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providing the topic of this thesis, and for the guidance and assistance during its prepa-

ration. I am also indebted to Refik Güllü, for his insightful comments and for all our

discussions. I also wish to thank to Halis Sak for his interest and joining to my thesis

committee.
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ABSTRACT

INTEREST RATE MODELLING AND BOND PORTFOLIO

SELECTION

Bond portfolio management and interest rate risk quantification is an important

field of practice in finance. In markets there exist different types of bonds that are issued

from a variety of sources including the central banks, municipalities, and corporations.

In this thesis only government bonds, i.e. zero-coupon bonds that are assumed to

be non-defaultable are considered. Bond dynamics can be analyzed with the help of

interest rate models. In this thesis two popular interest rate models, Vasicek Model

and LIBOR Market Model, are analyzed in a practical framework for the final aim of

using for bond portfolio management problem. For each model stochastic dynamics,

parameter estimation, bond pricing, and interest rate simulation are introduced. In

the last part of this thesis Markowitz’s Modern Portfolio Theory is introduced and

it is shown how it is adapted for bond portfolio selection problem. The traditional

mean / variance problem and its modified version, mean / VaR problem, are solved

for both model. Term structure models are used to estimate expected returns, return

variances, covariances and value-at-risk of bonds with different maturities. For all

implementations R, which is a programming language for statistical computing is used.
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ÖZET

FAİZ ORANI MODELLEMESİ VE BONO PORTFÖYÜ

YÖNETİMİ

Bono portföyü yönetimi ve faiz oranı riski ölçümü finansda önemli bir uygu-

lama alandır. Piyasalarda hazine bankaları, belediyeler ve şirketler dahil olmak üzere

çeşitli kaynaklar tarafından çıkartılan değişik bonolar bulunmaktadır. Bu tezde sadece

devlet bonoları, başka bir deyişle akde bağlı kalan kuponsuz bonolar ele alınmıştır.

Bond dinamikleri faiz modelleri yardımı ile analiz edilebilir. Bu tezde iki popüler

faiz modeli, Vasicek Modeli ve LIBOR Piyasa Modeli, nihai olarak bono portföyü

yönetimi problemi için kullanılmak üzere pratik bir çerçeve içerisinde analiz edilmek-

tedir. Her model için stokastik dinamikleri, parametre tahmini, bono fiyatlandırması

ve faiz oranı simülasyonu tanıtıldı. Tezin son bölümünde Markowitz Modern Portföy

Teorisi tanıtıldı ve bono portföy seçim problemi için nasıl uyarlandığı gösterildi. Ge-

leneksel ortalama / varyans problemi ve onun değiştirilmiş versiyonu, ortalama / riske

maruz değer (RMD) problemleri her iki model için de çözüldü. Farklı vadeli bonoların

beklenen getirileri, getiri varyansları ve kovaryansları, ve riskma maruz değerlerinin

tahmini için vade yapısı modelleri kullanıldı. Tüm uygulamalarda bir istatistiksel

hesaplamaya yönelik programlama dili olan R kullanıldı.
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ÖZET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

LIST OF SYMBOLS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv

LIST OF ACRONYMS/ABBREVIATIONS . . . . . . . . . . . . . . . . . . . . xvii

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2. INTEREST RATES AND BASIC INSTRUMENTS . . . . . . . . . . . . . . 4

2.1. Interest Rates and Bonds . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2. Forward Rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3. Interest Rate Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.1. Caps and Caplets . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3.2. Interest Rate Swap . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3.3. European Swaption . . . . . . . . . . . . . . . . . . . . . . . . . 12

3. VASICEK MODEL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.1. Analytical Pricing of Zero-Coupon Bond . . . . . . . . . . . . . . . . . 15

3.2. Discrete Approximation of Zero-Coupon Bond Price by the Exact Sim-

ulation of Short Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.3. Calibration and Historical Estimation . . . . . . . . . . . . . . . . . . . 18

3.3.1. Historical Estimation . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3.2. Calibration to Spot Market Data . . . . . . . . . . . . . . . . . 23

4. LIBOR MARKET MODEL THEORY . . . . . . . . . . . . . . . . . . . . . 24

4.1. LIBOR Market Model Dynamics . . . . . . . . . . . . . . . . . . . . . 25

4.1.1. Tenor Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.1.2. Forward LIBOR Rate (Simply-Compounded) . . . . . . . . . . 26

4.1.3. Black Caplet Formula . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.4. Equivalence Between LMM and Blacks Caplet Prices . . . . . . 30

4.2. Drift Term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31



vii

4.2.1. Terminal Measure . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2.2. Spot Measure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.3. Discretization of Dynamics of Forward Rates . . . . . . . . . . . . . . . 33

4.3.1. Arbitrage-Free Discretization of Lognormal Forward Libor Rates 34

4.3.1.1. Terminal Measure . . . . . . . . . . . . . . . . . . . . 34

4.3.1.2. Spot Measure . . . . . . . . . . . . . . . . . . . . . . . 35

4.4. Volatility Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.4.1. Piecewise-Constant Instantaneous Volatility . . . . . . . . . . . 37

4.4.2. Continuous Parametric Form of Instantaneous Volatility . . . . 38

4.4.2.1. Function Depending on Forward Rate Maturity, f(Ti) 39

4.4.2.2. Function Depending on Forward Rate Time to Matu-

rity, g(Ti − t) . . . . . . . . . . . . . . . . . . . . . . . 39

4.4.2.3. Function Depending on Calender Time, h(t) . . . . . . 40

5. CALIBRATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.1. Calibration to Caps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.1.1. Stripping Caplet Volatilities from Cap Quotes . . . . . . . . . . 41

5.1.2. Non-Parametric Calibration to Caps . . . . . . . . . . . . . . . 46

5.1.2.1. Volatilities Depending on the Time to Maturity of the

Forward Rates . . . . . . . . . . . . . . . . . . . . . . . 46

5.1.2.2. Volatilities Depending on the Maturity of the Forward

Rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.1.3. Parametric Calibration of Volatility Structure to Caps . . . . . 49

5.2. Non-Parametric Calibration of Volatility Structure to Swaptions . . . . 51

6. PRICING OF INTEREST RATE DERIVATIVES WITH LMM . . . . . . . 61

6.1. Monte Carlo Implementation . . . . . . . . . . . . . . . . . . . . . . . . 61

6.1.1. Numerical Comparison . . . . . . . . . . . . . . . . . . . . . . . 65

7. STATIC BOND PORTFOLIO MANAGEMENT . . . . . . . . . . . . . . . . 81

7.1. Modern Portfolio Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.2. Extention of MPT: Optimal Mean / Value-at-Risk Portfolio . . . . . . 84

7.3. Bond Portfolio Optimization with MPT Approach . . . . . . . . . . . . 85

7.4. One-Factor Vasicek Model Application . . . . . . . . . . . . . . . . . . 87



viii

7.4.1. Mean / Variance Problem . . . . . . . . . . . . . . . . . . . . . 87

7.4.2. Mean / VaR Problem . . . . . . . . . . . . . . . . . . . . . . . . 91

7.4.2.1. Fenton-Wilkinson Approximation . . . . . . . . . . . . 92

7.4.2.2. Comparison of Fenton-Wilkinson and Simulation . . . 94

7.5. LIBOR Market Model Application . . . . . . . . . . . . . . . . . . . . 99

7.5.1. Mean / Variance Problem . . . . . . . . . . . . . . . . . . . . . 99

7.5.2. Mean / VaR Problem . . . . . . . . . . . . . . . . . . . . . . . . 105

8. CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110



ix

LIST OF FIGURES

Figure 2.1. Normal, inverted, and flat yield curves. . . . . . . . . . . . . . . . 7

Figure 3.1. US 1-month maturity daily yields for 02.01.2002-05.06.2011. . . . . 19

Figure 3.2. Vasicek Model curve and average yields curve for 02.01.2002-05.06.2011. 21

Figure 3.3. Vasicek Model curve and average yields curve for 02.01.2002-05.06.2011. 23

Figure 4.1. An example possible shape of instantaneous volatility. . . . . . . . 40

Figure 5.1. Cap and stripped caplet volatilities. . . . . . . . . . . . . . . . . . 46

Figure 5.2. Stripped caplet volatilities vs. estimated caplet volatilities by g(Ti−

t). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

Figure 5.3. Change in time of shape of volatility term structure. . . . . . . . . 51

Figure 5.4. LIBOR yield curve for 06 June 2011. . . . . . . . . . . . . . . . . 54

Figure 7.1. VaR comparison of Fenton-Wilkinson and simulation methods with

varying β, µ=0.033668, λ=0.415157, σ=0.013346. . . . . . . . . . 95

Figure 7.2. VaR comparison of Fenton-Wilkinson and simulation methods with

varying µ, β=0.247455, λ=0.415157, σ=0.013346. . . . . . . . . . 95

Figure 7.3. VaR comparison of Fenton-Wilkinson and simulation methods with

varying λ, β=0.247455, µ=0.033668, σ=0.013346. . . . . . . . . . 96



x

Figure 7.4. VaR comparison of Fenton-Wilkinson and simulation methods with

varying σ, β=0.247455, µ=0.033668, λ=0.415157. . . . . . . . . . 96



xi

LIST OF TABLES

Table 5.1. 10 year cap volatility data example. . . . . . . . . . . . . . . . . . 44

Table 5.2. Caplet volatilities stripped from cap volatilities. . . . . . . . . . . . 45

Table 5.3. Forward LIBOR rates for 06 June 2011. . . . . . . . . . . . . . . . 54

Table 5.4. Market data of ATM swaption volatilities, 06 June 2011. . . . . . . 55

Table 5.5. Variance-covariance matrix corresponding to example market data

given in Table 5.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Table 5.6. Modified variance-covariance matrix corresponding to example mar-

ket data given in Table 5.4. . . . . . . . . . . . . . . . . . . . . . . 58

Table 5.7. Forward LIBOR rate volatilities calibrated to example market data

given in Table 5.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Table 5.8. Forward LIBOR rate correlations calibrated to example market data

given in Table 5.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Table 6.1. A sample path of LIBOR rates. . . . . . . . . . . . . . . . . . . . . 62

Table 6.2. A sample path of LIBOR rates with low correlation. . . . . . . . . 63

Table 6.3. A sample path of LIBOR rates with high correlation. . . . . . . . . 63
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1. INTRODUCTION

Bond portfolio management is an important field in finance as bonds constitute a

considerable part of banks’ and institutional investors’ asset allocations. Even though

bonds (especially government bonds) are typically and erroneously considered as risk-

less income securities, investors are exposed to risks factors that may cause them to

lose large amounts of money. These risk factors can be classified in three major groups:

interest rate risk, credit risk and liquidity risk. Interest rate risk is a market risk, which

is a potential value loss caused by the change in interest rates. For a bond holder, bond

value and interest rates are inversely proportional; a rise in rates will decrease the price

of the bond, and vice versa. Credit risk, more specifically credit default risk, refers to

the loss of creditor when the obligator cannot make the payments required by the con-

tract. Credit risk has always been an important aspect of corporate bond management

but it was not taken into consideration for government bonds until the late-2000s re-

cession when many countries have faced sovereign risk. Liquidity risk arises when there

is a difficulty of selling the security in the market and a potential value loss occurs due

to lack of cash. Although credit and liquidity risks are topics that should be treated

carefully within bond portfolio management, in this thesis we will be solely interested

in interest rate risk, and there is no harm in doing this since these risk factors are

commonly investigated independently by financial institutions.

As a common practice, bond portfolio managers use interest rate immunization

strategies against interest rate risk. First immunization strategies that are based on

Macaulay’s duration definition we introduced by Samuelson in 1945 [1] and Reding-

ton in 1952 [2]. Then in 1971 Fisher and Weil [3] developed the traditional theory of

immunization that is still used as one of the main risk management strategies. Essen-

tially duration is a one-dimensional risk measure whereas the value of a bond portfolio

depends on the whole term structure movement consisting of different rates with dif-

ferent maturities, hence on a multi-dimensional random variable. Also duration comes

with compelling assumptions that shifts in yield curve are parallel and small. Hence

traditional immunization does not allow proper risk management for bond portfolios.
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However, the above-mentioned assumptions can be relaxed. Large shifts can be ex-

pounded by the introduction of a convexity term and non-parallel yield curve changes

can be obtained by the introduction of term structure models.

In this thesis we investigate the application of modern portfolio theory to bond

portfolio management. Modern portfolio theory, introduced by Markowitz in 1952

[4], was developed for stock portfolio management that aims to allocate assets by

minimizing risk per unit of expected risk premium in a mean-variance framework.

Although modern portfolio theory is considered as the main tool for solving portfolio

selection problems, it was scarcely adapted and used for bond portfolio management.

The first reason for the delayed effort for bond portfolio application is related to the

historical fact that interest rates were not as volatile as they have been over the past

decades; a portfolio approach was considered redundant. Second, there were technical

problems in implementation: many parameters are required to setup the problem and

parameters cannot be simply estimated by historical estimation that relies on the

stationary moments assumption. These problems became treatable by the introduction

of term structure models for interest rates. Term structure models are ideal candidates

to implement for bond portfolio selection problems due to several reasons. These

models are developed based on the specific dynamics of interest rates and can thus

reflect the economic and financial state of the market. This is why, they are the main

tools for pricing and hedging of interest rate derivatives in practice. Additionally, these

models provide solutions for expected return and covariance structure thus eliminating

the need of historical estimation of the parameters. Furthermore, these parameters are

expressed as functions of time and hence the diminishing time to maturity property of

bonds can easily be handled. Some important sources for the term structure models

application for bond portfolio management in literature are Wilhelm [5], Sorensen [6],

Korn and Kraft [7], and Puhle [8]. One of the aims of this thesis is to explain and

analyze this bond portfolio problem using the Vasicek Model as a short rate model

example (where we broadly follow Puhle’s work), and the LIBOR Market Model as a

high-dimensional market model example.
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One of the shortcomings of the mean-variance framework is that it implies equal

probability for positive and negative returns. Nevertheless it is a well known fact that

most of the assets and the portfolios that they constitute do not possess symmetri-

cal return distributions. For example for a setting where interest rate dynamics are

governed by standard term structure models (including Vasicek and LIBOR Market

Models), there is no known distribution expressing portfolios’ expected returns. There-

fore the mean-variance approach can be misleading. It can be more sensible to quantify

risk with a measure that can model any non-normality of the expected returns. For

this reason we will use a modified version of the classical Markowitz problem where

the downside risk (loss) is expressed as the Value-at-Risk (VaR) of the portfolio. Like

for the classical mean-variance problem, we will again utilize Vasicek and the LIBOR

market models to describe the rate dynamics.

The thesis’ organization is a follows: Chapter 2 gives general information about

and definitions of interest rates, bonds, and interest rate derivatives. Short rate dynam-

ics, bond pricing and calibration methods for Vasicek Model are introduced in Chapter

3. LIBOR Market Model dynamics, discretization methods and volatility structures

are explained in Chapter 4. In Chapter 5, some of the calibration methods for LIBOR

Market Model are covered and in Chapter 6 how can basic interest rate derivatives

be calculated using LIBOR Market Model is shown with examples. Bond portfolio

optimization is investigated in Chapter 7. The last chapter gives our conclusions.
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2. INTEREST RATES AND BASIC INSTRUMENTS

In this chapter some frequently used concepts in interest rate theory that will be

used throughout the thesis are described briefly.

2.1. Interest Rates and Bonds

Interest is defined by Oxford Dictionary as the money paid regularly at a partic-

ular rate for the use of money lent, or for delaying the repayment of a debt. It is a

compensation for lost opportunities that could have been made with the loaned asset

or for the risk of losing some part or all of the loan. Also interest rate implies the time

value of money; the worth of 1 unit of currency will not be the same in future. Interest

rates do change over time and prediction of their future values is an important issue

for financial players. Mathematical interest rate models try to represent the future

evolution of interest rates as stochastic processes. These models then can be used for

purposes such as pricing, hedging, and risk management. Interest rates that interest

rate models deal with can be conveniently seperated in two categories: government

rates implied by government issued bonds and interbank rates which are the rates of

interest charged on short-term loans made between banks. However the mathemati-

cal modelling in literature and in this thesis uses both of these domains in a unified

manner. Interest rates can be mathematically defined in different ways. In this thesis

zero-coupon bond is the starting point for interest rate definitions.

Definition 2.1. Zero-Coupon Bond: A zero-coupon (discount) bond with face value

1 and maturity T guarantees to its holder the payment of one unit of currency at

maturity.

The value of the contract at time t is denoted by the stochastic process P (t, T )

defined on [t, T ]. In a market where accrued interest is positive, the bond is bought

at a value less than its face value, i.e. 0 < P (t, T ) < 1 ∀t < T , implying that

some interest will be gained over the time period [t, T ]. Futhermore, in an arbitrage-
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free bond market, the value of the bond must be non-increasing w.r.t. maturity, i.e.

Ti ≤ Tj ⇔ P (t, Ti) ≥ P (t, Tj).

Definition 2.2. Simply Compounded Spot Interest Rate: Suppose an amount P (t, T )

is invested at a simply-compounding spot interest rate during time period [t, T ] which

accrues to unity at time T . Let this rate to be denoted as L(t, T ). It is defined by:

(1 + L (t, T ) (T − t))P (t, T ) = 1 (2.1)

Equivalently:

L (t, T ) =
1− P (t, T )

(T − t)P (t, T )
(2.2)

Zero-coupon bond price in a simply compounding interest rate framework is hence

given by

P (t, T ) =
1

(1 + L (t, T ) (T − t))
(2.3)

Definition 2.3. Continuously Compounded Spot Interest Rate: Suppose an amount

P (t, T ) is invested at a continuously compounding spot interest rate during time period

[t, T ] which accrues to unity at time T . Let this rate to be denoted as R(t, T ). It is

defined by:

eR(t,T )(T−t)P (t, T ) = 1 (2.4)

Equivalently:

R(t, T ) =
lnP (t, T )

(T − t)
(2.5)

Zero-coupon bond price in a continuously compounded interest rate framework
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is hence given by:

P (t, T ) = e−R(t,T )(T−t) (2.6)

Definition 2.4. Instantaneous Short Interest Rate: Instantaneous short rate is defined

as the limit of continuously compounding spot rate R(t, T ) or simply compounding spot

rate L[t, T ] as T approaches to t+. The short rate r(t) is given by

r(t) = lim
T↘t+

R(t, T ) = lim
T↘t+

L(t, T ) =
∂P (t, T )

∂T

∣∣∣∣
T=t

(2.7)

Definition 2.5. Zero-Coupon Yield Curve: Zero-coupon yield curve (term structure

of interest rates) is the graph of the function

T → L(t, T ), T > t

for simply compunding or,

T → R(t, T ), T > t

for continously compounding.

It presents the yields of similar-quality bonds against their maturities. Typically

yield curves take three shapes: normal, inverted, and flat. An example for each type

is given in Figure 2.1.
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Figure 2.1. Normal, inverted, and flat yield curves.

Definition 2.6. Bank Account: Bank account can be defined as an account that can

be used either to lend or borrow money at the instantaneous rate r(t), denoting the

interest rate at which money accrues when being continuously re-invested. Let 1 unit

of currency is put in such a bank account at t = 0, and the bank account follows the

following differential equation:

dB(t) = rtB(t)dt,

then it will grow to B(t) at time t given by:

B(t) = exp

 t∫
0

r(τ)dτ

 (2.8)

As the main idea of interest rate modelling is to express evolution of interest rates

as stochastic processes, the interest rate term hence the bank account process will be

stochastic. The bank account serves to associate different time values of money, and

enables the setting up of a discount factor.

Definition 2.7. Discount Factor: Discount factor is the time t value of a 1 unit

currency at time T ≥ t with respect to the dynamics of the bank account given in
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definition 2.6. It is denoted by D(t, T ) and is given by:

D(t, T ) =
B(t)

B(T )
= exp

− T∫
t

r(τ)dτ

 (2.9)

Like the bank account process, discount factors are stochastic processes.

2.2. Forward Rates

Forward rate is the future expected interest rate that can be derived from the

current yield curve, i.e. the future yield on a bond. It is the fair rate of a forward rate

agreement (FRA) with expiry T1 and maturity T2 at time t. It can be defined in the

following way: At time t, let the prices of bonds maturing at T1 and T2, T1 < T2, be

P (t, T1) and P (t, T2) respectively. The forward rate active during period [T1, T2] is the

rate that would make the following two investment strategies equal:

(i) Buy 1
P (t,T1)

unit of bond P (t, T1), collect the face value at T1, reinvest all the

money in bond P (T1, T2), collect the face value at T2.

(ii) 1
P (t,T2)

unit of bond P (t, T2), collect the face value at T2.

Forward rate can be characterized depending on the compounding method.

Definition 2.8. Simply Compounded Forward Rate: Equating the two investment

strategies described previously gives:

1

P (t, T1)P (T1, T2)
=

1

P (t, T2)
(2.10)

where first and second strategies are given at left and right hand side respectively. By

Equation 2.2,

P (T1, T2) =
1

1 + L(T1, T2)(T2 − T1)
(2.11)
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The rate L(T1, T2), which is unknown at the current time t, will be represented by the

forward rate F (t, T1, T2). More precisely:

P (t, T1, T2) =
1

1 + F (t, T1, T2)(T2 − T1)
(2.12)

Replacing this equation in Equation 2.10 and solving for F (t, T1, T2) gives:

F (t;T1, T2) =
1

(T2 − T1)

(
P (t, T1)

P (t, T2)
− 1

)
(2.13)

Definition 2.9. Continuously Compounded Forward Rate: Following the similar steps

of definition 2.8, the solution to the following:

P (t, T1, T2) =
1

eR(t,T1,T2)(T2−T1)
(2.14)

gives the forward rate R(t, T1, T2) by:

R(t, T1, T2) =
lnP (t, T1)− nP (t, T2)

(T2 − T1)
(2.15)

Definition 2.10. Instantaneous Forward Rate: Instantaneous forward rate is defined

as the limit of continuously compounding forward rate R(t, T1, T2) or simply compound-

ing forward rate F (t, T1, T2) as T2 approaches to T+
1 . The rate f(t, T ) is given by

f(t, T ) = lim
T2↘T+

1

R(t, T1, T2) = lim
T2↘T+

1

F (t, T1, T2) = − ∂ lnP (t, T )

∂T

∣∣∣∣
T2=T1

(2.16)

2.3. Interest Rate Derivatives

In this section we will introduce interest rate derivatives that will be used in this

thesis, predominantly for calibration purposes. We will be also making some derivative

pricing examples to check the sanity of our models and codes before using them directly

for bond portfolio optimization problems. These derivatives are caps and floors, interest
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rate swaps, and swaptions.

2.3.1. Caps and Caplets

A caplet is a call option on a forward interest rate, where the buyer has the right

but not the obligation to enter a contract that enables him to borrow money from the

issuer at a pre-defined level, namely caplet (strike) rate, and lend money to the issuer

at the spot rate observed at exercise date. Note that the forward rate on which the

contract is written becomes spot rate at exercise date. Obviously, the holder exercises

the caplet if the realised spot rate is higher than strike rate. Analogously, a floorlet

is a put option on a forward interest rate, where the buyer has the right but not the

obligation to enter a contract that enables him to lend money from the issuer at strike

rate, and borrow money to the issuer at the spot rate. Similarly, the holder exercises

the floorlet if the realised spot rate is lower than strike rate. Caplets and floorlets are

not actually available in the markets, they are traded in the form of caps and floors.

Calpets (floorlets) are analogous to European call (put) options; and caps (floors) can

be tought as a series of European call (put) options on forward interest rates that

protects the buyer from large increases (decreases) in interest rates.

Consider a caplet on the ith forward interest rate; the caplet matures (exercised)

at time Ti and applies for the period [Ti, Ti+1]. Suppose that the caplet is written on

a loan amount of A and the caplet rate is K. Then the payoff received at time Ti+1 is

V (Ti+1) = A(L(Ti, Ti, Ti+1)−K)+(Ti+1 − Ti) (2.17)

The time t value of the caplet is obtained by multiplying this caplet payoff with its

corresponding discount factor D (t, Ti+1):

V (t) = A(L(Ti, Ti, Ti+1)−K)+(Ti+1 − Ti)D(t, Ti+1) (2.18)

The time t value of a cap written on forward rates i ∈ {α, . . . , β − 1} is just the
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summation of their corresponding caplets’ discounted values:

V (t) = A

β−1∑
i=α

(L(Ti, Ti, Ti+1)−K)+(Ti+1 − Ti)D(t, Ti+1) (2.19)

Formulae for floors and floorlets can be trivially obtained by changing the payoff term

(L(t, Ti, Ti+1)−K)+ to (K − L(t, Ti, Ti+1))
+ in caps and caplets’ equations.

2.3.2. Interest Rate Swap

Interest rate swap (IRS) is an exchange of a stream of fixed interest payments

for a stream of floating interest payments. The fixed leg denotes a stream of fixed

payments, and the rates (swap rate) are specified at the beginning of the contract.

Although these rates can be set to different value, generally they are fixed to a single

value and this will be the case for the swaps discussed throughout this thesis. The

floating leg consists of a stream of varying payments associated with a benchmark

interest rate, for example LIBOR or EURIBOR. A swap where the holder receives

floating payments while paying fixed payments is called a payer swap and the contrary

is called receiver swap.

Consider a tenor structure Ti, i = 0, 1, . . . , α, α+ 1, . . . , β. For a swap with tenor

Tβ − Tα, reset dates for the contract are Tα, . . . , Tβ−1, and the payments are made on

Tα+1, . . . , Tβ. For a notional value A and swap rate K, the fixed payment made at Ti

is:

A (Ti − Ti−1)K

and the floating payment is

A (Ti − Ti−1)L(Ti−1, Ti−1, Ti)
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. For a payer swap, the payoff at Ti is:

A (Ti − Ti−1) (L(Ti−1, Ti−1, Ti)−K)

The time t discounted value of a payer swap can be expressed as:

V (t) = A

β∑
i=α+1

D (t, Ti) (Ti − Ti−1) (L(Ti−1, Ti−1, Ti)−K) , (2.20)

or as:

V (t) = AD (t, Tα)

β∑
i=α+1

P (Tα, Ti) (Ti − Ti−1) (L(Ti−1, Ti−1, Ti)−K) . (2.21)

Payoff for the receiver swap for the same setting is just given by the same formula with

an opposite sign.

Definition 2.11. Par Swap Rate: Par swap rate (forward swap rate) denoted by

SRα,β(t) corresponding to Tβ − Tα swap is the value of fixed swap rate that makes

the contract fair at time t, i.e. V (t) = 0. Setting Equation 2.21 to 0 and solving for K

gives:

K = SRα,β(t) =
P (t, Tα)− P (t, Tβ)

β∑
i=α+1

δP (t, Ti)

(2.22)

2.3.3. European Swaption

A eurapean payer swaption is an option granting its owner the right but not the

obligation to enter into an underlying Tβ−Tα swap at Tα, the swaption maturity. Time

t value of a swaption with a notional A and swap rate K is given by

V (t) = AD (t, Tα)

(
β∑

i=α+1

P (Tα, Ti) (Ti − Ti−1) (L(Ti−1, Ti−1, Ti)−K)

)+

(2.23)
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Receiver version for the same setting is just given by a sign change in swap payoff term.

Another version of the time t discounted payer swaption payoff can be given in terms

of par swap rate given by Equation 2.22 as:

V (t) = AD (t, Tα) (SRα,β(Tα)−K)+
β∑

i=α+1

P (Tα, Ti) (Ti − Ti−1) (2.24)

The participants of swaption market are generally large corporations, financial

institutions, hedge funds, and banks wanting protection from rising (falling) interest

rates by buying payer (receiver) swaptions. The swaption market is an over-the-counter

market, trading occurs directly between two parties. Also swaptions have less standard

structure compared to products traded on the exchange such as stocks and futures.
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3. VASICEK MODEL

Vasicek Model is a one-factor short rate model describing the instantaneous inter-

est rate movements. The interest rate follows an Ornstein-Uhlenbeck mean-reverting

process, under the risk neutral measure, defined by the stochastic differential equation

drt = β(µ− rt)dt+ σdWt, r(0) = r0 (3.1)

where µ is the mean reversion level, β is the reversion speed and σ is the volatility

of the short rate, and Wt the Wiener process. In Vasicek Model, mean reversion is

achieved by the drift term: when the short rate rt is above µ, the drift term tends

to pull rt downward and when rt is below µ, the drift term tends to push rt upward.

This is the typical martingale modeling for the Vasicek model that can be found in

literature. Actually the model implicitly assumes that the market price of the risk,

generally denoted by λ, is equal to zero. However, in an arbitrage free market there

exist a market price of risk process that is common for all assets in the market. Since the

described model’s parameters cannot take the required information about the actual

market data (market price of risk), theoretical prices differ from the market bond prices

and hence allow arbitrage to occur. This type of models are also called equilibrium

models. Nevertheless, one can always be interested in fitting the model to current

market data for essential practical applications such as risk management. Hull and

White [9] extended the standard Vasicek model by allowing a time dependent functional

form of market price of risk term, which solves this calibration problem. In this thesis,

instead of a time dependent form we assume a constant λ, which is the generally used

and investigated case in literature. By this setting, we can easily model the standard

Vasicek model in objective measure (real world) dynamics. We can make the change

of risk-neutral measure to real-world measure by setting,

dW 0
t = dWt + λrtdt
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which leads to,

drt = (βµ− (β + λσ) rt) dt+ σdW 0
t , r(0) = r0 (3.2)

3.1. Analytical Pricing of Zero-Coupon Bond

Arbitrage-free prices of zero-coupon bonds can be derived with the following

pricing equation [8]

P (t, T ) = Et

exp

− T∫
t

f(u, u)du+
d∑
i=1

T∫
t

λi(u)dzi(u)−
d∑
i=1

1

2

T∫
t

λi(u)2du

 (3.3)

where f is functional form of the instantaneous forward rate curve, s is volatility

function of the instantaneous forward rates, λ is market price of risk, and d is the

number of governing Brownian motions. In order to price zero coupon bonds in Vasicek

model, these functions should be specified. First of all, the general formula for short

rate process is given by

f(t, t) = f(0, t) +
d∑
i=1

t∫
0

si(u, t)

 t∫
u

si(u, s)ds− λi(u)

 du+
d∑
i=1

t∫
0

si(u, t)dzi(u)

(3.4)

For Vasicek Model, d = 1, since there is one governing Brownian motion. Also we

assumed that the market price of interest rate risk is constant. Futhermore the forward

rate volatilities are assumed to be of the following form

s1(t, T ) = s(t, T ) = σre
−β(T−t) (3.5)

and the initial instantaneous forward rate curve is given by

f(0, T ) = µ+ e−βT (f(0, 0)− µ) + λ
σr
β

(
1− e−βT

)
− σ2

r

2β2

(
1− e−βT

)2
(3.6)
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Now that all the required specifications are given, solution of Equation 3.1 for s ≤ t is

given by

r(t) = r(s)e−β(t−s) + µ
(
1− e−β(t−s)

)
+ σ

t∫
s

e−β(t−u)dW (u) (3.7)

It can be shown that r(t) conditional on Fs is normally distributed with mean and

variance given by

Es[r(t)] = r(s)e−β(t−s) + µ(1− e−β(t−s)) (3.8)

vars(r(t)) = σ2

(
1− e−2β(t−s)

2β

)
(3.9)

Finally analytic solution for zero coupon bond price obtained by Equation 3.3 is

P (t, T ) = eA(t,T )−B(t,T )r(t) (3.10)

where

A(t, T ) = R(∞)
(

1
β
(1− e−β(T−t))− (T − t)

)
− σ2

4β3 (1− e−β(T−t))2 (3.11)

with

R(∞) =

(
µ+ λ

σ

β
− 1

2

σ2

β2

)

and

B(t, T ) =
1

β
(1− exp(−β(T − t))) (3.12)
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To get the yield curve implied by Vasicek model, we can equate Equation 3.10 to the

zero-coupon bond price formula for continuously compounding interest rate given by

Equation 2.6. Solving for R(t, T ) gives:

R(t, T ) =
r(t)B(t, T )− A(t, T )

(T − t)
(3.13)

3.2. Discrete Approximation of Zero-Coupon Bond Price by the Exact

Simulation of Short Rate

Zero coupon bond price can be approximated by the exact simulation of short

rate process. To simulate the exact process rt at times 0 = t0 < t1 < . . . < tn the

following recursion is used:

rti+1
= e−β(ti+1−ti)rti + µ(1− e−β(ti+1−ti)) + σ

√
1

2β
(1− e−2β(ti+1−ti))Zi+1 (3.14)

where Z is a vector of iid. standard normal variates. Within the dynamics of a short

rate model, arbitrage-free time t price of a contingent claim can be calculated by taking

the expectation of its payoff at T discounted by the short rate process over the period

[t, T ] [10]. For a zero-coupon bond with unit face value we have:

P (t, T ) = Et

[
e−

∫ T
t rsds

]
(3.15)

To calculate this expectation, first we will generate n short rate paths with m time

steps and for each path we will take approximate integral given in Equation 3.15 by

the following summation:

−
∫ T

t

rsds ∼= −
m∑
i=1

rti
T − t
m

Exponentiating this for all paths and taking their average gives the simulated zero-

coupon bond price.
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3.3. Calibration and Historical Estimation

The problem of fitting interest rate models can generally be treated with two

different approaches, historical estimation and calibration. One can decide which one

to use depending on the availability of data: historical estimation uses historical time

series to estimate parameters using statistical methods whereas calibration requires

current data to determine the parameters. For historical estimation, maximum likeli-

hood method can be used. As pointed out in the previous section, there is no hope

for the yield curve to be predicted by Vasicek model to match some given observed

spot yield curve since the model is completely determined by the choice of the five

parameters, r(0), β, µ, λ, and σ. However, one may try to fit the model for example by

defining a least-squares minimization problem, minimizing the sum of squared devia-

tions between market yields and the yields produced by the Vasicek model with the

above parameters as problem variables. Another possible approach can be calibration

to interest rate derivatives such as caps and swaptions. Again parameters minimizing

the sum of squared deviations between market cap / swaption prices and the ones

produced by the Vasicek model can be sought. As a matter of fact, it would be ad-

vantageous to use a combination of these methods for both consistency with historical

data and veracious reflection of market’s current situation.

3.3.1. Historical Estimation

Vasicek model describes the instantaneous spot interest rate movement, which

cannot be directly observed in the market. Typical approach is to use the smallest

term rate that can be actually observed as the proxy for instantaneous rate. The

available spot and historical data generally consist of yield curves based on treasury

securities or some reference rate such as LIBOR and EURIBOR rates. We can decide

on which data to use according to our purpose for using Vasicek model. Later in this

thesis we will be dealing with zero coupon (government) bond portfolios and evolution

of interest rates we will be described by Vasicek model. Thus it is very natural to

choose to calibrate the model to yield curves derived from treasury securities. On the

other hand, one might also be interested in calibrating the model to LIBOR curves, for
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example if floating rate notes depending on LIBOR rates are to be investigated. In the

following example, daily yields on actively traded non-inflation-indexed issues adjusted

to constant maturities data from 02.01.2002 to 05.06.2011 are used as the calibration

input. The maturities are 1M, 3M, 6M and 1Y, 2Y, 3Y, 5Y, 7Y, 10Y. 1 month rate

will serve as the short rate surrogate and its graph is given in Figure 3.1.

Figure 3.1. US 1-month maturity daily yields for 02.01.2002-05.06.2011.

With the constant risk premium assumption the real world dynamics given in

Equation 3.2 becomes:

drt = β

(
µ− λσ

β
− rt

)
dt+ σdW 0

t , r(0) = r0 (3.16)

Let’s rewrite this equation as

drt = (b− art) dt+ σdW 0
t , r(0) = r0 (3.17)
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with the following substitutions:

b = β

(
µ− λσ

β

)
a = β

The parameters for this form can be estimated by maximum likelihood estimation

(MLE) technique and it is very straightforward for the transitional distribution of

short rate conditional on Fs can be explicitly solved. Closed-form maximum likelihood

estimates for functions of the parameters of the Vasicek model are given in Brigo and

Mercurio [10] as:

α̂ =
n

n∑
i=1

riri−1−
n∑
i=1

ri
n∑
i=1

ri−1

n
n∑
i=1

r2i−1−
(

n∑
i=1

ri−1

)2

θ̂ =

n∑
i
(ri−α̂ri−1)

n(1−α̂)

V̂ 2 = 1
n

n∑
i=1

[ri − α̂ri−1 − β̂(1− α̂)]
2

(3.18)

where

α = exp (−adt)

θ = b
a

V 2 = σ2

2a
(1− exp (−2adt))

(3.19)

and dt is the time step between observed rate data. Note that estimation technique

provides direct estimates for β and σ given as:

β̂ = − log(α̂)
dt

σ̂ =
√

2 log(α̂)V̂ 2

dt(α̂2−1)

but µ and λ parameters are estimated in a combined way as:

µ̂− λ̂σ̂

β̂
= θ̂
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After this point, how to decide upon µ̂ and λ̂ values becomes an open ended question.

A solution can be achieved by importing µ̂ acquired from a calibration to market prices

and solve for λ̂ from historical estimation. But while combining these two different cal-

ibration techniques one should be aware of that market prices describe the risk neutral

measure whereas historical data describe objective measure. We want to propose the

following solution where we do not call for market prices. Let’s start by assuming

that λ = 0, i.e., the real world measure is equal to the risk-neutral measure where

the investors are assumed to be non risk-averse. Under this assumption the estimated

parameters for our example data are

µ̂ = 0.01120524 β̂ = 0.2474551 σ̂ = 0.0133463.

If the zero risk premium assumption is true then we can expect that Vasicek yield

curve described by the estimated parameters would be in accordance with the historical

yields. To check this, we will compare the Vasicek yield with average historical yields

and spot yield curve. Their plots are given in Figure 3.2.

Figure 3.2. Vasicek Model curve and average yields curve for 02.01.2002-05.06.2011.
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As can be seen from the figure curves do not fit. The average yield and spot

curves look like a normal yield curve, a curve where yields rise as maturity lengthens

because investors price the risk arising from the uncertainty about the future rates into

the yield curve by demanding higher yields for maturities further into the future. On

the other hand, Vasicek model curve is slightly increasing but almost flat; it does not

capture properly the associated risk premium. Also one should take notice of the gap

between average and spot curves which is due to the low interest rates observed after

the sharp downfall starting from year 2008.

Now we will assume a positive price of the risk and estimate its value as the one

that best fits Vasicek curve to the average historical yields. The following minimization

problem searches for the λ that fits Vasicek yield curve to historical yield curves at

every observed day.

min
λ

∑
i∈T

∑
j∈M

(
Y Market
i (0, j)− Y V asicek

i (0, j)
)2

s.t. µ̂− λ̂σ̂

β̂
= θ̂

where T is the set of all historical dates and M is the set of all maturities.

For our example this optimization problem gives:

µ̂ = 0.03366797 λ̂ = 0.415157

Note that β̂ and σ̂ stay the same. The graph of the Vasicek yield curve with the new

parameter set along with average and spot curves are given in figure 3.3.

With the addition of non-zero risk premium parameter, now the Vasicek model

yield curve looks more like a normal yield curve. It is below the average yield curve

since its initial short rate parameter r(0) is at a low level compared to the past. Also it

is above the spot yield curve because mean reversion level and risk premium parameters

overestimates curret market expectations.
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Figure 3.3. Vasicek Model curve and average yields curve for 02.01.2002-05.06.2011.

3.3.2. Calibration to Spot Market Data

Practitioners may prefer to calibrate their models based on the current market

prices since they imply future expectations about the market. If the data for calibration

securities are available, calibration to current market prices can be considerably useful

especially for pricing derivative instruments. Zero coupon bonds, bond options, caps &

floors, swap, and swaptions are the possible securities that can be used for calibration

purposes. Unfortunately for Vasicek model (actually for single factor models in general)

there is no hope for a calibration to spot data for the problem is overdeterminate. Under

the risk neutral measure Vasicek model is determined by the choice of 3 free variables

µ, β, and σ and there would be infinitely many solutions for a traditional least squares

minimization problem. A first step to overcome this problem can be choosing to use

volatility term derived from historical calibration since volatility does not change with

the change of measure, it should be same under the real world measure and risk neutral

measure. Another possible solution can be defining upper and lower bounds for the

range of parameters.
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4. LIBOR MARKET MODEL THEORY

In this chapter we present probably the most popular member of interest rate

market models, the LIBOR Market Model (LMM). After their introduction, it was

accepted very fast by both researchers and practitioners. What makes market models

interesting is the fact that they allow the modelling of quantities that are directly

observable in the market. Contrary to short rate models such as Vasicek model and

instantaneous forward rate models such as the Heath-Jarrow-Morton model which are

dealing with theoretical quantities, LMM models the evolution of a set of forward

(LIBOR) rates that are actually observable in the market and whose volatilities are

bound up with traded securities. The other famous member of the market models

is the Swap Market Model (SMM) which models the dynamics of the forward swap

rates. An important feature about these models is that the LMM can be used to price

caps/floors, and SMM can be used to price European swaptions in accordance with the

Black’s caps/floors and swaptions formulas respectively. This equivalance relationship

renders these models very useful tools since the market standard for the pricing of

caps/floors and swaptions is based on Black’s formula.

It is also worthwhile to mention, without going into details, the mathematical

inconsistency of using both models. LMM is based on the log-normality assumption of

the forward (LIBOR) rates whereas SMM is based on the log-normality assumption of

the swap rates; it is possible to show that these two assumptions cannot coexist [10]. To

check this, suppose forward LIBOR rates are assumed to be log-normally distributed

under their related forward measure. By a change of measure forward rate dynamics

can be written under the swap measure and with the help of Ito’s formula swap rate

dynamics can be produced. The resulting distribution of the swap rates turns out to

be not log-normal. The same is also true the other way around. Consequently if one

chooses LMM (SMM), the model would be automatically calibrated to caps (swaptions)

but not to the swaptions (caps). In this thesis, we will only consider LMM because it

is sufficient for our purpose of using a market model for bond portfolio optimization.

Also forward rates seem to be more characteristic and illustrative than swap rates.
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LMM was introduced and developed by Miltersen, Sandmann and Sondermann

[11], Brace, Gatarek and Musiela [12], Jamshidian [13] and Musiela and Rutkowski

[14]. It is also referred to as BGM (Brace, Gatarek, Musiela) model or known by

the name of the other authors that first suggested it, but it would perhaps be more

appropriate to name it “Log-normal Forward LIBOR Market Model”, since as this

name implies, it models forward LIBOR rates under the log-normality assumption.

LMM is a high-dimensional model describing the motion of interest rate curve as a

(possibly dependent) movement of a finite number of forward rates. Their motion

is governed simultaneouly by a multi-dimentional Brownian motion under a common

measure. In the literature different variations of the original model can be found, here

we will represent the standard LMM as represented in [10] and [15].

LIBOR or the London Inter Bank Offered Rate is a benchmark rate based on the

interest rates at which selected banks in London borrow or lend money to each other at

the London interbank lending market. It is the primary benchmark designating short

term interest rates around the world. It’s calculated every business day in 10 currencies

and 15 terms, ranging from overnight to one year.

4.1. LIBOR Market Model Dynamics

One of the cornerstone features of LMM is that it models forward rates over

discrete tenor quantities [10]. Before explaining the model’s dynamics, definitons of

the discretized time structure and of the forward rates are required.

4.1.1. Tenor Structure

Musiela and Rutkowski [14] developed a discrete-tenor formulation based on

finitely many bonds. Let t = 0 be the current time. Consider a set of discretized

dates representing (generally equally spaced) year fractions, each associated with a

bond’s maturity. This tenor structure is represented by:

0 = T0 < T1 < · · · < Tn
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For simplicity, in this thesis it is assumed that the tenor spacing is the same for each

[Ti, Ti+1] pair and equal to δ.

4.1.2. Forward LIBOR Rate (Simply-Compounded)

A forward LIBOR rate L(t, Ti, Ti+1) is the rate that is alive in interval [t, Ti] and

becomes equal to the spot rate denoted by L[Ti, Ti+1] at time Ti. In this notation Ti is

called reset date and and the period [Ti, Ti+1] is called as the rate’s tenor. It is defined

as

1 + (Ti+1 − Ti)L(t, Ti, Ti+1) =
P (t, Ti)

P (t, Ti+1)
(4.1)

i.e.

Li(t) = L(t, Ti, Ti+1) =
P (t, Ti)− P (t, Ti+1)

(Ti+1 − Ti)P (t, Ti+1)
(4.2)

From now on, the generic LIBOR forward rate will be expressed as Li(t) = L(t, Ti, Ti+1),

both notation will be used interchangeably. In Definition 2.2 simply compounded for-

ward rates are defined as functions of zero coupon bonds. These zero coupon bonds

theoretically represent government treasury bonds and can be observed in the corre-

sponding currency yield curve. By a common acknowledgement, these zero coupon

bonds are assumed to be risk free since the debt payer (government) is considered as

non-defaultable. On the other hand, LIBOR rates are not risk free; although they

represent the lending-borrowing rates between World’s leading banks, there is always

a credit risk and this risk is reflected as a risk premium in the rates. For these reasons

defining forward LIBOR rates in terms of zero coupon bonds may create an ambiguity.

Actually, P (t, T ) terms appearing in the above equations stand for so-called LIBOR

zero coupon bonds, which are not real securities traded in the market but rather a way

of expressing the LIBOR yield curve. For simplicity this difference is almost always

ignored in literature and so it is in this thesis.
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In LMM, the forward rates dynamic is described by

dLi(t)

Li(t)
= µP

i (t)dt+ σi(t)dW
P
i (t) for i = 0, . . . , n− 1, under P (4.3)

where σi(t) are bounded deterministic d-dimensional row vectors and W P is a standard

d-dimensional Brownian motion under some probability measure P, instantaneously

correlated with

dW P
i (t)dW P

j (t) = ρi,j(t)dt (4.4)

where ρi,j(t) denotes a correlation matrix. The initial condition for the process is given

by the current yield curve:

Li(0) = L(0, Ti, Ti+1) =
P (0, Ti+1)− P (0, Ti)

(Ti+1 − Ti)P (0, Ti+1)

In an arbitrage free market the price of a tradable asset discounted by any

numéraire (a reference asset) is a martingale under the measure corresponding to this

numéraire [10]. Forward LIBOR rates defined in Equation 4.2 are not tradable assets;

one cannot buy some amount of forward LIBOR rate from the market. Let’s rearrange

this equation and write the following:

L(t, Ti, Ti+1)P (t, Ti+1) =
P (t, Ti)− P (t, Ti+1)

(Ti+1 − Ti)
(4.5)

Now the left hand side of this equation is a tradable asset; one can buy L(t, Ti, Ti+1)

amount of P (t, Ti+1) from the market. Also one can freely choose the zero coupon bond

P (t, Ti+1) as its reference asset. Dividing the tradable asset L(t, Ti, Ti+1)P (t, Ti+1)

by the numéraire P (t, Ti+1) gives L(t, Ti, Ti+1) which is a martingale process under

the measure corresponding to zero coupon bond P (t, Ti+1), QP (t,Ti+1). Therefore the

dynamics of L(t, Ti, Ti+1) should be driftless under QP (t,Ti+1) and are given by the
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following stochastic differential equation

dLi(t) = Li(t)σi(t)dWi
QP (t,Ti+1)

(t) for i = 0, . . . , n− 1, under QP (t,Ti+1) (4.6)

This observation directly leads to Black caplet formula which is used to price caplets

whose payoffs depend only on a single forward rate.

4.1.3. Black Caplet Formula

The market standard for caplet pricing is Black’s formula, which is an extention

of the famous derivative pricing tool presented by Black & Scholes in 1973. The Black

Scholes formula is based on the assumption that stock prices follow geometric Brownian

motion with constant drift and volatility, i.e., the stock price path follows a log-normal

random walk. The log-normal framework of LMM leads with some minor modifications

to Black caplet formula. Let Vi(t) denote the time t value of a caplet with reset date

Ti and payment date Ti+1. Then from Equation 2.17,

Vi(Ti+1) = (Li(Ti)−K)+δ

From the definition of risk neutral pricing Vi(t) is given as:

Vi(t) = N(t)EN

[
(Li(Ti)−K)+δ

N(Ti+1)

]

There is no restriction about numéraire selection, however as it is pointed out in section

4.2 choosing the equivalent martingale measure with the zero-coupon bond process

P (t, Ti+1) as the numéraire results in a driftless process Li(Ti). This leads to:

Vi(t) = P (t, Ti+1)E
QP (t,Ti+1)

[
(Li(Ti)−K)+δ

P (Ti+1, Ti+1)

]
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Rearranging this equation by noting that P (Ti+1, Ti+1) = 1 and δ is constant yields to:

Vi(t) = P (t, Ti+1)δE
QP (t,Ti+1)

[
(Li(Ti)−K)+

]
(4.7)

To evaluate this expectation, the distribution function of the forward rate Li(Ti) under

QP (t,Ti+1) must be known. Under QP (t,Ti+1), the stochastic differential equation describ-

ing the LIBOR forward rate process of Li(t) becomes a geometric Brownian motion

given by:

dLi(t) = σi(t)Li(t)dW
P (t,Ti+1)
i (t) (4.8)

where W
P (t,Ti+1)
i denotes the Brownian motion under the measure QP (t,Ti+1). Here the

derivation for the solution of this SDE is omitted, for a detailed derivation see pages

200-202 of [10]. The log-normal distribution of Li(t) is given by:

Li(Ti) ∼ lnN(Li(0)− 1

2
υ2i , υ

2
i )

where

υ2i =

Ti∫
0

σ2
i (t)dt

Once the distribution is obtained, the following analogy to the Black Scholes formula

can be used to get Black’s formula for caplets:

• underlying asset: Li(t)

• volatility of returns of the underlying asset: υi(t)

• strike level: K

• maturity: Ti

• spot price of the underlying asset: Li(0)

• risk free rate: 0
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Hence Black caplet formula is:

V (0, Ti, υi) = P (0, Ti+1)δ[L(0, Ti, Ti+1)N(d1)−KN(d2)]

where

d1 =
ln
(
L(0,Ti,Ti+1)

K

)
+

υ2i
2

υi

and

d2 =
ln
(
L(0,Ti,Ti+1)

K

)
− υ2i

2

υi

4.1.4. Equivalence Between LMM and Blacks Caplet Prices

We can see that in the Black Scholes formula the volatility term is constant, but

in Black’s formula for caplets, it is defined as the integral of the the instantaneous

volatility at time t for the LIBOR forward-rate Li(t) along the period [0, Ti]. Let say

there is an average ‘̀Black volatilitý’ for caplet maturing at Ti that is given as:

σ2
i,Black =

Ti∫
0

σ2
i (t)dt

Ti − 0
(4.9)

If this σ2
i,Black is used as the volatility input of Black’s formula, the caplet price will

be equal to the one given by LMM that uses the instantaneous volatility function

appearing on Equation 4.9 [10]. This volatility is called implied Black volatility of a

caplet (volatility implied by the caplet’s market price).



31

4.2. Drift Term

For non trivial pricing cases where the payoff of an instrument depends on more

than one forward LIBOR rate, the evolution of all corresponding forward LIBOR rates

should be derived. Unfortunatelly, there isn’t any numéraire that can make all forward

rate processes martingales. We saw that the only forward rate that would be driftless

is the one that has the same maturity date as the zero coupon bond chosen as the

numéraire. Let a numéraire N be fixed and assume that there exists a corresponding

equivalent martingale measure QN such that N -relative prices are martingales. In

general terms, with such a choice of measure, the forward rates’ dynamic equation will

become:

dLi(t)

Li(t)
= µQN

i (t)dt+ σi(t)dW
QN
i (t) for i = 0, . . . , n− 1 (4.10)

Drift functions corresponding to each forward rate process are then derived by the use

of Girsanov’s change of measure theorem.

In this thesis the two mostly discussed measures in the literature, terminal and

spot measures are presented.

4.2.1. Terminal Measure

If P (t, Tn) is selected as the numéraire, then the equivalent measure QP (t, Tn)

is called the terminal measure. Note that under terminal measure the last forward

LIBOR rate process L(t, Tn−1, Tn) is a martingale, i.e. driftless. With this choice of

numéraire the process becomes:

dLi(t)

Li(t)
= µ

QP (t,Tn)
i (t)dt+ σi(t)dW

QP (t,Tn)
i (t) for i = 0, . . . , n− 1 (4.11)
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. It can be shown that the corresponding drift function is [14]

µ
QP (t,Tn)
i (t) = −

∑
j≥i+1
j≤n−1

δjLj(t)σi(t)σj(t)ρi,j(t)

1 + δjLj(t)
(4.12)

Note that for i = n − 1, the drift function corresponding to L(t, Tn−1, Tn) is equal to

zero. Under terminal measure, current price (t = 0) of a derivarite that gives a payoff

at time Tk is given by:

V (0) = P (0, Tn)E

[
V (Tk)

n−1∏
i=k

(1 + δLi(Tk))

]
(4.13)

.

4.2.2. Spot Measure

Jamshidian [13] proposes a numéraire, creating a so-called rolling forward risk-

neutral world: a discrete savings account which represents the investment of 1 unit

money at time T0 in a T1-bond, with a reinvestment of collected face value at time T1

in a T2-bond, and so on is selected as numéraire. It is given as:

Nspot(t) =
Pη(t)(t)

P1(0)

η(t)−1∏
i=1

Pi(Ti)

Pi+1(Ti)
(4.14)

The measure corresponding to this numéraire is called spot measure. It can be shown

(see [13]) that the corresponding drift function is

µQNspot)
i (t) =

i∑
j=η(t)

δjLj(t)

1 + δjLj(t)
σi(t)σj(t)ρi,j(t) (4.15)
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Under spot measure, the current price (t = 0) of a derivarite that gives a payoff at

time Tk is given by:

V (0) = E

[
V (Tk)

k−1∏
i=0

1

1 + δLi(Ti)

]
(4.16)

4.3. Discretization of Dynamics of Forward Rates

Since the dynamics of forward LIBOR rates given in Equation 4.3 cannot be

expressed as a known distributional process, numerical methods must be used for their

evaluation. Monte Carlo simulation is a widely used method for generating forward

LIBOR rates. With the Monte Carlo method, forward rates are simulated not as a

continuous time process but as a discrete time approximations. These approximate

quantities are defined for a finite set of date, commonly equally seperated with ∆t. For

the sake of simplicity, it is assumed in this thesis that δ is an integer multiple of ∆t;

in other words every Ti of the tenor structure coincides with a simulated date. The

standard approach is to discretize the log of the forward rates, as this ensures that the

forward rates remain positive. Applying Ito’s lemma with f(Li(t)) = log(Li(t)) where

Li(t) is given by Equation 4.3 gives

d log(Li(t)) = µP
i (t)−

1

2
σ2
i (t))dt+ σi(t)dW

P
i (t). (4.17)

The simplest and the most popular discretization scheme that can be applied to

approximate the process given in Equation 4.17 is the Euler scheme. The corresponding

Euler scheme of Equation 4.17 is given by:

log(Li(t+ ∆t)) = log(Li(t)) + (µi(t)−
1

2
σ2
i (t))∆t+ σi(t)∆Wi(t) (4.18)

Taking the exponential of this equation gives the Euler scheme for the forward LIBOR



34

rates

Li(t+ ∆t) = Li(t) exp

[
(µi(t)−

1

2
σ2
i (t))∆t+ σi(t)∆Wi(t)

]
(4.19)

The Euler approximation assumes that the forward rates and volatility terms are ap-

proximately constant between [Ti;Ti+1] and equal to their value at the start of the

interval.

The main flaw of this discretization is that it is not arbitrage-free since dis-

crete deflated bond prices calculated with the generated forward rates are not positive

martingales over the finite set of dates they are defined on [16]. Therefore, it is worth-

while to mention the method introduced by Glasserman & Zhao [16] which ensures an

arbitrage-free discretization.

4.3.1. Arbitrage-Free Discretization of Lognormal Forward Libor Rates

Discretization of the continuous time LMM for simulation purposes causes the loss

of its two important properties: securing arbitrage- free bonds and pricing caps and

swaptions in accordance with Black’s formula. Glasserman and Zhao [16] introduce

new algorithms which preserve these properties even after the discretization. They

transform the Libor rates to positive martingales, discretize the martingales, and then

recover the Libor rates from these discretized variables, rather than discretizing the

rates themselves.

4.3.1.1. Terminal Measure. Differences of deflated bond prices are selected as appro-

priate martingales. Let

Xn(t) = Ln(t)
N∏

i=n+1

(1 + δLi(t)) =
1

δ
(Dn(t)−Dn+1(t)) (4.20)
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Then each Xn is a martingale and satisfies

dXn

Xn

=

(
σn +

N∑
j=n+1

δXjσj
1 + δXj + · · ·+ δXN

)
dW (4.21)

and

Ln =
Xn

1 + δXn+1 + · · ·+ δXN

(4.22)

.

Euler discretization of Xn is given by

Xi(t+ ∆t) = Xi(t) exp(−1

2
σXn

2(t))∆t+ σi(t)∆Wi(t)) (4.23)

with

σXn = σn +
N∑

j=n+1

δXjσj
1 + δXj + · · ·+ δXN

(4.24)

4.3.1.2. Spot Measure. The following martingale variables are used for discretizing

the spot Libor measure

Vn(t) =

(
1− 1

1 + δLn(t)

) n−1∏
i=1

1

1 + δLi(t)
, VN+1 =

N∏
i=1

1

1 + δLi(t)
(4.25)

Then each Vn is a martingale and satisfies

dVn
Vn

=

[(
Vn + Vn−1 + . . .+ V1 − 1

Vn−1 + . . .+ V1 − 1

)
σn +

n−1∑
i=η

(
Vi

Vi−1 + . . .+ V1 − 1

)
σi

]
dW (4.26)

and

Ln =
Vn

δ(1− Vn − . . .− V1)
(4.27)
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Euler discretization of Vn is given by

Vi(t+ ∆t) = Vi(t) exp(−1

2
σVn

2(t))∆t+ σi(t)∆Wi(t)) (4.28)

with

σVn = φ

(
Vn + Vn−1 + . . .+ V1 − 1

Vn−1 + . . .+ V1 − 1

)
σn +

n−1∑
i=η

φ

(
Vi

Vi−1 + . . .+ V1 − 1

)
σi (4.29)

where

φ(x) = min
{

1, x+
}

4.4. Volatility Structure

In this section, the two widely used approaches for specifying the volatility struc-

ture of the LMM are described, following closely Brigo and Mercurio [10]. The first

approach is based on the assumption that forward rates have deterministic piecewise-

constant instantaneous volatilities. This is a sensible assumption since interest rates

are not determined for periods shorter than δ = [Ti, Ti+1] in the LMM. The second

approach assumes that the volatilities are described by a parametric equation. This

approach has the advantage that volatilities can be defined at any time point t, so

this gives a freedom when a discretization with small times steps is required. Also, it

can become practically useful in the case of lacking data, making calibration hard or

impossible. In such a case, an intuitive volatility expectation can easliy be deployed to

the model.
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4.4.1. Piecewise-Constant Instantaneous Volatility

In general terms, the whole matrix of piecewise-constant instantaneous volatilities

can be presented as follows:

Σ =



σT1,T0 Dead Dead . . . Dead

σT2,T0 σT2,T1 Dead . . . Dead

σT3,T0 σT3,T1 σT3,T2 . . . Dead

. . . . . . . . . . . . . . .

σTn−1,T0 σTn−1,T1 σTn−1,T2 . . . σTn−1,Tn−2

 (4.30)

where σi,j is the constant volatility of forward rate i for period (Tj, Tj+1]. Once a for-

ward rate is reset, its volatility becomes “dead” for the proceeding periods. Estimation

of the above matrix is done by calibration methods that will be explained in Chapter

5. While some of the methods can reproduce this matrix, some may require further

assumptions regarding different factors influencing the volatilities. Practically there

are three factors considered in most formulations:

• T , forward rate maturity

• (T − t), forward rate time to maturity

• t, calender time

Let φ, ϕ and γ be functions of T , (T − t) and t respectively. Volatility matrix can be

respresented in the terms of these functions as:

Σ =



φ1ϕ1γ0 Dead Dead . . . Dead

φ2ϕ2γ0 φ2ϕ1γ1 Dead . . . Dead

φ3ϕ3γ0 φ3ϕ2γ1 φ3ϕ1γ2 . . . Dead

. . . . . . . . . . . . . . .

φn−1ϕn−1γ0 φn−1ϕn−2γ1 φn−1ϕn−3γ2 . . . φn−1ϕ1γn−2


(4.31)
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One of the most popular assumptions about the volatilities is that they can be

considered as time homogenous. In this case, time to maturity of the forward rates is

the only influencing factor. For example, L5(T2) will have the same volatility as L3(T0)

and L7(T4). By setting φ = 1 and γ = 1 the volatility matrix can be constructed:

Σ =



ϕ1 Dead Dead . . . Dead

ϕ2 ϕ1 Dead . . . Dead

ϕ3 ϕ2 ϕ1 . . . Dead

. . . . . . . . . . . . . . .

ϕn−1 ϕn−2 ϕn−3 . . . ϕ1


(4.32)

The second widely used assumption is that the volatilities depend solely on the

maturity of the underlying forward rate. In this case, the volatility of a certain forward

rate is the same throughout its life time. The volatility matrix can be constructed by

setting ϕ = 1 and γ = 1:

Σ =



φ1 Dead Dead . . . Dead

φ2 φ2 Dead . . . Dead

φ3 φ3 φ3 . . . Dead

. . . . . . . . . . . . . . .

φn−1 φn−1 φn−1 . . . φn−1


(4.33)

4.4.2. Continuous Parametric Form of Instantaneous Volatility

Another popular way to express the volatility structure is to use functional forms

that can be financially meaningfull and computationally feasible. These functions

should also be able to conserve the characteristic shape of the interest rate term struc-

ture. Their flexibility for calibration to interest rate derivatives is another important

aspect to be considered. Again it is convenient to form a function that can reflect the

basic influencing factors introduced in section (4.4.1): forward rate maturity, forward
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rate time to maturity, and calender time. This function can be represented as the

product of three functions, each depending on one of the factors mentioned above:

σi(t) = f(Ti)g(Ti − t)h(t) (4.34)

In this section, function forms proposed by Rebonato [17] are presented and their

financial implications are briefly discussed.

4.4.2.1. Function Depending on Forward Rate Maturity, f(Ti). The function depend-

ing on forward rate maturity serves as a smoothing function that forces σi(t) to fit to

the current term structure of the volatility and hence assures correct pricing of current

market caplets. It can be given as:

f(Ti) = 1 + υi, 1 ≤ i ≤ n− 1 (4.35)

where i is the ith forward rate with maturity Ti.

4.4.2.2. Function Depending on Forward Rate Time to Maturity, g(Ti − t). Empirical

observations show that the term structure of volatilities generally resemble the graph

shown in figure 4.1: it is increasing in short term, making a hump at the mid-range and

finally monotonically decreasing in the long term. Rebonato [17] claims that this shape

can be reflected by the time homogenous component of σi(t). Moreover, parametric

form of the function should comply with observable market data and be financially

intuitive. Finally calculation of variance and covariance terms requires integration of

the square of this function hence integration of the square of this function by means of

a simple formula is desirable. Rebonato [17] proposes the following function:

g(Ti − t) = (a+ b(Ti − t)) exp(−c(Ti − t)) + d (4.36)

where a, b, c and d are completely free parameters that one may choose in order to

specify the short, mid, and long term behaviour of the term structure. However while
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deciding on parameter values, the following conditions should be satistied for the sake

of financial intuition [17].

• a+ d > 0

• d > 0

• c > 0

Figure 4.1. An example possible shape of instantaneous volatility.

4.4.2.3. Function Depending on Calender Time, h(t). While determining this func-

tion, there is a room for subjectivity since there are no clear financially intuitive

conditions that must be satisfied. But its flexibility should be in a balance as: too

much relaxation may lead to capturing of unwanted market noise and too much rigid-

ity would make difficult to get the effect of time dependence. Rebonato [17] proposes

a function that is a linear combination of sine functions multiplied by an exponential

decay factor:

h(t) =

(
N∑
i=1

εi sin

(
tπi

M
+ εi+1

))
exp(−εN+1t) (4.37)

where N is the number of free parameters, recommended to be as small as 2 or 3, and

M is the maturity of the longest caplet available. Generally h(t) is set to one to avoid

noise in the calibration.
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5. CALIBRATION

In this chapter we focus on the calibration of the LIBOR Market Model. One

of the reasons why forward LIBOR market models are popular lies in their success of

reproducing market prices for simple interest rate derivatives by proper calibration. In

Chapter 4 we have seen that the dynamics of forward LIBOR rates are defined in terms

of two crucial parameters: volatility and covariance among rates. Generally the aim

of LMM calibration is to estimate these parameters with the information implied by

the market data so that the model prices of derivatives match their market values as

close as possible. Volatility and correlation structures can aslo be determined so that a

match with historical data is achieved or the practitioner’s foresight about the future

rate movements is captured, however in this thesis we will not get into these details.

The standard calibration instruments are caps and swaptions since they are heav-

ily traded plain vanilla options and they can be priced by market standard closed form

formulations.

5.1. Calibration to Caps

Calibrating LMM to caps (and floors) is one of the frequently used approaches in

practice and it is widely mentioned in literature. The main advantage of this calibration

technique is that it is very simple and intuitive. The disadvantage is that caps do

not provide information about the correlation structure. First we show how caplet

volatilities are stripped from cap volatilities with the aid of Black’76 formula and then

how forward rate volatilities are calibrated to stripped caplet volatilities according to

their definion of being non-parametric or parametric.

5.1.1. Stripping Caplet Volatilities from Cap Quotes

In real markets, caplets are not traded directly but in the form of caps. For this

reason, the best data one can get from market consists of cap prices. By definition,
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caps can be split additively in caplets. Therefore a bootstrapping algorithm can be

used to price caplets separately.

Three small remarks are appropriate before starting the explanation of the al-

gorithm: First, when a cap’s volatility is mentioned one should understand that this

volatility is valid throughout the cap’s life, in other words all the caplets forming this

cap has this unique volatility.

Second, caps generally have yearly maturities of 1 to 20 years. But a significant

part of caps (US Dolar Caps) have reset dates at every three months; i.e. they consist

of caplets which are active for three month periods. For the bootstrapping algorithm to

work, one first has to perform interpolation to estimate cap volatilities for each quarter

of the years. Generally there are two approaches: linear and cubic interpolation. Linear

interpolation is commonly used in market practice but higher order polynomial inter-

polations such as cubic and quartic become more popular as they result in smoother

curves.

Third, one may also have to deal with missing data for maturities shorter than

the shortest maturity quoted. Generally (and also in this thesis) data are missing for

maturities shorter than 1 year. One solution to solve this shortcoming is to assign the

same volatility to all caplets of the shortest maturity cap (possibly the same volatility

as the cap itself); or one could perform extrapolation.

Let there be n caps in the market, each with consecutive yearly maturity 0 =

T0 < T1 < T2 < . . . < Tn, consisting of caplets with quarterly maturities. In such

a case to be able to perform stripping it must be assumed that there are virtual

caps with quarterly maturities, and while deciding on these virtual caps’s volatilities,

the interpolation/extrapolation approaches mentioned before can be used. In this

framework, the first cap (actually it is a virtual cap) consists only of a single caplet,

it is reset after three months and the payment is made after six months. The second

cap (also a virtual one) consist of two caplets; they reset after three months and six

months and their payments are made after six and nine months respectively. The third
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cap (this is the first actually quoted cap in this example), consist of three caplets; they

are reset after three, six, and nine months and their payments are made after six, nine,

and twelve months respectively. Composition of the rest of the real and virtual caps

follows the same logic. In the first iteration, the volatility of the first caplet is found

from the following equation:

V Cap
6m (t) = V Caplet

6m (t)

This implies that the first caplet volatility is equal to the first cap’s volatility: σCaplet6m (t) =

σCap6m (t). In the next iteration, the volatility of the second caplet is found from the fol-

lowing equation:

V Cap
9m (t) = V Caplet

6m (t) + V Caplet
9m (t)

by solving it with respect to σCaplet9m (t). This can be done by inverting the Black’76 func-

tion with respect to υi(t), or by using some numerical solver. The stripping algorithm

continues in the same way.

As a numerical example, we will apply this procedure to market quoted cap

volatilities for the date 06 June 2011 given in Table 5.1. Table 5.2 shows actual and

virtual cap volatilities along with their corresponding stripped caplet volatilities. For

getting the second and fourth columns of Table 5.2 it is assumed that for maturities

less than 1 year the volatilities are flat and equal to the volatility of the first cap and

quarterly volatilities are calculated using linear interpolation. The plot comparing cap

and stripped caplet volatilities is given in Figure 5.1.
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Table 5.1. 10 year cap volatility data example.

Maturity Cap ATM

(year) Volatility Strike

1 0.6088 0.0039

2 0.7379 0.0068

3 0.7422 0.0109

4 0.602 0.0152

5 0.4982 0.0193

6 0.4335 0.0228

7 0.3897 0.0258

8 0.3591 0.0282

9 0.3368 0.0301

10 0.3199 0.0317
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Table 5.2. Caplet volatilities stripped from cap volatilities.

Linearly Linearly

Maturity interpolated Caplet Maturity interpolated Caplet

(year) or volatility (year) or volatility

extrapolated extrapolated

volatility volatility

0.5 0.549 0.549 5.25 0.482 0.353

0.75 0.577 0.604 5.5 0.466 0.33

1 0.609 0.657 5.75 0.45 0.306

1.25 0.641 0.706 6 0.434 0.283

1.5 0.673 0.752 6.25 0.423 0.314

1.75 0.706 0.799 6.5 0.412 0.297

2 0.738 0.846 6.75 0.401 0.281

2.25 0.739 0.743 7 0.39 0.265

2.5 0.74 0.744 7.25 0.382 0.289

2.75 0.741 0.746 7.5 0.374 0.277

3 0.742 0.747 7.75 0.367 0.265

3.25 0.727 0.653 8 0.359 0.253

3.5 0.672 0.399 8.25 0.354 0.272

3.75 0.637 0.447 8.5 0.348 0.263

4 0.602 0.4 8.75 0.342 0.254

4.25 0.576 0.414 9 0.337 0.245

4.5 0.55 0.379 9.25 0.333 0.26

4.75 0.524 0.343 9.5 0.328 0.253

5 0.498 0.307 9.75 0.324 0.246



46

Figure 5.1. Cap and stripped caplet volatilities.

5.1.2. Non-Parametric Calibration to Caps

The aim of non-parametric calibration to caps is to obtain a volatility structure

under the assumption that the instantaneous volatilities are piecewise-constant as de-

scribed in Section 4.4.1 using the stripped caplet volatilities. We will illustrate how

this is performed for the two popular cases mentioned in Section 4.4.1, first when piece-

wise constant instantaneous volatilities depend on the time to maturity, and on the

maturity of the underlying forward rate.

5.1.2.1. Volatilities Depending on the Time to Maturity of the Forward Rates. As it

is pointed out in Section 4.4, one of the most frequently used assumption is the time

homogeneity of forward rate volatilities. Forward rate volatilities are assumed to be

dependent only on their time to maturities. This assumption implies that significant

variations at volatility structure are not expected in the future. At the end of calibra-
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tion, the volatility matrix will be in the form given in Equation 4.32. Now the caplet

volatilities are obtained as described in section 5.1.1. It is not difficult to get forward

rate volatilities with the help of Equation 4.9. Since forward rate volatilities are as-

sumed to be piecewise constant, integration at the right hand side of the Equation 4.9

is only the summation:

σ2
i
Caplet

=

n−1∑
j=1

σ̄2
i (Tj)δj

Ti − 0
(5.1)

In the first step, the above equality for the first caplet, i.e. i = 1, becomes:

σ2
1
Caplet

=
σ̄2
1(T1)δ1
T1

and since δ1 = T1, σ̄1(T1) =

√
σ2
1
Caplet

. This volatility is not only valid for the forward

LIBOR rate L1(0), but also for all the rates having one period before their maturity.

These are L2(1), L3(2), . . . , Ln−1(n− 2).

In the next step, Equation 5.1 is solved for i = 2 to find σ̄2(T1); the volatility for

the forward LIBOR rate L2(0). Note that this can be done as σ̄2(T2) has already been

found in the first step. Then likewise, that volatility is assigned to all forward LIBOR

rates that are two periods before their maturity, L3(1), L4(2), . . . , Ln−1(n − 3). The

procedure continues similarly for the next steps until finally Ln−1(1) is obtained. The

results of the first four step for our numerical example is given in the following matrix:



0.549 Dead Dead . . . . . .

0.654 0.549 Dead . . . . . .

0.753 0.654 0.549 . . . . . .

0.835 0.753 0.654 0.549 . . .
...

. . . . . . . . . . . .



It is important to mention the most important shortcoming of this method. It is
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very likely that one can end up with a case when the sum of squared piecewise constant

volatilities multiplied by the time period is greater than squared caplet volatility mul-

tiplied by time. This will lead to a negative instantaneous volatility. The reason is the

time homogeneity assumption that requires σ2
i
Caplet

(Ti−0) ≤ σ2
i+1

Caplet
(Ti+1−0), ∀i =

1, . . . , n − 2 and this condition is generally not satisfied. In such a case, one possi-

ble solution can be replacing the negative value by zero. This helps the algorithm to

continue however it makes the recovery of the observed caplet prices impossible.

5.1.2.2. Volatilities Depending on the Maturity of the Forward Rates. Under this as-

sumption, the instantaneous volatilities are uniquely forward rate specific. What makes

this assumption appealing is that the fitting of an exogenous volatlity term structure

is immediate. On the other hand, it has the shortcoming that each forward rate has

a single constant volatility during all their lifetime. Therefore the forward rates that

have the same residual term to maturity will have different volatilities. As a result, the

shape of volatilities’ term structure will change as time advances.

Recall Equation 5.1. Since the volatilities depend only on the forward rate ma-

turities, a forward rate’s volatility is the same for all its lifetime, i.e.

σ̄2
i (Tj) = σ̄2

i , ∀i = 1, . . . , n− 1

Then Equation 5.1 simple becomes

σ2
i =

n−1∑
j=1

σ̄2
i δj

Ti − 0

=
σ̄2
i Ti

Ti − 0

= σ̄2
i

(5.2)

Simply assigning each ith caplet volatility as the volatilifty of the forward rate

maturing at Ti completes the calibration process.
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The results of the first four step for our numerical example are given in the

following matrix:



0.549 Dead Dead . . . . . .

0.604 0.604 Dead . . . . . .

0.657 0.657 0.657 . . . . . .

0.706 0.706 0.706 0.706 . . .
...

...
...

...
...



5.1.3. Parametric Calibration of Volatility Structure to Caps

Parametric calibration to caps requires implied caplet volatilities as input, thus

the bootstraping procedure for extracting caplet volatilities described in Section 5.1.1

should be performed before starting. Recall that the most general functional form

for forward rate volatilities is given by Equation 4.34. Calibration starts with the

estimation on the part depending on time to maturity, g(Ti − t). Since we are dealing

with caplet volatilities, Equation 4.9 should be satisfied:

σ2
i,Black =

Ti∫
0

σ2
i (t)du

Ti − 0

=

Ti∫
0

|(a+ b(Ti − t)) exp(−c(Ti − t)) + d| dt

Ti − 0

(5.3)

The unconstrained optimization problem minimizing differences between theoretical

and market caplet volatilities is expressed as:

min

√√√√√n−1∑
i=1

σ2
i,Black −

Ti∫
0

|(a+ b(Ti − t)) exp(−c(Ti − t)) + d| dt

2

Performing optimization with initial parameter values a, b, c, d = 0.5 for the ex-
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ample cap data given in Table 5.1 returns the following solution: a = 1.1855, b =

−2.1705, c = 0.6114, and d = 0.0077. This result are in accordance with our emprical

expectations a+ d > 0, c > 0, and d > 0. A comparison of the caplet volatilities calcu-

lated using the functional form with optimization and the stripped caplet volatilities

is given in Figure 5.2.

Figure 5.2. Stripped caplet volatilities vs. estimated caplet volatilities by g(Ti − t).

As can be seen from Figure 5.2 the fitting to todays volatility term structure is

not perfect. The forward rate depending function f(Ti) plays the role of a smooth-

ing function that ensures perfect pricing of todays market caplets in this calibration

process. As the parameters’ values of g(Ti − t) are specified, the next minimization

problem has to be performed:

min

√√√√√n−1∑
i=1

σ2
i,Black −

Ti∫
0

∣∣∣(â+ b̂(Ti − t)) exp(−ĉ(Ti − t)) + d̂
∣∣∣ dt
 (1 + υi)


Since perfect fitting to caplet volatilities is achieved with this second minimization

problem, estimation of the last part of Equation 4.34, h(t) is generally done by assigning
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Figure 5.3. Change in time of shape of volatility term structure.

the value one. At the end of the calibration, the movement of the volatility term

structure for our example is shown in Figure 5.3.

5.2. Non-Parametric Calibration of Volatility Structure to Swaptions

In section 5.1.2 we showed that cap prices are sufficient for calibrating volatility

structure of the LMM, at least if the derivatives to be priced are forward rate options.

The equivalance of caplet prices given by Black formula and by the LMM model allowed

model calibration to implied caplet volatilities retrieved by inverting Black formula.

However, a big portion of interest rate derivatives have the swap rate as underlying, so it

is naturally desirable to provide swaption data for calibration. Unfortunately there is no

known closed-form solution for swaption pricing in the LMM framework. Nevertheless,

a Black formula extention for swaptions, proposed by Andersen and Andreasen [18], is

used in market practice. Theoratically it is impossible to price both forward LIBOR

rate and swap options with Black formula since forward LIBOR and swap rate cannot

be lognormal simultaneously [19]. But Andersen and Andreasen [18] show that the

swap rate can be approximated by a log-normal process since in practice forward rate
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curve movements are mainly parallel (the Li(t)’s are strongly correlated) and the ratio

of volatility functions can be considered as constant. With the Black formula as the

swaption pricing tool, Dariusz Gatarek [20–22] develops a calibration method called

the “separated approach”, which calibrates the LMM to the full set of swaptions traded

in the market.

Recall the value of the payer swaption at maturity Tα given by Equation 2.20.

Let the term

Aα,β(t) = δ

β∑
i=α+1

P (t,Ti)

denote the annuity of the underlying swap. Let’s select the annuity term as the pricing

numéraire and denote the corresponding measure as QAα,β(t). Aα,β(t) is known as the

forward swap measure for the swaption [13]. Applying Ito’s lemma to equilibrium swap

rate given in Equation 2.22 gives:

dSRα,β(t) =

β∑
i=α+1

∂SRα,β(t)

∂Li−1(t)
Li−1(t)σi(t)dW (t)Q

Aα,β(t)

= SRα,β(t)

β∑
i=α+1

Ri
α,β(t)σi(t)dW (t)Q

Aα,β(t)

(5.4)

where

Ri
α,β(t) =

δLi+1(t)

1 + δLi+1(t)

P (t, Tα)Ai−1,β(t) + P (t, Tβ)Aα,i−1(t)

(P (t, Tα)− P (t, Tβ))Aα,β(t)

Under the assumption that the equilibrium swap rate process is a positive martingale

with respect to the measure QAα,β(t), the dynamics can be express as Brownian motion

given by:

dSRα,β(t) = SRα,β(t)σ
α,β

(t)dW (t)Q
Aα,β(t)

(5.5)
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From 5.4 and 5.5:

σ
α,β

(t) =

β∑
j=α+1

Rj
α,β(t)σj(t)

Gatarek [21] makes the assumption that P (t,Ti)
β∑

i=α+1
P (t,Ti)

is independent of Lj(t) and gets

the following approximation for Ri
α,β(t):

Ri
α,β(t) ∼=

P (t, Ti−1)− P (t, Ti)

P (t, Tα)− P (t, Tβ)
(5.6)

Hence swap volatilities can be expressen as weighted averages of forward LIBOR rate

volatilities:

σ
α,β

(t) =

β∑
j=α+1

P (t, Tj)Lj−1(t)σj(t)

β∑
j=α+1

P (t, Tj)Lj−1(t)

Let Φi denote a n− 1× n− 1 covariance matrix of LMM whose entries are given by

ϕijk =

Ti∫
0

σj(t).σk(t)dt (5.7)

Again using the parallel movements of interest rates assumption, Ri
α,β(t) is approxi-

mated by Ri
α,β(0). Finally

Tj σ
2
α,β

market

=

Tj∫
0

σ2
α,β

(t)dt ∼=
β∑

k=j+1

β∑
l=j+1

Rl
j,β(0)ϕjlkR

k
j,β(0) (5.8)

where σ2
α,β

market

denotes the market swaption volatility. ATM swaption volatility matrix

market data quoted on 6 June 2011 are given in Table 5.4 in which rows represent

option maturities and columns represent length of the underlying swap. Market data

are missing for six, eight ,and nine year maturities so they are linearly interpolated
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for calibration purpose. We also need the LIBOR yield curve for the same date to

calculate the discount factors (virtual zero coupon bond prices) appearing in Equation

5.6. The LIBOR yield curve for 06 June 2011 is given in Figure 5.4.

Figure 5.4. LIBOR yield curve for 06 June 2011.

Table 5.3. Forward LIBOR rates for 06 June 2011.

L0(0) L1(0) L2(0) L3(0) L4(0) L5(0) L6(0) L7(0) L8(0) L9(0) L10(0)

0.002 0.007 0.013 0.027 0.032 0.038 0.044 0.043 0.047 0.051 0.062
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Table 5.4. Market data of ATM swaption volatilities, 06 June 2011.
S

w
a
p
ti

o
n

m
a
tu

ri
ty

(y
e
a
r)

Underlying swap length (year)

1 2 3 4 5 6 7 8 9 10

1 0.815 0.648 0.523 0.44 0.394 0.356 0.331 0.313 0.3 0.29

2 0.575 0.461 0.396 0.355 0.33 0.309 0.294 0.283 0.274 0.267

3 0.411 0.355 0.322 0.301 0.288 0.276 0.266 0.259 0.252 0.247

4 0.317 0.293 0.278 0.268 0.259 0.252 0.246 0.241 0.236 0.233

5 0.274 0.262 0.253 2.47 0.242 0.237 0.232 0.228 0.225 0.222

6 0.253 0.245 0.238 1.345 0.23 0.226 0.222 0.219 0.217 0.214

7 0.232 0.227 0.223 0.22 0.217 0.214 0.212 0.209 0.208 0.206

8 0.221 0.217 0.214 0.212 0.209 0.207 0.205 0.203 0.202 0.2

9 0.211 0.208 0.205 0.203 0.202 0.2 0.199 0.197 0.196 0.195

10 0.2 0.198 0.196 0.195 0.194 0.193 0.192 0.191 0.19 0.189

Now let’s examine the covariance matrix of LMM (Φi) and market ATM swaption

volatility matrix more closely. For every i ∈ {1, . . . , n− 1}, Φi containts i(i+1)
2

free

variables. This makes a total number of

n−1∑
i=1

i(i+ 1)

2
=
n3 + 5n

6

free variables. ATM swaption market data provides only (n−1)(n−2)
2

volatilities, ex-

cluding volatility terms for period [T0, T1], which should be extracted from market cap

data. As a result, a total of (n)(n−1)
2

volatility term is available. Therefore some assump-

tions should be made regarding the parametrization of Φi. Longstaff, Santa-Clara, and

Schwartz [23] propose fitting a time-homogeneous string model to the set of market

prices for swaptions and caps. They make the assumption that the covariance between

dFi(t)
Fi(t)

and
dFj(t)

Fj(t)
is completely time homogeneous, i.e. it depends only on Ti − t and
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Tj − t. To apply this assumption Gatarek [20] expresses Φi as:

Φi = ΛiΦ

where Λi are some positive numbers and Φ is a covariance matrix. Equation 5.8 then

becomes:

Tj σ
2
α,β

market

= Λi

β∑
k=j+1

β∑
l=j+1

Rl
j,β(0)ϕlkR

k
j,β(0) (5.9)

Assigning Λi = Ti leads to the Longstaff-Schwartz-Santa Clara’s time-homogenous

string model. There are other possible functions that can be specified for Λi = Ti.

Gatarek [22] lists a few possible choices:

• Λi = eTi

• Λi =
√
eTi

• Λi = Ti − lnTi

• Λi =
√
Ti − lnTi

• Λi = 1

Diagonal entries of Φ are calculated with the following formula:

ϕii =
Tiσ

2
α,β

Λi

(5.10)

Off diagonal entries are calculated with the following formula:

ϕk,N−1 =

Tkσ
2
k,N − Λk

(
N∑

l=k+1

N∑
i=k+1

Ri
k,N (0)ϕi−1,l−1R

l
k,N (0)− 2Rk+1

k,N (0)ϕk,N−1R
N
k,N (0)

)
2ΛkR

k+1
k,N (0)RN

k,N (0)
(5.11)

for k = 1, . . . ,m and N = k + 2, . . . The three dimentional array Rk
i,j(0) in Equation

5.11 is defined as:

Rk
i,j(0) =

P (0, Tk−1)− P (0, Tk)

P (0, Ti)− P (0, Tj)
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The recursive algorithm for calculating 5.11 is given in [22]. With time homogene-

ity assumption, i.e. Λi = Ti, the variance-covariance matrix Φ corresponding to the

example market data of Table 5.4 is given in Table 5.5.

Table 5.5. Variance-covariance matrix corresponding to example market data given in

Table 5.4.

1 2 3 4 5 6 7 8 9 10

1 0.664 0.45 0.414 0.29 0.378 0.139 0.222 0.227 0.253 0.237

2 0.45 0.331 0.226 0.18 0.163 0.185 0.082 0.126 0.165 0.076

3 0.414 0.226 0.169 0.122 0.103 0.097 0.097 0.084 0.07 0.071

4 0.29 0.18 0.122 0.1 0.086 0.081 0.08 0.068 0.066 0.055

5 0.378 0.163 0.103 0.086 0.075 0.068 0.064 0.066 0.065 0.052

6 0.139 0.185 0.097 0.081 0.068 0.064 0.06 0.059 0.06 0.055

7 0.222 0.082 0.097 0.08 0.064 0.06 0.054 0.052 0.051 0.051

8 0.227 0.126 0.084 0.068 0.066 0.059 0.052 0.049 0.048 0.046

9 0.253 0.165 0.07 0.066 0.065 0.06 0.051 0.048 0.044 0.043

10 0.237 0.076 0.071 0.055 0.052 0.055 0.051 0.046 0.043 0.04

By definition the covariance matrix must be positive-semidefinite. The one that is

found by Equations 5.10 and 5.11 does not necessarily satisfy this condition. A modified

covariance matrix can be formed by removing eigenvectors of φ associated with negative

eigenvalues. Multiplying eigenvectors associated with positive eigenvalues by squared

root of these eigenvalues returns a new matrix. Multiplying this matrix by its transpose

gives a positive-semidefinite matrix. The modified matrix derived from the one given

in Table 5.5 is given in Table 5.6.

Now forward LIBOR rate volatilities can be determined using Equation 5.7. Re-

member that instantaneous volatilities were assumed to be piecewise constant. With
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Table 5.6. Modified variance-covariance matrix corresponding to example market

data given in Table 5.4.

1 2 3 4 5 6 7 8 9 10

1 0.758 0.437 0.366 0.268 0.308 0.166 0.202 0.204 0.217 0.197

2 0.437 0.356 0.223 0.177 0.169 0.162 0.099 0.126 0.152 0.09

3 0.366 0.223 0.198 0.136 0.14 0.091 0.101 0.098 0.097 0.089

4 0.268 0.177 0.136 0.11 0.102 0.079 0.078 0.074 0.079 0.065

5 0.308 0.169 0.14 0.102 0.132 0.055 0.076 0.081 0.091 0.08

6 0.166 0.162 0.091 0.079 0.055 0.089 0.044 0.053 0.062 0.036

7 0.202 0.099 0.101 0.078 0.076 0.044 0.07 0.055 0.049 0.061

8 0.204 0.126 0.098 0.074 0.081 0.053 0.055 0.057 0.061 0.054

9 0.217 0.152 0.097 0.079 0.091 0.062 0.049 0.061 0.076 0.052

10 0.197 0.09 0.089 0.065 0.08 0.036 0.061 0.054 0.052 0.064

this assumption we can write:

ϕijk
Modified

= Λi ϕj,k
Modified

=

Ti∫
0

σj(.).σk(.)dt

= (σj(.).σk(.)
T )Ti

(5.12)

Again using the time homogeneity assumption this equality reduces to:

ϕj,k
Modified

= (σj(.).σk(.)
T )

σj(.) representing the ith column of matrix (4.30). The forward LIBOR rate volatility

matrix can then be derived using the next algorithm.

The resulting forward LIBOR rate volatilities are given in Table 5.7. The result

show that our model is calibrated with five factors. Gatarek [21] shows that two factors
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can describe the model up to ten years maturity and three factors up to twenty years

maturity. Further, he claims that in most cases a two factor calibration is satisfactory

since not all the swaptions are liquid.

Moreover, Gatarek [22] adds an optimization algorithm to the seperated approach

discussed above. The aim is to determine Λi values which result in the minimum

root mean squared error of the differences between theoretical and market swaption

volatilities. Optimization forces the covariance matrix Φ to be positive-semidefinite,

i.e. searches for Λi values that result in as many non-negative eigenvalues as possible.

Now that once we have determined the set of instantaneous volatilities we can

calculate the correlation between the rates using the following formula:

cor (i, j) =

n∑
k=1

σi (Tk)σj (Tk)√
n∑
k=1

σ2
i (Tk)

√
n∑
k=1

σ2
j (Tk)

. (5.13)

The resulting correlation matrix of forward rates is given in Table 5.8.
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Table 5.7. Forward LIBOR rate volatilities calibrated to example market data given

in Table 5.4.
F
o
rw

a
rd

ra
te
s

Years

1 2 3 4 5 6 7 8 9 10

L1 0.871 Dead Dead Dead Dead Dead Dead Dead Dead Dead

L2 0.501 0.323 Dead Dead Dead Dead Dead Dead Dead Dead

L3 0.42 0.039 0.142 Dead Dead Dead Dead Dead Dead Dead

L4 0.308 0.07 0.029 0.099 Dead Dead Dead Dead Dead Dead

L5 0.354 -0.028 -0.054 -0.035 0.041 Dead Dead Dead Dead Dead

L6 0.191 0.204 0.019 0.055 -0.087 0 Dead Dead Dead Dead

L7 0.232 -0.054 0.037 0.089 -0.059 0 0 Dead Dead Dead

L8 0.234 0.027 -0.013 0.009 -0.036 0 0 0 Dead Dead

L9 0.249 0.085 -0.077 -0.016 0.004 0 0 0 0 Dead

L10 0.226 -0.072 -0.024 0.009 -0.082 0 0 0 0 0

Table 5.8. Forward LIBOR rate correlations calibrated to example market data given

in Table 5.4.

L1 L2 L3 L4 L5 L6 L7 L8 L9 L10

L1 1 0.84 0.944 0.927 0.975 0.64 0.88 0.98 0.907 0.947

L2 0.84 1 0.841 0.893 0.777 0.908 0.629 0.885 0.93 0.633

L3 0.944 0.841 1 0.921 0.866 0.684 0.857 0.917 0.793 0.835

L4 0.927 0.893 0.921 1 0.846 0.798 0.885 0.939 0.864 0.817

L5 0.975 0.777 0.866 0.846 1 0.511 0.795 0.934 0.909 0.958

L6 0.64 0.908 0.684 0.798 0.511 1 0.56 0.752 0.759 0.401

L7 0.88 0.629 0.857 0.885 0.795 0.56 1 0.878 0.672 0.894

L8 0.98 0.885 0.917 0.939 0.934 0.752 0.878 1 0.934 0.901

L9 0.907 0.93 0.793 0.864 0.909 0.759 0.672 0.934 1 0.791

L10 0.947 0.633 0.835 0.817 0.958 0.401 0.894 0.901 0.791 1
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6. PRICING OF INTEREST RATE DERIVATIVES WITH

LMM

If we want to use Libor Market Model for pricing interest rate derivatives or

calculating future bond prices we can make use of Monte Carlo simulations, a numerical

method that is widely used for market models. So far we introduced the general

framework of Libor Market Model and showed how it is calibrated to market data.

In this chapter our aim is to illustrate simulation implementation for this model. We

will price caplets and swaptions with LMM calibrated to market data and compare the

results with traditional market pricing tools.

6.1. Monte Carlo Implementation

Monte Carlo implementation basically consists of three main parts: generation of

the forward rates, calculation of the payoff, and calculation of the discount factor. For

the generation of forward LIBOR rates paths, first of all a discretization scheme and

a measure must be selected. In the following examples, we use the exponential of the

Euler discretization of log(Li) given by Equation 4.19 and the terminal measure with

the corresponding drift function given by Equation 4.12. Then the tenor structure and

the step size of the discretization are required. Tenor dates are typically specified by

settlement dates and step size (tk+1 − tk) is selected such that tenor dates are divisible

by them.

From the definition of Brownian Motion, the increments Wi(tk+1)−Wi(tk) are

normally distributed random numbers with means 0 and variance
√

(tk+1 − tk) cor-

related according to Equation 4.4. These correlated Brownian Motions can be easily



62

generated as follows


W1(tk+1)

W2(tk+1)
...

Wn−1(tk+1)

−


W1(tk)

W2(tk)
...

Wn−1(tk)

 = Q
√

(tk+1 − tk)


Z1

Z2

...

Zn−1


where Q is the lower triangular matrix obtained by Cholesky decomposition of the

correlation matrix R satisfying R = QQT . , we will consider semi-annual forward

LIBOR rates Li(t) with Ti ∈ {0, 0.5, 1, 1.5, 2} and t ∈ {0, 0.25, 0.5, . . . , 2}. Just for the

sake of simplicity, let’s assume that the initial term structure and volatility structure are

both flat and their values are given as Li(0) = 0.05, σi(t) = 0.1. Similarly, let’s specify

the correlation matrix with the parametric function ρi,j(t) = ρi,j = exp (−a |(Ti − Tj)|),

and with a = 1. A simulated path with the described setup is given in Table 6.1. Each

column represents the term structure of LIBOR rates (yield curve) at simulation dates,

bold ones coinciding with tenor dates. Notice how the yield curve gets shorter and

shorter at each settlement date.

Table 6.1. A sample path of LIBOR rates.

t 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

L0(t) 0.0500 - - - - - - - -

L1(t) 0.0500 0.0526 0.0543 - - - - - -

L2(t) 0.0500 0.0556 0.0570 0.0522 0.0496 - - - -

L3(t) 0.0500 0.0524 0.0536 0.0496 0.0466 0.0450 0.0428 - -

L4(t) 0.0500 0.0519 0.0528 0.0522 0.0535 0.0522 0.0489 0.0478 0.0513

We can make a quick observation about the effect of correlation by generating a

new path using the same setup and the same independent random variables but with a

different a value for correlation function. Setting a to an arbitrarily large number, say

10, makes the correlation matrix almost the identity matrix, hence Brownian motions

governing forward rates becomes almost independent. One can observe by looking at
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Table 6.2 that the term structure is far from being flat along the whole time horizon

for the rates moves independently.

Table 6.2. A sample path of LIBOR rates with low correlation.

t 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

L0(t) 0.0500 - - - - - - - -

L1(t) 0.0500 0.0526 0.0543 - - - - - -

L2(t) 0.0500 0.0550 0.0553 0.0492 0.0484 - - - -

L3(t) 0.0500 0.0489 0.0494 0.0479 0.0459 0.0460 0.0441 - -

L4(t) 0.0500 0.0505 0.0507 0.0529 0.0572 0.0570 0.0546 0.0514 0.0523

Another useful illustration can be done by creating an almost rank-1 correlation

matrix, whose off-diagonal entries are very close to 1. This extreme case can easily

be obtained for our usual parametric form by setting a to an arbitrarily small number

close to 0, say 0.01. Again let’s generate a new path using the same setup and the

same independent random variables. One can observe by looking at Table 6.3 that the

term structure conserves its flat shape along the time horizon since the rates are highly

correlated.

Table 6.3. A sample path of LIBOR rates with high correlation.

t 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

L0(t) 0.0500 - - - - - - - -

L1(t) 0.0500 0.0526 0.0543 - - - - - -

L2(t) 0.0500 0.0531 0.0548 0.0546 0.0512 - - - -

L3(t) 0.0500 0.0529 0.0547 0.0544 0.0508 0.0474 0.0487 - -

L4(t) 0.0500 0.0530 0.0548 0.0547 0.0515 0.0481 0.0492 0.0566 0.0617

Now that the forward rates are generated, derivate payoffs and their time zero

values can be calculated. Let’s start with a series of caplets example. Assume that

there are 4 successive caplets with maturities of 0.5, 1, 1.5, 2 years and payment dates
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of 1, 1.5, 2, 2.5 years respectively. Let’s assume that caplets are ATM, i.e., K = 0.05.

Caplet payoffs received at payment dates are found by using Equation 2.17. Finally

we want to find discounted payoffs, and especially we are interested in current time,

i.e. t = 0 values. Using Equation 4.13 we obtain the results given in Table 6.4.

Table 6.4. Numéraire rebased caplet payoffs.

t 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2

L0(t) 0.0500 - - - - - - - -

L1(t) 0.0500 0.0526 0.0543 - - - - - -

L2(t) 0.0500 0.0556 0.0570 0.0522 0.0496 - - - -

L3(t) 0.0500 0.0524 0.0536 0.0496 0.0466 0.0450 0.0428 - -

L4(t) 0.0500 0.0519 0.0528 0.0522 0.0535 0.0522 0.0489 0.0478 0.0513

Payoff - - 0.0021 - 0.0000 - 0.0000 - 0.0007
n−1∏
i=k

(1 + δLi(Tk)) - - 1.1105 - 1.0839 - 1.0516 - 1.0267

P (0, 2) - - 0.8839 - 0.8839 - 0.8839 - 0.8839

V (0) - - 0.0021 - 0.0000 - 0.0000 - 0.0006

As a second example, let’s assume that we have a swaption that starts at t = 0.5

and covers three semi-annual periods, i.e., the payment dates are at t = 1, t = 1.5,

and t = 2. Let’s assume that the strike rates K are identical and equal to 0.05. The

swaption payoff at exercice date and its time zero value can be found using Equations

2.17 and 4.13 respectively. For our example path given in Table 6.1, swap rate, annuity,

and discount terms appearing in the payoff equations are given in Table 6.5.

Up to now we have obtained numéraire rebased caplet and swaption prices for

a single sample path. If N (say 10,000) many number of prices are generated in the

same way, it can be conveniently assumed that every single price is an element of this

sequence of independent random variables, all following the same distribution. Then

the expected value of prices can be approximated by the strong law of large numbers
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Table 6.5. Numéraire rebased swaption payoff.

A(Tα) =
β∑

i=α+1

δPi(Tα) 1.3515

SRα,β(Tα) =
1−Pβ(Tα)
β∑

i=α+1
δPi(Tα)

0.1080

V (Tα) = (SRα,β(Tα)−K)+A(Tα) 0.0918

P (0.5, 2) 0.8540

P (0, 2) 0.8839

V (0) 0.0811

by

E[V (0)] ' V (0)1 + V (0)2 + . . .+ V (0)N

N

A Monte Carlo simulation outcome should contain an error bound for the difference

between the expected and the actual value. The Central Limit Theorem states that

the distribution of the sample mean converges to the normal distribution. Thus for a

sample size of N and confidence level of α we have

1− α = P

Φ−1(
α

2
) ≤ E[V (0)]− V (0)

s
/√

N

≤ Φ−1(
1− α

2
)


where s is the sample standart deviation and and Φ−1(.) is the quantile function of the

standard normal distribution.

6.1.1. Numerical Comparison

In this section we will show the caplet and swaption prices we obtain by the

Monte Carlo implementation for standard Euler discretization of forward rates and for

the arbitrage-free discretization of suitable martingales introduced by Glasserman and

Zhao. We will compare these results with the prices found by the Black’s formulae.
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The volatility input for Black’s caplet formula is easy to get due to the equivalance

between LMM and Blacks caplet prices (see Section 4.1.4). The same is not valid for

Black’s swaption formula since the similar equivalance exists between Black’s swaption

prices and SMM, not LMM. There are several approximation methods to compute

swaption prices analytically within the LIBOR Market Model framework developed by

Brace [24,25], Andersen and Andreasen [18], Rebonato [26], and Hull and White [27].

The common market practice for swaption pricing is to simulate swap rates using

lognormal forward swap model or use directly Black’s formula for swaptions along

with Black swaption volatility, which is equivalent to SMM. The main idea of the

approximation method that we will use in this section, Hull-White’s formula, is to

compute a similar value to Black swaption volatility in terms of LIBOR Market Model

parameters. Once this Black-like volatility is computed, it can directly be used in

Black’s swaption formula. For detailed explaination of this approximation and for

some others see [10].

The example data of 06 June 2011 and its calibration results obtained in Chapter

5 will be used as the base scenario. For caplets, the volatility structure is selected as

the one given by non-parametric calibration to implied caps volatilities where forward

rate volatilities depend on the maturity of the forward rates. Correlation structure is

irrelevant for caplets since their expectations do not involve more than one forward

rate [10]. For swaptions, volatility and correlations structures are calibrated using

non-parametric calibration to implied swaptions volatilities.

Tables 6.6, 6.7, 6.8, and 6.9 show Monte Carlo expectations, upper-lower bounds

of 95% confidence interval for each discretization and measure choice, and Black’s

formula for caplets having maturities 0.5, 1, ..., 9.5 years.
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Table 6.6. Caplet prices with different maturities given by Monte Carlo simulation

using Euler scheme & terminal measure, and Black’s formula.

Maturity MC Price St. Error Lower B. Upper B. Black Price

0.5 1.63E-04 1.88E-06 1.61E-04 1.65E-04 1.62E-04

1 4.11E-04 5.77E-06 4.05E-04 4.17E-04 4.09E-04

1.5 7.58E-04 1.29E-05 7.45E-04 7.71E-04 7.54E-04

2 1.27E-03 2.97E-05 1.24E-03 1.30E-03 1.29E-03

2.5 1.57E-03 3.39E-05 1.53E-03 1.60E-03 1.59E-03

3 2.29E-03 6.16E-05 2.23E-03 2.35E-03 2.30E-03

3.5 1.72E-03 2.59E-05 1.69E-03 1.75E-03 1.72E-03

4 2.10E-03 3.30E-05 2.07E-03 2.14E-03 2.12E-03

4.5 2.41E-03 3.78E-05 2.38E-03 2.45E-03 2.40E-03

5 2.26E-03 3.21E-05 2.23E-03 2.29E-03 2.27E-03

5.5 2.72E-03 4.13E-05 2.68E-03 2.77E-03 2.77E-03

6 2.70E-03 3.89E-05 2.66E-03 2.74E-03 2.68E-03

6.5 3.18E-03 4.81E-05 3.13E-03 3.23E-03 3.12E-03

7 3.00E-03 4.32E-05 2.96E-03 3.05E-03 3.01E-03

7.5 3.33E-03 5.04E-05 3.28E-03 3.38E-03 3.37E-03

8 3.28E-03 4.81E-05 3.23E-03 3.33E-03 3.29E-03

8.5 3.60E-03 5.51E-05 3.54E-03 3.65E-03 3.62E-03

9 3.61E-03 5.38E-05 3.55E-03 3.66E-03 3.57E-03

9.5 3.92E-03 6.04E-05 3.85E-03 3.98E-03 3.87E-03
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Table 6.7. Caplet prices with different maturities given by Monte Carlo simulation

using Euler scheme & spot measure, and Black’s formula.

Maturity MC Price St. Error Lower B. Upper B. Black Price

0.5 1.63E-04 1.87E-06 1.61E-04 1.65E-04 1.62E-04

1 4.09E-04 5.63E-06 4.03E-04 4.14E-04 4.09E-04

1.5 7.55E-04 1.28E-05 7.43E-04 7.68E-04 7.54E-04

2 1.29E-03 2.86E-05 1.26E-03 1.32E-03 1.29E-03

2.5 1.60E-03 3.46E-05 1.56E-03 1.63E-03 1.59E-03

3 2.26E-03 5.14E-05 2.21E-03 2.31E-03 2.30E-03

3.5 1.72E-03 2.55E-05 1.69E-03 1.74E-03 1.72E-03

4 2.10E-03 3.20E-05 2.07E-03 2.14E-03 2.12E-03

4.5 2.40E-03 3.67E-05 2.37E-03 2.44E-03 2.40E-03

5 2.27E-03 3.19E-05 2.23E-03 2.30E-03 2.27E-03

5.5 2.79E-03 4.18E-05 2.74E-03 2.83E-03 2.77E-03

6 2.63E-03 3.68E-05 2.59E-03 2.67E-03 2.68E-03

6.5 3.13E-03 4.63E-05 3.08E-03 3.18E-03 3.12E-03

7 3.00E-03 4.23E-05 2.95E-03 3.04E-03 3.01E-03

7.5 3.37E-03 4.99E-05 3.32E-03 3.42E-03 3.37E-03

8 3.30E-03 4.72E-05 3.26E-03 3.35E-03 3.29E-03

8.5 3.60E-03 5.28E-05 3.55E-03 3.66E-03 3.62E-03

9 3.56E-03 5.13E-05 3.51E-03 3.62E-03 3.57E-03

9.5 3.82E-03 5.62E-05 3.77E-03 3.88E-03 3.87E-03
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Table 6.8. Caplet prices with different maturities given by Monte Carlo simulation

using Glasserman scheme & terminal measure, and Black’s formula.

Maturity MC Price St. Error Lower B. Upper B. Black Price

0.5 1.77E-04 2.10E-06 1.75E-04 1.79E-04 1.62E-04

1 4.42E-04 6.35E-06 4.36E-04 4.49E-04 4.09E-04

1.5 7.93E-04 1.42E-05 7.79E-04 8.07E-04 7.54E-04

2 1.36E-03 3.18E-05 1.33E-03 1.40E-03 1.29E-03

2.5 1.64E-03 3.70E-05 1.60E-03 1.68E-03 1.59E-03

3 2.38E-03 5.97E-05 2.32E-03 2.44E-03 2.30E-03

3.5 1.88E-03 2.97E-05 1.85E-03 1.90E-03 1.72E-03

4 2.32E-03 3.79E-05 2.28E-03 2.35E-03 2.12E-03

4.5 2.57E-03 4.24E-05 2.53E-03 2.62E-03 2.40E-03

5 2.48E-03 3.75E-05 2.44E-03 2.52E-03 2.27E-03

5.5 3.01E-03 4.78E-05 2.97E-03 3.06E-03 2.77E-03

6 2.93E-03 4.45E-05 2.89E-03 2.98E-03 2.68E-03

6.5 3.34E-03 5.28E-05 3.29E-03 3.40E-03 3.12E-03

7 3.24E-03 4.85E-05 3.19E-03 3.29E-03 3.01E-03

7.5 3.61E-03 5.73E-05 3.55E-03 3.67E-03 3.37E-03

8 3.45E-03 5.11E-05 3.40E-03 3.50E-03 3.29E-03

8.5 3.75E-03 5.87E-05 3.69E-03 3.81E-03 3.62E-03

9 3.60E-03 5.33E-05 3.54E-03 3.65E-03 3.57E-03

9.5 3.90E-03 6.02E-05 3.84E-03 3.96E-03 3.87E-03
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Table 6.9. Caplet prices with different maturities given by Monte Carlo simulation

using Glasserman scheme & spot measure, and Black’s formula.

Maturity MC Price St. Error Lower B. Upper B. Black Price

0.5 1.62E-04 1.87E-06 1.60E-04 1.64E-04 1.62E-04

1 4.12E-04 5.70E-06 4.06E-04 4.18E-04 4.09E-04

1.5 7.59E-04 1.31E-05 7.46E-04 7.72E-04 7.54E-04

2 1.25E-03 2.91E-05 1.22E-03 1.28E-03 1.29E-03

2.5 1.58E-03 3.34E-05 1.54E-03 1.61E-03 1.59E-03

3 2.31E-03 5.52E-05 2.26E-03 2.37E-03 2.30E-03

3.5 1.68E-03 2.50E-05 1.66E-03 1.71E-03 1.72E-03

4 2.11E-03 3.22E-05 2.08E-03 2.14E-03 2.12E-03

4.5 2.35E-03 3.61E-05 2.32E-03 2.39E-03 2.40E-03

5 2.20E-03 3.15E-05 2.17E-03 2.24E-03 2.27E-03

5.5 2.71E-03 4.13E-05 2.67E-03 2.75E-03 2.77E-03

6 2.62E-03 3.67E-05 2.59E-03 2.66E-03 2.68E-03

6.5 3.01E-03 4.43E-05 2.96E-03 3.05E-03 3.12E-03

7 2.90E-03 4.04E-05 2.86E-03 2.94E-03 3.01E-03

7.5 3.22E-03 4.62E-05 3.17E-03 3.26E-03 3.37E-03

8 3.07E-03 4.32E-05 3.03E-03 3.12E-03 3.29E-03

8.5 3.39E-03 4.96E-05 3.34E-03 3.44E-03 3.62E-03

9 3.30E-03 4.66E-05 3.25E-03 3.35E-03 3.57E-03

9.5 3.59E-03 5.15E-05 3.54E-03 3.64E-03 3.87E-03
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Tables 6.10, 6.12, 6.14, 6.16 show Monte Carlo expectations and Tables 6.11, 6.13,

6.15, 6.17 show upper-lower bounds of 95% confidence interval for European swaptions

having different maturities (rows) and tenors (columns) for each discretization and

measure choice. Table 6.18 shows the results of Hull - White approximation.
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7. STATIC BOND PORTFOLIO MANAGEMENT

In this chapter, static government bond portfolio selection through optimization is

described using the general approach of Markovitz’s Modern portfolio theory [4]. First

we will define the bond selection problem as a classical mean-variance optimization

problem. Then we will set a new portfolio optimization problem by considering a

modified version of the Markovitz model where the portfolio’s variance is replaced

with the portfolio’s Value-at-Risk (VaR). We will use the two term structure models

that we have reviewed, Vasicek as an example of short rate model, and LIBOR Market

Model as an example of high dimensional market model, to estimate expected future

values of different bonds, their variance-covariance structures and VaR values that are

the main parameters for both of the optimization problems.

7.1. Modern Portfolio Theory

Modern portfolio theory introduced by Markowitz in 1952 is considered as the

first systematical approach for portfolio selection and still used as an essential tool by

practitioners. It is essentially developed for allocation of traded stocks and there are nu-

merous researches in literature about its performance for equity portfolio applications.

Nevertheless there are few examples of its extensions to bond portfolio management.

Complications of this application can be summarized by two arguments [28]. First, the

volatility of interest rates was not a primary concern a few decades ago as they were

relatively stable. But now it would be inadmissible to neglect substantial risks in bond

investments that can be caused by possible changes in interest rates. Although the

problem of low risk diversification stemming from the high correlation between bonds

still exists, it is sensible to rely on the high number of different maturity bonds to ben-

efit from this effect. Second, mean and variance-covariance parameters estimated for

stocks do not change over time or position, hence are stationary. On the other hand,

since bonds have fixed maturities and fixed par values at these maturities, statisti-

cal methods such as simple historical estimation fail to provide necessary parameters.

Hopefully, introduction of term structure models opened the door for researches to
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adapte the modern portfolio theory for bond portfolio selection purposes. These mod-

els bring a solution for the latter problem of parameter estimaton for they can reflect

the time varying moments of bonds and capture their fixed maturity structure. In

1992 Wilhelm [5] introduced a bond portfolio selection model using the dynamic term

structure of Cox/Ingersoll/Ross model [29]. In 1999 Sorensen studied dynamic portfo-

lio strategies of an investor in continuous-time using the one-factor Vasicek model. In

2002, Korn and Kraft [7] studied a pure bond portfolio selection problem where interest

rates follow either the Vasicek or the Cox/Ingersoll/Ross term structure model. Korn

and Koziol [28] applied the Markowitz approach of portfolio selection to government

bond portfolios. Multi-factor Vasicek type term structure models were used to estimate

expected returns, return variances and covariances of different bonds. Puhle derived

the Heath/Jarrow/Morton [30] term structure framework and two special cases Vasicek

and the Hull/White models [9] using the stochastic discount factor pricing methodol-

ogy.

Modern portfolio theory is an investment theory that aims to maximize the ex-

pected return of the portfolio in the future for an allowed maximum risk level, rep-

resented by portfolio variance. Alternatively, the objective can be expressed as mini-

mizing the risk for a desired expected portfolio return. In order to achieve this aim,

MPT assigns appropriate weights for each asset and thus creates the opportunity for a

diversification of the risk [4]. Diversification can reduce portfolio variance even below

the variance level of the least risky asset that it is in the portfolio. The effect of diversi-

fication is enhanced when the assets are negatively correlated, although diversification

even can be achieved for uncorrelated and -to some extent- positively correlated assets.

In MPT, it is assumed that the investor is concerned only about expected future return

and variance of the portfolio. Another assumption is that the portfolio is set at the

beginning of the investment horizon and stays intact along it, hence comes the term

static portfolio optimization.

The standard optimization problem described by MPT can be given in general terms
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as follows:

min var(WT )

s.t.E[WT ] = W̄T
n∑
i=1

wiPi = W0

(7.1)

where W0 is the initial, WT is the terminal and W̄T is the desired terminal wealth of

the portfolio. Pi’s are the initial prices of each asset i (can be any asset, stock, bond

etc...) and the wi’s represent the amount of assets is in the portfolio. An additional

non-negativity constraint can be imposed on wi’s, forbidding the short selling of all or

some of the assets. Modern portfolio theory also lays the groundwork for various port-

folio selection models through the incorporation of additional constraints and modified

objective functions [31]. But in this thesis we will stick to the standart form as it is

adequate for our purposes.

It should be noted that the normality assumption for stock returns in the classical

Markowitz model is not explicitely imposed on the problem given in Equation 7.1 and

we particularly say nothing about the distribution of terminal wealth of the portfolio.

Actually we will see in the forthcoming sections that the term structure models that are

investigated in this thesis would not yield a known probability distribution for future

portfolio wealth.

MPT is defined for a given level of risk fixed by the investor and the solution is

optimal (or so called efficient) with respect to this particular risk level. The optimal

allocations would be different if another risk level is considered, i.e. there will be

other optimum portfolios for different risk levels. Among all the possible portfolio

combinations, the set of all optimal portfolios constitutes the efficient frontier. It is

always beneficial to draw the efficient frontier for it allows investors to understand how

the expected return of a portfolio varies with the amount of risk taken.
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7.2. Extention of MPT: Optimal Mean / Value-at-Risk Portfolio

The classical MPT theory and its application to equity portfolios come with the

assumption that returns are normally distributed, i.e. portfolio return distribution

can be described by means and variances of assets. On the other hand, empirical

results points out that return distributions are actually fat tailed [32]. The probabilities

for extreme losses (or gains) can be underestimated by normality assumption. This

motivated researchers to replace variance by other risk measures that can capture non-

normality of returns. Some of this works can be found in [33–35]. From the beginning

of the 1990’s, the urge to control and regulate financial risks led to the utilization

of value at risk (VaR) as the generally accepted risk measure. Its diffusion gained

speed by the release of JP Morgan’s VaR estimation system called RiskMetrics [36] in

October 1994. In April 1995 Basle Committee on Banking Supervision announced in

the proposal “Supervisory Treatment of Market Risks” that the banks are to use their

value at risk estimations as the basis for calculation of capital adequacy requirements.

Value at risk is nothing but the upper percentile of the loss distribution and it denotes

the worst expected loss over a fix time period within a confidence interval. More

formally, the (1− α)% VaR value of the loss for the the time period [0, T ] is given by:

Pr(V aRα,T ≤ Loss()) = α. (7.2)

Despite its popularity taking root from its ease of representing and interpreting extreme

losses, the value at risk concept does not possess desirable mathematical properties.

First of all, it is not sub-additive for non-uniform distributions, i.e. the VaR of a

portfolio is greater or equal than the sum VaRs of each individual assets in that portfolio

[37]. Second, the mean/VaR optimization problem is nonconvex and can display many

local minima [38]. Furthermore VaR function becomes non-smooth when Monte Carlo

simulation is used for valuation of assets. For examples of researches focusing on

measuring VaR, see [37,39,40] and for optimization problems featuring VaR, see [41–43].

Consider the portfolio with initial and end values W0 and WT respectively. The value



85

at risk of this portfolio is the (1− α) quantile of the loss distribution for period [0, T ]:

Pr (VaRα,T ≤ W0 −WT ) = α, (7.3)

or equivalently

VaRα,T = inf {x | Pr (W0 −WT ≥ x) < α} . (7.4)

The investor’s aim is to construct the potfolio with the minimum VaR at an α treshhold

for a desired final portfolio value. The optimization problem described by MPT can

easily be modified by setting the objective function as the VaR of the portfolio for

the end of the investment horizon. Thus the problem is expressed in general terms as

follows:

min VaRα,T

s.t.E[WT ] = W̄T
n∑
i=1

wiPi = W0

(7.5)

7.3. Bond Portfolio Optimization with MPT Approach

Throughtout this section we follow [8], for more details see sections 4.2.1-3 of [8].

Although theoratically the MPT approach can be applied to all tradable assets, some

adaptations must be done according to asset type, as it is the case for bond portfolios.

First of all, bonds have definite maturities; if the investment horizon is later than some

of the bonds’ maturities, the cash flow arising from these bonds should be reinvested

by some means or other. Puhle’s derivations and results follow the assumption that

they are re-invested on the fix spot rate R(t, T ) from their maturity t until the end

of the investment horizon T . It is a sensible assumption for the static mean variance

framework since this strategy does not require anticipation of decisions after t. But in a

real world application the portfolio manager would wish to rebalance or reconstruct its

portfolio especially when a cash flow occurs. To model this, one should start thinking
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about using a dynamic selection model but we restrict ourselves to cases where the

investment horizon is shorter or equal than the shortest maturing bond, making the

problem static.

We start by considering an equally spaced tenor structure 0 = t0 < t1 < . . . <

tm = T < . . . < tn = τ . Let’s assume that the investment horizon is [0, T ] and one can

invest into zero-coupon bonds having maturities {tm, tm+1, . . . , tn}. The initial wealth

of the portfolio is expressed as:

W0 =
n∑

i=m

wiP (0, ti) (7.6)

where wi denotes the amount of the initial wealth allocated for the ith bond having the

price P (0, ti). At the end of investment horizon the terminal wealth of the portfolio

would be:

WT =
n∑

i=m

wiP (T, ti) (7.7)

According to MPT the investor wants to obtain a certain desired value for the portfolio’s

expected return. Taking the expected value of the above equation gives:

E [WT ] =
n∑

i=m

wiE [P (T, ti)] (7.8)

For the above desired final wealth, the main objective is to minimize the total final

portfolio variance, which is expressed as:

var(WT ) =
n∑

i=m+1

w2
i var (P (T, ti)) +

n∑
i=m+1

n∑
j=m+1
j 6=i

wiwjcov (P (T, ti), P (T, tj)) (7.9)

The portfolio variance equation can also be written in matrix multiplication form:

var(WT ) = wCwT (7.10)
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where C is the covariance matrix having var (P (T, ti)) terms at diagonal and cov(P (T, ti),

P (T, tj)) terms as the non-diagonal entries, and w is the vector of weights. Pay atten-

tion that C is a n − m × n − m matrix and w is a vector of length n − m, whereas

the portfolio may consist of n −m + 1 bonds. This is due to the fact that holding a

bond having maturity date equal to the end of the investment horizon is a risk-free

investment. Equations 7.6, 7.8, and 7.9 provide the necessary input parameters for the

optimization problem described at Equation 7.1.

We will forbid the short selling of bonds in our applications. The reason for this

is the unrealistic portfolio compositions resulting from highly correlated bond prices

when short selling is allowed.

7.4. One-Factor Vasicek Model Application

In this section we will see how classical mean / variance problem and its extension,

mean / VaR problem, can be used for bond portfolio selection when the interest rate

is assumed to follow the one-factor Vasicek Model. We will see how the classical model

inputs, the bonds’ mean and the variance-covariance parameters can be estimated

with closed form formulation and also with simulation. As for the VaR measure, we

will first try to express the portfolio VaR by a closed form approximation using the

Fenton-Wilkinson method. Then we will demonstrate how the VaR can be computed

by simulation.

7.4.1. Mean / Variance Problem

Closed form expressions for the expectation and variance / covariance terms ap-

prearing in Equations 7.8 and 7.9 are easily derived. Recall that under Vasicek Model,

the zero coupon bond price is given by Equation 3.10 where the short rate r(t) is nor-

mally distributed with mean and variance given in Equations 3.8 and 3.9 respectively.

Note that if X is a normally distributed random variable with mean µ and variance
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σ2, then a linear transform aX + b is also normally distributed:

aX + b ∼ N(aµ+ b, a2σ2)

By this transformation, the distribution of the term at the exponent in Equation 3.10

is given by:

A(t, T )−B(t, T )r(t) ∼ N(−B(t, T )Et[r(T )]

+A(t, T ), B(t, T )2vart(r(T )))

(7.11)

Thus zero-coupon bond prices are distributed log-normally with the following param-

eters:

P (t, T ) ∼ lnN(−B(t, T )Et[r(T )] + A(t, T ), B(t, T )2vart(r(T ))) (7.12)

Using mean, variance, and covariance formulae for log-normal distribution gives us the

following eqauations:

E [P (t, T )] = exp
(
A(t, T )−B(t, T )E[r(t)] + 1

2
B(t, T )2var(r(t))

)
(7.13)

var (P (t, T )) = E[P (t, T )]2
(
exp(B(t, T )2var(r(t))− 1

)
(7.14)

cov (P (t, T ), P (τ, T )) = E [P (t, T )]E [P (τ, T )] (exp(B(t, T )B(τ, T )cov(r(t), r(τ))− 1)

(7.15)

The required parameters for the problem can also be obtained by simulation.

Sample short rate paths are generated by the exact simulation formula given in Equa-

tion 3.14 and sample bond prices are calculated for each path with the general bond

price formula of Equation 3.10. The output is a matrix where rows and columns repre-
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sent paths and bond prices respectively. Taking the simple average of all columns gives

the expected values appearing in Equation 7.8. The covariance matrix is also easily

obtained by computing the covariances between the columns.

Now we will show an example of the bond portfolio selection problem for the

Vasicek Model. Let’s assume that an investor wants to construct a portfolio with an

investmant horizon of 5 years. Let’s assume that there are ten zero coupon bonds in

the market with maturities 1 year, 2 years,..., 10 years. As we have mentioned before,

the investor would prefer to include only the bonds having maturities greater or equal

to its planned investment horizon not to be concerned with early cash flows. To get the

efficient frontier, first the minimum variance portfolio is sought without any restriction

imposed on the return. The resulting minimum variance portfolio’s return is then

gradually increased and imposed as the desired return level on the problem that is to

be resolved several times until the maximum return portfolio is reached.

As Vasicek Model parameters, we will use the estimations obtained by historical

calibration in Section 3.3.1. Both closed form formulae and simulation can be used to

get the required inputs for the optimization problem. To test the applicability of both

approaches, let’s compare their results for future bond prices and variance-covariance

matrices. As can be seen from the following tables the results are nearly the same but

obviously the closed form solution is faster obtained.

Table 7.1. Vasicek model parameter calibrated to 06 June 2011.

Parameter Value

Latest Maturity 10 years

Investment Horizon 5 years

r(0) 0.0003

β 0.033668

µ 0.247455

σ 0.013346

λ 0.415157
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Table 7.2. Future bond prices calculated by closed form formulation and simulation.

Closed Form Formulae Simulation Mean Simulation Error Bound

P(5,6) 0.972883 0.972867 5.68E-05

P(5,7) 0.940876 0.940849 1.02E-04

P(5,8) 0.905704 0.905669 1.38E-04

P(5,9) 0.868693 0.868652 1.65E-04

P(5,10) 0.830841 0.830797 1.85E-04

Table 7.3. Covariance matrix obtained by closed form formulation.

P(5,6) P(5,7) P(5,8) P(5,9) P(5,10)

P(5,6) 0.000245 0.000422 0.000545 0.000627 0.000677

P(5,7) 0.000422 0.000726 0.000939 0.00108 0.001167

P(5,8) 0.000545 0.000939 0.001213 0.001396 0.001508

P(5,9) 0.000627 0.00108 0.001396 0.001605 0.001735

P(5,10) 0.000677 0.001167 0.001508 0.001735 0.001875

Table 7.4. Covariance matrix obtained by simulation.

P(5,6) P(5,7) P(5,8) P(5,9) P(5,10)

P(5,6) 0.000246 0.000422 0.000545 0.000627 0.000677

P(5,7) 0.000422 0.000727 0.000939 0.001082 0.001168

P(5,8) 0.000545 0.00094 0.001213 0.001398 0.00151

P(5,9) 0.000627 0.001081 0.001396 0.001607 0.001738

P(5,10) 0.000678 0.001169 0.001508 0.001738 0.001878

Zero coupon bond weights, portfolio returns, and portfolio deviations for some

of the optimum portfolios of our example when short selling is not allowed are given

in Table 7.5. We can see a shift in weights from the risk-free asset P (5, 5) towards

the most risky and most paying bond P (5, 10). We also observe that the optimal
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portfolios includes at most 2 - 4 adjacent zero coupon bonds. The reason for this is

the high correlation between bonds that are non-linear functions of perfectly correlated

spot interest rates defined by the one-factor models [8].

Table 7.5. Zero-coupon bond weights for short-sale constrained portfolios.

w5 w6 w7 w8 w9 w10 E[W] sd(W)

1.000 0.000 0.000 0.000 0.000 0.000 1.126072 0

0.671 0.329 0.000 0.000 0.000 0.000 1.131072 0.00604

0.343 0.657 0.000 0.000 0.000 0.000 1.136072 0.012064

0.014 0.986 0.000 0.000 0.000 0.000 1.141072 0.018091

0.000 0.603 0.397 0.000 0.000 0.000 1.146072 0.024189

0.000 0.187 0.813 0.000 0.000 0.000 1.151072 0.030291

0.000 0.000 0.710 0.290 0.000 0.000 1.156072 0.036425

0.000 0.000 0.183 0.817 0.000 0.000 1.161072 0.042585

0.000 0.000 0.000 0.562 0.438 0.000 1.166072 0.048776

0.000 0.000 0.000 0.000 0.862 0.138 1.171072 0.054989

0.000 0.000 0.000 0.000 0.000 1.000 1.176072 0.061233

7.4.2. Mean / VaR Problem

To setup the mean / VaR problem, again we need the future expected value

of the portofolio and it can be found in the previous subsection. Now, instead of

portfolio variance, we need to find the portfolio VaR for the investment horizon. The

final value of the portfolio is a linear combination of lognormally distributed correlated

random variables, P (T, t)’s, with nonidentical means and standard deviations. Since

there is no known distribution expressing sum statistics of multiple log-normal random

variables, we ought to use approximation methods and Monte Carlo simulation. The

common point of log-normal sum approximations is that they express the sum as log-

normal distribuiton as well. Although it seems best to rely on Monte Carlo simulation,

under certain conditions approximation methods may become attractive due to their
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fast results. One can find several examples of implementations for different lognormal

approximation methods and their performance in the literature. We decided to use the

Fenton-Wilkinson approximation method because it is very straightforward and easy

to implement for our case.

7.4.2.1. Fenton-Wilkinson Approximation. Let’s assume that the sum of N lognor-

mal random variables Xi with means µi, standard deviations σi and correlated with

coefficients rij can be approximated by

N∑
i=1

Xi
∼= exp(Z) (7.16)

where Z is a normal random variable. Fenton-Wilkinson method [44] derives the mean

(µz) and the standard deviation (σz) of Z by matching the first and the second moments

of both sides of Equation 7.16. Hence mean and standard deviation are given by [45]

µz = 2 lnu1 −
1

2
lnu2 (7.17)

σz =
√

lnu2 − 2 lnu1 (7.18)

where

u1 =
N∑
i=1

exp(µi +
σ2
i

2
) (7.19)

u2 =
N∑
i=1

exp(2µi + 2σ2
i ) + 2

N−1∑
i=1

N∑
j=i+1

exp(µi + µj +
1

2
(σ2

i + σ2
j + 2rijσiσj) (7.20)

With the help of this approximation, we can express future values of our bond
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portfolio by a single lognormal distribution and get closed form loss and VaR functions.

WT =
τ∑

i=T+1

Xi =
τ∑

i=T+1

wiP (T, i) (7.21)

where

P (T, i) ∼ lnN(−B(T, i)Et=0[r(T )] + A(T, i), B(T, i)2vart=0(r(T ))) (7.22)

Then mean and standard deviation of Xi for i = 0, . . . , n− 1 are

µi = −B(T, i)Et=0[r(T )] + A(T, i) + ln(wi)

σi = B(T, i)
√

vart=0(r(T ))
(7.23)

The terms 2rijσiσj appearing in Equation 7.20 are calculated through Equations 7.14

and 7.15.

The loss one makes by holding a portfolio is given by

Loss = W0 −WT

= W0 − exp(µWT
+ σWT

z), z ∼ N(0, 1)
(7.24)

VaR is defined as the percentile of the loss distribution over a fixed time period.

Pay attention the loss functions defined at 7.24 is strictly increasing function of z ∼

N(0, 1). For f(z) = Loss(z), f−1 exists such that

Pr(V aRα,T ≤ Loss(z)) = α⇔ Pr(a ≤ z) = α

Pr(a ≤ z) = α⇔ Φ−1(α) = a

V aRα,T = f(a)

= Loss(a)

= Loss(Φ−1(α))

(7.25)
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where Φ−1() is the quantile function of the standard normal distribution.

When we do not make any assumption about the distribution function of the

portfolio value we can use Monte Carlo simulation and use the order statistic to estime

VaR. We simulate T year ahead daily short rates and calculate bond prices P (T, i). Fi-

nally, we compute the losses for each simulated path by
τ∑

i=T+1

wiP (0, i)−
τ∑

i=T+1

wiP (T, i)

and then we compute the VaR as (1− α) percent quantile value of these losses.

7.4.2.2. Comparison of Fenton-Wilkinson and Simulation. In literature, there are sev-

eral works showing how well Fenton-Wilkinson and other approximation methods per-

form in particular frameworks, especially in signal processing and wireless communica-

tion areas. Also summation of lognormal variables for Asian option pricing is commonly

discussed. In this section, we will try to assess Fenton-Wilkinson approximation’s per-

formance in evaluating value-at-risk of a bond portfolio under Vasicek model, with

different initial parameter sets. Let’s consider again the scenario given in Table 7.1.

Asssume that our investment horizon is 5 years and we have a set of available bonds

with maturities 6 ,..., 10 years. Further assume that initial wealth is $1 and the in-

vestment amounts for each bond are equal. In our experiments first we will select a

parameter, change its value gradually while keeping other parameters constant, calcu-

late the corresponding VaR value by using both Fenton-Wilkinson approximation and

simulation. VaR values calculated by simulation will be considered as the true values.

The results are given in Figures 7.1, 7.2, 7.3, and 7.4.

From Figures 7.1 and 7.2 we can deduce that for higher values of the mean

reversion rate and the mean reversion level approximation method results diverge from

the ones of simulation. Figure 7.3 indicate that as the market price of risk increases

the difference between approximation and simulation stays more or less the same.

Figure 7.4 clearly shows that even for small short rate volatility values approximation

method can be misleading, and the difference grows rapidly as volatility increases. Also

approximation overestimates the VaR consistently no matter how the above parameters

are changed. It can be concluded that under certain conditions it may be acceptable
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Figure 7.1. VaR comparison of Fenton-Wilkinson and simulation methods with

varying β, µ=0.033668, λ=0.415157, σ=0.013346.

Figure 7.2. VaR comparison of Fenton-Wilkinson and simulation methods with

varying µ, β=0.247455, λ=0.415157, σ=0.013346.
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Figure 7.3. VaR comparison of Fenton-Wilkinson and simulation methods with

varying λ, β=0.247455, µ=0.033668, σ=0.013346.

Figure 7.4. VaR comparison of Fenton-Wilkinson and simulation methods with

varying σ, β=0.247455, µ=0.033668, λ=0.415157.
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to use Fenton-Wilkinson method instead of simulation, but it will not be advised since

our exact simulation can be done very fast.

Now we revisit the example bond portfolio selection problem discussed in section

7.4.1; portfolio VaR is set as the new objective function. Again we assume that an

investor wants to construct a portfolio with an investmant horizon of 5 years and that

there are ten zero coupon bonds in the market with maturities 1 year, 2 years,..., 10

years from which the investor would prefer to include only the bonds having maturities

greater or equal to its planned investment horizon. To get the efficient frontier, first

the minimum value-at-risk portfolio is sought without any restriction imposed on the

return. The resulting minimum VaR portfolio’s return is then gradually increased and

imposed as the desired return level on the problem that is to be resolved several times

until the maximum return portfolio is reached.

We solve the problem by expressing VaR by using Fenton Wilkinson approxima-

tion and simulation. Zero coupon bond weights, portfolio returns, and portfolio VaR

for some of the optimum portfolios of our example when short selling is not allowed for

both methods are given in Tables 7.6 and 7.7. We observe that for the same expected

return level the VaR values obtained by the two approach can be fairly close to each

other. However, the corresponding distributions of weights may vary considerably.
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Table 7.6. Zero-coupon bond weights (Fenton Wilkinson Approximation).

w5 w6 w7 w8 w9 w10 E[W] VaR

1.00 0.00 0.00 0.00 0.00 0.00 1.126066 -0.11195241

0.74 0.18 0.08 0.00 0.00 0.00 1.131066 -0.10645718

0.48 0.35 0.17 0.00 0.00 0.00 1.136066 -0.10100519

0.21 0.54 0.25 0.00 0.00 0.00 1.141066 -0.09559829

0.00 0.71 0.17 0.13 0.00 0.00 1.146066 -0.09056089

0.00 0.40 0.33 0.27 0.00 0.00 1.151066 -0.08545246

0.00 0.09 0.50 0.41 0.00 0.00 1.156066 -0.08005977

0.00 0.00 0.40 0.32 0.28 0.00 1.161066 -0.07583364

0.00 0.00 0.04 0.47 0.49 0.00 1.166066 -0.07016819

0.00 0.00 0.00 0.21 0.38 0.41 1.171066 -0.06638414

0.00 0.00 0.00 0.00 0.00 1.00 1.176066 -0.05517476

Table 7.7. Zero-coupon bond weights (Monte Carlo simulation).

w5 w6 w7 w8 w9 w10 E[W] VaR

1.00 0.00 0.00 0.00 0.00 0.00 1.126066 -0.11195241

0.67 0.32 0.00 0.00 0.00 0.00 1.131066 -0.10645751

0.35 0.65 0.00 0.00 0.00 0.00 1.136066 -0.10096207

0.02 0.97 0.00 0.00 0.00 0.00 1.141067 -0.09546695

0.00 0.61 0.39 0.00 0.00 0.00 1.146067 -0.08994458

0.00 0.20 0.79 0.01 0.00 0.00 1.151068 -0.08441852

0.00 0.00 0.72 0.28 0.00 0.00 1.156068 -0.07886348

0.00 0.00 0.20 0.80 0.00 0.00 1.161068 -0.07328034

0.00 0.00 0.00 0.58 0.41 0.00 1.166068 -0.06763214

0.00 0.00 0.00 0.00 0.90 0.10 1.171068 -0.06192462

0.00 0.00 0.00 0.00 0.00 1.00 1.176068 -0.0557486
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7.5. LIBOR Market Model Application

In this section we show how the classical mean / variance problem and its ex-

tension, the mean / VaR problem, can be used for bond portfolio selection when the

interest rate term structure is assumed to follow the dynamics of LIBOR Market Model.

We will see how the classical model inputs, bonds’ mean and variance-covariance pa-

rameters, and portfolio value at risk can be estimated with simulation.

From Equation 4.2, at a tenor date Ti the price of a bond with a maturity date

Tn, n > i , is given by

P (Ti, Tn) =
n−1∏
j=i

1

1 + δLj(Ti)
(7.26)

The bond price is a function of forward LIBOR rates, hence their joint distribution

is involved in the calculation. Since at most only one of these rates can be lognormal

(driftless) under a certain numéraire, there is no analytical solution giving future bond

prices or covariance structure. Hence the required parameters will be obtained by

simulation. In order to generate sample forward LIBOR rates paths we will use the

discretizations introduced in Section 4.3. A simulation run returns the generated yield

curves for dates corresponding to each bond maturity. Sample bond prices for each

simulation run can then be calculated using Equation 7.26. A n × M − 1 matrix

is obtained for n repetitions and M maturity dates (note that P (t, T ) = 1 for t = T ,

independent of the short rate). Taking the average of each column will give the expected

values appearing in Equation 7.8. The covariance matrix is also easily obtained by

computing the covariances between the columns.

7.5.1. Mean / Variance Problem

We solve the same example problem described for the mean / variance Vasicek

application in Section 7.4.1. Volatility and correlation structures are calibrated accord-
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ing to non-parametric calibration to implied swaptions volatilities for 06 June 2011

which are summarized in Table 7.8. We will solve the problem for each combination of

discretization scheme and measure choice. Required parameters for the optimization

problem are obtained by Monte Carlo simulation with sample size 105; the resulting ex-

pected future bond prices are given in Table 7.9 and the estimated variance-covariance

structures are given in Tables 7.10, 7.11, 7.12, and 7.13.

Table 7.8. LIBOR market model parameter values for example scenario.

Parameter Value

Latest Maturity 10 years

Investment Horizon 5 years

L(0) Table 5.3

σi(t) Table 5.4

ρi,j Table 5.8

Table 7.9. Expected future bond prices under different schemes and measures.

Euler Scheme Euler Scheme Arbitrage Free Scheme Arbitrage Free Scheme

& & & &

Terminal Measure Spot Measure Terminal Measure Spot Measure

P(5,6) 0.9642585 0.9635366 0.9640845 0.9641448

P(5,7) 0.9237318 0.9223101 0.923584 0.9236792

P(5,8) 0.8860779 0.8841095 0.8857373 0.8862287

P(5,9) 0.8461788 0.8436351 0.8457514 0.846836

P(5,10) 0.8051806 0.802026 0.8047084 0.806422
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Table 7.10. Covariance matrix for Euler scheme & terminal measure.

P(5,6) P(5,7) P(5,8) P(5,9) P(5,10)

P(5,6) 0.000164 0.000198 0.00027 0.000362 0.000458

P(5,7) 0.000198 0.000356 0.000449 0.000585 0.000738

P(5,8) 0.00027 0.000449 0.000622 0.000809 0.000992

P(5,9) 0.000362 0.000585 0.000809 0.00106 0.001307

P(5,10) 0.000458 0.000738 0.000992 0.001307 0.001644

Table 7.11. Covariance matrix for Euler scheme & spot measure.

P(5,6) P(5,7) P(5,8) P(5,9) P(5,10)

P(5,6) 0.000164 0.000198 0.00027 0.000361 0.000454

P(5,7) 0.000198 0.000361 0.000455 0.00059 0.000742

P(5,8) 0.00027 0.000455 0.000629 0.000815 0.000994

P(5,9) 0.000361 0.00059 0.000815 0.001065 0.001307

P(5,10) 0.000454 0.000742 0.000994 0.001307 0.001638

Table 7.12. Covariance matrix for arbitrage-free scheme & terminal measure

P(5,6) P(5,7) P(5,8) P(5,9) P(5,10)

P(5,6) 0.000169 0.000188 0.000255 0.000346 0.000442

P(5,7) 0.000188 0.000335 0.000413 0.000542 0.00069

P(5,8) 0.000255 0.000413 0.000572 0.00075 0.000922

P(5,9) 0.000346 0.000542 0.00075 0.00099 0.001225

P(5,10) 0.000442 0.00069 0.000922 0.001225 0.001549
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Table 7.13. Covariance matrix for arbitrage-free scheme & spot measure.

P(5,6) P(5,7) P(5,8) P(5,9) P(5,10)

P(5,6) 0.000159 0.000201 0.000271 0.000354 0.000443

P(5,7) 0.000201 0.000363 0.000459 0.000587 0.000735

P(5,8) 0.000271 0.000459 0.000628 0.000804 0.000983

P(5,9) 0.000354 0.000587 0.000804 0.001036 0.001273

P(5,10) 0.000443 0.000735 0.000983 0.001273 0.00159

Zero coupon bond weights, portfolio returns, and portfolio deviations for some of

the optimum portfolios of our example when short selling is not allowed are given in

Tables 7.14, 7.15, 7.16, and 7.17. Quite naturally we observe the shift from the riskless

5 year bond to the most risky and high return promising 10 year bond in all cases.

More diversification is not achieved in this case due to the high correlation among the

bonds.
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Table 7.14. Bond weights of efficient mean/variance portfolios for Euler scheme &

terminal measure.

w5 w6 w7 w8 w9 w10 E[W] sd(W)

1.00 0.00 0.00 0.00 0.00 0.00 1.08541 0.00

0.86 0.00 0.00 0.14 0.00 0.00 1.08571 0.00442

0.71 0.00 0.00 0.29 0.00 0.00 1.08601 0.00882

0.57 0.00 0.00 0.43 0.00 0.00 1.08631 0.01322

0.42 0.00 0.00 0.58 0.00 0.00 1.08661 0.01762

0.28 0.00 0.00 0.72 0.00 0.00 1.08691 0.02203

0.14 0.00 0.00 0.86 0.00 0.00 1.08721 0.02643

0.00 0.00 0.00 0.98 0.02 0.00 1.08751 0.03085

0.00 0.00 0.00 0.55 0.45 0.00 1.08781 0.03568

0.00 0.00 0.00 0.11 0.89 0.00 1.08811 0.04056

0.00 0.00 0.00 0.00 0.70 0.30 1.08841 0.04559

0.00 0.00 0.00 0.00 0.00 1.00 1.08871 0.04935

Table 7.15. Bond weights of efficient mean/variance portfolios for Euler scheme &

spot measure.

w5 w6 w7 w8 w9 w10 E[W] sd(W)

1.00 0.00 0.00 0.00 0.00 0.00 1.08541 0.00

0.83 0.01 0.16 0.00 0.00 0.00 1.08571 0.00474

0.74 0.04 0.22 0.00 0.00 0.00 1.08601 0.00834

0.50 0.09 0.41 0.00 0.00 0.00 1.08631 0.01235

0.43 0.00 0.57 0.00 0.00 0.00 1.08661 0.01636

0.29 0.00 0.71 0.00 0.00 0.00 1.08691 0.02038

0.15 0.00 0.85 0.00 0.00 0.00 1.08721 0.02439

0.00 0.00 0.35 0.64 0.00 0.01 1.08751 0.02841

0.00 0.00 0.17 0.63 0.00 0.20 1.08781 0.03242

0.00 0.00 0.00 0.61 0.00 0.39 1.08811 0.03644

0.00 0.00 0.00 0.35 0.00 0.65 1.08841 0.04045

0.00 0.00 0.00 0.00 0.00 1.00 1.08871 0.04446
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Table 7.16. Bond weights of efficient mean/variance portfolios for arbitrage-free

scheme & terminal measure.

w5 w6 w7 w8 w9 w10 E[W] sd(W)

1.00 0.00 0.00 0.00 0.00 0.00 1.08541 0.00

0.87 0.00 0.11 0.02 0.00 0.00 1.08571 0.003

0.74 0.00 0.22 0.04 0.00 0.00 1.08601 0.00597

0.61 0.00 0.33 0.06 0.00 0.00 1.08631 0.00894

0.48 0.00 0.44 0.08 0.00 0.00 1.08661 0.01192

0.22 0.00 0.67 0.11 0.00 0.00 1.08691 0.01788

0.00 0.00 0.72 0.28 0.00 0.00 1.08721 0.02386

0.00 0.00 0.65 0.24 0.00 0.11 1.08751 0.02709

0.00 0.00 0.60 0.17 0.00 0.23 1.08781 0.03036

0.00 0.00 0.50 0.03 0.00 0.47 1.08811 0.03697

0.00 0.00 0.32 0.00 0.00 0.68 1.08841 0.04365

0.00 0.00 0.11 0.00 0.00 0.89 1.08871 0.05039

0.00 0.00 0.00 0.00 0.00 1.00 1.08901 0.05106

Table 7.17. Bond weights of efficient mean/variance portfolios for arbitrage-free

scheme & spot measure

w5 w6 w7 w8 w9 w10 E[W] sd(W)

1.00 0.00 0.00 0.00 0.00 0.00 1.08541 0.00

0.90 0.00 0.00 0.00 0.00 0.10 1.08571 0.00536

0.80 0.00 0.00 0.00 0.00 0.20 1.08601 0.01071

0.70 0.00 0.00 0.00 0.00 0.30 1.08631 0.01606

0.60 0.00 0.00 0.00 0.00 0.40 1.08661 0.02142

0.50 0.00 0.00 0.00 0.00 0.50 1.08691 0.02677

0.40 0.00 0.00 0.00 0.00 0.60 1.08721 0.03212

0.30 0.00 0.00 0.00 0.00 0.70 1.08751 0.03747

0.21 0.00 0.00 0.00 0.00 0.79 1.08781 0.04283

0.11 0.00 0.00 0.00 0.00 0.89 1.08811 0.04818

0.00 0.00 0.00 0.00 0.00 1.00 1.08841 0.05353
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7.5.2. Mean / VaR Problem

We solve the same example problem described for mean / VaR Vasicek applica-

tion in section 7.4.2. Volatility and correlation structures are calibrated according to

non-parametric calibration to implied swaptions volatilities for 06 June 2011 which are

summarized in Table 7.8. We will solve the problem for each combination of discretiza-

tion scheme and measure choice. We will use the same generated paths in section 7.5.1

and hence the expected future bond prices are the same as given in Table 7.9. Losses

for each simulated path are calculated by
τ∑

i=T+1

wiP (0, i)−
τ∑

i=T+1

wiP (T, i) and VaR is

the (1−α) percent quantile value of these losses. Zero coupon bond weights, portfolio

returns, and portfolio VaR for some of the optimum portfolios of our example when

short selling is not allowed are given in Tables 7.18, 7.19, 7.20, and 7.21. Again we

can observe the shift from the riskless 5 year bond to the most risky and high return

promising 10 year bond in all cases. But this time we can observe noticeable portfolio

diversification.
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Table 7.18. Bond weights of efficient mean/VaR portfolios for Euler scheme &

terminal measure.

w5 w6 w7 w8 w9 w10 E[W] VaR

1.00 0.00 0.00 0.00 0.00 0.00 1.085408 -0.07869

0.86 0.00 0.03 0.03 0.02 0.05 1.085708 -0.07092

0.72 0.01 0.07 0.10 0.00 0.10 1.086008 -0.0632

0.62 0.02 0.11 0.00 0.02 0.22 1.086308 -0.05538

0.48 0.01 0.09 0.19 0.02 0.22 1.086608 -0.04764

0.30 0.01 0.17 0.26 0.02 0.24 1.086908 -0.03994

0.16 0.00 0.22 0.32 0.00 0.29 1.087208 -0.03222

0.05 0.00 0.23 0.34 0.03 0.35 1.087508 -0.02451

0.00 0.00 0.15 0.30 0.07 0.47 1.087808 -0.01628

0.00 0.00 0.00 0.00 0.26 0.74 1.088108 -0.00879

0.00 0.00 0.00 0.00 0.00 1.00 1.088408 -0.00102

Table 7.19. Bond weights of efficient mean/VaR portfolios for Euler scheme & spot

measure.

w5 w6 w7 w8 w9 w10 E[W] VaR

1.00 0.00 0.00 0.00 0.00 0.00 1.085408 -0.08033

0.72 0.09 0.00 0.01 0.03 0.14 1.085708 -0.07256

0.62 0.13 0.01 0.00 0.00 0.23 1.086008 -0.06484

0.55 0.11 0.03 0.01 0.03 0.27 1.086308 -0.05702

0.23 0.27 0.02 0.06 0.12 0.30 1.086608 -0.04928

0.47 0.00 0.00 0.00 0.00 0.53 1.086908 -0.04158

0.24 0.10 0.03 0.01 0.08 0.53 1.087208 -0.03386

0.13 0.02 0.08 0.15 0.15 0.47 1.087508 -0.01792

0.20 0.03 0.00 0.01 0.00 0.76 1.087808 -0.01043

0.08 0.03 0.03 0.00 0.14 0.72 1.088108 -0.00265

0.09 0.00 0.00 0.00 0.00 0.91 1.088408 0.005091

0.00 0.00 0.00 0.00 0.00 1.00 1.088708 0.012788
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Table 7.20. Bond weights of efficient mean/VaR portfolios for arbitrage-free scheme

& terminal measure.

w5 w6 w7 w8 w9 w10 E[W] VaR

1.00 0.00 0.00 0.00 0.00 0.00 1.085408 -0.08479

0.78 0.03 0.00 0.02 0.03 0.14 1.085708 -0.08181

0.67 0.00 0.06 0.07 0.00 0.20 1.086008 -0.0683

0.56 0.00 0.08 0.11 0.00 0.25 1.086308 -0.0648

0.52 0.00 0.02 0.15 0.00 0.31 1.086608 -0.05541

0.35 0.00 0.00 0.23 0.00 0.42 1.086908 -0.04222

0.08 0.00 0.00 0.09 0.16 0.67 1.087208 -0.03881

0.00 0.00 0.00 0.04 0.15 0.81 1.087508 -0.02421

0.00 0.00 0.00 0.00 0.09 0.91 1.087808 -0.02008

0.00 0.00 0.00 0.00 0.00 1.00 1.088108 -0.00567

Table 7.21. Bond weights of efficient mean/VaR portfolios for arbitrage-free scheme

& spot measure

w5 w6 w7 w8 w9 w10 E[W] VaR

1.00 0.00 0.00 0.00 0.00 0.00 1.085408 -0.08479

0.78 0.03 0.00 0.02 0.03 0.14 1.085708 -0.08181

0.67 0.00 0.06 0.07 0.00 0.20 1.086008 -0.0683

0.56 0.00 0.08 0.11 0.00 0.25 1.086308 -0.0648

0.52 0.00 0.02 0.15 0.00 0.31 1.086608 -0.05541

0.35 0.00 0.00 0.23 0.00 0.42 1.086908 -0.04222

0.08 0.00 0.00 0.09 0.16 0.67 1.087208 -0.03881

0.00 0.00 0.00 0.04 0.15 0.81 1.087508 -0.02421

0.00 0.00 0.00 0.00 0.09 0.91 1.087808 -0.02008

0.00 0.00 0.00 0.00 0.00 1.00 1.088108 -0.00567
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8. CONCLUSION

In this thesis, we studied Vasicek and LIBOR Market models and their applica-

tions for the static zero-coupon bond portfolio selection problem. We believe that it is

sensible to use term structure models for portfolio considerations since they can price

bonds having different maturities by imposing constraints on their price dynamics.

After introducing the Vasicek model and how bond prices can be obtained by

closed form solution and simulation, we showed how model parameters can be esti-

mated from historical yield curve data using maximum likelihood estimation. As an

equilibrium model, the Vasicek model is inconsistent with the current market term

structure and it cannot be calibrated to the spot yield curve. To overcome this incon-

sistency, we considered a second calibration step where we implicate a constant risk

premium and try to fit the model yield curve to average historical yield curves.

We derived the dynamics of forward LIBOR rates and showed the pricing of caps

according to the Black caplet formula. We explained how forward LIBOR rates can

be simulated under terminal measure or the spot measure using Euler scheme and

arbitrage-free discretization scheme introduced by Glasserman & Zhao. We demon-

strated how to perform Monte Carlo simulation to calculate the expectation of deriva-

tive payoffs that have forward LIBOR rate underlyings. Then we analyzed the calibra-

tion of the LIBOR market model to the markets of caps and swaptions. Although the

LIBOR Market model is very flexible in defining volatility and correlation structures,

its calibration is not that straightforward. There are many completed and ongoing

studies investigating efficient calibration techniques, but the results are often contro-

versial. So we presented some frequently used and mentioned methods in the literature

to be able to make a complete implementation of the model.

We set up the classical mean / variance optimization problem for bond portfolios

and also formulated a new portfolio optimization problem, in which the variance has

been replaced with the value-at-risk. Considering the downside risk which depends on
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portfolio’s loss function enables us to treat return / risk problem in an alternative way.

With the VaR, investor’s risk aversion can be reflected in terms of confidence intervals.

Also, the VaR measure provides a more generalized framework for portfolios having

non-normal or unknown return distributions.

We showed how the necesarry inputs (expected returns, variances and covari-

ances, and the portfolio value-at-risk) needed for the portfolio selection problem can

be calculated for the Vasicek and the LIBOR Market models. To solve the quadratic

mean / variance problems we used the “solve.QP” function included in the “quad-

prog” package of R. The optimisation problem is quickly solved once the parameters

are available. To solve the mean / VaR problem, which has a non-linear and non-

smooth (when simulation is used) objective function, we used the “DEoptim” function

included in the “DEoptim” package of R. The problem can be solved in a short time

when the VaR is expressed in a closed form. We have observed that in the case where

we used a closed form approximation for the VaR of the portfolio in the case of the

Vasicek model. When using simulation the optimisationBut takes a lot more time.

That is not astonishing as at each optimization iteration the losses are calculated for

each sample path and quantile estimate has to be evaluated.

For the Vasicek model application, we observed that the efficient frontier obtained

by solving the mean / VaR problem when simulation is used results in similar weights

as those obtained when solving the mean / variance problem. This is probably due to

a nearly symmetrical portfolio return distribution function for our example. The same

is not valid for the LIBOR Market model application; therefore the efficient portfolios

of the mean / VaR and the mean / variance approaches are not similar.

We have shown in this thesis that the use of interest rate models can be of

importance for the bond portfolio selection problem. In practice, the applicability

depends also on the data availability. For example the LIBOR Market Model cannot

be used to calibrate Turkish market data due to the lack of over-the-counter instruments

for calibration.
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