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<B!$%(8#8=8 ,! &'K!( =>$"!!( FG!""'$"!('=' ;!<+B"+#+ J!%!=!K'&'(- *42L

J+$"+H9#9=9= !"! +"&9K9 ?!$'(&!$ :F" !<'. MNL4 #!%A&8=8= F%!<'=&!$' A ≤

16OJ+ $+&+($' ?!$'(&!$"!(! 'G'= ,!('(- QH%! :8 ?+"9H#+&+. pf @$+:8K8=&+ :8"8=+=

40,42,44,46,484+ ?!$'(&!$"!('='= =>$"!!( !=!(P' <!,'J!"!('=' ;!<+B"+#+$ '?'= $A(<8G

$+:8$ #A&!"' J+$"+H9#9 $8""+=9"#+$%+&9(- *42L J+$"+H9#9 )L+J!(. RSTS6

%+(+E9=&+= %+<+("+=+= =>$"!!( $+:8$ #A&!"'J"! #+=%+"'%! A"+(+$ +J=9 +#+ :'(?A$

E+($"9"9K9&+ '?!(!= ,! ?!$'(&!K' &+;+  !(?!$
' A"+(+$ !"! +"+= :'( #!%A&&8(-

 ! "#$% &'()*+( ,-./01-.-)

2A= J9""+(&+ J+B9"+= =>$"!!( J+B9 ?+"9H#+"+(9=&+ $8""+=9"+= #!%A%"+(&+= :'('

A"+= $A(<8G $+:8$ #A&!"' )*42L6 J+$"+H9#9 H'#&'J! $+&+( A ≤ 12

:F" !<'=&! ;+DE ?!$'(&!$"!( '?'= J+B9"+= ?+"9H#+"+(&+ &!=!J<!" <A=8?"+(+

8J 8= #+$8" <A=8?"+( ,!(#'H%'(- *42L ;!<+B"+#+"+(9 '"$ A"+(+$ ;+DE

?!$'(&!$"!( '?'=  !(?!$"!H%'('"#'H%'(- U+;+ <A=(+ J>$<!$ $+B+<'%!"' :'" '<+J+(

$+J=+$"+(9=9=  !"'H%'('"#!<'='= J+=9=&+ #'$(A<$A:'$ ?A$@B+(?+
9$ #!%A&"+(9=9= &+

$8(+#<+" A"+(+$  !"'H%'('"#!<'. $A(<8G $+:8$ #A&!"'='= &+;+ +K9( ?!$'(&!$"!(!

8J 8"+=#+<9=+ '#$+= ,!(#'H%'(- V8 %!G ?+"9H#+<9=&+. pf @$+:8K8=&+ :8"8=+=

40,42,44,46,484+ ?!$'(&!$"!(' '?'= $A(<8G $+:8$ #A&!"' ;!<+B"+#+"+(9 J+B9"#9H%9(-

W



 !"# $%&'%()*)+)+ ',-%.%-/.01 $1.,+, 0%2% %3)& 456-1.*1& ,3,+ 78 &9+80%

$%:)'*)( 3%')(*%'%. -%.,2 6).%6)+% 45.1 &)6% 7,. (1&,'01 %(%;)0% 5<1-'1+*,(-,.=

>21+4 ?0= @ABBCDE+,+ $%:-)&'%.) 3%')(*%0% 4F1G 5F1G 6H, ?1 7H, 4,7, 2%IJ

31&,.01&'1.,+ 7%;'%+*% 1+1.K,'1.,+, ?1 1+1.K, 6:1&-.8*'%.)+) &9.68< &%78& *901',

$5+-1*, ,'1 216%:'%*)('%.0).= L8 3%')(*%0% 1-&,+ ,&,M:%.3%
)&') 1-&,'1(*1'1.

O1,0M69J-M
9.1 :9-%+6,$1', &8''%+)'%.%& PM*%-.,6 @L.81
&+1. PM*%-.,QD $5+-1*,

,'1 *,&.96&97,& &%78& *901', 31.31?16,+01 1'01 10,'*,(-,.= F16%:'%*%'%. Rh̄Ω

*901' 8<%$)+0% 41.31&'1(-,.,'*,(-,.= S$.)
% 3%')(*%0% *%&8' 7,. 7%;'%+*%

1+1.K,6, ?1.*16, ,3,+ h̄Ω 01;1.,+, -%*'%$): J%.&') ω 01;1.'1.,+01 69+.%0% ω

01;1.,+, -%*'%$): J%.&') h̄Ω 01;1.,+01 216%:'%*%'%. -1&.%.'%+*)(-).=  /&'11.

1+1.K, 6:1&-.8*8+8+ 216%:'%+*%6) 69+8
8+0% 1'01 10,'1+ 69+83'%. 01+1$61'

69+83'%. ,'1 ,$, 7,. (1&,'01 8$8(-8;8 45./'*/(-/.= S+
%& 69+83'%.)+ 01+1$61'

69+83'%. ,'1 8$8(*%6)+0%&, 1+ 5+1*', :%.%*1-.1 216%:'%*%+)+ 41.31&'1(-,.,'0,;,

*901' 8<%$) 79$8-808.= F16%:'%*%'%.0% *901' 8<%$)+) +1 &%0%. 7/$/-/.

,61& 01+1$61' 69+83'%.% 0%2% 39& $%&)+6%*%&-%0).= >21+4 ?0= @ABBRDE+,+

$%:-)&'%.) 3%')(*%0% ATUE01+ ATVE$% &%0%. 9'%+ 2%IJ 31&,.01&'1.,+ +/&'11.

$%:) 5<1'',&'1.,+, @7%;'%+*% 1+1.K,'1., ?1 0,;1. +/&'11. 5<1'',&'1.D 216%:'%*%&

,3,+ 7,. 5+
1&, 3%')(*%$% 45.1 0%2% 7/$/& *901' 8<%$)+0% &9.68< &%78&

*901', 216%:'%*%'%.)+) 41.31&'1(-,.*,('1.0,.= L8 3%')(*%0% 216%:'%*%'%. Vh̄Ω

*901' 8<%$)+0% 41.31&'1(-,.,'*,( ?1 1-&,+ 1-&,'1(*1'1., /.1-*1& ,3,+ &8''%+)'%+

:9-%+6,$1' ,61 7,. 5+
1&, 3%')(*%0%+ J%.&') 9'%.%&  ,K*141+ 4.878 -%.%J)+0%+

9'8(-8.8'%+ $1+, 7,. O1,0M71+<1.   :9-%+6,$1',0,. @O1,0BC 9'%.%& 0% 7,',+,.D=

F16%:'%*% 69+83'%.)+)+ 01+1$61' ?1.,'1. ,'1 ,$, 7,. (1&,'01 8$8(-8;8 45./'*/(-/.=

>21+4 ?0= @ABBWDE+,+ $%:*)( 9'08&'%.) 3%')(*%0%G 4F1E01+ 7H,E $1 &%0%.

9'%+ 2%IJ 31&,.01&'1.,+ 1+1.K, 6:1&-.8*'%.) &9.68< &%78& *901', 31.31?16,+01

216%:'%+*)(-).= L8 3%')(*%0% 1-&,+ 1-&,'1(*1'1. F%Q-9+ ?1 0,;1.'1., -%.%J)+0%+

5+1.,'1+ 39&M01;1.', PM*%-.,6 $5+-1*, ,'1 1'01 10,'*,(-,.= L8 3%')(*%$) 7,.

5+
1&,'1.01+ %$).%+ +9&-% 39&M01;1.', PM*%-.,6, &8''%+)'*%6)0). ?1 0,;1. 7,. +9&-%

B



 ! "!#$ %&'() &'*&) (%(+ ,- &* ./!01+1+ Nmax 2 3h̄Ω40! '! !) %1'!)!'  !"! 567

'!8.'*!)1+ "&6!9*!,! (%(+&  !"(* & (*,&6( (): ;&6!9*!,! 6-+.%*!)1 <&*&+&'6&*

'!8.' ,- &*( "&!6!9*!,!*!)1 (*& '!)=1*!=71)1*,1= >& 6-+.%*!)1+ <&*&+&'6&* '!8.'

,- &*(+& <?)&  &+&06&* 6-+.%*!) (*&  !"! .0.,*. -* .@. <?)5*,5=75):

A!>)!7(* >& B!))&77 CDEEFG 7!)!$1+ !+ 3;H 4;&H 5;&H 6I( >& 6;& <(8( "!#$

%&'() &'*&) (%(+ Eh̄Ω ,- &* ./!01+ ! '-)6./ '!8.' ,- &*( "&6!9*!,!*!)1

<&)%&'*&=7()(*,(=7(): B. %!*1=,! ! &7'(+ &7'(*&=,&*&)  (@&) %!*1=,!*!) !

-* .@. <(8( JK,!7)(6 0?+7&,( (*&  &@(*  & I&&KL./.'( 8&+/&)*('  ?+5=5,

0?+7&,( CI&&KL./.'( 6(,(*!)(70 7)!+6$-),!7(-+G '.**!+1*!)!' ,(')-6'-8(' '!8.'

,- &*( %&)%&>&6(+ & M&( EN AA 9-7!+6(0&*(+ &+ &* & & (*,(=7(): O0)1
! 8.

%!*1=,! ! &7'(+ &7'(*&=,&*&)( &* & &7,&' (%(+ JK,!7)(6 0?+7&,(+(+ 0&)(+&

I&&KL./.'( 8&+/&)*('  ?+5=5, ,&7- .+.+ '.**!+1*,!61 6!0&6(+ & 8!=*!+<1%

&+&)Q(6( ω4 !+ 8!@1,61/ -*!)!' '-)6./ '!8.' ,- &*( "&6!9*!,!*!)1 0!91*,1=71):

A!>)!7(* >& B!))&77 CDEE3!G 0!971'*!)1 %!*1=,! !H N +5'*&-+*. 6(67&,(+ '!8.'

,- &*( 9)-8*&,(+( %?/,&' (%(+ R!  &&> &=(7*(@( (*& '!8.' ,- &*( ,&7- .+.

8()*&=7(),(=*&) (): R!  &&>4(+ 8(*&=&+*&)(+& !01),! C &
-,9-6(7(-+G ,&7- .+.+

'.**!+1,1 67!+ !)7 '!8.' ,- &*( 0!'*!=1,1+1+ '.**!+1,1+ !+  !"! <&+(= ,- &*

./!0*!)1+ ! '!8.' ,- &*( "&6!9*!,!*!)1 0!9,!0! -*!+!' 6!@*!,1=71): O0+1

/!,!+ ! "&6!9*!,!*!) ! '57*& ,&)'&/( 7&)(,( '!* 1)1*,1=71): B. 6!0& &

9)-8*&, '!0 ! &@&) 8() =&'(* & 8!6(7*&=,(=7() >& ,- &* ./!01+1 8505' 8()

=&'(* & <&+(=*&7,&0& -*!+!' 6!@*!,1=71): B?0*&
& N +5'*&-+*. 6(67&, (%(+

'-)6./ '!8.' ,- &*( "&6!9*!,*!)1 NSh̄Ω "!),-+(' -6(*!7?) 7&'K9!)%!
1' ,- &*

./!01+ ! <&)%&'*&=7()(*,(=7(): B. "&6!9*!,!*!) !+ +-'7! +5'*&-+ 0!)1%!91H

8!@*!+,! &+&)Q(*&)( >& 7&,&*K .)., &+&)Q(*&)(+(+ 6-+.%*!)1 6.+.*,.=7.): O0+1

/!,!+ ! 6-+.%*!) "!),-+(' -6(*!7?) $)&'!+61 Ω40! >& ,- &* ./!01 9!)!,&7)&6(

Nmax4! 8!@*1 -* .@. (%(+ 8. ('( 9!)!,&7)& &'( 0!'1+6!,! 7&67 & (*,(=7(): B.

%!*1=,! ! 6-+.%*!)1+  &+&06&* >&)(*&)& 0!'1+6!,!61 '.**!+1*!+ AA 9-7!+6(0&*(+(+

7(9(+ &+ %-'  !"! 05'6&' ,- &* ./!0*!)1+ ! "&6!9*!,! 0!91*,!61+! 8!@*1 -* .@.

DT



 !"#$%#&'#"(

)*+"*',$ +- .*""-'' /0112345 6*$7&%*$*"789* A:;<9-8 A:00<- =*9*" >$*8

3!$ -9-=, 6-=,"9-=$-" ,6,8 =>"?@A =*3@= %>9-$, B-?*C$*%*$*"7  -"6-=$-&',",$%,&',"(

.@ B-?*C$*%*$*"9* ,=,DC*"6*
7=$7 -'=,8 -'=,$-&%-$-" %,=">?=>3,= =*3@= %>9-$,

6-"6-+-?,89- F-,91G )) C>'*8?,H-$,89-8 -$9- -9,$%,&',"( I-?*C$*%*$*" J*"=$7

8!'">8D8!'">8 /8845 C">'>8DC">'>8 /CC4 +- 8!'">8DC">'>8 /8C4 -'=,$-&%-$-",8

=@$$*87$%*?78* ,A,8 +-"%-= ,6,8  -8,&$-',$-8 H*8, ,?>?C,8 -'=,?,8, 9- B-?*C$*%*

,6,8- 9*B,$ -9-8 %*8HDJ-"%,>8D9H8*%,
? =>9@8@8 =@$$*87$%*?7 ,$- %D&-%*?789*

H*C7$%7&'7"( A:; 6-=,"9-K, ,6,8 Lh̄Ω %>9-$ @A*H7 9,K-" 6-=,"9-=$-" ,6,8 9-

Mh̄Ω %>9-$ @A*H789* =>"?@A =*3@= %>9-$, B-?*C$*%*$*"7  -"6-=$-&',",$%,&',"(

)*+"*',$ +- .*""-'' /011145 H*C'7=$*"7 6*$7&%*9* N*99--+D3-8A-" H*=$*&7%787

=@$$*8*"*= M 8#=$->8$@ ?,?'-% ,6,8 0Mh̄Ω %>9-$ @A*H789* =>"?@A =*3@= %>9-$,

B-?*C$*%*$*"7  -"6-=$-&',"%,&$-"9,"( .@ =*3@= %>9-$, B-?*C$*%*$*"789*5 ,=,D


,?,% -'=,8 -'=,$-&%-$-",8,8 H*878* #6D
,?,% -'=,8 -'=,$-&%-$-", 9- B-?*C$*%*

,6,8- 9*B,$ -9,$%,& +- 3@ -'=,8 -'=,$-&%-$-" F-,91G +- O" >88- P2 ))

C>'*8?,H-$$-",89-8 %,=">?=>3,= =*3@= %>9-$, 6-"
-+-?,89- -$9- -9,$%,&',"( Q=,D


,?,% -'=,8 -'=,$-&%-$-",8- -= >$*"*= #6D
,?,% -'=,8 -'=,$-&%-$-",8,8 9- B-?*C$*%*

,6,8- 9*B,$ -9,$%-?, ?>8@6$*"78 9-8-H?-$ +-",$-"- H*=78?*%*?787 *"''7"%7&'7"( .@

6*$7&%*878 *8* *%*
7 9*B* =>%C$-=? ?,?'-%$-"- @H @$*8%*= ,?'-8-8 -'=,8

-'=,$-&%- J>"%*$,A%, ,$- =*3@= %>9-$, H*=$*&7%787 '-?' -'%-=',"(

)*+"*',$ +9( /RSSS*4<8,8 H*C%7& >$9@=$*"7 6*$7&%*9*5 12T 6-=,"9-K,8,8 8- *',J

C*",'-$, 9@"@%$*"7 ,6,8 0h̄Ω5 Gh̄Ω +- Uh̄Ω %>9-$ @A*H789*5 C>A,',J C*",'-$,

9@"@%$*"7 ,6,8 ,?- Sh̄Ω5 Rh̄Ω +- Mh̄Ω %>9-$ @A*H789* =>"?@A =*3@= %>9-$,

B-?*C$*%*$*"7  -"6-=$-&',",$%,&',"( .@ )TVW B-?*C$*%*$*"78* ?*9-
- ,=,D


,?,% -'=,8 -'=,$-&%-$-", 9*B,$ -9,$%,& +- 3@ -'=,8 -'=,$-&%-$-" TXD.>88 +-

O" >88- P2< )) C>'*8?,H-$$-",89-8 %,=">?=>3,= =*3@= %>9-$, 6-"6-+-?,89-

-$9- -9,$%,&',"( .@ 6*$7&%*9* 12T 6-=,"9-K,8,8 3*K$*8%* -8-"Y,$-",5 -8-"Y,

00



 !"#$%&'()%*+ ,-#("., /)%*0)!()%* 1" "("#$%.')2,"$3# 2"034 .%),()%* 2353 ,-#(""%

67"((3#(("%3 8" )!(),'*4 1"  .,&0()% 9","/ "( 1"%3("% 3(" &/&'  ):()'*4$*%; <&,)

"# .()%)#  .,&0()%*, 9","/ "( 1"%3("%" /)#*, )') * )0* *,9), '.9"( &7)/*,)+

8)%'.,3# . 3()$6% ","%=3 !)%)'"$%" 3 h̄Ω>/) 1" #&((),*(), ?? !.$), 3/"(3,3, $3!3,"

5):*'(*(*:* )%)4$*%*('*4$*%;

?)1%)$3( 19; @ABBB5C ABBDE>,3, /)!'*4 .(9&#()%* 0)(*4')9)+ AFG+ AFH 1"

AFI ,-#(".,(&  3 $"' 303, #.% &7 #)5&# '.9"(3 0"%0"1" 3,9" 0.#J!)%0)
*#(*

8" )!()')()% 2"%0"#("4$3%'34("%93%; <& #.% &7 #)5&# '.9"(3 8" )!()')()%* G

,-#(".,(&  3 $"' 303, GAh̄Ω+ H ,-#(".,(&  3 $"' 303, DIh̄Ω+ I ,-#(".,(&  3 $"'

303, 3 " DAh̄Ω '.9"( &7)/*,9) 2"%0"#("4$3%3('34$3%; L$#3, "$#3("4'"("% MNJ<.,, 1"

O%2.,," PQ> ?? !.$), 3/"(("%3,9", "(9" "93('34 1" 8" )!()')  .,&0()%* 9","/ "(

1"%3("% 3(" &/&'  ):()'*4$*%; M)&%3"% 19; @ABBDE>,3, 0)(*4') *,9)+ 8<">9"#3 T = 0

3,$%&9"% 9&%&'()%* 0)(*4*('*4$*%; <&  .%&,& )9%" ("'"# 303, 8<" 0"#3%9":3 303,

NmaxFDB '.9"( &7)/*,9) #.% &7 #)5&# '.9"(3 8" )!()')()%* /)!*('*4$*%;

?)1%)$3( 1" R%'),9 @ABBGE>*, /)!'*4 .(9&#()%* 0)(*4')9)+ -0J,-#(".,(& "$#3,

"$#3("4'"("%3 8" )!()') 303," 9)83( "9"%"# 6,7S3+ 6T"+ 8<"+ 12? 1" 10,11,12,13M

0"#3%9"#("%3,3, ","%=3  !"#$%&'()%*,* 8" )!()')# 303, )5J3,3$3. #.% &7 #)5&#

'.9"(3 '"$.9&,& &/2&()'*4()%9*%; L$#3, "$#3("4'"("% O%2.,," PQ> ??

!.$), 3/"(3 1" 
83%)(  3'"$%3/3 $"'"( )(), U&
 .,JV"(5.&%," UV>@WWE -0 ,-#(".,

@???E !.$), 3/"(3 #&((),*()%)# "(9" "93('34$3%; X)9"
" ?? !.$), 3/"(("%3 3("

/)!*(), 8" )!()')()%*, )# 3,"+ ??? "$#3("4'"("%3,3, 8" )!()') 303," 9)83(

"93('" 3 10,11< 1" 12?+ 12< 0"#3%9"#("%3 303, 9","/ "( 1"%3("% 3(" 9)8) &/2&, $"'"(J

9&%&' ","%=3 3 "(9" "$'34$3%; <&,) "# .()%)# ??? "$#3("4'"("%3,3, "$#3 3,3,

#)$*(9*:* 8" )!()')()%9)+ Y)'.ZJU"(("% 2"0343,3, )0*#()') * #)! )'(* 53% 4"#3(9"

2"(34$3%3('34$3%; L, 93##)$ 0"#", 9&%&'+ AFDA 0"#3%9":3,9"#3 0+
1 0 → 1+

1 1 2"0343

.(9&:& 26%-('-4$-%; O/%*
) ?)1%)$3( 19; @ABB[E>,3, /)!'*4 .(9&#()%* 0)(*4')9)+

11< 0"#3%9":3,3, !)%3$" 3,1"% 3/.,& 8" )!(),'*4$*%; \8), 19; @ABBHE>,3,

DA



 !"#$% &'()*'!+$ ,!'$%#!(!- (!.! /01 *!2)*'!+(!*3 !4$+ ,5*3+(5*'5+ 3,36 6/*'55+

,&*7"!+,!
$*'$ .50!"'!#!'!+  /*05* *!"!0315'3 0/"5+ 23'930! !+'!+ 95+5*13+3+:

; <!#!6(!*3 23'930! !+ *! 6!*'!+$ 2) 6/*'55+ ,&*7"!+,!
$*'$ .50!"'!#!'!+(!

 515+03< *!'($4$ 3,36 "5+1/+2!0 &6 15&+30363 15#5' !'!6 23+ 1!#'!#! #51&()

=5>1+!"&'!13&6 #51&(? ) 9)'!6#$%1$+: @A '5
5 (!.! 9563% #&(5' )<! $6(! 3B

C5 6D3 ,5*3+(543636 2!4'!6#! 565+E303- B!#3'1&6356 *A%5956'5%13+3'#5(56 1!.#36

5(3'#3%13+:

F&+0)< *!2)* #&(5'3  !*'!%$#$ "7*!2)4)6! *!(!+  !63 A ≤ 12 2A'95036(5*3

,5*3+(5*'5+36 2!4'!6#! 565+E3'5+3- 565+E3 0"5*1+)#'!+$ C5 5'5*1+&#!96513* 95,3%

&+!6'!+$ 9323 6/*'55+ A<5''3*'5+363 2!%!+$'$ 23+ %5*3'(5 !,$*'!#$%1$+: G6
!* (!.!

/01 *!2)*'!+! ,$*$'($*,!- 6/*'5&6 0! $0$6$6 !+1#!0$ 65(563 '5 2/ /* #&(5'

)<! '!+$6(! *&+0)< *!2)* #&(5'3 .50!"'!#!'!+$ 95+,5*'5%13+3'5#5#5*15(3+: @)

 /<(56 (5 0&6),'!+- (565 05' C5+3'5+ 3'5 1!# &'!+!*  !*$60!#! 0!4'!#!#!*1!($+:

H&1. C5 I!C+!13' =JKKL?M36  !"#$% &'()*'!+$ ,!'$%#!(!- 40N! ,5*3+(543636 INOP

.50!"'!#!'!+$6(! (565 05' C5+3'5+ 3'5  !*$60!#! 0!4'!#!0$ 3,36 #&(5' )<! $6$6

2& )1)6) 23+ A65#'3 36(3+95#5 %5#!0$ =3#"&+1!6
5 1+)6
!15(? *)''!6!+!*

QRh̄ΩM ! ,$*!+#$%'!+($+: S!63 15#5'7()+)# 9323 .5+.!693 23+ 25'3+'3 A<()+)#)6

1!6$#'!6#!0$ 2!< ()+)#'!+$6$6 ,&4)6)6 23'36#5036(56 2!4$#0$<($+: @)  /<(56

.50!"'!#! ! 2) ()+)#'!+$ !'#! !+!* .50!"'!#! 0! $0!' &'!+!* .!TU513'3+:

@A '5
5 40N! ,5*3+(543 3,36 QR h̄Ω #&(5' )<! $6(! *&+0)< *!2)* #&(5'3

.50!"'!#!'!+$ 95+,5*'5%13+3'#3%13+:

V3*#56 C(: =JKKW?M636  !"#$% &'()*'!+$ ,!'$%#!(!- pf 7*!2)4)6(!*3 ,5*3+(5*'5+

3,36 ,&* "!+,!,$*'$ 51*36 B!#3'1&6356 36%! 5(3'5+5*- 3*37
303# */#5 05C3 5'5+36(5

C5 Jh̄Ω #&(5' )<! $6(! *&+0)< *!2)* #&(5'3 .50!2$  !"$'#$%1$+: B!+#&63*

&03'!1A+ #&(5' )<! $ &'!+!* Jh̄Ω #&(5' )<! $ 3,36 +5!'3013* 6/*'5&676/*'5&6 =II?
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!0 24/*( ,%-.!"!" N* ΩE "!" $4",=(-# 1%*#'"/*0'

)-8!2(!(!8! ), .-0(-9!2!" 5"*2'"' >5$+*#2*$'"' $-8(-#;

HΩ
A =

A
∑

i=1

hi +
A

∑

i<j=1

V
A,Ω
ij ?H;M@

ACA-#=-=!0(!  
3#5/'">*# /*"0(*2'"'" =5%12(*#'"' *(/* *+2*0 '='" $!"!#$!% &'()*#+

,%-.!"! $!"!#(! N* 04(-.
- 3*$-A(-"-)'('# )'# 24/*( ,%-.!"- '"/'#>*2*0 >*#*0'#;

O4/*( ,%-.! N-(-"$ ,%-.! 04"61>1#-$.4","," .,0-#!$!"/-0' Nmaxh̄ΩE.- 0-/-#

PQ



 !"#$%&' $(&)!*+" *,'-.!"/!
1' 23!"1)#!)!"1 &), 45*5% /$'-.!"/!
1' 62"2#)!"6!%

$)272"8 9:," 617!")!%!% '$%;5<5"!(3$%2% ,*'&(&  ,(!.)!#! &/&%, 6! &) ,6&)(,36&

3!)1% =!#&)*$%&,% HΩ
A > (1%1"(1? #$6,) 2?!31%6! #!'2) $)#!3!% ($%2/)!" <,*&"&"6&8

@2 35?6,% (1%1"(1? =&)4," 2?!31%6!'& 3!)1% =!#&)*$%&,% &), (1%1")1 '$)!3
!

 ,(!.)!%!4&)&" 4&" #$6,) 2?!31%6!'& ,*'&% =!#&)*$%&,% Heff 3," 6,:&7*&"&)#&7*&"8

 !"! #$$%&'(')* +,)-,./0/12, $3)*1 $3)*-$.0$ 4560,-*(0*

A5'),," ,*'&),7#,),"6, '1(! #,(!;,),"6,'& &*#,%&% B( $"*-"!%<, ",.2)(&$%C

.!*$)$D&' ($%2/)!"1%1 /1'!"#!' &/&% '$"(2? '!42' #$6,)&> (,/&),%  !"#$%&' $(&)!*+"

4!?1%! 23<2% 4&" ,*'&% ,*'&),7#, '2))!%1"8 @2 ,*'&% ,*'&),7#,),"& ,)6, ,*#,'

&/&%> 4&"  ,"#&*3,% ,*'&% ,*'&),7&# '2))!%!% E,,-F2?2'& #,*$62 23<2)!%1"8 G!%&

AHFI 3!')!7#1%6!> 4!7)!%<1/ ,%,"D&(&%6,% B(*!"*&%<-,%,"<3C 4!:1#(1?  ,"#&*3,%

4&" ,*'&% ,*'&),7#, '!?!%61"!% E,,-F2?2'& 4,%?,")&' 6+%575# #,*$62 BF2?2'&

J, E,,> KLMNO F2?2'&> KLMP!O F2?2'& J, Q'!#$*!> KLMRC ",!)&(*&' AA J,3!

AASAAA .$*!%(&3,)),"&%&% 5%&*," 6+%575#5 &/&% '2))!%1)1"8 @2 4+)5#6,

#,*$62% <,%,) #!%*!)&*,(& J, ,(!( ($%2/)!"1 +?,*),%,
,'*&"8 T'&-.!"/!
1')1 ,*'&%

,*'&),7#,),"&%  ,(!.)!%1)#!(1%6! '2))!%1)!% 42 #,*$62% 23<2)!#!)!"1 <,),
,'

4+)5#6, *!%1*1)!
!'*1"8

E,,-F2?2'& #,*$62> H0 .,*5"4, ,6&)#,#&7 =!#&)*$%&,% J, V .$*!%(&3,) $)#!'

5?,", H = H0 + V ;$"#2%6! 3!)1% 4&" =!#&)*$%&,% 6575%5"8 U,%'),# R8LV6!'&

3!)1% =!#&)*$%&,% HΩ
A >

∑A
i=1 hi J,

∑A
i<j=1 V

A,Ω
ij 7,')&%6, &'& 4!:1%*16!% $)272"8

@2"!6! 3!)1% =!#&)*$%&,% &/&% +?62"2#)!" |k〉 $)!"!'> '!"71)1' <,),% +?6,:,"),"

6, Ek $)!"!' &;!6, ,6&)&"8 @2%2% &/&% &)' $)!"!' Ek|k〉 +? (&(*,#)& ',3W 4&" H

=!#&)*$%&,% 6575%5)5"> 4+3), 4&" (&(*,# !7!:16!'& <&4& &;!6, ,6&)&"X

H|k〉 = Ek|k〉 BR8KNC

PK



 !!"#$%$&' (!)*+$ ',& *,-.-& /010./0% 2',3!.) $%-40105 6 $%-40 *,-.-& 3-7/!+',!1

8! dP 3*4$)$1- /-7'9 *,-15 /010.,0 3'. (*+!, $%-401- -40.0.: ;$1$1 <%!.'1!

(P + Q = 1) =!&,'1+! (*+!, $%-4010 )-(-(,-4-1 8! +0=-.,-1(0= &*1><?<.-/4*1

$%-40 *,-.-& +- 3','1!1 3'. @ $%-40 )-10(,-.: A!1&,!( B:CD+-&' 2-(',)*1'!1D!

e−ωHeω ?'3' 3'. 3!1%!.,'& +E1<=<(< $4?$,-1-3',(!/' 'F'1 ω = QωP &*=$,$1-

$4-1 3'. +E1<=<( *9!.-)E.< ω )-10)0,(-/0 ?!.!&,'+'.: ;$ 1!+!1,! +E1<=<(

*9!.-)E.< ω -=-G0+-&' ?'3' Q $%-40 8! P (*+!, $%-40101 A!1&,!( B:HHD+!&'

+!
*$9,'1? &*=$,$1$1 ?!.!&)'.+'&,!.'1+!1 )-10(,-10.:

Qe−ωHeωP = 0 JB:HHK

LG!. P (*+!, $%-40 3-% +$.$(,-.0 |αP 〉 8! *1$1 )-(-(,-40
0/0 *,-1 Q $%-40 3-%

+$.$(,-.0 |αQ〉 ',! '>-+! !+','. '/!5 Qe−ωHeωP |k〉 = 0 ','=&'/' A!1&,!( B:HMD+-&'

2-(',)*1'!1D'1 3!,'.,' 3'. |k〉 E%8!&)E.,!.' 'F'1 &-.=0,-1-
-&)0.: N(- *1$1 Q

$%-40 3',!=!1,!.'5 +E1<=<( *9!.-)E.< ωD101 4-.+0(0 ',! P $%-40 3',!=!1,!.'1'1 3'.

&*(3'1-/4*1$ *,-.-& -=-G0+-&' ?'3' '>-+! !+',!3','.:

〈αQ|k〉 =
∑

αP

〈αQ|ω|αP 〉〈αP |k〉 JB:HOK

P*+!, $%-40 3*4$)$ dP ',! '>-+! !+','./!5 A!1&,!( B:HO ',! $4$( /-G,-4-3',!
!&

3'. dP E%8!&)E.<1<1 K /!)' /!F',!3','.: |k〉 ∈ K 'F'1 dP × dP (-).'/ 〈αP |k〉 &*=$,$

-,)01+- )!./' -,01-3',!1 *,+$G$1+-1 ω *9!.-)E.< A!1&,!( B:HOD+!1 -=-G0+-&' ?'3'

)-10(,-10.:

〈αQ|ω|αP 〉 =
∑

k∈K

〈αQ|k〉〈k̃|αP 〉 JB:HBK

;$.-+- 〈αP |k〉D101 )!./ +E1<=<( (-).'/' 〈k̃|αP 〉 ',! '>-+! !+','.: Q-1' k, k′ ∈ K

'F'1
∑

αP
〈k̃|αP 〉〈αP |k′〉 = δk,k′ +0.:

;E4,!
! P (*+!, $%-401+- )-10(,-1-1 2!.(')4!1 !)&'1 2-(',)*1'!1 J#$%$&'5

HCRO-S #$%$&' 8! T&-(*)-5 HCRBK )-.->01+-1 A!1&,!( B:HUD+! ?E.<,+<G< ?'3'

OO



 !"#$#"%

H̄eff = [P (1 + ω†ω)P ]1/2PH(P + QωP )[P (1 + ω†ω)P ]−1/2
&'%()*

ω +,-"-./"0101 /2!$$#3$!"#1#1 34$$-15$6-75 7-8!7#19!: !.3#1 ;-6#$.+1#!1 H̄eff -<53

=#" >!3#$9! ?!"6#.8!1 @+"69- ->-A59-3# B#=# 8!1#9!1 8-25$-=#$#"%

H̄eff = [P (1 + ω†ω)P ]−1/2(P + Pω†Q)H(QωP + P )

× [P (1 + ω†ω)P ]−1/2
&'%(C*

D!13$!6 '%('E9!3# ω +,!"-./"0101 </2060101 8-"9565 #$!: !.3#1 ;-6#$.+1#!1E#1

6-."#7 !$!6-1$-"5 #<#1 ->-A59-3# B#=# =-7#. =#" #@-9! !$9! !9#$#"%

〈αP |H̄eff |αP
′ 〉 =

∑

k∈K

∑

α
P
′′

∑

α
P
′′′

〈αP |(1 + ω†ω)−1/2|αP
′′ 〉

× 〈αP
′′ |k̃〉Ek〈k̃|αP

′′′ 〉

× 〈αP
′′′ |(1 + ω†ω)−1/2|αP

′ 〉 &'%(F*

G4"-9- (1+ω†ω)−1/2E1#1 6-."#7 !$!6-1$-"515 ?!7-,$-6-3 #<#1 ->-A59-3# D!13$!6

'%(H 34$$-15$-"-3 Q 42-85 =-2 94"46$-"5 02!"#19!3# .+,$-6 <53-"5$5"%

〈αP |(1 + ω†ω)|αP ′′〉 =
∑

k∈K

〈αP |k̃〉〈k̃|αP ′′〉 &'%(H*

D!13$!6 '%(FE9-3# !.3#1 ;-6#$.+1#!1 P 6+9!$ 42-8519- Ek, k ∈ K /2!1!"I#$!"#1#

8!1#9!1 0"!.#"% J815 2-6-19- D!13$!6 '%(H #$! =#"$#3.! 34$$-15$-1 D!13$!6 '%(F:

Q 42-85 02!"#1! ?#<=#" .+,$-6 #<!"6!2  ! =/8$!
! @+"6-$#7-28+1 =-7#.$!>#"%

L'



 !"!# $%&'()*+',+ -, '.'/0%12%
4.(4 ,).'+ ,).'(,5&,(,16, 7+')%18

69+:5:&

 ! "#$%#& '%'
#) *++,-!.!"/ 0'"1'2#%# "!11'&#1'3'" 4+&"1+% 56789+"/

:'%/1;<&/+& /=/& $+=/1+& >/3 %<9+1 !.'0#&9' +;"/& +;"/1+2%+1+3 +19+ +;%+";/36

4+&"1+% 56789+"/ HΩ
A :'%/1;<&/+& $/$;+%';/" <1'3'" '2'?#9'"/ @/>/ 0'.#1'>/1/36

HΩ
A =

A
∑

i=1

hi +
A

∑

i<j=1

V
A,Ω
ij A56B7C

A4' D3<E/9+&
/' E+ -F'"/&) BGHIC8+ @J3+) >/3 =+"/39+" /=/&9+"/ /"/,
/$/%

>'?#&;#1'3#&' !0!% $'?1'0'>/1+& :'%/1;<&/+&8/& >/3 K&/;+3 9J&K2K%K $!&!1!36

 ! '2'?#9'"/ @/>/ /"/,
/$/%1/ '&;/,:+3%/;0+& S <L'3';J3K&K& $+=/1%+$/ $'0+$/&9+

0'L#1#36

H = e−SHΩ
AeS

A56BGC

 ! &<";'9' +;"/& :'%/1;<&/+& F/= >/3 0'"1'2#% /=+3%+. E+ L3<>1+%/ =J.%+"

/=/& <1'>/19/?/&
+ .<31'2;#3'& A,L'3='
#" ;+3/%1+3/&+ "'9'3 >K;K& ;+3/%1+3/ /=+3/36

M0@!1'&'>/1/31/" '=#$#&9'& >! "#$#%9'& $<&3' "K%+,0'"1'2#%# "!11'&#1#36 NK%+,

0'"1'2#%#&#& !0@!1'&%'$#) a,
/$/%1/ A>!3'9' a ≤ AC L3<>1+% /=/& 9J&K2K%

<L+3';J3K&K& >!1!&%'$# /1+ >'21'3 E+ <&9'& $<&3' A,
/$/%1/ $/$;+%/& =J.K%K

/=/& +;"/& +;"/1+2%+1+3 "!11'&#1#3 AO-PQ) RSSTC6 A,&K"1+<&1! =+"/39+" /=/& +;"/&

:'%/1;<&/+&) "K%+ 0'"1'2#%#&9' 4+&"1+% 56RS89+"/ @/>/ /U'9+ +9/1+>/1/36

H = H(1) + H(2) + H(3) + ..., A56RSC

RI



 ! "#$% &'"(')*$*+,'"- .%"/
-1-$2 -"-/
-1-$ 3% #4/
-1-$ .%5-$(%5- ')'6*,'"- 7-8-

3%5-(-59

H(1) =
A

∑

i=1

hi, :;<=>'?

H(2) =
A

∑

i<j=1

Ṽij, :;<=>8?

H(3) =
A

∑

i<j<k=1

Ṽijk. :;<=>
?

@&5*
'2

Ṽ12 = e−S12(h1 + h2 + V12)e
S12 − (h1 + h2), :;<==?

Ṽ123 = e−S123(h1 + h2 + h3 + V12 + V13 + V23)e
S123

− (h1 + h2 + h3 + Ṽ12 + Ṽ13 + Ṽ23) :;<=;?

3% A%+"(%$ ;<=;B,%"- ,C+#)#$ DE%5'.C5# S123 = S12 + S23 + S31 )%"(-+,% -F',%

%,-(-5< G!"'5*,'"- A%+"(%$ ;<=>'B,'"- H'$-(.D+-%+
∑A

i=1 hi2 HI ED.'+1-&%(-

'(.*+,'"- .%"/E'5
'4*" CJ,!5!$('5*,*5<

K6%5 1*+*51*J H-(8%5. !J'&*2 P +Q = 1 "D)!(! -(% P 3% Q E5DL%".C5(%5- "!(('+*('5'"2

8-5 P $D,%( !J'&* 3% 8-5 Q ,*)'5('+$*) !J'&*+' '&5*(*5 -1% ,%
D!E(-+7 "D)!(!+,'+2

-"-/E'54'
*" -4-+ ,C+#)#$ DE%5'.C5# S122 A%+"(%$ ;<=MB,%+ 3% P2S12P2 =

Q2S12Q2 = 0 1*+*5 "D)!(('5*+,'+ .'+*$('+*59

Q2e
−S12(h1 + h2 + V12)e

S12P2 = 0 :;<=M?

N"-/+#"(%D+ ,!5!$! E5DL%".C5(%5- (Q2, P2) A%+"(%$ ;<=MB,% 7C5#+#5<  ! -"-/

+#"(%D+ E5DL%".C5(%5- (Q2, P2)B+-+ .'+*$* A/+#"(%D+ E5DL%".C5(%5-+-+ (P,Q)

.'+*$*+,'+ %(,% %,-(-5< O+-.'5&/PD,%(/IE%5'.D5/@EE5D'
Q :OPI@? D('5'"

8-(-+%+ 3% :R!J!"-2 >ST=8U R!J!"- 3% I"'$D.'2 >SSM? .'5'F*+,'+ D5.'&' '.*('+

=V



 ! "#$%#&'( S12 )*+,#-.,/0/ 1+0$%+( 234567+ 8.9-+,:%7:;: 8: : <.=+,3

S12 = arctan(ω − ω†), >2345?

1+0$%+( 234567+$: ω )*+,#-.,/0/0 <.=/(/@ ω = Q2ωP2 $)&!%!07#0 9#;%#0',3

H = h1 +h2 +V12 A#(:%-)0:+06: <.=+0 )*+,#-., :%+ 1+0$%+( 23BB6: <.=+0 )*+,#-.,

#"0' )*#,#-.,7/,3 C."%+%:$%+ :$:D*#,<#
'$%' +-$:0 A#(:%-)0:+0 H = h1 + h2 + V12@

1+0$%+( 23B5 -#,#F'07#0 P2e
−S12(h1 +h2 +V12)e

S12P2 &+$%:07+ G+,:%:,3 C!,#7# S12

7.0/&/( )*+,#-.,/ G+ P2 :9+ :$:D*#,<#
'$%' ()7+% !=#"' *,)H+$9:")0 )*+,#-.,/7/,3

 !"!# $%&'()*+)
-%.- /0%&1 /0%&./23/./*&1 4/5)(.)13)5-

1+0$%+( 234I67+$: 7+
)!*%:08 $)&!%!0! $!%%#0#,#$@ 1+0$%+( 23446"+ !"8!0

)%#,#$ :$:D*#,<#
'$%' +-$:0 +-$:%+&(+%+, J+9#*%#0',3 C."%+
+ :$:D0/$%+)0%!

A#(:%-)0:+0K

HΩ
2 = H02 + V12 =

~p2

2m
+

1

2
mΩ2~r2 + VN(

√
2~r) − mΩ2

A
~r2

>234L?

)%#,#$ :F#7+ +7:%:,3 C!,#7#$:  #=' :F#7+%+, #&#;'7#$: 8: : -#0'(%#0',K

~r =
√

1
2
(~r1 − ~r2)@

~p =
√

1
2
(~p1 − ~p2)3

M"0' =#(#07#  !,#7# H02 B3 G+ 43 0/$%+)0!0 $/-%+ (+,$+=: J#,()0:$

)9:%#-., -+,:(:0:0 <'$#,'%7';' "#0: H02 = h1 + h2 &+$%:0+ :F#7+ +7:%7:;: -+,:(7:,3

C! <#%'&(#7# "#*'%#
#$ $),9!= $# !$ ()7+%: J+9#*%#(#%#,' 1+0$%+( 234L67#$:

A#(:%-)0:+06:0 +N#
- <.=/(%+,: :%+  #&%#,3 C! <.=/(%+, A#(:%-)0:+0 H = HΩ
2 :<:0

1+0$%+( 23BO67#$: P
J,.7:08+, 1+0$%+(:60:0 <.=/(/07+0 +%7+ +7:%+0 Ek, |k〉6"'

1+0$%+( 23B26+ !"8!%#"#,#$ ω )*+,#-.,/ +%7+ +7:%:,3 Q07#0 9)0,# 1+0$%+(

4L



 !"#$%& '%(')&*+&,- ,&%.,/*0. 0. .12/* 3&+/)14*/.* .)0. .0/)/5! 64*'7 4)&5&2 ω

48.5&195:*: ;. 4*0&* ,4*5& .12/* .12/).<+.).5/ 0/5.21 4)&5&2 =.*2).+  !>#$0&2/

3&+/)14*/.*$/* .?&
1 79A:+).5/*0.* .)0. .0/)/5! 3.,&8)&+&)&50& 2'))&*-)&*

5.)&1/BC24450/*&1 /2/C*:2).4* 3D 0'5'+)&5-E +4+.*1'+ ~p ;. 24450/*&1 ~r$%.

2&5<-)-2 (.).* &7-,&) ;. %95:*(.,.) 3D 2'&*1'+ ,&%-)&5-E %&*/ |nlsjt〉 2'&*1'+

,&%-)&5- /). /B&0. .0/)/5! F40.) 'A&%-E 2n + l ≤ Nmax 24<')' 1&5&B-*0&* /A/* ;.5/).*

+&2,/+'+ Nmax '%&5-)+& ,&%-,- 1&5&B-*0&* 1&*-+)&*-5!

=.*2).+  !" $0.2/ ω 48.5&195:*: /*<& .1+.2 /7/*E G/5 K 9A;.2195 ,.1/ ,.7+.%.

/H1/%&7 ;&50-5! I/+0/2/ ,'*')&* '%(')&+&0& H.5 /2/C*:2).4*)' 2&*&)0& .)0. .0/).*

.* 0:<:2 0'5'+)&5 ,'*')'5! P +40.) 'A&%- ;. G' 7&)-<+&0& &5&<1-5-)&* hΩ$*-*

+.,&B.,/ /7/* .). &)-*&* +40.) 'A&%- /). 0&H& :,1 0'5'+)&5& ,&H/81/5! D*)&5-*

*'+&5&,- 2n + l ≤ Nmax .</1)/J/ /). G.)/5).*.* 1.+.) 0'5'+)&5-* ,&%-,- 1&5&B-*0&*

;.5/)/5!

64*'7 4)&5&2 /2/C8&57&
-2)- .12/* .12/).<+.).5 V2eff = H̄eff − H02 4)&5&2

=.*2).+  !"#$0&* .)0. .0/).* /2/C*:2).4* .12/* 3&+/)14*/.*$0.* 1&*-+)&*-5!

K12/* .12/).<+.).5 *:2).4* ,&%-,- A$*-* G/5 B4*2,/%4*' 4)+&,-*-* %&*-*0& &%*-

A&+&*0& 3D B5.2&*,- Ω ;. +40.) 'A&%- 4)&5&2 1&*-+)&*&* Nmax 8&5&+.15.).5/*.

0. G&J)-0-5! L' B45+&)/A+ :A.5/*. ;.5/).G/).
.2 ,4* 9A.))/2).5 /,. P −→ 1 /7/*

ω −→ 0 ,4*'
'*0&* Nmax −→ ∞ /7/* V2eff −→ V12 (/G/ 9*.+)/ 9A.))/2).50/5!

>M



 ! "#"$%&#'" () *+,-+,"#

 !"#$#%#& '&()*+ ',!*' -&./0# 1/),20,-,0,(34 #'#" 5/ 67"$6'0/&$0* '6-/

8,'0,93-380, /%'#0/9/$ (:0,%#5#)%#' &0-,8,$ a $6'0/&$0* )#)%/- #7#$ ;/$'0/-

<=>?./'# @
1(:.#$B/( ./$'0/-#$#$ 7:+6-6$6 B/(/'%#(#(= C*$*$ #7#$ #0' &0,(,'

A"$6'0/&$0* )#)%/- #7#$ #'#"
#)#- '6-/ 8,'0,93-3$, B:(/ #'#"$6'0/&$ DEEF

/%'#0/9-/0/(#$# #7/(/$ ;/$'0/- G=>?./'# H,-#0%&$#/$ &0*9%*(*0*(= C* &0*9%*(*0,$

H,-#0%&$#/$?#$ -,%/-,%#')/0 7:+60/!#0#(0#' ,73)3$.,$ '&0,803' ),I0,-,)3 ,73)3$.,$

'6%0/ -/('/+# 1,(-&$#' &)#0,%:( %/(#-# /'0/$/(/' ;/$'0/- G=J?./ &0.*I* B#!#

-&.#K8/ /.#0#(=

EL@M 1/),20,-,0,(3$., 8,230-,)3 B/(/'/$ #'# :$/-0# #9 5,(.3(= C#(#$
#)#4

;/$'0/- G=J?./'# #'#"
#)#- /%'#$ /%'#0/9-/0/(#$# #)%/$#0/$ -&./0 *+,83$.,

-#'(&)'&!#' &0,(,' /0./ /%-/'4 #'#$
#)# #)/ EL@M 7/(7/5/)#$./ 7&'"
#)#-0#

'*,$%*- 1/),20,-,0,(3$3 8,2-,'%3(= N$
/0#'0/ )/7#0/$ 8,03$ 2&%,$)#8/0#$

'*00,$3-380, -#'(&)'&!#' ',!*' -&./0# 7/(
/5/)#$./ 1/-/$ 1/-/$ )&$)*+ H#0!/(%
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C* %/+ 7,039-,)3$.,4 8*',(3., 5/(#0/$ EL@M (/7/%/)#$# '*00,$,(,' pf "',!*I*$.,

8/( ,0,$ AVWX"WJ ,(,)3$.,'# 7#Y%"7#Y% L, #+&%&20,(3 #7#$ EL@M 1/),20,-,0,(3
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!. /0'0&# 1!2,',%&,32,'4 5!"#$%#&#*( *#$#+,%&!. ,6,)
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2!',&,),) #'2&#"( "#*!",)/! ";)06%#' /!)!*"!% /!C!'%!'! *#.()"#'4 =&# +0
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:$ 34'#( ;<!=(!&:)'! >#&"#$(#?5%&%(3%?5%&@ A#*!8(!3!(!&'! A!3%(54)%#)B#

*!'#
# %$%7
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>9#-B.64$+.8

5>!$+BP. B#-Q9+.,+
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 ! "#$ %& '(")*+,"- ., / '$+ 0123., 4 "$+* '( .$"1 5)  ! "#$ %& '(")*+,"- 6,!7$

6,"*8!$' 8%$+,(9" :" ',!%- . ; "$!. *$!$*)* <,&-<8" $% 8 . ; " 40=, > '$". ;$

$>$! 8&($*)* 6,"*8!$' 8%$+,(9" :" ',!%- . ; "$ 8+,",' ? +$"+ !* '( .$"1

/ '$+ 0123., 4 "$+ ! 7",@'+ ". A Bh̄Ω *8. + )C,<-!., <,&-+,! '8"%)C ',?)'

*8. +$ 6 %,&+,*,+,"-!.,A 0+ % 4$< %$!$! ?,;-+  ! "#$%$ h̄Ω D BE F G . ; "$!. 

*$!$*)* 4 "*$H($"1 I<!- C,*,!., .$; " 2+A 4+ 4 6+ % 4$< + "$. h̄Ω D BE

F G . ; "$!. *$!$*)* 4 "*$H($"1 40=, > '$". ;$ $>$! J=KF 6 %,&+,*,+,"-

0h̄Ω *8. + )C,<-!., 7 "> '+ H($"$+.$;$!. ?) % 4$< + "$! ?,;-+  ! "#$+ "$ h̄Ω D LM

F G . ; "$!. *$!$*)* <,&*-H(-"1 N$; " (,",:(,! J=KF 6 %,&+,*,+,"-!.,

')++,!-+,! 8&($*)* 6,"*8!$' 8%$+,(9" :" ',!%- . ; "$ N !'+ * 01L3. ! <,'+,H-'

h̄Ω D LL F G  +.  .$+* '( .$"1 Bh̄Ω3.,! 0h̄Ω *8. + )C,<-!, 7 > "' ! 8&($*)*

6,"*8!$' 8%$+,(9" :" ',!%- BE F G3. ! LM F G . ; "$! .OH*OH(O"1 N8+,<-%-<+,

.,6, <O'% ' Nmaxh̄Ω *8. + )C,<+,"-!, >-'-+,?$+% <.$ 8&($*)* 6,"*8!$' 8%$+,(9"

:" ',!%- N !'+ * 01L3. '$ . ; "$ 4 " 
 ;$ (,6*$!  .$+* '( .$"1

 !"!" 42#$ %&'()*&+(

5)",., Eh̄Ω 4 Bh̄Ω 6,"*8!$' 8%$+,(9" ( 'Q&,">,
-' *8. + )C,<+,"-!., 42=,

> '$". ;$!$! 8&($*)* 6,"*8!$' 8%$+,(9" :" ',!%-!- ? +$"+ * ' $>$! '8"%)C ',?)'

*8. +$ 6 %,&+,*,+,"- <,&-+*-H(-"1 R8"%)C ',?)' *8. +$ 6 %,&+,*,+,"-!.,! JπD

0+A 2+A 4+ 4 6+ &8C$($: &,"$( +$ .)")*+,"-! ?,;-+  ! "#$+ "$  +.  .$+*$H 4 S$C +7 

01LB3. 4 "$+*$H($"1 5)  +.  .$+ ! .)")*+,"-! Eh̄Ω 4 Bh̄Ω *8. + )C,<+,"-!.,'$

?,;-+  ! "#$ %& '(")*+,"- ., / '$+ 01T3. '$ 7",@'( 4 "$+* '( .$"1 / '$+ 01T3. '$

7",@; ?,'-+.-;-!.,A JπD 0+A 2+A 4+ 4 6+ &8C$($: &,"$( +$ .)")*+,"-!-! ?,;-+

 ! "#$ . ; "+ "$ Eh̄Ω *8. + )C,<-!., h̄Ω D BE F G3. *$!$*)* <,&,"' ! Bh̄Ω

*8. + )C,<-!., $% h̄Ω D LM F G . ; "$!. *$!$*)* <,&*-H(-"1 N8+,<-%-<+,

?) J=KF 6 %,&+,*,+,"-!.,! 42=, > '$". ;$ $>$! Eh̄Ω *8. + )C,<-!., 8&($*)*

6,"*8!$' 8%$+,(9" :" ',!%- . ; "$ h̄Ω D BE F G ?)+)!)"' ! Bh̄Ω *8. + )C,<-!.,

00



 !"#$%# &'()* 42+, -#.!/0#1! !-!2 3h̄Ω 4# )h̄Ω 560#$ 7",8$,/920,: ;+<=

>#?,@$,5,$,/920,2 #$0# #0!$#2 Jπ A 0+: 2+: 4+ 4# 6+ @6"!B!C @,/!B#$! 07/75$,/92

>,/562!. 6?!$,BD/ #2#/E! @,.#B! h̄ΩF8, G,1$9$919'
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 !"#"$%# !"##$# & !"%'$#"" !"%($% ' !"% $)&* !"%+$ %) !"%*$+*+ !"%#$*("

#% !**%$(%+ !*"'$'# !*"($&' !*"+$')" !*#($ "& !*# $((" !*#)$&  !*#"$')"

#+ !)))$"%" !)))$"%* !))*$#"( !))"$)') !*''$+(" !*''$ )# !*'&$ (# !*'&$#*%

"% !) #$+"( !) "$'( !) "$"+% !) #$&&( !* %$* ) !* #$)&) !* %$  " !* %$"*#

"+ !* "$+') !* +$(*# !* )$'"% !* )$+*" !"# $ & !"# $ & !"# $ & !"#+$)+(
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 !"#$%# &'()* 44+, -#.!/0#1! !-!2 3h̄Ω 4# 5h̄Ω 670#$ 8",9$,/:20,; <+=>

?#@,A$,6,$,/:20,2 #$0# #0!$#2 Jπ B 0+; 2+; 4+ 4# 6+ A7"!C!D A,/!C#$! 08/86$,/:2

?,/672!. 7@!$,CE/ #2#/F! A,.#C! h̄ΩG9, H,1$:$:1:
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 !""#$%% !""#$%% !""#$%% !""%$ %& !""'$()% !""*$(%+ !"'+$((* !"')$%&(

'* !(&($+#+ !(&($+#+ !(&($+#+ !(%+$% * !((#$(+# !(( $)*( !(( $'%( !((%$'(*

'& !%)($" ) !%)"$+)# !%)"$)&& !%)'$%  !%"%$(#* !%"%$ & !%"%$((" !%""$)+#

"* !%+($&)" !%+&$''% !%+&$&&% !%+($#* !(#&$+ % !(#)$"'+ !(#)$&(" !(#&$))%

"& !(+($%*+ !(+)$"+% !(+)$#( !(+&$"(" !"(($*'& !"(&$&)' !"( $*)* !"(($+"&

(* !'&#$(*+ !' &$ &' !' &$ &' !' "$*'# "*$ ** '%$#)& '%$%#& ')$& &

!@# H8 0#1#/ h̄Ω B (I >#J 7$,/,. H8$8268KC8/'

L8 <+=> ?#@,A$,6,$,/: @728
8 H#$!/$#2#2 7AC!686 ?,/672!. 7@!$,CE/ 0#1#/!

N#2.$#6 &'(G0#.! (3 >#JG0#2 D,/.$:0:/' L8 D,/. 6,.@!686 5h̄Ω 670#$ 8",9:20,

?#@,A$,6,$,/ 9,A:$6,@:20,2 .,92,.$,26,.C,0:/' O9/:
, 3h̄ΩG0,2 5h̄Ω 670#$

8",9:2, %#-#/.#2 JπB 0+; 2+; 4+ 4# 6+ A7"!C!D A,/!C#$! 08/86$,/:2:2 H,1:$

#2#/F!$#/!2!2 6!2!686 9,AC:1: ?,/672!. 7@!$,CE/ D/#.,2@: 0#1#/! N#2.$#6 &'(G0#.!

0#1#/# 9,.$,KC:1: P#.!$ &'QG0# %E/R$6#.C#0!/' N,?, 9R.@#. Nmaxh̄Ω 670#$

8",9$,/:2, -:.:$,H!$@#90! H8 D,/.:2 7/C,0,2 .,$.,
,1: C,?6!2 #0!$6#.C#0!/'

 !"!# 44$% &'()*+',)

L8/,0, 44+, -#.!/0#1! !-!2 3h̄Ω 4# 5h̄Ω ?,/672!. 7@!$,CE/ C#.SA,/-,
:. 670#$

8",9$,/:20, 7AC!686 ?,/672!. 7@!$,CE/ D/#.,2@:2: H#$!/$#6#. !-!2 .7/@8" .,H8.

670#$! ?#@,A$,6,$,/: 9,A:$6:KC:/' L8 .7/@8" .,H8. 670#$! ?#@,A$,6,$,/:20,2;
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 !"#$ %&'( 44)* +!"#,-!.# #+#/ 0h̄Ω 1! 2h̄Ω 34-!$ 56*7$*,8/-* "4,956 "*:5"

34-!$# ;!9*<$*3*$*,8/-*/ Jπ = 0+> 2+> 4+ 1! 6+ <46#?#@ <*,#?!$# -5,53$*,8/8/

:*.8$ !/!,A# 9<!"?,53$*,8

Jπ= 0+> 2+> 4+ 1! 6+ <46#?#@ <*,#?!$# -5,53$*,8/8/ :*.8$ !/!,A#$!,# !$-! !-#$3#B

1! C#6!$D! %&EFG-! 1!,#$3#B?#,& H5 57*,8$3* -5,53$*,8 #+#/ 0h̄Ω 1! 2h̄Ω 34-!$

56*7$*,8/-*"# :*.8$ !/!,A# 9<!"?,535  !"#$ %&'G-! 1!,#$3!"?!-#,&

44)* +!"#,-!.# #+#/ 7*<8$*/ I)JK ;!9*<$*3*$*,8/-*/ !$-! !-#$!/ :*.8$ !/!,A#

-!.!,$!,#/#/ 3#/#353 7*<?8.8 ;*,34/#" 49#$*?L, @,!"*/98 -!.!,# 4<?#353 -!.!,

4$*,*" :!$#,$!/#,& Jπ = 0+> 2+> 4+ 1! 6+ <46#?#@ <*,#?!$# -5,53$*,8/ :*.8$ !/!,A#

-!.!,$!,# 0h̄Ω 34-!$ 56*78/-* h̄Ω = 20 K!MG-!> 2h̄Ω 34-!$ 56*78/-* #9! h̄Ω = EN

K!MG-! 3#/#353 7*<38B?8,& O#.!, ?*,*@?*/ 44)* +!"#,-!.# #+#/ O!/"$!3 %&EG-!/

4<?#353 ;*,34/#" 49#$*?L, @,!"*/98 -!.!,# 7*"$*B8" E0 K!MG-#,& O4$*78987$*

;!9*<$*3*$*,-* :!$#,$!/!/ 4<?#353 ;*,34/#" 49#$*?L, @,!"*/98 -!.!,# O!/"$!3

%&EG#/ 1!,-#.# -!.!,-!/ @*,"$8 :5$5/35B?5,& H5 @*," ;!9*<$*3*$*,8/ 3*"9#353

2h̄Ω 34-!$ 56*78/-* D!,+!"$!B?#,#$3!9#/-!/ "*7/*"$*/3*"?*-8,&  !"#$ %&'G-!"#

D,*P" D!/!$ 4$*,*" DL6-!/ D!+#,#$-#.#/-!> 0h̄ΩG-*/ 2h̄Ω 34-!$ 56*78/* D!+!,"!/
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 !"#$%# &'(&) 46*+ ,#-!./#0! !,!1 2h̄Ω 3# 4h̄Ω 56/#$ 7"+8$+.91/+: ;*<=

>#?+@$+5+$+.91/+1 #$/# #/!$#1 Jπ A 0+: 2+: 4+ 3# 6+ @6"!B!C @+.!B#$! /7.75$+.91

>+.561!- 6?!$+BD. #1#.E! @+-#B! h̄ΩF8+ G+0$9$909
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)( !'& $')' !'& $')' !'& $')' !'&'$%*' !'+%$(%' !'+ $*'# !'+ $&)( !'+ $()"

)+ !+('$# ) !+('$+&) !+("$%)* !+("$#"' !#+($"%% !#+($+&+ !##*$*)) !##%$%'(

"( !+"%$#+& !+"*$% ) !+"%$*%& !+"%$+*% !#)'$& ) !#)#$*%( !#)'$* & !#)'$+#%

"+ !#"%$"*# !#')$'"& !#'($#' !#'($(") !"+#$# % !"+ $ #" !"++$&#& !"++$'"%

'( !)%&$(& !)*"$(#" !)*"$(#" !)*($ %( )($'%&  $)*%  $* + &$'%'

/7.75$+.91 G+09$ #1#.E!$#.!1!1 5!1!575 8+@B909 >+.561!- 6?!$+BD. C.#-+1?9 /#0#.!

H#1-$#5 &'(F/#-! /#0#.# 8+-$+IB909 %D.J$5#-B#/!.' K+1! 2h̄Ω 56/#$ 7"+891/+

6@B!575 /#0#. 42 =#L !-#1 4h̄Ω 56/#$ 7"+891/+ (M =#L /#0#.!1# /JI5JIBJ.'

H+>+ 8J-?#- Nmaxh̄Ω 56/#$ 7"+8$+.91/+ >#?+@$+5+ 8+@9$+G!$?#8/!: 6@B!575 h̄Ω

/#0#.! H#1-$#5 &'(F/#-! (2 =#L /#0#.!1# 8+-91?+8+
+09 B+>5!1 #/!$5#-B#/!.'
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 !"#$ %&'( 46)* +!"#,-!.# #+#/ 0h̄Ω 1! 2h̄Ω 34-!$ 56*7$*,8/-* "4,956 "*:5"

34-!$# ;!9*<$*3*$*,8/-*/ Jπ = 0+> 2+> 4+ 1! 6+ <46#?#@ <*,#?!$# -5,53$*,8/8/

:*.8$ !/!,A# 9<!"?,53$*,8

B#.!, )* +!"#,-!"$!,#/-! 4$-5.5 C#:#> :5 "4,956 "*:5" 34-!$# ;!9*<$*3*$*,8/-*/

46)* +!"#,-!.# #+#/ -! 4<?#353 ;*,34/#" 49#$*?D, @,!"*/98 :!$#,$!/3#E?#,&

F!9*<$*3*$*,8/ 94/5+$*,8 -#.!, )* +!"#,-!"$!,#/-! 4$-5.5 C#:# +8"38E?8,& G*/#

0h̄Ω 34-!$ 56*78/-* 46)* +!"#,-!.# #+#/ :*.8$ !/!,A# -!.!,# h̄Ω = 20 H!IJ-!

3#/#353 7*<*,"!/ 2h̄Ω 34-!$ 56*78/-* #9! h̄Ω = KL H!IJ-! 3#/#353 7*<38E?8,&

M5 :*.8$ !/!,A#$!, #+#/ 0h̄ΩJ-*/ 2h̄Ω 34-!$ 56*78/* C!+!,"!/ 4<?#353 -!.!,#/

B!/"$!3 %&KJ-!"# K0 H!I -!.!,#/! 7*"$*E?8.8  !"#$ %&'J-* CD,N$3!"?!-#,& B*;*

7N"9!" 34-!$ 56*7$*,8/* +8"8$*:#$9!7-#> 4<?#353 ;*,34/#" 49#$*?D, @,!"*/98 -!.!,#
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 !"#$%# &'()* 48+, -#.!/0#1! !-!2 3h̄Ω 4# 5h̄Ω 670#$ 8",9$,/:20,; <+=>

?#@,A$,6,$,/:20,2 #$0# #0!$#2 Jπ B 0+; 2+; 4+ 4# 6+ A7"!C!D A,/!C#$! 08/86$,/:2

?,/672!. 7@!$,CE/ #2#/F! A,.#C! h̄ΩG9, H,1$:$:1:
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