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Abstract
We study what kind of implications and inferences one can deduce by studying
correlations which are realized in various physical systems. In particular, this thesis
focuses on specific correlations in systems that are considered in quantum gravity
(loop quantum gravity) and cosmology.

In loop quantum gravity, a spin-network basis state, nodes of the graph describe
un-entangled quantum regions of space, quantum polyhedra. We introduce Bell-
network states and study correlations of quantum polyhedra in a dipole, a pentagram
and a generic graph. We find that vector geometries, structures with neighboring
polyhedra having adjacent faces glued back-to-back, arise from Bell-network states.
The results present show clearly the role that entanglement plays in the gluing of
neighboring quantum regions of space.

We introduce a discrete quantum spin system in which canonical effective
methods for background independent theories of quantum gravity can be tested
with promising results. In particular, features of interacting dynamics are analyzed
with an emphasis on homogeneous configurations and the dynamical building-
up and stability of long-range correlations. We conclude that an analysis of the
building-up of long-range correlations in discrete systems requires non-perturbative
solutions of the dynamical equations.

For the early universe cosmology part of the thesis, we present examples of
non-Gaussian statistics that can induce bispectra matching local and non-local
(including equilateral) templates in biased sub-volumes. We find cases where the
biasing from coupling to long wavelength modes affects only the power spectrum,
only the bispectrum or both.
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Chapter 1 |
Perspectives

Correlation is an overarching notion in statistics. Correlations play a prominent
role in the study of the classical and the quantum behavior of various different
systems, from condensed matter physics to cosmology. Heuristically, if one considers
a system consisting of two or more parts, correlations allow us to quantify how
much one can predict about a subsystem, given our knowledge of the surrounding
system.

In classical mechanics, there are statistical systems such as many clusters in
the universe or a collection of particles in a box where one can investigate about
the features of that system (temperature of the box or number of particles in one
half of the system after the measurement). If one divides the system after into
subparts, then the knowledge of the part of the system which can provide certain
inferences about the other part of the system will depend on how these subparts
are correlated.

In contrast to classical mechanics, all quantum mechanical systems are “statisti-
cal” systems and we can ask equivalent sets of questions for the quantum system as
for the classical one. But, there are degrees of correlations in quantum mechanics
which cannot appear if one models the system with classical mechanics. Here,
quantum correlations scope all possible classifications of correlations in quantum
states of compound systems (not only quantum entanglement).

In many interesting physical phenomena at either quantum or classical level,
observing correlations for various complex systems is intensely connected to the
amount of information that is shared between subparts of the relevant physical
system. Thus, providing an information-theoretic framework of physical systems can
help to understand correlations between physical observables. Moreover, according
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to a phenomenological point of view, studying particular correlations such as thermal
fluctuations on cosmic microwave background radiation are one of the possible
paths to explore fundamental principles of inflationary mechanisms. Furthermore,
one can find the importance of the role by correlations in other areas such as
many-body physics and information technology.

This work aimed to study special sets of correlations in physical systems at
both quantum and classical level and to investigate how correlations are linked to
fundamental concepts of the theory that is considered. In particular, the contents
which are presented in this thesis, consist of contributions to quantum gravity
and cosmology communities. Along my research line, I benefited from fruitful
collaborations with scholars and colleagues in my institute.

The thesis is organized in chapters and their subparts. Each chapter has its
own introductory part specifying the relevant information about the field of study.
The content of each chapter is the following:

• Chapter 2 introduces correlations in simple quantum systems. In the first
place, there is a review on the postulates and tools of quantum mechanics.
In the second place, I present an understanding of quantum entanglement
in quantum subsystems including the formulation of quantum mechanical
correlation function, quantum mutual information. Then, I consider several
simple quantum systems where correlations are shown explicitly between
relevant observable of the system.

• Chapter 3 is about how quantum entanglement can be seen as a guiding
tool to understand the structure of the quantum spacetime. In particular, we
develop a class of highly entangled states of the quantum geometry on a fixed
graph in loop quantum gravity describes a superposition of discrete spaces
that optimally approximates vector and Regge geometries.

• Chapter 4 presents a discrete quantum spin system in which canonical
quantum gravity methods are tested with promising results. In particular, we
analyze certain properties of interacting dynamics on homogeneous configura-
tions, the dynamical building-up and stability of long-range correlations. It is
concluded that an analysis of the building-up of long-range correlations in dis-
crete systems requires non-perturbative solutions of the dynamical equations.
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• Chapter 5 discusses examples of non-Gaussian statistics that can induce
bispectra matching local and non-local templates in biased sub-volumes. Our
results suggest that ruling out multi-field scenarios is quite difficult: some
measurements of the scalar correlations, including the shape of the bispectrum,
can be consistent with single-clock predictions even when cosmic variance
from super-horizon modes is at work. Moreover, we develop a mathematical
construction of non-Gaussian fields whose bispectra satisfy the single-clock
inflation consistency relation. Our findings add support for the idea that both
theory and data driven considerations will be best served if next generation
non-Gaussianity constraints are made in a basis that uses the degree of
coupling between long and short wavelength modes as an organizing principle.

• Finally, in Chapter 6, I summarize all the contributions of the thesis and
provide possible outlook and future lines in quantum gravity and cosmology.

The most of the materials presented here has been reported in the following papers:

1. B. Baytas, E. Bianchi and N. Yokomizo: Gluing polyhedra with entan-
glement in loop quantum gravity, arXiv:1805.05856 [gr-qc], submitted to Phys.
Rev. D [6]

2. B. Baytas and M. Bojowald: Minisuperspace models of discrete systems,
Phys. Rev. D 95, 086007, (2017) [5].

3. B. Baytas, A. Kesavan, E. Nelson, S. Park and S. Shandera: Non-
local bispectra from super cosmic variance, Phys. Rev. D 91, 083518, (2015) [3].

4. B. Baytas and S. Shandera: Space of non-Gaussian fields with single-clock
bispectra, Phys. Rev. D 94, 043510, (2016) [4].
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Chapter 2 |
Fundamentals of correlations in
quantum systems

2.1 Introduction
The analysis of natural and spontaneous fluctuations in nature is performed by
the theory of statistical physics. The presence of these fluctuations is mainly
based on the level of the complexity of the physical system on which we perform
measurements [7]. Statistical systems are complex systems where we can completely
know their macroscopic structures that are needed to characterize such systems.
However, not knowing all the information needed to characterize the system does
not prevent us to develop a theory of the system. We try to understand the
properties of complex systems without knowing all the information of the system.

The basic characteristics of classical statistics are derived from the following
assumptions: distinguishability of fundamental and composite particles and no
restrictions on placing more than one particle in any given state accessible to the
system. As a consequence of these assumptions, it is possible to track any particle in
the system and find its position, energy and history of interaction. If one exchanges
positions of two classical particles, one counts it as a different state. A possible
complete description of a classical system is given by the points in the phase space
(q, p) and the Hamiltonian equations of motion dq/dt = ∂H/∂p, dp/dt = −∂H/∂q.
The solution to the equations of motion defines a trajectory in the phase space
where we apply statistical methods in order to describe the macroscopic state of
the microscopic information.

4



In contrast to classical statistics, quantum particles are treated fundamentally
indistinguishable in quantum statistics. Therefore, one cannot label particles and
distinguish them by following their trajectory so that the concept of a phase
trajectory becomes meaningless in a quantum mechanical system. Even though the
state of the system may be completely known in the same special cases, the result
of a measurement can be predicted probabilistically since any measurement distorts
the system. This lack of knowledge manifests itself in the statistical interpretation
of a wave function ψ and in the uncertainty relations between q and p, which cannot
be sharply measured at the same time.

Quantum particles are divided into two classes on the basis of the symmetry of
the system. The spin-statistics theorem, was first formulated in 1939 by Markus
Fierz [8] and rederived in a systematic way by Wolfgang Pauli in 1940 [9], explains
two kinds of combinatorial symmetry with two kinds of spin symmetry. Technically,
the theorem states that the wave function of a system of identical integer (half-
integer) spin particles has the same (opposite signed) value when the positions of
any two particles are interchanged. These particles with wave functions symmetric
(antisymmetric) under exchange are called bosons (fermions).

The concepts and methods used in statistical physics overlap with their appli-
cations in many other fields of science, engineering and mathematics: ensembles,
entropy, Monte Carlo, correlations. In particular, we intend to think of statistical
physics only describing the average behavior of an ensemble of systems. But, we
can also describe the entire distribution of behaviors, the fluctuations and the
evolution in space-time of the system using correlation functions [10]. Based on
this canonical framework of statistical physics at both quantum and classical level,
our primary focus will be a set of various realizations of correlations in different
systems and models, in particular quantum gravitational and cosmological settings.
As quantum mechanics allows for the full range of correlations between events, we
start first introducing the building blocks of quantum mechanics.

2.2 Building blocks of quantum mechanics
Quantum mechanics is a mathematical setup of axioms and principles for developing
possible descriptions of physical world and building fundamental cornerstones of
the spectrum of physical theories. By itself, quantum mechanics is not a theory
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consisting of particular laws and models which describe the relevant physical systems
in nature. Instead, it exits as a conceptual framework for the development of these
relevant physical theories. So far, there are various theories1 based on quantum
theoretical postulates, which are the most successful and accurate descriptions of
the physical world that we are observing.

Historically, the birth of quantum mechanics can be traced back to the discoveries
and explorations of failures of classical physics in the contexts of heat capacities of
molecular gas and solid, and the ultraviolet catastrophe in black-body radiation [11].
But, mathematically rigorous foundations of quantum mechanics were essentially
developed by Paul Dirac [12], David Hilbert [13], John Von Neumann [14] and
various other brilliant collaborators [15–18] in the time period of 1920-30s.

Based on the mathematical apparatus of the linear algebra, we can move forward
to how quantum mechanics formulates the physical world as a collection of systems
which are interacting with each other. Physical systems belong to our observable
universe and interact with other portions of a larger system referring as environment.
They are characterized by physical variables and interactions where the possible
sets of interactions depend on the value taken by their variables. Based on how
much we know about the values taken by the variables and their interactions, we
can perform predictions about the system. Classically, physical systems consist of a
collection of possible states known as phase space and transformation rules among
the states known as time evolution. Similarly, quantum mechanics is playing the
role of describing physical system in terms of its complete information (variables
and interactions). The postulates [19] are precisely addressing to the fundamental
ingredients for the possible description of a physical system: state 2.2.1 (with
a prescription of its dynamics) and observable 2.2.2 (with a prescription of a
measurement).

2.2.1 States and Dynamics

The mathematical background of quantum mechanics lies on the tools from the
linear algebra as linear operations on vectors spaces. As a brief introduction, a
vector space is an algebra with operations of additions of vectors to other vectors
and ordinary multiplications over scalar complex numbers on vectors. The mostly

1In principle, one can also include theories based on the principles of classical physics which
can be derived from quantum mechanics as an approximation valid at macroscopic scale.
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interested vector space in quantum mechanics is Cn which is the space of all n-
tuples of complex numbers. The standard quantum mechanical (Dirac) notation is
adapted to the fundamental concepts of vector spaces such as the quantum vector
and its dual: ket vector |ψ〉 ∈ V , where ψ is a label for the vector, and bra vector
〈ψ| ∈ V ∗ is dual to the vector |ψ〉. The dual space V ∗ consists of continuous linear
functionals from V to C such that 〈ψ| : V → C. There exists an isomorphism
between a vector space and its dual which is called as Hermitian conjugate:

† : |ψ〉 → |ψ〉† = |ψ〉∗t = 〈ψ| . (2.1)

In this respect, we can represent |ψ〉 as a column vector
ψ1
...

ψdV

 (2.2)

and 〈ψ| as a row vector
(
ψ∗1, · · · , ψ∗dV

)
, where dV is the dimension of the vector

space V .
The first postulate of quantum mechanics is about defining the configuration

space in which different possible ways of a physical system can be realized: state
space. The states associated to any isolated system are living in a complex vector
space known as Hilbert space H equipped with a inner product [19]. The inner
product 〈 , 〉 maps an ordered pair of vectors (φ, ψ) to C:

〈φ|ψ〉 = ψ1φ
∗
1 + · · ·+ ψdHφ

∗
dH

(2.3)

which satisfy the following properties:

i. Linearity: 〈φ|
(
a|ψ1〉+ b|ψ2〉

)
= a〈φ|ψ1〉+ b〈φ|ψ2〉.

ii. Positivity: 〈ψ|ψ〉 ≥ 0 with equality if and only if |ψ〉 = 0.

iii. Skew-Symmetry: 〈φ|ψ〉 = 〈ψ|φ〉∗,

and it is complete in the norm ||ψ|| = 〈ψ|ψ〉1/2.
There is also an important inequality called Cauchy-Schwarz which reveals

geometric features of Hilbert spaces. It states that for any two vectors |v〉 and |w〉,
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we have the following relation

|〈v|w〉|2 ≤ 〈v|v〉〈w|w〉 , (2.4)

where the equality appears if and only if the two vectors |v〉 and |w〉 are linearly
related by some complex scalar.

The postulate about the time evolution of a quantum system2 is characterized
by a special class of linear operations: unitary transformation. The state |ψ(t)〉 of
a quantum system is related to another state |ψ′〉 by a unitary operator U(t1, t2)
(U † = U−1) within a finite time interval (t1, t2):

|ψ′〉 ≡ |ψ(t2)〉 = U(t1, t2)|ψ(t1)〉 . (2.5)

There is an equivalent statement of this formulation which can be described by
Schrödinger equation [20] for a quantum system in continuous time t:

i~
d|ψ〉
dt

= H|ψ〉 , (2.6)

where ~ is the Planck constant and H is the Hamiltonian of the quantum system.
Hermitian operators have spectral decomposition in a Hilbert space H such that
their eigenstates form a complete orthonormal basis in H. As the Hamiltonian
operator H is a Hermitian operator, it can be expressed as

H =
∑
ε

ε|ε〉〈ε| (2.7)

in terms of orthonormal basis |ε〉 with its corresponding eigenvalue ε. Conventionally,
the states |ε〉 are called as energy states and ε is the energy of that state |ε〉. The
lowest energy is called as ground state energy for the system with its corresponding
ground state.

2The postulate for the time evolution is valid if the quantum system is closed. In a realistic
case, all systems are interacting with each other such that they cannot be seen as closed systems.
But, in principle every open system can be described as part of a larger closed system which is
undergoing unitary evolution.
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2.2.2 Observables and Measurement

Observables reflect the properties of a physical system such that they can be
measured and provide the physical variables which take their values in nature. In
quantum mechanics, an observable occurs as a Hermitian operator on the state
space of the system being observed.

An observable O has a spectral decomposition as

O =
∑
m

mPm , (2.8)

where Pm is the orthogonal projector, called as projective or von Neumann mea-
surement operator, onto the space of eigenvectors O with eigenvalue m which is
the numerical outcome of the measurement. The orthogonal projectors satisfy
PmPn = δm,nPn and P †m = Pm.

The expectation value of an ensemble of identical systems are computed as one
the favored statistical key properties of complex systems. It is rigorously defined as
a result of measuring an observable O on large ensemble prepared in the state ψ.
For the projective measurements, the expectation value is defined by

〈O〉 :=
∑
m

m 〈ψ|Pm|ψ〉 = 〈ψ|
(∑

m

mPm
)
|ψ〉 = 〈ψ|O|ψ〉 . (2.9)

If we pick an orthonormal basis |m〉 of H, the expectation value can be expressed
in terms of the trace of OPψ:

〈ψ|O|ψ〉 =
∑
m

〈m|O|ψ〉〈ψ||m〉 = Tr[O|ψ〉〈ψ|] = Tr[OPψ] . (2.10)

The other key ingredient in statistics is to have a formula for the variance (fluctua-
tions) of the consecutive measurements of the observable O:

∆(O)2 ≡ 〈
(
O − 〈O〉

)2〉 = 〈O2〉 − 〈O〉2 . (2.11)

According to classical physics, the variables describing a physical system always
determine a precise point in the phase space. Practically, any physical system lies
in a finite region of phase space which can be made arbitrary small. On the other
hand, quantum theory states that the allowed values of the physical variables cannot
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be made smaller than 2π~ per each degree of freedom of the system. This fact
does restrict the possible configurations in which the observables can be realized.
Heisenberg uncertainty principle [21] formulates this underlying fact of quantum
mechanics.

For two observables O1 and O2, the Heisenberg uncertainty principle states that

∆(O1)2∆(O2)2 ≥ |〈[O1,O2]〉|2
4 . (2.12)

This relation can be interpreted in a setting of measuring O1 on some set of
identically prepared system at state-level and O2 on other set of systems in the
ensemble. As an example, the canonically conjugate operators [q̂, p̂] = i~ have the
following relation in terms of their fluctuations:

∆(q̂)∆(p̂) ≥ ~
2 . (2.13)

2.2.3 Qubit and spin-1
2

The simplest quantum mechanical system is the unit of quantum information known
as qubit. It has a non-trivial two dimensional Hilbert space. We usually denote a
set of orthonormal basis for a two dimensional vector space as {|0〉, |1〉}. Then, an
arbitrary normalized state |ψ〉 can be expressed as

|ψ(a, b)〉 = a|0〉+ b|1〉 , (2.14)

where a and b are complex scalars and |a|2 + |b|2 = 1 from the normalization
condition for the state vectors. There are two measurement operators on a single
qubit (2.14) with two outcomes {0, 1}: P0 = |0〉〈0| and P1 = |1〉〈1| which are both
Hermitian and satisfy completeness relation. The probabilities of measuring the
two outcomes for 0 and 1 are |a|2 and |b|2 respectively.

The state |ψ〉 can be naturally used to describe the state of an quantum object
with spin-1

2 . We can assign the orthonormal basis vectors |0〉 and |1〉 to spin
up |+〉 and spin down |−〉 respectively along the z-axis in the three dimensional
Euclidean space R3. Due to the overall phase-independence and the normalization
condition, only two real numbers of a and b characterize the qubit as a description
of the orientation of the spin (polar angle θ and azimuthal angle φ) in R3. The
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transition between states of a qubit system is performed by an arbitrary unitary
transformation which acts as a rotation of the spin along z-axis to an arbitrary
direction n:

U(n, θ) = exp
(
− i

2θ(n · σ)
)

= 1 cos θ2 − i(n · σ) sin θ2 , (2.15)

which is the general 2 × 2 unitary matrix with unit determinant. The spatial
components of σ

σx =
(

0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)
(2.16)

are called Pauli matrices. They satisfy the following commutation relations:

[σi, σj] = 2iεijkσk , (2.17)

where the repeated index k is summed over the spatial components k = {x, y, z}.
The state pointing the direction n = (sin θ cosφ, sin θ sinφ, cos θ) can be obtained
by applying a rotation θ about the axis (− sinφ, cosφ, 0) to the state |+〉, which is
an eigenstate of σz. As a conclusion, we obtain a state that can be interpreted as a
spin pointing in the (θ, φ) direction by assigning a ≡ e−iφ/2 cos θ

2 and b ≡ eiφ/2 sin θ
2 .

2.3 Quantum bipartite systems and quantum correla-
tions
Actual measurements and observables are mostly associated to subsystems which
are parts of a composite system. This fact motivates us to describe state space of
composite systems. The space of states in a composite system is the tensor product
of the the state space of the composite system: |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉 where ith
subsystem is prepared to a state |ψi〉.

For composite systems, one usually prefers to use the language of density
operator instead of state vectors. It serves as a convenient tool for describing the
quantum systems when states are not completely known, and the subsystems of a
composite system. All the postulates of quantum mechanics can be consistently
reformulated in terms of the density operator language. Suppose a quantum system
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is in one of a number of states |ψi〉 with probability pi.
The density operator for the system is defined by

ρ ≡
∑
i

pi|ψi〉〈ψi| . (2.18)

An operator ρ is the density operator associated to some ensemble {pi, |ψi〉} if
and only if ρ satisfies: Trρ = 1 and ρ ≥ 0. A quantum system, whose state |ψ〉
is known exactly, is said to be in a pure state where density operator is simply
ρ = |ψ〉〈ψ|, otherwise ρ is in a mixed state. In particular, for Trρ2 = 1 we have
pure states and Trρ2 < 1 we have mixed states.

2.3.1 Quantum entanglement

There is a prominent selection for classifying states of composite systems, related to a
fundamental quantum phenomenon observed in nature. The quantum phenomenon,
known as entanglement, was first recognized through a “counterintuitive” feature
of quantum mechanics by Einstein, Podolsky, Rosen and Schrödinger [?, 22]. This
feature simply demonstrates that there is a finite set of states of a composite system
which cannot be expressed as a product of the states of subsystems. Interestingly,
Einstein, Podolsky and Rosen used quantum entanglement to show that quantum
mechanics can be a “complete” theory by assigning values to the physical quantities
prior to measurement with effects of not exceeding some universal limit (local
realism). But, in fact Bell showed, combined with experimental testing, that
quantum mechanics cannot satisfy both the principle of locality and counterfactual
definiteness [23].

A state ρAB on HA ⊗HB is called separable/non-entangled if and only if there
exist density operators ρ(j)

A , ρ
(j)
B and 0 ≤ pj ≤ 1 with

∑
j pj = 1 such that

ρAB =
∑
j

pjρ
(j)
A ⊗ ρ

(j)
B . (2.19)

Quantum entanglement is not necessarily connected to the space of “correlated”
states in general since the general definition of quantum entanglement exists as a
counterpart of the separability of states. The space of separable states consists the
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hierarchy of correlated bipartite states except the space of entangled states3.
Entanglement is a genuine quantum aspect of a state, i.e. correlations between

parts of composite systems which cannot be described within a classical picture
and cannot be provided locally. It reveals non-local quantum “spookiness” in
quantum mechanics. After the promising contributions of John Bell, the existence
of entangled states can be tested experimentally [25]. Until present, all performed
experiments verify the principles of quantum mechanics thus providing the physical
being of quantum entanglement [26]. In general, it is used for a synonym of
quantum correlations [23] but we should remark that this statement is valid only
for pure states. Entanglement is not sufficient to violate Bell inequalities for mixed
states where there is a class of quantum correlations which is more general than
entanglement [27–29]. An entangled state describes a composite system where
subsystems are not in definite states.

As we formulate the general definition of entanglement, we can provide how
the quantification of entanglement can be established. This can be done by the
von Neumann (entanglement) entropy [14]. Let ρ be an arbitrary density operator,
then the von Neumann entropy is defined as

S(ρ) = −Trρ log ρ (2.20)

which satisfy the following properties: 0 ≤ S(ρ) ≤ log dH for pure states ρ such that
S(ρ) = log dH is maximal if and only if ρ = 1/dH. In a bipartite system HA ⊗HB

if ρA, ρB are density operators on HA,HB, dHA
≤ dHB

then the entanglement
entropy on the bipartite system is S(ρA ⊗ ρB) = S(ρA) + S(ρB). For a pure state
ρAB = |ψAB〉〈ψAB|, the entanglement entropy on subsystem A can be listed as a
consequence of the general features of S(ρ):

1. S(ρA) = 0⇐⇒ |ψAB〉 is separable and S(ρA) > 0⇐⇒ |ψAB〉 is entangled.

2. S(ρA) = log(dimHA)⇐⇒ |ψAB〉 is maximally entangled.
3There is a distinct set of states in the space of separable states called as “uncorrelated” in the

form of ρA ⊗ ρB since the expectation value of joint measurements on both A and B factorizes:
〈A⊗B〉 = TrρA⊗B =

(
TrρAA

)(
TrρBB

)
[24]. In this case, the measurements performed by the

subsystems and their evolution can be treated independently.
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2.3.2 Quantum mutual information and correlations

The development of quantum information science designates the interests to quan-
tum entanglement viewed as a resource in quantum processing. The role of entan-
glement in quantum information encourages to conduct research on its qualitative
and quantitative aspects [19].

In classical (Shannon) information theory [30] information is associated to ran-
domness shared by two physical ensembles. The quantitative picture of information
is provided by a probability framework which describes the information that we have
on some set of events. For a random variable X taking values {xi} with probability
{pi}, the associated Shannon entropy H(X) is defined as the classical analogue
of the von Neumann entropy (2.20) where the density operators are replaced by
probability distributions. It is a measure of uncertainty on a variable along the
stochastic event and it also quantifies the information of the variable X [31]. The
statistical correlations between two random variables X and Y represent the infor-
mation shared by these two variables and are measured by the mutual information
I defined as

I(X|Y ) := H(X) +H(Y )−H(X, Y ) , (2.21)

where H(X, Y ) is the joint entropy of X and Y . For independent observables and
variables, the mutual information vanishes identically, I(X|Y ) = 0.

In quantum scenario the information is stored in the quantum states of a physical
system. Qubits as the fundamental unit of quantum information theory can exist
in quantum superpositions which are completely unknown to classical theory. They
can be physically implemented by a spin-1/2 object as in (2.14). The random
variables in classical information theory are replaced by the observables and their
possible values by the eigenvalues of the observables in the quantum information
theory.

The standard definition of quantum mutual information for a information-
theoretic description of a bipartite quantum system AB is the quantum version of
(2.21):

I(A|B) = S(ρA) + S(ρB)− S(ρAB) . (2.22)

The quantum mutual information, which can be applied to pure as well as mixed
states, quantifies the amount of total (classical and quantum) correlations between
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two subsystems. In particular, it is maximized for a maximally entangled pure
state: I(A|B) = 2 log 2, where S(ρA) = S(ρB) = log 2 and S(ρAB) = 0.

It is stated multiple times in this work that quantum systems are characterized
by the observable correlations they exhibit. A known example is that the correlation
function between two spins in a typical spin chain may decay exponentially as a
function of the distance separating them and results in a phase transition of the
system [32]. A connected equal-time correlation C(OA,OB) between two observables
OA and OB in subsystems (or regions) A and B is defined by

C(OA,OB) := 〈ψ|OA ⊗OB|ψ〉 − 〈ψ|OA|ψ〉〈ψ|OB|ψ〉 . (2.23)

This definition of the connected correlation vanishes for any product state ⊗i|ψi〉
which directly implies that the non-zero correlations can only realized from entan-
glement in the pure state |ψ〉 6= ⊗i|ψi〉. Therefore, the relevant features of quantum
entanglement can be made transparent by studying correlations functions for a
product of an arbitrary number of observables on a given state.

The two concepts, connected correlations (2.23) and quantum mutual information
(2.22), can be related by considering the mutual information as a relative entropy
and by using the norm bound on S(ρA|ρB) [33]:

I(A|B) ≥ C(OA,OB)2

2||OA||2||OB||2
, (2.24)

where ||O|| is the operator norm: ||O|ψ〉|| ≤ c |||ψ〉|| with a real number c for all
states |ψ〉. The lower bound on the quantum mutual information simply implies
that while connected correlation functions may be all arbitrary small, the state
itself can be still highly correlated [34].

2.3.3 Two-qubit system and entanglement

Consider a quantum bipartite system A⊗B where A and B are the subsystems.
An arbitrary normalized pure state of the Hilbert space HA⊗HB can be expanded
as

ρ = |ψAB〉〈ψAB| , (2.25)
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where ψAB =
∑
i,j

aij|i〉A ⊗ |j〉B written in terms of the orthonormal basis |i〉A and

|j〉B for HA and HB respectively.
An observable acting only on subsystem A can be expressed as OA⊗ 1B, where

OA is a Hermitian operator on A and 1B is the identity operator on B. The
expectation value of OA ⊗ 1B in the state ρAB is

〈OA〉 = Tr
(
OAρA

)
(2.26)

by using (2.10). ρA is called reduced density operator for the subsystem A, ρA =
TrB

(
|ψAB〉〈ψAB|

)
which is obtained by tracing ρAB over the subsystem B.

In particular, the Hilbert space C2 ⊗ C2 consisting of two qubits is spanned by
the four orthonormal maximally entangled pure state known as Bell states:

|ψ±〉 = 1√
2
(
|0〉|1〉 ± |1〉|0〉

)
(2.27)

|φ±〉 = 1√
2
(
|0〉|0〉 ± |1〉|1〉

)
(2.28)

In particular, the state |ψ−〉 is called EPR state, or singlet state. Bell states
have interesting features that if one measures only the observables in one of the
subsystems then the probability of its outcome is equal in both state |0〉 or |1〉 and
the outcomes of the measurements for both subsystems are perfectly correlated.
Another feature is these four Bell states are unitarily equivalent such that a unitary
operation on a subsystem can transform one of the Bell states to the other ones.
Bell states are in fact a special case of bipartite maximally entangled states on
Cd ⊗ Cd given by [29]

|Φ+
d 〉 = 1√

d

d∑
i=1

|i〉|i〉 , (2.29)

which is also equivalent to a singlet state up to local unitary transformations. The
explicit form of the density operator for EPR state is

ρ12 = 1
2
(
|0〉|0〉〈0|〈0|+ |1〉|1〉〈0|〈0|+ |0〉|0〉〈1|〈1|+ |1〉|1〉〈1|〈1|

)
. (2.30)

Tracing out the second qubit, we obtain the reduced density operator of the first
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qubit:
ρ1 := Tr ρ12 = 1

2
(
|0〉|0〉+ |1〉〈1| = 1

2 , (2.31)

which is mixed state, since Tr ρ1 < 1. This result implies that the state of the
two-qubit system is known exactly, but the first qubit is in a mixed state that
is we do not have maximal knowledge in that state. Now we can move forward
to a set canonical quantum systems in which all these fundamentals of quantum
correlations and more will be studied.

2.4 Quantum spin chains
There are fundamental models in theoretical physics such as quantum harmonic
oscillators or Heisenberg quantum spin chains which are used to approximate
real systems. The Heisenberg quantum spin chain [35] is simply formulated and
describes systems which are experimentally accessible [36]. In particular, one-
dimensional spin-1/2 Heisenberg model with coupling between nearest-neighbor
sites has an exact analytical solution [37]. This modeling is extended to the studies
of integrable quantum many-body systems [38]. There are various field of studies
where Heisenberg models play the central role [35, 39–42]. Specifically, they are
used for quantum computers in quantum information and each spin-1/2 represents
a qubit in the analysis of quantum entanglement [19,43].

2.4.1 Heisenberg (XXX) spin chain

Heisenberg quantum spin chain simply consists of N sites connected by N-1 links
where each site i is associated to a spin-1/2 particle si (see Fig.2.1). For N spin-1/2
particles, the Hilbert space of the whole chain is Hchain =

⊗
N
C2. At each site

i, a basis for the observables consists of identity matrix 1i and spin operators
Si ≡ (~/2)σi (2.16).

Spin operators Si acting on each site i satisfy following commutation relations
as in (2.17):

[Sai , Sbj ] = i~ δij εabc Sci , (2.32)

where a, b = {x, y, z}. The quantum state of each spin-1/2 particle can be repre-
sented by the qubit state given in (2.14) of which the basis vectors correspond to
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s1 s2 s3 sN−2 sN−1 sN

Figure 2.1. Graphical representation of a one dimensional isotropic Heisenberg (XXX)
chain of spin-1/2 particles si with N sites connected by N-1 links.

the eigenstates of Szi with eigenvalues +~/2 for spin up and -~/2 for spin down
states. The standard Hamiltonian for a closed chain describing nearest neighbor
spin-spin interaction is defined by

HN = α
N∑
i=1

Si · Si+1 − α
~2N

2 , SN+1 = S1 , (2.33)

where α (α > 0) is the coupling strength, which is limited to nearest neighbor spins.
This Hamiltonian generates the following Heisenberg equation of motion:

d

dt
Sai := i

~
[H,Sai ] = αεabc

(
Sbi−1 + Sbi+1

)
Sci . (2.34)

The equation of motions for each spin observable depend on its neighbor spins
and they are highly non-linear even at the expectation value level of the relevant
observables. We will consider later the detailed analysis of the dynamical behaviors
of expectation value and higher correlations under an effective approach. Fur-
thermore, for large values of N, the diagonalization of the Hamiltonian (2.33) is
computationally harder since it is a 2N × 2N matrix. Here we will only consider
the case where N = 2.

The two-site Heisenberg spin chain consisting of two spin-1/2 particles connected
by a single link has the following simple Hamiltonian:

H2 = α
(
S1 · S2 − ~2) = α

2
(
S2 − S2

1 − S2
2 − 2~2) , (2.35)

which is expressed in terms of the total spin operator S ≡ S1 + S2 in the second
equality. We should notice that the total spin operator S commutes with the
Hamiltonian (2.35), [S, H2] = 0. This feature allows to select states that diagonalize
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both the total spin operator S2|S, Sz〉 = ~2s(s+ 1)|S, Sz〉 and the Hamiltonian:

H2|S, Sz〉 = α

2
(
~2s(s+ 1)− 2~2)|S, Sz〉 for s = 0, 1 (2.36)

In particular, for s = 1 the energy is E = 0 and for s = 1 the energy is E = −~2α.
For a positive coupling strength α > 0 (antiferromagnetic), then the ground state
energy is −~2α which corresponds to the singlet state (EPR) |ψ−〉 given in (2.27):

|ψ−〉 = 1√
2
(
|+〉|−〉 − |−〉|+〉

)
. (2.37)

In the first place we can shortly discuss how two spin observables are correlated
in this state and bounded from the information that they shared. We know that
the quantum mutual information I(s1|s2) sets an upper bound on the correlation
functions for the spins S1,S2 at opposite ends of the link (2.24). The spin-spin
correlation of the |ψ−〉 pair is obtained by using the definition (2.23):

〈ψ−|Sa1 ⊗ Sb2|ψ−〉 = −~2

4 δ
ab , (2.38)

〈ψ−|S1|ψ−〉 = −〈ψ−|S2|ψ−〉 = 0 , (2.39)

which simply leads to

C(Sa1 , Sb2)2

2||Sa1 ||2||Sb2||2
= 1

2δ
ab , (2.40)

where the norm ||Sa1 || = ||Sb2|| = ~/2. This result can be tested by using the upper
bound on correlations by the quantum mutual information, which is for a pure
state S(s12) = 0 reduces to:

I(s1|s2) = S(s1) + S(s2) = 2 log 2 > 1
2 . (2.41)

Tracing out the degrees of freedom of one of the spin, we find that the reduced
density matrix is proportional to the identity operator and entanglement entropy
of each spin is the maximal entropy. For a general graph with N-1 links, the state
is then the superposition of tensor products of states in ⊗(C2 ⊗ C2). We should
note that the state |ψ−〉 is not the only state maximizing the quantum mutual
information. It is possible to introduce an element g ∈ SU(2) which allows singlet
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states, for which the spins at endpoints of a link are to be rotated with respect to
each other while remaining perfectly correlated.

2.5 Quantum geometry of space
The fundamental roles and relations of spins are not only restricted to the quantum
mechanical framework. They serve interestingly to construct a bridge between quan-
tum mechanics and the general relativity, in particular, in the very fundamentals
of spinfoam gravity [44,45]. This relation can be summarized as the convergence
of the asymptotic limit (large spins ji � 1) of the Wigner 6j-symbol [46] to the
action of general relativity in three dimensional space [47]. The asymptotic formula
is realized such that the action [48] can be evaluated at a region where the induced
geometry is the one of a flat Euclidean tetrahedron.

The quantization of the geometry of physical space is well-built in loop quantum
gravity (LQG) [49,50]. The basis states of the kinematical Hilbert space of LQG
are called spin-networks.

Figure 2.2. A picture for a spin-network graph consisting of 31 nodes [1].

The spectrum of the operators corresponding to the relevant geometrical degrees
of freedom is based on two sets of quantum numbers in a spin network: SU(2)
spins label the links and SU(2)-invariant tensors (intertwiners) label the nodes.
Each spin is associated to the area of a surface intersected by each link, while
each intertwiner is associated with the volume of spatial regions that contain the
node and to the angles formed by intersection of surfaces [51]. The elementary
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spin-network state is a four-valent node dual to a tetrahedra where links are also
dual to two-dimensional surfaces (see Fig.4.4), respectively.

j1 j2

j3

j1 j2

j3

Figure 2.3. A description for a 3-valent node and its dual two-dimensional surface.

In what follows, we briefly summarize a quantization scheme that establishes
the relation between the quantum geometry of an “atom of space” and the classical
geometry of a tetrahedron.

2.5.1 Quantum tetrahedron

An atom of physical space can be seen as a quantum tetrahedron where areas fix the
spins at each link and volume determines the intertwiner. Hilbert space describing
a single quantum tetrahedron is obtained by a formal quantization of the degrees of
freedom of the classical geometry of a tetrahedron [52,53], without even referring to
the full quantization of general relativity. For a four-valent node, we will consider
four irreducible representations {j1, · · · , j4} of SU(2) with their corresponding
Hilbert space, Hji . Based on the global rotation symmetry of a tetrahedra, the
SU(2)-invariant component of the tensor product of Hji can be expressed as

Kj1,··· ,j4 := Inv
[ 4⊗
i=1

Hji

]
. (2.42)

The degrees of freedom of the quantum geometry of a tetrahedron are then described
by the Hilbert space:

⊕
ji
Kj1,··· ,j4 . For convenience, we will consider fixed spins as

some set of configurations of {ji} for all links.
For a possible quantization scheme, we should provide the degrees of freedom

which completely determine the classical geometry of a tetrahedron, modulo rota-
tions and translations. We start by introducing a convenient representation of the
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geometry of a tetrahedron in R3 [54]. The geometry of the flat tetrahedron can
be encoded in a triad of edge-vectors ei, i = 1, 2, 3, parallel to a specified set of
edges, with norms given by the corresponding lengths. All geometric properties of
the tetrahedron can be expressed in terms of such edge-vectors. An alternative set
of redundant variables is provided by the normal vectors na, a = 1, . . . , 4, where
the index a labels the faces of the tetrahedron, and a normal na is defined as the
outward-pointing vector normal to the face a with area Aa (Fig. 2.4). The normal
vectors satisfy the closure condition:

C :=
4∑

a=1

Aana = 0 . (2.43)

We can label the faces so that edge-length and normal vectors are related by:

ni = 1
4Ai

εi
jkej × ek , i = 1, 2, 3 , (2.44)

with n4 fixed by Eq. (2.43). The vectors (n1,n2,n3) are assumed to form a positively
oriented set, and we raise and lower indices with the Kronecker delta δji . The
dihedral angle θab for any pair of faces in the tetrahedron is

na · nb = cos θab, a 6= b . (2.45)

The length li = √ei · ei of an edge ei and the angles between the edge-vectors are
given by:

ei · ej = εi
pqεj

rs (Apnp · Arnr)(Aqnq · Asns)
A1n1 · (A2n2 × A3n3) . (2.46)

This completes the description of the tetrahedron in terms of the normals na with
areas Aa.

There is one set of six parameters for a complete description, but also for a
convenient comparison with the quantum theory: four areas and two dihedral
angles (two opposite angles) between the faces4. Overall, if we fix the areas of
the triangular faces, then the classical geometry of a tetrahedron is completely

4In principle, one can also consider six edge-lengths to completely describe a tetrahedron but
they become difficult at the operator level for computational purposes.
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~e2

~e1

~e3

~n3

Figure 2.4. Tetrahedron formed by the edge-vectors ei. Thenormal n3 = 1
2A3

e1 × e2 is
the normal, outward-pointing vector normalized to the area of the associated face.

determined only by two opposite angles, for instance θ12, θ13.
The quantization of these geometric quantities is performed by identifying the

generators of SU(2) as quantum operators corresponding to Aini [52, 53] with
satisfying the closure constraint at quantum level:

Aini =⇒ Ji ,
4∑
i=1

Ji = 0 , (2.47)

where the Planck length is taken as lP = 1 for simplicity so that the Casimir
operator J2

i of SU(2) representation directly determines the area of the ith
triangle:

√
ji(ji + 1). As a consequence, a quantum state of a tetrahedron with

fixed spins are in the direct product of Hji and since the state is invariant under
global rotations by imposed closure constraints, the state itself will be a singlet
state in Hj=0 ≡ C [55]:

|j〉12 =
∑
m

(−1)j−m√
2j + 1

|j,m〉12|j,−m〉34 . (2.48)

This class of basis singlet states is obtained by coupling the two spins j1 and
j2, J12 := J1 + J2 and also the spins j3 and j4, J13 := J1 + J3. Four areas and
dihedral angle θ12 are diagonalized by this basis |j〉12 which is the eigenvector
of J12. Analogously, we can construct the basis of singlet states |j′〉13 which are
the eigenvectors of J13. These basis vectors are related by the Winger 6j-symbol,
{6j}, using SU(2) recoupling theory:|j′〉13 =

∑
j

(
(−1)

∑
i ji
√
djdj′{6j}

)
|j〉12 with
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dj = 2j + 1.
The quantum geometry of a tetrahedron is then encoded in the operators of

J2
i ,J2

ij and the commutator [J1 · J2,J1 · J3] which is related to the relevant dihedral
angle operators θ̂ij:

cos θ̂ij := Ji · Jj√
ji(ji + 1)jj(jj + 1)

= 1
2
√
ji(ji + 1)jj(jj + 1)

(
J2
ij − J2

i − J2
j

)
(2.49)

A significant property of the these operators is that not all of them are commuting:

[J1 · J2,J1 · J3] = 1
4[J2

12,J2
13] 6= 0 , (2.50)

at the same time we know that [J2
m,Ji · Jj] = 0. Therefore, a complete set of

commuting operators can be given by the operators either {J2
i ,J2

12} or {J2
i ,J2

13}.
As we conclude that the basis states |j〉12 are eigenvectors of the five commuting
operators {J2

i ,J2
12} so that the average value of the sixth variable J2

13 is maximally
spread. This explains the intrinsic fuzziness property of the quantum tetrahedron
where one cannot measure all the operators that completely determine the geometry.
This leads to obtain superpositions of the states in order to provide the semiclassical
limit of the quantum geometry. One of the conventional way to obtain coherent
states is to minimize the Heisenberg uncertainty relations (2.12) between non-
commuting observables:

∆(J2
12)∆(J2

13) ≥ 1
2 |〈
[
J2

12,J2
13
]
〉| . (2.51)

On the other hand, it is possible to construct a class of semiclassical states not
requiring the minimization of the uncertainty relations, rather vanishing all the
relative dispersions such as 〈∆θ̂ij〉/〈θ̂ij〉 → 0 in the large spin limit ji � 1, while
the areas are taken fixed sharp values. For instance, there is a family of good
semiclassical states |ψ〉 :=

∑
j

cj|j〉12 ∈ Kj1,··· ,j4 in [56] such that the coefficients cj
are chosen so that the expectation values of the geometric operators are peaked
around classical values with vanishing relative dispersions in the large spin limit.
In this work, we will introduce a particular class of semiclassical states that is
describing geometries dual to more general graphs.
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2.6 Quantum fields in Minkowski spacetime
Quantum harmonic oscillators are building blocks for quantum fields which are the
central mathematical tools of quantum field theories. Standard quantum field theory
is a set of notions and principles that combine classical fields, special relativity
and quantum mechanics [57]. Currently, quantum field theory is seen as effective
field theory, low energy approximation to more fundamental theories due to its
consecutive failures of quantizing general relativity (for higher than linear expansion
of the metric). “Particles” called as field quanta correspond to the direct excitation
states of the underlying field and the quantum interactions between the field quanta
are described by the interaction terms among the corresponding quantum fields.

A classical field is described by a function φ(x, t), where x is three dimensional
coordinate in space and t is time. At every point, φ(x, t) takes real numbers in some
finite-dimensional configuration space and the field itself can be a scalar, vector or
tensor. Quantum fields are conserving the functional properties of classical fields
defined over space and time, but they also comprise the axioms and observations of
quantum mechanics. Mathematically, quantum fields are obtained by promoting
classical oscillators representing modes of classical fields to quantum harmonic
oscillators which are realized as operator-valued functions or distributions [58]. In
what follows we will only concentrate on the relevant features of a simplest quantum
field: free scalar field in Minkowski vacuum.

2.6.1 Free scalar fields in Minkowski vacuum

Free scalar quantum fields can be constructed by quantizing an infinite set of
decoupled harmonic oscillators. Therefore, we introduce a description of an action
with N decoupled harmonic oscillators:

S[q] = 1
2

∫
dt

N∑
i=1

(
q̇2
i − q2

i

)
, (2.52)

where qi are the generalized coordinates and the corresponding frequencies are
taken to be unity wi = 1. The canonically conjugate variables to the generalized
coordinates qi are the generalized momenta pa such that they satisfy canonical
commutation relations [46] {qi, pj} = δij. The canonical quantization scheme
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is performed by quantization this classical phase space to the Hilbert space on
which the fundamental operators q̂i(t), p̂j(t) are acting. They satisfy the standard
equal-time commutation relations:

[q̂i, p̂j] = iδij, [q̂i, q̂j] = [p̂i, p̂j] = 0 , (2.53)

where we take the Planck constant ~ = 1. The (time-independent) creation a†i and
annihilation operators ai for the harmonic oscillators are defined as

a†i :=
√

1
2

(
q̂i − ip̂i

)
(2.54)

ai :=
√

1
2

(
q̂i + ip̂i

)
, (2.55)

where they also satisfy the commutations relations: [ai, a†j] = δij.
The Hilbert space H(N)

osc for a system of i = 1, · · · , N quantum oscillators is
built with the set of {ai, a†i} operators. The ground state (vacuum) |0〉 ≡ ⊗i|0〉i is
defined uniquely by annihilations operators ai:

ai|0〉 = 0 for i = 1, · · · , N . (2.56)

The general state |{ni}〉, that spans H(N)
osc , with all possible occupation numbers

ni is defined by

|{ni}〉 :=
[

N∏
i=1

(
a†i )ni

√
ni!

]
|0〉 . (2.57)

Now we treat a classical field φ(x, t) as an infinite collection of oscillators attached
to each point x and we replace the discrete sums over the indices of oscillators i
by the integrals over the continuous x in the action (2.52) such that it must be
realized in the following Lagrangian L form:

S[φ] =
∫
d3xL = 1

2

∫
d3x dt

[
− ηµν

(
∂µφ
)(
∂νφ
)
−m2φ2

]
, (2.58)

where the Minkowski metric ηµν = diag(−1, 1, 1, 1) and (t,x) ≡ (x0, x1, x2, x3). The
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oscillators can be seen decoupled in the Fourier transform of the field itself:

φ(x, t) :=
∫

d3k
(2π)3 e

ik·xφ(k, t) (2.59)

and the action:

S[φ] = 1
2

∫
d3k, dt

(
φ̇(k, t)φ̇(−k, t)− (k2 +m2)φ(k, t)φ(−k, t)

)
, (2.60)

where the frequencies for each oscillator restrict
√
k2 +m2 = 1. We will continue the

field quantization with the reformulation of the theory in the Hamiltonian formalism
through defining the conjugate variable to the field: π(x, t) ≡ δL/δφ̇(x, t) = φ̇(x, t).
Then the classical Hamiltonian is given by

H =
∫
d3x
(
π(x, t)φ̇(x, t)− L

)
= 1

2

∫
d3x
(
π2 + (∇φ)2 +m2φ2

)
. (2.61)

The canonical quantization of the field and the momentum in the momentum
representation satisfy following commutation relations:

[
φ(k, t), π(k′, t)

]
= iδ(k + k′) (2.62)

and the corresponding creation a†(k) and annihilation a(k) operators are then
defined based on (2.54) by replacing qi → φ(k) and pi → π(k). The vacuum state
|0〉 exists as in (2.56): a(k) |0〉 = 0 for all momenta k and the Hamiltonian (2.61)
can be expressed in terms of a(k) and a†(k) in the normal ordered form:

H =
∫
d3k
(
a†(k)a(k) + 1

2δ
3(0)

)
, (2.63)

which simply implies Heisenberg equation of motions for the time-dependent creation
and annihilation operators: ȧ(k, t) = −ia(k, t) and ȧ†(k, t) = ia†(k, t). Based on
this set of equation of motion, we can obtain the mode expansion of the quantum
field φ(x, t):

φ(x, t) =
∫

d3k√
2(2π)3

[
a(k)eik·x−it + a†(k)e−ik·x+it] (2.64)

As we established a setup for the states and operators in Minkowski background,
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we can simply compute first the ground state energy. From the Hamiltonian (2.63),
the total energy of the free scalar field in the vacuum state |0〉 is

E0 = 〈0|H|0〉 = 1
2δ

3(0)
∫
d3k . (2.65)

The ground state energy diverges due to the delta function δ3(0) in the infinite
volume of space and also the divergence in the integral over k. This can be avoided
simply by subtracting the ground state energy E0 from the Hamiltonian in the
absence of the curvature in Minkowski (flat) background [59] so that the vacumm
state is then become an eigenstate of H with zero eigenvalue. More importantly,
the modification of the Hamiltonian by subtracting the ground state energy does
not cause to cancel the vacuum fluctuations of quantum fields. Vacuum fluctuations
can be obtained by computing the correlation function between two points in space
based on (2.64):

Cφ(|x− y|) := 〈0|φ(x, t)φ(y, t)|0〉 = 1
4π2

∫
dk k2

(
sin(k|x− y|)
k|x− y|

)
, (2.66)

which only depends on the modulus of the relative distances in space because of
the Poincaré invariance of the background geometry. For a finite region of space
with a volume of L3, the typical amplitude of vacuum fluctuations then decays as
L3/2 on scales L ∼ 1/k [59].
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Chapter 3 |
Gluing polyhedra with entangle-
ment in loop quantum gravity

In section 2.5 we introduce a self-consistent scheme for a quantization of the
geometry of space based on loop quantum gravity. The elementary building block
of the quantum geometry is considered as constructing the quantization of a
classical tetrahedron. In summary, one first quantize the phase space of four face-
normal vectors Aini to each face of the tetrahedron by promoting these vectors to
operators Ji associated to the four copies of SU(2) with eigenvalues squared to
ji(ji + 1). Then one imposes the closure constraint

∑
i Ji = 0 at the operational

level. The Hilbert space for this quantization is the space of 4-valent intertwiners,
space of SU(2) invariant vectors. A basis for this space, we specify the invariant
states |ji, i12〉 ≡ |j12〉 (2.48) diagonalizing the operator (J1 + J2)2 with eigenvalues
i12(i12 + 1) and labelled by a intertwiner label which is also a spin.

This quantization scheme is extended to obtain a quantization procedure of a
collection of geometric structures in R3 through which spin-network states of loop
quantum gravity are understood. It is possible now to ask how the collection of
these geometric structures will be configured at the quantum level. We will claim
that imposing correlations between geometric quantities will be a possible recipe
to understand how to build approximate recognizable geometries in the relevant
semiclassical regime.
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3.1 Introduction
In a background independent theory of quantum gravity, the geometry of spacetime
is completely encoded in the quantum state |ψ〉 of the gravitational field, which
lives in a Hilbert space H defined without any reference to an external geometry
gab. In the semiclassical regime, geometric structures must then emerge from the
properties of the state |ψ〉 alone. Indications that entanglement in fluctuations of
the gravitational field play a crucial role for the emergence of classical spacetimes
have surfaced in various approaches to nonperturbative quantum gravity [60–67].
At the topological level, the connectivity of space itself is argued to be related
to the presence of entanglement among degrees of freedom in distinct regions of
space via holographic arguments [60, 61]. Quantum correlations also reflect metric
properties of space in semiclassical gravity, as shown by the generic validity of
an area law for the entanglement entropy of quantum fields in curved spaces, a
property thus expected to hold for semiclassical states in any theory of quantum
gravity [62]. Procedures for measuring distances and curvature from the network of
quantum correlations have also been recently discussed in varied emergent geometry
scenarios [66, 68, 69]. In this work we explore the relation of entanglement and
geometry in loop quantum gravity and discuss conditions on the fluctuations of the
quantum geometry associated with the emergence of continuous spatial metrics in
the semiclassical regime of the theory.

Loop quantum gravity (LQG) is a canonical nonperturbative approach to
quantum gravity based on the quantization of the gravitation field in Ashtekar
variables [70–72]. In LQG, any state of the quantum geometry is a superposition
of spin network states |Γ, in, j`〉 labeled by a graph Γ, half-integer spins j` at the
links, and SU(2) intertwiners in at the nodes of the graph [73,74]. The geometry
of a spin network state can be interpreted in terms of twisted geometries [75–77],
a generalization of Regge calculus [78, 79] that allows for the presence of metric
discontinuities across two-dimensional faces of a 3d triangulation. On a graph Γ, the
geometry of spin networks describes an assembly of quantum polyhedra, as discussed
in [80]. Each node of valence |n| represents a quantum polyhedron obtained by the
quantization of the space of shapes of a flat |n|-faced polyhedron with fixed areas
in R3, and the state of the quantum polyhedron is described by the intertwiner in.
For |n| = 4, the node describes a quantum tetrahedron [81, 82]. The full state is
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obtained by gluing these building blocks together according to the combinatorics
of the graph. The resulting geometry describes a generic superposition of twisted
geometries.

The relation between classical polyhedral complexes and twisted geometries is
encoded in a set of gluing (or matching) conditions that express either the continuity
of the metric across faces or the existence of normals oriented in opposite directions
on glued faces. In a twisted geometry, a given face displays no mismatches for
observations of its total area, but it can have distinct normals or shapes as observed
from opposite sides. The metric discontinuities at faces correspond precisely to
such mismatches of shapes. A geometry is normal-matched if there exist a set of
rotations such that the normals on the identified faces of the rotated polyhedra
are oriented in opposite directions. This allows one to isometrically embed its
polyhedra in R3 in a manner that normals of identified faces are always antiparallel,
so that directions of links are well defined on the 1-skeleton of the dual graph. We
call this class of geometries vector geometries [83–85]. A geometry is shape-matched
if all edge lengths or some combinations of internal angles and diagonals in each
two-dimensional face have the same values when measured in any of the polyhedra
sharing it. These shape-matched geometries correspond to Regge geometries [86]1.
Such a hierarchy of discrete geometries and associated gluing conditions played a
decisive role for the geometric interpretation of the classical phase space of LQG,
and our aim is to extend it to the quantum regime, as a means of providing new
tools for the characterization of states of the geometry, specially in the semiclassical
regime.

The translation of classical matching conditions to the quantum regime is not
straightforward, however, due to ambiguities arising in their quantization and issues
related to gauge invariance. Classical shape-matching conditions, for instance, admit
distinct but equivalent formulations in terms of observables that do not commute
in the quantum theory. We can match angles or lengths, but these choices lead to
inequivalent conditions in the quantum theory. As a result, there is no natural,
preferred set of quantum shape-matching conditions. For the normal-matching
conditions, one faces the problem that they are not formulated as constraints in the

1More precisely, shape-matched twisted geometries are piecewise flat continuous geometries.
Special examples are given by triangulations, to which Regge calculus applies. We shall use the
term Regge geometry to refer to the more general case of piecewise flat continuous geometries
built out of polyhedra with arbitrary numbers of faces.
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gauge-invariant classical phase space, but as a requirement of existence of gauge
transformations with specified properties in the gauge-dependent phase space, a
procedure without an obvious translation in the quantum theory. Moreover, for any
given constraint, one can choose between implementing it weakly, as a condition on
average values, or strongly, as a projector in the Hilbert space of the theory.

In this thesis we show how these difficulties can be overcome. We present an
explicit construction of quantum vector geometries and analyze their geometry
in detail with a combination of analytical and numerical methods. In addition,
we introduce quantum shape-matching conditions of varying strength designed
as tests of the continuity of the geometry, and show that they are satisfied by
some special quantum vector geometries. Broadly speaking, our overall strategy
consists in first rephrasing the gluing conditions for vector geometries as a set of
normal-matching constraints T` in the non-gauge-invariant Hilbert space Harea,
where they are implemented strongly, and then projecting the solutions to the
gauge-invariant space of states HΓ. It turns out that solutions to these constraints
are highly entangled states of the geometry. In fact, before the implementation of
gauge-invariance, and for given total areas, they maximize the quantum mutual
information for subsystems describing observations of the shape of a face from
opposite sides of it.

Such an interplay between a condition of continuity for the normals and en-
tanglement can be qualitatively understood as follows. In a matched classical
configuration, some information describing the geometry of a boundary surface is
shared by the polyhedra meeting at the boundary. Conversely, shape or normal
mismatches correspond to information that is not shared by the subsystems, and
as such should be assigned to the individual subsystems. Analogously, for some
geometric property to be matched at the quantum level, it must be maximally
shared by adjacent tetrahedra, to the extent allowed by the Heisenberg uncertainty
relations for the quantum geometry. This contributes to increasing the quantum mu-
tual information, so that the state must be highly entangled. For normal-matching,
the correlations turn out to be maximal.

Let us illustrate the argument in more concrete terms in the familiar setup of
spin-1/2 systems. Consider a singlet state |Ψ〉AB of a two-spin-1/2 system AB
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(2.27):

|Ψ〉AB = 1√
2

(|+〉A|−〉B − |−〉A|+〉B) , (3.1)

where |±〉 denotes the spin-up and spin-down states. For such a state, if the spin
of the particle A is measured to be pointing up in a direction ~n, a subsequent
measurement of the same spin component for the particle B will always give the
opposite result, regardless of the chosen direction:

Measure[(σ · n)A] = −Measure[(σ · n)B] , ∀n . (3.2)

Even though the operators σ · n do not commute for distinct n’s, the results
of measurements in A and B are always perfectly correlated. The existence of
such perfect correlations can be characterized in terms of the quantum mutual
information I(A|B) given (2.22). The quantum mutual information quantifies
the amount of information shared by the subsystems in a composite system, and
constitutes a measure of the correlations between the subsystems A and B. For
the Bell state |Ψ〉AB, the reduced density matrix for the system A is proportional
to the identity operator:

ρA = 1
2
(
|+〉B〈+|B + |−〉B〈−|B

)
= 1A

2 , (3.3)

and similarly for ρB. As a result, the entanglement entropy of each subsystem
assumes the maximal value and the quantum mutual information is also maximized
I(A|B) = 2 log 2. This occurs whenever the information in the system A is
completely shared with the system B, and I(A|B) vanishes when no information is
shared, i.e., in the absence of correlations.

A similar maximization of the quantum mutual information is responsible for
matching normals in quantum vector geometries. For concreteness, consider the
case of a dipole graph formed by a pair of nodes, called source and target nodes,
connected by l links coloured by spins j` (Fig. 3.1). The intertwiners in at a node
can be taken to be eigenstates of some local observable O (normals, edge lengths,
internal angles of faces, volume, etc), and we call it OS or OT according to where
the observation was performed. For a quantum vector geometry on the dipole graph,
we find that local measurements of the geometry are always perfectly correlated, as
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Figure 3.1. Dipole graph. A pair of nodes connected by l links coloured by spins j`.

in EPR pairs:

Measure[OS] = Measure[OT ] . (3.4)

Before the projection to the Hilbert space of gauge-invariant states, these quantum
vector geometries are states in Harea = L2[SU(2)4] for which measurements of the
components of a normal to a given face at distinct nodes are always antialigned. If
we represent the normals by E, we have

Measure[(E · n)S] = −Measure[(E · n)T ] , ∀n , (3.5)

in complete analogy with Bell states of a two-qubit system. Moreover, the quantum
mutual information for the two nodes is maximized at each link. For general graphs
Γ, there are no states with perfect correlations for all observables, but we can still
construct states for which normals are always antialigned at each face in Harea, the
projection of which to the gauge-invariant sector defines quantum vector geometries
on Γ. In the coherent state representation, these states are peaked on surfaces
formed exclusively by classical vector geometries and average to shape-matched
configurations with small mismatch fluctuations in the mesoscopic limit of large
spins, so that at large scales they provide good approximations of Regge geometries.

This chapter is organized particularly as follows. We start in Section 3.2 with a
discussion of the classical geometries on a fixed graph. In Section 3.3, we review
the formalism of quantum polyhedra that provides the geometric interpretation of
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spin network states in LQG. We emphasize the fuzziness of the quantum geometry
associated with the existence of Heisenberg uncertainty relations for geometric
observables, which prevents a straightforward implementation of quantum shape-
matching conditions from the well-known classical formulas. In Section 3.4, we
introduce quantum versions of the gluing conditions, and describe the full space
of quantum vector geometries. In the same section, we present a detailed analysis
of solutions to the quantum normal- and shape-matching conditions on the dipole
and pentagram graphs. We summarize our results in Section 6 and discuss their
relations to the recent literature on entanglement in loop quantum gravity as well
as future research directions.

3.2 Classical geometries on a graph Γ

The classical phase spaceMΓ of loop quantum gravity (LQG) on a graph Γ is the
direct product of SU(2) cotangent bundlesM` = T ∗SU(2) over all links ` of the
graph, MΓ =×`

M`. The cotangent bundle M` is the phase space associated
with an SU(2) configuration variable g` representing the holonomy of the Ashtekar
connection Aia along the link `. The full classical phase space M of LQG on a
smooth 3d manifold M is the direct sum of the phase spacesMΓ over all embedded
graphs Γ in M . The restriction to a fixed graph Γ corresponds to a truncation of
the theory to a finite number of degrees of freedom—the holonomies along the links
of Γ, and is not sufficient to fully describe the geometry on M . Interestingly,MΓ

can still be interpreted as a space of classical geometries, but these geometries are
now discrete, as shown in [75]. The truncated phase spaceMΓ describes so-called
twisted geometries [75,76], a generalization of the discrete geometries considered in
Regge calculus [78].

3.2.1 Hierarchy of discrete geometries

Twisted geometries are cellular complexes equipped with a metric that is in general
discontinuous on two-dimensional faces, i.e., the shape of a 2d face can be different
as seen from either side of it. In particular gauge-invariant twisted geometries,
where the closure conditions are satisfied, define this local flat metric on each
polyhedron. As the metric is discontinuous across two-dimensional faces, each face
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shared by two polyhedra does not have to be the same shape, which is determined
by the variables associated to the two polyhedra, due to the lack of matching
conditions on the relevant face.

Before we forward to provide the statements about the hierarchy of the discrete
geometries, we introduce the fundamental variables of the space of shapes of
polyhedra since it parametrizes the phase space of twisted geometries in general.
The space of shapes of (convex) polyhedra are consistently defined by the Minkowski
theorem [87] such that given F positive real numbers and unit-vectors, Aa and
na respectively, satisfying

∑
aAana = 0, there always exists a unique convex

polyhedron up to rotations SO(3) having Aa and na as areas and normals to its
faces. Now we define Ea ≡ Aana as face-normal vectors and call SF with F faces
of given areas Aa:

SF :=
{

Ea ∈ S2, a = 1, · · · , F
∣∣∣∣E1 + · · · ,EF = 0,

∣∣∣∣Ea

∣∣∣∣ = Aa

}/
SO(3) (3.6)

as the space of shapes of polyhedra. Moreover, SF naturally induces the structure of
a phase space, knowns as Kapovich-Millson [88] phase space where the rotationally-
invariant Poisson brackets are obtained from functions of Ea on (S2)F . Therefore,
SF with fixed F areas of faces forms a 2(F − 3) dimensional phase space [80]. The
canonically conjugate of this phase space are given by qi as the angle between the
vectors pi × Ei+1 and pi × Ei+2 and the conjugate momenta are the norm of the
vectors pi ≡

∑i+1
a=1 Ea, pi = ||pi||.

Two subsets of the spaceMΓ of twisted geometry on Γ are of particular interest
for our purposes: (i) Vector geometries, which naturally arise as boundary states
in spinfoam models [83–85]; and (ii) Regge geometries, the subset of continuous
twisted geometries that forms the basis of Regge calculus [78]. As we will see,
vector geometries are solutions of a set of normal-matching conditions and form
a submanifold of MΓ. Since the constraints do not close, this submanifold is
not symplectic. Regge geometries are selected by an extra set of shape-matching
conditions which determine a smaller submanifold within the space of vector
geometries, also without a symplectic structure. That is, we have a hierarchy of
discrete geometries on Γ:

Regge geometries ⊂ Vector geometries ⊂ Twisted geometries .

36



In what follows, we briefly review the geometry of twisted geometries and provide
a characterization of the submanifolds of vector and Regge geometries inMΓ in
terms of normal-matching and gluing, or shape-matching, conditions. In Section
3.4, we discuss a similar hierarchy of discrete geometries on Γ at the quantum level.

3.2.2 Twisted geometries

Let Γ∗ be the cellular decomposition dual to the graph Γ. The topological decom-
position Γ∗ is equipped with a metric if we colour the two-dimensional faces of
all polyhedra with face-normals Ea satisfying the closure condition (2.43). Such
variables fix the local geometry of each polyhedron, and the geometry of Γ∗ is
the union of these local patches. Instead of working directly with the variables
Ea, it is convenient to introduce the following parametrization. Assign an area
variable j` ∈ R to each link ` ∈ Γ. At each node, assign a unit normal vector na to
each link emerging from it. Two normals are thereby attached to any link, sitting
at its two endpoints. If j` is the spin of the link, set Aa = j` at its endpoints.
This defines face-normals Ea = Aana for all polyhedra, fixing the local geometry
everywhere. In general, the resulting global metric on Γ∗ will be discontinuous,
since faces connected by a dual link have in general distinct shapes.

The variables {j`,na} are sufficient to characterize the intrinsic geometry of Γ∗

via Ea. A twisted geometry has an extra variable ξ` at each link that is related to
the extrinsic curvature, giving a total of six degrees of freedom per link, namely
ns(`),nt(`), j`, ξ`, where s(`), t(`) refer to the source and target nodes of the link `. A
twisted geometry is thus characterized by 6L parameters {(ns(`),nt(`), j`, ξ`)}, where
L is the total number of links in Γ. The space of twisted geometries factorizes over
links as PΓ =×`

P`, where P` = S2× S2× T ∗S1. Let Cn be the closure constraint
at the node n, and C represent the full set of closure constraints on the graph. As
shown in [75], PΓ is a phase space symplectomorphic to MΓ

2, and the space of
gauge invariant configurations is the symplectic reduction PΓ//C, where the double
quotient means imposing the constraint and dividing by its orbits. Moreover, this

2More precisely, PΓ is a presymplectic space with a symplectic quotient obtained by factoring
out the subspace of geometries including some j` = 0. The statements in the main text refers to
this symplectic space.
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symplectically reduced space can be parameterized as a Cartesian product of SF :

SΓ := PΓ//C =×
l

T ∗S1×
n

SF (n) , (3.7)

where T ∗S1 is the cotangent bundle to a circle, F is the valence of the node n, and
SF is given in (3.6). We obtain in this way an explicit geometric interpretation of the
phase space of gauge-invariant LQG states,MΓ//SU(2)N , where N is the number
of nodes in Γ, as a space of twisted geometries, with a convenient parametrization
in terms of quantities with a direct geometric meaning. Each classical holonomy
and flux configuration corresponds to unique collection of polyhedra.

3.2.3 Vector geometries

A vector geometry is a twisted geometry in PΓ that in addition to the closure
constraint C also satisfies so-called normal-matching conditions at each link. In
order to describe these conditions, let us denote a link connecting the nodes a and b
by ` = (a, b). The normals at the endpoints of ` can then be written as nab and nba,
where nab is at the node a and nba at the node b. We say that a twisted geometry
is normal-matched if there exist SO(3) elements Ra at the nodes of Γ such that

Ranab = −Rbnba , ∀a, b . (3.8)

The rotations Ra can be used to fix a choice of local frame on each polyhedron
in Γ∗. After acting with the Ra’s as gauge transformations, the normal-matching
conditions reduce to the requirement that normals of faces connected by a link of Γ
are anti-parallel: the faces have parallel surfaces and can be fitted together (see
Figure 3.2). Accordingly, if all polyhedra forming Γ∗ are isometrically embedded in
R3, they can be rotated so that identified faces are always parallel with outwards
pointing normals oriented in opposite directions. Note that the normal-matching
conditions are not a set of constraints in the sense that they are formulated as a
condition of existence of Ra’s leading to (3.8) rather than as a functional relation
between the variables of the twisted geometry.

The conditions (3.8) must be imposed in some chosen gauge, obtained for
instance by gauge-fixing via a maximal tree [89], to which the normals (nab,nba)
refer. Nonetheless, even though one cannot speak of normal vectors in the gauge-
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Figure 3.2. A local patch of a vector geometry. The glued faces have the same areas:
Aa = Aa′ , Ab = Ab′ , Ac = Ac′ , and their normals are anti-parallel na = −na′ , nb = −nb′ ,
nc = −nc′ . The lengths of edges in juxtaposed triangles are not necessarily matched in a
vector geometry.

invariant phase space PΓ//C, there still is a clear notion of gauge-invariant vector
geometries. The key point is that the condition (3.8) defining vector geometries
is gauge-invariant: if a set of normals {nab} forms a vector geometry, then its
image {Uanab} under gauge transformations Ua ∈ SU(2) will also form a vector
geometry satisfying (3.8) for a new set of R’s. Hence, the space of vector geometries
is naturally foliated as a union of gauge orbits. Restricting to vector geometries
satisfying the closure constraints C, we can construct the space VΓ ⊂ PΓ//C of
gauge-orbits of closed vector geometries, which has a natural interpretation as the
space of gauge-invariant vector geometries.

This suggests a procedure for the construction of VΓ. For each link `, we
introduce the normal-matching constraint:

T` := nab + nba = 0 , ∀ l = (a, b) . (3.9)

The solution for this set of constraints is a proper subspace of the phase space PΓ

of twisted geometries characterized by 4L parameters. Such a subspace forms a
Lagrangian submanifold [90–93] AΓ ≡ PΓ/T , where T is the full set of normal-
matching constraints T`. It is clear that any vector geometry satisfies all normal-
matching constraints T` in some gauge. Similarly, let BΓ ≡ PΓ/C be the (6L −
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3N)-dimensional submanifold of PΓ obtained by imposing the full set of closure
constraints C on PΓ without dividing by the gauge orbits. The submanifolds AΓ

and BΓ are not phase spaces, since the constraint algebras are not closed. The
intersection AΓ ∩ BΓ describes simultaneous solutions of both sets of constraints.
In this submanifold, the set of oppositely directed normals (nab,−nab) at each link
l = (a, b) is selected so that the closure constraints hold at each node. We can now
take gauge orbits of points in AΓ ∩ BΓ. The space of such orbits is precisely VΓ.

Vector geometries can be seen as an assembly of polyhera such that any pair of
glued faces are parallel. Their shapes can still be different, and in order to obtain
a continuous Regge geometry additional conditions must be imposed. We now
turn to the description of the conditions that select the proper subspace of Regge
geometries within the space of vector geometries.

3.2.4 Regge geometries

When two tetrahedra are glued along a common face, we say that they are shape
matched if glued faces have the same intrinsic geometry. In particular, the identified
faces have must have the same total area, which corresponds to an area-matching
condition. Twisted geometries, and vector geometries in particular, are area-
matched by construction. For area-matched configurations, additional shape-
matching conditions, or gluing conditions, correspond to the requirement that the
length of edges and the measure of internal angles in glued faces are the same in
both tetrahedra.

Conditions on the edge lengths can be imposed using the formula (2.46) for the
scalar product of edge vectors. Moreover, the internal angles αabc of a face a can be
expressed in terms of the dihedral angles as [80,86]

cosαabc = cos θbc + cos θab cos θac
sin θab sin θac

. (3.10)

In this formula, the faces a, b, c share a vertex and αabc is the angle between the
edges a ∩ b and a ∩ c (see Fig. 3.3). In the adjacent tetrahedron, the same angle is

cosαab′c′ = cos θb′c′ + cos θab′ cos θac′
sin θab′ sin θac′

. (3.11)

Shape-matching conditions at the face a then correspond to the requirement that
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a

c
b

c′ b′

Figure 3.3. Geometric meaning of the shape-matching conditions (3.12): The internal
angle αabc in the shaded triangle can be expressed in terms of the dihedral angles associated
with the thick edges of either tetrahedra.

the relation

cosαabc − cosαab′c′ = 0 (3.12)

is satisfied for any two internal angles of the triangle. These conditions lead to a
series of relations among the dihedral angles in both tetrahedra through Eqs. (3.10)
and (3.11). In the case where Γ∗ is a triangulation, it is sufficient to impose
conditions on edge lengths, or on internal angles, for area-matched configurations to
be Regge geometries. For general polyhedra, however, both sets of conditions must
be imposed, since it is possible to have equiareal faces with edges of the same length
but distinct geometries. In constrast, Regge geometries based on triangulations are
fully specified by the edge lengths alone.

3.3 Quantum polyhedron and Heisenberg uncertainty
relations
For fixed areas Aa, the space of shapes of the polyhedra corresponds to the space
of flat polyhedra with the given areas modulo spatial rotations [80] given in (3.6).
The quantization of the phase space SF was discussed in detail in [80], and provides
a picture of the geometry of a quantum polyhedron. Such a description of the
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quantum polyhedron agrees exactly with the description of the local geometry at a
node in the spin-network representation of loop quantum gravity [54, 80]. The fact
that these independent approaches to the quantization of the spatial geometry result
in the same mathematical structure is nontrivial, and reinforces the geometrical
interpretation of LQG states on a fixed graph Γ as quantum polyhedra. We now
review this equivalence as a preparation for the discussion of gluing conditions
for quantum polyhedra, in particular we will consider quantum tetrahedra for
particular graphs.

Let ja be a set of nonnegative half-integer spins associated with the faces of
the polyhedron. For given spins ja, the states of the geometry of the quantum
polyhedron form the intertwiner space:

Kj1···jF = Inv
[

F⊗
a=1

Hja

]
, (3.13)

where Hja is the irreducible unitary representation of spin ja of the group SU(2).
The face-normals Ea are quantized as angular momentum operators on the repre-
sentation Hja ,

Ea = σJa , (3.14)

up to a constant σ > 0 with units of area that is not fixed by the quantization
procedure. The area operator Aa = (Ea · Ea)1/2 is proportional to the invariant
Casimir operator of SU(2), and has discrete eigenvalues labeled by the spins of the
representation:

Aa = σ
√
ja(ja + 1) . (3.15)

The spectrum of the area operator is discrete and gapped, with an area gap of
σ
√

3/2 for the minimum nontrivial spin ja = 1/2. For large spins, the spectrum
is regularly spaced, with steps of σ between consecutive eigenstates. The closure
relation (2.43) is promoted to a operator constraint for a quantum polyhedron

C :=
F∑
a=1

Ja = 0 , (3.16)

which selects the intertwiner space (3.13) within the tensor product of Hilbert
spaces Hja associated with the individual faces. All classical observables for the
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geometry of the polyhedron can be expressed in terms of the variables Ea, and
are quantized by replacing the face-normal vectors in the formula for the given
quantity with their corresponding operators (3.14).

Gauge-invariant observables for the intrinsic geometry are in general functions
of the Penrose metric operator,

gab = Ea · Eb = σ2Ja · Jb , (3.17)

which measures the dihedral angle θab between the faces a and b [94]:

θab = arccos
[

gab√
gaagbb

]
. (3.18)

Choosing any three faces a, b, c, the corresponding metric operators satisfy the
commutation relations:

[gab, gac] = iσEa · (Eb × Ec) . (3.19)

Since the operators are noncommuting, the fluctuations of the quantum geometry
must satisfy Heisenberg uncertainty relations:

∆gab ∆gac ≥
σ

2

∣∣∣∣〈Ea ·
(

Eb × Ec

)〉∣∣∣∣ . (3.20)

As a result, if the dihedral angle θab formed by the faces a and b is measured
precisely, then the dihedral angles formed by a with any other face is completely
uncertain. It is impossible to find a state of the quantum polyhedron with definite
values for all dihedral angles. The uncertainty relations (3.20) characterize in this
precise sense an intrinsic fuzziness of the quantum geometry, which blocks the
possibility of interpreting a state of the quantum polyhedron as a simple assignment
of quantum amplitudes to classical configurations of the polyhedron. The geometry
of the classical polyhedron is recovered only approximately in terms of average
values of quantum operators for the geometry, as described by the spin-geometry
theorem of Penrose [80,95,96].

The Hilbert space of loop quantum gravity on a graph Γ is the space HΓ =
L2[SU(2)L/SU(2)N ] of square integrable functions over SU(2) configurations on
the graph modulo gauge transformations. A basis of HΓ is provided by spin-
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network states |Γ, j`, in〉 labeled by spins j` attached to links and intertwiners in
attached to nodes of Γ. For each F -valent node n, the intertwiners in form an
orthogonal basis of the intertwiner space Kj1···jF where the spins j` are associated
with the links meeting at the node. Taking the tensor product of all intertwiner
spaces and summing over the spin configurations we obtain the full space of states,
HΓ =

⊕
j`

⊗
nKj1···jF . Now let the graph Γ be dual to a cellular decomposition,

so that each node represents a polyhedron, and each link represents a face in the
decomposition. Then the Hilbert space of intertwiners at a node is precisely the
space of states Kj1···jF of the quantum polyhedron. Moreover, the area operator in
loop quantum gravity is given by:

Ea = 8πl2pγJa , (3.21)

where γ is the Immirzi parameter and 8πl2p is the Planck’s area. This formula is
identical to Eq. (3.14) with

σ = 8πl2pγ . (3.22)

The observables for the local geometry at a node of a graph Γ dual to a cellular
decomposition can then be identified with those for the quantum polyhedron by
setting the parameter σ involved in the quantization of the space of shapes S equal
to the factor 8πl2pγ which characterizes the discreteness scale in loop quantum
gravity [80]. Any observable describing the internal geometry of a single polyhedron
can then be constructed in terms of the area normals Ea. Since a single spin j` is
assigned to each link `, and the total area of the corresponding face is completely
determined by the spin through Eq. (3.15), the states of the geometry in loop
quantum gravity are always area matched.

3.4 Quantum geometries on a graph Γ

The full space of states in loop quantum gravity is the direct sum H = ⊕ΓHΓ

of Hilbert spaces HΓ associated to graphs Γ, where the sum runs over all graphs
embedded in a smooth 3d manifold M . As in the classical theory, it is possible to
truncate the theory to a single fixed graph Γ as an approximation for the description
of the full quantum geometry. The resulting theory captures only a finite number
of degrees of freedom and corresponds to the quantization of the classical phase
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spaceMΓ//SU(2)N symplectomorphic to the space SΓ ≡ PΓ//C of gauge-invariant
twisted geometries on Γ, as discussed in Section 3.2. In this section we consider
the construction of representations of twisted, vector and Regge geometries in the
truncated quantum theory on a fixed graph Γ.

3.4.1 Quantum twisted geometries

It is convenient for our purposes to work in the bosonic representation of loop
quantum gravity [97–100]. The Hilbert space HΓ of loop quantum gravity on a
graph Γ is a proper subspace of a bosonic Hilbert space Hbos describing 4L harmonic
oscillators, where L is the number of links in the graph. Explicitly, the bosonic
Hilbert space is a tensor product of local Hilbert spaces attached to endpoints of
links:

Hbos =
L⊗
`=1

(
Hs(`) ⊗Ht(`)

)
, (3.23)

where each space Hs(l) and Ht(`) is associated with a pair of harmonic oscillators.
As a result, there are four oscillators at each link, which we denote by aAs(`), aBt(`),
A,B = 0, 1. We now introduce link and node constraints:

L` := Is(`) − It(`) ≈ 0 , Ii = 1
2δAB a

A†
i a

B
i , (3.24)

Gn :=
∑
i∈n

Ji ≈ 0 , Ji = 1
2σAB a

A†
i a

B
i . (3.25)

Bosonic states |s〉 ∈ Hbos in general do not solve these constraints. The link
constraint L` matches the spins js(`) = jt(`) = j` at the source and target of a
link l = (s, t), generating U(1) transformations at each link. The node constraint
Gn imposes invariance under SU(2) gauge transformations at the node n. The
corresponding projectors P` and Pn to the space of solutions of the link and node
constraints form the projector

PΓ =
(∏
n∈Γ

Pn
)(∏

`∈Γ

P`
)

(3.26)

to the Hilbert space of loop quantum gravity, HΓ = PΓHbos. As is well known,
an orthonormal basis of states for HΓ is provided by spin network states |Γ, j`, in〉
labelled by spins j` at the links and SU(2) intertwiners in at the nodes of Γ [70–72],
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allowing the projector to be written as

PΓ =
∑
j`

∑
in

|Γ, j`, in〉〈Γ, j`, in| . (3.27)

Since the spins js(`) = jt(`) = j` are eigenstates of area operators in the dual
triangulation Γ∗, the link constraints have the geometric interpretation of area-
matching constraints for the quantum geometry. Accordingly, we call Harea =(∏

`∈Γ P`
)
Hbos the area-matched subspace of the bosonic representation, which can

be written as a tensor product over links:

Harea =
L⊗
`=1

H` ⊂ Hbos . (3.28)

Each link space H` is isomorphic to a copy of L2[SU(2)], and can be decomposed
into a sum of tensor products of pairs of finite dimensional subspaces of equal spin
j`:

H` ' L2[SU(2)`] = ⊕j`
(
Hj` ⊗Hj`

)
, (3.29)

where the two Hilbert spaces Hj` are naturally associated with the two endpoints
of the link. The full area-matched space is Harea ' L2[SU(2)L]. This space is the
quantization of the classical phase spaceMΓ =×`

T ∗SU(2) of LQG before imposing
gauge invariance. The gauge invariant Hilbert space is then selected by the projector
implementing the node constraints, HΓ =

(∏
n∈Γ Pn

)
Harea ' L2[SU(2)L/SU(2)N ],

and corresponds to the quantization of the symplectic reductionMΓ//SU(2) under
gauge transformations.

We can now ask how to construct a state in HΓ representing a given classical
twisted geometry. This question has been answered in [101,102], where coherent
states peaked at an arbitrary point of the classical phase space of gauge invariant
twisted geometries SΓ were introduced. Such states are called extrinsic coherent
states and are peaked with respect to both the intrinsic and extrinsic geometries.
Their construction involves two main steps (we follow the presentation of [101]). One
first constructs states |{(ns(`),nt(`), j`, ξ`)}〉 ∈ Harea ' L2[SU(2)L] that are peaked
on points {(ns(`),nt(`), j`, ξ`)} of the classical phase space PΓ of gauge-dependent
twisted geometries. These states are defined as tensor products over the links of Γ of
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independent Hall’s heat kernel states for the cotangent bundle of SU(2). Projecting
them to the gauge-invariant subspace of Harea, one obtains LQG coherent states(∏

n∈Γ Pn
)
|{(ns(`),nt(`), j`, ξ`)}〉 ∈ HΓ labeled by points of the gauge-independent

classical phase space SΓ. Such states provide a resolution of the identity in HΓ,
allowing any state |ψ〉 ∈ HΓ to be expanded in terms of extrinsic coherent states.
In this precise sense, generic states of the quantum geometry in LQG correspond
to quantum superpositions of gauge-invariant twisted geometries.

3.4.2 Quantum vector geometries

Vector geometries form a subset of the space of twisted geometries. This allows
one to use a restricted set of extrinsic coherent states as quantum representations
of gauge-invariant vector geometries in HΓ. This can be done, for instance, by
reproducing at the quantum level the prescription discussed in Section 3.2 for
the construction of classical vector geometries. Imposing the normal-matching
constraints T` defined in Eq. (3.9) as conditions on average values on Harea,

〈{(ns(`),nt(`), j`, ξ`)}|
(
Js(`) + Jt(`)

)
|{(ns(`),nt(`), j`, ξ`)}〉 = 0 , ∀l , (3.30)

we obtain a suitable set of coherent states for vector geometries in Harea, which
can then be projected to the gauge-invariant subspace HΓ. Any point in the
space VΓ of gauge-invariant vector geometries is in this way mapped into a
quantum state in HΓ. More explicitly, a vector geometry characterized as a
gauge orbit with a representative {(ns(`),nt(`), j`, ξ`)} is mapped into the state(∏

n∈Γ Pn
)
|{(ns(`),nt(`), j`, ξ`)}〉 ∈ HΓ.

By construction, coherent states |{(ns(`),nt(`), j`, ξ`)}〉 satisfying (3.30) are
peaked on a vector geometry. However, the fluctuations of the geometry are
in general not normal-matched, as we have not imposed conditions on correlations
for degrees of freedom at distinct endpoints of a link. As a result, the normals
of glued faces fluctuate independently, and individual measurements of the spin
projection along some direction n are not necessarily anti-aligned,

Measure[Js(`) · n] = ±Measure[Jt(`) · n] . (3.31)

This means that the fluctuations of the geometry in general do not correspond to
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vector geometries. We wish to show now that this limitation can be overcome by
imposing a stronger quantum version of the normal-matching constraints. This
is done by requiring not only the averages of the normals to be matched, but
also that the fluctuations of the geometry take place only over normal-matched
configurations.

We call a state |Γ, ψ〉 ∈ HΓ a quantum vector geometry if it is the projection to
HΓ of a state |ψ〉 ∈ Harea satisfying:

〈ψ|
[
Js(`) + Jt(`)

]2|ψ〉 = 0 , ∀` . (3.32)

This condition implements the normal-matching constraints T` strongly as con-
straints on Harea. States satisfying (3.32) also satisfy the weaker condition (3.30).
At each link `, Eq. (3.32) can be solved independently for each subspace Hj` ⊗Hj`

of fixed spin j`, where it selects the singlet of the two spins living at the link. One
can then construct tensor products of arbitrary superposition of such singlets over
all spins j` to obtain the general solution,

|ψ〉 =
⊗
`

∑
j`

cj`
∑
m`

(−1)j`−m` |j`,m`〉t(`)|j`,−m`〉s(`) . (3.33)

The space of solutions of (3.32) form a large class of states in Harea. We are
interested in exploring special subspaces of solutions formed by states that can
be parametrized by quantities with a direct geometric interpretation in terms of
classical geometries on Γ. The simplest such states are the extrinsic coherent states
discussed above, but no solution of (3.32) can be found within this family. A
more general class of semiclassical states is provided by squeezed vacua [65], which
are gaussian states of the oscillators aAi of the bosonic model. All higher-order
correlations functions are fixed by the two-point functions of the oscillators, and in
this sense squeezed vacua provide the simplest family of states sufficiently general
for the study of states with prescribed correlations. Solutions of (3.32) can already
be found, for any graph, in the space of squeezed vacua. We call them Bell states,
and their geometric properties are analyzed in detail in the remainder of this
chapter.

Let us first briefly review the definition of squeezed vacua [65, 100]. On a graph
Γ with L links, a squeezed vacuum |γ〉 ∈ Hbos is labeled by a squeezing matrix γijAB
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j1

s(1) t(1)
j2

s(2) t(2)

jL

s(L) t(L)

Figure 3.4. The set of L links. Each oriented link corresponds to an ordered pair
` = (s, t), where s(`) and t(`) are the source and target nodes at link l, respectively. The
spin at the link ` is j`.

in the Siegel disk D = {γ ∈ Mat(4L,C)|γ = γt and 1− γγ† > 0} and is defined by:

|γ〉 = det
(
1− γγ†

)1/4 exp
(

1
2γ

ij
AB a

A†
i a

B†
j

)
|0〉 . (3.34)

The indices i, j = 1, . . . , 2L specify link endpoints, and A,B = 0, 1 distinguish
between the two oscillators at a given link endpoint. The labeling of link endpoints
is represented in Fig. 3.4. Intuitively, a non-zero coefficient γABij of the squeezing
matrix introduces correlations between the oscillator A at i and the oscillator B
at j. Since we are looking for states with correlations among oscillators within
individual links, it is sufficient to consider matrices γ with a block-diagonal form
with respect to the links, i.e., such that γABij = 0 for i 6= j. We call these states
linkwise squeezed vacua, since they are independently squeezed link by link.

Consider a linkwise squeezing matrix of the form:

γijAB =


λ` εAB , if i = t(`), j = s(`) ,

−λ` εAB , if i = s(`), j = t(`) ,

0 , else .

(3.35)

where λ` ∈ C, with |λ`| < 1. We call the corresponding squeezed vacua Bell states,
and represent them as |Bγ〉 = ⊗`|Bγ〉`. In general, squeezed states do not satisfy
the link and node constraints. By construction, however, Bell states satisfy the
link constraint L` that corresponds to the area-matching condition ensuring that
the source and target states have exactly the same spin js(`) = jt(`) = j`, so that
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|Bγ〉 ∈ Harea ⊂ Hbos.
Since the squeezing matrix γijAB in (3.35) does not couple variables at distinct

links, the normalized Bell states |Bγ〉 can be expressed as a tensor product of local
states at the links of the graph:

|Bγ〉 =
⊗
`

(1− |λ`|2)
∑
j`

λ2j`
`

∑
m`

(−1)j`−m` |j`,m`〉t(`)|j`,−m`〉s(`) , (3.36)

where the spin states at the link endpoints are represented in the magnetic number
basis associated with measurements of the spin along the z-direction, but retains its
form in basis associated with measurements of the spin along any direction n. Such
states have the form (3.33) and form the full set of solutions of the normal-matching
condition (3.32) in the space of squeezed vacua. Let us list the main properties of
the states |Bγ〉 before the projection to the gauge-invariant space.

From the explicit formula (3.36), we see that at each link we have a maximally
entangled state on for a decomposition of the link into source and target subsystems:

|ψl, jl〉 := 1√
2jl + 1

jl∑
ml=−jl

(−1)jl−ml |jl,ml〉t(l)|jl,−ml〉s(l) , (3.37)

which is annihilated by the following two spin-matching constraints M(l)
1 and M(l)

2 ,
i.e. M(l)

1 |ψl, jl〉 = 0 and M(l)
2|ψl, jl〉 = 0:

M(l)
1 := J2

t(l) − J2
s(l) , M(l)

2 :=
(
Jt(l) + Js(l)

)2
. (3.38)

The first constraint M(l)
1 ensures that the source and target states have exactly

the same spin js(l) = j(t) = jl. The second spin-matching constraint M(l)
2 selects

particular states for which EPR pairs are generated for spin-1/2 particles and
similar perfectly correlated states for larger spins jl.

We know that the quantum mutual information I(s|t) sets an upper bound on
the correlation functions for the spins Js(l),Jt(l) at opposite ends of the link (2.24):

C(Jps(l), Jrt(l))2

2||Jps(l)||2||Jrt(l)||2
≤ I(s(l)|t(l)) , (3.39)

where p, r are the directional components of the spin operator J. The spin-spin
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correlation of the |ψl, jl〉 pair is defined as:

C(Jps(l), J
r
t(l)) := 〈ψl, jl|Jps(l) ⊗ J

r
t(l)|ψl, jl〉 − 〈ψl, jl|J

p
s(l)|ψl, jl〉〈ψl, jl|J

r
t(l)|ψl, jl〉 .

(3.40)
As |ψl, jl〉 solves the spin-matching constraints (3.38), we have the following:

〈ψl, jl|Jps(l) ⊗ J
r
t(l)|ψl, jl〉 = −jl(jl + 1)

3 δpr , (3.41)

〈ψl, jl|Js(l)|ψl, jl〉 = −〈ψl, jl|Jt(l)|ψl, jl〉 = 0 , (3.42)

which simply leads to

C(Jps(l), Jrt(l))2

2||Jps(l)||2||Jrt(l)||2
= 1

18
(jl + 1)2

j2
l

δpr , (3.43)

where the norm ||Jps(l)|| = ||Jrt(l)|| = jl. This result is bounded by the quantum
mutual information, which for a bipartite system reduces to:

I(s(l)|t(l)) = S(s(l)) + S(t(l)) . (3.44)

Tracing out the degrees of freedom of one of the spin, we find that the reduced
density matrix is proportional to the identity operator. Therefore, the entanglement
entropy of each spin is S(s(l)) = S(t(l)) = log(2j + l + 1), which is the maximal
entropy. We obtain a maximal pairwise mutual information for non-trivial spin-j
representation, and we can check that the bound (3.39) is satisfied for correlations
of spins:

I(s(l)|t(l)) = 2 log(2jl + 1) ≥ 1
18

(jl + 1)2

j2
l

. (3.45)

For a general graph with L links, the state |ψl, jl〉 is the superposition of tensor
products of states in ⊗`(Hjl ⊗ Hjl). For any fixed configuration of spins, the
pairwise mutual information I =

∑
` I(s(l)|t(l)) is maximized by the state |ψl, jl〉

before the projection of the state to the subspace of gauge-invariant states. Let us
note that the state |ψl, jl〉 is not the only state maximizing the quantum mutual
information. It is possible to introduce g` ∈ SU(2) which allowing singlet states in
Eq. (3.37), for which the spins at the source and target endpoints of a link are to
be rotated with respect to each other while remaining perfectly correlated. The

51



maximally entangled states (3.37) called Bell states are explored in Section 3.4 for
the construction of linkwise squeezed states in loop quantum gravity which are
highly correlated.

The observation of a spin projection m` at one endpoint of the link is always
accompanied by the observation of a spin projection −m` at the opposite end of
the link, as in an EPR pair. It follows that the fluctuations of the spins at both
ends of a link are perfectly correlated in arbitrary directions, so that when one
measures one of the spins, the remaining spin is immediately known:

Measure[Js(`) · n] = −Measure[Jt(`) · n] . (3.46)

For fixed spins j`, the quantum mutual information is maximized at each link on
the area-matched Hilbert space Harea, as discussed shortly above. This means
that quantum vector geometries, when projected to subspaces of fixed spins j`, are
maximally entangled states link by link. It is because of this maximization of the
correlations that the fluctuations of normals are locked together for glued faces.

The parameters λ` in the squeezing matrix encode the average values of spins
and holonomies at each link. The probability distribution for the spins j` at a given
link is

P (j`) = (1− |λ`|2)2(2j` + 1)|λ`|4j` , (3.47)

leading to a mean value
〈j`〉 = |λ`|2

1− |λ`|2
. (3.48)

The absolute value of λ` is thus fixed by the average spin at the link. In addition,
the phase θ` of λ` = |λ`|eiθ is fixed by the mean value of the holonomy h` at `. In
the bosonic representation, the holonomy operator is given by [100]:

(h`)AB ≡ (2It(`) + 1)− 1
2
(
εAC a

C†
t(`) a

B†
s(`) − εBC a

A
t a

C
s

)
(2Is(`) + 1)− 1

2 . (3.49)

For the Bell state |Bγ〉, we can compute the mean value of the trace of the holonomy
at a link `:

〈
(h`)AA

〉
= −2 cos θ` c(|λ`|) , c(|λ`|) = (1− |λ`|2)2

∞∑
n=1

|λ`|2n+1
√
n(n+ 1) .

(3.50)
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In the limit |λ`| → 1 of large spins, c(|λ`|) goes to 1, and we have

〈
(h`)AA

〉
' −2 cos θ` . (3.51)

This approximation is quite accurate as soon as one leaves the Planck scale. As
an illustration, for a mean spin of order 〈j`〉 ' 10, we already have c(|λ`|) ' 0.995.
We see that the phase of the squeezing parameter is determined by the mean value
of the trace of the holonomy.

In short, a Bell state |Bγ〉 ∈ Harea is a state for which the normals of glued faces
are perfectly correlated, parametrized by the average spins, 〈j`〉, and holonomies,
〈h`〉, at the links ` of the graph Γ. A point in the classical phase space MΓ

associated with Harea is characterized by a set of parameters {(ns(`),nt(`), j`, ξ`)},
and vector geometries form the subspace such that ns(`) = −nt(`) everywhere. In
comparison with the parameters characterizing |Bγ〉, we have an extra normal
vector ns(`) at each link, provided that we identify

〈
(h`)AA

〉
with 2 cos ξ`. A Bell

state with squeezing parameters λ` then corresponds not to a single point inMΓ,
but instead to a surface formed by all vector geometries with common spins j` and
holonomies ξ`. The information on the directions of the normals is partially lost in
the symplectic reduction toMΓ//SU(2) that implements gauge-invariance, but
the angles between normals at a single node are gauge-invariant, and Bell states
average over all allowed possibilities. (We will see that, in simple regular graphs,
this implies that the corresponding quantum tetrahedra are peaked on regular
tetrahedra.)

Gauge-invariant quantum vector geometries in HΓ are obtained by simply
projecting (3.36) to the space of physical states:

|Γ,Bγ〉 = PΓ |Bγ〉 ∈ HΓ . (3.52)

Let us denote by |Γ,Bγ, jab〉 the projection of |Γ,Bγ〉 to the subspace of HΓ with
a fixed spin configuration {jab}. The full Bell state is the superposition of all its
fixed spin components,

|Γ,Bγ〉 =
∑
{jab}

|Γ,Bγ, jab〉 . (3.53)
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We find that:

|Γ,Bγ, jab〉 =
∑
ia

AΓ(jab, ia)
(

N⊗
c=1

|ic〉

)
, (3.54)

where the tensor product runs over all nodes, and the amplitude AΓ of the graph is
defined as

AΓ(jab, ia) =
∑
{m}

N∏
a=1

[
ia
]mab···mae

, (3.55)

the contraction of all intertwiners ia according to the combinatorics of the graph
Γ. The SU(2) invariant amplitude AΓ can always be expanded in a basis of nj-
symbols and corresponds to the spin network evaluation of the graph. Techniques
for computing its explicit values for general graphs have been discussed in [103],
where a generating function was introduced in a coherent state representation. The
asymptotic behaviour for large spins jab →∞ has also been recently investigated
in [85], and such analysis can be applied to the study of Bell states in the mesoscopic
limit of large spins.

3.4.3 Quantum shape-matching conditions

At the classical level, area-matched cellular triangulations are said to satisfy shape-
matching conditions when the lengths of two edges or the measures of two internal
angles are the same as observed from either side of any given face, as discussed in
Section 3.2. Physical states of LQG are area-matched by construction, but there is
no immediate quantum analogue of the classical shape-matching conditions that is
compatible with the Heisenberg uncertainty relations for the quantum geometry.
In fact, the uncertainty relations (3.20) prevent the possibility of simultaneously
observing any set of geometric quantities that completely determine the classical
geometry of the tetrahedron. Nevertheless, one can still formulate a variety of tests
of shape matching at the quantum level in terms of average values and correlations
of geometric observables. In this section, we discuss such quantum shape-matching
conditions as tools to specify in which precise sense a given state approximates or
not a Regge geometry.

Let |ψ, j`〉 be the projection of a generic state |ψ〉 to the subspace HΓ,{j`} of fixed
spins j` resulting from a measurement of total areas for all faces in Γ∗. For given face
areas, classical shape-matching conditions are described by Eq. (3.12). Analogue
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conditions could be set at the quantum level by requiring the conditions (3.12) to
hold at the level of average values for the corresponding quantum operators:

〈ψ, j`|CSM(O`)|ψ, j`〉 = 0 , CSM := Ôs(`) − Ôt(`) , (3.56)

where Ôs(`), Ôt(`) represent a generic function O` of the shape of a two-dimensional
face dual to a link ` ∈ Γ as measured from each side of the face. This notion of
shape-matching is problematic, however, since it requires the choice of a preferred
set of observables to be matched. For example, one could match the lengths of
edges, the measures of internal angles at faces or any set of functions of these
quantities sufficient to fix the geometry of a given polyhedron. In general, distinct
choices of observables will lead to distinct notions of shape-matching.

In the classical limit, the ambiguity should become irrelevant, and an alternative
procedure would be to impose a weaker version of the conditions (3.56) by requiring
the mismatches to vanish for all observables in the limit of large spins:

lim
j`→∞

〈ψ, j`|CSM(O`)|ψ, j`〉
〈ψ, j`|Ôs(`)|ψ, j`〉

= 0 , ∀O` . (3.57)

This condition is sufficient to ensure that the mean geometry is a Regge geometry
in the mesoscopic limit, and provides a useful test for shape-matching in this limit.
Without further conditions, however, it offers limited guidance for the construction of
shape-matched states, since the low-spin regime remains completely unconstrained.
Note also that, even if the stronger condition (3.56) is satisfied, fluctuations around
the average geometry can still display large metric discontinuities.

In order to avoid imposing conditions that involve two-point functions of arbi-
trary geometric observables, one can alternatively pursue a more abstract strategy
and introduce conditions on the mutual information for nearby tetrahedra. Consider
the correlation function

C
(
Ôs(`), Ôt(`)

)
=
〈
Ôs(`) ⊗ Ôt(`)

〉
−
〈
Ôs(`)

〉〈
Ôt(`)

〉
(3.58)

for an arbitrary geometric observable O` at `. In order for the fluctuations of the
geometry to be matched, these correlations must be nonzero:

C
(
Ôs(`), Ôt(`)

)
6= 0 , (3.59)
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since for vanishing correlations the metric fluctutations at opposite sides of a face
are independent. In fact, we wish the correlations to be as strong as possible.
Now, a generic bound for the correlation functions can be written in terms of the
quantum mutual information between the subsystems [104] as in (3.39):

C
(
Ôs(`), Ôt(`)

)2

2‖Ôs(`)‖2‖Ôt(`)‖2
≤ I(s|t) . (3.60)

The quantum mutual information is always nonnegative, vanishes for separable
states and is maximal for perfectly correlated states. Since shape-matching con-
ditions must be imposed simultaneously for all faces of Γ∗, we also introduce the
pairwise mutual information:

I =
∑
`

I(s|t) , (3.61)

where the sum runs over all pairs of nodes connected by a link. This quantity
provides a measure of the total amount of information shared by nearest neighbors
over the graph. It vanishes if the fluctuations of the geometry in adjacent tetrahedra
are independent, and increases in the presence of large correlations, as seen from
Eq. (3.60). In order to have the shape fluctuations as correlated as possible,
uniformly over the graph, the pairwise mutual information I must be maximized.

The condition of maximal mutual information can be interpreted as a shape-
matching condition as follows. In a classical Regge geometry, the information
describing the shape of a triangular face is fully shared by the adjacent tetrahedra:
owing to the continuity of the metric, the shape of a face is completely determined
from observations performed on either side of it. This is not true in a quantum
triangulation, where the metric has discontinuities that can be observed by compar-
ing measurements performed at opposite sides of the boundary. The discontinuities
encode information that is not shared by the neighboring tetrahedra, and as such are
suppressed by the maximization of the mutual information. Ideally, measurements
of a geometric property would always agree for observations performed at opposite
sides of a common boundary. States of the neighboring tetrahedra would then
be perfectly correlated, consistently with a maximal mutual information. Such
ideal situation cannot be realized everywhere in a generic graph, however, and
the maximization of the pairwise mutual information I offers a compromise where
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the metric discontinuities are minimized in a roughly uniform way over the whole
graph.

3.4.4 Bell states on the dipole graph

The dipole graph Γ2 is formed by two nodes n = s, t connected by four links
` = 1, 2, 3, 4, as represented in Fig. 3.5. The graph Γ2 is dual to a triangulation of the
three-sphere formed by two tetrahedra glued along their boundaries. The space of
states of loop quantum gravity on Γ2 is the Hilbert space HΓ2 = L2[SU(2)4/SU(2)2]
of gauge-invariant SU(2) states on the graph. An orthonormal basis for HΓ2 is
provided by spin-network states |is, it, j`〉, where j` is the spin associated with the
link `, the index is labels an orthonormal basis of the intertwiner space K(s)

j1j2j3j4

associated with the node s and similarly for the target node t. In the holonomy
representation, a spin-network state corresponds to:

〈h`|is, it, j`〉 =
∑
m`,n`

∏
`

[
Dj`(h`)

]m`
n`

[is]n1n2n3n4 [it]m1m2m3m4
, (3.62)

where spinor indices of intertwiners are lowered using the isomorphism εj : Hj → H∗j
defined by vm = (−1)j−mv−m. In the bosonic representation of HΓ2 [97, 100], each
link is associated with four harmonic oscillators. We denote the Hilbert space of
states of this collection of sixteen oscillators by H16

bos and label each link endpoint by
an index i. The space of states of the quantum dipole graph is embedded unitarily
in the oscillator model under the map:√

2j` + 1
[
Dj`(h`)

]m`
n`
7→ (−1)j`−n` |j`,m`〉t(`)|j`,−n`〉s(`) , (3.63)

where

|j,m〉i =

(
a0†
i

)j+m (
a1†
i

)j−m
√

(j +m)!(j −m)!
|0〉i , (3.64)

and |0〉i is the local vacuum state annihilated by the operators aAi . The states |jm〉
at each link endpoint can be seen as spin states with spin j and magnetic number
m, so that (3.64) is the usual Schwinger oscillator model of angular momentum.
Note that the map (3.63) is not surjective: the space of states of loop quantum
gravity is a proper subspace HΓ2 ⊂ H16

bos of the bosonic representation selected by
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is it

j1

j2

j3

j4

Figure 3.5. Dipole graph Γ2. The source (s) and target (t) nodes are connected by four
links ` = 1, . . . , 4. The graph is dual to the triangulation of the 3-sphere formed by two
tetrahedra glued along their boundaries. A spin-network state is labelled by spins j` and
intertwiners is, it.

the area-matching and Gauss constraints (see [100]). The area-matching constraint
is the requirement that only products of source and target local states |j`,m`〉t and
|j′`, n`〉s with the same spins are allowed, j` = j′`, as required by the map (3.63).
The Gauss constraint imposes gauge-invariance at each node n. We denote the
projection to the space of area-matched, gauge-invariant states by PΓ2 : H16

bos → HΓ2 .

3.4.4.1 Bell states on Γ2

Consider the Bell state |Bγ〉 ∈ H16
bos obtained by squeezing the vacuum state with

the matrix λ`εAB at each link (Eq. (3.36)):

|Bγ〉 =
∑
j`

⊗
`

λ2j`
`

j∑̀
m`=−j`

(−1)j`−m` |j`,m`〉t(`)|j`,−m`〉s(`) , (3.65)

where we omit the normalization factor det
(
1− γγ†

)1/4 since it will be changed by
the projection PΓ2 . This state is area-matched but not gauge invariant. In order to
obtain the projection to HΓ2 , it is sufficient to act on |Bγ〉 with the projection Pn
to the space of gauge-invariant states at each node n of the graph. For each spin
configuration j`, we expand the projection Ps at the source node with respect to a
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basis of intertwiners |ik〉 ∈ Kj1j2j3j4 as

Ps =
∑
k

|ik〉〈ik| , (3.66)

where k = 1, . . . , dimKj1j2j3j4 . We obtain after the projection:

|Γ2,Bγ〉 = PΓ2|Bγ〉 =
∑
j`

(∏
`

λ2j`

)∑
k

|ik〉t|̃ik〉s , (3.67)

where the intertwiner ĩk is obtained from |ik〉 by acting on all intertwiner indices
with the antilinear map ζ : Hj → Hj defined by

ṽm = (ζv)m = (v−m)∗(−1)j−m . (3.68)

The normalized projection of PΓ2|Bγ〉 to the space of states with fixed spins j` is
simply:

|Γ2,Bγ, j`〉 = 1√
dimKj1j2j3j4

∑
k

|ik〉t|̃ik〉s . (3.69)

The map (3.68) corresponds to the operation of time-reversal for spin states
in Hj. Hence, if the states |ik〉 form an orthonormal set of eigenstates of an
observable Ô, then the states |̃ik〉 form an orthonormal basis of eigenstates of the
time-reversed operator ζÔζ−1. Now, the action of time-reversal on area operators
Ea only amounts to a change of sign, ζEaζ

−1 = −Ea, and as a result the Penrose
metric operator ĝab is not affected by this operation. Since any observable Ô of the
intrinsic geometry can be written in terms of components of the Penrose metric, it
follows that the intertwiners |ik〉 and |̃ik〉 describe the same local intrinsic geometry.
This leads to a simple geometric interpretation of the projected state |Γ2,Bγ, j`〉: it
consists of a perfectly correlated state such that if the measurement of an observable
O of the spatial metric at the tetrahedron s has a result Ok, then the observation
of the same quantity at the tetrahedron t gives the same result. This property can
be concisely represented as:

Measure[Ôs(`)] = Measure[Ôt(`)] . (3.70)

Note that this property is valid for any observable Ô, since any basis of orthonormal
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intertwiners can be used in Eq. (3.66). Such a behavior mirrors that of Bell states
for a pair of spin 1/2 systems, where observations of the individual spins σ · n
are perfectly correlated for measurements performed in arbitrary directions n. In
the present case, instead of spins, each subsystem is a quantum tetrahedron, and
observations of individual metric properties are perfectly correlated.

Let us check that the pairwise mutual information I is maximized by the Bell
state |Γ2,Bγ, j`〉, for any spin configuration. Since the quantum dipole graph is
formed by only two tetrahedra, we have Sst = 0, and the mutual information
between source and target nodes reduces to:

Ist = Ss + St . (3.71)

Tracing out the degrees of freedom of the target node, we find that the local state
of the geometry at the source node is described by the density matrix:

ρs = 1
dimKj1j2j3j4

∑
k

|ik〉s〈ik|s = 1s

Trs 1s
. (3.72)

The same result is obtained for ρt. It follows that the entanglement entropy of
each subsystem is Ss = St = log dimKj1j2j3j4 , which is the maximal entropy at this
dimensionality. The configuration of the local quantum geometry described by ρs
is such that all states compatible with the prescribed spins j` are equally probable,
and in this sense ρs is a microcanonical ensemble that maximizes the entropy in
the space of quantum states of the tetrahedron compatible with a set of prescribed
total areas for the faces at its boundary. We conclude that

Ist = 2 log dimKj1j2j3j4 (3.73)

is the maximal pairwise mutual information, and |Γ2, γ, j`〉 satisfies all quantum
shape-matching conditions introduced in Section 3.4.3, for any spin configuration.

Now let O` be an observable for a generic property of the shape of a face in Γ2,
and denote the operators associated with this quantity for the source and target
tetrahedra by Ôs and Ôt, respectively. We can choose the intertwiners states |ik〉t
in Eq. (3.66) to be the normalized eigenstates of Ôt. From the previous discussion,
the intertwiners |̃ik〉 are then eigenstates of Ôs with the same eigenvalue. It follows
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that, for any spin configuration:

CSM |Γ2,Bγ, j`〉 = (Ôs − Ôt)|Γ2,Bγ, j`〉 = 0 . (3.74)

Hence, the Bell state |Γ2,Bγ, j`〉 also satisfies a stronger condition of shape-matching
where CSM is imposed as a constraint. This implies in particular that 〈CSM〉 = 0,
showing that average values for the geometry satisfy the classical shape-matching
conditions. In addition, we also have 〈CnSM〉 = 0, n ∈ N, consistent with a perfect
correlation for measurements of arbitrary metric observables.

3.4.4.2 Bell states at fixed spins j` on Γ2

Let us now focus on the study of the geometry described by the maximally entangled
Bell states |Γ2,Bγ, j`〉 for fixed spins j`. In particular, we wish to determine the
average values, correlation functions and dispersions of the angle operators:

ĉos θab = Ja · Jb√
ja(ja + 1)jb(jb + 1)

. (3.75)

In order to compute the average value of an angle operator ĉos θab, it is convenient
to choose the interwiners |ik〉 employed in the represention (3.69) to be normalized
eigenstates of (Ja + Jb)2:

(Ja + Jb)2|ik〉 = k(k + 1)|ik〉 , k ∈ Iab ∩ Icd , (3.76)

where we have introduced the interval Iab = {|ja − jb|, |ja − jb|+ 1, . . . , ja + jb −
1, ja + jb} (similarly for Icd), and jc, jd are the spins at links opposite to ja, jb. Let
χcd be the characteristic function associated with the interval Icd. The average
value of an angle operator is then given by the explicit formula:

〈Γ2,Bγ, j`|ĉos θab|Γ2,Bγ, j`〉 = 1
dimKj1j2j3j4

ja+jb∑
k=|ja−jb|

k(k + 1)− ja(ja + 1)− jb(jb + 1)
2
√
ja(ja + 1)jb(jb + 1)

χcd .

(3.77)
Similar expressions can be obtained for the Penrose metric gab and for polynomial
functions of it.

Let us explore some special symmetric spin configurations. We start with the
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case where all spins are equal, j` = j:

|Γ2,Bγ, j` = j〉 = 1√
2j + 1

∑
k

|ik〉t|̃ik〉s . (3.78)

It is then straightforward to obtain:

〈
ĉos θab

〉
= 1
j(j + 1)(2j + 1)

( 2j∑
k=0

1
2
(
k(k + 1)− 2j(j + 1)

))
= −1

3 , (3.79)

for any pair a, b. We find that the average geometry describes a regular tetrahedron3.
The maximization of the entanglement entropy for the individual nodes, which
implies that the observation of any intertwiner state consistent with j` = j is equally
probable and characterizes a microcanonical ensemble for the geometry, enforces a
regular average geometry for the tetrahedron.

Next we compute the correlation function for operators Jsa · Jsb and Jta · Jtb
describing observations of the same angle in the two tetrahedra:

C(j) =
〈(

Jsa · Jsb
)(

Jta · Jtb
)〉
−
〈(

Jsa · Jsb
)〉 〈(

Jta · Jtb
)〉〈(

Jsa · Jsa
)〉 〈(

Jta · Jtb
)〉 (3.80)

= 16
45

(
j(j + 1) + 3/16

j(j + 1)

)
j→∞−−−→ 16

45 . (3.81)

The correlation function C(j) remains finite in the large spin limit j →∞, showing
that the fluctuations of the geometry remain correlated in the classical limit. The
amplitude of the fluctuations is described by the dispersion ∆(ĝab) =

√
〈ĝ2
ab〉 − 〈ĝab〉2

of the metric operator:

∆(ĝab)
||Ea||||Eb||

= 1
3
√

5

(√
16 + 3

j
− 3
j + 1

)
j→∞−−−→ 4

3
√

5
, (3.82)

which shows that the states are not sharply peaked for large spins j → ∞. The
quantum state of the geometry is thus diffuse, describing on the average a pair of
regular tetrahedra, with perfectly correlated fluctuations of the geometry of the
two tetrahedra.

Consider now the more general case of two pairs of equal spins, j1 = j2 and
3Note that the angle θab between the normals of two faces is the supplement of the corresponding

dihedral angle. We still call θab a dihedral angle for compactness of notation.
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j3 = j4. The average values of the angle operators ĉos θab can be computed as
before, leading to: 〈

ĉos θ12

〉
= −1

3 , (3.83)〈
ĉos θ34

〉
= −1 + 2

3
j1(j1 + 1)
j3(j3 + 1) , (3.84)

〈
ĉos θ13

〉
= −1

3

√
j1(j1 + 1)
j3(j3 + 1) . (3.85)

Owing to the asymmetry in the spin configurations, we have three distinct average
values for dihedral angles. In the limit where all spins are the same, j1 → j3, all
averages reduce to −1/3, and we recover the previous result. For more general
spin configurations j`, the general formula (3.77) is still valid, but a simple closed
formula is not available.

3.4.5 Bell states on the pentagram

ik1

ik5

ik4ik3

ik2

j1

j2

j4

j3
j5

j6

j7

j8j10 j9

Figure 3.6. Pentagram graph Γ5. The graph is dual to a triangulation of the three-
sphere with five tetrahedra. A spin-network state on Γ5 is labeled by five intertwiners ikn

and ten spins j` attached to the nodes and links of the graph, respectively. The links are
oriented according to t(`) < s(`).

The pentagram graph Γ5 is formed by five nodes connected by ten links as
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shown in Fig. 3.6, and is dual to a triangulation Γ∗5 with five tetrahedra, ten faces
and ten links. We label the nodes by an index a = 1, . . . , 5. An oriented link
corresponds to an ordered pair ` = (a, b), where a and b are the source and target
nodes, respectively. Spin network states on Γ5 are represented as |Γ5, jab, ia〉, where
jab(= jba) is the spin at the link (a, b) and ia is the intertwiner at the node a. At
each node, an orthonormal basis of intertwiners can be labeled by a virtual spin
ia for some decomposition of the four-valent node as a gluing of two three-valent
nodes. A spin network state on Γ5 is then characterized by a set of 15 spins
jab, ia. The space of states of loop quantum gravity on Γ5 is the Hilbert space
HΓ5 = L2[SU(2)10/SU(2)5]. The bosonic representation has now 40 oscillators,
HΓ5 ⊂ H40

bos. Projecting the maximally entangled state |Γ5, γ〉 ∈ H40
bos defined for

general graphs in Eq. (3.36) to the space of gauge-invariant states with fixed spins
j`, we obtain the Bell state (explicitly derived in Appendix D):

|Γ5,Bγ, jab〉 = PΓ5|Bγ, jab〉 =
∑
ia

15j(jab, ia)
(

5⊗
k=1

|ik〉

)
, (3.86)

where the 15j-symbol is the contraction of the intertwiners ia along the graph Γ5,
which can be seen as the SU(2) vertex amplitude of the 4-simplex.

An alternative strategy for implementing the projection into the space of gauge-
invariant states, which will lead us to a coherent state representation for the Bell
state, consists in first writing the node projectors as

PΓ5 =
⊗
a

Pa , Pa =
∑
ia

|ia〉〈ia| ≡
∫
SU(2)
dXaXa , (3.87)

where Xa acts unitarily on
⊗

b:a6=b Vjab
. Then we obtain from (3.36) that at fixed

spins jab:

|Γ5,Bγ, jab〉 =
∫
SU(2)5

[
5∏
c=1

dXc

]⊗
a<b

∑
mab

(−1)jab−mabXa|jab,mab〉 ⊗Xb|jba,−mab〉 .

(3.88)
A resolution of the identity in terms of LS (Livine-Speziale) intertwiners |ψa(jab,nab)〉
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[105] in the gauge-invariant space at the node a is given by [106]:

1ψ =
∏
a6=b

djab

∫
P

(0)
j

dµψ(nab) |ψa(jab,nab)〉〈ψa(jab,nab)| , (3.89)

where the measure dµψ(nab) is defined as

dµψ(nab) = dµ(0)(nab) ρjab
(nab) , dµ(0)(nab) ≡

∏
a6=b

d2nab δ(3)

(∑
a6=b

jab nab

)
,(3.90)

with an SU(2) invariant measure dµ(0)(nab) on the reduced phase space P (0)
j of

solutions of the closure constraint
∑

a6=b jabnab = 0. , i.e., the integration in (3.89)
is performed over the space of classical tetrahedra. The positive SU(2) invariant
function ρjab

(nab) is determined explicitly in [106]. Inserting the resolution of the
identity (3.89) at each endpoint of the graph, and omitting irrelevant overall factors,
we can write the Bell states |Γ5,Bγ, jab〉 in the form:

|Γ5,Bγ, jab〉 =
∫
P

(0)
j

dµψ(nab) 15j(jab,nab) |ψ(jab,nab)〉 , (3.91)

where the boundary state

|ψ(nab, jab)〉 =
⊗
a

∫
Xa∈SU(2)

dXa

⊗
b 6=a

Xa |nab〉2jab (3.92)

is defined up to a phase (due to phase ambiguities in the definition of the SU(2)
coherent states |nab〉), and the SU(2) 15-j symbol is written in the coherent state
basis as

15j(jab,nab) =
∫
SU(2)5

[
5∏
c=1

dXc

]∏
a<b

〈ζnab|X†aXb|nba〉2jab . (3.93)

By construction, the Bell states |Γ5,Bγ, jab〉 are quantum vector geometries, i.e.,
the average geometry and its fluctuations satisfy normal-matching conditions. In
order to probe the geometric properties of these states in more detail, we wish now
to check whether they also satisfy shape-matching conditions. We will focus on
the weaker conditions (3.57) that characterize states peaked on Regge geometries
in the mesoscopic limit of triangulations formed by large tetrahedra. Such an
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analysis requires a careful description of the large spin behaviour of the 15j-symbols
appearing in the integral representation (3.91). The asymptotic behavior of the
15j-symbols was studied in [83], and our calculations will rely heavily on the
asymptotic formulas derived in that work. In what follows, we collect the relevant
results for our purposes, and refer to [83,84] for details.

The integral expression (3.93) can be analysed with stationary phase methods by
rescaling all the spins simultaneously, jab → λjab, and letting λ→∞. Conditions
for the critical points of the action, Eqs. (D.5) and (D.6), and formulas for the
Hessian, Eqs. (D.8) and (D.9), are explicitly computed in Appendix D. Evaluating
the Hessian of the action at critical points viab = −n′ iab, we find for off-diagonal
elements:

H ij
cd(X̃(n)) = −1

2jcd
(
− δij + iεijkn

′ k
cd + n′ icdn

′ j
cd

)
, (3.94)

and for diagonal elements:

H ij
cc(X̃(n)) = −1

2
∑
b6=c

jbc

(
δij − iεijkn′ kcb − n′ icbn

′ j
cb

)
=
∑
b 6=c
−1

2jbc

(
δij − n′ icbn

′ j
cb

)
.(3.95)

The existence and classification of solutions to the critical equations depend on
the boundary data {jab,nab}. A configuration is said to be non-degenerate if, for
each tetrahedron a, the four vectors nab with b 6= a span a three-dimensional space.
It is shown in [83] that if {jab,nab} is non-degenerate boundary data satisfying the
closure equations ∑

b6=a

jab nab = 0 , (3.96)

and Xa ∈ SU(2) are a set of five group elements solving the critical equations

Xa nab = −Xb nba , (3.97)

then there are at most two distinct sets of Xa. So we have three possibilities:

• There are no solutions for the set of fixed boundary data so that the tetrahedra
do not glue at all.

• There is only one solution ∼ {X̃}, up to equivalence.
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• There are two distinct solutions ∼ {X̃ ′, X̃ ′′} which are not related by a
symmetry.

If the four vectors nab satisfy the closure condition then they define a tetrahedron in
R3 with outward face normals nab and areas jab. Each tetrahedron inherits a metric
and an orientation from the ambient space but the metrics and orientations of
different tetrahedra do not necessarily match. For a non-degenerate configuration,
if the induced metrics on triangles agree for the two tetrahedra sharing the triangle
and the induced orientations are opposite, the configuration is shape-matched. In
this case the glued tetrahedra form a Regge geometry. In general, solutions of
the critical conditions are vector geometries, normal-matched configurations up to
gauge transformations.

For shape-matched boundary data, there exists a unique set of ten SU(2)
elements gab = g−1

ba which glue together the five tetrahedra and map the outward
normal to one tetrahedron to the inward normal to the other,

gbanab = −nba . (3.98)

The gluing maps gba parallel transport vectors in the tangent space Ta of the
tetrahedron a to the tangent space Tb of the tetrahedron b, and can be used to fix
a canonical choice of phase for the boundary state ψ through

|nba〉 = gbaJ |nab〉 , (3.99)

defining a so-called Regge state. Interpreting the polyhedron obtained after gluing
the five tetrahedra as the boundary of a 4-simplex, we can obtain three kinds of
shape-matched configurations: the metric of the resulting 4-simplex can be 4d
Lorentzian (with space-like tetrahedra), 4d Euclidean or 3d Euclidean geometry,
with signatures − + ++,+ + ++ or 0 + ++, respectively. The signature of the
4d metric is determined by the number of inequivalent solutions to the critical
point conditions for the given boundary data [84]: If the boundary data satisfies
shape-matching conditions, then the critical point equations have two equivalence
classes of solutions in the case of 4d Euclidean boundary data, one equivalence class
in the case of 3d Euclidean boundary data, and none in the case of 4d Lorentzian
boundary data. Moreover, in the 3d Euclidean one can always choose a gauge such
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that the gab satisfies

g2
ab = ±1 , (3.100)

for each a 6= b. This means that the gluing map is either gab = 1 or gab = Rπ(nab),
a rotation by π about the axis nab.

In general, if the critical conditions have two inequivalent solutions, then the
boundary data is necessarily shape-matched and 4d Euclidean (SM-2). When
there is only one set of solutions to the critical equations up to equivalence, the
boundary data can be shape-matched (SM-1) or normal-matched (NM-1). For a
fixed non-degenerate but non shape-matching data, we can choose an arbitrary
phase of the coherent states as there is at most one solution to the critical point
equation such that the action at the critical points can be set to zero. Using this
phase choice, the asymptotic behavior of the 15j-symbol evaluated at the critical
points is

15j(λj,n)|NM−1 '
(

2π
λ

)6 24

(4π)8
1√

detH
. (3.101)

For the case (SM-2), the action can be evaluated at the two distinct solutions:

Sj,n|± = ±i
∑
a<b

jabθab = ±iSR , (3.102)

where SR is the Regge action and θab is the dihedral angle of the triangle shared by
tetrahedra a and b. The full asymptotic behavior of the 15j-symbol is then

15j(λj,n)|SM−2 '
(

2π
λ

)6 24

(4π)8

(
eiλSR√
detH+

+ e−iλSR√
detH−

)
. (3.103)

In the case (SM-1), we have the asymptotic behavior:

15j(λj,n)|SM−1 ' ±
(

2π
λ

)6 24

(4π)8
1√

detH
. (3.104)

Since these three possibilities exhaust the relevant contributions to the integral
(3.91) in the asymptotic limit, our Bell state can be then expressed, for large
spins, as a superposition of shape-matched and normal-matched configurations
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(|SM − 2〉, |SM − 1〉, |NM − 1〉) as:

lim
λ→∞
|Γ5,Bγ, λjab〉 ' |SM − 2〉+ |SM − 1〉+ |NM − 1〉 . (3.105)

In order to check whether the Bell state satisfies shape-matching conditions for
large spins, we need to quantify the relative contributions of shape-matched (Regge)
and normal-matched (vector geometry) configurations to the 15j-symbol in the
asymptotic limit. We will now explicitly verify that the normal-matched contri-
bution |NM − 1〉 is indeed subdominant for a family of spin configurations that
admits shape-matched configurations.

p

i

r

q

s

Figure 3.7. Pachner move 1-4. A single tetrahedron is divided into a gluing of four
tetrahedra by the introduction of a new vertex i in its interior.

Let us start the analysis by describing the geometries we are interested in. First
note that by choosing an arbitrary node a of the pentagram, the triangulation
associated to Γ5 can be seen as the gluing of two pieces related by a Pachner move
1-4: a single tetrahedron a and the polyhedron with four tetrahedra obtained from
it by the inclusion of an internal point (see Fig. 3.7). Now, if the boundary data
{jab,nab} is that of a shape-matched 3d Euclidean geometry, then these two pieces
can be isometrically embedded in R3. Reversing the procedure, we obtain a method
for constructing shape-matched configurations: we apply a Pachner move to a
tetrahedron embedded in R3, and then just read off the boundary data from the
explicit embedding in order to build an Euclidean 3d geometry for the boundary
of the 4-simplex. This allows us, in particular, to determine the coordinates of
the shape-matched configurations for a given parametrization of t solutions of
the critical conditions, which is our main interest in the technique. The whole
procedure can equally well be based on the Pachner move 2-3. In Appendix E,
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we construct explicit shape-matched configurations (SM-1) for 1-4 and 2-3 vector
geometries (Fig. 3.8) and compute the amplitude of the corresponding 15j-symbols
by computing |detH|1/2.

Figure 3.8. Graphical representation of a 1-4 vector geometry in a 3d box generated by
using maximal tree method. Each colored point labels different node of the pentagram.
The set of normals at each node satisfy the closure condition (3.96). Dashed black arrows
stand for the anti-aligned normals which connect neighbor nodes: na(a+1) = −n(a+1)a,
a = 1, · · · , 4. Dashed colored arrows stand for the remaining normals such that nab =
−nba with

{
(a, b) = 1, · · · , 5

∣∣ a < b ∧ a 6= b− 1
}
.

In [85], it is shown that algebraically vector geometries with fixed spins can
be parametrized in terms of five independent variables φ. The five tetrahedra are
represented in the Kapovich-Millson space as 4-sided polygons in R3 with edge
vectors jab mab, and the geometry is completely determined for a given set of spins
if the face normals mab are written in terms of the five independent shape variables
φ. Four of these shape variables are gauge-invariant 3d dihedral angles computed
from the squared length of diagonals of the polygons:

(mca + mcd)(mca + mcd) = 2 (1 + cosφca,cd) (3.106)

(−mab + mca)(−mab + mca) = 2 (1 + cosφab,ca) (3.107)

(−mdb + mcd)(−mdb + mcd) = 2 (1 + cosφdb,cd) (3.108)

(mab + mdb)(mab + mdb) = 2 (1 + cosφab,db) , (3.109)
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and the remaining variable is a gauge-dependent quantity, an angle between faces
at distinct tetrahedra,

(mab + mcd) (mab + mcd) = 2 (1 + cosφcd,ab) , (3.110)

computed from the squared length of the diagonal of the parallelogram (mcd,mdc,mab,mba).
We are interested in the 1-4 geometry obtained by the application of the

Pachner move 1-4 to a regular tetrahedron. Accordingly, the exterior normals
(maf ,mbf ,mcf ,mdf ) are fixed to match the normals (naf ,nbf ,ncf ,ndf ) of an explicit
embedding of the regular tetrahedron in R3 (as described in Appendix E). In
addition, the spin jin of the interior faces is related to the spin jout of the exterior
faces by jin = jout/

√
6. This identity cannot hold for semi-integer spins, but can be

arbitrarily well-approximated for large spins, which is the regime we are interested
in. The two independent closure conditions for the interior tetrahedra read:

mcb = − 1
jin

(jout nfb + jin mdb + jin mab) , (3.111)

mad = − 1
jin

(jout nfd + jin mbd + jin mcd) . (3.112)

Overall we obtained a 1-4 vector geometry with fixed spins from five shape vari-
ables where the non-gauge invariant quantity φcd,ab is the angle between nor-
mals of different tetrahedra and the other four variables are the dihedral angles
φca,cd, φab,ca, φdb,ab, φab,db.4

We now proceed to compare the contributions of shape-matched and normal-
matched configurations to the 15j-symbols for the chosen spin configuration. The
shape-matched configuration is 3d Euclidean, by construction, so it is enough to
consider SM-1 and NM-1 contributions. In the limit of large spins, the 15j-symbols
have the asymptotic form given in Eqs. (3.101) and (3.104). Therefore, in the

4The 2-3 vector geometries are too constrained for our purposes. We could start with two
regular tetrahedra glued back to back and let the interior geometry of the piece formed by three
tetrahedra free. A simple counting argument shows, however, that this interior geometry is
rigidly fixed. In general, a vector geometry is described by 40 parameters in 20 normalized
vectors. We have 10 equations from the solutions to the critical equations. Two tetrahedra
are constructed to be regular such that 7 normals are fixed in the vectorial geometry. There
are also 3 closure conditions for the three free tetrahedra. The total number of constraints is
10× 2 + 7× 2 + 3× 2 = 40 which is exactly the total number of parameters in a vector geometry.
Therefore, the vectorial equations are too constrained to allow for configurations other than the
shape-matched one.
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asymptotic limit the ratio between the 15j-symbols for normal-matched and shape-
matched configurations is given by

√
| detH0|/| detH|, where H0 is the Hessian of

the shape-matched configuration (whose coordinates are derived in Appendix E).
Using the parametrization introduced above, we first sample points of a subset

of 1-4 vector geometries including the shape-matched solution. For this purpose,
we first express (mcd,mab) in terms of four parameters as

mT
cd = (sin θcd cosφcd, sin θcd sinφcd, cos θcd) , (3.113)

mT
ab = (sin θab cosφab, sin θab sinφab, cos θab) . (3.114)

The other two interior normals in (3.106) are fixed to the shape-matched solutions
mca = nca, mca = ndb, and mcb,mad are determined by the following closure
conditions:

mcb = − 1
jin

(joutnfb + jinndb + jinmab) , (3.115)

mad = − 1
jin

(joutnfd + jinnbd + jinmcd) . (3.116)

Then we look for solutions within the interval [0, 2π] of θ ≡ θcd = θab. This choice
of parametrization leads to equalities among the gauge-invariant quantities:

cosφab,ca − cosφab,db = cosφca,cd − cosφdb,cd =
√

2 cos θ , (3.117)

where all these gauge-invariant quantities are exactly equal to 1/2 at the shape-
matched configuration. The corresponding solutions5 for φab, φcd are obtained by
the normalization conditions on mcb,mad.

Now we can plot the relative magnitude of |detH|−1/2 with respect to the
shape-matched configuration for a sample of exact vector geometries. The results
are displayed in Fig. 3.9.

We find that the typical scales for the contributions to |detH|−1/2 from normal-
matched configurations are suppressed compared to the shape-matched configura-

5For each possible solution in this setting the degenerate outcomes for each tetrahedra should
be eliminated from the total set of solutions which do not satisfy the folllowing:

detGa 6= 0 , Ga =
∑
b 6=a

bab bT
ab . (3.118)
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Figure 3.9. Sampling of exact relative magnitudes (|detH0|1/21−4)/(|detH|1/21−4) in terms
of the cosine of the gauge-invariant 3d dihedral angles φab,db andφcd,bd. The relative
magnitude reaches its maximum at the shape-matched configuration (SM-1) with nab ·
ndb = ncd · nbd = 1/2.

tion, showing that the 15j-symbol is peaked at the shape-matched configuration.
For the maximally suppressed configuration, the ratio is approximately 0.2, and
the typical ratio is of the order of tenths. We show in Fig. 3.9 the suppression due
to variations in a single shape variable. Since the geometry is parametrized by
five shape variables, the suppression factor for the different variables will combine,
and we can estimate a typical suppression of around two orders of magnitude, and
a maximal suppression of about four orders of magnitude in the five-dimensional
space of vector geometries.

The results of our analysis show that, in the coherent state representation,
the Bell state |Γ5,Bγ, jab〉 on the pentagram is well-peaked on the shape-matched
configuration in the asymptotic limit of large spins for the 1-4 geometry. The
state is then well approximated in the regime of large spins by a wavefunction
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concentrated at the shape-matched configuration:

lim
λ→∞
|Γ5,Bγ, λjab〉 ∼

(
2π
λ

)6 24

(4π)8

∫
P

(0)
j

dµψ(nab)
∑

σ=−1,0,1

eiσSR

√
detHσ

δ(CSM) |ψ(jab,nab)〉 .

For the considered geometries, the shape-matched configuration lies within the
family SM-1, and we can write accordingly limλ→∞ |Γ5,Bγ, λjab〉 ' |SM − 1〉. In
geometries with multiple shape-matched configurations, we expect the wavefunction
of the Bell state to display peaks at each of the shape-matched configurations,
leading to a zeroth-order approximation of the form:

lim
λ→∞
|Γ5,Bγ, λjab〉 ' |SM − 2〉+ |SM − 1〉 , (3.119)

i.e., the state approaches a superposition of coherent states peaked at the shape-
matched configurations compatible with the given choice of spins. In this sense, the
Bell state corresponds to a wavefunction over the space of Regge geometries at fixed
spins. In general, there are two distinct kinds of matched configurations [83,84]:
the term |SM − 2〉 includes boundary data defining a 4d Euclidean metric in
the associated 4-simplex, and |SM − 1〉 includes the 3d Euclidean configurations
with signature 0 + ++. Since the contribution of 15j-symbols associated with
normal-matched boundary data is suppressed in comparison to the shape-matched
configurations, average values in the limit of large spins can be computed under
the approximation (3.119), and we find that the weaker version of quantum shape-
matching conditions for average values (3.57) discussed in Section 3.4.3 is satisfied:

lim
jab→∞

〈Γ5,Bγ, jab|CSM(Oab)|Γ5,Bγ, jab〉
〈ψ, jab|Ôs(ab)|Γ5,Bγ, jab〉

≈ 0 . (3.120)
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Chapter 4 |
Minisuperspace models of quan-
tum spin systems

We introduced basic preliminaries 2.4 for a possible analysis of correlated complex
quantum spin systems. Specifically, complexity can be understood for instance as
introducing spin chains in higher dimensional cells, having a spin system consisting
of at least three valent-node at each site or multiple types of spin operators at each
site. This list can be well-extended to increase the complexity of the quantum spin
systems.

In this chapter, we will analyze special classes of quantum spin chain models
where in particular the dynamical evolution of spin correlations in the revelant
system are computed using the canonical effective methods. In general, effec-
tive formalisms of fundamental theories are playing the role of understanding (or
transmitting) intermediate steps to connect the extractable predictions from the
fundamental theories such as canonical theory of quantum gravity to the phe-
nomenological data from various experiments especially at high energy scales or
observations from distant pasts of the universe such as cosmic microwave back-
ground. In particle physics approach (applied mostly in standard quantum field
theory), a rigorous definition of an effective description of a more fundamental
theory is that the effective action is obtained after some “heavy” degrees of freedom
are integrated out above some specific energy scale of the relevant theory. Unlike
in field theories on a Minkowski or fixed background, there are technical subtleties
to define a well-defined representations of the Hilbert space for a quantum theory
of general relativity where there is no fixed background geometry. For instance,
one cannot no longer define a unique Fock vacuum state. In what follows we will

75



use an effective formalism, which can be also applied to background-independent
theories, for a semi-classical analysis of a (minisuperspace) quantum spin system
without explicitly referring a well-defined states and Hilbert space.

4.1 Introduction
Minisuperspace models of quantum-field theories, in particular quantum gravity,
are usually constructed by quantizing a set of configurations obtained from the full
classical theory by imposing spatial homogeneity. While homogeneous configurations
are exact (though special) solutions of the classical theory, for various reasons they
are not expected to be exact solutions of the full quantum-field theory. For instance,
uncertainty relations would prevent both the amplitude and momentum of an
inhomogeneous mode from having zero quantum fluctuations. In an interacting
theory, fluctuations couple to expectation values, and non-zero fluctuations usually
imply that the mode expectation values cannot remain zero in time. An exactly
homogeneous (non-vacuum) solution therefore cannot be realized in a quantum-field
theory. The question of what kind of an approximation to the full quantum theory
a minisuperspace model may provide has remained open, but recently canonical
effective methods have shed some light on this question for scalar quantum-field
theories on a flat background space-time [107].

The main application of minisuperspace models is in the context of quantum
gravity, where space-time is no longer a background but quantized as well. Several
approaches to quantum gravity suggest that space or space-time may no longer
be continuous in this setting. (See for instance [108, 109].) Discrete space may
present a further obstacle to finding exact or approximate homogeneous solutions
of the theory: even if we disregard quantum fluctuations or their back-reaction on
expectation values, local moves in a discrete structure do not respect homogeneity.
At most, a coarse-grained model which collects the accumulated action of many
local moves in a single evolution step could lead to approximate homogeneous
solutions. However, coarse-graining remains incompletely understood in discrete
approaches to background-independent gravity. (See for instance [110, 111] for
recent realizations.)

In order to probe these questions, we introduce here a discrete quantum system
which exhibits several interesting aspects regarding minisuperspace models. Starting
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from the discrete quantum theory rather than a classical continuum theory allows
us to analyze how different features of the interacting dynamics can be captured
in simpler systems. As is well known, a discrete theory can give rise to different
continuum limits. Each of them would then lead to a different minisuperspace
model. The same result can be seen directly by minisuperspace constructions
performed for the discrete quantum theory.

We will also analyze the discrete quantum theory in qualitative terms. In
particular, we are interested in the question of how long-range correlations can
build up in a fundamental theory and under which conditions they are stable. If
such correlations can be achieved, it is at least possible that nearly homogeneous
configurations can be the result of evolution in the theory, rather than just of
specific initial choices as implicitly made in minisuperspace constructions. Of
course, homogeneous configurations require long-range correlations of a very specific
kind which is more difficult to analyze for a generic interacting theory. But the
building-up of some kind of long-range correlations is a pre-requisite for near
homogeneity, and it can be studied in our model in qualitative terms. The stability
question will lead us back to the ground-state configurations discussed for the
various minisuperspace models introduced here. An interesting interplay between
the full discrete theory and the models is important for the physical interpretation
of minisuperspace results.

4.2 Canonical effective methods
Canonical effective methods [112–114] are primarily based on the functionals at
expectation value level without knowing the wave function of the related quantum
system. Instead of having a state space, we have expectation values of fundamental
variables and their moments on an infinite-dimensional space. For a configuration
of space consisting of N canonical degrees of freedom, a point in this infinite-
dimensional space is completely determined by (〈q̂i〉, 〈p̂i〉) for i = 1, · · · , N and the
moments

∆(qai pbj) := 〈(q̂i − 〈q̂i〉)a(p̂j − 〈p̂j〉)b〉symm , (4.1)

where all products in the expectation value are totally symmetric. In this chapter
we prefer the hat notation q̂ for quantum operators in order to distinguish from the
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classical variables q ≡ 〈q̂〉. The space of the classical variables and the moments
is equipped with a Poisson structure defined by the commutator of the operator
algebra:

{〈Â〉, 〈B̂〉} := 1
i~
〈[Â, B̂]〉 , (4.2)

In particular, this relation satisfies the identical features realized for a commutator
(linearity, anti-symmetricity and Jacobi identity). In fact, one can obtain a well-
defined Poisson bracket on the space of all expectation values of fundamental
operators and moments by extending (4.2) to the products of expectation values
(Leibniz rule). The moments provide infinitely many quantum variables independent
of expectation values but their values are limited by the Heisenberg uncertainty
principle (2.12). For the case of a + b = 2 and a single degree of freedom (q, p),
moments should satisfy the conventional uncertainty relation:

∆(q2)∆(p2)−∆(qp)2 ≥ ~2

4 . (4.3)

Uncertainty relations for higher-order moments appear more complicated but all of
them are derived from the Schwarz inequality (2.4). The correspondence between
the points in the moments space and the rays in the state space can only occur if all
the uncertainty relations of the moments at all orders are obeyed. In particular the
moments, that correspond to the space of semiclassical states, obey the following
hierarchy: order of ∆(qai pbj) ∼ O(~(a+b)/2) so that moments of a given order provide
quantum corrections of that order in ~. This hierarchy relation enables then to
truncate the infinite-dimensional space of moments and expectation values to finite-
dimensional one. In this respect quantum corrections are then included in the
quantum back-reaction of fluctuations and higher order correlations of a state on
the evolution of expectation values. Therefore, we need to establish a definition for
a time evolution of the effective system.

The dynamics for an effective description of a quantum system can be defined
by introducing a quantum (effective) Hamiltonian from the Hamiltonian operator
on the space of states:

HQ

(
qi, pj,∆(qai pbj)

)
:= 〈Ĥ〉 . (4.4)

The equations of motion are then generated by this quantum Hamiltonian referring
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to Heisenberg equations of motion (2.34):

d

dt
〈Â〉 := {〈Â〉, HQ} = 1

i~
〈[Â, Ĥ]〉 . (4.5)

For an explicit computation of the quantum Hamiltonian we will consider a system
with a single degree of freedom. The quantum Hamiltonian can be expressed as
〈H(q̂, p̂)〉 = 〈H

(
q + (q̂ − q), p + (p̂ − p)

)
and this can formally Taylor expanded

around the q̂ − q and p̂− p:

HQ = 〈H(q̂, p̂)〉 =
∞∑
b=0

∞∑
a=0

1
(a+ b)!

(
a+ b

a

)
∂a+bH(q, p)
∂qa∂pb

∆(qapb) . (4.6)

Specifically, a quantum Hamiltonian, that corresponds to a Hamiltonian operator
with a canonical kinetic term H(q̂, p̂) = 1

2 p̂
2 + V (q̂), is then

HQ = 1
2
(
p2 + ∆(p2)

)
+ V (q) +

∞∑
n=2

1
n!V

(n)(q)∆(qn) . (4.7)

For a first order correction in ~ to the effective potential, the Taylor expansion can
be up to the second-order moments.

An overall report of using canonical effective methods is that firstly computing
the moments, which are n-point correlation functions at the same time, can be
performed on more general space of states. Secondly, this whole analysis does not
fix the background geometry of the theory so that the canonical approach can be
applied to the background-independent theories of quantum gravity. Therefore, we
can use the canonical effective methods especially in cosmological settings of the
primordial universe on a FLRW background. In what follows we will apply this
effective framework for particular model of various discrete quantum spin systems.

4.3 The quantum spin chain model
In the absence of a consistent canonical quantum theory of gravity, it is not
clear what Hamiltonian one should use to model its discrete dynamics. (See for
instance [115–119] for some issues involved in such a construction.) In an attempt
to construct tractable models, we focus here on some of the ingredients that
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seem to be rather general. We do not intend to capture the precise dynamics of
quantum gravity but rather plan to explore some properties of possible candidates
for fundamental degrees of freedom.

Several proposals of quantum gravity, going back to [120], are based on mathe-
matical versions of angular momentum or spin as a fundamental degrees of freedom.
Not only spin eigenvalues but also their proposed arrangement on a graph in space,
or a spin network, are discrete. Certain invariant combinations of spin quantum
numbers can then be defined as discrete analogs of the common continuum ex-
pressions of geometrical measures. Moreover, spin-spin interactions can be used to
introduce possible Hamiltonians.

Handling the arrangement of spins on an arbitrary graph in three spatial
dimensions can be a difficult combinatorial problem. The first simplification we
will use is a dimensional reduction: We will consider only one spatial dimension,
which could be thought of as the radial direction measuring the distance from
a non-rotating and spherical star or black hole, or more generally a so-called
midisuperspace model of general relativity. Aligned in this direction are then several
different types of spins, which roughly correspond to independent components of
the spatial metric. We arrive at a 1-dimensional graph model as illustrated in
Fig. 4.1. Here, spins on links in the horizontal direction, called “horizontal spins”
in what follows, would then have a geometrical interpretation distinct from that
of “vertical spins” on upward and open-ended links. However, such a geometrical
interpretation will not be relevant for our analysis of the interacting dynamics.

j4

1

j2

2

j1 j3

N − 1

j2N−2

j2N−1

N

j2N

j2N+1

Figure 4.1. The inhomogeneous one-dimensional graph Γ with N nodes and 2N + 1
links. The Hamiltonian (4.8) is invariant under a mapping of spins that corresponds to a
reflection of the graph in a horizontal direction. If the orientation of a link, indicated by
an arrow, changes under this reflection, the corresponding mapped spin has a negative
sign.

Specific versions of such quantum midisuperspace models with explicit Hamil-
tonians have been constructed for spherically symmetric models [121, 122] and
certain types of gravitational waves [123, 124]. In tractable versions, one makes

80



use of a further reduction of the group SU(2) to the Abelian U(1). In order to
have interesting spin-spin interactions, we will not make use of this reduction here.
However, we will simplify the combinatorics by working with a single spin on each
link, instead of distinguishing between left- and right-invariant vector fields on
SU(2) as would be done in a full spin network.

The dynamics on a spin system, such as the one illustrated in Fig. 4.1, is in
general spin-changing as well as graph-changing if it comes from a generic proposal
of canonical quantum gravity. That is, the Hamiltonian can contain terms that
change the irreducible representation of SU(2) on each link of the graph, as well
as terms that can create new nodes and corresponding links of the graph. Such a
dynamics is hard to control, and therefore we assume a simplified version in which
no spin-changing or graph-changing terms occur. Therefore, for given irreducible
representations and a fixed graph, only spin-spin interactions are present in the
Hamiltonian. We consider only local (next-neighbor) pairwise interactions and
require a certain reflection symmetry as indicated in Fig. 4.1 and spelled out in the
explicit construction that follows.

As the discrete theory, we introduce a spin system which for a given integer
N has 2N + 1 interacting spins Ji, i = 1, . . . , 2N + 1. We define the dynamics in
canonical form, generated by the Hamiltonian

ĤΓ = α
N∑
i=1

(
− Ĵ2i−1 · Ĵ2i + Ĵ2i−1 · Ĵ2i+1 + Ĵ2i · Ĵ2i+1

)
(4.8)

with a coupling constant α. This operator is invariant under global rotations of the
spins: the sum of all horizontal spins,

G :=
N+1∑
i=1

Ĵ2i−1 , (4.9)

commutes with the Hamiltonian. This conserved quantity can be used in some
cases to simplify equations of motion, as in Sec. 4.6.2. We have chosen the signs
of individual coefficients of the spin products so as to make the Hamiltonian
reflection symmetric under the operation Ĵ2i−1 7→ −Ĵ2N−2i+3 while Ĵ2i 7→ Ĵ2N−2i+2

(or i 7→ N−i+1). These properties can be illustrated by the graph model presented
in Fig. 4.1. The arrows indicate the sign in the reflection symmetry.
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In 1-dimensional models of gravity, it is often convenient to impose polarization
conditions which eliminate one of the metric components as an independent field.
In our discrete model, such a condition would then relate the different types of
spins (horizontal and vertical) to each other. Our polarization condition used here
is a constraint that corresponds to the classical conditions

Ci = −J2i−1 + J2i + J2i+1 = 0 , i = 1, . . . , N . (4.10)

They can be used to eliminate the vertical spins. Also this system of constraints
has coefficients chosen so as to make it reflection symmetric: Ci 7→ CN−i+1.

We have a system of constraints in a non-symplectic Poisson manifold with
coordinates given by spin components Jai , such that standard classifications of first
or second class constraints are not available [125]. It is, however, straightforward
to see that the constraints do not all (Poisson) commute with one another, nor
with the Hamiltonian. The non-zero Poisson brackets are {Ca

i , C
b
i } = εabc(J c2i−1 +

J c2i + J c2i+1) ≈ 2εabcJ c2i−1 (the weak equality ≈ indicating that the constraints have
been used) and {Ca

i , C
b
i+1} = −εabcJ c2i+1 for a 6= b, while all other components

of the constraints commute. We are only interested in imposing the constraints
as a reduction of vertical degrees of freedom. The constraint surface remains
well-defined if the reduction constraints are imposed strongly. In particular, we
can solve the constraints so as to eliminate all vertical spins J2i (or Ĵ2i), and use
standard Poisson brackets (or commutators) for the remaining J2i−1 (or Ĵ2i−1). All
our derivations exclusively use Poisson brackets or commutators, and therefore the
model is sufficient as a non-symplectic Poisson system.

We use the system of partially non-commuting constraints as an example of
reduction, better known from the context of symmetry reduction. In fact, if we
combine the constraints Ci with additional constraints that set all the vertical spins
equal to zero, the reduction imposes homogeneity: it requires that the remaining,
horizontal spins are all equal, J2i−1 = J2i+1 for all i = 1, . . . , N . If we impose
only Ci = 0 without restricting vertical spins, we can solve for the vertical spins
and obtain a single 1-dimensional spin chain closely related to the next-neighbor
Heisenberg spin chain. The fact that the quantized constraints do not commute
with Ĥ allows us to probe for potential effects of local discrete moves not respecting
reduction constraints.
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An important question in classical symmetry reduction is whether variation
commutes with reduction. It is not always guaranteed that equations of motion of
the reduced system (extrema of the reduced action) agree with the field equations
of the full theory restricted to fields that obey the reduction condition. Certain
general conditions are known that guarantee this commutation property (symmetric
criticality), formulated mainly as conditions on properties of the corresponding
symmetry group [126,127]. In our case, we have a reduction constraint which shares
with minisuperspace reductions the feature that it is (partially) non-commuting,
but it does not directly correspond to a symmetry group. Moreover, we are working
exclusively with Hamiltonians rather than action principles, and we do not have a
symplectic phase space.

However, instead of using general conditions on symmetry groups, it is not diffi-
cult to test the commutation property directly. We have the reduced Hamiltonian

Ĥred = α
N∑
i=1

(
− Ĵ2

2i−1 + 3 Ĵ2i−1 · Ĵ2i+1 − Ĵ2
2i+1
)

(4.11)

= α

(
−Ĵ2

1 − 2
N∑
i=2

Ĵ2
2i−1 − Ĵ2

2N+1 + 3
N∑
i=1

Ĵ2i−1 · Ĵ2i+1

)
, (4.12)

which generates Heisenberg equations of motion

dĴa2i+1
dt = 3α εabc

(
Ĵ b2i−1Ĵ

c
2i+1 + Ĵ c2i+1Ĵ

b
2i+3
)
. (4.13)

The full equations for horizontal spins are

dĴa2i+1
dt = α εabc

(
− Ĵ c2i+1Ĵ

b
2i+2 + Ĵ b2i−1Ĵ

c
2i+1 + Ĵ c2i+1Ĵ

b
2i+3 + Ĵ b2iĴ

c
2i+1
)
, (4.14)

coupled to vertical spins Ĵ2i. If we use the constraint in order to eliminate the
vertical spins in the equation of motion, we obtain

dĴa2i+1
dt = 2α εabc

(
Ĵ b2i−1Ĵ

c
2i+1 + Ĵ c2i+1Ĵ

b
2i+3
)

(4.15)

which are not identical with the equations generated by the reduced Hamiltonian.
However, the difference is merely a constant numerical factor of the time derivatives.
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We have interpreted the constraint imposed here as a polarization condition. The
preceding calculations have shown that there is a small difference between imposing
the polarization condition before or after deriving equations of motion. The
coupling of modes is therefore slightly different if it is described by a reduced
Hamiltonian, compared with the full Hamiltonian on whose equations of motion
the same condition would be imposed. One can account for the difference by a
simple rescaling (or a classical renormalization) of the coupling constant, using 2

3α

instead of α in the reduced Hamiltonian.
In what follows, we will, for simplicity, work mainly with reduced Hamiltonians.

(The conserved quantity (4.9) now commutes strongly with the Hamiltonian.) We
will compare different versions of homogeneous minisuperspace models and effective
continuum theories.

4.4 Minisuperspace models
All spins in the model are coupled. It might therefore be possible that long-distance
correlations build up over time, which could be of classical or quantum nature.
A minisuperspace configuration would be one example of a classically correlated
system. There is a difference between such a minisuperspace configuration and a
homogeneous configuration as it might be realized as a ground state of the unreduced
system because all spins would have to be identical as degrees of freedom, not
just equal as values assigned to different links of the graph. In this subsection,
we explore several questions related to this conceptual difference. We will also
see that there is some freedom in defining different minisuperspace models, and
that selecting a model that gives predictions close to the discrete theory requires
knowledge of solutions of the discrete theory.

4.4.1 A minimal minisuperspace model

The smallest number of minisuperspace degrees of freedom can be realized by
identifying all horizontal spins on the links. Setting Ĵ2i−1 = Ĵ2i+1 =: Ĵ in the
reduced Hamiltonian (4.11) gives us the minisuperspace Hamiltonian

Ĥ
(1)
mini = αNĴ2 . (4.16)

84



We obtain the same result if we start with the unreduced Hamiltonian and set vertical
spins equal to zero. Clearly, this Hamiltonian commutes with all minisuperspace
degrees of freedom, given by the three components of a single Ĵ. The resulting
trivial dynamics is very different from the coupled equations of the inhomogeneous
theory.

4.4.2 A condensate model

Alternatively, homogeneity can be imposed at the level of states by working with
condensate states of the full theory, given by

Ψ =
N+1⊗
i=1

χ (4.17)

where χ is a state in the Hilbert space of a single horizontal spin. The same
individual state is therefore assumed for all links, but unlike in the minisuperspace
model, the spins remain as independent degrees of freedom. This procedure is well
known from the description of Bose–Einstein condensates, where it results in the
non-linear Gross-Pitaevsky equation for the analog of χ. In quantum gravity, the
procedure has been used in particular in the context of group-field theory [128–135],
and it can also be seen in certain approximations that go beyond minisuperspace
models by including perturbative inhomogeneity at an effective quantum level [136].

A non-linear equation for the single-spin wave function χ can be derived by
first computing an effective Hamiltonian 〈Ψ|Ĥ|Ψ〉 for (4.12) in a state of the form
(4.17):

〈Ψ|Ĥ|Ψ〉 = −2αN〈χ|Ĵ2|χ〉+ 3αN〈χ|Ĵ|χ〉2 (4.18)

where we have identified 〈χ|Ĵi|χ〉 = 〈χ|Ĵj|χ〉 for i 6= j. Effective equations of
motion or variational ground states can be related to those of a state-dependent
single-spin Hamiltonian

Ĥcondensate = −2αNĴ2 + 3αN〈Ĵ〉 · Ĵ . (4.19)

It generates the non-linear equation

i~
dχ
dt = Ĥχ = −2αNĴ2χ+ 3αN〈χ|Ĵ|χ〉 · Ĵχ . (4.20)
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Unlike in the minimal minisuperspace model, the condensate dynamics is non-trivial.

4.4.3 Two interacting minisuperspace models

The inhomogeneous dynamics can be probed more faithfully by using more than
one triple of degrees of freedom, but still of small number for a minisuperspace
model. Starting with the unreduced Hamiltonian, we split the spins into different
subsets by introducing the following notation:

Ĵh1,j := Ĵ4j−3 (4.21)

Ĵv1,j := Ĵ4j−2 (4.22)

Ĵh2,j := Ĵ4j−1 (4.23)

Ĵv2,j := Ĵ4j . (4.24)

No analogous version of such a reduction has been used in quantum cosmology yet,
but we will see that, in the present model, it can improve the simpler reduction
given by Ĥ(1)

mini.
Assuming even N , we can pair up neighboring nodes (i = 2j − 1 and i = 2j in

(4.8)), and obtain the Hamiltonian

Ĥ = α

N/2∑
j=1

(
−Ĵ4j−3 · Ĵ4j−2 + Ĵ4j−3 · Ĵ4j−1 + Ĵ4j−2 · Ĵ4j−1 (4.25)

−Ĵ4j−1 · Ĵ4j + Ĵ4j−1 · Ĵ4j+1 + Ĵ4j · Ĵ4j+1

)
(4.26)

= α

N/2∑
j=1

(
−Ĵh1,j · Ĵv1,j + Ĵh1,j · Ĵh2,j + Ĵv1,j · Ĵh2,j (4.27)

−Ĵh2,j · Ĵv2,j + Ĵh2,j · Ĵh1,j+1 + Ĵv2,j · Ĵh1,j+1

)
. (4.28)

(We refer to Ĵ2N+1 as a single spin Ĵh1,N/2+1 without vertical or a second horizontal
spins for j = N/2 + 1.) The new configurations and their interactions can be
illustrated as in Fig. 4.2.

We have two constraints for each value of j:

Ĉ1,j = −Ĵ4j−3 + Ĵ4j−2 + Ĵ4j−1 = −Ĵh1,j + Ĵv1,j + Ĵh2,j (4.29)
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v1, j v1, j + 1

v2, j v2, j + 1
h2, j + 1

h2, j + 1

j j + 1

Figure 4.2. A re-arranged representation of the discrete spin model. As before, lines
with a given orientation stand for the spin operators. There are now five different spins
meeting at a given node j, among which only the two triplets (Ĵh1,j , Ĵv1,j , Ĵh2,j) and
(Ĵh2,j , Ĵv2,j , Ĵh1,j+1) are interacting as indicated by wavy lines with different wave lengths.
The spin Ĵh2,j appears in both triplets, and is therefore doubled in the diagrammatic
visualization. Also the constraints relate only the spins that occur together in a triplet.

Ĉ2,j = −Ĵ4j−1 + Ĵ4j + Ĵ4j+1 = −Ĵh2,j + Ĵv2,j + Ĵh1,j+1 . (4.30)

The reduced Hamiltonian is

Ĥred = α

N/2∑
j=1

(
−Ĵ2

h1,j − 2Ĵ2
h2,j − Ĵ2

h1,j+1 + 3 Ĵh1,j · Ĵh2,j + 3 Ĵh2,j · Ĵh1,j+1

)
. (4.31)

Setting Ĵh1,j = Ĵh1 and Ĵh2,j = Ĵh2 for all j (but Ĵh1 6= Ĵh2), we obtain a new
minisuperspace Hamiltonian

Ĥ
(2)
mini = αN(−Ĵ2

h1 − Ĵ2
h2 + 3 Ĵh1 · Ĵh2) (4.32)

with non-trivial dynamics. We note that this minisuperspace model is closely
related to the mean-field model introduced for finite Heisenberg spin chains in [137].
The main difference is that our minisuperspace treatment identifies spin degrees of
freedom on alternating links, while the mean-field treatment couples these spins.
This relation, which we do not pursue further in this work (except for one conclusion
drawn in Sec. 4.7), could be useful in an extension of discrete minisuperspace models
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to controlled mean-field theories.
Alternatively, we can split up the range of N nodes into two disjoint averag-

ing regions. Unlike Ĥ(2)
mini, such a reduction can be interpreted as an analog of

reductions proposed in quantum cosmology. In an attempt to include degrees of
freedom relevant for the evolution of inhomogeneous perturbations on an isotropic
background cosmology, [138] proposed that independent spatial regions can be
pasted together to allow for more general degrees of freedom. (Our model here
has only two such regions, but we will comment on effects of subdivisions in our
discussion of stability in Sections 4.6.2 and 4.7.) Such a quantum cosmology is a
version of the classical separate-universe approximation of [139–141].

In the reduced theory, we now assume N odd, such that we have an even number
N + 1 of horizontal spins. We can group them in two sets, one for the spins around
nodes i = 1 to i = (N − 1)/2 and one for nodes from i = (N + 3)/2 to i = N . (The
central node ic = (N + 1)/2 is not included in this counting. The spin Ĵ2ic−1 = ĴN
to its left is contained in the first set, while Ĵ2ic+1 = ĴN+2 to its right is contained in
the second set.) Calling the first (N+1)/2 horizontal spins Ĵh1 := Ĵ1 = Ĵ3 · · · = ĴN
and the last (N + 1)/2 spins Ĵh2 := ĴN+2 = ĴN+4 = · · · = Ĵ2N+1, we obtain,
starting from the reduced Hamiltonian, the minisuperspace Hamiltonian

Ĥ
(3)
mini = α

N − 3
2 (Ĵ2

h1 + Ĵ2
h2) + 3αĴh1 · Ĵh2 . (4.33)

(There are (N − 1)/2 non-interacting contributions of Ĵ2
h1 and Ĵ2

h2 from spins in the
interior of the two averaging regions, as well as one contribution of −Ĵ2

h1 + 3Ĵh1 ·
Ĵh2− Ĵ2

h2 with interactions at the border between the regions, located at the central
node ic = (N + 1)/2.)

The two Hamiltonians are rather different from each other. They are both of
the form

Ĥβγ := β(Ĵ2
h1 + Ĵ2

h2) + γĴh1 · Ĵh2 , (4.34)

but while sgnγ = sgnα in both cases, we have sgnβ = −sgnα for Ĥ(2) and
sgnβ = sgnα for Ĥ(3) (with N > 3). We should therefore expect different ground
states or effective potentials in the two cases. In particular, if 〈Ĵ2

h1/2〉 is considered
a free variable, we can minimize the energy of 〈Ĥ(3)〉 by zero spins, while the energy
range of 〈Ĥ(2)〉 is unbounded from below. If 〈Ĵ2

h1/2〉 is fixed, however, only the
interaction term matters for ground states or effective potentials, for which the
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two models provide the same sign. The ground-state properties are then similar
to those of the Heisenberg spin chain related to the reduced Hamiltonian (4.11):
parallel alignment of next-neighbor spins (ferromagnetic) if γ < 0 and antiparallel
alignment (antiferromagnetic) if γ > 0.

We assume that the individual spin states have the same eigenvalue of Ĵ2
h1 and

Ĵ2
h2, given by s(s+ 1)~2 with some half-integer s. We have two cases according to

sgnγ: For γ > 0, the interaction term is minimized by antiparallel spins Ĵh1/2. The
two spins then form a combined spin eigenstate |0, 0〉 of the total spin Ĵ := Ĵh1 + Ĵh2

in which
〈Ĵh1 · Ĵh2〉 = 1

2〈Ĵ
2 − Ĵ2

h1 − Ĵ2
h2〉 = −s(s+ 1)~2 , (4.35)

and the energy eigenvalue is given by

Eγ>0 = (2β − γ)s(s+ 1)~2 . (4.36)

For γ < 0, the parallel configuration minimizes the interaction term, for which
we have a whole multiplet of different sates with total spin 2s. In any such state,
〈Ĵh1 · Ĵh2〉 = s2~2, and the energy eigenvalue is

Eγ<0 = (2βs(s+ 1) + γs2)~2 . (4.37)

The two different types of ground states, with antiparallel spins for γ > 0 and
parallel spins for γ < 0, have interesting implications for the reliability of the two
different interacting minisuperspace models. If γ < 0, the two models predict the
same ground-state configuration with all fundamental spins aligned. There is only
a quantitative difference between the models in the predicted ground-state energy.
For γ > 0, however, the antiparallel alignment of Ĵh1 and Ĵh2 corresponds to very
different fundamental configurations. With Ĥ(2)

mini, the two antiparallel spins are
alternating along the full spin chain, which agrees with the ground state of the
discrete theory. With Ĥ(3)

mini, however, we have two averaging regions with equal
spins in each region, but antiparallel alignment between the two regions. Knowing
the fundamental configuration, we can tell that an energy preference of antiparallel
alignment at the border between the two regions means that the configuration
should be unstable under splitting it up further into smaller and smaller averaging
regions with antiparallel alignment at all borders. With complete splitting, each
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link being an averaging region of its own, a configuration as with Ĥ(2)
mini or in the

fundamental theory is obtained, but one would have left the minisuperspace stage.
The second minisuperspace model with Hamiltonian Ĥ

(2)
mini, on the other hand,

realizes the correct ground state within a minisuperspace model, and without the
need for further refinement. (There is, however, a difference between the ground
state of Ĥ(2)

mini and the corresponding discrete theory. The former has an even
number of spins, but it is derived from a spin chain with an odd number of spins.
These two cases are known to have different behaviors [142–144].)

We conclude that the way degrees of freedom are included in a minisuperspace
model can have significant implications for how well fundamental properties are
modelled, which however can be evaluated only if one knows a great deal about
the fundamental theory. Transferring this lesson to quantum gravity suggests that
caution toward minisuperspace results would be advisable. However, there is a
difference between stability as discussed so far, where it is implicitly assumed
that the spin chain can exchange energy with an environment and settle down to
its ground state, and quantum-cosmology models, where there is no environment
outside of the system. We will return to this question in Secs. 4.6 and 4.7.

4.4.4 Effective equations and potentials

We continue to analyze the dynamics by means of effective equations in canonical
form. We assign infinitely many numbers to a set of quantum spin degrees of
freedom with operator Ĵi. In a given state, these numbers correspond to the
expectation values 〈Ĵai 〉 of spin components and the moments

∆(Ja1
i1
· · · Jan

in
) := 〈(Ĵa1

i1
− 〈Ĵa1

i1
〉) · · · (Ĵan

in
− 〈Ĵan

in
〉)〉symm (4.38)

in totally symmetric ordering. (For uniform notation of all moments, we write
fluctuations as ∆(JaJa) = (∆Ja)2.) In a semiclassical expansion, which we will
perform in most of our derivations, it is sufficient to include only moments up to
second order, n = 2. We then have a finite-dimensional system. For a semiclassical
state, defined as a state with moments of the order ∆(Ja1

i1
· · · Jan

in
) = O(~(a1+···+an)/2),

terms of order ~ are included in a truncation up to second order in moments.
The quantum degrees of freedom form a phase space with Poisson bracket given
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in (4.2). For instance,

{〈Ĵai 〉, 〈Ĵ bj 〉} = εabc〈Ĵ ci 〉δij
{∆(Jai J bj ), 〈Ĵ ck〉} = δikε

acd∆(Jdi J bj ) + δjkε
bcd∆(Jai Jdj ) (4.39)

{∆(Jai J bj ),∆(J ckJdl )} = δikε
ace〈Ĵei 〉∆(J bjJdl ) + δilε

ade〈Ĵei 〉∆(J bjJ ck) + δjkε
bce〈Ĵej 〉∆(Jai Jdl )

+ δjlε
bde〈Ĵej 〉∆(Jai J ck) +O(∆3) .

The first two lines are exact, while the third line is valid to second order in moments.
In the minimal minisuperspace model we have the effective Hamiltonian

H
(1)
eff = αN

(
〈Ĵx〉2 + 〈Ĵy〉2 + 〈Ĵz〉2 + ∆(JxJx) + ∆(JyJy) + ∆(JzJz)

)
. (4.40)

All expectation values and moments then have zero time derivatives

dO
dt = {O,H(1)

eff } , (4.41)

as is to be expected from the non-interacting nature of the system.

4.4.4.1 Minimal minisuperspace model

The moments in (4.40) provide a quantum correction to the classical Hamiltonian.
For the ground state, we can derive their minimal values by saturating uncertainty
relations

∆(JxJx)∆(JyJy) ≥ ~2

4 |〈Ĵ
z〉|2 (4.42)

and cyclic permutations. In order to evaluate these equations, we may assume that
the expectation value 〈Ĵ〉 points in the z-direction. Therefore, only 〈Ĵz〉 is non-zero
among the spin components. The saturated uncertainty relations then require that
∆(JzJz) = 0 while

∆(JxJx)∆(JyJy) = 1
4~

2|〈Ĵz〉|2 . (4.43)

By symmetry, ∆(JxJx) = ∆(JyJy). The quantum correction to the classical
Hamiltonian, or the effective potential, is then

V
(1)

eff = αN(∆(JxJx) + ∆(JyJy) + ∆(JzJz)) = αN~|〈Ĵz〉| = αN~
√
δab〈Ĵa〉〈Ĵ b〉 .

(4.44)
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Although the effective potential is non-zero, it does not imply interactions but
rather provides a zero-point energy because it only depends on a constant of motion.
The effective Hamiltonian is given by

H
(1)
eff = αN〈Ĵz〉2 + V

(1)
eff = αN

(
〈Ĵz〉2 + ~|〈Ĵz〉|

)
= αNs(s+ 1)~2 (4.45)

if 〈Ĵz〉 = ±s~ for a spin pointing in the z-direction according to our assumptions.
This value of the effective Hamiltonian is in agreement with the operator result,
where the well-known eigenvalues of Ĵ2 are s(s+ 1)~2.

The same effective potential can be obtained from a canonical version of the
spin system. Again assuming that the spin vector points in the z-direction, we
introduce canonical coordinates

q := δ〈Ĵx〉√
〈Ĵz〉

= δ〈Ĵx〉
4
√
δab〈Ĵa〉〈Ĵ b〉 − (δ〈Ĵx〉)2 − (δ〈Ĵy〉)2

p := δ〈Ĵy〉√
〈Ĵz〉

= δ〈Ĵy〉
4
√
δab〈Ĵa〉〈Ĵ b〉 − (δ〈Ĵx〉)2 − (δ〈Ĵy〉)2

(4.46)

for small values δ〈Ĵx〉 and δ〈Ĵy〉 much less than 〈Ĵz〉: We have

{q, p} = {δ〈Ĵ
x〉, δ〈Ĵy〉}
〈Ĵz〉

+ δ〈Ĵx〉{δ〈Ĵy〉, 〈Ĵz〉} − δ〈Ĵy〉{δ〈Ĵx〉, 〈Ĵz〉}
2〈Ĵz〉2

= 1 +O((δ〈Ĵx/y〉/〈Ĵz〉)2) . (4.47)

These relations imply the quadratic equation(
(δ〈Ĵx〉)2 + (δ〈Ĵy〉)2

)2
+(q2+p2)2

(
(δ〈Ĵx〉)2 + (δ〈Ĵy〉)2

)
−(q2+p2)2δab〈Ĵa〉〈Ĵ b〉 = 0 .

(4.48)
For δab〈Ĵa〉〈Ĵ b〉 much greater than (δ〈Ĵx〉)2 + (δ〈Ĵy〉)2, we can solve (4.48) for
(δ〈Ĵx〉)2 + (δ〈Ĵy〉)2 by

(δ〈Ĵx〉)2 + (δ〈Ĵy〉)2 = −1
2(q2 + p2)2 ±

√
δab〈Ĵa〉〈Ĵ b〉(q2 + p2)

√
1 + (q2 + p2)2

4δab〈Ĵa〉〈Ĵ b〉

≈
√
δab〈Ĵa〉〈Ĵ b〉(q2 + p2)− 1

2(q2 + p2)2 + · · · . (4.49)
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(Only the plus sign gives a positive solution.) The first term is a harmonic-
oscillator Hamiltonian with m−1 = 2

√
δab〈Ĵa〉〈Ĵ b〉 = ω, which has zero-point

energy 1
2~ω = ~

√
δab〈Ĵa〉〈Ĵ b〉 in agreement with the effective potential (4.44).

4.4.4.2 Interacting minisuperspace models

For the two interacting models, we need the covariances ∆(Jah1J
a
h2) for a = x, y, z

(no sum over a). In addition to the fluctuations as in the minimal minisuperspace
model with a Hamiltonian of the type (4.34), we then have the term

∆Vinteraction = γ(∆(Jxh1J
x
h2) + ∆(Jyh1J

y
h2) + ∆(Jzh1J

z
h2)) (4.50)

in the effective potential.
Covariances can often be ignored in the context of uncertainty relations, but

they do contribute in the complete form

∆(A2)∆(B2)−∆(AB)2 ≥ 1
4 |〈[Â, B̂]〉|2 . (4.51)

Unlike fluctuations, which obtain a lower bound for non-commuting operators,
covariances are subject to an upper bound depending on the fluctuations. For two
commuting spin components as in (4.50), the uncertainty relation is

∆(Jxh1J
x
h1)∆(Jxh2J

x
h2) ≥ ∆(Jxh1J

x
h2)2 . (4.52)

If γ > 0 in (4.50), we can minimize the effective interaction potential by choosing
the value

∆(Jxh1J
x
h2) = −

√
∆(Jxh1J

x
h1)∆(Jxh2J

x
h2) = −1

2~|〈Ĵ
z〉| . (4.53)

The last equality holds if we also minimize the uncertainty relations for the two
individual spins and use the antiparallel alignment for spin expectation values,
without loss of generality assumed to point in the z-direction. The same value is
obtained for ∆(Jyh1J

y
h2), while ∆(Jzh1J

z
h2) = 0 because the z-components have zero

fluctuations with our choice of directions. Combining all terms in the effective
Hamiltonian (4.34) then yields

Heff,γ>0 = 2βs(s+ 1)~2 − γ(s2~2 + s~2) = s(s+ 1)(2β − γ)~2 . (4.54)
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The first term is twice the non-interacting contribution from a single spin with
the same form as in (4.45), the second term, −γs2~2, is γ〈Ĵzh1〉〈Ĵzh2〉 for antiparallel
alignment in the z-direction, and the last term, −γs~2, adds up the two non-zero
covariances in (4.50). This result agrees with the ground-state energy (4.36). For
γ < 0, one can see in the same way that the operator result (4.37) is reproduced if
the covariances vanish and parallel alignment is used in γ〈Ĵzh1〉〈Ĵzh2〉 = γs2~2.

4.4.4.3 Condensate model

The condensate model has provided non-trivial dynamics for a single spin. However,
some of the equations for expectation values and moments are trivial. We can
derive effective equations from the state-dependent Hamiltonian (4.19) if we assign
to it the effective Hamiltonian

Heff, cond = −2αNδab
(
〈Ĵa〉〈Ĵ b〉+ ∆(JaJ b)

)
+ 3αNδabja〈Ĵ b〉 (4.55)

where the vector ja is treated in the following way: It is a constant for purposes
of computing Poisson brackets, for instance in equations of motion. After the
Poisson brackets have been derived, one sets ja = 〈Ĵa〉. In this way, the correct
equations follow for expectation values taken in a state that evolves according to
the non-linear equation (4.20).

Following this procedure, we obtain the equation

d〈Ĵ c〉
dt = 3αNεabc〈Ĵa〉〈Ĵ b〉 = 0 . (4.56)

For second-order moments, we have the contribution

d〈Ĵ cĴd〉
dt = 3αN〈Ĵa〉

〈
εabcĴ bĴd + εabdĴ cĴ b

〉
. (4.57)

Since covariances couple to expectation values and fluctuations, non-zero correlations
can build up during evolution even if they vanish in an initial state.
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4.5 Continuum theories
One question about minisuperspace models derived from classical continuum theo-
ries, addressed in [107], is about the coordinate volume V0 that characterizes the
size of an averaging region. (See [145] for a review of minisuperspace models and
quantum cosmology.) For the simplest minisuperspace models of general relativity,
space is flat and infinite, and the canonical form

∫
d3xφ̇pφ of any local degree of

freedom φ(x) with momentum pφ(x) is infinite for homogeneous configurations. In
order to obtain a well-defined canonical structure, one can choose a finite region V
of coordinate size V0 =

∫
V d3x and restrict integrations of the canonical form and

the Lagrangian to this region.
If only homogeneous configurations are considered, the size and position of this

region should not matter. The restricted canonical form is∫
V

d3xφ̇(x)pφ(x) = V0
˙̄φp̄φ (4.58)

for homogeneous configurations φ(x) = φ̄ and pφ(x) = p̄φ. The momentum of φ̄ is
therefore not equal to p̄φ, but to p̄ = V0p̄φ. The standard Hamiltonian of a scalar
field, just like other Hamiltonians for instance of gravitational degrees of freedom,
then depends on V0 when it is restricted to canonically conjugate minisuperspace
configurations. For a scalar field, we have∫

V
d3x

(
1
2

˙̄φ2 +W (φ̄)
)

= V0

2 p̄
2
φ + V0W (φ̄) = 1

2
p̄2

V0
+ V0W (φ̄) (4.59)

and the dependence on V0 is not just by a multiplicative factor. While the classical
theory does not depend on the choice of V0, the quantum theory does, for instance
via V0-dependent effective potentials.

In [107], it was shown that the V0-dependent semiclassical corrections in min-
isuperspace effective potentials of a scalar-field theory are related to infrared
contributions to field-theory effective potentials. The choice of V0 then has physical
relevance in the number of infrared modes included in the minisuperspace model,
but it is a property of the minisuperspace truncation rather than of physical inter-
actions. It is therefore difficult to justify interpretations of minisuperspace effects
in quantitative terms.
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In order to test this question in our spin system, we now derive a continuum
theory from which our minimal minisuperspace model can be obtained by using
homogeneous configurations. Generalizations corresponding to the interacting
minisuperspace models will also be considered. As we will see, for this kind of spin
systems the nature of averaging regions is less problematic than for canonical field
theories. There may therefore be an advantage in deriving minisuperspace models
directly from discrete quantum theories.

4.5.1 Continuum models

Starting with the unreduced theory, we introduce two continuum fields Ĵh(x) and
Ĵv(x) where x runs through the entire length of our graph. In terms of the measure
provided by the choice of x, we introduce the coordinate distance between two
nodes i at x = xi and i+ 1 at x = xi+1 by δ =

∫ xi+1
xi

dx, assumed to be independent
of i. The total length of the graph is L0 =

∫ xN+1
x1

dx = Nδ. For integer values of
x = xi, we identify Ĵv(xi) = Ĵv,i = Ĵ2i, Ĵh1,i = Ĵ2i−1 and Ĵh2,i = Ĵ2i+1.

4.5.1.1 Minimal model

For the minimal model, we do not treat Ĵh1,i and Ĵh2,i as independent fields but
rather view them as one horizontal field evaluated at different positions xi ± δ/2:
We set Ĵh(xi − δ/2) = Ĵh1,i and Ĵh(xi + δ/2) = Ĵh2,i. The leading terms in a
continuum limit of the Hamiltonian and the constraint can then be obtained by an
expansion in δ up to second order. Derivatives by x appear in the process, and will
be denoted by a prime.

The constraints are

Ĉa(xi) = −Ĵah (xi − δ/2) + Ĵav (xi) + Ĵah (xi + δ/2) (4.60)

= Ĵav (xi) + δĴah (xi)′ . (4.61)

The Hamiltonian is

Ĥ = αδab

N∑
i=1

(
−Ĵah (xi − δ/2)Ĵ bv(xi) + Ĵah (xi − δ/2)Ĵ bh(xi + δ/2) + Ĵav (xi)Ĵ bh(xi + δ/2)

)
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= α

N∑
i=1

(
Ĵh(xi)2 + δĴv(xi) · Ĵh(xi)′ +

1
4δ

2(Ĵh(xi) · Ĵh(xi)′′ − (Ĵh(xi)′)2)
)
. (4.62)

Solving the constraint, the Hamiltonian becomes

Ĥ = α

N∑
i=1

(
Ĵh(xi)2 + 1

4δ
2(Ĵh(xi) · Ĵh(xi)′′ − 5(Ĵh(xi)′)2)

)
(4.63)

and gives rise to the continuum limit

Ĥ
(1)
cont = α

δ

∫
dx
(
Ĵ2

h + 1
4δ

2(Ĵh · Ĵ′′h − 5(Ĵ ′h)2)
)

(4.64)

= α

δ

∫
dx
(
Ĵ2

h −
3
2δ

2(Ĵ ′h)2
)

+ 1
4αδĴh · Ĵ′h|∂ (4.65)

with a boundary term denoted by a subscript ∂. The continuum limit for the
reduced Hamiltonian (4.11) is the same as (4.65).

The minisuperspace model obtained from this continuum Hamiltonian is

H
(1)
mini = α

δ
L0Ĵ

2
h = αNĴ2

h . (4.66)

It is identical with the Hamiltonian in our minimal minisuperspace model. Any
reference to the averaging length L0 can be expressed in terms of the number N
of nodes of the fundamental discrete theory, which has physical meaning free of
truncation choices. Therefore, there are no such problems as may be related to
the appearance of V0 in minisuperspace models derived from classical continuum
theories.

4.5.1.2 Interacting minisuperspace models

If we do distinguish between Ĵh1(xi) and Ĵh2(xi), we obtain the continuum Hamil-
tonian

Ĥ
(2)
cont = α

δ

∫
dx
(
−Ĵh1 · Ĵv + Ĵh1 · Ĵh2 + Ĵv · Ĵh2

)
(4.67)

with constraint
Ĉ = −Ĵh1 + Ĵv + Ĵh2 = 0 . (4.68)
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Solving the constraint gives the Hamiltonian

Ĥ
(2)
cont = α

δ

∫
dx
(
−Ĵ2

h1 + 3Ĵh1 · Ĵh2 − Ĵ2
h2

)
, (4.69)

from which we obtain the interacting minisuperspace Hamiltonian Ĥ(2)
mini.

For the second interacting model, we do not distinguish between Ĵh1(xi) and
Ĵh2(xi), but introduce two averaging regions of length L0/2 each in which we have
the constant fields Ĵ1 and Ĵ2, respectively. Starting with the first continuum theory
with Hamiltonian (4.65), we obtain

Ĥ
(3)
hom = α

δ

L0

2

(
Ĵ2

1 + Ĵ2
2

)
+ 1

4αδ
(

Ĵ1 − Ĵ2

)
· Ĵ′ . (4.70)

The last term, originating from the boundary term, needs further discussion. We
have left a Ĵ′ in the equation, still referring to an inhomogeneous continuum field.
It gives us the difference between the two averaged fields Ĵ1 and Ĵ2. It is infinite
if we have two constant fields taking different values in the two regions, but it is
multiplied with the spacing δ which goes to zero in the continuum limit. We can
regularize this product to a finite number by defining it as

lim
δ→0

(δĴ′) = lim
δ→0

(
δ

Ĵ2 − Ĵ1

δ

)
= Ĵ2 − Ĵ1 . (4.71)

The minisuperspace Hamiltonian is then equal to

Ĥ
(3)
mini = α

δ

L0

2

(
Ĵ2

1 + Ĵ2
2

)
− 1

4α
(

Ĵ1 − Ĵ2

)2
(4.72)

= α(N/2− 1/4)
(
Ĵ2

1 + Ĵ2
2

)
+ 1

2αĴ1 · Ĵ2 . (4.73)

Unlike what we saw for Ĥ(2)
mini, this result is not identical with the previous derivation

(4.33) from the discrete theory. However, if we slightly modify our boundary
regularization by introducing an additional factor of six in the definition (4.71),
the minisuperspace Hamiltonians are the same. The initial disagreement is a result
only of the fact that the boundary regularization is ambiguous, which is necessary
for Ĥ(3)

mini derived from the continuum theory, but not for Ĥ(2)
mini. Notice that the

final agreement is non-trivial, because changing the factor in (4.71) modifies the
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interacting as well as non-interacting terms in the resulting Ĥ(3)
mini, which then both

agree with (4.33).

4.6 Effective analysis of the discrete theory
So far, we have analyzed different minisuperspace models, their ground states and
effective potentials, as well as relations with continuum theories. Minisuperspace
models of quantum gravity are used to analyze homogeneous solutions, which
necessarily have long-range correlations as seen from the fundamental theory
because distant degrees of freedom are identified. Non-zero fluctuations of a single
minisuperspace variable are therefore the same as long-range correlations in the
fundamental theory.

Homogeneity and long-range correlations can easily be achieved in the ground
state of the fundamental theory. However, discrete ground states are not suitable
as nearly classical geometries of a discrete model of quantum gravity, in which
degrees of freedom must be excited in order to have non-degenerate geometries.
We therefore need excited states with approximate homogeneity and long-range
correlations, which poses a question very different from just finding ground states.
Long-range correlations related to homogeneity easily build up us a system settles
down to its ground state, but it is not guaranteed that this can happen also in an
excited state of an isolated system (such as the whole universe) which does not
have a drain for surplus energy. In our discrete model, the evolution of long-range
correlations can be studied in qualitative terms.

4.6.1 Effective dynamics

For the full or reduced discrete theories, we have large systems of coupled equations
generated by the effective Hamiltonians

Heff = αδab

N∑
i=1

(
− 〈Ĵa2i−1〉〈Ĵ b2i〉+ 〈Ĵa2i−1〉〈Ĵ b2i+1〉+ 〈Ĵa2i〉〈Ĵ b2i+1〉 −∆(Ja2i−1J

b
2i)

+ ∆(Ja2i−1J
b
2i+1) + ∆(Ja2iJ b2i+1)

)
(4.74)
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and

Heff,red = αδab

N∑
i=1

(
− 〈Ĵa2i−1〉〈Ĵ b2i−1〉+ 3〈Ĵa2i−1〉〈Ĵ b2i+1〉 − 〈Ĵa2i+1〉〈Ĵ b2i+1〉 −∆(Ja2i−1J

b
2i−1)

+ 3∆(Ja2i−1J
b
2i+1)−∆(Ja2i+1J

b
2i+1)

)
, (4.75)

respectively. The Poisson brackets between expectation values and moments are as
in (4.39), except that the subscript takes values in a larger set.

For the unreduced system, we have effective constraints in addition to the
effective Hamiltonian. A single constraint operator generates infinitely many
effective constraints because it restricts not only expectation values but also the
associated moments [146,147]. In states annihilated by the constraint, we have

Ca
i := 〈Ĉa

i 〉 = −〈Ĵa2i−1〉+ 〈Ĵa2i〉+ 〈Ĵa2i+1〉 = 0 (4.76)

as well as

Ca
i,Jb

j
:= 〈(Ĵ bj − 〈Ĵ bj 〉)Ĉa

i 〉 = −∆(J bjJa2i−1) + ∆(J bjJa2i) + ∆(J bjJa2i+1) = 0 (4.77)

and higher-order constraints.
For the boundary expectation values, the equations of motion are

d〈Ĵa1 〉
dt = α εabc

(
〈Ĵ b3〉〈Ĵ c1〉+ ∆(J b3J c1)− 〈Ĵ b2〉〈Ĵ c1〉 −∆(J b2J c1)

)
(4.78)

and

d〈Ĵa2N+1〉
dt = α εabc

(
〈Ĵ b2N〉〈Ĵ c2N+1〉+∆(J b2NJ c2N+1)−〈Ĵ b2N−1〉〈Ĵ c2N+1〉−∆(J b2N−1J

c
2N+1)

)
.

(4.79)
Implementing the constraint, we obtain

d〈Ĵa1 〉
dt = 2α εabc

(
〈Ĵ b3〉〈Ĵ c1〉+ ∆(J b3J c1)

)
(4.80)

and
d〈Ĵa2N+1〉

dt = 2α εabc
(
〈Ĵ b2N−1〉〈Ĵ c2N+1〉+ ∆(J b2N−1J

c
2N+1)

)
. (4.81)
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The reduced equations for internal spins are

d〈Ĵa2i+1〉
dt = 2α εabc

(
〈Ĵ b2i−1〉〈Ĵ c2i+1〉+ ∆(J b2i−1J

c
2i+1) + 〈Ĵ b2i+3〉〈Ĵ c2i+1〉+ ∆(J b2i+3J

c
2i+1)

)
(4.82)

where i = {2, · · · , N − 1}. The equation of motion generated by the effective
version of the reduced quantum Hamiltonian (4.75) are

d〈Ĵ red,a
2i+1 〉
dt = 3α εabc

(
〈Ĵ b2i−1〉〈Ĵ c2i+1〉+∆(J b2i−1J

c
2i+1)+〈Ĵ b2i+3〉〈Ĵ c2i+1〉+∆(J b2i+3J

c
2i+1)

)
.

(4.83)
As in the case of operator equations, the equations can be mapped into each other
by a constant rescaling of the time coordinate. We note that these equations are
exact as no truncation by moments has been necessary. However, equations of
motion for second-order moments depend on third-order moments and have to be
truncated for a self-contained semiclassical approximation to first order in ~.

Analytical solutions of these non-linear equations for large N are difficult to
find. However, it is possible to analyze some general properties of interest in the
context of long-range correlations. In particular, we are interested in correlations
between spins at the two boundaries of the graph, which are certainly long-range for
large N . We will assume that initially there are no correlations between different
spins, but they will build up over time as the system evolves.

The reduced equation of motion for the correlation ∆(Ja1J b2i+1) is

d∆(Ja1J b2i+1)
dt = 2α

{
εacd

(
〈Ĵd1 〉∆(J c3J b2i+1) + 〈Ĵ c3〉∆(Jd1J b2i+1

)
+εbef

(
〈Ĵe2i−1〉∆(Ja1J

f
2i+1) + 〈Ĵf2i+1〉∆(Ja1Je2i−1)

)}
. (4.84)

If we start with an uncorrelated state, the initial conditions are such that the only
non-zero initial values are the expectation value of Ĵ1 and Ĵ2N+1 and their variances
chosen such that uncertainty relations are respected. For interior spins, only the
fluctuations are assumed non-zero (although they would be allowed to be zero for a
general spin system).

The expectation values and second-order moments of the state for all spins
are coupled to one another through the evolution equations. One may solve them
perturbatively by orders of α. To zeroth order, all expectation values and moments
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are constant and no correlations build up. To first order, using (4.84), d∆(J1J3)/dt
has a non-zero contribution of the form α〈Ĵ1〉∆(J3J3) and after some time ∆(J1J3)
is non-zero to first order in α. The expectation value 〈Ĵ3〉 has a time derivative of
the form (4.82) or (4.83) with one non-zero term of the form α∆(J1J3) and after
some time is non-zero to second order in α. We can iterate this procedure and
generate non-zero expectation values on all links, as well as non-zero correlations
between the links. The first step has generated a covariance ∆(J1J3) = O(α~)
because we used one solution perturbative in α and one fluctuation. For the
next step, moving up to ∆(J1J5), we first need to generate a non-zero 〈Ĵ3〉 and
∆(J3J5), using one additional fluctuation and repeated perturbative solutions. We
therefore obtain a non-zero ∆(J1J5) = O(α4~2). By iteration, we obtain a non-zero
∆(J1J2i+1) = O(α3i−2~i). For long-range correlations between the boundary spins,
we need to apply the procedure up to i = N/2, after which all spins are correlated
from non-zero seed expectation values on both boundaries; see Figs. 4.3 and 4.4. A
small number of iterations, M � N , does not lead to strong long-range correlations.
The building-up of long-range correlations from local dynamics can therefore be
seen only to high perturbative orders, or non-perturbatively, and it requires high
orders in an ~-expansion.

j2

j1 j3

j2M+1

j2M+2

j2N+1−2M

j2N−2M j2N

j2N−1

j2N+1

Figure 4.3. Correlations between the farthest spin sets for Ĵ1 and Ĵ2N+1 after solving
the equations M times iteratively for a graph with N nodes for 2M ≤ N + 1. The
semi-circles represent non-zero covariances ∆(Ja1Jb2M+1) and ∆(Ja2N+1J

b
2N+1−2M ).

4.6.2 Dynamical stability for small number of nodes

We now return to the question of dynamical stability of states of the spin chain
as an isolated system. We will consider discrete theories with small number of
nodes and choose initial values corresponding to the different ground states found
in our minisuperspace models. The effective evolution equations can be solved
perturbatively and indicate dynamical stability in some cases. (We will not analyze
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j2

j1 j3

j2N+1−2M

j2N−2M+2

j2M+1

j2M j2N

j2N−1

j2N+1

Figure 4.4. Correlations between the farthest spin sets for Ĵ1 and Ĵ2N+1 after solving
the equationsM times iteratively for a graph with N nodes for N < 2M . The semi-circles
represent non-zero covariances ∆(Ja1Jb2M+1) and ∆(Ja2N+1J

b
2N+1−2M ).

stability under perturbations of initial configurations.) Although we present explicit
solutions only for small numbers of nodes, the relevant features are generic and can
be seen also for large numbers of nodes, but it is more cumbersome to produce
explicit expressions.

4.6.2.1 Single-node graph

For N = 1, we have two horizontal spins which we can identify with the spins in
our two interacting minisuperspace models, or view as a theory beyond the minimal
minisuperspace model. In this case, correlations between the boundary spins are
next-neighbour correlations. The reduced equations of motion are

d〈Ĵx1 〉
dt = 2α

(
〈Ĵz1 〉〈Ĵ

y
3 〉 − 〈Ĵ

y
1 〉〈Ĵz3 〉+ ∆(Jz1J

y
3 )−∆(Jy1Jz3 )

)
(4.85)

and cyclic for the y and z components. For the second horizontal spin, J3, we have

d〈Ĵx3 〉
dt = 2α

(
〈Ĵy1 〉〈Ĵz3 〉 − 〈Ĵz1 〉〈Ĵ

y
3 〉+ ∆(Jy1Jz3 )−∆(Jz1J

y
3 )
)

= −d〈Ĵx1 〉
dt (4.86)

and again cyclic for the y and z components. The equality d〈Ĵ1〉/dt = −d〈Ĵ3〉/dt
can be read off from the equations of motion, but it also follows directly from the
conservation of (4.9). The vertical spin can be obtained from the horizontal ones
by the simple constraint 〈Ĵ2〉 = 〈Ĵ1〉 − 〈Ĵ3〉.

We will first solve the corresponding classical equations, which are as above but
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with zero covariances. We proceed by perturbation theory with respect to α, so
that we have constant spins to zeroth order. Upon repeatedly inserting lower-order
solutions in the equations of motion, we proceed up to second order and obtain

J(2)
1 (t) = A1 + 2αB1 t+ 4α2 C1t

2 + · · · (4.87)

J(2)
3 (t) = A3 + 2αB3 t+ 4α2 C3t

2 + · · · , (4.88)

where Ai are free constant vectors. These approximate solutions are valid up to
t ∼ 1/α, respecting the perturbative regime.

The remaining coefficients

Bx
1 = Az1A

y
3 − A

y
1A

z
3 (4.89)

and
Cx

1 = −Ay1Bz
3 −B

y
1A

z
3 + Az1B

y
3 +Bz

1A
y
3 , (4.90)

and cyclic for the y and z components, are also constant but strictly related to Ai.
From (4.86), we have that B1 = −B3 and C1 = −C3. Therefore,

Cx
1 = (Az1Ax3 − Ax1Az3)Az3 − A

y
1(Ax1A

y
3 − A

y
1A

x
3)− (Ax1A

y
3 − A

y
1A

x
3)Ay3 + Az1(Az1Ax3 − Ax1Az3)

= −Ax1
(
(Ay3)2 + (Az3)2)+ Ax3

(
(Ay1)2 + (Az1)2)+ Az1A

z
3 (Ax3 − Ax1) + Ay1A

y
3 (Ax3 − Ax1)

= Ax3 |A1|2 − Ax1 |A3|2 + (A1 ·A3) (Ax3 − Ax1) , (4.91)

which enables the vector coefficient C3 expressing purely in terms of constant
vectors Ai = AiÂi:

C3 = −C1 = A2
3A1 − A2

1A3 + (A1 ·A3) (A1 −A3)

= A1A3
[
(A3 + (Â1 · Â3)A1)Â1 − (A1 + (Â1 · Â3)A3)Â3

]
.(4.92)

As one possible choice of initial conditions, we could impose that all spins other
than the boundary ones (that is, only the vertical spin in the present model) are
zero. Therefore, for a single node, J2(0) = 0 and A1 = A3. Equations (4.89) and
(4.90) then imply that Bi = 0 = Ci, and all spins remain constant in time. This
result, although it is classical, agrees with the trivial dynamics in our minimal
minisuperspace model.
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We now include moment terms and find solutions of the quantum theory, again
perturbative in α. In order to obtain information about the boundary correlations,
we should compute quantities such as ∆(Jx1 J

y
3 ) from

d∆(Jx1 J
y
3 )

dt = 2α
(
− 〈Ĵy1 〉∆(Jy3Jz3 ) + 〈Ĵy3 〉∆(Jz1J

y
3 ) + 〈Ĵz1 〉∆((Jy3 )2)− 〈Ĵz3 〉∆(Jy1J

y
3 )

+〈Ĵz1 〉∆(Jx1 Jx3 )− 〈Ĵx1 〉∆(Jx1 Jz3 )− 〈Ĵz3 〉∆((Jx1 )2) + 〈Ĵx3 〉∆(Jx1 Jz1 )
)
.(4.93)

We will also need to consider

d∆(Jy1Jz3 )
dt = 2α

(
− 〈Ĵz1 〉∆(Jz3Jx3 ) + 〈Ĵz3 〉∆(Jx1 Jz3 ) + 〈Ĵx1 〉∆((Jz3 )2)− 〈Ĵx3 〉∆(Jz1Jz3 )

+〈Ĵx1 〉∆(Jy1J
y
3 )− 〈Ĵy1 〉∆(Jy1Jx3 )− 〈Ĵx3 〉∆((Jy1 )2) + 〈Ĵy3 〉∆(Jy1Jx1 )

)
.(4.94)

and

d∆(Jx1 Jz3 )
dt = 2α

(
− 〈Ĵy1 〉∆((Jz3 )2) + 〈Ĵy3 〉∆(Jz1Jz3 ) + 〈Ĵz1 〉∆(Jy3Jz3 )− 〈Ĵz3 〉∆(Jy1Jz3 )

+〈Ĵx1 〉∆(Jx1 J
y
3 )− 〈Ĵy1 〉∆(Jx1 Jx3 )− 〈Ĵx3 〉∆(Jx1 J

y
1 ) + 〈Ĵy3 〉∆((Jx1 )2)

)
.(4.95)

For generic initial conditions, these covariances will have the same quadratic
form to second order in α, using non-zero initial fluctuations. However, in some
specific cases the covariances remain constant, corresponding to stable initial
configurations. In particular, we are interested in whether our classical solutions
(4.87) are perturbatively stable within a semiclassical treatment of the quantum
dynamics. We must then test whether the covariance terms in (4.85) change the
behavior.

As before, we first assume that the initial expectation values are such that
J2(0) = 0, or A1 = A3. Moreover, we assume fluctuations and covariances as we
found them for the corresponding ground state in the minimal minisuperspace
model, given by (4.43): ∆((Jx)2) = ∆((Jy)2) = 1

2~|〈Ĵ
z〉|, now for both horizontal

spins in the single-node model. This result had been derived by assuming the spin
expectation values to point in the z-direction, which we will also do now. Moreover,
we have initially zero covariances between components of the two spins.

Assuming the spin expectation values to point in the z-direction leaves only
three non-zero terms in (4.93), two of which vanish for zero initial covariances.
We are left with 〈Ĵz1 〉∆((Jy3 )2) − 〈Ĵz3 〉∆((Jy1 )2). This difference is zero initially
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because the fluctuations and expectation values on the two horizontal links are
the same. Therefore, d∆(Jx1 J

y
3 )/dt = 0 and this covariance remains zero to the

orders considered here. Similarly, (4.94) and (4.95) remain zero, and the covariance
terms in (4.85) do not contribute for this choice of initial values. The configuration
corresponding to the minimal minisuperspace model is therefore dynamically stable
within the single-node model.

For the ground-state configurations of the interacting minisuperspace models
we also obtain perturbative stability, but the arguments are slightly different in
the case of antiparallel alignment. In (4.93), the fluctuation terms no longer cancel
out because 〈Ĵz3 〉 = −〈Ĵz1 〉. However, there are now two non-zero covariance terms
in (4.93) because ∆(Jx1 Jx3 ) = ∆(Jy1J

y
3 ) = −1

2~|〈Ĵ
z〉| from (4.53), where 〈Ĵz〉 on the

right could now refer to either Ĵz1 or Ĵz3 because their absolute values are equal. We
now have four non-zero individual terms in (4.93), but they all cancel out for the
given initial values. Again, we have dynamical stability of the ground state.

Before we move on to two nodes, we confirm the ground-state covariances for a
spin-1/2 system. For γ < 0 and spins pointing in the z-direction, the ground state
|Jz1 , Jz3 〉 = |1/2, 1/2〉 is uncorrelated and has zero spin-spin covariance ∆(Jx1 Jx3 ) as
used. For γ < 0, the ground state is the singlet 2−1/2(|1/2,−1/2〉 − | − 1/2, 1/2〉,
which is correlated and leads to 〈Ĵx1 Ĵx3 〉 = −1

4~
2 by standard calculations. Since

〈Ĵx1 〉 = 0 = 〈Ĵx3 〉 in this state, we have ∆(Jx1 Jx3 ) = −1
4~

2 = −1
2~|〈Ĵ

z
3 〉| as derived in

(4.53).

4.6.2.2 Two-node graph and beyond

For the two-node graph, the evolution equations of the boundary spins at the edges
are of a similar form as in the case of a single-node graph:

d〈Ĵx1 〉
dt = 2α

(
〈Ĵz1 〉〈Ĵ

y
3 〉 − 〈Ĵ

y
1 〉〈Ĵz3 〉+ ∆(Jz1J

y
3 )−∆(Jy1Jz3 )

)
(4.96)

d〈Ĵx5 〉
dt = 2α

(
〈Ĵy3 〉〈Ĵz5 〉 − 〈Ĵz3 〉〈Ĵ

y
5 〉+ ∆(Jy3Jz5 )−∆(Jz3J

y
5 )
)

(4.97)

but now they couple to internal spins. For the internal horizontal spin, Ĵ3, we have
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d〈Ĵx3 〉
dt = 2α

(
(〈Ĵy1 〉+ 〈Ĵy5 〉)〈Ĵz3 〉 − (〈Ĵz1 〉+ 〈Ĵz5 〉)〈Ĵ

y
3 〉+ ∆(Jy1Jz3 )−∆(Jz1J

y
3 )

+∆(Jz3J
y
5 )−∆(Jy3Jz5 )

)
= −d〈Ĵx

1 〉
dt −

d〈Ĵx
5 〉

dt . (4.98)

Classical solutions up to second order in α are

J(2)
1 (t) = A1 + 2αB1 t+ 4α2 C1t

2 + · · · (4.99)

J(2)
5 (t) = A5 + 2αB5 t+ 4α2 C5t

2 + · · · . (4.100)

With (4.98), the solution for the internal spin is

J(2)
3 (t) = A3 + 2αB3 t+ 4α2 C3t

2 + · · · , (4.101)

where B3 = −(B1 + B5) and C3 = −(C1 + C5) follow from the conversation of
the total spin. The coefficients C3 can be obtained by replacing A1 → A1 + A5 in
(4.92):

C3 = A2
3 (A1 + A5)− |A1 + A5|2A3 +

[
(A1 + A5) ·A3

]
(A1 + A5 −A3) . (4.102)

For the vertical spins J2 and J4 we then have

J(2)
2 (t) = J(2)

1 (t)− J(2)
3 (t) = A1 −A3 + 2α (2B1 + B5) t+ 4α2 (2C1 + C5)t2 + · · ·

J(2)
4 (t) = J(2)

3 (t)− J(2)
5 (t) = A3 −A5 − 2α (B1 + 2 B5) t− 4α2 (C1 + 2C5)t2 + · · ·

We need equations of motion for covariances in order to extend the classical
solutions to the semiclassical regime. These equations for correlations of neighboring
spins are very similar to the equations of the single-node case, but we can now also
have changing values of more distant spins, such as

d∆(Jx1 J
y
5 )

dt = 2α
(
− 〈Ĵy1 〉∆(Jz3J

y
5 ) + 〈Ĵy3 〉∆(Jz1J

y
5 ) + 〈Ĵz1 〉∆(Jy3J

y
5 )− 〈Ĵz3 〉∆(Jy1J

y
5 )

− 〈Ĵx3 〉∆(Jx1 Jz5 )− 〈Ĵz5 〉∆(Jx1 Jx3 ) + 〈Ĵz3 〉∆(Jx1 Jx5 ) + 〈Ĵx5 〉∆(Jx1 Jz3 )
)
(4.103)

for the boundary spins of the two-node graph. For spin expectation values point-
ing in the z-direction, there are four potentially non-zero terms, 〈Ĵz1 〉∆(Jy3J

y
5 ) −
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〈Ĵz5 〉∆(Jx1 Jx3 ) + 〈Ĵz3 〉(∆(Jx1 Jx5 )−∆(Jy1J
y
5 )). The covariances are zero unless we have

a state with antiparallel orientation of neighboring spins. The four remaining terms
then cancel out because 〈Ĵz1 〉 = −〈Ĵz3 〉 = 〈Ĵz5 〉 and ∆(Jx1 Jx5 ) = ∆(Jy1J

y
5 ).

At this point we have to be careful when we compare minisuperspace con-
figurations with the exact ground state(s) of the two-node model, which is an
odd-number spin chain and has strong finite-size effects. Diagonalizing the Hamil-
tonian α(Ĵ1 · Ĵ3 + Ĵ3 · Ĵ5) in the spin-1/2 case leads to the degenerate ground
states ψ1 = 6−1/2(| − 1/2, 1/2, 1/2〉 − 2|1/2,−1/2, 1/2〉 + |1/2, 1/2,−1/2〉) and
ψ2 = 6−1/2(| − 1/2,−1/2, 1/2〉 − 2| − 1/2, 1/2,−1/2〉+ |1/2,−1/2,−1/2〉). Choos-
ing the first state to be specific, one can then compute the expectation values
〈Ĵz1 〉 = 1

3~ = 〈Ĵz5 〉 and 〈Ĵz3 〉 = −1
6~. These values are next-neighbor antiparal-

lel, but do not obey 〈Ĵz1 〉 = −〈Ĵz3 〉 = 〈Ĵz5 〉. Moreover, we have the covariances
∆(Jx1 Jx3 ) = −1

6~
2 = ∆(Jy1J

y
3 ) which do not obey (4.53), and we have ∆(Jz1Jz3 ) =

−1
9~

2. There are also distant covariances such as ∆(Jx1 Jx5 ) = 1
12~

2 = ∆(Jy1J
y
5 ) and

∆(Jz1Jz5 ) = − 1
36~

2. Although these values do not show the generic antiparallel
behavior, one can still see that all terms in (4.103) cancel out.

The expressions for Bi and Ci in terms of Ai are very similar to those in
(4.89) and (4.90), just with different labels. (The relation (4.91) for Ci in terms of
Ai, however, has a different form for multiple nodes because it has been derived
for the single-node graph using B3 = −B1.) For ground-state configurations of
minisuperspace models we therefore obtain the same cancelations as in the single-
node model because these considerations depend only on the expectation values
and moments of horizontal spins on neighboring links. In the two-node model,
one can choose initial conditions such that all vertical spins have zero expectation
values and covariances with any other spins. Therefore, J(2)

4 (0) = J(2)
2 (0) = 0 and

A(0)
1 = A(0)

3 = A(0)
5 . This implies that Bi = 0 = Ci, and all spins remain constant

in time as in the single-node.
The same pattern is then realized also for more nodes, and we conclude that

the various ground states are dynamically stable. The minisuperspace models with
Hamiltonians Ĥ(1)

mini and Ĥ
(2)
mini predict the same ground-state configurations as the

discrete theory, and these minisuperspace states are therefore stable within the
discrete model. The minisuperspace model with Hamiltonian Ĥ(3)

mini, however, is
unstable. It not only predicts a ground-state configuration that does not agree with
any fundamental ground state, it also has unstable dynamics when its ground-state

108



configuration is embedded in a fundamental spin chain. Unlike in the other two
models, there are then three neighboring spins J2ic−3, J2ic−1 and J2ic+1 around the
central node at ic = (N + 1)/2, such that 〈Ĵ2ic−3〉 = 〈Ĵ2ic−1〉 = −〈Ĵ2ic+1〉, and no
cancellations happen in (4.103).

4.7 Possible implications for quantum cosmology
We have analyzed four different minisuperspace models of a spin system related to
the Heisenberg spin chain. The first model resembles the traditional construction
of quantum-cosmology models in which only homogeneous degrees od freedom
without spatial variation are considered. In the present context, such a model
does not capture the dynamical nature of coupled spins. The second model is a
more recent proposal to apply mathematical constructions of condensate states
to quantum cosmology. The dynamics is then quite different from a traditional
minisuperspace model. In particular, a non-trivial dynamics is now realized even
though the degrees of freedom included in the model are the same. The remaining
models incorporate additional degrees of freedom in two different ways. They both
lead to non-trivial dynamics and in this sense improve the reduction. However,
details of ground states and stability are very different in the two models, indicating
that good knowledge of the fundamental dynamics is important for a successful
construction of minisuperspace models. This conclusion is our first result in an
application to quantum cosmology: Traditional minisuperspace models start with
a reduction of the classical theory, and then quantize by using some ideas related
to candidates for full quantum gravity. But if they do not directly address the full
dynamics, they may be in danger of missing crucial information, just as our model
Hamiltonian Ĥ(4)

mini does compared with Ĥ(3)
mini.

Our successful Hamiltonian Ĥ
(3)
mini is similar to the sublattice Hamiltonians

introduced in [137] for Heisenberg spin chains. The detailed analysis of this work
showed that such an approximation, for given chain length N , is better for larger
spin lengths s on the chain. If a similar statement is true for the dynamics of
quantum cosmology, it would indicate that a coarse-graining procedure applied
before symmetry reduction could improve models of quantum cosmology, for such
a procedure would combine the small fundamental spins of s = 1/2 to systems of
larger spin lengths. Coarse graining in gravitational, and in particular background-
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independent theories, is not well-understood, but proposals have been made for
instance in [110,111]. It is also encouraging that sublattice structures can be found
in spin systems with more than one dimensions [148,149].

Our minisuperspace Hamiltonian Ĥ(4)
mini is based on a construction similar to

the separate-universe approximation of classical cosmology. Its failure to model
properties of ground states and stability indicates that it is not a good quantum
approximation for all kinds of fundamental dynamics. Its lack of stability is of
particular concern, resulting from the fact that in this model the minisuperspace
ground state does not correspond to the ground state of the discrete theory. We
therefore have provided an explicit example of important fundamental properties
not captured by a minisuperspace model. Such models are unstable if energy can be
exchanged with an environment, and one might conclude that they are unreliable.

However, not just ground states but also excited states may be stable in an
isolated system if no energy can be exchanged with an environment. This is
the situation usually realized in models of quantum cosmology, where the state
represents the whole universe with nothing outside. The stability of excited
states then results in a large variety of candidates for homogeneous configurations.
Nevertheless, some caution toward such minisuperspace states used in quantum
cosmology is still required: Our spin system can be taken as a model for quantum
space, in which near homogeneity should be possible and stable under evolution.
However, there should also be matter, with additional degrees of freedom that could
be placed on the same graph used for our spin chain but representing a different
system of degrees of freedom. There could then be energy exchange between the spin
system analyzed here and the new matter system. We would be back at the question
whether a homogeneous spin configuration, representing quantum space, can be
stable within the coupled system if it does not capture the correct ground state.
The question of how matter is coupled to quantum space therefore seems important
in the context of the emergence and stability of correlated quantum-cosmology
states.
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Chapter 5 |
Super cosmic variance from non-
Gaussian statistics

In section 2.6 we simply compute two-point correlation function of a free quantum
field on a Minkowski spacetime which served as a toy model in order to perform
more sophisticated and realistic (connectable to observations) calculations about
correlation functions of quantum fields on curved spacetimes. In this chapter
our primary focus will be the statistical properties (correlation functions) primor-
dial perturbations fields which originated from the quantum fluctuations during
inflationary era that is assumed in the very early universe.

5.1 Introduction
On larger scales of space, the energy-mass contents of the observable universe can
be approximated by a homogeneous and isotropic distribution. One of the clearest
picture of this type of distributions is the Cosmic Microwave Background (CMB)
where the thermal fluctuations are only up to one part in 105. This particular type
of possible anisotropy reveals a picture of the early universe due to the fact that
the CMB photons decoupled from matter contents when the interaction rate of the
photons with baryons becomes close to the expansion rate of the universe. The
significance of these CMB anisotropies along the history of cosmological physics is
that the tiny observed anisotropies are not causally connected at the very early
moments of the observable universe according to standard hot “Big Bang” approach.

The prominent candidate of resolving the origin of the CMB anisotropies (or so
called “homogeneity problem”) is known as inflationary mechanism [150–153]. This
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mechanism describes a period of exponentially accelerated expansion at a typical
energy scale around four orders of magnitude less than the Planck energy 1019 GeV at
the very early moment of the universe. The remarkable consequence of the presence
of inflation is that all the perturbations, which are responsible for CMB or Large
Scale Structure, are originated from primordial quantum fluctuations [153–155].
The equation of state for a standard inflationary mechanism is established by taking
p ≈ −ρ for pressure p and energy density ρ and on equal footing the energy density
should stay constant during the accelerated expansion so that the inflationary era
can sustain sufficiently to resolve the largest modes in CMB. An exact exponentially
expanding spaces are characterized by spatial foliations of de Sitter spacetimes which
is one of classes of maximally symmetric spacetimes as in Minkowski spacetimes but
with a positive cosmological constant [59, 156]. However, the inflationary era must
be finite for the observable universe so that the breaking of the time translation
symmetry for a de Sitter spacetime is quantified by a parameter knowns as slow-roll
parameter ε.

Possible inhomogeneities that are observed today are related to the primordial
perturbations in spacetime metric or the energy density of possible matter contents
at the very early moment of the universe. In particular, we will be mainly interested
in the scalar perturbations Φ part of the spatial metric with a specific gauge:
a(t)2[δij(1 + 2Φ(x))

]
dxidxj right after the inflation where a(t) is the scale factor.

According to general relativity [157], the spacetime metric is an dynamical entity
and coupled to the matter content, which simply implies that any variations in the
energy density of matter and radiation are directly related to the perturbations
in the metric. Specifically, if a single degree of freedom is responsible both for
inflationary mechanism and seeds the inhomogeneities then we call the perturbations
of different quantities as adiabatic (the different contributions have the same relative
amplitude during the inflation).

The gauge-invariant primordial curvature perturbations ζ ≡ Φ − (ȧδρ)/(aρ̇)
[158, 159] are our primary source of information about the inflationary era of
the universe. Ideally, we can extract an understanding of the underlying physics
responsible for inflation from the details of the correlations observed in the Cosmic
Microwave Background (CMB) inhomogeneities and the large scale structure. The
adiabatic curvature perturbations serve as determining the evolution of cosmological
perturbations so that focusing on the statistics of the curvature perturbations enable
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to extract the statistical features of the relevant cosmological structures.
The primordial curvature perturbations, as initial conditions for the history

of universe, are generated from the quantum fluctuations during inflation in the
ground state such that each Fourier mode as in (2.64) can be built out of a quantum
harmonic oscillator with a finite dispersion around the mean of the mode. More
importantly, due to the exponential expansion the uncertainties intrinsic to the
quantum field during inflation stretched to the cosmological scales. Therefore,
there is direct way of conditioning the probability distributions for the observable
quantities in the sky by the probability distributions for the primordial pertur-
bations. Complete derivations and explanations of the gauge-invariant curvature
perturbations can be found in these prominent review lectures and books [160–162].

5.2 Super cosmic variance
We have a natural limitation called as cosmic variance of obtaining the probability
distributions for cosmological quantities since we only have one realization of these
perturbations unlike the experiments in particle physics. Sampling a probability
distribution for a quantity around a global ensemble distribution leads to a sample
variance which is inversely proportional to the number possible samples for that
quantity. For the primordial perturbations ζ(x) there are very small number of
modes are accessible on large scales such that there is one only realization that
causes larger cosmic variance for the global ensemble distribution of ζ(x).

Another actual limitation for extracting distributions for perturbations is that we
can only access to a finitely sized universe. In particular a long duration of inflation
leads to a large post-inflationary volume. The length of inflation is quantified by
so called number of e-folds, dN ≡ d log a. For resolving the homogeneity problem
such that in order to have the largest modes in CMB, the minimum e-folds needs
to be ∼ 60. Therefore, the possibility that inflation lasts longer than this threshold
number of e-folds, corresponds to a post-inflationary volume which is larger than
the observable universe. This fact, observing only a finite volume universe, limits
us to access perturbations on larger scales.

These limitations naturally lead to investigate whether the probability distribu-
tions of the perturbations in our observed volume correspond to a representative of
the global distribution or not. Otherwise, they may be biased due to our particular
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sampling. Assuming that the post-inflationary volume is larger than the observed
volume, then if the long modes (scales larger than typical Hubble scale H−1

0 ) of
curvature perturbations correlated with short modes of curvature perturbations so
that the different Fourier modes k are correlated in the probability distribution of
ζ, then the small scales perturbations are affected by the long scales ones and the
considered sample in the observed volume is systematically biased. This phenomena
is called as super cosmic variance (SCV). In particular this type of mode coupling
of different scales can emerge for a non-Gaussian probability distribution.

We observe only a finite volume of the universe and have no reason to expect
that the current size of that volume is anything special: there are likely to be at
least some super horizon modes with more or less the same properties as those
that have already re-entered the horizon. That supposition is critically important
in comparing statistical observations to theory. In the case of exactly Gaussian
fluctuations the finite size of our Hubble volume is the origin of the familiar cosmic
variance uncertainties in the power spectrum fit.

5.3 Primordial non-Gaussianity
The origin of the primordial non-Gaussianity for a given simple inflationary model
can be seen by studying higher order perturbations in the action of a scalar field
minimally coupled to gravity (with unit Planck mass MP = 1):

S =
∫
d4x
√
g

[
R

2 −
1
2(∇φ)2 − V (φ)

]
, (5.1)

For the perturbations, we only restrict to the scalar perturbations with a specific
gauge δφ such that all the scalar perturbations degrees of freedom are derived
from metric perturbations. The metric is expanded in terms of the curvature
perturbations ζ on uniform density hypersurfaces. At linear order of canonical
perturbation theory the two point function at equal time in the Fourier space at
the end of inflation is

〈ζ(k1)ζ(k2)〉 = (2π)3Pζδ
3(k1 + k2), Pζ = ȧ2

8πa2ε
(5.2)
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where ε := 1− äa/ȧ2 is the first order slow roll parameter. This expectation value
is the ensemble average of realization in statistics but in this case there is only one
realization such that the ensemble is at the same time averaging over space or all
possible Fourier modes (Ergodic theorem) [163]. Naturally, the inflationary initial
conditions can be taken as Gaussian random which means for a single mode there are
infinitely many realizations by infinite number of directions drawn from a Gaussian
distribution. But these initial conditions are actually quantum fluctuations of the
scalar field in its ground state. Now we can calculate two-point function of the
canonically quantized scalar field φ̂ in its vacuum state on a curved background
geometry, FRLW [164]:

〈0|φ̂(k1)φ̂(k2)|0〉 = |uk|2δ3(k1 + k2) , (5.3)

where uk is the mode function of the operator field φ̂ similar to the case in Minkowski
spacetimes (2.64)

φ̂(x, t) =
∫

d3k

(2π)3

[
a(k)uk(t)eik·x + a†(k)u∗k(t)e−ik·x

]
. (5.4)

The mode function |uk|2 ⇐⇒ P (k) can be in fact identified to the variance of some
Gaussian distribution for a field φ(k). Although current constraints show no sign
of primordial non-Gaussianities, it is natural to expect deviations from Gaussian
distributions since we know that the expansion and acceleration are driven by
gravity which is highly non-linear. Therefore, it is promising to concentrate on the
higher-order correlations by going beyond linear perturbation theory where the
leading correction to the two-point function is three-point function of correlated
three modes.

In general, the non-Gaussian probability distribution of the curvature perturba-
tion ζ can be completely determined by all the set of connected N -point correlation
functions1, for instance in Fourier space:

〈ζ(k1)ζ(k2) · · · ζ(kN)〉c := (2π)3δ3(∑ki
)
P

(N)
ζ (k1,k2, · · · ,kN) , (5.5)

where polyspectra P (N)
ζ is so called polyspectra which characterize the momentum

1The connected part of the N-point function (non-Gaussian) part is not captured by applying
Wick?s theorem to express Gaussian part as a product of two-point functions.
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dependence of the correlation functions. They are directly related to the size and
shape of the momentum-space polygons formed by the N momenta (see Fig.5.1)
by assuming statistical isotropy and to the “momentum conservation” in the delta
function expression in (5.5) by assuming translation invariance. The leading-order
non-Gaussian statistics is called the bispectrum: Bζ ≡ P

(3)
ζ .

k1

k2

k3

k4

kN−1

kN

Figure 5.1. Momentum-space polygons formed by the N momenta ki such that
N∑
i=1

ki = 0.

5.4 Super cosmic variance from general type non-
Gaussian fields
A particular part of the non-Gaussian space, the coupling between long and short
wavelength fluctuations, is of interest from both of these viewpoints. The bias from
super horizon modes is completely unmeasurable, but the qualitative conclusions
we draw about the origin of fluctuations can change when we allow for it [165–175].
The Planck satellite bounds demonstrate that the fluctuations are very close to
Gaussian [176], but the constraints have not crossed the theoretically interesting
threshold to rule out entire classes of physics beyond single field slow-roll [177].
Fortunately, no such mode coupling has been detected within our universe yet, but
current observational limits (e.g., from the Planck satellite results [176] and the
most recent constraints from quasars [178]) do not rule out this possibility.

The expectation for interesting threshold levels of non-Gaussianity comes from
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our current understanding of the space of likely models for inflation and the pri-
mordial fluctuations. Indeed, many inflation scenarios predict some degree of
non-Gaussianity and the details of the correlations would ideally provide a means to
distinguish qualitatively different primordial physics. In weighing observational evi-
dence for or against any inflation model that couples modes of different wavelengths
we must include these SCV uncertainties. In addition, if any non-Gaussianity is
detected, we must be sure we understand how to draw robust conclusions about
the set of primordial universe models consistent with those measurements. This
is a non-trivial task because it is not clear if there are types of non-Gaussianity
inflation cannot generate and because it is far from obvious how the statistics
in biased sub-volumes are related to those of parent distributions with arbitrary
non-Gaussian fluctuations. Future constraints on non-Gaussianity will continue to
test various inflation scenarios but can also have implications for our understanding
of the universe that are independent of the origin of the fluctuations.

Here we consider several scenarios motivated by predictions from currently
studied inflation models and demonstrate how the presence of correlations beyond
the bispectrum can alter the shape of lower order correlation functions in biased
sub-volumes. We will demonstrate that although observations could prove that the
source of the primordial fluctuations was not single-clock inflation, constraints on
or detections of the shape of the bispectrum can be consistent with single-clock
predictions even when super cosmic variance is at work.

5.4.1 The model

An attractive discriminating feature of inflation scenarios is the behavior of the
squeezed limit of the primordial bispectrum: that is, how significantly it couples two
short wavelength modes to one long wavelength mode (represented by a squeezed
triangle in momentum space, with side lengths k1 ≡ kl � k2 ≈ k3 ≡ ks) [179]. This
limit also indicates how significantly the bispectrum can cause the power spectrum
in biased sub-volumes to differ from the global power spectrum (for a concrete
example entirely within our universe, see the discussion of non-Gaussian halo
bias [180,181]). A bispectrum of the type generated by single clock inflation, which
primarily couples modes of the same wavelength, will give a negligible shift to the
power spectrum regardless of the realization of the long wavelength modes. A local
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type coupling, on the other hand, can give an interesting amplitude shift [166, 168].
Beyond the bispectrum, all higher order correlation functions can contribute to

the biasing of lower order statistics when some modes have longer wavelengths than
the size of the spatial region of interest. Scenarios where the non-Gaussian field is
any local but non-linear function of a Gaussian field have the nice property that
the bispectrum is of the standard local type (up to at most logarithmic corrections)
even in biased sub-volumes. And, in sufficiently biased sub-volumes the observed
statistics of any local, non-linear function (polynomial and without derivatives) of
a Gaussian field will be those of a field with the local ansatz [166].

Here, we explore the question of biased statistics for scenarios with non-local
bispectra. Our goal is to understand how observations of a necessarily limited
set of correlation functions can constrain the space of models of the primordial
universe. In particular, the single-clock inflation consistency relations [179,182–189]
indicate how one could rule out single clock inflation, but would a detection of
f local

NL = 0 and f equil
NL 6= 0 confirm single clock inflation? To address this question we

consider bispectral shapes characterized by their degree of divergence with the long
wavelength mode, kl, in the squeezed limit, including k−1

l (equilateral type), k−2
l

(sometimes called ‘orthogonal’ type2), and k−3
l (local type).

To consider non-Gaussian scenarios with the desired n-point correlations, we
build the field Φ from a series of nonlocal functionals of a Gaussian random field
φ(x),

Φ[φ(x)] = φ(x) + fNLΦ2[φ(x)] + gNLΦ3[φ(x)] + · · · , (5.6)

where the subscript on Φn indicates how many copies of the Gaussian field appear
in the term. The Φn will generate the connected parts of the tree-level correlations
at order n+ 1 and higher, and we require 〈Φn〉 = 0. We assume the Gaussian field
is homogeneous and isotropic. Its statistics are completely determined by the power
spectrum, which we take to be scale-invariant for simplicity:

〈φ(k1)φ(k2)〉 = (2π)3δ3(k1 + k2)Pφ(k1) (5.7)

Pφ(k) = 2π2 ∆2
φ

k3 . (5.8)

2A different, also very useful definition of ‘orthogonal’ comes from looking at possible scale-
invariant shapes produced by single clock inflation [190]. With that definition, the orthogonal
template diverges as k−1

l .
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We will primarily work with the Fourier transform of Φ:

Φ(k) = φ(k) + fNLΦ2(k) + gNLΦ3(k) + . . .

= φ(k) + fNL

2!

∫
d3p1

(2π)3

∫
d3p2 [φ(p1)φ(p2)− 〈φ(p1)φ(p2)〉]

×N2(p1,p2,k)δ3(k− p1 − p2)

+ gNL

3!(2π)6

3∏
`=1

∫
d3p`

φ(p1)φ(p2)φ(p3)−
3∑
i=1
k 6=j 6=i

φ(pi)〈φ(pj)φ(pk)〉


×N3(p1,p2,p3,k)δ3(k−

3∑
`=1

p`) + · · · , (5.9)

The kernels Nn(p1,p2, . . . ,pn,k) are symmetric in the first n entries. The sub-
tracted terms inside the square brackets maintain 〈Φn〉 = 0 and ensure that only
connected parts of the n-point functions are generated by each term. Loop correc-
tions to the power spectrum from the non-Gaussian terms go like (fNL∆φ)2 and
(gNL∆2

φ)2 and the one-loop correction to the bispectrum goes like gNL∆2
φ (relative

to the O(fNL) tree-level bispectrum). Weak non-Gaussianity is defined by requiring
those quantities to be � 1, and if gNL . O(f 2

NL) the loop correction to the power
spectrum from the three point function is parametrically larger than that from the
four-point.

To generate our full set of desired correlations, the Φn must be non-local. It is
notationally easier to first generate the appropriate set of terms in real space, so
we consider Φn of the form

Φn = ∂β2n−1(∂β2n−2φ(. . . (∂β2φ∂β1φ)))(x) , (5.10)

where the βi can be negative. To generate the corresponding Fourier transformed
terms, we define derivative operators acting on φ(x) based on the corresponding
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momentum space behavior,3

∂nφ(x) ≡
∫

d3k

(2π)3k
nφ(k)eik·x . (5.12)

A Φ2 that can generate the equilateral, orthogonal or local bispectral templates
was derived by Scoccimarro et al in [191]. In the next section we review the
choice of quadratic terms, taking a slightly different perspective but arriving at the
same Φ2 as [191]. In Section 5.4.3 we generalize the procedure for generating the
quadratic terms and consider a Φ3 designed to induce only the terms in Φ2 in biased
sub-volumes. In Section 5.4.3.4 we examine subsets of the cubic terms that restrict
the bispectra induced in biased sub-volumes to local, equilateral, or orthogonal
type and consider the implications for theory and observations. In Section 6 we
conclude and comment on how our analysis might be further developed.

5.4.2 Quadratic Terms

In this section we derive an expression for Φ2 using a procedure that can be easily
generalized to the cubic term, Φ3, and beyond. Although our motivation and
procedure are slightly different, the result reproduces the expressions derived by
Scoccimarro et al [191].

We limit our considerations to bispectra that diverge in the squeezed limit as
one, two, or three inverse powers of the long wavelength momentum. Since a local
quadratic function, φ2(x), yields the most divergent bispectrum, we need to include
inverse derivative operators in order to reduce the divergence. We therefore start
with the following family of terms quadratic in the Gaussian field

∂α3(∂α2φ∂α1φ), (5.13)
3Note that ∂n is not in general a genuine derivative operator because it does not obey the

Leibniz rule,

[∂n(φ1φ2)](k) = kn

∫
d3p

(2π)3φ1(p)φ2(k− p)

[φ1∂
nφ2 + φ2∂

nφ1] (k) =
∫

d3p

(2π)3φ1(p)φ2(k− p)(pn + |k− p|n)

→ ∂n(φ1φ2) 6= φ1∂
nφ2 + φ2∂

nφ1. (5.11)

Our notation is related to the one used in Scoccimarro et al [191] by: (∂2)here = (−∇2)there.
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with restrictions on the αi:

•
∑
αi = 0. This condition maintains scale-invariance.

• α1,2 ≥ 0. Together with the previous condition, this automatically sets α3 ≤ 0.
This condition ensures that the infrared (IR) sensitivity to φl is no stronger
than that of local non-Gaussianity. In other words, this rule ensures that the
squeezed limit of the bispectrum does not grow like k−4

l or more for small kl.

• |αi| ≤ 2. This restriction generates the minimal set of terms required to
produce equilateral (k−1

l ), orthogonal (k−2
l ) or local (k−3

l ) type behavior (and
corresponds to to setting u = s = 0 in [191]). However, there are certainly
additional terms with |αi| > 2 that will also generate bispectra with the same
squeezed limit behavior. We comment on relaxing this condition in Section 6.

The generic quadratic functional with terms obeying these constraints is

Φ2[φ(x)] = [a1φ
2 + a2∂

−1(φ∂φ) + a3∂
−2(φ∂2φ) + a4∂

−2(∂φ)2]− [E.V.] . (5.14)

where −[E.V.] indicates that the expectation values of the terms should be sub-
tracted. The corresponding N2 kernel (which in this case depends only on the
magnitudes of the momenta) is

N2(p1, p2, k) = 2a1 + a2
p1 + p2

k
+ a3

p2
1 + p2

2
k2 + 2a4

p1p2

k2 . (5.15)

A generic homogeneous and isotropic bispectrum for the potential Φ can be written
as

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δ3(k1 + k2 + k3) B(k1, k2, k3) . (5.16)

Our ansatz gives a bispectrum

BΦ(k1, k2, k3) = fNLPφ(k1)Pφ(k2)N2(k1, k2, k3) + cyc. (5.17)

where there are 2 additional cyclic permutations. Notice that both the a2 and
a3 terms in Eq.(5.67) generate terms of the type P (k1)1/3P (k2)2/3P (k3) in the
bispectrum.

We have already factored out an overall amplitude, fNL, from Φ2. With the
usual convention fNL ≡ 6BΦ(k, k, k)/P 2

Φ(k), this leaves a normalization condition
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for the coefficients of the individual quadratic terms:

a1 + a2 + a3 + a4 = 1 . (5.18)

The constraints on the αi so far allow us to restrict consideration to a subset of
possible non-Gaussian fields based on the behavior of the bispectrum. However, any
quadratic term will also contribute to the power spectrum of the full, non-Gaussian
field

〈Φ(k1)Φ(k2)〉 = 〈φ(k1)φ(k2)〉+ f 2
NL〈Φ2(k1)Φ2(k2)〉+ . . . (5.19)

where the dots contain contributions from Φ3 and higher. The contributions to
PΦ(k) from the terms in Φ2 contain an extra integral over momenta p and go like
[N2(p, |k− p|, k)]2. The contributions from the a3 and a4 terms go like 1/k4 times
a divergent integral over momenta p (this is easiest to see by considering k � p).
We can force this badly behaved contribution to the loop to vanish by setting

a4 = −a3 . (5.20)

We will impose this condition from now on to remove a4 from all expressions.
Insisting on Eq.(5.20) is equivalent to the choice of the coefficient t for the equilateral
and orthogonal cases in [191].

5.4.2.1 Recovering the standard bispectral templates

Frequently used bispectral templates with fixed degree of divergence with the long
wavelength mode are

Blocal = 2f local
NL (Pφ(k1)Pφ(k2) + Pφ(k1)Pφ(k3) + Pφ(k2)Pφ(k3)) (5.21)

Bequil = 6f equil
NL [−Pφ(k1)Pφ(k2) + 2 perm.− 2(Pφ(k1)Pφ(k2)Pφ(k3))2/3

+Pφ(k1)1/3Pφ(k2)2/3Pφ(k3) + 5 perm.]

Borth = 6f orth
NL [−3Pφ(k1)Pφ(k2) + 2 perm.− 8(Pφ(k1)Pφ(k2)Pφ(k3))2/3

+3Pφ(k1)1/3Pφ(k2)2/3Pφ(k3) + 5 perm.]

The best constraints on the amplitudes fNL of these templates come from
the Planck satellite: [192], which limit f local

NL = 2.7 ± 5.8, f equil
NL = −42 ± 75, and

f orth
NL = −25± 39 at the 68.3% confidence level.
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The ansatz in Eq.(5.14) clearly contains the local ansatz

Local Bispectrum : a2 = a3 = a4 = 0 . (5.22)

To see the conditions that recover the orthogonal and equilateral templates,
insert the N2 kernel from Eq. (5.67) into the general expression for the bispectrum,
Eq. (5.66), and take the squeezed limit k1 ≡ kl � k2, k3 ≡ ks:

lim
kl�ks

B(ks, ks, kl) = fNLPφ(kl)Pφ(ks)
[
(4a1 + 2a2 + 2a3) + (2a2 − 4a3)

( kl
ks

)
+ (2a2 + 2a3)

( kl
ks

)2
+ 2a1

( kl
ks

)3
]
. (5.23)

where we have already used a4 = −a3. The equilateral bispectrum scaling k−1
l

requires that the coefficients of both the k−3
l and the k−2

l contributions vanish.
Since P (kl) ∝ k−3

l , these conditions are, respectively

4a1 + 2a2 + 2a3 = 0 and 2a2 − 4a3 = 0 . (5.24)

Including the normalization condition (5.18), these are sufficient equations to
uniquely fix the ai. The result exactly recovers the equilateral template:

Equilateral Bispectrum : a1 = −3, a2 = 4, a3 = 2, a4 = −2 . (5.25)

The orthogonal bispectrum scaling k−2
l requires only the coefficient of k−3

l to
vanish, which is not sufficient information to completely fix all the ai. That is
reasonable since the orthogonal shape was originally defined not by its squeezed
limit but by minimizing its overlap with the other templates over a range of
momentum configurations. To generate the standard orthogonal template we can
add an additional condition, comparable to the orthogonality condition required
by [190],

aorth
1 = 3 aequil

1 (5.26)

so that all the ai are fixed:

Orthogonal Bispectrum : a1 = −9, a2 = 10, a3 = 8, a4 = −8 . (5.27)
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In the next section we will introduce the long-short wavelength split and see how
the conditions in Eq.(5.24) that fix the squeezed limit behavior of the bispectrum
can also be directly read off of the real-space expression in Eq.(5.14).

5.4.2.2 The long-short wavelength split

We are interested in the effect of long wavelength background modes on the statistics
measured in spatial sub-volumes. To that end, we split the field Φ in Fourier space
at a scale k∗,

Φs(k) = Φ(k)Θ(k − k∗)

Φl(k) = Φ(k)Θ(k∗ − k) , (5.28)

where Θ is the step function. This is only an approximation to splitting the field
with a top hat in real space, but our results will not depend on this distinction.
Also, in what follows, we will mainly consider momenta far away from the scale k∗,
and ignore complications arising from those close to k∗. Applying the Θ-function
on the right hand side of Φ(k), defined in Eq.(5.65), gives

Φs(k) = φs(k) + fNLΦ(s)
2 (k) + . . . (5.29)

Φl(k) = φl(k) + fNLΦ(l)
2 (k) + . . . (5.30)

where φs(k) and φl(k) are defined analogously to Eq.(5.28). Writing out the effect
of the Θ-function on the quadratic term gives, for the short wavelength quadratic
piece,

Φ(s)
2 (k) = 1

2!(2π)3

∫
d3p1 d

3p2N2(p1,p2,k)[φ(p1)φ(p2)− [E.V.]] δ3(k− p1 − p2)

Θ(|p1 + p2| − k∗) = 1
2!(2π)3

∫
|p1+p2|>k∗

d3p1d
3p2N2(p1,p2,k)[φs(p1)φs(p2)

+2φs(p1)φl(p2)− [E.V.]] δ3(k− p1 − p2) (5.31)

Here, the second line is obtained from by considering the separate momentum
regimes for p1 and p2 that satisfy the step function: Θ(|p1 + p2| − k∗) = [Θ(p1 −
k∗)Θ(p2 − k∗) + Θ(p1 − k∗)Θ(k∗ − p2) + Θ(k∗ − p1)Θ(p2 − k∗)]Θ(|p1 + p2| − k∗). In
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the same manner we can write Φ(l)
2 (with some redundancy) as

Φ(l)
2 (k) = 1

2!(2π)3

∫
|p1+p2|<k∗

d3p1 d
3p2N2(p1,p2,k)[φs(p1)φs(p2) + φl(p1)φl(p2)− [E.V.]]

×δ3(k− p1 − p2) (5.32)

Notice that in the first term of Eq.(5.32), the angle between short scale modes p1

and p2 must be nearly π so they sum to a long mode with magnitude k below the
splitting scale.

5.4.2.3 The field observed in biased sub-volumes

We now examine the difference in the global and local statistics of the power
spectrum when the quadratic terms above are included. Very generally, the observed
field, restricted to points x within a sub-volume VS, will take the form

Φobs(x)|x∈VS
= (φ+ ΦSCV

1 ) + fNL(Φ2 + ΦSCV
2 ) + gNL(Φ3 + ΦSCV

3 ) . . . , (5.33)

where the contributions from the Super Cosmic Variance (SCV) terms, ΦSCV
n , vanish

in sub-volumes where all long wavelength modes take their mean value (0). Since
an observer with access to only a single sub-volume cannot separate the mean
contributions from the SCV contributions it is more natural to write the right hand
side of the equation above in terms of the observer’s linear field, χ(x), and kernels,
and amplitudes:

Φobs[χ(x)]|x∈VS
= χ(x) + f̃NLΦ̃2[χ(x)] + g̃NLΦ̃3[χ(x)] . . . , (5.34)

Note that the standard way of defining the normalizations f̃NL and g̃NL only works
for scale-invariant contributions from the SCV terms.

For the set of quadratic terms we are considering here, using the kernel N2 from
Eq.(5.67) in the expression for the short wavelength field, Eq.(5.31) gives

Φs(k) ≈ φs(k)
{

1 + fNL

[
(2a1 + a2 + a3)φl + (a2 − 2a3)∂φl

1
k

+ a3∂
2φl

1
k2

]}
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+ fNL

2!(2π)3

∫
p1,p2>k∗

d3p1d
3p2N2(p1, p2, k)

[
φs(p1)φs(p2)− [E.V.]

]
δ3(k− p1 − p2)

(5.35)

where the approximation comes because we have taken k−p2 ' k in the φs(p1)φl(p2)
term in Eq.(5.31). The functions of the long wavelength modes are

φl ≡
∫ k∗

Λ

d3p

(2π)3 φ(p), ∂φl ≡
∫ k∗

Λ

d3p

(2π)3 pφ(p), ∂2φl ≡
∫ k∗

Λ

d3p

(2π)3 p
2φ(p)

(5.36)
where Λ is an infrared scale corresponding to the longest wave mode that exited
the horizon during inflation. We will treat the quantities in Eq.(5.36) as constants
in any particular sub-volume. While this is not exactly true, since a nonzero
gradient ∂φl implies non-constant φl(x), we show below that this difference is small
compared to the effect of the average value of φl.

The observed linear term in a biased sub-volume is shifted from the original
φ(k) by a term whose amplitude and scale-dependence depends on the bispectrum
and the bias:

χG(k) ≡ φs(k)[1 + fNLΦSCV
1 (k)] = φs(k)

(
1 + fNL

[
(2a1 + a2 + a3)φl

+(a2 − 2a3)∂φl
1
k

+ a3∂
2φl

1
k2

])
(5.37)

Then, using the observed linear field everywhere, the observed non-Gaussian field is

Φobs(k) = χG(k)

+ fNL

2!(2π)3

∫
d3p1 d

3p2
N2(p1,p2,k)

[1 + fNLΦSCV
1 (p1)][1 + fNLΦSCV

1 (p2)]
×[χG(p1)χG(p2)− [E.V.]]δ3(k− p1 − p2) . (5.38)

The power spectrum and bispectrum observed in sub-volumes can be computed
as usual from this expression, and will differ in amplitude and scale-dependence
(shape) from the corresponding quantities in unbiased sub-volumes.

The observed power spectrum is shifted from the input power spectrum by
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(assuming weak non-Gaussianity)

P obs
Φ ≈ P obs

χ (k) = Pφ(k)
{

1 + fNL

[
(2a1 + a2 + a3)φl + (a2 − 2a3)∂φl

1
k

+ a3∂
2φl

1
k2

]}2

.(5.39)

This effect was discussed and quantified in detail for the case of local non-Gaussianity
in [168]. There it was shown that the correction proportional to φl can be large
and interesting. The other terms here, proportional to ∂φl and ∂2φl are sensitive to
only a very small range of modes beyond the horizon. If the universe was inflating
for Ne e-folds before the mode of scale k∗ exited the horizon, the super cosmic
variance contributions from non-local bispectra are of order

〈(∂φl)2〉
k2
∗

= 1
k2
∗

∫ k∗

Λ
dk k∆2

φ(k) =
∆2
φ(k∗)

(ns + 1)

(
1− e−(ns+1)Ne

)
,

〈(∂2φl)2〉
k4
∗

= 1
k4
∗

∫ k∗

Λ
dk k3 ∆2

φ(k) =
∆2
φ(k∗)

(ns + 3)

(
1− e−(ns+3)Ne

)
(5.40)

Here we have assumed for simplicity that the super horizon power spectrum is
∆2
φ = A0(k/k∗)ns−1 with constant spectral index ns and used Ne = ln(k∗/Λ).

Notice that with k∗ = H0 the second quantity in Eq.(5.40) is of the order of the
contribution of fluctuations to the spatial curvature, 〈Ω2

k〉.
Figure 5.2 shows that the quantities in Eq.(5.40) are very small, of order 10−5.

As expected, there is no appreciable cosmic variance shift to the power spectrum,
Eq.(5.39), from non-local bispectra. Figure 5.2 assumes that the power spectrum
is consistent with the current best fit from the Planck satellite (Planck+WP) [2]
(∆2

Φ(k) = 3.98772× 10−9(k/k∗)ns−1, ns = 0.9619) and uses k∗ = 0.05 Mpc−1 as the
reference infrared scale. (H0 is the appropriate scale for considering our current
universe.) The strong suppression with extra powers of k in the integrands makes
these quantities insensitive to small variations in the spectral index. Specifically,
there is no considerable difference between flat spectral index (ns = 1) and ns =
0.9619 (in contrast to the significant enhancement 〈φ2

l 〉1/2 receives from a red tilt
over sufficiently many super horizon e-folds).

Although these terms have a substantial scale-dependence, the maximum shift
to the spectral index at the CMB pivot point is of order 10−4, which is within the
current 68% confidence interval from measurements by the Planck satellite. (Notice
that allowing mild scale-dependence in a1, a2 or a3 would generate interesting shifts
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Figure 5.2. Graph of the RMS amplitude of long-wavelength super cosmic variance
terms from non-local bispectra, 1

k∗
〈(∂φl)2〉1/2 and 1

k2
∗
〈(∂2φl)2〉1/2. This plot assumes that

the power spectrum on scales larger than k∗ = 0.05 Mpc−1 remains consistent with Planck
satellite observations: ∆2

Φ(k) = 3.98772× 10−9(k/k∗)ns−1 with ns = 0.9619 [2]. Notice
that the plotted quantities are not sensitive to more than about an e-fold of inflation
and remain O(10−5) so, as expected, only the local bispectrum can generate a significant
super cosmic variance contribution to the power spectrum.

to the spectral index. The example of scale-dependent a1 was discussed in [173].)
The bispectrum observed in biased sub-volumes is also shifted. For the exact

local ansatz, the change in the observed level of non-Gaussianity was discussed
in [166, 168]. When the super cosmic variance shifts to the power spectrum are
scale-dependent, the shape of the observed bispectrum changes:

Bobs(k1, k2, k3) = Pχ(k1)Pχ(k2) fNLN2(k1, k2, k3)
[1 + fNLΦSCV

1 (k1)][1 + fNLΦSCV
1 (k2)] +cyc. (5.41)

However, as with the scale-dependent corrections to the power spectrum, the
changes in shape are too small to be observationally relevant. We will find much

128



more interesting effects from the inclusion of cubic terms in the ansatz for the
non-Gaussian field, which we turn to next.

5.4.3 Cubic Terms

In this section we establish a method to generate cubic terms that induce the four
quadratic terms of Eq.(5.14) in biased sub-volumes.

5.4.3.1 Generation of cubic terms

In general, we consider cubic terms that take the form

∂β5(∂β4φ∂β3(∂β2φ∂β1φ)) . (5.42)

Similarly to the rules we used to limit the quadratic terms, we consider only cubic
terms that satisfy the following restrictions:

1.
∑
βi = 0 to maintain scale-invariance,

2. β1,2,4 ≥ 0 to ensure that the induced quadratic terms do not depend on ∂−1φl

or higher inverse derivatives, controlling sensitivity to the infrared (IR) scale.

3. |βi| ≤ 2 restricts to a minimal set of terms to consider. Note that conditions
1-3 imply β5 ≤ 0.

4. β1 +β2 +β3 ≥ 0 to ensure that the induced linear terms are no more sensitive
to the IR scale than in local non-Gaussianity (logarithmic sensitivity).

5. At least one of β1, β2, or β4 must be zero and the {β1, β2} pairs should
be drawn from the same set of values as the {α1, α2} pairs in Eq.(5.14).
This ensures that all the leading order quadratic terms induced in biased
sub-volumes are one of those in Eq.(5.14).

As a guide to understanding the origin of these restrictions, an example of the
quadratic terms induced in biased sub-volumes by a cubic term is given in Appendix
F.1. There are 18 cubic terms, listed in Appendix F, which satisfy these five rules.
As with the quadratic terms, it is certainly possible to consider a larger set of terms
that have interesting behavior in biased sub-volumes. In Section 5.4.3.4 we discuss
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the consequences of the minimal set of terms and also comment on the role of some
terms we have discarded. Appendix F also gives the cubic kernel, N3(p1,p2,p3,k),
from these 18 terms.

The addition of this cubic functional adds a leading order trispectrum to the
model:

〈Φ(k1)Φ(k2)Φ(k3)Φ(k4)〉 = (2π)3δ3
D(k1 + k2 + k3 + k4) TΦ(k1,k2,k3,k4)

TΦ(k1,k2,k3,k4) = gNLPφ(k1)Pφ(k2)Pφ(k3)N3(k1,k2,k3,k4) + cyc. (5.43)

where there are three additional terms in the +cyc. Notice that our definition of
gNL as the amplitude of the trispectrum goes beyond the usual definition. The
typical conventions for defining the amplitudes of trispectra in various momentum
configurations are [193,194]:

gnlstandard ≡ 1
6 lim
k1→0

TΦ(k1,k2,k3,k4)
PΦ(k1)PΦ(k2)PΦ(k3)

τNL ≡ 1
4

9
25 lim
|k1+k2|→0

TΦ(k1,k2,k3,k4)
PΦ(|k1 + k2|)PΦ(k1)PΦ(k3) (5.44)

Because we have imposed |βi| ≤ 2 (and specifically β3 ≥ −2), all of our trispectra
have τNL = 0. Current constraints on the trispectrum from Planck satellite
data are (allowing both standard shapes to be non-zero) τNL = 0.3 ± 0.9 × 104,
gstandard

NL = −1.2±2.8×105 [195] at 68% CL, or assuming only one non-zero template
at a time τNL < 2800 at 95% CL [192], gstandard

NL = −1.3± 1.8× 105 at 68% CL [195].

5.4.3.2 Constraints on cubic terms from their contributions to the
power spectrum

As with the quadratic terms, we impose additional restrictions based on the behavior
of (classical) loop corrections from the cubic terms, requiring that UV divergences
are not stronger than the log divergence of the tree-level case.

The cubic field Φ3 contributes to the power spectrum at order g2
NL (from

〈Φ3(k1)Φ3(k2)〉):

δPΦ3(k) = g2
NL

∫
d3p1

(2π)3
d3p2

(2π)3 d
3p3N

2
3 (p1,p2,p3,k)P (p1)P (p2)P (p3)

×δ3(k− p1 − p2 − p3) . (5.45)
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Since this contribution has two momentum integrals (two classical loops), there are
several different momentum configurations to consider. The resulting constraints
(details appear in Appendix F.2) are

b10 = b14 = b16 = b18 = 0

b3 + b4 = 0

b6 + b7 = 0

b12 + b13 = 0

b11 + b15 + b17 = 0

2(b5 + b8) + b6 + b9 + b12 = 0 (5.46)

After imposing these restrictions, we are left with a 9 parameter set of cubic terms
to explore. Corrections to the bispectrum from the cubic term (proportional to
fNLgNL at lowest order) do not give any additional constraints that are not covered
by conditions imposed on the quadratic term.

5.4.3.3 The field observed in biased sub-volumes

To work out the statistics observed in biased sub-volumes of a field described by
Eq.(5.61) and the cubic functional from the previous section, we again split Φ(k)
into long and short wavelength components:

Φs(k) = φs(k) + fNLΦ(s)
2 (k) + gNLΦ(s)

3 (k) (5.47)

Φl(k) = φl(k) + fNLΦ(l)
2 (k) + gNLΦ(l)

3 (k) (5.48)

where

Φ(s)
3 (k) = 1

3!

∫∫∫
d3p1

(2π)3
d3p2

(2π)3d
3p3N3(p1,p2,p3,k) δ3(k− p1 − p2 − p3)

×Θ(|p1 + p2 + p3| − k∗)
[
φ(p1)φ(p2)φ(p3)−

3∑
i=1
k 6=j 6=i

φ(pi)〈φ(pj)φ(pk)〉
]

+ cyc

(5.49)
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Φ(l)
3 (k) = 1

3!

∫∫∫
d3p1

(2π)3
d3p2

(2π)3d
3p3N3(p1,p2,p3,k) δ3(k− p1 − p2 − p3)

×Θ(k∗ − |p1 + p2 + p3|)
[
φ(p1)φ(p2)φ(p3)−

3∑
i=1
k 6=j 6=i

φ(pi)〈φ(pj)φ(pk)〉
]

+ cyc

(5.50)

The step function in Eq.(5.49) allows several different types of terms (analogous
to the two terms in Eq.(5.31)). In particular, there is a term with all three fields
φs which ensures that all sub-volumes have the same cubic term as the parent
volume. There is also a term with a single φl that contributes to the quadratic
term in biased sub-volumes. In other words, the quadratic term that describes the
non-Gaussian field in the sub-volume (see Eq.(5.33)) is

(fNLΦ2)obs = fNL(Φ2 + ΦSCV
2 ) (5.51)

where

fNLΦSCV
2 = gNL

[
φl

{
(3b1 + b2 + b3 + b8 + b17)φ2

s + (b2 + b13)∂−1(φs∂φs)

+(b3 + b6 + 2b11 + b13 + 2b17)∂−2(φs∂2φs) + (b4 + b7 + b12 + 2b15)

∂−2(∂φs)2
}

+ ∂φl

{
(b2 + 2b4)φs∂−1φs + (b5 + 2b7 + b15)∂−1(φ2

s)

+b9∂
−1∂φs∂

−1φs + (b9 + 2b12)∂−2(φs∂φs) + b13∂
−2(∂2φs∂

−1φs)
}

+∂2φl

{
b3φs∂

−2φs + b6∂
−1(φs∂−1φs) + b11∂

−2(φ2
s)

+b13∂
−3(φs∂φs)

}]
− [E.V.]. (5.52)

Here the subscript ‘SCV’ indicates that this is a super cosmic variance contribution
to the quadratic term and we have used the conditions from Eq.(5.46) to remove
some of the original 18 bi. By design, the largest cosmic variance terms (those
terms proportional φl) regenerate the four quadratic terms which span the local,
equilateral, and orthogonal bispectra types. The contributions proportional to
∂φl or ∂2φl are subleading, and likely to be unobservably small (although we will
comment further on those terms in the next section). Focussing on the leading
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contributions, we can more clearly make contact with our discussion of bispectral
shapes (Eq.(5.14)) by writing

ΦSCV
2 = gNLφl

fNL

{
[A1φ

2
s+A2∂

−1(φs∂φs)+A3∂
−2(φs∂2φs)+A4∂

−2(∂φs)2]+· · ·−[E.V.]
}

(5.53)
There is also a term in Eq.(5.49), Φ(s)

3 , with a single φs: the cubic terms also
contribute to the linear term in biased sub-volumes. Including the shift to the
linear term from Φ2 (see Eq.(5.37)), the induced linear term is

ΦSCV
1 = fNL

[
φs

{
(2a1 + a2 + a3)φl + (a2 − 2a3)∂φl

1
k

+ a3∂
2φl

1
k2

}]
+gNL

[
φs

{
[3b1 + b2 + b3 + b5 + b6 + 2b8 + b11 + 2b17]φ2

l

[b2 + b9 + b13]∂−1(φl∂φl) + b3∂
−2(φl∂2φl) + b4∂

−2(∂φl)2
}

+∂−1φs

{
[b2 + 2b4 + 2b5 + 2b7 + b9 + 2b12 + 2b15](φl∂φl)

+b6∂
−1(φl∂2φl) + b7∂

−1(∂φl)2 + [b8 + b15]∂(φ2
l )
}

+ ∂−2φs

{
[b3 + b6 + 2b11 + b13](φl∂2φl) + [b9 + b12](∂φl)2

+b17∂
2(φl)2

}
+ ∂−3φs

{
b13(∂2φl∂φl)

}]
− [E.V.] (5.54)

All the terms inside the first set of curly brackets in the gNL term generate SCV
of the same order (that is, 〈(φ2

l )2〉 ∼ 〈(∂−1(φl∂φl))2〉, etc), while the terms on the
fourth line and below give contributions that are significantly smaller. Furthermore,
since the individual terms inside each set of gNL curly brackets have the same
dimension, there is no way to distinguish them. The only relevant feature is the
degree of scale-dependence of the prefactor.

Finally, notice that the short-wavelength field contains terms where, for example,
p1, p2, p3 > k∗ but |p1 + p2| < k∗. This momentum range allows us to consider the
limit of correlation functions where momentum modes accessible in a sub-volume
sum up to a long wavelength mode. The information in that limit is about the
variation of lower order correlations over spatial distances the size of the long
wavelength mode [184,194].
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5.4.3.4 Families of cubic terms from the super cosmic variance point
of view

In this section, we point out various interesting special cases of the general formulae
from the previous section. In each of the subsections below we impose additional
constraints (beyond the loop correction considerations) that restrict the super
cosmic variance contributions to the bispectrum and power spectrum. That is, we
impose constraints on the various combinations of the bi parameters in Equations
(5.52) and (5.54).

Before considering the results of the previous section organized by the squeezed
limit behavior of the bispectrum, we first note some general features of the possible
super cosmic variance consequences from our cubic terms.

• We find cubic terms that shift the bispectrum at order φ` but that give no
shift to the power spectrum at order φs (the terms in Eq.(5.54) proportional
to φ2

l , ∂−1(φl∂φl), ∂−2(φl∂2φl) and ∂−2(∂φl)2 individually vanish). This set
of cubic terms only generates ΦSCV

2 where the {Ai} are linear combinations
of {1, 0,−2, 2} and {1,−2, 0, 0}.

• We find cubic terms that shift the power spectrum at order φs but that
generate no significant shift to the bispectrum (all terms proportional to φ` in
the induced quadratic term individually vanish). The ΦSCV

1 generated by any
terms in this set are indistinguishable at order φs. Some can, in principle, be
distinguished by the relative amplitude of the sub-leading terms (proportional
to ∂−1φs and ∂−2φs).

• We find cubic terms that generate neither a shift proportional to φ` in the
induced quadratic term, Eq.(5.52), nor a shift proportional to φs in the
induced linear term, Eq.(5.54). From an observational point of view, these
cubic terms generate no super cosmic variance of an interesting size. One
of these induces no sub-leading shift to the power spectrum and at most a
∂2φl shift to the bispectrum and so is a candidate for a trispectrum template
consistent with single clock inflation. The kernel and trispectra for this case
can be found in Appendix F.3.

To summarize, our set of cubic terms demonstrates that it is possible to find
examples with significant cosmic variance in the bispectrum but not the power
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spectrum, in the power spectrum but not the bispectrum. As may be expected, our
set also contains terms that generate no interesting cosmic variance. Furthermore,
there is, in general, a degeneracy in the induced lower order terms: Multiple cubic
terms (eg, terms that give different trispectra) can generate indistinguishable ΦSCV

1 ,
ΦSCV

2 .
If we impose the conditions 4A1 + 2A2 + 2A3 = 0, and 2A2 − 4A3 = 0, the SCV

induced quadratic term will generate a bispectrum of the equilateral shape (the
condition A3 + A4 = 0 is already enforced by the loop constraints on Φ3). Most
cubic terms satisfying those constraints shift the power spectrum at leading order.
However, there are cases that generate an equilateral bispectrum but no leading
order shift to the power spectrum (no term proportional to φs in Eq.(5.54)). This
case may, in principle, be distinguished from a purely equilateral bispectrum by a
sub-leading term (proportional to ∂φl), although in practice that contribution is
quite small. There is also a cubic term whose SCV contribution gives an equilateral
bispectrum at leading order and no contributions to the bispectrum of size ∂φl
(although this solution does affect the power spectrum at order φs).

We can define an equilateral family of statistics by those Φn whose SCV contri-
butions induce only an equilateral shape bispectrum at leading order and shift the
power spectrum by at most terms proportional to ∂−2φs (the same effect that an
equilateral bispectrum gives). Note that although this family is distinct from the
set of correlations with no SCV at all, it is not observationally distinct if only the
power spectrum and the shape of the bispectrum have been measured. A set of
non-zero {bi} for the cubic term that induces the equilateral bispectrum but no
significant shift to the power spectrum is

b1 = −5/3 , b2 = 2 , b5 = 3 , b9 = −4 , b12 = −2 , b13 = 2. (5.55)

The field observed in biased sub-volumes in this scenario (assuming only an equi-
lateral bispectrum in the mean statistics) takes the form

Φobs(k) = φ(k) (5.56)

+(f equil
NL + gequil

NL φl)
2!(2π)3

∫
d3p1d

3p2 [φ(p1)φ(p2)− 〈φ(p1)φ(p2)〉]

×N equil
2 (p1,p2,k)δ3(k− p1 − p2)
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+ gequil
NL

3!(2π)6

3∏
`=1

∫
d3p`

φ(p1)φ(p2)φ(p3)−
3∑
i=1
k 6=j 6=i

φ(pi)〈φ(pj)φ(pk)〉


×N equil

3 (p1,p2,p3,k)δ3(k−
3∑
`=1

p`) (5.57)

where N equil
2 is Eq.(5.67) with {ai} = {−3, 4, 2,−2} (see Eq.(5.69)) and N equil

3 with
the set of {bi} from Eq.(5.55). Figure 5.3 shows an example quantification of the
qualitatively important result for this scenario: there is a range of values of f equil

NL in
the mean or parent statistics that are consistent with a particular value of f equil,obs

NL

in sub-volumes. Note that the parent volume can have an input f equil
NL of either

sign. Appendix F.3 contains more details of some of the interesting cubic terms
that induce an equilateral bispectrum in biased sub-volumes.

If we impose the conditions A2 = A3 = A4 = 0, the SCV induced quadratic term
will generate a local shape bispectrum. All such cubic terms also shift the power
spectrum at order φs and most also give sub-leading shifts. If we define the local
family as the set Φn whose SCV contributions induce only a local bispectrum and
only shift the power spectrum as φs (no sub-leading terms, to match the behavior
of the local bispectrum), our ansatz contains several cubic terms in the family.
If we are more restrictive and insist that the induced bispectrum has no piece
proportional to either ∂φl or ∂2φl in the bispectrum, the only solution is bi = 0
except for i = 1 (the local gNL term). Super cosmic variance from a local cubic
term and beyond was previously considered in [166,193].

If we impose the conditions 2A1 + A2 + A3 = 0, the SCV induced quadratic
term will generate a bispectrum with a squeezed limit that diverges as 1/k2

l (the
condition A3 + A4 = 0 is already enforced by the loop constraints on Φ3). All such
cubic terms in our set generate no shift to the power spectrum at leading order.
Notice that this does not insist on the orthogonal template, only the squeezed limit
behavior. However, it is possible to have the exact orthogonal template bispectrum
induced with or without also inducing a shift to the power spectrum. As in the
local and equilateral case, we can define the orthogonal family as the set of terms in
Φ[φ(x)] = φ(x) + fNLΦ2[φ(x)] + gNLΦ3[φ(x)] + · · · that has no stronger than φs/k
SCV in the power spectrum and maintains a bispectrum with only 1/k2

l divergence.
In the following section we will demonstrate a particular way to generate
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Figure 5.3. Assuming that a single sub-volume measurement of f equil
NL = 10, this plot

shows the probability distribution for the value of f equil
NL that could be present in the

(mean statistics of the) parent volume. Both curves assume the parent volume has a
power spectrum consistent with Planck satellite observations and gequil

NL = 5× 103 (where
gequil

NL is defined as the amplitude of the non-local cubic term specified in Eq.(5.55)). If
there are no further SCV effects from higher order terms, any sub-volume will have the
same power spectrum and gequil

NL as the parent volume. The solid (blue) curve considers a
parent volume larger than the sub-volume by a factor of 50 extra e-folds. The dotted
(black) curve show a parent volume larger by a factor of 100 extra e-folds. For the best
fit Planck power spectrum and Ne = 50, 100, the RMS variance of the long wavelength
modes is

√
〈φ2
l 〉 ≈ 0.0008 and 0.0022 respectively.

bispectra which lead to no dominant super cosmic variance uncertainties. The
space of generated bispectra will also provide to compare them with the space of
shapes that are predicted by the single-clock inflationary models. This is relevant
since single-clock inflation expects no mode coupling from bispectra induced in the
power spectrum uncertainties of the curvature perturbations. We will try to cover
all the possible set of shapes that reveals no SCV.

137



5.5 Space of non-Gaussian fields with single-clock bis-
pectra

5.5.1 Introduction

From the inflationary theory perspective, the presence or absence of the mode
coupling is a tool to qualitatively distinguish the number of degrees of freedom
relevant for generating the inflationary background and fluctuations: In so-called
‘single-clock’ models, short and long wavelengths are decoupled, so that fluctua-
tions in any post-inflationary patch have intrinsic correlation functions4 entirely
determined by the background at the moment the fluctuations exited the hori-
zon [179,183–186,188,189,198]. The amplitude of long wavelength fluctuations is
irrelevant. But, if fluctuations of a light degree of freedom other than the ‘clock’
field contribute to the observed curvature perturbations, long-short mode coupling
generically occurs [3,170,175,199–205]. Interesting coupling between long and short
wavelength modes can occur at any order in correlation functions, beginning with
the bispectrum (Fourier space 3pt function). The consistency relations for single
clock inflation require, among other things, that the bispectrum in the squeezed
limit (kl ≡ k1 � k2 ≈ k3) depend no more strongly on the long wavelength mode
than 1/kl. Requiring such a scaling in the “initial conditions" for the hot big bang
universe (even without a dynamical model for generating it) ensures that these
bispectra lead to no additional cosmic variance uncertainties in the power spectrum
of the perturbations.

The importance of long-short mode coupling, both as a discriminator of infla-
tionary scenarios and as a source of cosmic variance relating observations to theory,
suggests that it be used to organize model-independent tests of non-Gaussianity.
Such an approach was developed for the bispectrum in [206], who demonstrated
that such a basis efficiently covers a wide range of inflationary models in the
literature. (There are other basis proposals, either overlapping or complementary
to this one, and organized by other considerations [207–209]). They also found
a basis template with the single-clock degree of long-short mode coupling but
that was not well covered by the two standard single-clock templates. Since that

4The intrinsic correlations may be different from correlations an observer at a particular point
sees, due to projection effects [196,197].
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work, the space of templates from single-clock inflationary Lagrangians has con-
tinued to grow, eg [210], and the implications of cosmic variance consequences of
mode-coupling have been developed [169–175]. In addition, the Planck satellite’s
tightest constraints on non-Gaussianity were published [176], and the focus for the
next generation of constraints on single-clock scenarios has turned to Large Scale
Structure surveys [211,212].

Looking toward the future of non-Gaussianity constraints, in this work we
revisit the relationship between elements in a mathematical basis for non-Gaussian
fields and the set produced by inflation. We are particularly motivated by asking
whether or not a detection of a shape satisfying the single-clock consistency relation
rules out multi-source scenarios. At one level, certainly not: knowing the form
of one correlation function in a non-Gaussian field implies nothing about the
shapes of the other correlation functions. In particular, there exist trispectra
that generate equilateral shape bispectra in biased sub-volumes through long-short
mode-coupling [3]. These cannot be single-clock models, but they would be entirely
consistent with the detection of an equilateral bispectrum5. However, even without
cosmic variance from higher order correlations, we can ask whether every bispectrum
that has the single-clock scaling in the squeezed limit can be generated (naturally
or not) by single-clock inflation. The templates for single-clock inflation contain
additional signatures of inflationary physics in momentum configurations away from
the squeezed limit, so by constructing a basis and focusing on templates so far not
in the literature we might hope to either “reverse engineer" interesting single-clock
inflation scenarios or find some additional physical limits on what they can produce.

To address the relationship between the space of bispectra with no super cosmic
variance and single-clock inflation models, we begin in the next section by generating
non-Gaussian fields as non-linear, non-local functionals of a Gaussian field. The
field will be fully specified (so all correlation functions can be computed and the
field can be numerically generated), and one can add new terms order by order to
control the details of higher order correlations. We focus on the first non-linear
term, which is quadratic in the Gaussian field and so gives a tree-level bispectrum.
We generate the space of fields by characterizing the quadratic term according
to the number of inverse derivatives allowed per field, and then restrict the set

5Such an effect may be detectable through constraints on higher order correlations, but requires
sufficiently precise constraints of more general correlations, which will be challenging.
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by requiring the squeezed limit of the bispectrum diverge no more strongly than
1/kl. We call this set the super cosmic variance free set since there is no significant
long-short mode coupling. At the same order that this procedure recovers the two
simplest single clock templates, we also find a third, orthogonal bispectrum that
peaks in folded configurations and has very small coupling in the equilateral limit.
We conclude in chapter 6 with some discussion of the implications of these results
and how they can be extended.

5.5.2 Generating super cosmic variance free models

In this section, we first review a procedure to generate an expression for a non-
Gaussian field with a bispectrum that matches the equilateral template. Then we
show how the procedure may be generalized to non-Gaussian fields with the other
standard (“orthogonal") template proposed for single-clock inflation. In the process
we will uncover an additional bispectral template that also has the single-clock
squeezed limit.

5.5.3 Constructing a non-Gaussian field with an equilateral bis-
pectrum

The lowest order statistic that is zero for a Gaussian field but non-zero more generally
is the three-point function. Assuming the non-Gaussian field Φ is homogeneous,
the bispectrum B(k1,k2,k3) is defined by

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δ3(k1 + k2 + k3) B(k1,k2,k3) . (5.58)

We also restrict to isotropic bispectra. In a generic single-clock inflation model, the
form of the bispectrum need not be particularly simple. However, the bispectra of
many models can be well approximated by “templates" built from a sum of terms
that are each simple products of the three momenta [190,206,207]. For example,
the equilateral template is:

Bequil(k1, k2, k3) = 6f equilNL A2
Φ

[
−
(

1
k3

1k
3
2

+ 2 perm.
)

− 2
(k1k2k3)2 +

(
1

k1k2
2k

3
3

+ 5 perm.
)]

. (5.59)
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We have assumed a scale-invariant power spectrum for simplicity, with amplitude
A2

Φ = k3PΦ(k), and f equilNL is the amplitude parameter of the bispectrum, defined at
the equilateral point in momentum space (k1 = k2 = k3). Notice that even though
the individual terms in the template have as many as 3 powers of a particular
momentum in the denominator, in the squeezed limit (e.g., k1 ≡ kl � k2 ≈ k3 ≡ ks)
the entire template scales like:

lim
kl�ks

Bequil ∝
1
klk5

s

+ . . . (5.60)

To write an expression for a non-Gaussian field Φ (the Bardeen potential after
reheating) with a bispectrum that matches the equilateral template we use a series
of nonlocal functionals of a Gaussian random field φ(x) [3, 191]:

Φ[φ(x)] = φ(x) + fNLΦ2[φ(x)] + . . . (5.61)

where the subscript on Φ2 indicates the term is quadratic in the Gaussian field.
Including higher order terms Φn would add tree-level (n+ 1) point functions to the
model. Since a quadratic term that is local in the Gaussian field, Φ2(x) = [φ(x)]2,
gives a bispectrum that diverges as 1/k3

l in the squeezed limit, we must allow Φ2(x)
to be non-local in order to reduce the degree of divergence. So, we consider

Φ2(x) = ∂α3(∂α2φ∂α1φ)(x) , (5.62)

where the αi can be negative and the derivative is defined by

∂nφ(x) ≡
∫

d3k

(2π)3k
nφ(k)eik·x . (5.63)

We will restrict consideration to scale-invariant bispectra, which imposes the
requirement α1 + α2 + α3 = 0.

To find the form of Φ2 that generates a bispectrum for Φ matching the equilateral
template in Eq.(5.59), notice that there are individual terms in the template that
diverge as 1/k3

l , 1/k2
l , and 1/kl. Each of these terms can be recovered from the

ansatz Eq.(5.62) by considering |αi| ≤ 2. In addition, individual terms that diverge
more strongly than 1/k3

l can be avoided by requiring α1, α2 > 0. The quadratic
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term that satisfies those restrictions is [3, 191]

Φ2[φ(x)] = [a1φ
2 + a2∂

−1(φ∂φ) + a3∂
−2(φ∂2φ)

+a4∂
−2(∂φ)2]− [E.V.] . (5.64)

where −[E.V.] indicates that the expectation values of the terms should be sub-
tracted.

To see the bispectrum generated by this quadratic term, it is easiest to first write
the general non-Gaussian field in Fourier space (Fourier transform of Eq.(5.61)):

Φ(k) = φ(k) + fNL

2!

∫
d3p1

(2π)3

∫
d3p2 [φ(p1)φ(p2)

−〈φ(p1)φ(p2)〉]N2(p1,p2,k)δ3(k− p1 − p2) (5.65)

where the kernel N2 is symmetric in the first two entries. Then the bispectrum is
easily computed:

B(k1, k2, k3) = fNLPφ(k1)Pφ(k2)N2(k1, k2, k3) + perm. (5.66)

where Pφ(k) is the power in the Gaussian field. For the quadratic term in Eq.(5.64),
the kernel is

N2(p1, p2, k) = 2a1 + a2
p1 + p2

k
+ a3

p2
1 + p2

2
k2 + 2a4

p1p2

k2 . (5.67)

Not every part of the parameter space covered by the four-parameter kernel N2

in Eq.(5.67) above is well behaved. In particular, consider the power spectrum
including the (1-loop) non-Gaussian contribution:

〈Φ(k)Φ(k′)〉 = (2π)3δ(k + k′)
[
Pφ(k) + 2f 2

NL

×
∫
d3pPφ(p)Pφ(|k− p|)N2

2 (p, |k− p|, k)
]

(5.68)

The last two terms in the kernel, Eq.(5.67), scale like (p/k)2 in the limit p � k

and so give loop contributions that diverge in the UV. This divergence can be
removed by requiring a3 +a4 = 0. After insisting on good behavior of the loop term
(logarithmic divergences only), bispectra from the kernel N2 can still have squeezed
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limits that diverge like k−3
l , k−2

l , or k−1
l . Restricting to bispectra that are consistent

with the single-clock degree of divergence requires that the coefficients of both the
k−3
l and the k−2

l contributions vanish. These conditions lead a unique solution,
which (with a choice of normalization) corresponds to the equilateral template

Equilateral Bispectrum :

a1 = −3, a2 = 4, a3 = 2, a4 = −2 . (5.69)

Notice that terms a2 and a3 give identical contributions to the shape of the
bispectrum. However, they differ in their contributions to the 1-loop power spectrum
and so both terms are required to both recover the equilateral template and keep
the power spectrum well-behaved.

5.5.4 Obtaining the single-clock orthogonal template

The equilateral template is not sufficient to cover the space of single-clock inflation
models that are equally natural within even the simplest effective field theory of
single-clock fluctuations [213]. A second template with squeezed limit proportional
to 1/kl but distinct from the equilateral template in other momentum configurations
was proposed in [190]. (See also the proposal in [214].) We will show the orthogonal
template in Eq.(5.75) below, but the most important point for our purposes in this
section is that the orthogonal bispectrum contains terms with up to four powers
of any single momentum in the denominator, i.e., k1/k

3
2k

4
3. This suggests that

quadratic terms in the field expansion with a less restrictive set of αi may generate
bispectra with the single-clock squeezed limit but otherwise very little overlap with
the equilateral template. Allowing |α3| ≤ 3 does not generate any new solutions,
but |α3| ≤ 4 will be sufficient.

To derive additional factorizable bispectra with the single-clock squeezed limit,
we add the following quadratic terms to those in Eq.(5.64):

a5∂
−3(φ∂3φ), a6∂

−3(∂φ∂2φ)

a7∂
−4(φ∂4φ), a8∂

−4(∂2φ∂2φ), a9∂
−4(∂φ∂3φ)

a10∂
2(∂−1φ)2, a11∂

−4(∂−1φ∂5φ) (5.70)

The terms in the last line come from allowing α1, α2 ≥ −1. When we restricted
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to |α3| ≤ 2, allowing α1, α2 < 0 only generated terms in the bispectrum that were
the same as those generated by the four terms in Eq.(5.64) (or that were more
divergent than 1/k3). And, since negative values of α1, α2 lead to terms with 1-loop
contributions to the power spectrum that diverge in the infra-red rather than the
UV those terms also would not change the loop constraints. So, including them
would have been redundant. However, because the power spectrum goes like 1/k3,
when we are interested in terms in the bispectra that go as four or more powers
of a single momenta the α1, α2 < 0 terms do give new functions of momenta at
this order. (Table (G.1) in the Appendix shows a complete list of quadratic terms,
including α1, α2 < 0 organized by the bispectra they generate to illustrate these
redundancies.)

Now, in this new set we need to introduce new constraints which avoid the
divergences in the one-loop correction to the power spectrum

a5 + a6 = 0,

a7 + a8 + a9 + a11 = 0

2a10 + a11 = 0 . (5.71)

where the first two conditions ensure the UV divergence in the loop integral is no
more than logarithmic and the last condition does the same for the IR divergence.
Finally, after again imposing that in the squeezed limit the bispectrum diverges
no more strongly than 1/kl, there are four linearly independent (and non-trivial)
solutions for the {ai}

{ai} = {{−3, 4, 2,−2, 0, 0, 0, 0, 0, 0, 0},

{1, 0, 0, 0, 0, 0,−2, 2, 0, 0, 0},

{1,−1, 0, 0, 0, 0,−1, 0, 1, 0, 0},

{1, 0, 0, 0, 0, 0,−2, 0, 0,−1, 2}}

(5.72)

144



The kernels N (i)
2 , each corresponding to the ith solution from the list above, are

N
(1)
2 (k1, k2, k3) = −6 + 4k1 + k2

k3
+ 2k

2
1 + k2

2
k2

3
− 4k1k2

k2
3

N
(2)
2 (k1, k2, k3) = 2− 2k

4
1 + k4

2
k4

3
+ 4k

2
1k

2
2

k4
3

N
(3)
2 (k1, k2, k3) = 2− k1 + k2

k3
− k4

1 + k4
2

k4
3

+ k1k
3
2 + k2k

3
1

k4
3

N
(4)
2 (k1, k2, k3) = 2− 2k

4
1 + k4

2
k4

3
− 2 k2

3
k1k2

+ 2
k4

3

(
k5

2
k1

+ k5
1
k2

)
(5.73)

where the first line (N (1)
2 ) is again the kernel for the equilateral template. Notice

that the fourth kernel is actually less divergent than the equilateral template and
is just proportional to 1/k6

s in the squeezed limit. We label the bispectra generated
by each of these kernels as

Bi(k1, k2, k3) ∝ Pφ(k1)Pφ(k2)N (i)
2 (k1, k2, k3) + perm. (5.74)

Now we can show that this space of solutions is sufficient to cover the standard
orthogonal template [190]:

Bortho(k1, k2, k3)
f orthNL A2

Φ(k) = (1 + p)
[

6
(

1
k1k2

2k
3
3

+ 5 perm.
)
− 6
(

1
k3

1k
3
2

+ 2 perm.
)
− 12
k2

1k
2
2k

2
3

]

−6 p
27

[
−
(

k2
1

k4
2k

4
3

+ 2 perm.
)

+ 6
(

k1

k3
2k

4
3

+ 5 perm.
)
− 15

(
1

k2
1k

4
2

+ 5 perm.
)

−18
(

1
k3

1k
3
2

+ 2 perm.
)

+ 20
(

1
k1k2k4

3
+ 2 perm.

)
+ 12

(
1

k1k2
2k

3
3

+ 5 perms.
)

+ 6
k2

1k
2
2k

2
3

]
(5.75)

where p ' 8.52. The first term in square brackets (multiplied by the factor (1 + p)),
is just the usual equilateral template and the second term with a factor of p itself
has the correct single-clock behavior in the squeezed limit. This template can be
expressed in terms of the bispectra generated by the kernels we found above:

Bortho =
(

10p
9 + 1

)
B1 −

(
10p
9

)
B2
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+
(

10p
3

)
B3 +

(
p

9

)
B4 (5.76)
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At this point, we have sufficient terms to recover the two standard templates,
but do we have anything new? To answer this question we need to define the overlap
between two bispectra. This depends on the similarity between the dimensionless
“shapes”, S(k1, k2, k3), defined by

Si(k1, k2, k3) = (k1k2k3)2 Bi(k1, k2, k3)
NfNLA2

φ

, (5.77)

where N is a normalization factor. Although it is standard in the literature to define
N in the equilateral limit, here we are insisting only on a non-vanishing squeezed
limit, and in fact two of our kernels as defined above vanish in the equilateral limit.
So, we instead normalize in the squeezed limit. The choice of normalization is,
however, irrelevant for comparing any two terms and is irrelevant for expressions
involving only the bispectrum. The exact expression for each shape is given in the
Appendix, Eq.(G.7), and they are plotted in Figures 1-4.

146



We can now compare two shapes using the cosine introduced by [215]:

cos θ = S1 · S2

(S1 · S1)1/2(S2 · S2)1/2 , (5.78)

where the dot product can be simplified to a two dimensional integral (from three)
since the shape is symmetric in the momenta. Defining k2/k1 = x2 and k3/k1 = x3

gives
S1 · S2 =

∫
triangle

dx2dx3 S1(x2, x3)S2(x2, x3) . (5.79)

The domain of integration can be restricted using rotational invariance and the
triangle inequality. Since divergences occur in some shapes at the boundary of
the parameter space (when x2 = 0 or 1) we consider a slightly restricted domain,
(0.01 ≤ x2 ≤ 0.99, 1− x2 ≤ x3 ≤ 1). Table 5.1 shows the correlation coefficients
between our four shapes. (Note that if one is interested in a more specific question
like the degree to which the bispectrum measured from the cosmic microwave
background can distinguish shapes, the definition of the scalar product should be
modified with an appropriate weighting function in the integral [207].)

S1 S2 S3 S4
S1 1 0.74 0.38 0.30
S2 1 −0.33 −0.41
S3 1 0.99
S4 1

Table 5.1. The overlap between the shapes associated with the four linearly independent
kernels with the single-clock squeezed limit.

The table shows significant overlap between S3 and S4, so we expect that our
basis includes just one additional shape with very little overlap with the standard
equilateral and orthogonal templates. We express this new shape by searching
for a linear combination of the shapes associated to B1, B2, and B3 with minimal
cosine with both the equilateral and orthogonal templates. This procedure gives
cos(Bnew, Bortho), cos(Bnew, Bequil)} . O(10−2) for

Bflat−only = 0.486B1 − 0.484B2 + 0.998B3 (5.80)

(We have written this in terms of the bispectrum rather than the shape functions,
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so it is independent of normalization convention for the individual shapes associated
with the Bi. To understand the shape above qualitatively, we plot it in both 3D
(Figure 5.4) and as a contour plot (Figure 5.5).

0.0
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Figure 5.4. This is the 3D plot of the flat-
only shape Sflat−only(x2, x3) proportional to
(k1k2k3)2Bflat−only(k1, k2, k3)

Figure 5.5. Contour plot of
the flat-only shape.

The graph peaks along flattened configurations x2 + x3 = 1 and has essentially
very small amplitude away from that line, including at the equilateral point. We
label it “flat-only" to emphasize both where it peaks and the small equilateral
amplitude. Below, we will compare this shape in detail with a variety of single-clock
models, but the fact we will find low overlap is perhaps already not surprising:
because the shape is nearly zero away from the flat limit, its cosine with other
shapes is predominantly a function of the behavior only along the flat limit. For
reference in the next section, note that the oscillation along the line x2 + x3 = 1
can be well approximated by

Sflat−only(1, x2, x3 = 1− x2) ≈ 0.86

−Sin
[
(1 + x2 − x3)

(π
2

)]
. (5.81)

This simple oscillatory behavior turns out not to be an easy feature to find. For
reference, the cosine of the flat-only shape with the local shape is about 0.5.

5.5.5 Comparison with previous work

Although our approach and motivation were rather different, it is interesting to note
that our results can be mapped to terms in the basis constructed in [206]. We have
constructed a non-Gaussian field while they focused on a basis for bispectra. The
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system of constraints we are solving is different since we have several field terms
that produce the same polynomials in the bispectrum, and additional constraints
on the behavior of UV loops. In both their basis and ours, one has to choose some
order to truncate the list of terms considered, and truncating at the appropriate
order to recover the single-clock orthogonal template turns out to give a set of
four linearly independent solutions in either case. Appendix G shows in detail
the relationship between these approaches and the results. In [206] they similarly
computed cosines and identified the existence of a shape (SBB

4 in Appendix G)
that had cosines of 0.07 and 0.8 with the equilateral and orthogonal templates,
respectively. So, this shape is not well covered by the two standard templates.
Although SBB

4 itself only has cosine of about 0.1 with the flat-only shape, it is an
essential ingredient in the linear combination of the basis in [206]that is equivalent
to the flat-only shape.

In the next section, we examine in detail the relationship of this flat-only shape
to the shapes that can be produced by single-clock Lagrangians, including some
natural shapes proposed after [206] appeared.
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Chapter 6 |
Summary and Outlook

In this chapter we will consider the implications of the preceding chapters for further
understanding the significance of analyzing all possible features of the correlations
between physical observables in a given system or modeling. In the first place we
will summarize briefly the results presented in the preceding chapters and then we
will discuss the outlooks of these works in this thesis.

6.1 Entanglement and quantum spacetimes
In chapter 3 we demonstrated how a particular set of highly entangled states in
loop quantum gravity can be associated to geometrical structures at quantum
level and approximate discrete geometries in three dimensional space. States of
the geometry in the classical phase space of loop quantum gravity on a graph
Γ describe twisted geometries [75–77], polyhedral spaces that in general display
metric discontinuities on two-dimensional faces. Regge geometries corrrespond to
the continuous geometries in the space of twisted geometries, and are selected by
shape-matching conditions discussed in [80,86]. An intermediate class of states is
given by vector geometries, for which identified faces of neighboring tetrahedra are
always parallel, allowing them to be glued together, but may have different shapes.
Vector geometries are described by a set of normal-matching conditions [83–85]. In
this work, we introduced a class of entangled states in the Hilbert space HΓ of loop
quantum gravity that can be assigned to vector geometries. Such quantum vector
geometries are defined as solutions to gluing conditions that ensure both mean values
and fluctuations of the geometry to be compatible with classical vector geometries.
They are distinct from coherent states peaked on a vector geometry in that for
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coherent states only the mean geometry satisfies normal-matching conditions, and
correspond not to isolated vector geometries, but to special surfaces in the space of
classical vector geometries. In order to check whether a given state approximates a
Regge geometry, we also introduced a set of quantum shape-matching conditions
designed as tests of the continuity of the geometry. We were able to identify states
in the space of quantum vector geometries that are well-peaked on Regge geometries
and showed that they satisfy the proposed shape-matching conditions. Such states
provide explicit examples of how continuous geometries can be constructed on Γ
for the generally discontinuous quantum geometry of loop quantum gravity in HΓ.

The definition of quantum vector geometries was guided by a prescription
discussed in Section 3.2 for the construction of general classical vector geometries.
The classical phase space of gauge-invariant twisted geometries on Γ is the symplectic
reduction PΓ//C, where PΓ is the space of twisted geometries and C is the closure
constraint that implements gauge invariance. Vector geometries are defined in PΓ as
states that, in addition to C, also satisfy normal-matching constraints T` (Eq. (3.9))
that ensure normals of glued faces to be antialigned at each link `. A gauge-invariant
vector geometry is then a gauge orbit that intersects some normal-matched geometry.
Accordingly, we defined a quantum vector geometry as the projection to the space of
gauge-invariant states HΓ of a state |ψ〉 satisfying the normal-matching conditions
〈ψ|T` ·T`|ψ〉 = 0 in the space of gauge-dependent states. The space of solutions
to these conditions was fully determined in the bosonic representation of LQG, in
which states of the theory are mapped into states of a set of harmonic oscillators
satisfying constraints that implement gauge invariance and area matching [97–100].
The simplest class of solutions is given by a family |Γ,Bγ〉 (Eqs. (3.53)–(3.55)) of
squeezed vacua in the oscillator model [65, 100]. We called these solutions Bell
states, since they are built out of perfectly correlated spin states at each link. In
order to explore the properties of quantum vector geometries, we performed a
careful analysis of Bell states on the dipole and pentagram graphs, and presented
analytical and numerical results for their mean geometry and correlation functions.

We found that the Bell state |Γ2,Bγ, j`〉 on the dipole graph Γ2 at fixed spins is
the direct analogue in LQG of the well-known Bell states for spin 1/2 systems [216].
The fluctuations of the quantum geometry are perfectly correlated: if an observable
O of the local geometry is measured in both tetrahedra, the outcomes are always the
same. In particular, measurements of edge lengths give the same result regardless
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of where they were performed. This implies that the Bell states satisfy the shape-
matching conditions proposed in Section 3.4.3. Moreover, if the degrees of freedom
of one tetrahedron t are traced out, then the density matrix ρs of the remaining
tetrahedron describes a microcanonical ensemble: all configurations compatible
with the chosen spins are equally probable. Interestingly, if all spins are chosen to
be the same, j` = j, this is sufficient to enforce the mean geometry to be that of a
regular tetrahedron. At fixed spins, the quantum mutual information between the
two tetrahedra is maximized.

On the pentagram Γ5, amplitudes of Bell states |Γ5,Bγ, j`〉 are simply given by
SU(2) 15j-symbols (Eq. (3.86)). This allowed us to apply the asymptotic analysis
of the 15j-symbols presented in [83,84] to study their geometry for large spins. This
limit is conveniently analyzed in the coherent state representation, where states
of the geometry are represented as superpositions of coherent states |ψ(jab,nab)〉
associated with classical geometries on Γ5 specified by boundary data {jab,nab}
describing areas and normals of 2d faces. For the Bell state |Γ5,Bγ, j`〉, only
the subspace of vector geometries is relevant in the asymptotic regime, including
both shape-matched (Regge) and general normal-matched (vector) geometries
[83,84]. We addressed the key question of the relative importance of shape-matched
and normal-matched configurations in the mesoscopic limit. When the former
dominate, the state is peaked on a Regge geometry. The amplitudes of vector
geometries are determined by the Hessian of the action in the integral representation
(3.93) of the 15j-symbols. We computed numerically these amplitudes for special
spin configurations and found that the mesoscopic limit is indeed dominated by
shape-matched configurations. We proceeded in three steps. We first selected
spins j` for which a shape-matched configuration exists. For that purpose, we
considered geometries describing boundaries of 4-simplices with a 3d Euclidean
metric (signature 0 + ++) [83,84], which can be conveniently represented as the
gluing of 5 tetrahedra divided in two subsystems related by 1-4 or 2-3 Pachner
moves in R3. Next, we determined the full space of vector geometries including
normal-matched configurations for such spins. Finally, we computed the Hessian
for these vector geometries. We found that contributions to the 15j-symbol from
normal-matched configurations are suppressed compared to the shape-matched
configurations. The wavefunction of |Γ5,Bγ, j`〉 in the coherent state representation
is peaked on an orbit of normal-matched geometries, where the mean geometry is a
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Regge geometry in the limit of large spins. Moreover, in the case of a 4d Euclidean
metric (signature + + ++), the 15j-symbol is known to be peaked on a matched
geometry, and the same result follows.

For general graphs Γ, the amplitudes of Bell states in the spin network basis
are given by the spin network evaluation AΓ(jab, ia) of the graph (Eq. (3.55)). The
asymptotic analysis of the 15-j symbols associated with the pentagram Γ5 was
recently extended to the case of amplitudes AΓ on arbitrary graphs in [85], and
could be applied to a similar analysis of the mesoscopic limit of Bell states on
general graphs. This requires a clear geometric interpretation of the boundary data
that determines the amplitude AΓ. The asymptotics of AΓ have a similar structure
as that of the 15j-symbol in terms of the saddle point approximation: general
vector geometries are those with at least one saddle point, while the existence of two
saddle points characterizes a special subset including boundaries of flat 4d polytopes.
Unlike the case of Γ5, however, one cannot directly recognize the boundary of a flat
4d polytope from the existence of two saddle points. In fact, for general graphs
this special subset spans more general geometries called angle-matched vector
geometries, for which areas and internal angles of 2d faces are matched, but residual
shape-matching conditions must be imposed to ensure that the diagonals of 2d
faces also match. In addition, there are no 3d Regge geometries with a single saddle
point. Accordingly, the identification of 3d continuous geometries must be modified,
but one could in principle study the asymptotics of states |Γ,Bγ, j`〉 in arbitrary
graphs in a similar way as done for the pentagram. In the limit of large spins, we
expect that averaging contributions from vector geometries will lead again to 3d
Regge geometries.

The normal-matching condition 〈ψ|T` ·T`|ψ〉 = 0 imposed at each link (before
the projection to the space of gauge-invariant states) can be rephrased in informa-
tion theoretic language as the condition of maximization of the quantum mutual
information for the subsystems at the two endpoints of the link, which describe
the dual faces glued by the link. The projection to HΓ considerably affects the
state, but we still expect it to display strong correlations for the intrinsic geometry
of nearest neighboors, as the projector acts locally at each node. This provides a
simple picture for the mechanism responsible for the emergence of a continuous
geometry in the limit of large spins for Bell states: the information describing the
geometry of a boundary surface is shared between the regions of space connected by

153



the surface, so that discontinuities of the metric are suppressed. In a more general
tone, we see that for normal-matched states on arbitrary graphs Γ the notion of
adjacency of nodes in the spin network coincides with that of large entanglement.
This property is clearly not valid in general, as one can easily conceive states
where intertwiners in far away regions in the graph are perfectly correlated and
the geometry of nearest neighbors fluctuate independently in intertwiner space. If
this behavior occurred in the mesoscopic limit, the resulting geometry would not
resemble a continuous classical geometry under the usual assumption that links
in the graph describe relations of spatial adjacency for the quantum tetrahedra.
The possibility that relations of adjacency (and, more generally, measurements
of distance) could be derived directly from the network of correlations in a given
state has been suggested in [217], and has also been recently discussed in [66,67] in
connection with efforts to characterize the geometry of LQG states in terms of the
entanglement among subsystems using information theoretic tools.

Another question that could be addressed in future works concerns the behavior
of the entanglement entropy for collections of nodes in large graphs. Moreover, we
considered a squeezing matrix which does not couple variables at distinct links
for the construction of the Bell states, but one could also introduce additional
long-range correlations for distant links as in [65], and it is not clear how spin
correlations behave in the presence of short and long-ranged couplings and in what
level quantum matching conditions are affected.

6.2 Discrete spin systems and canonical quantum grav-
ity
In [5] we have analyzed a discrete spin model with different methods from canon-
ical quantum gravity. Our aim is to test the latter, rather than revealing new
properties of spin systems in general. We have found new results in three different
classes: minisuperspace truncations, effective theories, and dynamical long-range
correlations.

We have derived different minisuperspace models directly from the discrete
theory, which is a new procedure compared with the usual construction of min-
isuperspace models by quantizing homogeneous configurations of a continuum
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theory. Several novel features could be seen, for instance the existence of different
minisuperspace models of the same discrete theory, paralleling the existence of
different continuum limits of one discrete theory. In our specific constructions,
starting with the discrete theory has the advantage that no problems related to
infrared scales of traditional minisuperspace models occur. We have seen that it can
be of advantage to keep more degrees of freedom in a minisuperspace model than
simple homogeneous configurations would suggest, in particular when non-trivial
dynamical properties should be obtained. Good knowledge of the fundamental
theory is required in order to select a reliable minisuperspace model. Alternatively,
non-trivial dynamics can be obtained by using condensate states, as employed also
in cosmological models of group-field theories [128–135].

In several examples of our minisuperspace models, we have computed canonical
effective potentials and equations and found good agreement with known ground-
state energies and configurations. Our results provide further support for the
canonical effective methods proposed for quantum gravity in [112, 113], with an
extension to the computation of effective potentials in [218].

We have also analyzed the discrete spin system directly, with an emphasis on
properties that should be important for the dynamical building-up of long-range
correlations as they are likely to be relevant for the dynamical emergence of states
as they may be described by minisuperspace models, a question related to the
continuum limit of discrete quantum gravity. Our analysis, based on rather general
properties of the underlying equations of motion, suggests that such features can
only be seen in a full non-perturbative treatment of the dynamics.

Concerning stability, we have seen that not all minisuperspace ground states
correspond to the ground state of the discrete theory. Some models are therefore
unstable if energy can be exchanged with an environment, and one could conclude
that such models are unreliable. This model is also dynamically unstable within
second order perturbation theory if it is embedded in a spin chain.

Not just ground states but also excited states may be stable in an isolated system
if no energy can be exchanged with an environment. This is the situation usually
realized in models of quantum cosmology, where the state represents the whole
universe with nothing outside it. There are then further candidates for homogeneous
configurations. Nevertheless, some caution toward such minisuperspace models in
quantum gravity is still required: Our spin system can be taken as a model for
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quantum space, in which near homogeneity should be possible and stable under
evolution. However, there should also be matter, with additional degrees of freedom
that could be placed on the same graph used for our spin chain but representing a
different system. There could then be energy exchange between our spin system
and the new matter system, and we would be back to the question whether a
homogeneous spin configuration, representing quantum space, can be stable within
the coupled system. The question of how matter is coupled to quantum space
therefore seems important in the context of the emergence and stability of correlated
quantum-cosmology states.

6.3 Non-local bispectra from super cosmic variance
In [3] we have considered non-Gaussian fields built from non-local real space
expressions with up to cubic dependence on a Gaussian field. This ansatz, Eq.(5.61),
can generate a variety of tree-level bispectra and trispectra, including shapes
consistent with either single-clock or multi-field inflationary models. By examining
the ways in which statistics in spatial sub-volumes can differ from the mean statistics
of the parent volume we draw the following important conclusions:

• Terms at order n in a non-local expression for a non-Gaussian field Φ(x) can
generically shift the amplitudes and momentum dependence of the power
spectrum and correlations up to order 〈Φ(k1)...Φ(kn)〉 in biased sub-volumes,
but need not shift all of them.

• More specifically, super cosmic variance effects can induce bispectra in biased
subvolumes to match any of the equilateral, orthogonal, or local templates.
The amplitude and sign of the induced bispectrum depends in a degenerate
way on the background over- or under-density of the sub-volume as well as the
amplitude and sign of the mean trispectrum. Depending on the specific form
of the trispectrum, the power spectrum may or may not display a dependence
on background density within the sub-volume.

Mathematically, our results are very reasonable: non-Gaussian statistics at each
order are independent, so of course measuring the 3-point function alone constrains
neither the shape nor the amplitude of higher order correlations. Furthermore,

156



different n-point correlations can induce indistinguishable contributions to lower
order correlations in biased sub-volumes. When neither the bias nor the higher order
correlations can be measured, there is a large degeneracy of correlation functions
(and so inflation models) that can be consistent with just a few measurements.
Specifically, we have demonstrated that a limited set of measurements of the
primordial density correlations (e.g., a detection of f local

NL = 0 and f equil
NL 6= 0) could

be consistent with single-clock inflation or a multi-field scenario. Measurement
of a purely equilateral bispectrum does not in and of itself imply that there can
be no super cosmic variance at work. To rule out super cosmic variance (at least,
to rule it out of observational relevance) we must also constrain any correlation
between statistics measured within smaller regions of our own Hubble volume and
the background density of those regions.

We have hardly covered the space of non-Gaussian statistics: our set of examples
was chosen to be a minimal set that allows us to explore the possible implications
of cosmic variance from super horizon modes for non-local, scale-independent
bispectra1. We see no obstruction to extending our results to find quartic terms in
the non-local expansion that could bias, for example, the trispectrum but not the
bispectrum. One might complain that super cosmic variance that evades detection
in the simplest measurements (e.g., in the power spectrum) but biases higher order
terms (e.g., the trispectrum) would require too much of a conspiracy to be realistic.
Addressing this discomfort systematically requires a measure on the space of super
cosmic variance effects from multi-field inflation models. It would be interesting
to find an inflation model that contains trispectra of the sort we have found or to
prove that no model can generate them, nor their higher order generalizations.

1There are many other terms one might wish to include to study further aspects of this
problem. At the level of the quadratic terms, for example, we have not been sufficiently general
to cover the other standard template for single-clock inflation (the ‘orthogonal’ template in the
appendix of reference [190]). To expand the model to include this template would require allowing
αi < −2. At cubic order, we eliminated some terms since they did not induce one of our desired
quadratic terms at leading order. Keeping those terms would add more parameters that would
relax some of the restrictions on the bi from removing sub-leading terms (and badly behaved loop
contributions).
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6.4 Shapes for super cosmic variance free from non-
Gaussianities
In [4] we have constructed a set of non-Gaussian fields built from non-local real
space expressions up to second order in Gaussian field, and by expanding the
second order term in the number of inverse derivatives. We restricted to fields
with tree-level bispectra that couple short and long wavelength modes no more
strongly than single-clock inflation does. Long wavelength background modes from
these bispectra just act like curvature and so the coupling introduces no additional
cosmic variance in the locally observed power spectrum. At the same order that
we recover the familiar equilateral and orthogonal templates, we also find we can
construct a third ‘flat-only’ shape with negligible overlap with those two. The shape
is characterized by primarily coupling modes in flattened triangle configurations
(and very little in the equilateral limit). In addition, it has a simple oscillation
along the flat line.

We systematically investigated physics that can enhance terms beyond the
minimal, lowest order shapes in the effective field theory of single-clock fluctuations
including multiple ways to enhance terms with more derivatives and terms where
one π carries no derivatives. We also computed cosines between the flat-only shape
and typical suppressed terms with more or fewer derivatives. Finally, we looked at
some shapes produced by non-trivial modifications of the background dynamics
(dissipation). We found that none of these cases had the structure to naturally
provide the oscillation along the flat-only limit that the template has. This all
suggests that the flat-only shape may not describe any ‘natural’ single-clock model
so far in the literature. We have checked a subset of linear combinations of single-
clock shapes, but we have not been exhaustive. The shape could potentially be
constructed from a fine-tuned combination of these standard effects, in which case it
is not clear whether behavior along the flat limit indicative of any particular physics.
It is also possible that the flat-only shape occurs naturally in a model that is not
single-clock, but whose bispectrum accidentally realizes the symmetries associated
with single-clock inflation. It would be interesting to try to reverse-engineer a
model that generates this shape.

The broader context for this work is a better understanding of how best to frame
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constraints from data on the space of possible non-Gaussian correlations. We have
taken the point of view that the degree to which long modes are coupled to short
modes is the most important qualitative feature and used that as an organizing
principle. At any order, the space of fields whose bispectra have no appreciable
cosmic variance from mode coupling must be greater than or equal to the space
of shapes (natural or fine-tuned) from single-clock inflation. The details of the
bispectrum away from the squeezed limit carry information about the physics of
the model beyond its single-clock nature, and possibly even about whether the
single-clock squeezed limit could be accidental.

Rather than finding a basis for the bispectrum, we have used a basis for the
non-Gaussian field. This is useful because the field can be numerically realized.
However, in the case where we expand only to the first non-Gaussian term and
insist that it generates no cosmic variance in lower order correlation functions,
correlations at different orders are only related via loop corrections. And, as we have
shown by comparison with the earlier work in [206], there is sufficient degeneracy in
going between the bispectrum shape and the field that loop corrections can always
be satisfied. In other words, the correlation functions are pretty much decoupled
and one may as well construct a basis for each order independently. But, when
we expand the space of allowed correlations to include significant mode-coupling,
the relationship between correlations at different orders is very informative (think,
eg, of the non-Gaussian halo bias) and so constructing the field rather than the
bispectrum alone is a better approach. As we showed in [3], mode coupling from
higher order correlation functions can be entirely consistent with the presence of a
bispectrum that has the single-clock (no cosmic variance) squeezed limit.

Finally, we note that the existing literature suggests that it would be worthwhile
to continue this procedure of constructing the quadratic term to higher order in
inverse derivatives. One can continue to compare to the construction in [206], and
the natural single-clock bispectra proposed in [210] should be recovered. it would
be interesting to compare the number total number of orthogonal, super cosmic
variance free shapes constructed this way to the number so far discussed in the
single-clock inflation literature.
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Appendix A|
Vector geometry for equal spins
jab = j

Let us illustrate the structure of the space of vector geometries in the concrete case
of equiareal tetrahedra. It is convenient to introduce the unit vectors wab := Xanab.
We will determine the dimensionality of the space of solutions to the critical point
equations and discuss the relevant subspaces. From the condition wab = −wba,
only ten of the twenty vectors wab can be independent—one per link. Consider the
node 1. There are four vectors w1b at the node. We can use the symmetry under
global rotations to fix:

w12 = ẑ , w13 = (sin θ, 0, cos θ) , (A.1)

so that the two first vectors are described by a single parameter.

• For θ = 0, we have w12 = w13 = ẑ, and the closure relation gives w14 =
w15 = −ẑ. This is a degenerate case, where the normals form a linear object.
This subspace contains a single solution.

• For θ = π, w13 = −w12 = −ẑ, and the closure relation gives w15 = −w14,
where w14 can be freely chosen. The symmetry under global rotations can
be used to force one of the components of w14 to vanish, leaving one free
parameter. Hence, this subspace is one-dimensional. If w14 = ±ẑ, then the
geometry is the same as for θ = 0. The normals form a planar object, and we
have again a degenerate geometry.

• Now take θ 6= 0, π. From the closure relation
∑

b6=1 w1b = 0, it follows that
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the partial sum w12 + w13 + w14 must be a unit vector, equal to −w15. The
possible choices of w14 form a unit sphere centered at 0 + w12 + w13, which
intersects the unit sphere centered at the origin 0 at a one-dimensional loop.
Therefore, we have one free parameter associated with w14, and the space of
solutions to the closure relation, up to global rotations, is two-dimensional. If
one takes w14 = −w13 or −w12, then the normals form a parallelogram, and
we have a degenerate geometry. For any other choice, the normals form a
nondegenerate geometry of nonzero volume, describing a unique tetrahedron.

In short, the space of solutions of the closure relation at a node, up to rotations, is
two-dimensional, and the subset of degenerate solutions forms a lower dimensional
subspace.

Consider now the node 2. We have w21 = −w12. The vector w23 is completely
free, requiring two free parameters for its description. As before, we have a single
extra parameter for the description of w24, in order for the closure relation to admit
a solution. The last vector w25 is then fixed by the closure relation. We have three
additional parameters associated with the second node.

For the node 3, the vectors w31 and w32 are fixed by the previous choices of
normals for the nodes 1 and 2. We have again one free parameter for the possible
choices of w34. However, the same is true for w43 = −w34 at the node 4, and the
intersection of two loops on the sphere is in general formed by isolated points, and
we do not have a new degree of freedom associated with these nodes. All remaining
vectors at the nodes 3 and 4 are then fixed by the closure relations. The closure
relation at the node 5 imposes an additional condition, but this is automatically
satisfied when the closure relations at the nodes 1 to 4 and the link conditions are
satisfied.

We conclude that the space of solutions to the critical point conditions on the
pentagram with all spins equal, j` = j, is characterized by five parameters, and the
subset of degenerate geometries forms a lower-dimensional subset at the boundary
of the parameter space.
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Appendix B|
Entanglement entropy at fixed
total area J

It is interesting to test whether the entanglement entropy of the Bell states
|Γ2,Bγ, j`〉 obeys an area-law in the limit of large spins characterizing the semi-
classical regime for the geometry of the dipole graph. We start by expressing the
projection of the squeezed vacua |Γ2,Bγ〉 to the subspace of states with total area
J =

∑
` j` in the basis of Bell intertwiners:

|Γ2,Bγ, J〉 = 1√
N(J)

∑
∑

` j`=J
s.t. ∃ ik

dim(Kj1···jL
)−1∑

k=0

|ik〉t|̃ik〉s , (B.1)

where the normalization constant is determined by the dimensionality of the
intertwiner space with L links and for a fixed total area J , which is given by [219]:

N(J) = 1
(J + 1)

(
J + L− 1

J

)(
J + L− 2

J

)
. (B.2)

The reduced density matrix ρs(λ) at the source node is obtained by tracing out the
degrees of freedom of the target node:

ρs = 1s

Trs 1s
. (B.3)

This density matrix describes a uniform distribution of probabilities in the inter-
twiner space, corresponding to a microcanonical ensemble for the local geometry at
the source node compatible with the condition that the total area is equal to J .
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The entanglement entropy is given by:

S(J) = logN(J) . (B.4)

The asymptotics of the entropy S(J) can be computed for large total area J using
Stirling approximation for the factorials. At the leading order, the dimension of
interwiner space N(J) is:

N(J) ∼ 1
2πJL2

(
1 + L

N

)2J(
1 + J

N

)2L−3

. (B.5)

If the number of links L is fixed and the total area J is sent to infinity, then we
obtain a logarithmic entropy [219]:

lim
J→∞

S(J) ∼ (2L− 4) log J . (B.6)

We can conclude that the Bell state |Γ,Bγ, J〉 on a dipole graph with arbitrary
number of links and at fixed total area does not obey an area-law for the entangle-
ment (or black hole) entropy. Moreover, we can obtain an entanglement entropy
linear in J with potentially logarithmic divergent factor by letting the number of
links N � 1.
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Appendix C|
Derivation of the Bell states on
a pentagram graph

The projection of |Bγ〉 ∈ Hbos to the space of spin network states HΓ5 ⊂ Hbos is

|Γ5,Bγ〉 = PΓ5|Bγ〉 . (C.1)

Fixing the spins, we obtain a Bell state with determined spins:

|Γ5,Bγ, jab〉 = PΓ5|Bγ, jab〉 , (C.2)

where
|Bγ, jab〉 =

⊗
a<b

∑
mab

(−1)jab−mab|jab,mab〉 ⊗ |jba,−mab〉 . (C.3)

We adopt the convention that a ket |jab,mab〉 with spin jab lives at the endpoint a
of the link ab. The state |Bγ, jab〉 is by construction area-matched. The projection
to the space of gauge-invariant states is easily constructed using the orthonormal
intertwiner basis labeled by the virtual spins ia:

PΓ5 =
⊗
a

Pa , Pa =
∑
ia

|ia〉〈ia| , (C.4)

where |ia〉 ∈ Ha = Inv[
⊗

b:a6=b Vjab
].

We represent the orthonormal intertwiners in the magnetic basis as:

|i1〉 =
∑
m

[i1]m12m13m14m15|j12,m12〉 ⊗ |j13,m13〉 ⊗ |j14,m14〉 ⊗ |j15,m15〉 , (C.5)
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and similarly for the other values of a. The dual bases with respect to the standard
Hilbert space inner product and to the ε bilinear form are:

〈i1| =
∑
m

¯[i1]m12m13m14m15〈j12,m12| ⊗ 〈j13,m13| ⊗ 〈j14,m14| ⊗ 〈j15,m15| ,

[i1| =
∑
m

[∏
b

(−1)j1b−m1b

]
[i1]−m12,−m13,−m14,−m15〈j12,m12| ⊗ 〈j13,m13| ⊗ 〈j14,m14| ⊗ 〈j15,m15| .

The antilinear time-reversal operator is defined as ζ|i1〉 = |i1], with

|i1] =
∑
m

[∏
b6=1

(−1)j1b−m1b

]
¯[i1]−m12,−m13,−m14,−m15|j12,m12〉⊗|j13,m13〉⊗|j14,m14〉⊗|j15,m15〉 .

The projector PΓ5 can be implemented node by node. We first represent the
state |Bγ, jab〉 (before the projection) as a superposition of tensor products of node
states in the form:

|Bγ, jab〉 =
∑
mab

⊗
a

|Bγa(mab)〉 . (C.6)

Then we project each of the components in the above expansion to the gauge-
invariant subspace. The representation (C.6) is not unique, and we can choose, for
instance:

|Bγ1〉 = |j12,m12〉 ⊗ · · · ⊗ |j15,m15〉 ,

|Bγ2〉 = (−1)j12−m12|j21,−m12〉 ⊗ |j23,m23〉 ⊗ |j14,m14〉 ⊗ |j15,m15〉 ,

|Bγ3〉 =
[∏
b<3

(−1)jb3−mb3

]
|j31,−m13〉 ⊗ |j32,−m23〉 ⊗ |j34,m34〉 ⊗ |j35,m35〉 ,

|Bγ4〉 =
[∏
b<4

(−1)jb4−mb4

]
|j41,−m14〉 ⊗ |j42,−m24〉 ⊗ |j43,−m34〉 ⊗ |j45,m45〉 ,

|Bγ5〉 =
[∏
b<5

(−1)jb5−mb5

]
|j51,−m15〉 ⊗ |j52,−m25〉 ⊗ |j53,−m35〉 ⊗ |j54,−m45〉 ,

by attaching the signs (−1)jab−mab in (C.3) always to the source node, at all links.
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Then the projected node states are:

P1|Bγ1(mab)〉 =
∑
i1

¯[i1]m12,m13,m14,m15|i1〉 ,

P2|Bγ2(mab)〉 =
∑
i2

(−1)j12−m12 ¯[i2]−m12,m23,m24,m25|i2〉 ,

P3|Bγ3(mab)〉 =
∑
i3

[∏
b<3

(−1)jb3−mb3

]
¯[i3]−m13,−m23,m34,m35|i3〉 ,

P4|Bγ4(mab)〉 =
∑
i4

[∏
b<4

(−1)jb4−mb4

]
¯[i4]−m14,−m24,−m34,m45|i4〉 ,

P5|Bγ5(mab)〉 =
∑
i5

[∏
b<5

(−1)jb5−mb5

]
¯[i5]−m15,−m25,−m35,−m45|i5〉 .

Taking their tensor product and summing over the indices mab, we obtain:

|Γ5,Bγ, jab〉 =
∑
mab

[∏
c<d

(−1)jcd−mcd

]∑
ia

(
5⊗

k=1

|ik〉

)
¯[i1]m12,m13,m14,m15 ¯[i2]−m12,m23,m24,m25

× ¯[i3]−m13,−m23,m34,m35 ¯[i4]−m14,−m24,−m34,m45 ¯[i5]−m15,−m25,−m35,−m45

=
∑
mab

∑
ia

(
5⊗

k=1

|ik〉

)
¯[i1]m12,m13,m14,m15 ¯[i2]m12

m23,m24,m25

× ¯[i3]m13,m23
m34,m35 ¯[i4]m14,m24,m34

m45 ¯[i5]m15,m25,m35,m45

=
∑
ia

(
5⊗

k=1

|ik〉

)
15j(jab, ia) , (C.7)

where the 15j symbol is the contraction of the intertwiners determined by the graph
Γ5:

15j = [i1]m12m13m14m15 [i2]m12
m23m24m25 [i3]m13m23

m34m35 [i4]m14m24m34
m45 [i5]m15m25m35m45 ,

(C.8)
with indices raised and lowered with the ε-isomorphism.
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Appendix D|
Hessian of the action for 15j-
symbol

Now we will derive explicitly the Hessian of the action for 15j-symbol. The action
for the asymptotic problem of the 15j(jab,nab) symbol is

S(j,n)[X] =
∑
b<a

2jab ln 〈ζnab|X−1
a Xb|nab〉 , (D.1)

where it encodes a global SU(2) continuous symmetry and a discrete ± symmetry
at each vertex a, given by X ′a = εaY Xa with Y ∈ SU(2) and εa = ±. In order
to find the critical points to the action, we need to compute the variation of the
action with respect to the SU(2) group elements Xa. The variation of the SU(2)
group element is simply δX = τX with the variation of its inverse δX−1 = −X−1τ ,
where τi = 1

2iσi is the su(2) algebra element. Therefore, the partial derivative of
the action with respect to a SU(2) element Xj

d is

∂S(j,n)[X]
∂Xj

d

=
∑
b<a

2jab

{
〈−ndb|X−1

d (−τj)δadXb|nbd〉
〈−ndb|X−1

d Xb|nbd〉
+ 〈−nad|X−1

a τjδbdXd|nda〉
〈−nad|X−1

a Xd|nda〉

}

=
∑
b<d

2jdb
〈−ndb|X−1

d (−τj)Xb|nbd〉
〈−ndb|X−1

d Xb|nbd〉
+
∑
a>d

2jad
〈−nad|X−1

a τjXd|nda〉
〈−nad|X−1

a Xd|nda〉
,

where | − nab〉 is obtained by the action of the antilinear map ζ on coherent states,
which takes n to −n. The stationarity of the action δS(j,n)[X] = 0 leads to a set of
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complex vector equations: ∑
b 6=a

jabvab = 0, vab = −vba , (D.2)

where the vector vab is defined as

vab = 〈−nab|X−1
a σXb|nba〉

〈−nab|X−1
a Xb|nba〉

(D.3)

and the minus sign of the second term in the variation of the action can be taken in
a single expression by knowing that the epsilon inner product ε(Tα, β) = −ε(α, Tβ)
for algebra element T and ε(gα, β) = ε(α, g−1β) for group element g. As the action
of the group element on coherent states |nab〉 produces new set of coherent states
|n′ab〉, Xa|nab〉 = |n′ab〉, we can simplify the vector vab expression:

vab = 〈−n′ab|σ|n′ba〉
〈−n′ab||n′ba〉

= (n′ba − n′ab)− i(−n′ab × n′ba)
1− n′abn′ba

= −n′ab , (D.4)

where we used the scalar product of coherent states and the projector Pn = |n〉〈n| =
1
2(I + σ · n). It is clear that the stationary methods can be extended for real part
of the function so that the real part of the action is maximized by setting the
imaginary part to zero, n′ab and n′ba should be anti-parallel, Xanab = −Xbnba.
Therefore we have ten equations

Xanab = −Xbnba (D.5)

for maximizing the action and five equations for the stationarity of the action∑
b 6=a

jabnab = 0 . (D.6)

The solutions to the critical equations (D.5)-(D.6) contain an interpretation in terms
of the BF theory. They can be considered as the solutions of a four-dimensional BF
theory with group SU(2) discretized on a 4-simplex. Therefore, the solutions can
be parametrized by the Xa and bab = jabXanab. These are the discrete connection
and B-field variables, respectively. The critical equations are now expressed in
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terms of the bab: ∑
b:b6=a

bab = 0, bab = −bba , (D.7)

which determines a vector geometry by twenty three-dimensional vectors bab. The
Xa variables are a discrete version of the connection on a BF theory. This is due
to the gluing of two 4-simplexes followed by the identification of the nab variables
on a common tetrahedron. In terms of the vector geometry (bab variables), this
implies that the gluing takes place after the action of the corresponding Xa for the
tetrahedron.

As we have the critical points to the action, we can evaluate the Hessian of the
action. The Hessian is the second derivative of the action with respect to the group
element:

H ij
cd ≡

∂2S(j,n)[X]
∂X i

c∂X
j
d

=
∑
b<d

2jdb

{
〈−ncb|X−1

c (τiτj)δcdXb|nbc〉
〈−ncb|X−1

c Xb|nbc〉
+ 〈−ndc|X−1

d (−τjτi)δbcXc|ncd〉
〈−ndc|X−1

d Xc|ncd〉

−〈−ndb|X−1
d (−τj)Xb|nbd〉

〈−ndb|X−1
d Xb|nbd〉2

(
〈−ncb|X−1

c (−τi)δcdXb|nbc〉+ 〈−ndc|X−1
d τiδbcXc|ncd〉

)}

+
∑
a>d

2jad

{
〈−ncd|X−1

c (−τiτj)δcaXd|ndc〉
〈−ncd|X−1

c Xd|ndc〉
+ 〈−nac|X−1

a (τjτi)δcdXc|nca〉
〈−nac|X−1

a Xc|ncd〉

−〈−nad|X−1
a (τj)Xd|nda〉

〈−nad|X−1
a Xd|nda〉2

(
〈−ncd|X−1

c (−τi)δacXd|ndc〉+ 〈−nac|X−1
a τiδcdXc|nca〉

)}

for the case c < d and c > d with using the definition of vab we have:

c < d : −1
2jcd

[
〈−ndc|X−1

d (−δij − iεijkσk)Xc|ncd〉
〈−ndc|X−1

d Xc|ncd〉
+ vjdcv

i
dc

]
= −1

2jcd
(
− δij − iεijkvkcd + vicdv

j
cd

)
c > d : −1

2jcd

[
〈−ncd|X−1

c (−δij − iεijkσk)Xd|ndc〉
〈−ncd|X−1

c Xd|ndc〉
+ vjcdv

i
cd

]
= −1

2jcd
(
− δij − iεijkvkcd + vicdv

j
cd

)
, (D.8)
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and for c = d:

c = d : −1
4

{∑
b<c

2jbc
(
〈−nbc|X−1

c (δij + iεijkσk)Xb|nbc〉
〈−ncbX−1

c Xb|nbc〉|
− vjcbv

i
cb

)

+
∑
a>c

2jac
(
〈−nac|X−1

a (δij + iεijkσk)Xc|nca〉
〈−nac|X−1

a Xc|nca〉
− vjacviac

)}
= −1

4
∑
b6=c

2jbc(δij + iεijkv
k
cb − vicbv

j
cb) , (D.9)

where we have used the identity σiσj = δij + iεijkσk. The Hessian of the action,
as a second derivative test of a function, can be used to express the asymptotic
expansion of the integral over the group elements X, which corresponds to 15j-
symbol proportional to eλS given by the boundary data:

15j(λj, n) ∼
(

2π
λ

)6 1√
detH

eλS(X) , (D.10)

where the action S for the 15j-symbol is evaluated at the critical points derived
above. In order to apply the method of extended stationary phase we need to
ensure that the stationary points are isolated. This is accomplished by fixing
SU(2) elements as: X ′a = (X5)−1Xa for a = {1, · · · , 4}. The “gauge fixed” integral
formulas then have isolated critical points related only by the discrete symmetries
and can now be evaluated using extended stationary phase. After gauge fixing and
deriving the expression of the Hessian H ij

cd for a given boundary data {jab,nab}, we
can perform the explicit calculation of the Hessian matrix H:

H =


H11 H12 . . . H14

H21 H22 . . . H24
... ... ... ...

H41 H42 . . . H44

 . (D.11)
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Appendix E|
Shape-matched configurations
for a 4-simplex in R3

The boundary data of a 4-simplex in R3 is equipped with a metric of signature
0 + ++ and has the same metric geometry as a linear immersion of the simplex
into R3. For a single solution set Xa to the critical point equations, the gluing
map gab can be either an identity or π rotation with which the boundary data
coincides with the 3d Euclidean geometry. In other words, the shape-matched
normals in 3d space should form the boundary of a 4-simplex via geometric way.
It is obvious to start with gluing five copies of a tetrahedron in order to form a
shape-matched configuration for the boundary of a 4-simplex but gluing five copies
of a tetrahedron consistently requires boosts in R4 such that the induced metrics
on the triangle agree for both of the tetrahedra sharing any given triangle, and
the induced orientations are opposite. For this geometric set, we can have two
inequivalent set of solutions {Xa, X

′
a} for shape-matching configurations. Let us

construct a table of possible class of set of solutions (SM-2 and no solution ×) for
gluing five copies of a tetrahedron for a 4-simplex with a particular spin choice:

Boundary data (j,n) SM-2, ×
5 copies of an equiareal tetrahedron (j1 = j2 = j3 = j4) SM-2
5 copies of a tetrahedron (j1 = j2 6= j3 = j4 or perms.) SM-2
5 copies of a tetrahedron (j1 6= j2 6= j3 = j4 or perms.) ×

5 copies of a tetrahedron (j1 6= j2 6= j3 6= j4) ×

Table E.1. A table for solutions for gluing five copies of a tetrahedron for a 4-simplex
with a fixed spin configuration
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There are two types of boundary data which do not have any solutions due to
the fact that they do not satisfy area matching constraints jab = jba, i.e. they do
not glue at all.

E.1 Pachner move: 1-4
We will construct the boundary of a 4-simplex in R3 out of local modifications
to a 3-manifold triangulation, where a collection of five tetrahedra whose twenty
faces are glued together in ten pairs. There are four such modifications knowns
as Pachner moves: 1-4 move is replacing a single tetrahedron with four distinct
tetrahedra meeting at a common internal vertex. 2-3 move is taking two distinct
tetrahedra joined along a common face with three distinct tetrahedra joined along
a common edge. The remaining moves, 3-2 and 4-1 moves, are just inverse to the
2-3 and 1-4 moves. These moves do not change the topology of the triangulation at
all. We will consider only 1-4 and 2-3 moves since their critical point equations or
the orientation conditions for the relevant vector geometry are exactly the same as
in 4-1 and 3-2, respectively.

p

i

r

q

s

Figure E.1. This is a description of a 1-4 move to construct five glued tetrahedra by
placing a fifth vertex i, origin of the coordinates, in the center point of the tetrahedra
pqrs labeled by τf .

Consider a regular tetrahedron τf with side length 2 by having four position
vectors of four vertices where the regular tetrahedron is centered at the origin of
the coordinates:

pT = (1, 0,− 1√
2

), qT = (−1, 0,− 1√
2

), rT = (0, 1, 1√
2

), sT = (0,−1, 1√
2

) .(E.1)
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We can construct the edge vectors ek in order to fully determine the regular
tetrahedron:

e1 = p− s, e2 = q − s, e3 = r− s . (E.2)

One can obtain the outward normals of the regular tetrahedron (E = A1−4
out n, A1−4

out =√
3) from the “electric field” on each face of the tetrahedron:

E1 = 1
2(e2 × e3), E2 = 1

2(e3 × e1), E3 = 1
2(e1 × e2) (E.3)

with satisfying the closure condition on the regular tetrahedron E4 = −(E1+E2+E3)
and the normals related to the exterior faces of τf are then:

ncf = (1/A1−4
out ) E3, naf = (1/A1−4

out ) E1, nbf = (1/A1−4
out ) E2, ndf = −(ncf + naf + nbf ) ,

where the labelings a, b, c, d correspond to the four interior tetrahedra τa, τb, τc, τd,
respectively. The normals of the interior faces with area A1−4

in = 1/
√

2 belonging to
the four interior tetrahedra are:

τb : ncb = 1
2A1−4

in
(d− f)× (a − f), ndb = 1

2A1−4
in

(a − f)× (c− f),

nab = 1
2A1−4

in
(c− f)× (d− f), nfb = nbf

τd : nad = 1
2A1−4

in
(b− f)× (c− f), ncd = 1

2A1−4
in

(a − f)× (b− f),

nbd = −ndb, nfd = ndf

τa : nca = 1
2A1−4

in
(b− f)× (d− f), nfa = naf , nda = −nad, nba = −nab

τc : nfc = ncf , nac = −nca, ndc = −ncd, nbc = −ncb , (E.4)

where there are in total 4 aligned and 6 back to back conditions on the normals.
These conditions can be applied to the configurations other than shape-matched
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in the 1-4 vector geometry. As the normals are obtained on a shape-matched
configuration for a 4-simplex, we can compute |detH|−1/2 for fixed spins jout =
2, jin = 2/

√
6, which is related to the ratio of the areas (Aout, Ain) of the exterior

and interior faces, on this boundary data:

|detH0|1/21−4 = 0.204947 . (E.5)

E.2 Pachner move: 2-3
Now we can consider 2-3 move to construct a 4-simplex in R3 which shown in
Fig. E.2.

q

r

p

s

i

Figure E.2. Pachner move 2-3. Two tetrahedra glued back to back are transformed into
three tetrahedra with the inclusion of a new edge from the vertex s to the vertex i.

Consider two regular tetrahedra glued back to back with side length of 2 by
having five position vectors of five vertices where the regular tetrahedron at the
top is centered at the origin of the coordinates:

pT = (1, 0,− 1√
2

), qT = (−1, 0,− 1√
2

), rT = (0, 1, 1√
2

), sT = (0,−1, 1√
2

), iT = (0, 5
3 ,−

5
3
√

2
) .

The normals of the two regular tetrahedra τf and τd with exterior and interior areas
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A2−3
out =

√
3, A2−3

in = (4/3)
√

2 are then respectively as follows

ncf = (1/A2−3
out ) E3, naf = (1/A2−3

out ) E1, nbf = (1/A2−3
out ) E2, ndf = −(ncf + naf + nbf )

ncd = (1/A2−3
out ) F3, nad = (1/A2−3

out ) F1, nbd = (1/A2−3
out ) F2, nfd = −ndf , (E.6)

where the vectors Ek are given in (E.3) and Fk have the same expression as in the
Ek via replacing the vertex s by the vertex i. The sets of the normals belonging to
three interior tetrahedra τc, τa and τb are as follows

τc : nbc = 1
2A2−3

in
(a − f)× (d− f), nac = 1

2A2−3
in

(d− f)× (b− f), nfc = ncf , ndc = ncd

τa : nba = 1
2A2−3

in
(d− f)× (c− f), nda = nad, nfa = naf , nca = −nac

τb : nfb = nbf , ndb = nbd, nab = −nba, ncb = −nbc . (E.7)

In the 2-3 vector geometry, there are in total 6 aligned and 4 back to back conditions
on the normals and the |detH|−1/2 for fixed spins jout = 2, jin = jout (4/3)

√
2/3 on

this boundary data is

|detH0|1/22−3 = 0.262621 . (E.8)
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Appendix F|
Cubic terms and the cubic ker-
nel

The functional Φ3[φ(x)] built from the 18 terms derived in Section 5.4.3.1 is1

Φ3(x) = b1φ
3 + b2φ∂

−1(φ∂φ) + b3φ∂
−2(φ∂2φ) + b4φ∂

−2((∂φ)2) + b5∂
−1(φ2∂φ)

+b6∂
−1(φ∂−1(φ∂2φ)) + b7∂

−1(φ∂−1((∂φ)2)) + b8∂
−1(φ∂(φ2)) + b9∂

−1(∂φ∂−1(φ∂φ))

+b10∂
−1(∂φ∂−2(φ∂2φ)) + b11∂

−2(φ2∂2φ) + b12∂
−2(φ(∂φ)2) + b13∂

−2(∂2φ∂−1(φ∂φ))

+b14∂
−2(∂2φ∂−2(φ∂2φ)) + b15∂

−2(∂φ∂(φ2)) + b16∂
−2(φ∂(φ∂φ))

+b17∂
−2(φ∂2(φ2)) + b18∂

−2(∂φ∂−1(φ∂2φ)) . (F.1)

To compute the kernel associated with Φ3(x), we need to take the Fourier
transform of each term. As an example, consider the Fourier transform of the 13th
term:

∂−2(∂2φ∂−1(φ∂φ))(k)

=
∫
d3x

1
k2

{∫
d3p1

(2π)3p
2
1φ(p1)eip1·x

∫
d3q

(2π)3
1
q

[ ∫ d3p2

(2π)3

∫
d3p3

×δ3(q − p2 − p3)φ(p2)p3φ(p3)
]
eiq·x

}
e−ik·x

1We note that three terms - ∂−1(∂φ∂−2(∂φ)2), ∂−2(∂2φ∂−2(∂φ)2)), ∂−2(∂φ∂−1(∂φ)2) - have
been neglected because they do not have nonzero β1, β2, or β4 and thus do not regenerate the
original four quadratic terms, but only terms suppressed by ∂φl. Allowing these terms would
introduce new parametric freedom among the 18 terms above, allowing some to be nonzero after
the imposition of convergence on loop corrections.

176



=
∫

d3p1

(2π)3

∫
d3p2

(2π)3

∫
d3p3

∫
d3q δ3(k− p1 − q)

×δ3(q − p2 − p3)p
2
1p3

k2q
φ(p1)φ(p2)φ(p3) (F.2)

We can use a Dirac delta function to integrate over any of the four momenta
(p1,p2,p3 or q) but to make the calculations more transparent we will treat these
possibilities symmetrically and write

∂−2(∂2φ∂−1(φ∂φ))(k) = 1
3!

∫
d3p1

(2π)3

∫
d3p2

(2π)3

∫
d3p3 δ

3(k− p1 − p2 − p3)

×φ(p1)φ(p2)φ(p3)
[

p1p
2
3

k2|p1 + p2|
+ p2p

2
3

k2|p1 + p2|
+ p1p

2
2

k2|p1 + p3|

+ p2
2p3

k2|p1 + p3|
+ p2

1p2

k2|p2 + p3|
+ p2

1p3

k2|p2 + p3|

]
. (F.3)

Now we can read off the contribution to the cubic kernel from the 13th term:

N13th
3 (p1,p2,p3, k) ≡ p1p

2
3

k2|p1 + p2|
+ p2p

2
3

k2|p1 + p2|
+ p1p

2
2

k2|p1 + p3|
+ p2

2p3

k2|p1 + p3|

+ p2
1p2

k2|p2 + p3|
+ p2

1p3

k2|p2 + p3|
(F.4)

Applying this procedure to each term gives the full cubic kernel N3(p1,p2,p3, k):

N3(p1,p2,p3, k)

= 6b1 + b2

[
p1 + p2

|p1 + p2|
+ p1 + p3

|p1 + p3|
+ p2 + p3

|p2 + p3|

]
+b3

[
p2

1 + p2
2

|p1 + p2|2
+ p2

1 + p2
3

|p1 + p3|2
+ p2

2 + p2
3

|p2 + p3|2

]
+2b4

[
p1p2

|p1 + p2|2
+ p1p3

|p1 + p3|2
+ p2p3

|p2 + p3|2

]
+ 2b5

[
p1 + p2 + p3

k

]
+b6

[
p2

1 + p2
2

k|p1 + p2|
+ p2

1 + p2
3

k|p1 + p3|
+ p2

2 + p2
3

k|p2 + p3|

]
+2b7

[
p1p2

k|p1 + p2|
+ p1p3

k|p1 + p3|
+ p2p3

k|p2 + p3|

]
+2b8

[
|p1 + p2|

k
+ |p1 + p3|

k
+ |p2 + p3|

k

]
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+b9

[
p3(p1 + p2)
k|p1 + p2|

+ p2(p1 + p3)
k|p1 + p3|

+ p1(p2 + p3)
k|p2 + p3|

]
+b10

[
p3(p2

1 + p2
2)

k|p1 + p2|2
+ p2(p2

1 + p2
3)

k|p1 + p3|2
+ p1(p2

2 + p2
3)

k|p2 + p3|2

]
+ 2b11

[
p2

1 + p2
2 + p2

3
k2

]
+2b12

[
p1p2

k2 + p1p3

k2 + p2p3

k2

]
+ b13

[
p2

3(p1 + p2)
k2|p1 + p2|

+ p2
2(p1 + p3)
k2|p1 + p3|

+ p2
1(p2 + p3)
k2|p2 + p3|

]
+b14

[
p2

3(p2
1 + p2

2)
k2|p1 + p2|2

+ p2
2(p2

1 + p2
3)

k2|p1 + p3|2
+ p2

1(p2
2 + p2

3)
k2|p2 + p3|2

]
+2b15

[
p1|p2 + p3|

k2 + p2|p1 + p3|
k2 + p3|p1 + p2|

k2

]

+b16

[
(p1 + p2)|p1 + p2|

k2 + (p1 + p3)|p1 + p3|
k2 + (p2 + p3)|p2 + p3|

k2

]
+2b17

[
|p1 + p2|2

k2 + |p1 + p3|2

k2 + |p2 + p3|2

k2

]

+b18

[
(p2

1 + p2
2)p3

k2|p1 + p2|
+ (p2

1 + p2
3)p2

k2|p1 + p3|
+ (p2

2 + p2
3)p1

k2|p2 + p3|

]
(F.5)

F.1 Quadratic terms induced by a cubic term in bi-
ased sub-volumes
We again use the 13th term, ∂−2(∂2φ∂−1(φ∂φ)), to illustrate how to read off the
induced quadratic terms from the limit of a cubic term when one momentum is
much smaller than the other two. Choosing any one of the three momenta (e.g., p3)
as the long wavelength mode kl and the other two (p1, p2) as the short wavelength
modes ks, and using the fact that the kernel is symmetric in the pi:

∂−2(∂2φ∂−1(φ∂φ))(k)

−→ 3× 1
3!

∫ k∗

Λ

d3p3

(2π)3φ(p3)
∫ kmax

k∗

d3p1

(2π)3

∫ kmax

k∗

d3p2δ
3(k− p1 − p2)φ(p1)φ(p2)

×

{
p2

1
k2 + p2

2
k2 + p3

[
p2

1
k2p2

+ p2
2

k2p1

]
+ p2

3

[
p1

k3 + p2

k3

]}
≡
[
φl∂
−2(φs∂2φs) + ∂φl∂

−2(∂2φs∂
−1φs) + ∂2φl∂

−3(φs∂φs)
]

(F.6)
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where Λ is the largest scale in the problem (eg, corresponding to the mode that first
exited during inflation) and k∗ is the scale that defines the size of the sub-volume.
The corresponding procedure in real space is

∂−2(∂2φ∂−1(φ∂φ)) −→
[
∂−2(∂2φl∂

−1(φs∂φs)) + ∂−2(∂2φs∂
−1(φl∂φs)) + ∂−2(∂2φs∂

−1(φs∂φl))
]

=
[
∂2φl∂

−2(∂−1(φs∂φs)) + φl∂
−2(∂2φs∂

−1(∂φs)) + ∂φl∂
−2(∂2φs∂

−1(φs))
]

=
[
φl∂
−2(φs∂2φs) + ∂φl∂

−2(∂2φs∂
−1φs) + ∂2φl∂

−3(φs∂φs)
]

(F.7)

Note that to go from the first line to the second, all the long modes φl, ∂φl and
∂2φl are treated as constants.

F.2 Power spectrum from the cubic field Φ3

In this Appendix we derive the constraints on the terms in Φ3 from their contribution
to the power spectrum:〈

Φ3(k′)Φ3(k)
〉
≡ δPΦ3(k) δ3(k′ + k)

=
(
gNL

3!

)2 3∏
`=1

∫
d3p`
(2π)3

3∏
m=1

∫
d3qm
(2π)3N3(p1,p2,p3,k)N3(q1,q2,q3,k′)

×δ3(k′ −
3∑

m=1

qm)δ3(k−
3∑
`=1

p`)
〈[

φ(p1)φ(p2)φ(p3)−
3∑
i=1
k 6=j 6=i

φ(pi)〈φ(pj)φ(pk)〉
]

[
φ(q1)φ(q2)φ(q3)−

3∑
i′=1

k′ 6=j′ 6=i

φ(q′i)〈φ(q′j)φ(q′k)〉
]〉

= g2
NL

∫
d3p1

(2π)3
d3p2

(2π)3 d
3p3

N2
3 (p1,p2,p3,k)P (p1)P (p2)P (p3) δ3(k− p1 − p2 − p3) . (F.8)

In order to obtain the constraints on the terms in N3 we need to find those that
give divergent integrals in the expression above. The divergences are in the UV,
where some of the internal momenta are large, and there are several configurations
to consider:

For k � |p1 + p2|, p1; k � p2:

b14 = 0

179



b10 + b18 = 0

b3 + b4 + b6 + b7 + 2b11 + b12 + b13 + b14 + 2b15 + b16 + 2b17 + b18 = 0 (F.9)

For k � |p1 + p2|, p1, p2:

b12 + b13 + b16 = 0

b11 + b14 + b15 + b17 + b18 = 0

(F.10)

For k � p1, p2; k � |p1 + p2|:

b16 = 0

(b11 + b15 + b17) + (b12 + b13 + b16) + (b11 + b14 + b15 + b17 + b18) = 0

b6 + b7 + b18 = 0

(2b5 + b6 + 2b8 + b9 + b10 + b12) + (b12 + b13 + b16) = 0 (F.11)

We have verified that other loop corrections (e.g., to the bispectrum) do not
give additional constraints.

F.3 Special cubic kernels and its corresponding trispec-
tra
A cubic kernel that gives no cosmic variance contributions stronger than ∂2φl to the
power spectrum or bispectrum has {b1 = 1, b11 = 3, b17 = −3}. This is a candidate
for a single-clock inflation trispectrum:

N3(k1,k2,k3,k4) = 6
[
1 + k2

1 + k2
2 + k2

3
k2

4
− |k1 + k2|2 + |k1 + k3|2 + |k2 + k3|2

k2
4

]
Recall that the trispectrum is related to the cubic kernel by

TΦ(k1,k2,k3,k4) = gNLPφ(k1)Pφ(k2)Pφ(k3)N3(k1,k2,k3,k4) + cyc. (F.12)

For the kernel above, the trispectrum has no factors of |ki + kj| in the denominator
and limki→0 TΦ = 0.
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A cubic kernel that induces an equilateral bispectrum and a leading order (∝ φs)
SCV shift to the power spectrum is {b1 = −3, b2 = 4, b3 = 2, b4 = −2}. We start
writing the non-Gaussian field up to cubic order with implementing our parameter
set for the cubic terms

Induce equilateral bispectrum and shift PS:

N3(k1,k2,k3,k4) = −18 + 4
[
k1 + k2

|k1 + k2|
+ k1 + k3

|k1 + k3|
+ k2 + k3

|k2 + k3|

]
+2
[
k2

1 + k2
2

|k1 + k2|2
+ k2

1 + k2
3

|k1 + k3|2
+ k2

2 + k2
3

|k2 + k3|2

]
−4
[

k1k2

|k1 + k2|2
+ k1k3

|k1 + k3|2
+ k2k3

|k2 + k3|2

]
(F.13)

One can see directly from the trispectrum that this term induces the equilateral
bispectrum:

k3
4 lim
k4→0

TΦ(k1,k2,k3,k4) = P (k1)P (k2)
[
−6 + 4k1 + k2

k3
+ 2k

2
1 + k2

2
k2

3
− 4k1k2

k2
3

]
+perm. (F.14)

The cubic term with {b1 = −5/3, b2 = 2, b5 = 3, b9 = −4, b12 = −2, b13 = 2}
also induces the equilateral bispectrum but does not shift the power spectrum at
leading order (∝ φs). This kernel is

N3(k1,k2,k3,k4) = −10 + 2
[
k1 + k2

|k1 + k2|
+ k1 + k3

|k1 + k3|
+ k2 + k3

|k2 + k3|

]
+ 6

[
k1 + k2 + k3

k4

]
−4
[
k3(k1 + k2)
k4|k1 + k2|

+ k2(k1 + k3)
k4|k1 + k3|

+ k1(k2 + k3)
k4|k2 + k3|

]
−4
[
k1k2 + k1k3 + k2k3

k2
4

]
+2
[
k2

3(k1 + k2)
k2

4|k1 + k2|
+ k2

2(k1 + k3)
k2

4|k1 + k3|
+ k2

1(k2 + k3)
k2

4|k2 + k3|

]
(F.15)

In this case the trispectrum again satisfies Eq.(F.14) but in addition

No shift to power spectrum : k3
1k

3
2 lim
k1,k2→0

TΦ(k1,k2,k3,k4) = 0 . (F.16)
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Appendix G|
Basis functions for bispectra

In [206] there is a set of basis functions, {Kn}, that describes nearly scale-invariant
bispectral shapes (recall shape S is proportional to (k1k2k3)2B(k1, k2, k3)) with
various levels of divergence in the squeezed limit. The Kn are symmetrized, separable
polynomials of momenta

Kn(k1, k2, k3) ≡ 1
Nn

(
kp1k

r
2k

s
3 + perms.

)
, (G.1)

where n labels the particular triple of (positive and negative) integers {p, r, s} and
Nn is the number of distinct permutations. We will restrict to exact scale-invariance
of the power spectrum and bispectrum for simplicity, so p+ r+ s = 0. The constant
shape is labeled by K0 = 1. Then, sets of polynomials grouped according to
the minimum power of momenta appearing, R = −1,−2,−3, etc. There are six
additional terms up to R = −2 divergence:

K1 = 1
6

(
k3

k1
+ 5 perms

)
, K2 = 1

3

(
k2

1
k3k2

+ 2perms
)

K3 = 1
3

(
k1k2

k2
3

+ 2 perms
)
, K4 = 1

6

(
k2

1
k2

3
+ 5 perms

)
K5 = 1

6

(
k3

1
k2k2

3
+ 5 perms

)
, K6 = 1

3

(
k4

1
k2

2k
2
3

+ 2 perms
)

(G.2)

In [206] they find four linear combinations of these shapes that have the same
squeezed limit as the equilateral template

SBB
1 = −2K0 + 6K1 − 3K2 (G.3)
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Kn {p, r, s} Φ2(x) {ai}
K0 (0, 0, 0) ∂−2(∂φ)2 – – {a4}
K1 (−1, 0, 1) ∂−1(φ∂φ) ∂−2(φ∂2φ) ∂−3(∂φ∂2φ) {a2, a3, a6}
K2 (−1,−1, 2) φ2 ∂−3(φ∂3φ) – {a1, a5}
K3 (−2, 1, 1) ∂−4(∂2φ)2 ∂−1(∂2φ∂−1φ) – {a8,×}
K4 (−2, 0, 2) ∂−4(∂3φ∂φ) ∂−2(∂−1φ∂3φ) ∂−1φ∂φ {a9,×,×}
K5 (−2,−1, 3) ∂−4(φ∂4φ) ∂−3(∂−1φ∂4φ) ∂(φ∂−1φ) {a7,×,×}
K6 (−2,−2, 4) ∂2(∂−1φ)2 ∂−4(∂−1φ∂5φ) – {a10, a11}

Table G.1. The set of terms in the real space field expansion, Φ2(x) that correspond
to each polynomial Kn (see Eq.(G.1)) appearing in the shape of the bispectrum. The
different Φ2(x) terms on a given horizontal line result in redundant terms in the shape
of the bispectrum but contribute differently to the lowest order non-Gaussian (loop)
contribution to the power spectrum. The conditions of a well-behaved loop correction in
general introduce constraints among terms corresponding to different from Kn. However,
some Φ2(x) terms are truly redundant even once loops are considered (eg, they come
with unconstrained coefficients) and so are not needed. The last column lists the labels
ai we used in the main text, where × indicates the term was redundant for our purposes
and so was not included.

SBB
2 = K0 + 3K3 − 3K4 (G.4)

SBB
3 = K2 + 2K3 − 2K5 (G.5)

SBB
4 = 2K3 −K6, (G.6)

where SBB
1 is the equilateral template.

In our expansion of the non-Gaussian field, the number of operators that can
generate a term in the bispectrum associated with {Kn} [206] is equal to the number
of distinct entries in {p, r, s}. This redundancy allows us to cancel loop divergences
in the first non-Gaussian correction to the power spectrum. The relationship
between {Kn}, all possible terms in Φ2(x) that can generate that shape in the
bispectrum, and the coefficients {ai} of the set of terms used in the body of the
thesis is shown in Table G.1. Some terms in Φ2(x) are truly redundant for our
purposes here, and so we did not include them (they are marked with an × in the
last column of the table).

After imposing loop constraints, we imposed that the bispectrum is no more
divergent than k−1

l in the squeezed limit and found four linearly independent
solutions (Eq.5.73) that generate shapes

183



S1(k1, k2, k3) = 1
2

(
k1

k2
+ cyc

)
− 1

2

(
k2

1
k2k3

+ cyc

)
− 1 (G.7)

S2(k1, k2, k3) = 1
4

(
k2

3
k1k2

+ cyc

)
− 1

4

(
k3

1
k2

3k2
+ cyc

)
+ 1

2

(
k1k2

k2
3

+ cyc

)
(G.8)

S3(k1, k2, k3) = −
(
k2

1
k2k3

+ cyc

)
+ 1

2

(
k1

k2
+ cyc

)
+ 1

2

(
k3

1
k2

3k2
+ cyc

)
− 1

2

(
k2

2
k2

3
+ cyc

)
(G.9)

S4(k1, k2, k3) =
(
k2

1
k2k3

+ cyc

)
−
(

k3
1

k2
3k2

+ cyc

)
+
(

k4
1

k2
2k

2
3

+ cyc

)
. (G.10)

A little bit of algebra shows that these shapes are related to those in [206] by

SBB
1 = 2S1, (G.11)

SBB
2 = −S1 + S3 + 2S2 (G.12)

SBB
3 = 4

3S2, (G.13)

SBB
4 = 4

3S2 −
1
3S4 . (G.14)

Although it is maybe not immediately obvious that the procedure for construct-
ing non-Gaussian fields ΦNG(x) with 1/kl squeezed limit bispectra would lead to
the same results as constructing bispectral shapes only, studying the structure of
the loop constraints shows that the redundancy between Kn and Φ2(x) is exactly
enough to be sure the loop constraints are always satisfied. Notice that this is
not the case for shapes that correspond to bispectra with 1/k2

l divergence: K0

corresponds to only one field term, which does not have good loop behavior. So,
although K0 appears to be a fine basis element at the level of bispectral shapes, we
should not take ∂−2(∂φ)2 as a basis element of the quadratic term for a well-behaved
non-Gaussian field.
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