.751 -10];
% P1=polytope(P1");P2=polytope(P2');P3=polytope(P3');P4=polytope(P4");
% P _cell{1}=P1;P cell{2}=P2;P cell{3}=P3;P cell{4}=P4;

clear

Res=0.0001

P3=[0+Res 0.5-Res ];P4=[0.500+Res 10];P2=[0-Res -0.5+Res];P1=[-0.500-Res -10];
P1=polytope(P1");P2=polytope(P2");P3=polytope(P3');P4=polytope(P4'");

P cell{1}=P1;P _cell{2}=P2;P cell{3}=P3;P cell{4}=P4;

D=[];T=0.5;U0-=1;

DD=polytope([-0.4 -0.49]");a=1;
ext=extreme(DD);
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plot(1,ext,'0");hold on

D{1}=DD;

% D{2,1}=DD;

%%

S=parcala(D{1},P_cell);
D=S;a=1;
renk="rgbkm’;

%%

for n=1:100
leng=length(D);% D parcaladiktan sonra adim atanlar1 tuttugu icin,
%parcalanmig olan1 degil, parcalandiktan sonra adim atani tutar,
%bu yiizden 2 yerine 3 polytope gorebilirsin D nin i¢inde veya 4 yerine 6

kopya D=D;
for k=1:leng

ext= extreme(D{k});
%if abs(ext(1)-ext(2))>10"-6 % end 67de.
i=mod(a,500)+1;
% history D{i}=D{k};a=a+1;

[A fl=ABCD_yeni(D{k},P1,P2,P3,P4);

ext= A*ext+f;

plot(n+1,ext,strcat( renk(1+mod(n,5)),'*"));
%ykm=linspace(ext(1),ext(2),2);
%plot(n+1,ykm)

hold on

R=polytope(ext);

[S a2]=parcala2(R,P_cell);% R politop, Pcell politop cell i.
%calismal5
Rr{1}=R;%% adimatmis politoptur.adimatacak..fonksiyonunun ¢aligmas1 i¢in onu
celle ¢evirdim
% if a2>=2
%%  index=adimatacak history D(kopya D,S);
% index=adimatacak history D(Rr,S);
% S=S(index);
% end
%
%if 1sempty(S {:})==0% bunu sonra sil program hata veriyorsa
if k==1 % burada k vardi, n olarak degisti.
gecici D=S;
else
gecici D =[gecici D SJ;
end
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%end

% end

end

D=gecici_D;
% burada kopya D ile D yi karsilastirip, yeni D yi tekrardan bulacagim.
%function adimatacakD

% index=adimatacakD(kopya D,D); %% tek bir adim 6ncesinde yapilan kopyada
hi¢ i¢cinde olan ¢ikmadi. fonksiyon gereksiz.

% %bunun i¢in alternatif bir yol, bence round yapmak.

% D=D(index);

end
grid on

This m-file uses the functions below:

% this function checks for subset to ease computation.
function [A f|=ABCD_yeni(D N,P1,P2,P3,P4)
e=extreme(D_ N);T=0.01;

if isinside(P1,e(1))& isinside(P1,e(2))
A=1-T;%arasinda ise

=-T;

end

if isinside(P2,e(1))& isinside(P2,e(2))

A=1+T;

% B=-0.5625;
=0;

end

if isinside(P3,e(1))& isinside(P3,e(2))
A=1+T;
=0;



end
if isinside(P4,e(1))& isinside(P4,e(2))
A=1-T;

=T;

end

function [ S a] = parcala2(D_N,P cell)

a=l1;

%S {1}=[];%% bunu sil, eger program hata veriyorsa
%S pargalanmis politopu elinde tutar.

% for j=1:ax
%  p_pol=polytope(p(j,:));
p_pol=D N;
for kk=1:4
P kes=p pol&P_cell{kk};
if isempty(extreme(P_kes))==0
% P gicik(a,:)=[ extreme(P_kes)'];a=a+1;
% plot(k,extreme(P_kes)','b*")
S{a}=P_kes;a=a+1;

% plot(P_kes)
end
end
% end
% a=a-1;

close all

clear
critics(1)=fzero(@(x)250*(1+0.02*x"2)/(167+0.02*x"2)-x,0 );
critics(2)=fzero(@(x)250*(1+0.02*x"2)/(167+0.02*x"2)-x,50 );
critics(3)=fzero(@(x)250*(1+0.02*x"2)/(167+0.02*x"2)-x,150 );

K=167.1;
K1=0.02; %uM
X=0:0.1:250;
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%X=0:0.01:0.02;

P=250;

=P*(1+K1*X."2)./(K+K1*X.*2)-X;

plot(X.,f), hold on

grid on

plot(critics(1),0,"* );plot(crities(2),0,* ):plot(critics(3),0,);

4- Reachability Analysis for Lac-T Chapter 5

clear

P=260;K=167.1;K1=0.02; %uM

X=1;delta=0.1;

A =[1-delta];

X0=polytope([100;200]);R2=X0;U0 =250 +unitbox(1,10);

V=mean(extreme(X0));f tek=extreme(X0);
for k=1:150

X=mean(extreme(X0));
% f=zeros(2,1);

f(1) = delta*[P*(1+K1#X.A2) /(K+K1*¥X.A2)];
% f(2) = delta*[P*(1+K1*X."2) /(K+K1*X. 2)];

% X=mean(f tek);
% f tek=(1-delta)*f tek+delta*[P*(1+K1*X."2)./(K+K1*X.*2)];
% turev=2*K1*X*(K-1)/(K+K1*X"2)"2;f=delta*turev;
X0=range(X0,A,1);
plottekboyut(k,X0,'b*");
%
% struct=system_struct(X0);
% R2=mpt_reachSets(struct,R2,U0,1);
% plottekboyut(k,R2,'r*");
%
% plot(k,f tek,'g*")

end

5- Uncertain Parameter P for Chapter 5.

X0=polytope([50;140]);R2=X0;
U0 =250 +unitbox(1,10);
delta=0.1;

for k=1:150



X=mean(extreme(X0));
S=con_lineerF(X,delta);
X0=mpt_reachSets(S,X0,U0,1);
plottekboyut(k,XO0,'r*")

end
This m-file uses the functions below:

function [sysStruct ]=con_lineerF(point,delta)
P=250;K=167.1;K1=0.02;%K1=9;
A=[-1];Tk=point;
B=(1+K1*Tk."2)./(K+K1*Tk.*2);

C=eye(1);

D=0;

syst=ss(A,B,C,D);
sysStruct=mpt_sys(syst,delta);
sysStruct.ymax = 500; sysStruct.ymin = 200;
sysStruct.umax = 500; sysStruct.umin =200,

function plottekboyut(k,XO0,str)
x=extreme(XO0);
plot(k,x,str),hold on
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6- Dividing the Space into Orthants

function P=polytopgrid();
vertex=[000;400;440;040,004;404,444,044];

000;400:440,040;004;404;444;04 4]);
400;800;840:440;404;804;844;444));
004:404;444;044:008;408;448:;04 8]);
404;804;844;,444;408;808;848;448]);

% P(1)=polytope(
% P(2)=polytope(
% P(3)=polytope(
% P(4)=polytope(

e e s Bapey

matrix=[0 00;400;040,004;444,;440;044;404];
matrix2=[ 08 0;484;480:;084;];
matrix3=[ 8 00;844;840;804];
matrix4=[008;448:;048;408];

matrix5=[ 8§ 8 4; 8 8 0 |;%x y

matrix6=[4 8 8;0 8 8 ];%y z

matrix7=[8 4 8;8 0 8];

matrix8=[8 8 8];

matrix=[ matrix;matrix2 ;matrix3;matrix4;matrix5;matrix6;matrix7;matrix8|

kk=1;



for m=1:length(matrix)
vertex=[000;400;440;040,004;404,444,044];

for k=1:length(vertex)
vertex(k,:)=matrix(m,:)+ vertex(k,:);

end
P(kk)=polytope(vertex);
kk=kk+1;

end

% plot(P)

7- Simulation of one point Using ode45 and Using either hill or signum
function as threshold functions.

function tr=tekNokta(nokta,t,str)
disp('str hill veya hill2 olabilir")
disp(‘satir vektorii olmalidir, nokta.")

%for k=1:kk
if stremp(str,'signum" )

[t y]=odel13(@lacodesignum,[0 t],[nokta]);
Plot3(y(:, 1).y(:.2),¥(:3))
end
if stremp( str,'hill' )
[t y]=odel13(@]acode,[0 t],[nokta]);
plot3(y(:,1),y(:,2),y(:,3),'r)

end
if stremp( str,'global" )
[t y]=odel13(@lacodeGlobal,[0 t],[nokta]);

plot3(y(:,1),y(:,2),y(:,3))

end

%end
tr=y;
hold on

this function uses the functions below:

function dy=lacodesignum(t,y)
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% mu=1;

% dy=zeros(2,1);

% dy(1)=y(2);

% dy(2)=-y(1}+mu*(1-y(1)."2).*y(2);
teta21=4;

teta31=4;teta32=4;

tetal2=8;tetal 1=4;

g1=2;g2=2;03=2;
k1=20;k2=20;k3=20;k4=20;
dy=zeros(3,1);

dy(1)=k1*(hill2(y(2),teta21))-g1*y(1);
dy(2)=k2*(1-hill2(y(1),tetal 1)*hill2(y(3),teta3 1))-g2*y(2);
dy(3)=k3*(1-hill2(y(1),tetal2))+ka*(1-hill2(y(3),teta32))-g3*y(3);

function dy=lacode(t,y)

% mu=1;

% dy=zeros(2,1);

% dy(1)=y(2);

% dy(2)=-y(1yrmu*(1-y(1)."2).*y(2);
teta21=4;
teta31=4;teta32=4;
tetal2=8;tetal 1=4;
g1=2;g2=2;03=2;
k1=20;k2=20;k3=20;k4=20;
dy=zeros(3,1);

dy(1)=k1*(hill(y(2),teta21))-g1*y(1);

dy(2)=k2*(1-hill(y(1),tetal 1)*hill(y(3),teta31))-g2*y(2);
dy(3)=k3*(1-hill(y(1),tetal2))+k4*(1-hill(y(3),teta32))-g3*y(3);

%pbu boliim deneme amacli konulmustur.

% x1=y;

% B=[ k1*(1-hill2(x1(2),teta21));k2*(1-hill2(x1(1),tetal 1)*hill2(x1(3),teta3 1));...
% k3*(1-hill2(x1(1),tetal2))+k4*(1-hill2(x1(3),teta32))]

function dy=lacodeGlobal(t,y)

% mu=1;

% dy=zeros(2,1);

% dy(1)=y(2);

% dy(2)=-y(1yrmu*(1-y(1)."2).*y(2);
teta21=4;

teta31=4;teta32=S;

tetal2=8;tetal 1=4;

g1=2;g2=2;03=2;
k1=20;k2=20;k3=20;k4=20;
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dy=zeros(3,1);

%

% dy(1)=k1*(hill(y(2),teta21))-g1*y(1);

% dy(2)=k2*(1-hill(y(1),tetal1)*hill(y(3),teta31))-g2*y(2);

% dy(3)=k3*(1-hill(y(1),tetal2))+k4*(1-hill(y(3),teta32))-g3*y(3);
global B;global A;

B

A

dy=A*y+B;

8- Reachaiblity Analysis of Fixed grid partition for Chapter 6.

clear
close all
d=0.01;
A=[-200;0-20;00-2];
A =(eye(3)+d*A);% A y1discretize et,
B=[0 20 40]";%
f=d*B;% B yi discretize et.
V=rand(4,3);
P=polytope(V);
teknokta(mean(V),1,'signum');% orta noktayi, 1 sn stiresince simule et.
Pgrid=polytopgrid;
P=polytope bol(P,Pgrid);%polytope is divided if necessary.
Pset=P;%P may be polytope array;polytopes that will be evaluated at each step.
% Pset,:
Pall=[];
for k=1:60
Pset _kopya=Pset;
Pset=[];
Pall=[Pall Pset];
%asagidaki for, Pset te adim atacak olan politoplara adim attirip,
% ardindan, polytope bol fonksiyonu ile boliinmesi gereken politop
% varsa,boldiirir.
for kk=1:length(Pset kopya)

=d*B_signum(mean(extreme(Pset kopya(kk))));% A hi¢birzaman
degismezken,

%f her seferinde degisir. orta noktaya ait olan f yi bulur.

Pset_kopya(kk+1)=range(Pset_kopya(kk),A .f);
[PP KK]=polytope bol(Pset kopya(kk+1),Pgrid);

Pset=[ Pset PP |;

end



Pall=[Pall Pset];
plot(Pset)

end
plot(P,'w")
figure,plot(Pall)

9- Dynamic Partition for Chapter 6.6

clear

close

d=0.01;
A=[-200;0-20;00-2];
A =(eye(3)+d*A);

B=[0 20 407

f=d*B;

V=rand(4,3);
P=polytope(V)
teknokta(mean(V),1,'hill")
Pgrid=polytopgrid;

%  P=polytope bol(P,Pgrid);%polytope is divided if necessary.
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%  Pset=P;%P may be polytope array;polytopes that will be evaluated at each step.

Pall=[];
for k=1:100
Pk=P;
Pall=[Pall Pk]
% for kk=1:length(Pset kopya)

f=d*B_hill(mean(extreme(Pk)));

P=range(Pk,A ,f);

% Pset=[ Pset polytope bol(Pset kopya(kk+1),Pgrid)]

% Pset=[ Pset Pset_kopya(kk+1)];

% end
Pall=[Pall P]

%  plot(Pset)
end

% plot(P,'w")
plot(Pall,'w")
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10- Fixed Grid without Splitting

clear
close all
d=0.01;
A=[-200;0-20;00-2];
A =(eye(3)+d*A);% A y1discretize et,
B=[02040];%
=d*B;% B yi discretize et.
V=rand(4,3);
P=polytope(V);
teknokta(mean(V),1,'signum’);% orta noktayi, 1 sn siiresince simule et.
Pgrid=polytopgrid;
P=polytope bol(P,Pgrid);%polytope is divided if necessary.
Pset=P;%P may be polytope array;polytopes that will be evaluated at each step.
% Pset,:
Pall=[];
for k=1:70
Pset_kopya=Pset;
Pset=[];
Pall=[Pall Pset];
%asagidaki for, Pset te adim atacak olan politoplara adim attirip,
% ardindan, polytope bol fonksiyonu ile boliinmesi gereken politop
% varsa,boldiirir.
for kk=1:length(Pset_kopya)

=d*B_signum(mean(extreme(Pset kopya(kk))));% A hi¢birzaman
degismezken,

%f her seferinde degisir. orta noktaya ait olan f yi bulur.

Pset_kopya(kk+1)=range(Pset_kopya(kk),A ,f);
% [PP KK]=polytope bol(Pset kopya(kk+1),Pgrid);

% Pset=[ Pset PP];
Pset=Pset kopya(kk+1);

end
Pall=[Pall Pset];

% plot(Pset)
end

plot(P,'w")
figure,plot(Pall)
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11- Dynamic Partition Case Linearization at the Vertices and Taking
Convex Hull Method

I must say that this is rather a practical approach than theoretical
approach. Suppose you want to transform a polytope for one step, you first
choose the middle point of that polytope, linearize it there, and transform it
into an other polytope. But, there is another case, for dynamic partition, if the
polytope doesnot include any unstable equilibrium point, take the vertices of
the polytope as points, and simulate the points for one step, then take the
convex hull of the new polytope. This will produce better results. In first
approach, vertices are transformed with the linearization equation that
belongs to the middle point. This will produce errors. But second approach,
vertices are taken as points and simulated. Every point is transformed into
new point and these new points are the vertices of the resultant polytope.
There is no theory saying that you can do this. In fact, this doesnot aggree
with polytope computation. But it gives better results. Why? I don’t know the
exact answer theoretically but intuitively speaking: suppose that two points
are mapped into new 2 points. And we know that every point between these
2 points willl map into the region between those new 2 points for affine
systems or if you can prove this for another system, it will work for it too.
And now you take a pentagon as polytope. Every point between any vertex
will map into the region of the new vertices of the polytope. this works for
every point in the polytope. So there is no drawback using this method. Or
you can think the vertices as the middle points of another polytopes. PO is the
polytope to be studied that is inside the confusing shape. The other polytopes
P1, P2, P3 and P4. Now, you linearize P1,P2,P3 and P4 and transform them
then you are taking a subset of union of these polytopes from the points that
are the range of the vertices of PO. And this method gives better results.
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