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Abstract

This thesis collects three interrelated projects related to time-wise approximation,
bound estimates and control of stochastic Navier-Stokes equations in a smooth non-
periodic bounded domain @ C R? with a multiplicative noise.

First, we show that in an open bounded domain O, we have

lim E[ sup ¢x([[(u(t) —u"(#))[})] =0

for any deterministic time T' > 0, for a specified moment function ¢; (z) = log(1+x)'~¢

with 0 < € < 1, where u"(¢,z) corresponds to the Galerkin approximation of the

solution w(t, x). Similarly, we prove that

lim E[ sup os([[(u(t) —u"(1))[[7)] = 0

n=o0 1e[0,1)
for any p > 0, for a specific function ¢y(z) = 27 with 0 < ¢ < 1 and for any

deterministic time 7" > 0. Finally, we show that

E[ sup exp (||lulln/K)] < oo,
0<t<T

v



for a constant K with specified regularity assumptions on the initial data.
Second, we show that a special linearized scheme {u,},>1 for the convergence
of the SNSE gives the same convergence results that we have achieved through the

Galerkin approximation. Namely, we show that

lim E[ sup ¢1([[(u(t) — ua(t))[I5))] = 0

N0 4e[0,7]

for any deterministic time 7" > 0, for a specified moment function ¢;(x). Moreover,

we prove that

lim E[ sup ¢ ([|(u(t) — ua(t))[[)] = 0

n=o0 (0,1
for any p > 0, for a specific function ¢,(z) and for any deterministic time 7° > 0,

where

with 0 < e < 1.
Third, we solve an optimal control problem verifying the existence of feedback
controls that are optimal in sup,cp ) sense. Namely, we show that there exists an

optimal feedback control ¢ for a specific types of cost functional

J(¢) = E sup (o(L[t, ug(t), o()])),

t€[0,T]



of the SNSE in 2D on an open bounded nonperiodic domain O given that the control

set U is compact, where p(z) = log(1 + x)' ¢ with 0 < € < 1.

vi



Chapter 1

Notation and Functional Setting

1 Introduction

We consider the stochastic Navier-Stokes equations (SNSE) in 2D in a smooth non-

periodic bounded domain O C R? with a multiplicative white noise

Ou+ (u-Viu—vAu+ Vp = f+ g(u)dWW (1.1)
V.u=0 (1.2)
u(0) = wug (1.3)

[BKL, CG, C, CP, DD, FG, FR, GV, M, MR2, MS, O, S] with uy € L*(Q; H) N
L?(©2; V) and Dirichlet boundary condition u = 0 on [0,00) x 00. Here u = (uy,us)
represents the velocity field, p represents the pressure, and v stands for the viscosity,
whereas f stands for the deterministic force. Moreover, g(u)W = 3", gi(u)esWy
stand for the infinite dimensional Brownian motion, where each W), is the standard one
dimensional Brownian motion and gx(u) are the corresponding Lipschitz coefficients.
First, we recall the deterministic and probabilistic framework used throughout the

thesis.



2 Deterministic Framework

Let O be a smooth bounded open connected subset of R?, and let V = {u € C5°(O) :
V -u = 0}. Denote by H and V the closures of V in L*(O) and H'(O) respectively.

The spaces H and V' are identified by

H={ue L*0):V-u=0,u- Ny =0}, (2.1)

V={ucH)O):V -u=0} (2.2)

(cf. [CF2, T]). Here N is the outer pointing normal to 9O. On H we take the L*(O)

inner product and the norm as

(u,v) = /Ou~vd:c
Jullr = v/ (u, w). (2.3)

Let Py be the Leray-Hopf projector of L*(O) onto H. Recall that for u € L*(O) we
have Pyu = (1 — Qy)u where Quu = V, + Vs and w1, m € H'(O) are solutions

of the problems

Ary =V -uin O

m =0 on 00 (2.4)



and

AT&'Q =0in O
Vg« N =u— Vm on 00 (2.5)
([CF2, T]). Let
A=—PyA (2.6)

be the Stokes operator with the domain D(A) = VNH?(O). The dual of V = D(A'/?)
with respect to H is denoted by V' = D(A~Y?). Here A is defined as a bounded,

linear map from V to V' via
(Au,v) = /OVu - Vudz, u,v €V,
with the corresponding norm defined as
ul|2 = (Au,u) = (AY?u, AY?y), ueV.

By the theory of symmetric, compact operators for A~!, there exists an orthonormal
basis {e} for H consisting of eigenfunctions of A. The corresponding eigenvalues

{Ax} form an increasing, unbounded sequence

O<A <A< <A <



We also define the nonlinear term as a bilinear mapping V' x V to V' via

B(u,v) = Py (u- Vo).

The deterministic force f is assumed to be bounded with values in H. Note that the

cancellation property (B(u,v),v) = 0 holds for u,v € V.

3 Notation

Let (S, ]]-||s) be a Banach space. We denote by £%(2) the linear space of all functions
u :— S that are F-measurable and E|ju||% < oo. We also denote by £% (€ x [0, T]) the
linear space of all processes v : 2 x [0, T] — S that are F x B 71 measurable, adapted

to the filtration (Fiep,r) and E fOT||u|]§dt < 0o. Weak convergence is denoted by —.

4 Stochastic Framework

In this section, we recall the necessary background material for stochastic analysis
in infinite dimensions needed in this paper (cf. [DZ, DGT, F, PR]). Fix a stochastic
basis § = (Q, F,P,{F;},W), which consists of a complete probability space (2, P),
equipped with a complete right-continuous filtration F;, and a cylindrical Brownian
motion W, defined on a separable Hilbert space U adapted to this filtration.

Given a separable Hilbert space X, we denote by Lo(U, X) the space of Hilbert-

Schmidt operators from U to X, equipped with the norm [|G||r,w.x) = (34 IGl%)?



[DZ]. For an X-valued predictable process G € L*(; L2 ([0, 00]); Lo(U, X)), we

loc

define the Ito6 stochastic integral

t t
/ GdW = / GrdW, (4.1)
0 L Y0

which lies in the space Ox of X-valued square integrable martingales. We also recall

the Burkholder-Davis-Gundy inequality: For all p > 1 we have

t P T p/2
/OGdW }SCE [/0 IIGII%ZW,X)] (4.2)

X
for some C' = C(p) > 0. Given a pair of Banach spaces X and Y, we denote

E | sup

t€[0,T]

by Lip,(X,Y’) the collection of continuous functions h: [0,00) x X — Y which are

sublinear

h(t, z)|ly < Ky(14+||z]|x),t > 0,2 € X (4.3)

and Lipschitz

|\h(t,z) — h(t,y)|ly < Kyl|lz —y|lx,t > 0,2,y € X (4.4)

for some constant Ky > 0 independent of ¢. The noise term g(u)dW, which is defined
by

g =1gr}k>1:[0,00) x H — Ly(U, H) (4.5)



satisfies

19t )| Lo peairzy < Kj(1+ |2l pairey) for j € {0,1,2} (4.6)

and

”g(t?‘Q:) - g(ta y)”LQ(U,D(Aj/Z)) < KJH:B - yHD(Aj/Q) forj € {07 L 2} (47)

In particular, we have

Given u € L*(Q; L*([0,T]; H)) and g as above, the stochastic integral fot g(u)dW is a

well-defined H-valued Ito stochastic integral that is predictable and is such that

</0t9(U)dW,v> = ;/Otwk(u),v)dwk

holds for all v € H.
We consider strong pathwise solutions in the PDE sense, i.e., solutions bounded
in time with values in V', square integrable in time with values in D(A), and strong in

the probabilistic sense, i.e., the driving noise and the filtration are given in advance.

Definition 1.4.1. Let g be as in (4.8) predictable, and let f € L*(Q; L*([0,T); V")) be

predictable. Assume that the initial data ug € L*(Q; H) N L*(Q; V) is Fo measurable.



We call a process (u(t))i>o in L3(Q x [0,T]) with E||u(t)||3 < oo for allt € [0,T] a

solution of the SNSE if it satisfies the equation

(u(t),v>+/0 (Au(s),v)ds = (uo,v>+/0 (B(u,u),v)ds
+/O (f,v)ds—f—/o (g(u),v)dWs, (4.9)

forallveV andt € [0,T] andw € Q a.s., where the stochastic integral is understood

in the Ito sense.

Definition 1.4.2. Let g be as in (4.8) predictable, and let f € L'(Q; L*([0,T); V') be
predictable. Assume that the initial data ug € L*(Q; H)NL*(Q; V) is Fo measurable.
The pair (u,7) is called a pathwise strong solution of the system if 7 is a strictly

positive stopping time, u(- A 7) is a predictable process in H such that
u(- A7) € L*(;C([0,T];V)) (4.10)

with

ulyc, € L2(S; L*([0,T); D(A))) (4.11)

and if

(u(t/\7),v>~|—/0 T<yAu+B(u7u)—f,v>dt: <u0,v>+2/0 T(gk(u),dek (4.12)

k



holds for every v € H. Moreover, (u, ) is called a maximal pathwise strong solution
if £ is a strictly positive stopping time and there exists a non-decreasing sequence of

stopping times 7,, such that 7,, — & and (u, 7,) is a local strong solution and

sup HUH%/—FV/ | Auldt > n (4.13)
0

t€[0,7n]
on the set {{ < oo}. Such a solution is called global if P(¢ < co) = 0.
We proceed with the definition of the Galerkin system.
Definition 1.4.3. An adapted process u™ in C([0, T|; H,,), where H,, = L{ey, ..., e,},
is a solution to the Galerkin system of order n if for any v in H,
d{u™,v) + (vAU" + B(u"),v)dt = (f,v)dt + i(gk(u”), v)dWy,
k=1

(u™(0),v) = (uo,v). (4.14)

We may also rewrite 4.14 as equations in H,,, i.e.,

du" + (vAu" + P,B(u"))dt = P, fdt + ) P,g(u”)dW;

k=1

u™(0) = Pyug = ug.



Chapter 2

Background Work and Summary

In this chapter, we briefly outline the background work leading to our results and
summarize our results proved in the subsequents chapters. The parallel works that
have dealt with £%([0,T] x Q) criteria convergence and control criteria rather than
investigating the supremum in the whole time interval [0, 7] are [B, B3, B2, B4]. We
briefly explain these results.

In [B3], the main results are as follows

Theorem 2.0.1. The equation 1.4.1 has a solution in the space L3 (2 x [0,T]). The

solution is unique almost surely and has in H almost surely continuous trajectories.

Theorem 2.0.2. Let u and w,, be the corresponding solution of the SNSE in equation
1.4.1 and Galerkin approzimation in equation 4.15 respectively. Given that Ellugl|} <
oo and the initial data are reqular enough , then, for each fixed time T', the following

convergence holds:

T
IE/ |u — wy,||Z-dt — 0, (0.1)
0

as n — 0.



Secondly, in [B2], a linearized scheme is proposed. Namely, for each n =

0,1,2,3, ..., we consider the linear evolution equation with multiplicative noise

(un(t),v) —l—/o (Auy(s),v)ds = (ug,v)ds

+ [(Blua)we) s+ [(o.0ds+ [t mar. 02

for all v € H, t € [0,7T], for almost every w € €, where we let ug(t) = wuy be
an H-valued JFy measurable random variable with ug € L*(Q; H) N L*(Q; V). The
reason to work on this evolution scheme is that the Galerkin method is useful to
prove the existence of the solution u of the SNSE, but from numerical perspective, it
is complicated to implement it due to the the nonlinear terms. Since B(u,_1,u,) is
linear as opposed to the Galerkin approximation in this scheme, this linearized scheme
seems to be more efficient than the Galerkin approximation. The main results in [B2]

are as follows.

Theorem 2.0.3. For each n € Ny equation 0.2 has an almost surely unique solution

U, € L2(Q x [0, T]) with almost surely continuous trajectories in H.

Theorem 2.0.4. The following convergences hold

T
lim E/ lu = wn|2ds = 0 (0.3)
and
lim Ellu — u,||} =0, (0.4)
n—0o0

10



for all t € [0,T].

Thirdly, [B] considers the SNSE controlled by linear and continuous feedback
controls as well as bounded controls. Denoting U/ as the set of all admissible linear and
continuous controls, which is assumed to be the set of all functions ¢ : [0,7]x H — H
satisfying the following conditions: For all ¢t € [0,T], we have ¢(t,.) € L(H) where

L(H) being the space of continuous linear feedback controls and

(1, 21) — d(t2, 225 < elts — o + pllzs — a2y,

for all ty,ty € [0,T],21,22 € H, where a,u > 0 are given constants. In [B], the

solution ug4 of the SNSE via the corresponding control force ¢ reads as

(u(t),v>+/0 (Au(s),v)ds = (ug,v)ds
+/0 <B(u(s),u(s)),v>ds~l—/o <¢(t,u¢),v>ds+/0 (g(u,v))dWs, (0.5)

forallv eV, t € [0,T]. ae. w e by the feedback controls ¢ € U. The following

cost functional in [B] is taken into consideration

J(6) = E /0 Lls, g, ¢(s, ug)]ds + EX[us(T)), (0.6)

11



with ¢ € U, where L:[0,T] x V x H — R, and K : H — R, satisfying

[L(t,w1,51) = L6, w2, 90)] < Cl21 — @l + [ly1 — v27) (0.7)

K(@1) = K(22)] < Cllay — 225, (0.8)

for all t € [0,T], x1,22,y1,y2 € H, where C' is a constant. We state the following

result from [B4]

Lemma 2.0.5. Let {¢,},>1 be a sequence in U and let ¢ € U be such that

T
Vo / |6 — |[%dt = 0, (0.9)
n—oo 0

then we have limy,, o J(¢n) = J(@).

To extend these results to time-wise namely in sup,c g case, we first need to
have that the expression supej||ul[f- is well defined. For that, the global existence
of SNSE in 2D up to a sequence of stopping times {7, },>0 in the sense of Definition
1.4.1 is proven in [GZ]. There, they have shown that those stopping for any of those

stopping times 7

E[ sup [|ul[i/] < oc.
te(0,7]

E[ sup [lu— ] — 0,
te(0,7]

12



as n — oo. They left as an open question, whether it is possible to replace the
stopping time 7 above with the deterministic time 7. Namely, whether we could

have

E[ sup [Jull] < oo,
t€[0,T]

E[ sup [Ju — unlfy] = 0,
t€[0,T]

for a deterministic time 7. The importance to study this problem is that using a
deterministic time 7', such moment bounds can used to study statistical properties
of the long time behavior of the SNSE. A partial answer to bound E[sup,e (o 7 llu/l7]

has been given by [KV], where the authors have shown that it holds

E[ sup log(1+ log(1 + HUH%/))] < 0.
t€[0,T]

The main difficulty in bounding E[supcjpl|ulli] lies in estimating the nonlinear
term B(u,u). As opposed to the periodic domain, on a bounded domain, we do not
have (B(u,u), Au) = 0 for t > 0. In our work [KUZ] as well as in Chapter 3, we
replace the estimating function p(x) = log(1 +log(1 + z)) with the stronger function

o(x) = log(1+z). We show, moreover, via a uniform integrability argument that the

13



Galerkin approximations {uy,},>1 converge to the solution u of the SNSE in 2D with

o(z) =log(1 + z)'~¢ as well. Namely, we have proved that

E[ sup log(1 + [ul[},)] < oo
te[0,7)

E[ sup log(1 + [lu — uy[[3)' ™ = 0.
te[0,7

as n — oo for any deterministic time 7" and for 0 < € < 1.
Furthermore, when we work with the H-norm for u, ||u|| g, by using (B(u, u),u) =

0 and increasing the initial data regularity accordingly, we have also shown that

E[ sup ||u — u,|%] — 0
te[0,7)

for any p > 0, where u,, corresponds to the Galerkin approximation of u. Finally, we

have proved that

IIUIIH>
E| sup ex
LStET p( K

for a constant K, if the initial data is essentially bounded as well.

< 00,

Secondly, we adapt the linearized alternative scheme in [B2] to our framework. We
prove the analogue results of [B2]. Namely, using this linearized scheme instead of the

Galerkin approximation, we show the global existence of SNSE in 2D up to a sequence

14



of stopping times {7, },>0, which converges to infinity almost surely. Moreover, we

prove analogously to our previous work that

E[ sup log(1+ [ju — unH%/)l_e] — 0.
te[0,7)

as n — 00, and by increasing the initial data regularity, we have shown that

E[ sup ||u — u,|y] — 0
t€[0,T]

for any p > 0.

Our third work in this direction is the investigation of the existence of optimal
feedback controls for the minimization of the vorticity in the SNSE, controlled by
different external forces. Namely, similar to [B], we consider the SNSE with multi-

plicative noise

(u(t),v>—i—/0 (Au(s),v)ds = (ug,v)ds
—i—/o <B(u(s),u(s)),v>ds+/0 (¢(t,u¢),v>ds+/0 (g(u,v))dWs, (0.10)

15



forallv € V', t € [0, T], for almost every w € €, by the feedback controls ¢ € U.,where
we assume that the initial data ug € L*(Q; H)NL*(Q; V) is Fy measurable. Moreover,

we also suppose that the set of feedback controls ¢ C U satisfy:

lp(w, )]y < K, for all w x t € Q x [0, T].

(¢, x1) — @(ta, 32)[[§ < Cilts — taf” + Caflar — 22[3,

for all t € [0, 7] and x1, 25 € V. We consider the following cost functional

J(¢) = E sup (p(L[t, us(t), $(1)]))

t€[0,T]

where £ :[0,7] x V x H — R, satisfies the followings:

[L(t,21,51) = L, w2, 92)| < Cllla1 — 225 + v — v2ll%)

denoting

p(z) = log(1+ )™,

with 0 < € < 1. Based on these assumptions and framework, we have proved the
existence of an optimal control, namely we have shown that there exists an optimal

feedback control ¢* satisfying

J(¢*) = min J(¢)

el

16



Chapter 3

Timewise (Galerkin Approximations

and Norm Estimates

1 Introduction

This chapter is based on [KUZ|. We address the convergence properties of the
Galerkin approximation to the stochastic Navier-Stokes equations and obtain new
estimates on the convergence in the strong norm. Namely, the goal of this chapter is
to address the convergence of the Galerkin pointwise in time for the V' norm in the
case of a non-periodic domain with Dirichlet boundary conditions. In this case, it is
easy to obtain results in this direction up to a suitable stopping time. However, the
expected value of the second moment of the norm ||u(¢)||?, for any fixed non-random
time ¢ is an open problem. By the same token, it is not known whether the expected
value of ||u(t) — u,(t)||?, converges to 0 as n — co. A step toward establishing the
finiteness of the expected value of ||u(t)||? for ¢ > 0 was obtained in [KV], where it

was proven that

B | sup d(lul})] <oc (1)

17



where

é(T) = log(2 +1log(2 + 7)), 7 € (0,00) (1.2)

The aim of this chapter is twofold. First, we strengthen the main result in [KV]

by showing that (1.1) holds with

(1) =log(2 + 7) (1.3)

instead of ¢~S (cf. Theorem 3.3.4 below). The second goal is to obtain convergence of

the Galerkin approximation in the V' norm. Namely, we prove that

E

Sup¢(|!u—un|l%/)1_€] —0 (1.4)
0.7]

as n — oo for all € > 0. In addition, we obtain two results on the 2D SNSE of

independent interest. The first result states that

E[é{l&l}}ll(ﬂ(t) —u" ()5 =0

for all ¢ > 2 while the second concerns finiteness of the Zygmund type norm

- [oilffTeXp (Hung)] (1.5)

for K sufficiently large.

18



2 Main Results in this Chapter

The first main result is related to the convergence of Galerkin approximations in the

V norm.

Theorem 3.2.1. Let € € (0,1) and let T > 0 be arbitrary. Suppose that u is a solu-
tion to the equation as in Definition 1.4.1, and let u™ be the corresponding Galerkin

approzimation as in Definition 1.4.3. Then we have

E

sup ¢y (||u — U"||2v)] =0, (2.1)

[0,7]

with ¢1(x) = (log(1 + x))'~¢, as n — .

Our second statement gives the convergence in the H norm of the Galerkin approx-

imations u«" on the whole bounded C'* domain O.

Theorem 3.2.2. Let u be the solution as in Definition 1.4.1 and let u™ be the
corresponding Galerkin approrimation as in 1.4.3. If, additionally, we have f €

L2 (Q; L?([0,00); V")) and ug € L*2(Q; H) N L2(; V), then

E
(0,77

sup|lu — u"H?f(le)] — 0, (2.2)

for any deterministic time T > 0 and any € € (0,1) as n — oo.

Our third result shows that a Zygmund type norm of ||u||y is bounded up to any

deterministic time 7" > 0.

19



Theorem 3.2.3. Let u be the solution as in Definition 1.4.1. If f €

LYQ; L*([0,T]; V")) and ug € L=(; V), then

E[ sup exp (W)] < 00 (2.3)
0<t<T K

for any deterministic time T > 0, where K is a sufficiently large constant.

The proofs of the above theorems are given in the remaining sections in this

chapter.

3 Timewise Galerkin Convergence in V'

In this section, we give the proof of the first main result, Theorem 3.2.1. First, we

recall a statement from [GZ].

Theorem 3.3.1. Let {u"} be the sequence of solutions of (4.14) with u being the

solution as in Definition 1.4.1 and with g, f, and ug as in Definition 1.4.2.

T = {7 < T (sup [|unff + V/ [ Auy |[7dt)"? < M} (3.1)
te(0,7] 0
Take
Tni\f[ﬁ,Tmfl,nfl = THQ/LT N 7;LM7T N Tn]l\/ﬁr{ N 7:1]\1171T7 (32)

then we have for any T > 0 and M > 1

20



1. For anyT >0 and M > 1

lim sup sup E[ sup [|tm — un|l3 —I—/ | At — un)||%dt] =0 (3.3)
"o mzn €T 1y FELOT] 0

TAS
limsup sup IP( sup |Jun|l3 +/ | A(u,)||Fdt > (M — 1)2> =0. (3.4)
te 0

s70 0 oM [0,7AS]

Theorem 3.3.2. [GZ] Let {u"} be the sequence of solutions of (4.14) with u being
the solution to the equation as in Definition 1.4.1 and with g, f, and ug and, there
exists a global, mazximal pathwise strong solution (u, &) in the sense of Definition 1.4.2.
Namely, there exists an increasing sequence of strictly positive stopping times { Ty, }m>0

converging to &, for which P(§ < oo0) = 0.
We start with the following lemma.

Lemma 3.3.3. Let u and u" be defined as in Definitions 1.4.2 and 1.4.3. Then for
any deterministic time T' > 0, the Galerkin approximations u™ converge in probability

with respect to the V. norm, i.e., for any 6 > 0 we have
P( sup ||u—u"[|} >6) =0 (3.5)

t€[0,T)]

as n — Q.
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In particular, under the assumptions, we have

P( sup (log(1 + [ju —u"[[3))' ™ > d) = 0 (3.6)
te[0,7]

for any € € (0, 1), as well as, by the Poincaré inequality,

P( sup |lu — u"||%1’,c >4§)—0 (3.7)
te[0,7)

for all § > 0. Both statements shall be used below.

Proof. By assumption, we have ug € L*(Q,V). Hence, by Chebyshev theorem we
have,

P(|Jug|f > s) — 0 (3.8)

as s — o0o. Denoting Qg = {||uo|l?r < s}, we have Q, — Q. Hence, we choose
s such that P(Q) > 1 — 5. Moreover, We know by Theorem 3.3.2 and Lemma
6.0.2, that there exists a sequence of stopping times {%,JL‘ZJ }n;>1 with the corresponding
subsequence {u¢nl} converging monotone decreasing to 7. We also know that 7 —

oo a.s. as M — oo, where M is the constant defined as in Theorem 3.3.1, since the

solution is global in the sense of Definition 1.4.2 by Theorem 3.3.2.

Hence, denoting {T,]L‘f = %é‘l/[ A T},>1, there exists My such that P(7Mo < T') < g
and by Lebesgue dominated convergence theorem, we have
lim E|lg, sup |lug—ug, [}| =0. (3.9)

oo te[0,7Mo]
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This implies convergence in probability. Thus,

lim P(Llg, sup [ug —ug, 13 > 6) =0, (3.10)

Moo te[0,7Mo]

for any § > 0. Hence, we have

P(Lo, sup [lug = ug, [} 2 8) = P({ sup [lus — us,, [} = 6} 0 {7 < T} N {w € Q,})
t€[0,7) te[0,T

+P({ sup [lug —ug, [ > 6} N{r*™ =T} N {w € Q.})

te[0,T
<P(rM < T)+P(lg, sup |lug— ug, |15 > 0) (3.11)
te[o,7Mo]
Then, we get

P < sup [lug — ug,, I3 > 5) <P(rM <T)+P (]lgs sup |lug — ug,, I3 > 5) + P (QF)
t€[0,T]

te[0,7Mo]

— (3.12)

for n; large enough. Then by taking any subsequence ug,, and by Theorem 3.3.1 and
Lemma 6.0.2 repeating the same arguments above, we get that every subsequence
{ud,m} has a further subsequence that converges in probability to us, which implies
that the whole sequence {u,,} converges in probability to ue, which concludes the

proof. O

The following theorem improves the main result from [KV].

23



Theorem 3.3.4. Let ug, f, and g be as in Definition 1.4.2 and suppose that u is as

defined in Definition 1.4.1 . Then we have

E[sup ¢([|ull})] < C(f, g,u0, T), (3.13)

(0,71
where ¢(x) = log(1l + z).

Proof. From the infinite dimensional version of 1t0’s lemma we get

AG(lull?)) + 206 (lull? )| Ay
= () (20, Au) — 2B, w), Au) + &' ([ul})llg(w) 3 )

+20"(|ull) D {ge(u), Au)’dt + 26/ ([ull})(g(u), AuydW.  (3.14)
k

We take the supremum up to the stopping time 7,, = 7,,, AT, where 7,, is introduced in
Theorem 3.3.2. Denoting Q,,, = {w € Q: 7,,, = T'}, we see that Q,,, T Q as m — oo by
Theorem 3.3.2. By taking the expectation on 2, and, suppressing 1, for simplicity

of notation, we get

Efsup olul)] + 202 | [ &l lAulfias
[0,7m] 0

sup
SE[0,7m]

< & (Juol2) + E [ JCEE +T4)ds} L om
0

/ TodWs
0

|

(3.15)
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where we denoted

To =26/ ([[ull})[{g(w), Au)] (3.16)

Ty = 2¢/(|ully,)[{B(u, u), Au)| (3.17)

Ty =26/ ([[ull)I(f, Aw)| < 26/ ([ullV) 1 £ 1] ]| Aull

< C'(lullV)I1F1I7 + gd)’(l\UHQV)HAUH?I (3.18)
T3 = ¢ (Jlulli) 917 < C'([fulli) (1 + [Jull5) (3.19)
Ty = 2|¢" ([[ulli){g(w), Aw)[* < Cl¢" ([[ull )i (1 + [lell3,) (3.20)

where C' is allowed to depend on K, for j = 0,1,2, and Ky. Appealing to the BDG

inequality, we have

/ TodW’
0

and thus, using the Lipschitz condition on g(u),

/ TOdW)
0

E| sup < CE

s€[0,7m]

. ) 1/2
(/O |/ (lull$)] Hg(u)H%HuHdeS) ] (3.21)

1/2

E < CE < O(T).

sup
s€[0,7m]

([ TRt ol )

(3.22)
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Next, we estimate the term T} as

Ty = 2 (||ul|?) (B, u), Au)] (3.23)
<26 (J|ull2) Juull 30 el 2 ol 12 | A3
/ ]' /
< O (ulli) el + 3¢ (lull)lAully

1
< Cllullllully + 3¢ (lullv) | Aul,
where we note that by Lemma 4.3.9

P
EMWMM%@SMWMMW%H. (3.24)

By combining all the estimates and writing out 1q  explicitly, we obtain

E[lg,, sup o([[ull})] < C(f, g,u0, T). (3.25)

By letting m — oo and appealing to the monotone convergence theorem, we get

Efsup ¢([[ully,)] < C(f, g, uo, T) (3.26)

(0,7]
and the proof is concluded. O]

Lemma 3.3.5. Let u™ be as in Definition 1.4.3. Then we have

E[?UI? log(1 + [lu" )] < C(f, g, 0, T) (3.27)
0, T
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and

E[[su% log(1 + [lu —u™||?)] < C(f, g,uo, T), (3.28)
0,7

for alln € N.

Proof of Lemma 3.3.5. The proof of (3.27) follows the same steps as the proof of
Lemma 3.3.4 and it is thus omitted. The inequality (3.28) is a consequence of (3.13)

and (3.27). O
Now, we are ready to prove our first main result, Theorem 3.2.1.

Proof. Let € € (0,1). By (3.58), we have

suplog(1 + [lu — u™|]3,)*¢ — 0 (3.29)
(0,7]

in probability as n — oo. Moreover, using Lemma 3.3.5,

E |sup(log(1 + llu— w3 < M(uo, £,9.7). (3.30)
(0,7]
Denoting
U, = suplog(1 + |Ju — u"||3)' ¢ (3.31)
[0,7]

we have by (3.30)
E [Uy/079] < M(uo, f,9,T) (3.32)

while (3.58) gives
U9 0 (3.33)
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in probability. Using the de la Vallée-Poussin criterion for uniform integrability (see

e.g. [D]), we get that U, — 0 in L' as n — oo and Theorem 3.2.1 is proven. O

4 Timewise Galerkin Convergence in H

In this section, we prove our second result, Theorem 3.2.2, on convergence of the

Galerkin approximations in the H space.

Lemma 3.4.1. Let u be the solution to the equation as in Definition 1.4.1. Then we

have

T
E[[souguunimﬁ[/ ||u||2v||u||%?-2ds} < O, luolZ, I1F12,7) (4)
b 0

for any positive integer n.
Proof. We use an induction argument. Let z(t) = exp(—Kt) for a positive constant

K to be specified below. For any positive integer n, we have

d(z®)|ulliy) = K@) lullfydt — 2nllully [Jul 57 2()dt + 2nz()|Jul7~(f, u)dt
+nz(t)[|ull g (w) |3 dt

+ 202(8) [ull3 g (), w)dVY; (4.2)
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and thus

d(z()l[ullir) + 2nllully llullF7 = (t)dt
= —Kz(t)|ulldt + 2nz()ull7 *(f, uddt + nz(t)l|ullz7~[lg(u) |5 dt
+ 2n2(8)[|ull " (g(w), w)dW;
< —Ka(t)||ulldt + 2nz(8)|Jull37*1(F w)ldt + nz(®)][ull5 > g(w)l[7dt
+2n2(t) [ull (g (), u)dW;

< —Kz(t)|lullFdt + Cn)z(t)l|ullz dt + C(n)z@)I| £IIF dt + 2n2(t) ull 7~ (g(u), u)dW.

(4.3)

Choosing a sufficiently large K so it cancels the second term on the far right side, we

get

d(z()[[ullir) + 2nllully [JullF7 = (t)dt

< Cn)2(O)|I fl177dt + 2nz(t) |l (g(w), w)dW,. (4.4)

29



We take the supremum up to the stopping times {7, },»>1 introduced in Theorem 3.3.2
and integrate up to 7, and take the expectation on €2, as in Theorem 3.3.4. By

suppressing 1 below, we get

E[sup z(t)[[ul7] < M([uollz, IfI57, T) + C(n)E

[0,7m]

sup

s / 2()llul 2 (g(w), u)

1/2
lu— <g<u>,u>|2ds) ]

< M(luollZ £, T) + C(n)E (
1/2
< M(luollZ £, T) + C(n)E ( ) lull - 4<1+|ruuz>||uuzds) ]
1/2
( ) lull - 2<1+|rur|z>ds) ]

- 1/2
< M(luoll2, 1A T) + COIE | sup z<>||u||2”1(/0 <1+||u||%,>ds) ]

_tE[O,Tm]
( / (1+ sup ||u||%f>ds> ]
0 [07Tm]

where in the last line, we used the e-Young inequality with p = 2n/(2n — 1) and

< M(J[uollE, 1177 T) + C(n)E

sup 2(4)]|ull | + C(n™")E

Ova

n n 1
< M(Jluollz7 £, T) + 7B

q = 2n. By observing e X7 < e Kt <1 for 0 <t < 7, < T and using the Gronwall

lemma, we obtain

E[Le,, sup [lullF] < M (0™, [luollz I £I7, T). (4.5)

[0,7m]

Moreover, based on the inequality (3.40), we get

E[ﬂam/ [l llullF7~2ds | < M@, [Juollz I 177, T). (4.6)
0
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We conclude the result using the monotone convergence theorem as in the proof of

Theorem 3.3.4.
Now, we are ready to prove Theorem 3.2.2.

Proof of Theorem 3.2.2. We use that

Efsuplu —u"|[7] < 2**(E[sup|lu||F] + Elsup||u"[|F])-
[0,77] [0,T7] [0,7)

Then, we have using (3.59) and Lemma 3.4.1

Efsup||u — u|| 5"~

(0,7]

| =0,

as n — oo using the uniform integrability principle.

5 The Zygmund norm estimate in H

In the final section, we prove Theorem 3.2.3.

]

Proof of Theorem 3.2.3. The proof is in spirit of [GT, Lemma 7.13]. First, as in

Lemma 3.4.1, we apply the infinite dimensional It6’s lemma up to the stopping time

T.n and bootstrap. Hence, we have
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A0ull) = 20l =2t + 20llull=20F w)dt + il )
+ 2m a3 o) w)av
n— n— 1
< 2yl e+ 20llly (CIAB + gl )

+nllulliy + 2nllullz (g (w), u)dW;

< —2n|[ully |JullF 2dt+§|\Uqudt
+ 2nC||ull 372 F 130 dt + nllull 3 dt + 2n]lul| 72 (g(u), w)dW;
2m—2 2n on | 2N 2n on
< —2nlfully ||ullF2dt + gIIUHH + §|IU||H + Cnl| fl 7

+nllullirdt + 2nllulli7 ~*{(g(u), u)dWs. (5.1)

Taking the supremum, the expectation, and integrating, we get

Bisuplulf) < Biuolff] + Cnl [ / ||f||2v’5dt}+2nE U =2 (g ), wyd Wi |

(5.2)

By appealing to the BDG inequality and using the e-Young inequality, we have

T
Efsupllul[2] < CE[|uo|[Z] + CnE [ / ||f||%;%dt] L On”E
(0,7 0

T
/ sup||u||§}zdt]. (5.3)
0

(0,7]
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Then by the assumptions on || ||z and ||ug||z and appealing to the Gronwall lemma

we conclude that

E[supl|ul[3] < Cn™, (5.4)
[0,7]

for n sufficiently large. Hence,
E[sup|jully] < Cn",n € N (5.5)
(0,77

using the Cauchy-Schwartz inequality used for odd n, whence

C
< —

_n2‘

i [ L

[0,7] nn+2

(5.6)

n+2

Using Sterling’s formula, we have n < C™nl, for a sufficiently large constant C.

Therefore, for Ny sufficiently large, we have

1 ulle\"] _ < C
E{_ZN sup ( I < R (5.7)

0<t<T n!

which implies

TCo: o8

0<t<T

The proof is thus concluded. n
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Chapter 4

A Linearized Scheme for Timewise

Approximation of the SNSE

1 Introduction

The aim of this chapter is to approximate the solution of the SNSE in 1.4.1 by the

solutions of a sequence of linear equations of the form

(un(t),v) +/0 (Auy(s),v)ds = (ug,v)ds

—i—/o <B(un1(s),un(s)),v>ds+/0 (f,v)ds—i—/o (9(up—1,v))ydWs, (1.1)

which is a candidate to be more efficient scheme to study in terms of numerical
approximations than the Galerkin approximation. The reason for that is in Equation
(1.1), given that u,_; is known, the operators depend linearly on w, and the noise
is additive with respect to u,, whereas in the Galerkin approximation 1.4.3, the
bilinear term B depends on u, in a nonlinear way in addition to that in Galerkin

approximation, noise is a multiplicative term in the model.
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2 Main Results

We list the main results in this section, that are analogous to Chapter 3 on Galerkin
approximations. The first main result gives the linearized approximation in the V-

norm.

Theorem 4.2.1. Lete € [0,1] and let T > 0 be arbitrary. Suppose that u is a solution
to 1.4.1 and let u, be the corresponding linearized approximation in Equation (1.1).

Then, we have

E

sup ¢y (f|u — U”IIQV)] — 0, (2.1)
(0,7]

with ¢1(x) = (log(1 + x))'™¢, as n — .

Our second result gives the convergence in the H-norm of the linearized scheme

u,, on the whole bounded domain O.

Theorem 4.2.2. Let u be the solution to the equation 1.4.1 and let u, be the cor-
responding linearized approximation equation 1.1. If, additionally, we have f €

L*(Q; L?*([0,00); V') and ug € L***2(Q; H) N L*(Q; V), then

E

sup||lu — u”||§f(1_e)] — 0, (2.2)
(0,17

for any deterministic time T > 0 and any € € (0,1) as n — oo.

3 Proof of the Main Results

To prove these theorems, first we borrow the following two results from [B2].
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Theorem 4.3.1. For each n € Ny, the Equation 1.1 has an almost surely unique

solution in L (2 x [0,T]) with almost surely continuous trajectories in H

Theorem 4.3.2. Let ug, f, g be as defined in Definition 1.4.2, and u as in Definition

1.4.1, then we have

T
IE/ = un |2t — 0, (3.1)
0

as n — 0o.
Next we continue with the following theorem.

Theorem 4.3.3. Let u,, be the linearized scheme in Equation (1.1).

T ={7 < T (sup [Jun |} + V/ | Aun|[3,dt)'/? < M} (3.2)
te[0,7] 0
Take
Tr%ﬁ?mfl,nfl = TNQLT N 7;LM7T N 7—7711\/5{ N 7:5\:[71717 (33)

then we have for any T > 0 and M > 1

1. ForanyT >0 and M >1

lim sup sup E[ sup ||tm — un |- +/ | Aty — un)||5dt] =0 (3.4)
oo mzn TeT’r]nM;’LTmfl n—1 tE[O,T] 0
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TAS
limsup sup IP’( sup |Jun||3 +/ | A(u,)||3dt > (M — 1)2) =0. (3.5)
te 0

s20 LM [0,7AS]

Proof. 1. Given m > n, we get:

At + A(tp)dt = B(Up—1, Uy )dt + fdt + Z G (Wppp—1) AW,
k=1

then by Ito:

Al = un||F + 2] At — un) | Fdt
= 2(B(Um—1,Um) — B(tp_1,Upn), AUy, — uy))dt
+ 2(9(um-1) = 9(tun-1), A(um — un))dW;

+ g (tm-1) = g(un-1)Il5

(3.7)

We treat each term seperately. First, by the Lipschitz assumption on g we have

/ 19Ctmr) — glun_r)|2dt < K / s — s |3t
0 0

— 0,

(3.8)
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as n,m — 0o. Next we estimate

wp%ﬂvn@Wma%—ﬂ%q%Awm—uwMWm

te[0,7 0
T 1/2
E( [ stum1) = gtan ) um||2vdt)
’ T 1/2
< CONE( [ latun-1) = gt )
0T 1/2
sc<M>E< / Huml—unlua) (3.9)

as m,n — 0o. For the nonlinear terms, we treat the terms as follows

B<um717 um) - B(“nfb un)
— B(“mfla um) - B(unfla um) + B(unflv um) - B(unfla un)

S ‘B(um—l - un—laum) + B(un—bum - un)|

1/2 1/2 1/2 1/2
< Nt = et [ N1 = Ut [t 321 Atton || 2 At — 10 12
1
< A — w) [+ Kt — a1 — v e ] At
1
< A = ) Iy + oty = a3+ Mt 3t — 0 [ A3

(3.10)

The term || A(uy, — u,) || is absorbed to LHS and for the term |[up—1 — wn—1||3 +
M ||t |3 [thm — wn |3 || Aum || 3 We apply the stochastic Gronwall Lemma 6.0.1 by notic-

ing as well that

T
/ [ttn—1 = U1 ||dt = 0, (3.11)
0
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as n,m — oo by [B2] above. For the term

(B(tn—1, Up — Up), Aty — uy))]

1/2 1/2 1/2 1/2
< Clltnr | tnr [ [t — |32 At — ) || At — )| 1

1/2 3/2
< Ot [|v][tt — tnl 32| At — 1) [[f

1
< N ACum — )l + Colltm — wnll¥ un-a Iy, (3.12)

here the term #||A(un, — u,)||3; is absorbed to LHS, whereas for the term C, ||u,, —
Un||?||un_1||3 We use the stochastic Gronwall Lemma 6.0.1.

2. Applying Ito, we get

d|[un||? + 2|| A, ||3dt = 2(f, Au,)dt — 2(B(up_1,uy,), Au,)dt

+ > llgn(un-r), Alun)ll7dt
k=1

o0

+2 ) (gr(up_1, Auy,))dWy. (3.13)

k=1

Fix 7 € 7;%?1 and s > 0. Taking supremum and integrating, we get

SA\T
sup ol +2 [ | vy
0

[0,sAT

SAT SAT
g/ 2\(f,Aun>\dr+/ [(B(tn-1,un), Auy)|dr
0 0

> /0 2(g(Un—1), Aun)dWy|.  (3.14)

SAT
+ [ ol + sup
0 k=1

r€[0,SAT]
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We treat the term ‘(B(unl, Un), Auy,)| as follows.

‘ (B(tn—1,un), Auy)

1/2 1/2 1/2 1/2

< Olltmri 5 nr [ e 32 | At | At 12
1/2 1/2 1/2 3/2

< Ol |5 Wtmr 1 el 32 1) A 3

1
< COllun [ lln 15 lfunl v + 7 [ Aunl 7, (3.15)
Using this and the Lipschitz condition on g, we have

SAT
IP’( sup  ||un||¥ +/ V|| Aty ||3dr > (M — 1)2)
re 0

[0,SAT]
SAT M —1)2
< IP(C(M, k) [+ 1ds > %)
0
SAT M — 1)2
—HP’( sup / (g(un—1), Au,)dWy| > u) (3.16)
SE[0,SNT] 0 2

The first term after inequality of 3.16 converges to 0 as S — 0 via Chebyshev’s

inequality, whereas the second term after inequality of 3.16 is treated as follows:

SAT
/ <g(un71)7 Aun>dWs
0

oy

]P’( sup
s€[0,SAT] 2

< B [ Natun-r). Awlas > 01— 1))

< ﬁm[ / SATHg(un_l)||2v||un||2vds], (3.17)

by Lipschitz condition on g and by letting S — 0, we conclude the proof. O
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Proposition 4.3.4. (Uniqueness) [GZ] Let T > 0 be a stopping time. Suppose that

(uM,7) and (u'?, 1) are solutions to the SNSE in the sense of Definition 1.4.2. Let

uél),ugf) be the associated initial conditions and assume that

P(Io,ul” = Inu) =1, (3.18)
for some Qg € Fo. Then
P(Ioou(t A7) = IouP (t A T),t € [0,00)) =1 (3.19)

Proposition 4.3.5. (Existence) Suppose that f € L*(Q; L2 ([0,00)); H). Then there

loc

exists a global strong solution (u,T) in the sense of Definition 1.4.2.

Proof. Let w € V be given. Due to Theorem 4.3.3, we apply Lemma 6.0.2 with
By = V and By = D(A) and the sequence {X"} = {u,}. We infer the existence
of a subsequence {u, }, and if necessary by appealing to a subsubsequence {u,}, a
strictly positive stopping time 7 < 7" and a process u(.) = u(. A 7), continuous in V/

such that

sup ||t — uH‘Z/ + y/ | Aty — u)H%{ds — 0,
te(0,7] 0

wpmw4—Mﬁ+u/HAww4—MMM&%Q (3.20)
0

te[0,7]
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a.s. We also have that the conditions of Lemma 6.0.2(ii) is satisfied for any p € (1, 00).

Thus, we have for any p > 1

u(. A7) € LF(Q;C([0,T); V),

with

uly<, € LP(2; L2([0, T); D(A))).

By Lemma 6.0.2(ii), we infer a collection of measurable sets €2,, € F with

Q10

such that

T p/2
supE| sup [uy (tAT)1o I} +1// HAun/]lQn,H%{ds} < 00.
0

n' t€[0,T]

By Lemma 6.0.3, we have

Lo e — Licyu in LP(Q; L*([0, T); D(A))),

and

Lo ,u™" —*win LP(; L0, T]; V).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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For the nonlinear term, we estimate for all w € V as follows:

[(B(tn—1, un) — Blu, u),w)| (3.27)
< [(B(uw-1,up —u) — Bu,u),w)| + [(Bup—_1 — u,u),w)]

[(B(ttp—1, u — u) — B(u, u), w)|

1/2 1/2 1/2 1/2
< Nttt | et =1 3 e — el | 3 w13/

1/2
< Nuwallv @l llwlly + v llu = ully

1/2

(B (1 — u,0), w)| < i1 = ul| 3yt —1 — w3/

1/2 1/2
H v

[ullvllwllz ™ llwl

1/2
1%

< w1 = ully llully " [[w]lv

Hence the nonlinear terms converge to 0 as well, we conclude that given any v € V'

Licr (B(Ups—1, Uns ), ) = Li<r (B(u, u), v), (3.28)

as n' — oo, for almost every (w,t) € Q x [0, T]. O
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Moreover, by using the uniform bound with p = 4, one finds that

supE(]lQn, / |B(unz_1,un/)|2ds> (3.29)

/ et I e ||Vds)

< cowpE (1 / ot 2t At ||Hds)

<csupE(n 500 -l L I ||Aun/||Hds)

< Csup]E

. 2
< CsupE (1, sup -l + ( / ||Aunf||zds))
0

< 00

Then by Lemma 6.0.3, we have

Lo, , t<r B(tn—1, Up) = Li<r B(u, u)in (3.30)

By Lipschitz condition on g we get

> gk (un) = ge(W)7 (3.31)

S ||U - un’”%/ — 07
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We have moreover that

supE {]lgn, / ||9k(un’)||%/d5] (3.32)
n’ 0
< C’supE[ﬂQn/ / L+ ||Un’||%/d3}

n’ 0

< 00,
which means that
Lo, 1<rg(un) = Li<rg(u), (3.33)

in L?(Q; L*([0,T);1*(H))). Hence, we deduce that for any fixed v € H

tAT tAT
]]_Qn// (Aun/,v>d34/ (Au, v)ds, (3.34)
0

0

tAT tAT
]19”,/ <Bun/,v>d5’4/ (B(u),v)ds,
0

Z/ un/,vdWw/ (gu (), V)W,
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weakly in L2(Q2 x [0,T]). If K C  x [0,T] is any measurable set, we have

E/O X (w, t)(u(t AT),v)dt (3.35)
~ jim E /O (Lo, (@), i (o, o) dt
= lim (]E/O Xk (W, t)Lg ,(w)(ug, v)dt

n/—o00

_E/OTXK(W 1o, (W )UW<VAU’+B( g f,v)ds]dt

+E/OTXKwt]19 [2/ (gn(u dW}dt)
:IE/OTXK(w ) [@0, vy — /OW@AHB(u)—f,mds]dt

+E/0TXK(w,t)lZ

k

/0 " ) v)de} dt

Since v, K are arbitrary, we conclude that u satisfies the regularity conditions. Remov-
ing the restriction that ||ug||yy < M a.s. and the global uniqueness are due to Theorem

2 [GZ]. Next, we continue with the following theorem.

Theorem 4.3.6. Let u be the solution to the Equation 1.4.1 and let u,, be the corre-

sponding linearized approximation Equation 1.1. Then, we have

E[[Sup]HunH i) < Cllluollzr, ILF177) (3.36)

] [ bl unl2] < Mol 17127

for any positive integer n.
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Proof. Let z(t) = exp(—Kt) for a positive constant K that is to be specified below.
Via an induction argument by bootstrapping Ito lemma, for any positive integer n,

we have that

d(z()lJunll) = — K20l 77 dt — 2nlun|[{ lunll7 2 2()dt + 202 () |57 (f, un)dt
+nz() [l Mg (un) [t

+2n2(8) uallz = (g (tn-1), wn)dW; (3.37)

Hence, we have

d(z(@)luall7r) + 2nllunl[5 llun |77 ~*2(t)dt
< —Kz(t)|lunl3 dt + C=(t)|Junllz + ClIFIE
+ Cz()|unl| 7™ + C2(t) a5~ [ttn—1 | Frdt
+2n2(t) w7 (g (un1), ) dW,
< —Kz(t)||unll37dt + C=()|Junllz + ClIf I
+ Ca(t) unl[i7 ™ + C2(®)|unlls' + Cllun—[l7dt

+ 2n2(8) [uallzr (g (un—1), un)dW; (3.38)

Choosing positive K accordingly cancels the deterministic terms, and so we have

d(z(t)[[unllF) < CIFIE + C + Cllun |l dt

+ 2n2(t) w77 (g (1), wn) AWV (3.39)
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Integrating, taking supremum, expectation, appealing to the BDG-inequality and by

induction step, we get

E[[Soug 2O unllF7] < Muollz, 1117 T)

T

n— 1/2

+0E[[Sou71§;(/ () unll ™ 1+ un-1llF) lunll?) ]
, 0

< M (lulF 12 7) + GElsup =07+ CE |1+ il ) |
, 0

By observing e 57 < e7%* < 1 for 0 < t < T and using the induction step, we
conclude the result

E[?Ouﬁllun!\?] < M([Juoll, 1£117, 1), (3.40)
Moreover, based on inequality 3.40, we immediately also have
T
2n—2 n n
| [l 2| < 21l 11137 (3.41)

]

Theorem 4.3.7. Let u be the solution to the equation 1.4.1 and let u, be the corre-

sponding linearized approximation equation 1.1. Then, we have for any n € Ny

Efsuplog(1 + [Jus|[},)] < C(f, g,u0,T), (3.42)

(0,71
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Proof. From the infinite dimensional version of Ito lemma we get

di(lfunl) + 20 (lunl )| Aun) [yt
= (lfunl}) (201, Aun)
—%Bﬁmqﬂm%Aww>+¢ﬂWM%Mﬂw%oﬁﬁﬁ

+ 20" ([|uall,) Z i (tn—1), A(up))*dt
k

+2¢ (lun [ ) (g (un-1), Aun)) dW; (3.43)

Recall here that

#(z) = 1—|1—x
" 1

Integrating, taking the supremum and the expectation, we obtain

T
E[sougso'(!\unlli)+2vl€/ # ([[unl 5| Alun) 1 7rds
, 0

T
<¢ww%+m/Xﬂ+n+ﬂ+nm4
0

I
0

+ 2E sup
s€[0,T

(3.44)
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For convenience, we denote

To = 260/ (|lun V) (g (un1), Aun))| (3.45)
Ty = 2/ (lun V) B (o1, un), Auty)| (3.46)
Ty = 20/ (|[unl[V)I(f, Aun)]

< 20 (lunl) 1 f Ll Ave | 2

< K/ ([lunl)I1£17 + gw’(llun!\%)llz‘lun!\?{ (3.47)
Ty = ¢ (Jlunll) g (n-1)lv

< K¢ ([lunll7) (1 + e 17) (3.48)
Ty = 209" ([l ){g (un-1), Auy)]

< K" (lunlli) el (1 + lun-1I7) (3.49)
For Ty term by appealing to the BDG inequality, we have

E sup
s€[0,T7

s T 1/2
/ TodW‘ECE ( / |w<uunu2v>|2ug<un1>H2V|runu%ds) (3.50)

We thus observe using Lipschitz condition on g(u)

E sup | [ TodW|

sefo,7] Jo
T 1/2
<08 ([ e+ s
=E Tl
< (. 7) 51
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Next, we estimate the term T} by appealing to the classical estimate

71 = 2@ ([[un |5 ) (B (tn-1,un), Aun))] (3.52)
1/2 1/2 1/2 3/2
< O (|2 1t |10 etm [ et |32 | A |

14
< OF (lunllv) lun W ln 19wl + 2 Ulenlli) | Aual |7

14
< Cllun il 5 + 7 (lunlV) ]| A 1

where we note by 3.41 that

T
E/O -l s It < C(lluollz, [1£ 1V, T) (3.53)

By combining all the estimates we conclude that

E{SUP}@(H%H%) < C(f,9,u0,T). (3.54)
0, T

Hence we conclude the proof. O]
Next we borrow the following two results from [KUZ].

Theorem 4.3.8. [KUZ] Let u be the solution in Definition 1.4.1 and let u, be the

corresponding linearized approximation equation in (1.1). Then, we have

E[[Soujp] pi(l[ull¥)] < C(f, g,u0, T), (3.55)

where ¢ (z) = log(1l + x).
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Theorem 4.3.9. [KUZ] Let u be the solution to the equation 1.4.1. Then, we have

E[{SUPIIUH??] < CJluollz, I1F1F) (3.56)

0,77
T

E{/ IIUII?/IIUII??‘2] < M([luollF 1 £, T).-
0

for any positive integer n.

Next, we show the convergence in probability of this linearized scheme in Equation

(1.1).

Lemma 4.3.10. Let u be the solution to the equation 1.4.1 and let u,, be defined as in
Equation (1.1). Then for any deterministic time T > 0, the linear approzimations uy,
converge in probability with respect to the V- norm to the solution of the equation 1.4.1,

i.e., for any § > 0 we have

P( sup ||u — u,|[} >6) — 0 (3.57)
te[0,7

as n — 0o. In particular, under the assumptions, we have

P( sup (log(1 + ||u — u”||%/-))1_6 >4§)—0 (3.58)
te(0,7

for any € € (0,1), as well as, by the Poincaré inequality,

P( sup |lu —u"[|% >6) =0 (3.59)
te[0,7
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for all 6 > 0. Both statements shall be used below.

Proof. By assumption, we have uy € £%(Q2). Hence, by Chebyshev theorem we have,

P(|luoll3 > s) — 0 (3.60)

as s — 0o. Denoting Q. = {||uo||?, < s}, we have Q, — Q. Hence, we choose s such
that P(€2,) > 1 — §. Moreover, We know by Theorem 4.3.3 and Lemma 6.0.2 there
exists a sequence of stopping times {ﬁ‘f }n,>1 with the corresponding subsequence
{un,} converging monotone decreasing to 7. We also know by Theorem 4.3.5 that

™ 5 00 a.s. as M — oo, where M is the constant defined as in Theorem 4.3.3.

Hence, denoting {7}/ = 7/ A T}, >1, there exists My such that P(r" < T) < <
and by Lebesgue dominated convergence theorem, we have
lim E |1g, sup ||u—u,l}| =0. (3.61)
o0 te[0,7Mo]
This implies convergence in probability. Thus,
lim P(lg, sup |lu—u,l} >d) =0, (3.62)

o0 te[0,7Mo]

53



for any 6 > 0. Hence, we have

IP)(I]_QS sup |ju — unl||%, > 5) = IP({ sup |ju — um||%/ >oyn{r™ <Tin{we QS})
te[0,T] t€[0,T

+ P({ sup |lu— uan%/ >0bN {TMO =T} Nn{w € Q})
]

te[0,T
<P < T) +P(lg, sup |u—uy|} > 9) (3.63)
tefo,7Mo]
Then, we get

t€[0,T)] te[0,7Mo]

P < sup |[u — un, |3 > 6) <P(rM<T)+P (]].QS sup ||u — up, |3 > 5) + P (Q)

4 (3.64)

for n; large enough. Then by taking any subsequence w,,, and by Theorem 4.3.3 and
Lemma 6.0.2 repeating the same arguments above, we get that every subsequence
{tm,} has a further subsequence that converges in probability to w, which implies
that the whole sequence {u,} converges in probability to u, which concludes the

proof. O

Lemma 4.3.11. Let u be the solution to the equation 1.4.1 and let u, be the corre-

sponding linearized approximation equation 1.1. Then we have

E[[sup] log(1 + [Ju —u™|)3)] < M(f,uo,9,T), (3.65)
0,7

where M s independent of n and depends on initial data and time T only.

54



Proof. We note that ¢(z) = log(1l 4+ x) is an increasing concave function. Hence,

being concave with ¢(x) = 0, it is also subadditive. By noting that

= ™[5 < 2ffully, + 2[[u" 17,

we get
E[suplog(1 + [lu — u"[|},)] < E[suplog(1 + 2{[u]|},)]
[0,T] [0,T]
+ E[suplog(1 + 2[[u"||?)] (3.66)
(0,77
By Theorem 4.3.8 above, we conclude the proof. O

Now, we are ready to prove our first result, Theorem 3.2.1.

Proof. We know by Lemma 4.3.10 that

P (sup log(1 + ||Ju — u”H%,)1€> —0 (3.67)

(0,71

for 0 < € < 1 in probability as n — oo. Moreover, using 4.3.11, we have that

1
1—e

(1-¢)
E (sup(log(l + ||u — u"||%/)> < M(uo, f,9,T). (3.68)

(0,71
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1
We note here that g(x) = £ is a convex function with limy, o T

= 00. Using

de La-Vallee-Poussin criteria for uniform integrability (see e.g. [D]) we get that

(0,77

{sup ((log(l + ||lu— u"H%/)l_e} (3.69)

is uniformly integrable. Uniform integrability and convergence in probability and
imply L'-convergence. Thus, using that z'7¢ for 0 < € < 1 being increasing and

continuous, we get that

1—e

E |sup (log(1 + [lu — u"|[},) -0 (3.70)
[0,7]
as n — 0o. Hence, Theorem 3.2.1 is proven. O]

Next, we prove our second result Theorem 4.2.2.

Proof. We use that

Efsup|lu — uy, 7] < 2% (E[sup|lu|| %] + Elsup||u, || F])- (3.71)
[0,T7] [0,T7] [0,7)

Then, we have using Lemma 4.3.10, Theorem 4.3.6 and Theorem 4.3.9

Efsup|ju — u, |29 — 0, (3.72)
[0,7]
as n — o0o. This concludes the proof. O
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Chapter 5

Timewise Optimal Feedback

Control for the SNSE

1 Introduction

The existence of optimal control of stochastic evolution equations has been studied by
[PI, G, GR, GS, T, T2] among others by adding linearity or semilinearity assumptions
as well as putting boundedness restriction for nonlinearities. On the other hand, more
specifically, the literature about the optimal control of SNSE is not very rich, since
these assumptions do not apply to the SNSE. The nonlinearity of the SNSE causes
the problem to be of non-convex type. We refer the reader the book of Ekeland and
Temam about non-convex optimization for further investigations [ET]. Related works
about the control of SNSE can be mentioned as follows. Choi et al. investigated the
optimal control problem in [CTMK] for the stochastic Burgers equation (one dimen-
sional Navier-Stokes equation) with additive noise. The paper [PD] studies the control
of turbulence for the stochastic Burgers equation. Another work in this direction is
by Sritharan [S], where the existence of optimal controls is established using tech-

niques for the martingale problem formulation of Stroock and Varadhan [SV] in the
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context stochastic Navier-Stokes equation. In [B], it is shown that there exist feed-
back controls for the SNSE of (2.1), which are controlled by different external forces
¢ for a specific cost functional satisfying some regularity conditions. In this chapter,
we follow the framework that is studied in [B]. Namely, the SNSE is controlled by
deterministic force ¢. We show using the recent bounds and approximations for the
SNSE in 2D in [KUZ], that there exists a feedback control ¢* that is optimal for the
supremum of SNSE up to a terminal deterministic time 7', which is only natural to
introduce when we want to control the extreme events on the whole path rather than

integrating the path.

2 Main Result

Our purpose is to control the solution u, of the SNSE

(u(t), v} + / (Aug(s), v)ds
= (uo,v>+/0 (B(u¢(s),u¢(s)),v>ds+/0 (¢(s,up),v)ds
" / (4(5. tg(5)), v) AW, 2.1)

forallv € H, t € [0,T], a.e. w € Q, where ¢ € U’ and the assumptions on initial

data are as in Definition 2.1. We consider the following cost functional

J(¢) = E sup (o(L[t, ug(t), o()])), (2.2)

te[0,7
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where £ :[0,T] x V x H — R, is uniformly locally Lipschitz i.e.

1L(t,x,y) — L(t,x2,52) ] < C(llzr — x|} + [l — v2ll7), (2.3)
with
o(x) = log(1l + x)l_e, (2.4)
and 0 < e < 1.

Remark 5.2.1. Since we require L to be only uniformly locally Lipschitz, using the
concave function @(z) = log(1 + x)1=¢ does not imply that, we should check only the

end points for the functional L.
We state now our main result.

Theorem 5.2.2. Suppose we have a set ¢ CU° of bounded feedback controls that are

locally Lipschitz in 'V -norm, i.e. they satisfy

sup ||o(t,w)||v < K, a.s.,
t€[0,T]

[o(tr, z1) — (t2, 22) |3 < Cilts — taf* + Col|lw1 — @2 |7, (2.5)

where Cy and Cy are uniform for the family of controls ¢ € U®. Then, there exists an

optimal feedback control ¢* satisfying

J(¢*) = min J(¢) (2.6)

ocuU
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Remark 5.2.3. In their paper F. Abergel and R. Temam [AT] investigate the deter-
ministic Navier-Stokes equation by controlling the turbulence inside the flow. They
give a cost functional regarding the vorticity in the fluid. For our problem, the func-

tional L would be

L(t,ug(t), (1)) = IV x ug(®)|mr + 611 (2.7)

3 Proof of the Main Result

The proof of Theorem 5.2.2 requires several lemmas and theorems. First, we need

the following theorem.

Theorem 5.3.1. Let {¢,}n>0 be a sequence in U° as defined in (3.23) and J is as

defined in (3.20). Suppose

sup || — énllv — 0 a.s. (3.1)
t€[0,T]

Then, we have

J(on) = J(9) (3.2)

as n — Q.

To prove Theorem 5.3.1, we use the following results from [B]
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Theorem 5.3.2. [B] Let {¢n}n>0 and ¢ be a sequence of linear bounded feedback
controls with L(H) being the space of all linear and continuous operators from H to

itself and suppose

B o= énlln] 0. (33
then it holds that

B o = v 0. 34
as n — Q.
Proof. See appendix. n

Next, we need the two technical lemmas.

Lemma 5.3.3. Let p(x) be a concave increasing function with ¢(0) = 0. Then, we

have

lp(z1) — (22)| < @(lz1 — 22|) (3.5)

Proof. Since ¢(z) is a concave increasing function with ¢(0) = 0, ¢(z) is subadditive.

Hence, we have

o(r1) < o(|r1 — 22| + 22)
(|1 — 22| 4+ 22) < o(|21 — 22|) + ©(22)

p(r1) — p(z2) < (|71 — 729|) (3.6)

By interchanging z; and x5 we conclude the proof. O]
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Lemma 5.3.4. [GZ] Fix T > 0. Assume that

X,Y,Z,R:[0,T) x Q>R

(3.7)

are real-valued, non-negative stochastic processes. Let T < T be a stopping time so

that

E/ (RX + Z)ds < 0.
0

Assume, moreover that for some fixed constant k we have

/ Rds < k, a.s.
0

Suppose that for all stopping times 0 < 7, <1, < 7

T Tb
]E( sup X+/ Yds) SCOE(X(TG)—I—/ (RX+Z)ds),
0 Ta

te[Ta:Tb]

where Cy is a constant independent of the choice of 7., 7. Then we have

E( sup X~|—/ Yds) < C’IE(X(O)+/ st),
te[0,7] 0 0

where C' depends on Co,T" and k.

Proof. Choose a finite sequence of stopping times

0:7'0<7'1<...<7'N<7'N+1:T

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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so that
Rd —
3.13
/ 1 s < C a.s. ( )

For each pair 7_1, 7 take 7, = 74,1 and 7, = 7 in (0.4). Using (0.7), we have

]E( sup X+/ Yds) < CEX(7j-1) —|—C’E/ Zds. (3.14)
te T)

[Th—1,] k-1 Th—1

By induction we have

]E( sup X+/JYds) < (JEX(O)+CE/Jst (3.15)
0 0

te [O,Tj]

then we have

T Tj+1
E( sup X +/ Yds) < CEX(0) 4+ CE/ Zds + CE( sup X +/ Yds)
te 0 0 T,

0.7341] el il g

Tj+1
< CEX(0) + CE / Zds + CEX (r;)

[e=]

TJ+1
< CEX(0 +CE/ (3.16)

=]

Hence, we conclude the proof. O
We continue with the following theorem.

Theorem 5.3.5. Let M > 0 and M > 1. Moreover, let {ug, }n>1 be the sequence of

solutions of Equation 2.1. Suppose, we have

luollv < M, a.s. (3.17)
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Moreover, assume

Sup [[om(t,-) = ¢u(t,)llv = 0, (3.18)

t€[0,T]
as m,n — oo almost surely.

Denote

TAE —{r T (oup g, [} + [ A, P> < 01+ 31, (3.19)
0

tel0,7]

Let

Tl =TT O TMT (3.20)

Then

1. For any T > 0, we have

lim sup sup E[sup s, — s, I} + | Ao, —ua )] =0 (321
0

TOm2n e MT te[0,7]

TAS
s sup B(sup o+ [ 1A, Pyt > 07+ (1 - 1) <o
0

520 5 reTM.T te[0,7AS]

(3.22)
Proof. 1. We have

d(ug, — ug,,) + Alus, — g, )dt = (B(ug,) — Blug,))dt + Y _[gx(us,) — gi(ug,,))dWy

+ On(t, ug, (1) — dm(t, ug, (t))dt (3.23)
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Hence by Ito-lemma, we have
dllug, — ug,, [t + 2| Alug, — ug,,)||Hdt
= 2(B(ug,) — B(uy,,), A(ug, — ug,,))dt
+ ZHgkz Ug,) = gr(ug,)[I7dt
+22 9k (ug,) — gr(ug,,))dWy

2(¢n(t, ug,) = Om(t, us,, ), Aug, — ug,,))dt (3.24)

By taking supremum up to 7, integrating and taking expectation, we get

Bfsuplut, =t [} +2 / A, = e, ) ]
<28 /r () = Bl A, — s, )

+E Z\ng(u%m) = gr(ug,) IV dt

B 23 [ nCs,) = ) A, = 0 )]
B [ 160t 00.) = . 1s,). Alus, = g, DIt (329

We treat each term above seperately. First

E / ank () — g, )t
0 _

<E / " (3.26)
0
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By Poincare lemma, assumption 3.18 implies that

T
/ g, — % — O, (3.27)
0

as m,n — oo. Then this implies by Theorem 5.3.2

T
0

as n,m — 0o. Next we have

B [ 1462(0:0,) = .4, ). Alus, = g, D)
< [ 60t 16,) = ot ia, v s, o, lvds
0
T
+CE [ e, = ol
< CE [ 6(t.us,) = onlt,ua I}
0
+CE [ lonlt.s,) = ot us, )}
0

T
| CE / g, — s |12 (3.20)
0

which goes to 0 as n, m — oo by Theorem 5.3.2 as well as by our assumption on ¢.

Next, we treat the nonlinear term by seperating into two parts as follows.

[(B(ug,, = tg,), Altg, = ug, )| < [(B(us, = ug,, U, ), Alug, = ug,,))]

+ [(B(Ug,, up, = g, ), Alug, — tg,,))]
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For the first term above, we have

[(B(ug,, — Ug,,Ug,, ), AUy, — Ug,,))]

1/2 1/2

< ug, = s v llug, v "l Avg,, ™| ACug, = ug, )l

1
< EVHA(%n — ug, )7 + Cllug, — ug,, 3| Avg,, || 1, (3.30)

To estimate the term C |Jug, — ug,, ||¥||Aug,, || in the second line of inequality, we
apply Theorem 6.0.1 with R = [|Aug, ||z, X = Cllug, — ug, ||} and Y = || A(uy, —
ug,,)||% and Z stand for the remaining terms in the right hand side of the equation
3.25, that we prove converging to 0. Moreover, tv||A(ug, — ug,,)||7 is absorbed to
the left hand side of the main equation.

Next, we treat the second nonlinear term as

[(B(ug, , ug, — ug,, ), Alug, —ug, )|

1/2 3/2
< Nt v N[, — v 42| A, — ug, )5

%{ + C(M7 M) ||u¢n - u¢'m

2, (3.31)

1
< 6||A(U¢n — ug,,)

where the first term is absorbed to LHS of the equation 3.25, whereas for the second

term we have

(M, 3| / g, — g, 2] = 0, (3.32)

as m,n — oo by Theorem 5.3.2. Hence, the first part of the proof is concluded.
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2. The proof is identical with [GZ]. First by Ito we have

dllugll? + 20 Aug |y dt = (2<¢ — Blug), Aug) + ||gk<u¢>||2v)

+2) (gu(ug), Aug)d W (3.33)

k=1

We fix 7 € TMT and S > 0. Integrating from 0 to 7 A S, we get

SAT SAT
sup Jlual + / 2w Aug|2ds < luol. + / 206 — Blug), Aug)|dr

rel0,SAT]

SAT
+ [ latws) e
> 2gn(ug), ug)dWi|.  (3.34)

k=1

+ sup
r€[0,SAT]

Applying the classical estimate on nonlinear term (see [CF2]), we have

]<B<u¢>,A<u¢>>\ < N |2 Aug |42

v
< Clluglly + 11 Augl7- (3.35)
Using Equation (3.35) and the Lipschitz assumption on g, we get

TAS
sup [uly+ [ vl duldr
rel0,SAT] 0

SAT
< Juoll? +C / U61% + lugl® + lugll?, + 1)dr
0

/0 ) > Agr(ug), ug)dWi|. (3.36)

+ sup
r€[0,SAT]
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This implies then

TAS
P( o Jusll +o | HAu¢||%1ds>||uo||%+<M—1>2)
0

s€[0,7AS]

TAS (M _ 1)2
<P(C [ ol + ol + ol + Dar > 20

2C

TAS
< o [ (00 + sl + el + Vi

S
< CE</0 ||¢||§I+1dr) (3.37)

Next, using Doob’s inequality for the second term, we get

o0

r M - 1 2
P |5 [t agam) > S
rel0,7AS] =1 Y0
y A E(/wu 123 el 2 )
< u g (u r
(M — 1)4 o ollv s E\Ye)llv
<C (3.38)

By letting S — 0 with the integrability condition imposed on function ¢, we conclude

the proof. O

Theorem 5.3.6. Given the assumptions on initial data uy as in Definition 2.1 and
¢ € U, there exists a global strong solution (ug,T) in the sense of Definition 2.1

introduced above.

Proof. Let w € H be given. Using Theorem 5.3.5 with {ug,} be the sequence of
solutions of Equation 2.1. Due to 3.21 and 3.22, we apply Lemma 6.0.2 with B; =V

and By = D(A) and the sequence {X"} = {uy,}. We infer the existence of a
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subsequence {ug } and a strictly positive stopping time 7 < T and a process ug(.) =

ug(. A7), continuous in V' such that

sup e, — wolfy v | 1A (us,, —ua)lfyds =0,
te[0,7] 0

(3.39)

a.s. We also have that the conditions of Lemma 6.0.2 (ii) is satisfied for any p € (1, 00).

Thus, we have for any p > 1

ug(- A7) € LP(Q; C([0,T]; V),

with

upli<r € LP(Q; LQ([Ov T}; D(A)))

By Lemma 6.0.2 (ii) we infer a collection of measurable sets €,, € F with

Q1 Q

such that

p/2

supE| sup |lug , ()1 |} + l// |Auy 1q ,||7ds| < oc.
0

n’ te[0,7]

Using equations 3.39, 3.42, 3.43 and by Lemma 6.0.3 we have

Lo, et — Licyug in LP(Q; L2([0, T]; D(A))),

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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and

Lo uj "™ —*win LP(Q; L*([0, T]; V). (3.45)
For the nonlinear term, we estimate for all w € H as follows:
{ <B(U¢n, ) U¢n,) - B(U¢, u¢)7 w> ’ (346)
= |(Blug,, —ug, ug,,) + Blug, uy ) — Blu,u),w)]

= [(B(ug,, — ug, g ,) + Blug, uy,, — ug), w)|

< [(B(ug,, — ug,ug,, ), w)| + [(B(ug, ug,, —uy), w)]

Then we have using the classical estimates [CF]

1/2 1/2 1/2 1/2 1/2
[(Blug,, — s ug ), w)| < Cllug,, —uglly s, — uplly e, 11 Aug,, |11 1wl 1
(3.47)

1/2 1/2 1/2 1/2 1/2
[(B(ug, ug,, —ug), w)| < Clluglly lluslly*lus,, — sl *I|Alug —ug )i lwlly

Hence the nonlinear terms converge to 0 by 3.39, we conclude that given any v € H

1t§T<B(U¢n,71 , uw/), v) = Li< (B(ug, up), v), (3.48)
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as n’ — oo, for almost every (w,t) € Q x [0,T]. Moreover, by using the uniform

bound of Equation 3.39 with p = 4, one finds that

supE(]lQn,/ \B(u¢n,,u¢n,)|2ds) (3.49)
n’ 0 )

gc*supE(ﬂQn, / Hu%,uzuum%ds)
n’ 0

< 0supE(ﬂnn, s IIU%,H%!\AumHHds)
n’ te|0

<0supE<ﬂQ/ sup g, I} + ( / | Aus qus))
telo, 7

< 00

Using 3.48 and 3.49 and using Lemma 6.0.3 we have

ﬂgn,ytSTB(ud,n,,u%/) — ﬂtSTB<U¢,U¢), (350)

in L*(Q; L*([0,T); H)). By Lipschitz condition on g we get

> Ngi(us,,) = grus)lI (3.51)

< lug — ug,, I = 0,
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by 3.39. We have moreover that

supE {]lgn, / ||gk(u¢n,)||%/ds] (3.52)
n' 0
< C’sup]E[llQn, / 1+ ||u¢n/||%/d3]

n' 0

< 00,
which means that
lgn/,tSTg(U’(f)n/) — ﬂtg‘rg(ufb)? (353)

in L2(Q; L([0,T);I1*(H))). Moreover, using ¢, being bounded as well we deduce that

for any fixed v € H

tAT tAT
1o, / (Aug,,,v)ds — / (Aug,v)ds, (3.54)
0 0

tAT tAT
1o, / (Blug, ), v)ds — [ (Bug), v)ds,
0

0
lo, /OtAT<¢n/, v)ds — /MT<¢, v)ds

Z/ U¢ ;5 U de —\/ gk U¢) >de
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converges weakly in L*(Q x [0,T]). If K C Q x [0,T] is any measurable set, then by

3.54, we have

E /0 ' L (w, ) (ug(t A7), v)dt (3.55)

= lim E/0T<]lgn,(w),]l;<(w,t)v>dt

n/—o00

n/—o00

~ lim <E/T1K(w D)., () {uo, v)dt
—E/OT Ig(w,t)lg,,( [/0 (vAug , + B(ug,, ¢n/,v)ds}dt
+IE/OT]let]lQ [Z/O (g1 (ug,, )dWJdt)

_E /0 " Lo t) [<u0, o) — /0 <VAU¢—|—B(U¢)—gb(s,u@,v)ds]dt
+ IE/OT Lie(w, 1) {Xk: /OMT<gk(U¢), v>de} dt

Since v € H and K are arbitrary, we conclude that ug4 satisfies the regularity con-
ditions. Hence, we have shown the local existence of the solution u4. Relaxing the
restriction |[ug|ly < M, namely extending to the case uy € L2(Q, V) and the global

uniqueness follows the same steps of [GZ] Theorem 4.2. This concludes the proof. [J
Next, we borrow the following theorem from [KUZ].

Theorem 5.3.7. [KUZ] Let ug4, ug, ¢, g be as defined in Definition 1.4.2. Then, we

have

Bfsuplog(1 + sl )] < C(6,9,u0,7). (3.56)

We continue with the following lemma.
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Lemma 5.3.8. Given the assumptions on initial data and {¢,}n>1 as in Theorem

3.8, we have that for any deterministic time T

P( sup [lug — ug, [} > 5) < ¢ (3.57)
te[0,7)

for any n,m > Ny for some Ny, i.e. solutions with different deterministic force

{ug, tn>1, converge in probability to us as n,m — oo.

Proof. By assumption, we have uy € L*(2, V). Hence, by Chebyshev theorem we
have,

P(||luol|Z > s) = 0 (3.58)

as s — o0o. Denoting Qg = {||uo|l}r < s}, we have Q, — Q. Hence, we choose
s such that P(€;) > 1 — £. Moreover, We know by Theorem 5.3.5 and Lemma
6.0.2 that there exists a sequence of stopping times {ﬁi‘f }n,>1 with the corresponding
subsequence {u¢nl} converging monotone decreasing to 7. We also know by Lemma

6.0.2 that 7 — oo a.s. as M — oo, where M is the constant defined as in Lemma

5.3.5, since the solution is global in the sense of Definition 1.4.2.

Hence, denoting {7}/ = 7} A T},,>1, there exists My such that P(r" < T) < <
and by Lebesgue dominated convergence theorem, we have
lim E|lg, sup |lug—uy, [7| =0. (3.59)

Moo tefo,7Mo)
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This implies convergence in probability. Thus,

lim P(Llg, sup [ug —ug, 13 > 6) =0, (3.60)

Moo te[0,7Mo]

for any § > 0. Hence, we have

P(Lo, sup [lug = ug, [} 2 8) = P({ sup [lus — us,, [} = 6} 0 {7 < T} N {w € Q,})
t€[0,7) te[0,T

+P({ sup [lug —ug, [ > 6} N{r*™ =T} N {w € Q.})

te[0,T
<P < T)+P(lo, sup |lug—ug, [ > 6) (3.61)
te[o,7Mo]
Then, we get

P < sup [lug — ug,, I3 > 5) <P(rM <T)+P (]lgs sup |lug — ug,, I3 > 5) + P (QF)
t€[0,T]

te[0,7Mo]

— e (3.62)

for n; large enough. Then by taking any subsequence ug,, and by Theorem 5.3.5 and
Lemma 6.0.2 repeating the same arguments above, we get that every subsequence
{ud,m} has a further subsequence that converges in probability to us, which implies
that the whole sequence {u,,} converges in probability to ue, which concludes the

proof. O

Now we are ready to prove Theorem 5.3.1.
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Proof.

[E[sup o(L(t, us,, én)) = sup p(L(E, us, 6)]|

(0,7 [0,77]

< E[sup |g0(£(t, Ug,, Pn)) — P(L(E, ug, ﬁb))H

[0,7]

< E[sup |o(L(t, ug,, ¢n)) — @(L(t,ug, . 8))|]

(0,77

-+ ]E[sup ‘@(ﬁ(t, Uy, » ¢)> - (P(E(tu Uy, ¢))H

(0,77

< E[SUP 90(|£(t7 Uy, 5 gbn)) - £<t7 Uy, 5 ¢)|]

[0,7]

+ E[sup go(‘ﬁ(t, Ug, Bn)) — L(E, ug, @) H

(0,7]

< E[?ouﬁ 2(Cllg — ¢ultr + Cllug — ug, I3)]

< E[supp(Cllus — ug, [I}/) +sup(Cllé — dulli)], (3.63)
[0,7] [0,7]

where we appeal to Lemma 5.3.3 in the third inequality and the Lipschitz assumption
on L(t,uy, @) in the fourth inequality. We have by boundedness assumption on {¢,, }

and assumption (3.26) the followings

?ur;w(Cch — Gnll7) = 0, asn — oo
0, T

E[[SH%IW — dull] < M, (3.64)
0,7
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Hence, we have by uniform integrability and convergence in probability

E[?u%so(ﬂcb — ¢nl|})] = 0, as n — cc. (3.65)
07

For the first term in the last line of the Equation 3.63, we have

E[sup o(Clluy — ug,[[})] < E[supo(Clluglli)] + E[supp(Cllug, [I37)]  (3.66)
0,7) (0,7] 0,7]

By noting that log(1 + z) < x for x > 0, we have by Lemma 5.3.8 that

P (Sup(log(l + [lug — um“%x)l_e) — 0 (3.67)

(0,7]

for 0 < € < 1 in probability as n — oo. Moreover, using Theorem 5.3.7, we have that

1
1—e

(19
E (sup(log(l + ||u — u"||%,)> < M(ug, f,9,7T). (3.68)

[0,7]

1 xl—¢

We note here that g(x) = 27— is a convex function with lim,_,,, = = oco. Using

de La-Vallee-Poussin criteria for uniform integrability (see e.g. [D]) we get that

(0,71

1—e¢
{SUP (log(1 + [lug — ug, [I}) } (3.69)
n>1
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is uniformly integrable. Using uniform integrability and by Lemma 3.11 convergence
in probability imply L'-convergence [D]. Thus, using that z'7¢ for 0 < ¢ < 1 being

increasing and continuous, we get that

E [sup (log(1 + [Jug — ug, |2) | =0 (3.70)
[0,7]
as n — 0o. Hence, Theorem 5.3.1 is proven. O

Our main result, Theorem 5.2.2 follows from Theorem 5.3.1 above.

Proof. By assumption on ¢ C U® and via Arzela-Ascoli theorem, the set ® is compact.
Then, by generalized Weierstrass theorem (see [Z]), we have that there exists an

optimal feedback control ¢* € U® for J(-). Hence, we conclude the proof. O
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Chapter 6

Appendix

In the appendix, we state and prove the critical theorems that are used and not
proven during the previous chapters. First, we give two results, first one being the
stochastic version of the Gronwall lemma and second one is related to the existence

of a process that lives up to a specific stopping time defined below.

Lemma 6.0.1. /[GZ] Fiz T > 0. Assume that
X,Y,Z,R:[0,T) x Q > R (0.1)

are real-valued, non-negative stochastic processes. Let 7 < T' be a stopping time so
that

E/T(RX + Z)ds < 0. (0.2)

Assume, moreover that for some fized constant k we have

/ Rds < Kk, a.s. (0.3)
0

Suppose that for all stopping times 0 <7, <7, < T

E( sup X+/07Yds> gCO]E(X(Ta)+/T:b(RX+Z)ds>, (0.4)

LE[7a,Tp]



where Cy is a constant independent of the choice of 1,,7,. Then we have

E( sup X+/ Yds) < C’E(X(O) +/ st), (0.5)
te[0,7] 0 0

where C' depends on Cy, T and k.

Proof. Choose a finite sequence of stopping times

O0=7<N<..<TN<TN31=T (0.6)
so that
Tk d 1
Rds < — a.s. 0.7
/ " R < o (0.7

For each pair 7,1, 7% take 7, = 7,1 and 7, = 7 in (0.4). Using (0.7), we have

]E( sup X+/ Yds) < CEX (7%-1) —|—C’E/ Zds. (0.8)
te T)

[kalv] k—1 Tk—1

By induction we have

]E( sup X+/JYds) < OEX(O)JrCE/Jst (0.9)
0 0

te [O,Tj]
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then we have

Tj Tj+1
E( sup X +/ Yds) < CEX(0) 4+ C’E/ Zds + CE( sup X +/ Yds)
te 0 0 T,

0,751 telrs il g

Tj+1
< CEX(0) + CE / Zds + CEX (r;)

[e=]

TJ+1
< CEX(0 +CE/ (0.10)

=]

Hence, we conclude the proof. O

Lemma 6.0.2. [GZ] Let (0, F, (Fi)i>0, P) be a fized filtered probability space. Suppose
that By and Bs are Banach spaces with By C By with continuous embedding. We

denote the associated norms by | - |;. Define

E(T) := C([0,T); By) N L*([0, T]; By) (0.11)
with the norm
T 1/2
Ve = ( sup |Y(t)|§+/ |Y(t)|§dt) : (0.12)
te[0,7 0

Let X,, be a sequence of Bs-valued stochastic process such that for every T > 0 we

have X, € E(T), a.s. For M > 1, T > 0 define the collection of stopping times

T = {7 <T:|Xpley < M +|X,(0)1}, (0.13)

and let TXT - TMT A TALT,
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1. Suppose that for M > 1 and T, we have

lim sup sup E|X, — Xp|gq) =0

n—o00 M, T
m2n ip M

and

klgii%sup sup P[|Xu|e(rns) > [Xn(0)[ + M —1] = 0.

M,T
noreT,

Then, there exists a stopping time T with:
PO<7<T)=1,
and a process X (-) = X (- N7 € E(7)), such that
| X0, — Xler) = 0, a.s.
for some subsequence n; 1 co. Moreover

|X|€(T) < M+Sup |Xn<0)|17 a.s.

2. 1If, in addition to the conditions imposed above, we also have

sup E|X,,(0)[] < oo,

(0.14)

(0.15)

(0.16)

(0.17)

(0.18)

(0.19)
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for some 1 < p < oo, then there exists a sequence of sets €2 1T €2 such that

Sup Bl | X gy < 00

and

EIX[2,,, < Cy(MP + sup E[X, (0)]).

(0.20)

(0.21)

Proof. To find the convergent subsequence, we proceed by induction on [ and start

with [ = 0 and ng = 1. We have by 0.14

sup ]E|an B an+1|€(7) S 2_2l'

M, T
T€7-”1+1»"l

Next to find 7 in 0.16 and 0.17, we define
7 = inf{| X e > [ X, (0)l1 + (M =1+ 27)} AT,

and let

[e.e]

Qny = ﬂ {‘an - an+1|g(7j/\7j+l) < 2(12)}

Jj=N

: M,T
Using 7 A 7141 € T,)) > We have

P(|an - X

ni+1

|5(Tl/\‘rl+1) > 2_(H—2)) < 2l+2E|an - X

ni41 |5(Tl/\Tl+1 =

) <277

(0.22)

(0.23)

(0.24)

(0.25)
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Hence, by Borel-Cantelli lemma, we conclude that

P( ﬂ U {|X”J - X"j+1|g(7—j ATjp1) > 2_(j+2)}) =0 (0.26)

N=1j=N
and hence Q := UxQy is a set of full measure. Next, we note that

T (w) < mi(w), (0.27)

for every | > N,w € Qy, since given N and | > N, take the set {71 > 71} NQy. On

this set, we have 7, < T". By continuity of | X}, |¢) in t, that imples
| Xlem) = [Xn (0l + (M — 1427, (0.28)
Moreover, we have on Qy

|an‘5(7'l/\7'l+1) - ’an+1|5(71/\7'l+1) < 27(l+2) (029>

[ X (0)] = X (0)] < 27052,
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Hence, we get that

| X letrnrign) > [ X lemang — 272 (0.30)
= | Xl — 2702
=X, (0))y + (M — 14271 — 270+
> X, () + (M —14+27) —2.270#2)

= ‘Xm+1(0)|1 + (M -1+ 2_l+1)>
over {741 > 7} N Q. Moreover on Qy, we have

’an+1|5(‘f‘l/\7’l+1) S |an+1‘5(7'l+1) (031)

<X (0)] + (M — 14270+,

Hence, we have by 0.30 and 0.31 that {r;.; > 7, N Qy} is empty. Hence, by 0.26 and
0.27, we have

T = Ii{n i, a.8. (0.32)

Next, by fixing € > 0 with 7" > ¢ > 0. We have

{n < e} c{lXnlemng = [Xu, ()]s + (M —1+271)} (0.33)

C X lemng > [Xn (0)]1 + (M = 1)}
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Since

P(r <e) = IP>< ﬁ G{Tk < e}) (0.34)

=1 k=l

< limsupP(7; <€)
!

< SlllpP(|an|5(Tl/\6) > |an(0)|1 + (M - 1))7
by 0.15, we have
P(r =0) =P(Neso{7 < €}) = lig)lIP’(T <e€)=0. (0.35)

Hence, 7 < T. Next, we show that X,, is Cauchy in £(7) a.s. By 0.24, for every

w € Q, we can choose N = N(w) so that w € Qy and 7(w) < 741(w) < 7(w)
whenever [ > N. Hence

| X, (W) = Xer) = 0, as. (0.36)
Hence , the first part is proven. Next, we take 2; as in 5.15. Hence by

Loy | Xnleer) < 270 + 1| X, et (0.37)

< X (0 + M

< sup | X,(0)]; + M,
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which implies 0.20. Moreover, by 0.37 we have

E (Lo | Xnl¢()) < Co(MP +EIX,, (0)F)

(0.38)

Combining 0.21 and 0.38, we conclude the bound in 0.22. By Fatou’s lemma, we

conclude the result in 0.21. Hence, the proof is concluded.

]

Lemma 6.0.3. /GZ] Suppose that X is a seperable Banach space and let D C X be a

dense subset. Let X* be the dual of X and denote the dual pairing between X and X*

by (-,-). Assume that (E,&, ) is a finite measure space and that p € (1,00). Assume

that w,u, € LP(E, X*) with {u™} uniformly bounded in LP(E, X*) and

(u",y) — (u,y) p— a.e.

for all y € D. Then

in LP(E, X*).

Proof. We fix y € D and let

Ey ={we E:|(u"(w)—u(w),y)| <1, for every m > N}.

Denoting 15 as the indicator function associated to Ey, by 0.39, we have

1—1y —0,

(0.39)

(0.40)

(0.41)

(0.42)
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as N — oo, i almost surely.

Let FF € £ and N > 1 be given. By dominated convergence theorem, we have

lim / Iy (u"™ —u,y)du| = 0. (0.43)
n—oo F
Moreover we have
lim sup ‘/<u” — u,y}du‘ (0.44)
n—oo | JF
< lim sup /(1 — In)(u"™ — u,y)du‘ + lim sup ‘ / Tn(u" — u,y)dp
n—o00 A n—oo F
lim sup /(1 — In)(u"™ — u,y)du‘
n—o00 F

1/p , 1/p
i sup (o~ ulfdn) ([ 11 1t dn)
—00 F

NV
gc(/u—w) |
F

by uniform bound on u™ in LP(E, X*), we conclude that C' can be chosen indepen-
dently of N. By letting N — oo and via dominated convergence theorem with

Equation 0.39, we have

lim ‘/(u” — u,y>d,u‘ = 0. (0.45)
By using that
d
S::{S:Zyk:ykeD,FkEE,d<oo} (0.46)
k=1
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Similarly, we also have the preservation of the weak convergence under continuous

linear mappings.

Proposition 6.0.4. [B3] Let S; and Sy be Banach spaces and let L : S; — Sy be
a continuous linear operator. If {x,} is a sequence in Sy such that x, — x, where

x € Sy, then L(x,) — L(z).

Next, we continue with the critical convergence results in £2.([0,7] x Q) that we
extend to the timewise case. We note here that the stopping times Tj\cj are the first

hitting times in the needed sense accordingly.

Proposition 6.0.5. [B4] Let {Q(t)icjo,n} be a V-valued process with

T
AH@M@<w

for a.e. w e Q. For each M € N, we define the stopping time

T.if [1Q(s)3ds < M
_ (0.47)

inf{t € [0,7] : [}]|Q(s)||3ds > M}, otherwise.

=4
|

Hence, we have

AT
A 1Q(s)[2-ds < M.
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Then, we have that

lim P73 <T)=0

M—o0

lim Tz\? =T, a.s.

M—o0

Proof. We have that

Jm P < 1)< g ([ Q0 M@>M<Pgi{[m@w2MD

=0

The sequence (T —7']3) is monotone decreasing a.s. by above, we have that it converges

in probability to 0. Hence, T]\C)[? converges to zero a.s. O
Proposition 6.0.6. [Bj/ Suppose we have the following assumptions:
e ki, ko > 0 are real numbers;

ug is a H-valued Fy-measurable random variable. with Bllug||3; < oo.

Fy € LL(Q x [0,T]), with Fy € L%(Q x [0,T]).

o F3:[0,7] x H— H is a mapping such that for allt € [0,T], x € H, we have

|F3(t,2)||lz < Cllz||g and F3(-,z) € L%[0,T] for all v € H.

o (Q(t))ico is a V-valued process with

T
An@ﬂwm<w
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which satisfies

t t
Q% +C / 10() s < [[us|l3 + C / Q)| %ds  (0.48)
0 0

+/O |F1(s)|ds+/0 (Fa(s) + Fa(s, Q(s)), Q(s))dWs,

for allt € [0,T] and w € Q a.s.

Then, we have
™ T T
E sup Q)5 +E | [Q()IPds < CBJuoll+E [ Fu(s)lds+E [ |Fas)ds]
t€[0,7] 0 0 0
Moreover, z'f]EfOT |Fi(s)|?ds < oo, and ]EfOTHFg(s)H‘;Ids < 00, then

T T T
E sup [Q(014+E( | 1Q(s)}ds) < CEJuol*+E [ |Fi(s)Pds+E [ [1Fa(s)lfas
] 0 0 0

tel0,T

Proof. By considering the stopping times 7Ty, := 7—]@2, and M € N. We have that for

all t € [0, 7]

tATm tATMm
swp Q)% +C / 10()[[2.ds < 2lfuo|% + 20 / 1Q(s)[3ds  (0.49)

SE[0,tATas]

tNTM
+2/ |Fi(s)|ds+2 sup
0

Se[o,t/\‘n\ﬂ

/Ds<F2(T) + F3(r,Q(r)), Q(r))dW,
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and

tAT v 2 tATm 2
sup ||c2<s>||%1+02( / ||@<s>||2v) sonuon;zw( / ||@<s>||%[)
0 0

s€[0,tATar]

(0.50)

tNTM 2
16(/ |F1(s)|ds> +16  sup
0

s€[0,tATar]

/Os<F2(T) + F3(r,Q(r)), Q(r))dW,

By BDG and the Cauchy-Schwartz inequality, we get that

tATM
E sup [Q(s)|%+C / 1Q(s)[1Z < 2E o)l + 2CEL T Q(s) || ds
SE[U,t/\TNI] 0

(0.51)

t/\TM] 1 tATM
#28 [ RS £ 5B s QI+ CE [ IR + Fils, Q) s,
0 0

s€[0,tATMm

and

tA T

tA T 2
E sup ||Q(S)II?EI+C‘E< / IIQ(S)||2vdS) < 16E|ug||%, + CE / 1Q(s) 4 ds
SE[0,tATas] 0 0

(0.52)

tATM 1 tAT M
CE [ IR(s)Pds+ 3B sw QW+ CE [ IFa(s) + Fals. Qo) s,
0 0

SE[O,t/\TI\/[}

for all t € [0, T] for some constant C'. Hence, for every ¢ € [0, 7], we have

E s Lo 7, () NQU) NI < Clluoll (0.53)
s€|0,

t T T
+CE [ sup 10 0)IQWIEdr +C [ F(s)lds+ CE [ [F(s)]fyds
0 0 0

rel0,s]
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and

t 2
EQmﬂmnNQ@W§+CE<A onM)Mﬂ)ﬁda < CElluollu

s€[0,t]

L CE / sup 1o 7 (M|1Q(r)|[4dr

rel0,s]

T T
+C’E/ |F1(5)|2d5+C]E/ ||F2(s)||}1{ds
0 0

By Gronwall lemma we conclude that

TATm
E sup [Q(s)|%+CE / lu(s) |2 ds

s€[0,TATar]

T T
SCWWN%+E/\E@W%+E 1F2(s) 17|
0 0

and

TNTMm 2
E sup HQ(S)H‘%#O(E / Hu(sw%ds)

s€[0,TAT]

T T
gcmmﬂ%+ﬁ/\ﬂ@W@+E/H5@m;m
0 0

(0.54)

(0.55)

(0.56)

]

Theorem 6.0.7. [B3] Let u and u, be the corresponding solution of the SNSE and

Galerkin approximations in the Definition 1.4.1 and 1.4.3 respectively. Then, for each

fixed time T, the following convergence holds:

T
E/ﬁm—%mﬁ%m
0

(0.57)
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as n — o0.
To prove the result, first we give the following lemma.

Lemma 6.0.8. [B3] There exist a positive constant C' such that for alln € N

T T
Elun (7)1 + 20 | ||un<t>|r%dtsc(Euxon%E / ||f<t>||zdt)

and each of the expressions below

T T 2
sup E\Iun(t)llﬁpE/o ||un(t)||2v\|un(t)||§;dt,E(/O |!un(t)H2vdt) ;

t f10,T]
is less than or equal to C[E|juol|3; + EfOTHf(t)Hjlth]

Proof. Let n be an arbitrary fixed natural number. We rewrite equation Galerkin as

<un(t),hi)+/0 (Aun(s), h;)ds = (ug,hi>+/0 (B(un(s),un(s)), hi)ds
+ [ mds + [ o) mjaw.

fori=1,..,nand ¢ [[0,7] and a.e. w € Q.
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Let z(t) = exp{—(6A + 3)t}, so from above and applying Ito lemma, we get

) un(t)f +2 / 2(5){ At (8), tun(8))ds = g% +2 / 2(8)(F(5), un(s))ds

(0.58)
n / 2(5)llg () |ds — (6) +3) / 2(8) [t (5) 2l
2 / 2(5)((un). ) AW,
and by bootstrapping Ito we have
(&) un(t)[ Y + 4 / 2(5)( Attn(8), 0 ()t (5) 2y = 4 / 2(5)((un) )2
(0.59)

2 / 2(5)1g1tn) [l un*ds — (62 + 3) / 2(5)n(s) [ s

+4/0 Z(S)<f(8),un(S)Hlun(S)H%dS+4/0 2()(9(tn), wn) [nl AW + [Juo||*.

Hence, we get

2(t) Jun ()7 + QV/O 2(5)Jun(s) [v-ds (0.60)

< ol + / 21 (3)|ds + 2 / 2(5){g () )W,
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and

t
2(0)luollly + 4v / 2(5) 2 e s (0.61)
0

< uolll; + / L)1 (3) s + 4 / 250 () ) 10 (5) |2 VY.

By squaring both sides of the inequality in 0.60, we obtain

200l -+ 7 | t z<s>uun<s>||2vds)2 (0.62)

<3l +3( | tz<s>||f<s>||%qu)2 #12] [ 26) gl u)a,

Using 0.60, 0.61 and 0.62, we get

t

B=(0) )+ 2B | =()lun(s) s < Blualfy + 5 [ 2l f0)fds (063)
B0l + 47 | 2(5)un I}l

t
< Eflugll}y + E / I () [4ds,

and

B0 o)1} + 48 ( [ t z<s>uunu’éds)2 (0.64)

< 9Bl + 32 | tZ(s)Hf(s)Hifds)z +12] [ s atun) ).
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Hence, we have

T T
Ellun(T) 1% + 20E / lun($)][3ds < C(Elluoll’ +E / 1(s)%ds),  (0.65)

T
sup EHun(t)H‘iﬁ@E/ [ |13 |7 ds
t€[0,T) 0

T
< ClEllugllly + E / 1)l ls]

By 0.64, we get

E2(0)[un(Dllh +4V2E( / z<s>uun<s>u2vds> (0.66)

< 3E|Jup |y + 31E / 2(3)[1£() s + 12E / 2(5) (g (tn()), un(5))?ds

t t
Bl + 3 [ 17()]lhds + 1208 | un (9
0 0

From 0.65 and 0.66, we conclude that

T T
Ellun(T) % + 20E / lun(s)[[2.ds < ClE|uo, +E / 1F()I5ds),  (067)
T
sup Ellun()lY + 4vE / tn 2 ot s

t€[0,T]

T
< CE|luoll’; + E / 114ds],

and

B [ lunlds) < ClElull +E [ 1rlhas
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Lemma 6.0.9. [B4] We have the followings.

o There exists u € L} (Q x [0,T)), B* € L%.(Q x [0,T]),9* € £%(Q x [0,T]) and

a subsequence {n'} of {n} such that for n’ — oo, we have

U — u in L3(Q x [0,T))
By, up) — B* in L3.(Q x [0,T]),

g(un’) - g* in ‘C%(Q X [OvT])

o ForallveV,tel0,T] and w € Q a.s., the process (u(t))icjo.r| satisfies the

equation:

(u,v) + /OT(Au,v>ds = (ug,v) + /Ot(B*(s),wds
+ /Ot<f,v>ds + /Ot(g*(s),v)dWs,

forallv e V, t € [0,T] and for a.e. w € Q. The process (u(t))icjor] has in
H almost surely continuous trajectories. Moreover, the process (u(t))iwcp,m is @
strong solution of the SNSE equation as in Definition 1.4.1, and it has almost
surely continuous trajectories in H. Furthermore, the process (u(t))scpor is with

probability one a unique solution as in Definition 1.4.1.
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Lemma 6.0.10. /B3] Define the stopping times as follows:

T, i S (o) [ds < M
T = (0.68)

inf{t € [0,7]: [o|ju(s)|¥ds > M}, otherwise,

then the following convergences hold

lim P(ry <T) =0,

M—o0

and for a.e. w € Q)

lim ™™ = T
M—o0

Proof. From previous lemma, we have

T
/ lu(s)|ds < oo,
0

for a.e. w € ). Hence we have

T
A}iinooP(TM <T)= A}linoo (IP’/O Ju(s)||}ds > M)

sp(ﬁ (/OTuu<s>H% > M)) o

Next we state the following two lemmas from [B3]:
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Lemma 6.0.11. /B3] For each fized natural number M, there exists a subsequence
{ni}e>1 such that

T™M
]E/ = wn|2ds — 0, (0.69)
0
for n — 00 as ny — o0o.

Lemma 6.0.12. /B3] There ezists a positive constant C' such that
T o
B( [ luepds) < ClEfull +E [ 171k
0 0
Proof. 1t is proven that for any constant M
™
E / () — e (5) [ ds — 0, (0.70)
0

for n” — co. By Lemma 3.2, there exists some M, such that

€

P(ru, < T) < 5. (0.71)
but by lemma above convergence, we have
TMg
IE/ |u(s) — uw (s)||Fds — 0, (0.72)
0
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for n' — oco. Hence, for given ¢ and e, we have
) )

T
]P)(/ ||u—un/||3/25) SP(TNO<T)
({TNO =T} A { / u — w3 ds > 5})
E+p(/ Wu—mmaw25>
0

[\]

IN
™

but we also have that

5( [ T||un<t>||%-dt)2 < OBl + & [ 150t

which together implies that

T
E/ lu — w3 ds — 0,
0

(0.73)

(0.74)

for that subsequence n’ — oco. Since, every subsequence of (u,) has a further subse-

quence, which converges in £ ([0, 7] x 2) sense to the same limit u, this implies that

the whole sequence u,, converges to the same limit u £%,([0,7] x ) sense, i.e.

T
E/ﬁm—%mwéq
0

for n — oo.

Next, we proceed to prove Theorem 4.3.2.

(0.75)
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Lemma 6.0.13. [B3] There exists a positive constant C' depending on v and T such

that each of the following expressions

s Elolh, E( Tuun<s>uads)2 (0.76)

te[0,7)
for n € Ny is less than or equal to C(E||ug||% +Ef0THf(s)Hjlqu)

Proof. Using z(t) = e~ and applying Ito, we have

() un(I +2 / 2(5){ Aty )5 = [luoll% +2 / 2(5)F(5), n(s)) ds

n / 2(5)llg () |[2yds — (9N +4) / 2(8) | (5) s
—i—2/0 2(8)(g(un—1(8), un(s)))dWs (0.77)

and

O Ol +4 [ 206) A s =
=l +2 =g s
-+ [l
4 [ 26, 1D o) s
+4 /Ot 2(s){(g(up_1), un>2ds

4 / 25t 1)t (3) [ WV, (0.78)
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Hence, we have

t

2 ()l + 20 / 2(8)||un(5)]2 + 6A / 2(8) a2l
<l + [ =I5
o\ / 2(8) [ttna |5 + 2 / 2(5)(9 () n(3)) AW (0.79)

similarly, we have

t

) llun(®)l + 4 / 2(5) |t ()11 ()2 + 6 / 2(5)lun(s) [ s
< uollly + / IS

30 / 2(5)ltmr () [ s + 4 / 2500t () 10 () [TV, (0.80)

By squaring both sides of the inequality in 0.77 we have

2 2

z2<t>uun<t>uz+4y2( / tz(s)Hun(s)H%ds) +36)\2( / tZ(S)Hun(S)H?zdS)

sult +( [ tz<s>||f<s>||%,)2

2
+ 407 <z(s) | tn—1(s) H%Ids) + 16

2

/ ()t ), ()W,

(0.81)
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Moreover, we have by 0.78, we have

Ex(t) un(t)]Yy + GAE / 2(5) | (3) | 1y

t t
<Elully +E [ 26 )lfds + 3 [ +(9)]unas) s
0 0

By successive application of 0.82, we obtain

Bz (t)||un (t) 177 + 6AE/O 2(5)[[un(s) ||y ds

< (1 4 % +ot %) {Euuon‘}{ +]E/O z(s)||f<s)u§{ds] |

Hence, we have

T
sup Ellun(t)]y + 6AE / i (3)4 s
0

te[0,7

T
< C[Enuon;z = ||f(5)||Hds}

Using Ito isometry in 0.81, we have

t 2 t
36A2E( / z<s>||un<s>||2vds) < 4Bl + 408 [ 276

t t
+CE [ 25 lun1(s) s + 8B [ 25 un()[ds
0 0

Using 0.84, we conclude that

(| T||un<s>||2vds>2 < c|Bhuly + & T||f<s>||3zds]

(0.82)

(0.83)

(0.84)

(0.85)

(0.86)
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]

Lemma 6.0.14. /B3] Let y(t) = exp { — At —2p fOtHu(s)H%/ds} for allt € [0,T] and

w € €, for some constant 5. Then we have

B / y(5)lu(s) — un(s)|2ds — 0, (0.87)

and

Ey (t)]lun(t) — u(t)ll3 = 0, (0.88)

as n — oo and for all t € [0,T], where

y(t) = exp { — At — 26/0 ||u(s)||%/ds} (0.89)
Proof. Denoting
N
sv(t) =D y(®)llu—uallf, (0.90)
n=1

Sn(t) =Y y®)llu = unl,
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with N being a natural number, ¢ € [0, 7], w € Q. Applying Ito, we have

y(0) u(t) — ()% + 2 / y(5) (At — 1 — )
- / 0() (Bttn_1, tun) — Bu(s), u(s)), wn(s) — u(s))ds — 25 / ) ()2 e — a2
i\ / y($)[u(s) — un(s)|% + / y()19(tnr) — g() 3l

t
+2 [ (s} gluns) = glu),u — ua)dIV., (0:91)
0
for all t € [0, 7] and w a.s. Next, we estimate the nonlinear term as follows

2(B(ty_1,up) — Bu,u),u, —u)y = —2(B(tp_1 — u, up, — u), u)
1/2 1/2 1/2
< 2v/Blullv ltn-1 = wlly/* un-1 — wll 1 n — )y [|tn — )|
1% 1%
< Gl =l + = ull}

+ Bllully llun—s — ullfy + Bllullyllw — uallZ, (0.92)

for all s € [0,7] and a.s. w € €. Hence, we have

3v t
Ol =l + 2 [yt = wlfts 42 [ o6l = s

t
/ = il + 2 [ y(s)alen-19(w), e~ Y,
0
+8 / Nl (-1 — ullf — lln — ully)ds
/ $)||tn—1 — u|%ds (0.93)
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for all t € [0,T] and w a.s. Hence, by summing up these estimates up to arbitrary N,

we get

<>+u/ S (s ds+ﬁ/ (I — ull%ds
t
2 [yl = s
0
v [* 2 ' 2
<5 [ wo)luo —ulipds -+ A / y(5) g — s
0
+2Z / 9(ttn1)g(u), tn — YAV, + 3 / () 2o — ullfds,

(0.94)
for all t € [0, 7] and w a.s. By taking expectation, we have
Esy(t) + vE /t Sn(s)ds < g]E /ty(s)Huo — u||%ds
0 0
A [yl luo —ulids + 58 [ )t — s, (0.95)

for all ¢ € [0,7] and w a.s. Hence, we have by Lemma 6.0.12 that there exists a

constant C' independent of N such that

Esy(t) +vE /t Sn(s)ds
= E/o (%HU(S)H%/ + Mu(s) Il + BHU(S)||%/HU(S)||§{) ds

<C. (0.96)
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But then by letting N — oo, we conclude that

E / y(5)lun(s) — u(s) |2 ds — 0,

and

Ey(t)[|un(t) — u(t)|7 — 0,
for n — oo and for all ¢ € [0, T].
We have prepared now to prove the main result in [B2]

Theorem 6.0.15. [B2] The following convergences hold:

/ n(s) — u(s)|[2ds — 0,

and for all t € [0,T] we have
E|fu (£) — u(t) |l — 0,

as n — Q.

(0.97)

(0.98)

(0.99)

(0.100)

Proof. The proof is analogous to Proposition 6.0.6. First, for each M € Ny, we define

the stopping time as

T,if fo lu(s)||3ds < M

M=

inf{t € [0, 7] : [o]ju(s)||>ds > M}, otherwise.

(0.101)
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Hence, we have immediately that

tATMm
| lpas < o (0.102)
0

for each ¢ € [0,T]. But since u € £2,(Q x [0,T]), we have that

lim P(Ty <T) =0, (0.103)

M—o0

this means there exists an My such that P(7y, < T) < . Then, by Lemma 6.0.16,

£
5

we have that there exists some ng such that for all n > ng the inequalities

AT+28Mo 7T
B [ o)l — ulfds <
0

AT+28Mo

J

(0.104)

DO |

e €

Ey(t)u— wnly < 5

Hence, for all n > ng, we can write

]P(/OTHU(S) — Uy (s)|[}ds > 5) (0.105)
<P(Ta, <T) + IP({T = Tar,} A { /OT||u — up|?ds > 5})
< SB[ ul = walfs > 0e7-2)

e TH28Mo

T
<5t B [ vl wlids
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Similarly, we have that

P(|lu — u, ||} > 6) <e (0.106)

By 6.0.15, we have uniform integrability as well, hence we have L!'-convergence with

respect to w, and we conclude that

T
]E/ |u — w,||2-dt — 0, (0.107)
0

E|lu — u,||3dt — 0, for all t € [0, 7],

as n — oo. ]
We proceed to prove Theorem 5.3.2 on Chapter 5.

Theorem 6.0.16. [Bj/ Let U be a set of bounded of continuous linear bounded feed-

back controls. Let {¢,}n>1 be a sequence in U and ¢ € U be such that

T

lim [ 6(t,) = 0(t, )yt =0 (0.108)

n—oo

where for t € [0,T) with x1,z2,y1,y2 € H we have

L£L:0,T)xHx H—-R, (0.109)

/C . H — R+
|L(t, m1,91) — L(t, 22, 2)| < C(Hxl — 2ol % + lyr — m”%)

K1) = K(z2)| < C([lwr = 22l7),
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and J(¢) = EfOTE(s,u¢, ¢)ds + EX(ug(T)), then we have

lim J(én) = J(o). (0.110)

n—oo

Proof. Let u := u, and e(t) = e v fJHu(s)H%,ds exp{—(A+2/p+ 1)t}. Applying Ito

we have that

e(t)|lu — u¢|ﬁ{ + 2 /Ot e(s)(A(u — ug,, u —ug,))ds (0.111)
; /Ot e(5)(B(u, 1) — Blug, ug), 1 — g, (5))ds
=2 [ A=, s = -+ 2 1) [ o)l = o, s
2 [ (61 (005:0) = (5t (5). = i, 51
[ et - e, s

t
2 [ e()g(u) — glug, ) = g, IV,
0
Next, we estimate the nonlinear term as

2(B(u,u) — B(ug,, g, ), u — ug,) = 2(B(u — ug,,u),u — ug,) (0.112)

b
< b llu = v Il + Vil — ug, 7
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Hence, we have by the Lipschitz assumption on ¢ and ¢

t
E sup e(s)]u— u, i + vE [ e(s)]u = s, [} (0.113)
0

s€[0,¢]

<9E / ()15, 10) — s, u)|[3yds

1 4E sup / e(r){g(w) — glug, ), u — ug, )W,
s€f0,t] | Jo
t t
<9E / e(5)6(5, 1) — (s, w)|%ds + CE / sup {|lu — g, I3 }ds
0 0 re€l0,s]

1
+ 5B sup e(s) u — ug, |3,
s€[0,¢]

where C'is a constant and t € [0,7]. By Gronwall’s Lemma, we conclude that

t
E sup e(s)]u s, I + 20 | e(s)u— g, [ ds (0.114)
s€[0,t] 0

T
< CE / 16(5, 1) — (s, )2y ds.

for all ¢ € [0, T]. Next, we apply Proposition 6.0.6 with ¢t = 7,7 =T, Ty = T, and

Qun(T) = [[u(T) — ug, (T3 and Q,.(T) fOTHu — up||¥ds, we conclude the proof. [J
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