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DIRECT NUMERICAL SIMULATION OF TURBULENT FLOWS
USING AN IMPLICIT FINITE VOLUME ALGORITHM

SUMMARY

This Ph.D. thesis study includes an application of all-gp&rect Numerical
Simulation (DNS) algorithm to challenging problems of fluilynamics such as
transition to turbulence and hydrodynamic instabilities.

The algorithm is a fully implicit finite volume solution algthm which solves
compressible Navier-Stokes Equations (NSE). It has seooter accuracy in both
space and time. It uses symmetric time and space discietizathe flow variables
are co-located in space. In addition to this, the face-nbralacity is also defined
at the center of the cell-faces in order to prevent the oduhelecoupling in space.
To handle the problems including incompressible or low Maamber regimes, an
incompressible scaling which yields suitable form of theiatpns depending on
the Mach number is applied to the equations in non-dimeadization step. At
incompressible limit, the algorithm conserves kinetic rggediscretely. It is also
non-dissipative and robust at high Reynolds numbers. Tlesgarks make it suitable
for the problems including turbulent flow regime. To incredise convergence rate at
low Mach number regime, an additional time fixing proceduesadded to pressure.

In order to perform the study, an in-house flow solver has lblegeloped based on the
algorithm mentioned above. The solver, so-cai@NS, is an implicit DNS solver. No
turbulence model is incorporated. It was written in Fortr@8mce DNS requires high
amount of computational resourceé®NS is completely parallelized using PETSc to
be able to utilize the power of parallel programming in siatiains. PETSc is a parallel
library which can be used as a toolkit for building parallsdgrams. The large sparse
linear systems arising from the discretization are solyeading either iterative Krylov
subspace methods such as GMRES or Algebraic Multi-grid nastiidMG). Before
solving the coefficient matrices, they are preconditiongdanicomplete-LU (ILU(0O))
method to obtain better eigenvalue distribution which nsalkee systems relatively
easy to solve. All these methods are efficiently programnmedogtimized in PETSc
and available in parallel using the corresponding calls.

The primary objective of this thesis study is to perform Hiert assessments of the
algorithm by applying it to the problems including spatialdatemporal multi-scale
physics simultaneously such as hydrodynamic instalslitieere laminar, transitional,
and turbulent regimes are found together with varying Macilper regimes. For
this purpose, the transition to turbulence problem in Ta@eceen Vortex (TGV),
the velocity-induced mixing problem in Turbulent Shear €ayTSL), and the
gravity-induced mixing problem in Rayleigh-Taylor Instityi (RTI) were chosen as
test cases.
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We also want to make contributions to the area of modelingrmpuressible and

compressible turbulent flows using DNS by developing andade, parallel, implicit

DNS solver and by presenting it as an open research tool. éanitbe seen in the
related chapters, the developed parallel solver is effi@ad ready to use in various
fluid flow problems.

TGV is the simplest fundamental case that has been used a®tatype for
vortex stretching and the consequent production of snealleseddies, resulting into
homogeneous isotropic turbulence and its decay. It was rstibat there are two
stages in the evolution of the TGV flow. At early times, i.e.tam non-dimensional
time between 3 and 4, well-organized structures are fornmetithe flow remains
essentially inviscid, mostly two-dimensional and is cloégdzed as laminar. At
later times, the effect of viscosity can no longer be negl@@nd highly distorted,
dissipative structures develop. If the Reynolds numberrigel&nough, this results
into process of vortex-stretching and eventually into aakdewn of the large scales
into smaller ones which is interpreted as turbulence. Theze TGV flow is assumed
to describe the fundamental mechanism of transition intmdgeneous isotropic
turbulence. Obviously, this transitional behavior is det@ed entirely by the choice
of the Reynolds number.

The results of our simulation show that, the described pisysf TGV flow is well
captured by the algorithm and the solver as well. The tremmsttme is predicted for
the viscous case and the kinetic energy is preserved dumsmgdurse of long time
simulation for the inviscid case, very well.

Turbulent Shear Layers are of interest in many physical amgineering flows such
as jets, wakes and mixing layers. They are induced by stroedjent of shear stress.
It is very important and is often necessary to understandpthysical mechanisms
behind such kind of flows, for example, in order to control thixing processes in
supersonic combustion or to control the flows emerging inrtkiveam of an airfoil.
Although their relatively simple configuration, more coeyphysical phenomena are
included by these flows. They are mostly dominated by largkespuasi-2D organized
structures. However, they can rapidly undergo mixing aaddition to turbulence in
3D.

It can be studied both spatially and temporally. In spatiellolving mixing layers,
mixing layer thickness of two emerging stream of fluids depeh spatial coordinate
in stream-wise direction. Such development requires largend of domains. Since
this is computationally much more expensive to track thantdmporally-evolving
mixing layers where the thickness of the layer increasesfasdaion of time rather
than as a function of the stream-wise coordinate, a temgezablving case is
considered in our simulation to show the capability of trgoathm’s ability to evolve
a linear perturbation into nonlinear hydrodynamic turbgke The simulation results
are successfully compared to both experimental and nualesiadies found in the
literature. The effect of compressibility on the growtheraf the mixing layers is also
analyzed and found that it is stabilizing.

Rayleigh-Taylor Instability occurs when a heavy fluid of dgngy, on top is supported
against the gravity by a light fluid of densityp, on bottom. The fluid is initially
in hydrostatic equilibrium. Pressure gradient is balanogdhe gravity which acts

XXIV



only in vertical direction. In this case pressure and dgrgiadients are in opposite
direction and infinitesimal perturbations grow at the ifdee exponentially. Then,
vorticity causes the fluids to interpenetrate as bubbles spikks into each other
and mix. It is observed in many physical and engineering flewsh as type la
supernovae in astrophysics, inertial confinement fusiawvitation bubbles and oceanic
and atmospheric flows. Rayleigh-Taylor instability alsovesras a very challenging
test case for algorithms, since it includes many aspectowf fhodeling like body
force treatment, turbulent mixing, diffusion and intedamapturing.

Our results are in agreement with the prior studies, as welthe findings of

linear theory. It was shown that the algorithm and the sob&mwell are able to

handle the physics of the problems including multi-scateansition and mixing

simultaneously. The compressibility effects on the Rayl€lgylor mixing are also

analyzed by modifying the pressure field and found that teases the growth rate of
the instability, while reducing the mixing efficiency.

Some further research topics are also suggested in theHapter, regarding our
experiences gained during this study. In order to make tigerighm, and the
solver as well, applicable to high Reynolds number flows, aridybarge Eddy
Simulation-Unsteady Reynolds Averaging of NSE (LES-URANS&)cedure can be
developed. Similarly, complex boundaries, other thansyakn be implemented. To
handle the problems on boundary-fitted grids, the metrinsatso be incorporated into
the solver. It is also possible to extend the algorithm to medgrhydrodynamic flows
to analyze the turbulent flows with magnetic fields. Anotlesearch topic could be the
separated-reattached turbulent flows which mostly eneoedtin engineering flows as
a very challenging problem.
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TURBULANSLI AKISLARIN KAPALI SONLU HAC iM ALGOR ITMASI ILE
DOGRUDAN SAYISAL BENZET IM |

OZET

Bu doktora tezi bir Dgrudan Sayisal Benzetim (DNS) uygulama c¢alismasini icer-
mektedir. Bu kapsamda, son dénemde onerilen bir ¢cozum #&iggsi  secilmis ve
tirbulansa gecis ve hidrodinamik kararsizlik icerersgcgblemlerine uygulanmistir.

Bu doktora tezi calismasi , tim hizlarda kullanilabilenlagrudan Sayisal Benzetim
(DNS) algoritmasinin, tirbilansa gegcis ve hidrodinanakaksizliklar gibi akiskanlar
dinam@inin zor problemlerine uygulanmasiniicermektedir.

Bu, sikistirilabilir Navier-Stokes denklemlerini (NSE)zgn, tamamiyle kapal bir
sonlu hacim ¢6zim algoritmasidir. Uzayda ve zamanda ikivertebe dgruluktadir.
Simetrik uzay ve zaman ayriklastirmasi kullanir. Akigidkenleri uzay 6rgisi
icerisinde eg-yerlesimlidir. Buna ilave olarak, uzaydein¢ ayrismasi probleminin
onlenmesi amaciyla, hiicre yuzeylerinin merkezinde bireyezormal hiz dgiskeni
tanimlanmigtir.  Sikistirlamaz veya diguk Mach sayiakigrejimleri iceren
problemleri ele alabilmek icin, ilgili denklemleri s6zkasu kosullarda uygun
formlarina indirgeyen bir sikistirilamazlik olgeklem@soyutsuzlastirmasi) kullanir.
Sikistirilamazlik limitinde, algoritmanin ayriklagtmis hali kinetik enerjiyi korur.
Algoritma ayrica dissipasyon icermemekte ve yiksek Reyndayill akislarda
gurblzligind korumaktadir. Bu 6zellikler algoritmayi tirbulanskigrejimi iceren
problemler icin uygun hale getirmektedir.

Bu calismay! gerceklestirmek icin, yukarida bahsedilgyorgmayi esas alan bir
akis c¢Ozucusu geligtirilmistir.  Bu DNS c¢6zucuUsiDNS, olarak adlandirimistir.
Herhangi bir tirbulans modeli kullanilmamistir. Fortmogramlama dili kullanilarak
yazilmistir. DNS metodu yilksek miktarda hesaplamali k#tygerektirdginden,
paralel programlamanin gucinden yararlanmak gerekli galmistir. Bu amacla
¢cbzlct PETSc paralel kitiphanesi kullanarak, basindzarein ve timuyle parallel
olarak kodlanmistir. PETSc, paralel programlar gelistesi amaciyla hazirlanmis
farkh  alt kdtiphanelerden olusan son derece verimli barapel programlama
kitiphanesidir. Ayriklastirmadan kaynaklanan geneyrek katsayilar matrisleri,
ya GMRES gibi yinelemeli Krylov alt-uzay metodlari ile ya dabirsel multigrid
(AMG) metodu ile ¢oézulmustir. Bu ¢dzimleri yapmadan 6ndgi)i imatrislerin
Ozddyerlerini iyilestirmek ve cozumlerini kolaylastirmaknaciyla, tamamlanmamis
(incomplete)-LU (ILU(0)) yontemi kullanilarak matrisldsir 6n-hazirlik (precon-
ditioning) safhasindan gegcirilmigtir. Bahsedilen tim bangemler PETSc paralel
programlama kitiiphanesiicerisinde verimli ve iyilatirs olarak, ve kullanima hazir
bicimde yeralmaktadir.
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Bu calismanin ana amaci, s6zkonusu algoritmayl ayni anadgsakzve zamansal
olarak c¢ok-dlgekli (multi-scale) fiziksel mekanizmalaeien problemlere (OrggEn
laminer, gegcisli ve tirbilansli rejimleri ve disken Mach sayilarini bir arada iceren
hidrodinamik kararsizliklar) uygulamak yoluyla ileri tegini yapmaktir. Bu amacgla,
Taylor-Green Vortex akisindaki (TGV) turbulansa gegiglyemi, turbulansli kayma
tabakasindaki (TSL) hiza gk karisim problemi ve Rayleigh-Taylor kararsgzhdaki
(RTI) yercekimine bgh karisim problemi 6zenle secilmistir.

Ayrica, sikistirllamaz ve sikistirilabilir turbdlansl akislarin DNS metodu ile
yapilan modellemesinde arac olarak kullanilabilecek bauci gelistirmek ve bunu
arastirmacilarin kullanimina sunmak suretiyle bu alaagkia bulunmayr da
amagcladik.

TGV, girdap gerilmesi ve sonucunda kucuk dlgcekli donen kgam (eddy) olustgu
ve bunlarin esit daliml, yonden bgimsiz tirbilansli rejime evrildi en temel
akis problemi olarak kabul edilir. Iki asamali bir evrim sureci gegcirir. Erken
zamanlarda, yani boyutsuz zamanin 3 ila 4 gdwdéneme kadar, baslangictaki
yapilar strtiinme kuvvetlerinden etkilenmezler ve sekilii korurlar. Akig esas olarak
iki boyutlu devam eder ve laminer karakter gosteriterleyen zamanda strtiinme
kuvvetleri etkisini gostermeye baslar ve yapilar bozylemdaslar. Eer Reynolds
sayisi yeterince bilyukse, girdap gerilmesi sonucu kicipklamolusur ve sonunda
akis tlurbilans olarak yorumlanabilecek calkantili bijimme dojru evrilir.  Bu
sepebten, TGV akisinin tirbulansa gecise iliskin temmekanizmalari icerdi kabul
edilir. Bu gecis mekanizmasinin tamamiyle Reynolds sayasafindan belirlendji
aciktir.

Bizim benzetim sonuclarimiz gésteriyor ki, TGV akiginirkguda betimlenen fiziksel
mekanizmasi, hem algoritma hem de gelistirilen ¢coziicéifiraatan oldukca dgru bir
bicimde elde edilmistir. Strtiinmeli durum icin gecis zam dajru tahmin edilmis ve
surtinmenin ihmal edildi durum icin ise kinetik enerji, uzun benzetim siresi bayan
korunmusgtur.

TSL problemi pekgok fiziksel ve muhendislik probleminde dkasilan temel
akislardan biridir. Kuvvetli kayma gerilmesi gradyere karakterize edilir. Bu cesit
akislarin arkasinda yatan fiziksel mekanizmalarin antas1 6nemli ve ¢cQu zaman
gereklidir. Ornek olarak, sesustii (supersonic) yanmasigaklarinin tasarlanmasi ve
kontrolll veya kanat profilinin alt-akimindaki akislarimléstigi iz bélgesinin (wake)
kontroli verilebilir. Bu tip akiglar gorece basit konfigéyanlarina rgmen, karmasik
fiziksel olaylar icermektedir. Baslangigtaki sanki-iki yioblu (quasi-2D) akiskan
yapllari , hiz gradyenlerinin etkisialtinda kolayca bonakta, ¢ boyutlu ve bir kari
csim ve tlrbulansh rejime dpu evrilebilmektedir.

TSL akis problemi zaman veya uzay djgede calisilabilir. Uzayda evrilen TSL
probleminde, karisan iki ana akima ait karisim kafinliuzaysal koordinatlarda,
akim yonunde artmakta ve gelismektedir. Bu durumun takiémanda evrilen TSL
problemine gore sayisal olarak ¢cok daha pahaldir. Bu sebegarisim kalinginin

akim ddjrultusu yerine zamanin bir fonksiyonu olarak gefjstizamanda evrilen
TSL problemi tercih edilmistir. Bu problem secilen algordanin, bir d@rusal

calkantinin zamanla bir hidrodinamik tirbilansa evgiddurumu betimleme ve
yakalama kapasitesini gostermesi acisindan dnemlidirz&en sonuclarimiz, daha
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once ilgili kaynakcada yeralan teorik, deneysel ve sayssaluclar ile basarili bir
sekilde kiyaslanmigtir. Ayrica sikistirillabilirlikl@lerinin karisimin biyime hizina
etkisi de incelenmis ve onu yavaslajigézlemlenmistir.

Rayleigh-Taylor kararsizlik problemi, ganluju goérece yiiksek Ustte yeralan bir
akiskanin yercekimi kuvvetlerine karsgpunlugu gorece disik bir baska akiskan
tarafindan desteklengii durumda ortaya c¢ikar. Akigkan bagslangicta hidrdstati
denge konumundadir. Basing gradyeni dikey yonde etki edegekieni tarafindan
dengelenmis durumdadir. Basin¢c ve gualuk gradyenleri ters yonde etki
etmekdedirler ve bu durumda sonsuz kucik calkantilar ikgkdnin kesisgji bolgede
exponansiyel olarak buydr. Daha sonra vortisite (vost)ciakiskanlarin birbiri
icerisine baloncuklar ve ince uzantilar seklinde dahmha$ina ve sonunda karigima
yolacar. Bu tir akislar orgn astrofizikteki tip la sUpernovalarinda, flizyon
reaksiyonlarinda, baloncuklu kavitasyon akisinda vecplkkatmosfer ve okyanus
akislarinda gozlemlenebilir. Rayleigh-Taylor karanggl ilave kiitle kuvvetlerinin
denklemlerdeki var§ive ele alinmasi , akiskan araylzeylerinin ve akiskanla
birbiri icerisine nifuzunun dgru bicimde yakalanmasinin zorunlglu vb. fiziksel
mekanizmalar agisindan, hesaplanaiskanlar dinanijinin (CFD) sayisal ¢oziim
algoritmalari igin oldukga zorlu bir problem anlamina geli

Ayni sekilde, benzetim sonuclarimiz hem bu konudaki tedngoriler hem de dnceki
calismalar ile uyum icerisindedir. Olay! yonlendiren Keel mekanizmalar dpu
bicimde yakalanmistir. Yine sikistirilabilirlik etkiti incelenmis ve 6nceki ¢alismalar
ile ortusen bicimde, kararsigin gelisimini hizlandinrken, karisim verimfjini
azalttgl goOsterilmistir.

Bu calisma sirasinda ve sonucunda edinilen deneyimlgruttasunda bazi ilave
arastirma konulari ortaya cikmistir.  Ogie algoritmanin ve tabii ki ¢oziictnin
yuksek Reynolds sayili akislara uygulanabilmesi icin balem blylk-eddy benze-
timi/zamana bgli Reynolds ortalamasi alma (LES/URANS) prosedurl geilistiilir.
Benzer sekilde, algoritma ve ilgili ¢oztici duvar disindiekrmasik sinirlar iceren
problemleri kapsayacak sekilde gelistirilebilir. Maatik alanlarin tarbtlansh akislar
Uzerindeki etkilerini incelemek Uzere ilgili denklemibericozimlerini eklemek
de yine vyapilabilecek calismalar arasindadir.  Bir bagska dnemli calisma
ise genellikle muhendislik problemlerinde karsilagjlaayrilan-yeniden birlesen
(seperated-reattached) turbulansh akislara iliskgulamalar olabilir.
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1. INTRODUCTION

1.1 Motivation and Objectives

Direct Numerical Simulation (DNS) is a numerical tool towlthe Navier-Stokes
Equations (NSE) in Computational Fluid Dynamics (CFD) withawsing any
turbulence model. DNS attempts to resolve the whole ranggpatial and temporal
scales of the turbulence, from the smallest dissipativéeso@olmogorov scales),
up to the scale where most of the kinetic energy is contaimgdgfal scale), on the

computational mesh. [1, 2].

Since the range of scales in turbulent flows increases sapuwith the Reynolds
number, the amount of computational resources requireth@®osimulation increase
proportionally. DNS of NSE has been made possible by theldpreents in the
computer technology in the beginning of 1970’s. One of thst &pplication was done
by Orszag [3]. He solved the decaying isotropic turbulerroblem on 32 resolution
at Reynolds number (based on the Taylor micro-scale) 35 asapgctral method with
triply periodic boundary conditions. Then, Rogallo [4] usi28® grid resolution for
the same problem in early 1980’s. Relatively complex domaiakiding walls were
begun to study using DNS in late 1980's by Kim et. al. [5] andl8g [6]. Higher
Reynolds number simulations with more complex domains agdips have also been
started in late 1990’s. Many examples can be found in theespaonding literature.

Finally, DNS became a valuable and an indispensable rdseastin CFD.

The numerical methods in DNS have also evolved in time, imalfgrto the
development of the computer technology. The early methael® vinostly spectral,
l.e., Fourier spectral method. Then, the explicit finitdetgénce schemes were used
to handle the problems with relatively complex flows. The m@ioblem with these
schemes are their time-step limitations and stability [@ais. Recently, the finite

volume schemes gained an attention and importance in DN&cafigns, due to



their more physically consistent derivation and the aagur&ince the implicit time
advanced methods require large matrix inversions, the vadge usage of implicit
finite volume methods were postponed until the developmiegificient serial/parallel

linear solution algorithms as well as computer resources.

Today, many DNS examples which use efficient implicit finitdwmne algorithms can
be found in the literature, for example, see Sahin and Owdn#fartin and Candler
[8], and Seidl et. al. [9] and references therein. Their asagproblems is getting
increase, due to their stability properties and relatively time-step restrictions, and

of course, with the help of the advances in technology.

Recently, Hou and Mahesh [10] proposed an algorithm that laay ehesirable features
inside. The algorithm is a pressure-correction type andrsdorder in both space
and time. It utilizes the low-Mach number scaling to allowdsting low-Mach
number flows. It is called asll-speedsolution algorithm. The algorithm uses
face-normal velocityy n, which is treated as a separate flow variable like the valocit
and is stored at cell-faces directly, to mimic the staggeyeds for preventing the
odd-even decoupling in pressure in space. They also shdwadheir algorithm
is non-dissipative, robust at high Reynolds numbers andetues kinetic energy at

discrete level in low Mach number limit.

By doing this study, we aim to perform further assessmentsenfitgorithm and make
some improvements by applying it to the problems includipgtial and temporal
multi-scale physics simultaneously such as hydrodynansitabilities where laminar,
transitional, and turbulent regimes are found togetheh wirying Mach number

regimes.

We additionally want to make contributions into the area odeling incompressible
and compressible turbulent flows using DNS. For this purpasan-house, parallel,

implicit DNS solver was developed and presented as an opegneoesearch tool.



1.2 Achievements

This study involves the application of an implicit, nonglative, kinetic energy
conserving, all-speed algorithm to Direct Numerical Siati@n of complex

incompressible and compressible turbulent flows with instees.

The major achievements are:

e Analyzing the behavior of the all-speed, implicit, nongiltive, kinetic energy
conserving, DNS algorithm and testing its performance gglieability to flows

including complex physical mechanisms

e Developing an in-house parallel DNS solver as an open saassarch tool based

on the employed algorithm,

e Utilizing and incorporating an efficient parallel librafyETSc, into the solver to

obtain an advanced research tool,

e Improving stability and convergence characteristics ofeaisting algorithm by

adding a time-correction procedure,

e Testing various iterative linear solution algorithms sashGMRES and Algebraic

Multigrid (AMG) to solve resulting discretized form of eqians,

e Analyzing the compressibility effects on the developmeifit hgdrodynamic

instabilities,

e Developing parallel post-processing routines for realktanalyzing,

e Contributing to the DNS databases for hydrodynamic ingtadsl



1.3 Outline of Thesis

Thesis starts with an introduction that places the study he big picture
of CFD. Chapter 2 mentions the governing equations of fluid flavd d@heir
non-dimensionalization. Chapter 3 details the algorithnplegred and the iterative
solution procedure. An additional correction procedurentwease the stability and
convergence characteristics of the algorithm in time i€givThe physical boundary
conditions and their numerical treatments are also exgthin the same chapter. The
development of an in-house, parallel, implicit solver isganted in Chapter 4. The
incorporating PETSc into the solver is detailed. The progerof resulting parallel
solver such as handling boundaries in parallel, domainmeocsition and the parallel
performance of the solver are also included in the chaptansition to turbulence in
Taylor-Green flow using DNS is performed in Chapter 5. Thigaté@aalso serves as
a verification of the developed solver. Chapter 6 includes DRNitially turbulent
mixing layer which is velocity-induced instability prolote It includes a very wide
range of scales and is a challenging test case for many #igwiin order to check
the ability of algorithms. Similarly, DNS of Rayleigh-Taylanstability which is a
gravity-induced instability problem is included in Chapter The further difficulties
are presented by this instability such as density ratioglvimay force the algorithms
to fail. The last chapter makes conclusions of this thesidysand recommends some

possible future research topics.



2. GOVERNING EQUATIONS

In this chapter, the equations that govern fluid flow are lyripflesented. Their
derivation is based on the fundamental physical conceptseafonservation of mass,
momentum and energy. Details of the derivation can be foandny elementary

textbook on fluid mechanics or CFD [1, 2, 11] and will not be @pd here.

2.1 The Compressible Navier-Stokes Equations

The governing equations of the three-dimensional, tineddent motion of
compressible, viscous fluid are known as the Navier-Stogeateons. Denoting the
dimensional values by asterisks), these equations can be expressed in conservative

form using Cartesian tensor notation as,

o+ 2 (pu)

0t*+ de = 0 (2.1a)
ooy OPwy) oy
o o oax PO (2-1)
ooy O(Preru)  oq dojy
ot ox T Tox | ax PO (2.10)
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wherex; denotes thg" co-ordinate direction;* denotes timep* denotes the mass

density,u denotes the fluid velocity in the" direction.

The total energy per unit mass; is the sum of the internal energy per unit mass,

and the kinetic energy per unit mass,

er =€+ Sujuj (2.2



G;‘Jf is the stress tensor consisting of two components,

gij = —P"&j + 1] 2.9

whered is the Kronecker deltap™ is the pressure ant; is the viscous stress tensor.

Assuming the fluid is Newtoniarr;ﬁ is given as,

. [our 0y ox (O
i = H (dx]f+dx;‘>+)\ e5“(0xf;> (2.4

whereu* is the dynamic viscosity coefficiend,* is the second viscosity coefficient.

Using the hypothesis introduced by Stokes [I2]= —%u*, viscous stress tensor can

be given by,

. . fou oui 2 _dur

The dependence of the dynamic viscosity to temperature eaexpressed with

Sutherland’s power law [13],

* T* n
i () @9
0 0

wherep; and Ty are the reference dynamic viscosity and the reference textye,

respectively. The value afis set to 07 in the simulations.

Using the Fourier’s law of heat conduction, the heat flyjx,in the energy equation is

written as,

oT*
K 2.
k* is the thermal conductivity coefficient given as,
* * I'l*
k* =ct 2.8
o (2.9

wherePr is the Prandtl number.



In order to close the system of equations, the equation ¢ $te the ideal gas is

introduced,

p'=p*R'T" (2.9

whereR* denotes the universal gas constant. For an ideal gas, ahtenergy and

enthalpyh*, can be related to temperature as,

e =cT* (2.100)
h*=ciT* (2.10)

respectively. Here; andcy, are the constant specific heats. Their ratio,

_p 2.1
y & (2.11

is also constant and set ta4lin the simulations.

Finally, g’ is the source term contribution to the equations due to theityr

2.2 Non-dimensional Form of the Equations

Non-dimensionalization or normalization improves thef@enance of numerical
algorithms and the accuracy of solutions as well. It is alspeaessary step to
normalize the pressure in an appropriate way as shown beteealledncompressible
or low-Mach number scalingto yield the incompressible equations from the

compressible ones, when the Mach number approaches tol&m4].

The non-dimensional quantities can be defined using theopppte reference values

as following,



Xi =X /lg (2.12m)

t=t"/(lo/uo) (2.1)
p=p"/Po (2.1Z)
Ui = U /up (2.120)
p=(p"—po)/ (P5u5°) (2.1%)
9 =0 /% (2.12)
p= "/t (2.1)

where(-)o denotes the reference quantiti€Sis the reference length-scalg; is also

written as,

Po=PoR'To (2.13

Using the definitions above, the non-dimensional contynasitd momentum equations

are

dp  9(puj) _
ot~ ox =0 2.14)
d(pu)  d(puy)) dp 10t 1
ot i aXJ B 0% RGde Frng' (2.1D)

The energy equation is the most influenced one by the low-Maatber scaling. After

rearrangement, it takes the following form,

0 y—1 0 y—1 odu;
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The non-dimensional form of the equation of state is alsaiobt as,

pT =yM?p+1 (2.16)
8



In the above set of non-dimensional, time-dependent, cessiisle Navier-Stokes
equations;

the Reynolds numbeRe is given by,

* *l*
Re= Pot0l0 2.17)
Ho
theMachnumberM , is given by,
M= 0 2.19
i
Po
the Froude numbeFr, is given by,
Fr=—-0_ (2.19
9olo
and the Eckert numbeEc, is given by,
|*g*
Ec= 220 (2.20
CoTo

which is the ratio of kinetic energy to enthalpy, as it will been in Chapter 7. For

fluids with constant specific heats, it can also be approxathas [15],

Ec~ (y—1)M? (2.21)

Further details of the normalization procedure can be fonfti6].
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3. NUMERICAL METHOD

In this chapter, the numerical method used in this thesidystsi briefly discussed.
First, the features of the method are summarized. Thenyadiem of the discrete set

of equations and the procedure to solve them are described.

3.1 Introduction

A fully implicit, non-dissipative, discrete energy congeg algorithm proposed by
Hou and Mahesh [10] is used in this thesis study to develop®&& Bolver, and to
solve the discrete set of time-dependent, compressibléeeN&twkes equations. It
combines some desirable and unique features of the prdyidegeloped algorithms

to solve the turbulent flow problems.

The algorithm is second-order in both space and time on gadhal grids.

It uses predictor-corrector approach to update the values of flow variables in
time. The pressure difference is used to perform the coorecitep, so-called
pressure-correction It utilizes the incompressible or low-Mach number scaling
proposed by White [13], and by Wesseling [14] for the pressasedescribed in the
previous chapter. The resulting non-dimensional form ef ¢guations satisfy the
incompressibility condition, and allow to study low-Mactimber flows with the same
algorithm without encountering the stifness problem, wtienMach number goes to

zero. It can be called adl-speedor all-Mach solution algorithm.

The algorithm was designed for co-located grids. The véglare stored at
cell-centers, as shown in Fig.3.1. The discretizations cametered in both space
and time, as it was previously suggested by Wall et. al. [I/]ehsure the
non-dissipativeness. Thermodynamic quantities such asitge pressure, and

temperature are also half a time step staggered in time fedotiies.
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Figure 3.1 Storage of flow variables, taken from [10].

Unlike the many previous co-located methods that intetpothe velocities from
the adjacent cell-centers to obtain the velocities at cade$, the algorithm uses
face-normal velocityV,,, as it was previously used by Kim and Choi [18], and Zang et.
al. [19]. In this wayV, is treated as a seperate flow variable like velocity and iedto
at cell-faces directly, instead of cell-centers. In fabis tstrategy is utilized to mimic
the staggered grids to prevent the odd-even decouplingesspre in space. However,
an additional correction to pressure in time is needed angtad into the algorithm

to enhance the convergence properties by preventing tissymesoscillations in time.

The details of this correction approach are given in Sec. 3.4

In order to fully implicit treatment of pressure and to reradkie acoustic stiffness at
low-Mach numbers, the algorithm uses a new pressure variabb, which is obtained
by applying the trapezoidal rule, is a weighted sum of presja@urrent, and predicted

values of the pressure. This approach was also first intemtibg Wall et. al. [17]

The values of the variables at cell-faces are obtainesybymetric interpolatioywhich
is the simple averaging of two adjacent cell values. It waswwhby Benhamadouche

et. al. [20] that this is necessary to conserve kinetic gndrgcretely at low-Mach
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limit. The only disadvantage is that second-order accuimdardly achieved, when
the grid non-orthogonality is severe. However, more seariptoblems may occur,
if the kinetic energy is not conserved discretely for certgpe of problems, due to
the usage of the non-symmetric interpolations or non-gohal correction terms to
obtain cell-face values. In addition, symmetric interpiola keeps the computational
molecule compact. It saves the memory and also reduces thputational time.

In case of fully implicit algorithm, it is a great advantageThe choice seems

problem-dependent.

3.2 Discretization

Separate discretization in space and in time, so-catlethod of linesis employed in
this thesis together with the Finite Volume Method (FVM) ieatetize the equations

in space. An implicit discretization is used in time.

The FVM satisfies the global conservation, through the didescretization of the
integral form of the conservation laws. So, it is the natataice for the governing

equations in conservation form introduced in Chapter 2.

The FVM also performs the spatial discretization direatlghe physical space. Thus,
there is no need to transform the physical space to the catpodl space or vice

versa.

As a first step, physical space or solution domain is dividgd humber of control
volumes (cells). No free spaces among the control volumesléwed. The control
volumes do not overlap on each other. Then, differentiabqos are integrated over
each of the control volume ar8auss-divergenctheorem is applied which states that
[21] if V is the volume bounded by a closed surface S and F isovdanction of

position with continuous derivatives, then,

/(D'F)dV:/(F-N)dS 3.2
S

\%

whereN is the face-normal vector. The resulting surface integgadpproximated

by a sum of the fluxes crossing the faces of the cells. Fluxsarasd constant and
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calculated at the midpoint of the cell-face. The cell-faakies are also approximated
using the adjacent cell-center values. In the present rdethis is done by arithmetic

averaging.

Similarly, the required values for the cell gradients aréaoted by Green-Gauss
theorem which states that [21] the surface integral of aasdahction, ¢, is equal
to the volume integral (over the volume bound by the surfatehe gradient of the

scalar function,

/D(pdV:/q)NdS 3.2
V S

Assuming thatlg is constant over the control volume, the Green-Gauss exquedin

be rewritten as ,

/D(pdV: OV = /S(pN ds 3.3
Vv

The integral over the surface is further approximated asharsation of the average

scalar value in each face times the face’s surface v&tor

1 -,
:\_/ az ¢facesface (34)

Following the notation in Hou and Mahesh [10], the resultaigcrete continuity

equation is,

t+3/2 pt+1/2

Pcv cv 1 ptlytrt
= VAL o= 0 3.5
Ps ace
At Vfa ace

ces

(1)evand(-) racerepresent the value of the variable at the cell-center atiebatell-face,
respectively. ¥ taces denotes summation over all the faces of the cel, is the
corresponding face—normal velocity at the each cell-fat@andA are the volume of
the cell and the area of the each cell-face, respecti)rnr%egéE IS obtained by symmetric

interpolation in time.

The resulting discrete momentum equations have the faligdorm,
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(pu)st — (pu)ty | 1 t+3, b+
+o (pUu;); 2Vn 2Aface=
At v faces ace
0 11 t41 1
- ﬂ(ﬁt) t Rev f;{33(% 2) face’\lefaceﬂL ﬁp(tzjlgi,cv (3.6)

. . ) . . t+3
where pu; is momentum in the'h direction. Tjj 2

the gravitational acceleration in tifé direction. N; is the corresponding face-normal

is the stress tensor at face; is
vector pointing outside of the facg! is the modified pressure written as,

(-3

The resulting discrete energy equation reads,

p (%) 3 (37

1
d y—1 I | y—1 s N
M? (pcv+ pUiUi) = YPev + ——5—PUiLi VN “Atace
0t 2 \4 z-%es 2 face N
1 t+1 (y—1)M? 1
+o Vo *Aface= 55— (leul) N jAtace
\4 fe%es Re \ f;es face
1 1 ITt 3 e
+ s = U Atacet Ec(pt+1g| Wi 2) (3.9
RePrv f;es< ON > v

In order to obtain the set of discrete equations to be usedniptementing into
solver, further derivations are needed. The discrete mameaquation is rewritten in

predictor form,

(Pu)gy— (PU)ey | 1 H‘z* t+3,
T+ (PU) 28 Vi 2 Aface:
At v faces ace
17} 11 t+ ,
- ﬂ(ﬁt’k) +ﬁe\7 f;es( i 2 ) NjAtace+ Er ng/rl “giev (39

The predicted momentum values at #¥outer loop are denoted by stéx,).

The pressure at the end of ti8 outer loop is also decomposed as,

pt—i-%.,k-i-l _ t+%7k+5p (31()
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Putting it into exact momentum equation and taking the dbfiee between exact
and predictor momentum equations give the necessary expnesto be used in the

corrector step,

N 20
N A G (3.1
SENTE R At (0op
ui,—i(;v = Ui ey — pH_l (W) (3.12
N At 00
(Vn)t+1,k+1: (Vn> - 0Np (3.13
pface
where
Vi = (U) face Ni (3.19
The specific kinetic energy is also defined by,
At dép
At+HLKL VLKL _
(ui) (u) Uu zp};l“ Ix + higher order terms  (3.19

After substituting the E®.10 to Eq3.14 into the discrete energy equation and
linearizing i.e., keepingdp linear and omitting its higher-order termshe

pressure-correctioorm of the energy equation is finally obtained,
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t+ tJr
M?2 M_2 Y- 1 t+2, V t+2, Y- 1Vt+2,*pfaczeuj fzz'iceAt
faces

YR,

8 8 8 p}zcle Anp
Atp?.  N; 1 AtN;
Hf_—?CGNJ face™ {; —Aface op+
Sp fac f acessp f aCeAnb
t+ ,
M2 Y- 1 t+2 YVt+2 y—1 t+2,*pface jféceAt
2 8 g g UL A
faces Ptace nb
AtpYac; 1 AN
‘f’% Aface+\_/ Z H—leface O Pnb
8Pfac tacesBPtacenb
1
(y—1)M2 1 t+3k 111 gTtrak
e (Tijui) taceNjAface+ = Htace Aface
Re V fazces aces RePrv f:-%es JON
M2 H—%,k_ t—% -1 MZ H—
_{A_t p . p +V2 (pt+1 ptutut)+V Z pfacv B A e
faces

1 t
+ o Z Vn+ *Aface

\ faces

t ’
} + ECpt+l kel fgi Oicv (3.16

where(-)np denotes the neighboring cell&n, = (X3, — X&) - N is the normal distance

1
between neighboring cell centeuf;f?’* = %(ui*+ ub) andVi t+2 (V*+Vt) p(f’ace
is also given by,
V—l t4+1 t+ * t+3
pface foace+ pfacze( 2 U| 2 )face (3-17)

This discretization corresponds to a-7oint stenciland yields a non-symmetric,

hepta-diagonal structured matrix in three-dimensionatep

For further details of the derivation and discretizatideage refer to Hou and Mahesh
[10].

3.3 The Iterative Solution Procedure

Here, a segregated iterative pressure-correction saolptiocedure given in Hou and
Mahesh [10] is summarized. Further details can be found e dbrresponding

reference.

17



*  The outer loop, that is the loop taken within the time-steyilLconvergence is

reached, is initialized by setting the time values to loolpea at initial.
*  The discrete continuity equation given in Bcpis solved for new density value.
*  The predictor form of momentum equation given in EQ.is solved for(pu;)*.

*  Theintermediate velocities;”’s, are obtained via dividingpu;)* by the average
of current and new densities and the intermediate face-aovelocities,V;’s, are

calculated.
*  The pressure-correction equation given inEd@6is solved fordp.

*  Pressure, momentum, velocity components and face-naretatity are updated
using Eq3.10to Eq3.13 respectively. The new temperature and the dynamic vigcosi
are also found using Eg.16and Eg2.6, respectively.

* Outer loop convergence is checked for density, momenturmd a

pressure-correction.

The outer loop convergence test is simply based or2henorm of the residual for

density, each momentum, and pressure-correction,

1 3 3
||p|| = \/ncells Z (pt+?7k+l_pt+?’k)2 < Souter (3159
ncells

ells

o= \/ncills Z ((pup)tHHL — (pu) T H)2 < gourer — (3.19)

1
p— 2
||5p|| \/nce”Snce |s5p < gouter (32Q

wherencellsdenotes number of cells in domain. The differences are rdéxdairom
two consecutive outer loop iterations. Convergence is @ecldy the decrease of
all the residual norms below to a given toleranegyer, Which is set to 103. For
pressure-correction, since we waip to converge to zero when the outer loop has

converged, error calculation is slightly different fronhets [22].
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computed pressure
(2]
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5 ] 10 15
time_step

Figure 3.2 The illustration of the oscillatory behavior in pressuréime.C(i) denotes
the pressure difference between current and old time steps.

3.4 Additional Correction to Pressure in Time

During the simulations, especially performed at low-Maaimivers, a very slow

convergence behavior is encountered, due to the oscglatincessive corrections for
the pressure in time. This situation is illustrated in Fig.&t a single cell. As it is seen,
pressure converges to two different values. The each ssigcegwessure correction is

a variable ratio of the previous correction.

In order to avoid this issue, a time-relaxation to presssimjlar to the procedure
suggested by Walton [23], is applied at the end of the eack-stap in the following

form,

Pnewrelax = Pnew— (pn(ew——p) (3.2)
1— Prew—P)
(P—Pold)

wherepgig, P and pnew are theold, currentandnewtime-step values of the pressure,
respectively. It performs like the Steffensen iteratiod][2This procedure provides
a time- and space-dependent relaxation factor to pres$teetime-relaxed pressure,

Prewrelax, IS then used in the next time step.
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Since the values ofpgg, p and pnew are strongly correlated to each other in
compressible flow, the relaxation term (i.e., thé &rm at the right side of Ed3.21)

and its overall effect are expected to be small and negégbhigh Mach numbers.

3.5 Boundary Conditions

Boundary conditions are implemented using ghost cell agpr.o& layer of ghost cells

surrounding the physical domain are defined and are usedrotbe necessary values.

For explicit solvers, it is enough to represent boundaryd@ans within the solver in
a global manner. However, a numerical difficulty arises whhimplicit solvers that is
the boundary conditions must also be represented withilirtbar system arising from
the discretization of each equation. This requires modifiosof the corresponding
entries in the linear systems before sending them to thardiselver. Since the
application of the boundary conditions for each variabl@lifferent, modifications

of the corresponding linear system must also be done separat

In case of periodicity, the ghost cell layer correspondsh lioundary cells at the
opposite periodic boundary for all variables (densityoedly, pressure, momentum,

temperature, pressure-correction and dynamic viscosity)

For the inviscid slip-wall, ghost cell values are simplyatetined based on the discrete
version of homogeneous Neumann boundary condition foeailables,g—‘,ﬂ =0, where

@ is the corresponding flow variable.

High-order numerical treatment of boundary conditions, ak course, possible.
However, this comes with an extra storage in matrix, as weWi#h a complexity in

programming PETSc. Results show that the above treatmekswall in our cases.

There is another point that must be taken into account foctimeent algorithm. As
it was mentioned in the previous chapters, it uses face-alovelocities. They are
stored at the center of the cell-faces and updated sepaligtethe other conservative
variables. If the cell-face corresponds to an inviscid vieallindary (slip-wall), they
must be further modified and set to zero in the corrector step Eq.3.13. The only

contribution must come from the pressure terms.
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4. AN IN-HOUSE PARALLEL DNS SOLVER: iDNS

During this thesis study, ain-housefully parallel solver,iDNS (fully implicit DNS),

was developed based on the chosen numerical algorilDNIS is used to simulate the
turbulent flows introduced in the following chapters. Théeatle of the solver and the
solution of the linear systems arising from the discretiraare given in this chapter.

The parallelization of the solver and its parallel perfonteare also presented.

4.1 Code Structure and Parallelization

IDNS is a single-block structured finite-volume solver watkion hexahedral
cells. It consists of three partgre-processing solver and post-processing In
pre-processing, PETSC framework is initialized. Grid ditees and initial conditions
for the simulation are generated. Solver part preforms tedl $teps defined in
Sec.3.3. Post-processing step calculates all the negegsamtities for analyzing and
comparison, and also stores them into files. Sii@ES was written in a modular
fashion, it is a collection of subroutines. Each part haewta subroutines. Flowchart
of iDNS is illustrated in Fig.4.1

IDNS is written in completely parallel using PETSc [25, 26jiwfortran syntaxing.
PETSc is an object-oriented library developed by Argonngddal Laboratory. As it
is described in the user manual [27],he Portable, Extensible Toolkit for Scientific
Computation (PETSc) is a suite of data structures and rostithet provide the
building blocks for the implementation of large-scale apgion codes on parallel
(and serial) computers. PETSc uses the Message Passindat@e(MPI) [28]
standard for all message-passing communication. PETSludes an expanding
suite of parallel linear, nonlinear equation solvers anthé integrators that may
be used in application codes written in Fortran, C, and C++. PET@Sovides
many of the mechanisms needed within parallel applicatiatespsuch as parallel

matrix and vector assembly routines"PETSc has interfaces to many external
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Figure 4.1 Flowchart ofiDNS.
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solvers such as Hypre [29] and ParMETIS [30]. As shown in RRTSc consists
of modules or objects including Index Sets (IS), VectorscfyVeMatrices(Mat),
Distributed Arrays(DA), Krylov Subspace (KSP) methodsgdenditioners (PC),
multi-grid and sparse direct solvers, nonlinear solverg] ame-steppers (TS) for

solving time-dependent (non-linear) Partial DifferehEguations (PDE).

iIDNS is based on the Single Program Multiple Data (SPMD) aggroAll processes
use the same program, but each has its own data. This appiatfitable for

distributed memory architectures.

Many of the details of message passing such as vector stgtthrers and distributed
arrays to manage the data in parallel are provided within®REThese are embedded
into parallel objects, such as vectors, matrices, and solvelowever, it should be

mentioned that PETSc has a steep learning curve.

Nonlinear Solvers ‘ | Time Steppers

Newton-based Methods Backward

Other Euler Pseudo Tune

Euler Stepping Other

Line Search ‘ Trust Region

Krylov Subspace Methods
GMRES CG ‘ CGS ‘ Bi-CG-STAB | TFQMR ‘Richardsou

Chebychev | Other

Preconditioners
Additive Block . . LU )
Schwartz | Jacobi Jacobi ILU ICC | (sequential only) | Others
Matrices
Compressed | Blocked Compressed Block
Sparse Row Sparse Row Diagonal Dense Matrix-free | Other
(AIT) (BAII) (BDIAG)
| Distributed Arravs Index Sets
Indices Block Indices Stride Other

‘ Vectors

Figure 4.2 Hierarchical structure of numerical libraries in PETSetfe-3.1-p8) [27].

The Vector (Vec) is one of the simplest and basic PETSc ahjédctors are used to
store variables, solutions, right-hand sides for lineateys, etc. Many parallel vector

operations are already defined in PETSc.
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Various dense and sparse matrix formats are supported.ixMgderations are also

already available in parallel.

Distributed Arrays (DA) are designed for handling the commation of non-local
data on logically regular rectangular grids. Evaluationaofocal function, f(x),
at the interfaces of the sub-domains owned by each procgs&res inter-process

communication. This is automatically managed by DA object.

DA, more specifically, is a topology interface that handlesafiel data layout on
structured grids. It handles local and global indices viginesDAGetGloballndices()
andDAGetAO() It provides local and global vectors via routin@aGetGlobalVector()
and DAGetLocalVector() It also performs updating ghost values via routines
DAGetGlobalToLocal(andDAGetLocalToGlobal()

DA object contains only topology information. All field datae stored in PETSc
Vecs. Global vectors are parallel. Each process storesqaetocal portion of global
vector. Local vectors are sequential and include ghosegdhased on a given stencil

information in creating DA.

KSP is the another fundamental object which is designedioirsy nonsingular linear
systems of the formAx = b, whereA denotes the matrixp is the right-hand-side
vector, andx is the solution vector. KSP is the combination of Krylov Sodse

methods and variety of matrix preconditioners (PC).

Further details about PETSc such as downloading, indtallatisage, other objects

and profiling can be found in references [25-27].

4.2 Domain Decomposition

4.2.1 Definition

Domain decomposition (DD) is a general name of collectioneshniques to solve
PDE by dividing the physical solution domain into sub-donsailt is based on an old
idea ofdivide and conquerlt was first introduced by Schwarz [31] in 1890. DD is a

natural method for effective parallel algorithms for distited memory computers.
Domain decomposition can mathematically be expressed as,
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Q=[O (4.2
1

wheres denotes number of sub-domai®,

Domain decomposition may have different meanings depgnalirthe technique that
you apply in solving PDE [32, 33]. Two of them will be mentiahm the following

subsections.

4.2.2 Domain decomposition as grid partitioning technique

In pre-processing step in parallel CFD, it may refer to precafsdividing domain

into sub-domains and assigning each of them to separategsois. Data is also
decomposed among the processors, associated with subrdoiftais can be done
either in a simple way of generating equally-sized sub#doar using an advanced

graph representations for partitioning [30].

4.2.3 Domain decomposition as preconditioning technique

When solving linear systems, domain decomposition alsaeseas preconditioner. In
this case, large linear systems is divided into smaller andgheir individual solutions

can be used to produce a preconditioner.

4.2.4 Other details of domain decomposition

Domain decomposition can be performed in a way that sub-d@mare either
overlapped or non-overlapped. Overlapping domain decsitipp methods include
the Schwarz alternating methaehdthe additive Schwarz methobh non-overlapping
methods, the sub-domains intersect only on their interfét@n-overlapping domain

decomposition methods are also caliedlative sub-structuring methods

Additionally, two important issues must be addressed imlpdrDD; load balancing

and inter-process(or) communications.
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4.2.5 Domain decomposition in PETSc

In PETSC, all approaches are available. Domain decompositipre-processing step
can be done using simple decomposition strategy. For exam# automatically
divide the domain along the stream-wise(x), then normake®i), then span-wise(z)
and assign each part to a separate processor. This can alsatb@led manually in
creating DAs. Using the PETSc interfaces to external libessuch as ParMETIS [30],

advanced methods for unstructured grids can also be watilize

In solving linear systems, overlapping and non-overlagpidditive Schwarz methods

are already implemented in PETSC as preconditioner.

4.2.6 Domain decomposition approaches used iDNS

Since PETSc is an optimized library, default options mosttyk well for most of the
cases. In our calculations, default options in PETSc DA ey ik both pre-processing

step and solving the linear systems.

Simple domain decomposition inherently implemented in 8&TDA for
pre-processing and pre-defined linear solver with predmming in solving
linear system were used during the computations. Load bialgris determined
at the beginning. Inter-process(or) communications, cemmunications among
sub-domains, are handled using local ghost spaces. Thefillate by explicit

point-to-point communications from processes adjaceaatih other.

4.3 Matrix Preconditioning and Linear Solvers

The implicit discretization of the equations results intdasge sparse coefficient
matrix that must be solved with an iterative method sucKrg#ov subspace methods
However, efficiency, robustness and convergence of suchadstare not always
guaranteed. It strongly depends on the eigenvalue spedfuhe sparse matrix to
be solved. The most obvious cure here is to transform thenatignatrix into a

one which has the same solution with better eigenvalue spactThis procedure is
calledpreconditioning34]. The resulting preconditioned matrix has a small coadi

number, and is likely to be easier to solve with an iteratolee.
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Preconditioning or a preconditioned system can mathesaibtioce expressed as,

M~tAx=M"1b (4.2)

whereM~1 is the preconditioner matrixvhich can be calculated explicitly from the
original matrixA. An easy and effective way to obtalh is to decompose the original
system into lowerL(), upper U) and diagonal D) parts. This is calledncomplete
factorization This decomposition also results in a residual maiix LU — A. Then,
M is available, for example, in the form of incomplete LU faczationM = LU or
in the form of incomplete Cholesky factorizatidh= LLT, depending on the solution

technique.

Since default preconditioning in PETSc is very-well optiated for computational
efficiency, incomplete LU factorization with no fill-inLU(0), is mostly preferred
in our calculations. Some cases were also run with algebraittigrid (AMG)
preconditioning implemented in an external library Hyp29][ by calling it within
PETSc via an interface. This AMG implementation in Hyprealed BoomerAMG.
It gives slightly better results than ILU(O) preconditingi. However, initial setup of
BoomerAMG takes longer and computationally more expensiivehould be noted
that both can be further optimizated using inner parametgch as fill-in for ILU or
multigrid levels for AMG. Our observation is only based oraldt parameters. One,

of course, should seek for an optimum cost/accuracy ratithe®specific problem.

The combination of a preconditioner with a Krylov subspacethud is the most
modern approach to obtain the iterative solution of lingetems. This is done via
KSP object within PETSC. The default KSP uses left precomuitd GMRES with
a restart of 30, using modified Gram-Schmidt orthogonabmatK SP object must be
created and set suitably, according to solver’s needs ipmmeessing step. It has many

tuning parameters.

The default convergence test is based orlfhenormof the residual. Convergence (or
divergence) is decided by three quantities: the decreatieaksidual norm relative

to the norm of the right hand sidegol, the absolute size of the residual noranol,
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and the relative increase in the residwatibl. As itis given in the PETSC manual [27],

convergence is detected at iteratlo,

|Irkll2 < maxrtol « ||b||2, atol) 4.3

where||ri||2 = b— Ax. Divergence is detected if,

||Irk||2 > dtol « ||b]|2 4.9

The defaults aretol = 102, atol = 10~°9, dtol = 10°, and maximum iterations are
limited to 1. These parameters can also be specified by the user, eitherrioutine

or in run-time.

4.4 A Further Note on Domain Decomposition and Solving LinearSystems in
PETSc

Since grid partitioning and matrix partitioning are bothplemented in PETSc and

work together, the connection (or the distinction) betwid®m should be clarified.

All variables are stored ivecobject in PETSc. After grid is partitioned based on
either simple or advanced domain decomposition techniguyare-processing step,

each process(or) works on its portion of Vec in order to ema&uequired functions.

Each process(or) also generates its own portion (row) ofix@ Mat object). Each
processor needs to insert only elements that it owns locAlhy non-local elements
will be sent to the appropriate processor during matrix médg Then matrix is
assembled using thassemblyroutines defined in PETSc. Matrix assembly is a
three step process; each process sets or adds values, begmuaoication to send
values to the correct process, and complete the commumncadti assembling matrix,
contiguous rows of vectors or matrix in linear system to blvexbare assigned to
processes, starting from the process with rank zero by PENISrix decomposition in
contiguous chunks is simple and makes coupliniflat object in PETSc with external

solvers easy.
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4.5 Parallel Treatment of Boundary Conditions with PETSc

Petsc also handles boundaries using ghost cells outsideéhyisecal domain. One or
two layers of ghost cells surrounding the physical domaim loa defined in DA at
the pre-processing step. Similarly, the type of the bouedanust be specified, when
creating DA. The Fortran support of DA for three-dimensidnaundary conditions
in the version of PETSc (petsc-3.1-p8) used in this thesiBmged to periodic

boundaries.

A special treatment is needed to handle the wall boundalmestder to perform this
with PETSc, DA are defined to have periodic boundary conaktiand the periodic
ghost points are used to store the needed values of variabtese are no equations
associated with them. Ghost cells for periodicity are usexidreexteriorto boundary
values that there is no periodicity. For an example of hagdiion-periodic boundaries,

see petsc-3.1-p8/src/snes/examples/tutorials/ex8 PET Sc tarball.

It should be noted that new versions of PETSc come an advdimegdiary conditions

support for C, as well as Fortran. It should be preferred fglémentation.

4.6 Parallel Performance of the Solver

There are number of metrics to measure the parallel perfacenaf a solver, such as
total execution time, speedup, efficiency, and total ovad{85]. Each of them gives
an idea about certain properties of the parallel code. Fpexedup and efficiency are

introduced to demonstrate the parallel performance.

Speedup9 is defined as the ratio between sequential execution tighar(d parallel

execution timetp) for a given problem siza,

S(n, p) = execution time using one core ts(n)
'P) = “execution time using p cores tp(n)

(4.9

Usually, speedup is an increasing function of problem sk, an ideal system, it is
equal to number of core®, . Efficiency E) is defined as the ratio of speedup to the

number of cores,

29



_ execution time using one core  ts(n)  S§(n,p)
~ executiontime using pcores p  pty(n) p

E(n,p) (4.9

Efficiency is equal to one in ideal case. Additionally, a sols scalable, if it
maintains the efficiency constant by simultaneously irgirepnumber of processors

and problem size [36].

DNS of TGV is chosen for the parallel performance analysis.mitng the
pre-processing and post-processing parts, only the fotwey) part ofiDNS is
evaluated using the profiling routines in PETSc. The codermagor a fixed number
of time-steps. In order to obtain speedup and efficiency given problem size (123,
run performed with an increasing number of cores. Then, rieéfeated for a higher

problem size (259.

Results are presented in Fig. 4.3 and Fig. 4.4, respectildlg. obtained values are
quite acceptable. It is seen that better speedup and efficietiues are achieved with
higher problem size. PETSc is very-well scalable up to wheraber of processors are
equal to problem size. This also shows that PETSc can hamellety large problems

and it is a very-well load-balanced and optimized library.

There are also many other parameters that affect the papaifeormance such as
processor/memory architecture and communication typengnmodes. These are

currently out of scope of this thesis and will not be consedenere.

PETSc also provides detailed metrics via run-time optibsg_ -summary In
this output, many other details such as communication amdpatation times,
load balancing analysis, and number of floating point opmmat (hflopy are also
summarized. This is also very useful for analyzing, wherettgyng a parallel solver
using PETSc.
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5. DNS OF TAYLOR-GREEN FLOW

In this chapter, Direct Numerical Simulation of Taylor-@reVortex flow is performed
usingiDNS. After giving an introduction, initial and boundary abtions are defined in
the following sections. The simulation results are presg¢and successfully compared

to previous numerical studies found in the literature.

5.1 Introduction

In fluid dynamics, the vortex stretchingis the lengthening of vortices in
three-dimensional fluid flow, associated with a correspogdincrease of the
component of vorticity in the stretching direction due te tonservation of angular
momentum [37], as illustrated in Fig.5.1. In two-dimensibfiows, the stretching

does not occur, because the vortex lines are perpendiouliae welocity.

Figure 5.1 An illustration of vortex stretching taken from [37]. As ntex tube
stretches, its length and vorticity increase due to the ewmasion of
angular momentum.

The vortex stretching is also the core mechanism on whichtuhaulence energy
cascade relies. In general, the stretching mechanismeamghiinning of the vortices
in the direction perpendicular to the stretching directitue to volume conservation
of fluid elements. As a result, the radial length scale of itices decreases and the

larger flow structures break down into smaller structurdge process continues until
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the small scale structures are small enough to the extermewheir kinetic energy is

overwhelmed by the fluid’s molecular viscosity and dissplanto heat [37].

The simplest fundamental case that has been used as a peofotyortex stretching
and the consequent production of small-scale eddies, tirgguhto homogeneous
isotropic turbulence and its decay, is the vortex systemodhiced by Taylor and
Green [38].

The dynamics of the inviscid and the viscous Taylor-Greene&o(TGV) have been
discussed in detail using pseudo-spectral DNS by Brachat.¢89] and Brachet [40],
DNS/LES by Fauconnier et. al. [41], implicit LES (ILES) by iRakis et al. [42,43],

a spectral method with WENO by Shu et. al. [44], and more régéytvan Rees et.
al. [45] using Discontinuous Galerkin method at Reynolds bers up to 5000. The
results of the pseudo-spectral DNS methods are accepteshelrbark and are widely

used for the comparison.

It was shown that there are two stages in the evolution of {B& Tlow. At early
times, i.e. up to a non-dimensional time between 3 and 4 -erghnized structures
are formed and the flow remains essentially inviscid and &satterized ataminar.
Here, the dynamics in the flow is quasi-two dimensional. Adréimes, the non-linear
terms in the Navier-Stokes equations start to generateessisely smaller structures
which interact with the large scales. The effect of visgos&n no longer be neglected
and highly distorted, dissipative structures develop.h& Reynolds number is large
enough, this results into process of vortex-stretchingeaaohtually into a breakdown
of the large scales into smaller ones which is interpretetldsilence Therefore,
the Taylor-Green flow is assumed to describe the fundameraahanism of transition
into isotropic turbulence. Obviously, this transitionahavior is determined entirely
by the choice of the Reynolds number. Brachet et. al. [39] oleskethat for Re
> 500, the small-scale structures in the Taylor-Green flonemyal profound changes.
Indeed, for high Reynolds numbers, the turbulent flow beconsesly isotropic at
non-dimensional timex 7 with no memory to the initial conditions, whereas the
dissipation rate reaches a maximum at non-dimensionaki®and the kinetic energy
follows a power law spectrum closer to Kolmogorov’'s -5/3. eTdlissipation peaks

are consistent for the higher Reynolds numbers. This mayespond to viscosity
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independent limit [46]. However, for low Reynolds numbehg maximum dissipation
occurs earlier, whereas the flow retains some of its initisd@tropy at all times. Clear
inertial range behavior was observed onceR£000. The flow structures as well as
the dissipation rate eventually decay to zero, then diedweito viscosity and the lack
of an external energy source. For the inviscid case, it icleatr whether finite-time
inviscid singularity exists [44]. Numerically, kinetic ergy should be preserved during
the inviscid simulations, due to the lack of viscous effettggeneral, all the methods
predict the global dynamics of the Taylor-Green flow reabgnevell, but differences

are observed mostly in the form of the dissipation peak sirac

The aim of this chapter is to assess the behavior of the presendissipative, fully
implicit, and discrete energy conserving DNS algorithmdionulating the transition to
turbulence in TGV flow. The next section describes the ihainal boundary conditions.
The results are presented in the following section and coedda the previous studies

in literature.

5.2 Numerical Setup of the Flow

The initial solenoidal velocity field for the three-dimemsal incompressible vortex is
defined by,

U= UpSin(kX)cogKYy)CcogKz), (5.1a)
V= —UpCOYKX) Sin(Ky) COgKZz), (5.1b)
w= 0 (5.1c)

K is the wave-numberk = 2rr/L. L is the domain length andy is the reference
velocity taken as 1. The initial pressure fieldl, is provided by the solution of the

corresponding Poisson equation for the given velocity fielithe following form,

2
p=po+ pi—‘éo [cOS(2KX) + cOg 2Ky)][2 + cog(2k2)] (5.2

with the reference pressungy chosen as 100 to limit the Mach number,
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to approximately M8. pg is the reference density. The initial denspyjs uniform and

M —

(5.3

is set to unity everywhere. The initial density is also clmoag the reference density.

Boundary conditions are triply-periodic on cubical domakmat has 2rlength in each
direction. Since the non-dimensional velocity is boundgthle unity and the reference
lengthlg = L/2m= 1, the Reynolds number (Re) is defined only as the inverse of the
kinematic viscosity, 1v. For the viscous case, it is set to 1600. These choices lead to
the eddy-turnover time, of order unity. Simulations are followed upttor = 60 with

a non-dimensional time step, 18 The symmetries of the Taylor—Green flow will not

be considered here.

Since the physics of the turbulent Taylor-Green flow are &mentally similar to the
isotropic turbulence, the minimum grid resolution reqment in case of homogeneous
isotropic turbulence in a periodic box withrtdength can be used to determine the
grid resolution requirement for the current DNS. Followitige calculations given
in Fauconnier [47], the Reynolds number can be related to &ydoil micro-scale

Reynolds number as,

Re, = v2Re~ 56 5.4

For the givenRe,, the minimum number of uniformly distributed cells, N percka

direction is,

3
8/3\4m /[ 12 3
N~ P (X)) 7 (@ +0.43) Re; (5.5
where { denotes the ratio of the grid spacing to the Kolmogorov lensgale.
Substituting = 2.1 [48] andRe, ~ 56 into the Eq5.5, it givesN ~ 252. This can be

represented ald = 28 = 256. Then, the grid cut-off wave-numbet,ax = 1 is 128,
whereA is grid spacing. Hence, the DNS of the TGV flowRe= 1600 (Re, ~ 56)
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is performed on the uniform grid with 28@&ells. That is only the first 128Fourier

modes are resolved.

5.3 Results and Discussions

As turbulence develops in time, initially well-organizedustures start to break into
smaller ones and lose their initial symmetries due to theggneascade and the vortex
stretching for the viscous case. Then, becomes heavilgrtist and finally breaks
down around . Fot > 9, the flow is turbulent and nearly-isotropic. This physics
is well captured by the algorithm, as shown in Fig.5.2. Vimagions are based on

Q-criterion [49] which is calculated as,

1 1
Q:—Eui,juj,i:E(HQHZ_”SHZ) (5.9

where||S| = [tr(S;;)]"/? and||Q|| = [tr(Qi;Q};)]*/2. S; andQj are the symmetric

and anti-symmetric parts of the velocity gradient tensspectively.

Following Hahn [50], some other quantities are also intaetlito analyze the flow
field such as the temporal evolution of the mean kinetic gnéng mean kinetic energy
decay rate, the mean enstrophy, the energy spectrayit at 9, Taylor micro-scales

and velocity structure functions.

The mean kinetic energy, K, is calculated as,

I YR
K=3>{pluF) (5.7

where< - > represents the spatial average over all directions. Asria,tit decreases
under the effect of the viscous forces, as seen in Fig.5.3hduld be preserved
during the inviscid simulations due to the lack of viscoug@s, if the algorithm is

conservative.

The mean kinetic energy decay rate is calculated @k /dt, which is the slope of the
kinetic energy decay. Increasing value of the mean kinetergy decay rate is due to

increasing vortical interactions. Its time evolution isen in Fig.5.4.
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(9)t/T=30 (hyt/T =60

Figure 5.2 Time evolution of the Q-iso surfaces in TGV flow. Q is set t0Dfor all
snapshots.
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Figure 5.5 Temporal evolution of the enstrophy.

The mean enstrophy, is given as the square of vorticity,

(@?) = (|Oxup?) (5.9

Enstrophy is the resolving power of a numerical scheme shatnneasure of its ability
to represent the flow physics accurately on a finite numberidfaglls [44]. As seen
in Fig. 5.5, it follows a path similar to the mean kinetic egyedecay rate. For the

inviscid case, an unbounded increase should be observed.

As Kolmogorov stated [51], for homogeneous isotropic tighaeE (k) ~ k—5/3 within
the inertial sub-range. In order to show the transition rbulence occurs in TGV
flow att/1t ~ 9, E(K) is also presented in Fig. 5.6. The scaling is not falthieved.
Obviously, a much clear inertial range behavior can be oeskat higher Reynolds
number [39]. An increase is observed in E(k) at high wavedmenrs. The kinetic
energy of the flow is not efficiently dissipated at high waweabers. This can be
associated to the compressibility effects included by the-divergence free part of

the velocity field.
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Figure 5.6 The energy spectrum st = 9.

Our results are well-compared to Brachet et al. [39], Faueoret al. [41], and Hahn
[50] on 256 grid resolution forRe= 1600. The transition time, when the dissipation
rate reaches its maximum, is correctly predictety at~ 9. However, the peak values
of the mean kinetic energy decay rates and the forms of thk gteactures in Fig.
5.7 slightly differ from each other. This can be due to thelwatng of gradients in

methods.

Taylor micro-scale averaged over the three homogeneotialsgieections is given as,

)\X+)\y+)\2>
3

P (5.9

where

The Taylor micro-scale is a length scale which was first ohticed by Taylor [52]. It
does not have an exact physical meaning [48]. However, iftehaised to define a

Reynolds number that characterizes grid turbulence [37§ dh intermediate length
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scale between integral and Kolmogorov’s length scaless tbughly assumed that,
below the Taylor micro-scale, fluid viscosity significantiffects the dynamics of
turbulent eddies in the flow, the turbulent motions are suthifestrong viscous forces,
and kinetic energy is dissipated into heat [53]. Time evotuof the Taylor micro-scale

is plotted in Fig. 5.8.

Skewnesgn = 3) and flathesgn = 4) are the high-order velocity-derivative moments

(structure functions) given as,

5y — (S +syén>+sz<n>> 5.1
where
NEAR 2 (5" 2 (5
() = (=155 =(D'"Fom S =)'
W= @y SV @y SO CU G
(5.1

The skewness characterizes the rate at which enstropteases by vortex stretching.
Whereas, the flatness is a measure of the intermittency ofathieity field driven by

vortex stretching and folding.
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Their average values given in the literature change fred to —0.7 for skewness,
and from 3 to 40 for flatness [54]. Our results given in Fig. &@ Fig. 5.10 are in

agreement with these values.

The evolution of the kinetic energy decay and the enstrominyttie inviscid case
are given in Fig. 5.11 and in Fig. 5.12, respectively. In thsemce of viscosity,
kinetic energy should be preserved during the course oflaimn. However, both
the inherent dissipation of the algorithm and the accuredlaumerical errors may
decrease the kinetic energy in time. Inviscid simulatioas be used to measure
the dissipation included by the numerical scheme. The kinebergy is very
well-preserved by the present algorithm during the courksdong-term inviscid
simulation and the enstrophy unboundedly grows in times $hows the capability of

the algorithm to capture the flow dynamics on finite numberadisc
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6. DNS OF TURBULENT SHEAR LAYER

In this chapter, Direct Numerical Simulation of initiallyrbulent temporal shear
layer is performed usingDNS. Quasi-incompressible and compressible cases are
considered. After giving an introduction, initial and balany conditions are defined in
the following sections. The simulation results are presg¢and successfully compared

to both experimental and numerical studies found in theditee. Compressibility

effects on the growth rate of the turbulent mixing are alsaoligtd.

6.1 Introduction

Turbulent shear layers are interest of many physical ansheagng flows such as jets,

wakes and mixing layers. They are induced by strong gradiesttear stress.

It is very important and is often necessary to understandpttysical mechanisms
behind the such kind of flows, for example, in order to corifnel mixing processes in

supersonic combustion or to control the flows emerging inrtgiream of an airfoil.

Although their relatively simple configuration, more comyphysical phenomena are
included by these flows. They are mostly dominated by largkesquasi-2D organized

structures. However, they can rapidly undergo transitiotutbulence in 3D.

In a mixing layer, two stream of fluids which have differenteeds emerge and
evolve in a way that qualitatively described above. It carstuglied both spatially
and temporally. In spatially-evolving mixing layers, mxgi layer thickness of two
emerging stream of fluids develop in spatial coordinatergesh-wise direction. Such
development requires large extend of domains. This is ceatipnally much more
expensive to track than the temporally-evolving mixingeesywhere the thickness of
the layer increases as a function of time rather than as difunof the stream-wise
coordinate. As explained in [55], the temporal mixing laganulations have two

consequences. Since the flow evolves in time, it is not plestilo time averaging to
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obtain converged statistical quantities. Averaging isedonthe homogeneous spatial
directions (stream-wise and span-wise). Additionallg tlow evolution is strongly

dependent on the initial conditions.

The mixing layers were experimentally investigated by $peerand Jones [56] and
Bell and Mehta [57]. They provided experimental data for the/rieéds stress
distributions using a mixing-layer wind tunnel where tw@agrte streams come and

merge at the end of the splitter inside a tunnel.

Early DNS of two-dimensional incompressible temporal mgxilayer starts with
Riley and Metcalfe [58]. First high-resolution and compnetiee three-dimensional
simulations using DNS were performed by Rogers and Moser M8%er and Rogers
[60] and Rogers and Moser [61]. They used spectral methodstadibd the evolution
of the large-scale vortical structures, the mechanisnmsoresble for the growth, the

onset of transition to turbulence and the self-similarityh@ mixing layers.

Because of the recent developments in supersonic flight tdmiy high-speed mixing
layers have received an attention. These propulsion sgséeenbased on supersonic
combustion where mixing plays an important role for efficien So, the physical
understanding of the compressibility effects on mixing @rahsition to turbulence

are crucial for developing efficient systems.

Bogdanoff [62] and Papamoschou and Roshko [63] experimgnsdiidied the
evolution of the compressible mixing layers. They introgldicheconvective Mach
numberin order to define the compressiblity effects on the evolutbmixing layers.
Elliot and Samimy [64], Goebel and Dutton [65], and Clemerd lslnngal [66] were

further studied the compressible mixing layers experiignt

All studies pointed out a strong reduction effect on growdkerof mixing layers,
when the convective Mach number is higher tha. On addition to this, structural
changes were also found [64, 66]. Instead of simple roll-ugge-scale coherent

three-dimensional vortical structures were observedgit bonvective Mach numbers.

In order to clarify the physical mechanisms behind the rédoneeffect on the growth
rate, Vreman [67], Vreman et al. [68], Sarkar [69], Freun@]]7and Pantano and

Sarkar [71] performed DNS of compressible mixing layers agdnvective Mach
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number 18. They found that the effect is related to decrease in pressitain

correlation via reduced pressure fluctuations.

In addition to these pressure-strain models, some othenpts have also been made
such as stability analysis, models based on the dilataiong, and the sonic-eddy
models [72]. However, none of them give a complete picturghef mechanism

responsible for this effect. Itis still under investigatidue to the current technological

importance.

The aim of this chapter has two folds; to show the capabilithe algorithm’s ability
to evolve a linear perturbation into nonlinear hydrodynatarbulence, and to analyze
the effect of compressibility on the growth rate of the miiayers using an implicit

non-dissipative algorithm.

6.2 Numerical Setup of the Flow

6.2.1 Initial and boundary conditions

The initial conditions follow the DNS paper of Pantano andk&8ga[71]. As common
to many previous setups, flow is initialized using a hypaddtangent profile for the

mean stream-wise velocity),

aly) = %tanh(— S 5:( 0)> 6.1)

where dg(0) is theinitial momentum thicknessThis defines a two parallel streams
moving in opposite directions, as it is shown in Fig. 6Al.is the velocity difference
between lower and upper streams. Each stream is moving wsaplirections with
same velocity,%“. The normal-wise\() and the span-wisaw) mean velocities are set
to zero. The initial densities are equal for both streamsaaadet to unity. The initial

pressurepy, is uniform as well. It is set to give the speed of sound asyunit

The Reynolds numbeReg, based on the initial momentum thickness, the velocity
difference, and the average dynamic viscosity is 160 andRthaolds numbeiRe,,
based on the initial vorticity thicknes,(0), is 680. The definitions ady andd,, are

given in the following sections.
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Figure 6.1 A representation of the initial conditions for TSL probl¢ni].

The ratio of specific heaty, is taken as X. The Prandtl numbePr, is 0.72.

Only the case where the density ratio between streams i$ egqudrom Pantano and
Sarkar [71] was chosen here to perform the simulations wifirdnt convective Mach
numbers. The idea of the convective Mach number was firsidotted by Bogdanoff
[62] and further used by Papamoschou and Roshko [63] in ooddefine a unique
Mach number and to identify the compressibility effects ba shear layer growth

rate. For equal densities and specific heats, it can be wate

Au
= 6.2
= ot o (6.2

wherec; andc, denote the speeds of sound for each stream. Since the sjesedsd
are fixed to unity and the streams have equal velocifieg2, in opposite directions,

the free stream Mach numbers are also the same and used afetence Mach
number in our calculations.

The initial density, velocity difference, pressure, andmeatum thickness are selected
as the reference density, velocity, pressure, and lengtle.scThe non-dimensional

temperature field is obtained from the non-dimensional E@8ngin Eq. 2.16

Similarly, the non-dimensional dynamic viscosity can b&uated and updated in
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the code using the two-coefficient Power Law of viscosityegivn Eq.2.6. Also, the

reference time scale is,

s(0)

o (6.3

Boundary conditions are periodic in stream-wige@nd span-wisej directions.
Inviscid slip-wall boundary conditions as defined in Blazék &re used at bottom
and top boundaries in normal-wiggirection. Face-normal velocitie¥{s) are also

required special treatment and must be set to zero on idvatip-walls.

The non-dimensional time-steps are set #6103 for Mach number @B, and 1x

103 for Mach number 1.

6.2.2 Computational requirements

256 cores were used for runs. Each core has approximately @ @BM. The total
wall-clock time for each computation is between 350 and 58@$, depending on the
Me.

6.2.3 Grid details

The same problem domain with Pantano and Sarkar [71] is usexdif computations.
The domain is very large, especially in streamwigeljrection, in order to allow the
flow to evolve into self-similar state. This resolution is@lenough to represent the
large scale structures in the flow, as shown by the authong tise calculation of the
integral length scales (which are sufficiently small conegaro the domain size in
homogeneous directions) and two-point correlations (Wwhie decorrelated over half
the domain size in homogeneous directions) during thesselilar state. The domain
size is given in terms of initial momentum thicknesslasx Ly x xL, = 34505(0) x
17254(0) x 8694 (0) with a corresponding resolutidd x Ny x xN, =512x 256x 128
for all cases considered. The initial momentum thicknesgito 0093. The uniform

orthogonal grid is used. Neither grid stretching nor spdagers are employed.
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6.2.4 Generation of the initial turbulent fluctuating veloaty field

In addition to these mean values, turbulent three-dimeasieelocity fluctuations are
superimposed on the initial mean velocity components. Tdwuations are generated
based on a technique described by Davidson [73]. This tqaenessentially relies
on the approach first proposed by Kraichnan [74]. Using thatimm in the paper
of Davidson [73], the fluctuating velocity fieldi, can be represented as a sum of N

random Fourier modes,

N
u(xj)=2% a"cogkjx; +y")a’ (6.4)
=1

whereu", ", andg are the amplitude, phase and direction of tHeFourier mode,
respectively. Xj denotes the coordinates in physical space. The magnitudeeof
direction vector of the Fourier modes;"|, is equal to unity. The wave-number vector
k" is chosen randomly in wave-space in order to ensure isotobffie generated
velocity field. The wave-number vecte" and the direction vectoo" are also
orthogonal in physical space for each wave numpere., g"k' = 0. Fig. 6.2 shows

the wave-number space geometry it Fourier mode.

Y
Sy

T
-~

Figure 6.2 The wave-number vectes and the velocity unit vectog” are orthogonal
(in physical space) for each wave number n [73].

For each Fourier mode, random angleg", a", and 6" and random phasg" are

created. Whilep" and 8" determine the direction of the wave number veaetgra"
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denotes the direction of the fluctuating velocity veatorThey are produced randomly
with probability functions which ensure that the wave numbector is uniformly

distributed on the surface of the sphere shown in Fig. 6.3.

X

Figure 6.3 The probability of a randomly selected direction of a wavevave-space
is the same for altl A, on the shell of a sphere [73].

The wave number space is equally divided ibtowumber modes betweeaqax and
K1. KmaxiS defined based on mesh resolutihuy = %—Z whereA is the grid size Kk
is set to 1. Then, the wave number vector and the unit dinestsztor are calculated

according to Fig. 6.3 as,

ki = sin(6")coq¢") (6.52)
k5 = sin(6")sin(¢") (6.50)
kg =cog0") (6.5¢)
and
o7 = cog¢")cog6")coga") —sin(¢")sin(a") (6.62)
05 =sin(¢")cog0") coga") +cog¢")sin(a") (6.60)
o5 = —sin(6")coga") (6.6c)
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respectively. Since" andk{" are orthogonalg lies in a plane normal to the wave

number vectok;".

The amplitudeu™ of each Fourier mode in E@.4is then calculated as,

Nl

" = (E(k)|]'AK) (6.7)

where Ak = W The isotropic turbulence energy spectriiitk) used in the

simulations is,

E(k) = u:ins<K50>4exrx—2<Kio>4> (6.9

wherekg is thepeak wave numbelkg is adjusted so as to have 48 peak wavelengths
in the stream-wise direction for the simulationst,,,; denotes square of the root
mean square of the velocity fluctuations and is givenugs = (ti-Au) whereti is

the turbulent intensity set taD.

Using the procedure outlined above, the velocity fluctueti@re calculated and
superimposed on the mean velocity values in order to getthelent velocity field at
initial.

The obtained initial turbulent velocity fluctuating fieldlisited to the shear layer by

multiplying with a shape function in the form,

(3510 6.9

6.3 Results and Discussions

6.3.1 The quasi-incompressible case

The quasi-incompressible case, where the convective Maotber is equal to .G,
is chosen as the base case. This case is also used for the artfadmton, and the

comparison as well.



In order to analyze the results, both the Reynolds and theeFaxaraging procedures
are first introduced, as usual for compressible flows. In Rieig@veraging, a variable

@ is decomposed as,

0=0+¢ (6.10

where qE denotes the Reynolds averaging apddenotes Reynolds fluctuations. As
mentioned above, the Reynolds averaging is obtained ovéotnegeneous directions
(stream-wise and span-wise) in this problem. SimilarlyaarE averaged variablgis

written as,

P=0+¢ (6.19)

where @ denotes the Favre averaging aqpﬁl denotes Favre fluctuationg is given

by,

- Py
== (6.12
The time evolution of the shear layer thickness, i.e., mdomarthicknessdg,
By = — /+°°—<3Au—a ) (Eau+ ty)d 6.13
e_poAuz _OOPZ 5 1)ay .

is also followed as suggested by Rogers and Moser [61].

As an integral quantity, the momentum thickness is lessiben$o statistical noise

than the vorticity thickness,

sow— 2 (6.1
(39
gy /max

and evolves in time smoothly. The ratio of vorticity thicleseo momentum thickness
in the self-similar region shown by the previous DNS studéeapproximately 4.

The growth rate then can be found as a slope of linear curve fit,
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Figure 6.4 Time evolution of momentum thickness fsl; = 0.3.
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Time evolution of the momentum thickness is given in Fig. @fter an initial settling
period, which mainly depends on the initial fluctuationsagproximate linear growth

is observed, in consistent with the previous results. Thetrrate is found as.0182

by taking the slope of the curve in the region where the florlissmilar. Pantano and
Sarkar [71] calculated as@L84 for quasi-incompressible case from a DNS database.
They also found @16 in their DNS study folM = 0.3. Our value is in good agreement

with Pantano and Sarkar [71].

Also, the ratio of the vorticity thickness to momentum thieks D, is approaching

to its nominal value&£ 4.5 —5.0) through the end of our simulation.

The Reynolds stress transport equation is introduced as I tf¥ calculate the

Reynolds stress tensor and turbulent kinetic energy budget,
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O(PR;j)  I(PUR;j) JTijk
G T~ PRI—a) - (6.1

whereR;j ,Rj ,&j ,Tij ,Mij are turbulent stresses, production, dissipation, tramspo

and pressure-strain terms, respectively. Their explcitk are given as follows,

/1

pu; U

= (6.173)
D
o o0
Rj =~ (Rikgy +Rik5 - 6.1%
1j Rik % + ‘kc?xk) ( )
1, ou  du
ij == ik 3o T likao 6.17
8|J ﬁ le ka + le an ( C)
Tijk = PU; UjUy + P'U Ojk + +P'U; Gk — (Tj Ui + Ty U) (6.17d)
[ou du;
Mij=p (a_xj + 0_xi> (6.17)

Then, the contraction is performed to obtain the values diulent kinetic energy
budget. The contraction of a tensor is done by setting twambke (free) indices equal
and summing over the indices left according to the summatorention. Contraction
reduces the tensor rank by 2. It can be done repeatedly, dieygeon the rank of tensor.
The contraction once of a tensor with rank 2 simply equalsaoet of it and summing

up gives a scalar.

Fig.6.5 shows the time evolution of tines of the velocity fluctuations in stream-wise
direction. In consistent to the previous studies, it staos an initial value, reaches a

peak and then decreases to its specific value.

The comparison of the Reynolds stress terms are given in figuoen Fig.6.6 to
Fig.6.9, in comparison with the results from experimentd ather DNS studies. An
averaging procedure over the time period between 200 andv&8@pplied to obtain
the curves. The values are in agreement. The stream-wispar@nt of Reynolds

stress term is higher than the other components.
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Figure 6.5 Time evolution of therms of the velocity fluctuations in stream-wise
direction.
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Table 6.1 Comparison of the peak turbulent intensities of Reynoldssstterms for
Mc =0.3.

\/Rll/AU \/RZZ/AU \/R33/AU \/R]_z/AU
Bell and Mehta [57] (EXPM. =0)  0.180 Q140 0146 Q100

Pantano and Sarkar [71] (DNS) 1G5 Q134 Q143 Q103
Hadjadjet. al.[75] (LES) 0170 0134 Q143 Q106
Foysi and Sarkar [76] (LES) 074 Q129 Q143 Q106
Present DNS av7e6 Q133 Q141 Q102

Table 6.1 also compares the peak turbulent intensities aiétdy stress terms to some

prior numerical studies. Our DNS gives similar values todtteers.

Turbulent production and dissipation are presented in &ig0 and in Fig. 6.11. Our

values are in well agreement with the other DNS studies.

o Pantano and Sarkar (DNS)
> Rogers and Moser (DNS)
Present DNS

0.002

0.0015

0.001

Production

0.0005

o

A I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1

Figure 6.10 Comparison of turbulent production fdbt, = 0.3.
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Figure 6.11 Comparison of turbulent dissipation fivt, = 0.3.

Fig.6.12 also shows change of the mean velocity in normaéwdirection and
compares it to previous experimental and numerical studigsanis again obtained
via an ensemble averaging in betwa¢m = 200 andt/7 = 600. The agreement is

well among the results.

The anisotropy of Reynolds stresses show the character andefiendency of the

velocity fluctuations to the direction in turbulent flowsidtdefined as,

b :—.——Gj (6.18

and is calculated by integrating the B§j18along the shear layer. Time evolution of
the anisotropy of the Reynolds stress terms and the comparigbeir peak values are
also given in Fig. 6.13 and Table 6.2, respectively. In thesmilar region (i.e., after
a sufficiently long time), the values of the diagonal compasefb;; reach a constant
value. The peak values we have found are also very close tafaand Sarkar [71].

Similarly, the anisotropy in stream-wise is stronger tHandther directions.
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Figure 6.13 Time evolution of the anisotropy of Reynolds stress termd/fig= 0.3.
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Table 6.2 Comparison of the peak Reynolds stress anisotropy valuédder 0.3.

b1z b b2
Pantano and Sarkar [71] (DNS) .26 —-0.16 019
Present DNS 25 -016 Q17

Fig.6.14 shows the Q- iso-surfacestat = 1000 where the flow is self-similar for
Mc = 0.3. Qis set to 002Qmax Positive Q values show the low pressure high speed
vortex dominated regions in the flow. Lots of small and lazedi vortical structures,

which can regarded as turbulent spots, are observed andthe¥blve into a fully

turbulent regime in time.

Figure 6.14 Q- iso-surfaces at/t = 1000 forM. = 0.3.
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Figure 6.15 Comparison of the momentum thicknesses and the growth fates
differentM¢’s.

6.3.2 The compressible case

Having demonstrated via the base quasi-incompressihlésdhat the algorithm and
the solver developed based on it produce the correct physieahanisms behind
TSL instability. In the following cases, behavior of the @iighm in the presence of
compressibility effects is investigated. For this purpddgs changing from B to 0.9

are studied. The results are presented and are compareithev/jghevious experimental

and numerical studies. Compressibility effects are alstyaed.

Fig.6.15 compares the time evolution of momentum thickeeskor different
convective Mach numbers. A linear fit for each curve is phbtite the self-similar
region for calculation and comparison of the growth ratesis bbserved that time

required to obtain to a self-similar state increases withdasing\c.
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Figure 6.16 Change of the growth rates with differdvit’s.

The growth rate values then are normalized by the base in@ssiple growth rate
value and are plotted against tig in Fig.6.16. The filled circles represent our results.
As it is clearly seen from this figure that compressibilitgluees to growth rate of
the instability, agreeing well with the many previous résand the widely accepted

Langley experimental curve represented by solid line.

Compressibility effects on the Reynolds stress terms ar@pted in the figures from
Fig.6.17 to Fig.6.20. Figures from Fig.6.21 to Fig.6.22alempare the peak values of
the stream-wise and the normal-wise Reynolds stress teapectvely to the previous
studies. Consistently to the previous studies ( [60, 61, 6,/78]), the results show
a reduction in the turbulent velocity fluctuations acconypag the decrease in the

growth rate.

Fig. 6.23 gives the change in the turbulent production andpares our results to

Pantano and Sarkar [71]. Present DNS results are repredeydifferent pattern of
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Figure 6.23 Comparison of the turbulent production term.

lines. Production reduces with the increasig It is the source for the decrease in

the growth rate, confirming the other DNS studies [61, 71, 76]

Similar behavior is seen for the turbulent dissipation gireFig. 6.24. However, it is

less affected by the compressibility than the other tersipreviously noted in [71,76].

The Reynolds stress anisotropies are again calculated ainatiange with increasing
M. are plotted in Fig. 6.25. A slight increase is observed ingbak values at early
times. Diagonal components are more effected than offesiagones. Overall effect
of increasingM. on bjj’s are not so severe, consistently to previous numericaliesu
[71,76].

Table 6.3 compares the peak values of the Reynolds stresgrapies with Pantano

and Sarkar [71] foM; = 0.7.
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Figure 6.25 Comparison of the Reynolds stress anisotropy terms.
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Table 6.3 Comparison of the peak Reynolds stress anisotropy valuddfer 0.7.

b11 P22 b12
Pantano and Sarkar [71] (DNS) .2® -0.19 019
Present DNS @7 -0.175 Q17

We have applied our in-house solvebNS, to turbulent shear layer instability
problem. The results show that the algorithm, as well astheeswe developed, are

capable of producing the correct physics of the evolutiosystem with a perturbation

into a nonlinear hydrodynamic regime.
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7. DNS OF RAYLEIGH-TAYLOR INSTABILITY

In this chapter, Direct Numerical Simulation of Rayleighylta Instability is
performed usingDNS. Incompressible and compressible cases are considéfted
giving an introduction, initial and boundary conditiong a&xplained in the following
sections. The simulation results are presented and areazechfo both experimental
and numerical studies found in the literature. Compresibeffects on the

development of the instability and mixing are also analyzed

7.1 Introduction

Rayleigh-Taylor Instability occurs when a heavy fluid of densp,, on top is
supported against the gravity, by a light fluid of density,o, on bottom [77-79].
Fluid is initially in hydrostatic equilibrium. Pressureaglient is balanced by the gravity
acting only in the vertical direction. In this case pressamd density gradients are in
opposite and infinitesimal perturbations grow at the isieefexponentially. Then, the
baroclinic vorticity causes the fluids to interpenetratdalsbles and spikes into each

other and mix.

It is observed in many physical and engineering flows suclyps ka supernovae,
inertial confinement fusion, cavitation bubbles and oceamd atmospheric flows.
Rayleigh-Taylor Instability also serves as a very challeggest case for algorithms,
since it includes many aspects of flow modeling like body éareatment, turbulent

mixing, diffusion and interface capturing.

The linear theory [79, 80], as well as the experiments andptieegious numerical
studies, show that after an initial settling period, ingigbgrows exponentially in

timet,

exp() (7.1
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where

Y= +/AgK (7.2

is the growth rate and is the Atwood number given as

A:Ph—P|

7.3
Pnh+ P (73

andk is the wave-number. Then, flow evolves into a nonlinear ngixiegime which
can be regarded as the onset of turbulence. The penetrdtiba tight fluid into the
heavy one as bubbles or the penetration of the heavy fluidlwtdight one as spikes

can be modelled using [81, 82],

hy = apAgt (7.4)

and

hs = —asAgt? (7.9

respectively. The mixing zone is defined as,

h = hy(t) — hs(t) = aAgt? (7.6)

and the corresponding growth rate is found,

h=2aAgt (7.7
wherea = ay + as is the total growth rate factor given as0Q < a < 0.07 in the
literature [83].

The compressibility effects on the development of Rayléighlor Instability have
also been studied by many authors [84-87]. There was a dicticemn among the

results. Some of them found a stabilizing effect, while sootieers found that
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compressibility increases the growth of mixing. Recentliyekcu [88] resolved this
contradiction and showed that compressibility can be charaed by two parameters,
the ratio of specific heats and the speed of sound, which taey bpposite effects on

the growth.

Our aim here is, once, to demonstrate the algorithm’s gliitevolve perturbations
into turbulent mixing for the base incompressible flow witle tAtwood number A3,
then to analyze the effects of compressibility on the groratie of the instability by

increasing the Mach number.

7.2 Numerical Setup of the Flow

7.2.1 Initial and boundary conditions

The flow is initialized with a density ratio 2 which gives Atat number 13. The
lower fluid density is set to 1. The constant gravitationatederation is in the

normal-wise direction. Fluids are initially at rest.

Domain heightLy, is taken as the reference length scéje, The reference velocity,

Up, is the free-fall velocity given as,

The characteristic time scale is then,

T=4/— (7.9

The higher fluid density is taken as reference denggty The Mach numberM =

Uo/~/YPo/pos is set to OL for the incompressible case and for the compressible
case. Since the mean velocities are initially zero and ttiesraf the specific heats are
the same and constant, the Mach number here is defined asiohaf the characteristic
velocity (i.e., free-fall velocity) to the speed of soundheTcompressibility effects

are obtained by changing the thermodynamic state of theesystThe reference
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pressurepy, is calculated usiniyl, po andug. The pressure is initially in hydrostatic

equilibrium,

P = Po— PYY (7.10

The kinematic viscosity is calculated using the grid-dejet formula given in the

paper by Alpha group collaboration [89], that is,

vV = 0\/Agh3 (7.13)

where w is the coefficient taken asZl andA is the grid spacing. Then, dynamic
viscosities for each fluid are obtained via multiplym@y their densities. The dynamic
viscosity of higher density fluidy,, is chosen as the reference to use it in calculating

the scaling Reynolds number.

Using the reference values, the value of the working (sgafRreynolds number,

Pololo
Ho

Re=

(7.12

is ~ 1CP. It is almost three-order of magnitude higher than the orezl uis the DNS
of Cook and Dimotakis [90]. The difference is due to the chafehe scaling
parameters (i.e., the reference values). These choicesmadle in order to perform
compressible simulations with the current algorithm. @thge, the incompressible
(low-Mach number) scaling can cause unphysical non-dimeaktemperature and

dynamic viscosity fields at initial or in updating, duringetbompressible simulations.

The Eckert numbeg: ¢, which is the ratio of kinetic energy to enthalpy arises fritwe
non-dimensionalization of the energy equation. It is agpnated using Eq2.21 The
Froude numbefir, which is the ratio of the reference velocity to the fred-¥alocity

is also equal to unity. The constant gravitational accélanas also scaled by itself.

Boundary conditions are periodic in stream-wise and spae-wlirection. Inviscid
slip-wall boundary conditions are applied at top and botbmundaries, similar to the

Turbulent Shear Layer Instability in the previous chapter.
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Flow is followed up to when the bubbles and the spikes reathetend of the domain

in each simulation with a time stegt = 1.5 x 107>,

7.2.2 Grid details

The length of the grid used here isn2irx2mr with 256x512¢256 cells in stream-wise,
normal-wise and span-wise directions, respectively. Télesize is uniform. The

interface between fluids is locatedyat O.

7.2.3 Initial perturbations

Usually, the interface is perturbed to trigger the insighilHowever, this requires
an additional smoothing, if amplitude of the perturbatisnsmaller than the grid
resolution. In addition, a small initial perturbations mag necessary to satisfy the

divergence-free velocity field depending on the equatioretsolved and the method.

Junet.al.[91] and Stone and Gardiner [92] showed that perturbing #iecity field
directly is superior to perturbing interface position,c&mo smoothing is required and

resolution-independent perturbations are obtained wyigld identical results.

We followed the latter way to initialize the instability inup simulations using the

perturbations given in the following form,

Vv = AgRand 1+ cog2my/Ly)) (7.13

with the amplitude?g is 0.005 andRandis the random number betweerl and+1.

This perturbation is only added initially to the verticalogity component.

7.2.4 Computational requirements

256 cores were used for runs. Each core has approximately @ &BM. The total

wall-clock time for each computation is about 500 hours.
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7.3 Results and Discussions

7.3.1 The incompressible case

The first case considered here is the incompressible case e Mach number is
0.1. In order to measure the mixing, the local mole fraction ottune fraction based

on the density of the heavy fluid is defined as,

p(xvyv Z7t) — P
Pn—p

X(xy,zt) = (7.14

Fig 7.1 shows the time evolution of the local mole fractiors.iis seen from the figure,
the bubbles and the spikes are formed in time. While the bskdke penetrating into
the heavy fluid, the spikes go deep into the light fluid. Itigiamaller structures merge
in time and evolve into larger ones. The main responsiblehau@ism at early stages

of this evolution observed here is the diffusion.

The local mole fraction field is averaged over the homogeseéinections to give the

mixing zone growth,

1
NNz

<X(Xayvz7t>>XZ: %X(X,)/,Z,t) (713

where< - >y, denotes the averaging. Fig.7.2 shows the evolution of geeréocal
mole fraction field in time. Its step-like shape deforms meidue to the growth of the
mixing zone and the merging of the small-scale mushroom4ikuctures, similar to

Cook and Dimotakis [90].

The penetration lengths for bubblegt) and spikeds(t) are defined as the distances

where,
<X(X7yazvt)>XZ§ 1_8 (71@
and

(XX Y,Z2t)xz> € (7.17)

respectivelys is traditionally set to M1.
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Figure 7.1 The time evolution of the local mole fraction field in ternfasmo-surfaces
(x=0.5). Since it is stored into separate files, colors are#fit.
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Figure 7.2 Evolution of the averaged local mole fraction field in time.

Oncehy(t) andhg(t) are found, the growth rate coefficients for the bubblgs,and
the spikesas, the total extend of mixing zondy(t), and its derivativeh(t), can be

calculated using the equations from Ed.to Eq.7.7.

Fig.7.3 shows the development of bubble and spike penatrégngths in time. The
evolutions are not symmetric. The penetration of spikedaster than bubbles. The
ratio of hs/hy is around~ 1.2 at the end of the simulation with an aim to increase.
The value is consistent with the experimental valugréported by Read [93] for the
given Atwood numberz 1.25 by LES of Burton [94],~ 1.3 by DNS of Cook and
Dimotakis [90] using higher aspect ratio domains anti2 DNS by Alpha group [89].

As seen from the total penetration length in Fig.7.4, theeetao main stages. The
growth in early stage development is mainly diffusive. Theltime non-linear
development is faster than the diffusive growth. This isa@od agreement with Cook

and Dimotakis [90].
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Figure 7.3 Time evolution of the penetration lengths for bubble an@esp

The bubble and spike growth rate coefficients are plottedign/F. Following the
exponential growth, the both coefficients reach a constantv The late time value of
OpubblelS ~ 0.03. Cook and Dimotakis [90] reported0.03 in their DNS study. Alpha

group also found @25 0.003 in their numerical studies.

As seen in Fig.7.6q is around 007. a values reported by Cook and Dimotakis [90]
and Burton [94] are @7 — 0.08 and 006— 0.07, respectively. Dimonte and Schneider
[83] give arange, @1 < a <0.07, fora.

In order to quantify the amount of mixed fluid in the mixing ¢aya mixing fluid mole

fraction (i.e., product thickness) is also defined as,

% X <Xs

X%(0=1 719
1,;))((5 X>Xs

whereXs is the heavy fluid mole fraction for the stoichiometric misdwvhich is set to

0.5. The word "stoichiometric" defines the optimum amount aorttat the reaction
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Figure 7.4 Time evolution of the total penetration length.

is completed with consumption of all substances [95]. Tlécktometric mixture
fraction is introduced to describe the mixing of fluids calesing a hypothetical

reaction to measure the amount of fully mixed fluid [96].

Then, the total thickness is,

R= /H Xp(X))xadly (7.19

Again, following the Cook and Dimotakis [90], the maximum mdfaction (i.e.,

maximum product thickness) is defined as,

P= [ Xol(X)xa)dy (7.20

The ratio of these two thicknesses (i.e., the ratio of miXemggth to an entrainment

length), 0, is used to measure the mixing efficiency in the mixing layer,
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Figure 7.5 The evolution of the growth rate coefficients for bubble apike.
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Figure 7.6 The evolution of the total growth rate coefficient.
6= — 7.2
o (7.21
It gives a similar result with the metric suggested by Youe33,
[T2 <« X(1=X) >dy

6= 7.2
[T < X><(1-X)>dy (723

The both6 values are plotted against time in Fig. 7.7 and give siméaults.0 = 1
means all fluid in the mixing layer is molecularly mixed, vh@ = O corresponds to
the immiscible case where the two fluids do not mix. Its valbanges in time, it is
not constant. The final values in our simulation€.80 for Byoungsand~ 0.83 for
Bcook These are in good agreement with Cook and Dimotakis [90], @boél.[98],
and Burton [94]. They report 0.8.

Taylor micro-scales are associated with the local stramaad can be written for this

flow via averaging over the homogeneous directions as,
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Figure 7.7. Time evolution of the mixing parametér.
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((5%))xz

on they = 0 plane. Assuming the statistical isotropy, on that planeandA; can be

averaged into a single micro-scale,

- (7.24

Then, Reynolds numbers can also be defined for each micre-asal

. (P)xzAx <u2>xz_ . <p>xz)\y\/ <V2>xz_ - <P>xz/\z\/ <W2>xz
Re x= . Rey= . Rex=
Ho Ho Ho
(7.25
and for the averaged Taylor micro-scale,
Re x+Reg
RQ,XZ: XAz > Z (72@

The temporal evolution of the Taylor micro-scales and &poading Reynolds
numbers in they = 0 plane are presented in Fig.7.8 and in Fig.7.9, respegtiVal/lor
micro-scales and corresponding Reynolds numbers increameé as small-scale
structures are merging into larger ones. Their differeraies grow in time which
is a measure of anisotropy [90, 99]. The ratio of vertical doizontal micro-scales is
found ~ 4.8 at maximum, and approaches+dl.8 at late times. Cook and Zhou [99]
found 37 and 14 in their high resolution DNS. Cook and Dimotakis gie4.5 and
~ 2 in their DNS studies for the Case C. Taylor Reynolds numberchraa~ 90 for
vertical and~ 30 for horizontal at the end of the simulation. Zhou and Co&{ fhd
Cook and Dimotakis [90] obtain almost the same values in DNIB studies. A Taylor

Reynolds number value of 100 is needed for mixing transition [100].

In order to analyze turbulent nature of the development®®Ril, both the Reynolds
stress terms and their anisotropies were also introducée. Reynolds stresses are

obtained as,
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Figure 7.8 The evolution of the Taylor micro-scales in time.
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Figure 7.9 The time evolution of the Reynolds numbers based on Tayloroyscales.
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Figure 7.10 The evolution of themsof the vertical component of the Reynolds stress
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i

_ puY

Rij 5 (7.27)

where{}" denotes Favre fluctuations. Fig. 7.10 shows the developafehe rms of
the normal-wise component of the Reynolds stress term in finséarts from an initial

value and reaches to their specific peak values at the ene sfrtiulation.

Similarly, the peak values of the Reynolds stress terms fatmiodirections given in
Fig. 7.11. The peak value of the normal-wise component i®sirtwo times higher
than the other components. This is compatible with the doe®f the gravitational
acceleration. We have also found that cross-componentsoftare very small due
to approximate symmetry of the large-scale structures.s@leo observations are

perfectly matched to the results obtained by Ramapraphy.[101
OnceRj’s are found, anisotropy of these terrbg, can also be calculated easily via,
_Rj 1

- 38 (7.29

bij = 5 ~ 3
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Figure 7.11 The magnitude of the turbulent stress terms at the end cfithelation.

whereK is the turbulent kinetic energy andlj is the Kronocker delta. Thery; is
integrated along the vertical direction. The anisotropyref/nolds stresses show the
character and the dependency of the velocity fluctuatiotise@lirection in turbulent

flows. Time evolution of some of thg; terms are given in Fig. 7.12.

The change in the cross terms are negligible bfidis also similar tob1;. In the
non-linear region (i.e., after a sufficiently long time)ethalues of the components of
bij reach a constant value. The difference characterizes tfje-fxale anisotropy, as
pointed out in [101]. The peak anisotropy value in the normigke direction is also

stronger than the other directions.

The most important Reynolds number for this flow is the outaitesReynolds number,

since only the total extend of the mixing zort), and its growth rateh(t), change

of its value in time, i.e.,

_ pavhh
Hav

Re, (7.29

89



0.2 -

PR e e S B R NI [N N R NENN AN R
1 2 3 4 5
t/t
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Figure 7.13 The growth of the outer-scale Reynolds number in time.
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where{}ay denotes the initiahverageof the variable. It reaches to a value about 5000

at the end of the simulation, in consistency with the presiDINS results [90, 99].

7.3.2 The compressible case

After showing that the present implicit, non-dissipativll®algorithm and the solver
developed based on iDNS, are capable of capturing the correct physics of RTI, the
Mach number effects on the development of the instabilityenadso studied. In this
case, the Mach number was increased.foldy decreasing the equilibrium pressure.

Other simulation details were kept same with the base incessible case.

Fig.7.14 shows the evolution of the local mole fraction toe tompressible case, and
compares it to the base incompressible case. During the stade diffuse growth,
there is no significant difference. However, together wite hon-linear phase (i.e.,
t/1 ~ 4.0), the structures develop and merge faster. Then, the @ssipie simulation

reaches the edge of the domain rapidly, and finishes earlier.

Fig. 7.15 and Fig. 7.16 compare bubble and spike penetrdgiogths and the
growth rate coefficients, respectively. The effect desatilabove is more obvious
here. An increase in thBypple and apuppie at NON-linear stage are seen from the
figures. Spikes are affected through the late non-linegest@ihe slow change in the
spike morphology can possibly be explained by the combonadf pressure drag and
reflecting shocks from the bottom [102, 103], since theyifdth the heavier pressure

region and encounter reflecting shocks.

As mentioned above, during the simulations, the bow shogtts different strengths
were also produced [103] at both sides. They inevitably cefiem the boundaries
to inside and cause the statistics to be more wrinkle-typ@ewe¥er, their overall
effects are not so severe at this Mach number. Larger donaatmeequired to allow

the instability to develop freely and to understand the casgibility effects better.

Fig.7.17 shows the Mach number effects on turbulent mixmghe mixing region.

Unlike the incompressible case, two definition®gfroduced different results.
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As explained in [104], a faster growth rate is accompanied logduction in mixing.
The 6 value predicted byByoungsis more consistent with the results of Stone and
Gardiner [104].

We have applied our in-house DNS solveDNS, to Rayleigh-Taylor Instability
problem and successfully compared our results to the ptiatiess, as well as the
findings of linear theory. It was shown that the algorithm abiNS are able to
handle the physics of the problems including multi-scateansition and mixing

simultaneously.
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Figure 7.15 The comparison of the bubble and spike penetration lendtins
incompressible and compressible cases.
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8. CONCLUSIONS AND RECOMMENDATIONS

8.1 Conclusions

In this study, a fully implicit, non-dissipative, discrekénetic energy conserving,
finite volume solution algorithm which solves compressikvier-Stokes equations
was chosen and the fully parallel DNS solver so-caiB#lS implemented based
on it. Then,iDNS has been applied to the incompressible and the complessi
turbulent flow problems. These problems were selected fl@literature to assess
the algorithm’s ability to capture multi-scale physics ahhiaminar, transitional and
turbulent regimes are simultaneously found together vatlymmg Mach numbers. This
type of flow problems serve as challenging test cases fordheus features of CFD
algorithms and are encountered in many physical and engngefows. In order to
improve the convergence properties of the algorithm, xatian procedure to pressure
in time was also added into the solver. During these simariatidensity was updated

and allowed to change, even in nearly incompressible stk

Transition to turbulence in Taylor-Green Vortex (TGV) flawixing in Turbulent Shear
Layer (TSL) and Rayleigh-Taylor Instability (RTI) were cleosfor these purposes.
Various flow diagnostics specific to the selected problemeveadculated to analyze

the results.

TGV flow was designed to introduce the fundamental mechanmortex stretching
and energy cascade. It has been studied for many years bgrauthcheck their
algorithms and codes. In our TGV flow simulations, the time fi@nsition to
turbulence and the peak value of kinetic energy decay rate well-predicted by

the algorithm. This problem also served as a verificatioe taisthe developed solver.

TSL is still an active research area. It can be encounteredainy engineering and
physical flows. The flow can rapidly evolve into turbulenttstan three-dimension.

Additionally, compressibility effects on TSL have re-gaghan importance with the
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development of supersonic flight technology. We studiedstigrratio 1 in all
cases. Our quasi-incompressible results wiidge= 0.3 are in agreement with prior
experimental and numerical studies. Differévig’'s up to Q9 were simulated for
analyzing the compressibility effects on the growth ratanstability. The effects
of compressibility were found stabilizing characterizexpecially by a decrease in

turbulent production and pressure strain, consistentiige¢ather studies.

RTI is another challenging problem of fluid dynamics. It isvdn by baroclinic
vorticity. Incompressible and compressible cases wediesdun this thesis. Atwood
number is set to @ for all simulations. Unlike the many other methods thatynérthe
interface, vertical velocity initially was perturbed tagger the instability. The base
incompressible simulations were successfully comparet thie experimental and
numerical data available in the literature. In order to perfcompressible simulations,
the equilibrium pressure was decreased to a specific vatlitharreference quantities
were chosen properly to prevent unphysical fields both &alrand in updating step.
In our compressible simulations showed that, at early sié@ese development, there
is no significant difference between incompressible andpressible growth rates.
However, in late time non-linear development, faster ghosate was observed. Spikes
and bubbles reach to boundaries of the domain earlier tremtompressible case.
Mixing efficiency reduces to a lower value, as previouslyrigun the literature.
Additionally, shock waves were generated in the flow. Theeotéld shock waves from
the boundaries affect the development of the instability te statistics at very late
times. Since simulation was ended when spikes/bubblebedao end of the domain,
this was not really a concern. Larger domain sizes are redgdar high Mach number

simulations.

8.2 Future Works

Some further research topics are also suggested in thisorseaegarding our
experiences gained during the study. In order to make theridigh and
the solver as well, applicable to high Reynolds number flowshyhrid Large
Eddy Simulation-Unsteady Reynolds Averaging (LES-URANS)cedure can be

developed. Similarly, complex boundaries, other thansyalhn also be implemented
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into the solver. To handle the problems on boundary-fittédsgthe algorithm can be
modified. It is also possible to extend the algorithm to magigdrodynamic flows to
analyze the turbulent flows with magnetic fields. Anotheeagsh topic could be the
separated-reattached turbulent flows which mostly eneoedtin engineering flows
as a very challenging problem. An external dissipative @ckicapturing procedure

would also be useful when simulating very high Mach numbevslo
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APPENDIX A : Some Additional Test Cases for Validation and Veliification

This appendix includes some other test cases for verifitatd the serial
implementation of the algorithm that uses Saad’'s SPARSKD5]library for the
solving linear systems arising from the discretizationrd; & is also aimed to assess
the behavior of the algorithm by applying it to the problemduding various physical
mechanisms.

These problems were selected regarding their easy implatimmand availability of
their exact or well-known results.

The first test cases theinviscid acoustic wave propagatiar density layeringn 1D
[106-108]. This used to validate that the scheme can adasg density variations
atM = 0.02 at very low dissipation, whilst resolving a low wave-légmgcoustic wave
which passes through the density layer. The initial coadgiare defined by,

p(x,0) = 1.0+ 0.5¢(x) sm( >+M 10+cos<nTX>) (A.1a)
u(x, 0)_1o+ﬁ(1o+cos(7lx)) (A.1b)
p(x,0) = 1.0+ My (1 O+cos<nx>> (A.1c)
0 for —1<x<0
for—L<x<L, with @x) =< 1(1.0-cos(®®)) for o0<x<?2
0 for x> 2

and the boundary conditions are defined to be periodic. Tdesegenerate an acoustic
wave of wavelengthL propagating to the right. It is overlaid by short wavelength
density oscillations which are restricted to a region wéhdth 2./5 by the function

@. For the Mach number we prescribed the valde= 1/51 and the length of the
computational domain has been chosen in such a way that omgete acoustic wave
is accommodated: = 1/M. In our calculations a fine grid of 1020 grid points is used
to resolve the short wavelength density fluctuations whighset in motion by the
large wavelength acoustic wave. The problem becomes mucé difficult if short
wave-length density oscillations are over-imposed on tiwustic wave. The density
fluctuations are set into motion by the long wavelength awopsise.

Fig.A.1 shows the density, the velocity and the pressureltesespectively, in

comparison with the results taken from references [106}-108 initial values are

plotted by the dashed lines and the numerical results by tif@égkt lines. The

calculation time is chosen in such a way that the acousticewsas passed the
computational domain about two and half times and is stespelne to non-linear
effects.
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results, our results are presented at the right column.
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The key aspect of this example is, however, the advectiohefensity profile due
to the recurring interaction with the acoustic wave. Theth#cal prediction is that
the density fluctuation amplitude should be preserved inptieeess and that only
small amplitude long wave variations should occur due toaith@batic compression
as acoustic wave passes by. Besides this, density layermgdsjust move to the
right, driven by cumulative influence of the acoustic puls€kis is well captured in
the numerical calculations. The amplitude of the densitstiiations is kept very well.
No numerical dissipation seen in the convection step.

Another aspect of this example is that, at the location ofdbasity fluctuations,
pressure variations occur when acoustic wave passes byge Hre accompanied by
first-order fluctuations of the velocity. These small amyolé pressure variations are
more clearly visible.

Notice that, density fluctuation amplitude is preserveddethan the reference.
However, pressure is somewhat more affected from the shavelength density
oscillations than expected. A very small time-step or a mondre finer grid may
be required to capture the pressure oscillations.

The second test casis the isentropic vortex evolutionn 2D, both steady and
horizontally moving  These two sub-cases were used to evaluate to the
implementation’s accuracy and the algorithm’s ability tegerve the vortex in a
free-stream [109].

Following [109], the initial free-stream density, pressand temperature is set to unity
for both cases. The initial free-stream velocitias,andv., are (0,0) for the steady
case and1l,0) for the horizontally convecting case.

The following perturbations are added to the correspontiavgvariables,

(du, dV) = %eﬂfzw(—y,@ (A.2a)

0T = — (y_ 1)[326(142)

s7 (A.2b)

where 3 is the vortex strength.T andXx,y are calculated ag and (X — Xy0,Y — Vw0

respectively. (x0,Yvo are the coordinates of the center of vortex at initial afe-
X2 4 y2. For isentropic flow field;®, = 1. After adding perturbations, the initial flow
field (also exact solutions) takes the following form,

_n\p21Y -1

8ym
pu=p(Us+0U) =p {1— %Te(l‘rz)/z] (A.3b)
pV=p(Vw+OV) = p {1 + %Te(l"z)/z] (A.3c)
p=pY (A.3d)
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Figure A.2: The comparison of the results with the exact solution forsity. Top line
is the steady case and the bottom line is the horizontallyexiing case.

Since there is no shocks or turbulence in the domain, thisleno serves as a tool for
measuring the accuracy of a scheme. All test cases employararcartesian grid.
Density profiles at the x-centerline = 5, cutting through the center of the vortex are
used for comparison. The domain length is 10 for each doectiGird resolution
is 100x 100 with a grid spacing.Q. Time step is M1. (xyo = 5,0 = 5) are the
coordinates of the center of vortex at initial. In the casehef horizontally moving
vortex, the vortex is convected to the right by the mean flolecity.

All numerical solutions are very accurate and fall almosttbe top of the exact
solution. A slight displacement (i.e., phase-lagging)esrs on Fig.A.2. We also
performed our simulations on 822, 6464 and 108100 grids. They show that, this
looks like a grid-dependent behavior. Since, the displasens decreasing with an
increasing grid resolution. Another aspect of this sligispthcement is global order
of accuracy. Our algorithm is second-order in space. Tmeisn issue, for example,
for a fourth or sixth-order algorithm [109] with a filter. Tieeis an obvious superiority
of very high-order algorithms in long-time simulations ol@ver-order ones.
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The unsteady lid-driven cavity flojl10] is the third test caseonsidered here. It
is one of the most studied problem of CFD to test new computatiechemes
under low-Mach number or incompressible viscous flow camat Unsteady
lid-driven cavity flow includes a main vortex at the centettid domain and multiple
counter-rotating recirculating regions on the cornershef ¢avity depending on the
Reynolds number. Since detailed numerical and experimessgalts are available, it
serves as an ideal framework for algorithms and implemiemisit Also, a wide range
of Reynolds numbers can also be studied with a fixed domaim asheantage. Fig.
A.3 shows the schematic representation of the problem anbddbndary conditions.

Three different sub-cases were included to study the sffeftgrid resolution,
Reynolds numbers and Mach number. The unit casiyect ratidde pthywidth) =1,

is used for all cases. The equation of state of ideal gas irdimaensional form. The
initial non-dimensional density is unity for all cases, @hd initial non-dimensional
velocities are zero in everywhere (except lid). The initiah-dimensional pressure
field is also zero inside domain. The Reynolds number is basdtencavity height
and the kinematic viscosity.

Note that, at a wall, no-slip boundary condition applies, the velocity of the fluid
is equal to wall velocity, a Dirichlet boundary condition.oWever, there is another
condition that can be directly imposed in a finite-volume moel; the normal viscous
stress is zero at wall. This follows from the continuity egoia, e.g. for awall ay =0,
and it should be implemented directly, rather than using tm condition thav = 0
at the wall. For details see [2].

For the grid resolution effect, 2020,40x 40,60 x 60,80 x 80 and 100« 100 uniform
grids were used. Computations were performed for the Reymolafder 1000 and for
the Mach number 001 for all grids. The non-dimensional time-step wagl0for the
grids 20x 20,40x 40,60 x 60 and 0005 for the grids 8& 80,100x 100. Flow reaches
steady-state around~ 30. Note that this time-steps correspond to acoustic CFL
numberscodt/dx, from 200 to 600 for different grids and convective CFL nunsher
udt/dx, from 0.2 to 0.6 in terms of the driving velocity of the upper lidi= 1) for
different grids. As it is shown from the Fig.A.4, The resudre getting closer to the
reference results, and the finer grid computation (i.e.,x1000) is in good agreement
with Ghia [110].

To investigate the Reynolds number effect, 1000, 5000 an®@@ ®&re used. All
computations were performed on 4040 uniform grid and with the Mach number
0.001. The non-dimensional time-step i90. The Reynolds number was controlled
by modifying the kinematic viscosity. Note that, this tireeps corresponds to an
acoustic CFL numberpdt/dx, 400 and a convective CFL numberdt/dx, 0.4 in
terms of the driving velocity of the upper ligh = 1). The results were represented
in Fig.A.5. It is observed that time for reaching steadyesia increasing with the
increasing Reynolds number. The primary vortex grows botsize and in strength
(i.e.,getting closer to the walls), as found in the literatult can also be seen from
the slightly wavy-shape at high-Re numbers that finer gridesded to capture the
flow physics correctly at high-Re numbers, because of tharggaof the transition to
turbulence due to Hopf bifurcations [111]. See also pagefiBeosame reference for
discussions on the effect of cell Reynolds number in obtgisteady-state solutions.
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Figure A.3: Schematic representation of cavity flow problem and boondandi-
tions.
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Figure A.4: The effect of the grid resolution on results.
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It was also interesting to see how the compressibility #dfebe development of
the cavity flow. We carried out a series numerical experimdat this purpose.
Four different Mach number were used in this case()420.13,0.42 and 13.
The compressibility of the flow was controlled by choosindfedent pressures.
All numerical details are same with Xiaet. al. [112] for comparison. All
computations were done on 4Q10 uniform grid with the Reynolds number 1000. The
non-dimensional time-step was take@@75. Note that this time-steps correspond to
acoustic CFL numberspdt/dx, 0.7,2.4,7.7 and 238 for different Mach numbers and
a convective CFL numberdt/dx, 0.35 in terms of the driving velocity of the upper lid
(u=1). The results at = 25 were represented in Fig.A.6.

Compressibility causes an oscillation in the strength aeddbation of the primary
vortex. M = 0.42 has less oscillations thavi = 1.3 in the development of the
vortex, while the vortex center moves. It is observed thaplande of the oscillations
increases and frequency of oscillations decreases, whathMumber increases. In the
low Mach or less compressible cases, the primary vortex rsatamically strengthened
and moves to its final position in a much stable wd§.= 1.3 case takes very long
time (t ~ 70— 80) to reach steady-state due to the primary vortex oscillatidven
after this period, convergence still was not fully achiev&imilar observations have
been done by Xiaet. al.[112], together with a stronger effect of an increasing Mach
number. The subsonic and the incompressible cases do netmotikeable difference.

The fourth test casis theinviscid, laminar flow inside channel with bumphis is the
standart test case proposed at GAMM conference [113] artitasdeck the accuracy
and the stability of their numerical method by many authdise size of the channel

is [-1,2] x [0,1], in which a boundary-fitted non-uniform grids of 9632 cells for
subsonic and transonic cases and 22 cells for supersonic case are generated (See
Fig. A.7).

The algorithm was also extended/modified to handle the banyniited grids
and implemented into the code. Thickness-to-chord ratiol@s percent for
subsonic/transonic calculations and 4 percent for supearsalculations. The initial
conditions are distributed to domain as appropriate to thaditions at inlet. All
guantities are non-dimensionalized by the inlet cond#j@xcept for the pressure. For
the pressure, static pressure at outlet is chosen as reéepeassure. Characteristic
boundary conditions are used for all boundaries. Top serfgchosen as symmetry
where both gradient normal to the boundary of a scalar gtyaarid tangential velocity
must be vanish, as well as normal velocity along the boundBusitom surface is taken
as inviscid (slip) wall where tangential velocities arealed and zero mass flux are
prescribed. Subsonic inflow and subsonic outflow are usethéomlet and outlet of
the channel. Atinlet, upstream far-field variables, exéepthe pressure, are specified.
At outlet, all variables are extrapolated, except for thespure.

The subsonic flow was computed first. The Mach number5sa®inlet. The Mach
number distribution along the walls and in the whole domaepesented in Fig.A.8.
Since there are no shocks, a symmetry in the solution is wbgas it must be for
subsonic flow through the specified channel. This result isparable to others that
can be found in the literature [1, 2, 114, 115]. No oscillaicare observed around
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Figure A.6: The effect of the Mach number on results.
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the bump where mesh has some ratio of skewness, which shevesthiracy of the
boundary-fitted extention.

The transonic flow was simulated. The inlet Mach number.&/9 for the case.
Since the method is non-dissipative, a shock-capturingguiore must be added to
the algorithm, in order to be able to capture shocks. Forghipose, Jameson-type
scalar artificial dissipation mechanism [116] was impletadinto the algorithm while
calculating explicit fluxes. A shock is formed at 72 perceinthe bump and resolved
very well by the mechanism (within 2-3 cells), as it is showirig.A.9. The maximum
Mach number reported in the literature is aroun82t- 1.43. In our simulation, the
maximum Mach number is found as3B. Again, the results are quite comparable to
those available in the literature [2,114,115]. No osditlas are observed around the
shock.

The supersonic flow was also simulated with the Mach numb@s given at inlet.
Jameson-type scalar artificial dissipation mechanismse attivated for the case.
Shocks are stronger than the previous case. Leading edgé& stftects from top
surface. Although, the shocks are relatively well resolgdhe algorithm, an amount
of smearing (expansion) in the shocks is observed, as itoasin Fig.A.10. Small
wiggles before and after leading edge shock are due to cgaieesolution. The
reflected shock is little bit smeared which is similar to tkeérences. It is obvious
that very high-order inherently-dissipative methods gkarper results, as previously
presented in the literature. However, the overall resuktsaaceptable and also quite
similar to many of the results presented in the literaturé 12, 115].

The fifth and the final test case theinviscid, laminar flow around NACAQ012 airfoil
[117]. Two sub-cases were also introduced; low Mach nuntesary incompressible)
[118-120] and subsonic (subcritical) [118-122]. Here, sitaimed to test the
performance of the compressible method for the low Mach rermdonditions, to
check the accuracy of the boundary-fitted implementatiahtarassess the behavior
of the Jameson shock-capturing mechanism on the more sepmblem. The
free-stream values were chosen to the reference valuebifopttoblem. A C-type
grid with 192x 32 was used for all cases, shown in Fig.A.11. The grid has &8 c
around the airfoil. The distance to far-field has 20 cellsl ¢ number of cells in the
wake is 32. The cord length was scaled to unity. The probleere wimulated until
the steady-state was reached.The far-field (i.e., the cteaistic) boundary conditions
were used with vortex correction. The airfoil surface baamydcondition was inviscid
slip-wall. The cut boundary condition was also used for tlagewegion .

For the low Mach number case, the Mach number was &nd the angle of attack
was zero degree. The Reynolds number was set to 100. The emevas taken as
1x 10~%. Fig.A.12 shows the final Mach number distributi@, distribution, and the

time evolution of the density residual for the low Mach numbese.

For the subsonic (sub-critical) case, the Mach number wé3, Gand the angle of
attack was 2 The Reynolds number was set to 400. The time step was taken as
1x 1073, Fig.A.13 shows the final Mach number distributi@, distribution, and the

time evolution of the density residual for the sub-criticake. The density residual
does not converge to a specified value. It shows an oscyldienavior. C;,Cy and
maximum Mach number are found3) 0.01 and 088, respectively. The reference
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Figure A.8: The subsonic channel flow results. The final Mach distrdu{a), the
Mach distribution at walls (b), and residual history (c).
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Figure A.9: The transonic channel flow results. The final Mach distidu(a), the
Mach distribution at walls (b), and residual history (c).

126



bottom wall
— — — topwall

1

- N A | P B B AP
05 0 0.5 1 15 2
x
(b)
0_
05
=
s |
'6715_—
e [
ok
o5
551 nERTIN SRR SERAS. .1 EL S S S A
1000 2000 3000 4000 5000
step
(©

Figure A.10: The supersonic channel flow results. The final Mach distidoua), the
Mach distribution at walls (b), and residual history (c).
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Figure A.11: The C-type grid used in the airfoil test case.

values [117] for this case are3B forC;, 0 forCq and 099 for maximum Mach number.
An increasing loss of accuracy is observed with an incregsiach number.

These differences observed in the final test case above posklbly be related to
the coarse grid resolution and the loss of global accuracpaumdary-fitted highly
skewed grids. An external dissipative mechanism is alsoired to capture shocks in
the domain where Mach number is locally around unity.
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Figure A.12: The low Mach number airfoil case results. The final Machritgtion
(a), theC,, distribution on the airfoil surface (b), and the densityidasal
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Figure A.13: The sub-critical airfoil case results. The final Mach disition (a), the
Cy, distribution on the airfoil surface (b), and the densityidaal history
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