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OZET

YARIK SERIT ve COKLU SERIT SINIR KOSULLARINA SAHIP KESiRLi
SINIR DEGER PROBLEMLERIi UZERINE BAZI SONUCLAR

HAJANI, Diyar Hashim Malo
Yiiksek Lisans Tezi, Matematik Anabilim Dal
Tez Danigsmani : Yrd. Dog. Dr. Zeynep KAYAR
Mayis 2017, 57 sayfa

Bu tezde yarik serit ve coklu serit sinir kosullarina sahip kesirli sinir deger
problemlerinin ¢6ziimlerinin varlik ve tekligi i¢in teoremler elde edilmistir. Kesirli
diferansiyel denklemler bir ¢ok fiziksel olayin modellenmesini adi diferansiyel
denklemlerden daha dogru, gercekci ve pratik yaptiklari icin matematikte dnemlidirler.
Kesirli integral ve tiirev operatorlerinin avantaji ya da dogalarmmin dikkat cekici
ozellikleri yerel olmamalaridir, yani kesirli tiirevi iceren dinamik sistemin ya da siirecin
gelecek zamandaki durumu hem su andaki hem de ge¢mis zamandaki durumuna
baghdir. Bu operatorlerin hafiza ya da miras 6zellikleri bir ¢cok materyalin ve siirecin
gecmis tarihini izlememize izin verir. Kesirli sinir deger problemleri ise matematiksel
bakis acisina gore popiiler bir arastirma alanidir ve biyoloji, epidemiyoloji, fizik,
miihendislik, kimya, hidroloji, finans, klasik mekanik, kuantum mekanigi,
viskoelastisite, elektrik devreleri, néron modellemsi ve benzeri alanlarda uygulamalara
sahiptir.

Bu tez bes boliimden olusmaktadir. Birinci boliim giris niteliginde olup yarik
serit ve ¢oklu serit sinir kosullarina sahip kesirli sinir deger problemleri ile ilgili literatiir
taramasini icermektedir. Birinci bolimde fonksiyonel analiz ve kesirli diferansiyel
denklemlerden gelen gerekli tanim ve teoremleri igeren 6n kavramlar verilecektir.

Ikinci boliimde yarik serit tipi simir kosullarina sahip p € (n-1, n]. mertebeden
kesirli diferansiyel denklemlerin ¢oziimlerinin varlik ve tekligi icin teoremler
sunulacaktir. Yarik serit tipi simir kosullar1 su anlama gelir: Keyfi uzunluktaki
kesismeyen iki alt araligin (seridin) toplam etkisi bilinmeyen fonksiyonun alt araliklar
disindaki ya da yariktaki noktadaki degeriyle baglantilidir. Sonuglarimizi elde etmek
icin standart sabit nokta teoremleri (Banach daralma doniisiimii prensibi, Krasnoselski

sabit nokta teoremi, Leary-Schauder alternatifi ve Tek degerli doniisiimler i¢in lineer

i



olmayan alternatif) kullanilacaktir ve sonuglarimizin uygulanabilirligini dogrulayan bazi
ornekler gosterilecektir. Daha sonra bu sonuglar yarikdaki keyfi sayidaki yerel olmayan
nokta kosullu, yerel olmayan ¢oklu alt serit kosullu ve Riemann-Liouville tipindeki

yarik-serit sinir kosullu kesirli sinir deger problemlerine uygulanacaktir.

Uciincii boliim sonlu sayida, ¢oklu ve keyfi uzunluktaki kesismeyen seritleri
iceren Riemann-Liouville tipi simir kosullu lineer olmayan keyfi mertebeden kesirli
diferansiyel denklemlerin ¢oziimlerinin varlik ve tekligi i¢in teoremlere ayrilmistir. Bu
kosullarin fiziksel anlam1 sudur: Sensorler araligin ortasinda yer aldig: icin sinirdaki
kontroller enerjiyi yayar ya da emer. Coziimlerin varlik sonuglari Krasnoselski sabit
nokta teoremi, Leary-Schauder alternatifi ve Tek degerli doniisiimler igin lineer
olmayan alternatif uygulanarak elde edilecektir. Coziimlerin teklik sonuclari ise Banach
daralma doniisiimii prensibi sayesinde olusturulacaktir. Sonug¢larimizi géstermek icin bir

cok ornek verilecektir.

Son boliim sonug niteliginde olup bu tezde yaptiklarimizin 6zeti seklindedir.

Anahtar kelimeler: Kesirli sinir deger problemleri, Sabit nokta, Serit kosullari,

Varlik ve teklik.
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ABSTRACT

SOME RESULTS ON FRACTIONAL BOUNDARY VALUE PROBLEMS WITH
SLIT STRIP AND MULTI STRIP BOUNDARY CONDITIONS

HAJANI, Diyar Hashim Malo
M. Sc. Thesis, Mathematics
Supervisor : Asst. Prof. Zeynep KAYAR
May 2017, 57 pages

In this thesis, existence and uniqueness theorems for fractional boundary value
problems with slit strip and multi strip boundary conditions are established. Fractional
differential equations are essential in mathematics due to the fact that they are more
accurate, realistic and practical than ordinary differential equations in modelling several
physical phenomena. The main advantage or the remarkable property of fractional
integral and differential operators is that they are nonlocal in nature which means that
the future state of a dynamical system or process involving fractional derivative depends
on its current state as well as its past states. This memory and hereditary properties of
these operators allow us to trace the past history of several materials and processes.
Moreover, theory of fractional boundary value problems is a very popular research area
from mathematics point of view and have applications in biology, epidemiology,
physics, engineering, chemistry, hydrology, finance, classical mechanics, quantum
mechanics, visco-elasticity, electrical circuits and neuron modelling and so on.

This thesis consists of five chapters. Chapter 1 is introductory and contains
literature review for fractional boundary value problems with slit strip and multi strip
boundary conditions. In Chapter 2 preliminary concepts including necessary definitions
and theorems from functional analysis and fractional differential equations will be
given.

In Chapter 3 existence and uniqueness theorems for a fractional differential
equation of order q € (n-1, n] with slit-strips type boundary conditions will be presented.
The slit-strips type boundary condition means that the total effect of the two
nonintersecting subintervals (strips) of arbitrary lengths is connected to evaluation of
the unknown function at the point out of the subintervals or in the aperture (slit). In
order to prove our results, standart fixed point theorems (Banach's contraction mapping

principle, Krasnoselski's fixed point theorem, Leary-Schauder alternative and Nonlinear
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alternative for single valued maps) will be used and some examples will be shown to
confirm that our results are theoretically applicable. Then these results will be applied to
fractional boundary value problems with arbitrary number of nonlocal points in the slit,
the nonlocal multi-substrips conditions and Riemann-Liouville type slit-strips boundary
conditions.

Chapter 4 will be devoted to establish the existence and uniqueness theory for
nonlinear fractional differential equations of arbitrary order with Riemann-Liouville
type boundary conditions involving nonintersecting finite many strips of arbitrary
length. Physical meaning of these conditions is that since the sensors situate in the
middle of the interval, the controllers at the boundary of the interval disperse or take in
energy. The existence results will be obtained by applying Krasnoselski's fixed point
theorem, Leary-Schauder alternative and Nonlinear alternative for single valued maps,
while the uniqueness of the solutions will be established by means of Banach's
contraction mapping principle. Several examples will be given to illustrate our results.

The last chapter serves as a conclusion and is a summary of our findings.

Keywords: Existence and uniqueness, Fixed point, fractional boundary value

problem, Strip conditions.
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1. INTRODUCTION

Most of real world phenomena and processes depend on the present, future and past
time behaviours during their developments. This remembering effect or memory and hereditary
properties of various materials and processes can not be described by integer order models.
Therefore the problem of obtaining the models for such processes which contain a memory
term insuring the history and its impact to the present and future appears. The solution of this
problem is given by fractional order models including fractional derivative, which are non local,
and contain more degrees of freedom than the integer order models.

Contrary to the integer-order differential operator, the fractional-order differential op-
erator is nonlocal in nature, that is, the future state of a dynamical system or process involving
fractional derivative depends on its current state as well its past states. In fact, this feature of
fractional order operators has contributed towards the popularity of fractional-order models,
which are recognized as more realistic and practical than the classical integer-order models in
which past effects of the processes are neglected. Therefore they have attracted a great deal
of attention and the theory of which has developed rapidly due to the increase applications in
various fields, such as epidemiology (Demirci, 2017), physics (Glockle and Nonnenmacher,
1995; Sokolov et al., 2002; Goulart, 2017), engineering (Hilfer, 2000), chemistry (Metzler et
al., 1995; Yuste et al., 2004), biology (Magin, 2006), hydrology (Benson et al., 2000a; Ben-
son et al., 2000b; Liu et al., 2004), finance (Scalas et al., 2000), classical mechanics (Engheta,
1996; Freed et al.,2002; Debnath; 2004), quantum mechanics (Mehaute, 1983; Mainardi, 1996,
Mainardi, 2010) and references therein. Moreover fractional differential equations not only gen-
eralize and unify the corresponding theory of ordinary differential equations but also provide
more mathematical description for many real world phenomena. Despite the fact that dynamic
behaviour of fractional differential equations is more complex than the behaviour of ordinary
differential equations, the former is richer and more fruitful in applications than the latter.

The theory of fractional derivatives goes back to Leibniz’s note in his letter to
L’Hopital, dated 30 September 1695, in which the meaning of a one-half ordered derivative
was discussed. Leibniz’s note led to the appearance of the theory of derivatives and integrals
of arbitrary order, which by the end of nineteenth century took more or less finished form due
primarily to Liouville, Griinwald, Letnikov, Riemann and Caputo. Recently, there have been

several books on the subject of fractional derivatives and fractional integrals, see Miller and



Ross (1993), Samko et al. (1993), Podlubny (1999), Kilbas et al. (2006), Sabatier et al. (2007).

Boundary value problems for nonlinear differential equations arise in a variety of ar-
eas such as applied mathematics, physics, and variational problems of control theory. In recent
years, the study of boundary value problems of fractional order has attracted the attention of
many scientists and researchers and the subject has been developed in several disciplines. Be-
fore 2010, comprehensive exibition of the existence and uniqueness results can be found in the
survey Agarwal et al. (2010) and references therein. Significant development of the topic over
the past few years clearly indicates its popularity by involving classical, nonlocal, multipoint,
periodic/anti-periodic, fractional-order boundary conditions (Zhang, 2006; Benchohra et al.,
2008; Ahmad and Nieto, 2009; Benchohra et al., 2009; Rehman and Khan, 2010; Agarwal and
Ahmad, 2011; Ahmad et al., 2011; Ahmad and Nieto, 2011; Ahmad and Nieto, 2012; Wang et
al., 2013; Yan et al., 2013; Alsaedi et al., 2014; Choudhary and Daftardar-Gejji, 2014; Ahmad
and Ntouyas, 2016; Su et al., 2017; Agarwal et al., 2017) and integral boundary conditions
(Ahmad and Ntouyas, 2011; Sudsutad and Tariboon, 2012; Ahmad and Alsaedi, 2012; Ahmad
etal., 2013; Zhang et al., 2013; Darwish and Ntouyas, 2014; Mahmudov and Unul, 2014; Wang
et al., 2014; Ahmad et al., 2015; Liu et al., 2015; Qiao and Zhou, 2017). As a matter of fact,
the literature on the topic is now well enriched with a variety of results covering theoretical as
well as application aspects of the subject. In consequence, fractional calculus has evolved as an
interesting topic of research and its tools have played a key role in improving the mathematical
modeling of many physical and engineering phenomena.The nonlocal nature of fractional-order
operators is one of the salient features accounting for the practical utility of the subject. With
the aid of fractional calculus, it has now become possible to trace the history of many important

materials and processes.

1.1. Structure of Thesis

This thesis summarizes the results of Ahmad and Agarwal (2014) and Ahmad et al.
(2013).

In this chapter, we will give literature review for existence and uniqueness results of
fractional boundary value problems with slit-strip and multistrip boundary conditions. In Chap-
ter 2 we will outline some basic concepts from functional analysis and fractional differential and

integral operator which are needed for the construction of our new results and presenting their



proofs. In Chapter 3 we will give existence and uniqueness of solutions for a fractional differen-
tial equation of order g € (n— 1,n| with slit-strips type boundary conditions. The slit-strips type
boundary condition states that the sum of the influences due to finite strips of arbitrary lengths
is related to the value of the unknown function at an arbitrary position (nonlocal point) in the
slit (a part of the boundary off the two strips). The desired results will be obtained by applying
standard tools of the fixed point theory and will be well illustrated with the aid of examples.
We will also extend our discussion to the cases of arbitrary number of nonlocal points in the
slit, the nonlocal multi-substrips conditions and Riemann-Liouville type slit-strips boundary
conditions. Chapter 4 will be devoted to establish the existence theory for nonlinear fractional
differential equations of arbitrary order with Riemann-Liouville type boundary conditions in-
volving nonintersecting finite many strips of arbitrary length. Our results will be based on some
standard tools of fixed point theory. For the illustration of the results, some examples will be

also discussed.

1.2. Literature Review

Nonlocal conditions, introduced by (Bitsadze and Samarskii, 1969) are regarded as
more plausible than the classical initial/boundary conditions in view of their ability to describe
certain peculiarities of chemical, physical or other processes happening inside the domain.
Computational fluid dynamics (CFD) studies of blood flow indicate that it is not always possi-
ble to assume circular cross-section of blood arteries. Several approaches have been proposed
to resolve this issue. However, the idea of introducing integral boundary conditions (Ahmad
et al., 2008) is found to be quite a productive one as integral boundary conditions have various
applications in applied fields such as blood flow problems, chemical engineering, thermoelas-
ticity, underground water flow, population dynamics, etc. Regarding the application of the strip
conditions of fixed size, we know that such conditions appear in the mathematical modeling
of real world problems, for example, see Asghar et al. (1996), Ahmad et al. (2001). Thus,
the present idea of nonlocal strip conditions will be quite fruitful in modeling the strip prob-
lems as one can choose an arbitrary set of strips of desired size, which can be fixed according
to the requirement by fixing the nonlocal parameters involved in the problem. Furthermore,
these conditions can be understood in the sense that the controllers at the end-points of the

interval dissipate/absorb energy due to the sensors of finite lengths (continuous distribution of



intermediate points of arbitrary length: subsegments of the interval) located at the intermediate
positions of the interval.

Ahmad and Ntouyas (2012) extended four-point nonlocal boundary conditions y(0) =
oy(u),y(1) =ny(v),0,m € R,0 < u,v < 1 to nonlocal strip conditions

B 5
y(O):G/ V(s)ds, y(l):n/ Vs)ds, 0<o<B<y<d<l, (1.2.1)
o Y

for the fractional differential equation §D%y(x) = f(x,y(x)), x € [0,1], 1 < g < 2, where {D?
denotes the Caputo fractional derivative of order ¢, f : [0,1] x R — R is a given continuous
function and ¢,mn are appropriately chosen real numbers. The boundary conditions in (1.2.1)
can be regarded as six-point nonlocal boundary conditions, which reduces to the typical integral
boundary conditions in the limit o,y — 0 and 3,0 — 1.

Then Ahmad et al. (2015) investigated the existence and uniqueness of solutions for
a differential equation of fractional-order ¢ € (1,2] subject to nonlocal boundary conditions

involving Caputo derivative of the form

§DTy(x) = flxy(x), xe[0,1], 1<g<2
B, (1.2.2)

90) = 8(0). a§DAy(p1) +b§DM(p2) = [ DHy(s)ds,
where f: [0, 1] x R — R is a given continuous function, 0 < p; <o <P <Pa<pa<1,0<pu<
1 and §,a,b, c are real constants. The integral boundary conditions in the fractional boundary
value problem (1.2.2) can be interpreted as the linear combination of the values of Caputo
derivative of the unknown function of order u € (0, 1) at nonlocal positions p; and p; (off the
strip) is proportional to the strip contribution of the Caputo derivative of the unknown function,

occupying the position (B1,[2).

Alsaedi et al. (2015) considered the boundary value problem of fractional integrodif-

ferential equations with nonlocal integral boundary conditions of the form
6Dy (x) = Af(x,y(x) +BI'g(x,y(x)), x€[0,1], 1<g<2
1 (1.2.3)
(0) = By(®),  3(®) =0 [ (5)ds
where f,g:[0,1] x R — R is a given continuous function, 0 < r < 1 and «,3,A,B are real

constants. The boundary conditions introduced in the problem (1.2.3) are of nonlocal strip type

and describe the situation when the receptors at the end points of the boundary are influenced



by the nonlocal contributions due to interior points and strips of the domain for the problem.
According to these conditions, the value of the unknown function at the left end point x = 0
is proportional to its value at a nonlocal point © while the value at an arbitrary (local) point &
is proportional to the contribution due to a substrip of arbitrary length (1 —1). These condi-
tions appear in the mathematical modelling of physical problems when different parts (nonlocal
points and substrips of arbitrary length) of the domain are involved in the input data for the
process under consideration. The problem (1.2.3) can also be termed as a five-point nonlocal
fractional boundary value problem.

Ahmad and Ntouyas (2015) studied nonlocal boundary value problems of fractional

differential equations with slit-strips integral boundary conditions of the form
6D%y(x) = flxy(x), x€[0,1],1<g<2
¥(0) = h(x), (1.2.4)

o 1
y(,u)za/ y(s)ds+b/B y(s)ds, 0<oa<u<P<l,
0

where qu denotes the Caputo fractional derivative of order ¢, f : [0,1] x R — R and A :
C([0,1],R) — R are given continuous functions, and a,b are real constants. We emphasize
that the integral boundary condition in (1.2.4) can be interpreted as the sum of the influences
due to finite strips of arbitrary lengths is proportional to the value of the unknown function at

an arbitrary position (nonlocal point) in the slit (a part of the boundary off the two strips), and

the nonlocal term /(x) in (1.2.4) may be understood as h(x) = i kjy(x;) where k; are given
constants forall j=1,...,p,and 0 <1 <... <1, < 1. !

Ahmad et al. (2016) considered a class of boundary value problems of Caputo type
fractional differential equations of arbitrary order involving a nonlocal substrip condition given
by

ED%y(x) = f(x,y(x)), x€[0,1],n—1<qg<n,n>2
¥(0) =8y(0), Y(0)=y"(0)=...=y""2(0)=0,5€R (1.2.5)

€
ay (G1) + by (G) =c/n V(s)ds, 0<o<l<n<t<ly<l,

where qu denotes Caputo derivative of order ¢, f : [0,1] x R — R is a given continuous func-
tion. The integral boundary condition in the problem (1.2.5) implies that the linear combination
of the values of the first-order derivative of the unknown function at nonlocal positions {; and

&, (off the strip) is proportional to its strip contribution occupying the position (1,&).



Recently, Ahmad et al. (2017) established sufficient conditions for the existence and
uniqueness of solutions for a boundary value problem of fractional differential equations with

nonlocal and average type integral boundary conditions in the form
§D9y(x) = f(x,3(x),6 DPy(x)), x€[0,1], n—1<g<n, n>2
Y'(0) =y"(0)=...=y"2(0) =0, (1.2.6)
gl
YO +(0) =h(), [ y)ds =& 0<n<1

where qu,CDI3 denote the Caputo fractional derivatives of order ¢ € (n —1,n),n >2 and €
(0,1),f:]0,1] xR —R,k:C(]0,1],R) — R are given continuous functions and & € R is a real
constant.

Agarwal et al. (2017) studied nonlinear boundary value problems of Liouville-Caputo
type fractional differential equations supplemented with nonlocal multi-point conditions involv-

ing lower order fractional derivative as
§D7y(x) = flx,y(x), x€[0,1], 1<g<2,

y<0) :Sy(G), deR (1.2.7)

m—2
aGDPy(C1)+bGDPy(G) = Y, aiy(Bi), 0<p<1,
i=1

where qu denote Caputo derivative of order ¢ and f : [0,1] x R — R is a given continuous
function and 9,a,b,0; € R. The multi-point boundary conditions in (1.2.7) implies that the
linear combination of the values of the fractional derivative of the unknown function at nonlocal
positions {; and {; is equal to the linear combination of the values of the unknown function at
Bi,i=1,2,...,m—2, while the value of the unknown function at the left end point (x = 0) of
the interval [0, 1] is proportional to its value at the nonlocal position G.

In the second problem, Agarwal et al. (2017) discussed the existence of solutions of
§Dy(x) = f(xy(x), x€[0.1], 1<g<2,

¥(0) = 51/0 y(s)ds, deR (1.2.8)

m—2
aGDPy(C) +b§DPy(G) = Y ouy(Bi), 0<p<I.
i=1

In (1.2.8), the first boundary condition can be interpreted as the value of the unknown function
at x = 0 is proportional to the continuous distribution of the unknown function over a strip of an

arbitrary length G.



Although the existence and uniqueness theory for fractional boundary conditions sub-
ject to nonlocal, integral and strip boundary conditions is very well developed, there are few
results obtained for fractional boundary conditions subject to multi strip boundary conditions.
Multi-strip boundary conditions may be regarded as the generalization of multi-point boundary
conditions. As far we know, the first work has been done by Ahmad and Ntouyas (2012). The
authors considered a fractional boundary value problem with a nonlocal strip condition of the

form:
§DYy(x) = f(x,y(x),§ DPy(x)), x€[0,1],m—1<g<m, m>2 meN
¥(0) =y (0) =y"(0) = ... = y"2(0) =0,

n—2 i
y(1) = Z‘,oci/c y(s)ds, 0<l<mi<l,i=12,...,n-2
i=1 i
(1.2.9)
in which the second boundary condition can be viewed as an extension of a multi-point nonlocal

boundary condition:
n—2
y(1) =Y oiy(ni), (1.2.10)
i=1

where {DY denotes Caputo derivative of order ¢ and f : [0,1] x R — R is a given continuous
function. The strip boundary condition in problem (1.2.9) can be regarded as a multi-point
nonlocal integral boundary condition In fact, the strip condition corresponds to a continuous
distribution of the values of the unknown function on arbitrary finite segments (C;, ;) of the
interval [0, 1] and the effect of these strips is accumulated at x = 1.

Then Tariboon et. al (2014) discussed the existence and uniqueness of solutions for
boundary value problems involving multiterm fractional integral boundary conditions of the

form
OCqu(x) :f(x,y(x),gDBy(x)), xe€0,T], 1<g<2,

. . | | (1.2.11)
Y hil%y(ni) = wi, Y ui(Py(T) = 1Py(E)) = wa
i=1 J=1

where qu denotes the Caputo fractional derivative of order , and f: [0, 1] Xx R — R is a contin-
uous function, n;,&; € (0,7),Aj,uj € R, foralli=1,2,....m, j=1,2,...,n, w;,wp € R and
I? is the Riemann-Liouville fractional integral of order p >0 (p = o;,Bj,i =1,2,...,m, j=

1,2,...,n).



2. PRELIMINARIES

In this section we give basic definitions and concepts from functional analysis referring
to the book of Meise and Vogt (1997) and from the theory of fractional differential equations.
Let R+ = [0,00)

Definition 2.0.1. (Meise and Vogt, 1997) (Metric space) Let X be a set. A metric on X is a

function d : X X X — Ry with the following properties:
M1) d(x,y) =d(y,x) forall x,y € X
M2) d(x,z) =d(x,y)+d(y,z) for all x,y,z € X
M3) d(x,y) =0 ifand only if x = y.
A metric space (X; d) is a nonempty set X on which a metric d is given.

Definition 2.0.2. (Meise and Vogt, 1997) (Vector space) A linear space Y over R, also called
real vector space over R, is a nonempty set Y, in which an addition and a multiplication + :

Y XY —=Yand-:RxY — Y with the following properties are defined, respectively:
V1) (Y,+) is an Abelian group with the zero element 0,
V2) c(x+y)=cx+cyforallceR, x,y€Y,
V3) (c1+c)x=cix+cxforallci,cp R, x €Y,
V4) (cica)x =cy(cax) forall ci,cr €R, x €Y,
V5) Ix=xforallx € X.
The elements of Y are called vectors.

Definition 2.0.3. (Meise and Vogt, 1997) (Convergent sequence) A sequence {x,} in a metric

space (X,d) converges to x if and only if li_r)n d(x,,x) = 0.
n—soo

Definition 2.0.4. (Meise and Vogt, 1997) (Cauchy sequence) A sequence {x,} in a metric space
(X,d) is called a Cauchy sequence if to every € > O there corresponds an integer N such that
d(xm,Xn) < € whenever m > N and n > N.



Definition 2.0.5. (Meise and Vogt, 1997) (Complete metric space) A metric space X is said to

be complete if every Cauchy sequence in X is convergent.

Definition 2.0.6. (Meise and Vogt, 1997) (Normed space) Let Y be a real vector space. A norm

onY is a function ||.|| : Y — R with the following properties:

(N1) [|Ax|| = |A| ||x]|| forall L e R,x €Y.

(N2) |lx =+l < lxl| +lyl| for all x,y € Y.

(N3) ||x|| =0if only if x = 0.

A normed space (Y,||.||) is a real vector space Y on which a norm is defined.

Definition 2.0.7. (Meise and Vogt, 1997) (Canonical metric) A metric d defined on Y by

d(x,y) = ||x —y|| for all x,y € Y is called the canonical metric of the normed space Y .

Definition 2.0.8. (Meise and Vogt, 1997) (Banach space) A Banach space is a normed space

which is complete under its canonical metric.

Definition 2.0.9. (Meise and Vogt, 1997) (Closed set) A set S is closed if and only if for every

convergent sequence of elements of S its limit is also in S.

Definition 2.0.10. (Meise and Vogt, 1997) (Convex set) A subset S of a real vector space Y is
said to be convex if ox+ (1 —a)y € S forall o € [0,1] and x,y € Y.

Definition 2.0.11. (Meise and Vogt, 1997) (Uniform bounded set) A set S in a metric space X
is uniform bounded if AM > 0 such that d(x,y) < M for all x,y € X.

Definition 2.0.12. (Meise and Vogt, 1997) (Equicontinuous set) A set S in a metric space X is
equicontinuous if for every € > 0, there exists a & > 0 such that for all x,y € X and all f € S, if

d(x,y) <dthend(f(x),f(y)) <e.

Definition 2.0.13. (Meise and Vogt, 1997) (Compact set in R") A set S C R" is compact if and

only if for any sequence {x, }nen C S, there is a subsequence that converges to a point in S.

Definition 2.0.14. (Meise and Vogt, 1997) (Relatively compact set) A set S is said to be relatively

compact if its closure S is compact.



10

Definition 2.0.15. (Meise and Vogt, 1997) (Compact operator) A compact operator is a linear
operator L from a Banach space X to another Banach space Y, such that the image under L of

any bounded subset of X is a relatively compact subset (has compact closure) of Y.

Definition 2.0.16. (Meise and Vogt, 1997) (Completely continuous operator) Let XY be a
Banach space. An operator T : D C X — Y is said to be completely continuous if it is continuous

and maps any bounded subset of D into a relatively compact subset of Y.

Theorem 2.0.1. (Meise and Vogt, 1997) (Banach’s contraction mapping principle) Let (X,d)
be a complete metric space and T : X — X satisfies d(T (x),T(y)) < Ld(x,y) for all x,y € X
where L € [0,1). Then F has a unique fixed point u € X.

Theorem 2.0.2. (Meise and Vogt, 1997) (Krasnoselski’s fixed point theorem) Let M be a closed,

convex, non-empty subset of a Banach space Y. Suppose that A and B map M into Y and that
(i) Ax+By e M forall x,y e M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.
Then there exists y € M such that Ay + By = y.

Theorem 2.0.3. (Meise and Vogt, 1997) (Leary-Schauder alternative) Let X be a Banach space.

Assume that T : X — X is completely continuous operator and the set
V={ueX:u=0oTu,0<o<1} (2.0.1)
is bounded. Then T has a unique fixed point u € X.

Theorem 2.0.4. (Meise and Vogt, 1997) (Arzela-Ascoli Theorem) Let X be a compact metric
space and F C C(X). Then F is relatively compact if and only if F is uniformly bounded and

equicontinuous.

Theorem 2.0.5. (Meise and Vogt, 1997) Let X be a Banach space. Assume that ¥ is an open
bounded subset of X with y € ¥ and let T : ¥ — X be a completely continuous operator such
that ||®v|| < ||v|| for all v € . Then ¥ has a fixed point in \P.
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Theorem 2.0.6. (Meise and Vogt, 1997) (Nonlinear alternative for single valued maps, Non-
linear alternative of Leray-Schauder type) Let X be a Banach space, C a closed, convex subset
of X, U an open subset of C and 0 € U. Suppose that F : U — C is a continuous, compact (i.e,

F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U or
(ii) there is a u € AU (the boundary of U in C) and A € (0,1) with u = AF (u).

We give the definition of Euler’s Gamma function which is the generalization of facto-
rial function, n!, to the noninteger real numbers and complex numbers and Beta function which

will be used in the sequel.

Definition 2.0.17. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,
2006; Sabatier et al., 2007) Euler’s Gamma function is defined by the integral of the form

INw)= /oo e s 1ds, R(w) > 0.
0

Theorem 2.0.7. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,
2006; Sabatier et al., 2007) Let R(®) > 0. Then I'(w+ 1) = ol (o).

Proof. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al., 2006; Sabatier
et al., 2007) If we use the definition of Gamma function for I'(®w+ 1) and if we use intagration
by parts formula, we have

oo T T
INo+1) :/0 e ’s%s= lim | e *s®ds= lim [—e_‘vs“)]g —I—(D/O e_ss(’)_lds} =ol'(o).

T—o J0 T—o

]

Definition 2.0.18. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et
al., 2006, Sabatier et al., 2007) The following integral defines the Beta function for R(o) >
0,R(B) > 0.

1
B(a,s):/ 91 (1— )P gy,
0
Theorem 2.0.8. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,
2006; Sabatier et al., 2007) Let R(a) > 0,R(B) > 0. Then Beta function has the following

properties.
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1. B(o..B) = B(B, ).

2 ey~ D)

3. / d(r—c)“—l(d— NP ldr = (d—c)*P~1B(a, B).

Proof. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al., 2006; Sabatier
et al., 2007)

1. By using the substitution s = 1 — r, we obtain

B(0,B) = /Olsalu )Pl = /1(1 — e 1810, — B(B, ).

0

2. The definition of Gamma function implies that

F(OL)F(B):/O essalds/o errBIdr:/O /0 e B dsar. (2.02)

By changing the variables s = uv, r = u(1 — v) in the above integral, the Jacobian becomes

ds,r) | v u

as = = —uv—u+uv = —u. Because u > 0, it can be seen that
d(u,v) 1—v —u
0
dsdr = (5,7) dudv = ududv.
d(u,v)

After changing the variables, the domain 0 < s,7 < oo is transformed into 0 < u < 0,0 <

v < 1. We conclude from equation (2.0.2) that

oo oo 1 oo
F(OL)F(B):/O /0 e_s_rsa_lrﬁ_ldsdr:/o /0 e U WO BT (1 — )P ududy

= /we”uwrﬁldu/lval(l —v)P1dy =T (o+B)B(a, B).
0 0

c . .. . .
in the definition of Beta function, we obtain
—c

L. r
3. If we use the substitution s =

B(a., B) :/Ols“_l(l —s)B_lds:/cd(r—c)“_l(d—c)_“_ﬁ+l(d—r)B_ldr

= (d—c)" % B+l /d(r—c)al(d— rP1dr.
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We will present the definitions of Riemann-Liouville fractional integral, Riemann-

Liouville fractional derivative and the Caputo fractional derivative and their basic properties.

Definition 2.0.19. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,
2006; Sabatier et al., 2007) Let p > 0 and ¢ be a continuous function defined on |a,b]. The

Riemann Lioville fractional integral of order p is defined by

1 X
JAP0) (x :—/ x—$)P"Lo(s)ds for p>0
(al’9)(x) F(p)a( )P 0(s)
and ,1°¢(x) = ¢(x) for p = 0.
Definition 2.0.20. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,

2006, Sabatier et al., 2007) The Riemann Liouville fractional derivative of order p > 0 is
defined by

moppey () = 4"
W= YT T

X
/Yw%W””@@m,p>0
0
¢(x), p=0
where m is the smallest integer greater or equal than p.
Definition 2.0.21. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,

2006, Sabatier et al., 2007) The Caputo fractional derivative of order p > 0 is defined by

m—p Crym X :; xx_ mp1.(m)
(aCDp(p)(x): (of D)) F(m—p)/o( ) o (t)dt, p>0

¢o(x), p=0

where m is the smallest integer greater or equal than p.

Definition 2.0.22. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,
2006; Sabatier et al., 2007) Let p > 0. If ¢(x) € Cla,b] then SDP (,IP@)(x) = ¢(x).

Lemma 2.0.1. (Miller and Ross, 1993; Samko et al., 1993; Podlubny, 1999, Kilbas et al.,
2006; Sabatier et al., 2007) If ¢(x) € AC™[a,b] or ¢(x) € C"[a,b], then for some constants
ci,i=1,2,...,m, one has

od* aCDp(p(x) =0¢(x)+c1+ea(x—a) +C3(x—a)2 ... —|—cm(x—a)m_1,

where m is the smallest integer greater or equal than o.



3. SOME NEW VERSIONS OF FRACTIONAL BOUNDARY VALUE PROBLEMS
WITH SLIT-STRIPS CONDITIONS

This chapter is devoted to the results of Ahmad and Agarwal (2014). We are interested

in differential equation with Caputo derivative of order p € (m— 1,m], m > 2

§DP0(x) = p(x, 0(x)), x € [0,1], (3.0.1)
subject to slit strips boundary conditions of the form
0(0) =0, ¢'(0) =0,..., 62 (0) =0,
o 1 (3.0.2)
o(B) = dl/ ¢(w)dw+d2/ o(w)dw, 0<o<P<r.
0 Y

Without further mention that
I. @: R xR — R is a continuous function with respect to its both arguments,
2. dy,d, are constant numbers.

The following theorem is the fundamental argument to prove the main theorems.

Theorem 3.0.1. (Ahmad and Agarwal, 2014) Let g € C[0,1]. Then ¢(x) € AC™[0,1] is the

unique solution of

EDPO(x) = g(x), x€[0,1], p € (m—1,m] (3.0.3)
0(0) =0, ¢'(0) =0,..., ¢"*(0) =0, (3.04)
o 1
o(B) = dl/ ¢(w)dw+d2/ o(w)dw, 0<a<B<y (3.0.5)
0 Y
provided that ¢ satisfies the following:
ot d o d 1
o) = |y [ @ oPatas s [T - setslas
d> Y 1 B . 1 4
s [Ma=spetois - s [ etoas| + s [P ety
(3.0.6)
where
c=p""'- ! (d10"™ +dy — doyY™) # 0.

m
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Proof. By employing Definition 2.0.1, for arbitrary constants cg,cy,...,cn—1, the general solu-

tion of equation (3.0.3) may be presented as

1 X
O(x) = =—— / (x—w)Plg(w)dw+co+crx+... +cp ™ L (3.0.7)
I'(p) Jo
Using the boundary conditions (3.0.4) in equation (3.0.7) implies that co =c; = ... = ¢;,—2 =0.

If we apply boundary condition (3.0.5) to the both sides of equation (3.0.7), we obtain

O(B) = cm—1B"" l+ﬁ/ (B—w)P~ (W)dW

— %/Oa (cm_lwm1 +/O (w—s)plg(s)ds) dw
+%/Yl (cm_lwml —|—/Ow(w—s)p1g(s)ds> dw.

By evaluating the first integrals on the second and third lines of the above equation and then

changing the orders of the second integrals on the same lines, we have

1 d; o dy 1
cm_lza[m / <oc—s>Pg<s>ds+m [ a=spgas

_F(pdi 1) /Ov(y_ )8 =) / — S)ds}

1
where C = Bm_l — — (10" +dy — daY™).
m
Rewriting equation (3.0.7) with the found value of ¢,,_1, the expression of the unique

solution (3.0.6) can be obtained. []

3.1. Main Results

Consider a Banach space H = C([0, 1],R) containing continuous functions which are

defined on the domain [0, 1] x R on which a uniform convergence topology is defined via the

sup norm, [[¢[[ = sup [(x)].
x€[0,1]

Theorem 3.0.1 defines the following operator P : H — H as

-1 a
20)) = [ty [ o= ats 0as B [ -t p6)as

dr [T 1 B -
_F(p+1)/() (Y—s>p<p(s,¢(s)>ds—m/0 (B—s)P l(p(s,(b(s))ds}
1 X _
i) Jy 00006

(3.1.1)
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It is clear that the problem (3.0.1)-(3.0.2) may have a solution provided that the related fixed
point equation P = ¢ possesses a solution; that means admitted a fixed point.

In short,

zZ= m [[di|oPT! +|do| (1 =TT + (p+ 1) (B +[C])] - (3.1.2)
Theorem 3.1.1. (Ahmad and Agarwal, 2014) Assume that the continuous real valued function
¢:[0,1] x R — R satisfies the following assumption, which is Lipschitz condition:

(A) :|o(x,01) — @(x,02)| < L|d1 — 02| forallx € [0,1], L> 0, 01,02 € R. In that case
boundary value problem (3.0.1)-(3.0.2) does have a unique solution provided that

1
L<—=. 3.1.3
Z (3.1.3)

Proof. Proof will be done by employing Theorem 2.0.1. Let us define a closed and bounded set

B, ={0cH:|¢|| <r},

———, M = sup |@(x,0)| < eo.
1-LZ x€[0,1]

Step 1. PB, C B, : The triangular inequality implies that

where r >

[0(x,0(x))[ < [@(x,0(x)) — 0(x,0)[ + |@(x,0)| < L[[0][ + M < Lr+M, ¢ € Br.

On the other hand

U] e 1 (B _
I2011 < swp { | o ) (oot e+ s (B2 ot ot
¥
0

F<Ld2+‘ ) ‘/OY“ — 2)Po(z,0(2))dz+ /Y (1= )0(2,0(2)dz [ 2Pt o)z

iy 2P ot 0@z |

+

|

(3.14)
If we manipulate second line of the above inequality, one can get
Y
0

[0 rpeenaz [ (-2rot oz~ - 2Pot o)
0 Y

_ ‘/oy[(l —2)P = (y—2)°] (P(z,¢(z))dz+/1(1 —2)P9(z,0(2))dz
v

I_Yerl
p+1 °
(3.1.5)

< /Y[(l —2)P = (y—2)°] |<P(Z,¢(Z))IdZ+/l(1 —2)°[0(z,0(2))|dz = (Lr+M)
0 Y
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After using triangular inequality, if we take the integrals in inequality (3.1.4) and by using
inequality (3.1.5), we have

B +1 Pt .
e L e

x€[0,1] I(p+2) T(p+2) ILlp+1)] Llp+1)
<(Lr+M)Z.
. o S
By using the condition r > A we get

|Po|| < (Lr+M)Z = LZr+MZ < —Mz+r+Mz=r.

Step 2. P is a contraction: For every x € [0, 1] and for all ¢1,¢, € H, the following holds:

xm_l |d1’ o
|01 - fP¢2H<x:%Pl]{ o o [t 2Plat 016 - e atelav

)/ 2P 0(z,01(2)) — 0(z,92(2))|dz

F<Ldi‘1) [ 10-2° = -2 0(e.1(2) — 0l 022t

|da| !
C(p+1) Jy

+%p) /ox(x—z)p_1 0(z,91(2)) — (P(Z,¢2(z))|dz.}

The Lipschitz condition (A) leads to

_|_

" ( _Z>p,(p<z,¢1<z>>_¢<Z,¢2<Z>>yd4

Lxm! ’dﬂ o
I2o—26sl1 < sop {5 |l [ o oPlan) o)

p)/ =P 71[01(2) — 92(2) |z

" F(Ld2+| 0 /oy[(l —2)P = (Y= 2)P] 191 () — 92(2)|dz
|da| 1
+F(P +1) /y (1=2)°11(z) - ¢2(Z)|dz}

l“_p) /Ox(x_ 2P o1(2) - ¢2(Z)|dz}

Applying the same procedure followed in Step 1 results in || Pd; — Pd2|| < LZ||0; — ¢2||. From
condition (3.1.3), we can conclude that 2 is contraction. Therefore Banach’s contraction map-
ping principle provides the existence of unique solution of boundary value problem (3.0.1)-

(3.0.2). 0
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Example 3.1.1. (Ahmad and Agarwal, 2014) Examine boundary value problem with fractional
derivative )

sin @
(x+4)1/2
0(0) =0, ¢'(0)=0,..., 0"(0) =0,..., ¢ (0)=0, (3.1.6)

1/3

1
0(1/2)=di [ otww+dz [ o(w)aw,
0 2/3
wherem=5,p=9/2,di=1,dy =1,aa=1/3,=1/2,y=2/3 and

sin ¢
(x+4)1/2

On the other hand |C| = |B" ' — L (40" +d, — dyy™) | = 0.111986 and

0CD9/2¢()C) = ¢*arctan + +(x+1)3/2, x€[0,1],

Q(x,0(x)) = e*arctan ¢ + +(x+1)32,

1

Z= ———— [|di|aP™! +]da| (1 =*1) + (p+ 1) (BP +|C])] = 0.0544011
ICIT(p+2) : }
By applying Mean Value Theorem for ¢ < & < ¢2,x € [0, 1], we obtain

|sin¢; — sin ¢y
(x+4)1/2

1
|01 — 2| < (€+§> |01 — 02,

|0(x,01) — 0(x,¢2)| = ¢*|arctan ¢; — arctan ;| + = |00 (x,0)(5)[[91 — 02

_Ae N cos§

which implies L = e+ 1/2 and L < 1/Z is satisfied. Since the hypotheses of Theorem 3.1.1 are

satisfied, (3.1.6) does have a unique solution.

Theorem 3.1.2. (Ahmad and Agarwal, 2014) Let ¢ : [0,1] x R — R be a continuous function
and (A1) and

(A2) 1 |o(x,0)| < f(x) for all (x,) € [0,1] xR and f € ([0,1],RT)

hold. If
L

ICIC(p+2)
then the boundary value problem (3.0.1)-(3.0.2) possesses a solution.

[|d1 [P +[do| (1= + (p+1)BP] < 1, (3.1.7)

Proof. Theorem 2.0.2 will be employed to show the existence of solution of the boundary value
problem (3.0.1)-(3.0.2). For this purpose, we define the set B, = {¢ € H : ||0|| < r} C H for
which Z|| f|| < r. We also divide the operator ? into two parts as

(B0)(3) = o7 | (=)ol 00
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and
1 o
(20)0) =" [(pﬁl) (0= 2P+ s [ (120G 00z
d
—F(pil) ‘-2z 00) ))dz— )/ B—2)""9(z.0(2) }

Step 1. P01 + P>9> € B, for all 01,92 € B, : Let us consider

01+l < sup { s [P ol 0

x€|0,1
e 1 ’dll o
+I {r<p+1> /O (0= 2)P|0(z,0(2))|dz

B
* ﬁ/o (B2 oz, 92(2))|dz
F(Ld—i’l) /oy[(l —2)P = (Y= 2)°]19(z,92(2))|dz

+f (-2 lole 0x(2)d]| .

By using condition (A;), we obtain

1 x -1
I+ 20l < sup (s [ o

x€[0,1

xmfl |d1| o 1 B _
+I {F(P‘H) [ s@az s s [ B-2P
1
+F<'pdj'1) [ 0= - = e | <1—z>pf<z>dz]}
which yields
K |dy ¢
|\fPl¢1+sz¢z||§||f||{ - {F(P‘H)/ —Z)sz+—/ s
|da| v
gy (1P ~(=aPlaee [[1-2req

1 x -
by -t < sz <
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Step 2. P, is contraction: For all ¢1,¢, € B, and for each x € [0, 1], we have

xm—l |d1] o o B
I~ < sup { " |ty [ 2Plote 1) —ote e

P)/ —2)P710(z,01(2) — 0(z,02(z)) ldz

+ F(l)di‘ 3 /OY[(I —2)P = (y—2)P]|o(z,01(z)) — ©(z,92(2))|dz
+F(Ld-2|-| 1) /yl<1 —2)°le(z,01(2)) —(P(Zad)z(z))!dz} }

Lipschitz condition (A}) leads to

Liy” |d | a
Pyo) — P — 2)P|01(2) — 02(2)|d
I~ mall < sup {5 |ty [ @ P00 - eala:

B
. L/O (B—2)°""101(2) — 02(2)dz

I(p)
2 i, 0= - (=271 01(2) — (e
0

Ip+1
|2

i
+M/Y (1-2)°l01(2) —¢2(Z)Idz} }

+

Taking supremum of the both sides for x € [0, 1] implies

1 |

‘d1| p+1 p
* b +1“(p+2)

L(p+2) Cp+1)

2201~ 220n] < 1~ 02l | a-¢).

From condition (3.1.7), we can conclude that P, is contraction.

Step 3. P is relatively compact:
(i) Py is continuous: Since @ is continuous, P is also continuous.

(i1) P, is uniformly bounded: Let B, C H be a bounded set. In order to find uniform bound-

edness of P, we will analyze the following:

I2O@ < sup o [ x5 o(s.0()lds:

x€[0,1] F(p)
A

Using condition (A;) results in ||(P10)(x)|| < To+1)
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(iii) P, is equicontinuous: We will show that (P10)(x2) — (P19)(x1) provided x; — x for all

x1,x2 € [0,1],x] < xp. For this purpose let ~ sup  |¢(x,0(x))| = @,,. Then
(x,0)€[0,1] x B,

1(P10)(x2) — (P1) (x1)] < Oxz (2 = )P (1, 0(»))] o /Oxl (x1 — V)P~ o(v,0(1))|

L(p) I'(p)
(e = )P = (= )P (v, 0(v))]|
: /0 I'(p)
2 (= v)P (v, 0(v))|
+/x1 F(p) dv.

By taking supremum of the both sides for (x,0) € [0, 1] X B, we obtain

I(20)) = (o)l < 22 ([ [ =0 = =P ) av

»%) - (pn
"'/xl (%2 —v)P ldV) = m(xg—x?)

approaching zero independent of x as x; — x3.

Since the parts (ii)-(iii) satisfy the hypotheses of Arzela Ascoli Theorem 2.0.4, the op-
erator P; : B, — B, is relatively compact and so, from Theorem 2.0.2, it is completely

continuous. Thus the boundary value problem (3.0.1)-(3.0.2) does have a solution.

]

Theorem 3.1.3. (Ahmad and Agarwal, 2014) Suppose that for x € [0,1],¢ € H, the function @
is bounded, i.e |@(x,0)| < Lj, where L; > 0. In that case the boundary value problem (3.0.1)-

(3.0.2) does have a solution.

Proof. So as to show the presence of solution, Theorem 2.0.3 will be used. First our aim is to

prove that P is completely continuous:
(i) P is continuous: Since @ is continuous, P is also continuous.

(i1) P is uniformly bounded: Suppose that B C H is a bounded set and ¢ € B. In order to
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show uniform boundedness of P, we will analyze the following:

|£P¢|sxm_l[ AL [ a2 loteo@ide+ o [ (B2 otz 000l

IC| [T(p+1 ) Jo
4D \/ ~oPeteanas [ (- 2Poleane

/(v (00e))|

1757 =9 o 000l

Using condition |@(x,¢)| < L, and applying the same procedure followed in Step 1 of

the proof of Theorem 3.1.1 lead to
|PO| < L1Z = L.

(iii) 2 is equicontinuous: We will show that f(?;9)(x2) — (210)(x;) provided x; — x; for all

x1,x2 € [0, 1],x1 < x2. For this purpose let us consider

m— -2 o
llc)ixm { <|pdl+|1>/o (0= 2)°|p(2,0(2))ldz

(20) ()] < |
AL Al Er e

l)d_2|_|1 ‘/( —2)P9(z,9(2) )dz+/ (1—2)Po(z,0(z))dz
- /0 (Y—Z)p(P(Z,(D(z))dz}
+ﬁ/ox(x—ZW‘ZI@(z@(z))ydz.

Using condition |@(x,¢)| < L, and applying the same procedure followed in Step 1 of
the proof of Theorem 3.1.1 lead to
(P9) (x)| < LiZ = L.

This follows that for all x;,x; € [0,1],x; < x2, one can show that

0
|(P9)(x2) — (P9)(x1)] < / |(P9)'(x)|dx < L3 (x2 — x1),
X1
implying P is equicontinuous.
Since the parts (ii)-(iii) satisfy the hypotheses of Arzela Ascoli Theorem 2.0.4, the op-

erator P : B — B is relatively compact and so, from Part (i) and Definition 2.0.16 it is

completely continuous.
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To use Leray-Schauder alternative 2.0.3, let use define the set
W={0eH:¢=0Pp,0<c<1}

and show the boundedness of it. Let ¢ € W. Then one may obtain that

-1
o) =ol(20)0)] < * | s [ (- oPlote.gtala:

B
1557 b B=2lolz.0(a)
| [0 - are o [ 01-aPot 0@z [r-2reo|

ﬁ/ox(x_z)plwz,q)(z)ﬂdz A7 = Mg < (04ll3

For any 0 < x < 1, since |¢(x)| < M|, the set W is bounded. Since the hypotheses of Theorem
2.0.3 holds, the boundary value problem (3.0.1)-(3.0.2) does have a solution. []

Theorem 3.1.4. (Ahmad and Agarwal, 2014) Consider the following assumptions:
A3) For the functions v € C([0,1],R") and g : R — R* ¢/ (x) > 0, the following holds
|0(x,0(x))| <v(x)q([l0]])
forall (x,0) € [0,1] xR;
D
A4) For the constant D > 0, we have Za DV > 1.
In that case the boundary value problem (3.0.1)-(3.0.2) does have a solution.

Proof. So as to prove the existence of solution, Theorem 2.0.6 will be used. For convenience
we can define the bounded set B, = {¢ € C([0,1],R) : [|¢|| <m,n > 0}. First we will prove that

‘P : H — H is completely continuous:

(i) P is continuous: Since @ is continuous, P is also continuous.

(ii) The image of bounded sets of C([0, 1],R) are bounded sets in C([0, 1], R):

S 1
ol s { e |ty ) e oPletaia:

B
+ 7705 | (B=2° 0l 0()ldz
{[10-20 - 2P0tz o@laz+ [ (1 -vPlototlas |

1 X
by =2 ez
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Using condition |@(x,d(x))| < v(x)g(||®||) and applying the same procedure followed in
Step 1 of the proof of Theorem 3.1.1 result in

U] e
|[(Po)( )H<xz%pl{ cl [F(p+1)/o (o —2)Pv(x)q(]|9][)dz

1

B _
ey Jy B2 veallelaz
+ L L M- - (2P wadlolhaz+ [ (1P v(latlolhas

1 X B
7 o 2P volatloles |

Condition (A4) imples that

m—1 |dl| o
© [r<p+ |, (=2
1 |d>|

P
iy fy B2z vP“)}

1 % _
Fiy Jo 2P az < blle@z <D,

Therefore ||(P9)(x)|| < D.

1(26) ) < M a(D) {

(iii) The image of bounded sets of C([0, 1],IR) are equicontinuous sets of C([0, 1],R): Choos-
ing 0 <x; <xp <1 implies that

- { |di]
(

C| T(p+1) 0a<0°—V)p!<P(v,¢(v))ydv

|(P9)(x1) — (P9)(x2)] <

1 B _
*W | B=vPlo(00))lav

Ldﬂl) V [(1=v)? V)PLo(v,0(v))|dv
+/ 1—vp\<|><v,¢(v>>\dv]}

[/ (x2 = V)P o, 0(v))|dv — /Oxl (x —V)pl|(P(V,¢(v))|dv}

Using condition |@(x,d(x))| < v(x)g(]|¢||) and assumption (A;) and applying the same
procedure followed in Step 1 of the proof of Theorem 3.1.1 result in

m—1 m—1 P P
Xy X XX

Cl Cp+1) ]

|(P0)(x1) — (P9) (x2)] < [Ivllg(m) [Z
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When X2 — X1,

|(P9)(x1) — (P9)(x2)] = O

not dependently of ¢ € By,.

Since the parts (ii)-(iii) satisfy the hypotheses of Arzela Ascoli Theorem 2.0.4, the operator
P : H — H is relatively compact and so, from Part (i) and Definition 2.0.16 it is completely
continuous.

Now we will show that the second conclusion of Theorem 2.0.6 can not be satisfied.
For this purpose let us take the set ¢ € W as in the proof of Theorem 3.1.3. Then employing the

similar arguments in the proof that © is bounded, for any x € [0, 1] it can be obtained that

= 4 1] ¢ -y v,0(v))|dv
Joll =il @I < swp { o ) (e wPlot o0l

1 B _
+ oy (B 00001y

AT
P aEY [/0 [(1=v)P = (v=2)P]|@(v,0(v))|dv
1
+f0 ~vPlot 00|
1 X _
b [y 1|cp<v,¢<v>>\dv}-

Using condition |@(x,0(x))| < v(x)g(||9||) and applying the same procedure followed in Step 1

of the proof of Theorem 3.1.1 result in

xm—l ‘dﬂ o B
loll < sup {4 |y e oPvatolna:

1 B _
) /0 (B—2)°"v(x)q(|[0]])dz
| [ /O 11— 2° - (1= 2P]v()q(llold=
1
[ —z>Pv<x>q<||¢||>dz] }

C(p+1)
+W/o (x=2)"Tv(x)q(llo| I)dz} :
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Besides, condition (A4) yields that

m—1 o
ol < Il { g | oy [ (o2

|C] p+1)Jo
1P _ ||
+W/0 (B—2z)° 1dz+r<p+1)(l—yp+')dz}

1 x -
T 1dz} < Mllq(l10l))z

or

ol
— < 1.
Mia(lomz =

Therefore from assumption (A4), there is a constant E for which ||¢|| # E. Now we set the set
U= {0 C([0,1],R) : ||¢|| < E +1}. It can be shown as above that P : U — C([0,1],R) is
continuous and completely continuous. Choosing U in this form yields that there does not exist
¢ € dU satisfying ¢ = 6P(¢) for 0 < ¢ < 1. Hence we can conclude from Theorem 2.0.6 that
there exist a fixed point ¢ € U of 2. Hence the boundary value problem (3.0.1)-(3.0.2) does
have a solution ¢ € U. O

Example 3.1.2. (Ahmad and Agarwal, 2014) Examine the boundary value problem with frac-

tional derivative

Cp9/24(y C (x+2)(0+2) . o
oD”7=o( )——1+(¢+2)2 + (x+1)sind, x € [0, 1],
0(0) =0, ¢'(0)=0,..., ¢"(0) =0,..., ¢ (0) =0, (3.1.8)

1/3

1
o(1/2)=di | g(w)dw+d; /2 Q0w

wherem=5,p=9/2,dy=1,dy =1,00=1/3,=1/2,y=2/3 and

X 2
o(x,0(x)) = % + (x+1)sin¢.
Moreover
x 2 2
lo(x,0(x))| = %—F()ﬁi—l)simp §(x+2)'% + (x+1)|sind|
2 2
< )| e < 0 2) || 202 1] < viwatio,

(0+2)*

where v(s) = +2, gl = 1 +1ipl, ol = | 22
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Since

1

~CT(p+2) [ldi |0 4 [da| (1 =¥**1) + (p+ 1) (BP + |C)] = 0.0544011.

From assumption (A4) we have m > 1 which implies D > 0.195033. Since all the hy-
potheses of Theorem 3.1.4 hold, (3.1.8) does have a solution.

3.2. Nonlocal multi-point case on the aperture

Let us consider differential equation with Caputo derivative of order p € (m —
1,m|, m>?2
§DPO(x) = @(x,0(x)), x € [0, 1], (3.2.1)

subject to the following boundary conditions

0(0) =0, ¢'(0)=0,..., 6" 2 (0) =0,

) ) 1 (3.2.2)
jzlm(ﬁj):dl /O o(w)dw -+ da /Y O(w)dw, di,dy,\; €R,

where 0 < a0 < B < P2 < ... <PBn <7y< . By using Theorem 3.0.1, the general solution of
(3.2.1)-(3.2.2) can be obtained as
-

m—1 d, o d> 1
o) =" s <a—s>P<p<s,¢<s>>ds+m | (=9Po(s.00)ds

d» Y Bj
m/o (Y=5)P9(s,0(s))ds — F(p Z/ A (B — )P o(s, 0(s ))d]

1 X _
) | =P g(s.0(5))ds,

n
1
where C, = Z ij’;”’l — — (d1o"™ +dp —dyY") # 0. Then definition of Z presented in (3.1.2)
= m
turns into

Zyn= e
|Ca|T(p+2)

i T! + |da|(1 = P71) + (p+1) (i 7~jl3?+|Cn!>
j=1

All the results established in Section 3.1 can be obtained for the fractional boundary value

problem (3.2.1)-(3.2.2) by defining the following operator which is the counterpart of operator
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defined in (3.1.1) as

ol

1
C, [T(p+1) & /(I—S)%(S,(D(S))ds

I'(p+1).Jo

1 & B _
p+1)/ s)Po(s,d )ds—mj;/o Aj(Bj—s)P 1<P(S,¢(S))dS]

+m /0 (x— )P~ (s, 0(s) s

(B0)(x) = [ (0=5)Pots,o(s))ds +

3.3. Nonlocal multi-substrips case

Let us consider differential equation with Caputo derivative of order p € (m —
1,m|, m>?2
§D°0(x) = 9(x,0(x)), x € [0,1], (33.1)

subject to the following boundary conditions
9(0) =0, ¢ (0)=0,..., 0" (0) =0,

n 3.3.2
:Z ¢ dw-l—Zb/ O(w)dw, aj,bjeR, ( )

where 0 =0 <31 < <9 < ... <0, < =0<P<Y=7<0 << <...<Y <
0, = 1. By using Theorem 3.0.1, one can obtain the general solution of (3.3.1)-(3.3.2) as

o) = / [ =97 (s 0(0)dsc
/YJ [ 6= 5 o5, 0s) s
—ﬁ /0 B<ﬁ—s>p1<p<s,¢<s>>ozs} 557 | 9 ot o)as
where G, = B! — 3" % (5 ~ Y i (67— y7) 0. Then definition of Z presented

j=1 n =1
in (3.1.2) turns into

1

AL
" |CurT(p+2)

Z aj] (87 =) + Z b (877 =) 4 (B + (Cul) (p+ 1)

All the results established in Section 3.1 can be obtained for the fractional boundary value

problem (3.3.1)-(3.3.2) by defining the following operator which is the counterpart of operator
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defined in (3.1.1) as

() ) =

naj.w—s_lsssw
L5y s, Jy (9P telsetoasa

+,§F /Y/ )P~ 0(s,(s))dsdw

1 1 * _
T(p) / (B—9)"o(s, <>>dS}+W/O (x—5)P " 9(s,0(s))ds

3.4. Riemann-Liouville slit-strips boundary conditions

Let us consider differential equation with Caputo derivative of order p € (m —
1,m|, m>?2
§DP0(x) = (x,0(x)), x € [0,1], (34.1)

subject to the following boundary conditions

0(0) =0, ¢'(0)=0,..., ¢""=2(0) =0,

o _ -1 1 . —1
o(B) = d, /0 %({)(w)dw—i—dz/y %q)(w)dw, O<a<B<y<l,u>o0.
(3.4.2)
By using Theorem 3.0.1, one can obtain the general solution of (3.4.1)-(3.4.2) as
o XU a(p) [ p+u+l
()= i ; pm/ (057 g, 0(5) s
S [ s s st — s [7(8 P 0l 0(5)ds

Fo L = (s 000)ds

dio 1T (m)  dy /1
Y

h _ m—1 _
where G =P Thrm) T

sented in (3.1.2) turns into

(6?1 e
ZpL = + L—w)*" wPdw + +
AL \cRL|{r<p+u+1> o Jy U R T T e+ )

All the results established in Section 3.1 can be shown for the fractional boundary value problem

(1 —w)*~w"=!dw. Then definition of Z pre-

BP Cre|

(3.3.1)-(3.3.2) by defining the following operator which is the counterpart of operator defined
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in (3.1.1) as

m—1 o
(0d) ) = |5 [ 9P (5,005

L [T(p+u)Jo
d 1w . B 1 § P ol b s
g L ) 0P gl os)dsdv — s [ =50~ 9(s,0(5)d

I'(p)
1 -
ey (9o 0(s))as



4. A STUDY OF NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS OF
ARBITRARY ORDER WITH RIEMANN-LIOUVILLE TYPE MULTISTRIP
BOUNDARY CONDITIONS

This chapter is devoted to the results of Ahmad et al. (2013). We are interested in

differential equation with Caputo derivative of order p € (m — 1,m], m > 2
§DPO(x) = 9(x,0(x), x € [0,K], (4.0.1)
subject to finitely many multistrip integral boundary conditions of the form

0(0)=0, ¢'(0) =0,..., 62 (0) =0,
k (4.0.2)
oK)= Y vi[1M0(8;) —1*6(8;)].

j=1

~.

Without further mention that
I. @: R xR — Ris acontinuous function with respect to its both arguments,
2. Aj>O0forj=1,2,...,kand 1% is the A j-th order Riemann Liouville fractional integral,
3. 0<0; <081 <6 <...< 6 < <K and v; are constant numbers for j =1,2,... k.
In order to prove the main theorems, the next theorem is the fundamental argument.

Theorem 4.0.1. (Ahmad et al., 2013) Let g € C[0,K]. Then ¢(x) € AC™[0,K] is the unique

solution of

§DPO(x) = g(x), x € [0,K], p € (m—1,m] (4.0.3)
0(0) =0, ¢'(0)=0,..., 6" %(0) =0, (4.0.4)
zk: [1%0(8,) — 1(8))] (4.0.5)
if and only if  satisfies the following: 7
o) = s [ e el — 2 [ gmaw
W k Ry [ [ g [0 g
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where x o x »
A=K"" 0.
Z v <x T+ m) 4
Proof. By employing Definition 2.0.1, for arbitrary constants cg,cy,...,cn—1, one can write the
general solution of equation (4.0.3) as
1 X
O(x) = =—— / (x—w)Plg(w)dw —co—crx— ... —cp1d™ L. (4.0.7)
I'(p) Jo

Using the boundary conditions (4.0.4) in equation (4.0.7) implies that co =c; = ... = ¢;—2 =0.

If we apply Riemann Liouville integral operator 1% to the both sides of equation (4.0.7), we

obtain

Fig(x) =

: ’ por (L Ww—s “lo(s)ds— cpp 1w ! ) dw
i e (g 00 =9 e(ohds = )

_L 1 X wx—wkji W s)P Odsdw — G | xx Wl g
= T o Jy G e o= [
4.0.8)

By changing the orders of the integral and by the third property of Beta function represented in

Theorem 2.0.8, the double integral turns into

/Ox/ow(x—w)M—l(W_S)P—lg(s)dsdw: /Xg(s) (/sx(x—w)xj_l(w_‘y)p_ldw) ds

—/ g(s)(x— )P~ 'B(A;,p)ds
_<mn> et
—FWM;AAwa“PW.

The third property of Beta function represented in Theorem 2.0.8 yields that

/Ox(x—w)x Ly = B m) = 1 T(m)I(A))

C(m+Aj)
Therefore equation (4.0.8) becomes as
1 x o cm—11'(m)
A APl 1 Aj+m—1
1"1¢(x) = (pH)/ 8(s)(x—s)" P ds — Oy ) (4.0.9)

After evaluating equation (4.0.9) at the points x = §; and x = 6; and applying the boundary
condition (4.0.5) to equation (4.0.7) lead to

oK) = I(p) /K(K w)Pg(w)dw — ey 1 K™ = ey Z—Fr(mm) [GTM"_I—ST”‘-’_I}
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Hence we obtain that

- ﬁp) I

k

v 3 o 0; r.
_;m{/o g(S)(Sj—s)ler lds—/o g(s>(g] S)?»+p Lasl .

Rewriting equation (4.0.7) with the found value of c,,_1, the expression of the unique solution

(4.0.6) can be obtained. [l
4.1. Main Results

Consider a Banach space H = C(]0, K], R) containing continuous functions which are

defined on the domain [0, K] x R on which a uniform convergence topology is defined via the

= sup [0(x)].

x€[0,K]
Theorem 4.0.1 defines the following operator P : H — H as

sup norm,

5 —1 K
(2900 = o5 [ 6= 060~ s [ (K= (e 00a)d:

k

A lns. 8; 0;
* X 55 1) )@= e et [ 0= otz 000

It is clear that the problem (4.0.1)-(4.0.2) may have a solution provided that the related fixed
point equation P = ¢ possesses a solution; that means admitted a fixed point.
Let us define
KP Kp+m—1 k K1
_ Z ’ ST _ghitPy, 4.1.1)
I'(p+1 ) AC(p+1) S T(Rj+p+1) 1A J

Theorem 4.1.1. (Ahmad et al., 2013) Assume that the continuous real valued function @ :
[0,K] x R — R satisfies the following assumption, which is Lipschitz condition:

(Al) : |(P(X,¢1) _(P(x,¢2)| < L|¢1 _¢2|f0ra”x € [07](]’ L>0, ¢17¢2 eR.
In that case boundary value problem (4.0.1)-(4.0.2) does have a unique solution pro-

vided that

1
L<=. 4.1.2
<z (4.1.2)

Proof. We will use Theorem 2.0.1. We first define the set

B, ={0cH:[|¢[<r},



34

where r > , M= sup |@(x,0)] < eco.
1-LZ ke[0.K]

Step 1. PB, C B, : The triangular inequality implies that

[0(x,0(x))[ < [0(x,0(x)) = 0(x,0)[ + |@(x,0)| < L[[0][ + M < Lr+M, ¢ € Br.

Moreover,
1< 155, X“‘Z)p1"P(Z’¢<Z”“’”%/OK<K—z>plr<p<z,¢<z>>\dz
k m—1 .
DT A B LI SRS R S
MEK™! _
/(x—z ~ld |A|F( )/ (K—2z)P"ldz
k m .
+Z §+lp 8](5]' )P o(2,0(2) dz—/ (8;— 2P 0(2,0(2))dz
(4.1.3)
Let
K™ oy | 3 A 8; L
5= L 707 4 | @=2M 0z o)z~ [ (8,2 (2, 002))dz
k
225152,
j=1
where
S1= k +p) ‘
S| [P otz 0z [ (0~ ol 000)

Since 8; > 0; for all j =1,2,...,k, seperating the first integral from 0 to 6; and from 6, to §;

yields,
k
S=Y 55,
j=1
e]
=y si| [ @2 -0 g Z¢dz+/ Mgz, 0)ds
j=1
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m—1<p<m,m>2, implies that 0 <A;+p— 1 and (J; —y)lite—l (8; —y)kite=1 > .

Therefore S becomes as

SgiSl(Lr—i—M){/oej[(Sj—z)xﬁp_] (6;— 2P~ 1dz] + /(6 Prrto- 'dz}

J=1

If we take the integrals of the above inequality, one can obtain that

i LMK Wl -, 4.1.4)

T +p+1) j

By taking integrals in (4.1.3) and using (4.1.4), we have

m—l

Kp Kp+m 1

k
Podl < (L M
20| < (Lr+ )F(p 1) TIATp 1) ; T(hj+p+1

Yi| shite  qhjt+p
] A‘(F’j 0 )]

=(Lr+M)Z.

By using the condition r > we get

1—-L1L7’
|PO| < (Lr+M)Z < LZr+MZ < —Mz+r+Mz=r.

The desired result can be obtained by taking supremum of the both sides of the above inequality.
Step 2. P is a contraction: For every x € [0, 1] and for all ¢;,0, € H, the following holds:

26— 202l < sup {0 [ ol 1) 0t

x€[0,K

—1
ﬂj;_) / C(K = 2P 0(2.01(2)) — 9(z.02()ldz

k
i [ [ @2 ot ) - et oatela:
9j
- /0 8- lo(z.01(2) ~ 0(z 02D 2] }.
The condition (4.1.2) leads to

201 2oull < sup s [ on )~ ntea

x€[0,K]

m—1
+|/L\TT/K(K—Z)P—1|¢1(Z) —02(2)|dz
k -
+ L7fm+p ‘ [/ (8 =21 01(2) — 2(2)]dz

- /0 Y - ~on(aaz| |
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Applying the same procedure followed in Step 1 results in ||P0; — Pdo|| < LZ||d; — ¢2||. From
condition (4.1.2), we can conclude that 2 is contraction. Therefore Banach’s contraction map-
ping principle provides the presence of unique solution of boundary value problem (4.0.1)-

(4.0.2). [

Example 4.1.1. (Ahmad et al., 2013) Examine the four-strip nonlocal boundary value problem

§D°20(x) = o(x,0(x)), x € 0,2],
6(0) =0, ¢'(0)=0,..., ¢"(0) =0,..., ¢ (0)=0, 4.15)

4
0(2) = ;w[lwsj) —1%6(6;)],

wherep=9/2,m=15,0; = 1/4,51 == 1/2,92 :2/3,52 =1,03 :5/4,83 =4/3,04 :3/2,84 =
7/4,71 =57%=10,73=15,74=25A; = 5/4,7»2 = 7/4,7&3 = 9/4,7\,4 = 11/4.

Aj+m—1 Aj+m—1

5/ -8 L'(m)

L(Aj+m)

n tne other han = D I Y an
On the other hand A = K™ z’;_lyj 9,334784 and

P KP Kpt+m—1 Zk: Km—1
= + +
T(p+1)  |AIC(p+1) " & T(,+p+1

| %’ (8577 —6%7"°) = 1.406972.

arctan ¢

o Let 9(x,0(x)) = (x18)1/ + (4+3sin2x)'/2. By applying Mean Value Theorem we ob-
tain
1) — (s 0n)| = RGO g5,0) (B0 — 00l =
01 —¢o| _ 1
< +8)1 < 5101 =02,

which implies L =1/2 and L < 1/Z is satisfied. Since the assumptions of Theorem 4.1.1
are fulfilled, the unique solution exist for (4.1.5).

o Let 9(x,0(x)) = ¢ + _arctan¢_ + (44 3sin2x)"/? be an unbounded nonlinear function.
7 (x+8)1/3
Then

|61 — 02|  |arctand; — arctan ¢y | 11
_ — < _ _ 4z
‘q)(x?q)l) (p(x7¢2>‘ 7 + (X+8)1/3 = M)l ¢2’ 7 + 2

9

- ﬁM)l - (I)2|7

9 1
which yields that L = T < 7 where Z = 1.406972. Since all the hypotheses of Theorem
4.1.1 hold, the unique solution exist for (4.1.5).
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Theorem 4.1.2. (Ahmad et al., 2013) Suppose ¢ € R is bounded for x € [0,K], i.e |@(x,0)| < L,
where L1 > 0. In that case the boundary value problem (4.0.1)-(4.0.2) does have a solution.

Proof. To prove that (4.0.1)-(4.0.2) has a solution, Theorem 4.1.2 will be used. First we will

prove that P is completely continuous:
(i) P is continuous: Since @ is continuous, P is also continuous.

(i) P is uniformly bounded: Let B C H be a bounded set. In order to find uniform bounded-

ness of P, we will analyze the following:
-1

(20))] < 75 | x(x—z)P—1|<p<z,¢<z>>|dz+|Ax|mW [ 2P oGz 002z

k

+ — )P o(2,0(2))dz

- |A|F (Aj +p ‘/
0,
— [0 (e, 002))d

Using condition |@(x,$)| < L;, and applying the same procedure followed in Step 1 of

the proof of Theorem 3.1.1 result in

|(P9)(x)| < Ly

KP Kp+m—1 k K1
n Z ‘ )»—i—p e?n +p) — L.
I(p+1) |AT(p+1) = FAj+p+1) 1A J

Therefore ||(P9)(x)|| < Ls.

(iii) 2 is equicontinuous: We will show that |(P®)(x2) — (Pd)(x;)| — O provided x; — x; for
all 0 < xp,xy < K. Consider
(26) (9] < 5 [ (v 2 Z0(z.0(2))ldz
Llp—1) Jo

(m—1)x"2

K o—1
e /0 (K—2)°""|9(z,0(2))|dz

d; 2
| @2 (e, 0(0))dz

FL AT, e
- [ @ gtz 0tead.

Using condition |@(x,¢)| < L, and applying the same procedure followed in Step 1 of

the proof of Theorem 3.1.1 lead to

_ p+m—2 k _ m—2
|(fP¢)’(x)| <L KP~ (I’I’l I)K Z 1 K ’Y]) 7\- TP 97\- +p)] =L;.

F(p) AIT(p+1) x +p+1) j
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This follows that for all x1,x, € [0,K],x; < x2, one can show that

(26)(02) ~ (20) 1) < [ (20) (9] < Lo —1),

implying P is equicontinuous.

Since the parts (ii)-(iii) satisfy the hypotheses of Arzela Ascoli Theorem 2.0.4, the op-
erator P : H — H is relatively compact and so, from Part (i) and Definition 2.0.16 it is

completely continuous.

To use Leray-Schauder alternative 2.0.3, let use define the set W = {¢ e H: ) =c6P9,0 <5 < 1}
and show the boundedness of it. Let ¢ € W. Then for any x € [0, K] it can be obtained

1 B K B
\¢(X)\=GI(£P¢>(X)\Sm/O (x—w)P l\w(w,d)(W))!derm/o (K —=w)P " o(w, 0(w))|dw

_'_ _ v .

k Xm_l'Yj
j=1 |A‘F(7Lj + P)

3
@ (0w

- [0 gt )an

mfl

KP Kp+m 1

k
<L
1F(p+1) IAIT(p+1) ; T(Aj+p+1

J

) Z\‘(sﬁ AL e’.‘f“’)] =M.

Since |¢(x)| < M|, for any x € [0, K], the set W is bounded. O

Example 4.1.2. (Ahmad et al., 2013) In the boundary value problem (4.1.5) let us take

32102 [cos4x +21n(1 +4sin® ¢(x))]
(104 cos(x))!/2

O(x,0(x)) = (4.1.6)

Note that |@(x,0(x))| < ezﬁ(l +1In25) = L,. Since the hypotheses of Theorem 4.1.2 are satis-
fied, boundary value problem (4.1.5) does have a solution for @(x,d(x)) presented in (4.1.6).

Theorem 4.1.3. (Ahmad et al., 2013) Suppose that for sufficiently small 1 > 0,0 < |x| <n
and for 0 < v < 1/Z, the function ¢ satisfies |@(x,0)| < V|d|. In that case the boundary value
problem (4.0.1)-(4.0.2) does have a solution.

Proof. So as to present the presence of solution, Theorem 2.0.5 will be used. For convenience
we can define the bounded set B, = {¢ € H : ||¢|| <m}. Let us choose ¢ € H such that ||$|| =7,

i.e ¢ € dBy. First we will prove that  is completely continuous:
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(i) P is continuous: Since @ is continuous, P is also continuous.

(i) 2 is uniformly bounded: In order to show uniform boundedness of P, we will analyze

the following:

1 * _
o< sw (s [ ote ol

-1 K -
+W/o (K —2)Po(z,0(2))|dz
Lol

d;

+ (- )M P (2,0(2))dz

6;
—/0 (0;— 2" o(z,0(2))

).

Using condition |@(x, )| < v|0|, and applying the same procedure followed in Step 1 in

the proof of Theorem 3.1.1 result in

X -1 K
2ol < sup s [t Wiglat s [ (- 9P Vol

xGOK]
m—1

+ Z yAyr 0 Y+p) [/Qi

(8~ 2P~ = (8, -2 ol dz

+/ P olaz| |

1 X xm— 1 K _
:VH(DH{W/O (x—2z)P~ 1dZ+|A|F( >/ (K —2)Pldz

k xmflyj |: 0,
Lyl
LA, +9) L

(8; =M — (0 — )l ‘ dz

8,
b @y ] < vializ < loll =n

J

Therefore ||(P)(x)|| <.

(iii) P is equicontinuous: We will show that |(P¢)(x2) — (P9)(x1)| — O provided x; — x5 for
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all 0 < x1,xy < K. For this purpose we analyze that
(20| < o [ (=2 oz 0(2)ld
X —F | (x—z2 7,0(z))|dz
“Tp-1)Jo ?

m— xm—2 K
+ﬁ/o (K—2)°""|o(z,0(2)) dz
m— Z,Y

k )x 3;
Z’ IA!F(A +p) /0 (3 =2/ (e 0l

9;
= [ 0= oz 00z

Using condition |@(x,$)| < L;, and applying the same procedure followed in Step 1 of
the proof of Theorem 3.1.1 lead to

(20)' (x)| < Ly

p—1 p+m—2 k m—2
K (m—1)K Z 1)K Yj) §hitP e>~+p)] Ls.

_|_
T(p) ' |AT(p+1) x +p+1) j

This follows that for all x1,x, € [0,K],x; < x2, one can show that
X2
|(P0) (x2) — (P) (x1)] < / |(P9)' (x)|dx < L3 (x2 —x1),
x|

implying P is equicontinuous.

Since the parts (ii)-(iii) satisfy the hypotheses of Arzela Ascoli Theorem 2.0.4, the op-
erator P : H — H is relatively compact and so, from Part (i) and Definition 2.0.16 it is
completely continuous. Hence we can conclude from Theorem 2.0.5 that boundary value

problem (4.0.1)-(4.0.2) does have a solution.

Example 4.1.3. (Ahmad et al., 2013) In the boundary value problem (4.1.5) let us take
O(x,0(x)) = 0(a> + 0M)"° +2(1 4+ cos(x* +3))°(1 — cos ), 6 # 0,a > 0. 4.1.7)
If ¢ is small enough and if all its power bigger than 1 are neglected then
[0(a® + )7 +2(1 4 cos(x* +3))3(1 — cos 9)| < a|9].

If we choose a < 1/Z, then the assumptions of Theorem 4.1.3 are fulfilled and for ¢ presented
in (4.1.7), boundary value problem (4.1.5) does have a solution.
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Theorem 4.1.4. (Ahmad et al., 2013) Consider the following assumptions:

A2) For the functions v € C([0,1],R") and g : RT™ — R* ¢/ (x) > 0, the following holds

|0(x,0(x))| < v(x)q(][9]])

forall (x,9) € [0,K] x R;

D

zgom = 1

A3) For the constant D > 0, we have

In that case the boundary value problem (4.0.1)-(4.0.2) does have a solution.

Proof. Theorem 2.0.6 will be employed to show the presence of solution. For convenience we

can define the bounded set B, = {¢ € C([0,K],R) : ||¢|| <n,m > 0}.
(i) P is continuous: Since @ is continuous, P is also continuous.

(ii) The image of bounded sets in C([0,K],R) are bounded sets in C([0,K],R): Consider

lepeil < sup {os [P et pm)ian

x€[0,K]

xn—bo K -1
+m/0 (K —=w)P~ o (w,d(w))|dw

+]i LYJ) ‘ /0 5’(5,- —w)! P, o(w))dw
[ @t oto a0 .

Using condition |@(x,d(x))| < v(x)g(||9]|) and applying the same procedure followed in
Step 1 of the proof of Theorem 3.1.1 result in

* .
2091 sup {5 [P ool
xm—l

K K p—1 d
+W/( —w)Pv(w)q(][0]])dw

P 1 0;
* Z AT, AT 15) [/ (85— w)Pr Pt — (8 — w)M P | (g 0] )aw

[l wiatoha| .
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Besides,

~1
011 < il { o [ et
k X" 'Y] 0; o | .
+Z " [AIT(A;+p) [/ (SJ'_W)}L'er 1—(ej_w)7»_+p l‘dw

+ [ -] | < bz =2

J

Therefore ||(P9)(x)|| < Z;.

(iii) The image of bounded sets in C([0, K],IR) are equicontinuous sets of C([0,K],R): Choos-

ing 0 < x1 < x2 < K implies that

(20) (1)~ (20)000)| = 5 22 (e 00

r(lp) / . (1 —2)° ' 0(z,0)dz
1

+"5",AT1> [ 2o 01
xm_ —x" I]YJ
+Z \Aymlﬂa) [/0

=1

(8= 2P~ = (8, =2 (2, 0)dz

+/ 7»+p 1 (Z,(I))dz} )

Using condition |¢@(x,d(x))| < v(x)g(||9]|) and applying the same procedure followed in
Step 1 of the proof of Theorem 3.1.1 result in
1 _
(20)(02) ~ (20) ()| < g5 [ |2 =27 = (1 =97 o(z.0)] 2

1
W/x (2 —2)° " o(z,0)|dz

-1 1
X=Xk -1
- M(p) | k=2 Gz 0)]dz

I yn=l
Z AIT( xlﬂ]am [/e (87— 2P oz, 9)| dz

DT (0,20l )z

J=1

o)l
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Assumption (A;) implies that
(20)(x2) = (20)(1)| € s [ (32— = (11 =9~ e

" %/X (2 —2)° 'v(z)g(M)dz
x? 1 x’{” 1
" |A|r<p>

b |Y ‘ j+p—
+,~—Zl AT xlﬂ))J [/e] (8 — )M P v(2)g(n)dz

K
/O (K —2)P~'v(z)g(m)dz

j— )Pl (9 — it ’ V(Z)Q(Tl)dz] :

When x, — xp,
[(P9)(x2) = (P)(x1)| = 0

not depending on ¢ € By,.

Since the parts (i1)-(iii) satisfy the hypotheses of Arzela Ascoli Theorem 2.0.4, the operator
P: H— H is relatively compact and so, from Part (i) and Definition 2.0.16 it is completely
continuous.

Now we will show that the second conclusion of Theorem 2.0.6 can not be satisfied.
For this purpose let us take the set ¢ € W as in the proof of Theorem 4.1.2. Then employing the

similar arguments in the proof that 2 is bounded, for any x € [0, K] one may find that

0001 = ol(#0)(1)] < s [ =P~ o(w.00w)
P 1
+ATG) / (K =) p(w,0(w))] v
x A
<3 i @ ot
- [ 0w gl p)an]
KP Kp+m—1 k Km—1 vi A A
<MD | e 15+ e 71 * B o o A5 ) +p)].

If we take supremum of the both sides of the above inequality for x € [0, K], we have

oIl < Tvllq(llol))Z
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or

I
Ma(omz ="

Therefore from assumption (A3), there is a constant E for which ||¢|| # E. Now we set the set
U ={0€C([0,K],R) :||0]| < E+ 1}. It can be shown as above that ? : U — C([0,K],R) is
continuous and completely continuous. Chhosing U in this form yields that there does not exist
¢ € U satisfying ¢ = 6P(¢) for 0 < 6 < 1. Hence we can conclude from Theorem 2.0.6 that
P possesses a fixed point ¢ € U. Hence the boundary value problem (4.0.1)-(4.0.2) does have a
solution ¢ € U. O

Example 4.1.4. (Ahmad et al., 2013)

e [n the boundary value problem (4.1.5) let us take

ARy
o(x,0(x)) = W <1+ 1+¢)' (4.1.8)

! o el —
Then o0} < e (1 1) < vl where ) = A1) =

2. Therefore ||v|| = 1/2,Z = 1.406972 and assumption (A3) imply that E > Z. Hence
for @(x,0(x)) presented in (4.1.8), the assumptions of Theorem 4.1.4 are fulfilled. Thus

(4.1.5) does have a solution.

o In(4.1.5) let us take

o(x, 9(x)) = \/)% <1+%+g). (4.1.9)

then (000 <~ (1 0 B1) <oglol). wher

1

v(x) = \/x—ﬂﬂ(!M)H) =2+|lof|/2.

Therefore ||v|| =1/2,Z = 1.406972 and assumption (A3 ) imply that E > 2.170392. Hence
for ¢ presented in (4.1.9), the assumptions of Theorem 4.1.4 are fulfilled. Thus (4.1.5)

does have a solution.



5. CONCLUSION

In this thesis, existence and uniqueness theorems for fractional boundary value prob-
lems with slit strip and multi strip boundary conditions have been established. Fractional differ-
ential equations are essential in mathematics due to the fact that they are more accurate, realistic
and practical than ordinary differential equations in modelling several physical phenomena. The
main advantage or the remarkable property of fractional integral and differential operators is that
they are nonlocal in nature which means that the future state of a dynamical system or process
involving fractional derivative depends on its current state as well its past states. This memory
and hereditary properties of these operators allow us to trace the past history of several mate-
rials and processes. Moreover, theory of fractional boundary value problems is a very popular
research area from mathematics point of view and have applications in biology, epidemiology,
physics, engineering, chemistry, hydrology, finance, classical mechanics, quantum mechanics,
visco-elasticity, electrical circuits and neuron modelling and so on.

This thesis summarizes the results of (Ahmad et al., 2013; Ahmad and Agarwal, 2014).

In Chapter 3 existence and uniqueness theorems for a differential equation with frac-
tional derivative of order ¢ € (n — 1,n] with slit-strips type boundary conditions have been pre-
sented. The slit-strips type boundary condition means that the total effect of the two nonin-
tersecting subintervals (strips) of arbitrary lengths is connected to evaluation of the unknown
function at the point out of the subintervals or in the aperture (slit). In order to prove our re-
sults, standart fixed point theorems (Banach’s contraction mapping principle, Krasnoselski’s
fixed point theorem, Leary-Schauder alternative and Nonlinear alternative for single valued
maps) will be used and some examples will be shown to confirm that our results are theo-
retically applicable. Then these results will be applied to fractional boundary value problems
with arbitrary number of nonlocal points in the slit, the nonlocal multi-substrips conditions and
Riemann-Liouville type slit-strips boundary conditions.

Chapter 4 have been devoted to establish the existence and uniqueness theory for non-
linear fractional differential equations of arbitrary order with Riemann-Liouville type boundary
conditions involving nonintersecting finite many strips of arbitrary length. Physical meaning of
these conditions is that since the sensors situate in the middle of the interval, the controllers at
the boundary of the interval disperse or take in energy. The existence results have been estab-

lished via Krasnoselski’s fixed point theorem, Leary-Schauder alternative and Nonlinear alter-
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native for single valued maps, the uniqueness of the solutions have been obtained via Banach’s

contraction mapping principle. Several examples have been given to illustrate our results.
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APPENDIX

GENISLETILMIiS TURKCE OZET
EXTENDED TURKISH SUMMARY

Bu tezde yarik serit ve ¢oklu serit sinir kosullarina sahip kesirli sinir deger problem-
lerinin ¢oziimlerinin varlik ve tekligi icin teoremler elde edilmistir. Kesirli diferansiyel den-
klemler i¢lerinde daha fazla degisken barindirdiklar i¢in bir ¢ok fiziksel olayin modellemesini
adi diferansiyel denklemlerden daha dogru, gercekgi ve pratik yaparlar. Kesirli integral ve tiirev
operatorlerinin avantaji ya da dogalarinin dikkat cekici ozellikleri yerel olmamalaridir, yani
kesirli tiirevi igeren dinamik sistemlerin ya da siireclerin gelecek zamandaki durumu hem su
andaki hem de ge¢mis zamandaki durumuna baglhidir. Bu operatorlerin hafiza ya da miras 6zel-
likleri bir ¢ok materyalin ve siirecin ge¢mis tarihini izlememize izin verir. Kesirli sinir deger
problemleri ise matematiksel bakis agisina gore popiiler bir arastirma alanidir ve biyoloji, epi-
demiyoloji, fizik, miihendislik, kimya, hidroloji, finans, klasik mekanik, kuantum mekanigi,
viskoelastisite, elektrik devreleri, noron modellemesi ve benzeri alanlarda uygulamalara sahip-
tir.

Bu tez beg boliimden olugmaktadir. Birinci boliim giris niteliginde olup yarik serit
ve ¢oklu serit sinir kosullarina sahip kesirli sinir deger problemleri ile ilgili literatiir taramasini
icermektedir. 2. boliimde fonksiyonel analiz ve kesirli diferansiyel denklemlerden gelen gerekli
tanim ve teoremleri iceren on kavramlar verilmistir.

Tezin 3. boliimiinde Ahmad and Agarwal (2014) makalesi detayli incelenmis, elde
edilen teoremlerin ispatlar1 agikca yapilmigtir. Bu bolimde mertebesi p € (m — 1,m|, m > 2

olan lineer olmayan Caputo tipi kesirli diferansiyel denklem

§DPO(x) = @(x,¢(x)), x € [0,1], (5.0.1)
asagidaki yarik serit tipi sinir kosullariyla beraber ele alinmistir:
0(0) =0, ¢'(0) =0,..., 0" (0) =0,
o 1 (5.0.2)
O(B) =d; /0 ¢(w)dw+d2/ ow)dw, 0<oa<B<y.
Y

Yarik serit tipi sinir kosullar1 su anlama gelir: Keyfi uzunluktaki kesismeyen iki alt araligin
(seridin) toplam etkisi bilinmeyen fonksiyonun alt araliklar disindaki ya da yariktaki noktadaki

degeriyle baglantilidur.
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(5.0.1)-(5.0.2) kesirli sinir deger probleminin ¢oziimlerinin varlik ve tekligi standart
sabit nokta teoremleri (Banach daralma doniisiimii prensibi, Krasnoselski sabit nokta teo-
remi, Leary-Schauder alternatifi ve Tek degerli doniisiimler i¢in lineer olmayan alternatif) kul-
lanilarak elde edilmistir. Bu teoremleri kullanmak amaciyla 6nce (5.0.1)-(5.0.2) kesirli sinir

deger problemi C = "~ — % (d o™ +dy — dyY™) # 0 olmak iizere asagidaki integral denkleme

doniistiiriilmiistiir.
Pt dq o d> 1
o) = | [ o sPats a2 [ - 0(000)as
d> ¥ 1 B -
e e 9Petsatods - s [M(B 5 965,009 503
1 i b
ey Jy 9P e o))

Daha sonra bu integral denklem kullanilarak

(?¢)(x):xmc {F(pd—li—l) /O (Oc—s)p(p(s,(])(s))ds—f—% /0 (1= 9)°0(s,0(5))ds
d [T 1 /B -
o [Pt e)ds— o [ B ot 0(0)as

57 =0 ol 0(0)ds
(5.0.4)
operatorii tanimlanmugtir. (5.0.4) operatoriiniin sabit noktasi, yani P¢ = ¢ esitligini saglayan
¢ degerleri (5.0.1)-(5.0.2) kesirli sinir deger probleminin ¢éziimii oldugundan (5.0.1)-(5.0.2)
kesirli sinir deger probleminin ¢oziimlerinin varlik ve teklik problemi (5.0.4) operatoriiniin
sabit noktasinin varlik ve teklik problemine indirgenmistir. Ardindan sonug¢larimizin uygulan-
abilirligini dogrulayan bazi ornekler gosterilmistir. Daha sonra bu sonuclar yarikdaki keyfi
sayidaki yerel olmayan nokta kosullu, yerel olmayan ¢oklu alt serit kosullu ve Riemann-
Liouville tipindeki yarik-serit sinir kogullu kesirli sinir deger problemlerine uygulanmagtir.
Tezin 4. boliimiinde Ahmad et al. (2013) makalesi detayli incelenmis, elde edilen
teoremlerin ispatlar1 agikca yapilmistir. Bu boliim sonlu sayida, ¢oklu ve keyfi uzunluktaki
kesismeyen seritleri iceren Riemann-Liouville tipi sinir kosullu lineer olmayan keyfi mertebe-
den kesirli diferansiyel denklemlerin ¢dziimlerinin varlik ve tekligi i¢in teoremlere ayrilmstir.
Bu boliimde mertebesi p € (m— 1,m], m > 2 olan lineer olmayan Caputo tipi kesirli diferansiyel
denklem

6DP0(x) = @(x,9(x)), x € [0,K], (5.0.5)
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asagidaki sonlu sayida, coklu seritli integral sinir kosullariyla beraber ele alinmistir:
¢'(0) =0,..., 9""(0) =0,
0(K) = Z 170(8;) —110(6)].

=~

(5.0.6)

Burada her j =1,2,...,kicin ; > 0 ve 1% mertebesi Aj olan Riemann Liouville tipi kesirli
integraldir. Ayrica 0 < 01 < d; <02 < ... <0 <& <K ve her j=1,2,...,k igin 7y; sabit
sayilardir. Ele alinan sinir kosullarinin fiziksel anlami sudur: Sensorler araligin ortasinda yer
aldig1 i¢in sinirdaki kontroller enerjiyi yayar ya da emer. Coziimlerin varlik sonuglart Kras-
noselski sabit nokta teoremi, Leary-Schauder alternatifi ve Tek degerli doniisiimler i¢in li-
neer olmayan alternatif uygulanarak elde edilecektir. Coziimlerin teklik sonuglar1 ise Banach

daralma doniisiimii prensibi sayesinde olusturulacaktir. Bu teoremleri kullanmak amaciyla dnce
<5X j+m—1 e?yj-ﬁ—m—l) F(m)

(5.0.5)-(5.0.6) kesirli sinir deger problemiA:K’"1 ZYJ F(?ujj—i—m) #0
olmak iizere asagidaki integral denkleme dénii§tijrijlmu§tur
009 = s [ gt — [ (kP gl 000
X)==—[ (x—w w,0(w))dw — —w w,0(w))dw
F(p) AL'(p) Jo

2y % Aj+p—1 % Aj+p—1

3 gLy L B ot [0, o000

(5.0.7)

Daha sonra bu integral denklem kullanilarak

< (x—w)PLo(w, d(w))dw -1
(pa)(r) = [ SOOLIE [ )P )

oy % o 0 o
+FZI Ar(x_,ﬁp) { /0 (8 —w)M P o(w, 0(w))dw — /0 (0 —w)hitP lcp(w,q)(w))dw]
(5.0.8)

operatorii tanimlanmustir. (5.0.8) operatoriiniin sabit noktasi, yani P¢ = ¢ esitligini saglayan

0 degerleri (5.0.5)-(5.0.6) kesirli sinir deger probleminin ¢éziimii oldugundan (5.0.5)-(5.0.6)
kesirli sinir deger probleminin ¢oziimlerinin varlik ve teklik problemi (5.0.8) operatdriiniin
sabit noktasinin varlik ve teklik problemine indirgenmistir. Daha sonra sonug¢larimizin uygu-
lanabilirligini dogrulayan bazi1 6rnekler gosterilmistir.

Son boliim sonug niteliginde olup bu tezde yaptiklarimizin 6zeti seklindedir.






57

CURRICULUM VITAE

The preparer of this research; Diyar Hashim Malo HAJANI, was born in December 1,
1986 in Duhok. He finished his primary school in Bzav in 1998 and the secondary school in
Brayati in 2008. In 2012, got his B.Sc. in Mathematics from the Department of Mathematics,

College of Education, University of Zakho.

Since October 2012, he has been working as the manager of postgraduate certifi-
cates office in University of Zakho. In September, 2014 accepted as M.Sc. candidate at the

Yiiziincii Y1l University in Van, Turkey to study master degree.



UNIVERSITY OF YUZUNCU YIL
THE ISTITUTE OF NATURAL AND APPLIED SCIENCES
THESIS ORIGINALITY REPORT

Date: 22/05/2017

Thesis Title: SOME RESULTS ON FRACTIONAL BOUNDARY VALUE PROBLEMS WITH SLIT STRIP
AND MULTI STRIP BOUNDARY CONDITIONS

The title of the mentioned thesis, above having total 57 pages with cover page, introduction, main parts and
conclusion, has been checked for originality by Turnitin computer program on the date of 23/05/2017 and its
detected similar rate was 20% according to the following specified filtering originality report rules:

- Excluding the Cover page,

- Excluding the Thanks,

-Excluding the Contents,

- Excluding the Symbols and Abbreviations,

- Excluding the Materials and Methods

- Excluding the Bibliography,

- Excluding the Citations,

- Excluding the publications obtained from the thesis,

- Excluding the text parts less than 7 words (Limit match size.to 7 words) .

I read the Thesis Originality Report Guidelines of Yuzuncu Yil University for Obtaining and Using Similarity
Rate for the thesis, and I declare the accuracy of the information I have given above and my thesis does not
contain any plagiarism; otherwise I accept legal responsibility for any dispute arising in situations which are
likely to be detected.

Sincerely yours,

22/05/2017
Date and signature

Name and Surname: Diyar Hashim Malo HAJANI
Student [D#: 149102167
Science: Mathematics

Program: Mathematics

Statute: M. Sc. M Ph.D. O

APPROVAL OF SUPERVISOR APPROVAL OF THE INSTITUTE
SUITABLE
SUITABLE
Asst, Prof. Dr. Zeynep KAYAR

(Title, Name-Surname, Signature) (Title, Name-Surname, Signature)




