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Prof. Ayşın Baytan Ertüzün . . . . . . . . . . . . . . . . . . .
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ABSTRACT

DISTRIBUTED SPECTRUM SENSING VIA ENERGY

DETECTION IN COGNITIVE RADIOS

Energy Detection is widely studied spectrum sensing system to detect signal

energy due to its simplicity and lack of requirement signal characteristics. This thesis

focuses on two main problems on distributed detection of energy detectors. The first

problem is threshold finding in the nodes due to achieve constant false alarm probability

(PF ) for binary decisions. The second problem is to derive optimum quantization of

node observations due to minimum distortion and to give a expression on number of

bits should nodes quantize their observations. For adaptive threshold finding, two

algorithms are proposed. The first algorithm depends on minimizing the distance

between instantenous PF and desired PF by Netwon’s method. This algorithm is

implemented for both mathematically calculated and estimated PF values. The second

algorithm depends on generating a discrete random variable and comparing it with the

previous decision in every iteration. By this algorithm, system adjusts its threshold

to any changes in the noise variance and works totally independent from PF (λ). In

the second focus of the thesis, minimum distortion quantization of two hypothesis

together is derived for Lloyd-Max algorithm and its performance is observed. Number

of quantized bits of observations is also in the scope of this thesis. A lower bound

on rate-distortion function is derived for the signal which consists of two hypotheses.

Another approach on number of bits is handled by Chernoff bound which allows to

compare performance of different bit quantizatons.
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ÖZET

BİLİŞSEL RADYOLARDA ENERJİ ALGILAMA İLE

DAĞINIK SPEKTRUM SEZME

Uygulama kolaylığı ve sinyal karakteristiklerine ihtiyaç duyamaması sebebiyle

enerii algılama, spectrum sezme metodu olarak literatürde genişçe çalışılmış bir yöntemdir.

Bu tez kapsamında, iki ana enerji algılama ile dağınık spektrum sezme problemine

odaklanılmıştır. İlk problem tek bit karar veren algılama cihazlarında yanlış alarm

olasılığını sabit düzeyde tutacak eşik değeri bulan algoritma geliştirmektir. İkinci prob-

lem ise gözlem kuantalanmasında en az bozulmayı sağlayacak kuantalama sevıyelerinin

ve değerlerinin elde edilmesi ve algılama cihazlarının gözlemlerini kuantalayacakları bit

sayısını elde etmek. Adaptif eşik değeri bulmak için iki algoritma önerilmiştir. İlk

algoritma Newton yöntemini kullanarak anlık PF ve istenen PF arasındaki uzaklığı

azaltmak üzerine kuruludur. Bu algoritma matematiksel olarak hesaplanmış PF için

de, kestirilmiş PF değeri için de uygulanmıştır. İkinci algoritma her bir iterasonda

yeni bir ayrık raslantı değişkeni oluşturup, bu raslantı değişkenini bir önceki algılama

kararı ile karşılaştırarak çalışmaktadır. Bu algoritma, sistem eşik değerini gürültü

varyasındaki her türlü değişime göre ayarlayabilmekte ve matematiksel PF (λ) fonksiy-

onundan tamamen bağımsız çalışmaktadır. İkinci problem için, Lloyd-Max algoritması

ile, iki hipotezin birlikte en az bozulma ile kuantalaması bulunmuş ve performansı

gözlemlenmiştir. Kuantalanan bit sayısı da ayrıca bu problem altında incelenmiştir.

Iki hipotezin birleşimi olan sinyal üzerinden oran-bozulma fonksiyona bir alt sınır elde

edilmiştir. Ayrıca farklı bir yaklaşım olarak, kuantalanmış gözlemler için Chernoff sınırı

elde edilmiş ve bu sınırla farklı bit kuantalamaların performansları karşılaştırılmıştır.
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1. INTRODUCTION

Cognitive Radio (CR) is a tranceiver based system to find and communicate

through unused spectrum holes. The motivation of CR is the current under-utilization

of spectrum bands. According to the spectrum occupancy studies in several different

cities around the world [1–3], the spectrum is used inefficiently. Even though the spec-

trum bands are assigned to users for long terms and high prices, many communication

bands are underutilized because of their technology or number of users. As a result of

long-term occupancies, it is an expensive and difficult task to change the technology

and use the bands more efficiently.

To solve this problem, the idea of a more intelligently working radio is proposed

in [4] and [5]. CR is thought to be a secondary user of the frequency band, using the

empty spectrum channels for its communication without affecting the primary user

of the band. By this technology, the primary owner of the band can still guarantee

quality of communication service to its users, while the secondary users’ service quality

depends on the usage of the band by the primary users.

CR has four main functions to form its intelligent structure [6]. The spectrum

sensing function senses the channels of the band for the primary user existence. When

a primary user is detected at a channel, CR transmission should vacate the channel in a

pre-defined time interval and continue its transmission from another available channel

if it exists. This functionality is called spectrum mobility. Before implementing the

spectrum mobility, the best available channels have been chosen by spectrum decision

function. Besides, the spectrum mobility also depends on spectrum sharing functional-

ity which is to choose spectrum hole by taking capacity requirements of other secondary

users into account.
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1.1. Spectrum Sensing

The spectrum sensing is the key feature of CR due to unknown properties of the

primary user transmission and avoidance of disturbance to primary users. Although

the latest developments in CR regulation favor the database approach [7] instead,

spectrum sensing can provide reliable opportunistic spectrum access in dynamic and

unpredictable environments. Furthermore, spectrum sensing in CR is not taken as

obsolete and studies on spectrum sensing goes on literally.

There are several proposed methods for signal detection [8]. Most of the methods

depend on taking samples to detect analog signal Wave-form based sensing is a method

which senses by taking correlation between received signal samples and known signal

pattern. This method performs well with help of the knowledge of signal pattern [9].

The matched filter is a proposed method for the signal detection which is thought

to be optimum sensing model [10]. It is also the only sensing model which can be

implemented without sampling among others. But it requires perfect knowledge of the

signal and has high complexity. Another proposed method is cyclostationarity-based

method which differentiates the noise from the signal by noise’s wide sense stationarity

and redundancy of signal periodicities [11]. It can be implemented with or without

knowledge of cyclic frequencies of the signal. Radio identification based sensing method

depends on monitoring and identifying the transmission technology of the primary

user [12]. Such an identification provides higher accuracy and higher dimensional

knowledge. There are other proposed sensing methods such as multitaper spectrum

estimate and wavelet based detection but our focus for this thesis will be on energy

detection (ED).

1.2. Energy Detection

As introduced in the previous section, ED depends on comparing the sum of

squares of the signal samples with a threshold. According to well known study of

Urkowitz [13], energy of time and band limited signal can be approximated well by

sum of finite number of squared samples. As the number of samples increases, the
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approximation of signal energy becomes better and detection performance increases.

This model proposes that when the signal exists, it is assumed to be Gaussian with

non-zero mean. For a good comparison on other ED signal models, one can read [14].

In our signal model, the output of ED is chi-square distribution in the case of absence

of signal. When the signal exists, the output is noncentral chi-square distribution,

which has a noncentrality parameter that depends on Signal-to-noise ratio (SNR) of

the signal.

According to the analysis of detection with high noise uncertainity and low SNR,

when the SNR is below a certain value, the signal is not detectable regardless of how

many samples are taken. This certain SNR level is called SNR wall, and this concept

is introduced in [15,16].

For the case when the signal exists, the signal faces fading effect due to wireless

medium. Small scale flat fading channel models such as Rayleigh, Nakagami, Rician

are widely studied by Digham in [17, 18]. As large scale fading, log-normal shadowing

channel is evaluated early by Ghasemi [19] and more widely studied by Atapattu in [20,

21] by mixing small scale fading channels. The fading channels are mostly handled by

assuming SNR value as a random variable. It is assumed to be constant in additive

white gaussian noise (AWGN) channel and has different random characteristics for

different channel models. Also, the multi-antenna energy detection is studied under

antenna correlation in [22].

Fusion Center . 
. 
. 
. 
.

CR Node

CR Node

CR Node

Primary User

Observation

Observation

Observatio
n

Report Data

Report Data

Report D
ata

Figure 1.1. Distributed Spectrum Sensing in Cognitive Radios.
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Since the fading and low SNR cases affect the sensing performance, distributed

sensing is studied widely in the literature. In this thesis, a central unit which is called

fusion center exists to gather node sensing data and make final, more reliable decision

on the signal existence in the certain channels (Figure 1.1). There are also ad hoc

mode studies in the literature [23] which are out of the scope of this thesis. Distributed

spectrum sensing studies differ in their data fusion methods and transmitted data of

each sensing node. Soft (output of ED) and hard (detection results of each node) data

can be transmitted from the nodes. For equal number of sensing users, soft data deliver

better performance. According to [24], performance of soft data can be outperformed

by hard data as number of sensing nodes gets larger. As data fusion method in this

thesis, we adopt equal gain combining which consists of summing the node sensing data

and comparing it with a threshold. Other combining methods are selective combining,

switch and stay combining [17].

Hard data can be called single bit decision of sensing node. Since it depends on

sending only one bit to the fusion center, the performance is vulnerable to bit error

probability (BEP) in the reporting channel between sensing nodes and fusion center [25,

26]. Moreover, the performance improvement by feedback from fusion center to sensing

nodes is studied for Bayesian [27, 28] and Neyman-Pearson hypothesis testing [29].

Robust decision making in the presence of malicious nodes is studied in [30].

Inevitably, there are many studies for optimization of data fusion with different

perspectives. For data fusion by weighted sum of soft data, optimization of weights

is solved with simplified problem as maximum ratio combining in [31] and without

simplification in [32]. Moreover, optimal thresholds of both fusion center and nodes

have been studied for hard data in [33, 34]. Optimization studies have continued not

only on detection of the signal in one band but several bands. Optimum multi-band

sensing studies are handled in [35,36].
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1.3. Adaptive Methods

Adjusting threshold adaptively is another challenging problem due to difficult

mathematical calculation of desired threshold and changing variance. In the literature,

there are lots of studies to adjust threshold due to estimation on noise power [37],

although computational difficulty of threshold still exists. A good study on the perfor-

mance of the estimated variance case with an original SNR wall phenomenon can be

found in [38].

Another perspective is to estimate instantenous probability values to adjust thresh-

old. For Bayesian hypothesis testing, a threshold updating approach which minimizes

the Bayesian risk is proposed in [39] with estimation of probability and similar approach

is proposed for Neyman-Pearson hypothesis testing in [40].

As another aspect, there are simpler proposed algorithms which obey neither

Bayesian nor Neyman-Pearson detection rules to adjust threshold. An algorithm is

proposed in [41] to adjust thresholds with a technique from image binarization liter-

ature. Alternatively, thresholds can be updated with pre-defined constant additions

when the signal exists [42].

1.4. Quantization of Observations

Even though adaptive algorithms for threshold finding are studied for hard data

case, quantzed observations are generally derived mathematically in the literature.

There are several studies which derive the formulation of performance [43, 44] in the

literature of quantization of observations in CR.

As we include quantization of observations in CR and before CR, many stud-

ies exists to find optimum quantization levels and thresholds. An older study [45]

derives optimum quantizer for minimum distortion, asymptotically. For derivation of

optimum quantizers, deflection coefficient [46] is used as the optimization criterion.

According to the deflection coefficient, the optimum quantization levels for quantiza-
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tion the thresholds are derived in [47,48], analytically. Also, for more simplified version

of deflection coefficient (which is the difference of means of quantized observations),

optimum quantization levels and thresholds are derived in [49].

Another aspect for the quantization of observations is the number of bits, which

observations will quantize to keep desired performance. The question of how many bits

is already studied as rate-distortion theory in quantization literature for minimum dis-

tortion [50]. This question for quantization of observations is also studied by Chernoff

bound on error for detection literature [46]. This bound gives a performance measure

for detection and is well studied for sensing observations in [51].

1.5. Outline

The rest of the thesis is organized as follows. In Chapter 2, signal model and prob-

ability derivations with or without distributed sensing are presented. In chapter 3, two

adaptive threshold finding methods are proposed. The first algorthm implements the

threshold finding by minimizing the distance between desired and instantenous proba-

bility of false alarm (PF ) values with Newton’s method and the second algorithm finds

the threshold by generating a discrete random variable and comparing it to previous

decisions, iteratively. Chapter 4 presents optimum minimum distortion quantization by

Lloyd-Max algorithm with its performance. Chapter 5 presents mathematical deriva-

tions on the question of “How many bits should nodes quantize their observations?”. To

achieve a mathematical expression on this question, rate-distortion theory and Cher-

noff bound are considered, separately. Finally, Chapter 6 gives the concluding remarks

and directions for future works.
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2. SIGNAL MODEL AND ANALYTICAL DERIVATIONS

2.1. Signal Model for Energy Detection

The received signal for two hypothesis represented as

y(t) = n(t) H0 (white space),

y(t) = hj · s(t) + n(t) H1 (occupied)
(2.1)

where y(t) is the signal received by the CR node, s(t) is the transmitted signal of the

primary user, n(t) is AWGN with zero mean, and hj is the gain of the channel of the

jth sensing node, respectively. H1 represents the case that transmission exists, and H0

represents the case when there is no transmission by the primary user.

Figure 2.1. Block Diagram of Energy Detector.

The block diagram of energy detector for a desired band is shown in Figure 2.1.

The received signal first passes through bandpass filter with desired bandwidth. Then,

the output of the filter is squared and integrated over the desired sensing time interval

to get a measure of energy of the received signal. The output is compared with a

threshold for detection purpose.

There are two cases for deterministic signal detection: known or unknown noise

power spectral densities (PSD). For the known noise PSD, transfer function of bandpass

filter is

Hbandpass(f) =

{ √
2
N0
, |f − fc| ≤ W

0, |f − fc| > W
(2.2)

where fc is central frequency, W is bandwidth of observation, and N0 is one-sided PSD.

Two-sided PSD equals half the value of one-sided PSD (N02 = N0

2
). With this transfer
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function, bandpass filter normalizes the variance of the noise.

According to the sampling theorem [52], noise can be expressed as

y(t) = n(t) =
∞∑

i=−∞

nisinc(2Wt− i) (2.3)

where ni = n
(

i
2W

)
∼ N (0, N0W ). N (a, b) represents Gaussian distribution with mean

a and variance b. By using

∫ ∞
−∞

sinc(2Wt− i)sinc(2Wt− j)dt =

 1
2W
, i = j

0, i 6= j,
(2.4)

integral of the squared signal at Equation 2.3 can be written as

∫ ∞
−∞

n2(t)dt =
1

2W

∞∑
i=−∞

n2
i . (2.5)

The observation which is the output of energy detector (Figure 2.1) is

OH0 =
1

N02

(∫ T

0

n2(t)dt

)
=

2

N0

(∫ T

0

n2(t)dt

)
' 2

N0

(
1

2W

M∑
i=1

n2
i

)
=

M∑
i=1

ń2
i (2.6)

where T is the observation interval and ńi = ni√
N0W

∼ N (0, 1). In this formula, M is

number of the samples taken to approximate the energy of noise. M should be chosen

sufficiently large for a good approximation. Sufficient number of samples is M = 2TW

due to [13]. This result is obtained by certain fall off at eigenvalues of band and time

limited functions, when more than 2TW samples are taken [53]. In other words, first

2TW sampled band and time limited eigenfunctions has obvious higher eigenvalues

than the eigenfunctions with higher samples. The interval between each two samples

is T
M

.

According to sampling theorem, when the signal exists, the received signal can
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be expressed as

y(t) = hj · s(t) + n(t) =
∞∑

i=−∞

(h · si + ni)sinc(2Wt− i) (2.7)

where si = s
(

i
2W

)
. The output of the ED can be expressed similar to Equation 2.6.

OH1 =
2

N0

(∫ T

0

(hj · s(t) + n(t))2dt

)
' 2

N0

(
1

2W

M∑
i=1

(hj · si + ni)
2

)
=

M∑
i=1

ś2i (2.8)

where śi = (h·si+ni)√
N0W

∼ N
(

h·si√
N0W

, 1
)
. Furthermore, the two resulting distributions under

H0 and H1 are

OH0(j) ∼ χ2
M

OH1(j) ∼ χ2
M(M

h2j ·s2i
N0W

) = χ2
M(Mγj)

(2.9)

where γj is SNR value for jth node, χ2
M is the central chi-square distribution, and χ2

M(a)

denotes the noncentral chi-square distribution with a noncentrality parameter [54].

If the PSD of the noise is not known, the transfer function of the bandpass filter

can be

Hbandpass(f) =

{
1, |f − fc| ≤ W

0, |f − fc| > W.
(2.10)

without normalizing the PSD of noise. As a result of this transfer function, every

sample is square of a gaussian random variable with variance σ2
n = N02. Resulting

distributions of the output of energy detector can be shown as,

OH0
(j)

σ2
n

∼ χ2
M

OH1
(j)

σ2
n

∼ χ2
M(Mγj).

(2.11)

Due to the band-pass filters, in-phase and quadrature (I/Q) components of the
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signal may need to be considered. But according to derivations in [13], taking the I/Q

components into account does not change the result of the formulations.

2.1.1. Energy Detection with Central Limit Theorem

If the number of samples is asymptotically large, the output of the energy detec-

tor can be assumed to be Gaussian due to Central Limit Theorem (CLT). But there is

still a small difference between exact Chi-square distributions and Gaussian approxima-

tion regardless of how many samples due to nonnegativity of squared sample random

variables. For the energy detector which normalizes the noise variance with filter in

Equation 2.2, the output distributions are [32]

OH0(j) ∼ N
(
M, 2M

)
OH1(j) ∼ N

(
M(1 + γj), 2M(1 + 2γj)

)
.

(2.12)

If the variance of the noise is unknown and a filter with transfer function (2.10) is used,

the output distributions become

OH0(j) ∼ N (Mσ2
n, 2Mσ4

n)

OH1(j) ∼ N (Mσ2
n(1 + γj), 2Mσ4

n(1 + 2γj)).
(2.13)

2.2. Probability Derivations

Derivations of PF and probability of detection (PD) for the ED are represented in

this section. PF is the probability of deciding H1 when H0 is true and PD is probability

of detecting H1 when H1 is true.
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2.2.1. AWGN Channel

Probability density functions (PDF) of the output of the ED in Equation 2.9 are

chi-square and noncentral chi-square distributions [54],

H1 : f1(x) =
1

2
exp

(
− x+Mγ

2

)[
x

Mγ

]M
4
− 1

2

IM
2
−1(
√
Mγx) (2.14)

H0 : f0(x) =
x
M
2
−1e−

x
2

2
M
2 Γ(M

2
)

(2.15)

where M is number of samples, γ is received SNR, Γ(.) is gamma function, and Im(.)

is mth order modified Bessel function of first the kind [54]. Modified Bessel function

of first kind has a series expansion as

Im(t) =
∞∑
k=0

( t
2
)m+2k

k!Γ(m+ k + 1)
. (2.16)

For finding PF , integration of f0(x) yields regularized upper incomplete gamma function

which is examined at Appendix A. Index of this function (u) represents its property

of being upper.

PF (λ) =

∞∫
λ

f0(z)dz = γu

(
M

2
,
λ

2

)
(2.17)

This equation can be calculated by the finite summation of Eq. A.4 if the number of

samples (M) is even.

PD can be found by integrating f1(x) which can be expressed as Marcum Q

function [55],

PD(λ) =

∞∫
λ

f1(z)dz = QM
2

(
√
Mγ,

√
λ). (2.18)



12

where

Qc(a, b) =

∞∫
b

z
(z
a

)c−1
e−

z2+a2

2 Ic−1(az)dz, c ≥ 1 (2.19)

In the AWGN channel, γ value assumed to be constant and same at each node. In

other channels, derivations become more complicated due to random γ values.

2.2.2. Rayleigh Channel

Under the Rayleigh fading channel, the signal amplitude follows the Rayleigh dis-

tribution. Therefore, γ follows the exponential distribution. PDF of γ in the Rayleigh

channel SNR value is

f(γ) =
1

γ
exp(−γ

γ
) (2.20)

where γ is the mean received SNR value of CR nodes. Furthermore, PD depends on

Eq. 2.20 for determining γ and equation. 2.14 for determining Oi of the current node

in the Rayleigh fading channel. PD is calculated as [17]

PD(x) = e−x/2

M
2
−2∑

i=0

1

i!

(x
2

)i
+
(1 + γ

γ

)M
2
−1
[
e−

x
2(1+γ) − e−

x
2

M
2
−2∑

i=0

1

i!

( xγ

2(1 + γ)

)i]
. (2.21)

2.3. Distributed Spectrum Sensing

Distributed sensing is achieved by a fusion center which gathers test outputs

(ui) of each node (Figure 2.2). These test outputs may be binary decisions, several

bit quantization of observations(Oi) or soft data of Oi itself. In the next subsections,

formulation of PF and PD is represented for different type of test outputs.
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Figure 2.2. Block diagram of Distributed Spectrum Sensing.

2.3.1. Sum of Binary Decisions

In this case, every CR node sends 1 bit decisions about the signal existence to fu-

sion center. Because of only one bit, performance is free from the values corresponding

to each bit. In this study, 1 bit decision is taken zero for H0 case and one for H1 case.

In the formulation of sum of binary decisions, fusion center threshold (λC) is assumed

to be an integer. A non-integer λC does not change the performance.

Sum of the binary decisions can be taken as binomial distribution and PF and

PD can be calculated as [56]

PD,C(λC) =
N∑

k=λC

(
N

k

)
(1− PD)N−k(PD)k (2.22)

PF,C(λC) =
N∑

k=λC

(
N

k

)
(1− PF )N−k(PF )k (2.23)

where N is number of sensing nodes, PD,C(λC) and PF,C(λC) are probability values at

fusion center and PD and PF are local probability values at nodes.

As Neyman-Pearson detection rule requires to keep PF at a desired level (α),

threshold should be chosen due to inverse of Equation 2.23. As a reason of discrete

behaviour of sum of binary decisions, Equation 2.23 may not be able to guarantee

a λC value which achieves PF (λC) = α for any α. Furthermore, a probability value

(r) defined as randomization parameter is included [46]. When λC equals to sum of

binary decisions, fusion center decides H1 by randomization of r probability to maintain



14

PF (λC) = α. By randomization, PF,C formula becomes

PF,C(λC , r) =
N∑

k=λC+1

(
N

k

)
(1− PF )N−k(PF )k + r

(
N

λC

)
(1− PF )N−λC (PF )λC (2.24)

where

r =
α− PF,C(λC + 1)

PF,C(λC)− PF,C(λC + 1)
(2.25)

and α is desired PF . It can be noticed that r is calculated from α and PF (λC) without

r.

By the same method, PD can be calculated by

PD,C(λC , r) =
N∑

k=λC+1

(
N

k

)
(1− PD)N−kP k

D + r

(
N

λC

)
(1− PD)N−λCP λC

D . (2.26)

2.3.2. Sum of Soft Decisions

In this case, we assume that the output of the ED is directly sent to the fusion

center as ui (Figure 2.2) and all gathered soft ui values summed at the fusion center.

This sum is compared with λC by fusion center to detect. This method is called equal

gain combining. The sum of ED observations are again chi-square or noncentral chi-

square distributions with multiplied degree of freedom with number of users (N) [17].

OH0(Nusers) ∼ χ2
NM (2.27)

OH1(Nusers) ∼ χ2
NM(MγT ) (2.28)

where γT is sum of SNR values of nodes,

γT =
N∑
i=1

γi. (2.29)
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Furthermore, PF,C(λC) and PD,C(λC) can be calculated with a similar way with

the case without cooperation.

PF,C(λC) = γu

(
MN

2
,
λC
2

)
(2.30)

PD,C(λC) = QMN
2

(
√
MγT ,

√
λC) (2.31)

For AWGN channels, γT can be calculated by multiplying the SNR of the received

signal at the nodes by N [17], if each node is assumed to have same received signal

SNR.

γT = Nγ (2.32)

Since SNR has exponential distribution in Rayleigh channel,

fγi(x) =
1

γ
e−

x
γ , (2.33)

γT can be calculated by

fγT (x) =
1

γN
xN−1

(N − 1)!
e−

x
γ (2.34)

which is the distribution of the sum of exponential random variables [56]. Since the sum

of two independent random variables is the convolution of their PDFs, this distribution

can be derived by taking convolution of exponential distributions several times.

2.3.3. Sum of Quantized Observations

The sensing observation of a node can be sent to the fusion center in multiple bits

which has performance between the previous two cases. Since the number of bits that

should be sent is a design criterion, the formulation of the performance of the multiple
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bit observations is presented in this section.

Even though there are probability derivations of fusion of several bit observa-

tions by binomial distribution in the literature [44], a more generalized probability

formulation is derived in this subsection. To evaluate the formulation, discrete PDF of

quantized observations is used as if it is continuous by

fq,j(x) =
m∑
i=1

pj(qi)v(qi − x) (2.35)

where

pj(qi) = Pr(λi+1 > z ≥ λi) =

∫ λi+1

λi

fj(z)dz (2.36)

and

v(x) =

{
∞, x = 0,

0, otherwise,
,

∫ ∞
−∞

v(x)dx = 1 (2.37)

where fq,j(x) is continuous PDF of quantized observation of Hj Hypothesis, qi values

are the quantization levels, λi values are the quantization thresholds, and fj(x) is the

output distributon of ED of Hj Hypothesis.

Calculation of the sum of discrete quantized data of sensing nodes can be calcu-

lated by convolution [57,58]. Convolution of two quantized random variables is

f2users,j(x) =

∫ ∞
−∞

flocal,j(z)flocal,j(x− z)dz

=

∫ ∞
−∞

[
m∑
a=1

pj(qa)v(qa − z)

][
m∑
b=1

pj(qb)v(qb − x+ z)

]
dz

=
m∑
a=1

m∑
b=1

pj(qa)pj(qb)

∫ ∞
−∞

v(qa − z)v(qb − x+ z)dz

=
m∑
a=1

m∑
b=1

pj(qa)pj(qb)v(qa + qb − x), (2.38)
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which is the summation of m2 elements. By using convolution for each users data, this

can be generalized on

fNusers,j(x) =
m∑
a=1

m∑
b=1

m∑
c=1

. . . pj(qa)pj(qb)pj(qc) . . . v(qa + qb + qc + · · · − x) (2.39)

which is the summation of mN elements. There are N summation symbols where each

symbol is for quantization levels of a sensing node.

The good thing about this summation is that the x variable is only in v(.). This

eases the calculation of PF,C . By taking integral from λC to∞, the probability of false

alarm becomes

PF,C(λC) =
m∑
a=1

m∑
b=1

m∑
c=1

. . . p0(qa)p0(qb)p0(qc) . . . s(qa + qb + qc + · · · − λC) (2.40)

where

s(x) =

{
1, x ≥ 0,

0, x < 0.
(2.41)

Since Equation 2.40 depends on a discrete random variable, it still requires a

randomization probability r to achieve the desired PF,C value (α). This randomization

can be added by an update at s(x) function.

PF,C(λC , r) =
m∑
a=1

m∑
b=1

m∑
c=1

. . . p0(qa)p0(qb)p0(qc) . . . s
′(qa + qb + qc + · · · − λC) (2.42)

where

s′(x) =

{
1, x ≥ 0,

r, x < 0,
(2.43)
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and

r =
α− PF,C(λC)

1− PF,C(λC)
. (2.44)

In the fusion center, this randomization is done when the sum of data is below the

threshold. Fusion center decides that the signal exists when the sum is above the

threshold. When the sum is below the threshold, fusion center does randomization and

again decides the signal exists with probability r to maintain PF,C = α.

For Neyman-Pearson hypothesis testing, λC should be calculated from inverse

of PF,C function. Since Equation 2.42 is not invertible, its inverse can be taken by

numerical methods such as bisection method. In the analysis of this thesis, the inverse

of the Equation 2.40 is calculated by bisection method to find λC and r is calculated

using 2.44.

Similarly, PD,C can be calculated on

PD,C(λC) =
m∑
a=1

m∑
b=1

m∑
c=1

. . . p1(qa)p1(qb)p1(qc) . . . s(qa + qb + qc + · · · − λC) (2.45)

and

PD,C(λC , r) =
m∑
a=1

m∑
b=1

m∑
c=1

. . . p1(qa)p1(qb)p1(qc) . . . s
′(qa + qb + qc + · · · − λC). (2.46)

2.3.4. Sum of Observations with Central Limit Theorem

The formulation of summed decisions for all cases of data is already given in

the previous sections. According to the CLT [56], when the number of users is large

enough, it is possible to approximate probability values by assuming that the sum has

as Gaussian distribution. This makes formulation easier.
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Probability values of the sum is

PD,C(λC) = Q

(
λC −Nµ1√

Nσ1

)
(2.47)

PF,C(λC) = Q

(
λC −Nµ0√

Nσ0

)
(2.48)

where µ1, µ0 are mean values and σ2
1, σ2

0 are variance values of H1 and H0 hypotheses,

respectively. These values can be found in Section 2.1.1.

Furthermore, for desired PF (α), λC can be calculated by

λC = Q−1(α)
√
Nσ0 +Nµ0. (2.49)

which requires calculation of inverse of Q function. By putting this to PD,C formula,

we can get [32]

PD,C(α) = Q

(
Q−1(α)

√
Nσ0 +Nµ0 −Nµ1√

Nσ1

)

= Q

(
Q−1(α)

σ0
σ1
−
√
N
µ1 − µ0

σ1

)
(2.50)

which gives directly performance formulation. Since taking inverse of PF,C(λC) was a

hard task for the formulation of the previous subsections, the PD,C(P−1F,C(α)) formula

is easier to implement by the help of CLT. The disadvantage of this formulation is the

requirement of large number of users.

For quantized observations, the same formulation is valid [56]

PD,C(λC) = Q

(
λC −Nµq,1√

Nσq,1

)
(2.51)

PF,C(λC) = Q

(
λC −Nµq,0√

Nσq,0

)
(2.52)
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where

µq,j =
m∑
i=0

qi

∫ λi+1

λi

fj(x)dx (2.53)

σ2
q,j =

m∑
i=0

(qi − µq,j)2
∫ λi+1

λi

fj(x)dx (2.54)

are means and variances of quantized sensing observations for Hj Hypothesis. But in

this case, not only the number of users (N), but also the number of quantization levels

(m) should be large. This formulation cannot give exact desired probability values

because of lack of randomization, r.

Again, the performance formulation of PD,C(P−1F,C(α)) can be derived for quantized

observations (large number of users and quantization levels) as,

λ = Q−1(α)
√
Nσq,0 +Nµq,0 (2.55)

PD,C(α) = Q

(
Q−1(α)

σq,0
σq,1
−
√
N
µq,1 − µq,0

σq,1

)
. (2.56)



21

3. ADAPTIVE THRESHOLD FINDING

Adaptive threshold finding methods, which are presented at Section 1.3, on spec-

trum sensing mainly depend on variance estimation or threshold finding methods with-

out detection perspective. Spectrum sensing with noise power estimation requires large

number of samples for good performance [37, 38]. The methods which do not depend

on estimation generally do not account for conventional detection rules (Bayesian,

Neyman-Pearson, Minimax detection rules).

According to Neyman-Pearson detection rule, design criteria is to keep PF at a

constant level and maximize PD. To keep PF at a desired level (α), sensing nodes should

be able to take inverse of PF (λ) (Section 2.2) and should know channel characteristic

which is the noise variance. The focus of this section is to design algorithms which

find necessary detection threshold iteratively for PF = α without knowing exact noise

variance and using the inverse of PF (λ).

3.1. Threshold Finding with Newton’s Method

To find the threshold, a distance between desired PF and instantenous PF have

to be defined and should be minimized iteratively. For this study, Kullback-Leibler

distance (also known as Relative Entropy) [50] will be implemented due to its sensitivity

as a distance between probability values. Due to convexity of Kullback-Leibler distance,

an iterative convex optimization algorithm have to be included. Newton’s method for

optimization [59] is a well known method for finding minimum of a convex function,

iteratively. Even though Newton’s Method requires first and second derivatives of

convex function, next subsection points out that computation of derivatives of PF (λ)

is easier than compuation of PF (λ) itself. The perspective of this algorithm is similar

to one which is proposed at [29].
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3.1.1. Newton’s Method for Analytical PF (λ)

Firstly, threshold finding algorithm of Newton’s method is handled by only ana-

lytical functions. For every iteration, the threshold update can be given as [59]

λn+1 = λn + λn,Add = λn −
∂K(λn)
∂λn

∂2K(λn)
∂λ2n

(3.1)

where K(λn) is Kullback distance between α and PF (λn). This distance and its deriva-

tives are [50]

K(λ) = α log
α

PF (λ)
+ (1− α)log

1− α
1− PF (λ)

(3.2)

K ′(λ) = P ′F (λ)

[
1− α

1− PF (λ)
− α

PF (λ)

]
(3.3)

K ′′(λ) = P ′′F (λ)

[
1− α

1− PF (λ)
− α

PF (λ)

]
+ P ′F (λ)2

[
1− α

[1− PF (λ)]2
− α

PF (λ)2

]
(3.4)

where K ′(λ) and K ′′(λ) are first and second derivatives of Kullback-Leibler distance.

According to Equation 2.11, for each noisy observation

OH0 ≷ λ = σ2
nλ
∗ (3.5)

where λ∗ is the threshold when σ2
n = 1 and λ is the actual threshold for decision

making. Furthermore, calculation of PF and its derivatives are

PF (λ∗) =
1

Γ(M
2

)

∫ ∞
λ
2

t
M
2
−1e−tdt (3.6)

P ′F (λ∗) =
−1

2Γ(M
2

)

(λ∗
2

)M
2
−1
e−

λ∗
2 (3.7)

P ′′F (λ∗) = P ′F (λ∗)

[
1

λ∗

(M
2
− 1
)
− 1

2

]
(3.8)
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where P ′F (λ∗) and P ′′F (λ∗) are first and second derivatives of PF (λ∗). Then, by putting

all derivatives together, threshold update in Equation 3.1 becomes

∂K(λ∗)
∂λ∗

∂2K(λ∗)
∂λ∗ 2

=

[
P ′′F (λ∗)

P ′F (λ∗)
+ P ′F (λ∗)

(
PF (λ∗)− α

)2
+ α

(
1− α

)
PF (λ∗)

(
1− PF (λ∗)

)(
PF (λ∗)− α

))]−1

=

[
M − 2

2λ∗
− 1

2
− λ∗

M
2
−1e−

λ∗
2

2
M
2 Γ(M

2
)

(
PF (λ∗)− α

)2
+ α

(
1− α

)
PF (λ∗)

(
1− PF (λ∗)

)(
PF (λ∗)− α

))]−1(3.9)

which is the analytical solution for iterative threshold finding by Newton’s method.
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Figure 3.1. Plots of Newton’s Method results for analytical PF (λ) function.

In figure 3.1, the first figure shows the algorithm for higher initial threshold. One

can observe that by only one iteration, threshold drops from 22 to around 9 in value.

This sudden quick move is a disadvantage for this method. When initial threshold is

higher, threshold may even be negative which is an unwanted situation. PF (λ) and its

derivatives are defined for non-negative λ values. Furthermore, initial threshold has to

be given low and there has to be lower bound which prevents threshold from taking

negative values.

3.1.2. Newton’s Method for Estimated PF

As analytical results works perfectly, the second step on the algorithm is to replace

PF (λ∗) function with its estimate. Furthermore, sensing device does not necessarily

calculate PF (λ) and becomes robust to small changes at the noise variance. Estimation
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of probability is executed by [39]

P̂F =
1

Nwin

Nwin∑
i=1

ui (3.10)

where ui is previous decisions (ui ∈ {0, 1}) and Nwin is number of decisions which are

summed. The mean and variance of estimate is

E[P̂F ] = PF , V AR(P̂F ) = PF (1−PF )
Nwin

(3.11)

which shows that there is no bias and the variance of the estimate decreases with the

decrease of PF and with the increase of Nwin. Furthermore, adaptive system makes

Nwin detections before each threshold update. Threshold update is done by

∂K(λ∗)
∂λ∗

∂2K(λ∗)
∂λ∗ 2

=

[
1

λ∗

(M
2
− 1
)
− 1

2
− λ∗

M
2
−1e−

λ∗
2

2
M
2 Γ(M

2
)

(
P̂F − α

)2
+ α

(
1− α

)
P̂F
(
1− P̂F

)(
P̂F − α

))]−1 (3.12)

which is the same with Equation 3.9 except PF (λ) functions are replaced by its esti-

mates.

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
124

126

128

130

132

134

136

138
Threshold

Iteration

T
hr

es
ho

ld

 

 

Updated Threshold
Desired Threshold

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05
PF

Iteration

P
F

 

 

Estimated PF

Instantenos PF

Desired PF

Figure 3.2. Plots of results of Newton’s method for estimated P̂F under constant

σ2
n = 1 and Nwin = 1000.

Figure 3.2, shows changes of threshold and PF values by iteration. Since Nwin

is equal to 1000, threshold is updated at every 1000th iteration. Each iteration corre-

sponds to a detection which results a new ui. Figure 3.2b also denotes how good is the
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estimate of PF . By increasing the quality of estimation, a more accurate threshold can

be obtained.
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Figure 3.3. Plots of results of Newton’s method for estimated P̂F under varying

variance around σ2
n = 1 and Nwin = 5000.

Figure 3.3 illustrates how the algorithm behaves for small changes of variance.

This time, PF estimation is more accurate with higher Nwin. Noise variance changes

in every 2.5× 104 iterations and the exact variance values are written on figures. Even

though the desired PF does not change, corresponding desired thresholds changes due to

variance and the algorithm again trys to follow desired threshold values. In Figure 3.3b,

there are bigger deviations after 2.5×104th, 5×104th, and 7.5×104th iterations because

of sudden variance changes. But, the algorithm recovers the threshold at next threshold

update.

3.2. Threshold Finding with Randomization

Threshold finding algotihms generally require estimation as previous algorithm

based on Newton’s method also does. Inevitably, after variance estimation they require

to implement inverse of PF (λ) or at least functions which depend on PF (λ). In this

section, an algorithm which does not require either any estimation or any mathematical

function depends on PF (λ) is proposed. Without these requirements, this algorithm

generates a new random variable and compares its previous decision to update the

threshold and keep PF probability around α. Although this algorithm is so simple to

execute, it gives better performance than previous threshold finding algorithm with
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Newton’s method.

The proposed algorithm works at only H0 hypothesis. Furthermore, this algo-

rithm should be deployed in a time interval which is already known as H0 or for the

iterations when fusion center decided H0 (by assuming fusion center has perfectly low

false alarm probability). Threshold update is done for each iteration by

λi+1 = λi + λAdd × [ui − udes] = λn + λAdd × di (3.13)

where λAdd is threshold addition, udes ∈ {0, 1} is newly generated random variable with

Pr(udes = 1) = α , Pr(udes = 0) = 1− α, (3.14)

and di ∈ {−1, 0, 1} is random variable of direction with

Pr(di = 1) = (1− α)PF,i (3.15)

Pr(di = 0) = αPF,i + (1− α)(1− PF,i) (3.16)

Pr(di = −1) = α(1− PF,i) (3.17)

distribution. For constant α = 0.1, Pr(d = 1) and Pr(d = −1) values are shown

in Figure 3.4. When PF is greater than α, Pr(d = 1) is greater than Pr(d = −1).

Furthermore, PF is more likely to decrease due to the increasing threshold. In the
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Figure 3.4. Pr(d=1) and Pr(d=− 1) values according to instantenous PF for α = 0.1.
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same way, when PF is less than α, in the next detection PF is more likely to be greater.

Slopes of lines also result that initial threshold should be low for faster approach to α.
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Figure 3.5. Plots of threshold and PF of threshold finding with randomization for

constant λAdd = 0.5, and α = 0.01.

Figure 3.5 presents threshold and PF curves iteratively. The system starts from

a low threshold and quickly converges to the desired level. Then, curves move around

desired level and produce a variance. This variance is the result of randomness and

the value of λAdd. For high values of λAdd, the algorithm converges fast but has higher

variance of output. In same way, for low values of λAdd, the algorithm behaves slower

but has lower variance at convergence. To provide fast and less varying output, the

update rule for λAdd will be represented in the next subsection.

3.2.1. Updating λAdd

Updating λAdd is an important design parameter which may lead the algorithm

unexpected circumstances because of randomization. First of all, update criterion

should be stringent due to prevent updating rapidly. In the proposed algorithm, the

update criterion is to check if the sum of previous θ
α

decisions equals θ. Probability of

threshold update is
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Pr(λAdd ⇐ β × λAdd) = Pr

( θ
α∑
i=1

ui = θ

)
(3.18)

where 0.5 < β < 1 is update coefficient and θ is a positive integer which makes θ
α

integer. By assuming each PF,i equals to each other, Equation 3.18 becomes

Pr

( θ
α∑
i=1

ui = θ

)
=

(
θ
α

θ

)
P θ
F (1− PF )

θ
α
−θ. (3.19)

By this update criterion, the maximum probability of decreasing threshold is at α.

Equation 3.19 is drawn for different θ values Figure 3.6. As θ increases, the curve

becomes narrower and pile more on α. However, Pr
(∑ θ

α
i=1 ui = θ

)
decreases with

increase in θ which makes the algorithm converge slowly. Furthermore, θ should be

chosen well. For low, θ algorithm may decrease λAdd too quick to zero and PF may

converge to an unwanted probability value randomly. Against undesired convergences,

we propose a lower bound for λAdd. By this lower bound (λBoundAdd ), PF has still ran-
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Figure 3.6. Plot of Pr(λAdd ⇐ β × λAdd) with respect to instantenous PF for α = 0.1.

domness when it converges. Then, PF can still move to α from undesired converged

level. Figure 3.7 presents the overall algorithm. This figure obviously shows how strin-

gent the λAdd rule is. k index prevents the algorithm to update λAdd adjacently. As

this index exists, after each λAdd update, the algorithm waits θ
α

iterations to check for

λAdd update again. Another parameter is the previous decision of fusion center (ufc).
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This algorithm works when the channel known as H0 hypothesis. Furthermore, we

assume the probability of miss at fusion center (PF,C) is so low and it is broadcasted as

feedback from the fusion center to sensing nodes. This feedback should be sent before

every threshold update, because the algorithm cannot work without it.

Initiate Select a initial value for λAdd;

k = 0;

while ufc = 0 do

Generate a discrete random variable udes by Equation 3.14;

Update threshold by Equation 3.13;

if k> θ
α

then

if λAdd ≥ λBoundAdd then

if

θ
α∑
i=1

ui = 1 then

λAdd ⇐ β × λAdd;

k ⇐ 0;

end if

end if

end if

k ⇐ k + 1;

end while

Figure 3.7. Threshold Finding Algorithm with Randomization.

Figure 3.8 shows the performance of algorithm with λAdd update. As the al-

gorithm approachs to α, it starts to decrease its λAdd. Finally, it converges to the

desired level with less variance than the algorithm in Figure 3.5. When the algorithm

converges, it still has randomness around α due to λBoundAdd . If λBoundAdd would not exist,

λAdd would converge to zero and algorithm would converge as a smooth line. But,

level of convergence may not be same with α. Both Figures 3.8 and 3.9 has extra

curve of threshold finder by noise variance estimation to compare. In every iteration,
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Figure 3.8. Plots of threshold and PF of threshold finding with randomization for

initial λAdd = 2, β = 0.7, θ = 2, λBoundAdd = 0.1, and α = 0.01.

this threshold finder estimates the noise variance by summing the squares of previous

samples and inserts this estimate and α into inverse of PF (λ) function to find threshold.

Noise variance estimation is implemented by maximum 60000 previous samples. The

reason of this much sample is to adapt the algorithm to our manual variance changes

in Figure 3.9.
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Figure 3.9. Plots of threshold and PF of threshold finding with randomization for

different variance values, constant λAdd = 2, and α = 0.01.

Figure 3.9 represents the algorithm under changing noise variance. The algorithm

in this figures has constant λAdd. This design is chosen to provide agility against

changing noise variance. If the algorithm would lower λAdd, agility of the algorithm to

variance changes would be worse. Furthermore, when noise variance changes suddenly,

algorithm instantly converges to a new desired threshold level. Those sudden changes
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in instantenous PF is the result of sudden manually changes in the noise variance.

Moreover, when desired the threshold becomes lower due to low variance, the algorithm

moves slower (at regions of σ2
n = 0.9 and σ2

n = 0.8). The reason is again the slopes in

Figure 3.4.
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4. OPTIMUM QUANTIZATION

Quantization levels and thresholds are represented as,

q =


q1

q2
...

qm

 , λ =


λ1

λ2
...

λm+1

 (4.1)

where qi values are quantization levels, λi values are quantization thresholds (except λ1

and λm+1) and m is the number of quantization levels. λ1 and λm+1 are the lower and

the upper boundaries of probability distributions. For ED, lower and upper boundaries

of signal are λ1 = 0 and λm+1 =∞

The optimization of quantization levels has its mathematical solution by maxi-

mization of deflection coefficient [47]. But the optimization of quantization thresholds

is a harder problem and generally solved by numerical optimization algorithms. In the

approach of this thesis, optimum quantization for distortion is derived by Lloyd-Max

algorithm [60] and its performance on detection problem is observed.

According to [61], overall distribution of the output of the ED can be written as

a mixture of two hypotheses.

f(x) =
1∑
i=0

f(x|Hi) Pr(Hi)

= π1f1(x) + π0f0(x) (4.2)

where π1 and π0 are the a priori probabilities of H1 and H0 hypotheses, respectively,

and π1 + π0 equals 1. The approach of optimization is derived by taking the overall

PDF of the sum of PDFs of two hypotheses. By minimizing the mean square error

(MSE) of distribution f(x), quantizer chooses quantization levels which represents the
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exact signal (includes both hypotheses) by minimizing the MSE.

MSE is

MSE = E[(x− qi)2] =
m∑
i=1

∫ λi+1

λi

(x− qi)2f(x)dx. (4.3)

The approach of optimization is derived by taking the overall PDF of sum of two

hypotheses. Optimization of MSE is derived by taking the derivatives

∂MSE

∂λk
=

∂

∂λk

[ ∫ λk+1

λk

(x− qk)2f(x)dx+

∫ λk

λk−1

(x− qk−1)2f(x)dx
]

=
∂

∂λk

[( ∂−1
∂x−1

(x− qk)2f(x)
)∣∣∣λk+1

λk
+
( ∂−1
∂x−1

(x− qk−1)2f(x)
)∣∣∣λk

λk−1

]
=

∂

∂λk

[( ∂−1
∂x−1

(x− qk)2f(x)
)∣∣∣

λk
−
( ∂−1
∂x−1

(x− qk−1)2f(x)
)∣∣∣

λk

]
=

[
(λk − qk)2 − (λk − qk−1)2

]
f(λk)

0 = 2λk(qk + qk−1) + q2k − q2k−1

λk =
qk + qk−1

2
(4.4)

and

∂MSE

∂qk
=

∂

∂qk

[ ∫ λk+1

λk

(x− qk)2f(x)dx
]

=
∂

∂qk

[
− 2qk

∫ λk+1

λk

xf(x)dx+ q2k

∫ λk+1

λk

f(x)dx
]

0 = −2

∫ λk+1

λk

xf(x)dx+ 2qk

∫ λk+1

λk

f(x)dx

qk =

∫ λk+1

λk
xf(x)dx∫ λk+1

λk
f(x)dx

. (4.5)

These derivatives show that optimum thresholds for minimum MSE (MMSE) are

arithmetic average of succesive quantization levels which are calculated by integrating

the distribution over integrals defined by succesive quantization thresholds. These two

results are identical to [60].
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Initial Values: Select or estimate initial λi values;

Calculate qi values by (4.5);

while (newMSE) 6= (previousMSE) do

Calculate λi values by (4.4);

Calculate qi values by (4.5);

Calculate MSE by (4.3) for checking converged MSE;

end while

Figure 4.1. Lloyd-Max Algorithm.

Figure 4.1 shows Lloyd-Max algorithm. By implementing equations, MSE con-

verges to its minimum value. The stopping rule is chosen by checking the convergence

of MSE. Because the PDF consists of two distributions of hypotheses, Lloyd-Max al-

gorithm may converge to locally optimum values of MSE. Furthermore, initial values

should be chosen around mean values of the two hypotheses.

For two hypotheses, Equation 4.5 becomes

qk =
π1
∫ λk+1

λk
xf1(x)dx+ π0

∫ λk+1

λk
xf0(x)dx

π1
∫ λk+1

λk
f1(x)dx+ π0

∫ λk+1

λk
f0(x)dx

. (4.6)

In the following sections, derivation of this formula under Gaussian and chi-square

distributions are introduced.

4.1. Lloyd-Max Algortihm for Gaussian Hypotheses

Solution of the optimum quantization depends on the evaluation of Equation 4.5.

In this section, derivation for two Gaussian hypotheses is introduced. The integrals in

the denominator of Equation 4.6 are calculated by Q function. The numerator integrals
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of Equation 4.6 can be calculated on

∫ a

b

xg(x)dx =

∫ a

b

x√
2πσ2

exp(−(x− µ)2

2σ2
)dx

=

∫ a

b

[
x− µ√

2πσ2
exp
(
− (x− µ)2

2σ2

)
+

µ√
2πσ2

exp
(
− (x− µ)2

2σ2

)]
dx

=

[
− σ√

2π
exp
(
− (x− µ)2

2σ2

)]a
b

+ µ

[
Q
(b− µ

σ

)
−Q

(a− µ
σ

)]
= σ2

[
g(b)− g(a)] + µ[Pr(a > x ≥ b)

]
(4.7)

where g(x) is the pdf of Gaussian and Pr(a > x ≥ b) is the probability of that x is

between a and b.

By placing solutions of integrals to Equation 4.6,

qi =
π1σ

2
1[f1(λi)− f1(λi+1)] + π1µ1p1(qi) + π0σ

2
0[f0(λi)− f0(λi+1)] + π0µ0p0(qi)

π1p1(qi) + π0p0(qi)
(4.8)

where pj(qi) = Pr(λi+1 > x ≥ λi) for hypothesis Hjand f1(x) and f0(x) are Gaussian

PDFs of H1 and H0 hypotheses, respectively.
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Figure 4.2. Implementation of Lloyd-Max algorithm for two Gaussian hypotheses,

H0 ∼ N (4, 8), H1 ∼ N (24, 88), and π1 = π0 = 0.5.
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In the Figure 4.2, iterative implementation of algorithm in Figure 4.1 is presented

for two Gaussian hypotheses. Plots of the representational PDF (Equation 4.2) is

included to show where the algorithm converges.

4.1.1. 1 Bit Quantization for Gaussian

The one bit analytical solution (λ1 = −∞ > q1 > λ2 > q2 > λ3 = ∞) is

considered in this section. By using Equations 4.5 and 4.7, the quantization level, qi,

for a single Gaussian distribution is

qi =

∫ λk+1

λk
xf(x)dx∫ λk+1

λk
f(x)dx

=
σ2[f(λi)− f(λi+1)] + µ[Pr(λi+1 > x ≥ λi)]

Pr(λi+1 > x ≥ λi)

= σ2 f(λi)− f(λi+1)

Pr(λi+1 > x ≥ λi)
+ µ. (4.9)

Then, by inserting this formula into equation 4.4,

λ2 =
q1 + q2

2

=
σ2

2

[
f(−∞)− f(λ2)

Q(−∞)−Q(λ2−µ
σ

)
− f(λ2)− f(∞)

Q(λ2−µ
σ

)−Q(∞)

]
+ µ

=
σ2f(λ2)

2

[
1− 2Q(λ2−µ

σ
)[

1−Q(λ2−µ
σ

)
]
Q(λ2−µ

σ
)

]
+ µ

= µ (4.10)

which gives the optimum threshold for a single Gaussian distribution. Then, quanti-

zation levels can be calculated by

q1 = σ2

[
f(−∞)− f(λ2)

Q(−∞)−Q(λ2−µ
σ

)

]
+ µ = σ

1
1/2

−1√
2πσ2

+ µ = µ−
√

2σ2

π
(4.11)

q2 = µ+

√
2σ2

π
. (4.12)
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which is also a result from [50]. For two Gaussian hypotheses by using Equation 4.4,

λ2 =
1

2

π1σ
2
1[f1(−∞)− f1(λ2)] + π1µ1p1(q1) + π0σ

2
0[f0(−∞)− f0(λ2)] + π0µ0p0(q1)

π1p1(q1) + π0p0(q1)

+
1

2

π1σ
2
1[f1(λ2)− f1(∞)] + π1µ1p1(q2) + π0σ

2
0[f0(λ2)− f0(∞)] + π0µ0p0(q2)

π1p1(q2) + π0p0(q2)

=
2k − 1

2k(1− k)
[π1σ

2
1f1(λ2) + π0σ

2
0f0(λ2) + π1µ1p1(q2) + π0µ0p0(q2)] (4.13)

+
π1µ1 + π0µ0

2k

where k = π1p1(q1)+π0p0(q1) and (1−k) = π1p1(q2)+π0p0(q2). If σ2
1 = σ2

0 and π1 = π0,

solution of this equation is λ2 = µ1+µ0
2

. Otherwise, the solution can be acquired by

numerical methods on root finding. q1 and q2 can be found by putting λ2 and other

parameters to Equation 4.8.

4.2. Lloyd-Max Algorithm for Chi and Noncentral Chi Square Hypotheses

As the PDFs of chi and noncentral chi square distributions are represented in

Equations 2.14 and 2.15, derivation of integrals at formula of qi (Equation 4.6) is

introduced in this section.

Now, we will calculate four integrals which are required to calculate Equation 4.6.

The first integral at the denominator of Equation 4.6 is

∫ λi+1

λi

f0(x)dx =

∫ ∞
λi

f0(x)dx−
∫ ∞
λi+1

f0(x)dx

= γu

(
M

2
,
λi
2

)
− γu

(
M

2
,
λi+1

2

)
(4.14)

where γu(a, b)is the regularized upper incomplete gamma function (Appendix A). The

second integral is

∫ λi+1

λi

f1(x)dx = QM
2

(
√
Mγ,

√
λi)−QM

2
(
√
Mγ,

√
λi+1) (4.15)
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where Qm(a, b) is Marcum Q Function [55]. This equation is widely used to describe the

cumulative distribution function (CDF) of a noncentral chi-square distribution. Here,

we will derive another expression which depends on the incomplete gamma function.

∫ λi+1

λi

f1(x)dx =

∫ ∞
λi

f1(x)dx−
∫ ∞
λi+1

f1(x)dx

∫ ∞
λi

f1(x)dx =
1

2
exp

(
− Mγ

2

)
(Mγ)

1
2
−M

4

∫ ∞
λi

e−
x
2x

M
4
− 1

2 IM
2
−1(
√
Mγx)dx

=
1

2
exp

(
− Mγ

2

)
(Mγ)

1
2
−M

4

∞∑
k=0

(Mγ
4

)
M
4
− 1

2
+k
∫∞
λi
e−

x
2x

M
2
−1+kdx

k!Γ(M
2

+ k)

=
1

2
exp

(
− Mγ

2

)
(Mγ)

1
2
−M

4

∞∑
k=0

(Mγ
4

)
M
4
− 1

2
+k2

M
2
+kΓu(

M
2

+ k, λi
2

)

k!Γ(M
2

+ k)

= exp
(
− Mγ

2
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(4.16)

×

[
γu

(M
2

+ k,
λi
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)
− γu
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+ k,
λi+1

2

)]

The first integral of the numerator of qi is

∫ λi+1

λi

xf0(x)dx =

∫ ∞
λi

xf0(x)dx−
∫ ∞
λi+1

xf0(x)dx

=
1

2
M
2 Γ(M

2
)

[∫ ∞
λi

x
M
2 e−

x
2 dx−

∫ ∞
λi+1

x
M
2 e−

x
2 dx

]

= M

[
γu

(M
2

+ 1,
λi
2

)
− γu

(M
2

+ 1,
λi+1

2

)]
(4.17)

which has a solution similar to Equation 4.14. The calculation of second integral of
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the numerator is similar to Equation 4.16.

∫ λi+1

λi

xf1(x)dx = 2 exp
(
− Mγ

2

) ∞∑
k=0

(Mγ

2

)k (M
2

+ k)

k!
(4.18)[

γu

(M
2

+ k + 1,
λi
2

)
− γu

(M
2

+ k + 1,
λi+1

2

)]
.

Then, calculation of qi can be done by putting Equations 4.14, 4.16, 4.17, and 4.18

into Equation 4.6. Infinite sums in equations can be approximated closely by finite

summation consisting of 60-70 elements, which is decided by trial and error. One may

notice that PDF in Figure 4.2 shows the Gaussian approximation of PDF in Figure 4.3.
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Figure 4.3. Implementation of Lloyd-Max algorithm on chi and noncentral chi square

hypotheses, M = 4, γ = 5 and π1 = π0 = 0.5.

4.3. Quantization According to Noise Power

In Sections 2.1 and 2.1.1, the formulation of the output of the ED may be without

normalization of noise power. In this case, noise power should affect the quantization
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levels and the thresholds. This problem can be evaluated by transformation y =

σ2
nx. As a result of this transformation, new quantization values are qi,new = σ2

nqi and

λi,new = σ2
nλi which can be adjusted in Equations 2.39, 4.4, and 4.5.

4.4. Simulation Results

The PD results, which are presented in this section, are acquired by simulations.

All simulations in this section realize a system consisting of one fusion center and

10 CR nodes (N = 10). The PD value of every point in the figures is calculated by

10, 000, 000 runs. For each point, inverse of PF,C(λC) is calculated by numerical method

to get desired threshold for desired PF,C value according to Neyman-Pearson detection

rule.
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Figure 4.4. ROC curves for 2 bits MMSE quantization with different a priori

probabilities, M = 100, SNR = −7dB, and N = 10.

In Figure 4.4, MMSE quantization is performed for different a priori probability

values. One may notice that the algorithms which take that π0 is higher than 0.5

perform worse. Quantization of those algorithms dominates on the distribution of H0.

On the other hand, when π1 is higher than 0.5, performance is not affected vitally. This

shows the quantization of the distribution of H1 has more importance and the a priori



41

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

PF

P
D

M=100, N=10, SNR= −7dB

 

 

1 bit MMSE
2 bit MMSE
3 bit MMSE
no quantization

Figure 4.5. ROC curves for MMSE quantization with different bits, M = 100,

SNR = −7dB, N = 10, and π1 = π0 = 0.5.

probabilities should be chosen as 1 − π0 = π1 ≥ 0.5. The reason of this is the higher

variance of H1 distribution. The Figure 4.5 shows performance improvement of the

MMSE by increase number of bits. The 1 bit case has obviously worse performance.

What makes that curve apart from the others is parameters of simulation environment

(M , N , SNR).
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Figure 4.6. ROC curves for different quantization models, M = 100, SNR = −7dB,

N = 10, and π1 = π0 = 0.5.
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Figures 4.6 and 4.7 introduce comparison of MMSE with some other quantization

models. The uniform quantization curves are implemented by same size quantization

intervals between thresholds and quantization levels are in the middle of those intervals.

λ2 and λ4 are assumed to be mean values of two distributions for positioning. In

1 + 1 bit MMSE quantization, Lloyd-Max algorithm is used to find quantization for

each hypothesis separately and a threshold which is at the average of the means of
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Figure 4.7. ROC curves for different quantization models, M = 5, SNR = 5dB,

N = 10, and π1 = π0 = 0.5.

distributions is used for extra 1 bit. No quantization curves show the performance of

the soft data which has higher performance as expected. Figure 4.6 shows how good

the performance of 2 bit quantization with squared error distortion is at low SNR case.

In Figure 4.7, the performance of MMSE quantizer at high SNR is evaluated. As SNR

and the distance between hypotheses increase, performance of 2 bit quantization with

squared error distortion becomes worse than low SNR case. For M = 5, distributions

may not be a good approximation for signal energy, but this result is included to show

the effect of high SNR. Since multi-bit quantization requirement is only needed at low

SNR case, this result does not affect overall performance deeply. The randomization r

parameter is not calculated in this figure due to its comptational difficulty at extremely

low PF values.
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5. NUMBER OF BITS OF QUANTIZED OBSERVATIONS

This chapter focuses on proposing an analytical expression on how many bits

should sensing nodes quantize their observations to.

5.1. Information Theoretical Approach

The question of how many bits should we quantize is widely studied as rate-

distortion theory in quantization literature. Rate-distortion function [50] is given as,

R(D) = min∑
p(x)p(q|x)d(x,q)≤D

I(X; q) (5.1)

where D is maximum allowable expected distortion and I(.; .) is the mutual informa-

tion. Rate-distortion function monotonically increases while distortion decreases. For

the quantization of a continuous signal, MSE is generally prefered as the distortion

measure. In this thesis, primarily MSE optimization will be evaluated for ED.

5.1.1. Gaussian Hypotheses

Rate distortion function of a single Gaussian distribution [50] for MSE ≤ D is

given as

R(D) = h(X)− h(X|q)

≥ 1

2
log

(
σ2

D

)
(5.2)

which only depends on maximum expected distortion level and the variance of the

Gaussian distribution. In this equation, h(.) is differential entropy and h(.|.) is condi-

tional differential entropy.
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In our approach, we will insert mixed distribution of

f(x) = π1f1(x) + π0f0(x) (5.3)

into Equation 5.2. Since calculation of the entropy of mixed distribution is a hard

task, we will derive a lower bound on their entropy by using concavity of entropy on

probability distribution.

I(X; q) ≥ h(X)− h(N (0, E(X − q)2))

≥ π1h1(x) + π0h0(x)− h(N(0, E(X − q)2))

=
π1
2

log(2πeσ2
1) +

π0
2

log(2πeσ2
0)− 1

2
log(2πeD)

=
1

2
log

(
(σ2

1)π1(σ2
0)π0

D

)
(5.4)

where h1(x) and h0(x) are entropies of f1(x) and f0(x) distributions.

5.1.2. For Chi and Noncentral Chi-Square Hypotheses

After deriving lower bound for rate distortion theory, we will extend our deriva-

tions for entropy of chi-square and noncentral chi-square distributions. Entropy of

chi-square distribution is

h0(x) = −
∫ ∞
0

x
M
2
−1e−

x
2

2
M
2 Γ(M

2
)
log

(
x
M
2
−1e−

x
2

2
M
2 Γ(M

2
)

)
dx

= log
(

2
M
2 Γ
(M

2

))
−
∫ ∞
0

x
M
2
−1e−

x
2

2
M
2 Γ(M

2
)
log(x)

M
2
−1dx+

∫ ∞
0

x
M
2
−1e−

x
2

2
M
2 Γ(M

2
)

x

2
dx

= log
(

2
M
2 Γ
(M

2

))
+
M

2
+
(

1− M

2

)∫ ∞
0

x
M
2
−1e−

x
2

2
M
2 Γ(M

2
)
log(x)dx

= log
(

2
M
2 Γ
(M

2

))
+
M

2
+
(

1− M

2

)[
ψ
(M

2

)
+ log2

]
(5.5)

=
M

2
+ log

(
2Γ
(M

2

))
+
(

1− M

2

)
ψ
(M

2

)
(5.6)
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where ψ(.) is digamma (psi) function which is ψ(x) = d
dx

ln Γ(x). The integral solution

at Equation 5.5 is from 4.352.1st Equation of [62] on page 573.

Since we cannot find exact entropy of noncentral chi-square distribution, we derive

a lower bound for it by using the concavity of entropy. The Equation 2.14 can be written

as

f1(x) =
∞∑
k=0

θk
1

θk

exp
(
− x+Mγ

2

)
2
M
2
+kk!Γ(M

2
+ k)

(Mγ

2

)k
x
M
2
+k−1 (5.7)

where

f1(x) =
∞∑
k=0

θk = 1. (5.8)

By using concavity of entropy on the probability distribution, we have

h1(x) ≥
∞∑
k=0

θkζ(k) (5.9)

where

ζ(k) = − 1

θk

∫ ∞
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2
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θk
exp
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− Mγ
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log(θk) +

M(γ + 1)

2
+ log
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In Equation 5.10, the first term after integral before logarithms is the pdf of chi

square distribution and its integral is 1 from zero to infinity. One can notice that, the

degree of freedom of chi-square distributin is M + k
2
, which may not be an integer.

Then, its integral between zero and infinity is still 1 due to,

∫ ∞
0

f0(x)dx =

∫ ∞
0

x
a
2
−1e−

x
2

2
a
2 Γ(a

2
)
dx

=
1

2
a
2 Γ(M

2
)

1

(1
2
)
a
2

Γ
(M

2

)
(5.12)

= 1 (5.13)

where Equation 5.12 is derived by 3.381.4th Equation of [62] on page 346. This shows

a may not be an integer in spite of the definition of chi-square distribution.

5.1.2.1. Optimization of θk. For maximizing the lower bound in Equation 5.9, the

following optimization problem should be solved:

max
θi

∞∑
i=0

ailog(θi) (5.14)

s.t.
∞∑
i=0

θi = 1,

0 < θi < 1

where

ai = exp
(
− Mγ

2

) 1

i!

(Mγ

2

)i
. (5.15)

For solving this problem, the transformation e−δi = θi is employed. The resulting
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new problem becomes

min
∞∑
i=0

aiδi (5.16)

s.t.
∞∑
i=0

e−δi = 1

δi > 0.

Then, for optimization by Lagrange multipliers

∂L

∂θk
=

∂L

∂δk

∂δk
∂θk

=
∂

∂δk

(
∞∑
i=0

aiδi + λ
( ∞∑
i=0

e−δi − 1
)) ∂

∂θk
(−log(θk))

= (ak − λe−δk)(−eδk) = 0

e−δk = θk =
ak
λ
. (5.17)

is derived as the optimum θk parameter which depends on λ. By putting this result

into the constraint of Equation 5.16,

λ =
∞∑
i=0

ai

= exp
(
− Mγ

2

) ∞∑
i=0

1

i!

(Mγ

2

)i
= exp

(
− Mγ

2

)
exp
(Mγ

2

)
= 1. (5.18)

is found. Then, the optimum value of θk is

θk =
ak
λ

= ak = exp
(
− Mγ

2

) 1

k!

(Mγ

2

)k
. (5.19)
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5.1.3. Plots of Lower Bounds

In Figure 5.1, one can examine the difference between the derived lower bound

and exact entropy values. Entropy values are approximated by taking the integrals as

summation of the areas of rectangulars which have small intervals. This figure shows

that the lower bound of noncentral chi-square has approximately the same slope on

the true entropy after certain parameters.
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Figure 5.1. Lower bound of entropy of concentral chi-square distribution.

In Figure 5.2, entropy bounds of two hypotheses together with respect to a priori

probabilities are shown. One can observe that this bound is too loose in these figures,

especially around π1 = 0.6 − 0.9. Furthermore, this approach may not be feasible to

define number of bits of quantized observations.
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(b) M = 10, SNR = 5

Figure 5.2. Lower bound of entropy two hypotheses of chi and noncentral chi square

distributions.
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5.2. Chernoff Bound Approach

A performance measure on detection problems by help of Chernoff bound is de-

rived in [46] as

ζ(s) = min
0≤s≤1

ln

∫
f1(x)sf0(x)1−sdx (5.20)

which is,

Pe =
1

2
PF +

1

2
PM ≤

1

2
eζ(s). (5.21)

The performance measure in Equation 5.20 depends on the minimization of upper

bound on the sum of PF and PM . We will firstly derive error bound for quantized

distributions and then observe the bound for different parameters.

All observed data are assumed to be independent and identically distributed for

each sensing node. For the first derivation, we will assume that there is no fusion

by central processor. Namely, the distribution which fusion center encounters is joint

distribution of each quantized observation.

f1,C(x1, x2, . . . ) =
N∏
i=1

f1(xi) , f0,C(x1, x2, . . . ) =
N∏
i=1

f0(xi) (5.22)

As a result of the distributions in Equation 5.22, the performance measure be-

comes,

ζ(s) = ln

∫
f1,C(x1, x2, . . . )

sf0,C(x1, x2, . . . )
1−sdx1dx2....dxN

=
N∑
i=1

ln

∫
f1(xi)

sf0(xi)
1−sdxi

=
N∑
i=1

ln
m∑
j=1

p1(qj)
sp0(qj)

1−s (5.23)
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and then error bound becomes

Pe,C ≤
1

2

[
m∑
j=1

p1(qj)
sp0(qj)

1−s

]N
(5.24)

which depends on error measure of a single sensing node. Furthermore, any minimiza-

tion of ζ(s) will affect performance, directly.

In the case on data fusion, we assume that the fusion center performs equal

gain combining to quantized observations. Performance measure can be derived by

Equation 2.42 as,

ζ(s) = ln

∫ [ m∑
a=1

m∑
b=1

m∑
c=1

. . . p1(qa)p1(qb)p1(qc) . . . v(qa + qb + qc + · · · − x)

]s

.

[
m∑
a=1

m∑
b=1

m∑
c=1

. . . p0(qa)p0(qb)p0(qc) . . . v(qa + qb + qc + · · · − x)

]1−s
dx

= ln

[
m∑
a=1

m∑
b=1

m∑
c=1

. . . p1(qa)
sp0(qa)

1−sp1(qb)
sp0(qb)

1−sp1(qc)
sp0(qc)

1−s . . .

]

= N ln
m∑
j=1

p1(qj)
sp0(qj)

1−s (5.25)

which again leads the error bound to

Pe,C ≤
1

2

[
m∑
j=1

p1(qj)
sp0(qj)

1−s

]N
. (5.26)

These two derivations show that the Chernoff bound results give the same per-

formance on fusion (summing the test data) and no fusion cases.

min
0≤s≤1

m∑
j=1

p1(qj)
sp0(qj)

1−s (5.27)
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Another approach to tighten the error bound is to minimize the bound with s

parameter. This bound is strictly convex and has only one minimum value due to

s. By solving Equation 5.27 with Karush-Kuhn-Tucker (KKT) conditions [59], when

relative entropy between two discrete distributions equals zero, s can take the values of

0 or 1. This result shows that s takes values 0 or 1 only when the two distributions are

identically distributed. Otherwise, minimization can be done by solving the derivative

of bound which is,

m∑
j=1

p0(qj)ln

(
p1(qj)

p0(qj)

)(
p1(qj)

p0(qj)

)s

= 0. (5.28)

This equation can be solved by numerical methods such as bisection method with low

operating time, because there is only one unknown variable and it is restricted between

0 and 1.

5.2.1. Performance of Chernoff Bound

Figure 5.3(a) shows that the Chernoff bound decreases exponentially with in-

creasing of number of users. This fast decrease is a result of Equation 5.26 where N is

exponent. Figure 5.3(b) presents the decrease on Chernoff bound due to the increase

in the number of bits. Different quantization methods from the Section 4.4 obviously

differ in this figure. Another important result is that the bound do not decrease any-

more after a certain number of bits. Since most of the quantization levels of uniform

quantization at 3-4 bits are between means of two hypotheses, it performs better than

MMSE 3-4 bits quantization.

Figure 5.4 shows a reporting channel system which allows 8 bit transmission of

sensing data in total for each sensing instance. The motivation for these results is to

point out the performance when there is a contraint on the reporting channel resources.

In both figures, the curves with more users and fewer quantized bits outperform. The
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Figure 5.3. Effect of number of users and bits on Chernoff error bound.

reason for this may be exponential behavior of number of users on Chernoff bound.

Another important aspect is the SNR wall concept [16]. In Figure 5.4(b), curves

converge to a certain level of error bound when SNR decreases. So, signal energy may

not be detectible for lower SNR values below a certain level.
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Figure 5.4. Effect of SNR and number of samples on Chernoff Error Bound for

reporting chennel which has 8 bit rate for each sensing.
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6. CONCLUSION

ED is widely studied spectrum sensing system to detect signal energy due to its

simplicity and requirement to none of signal characteristics. This thesis focuses on two

main problems on distributed detection of ED. The first problem is threshold finding

in the nodes due to achieve constant false alarm probability for binary decisions. The

second problem is to derive optimum quantization of node observations due to minimum

distortion and to give a expression on number of bits which should nodes quantize their

observations to.

For adaptive threshold finding, two algorithms are proposed. The first algorithm

depends on minimizing the distance between instantenous PF and desired PF by Net-

won’s method. For analytical implementation, this algorithm finds the exact threshold

without execution of inverse of PF (λ) function, if perfect knowledge of noise variance

is known. Another step on this algorithm, the estimation of PF by counting rule. Even

though this step adds requirement to long iteration due to achieve good estimation,

it is robust to small changes in the noise variance. The second algorithm depends on

generating a discrete random variable and comparing it to previous decision in every

iteration. By this algorithm, system adjusts its threshold to any changes in the noise

variance and works totally independent from PF (λ). Furthermore, this algorithm is

executable to any hypothesis testing system without imposing any assumptions about

the signal. Also, by updating the threshold addition, variance of the converged thresh-

old can be decreased significantly. As future work on this algorithm, an additional

threshold updating rule to increase the addition may be derived for the channels with

varying noise variance. With a good design of decrease and increase on threshold ad-

dition, algorithm may have less variance when it converges and may react agilely to

sudden changes of noise variance.

The second focus of this thesis is on the quantization of observations. Even though

optimum quantization is generally studied as maximization of deflection coefficient
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at distributed detection problems, we study minimum distortion quantization of two

hypothesis together and observe its performance. Mathematical derivation for both

Gaussian and chi-square hypotheses for Lloyd-Max algorithm is handled. As simulation

results point out, the minimum distortion quantization has good performance at low

SNR case. Since quantized observations are generally used at low SNR case, this result

shows minimum distortion quantization may be reasonable to implement.

Number of quantized bits of observations is another problem which is in the

scope of this thesis. As this problem is already studied as rate-distortion theory, a

lower bound on rate-distortion function is derived for the signal which consists of two

hypotheses. Even though this bound is observed to be loose, the results suggest that

when the a priori probabilities are around 0.5, entropy of the observation increases.

Another approach on number of bits is handled by Chernoff bound. As a result of figure

of this bound, number of users has more importance than number of bits for limited

bit-rate reporting channel. As future work on Chernoff bound, this bound may be

used to find optimum quantization thresholds. This optimum quantization may result

a better perfromance than minimum distortion, because it depends on minimization of

PF and PM .
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APPENDIX A: GAMMA FUNCTIONS

The gamma function is defined as [54]

Γ(a) =

∫ ∞
0

ta−1e−tdt (A.1)

which is equal to

Γ(a) = (a− 1)! (A.2)

when a has integer value.

Regularized upper incomplete gamma function can be defined as [54]

γu(a, b) = 1− γl(a, b) =
1

Γ(a)
Γu(a, b) =

1

Γ(a)

∫ ∞
b

ta−1e−tdt. (A.3)

In this equation, γl(a, b) is the regularized lower incomplete function and Γu(a, b) is

upper incomplete function which is reqularized by dividing to Γ(a). After regularizing

(dividing to gamma function), the output of both upper and lower regularized gamma

functions can take values in [0 1].
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A finite sum expansion of the regularized incomplete gamma function for integer

a parameter is

γu(a, b) =
1

(a− 1)!

∫ ∞
b

ta−1e−tdt

=
1

(a− 1)!

[
− ta−1e−t + (a− 1)

∫
ta−2e−tdt

]∞
b

=
1

(a− 1)!

[
− ta−1e−t − (a− 1)ta−2e−t + (a− 1)(a− 2)

∫
ta−3e−tdt

]∞
b

...

=
1

(a− 1)!

[
−

a−1∑
i=0

tie−t(a− 1)!

i!

]∞
b

= e−b
a−1∑
i=1

b−i

i!
(A.4)

which is calculated by taking integration by parts several times. This result can also

be calculated from 8.352.4th Equation of [62] on page 900. Since this is not a infinite

sum, the output of this function can be acquired without approximation.
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