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ABSTRACT

DIFFUSION CONTROL IN CLOSED-LOOP SUPPLY
CHAINS: SUCCESSIVE PRODUCT GENERATIONS
WITH REMANUFACTURING POTENTIAL

Biigra Giiray
M.S. in Industrial Engineering
Advisor: Emre Nadar

June 2023

We consider a durable-good producer who aims to jointly optimize its sales de-
cisions for two successive product generations that are remanufacturable. The
customer arrivals are governed by the generalized Norton-Bass diffusion process
over a finite selling horizon. The remanufactured-item sales are constrained by
the available end-of-use returns in each time period for each product genera-
tion. We investigate whether the producer can profit from partially satisfying
the second-generation product demand to smooth out the second-generation dif-
fusion curve and increase the total remanufactured-item sales in the long run.
We show that the partial-fulfillment policy is optimal for fast-clockspeed prod-
ucts if (i) the profit margin ratio of the remanufactured item to the new item is
large enough for the second-generation product, (ii) the profit margin ratio of the
first-generation new item to the second-generation new item is high enough, (iii)
the fraction of customers who are willing to buy the remanufactured item is only
moderately large for each product generation, and (iv) the number of customers
who are initially attracted by the first-generation product and willing to buy the
remanufactured item is not too large. We also characterize the environmentally
critical time period beyond which the optimal initiation of partial demand ful-
fillment leads to no improvement in the total remanufacturing volume for the

second-generation product.

Keywords: sales planning; closed-loop supply chains; remanufacturing; multi-
generation product diffusion; partial demand fulfillment.
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OZET

KAPALI DONGU TEDARIK ZINCIRLERINDE
DIFUZYON KONTROLU: YENIDEN URETIM
POTANSIYELI OLAN ARDISIK URUN NESILLERI

Biigra Giiray
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danmigmani: Emre Nadar
Haziran 2023

Yeniden iiretilebilinir, ardigik iki triin neslinin satig degerlerini optimize et-
meyi amaglayan bir dayanikli tiiketim mali iireticisini ele aliyoruz. Talep,
simirhh bir satis ufkunda genellestirilmis Norton-Bass diflizyon siirecine gore
gelir.Yeniden iiretim segenegi, kullanim sonu iirtin iadeleri siirlamasi altinda
gerceklestirilir.  Ureticinin, yeni-nesil yayilma egrisini yumusatmak ve uzun
vadede toplam yeniden ftiretilmig iirtin satiglarini artirmak igin yeni-nesil iirtin
talebini kismen kargilamaktan kazang saglayip saglayamayacagini arastiriyoruz.
Kismi talep kargilama politikasinin, (i) yeniden tiretilmis iirtiniin yeni-iiriine kar
marj1 oraninin yeni-nesil {irlin i¢in yeterince biiyiikk olmasi, (ii) erken-nesil yeni
tirtiniin yeni-nesil yeni tirtine kdr marj1 oranimin yeterince yiiksek olmasi, (iii)
yeniden tretilmig tiriin satin almak isteyen miisterilerin oraninin oldugu ancak
yalnizca orta derecede yiiksek ve (iv) baglangicta erken-nesil tarafindan gekilen
miigterilerden gelen yeniden iiretilmig tirtin talebi ¢cok biiylik olmadigi durumlarda
optimal oldugunu gosteriyoruz. Ayrica kismi talebin kargilanmasinin, yeni neslin
yeniden iiretilmis toplam hacminde iyilegtirmeye yol agmadigi kritik zamani da
karakterize ediyoruz.

Anahtar sozcikler: satig planlama, kapali-devre tedarik zincirleri, yeniden imalat,
¢ok nesilli iirtin yayilimi, kismi talep kargilama.
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Chapter 1

Introduction

The amount of e-waste generated continues to grow more rapidly than the amount
of e-waste disposed of in a responsible manner (United Nations [1]). In 2016, 44.7
million metric tonnes (Mt) of e-waste were generated worldwide, while 8.9 Mt of
e-waste were properly disposed of (Baldé et al. [2]). In 2019, however, 53.6 Mt
of e-waste were generated whereas 9.3 Mt of e-waste were properly disposed of.
In 2030, the amount of e-waste is projected to strike 74.7 Mt (Forti et al. [3]).
Improper disposal of such large amounts of e-waste threatens the achievement of
the United Nations’ 2030 Agenda for Sustainable Development, thereby increasing

the significance of product recovery options.

For sustainable consumption and production, many producers of consumer
electronics now develop circular economy approaches. Many firms tend to design
new products that are easy to reuse, remanufacture, or recycle at the end of their
use or life. Many firms also extend their business models by integrating the used-
item acquisition and disposition processes into their existing supply chains and
by entering the repair and/or refurbishing markets. This movement has led to

the rise of closed-loop supply chains (CLSCs).

In the smartphone industry, for example, Apple utilizes several different chan-

nels to acquire their used devices for refurbishing practices (the Apple Trade In



Program, the iPhone Upgrade Program, and the third-party trade-in platforms).
Apple focuses on improving the product longevity to maintain its value even after
years of consumer usage. This not only enables the consumers to use their devices
over longer time horizons but also allows the firm to refurbish and remarket the
acquired used items more profitably. For example, the iPhone 6s (a 2015 year
product) still had a monetary value for trade-in as of January 2022. Apple sells a
wide range of refurbished products on their official website with a one-year war-
ranty and Apple Certified Refurbished promise (Apple [4], [5]). Huawei’s online
“Vmall” program allows its customers to easily and swiftly return their used de-
vices. Huawei inspects the product returns to group them into several different
quality conditions. Some used items can be refurbished and resold through official
sales channels, while some other used items can be recycled for material recovery.
The e-waste is disassembled and disposed of by the certified third parties aiming
to reduce environmental pollution (Huawei [6]). Samsung’s “Eco-Partner Certi-
fication” program audits their suppliers every two years for sustainable sourcing
of their raw materials. Samsung has collected 5.07 Mt of e-waste since 2009 for

material recovery and reuse in new product manufacturing (Samsung [7]).

The economic value of remanufacturing the acquired used items depends heav-
ily on the supply-loop constraints, which are shaped to a large extent by the
diffusion dynamics of successive product generations in the fast-clockspeed in-
dustries. Although there is a vast amount of literature on CLSCs (see Atasu et
al. [8], Guide and Wassenhove [9], Ferguson and Souza [10], Akcali and Cetinkaya
[11], Hassini et al. [12], Souza [13], and Govindan et al. [14] for comprehensive
reviews), only a few papers to our knowledge have modeled their CLSC problems
by taking a diffusion-process perspective (Debo et al. [15], Akan et al. [16], Nadar
[17], Nadar et al. [18], and Uzunlar [19]). Such a perspective is particularly useful
for accurately gauging the demand and return curves of fast-clockspeed durable
goods such as consumer electronics. The above diffusion papers (except Uzunlar
[19]), however, have restricted their CLSC settings to a single product generation.
Successive generations of the same product as well as their new and refurbished
versions may exist together in the same marketplace (McKie et al. [20]), leading

to interdependent demand and return curves across generations that should be



incorporated into the diffusion process (Norton and Bass [21], Michalakelis et al.
[22], Jiang and Jain [23]).

In the CLSC literature, Uzunlar [19] has examined the optimal sales decisions
by developing a more comprehensive perspective on two successive generations of
the same durable good. In their problem setting, the demand arrivals follow the
generalized Norton-Bass diffusion process developed by Jiang and Jain [23], and
the first-generation product returns become available for material recycling so
that the recycled content can be profitably used in the second-generation prod-
uct manufacturing. Uzunlar [19] shows that slowing down the second-generation
diffusion process via partial demand fulfillment is optimal for fast-clockspeed
products when the first- and second-generation demand curves largely overlap
and the second-generation product launch has only a limited impact on the cus-
tomer base. Under these conditions, the partial-fulfillment policy enables the
producer to integrate a much larger amount of the recycled material into new-
item manufacturing. It also improves the total profit, despite some potential lost
sales, since the use of virgin raw materials is reasonably assumed to be more
expensive than the use of recycled materials. However, in the CLSC settings
with successive product generations, it is still unknown whether partial demand
fulfillment would ever be optimal if the durable good has the remanufacturing
potential rather than the recycling potential. This study aims to fill this gap in

the literature.

We study the sales planning problem of a durable-good producer who aims to
maximize its total profit from the two successive product generations with reman-
ufacturing potential. Like Uzunlar [19], we employ the generalized Norton-Bass
diffusion model developed by Jiang and Jain [23] in our problem setting. This
model encompasses the diffusion effect within each product generation as well as
the substitution effect among successive product generations. This model also
allows us to offer clean mathematical formulations for the leapfrogging behavior
(of those customers who purchase the second-generation product by skipping the
first-generation product) and the switching behaviour (of those customers who

purchase both first- and second-generation products). The end-of-use returns of



each product generation from the previous buyers become available for remanu-
facturing and remarketing. The remanufactured item has a larger profit margin
than the new item for each product generation. This assumption is likely to hold
in many cases since the remanufacturing process often consumes less material and
energy than the new-item manufacturing process (Atasu et al. [24], Guide and Li
[25], and Gutowski et al. [26]). In this problem setting, we investigate whether
the producer can profit from partially satisfying the second-generation demand to
slow down the diffusion process and increase the total remanufactured-item sales
in the long run. We note that the partial-fulfillment policy can be implemented
in practice by holding in-store inventory less than anticipated demand in certain

time periods.

Our main contributions in the CLSC literature are as follows:

e Our study is the first attempt to examine the sales decisions of durable-good
producers offering successive product generations with remanufacturing po-
tential. This problem is more complicated than the one described in Uzunlar
[19], because we need to keep track of the accumulated number of end-of-
use returns for each product generation in our problem formulation. The
remanufactured-item sales are bounded by the available end-of-use returns

in each time period.

e The partial-fulfillment policy aimed at slowing down the second-generation
product diffusion can be more desirable than the myopic-fulfillment policy
aimed at selling as many items as possible in each period without taking any
forward-looking approach. We outline sufficient conditions for optimality
of this partial-fulfillment policy. Although these conditions are mathemati-
cally involved, we provide intuitive explanations that may have managerial

implications in practice.

e We reveal that the partial-fulfillment policy is optimal if (i) the original dif-
fusion process (free of any sales control) is fast enough, (ii) the profit margin
ratio of the first-generation new item to the second-generation new item is
high enough, (iii) the fraction of customers willing to buy the remanufac-

tured item is only moderately large for each product generation, and (iv)

4



the number of customers who are initially attracted by the first-generation

product and willing to buy the remanufactured item is not too large.

The remainder of this thesis is organized as follows: Chapter 2 reviews the
related literature. Chapter 3 formulates the sales-planning problem. Chapter 4
presents the analytical results as well as their illustrations with numerical exper-
iments. Chapter 5 concludes. Unabridged versions of the analytical statements

and their proofs are contained in Appendix A.



Chapter 2

Related Literature

Consumer purchasing behavior plays an important role in the theory of product
(or technology) adoption and diffusion that has received much attention in the
marketing literature. The new-product diffusion model introduced by Bass [27],
[28] has by far been the most extensively studied model in the literature. The
Bass diffusion model separates the social system into two groups depending on
the consumer behaviour with regard to the timing of adoption. The “innovators”
are not affected by others during their initial purchases of new products, while
the “imitators” are influenced by the social system in their adoption of new
products. The diffusion demand at any point in time is given by the number
of customers who have not yet attempted to buy the item multiplied with the
purchase likelihood of one such customer at that point in time. The purchase
likelihood at any point in time increases linearly with the number of previous
adopters who potentially influence the current customers. Bass [27], [28] provides

strong empirical evidence to validate this diffusion model for durable goods.

Taking a major step toward multi-generation diffusion models, Norton and
Bass [21] have extended the Bass diffusion model by incorporating the substitu-
tion effect between successive product generations that are simultaneously offered
in the market. The Norton-Bass model involves a different customer base unique

to each product generation such that the customers of earlier generations can



also buy newer generations. The Norton-Bass model has been generalized by
Jiang and Jain [23] for an explicit characterization of two types of substitution
across generations: leapfrogging behavior vs. switching behavior. Some poten-
tial adopters of an early-generation product buy the new-generation product by
skipping the early-generation product (leapfroggers), while some others buy the
early-generation product now and the new-generation product later (switchers).
The leapfrogging behaviour cannibalizes the early-generation demand, whereas
the switching behavior induces repeat purchases by the same customer across
generations. In this thesis, we employ the generalized Norton-Bass model that

has been proposed by Jiang and Jain [23].

For forward supply chains (FSCs), one stream of research has studied the sales
planning problem with single-generation diffusion models in the presence of lim-
ited production capacity. The myopic-fulfillment policy may induce the diffusion
demand to peak in a short amount of time in a large magnitude. When the peak
demand exceeds the production capacity, some demand cannot be fulfilled on
time and some portion of the unmet demand may be lost. In order to address
this issue, previous literature has evaluated the use of two alternative strategies:
(i) Some inventory can be built by delaying the new-product launch and this
inventory can be used to meet the demand during the peak-demand periods, or
(i) some demand can be deliberately backlogged in initial periods (even if inven-
tory is available) to slow-down the diffusion process and smooth out the demand
curve. The latter sales strategy corresponds to our partial-fulfillment policy in
this study. While Ho et al. [29], [30] and Shen et al. [31] provide conditions
under which the partial-fulfillment policy cannot be optimal, Kumar and Swami-
nathan [32] and Shen et al. [33] provide conditions under which it can be optimal.
Several other papers have developed new-product diffusion models under supply
constraints by considering the possibility of social exposure from those customers
with backlogged demands. See Jain et al. [34] and Keith et al. [35]. The models
described in these papers allow the waitlisted customers to generate a positive or
negative word-of-mouth feedback about the product and thus influence the fu-
ture diffusion demand. Another stream of research has constructed new-product

diffusion models by including dynamic pricing decisions. See Bass [36], Li and



Huh [37], Li [38], and Zhang et al. [39]. Unlike these papers, we consider a CLSC

setting as well as a multi-generation diffusion model in our study.

In the FSC literature, there are also papers that have focused on the market
entry timing problem for new products with multi-generation diffusion models.
Wilson and Norton [40] consider a setting in which the profit margin of the early-
generation product is larger than that of the new-generation product. Their
results suggest that the new-generation product should be launched immediately
or should never be introduced (i.e., the “Now or Never” policy). Mahajan and
Miiller [41] consider the setting of Wilson and Norton [40] in the discounted-profit
case. Their results suggest that the new-generation product should be launched
immediately or its launch should be delayed until the maturity stage of the early-
generation product (i.e., the “Now or Maturity” policy). Krankel et al. [42] show
that the launch of the new-generation product should be delayed to benefit from
technological advances to a larger extent. Tang et al. [43] show that the launch
of the new-generation product should also be delayed in the presence of intense
competition between manufacturers. Ke et al. [44] offer the optimal product-
launch strategy by taking into account the inventory holding costs. Guo and
Chen [45] examine the product-launch timing and pricing problem in response to
different types of strategic consumer behavior. Jiang et al. [46] prove that the

“Now or Never policy” is optimal for subscribe-to-use products.

Several other papers have examined the product rollover and product-
introduction frequency strategies. Building upon the Norton-Bass diffusion
model, Druehl et al. [47] consider the time-pacing strategy for new-product de-
velopment in which newer generations are introduced at regular time intervals.
While the fast pace of product introductions may cannibalize the early-generation
demand too quickly, the slow pace can exploit the customers’ willingness-to-pay
for more advanced technology only to a limited extent. They find that the opti-
mal pace is in general correlated with the diffusion rate, the market growth rate,
and the margin decay rate. Koca et al. [48] study the product rollover prob-
lem by incorporating dynamic pricing and inventory decisions. They find that
the single roll strategy is more desirable than the dual roll strategy if the diffu-

sion process is fast, the market is highly responsive to preannouncements, and

8



the new-generation product provides a large performance improvement over the
early-generation product. Liaoa and Seifert [49] analytically derive the optimal
pace of product introductions under the single roll strategy. They formulate the
sales quantity of each product generation as a function of the technical decay and
installed base effects. Our study is different from all of these papers with its focus
on a CLSC setting.

In the CLSC literature, one stream of research has adopted the single-
generation diffusion models in the absence of flexibility to manipulate the dif-
fusion process. See Georgiadis et al. [50], Georgiadis and Athanasiou [51], and
Wang et al. [52]. Unlike these papers, we consider a multi-generation diffusion
model and provide the flexibility to manipulate the diffusion process via our sales
planning. Another stream of research allows for endogenous modeling of the
diffusion process in their CLSC settings. Gaur et al. [53] study the CLSC con-
figuration problem by developing an integrated optimization model for new and
reconditioned products, employing the Bass diffusion process as an endogenous
model input, and presenting a real-world case study from battery manufacturing.
They find that the sales-price ratio of the new battery is negatively correlated
with the maximum acquisition price of the used battery, and the sales-price ratios
of new and reconditioned batteries should be jointly considered to determine the
total net profit. Debo et al. [15] endogenize the pricing decisions for new and
remanufactured versions of the same product generation over an infinite selling
horizon. They extend the diffusion model in Bass [36] by incorporating supply
constraints, repeat purchases, variable market sojourn time, and imperfectly sub-
stitutable new and remanufactured items. They assume that the coefficient of
imitation is a function of the installed base of new products. Robotis et al. [54]
consider a producer who leases perfectly substitutable new and remanufactured
products to consumers with a constrained production and service capacity. The
producer controls the diffusion process via leasing price and leasing duration de-
cisions. Akan et al. [16] look into the sales decisions for imperfectly substitutable
new and remanufactured products in a setting in which the producer has an ample
production capacity and controls the diffusion process via pricing and sales de-

cisions. The partial-fulfillment policy cannot be optimal for the remanufactured



product in their setting. Unlike these papers, we consider a multi-generation

diffusion model in our study.

In a more recent paper, Nadar et al. [18] take a new look at the sales planning
problem for imperfectly substitutable new and remanufactured products of the
same generation that are available over a finite selling horizon. They employ
the Bass diffusion model by allowing for partial backlogging for any unmet de-
mand and heterogeneous consumers with respect to their preferences for return
timing. They show that the partial-fulfillment policy is optimal for new items
when the diffusion process is fast, the remanufactured-item profit margin is high,
and the remanufactured-item demand is only moderately large. The partial-
fulfillment policy should be initiated earlier if the diffusion process is faster, the
remanufactured-item demand is lower, or the number of end-of-use returns is
larger. The unmet demand should be larger when the word-of-mouth effect dom-
inates the diffusion process or when the remanufactured-item demand is lower.
In this study, we extend the problem setting in Nadar et al. [18] by allowing
for two successive generations of the same product as well as their new and re-
manufactured versions that may exist together in the same marketplace. We
therefore employ the generalized Norton-Bass model of Jiang and Jain [23] for

our extension.

Finally, as mentioned in Chapter 1, Uzunlar [19] implements the generalized
Norton-Bass model into their sales planning problem for two successive prod-
uct generations with recycling potential. Early-generation product returns are
acquired for material recovery and reuse in new-generation product manufactur-
ing. Uzunlar [19] establishes sufficient conditions for optimality of the partial-
fulfillment policy in two possible scenarios of the consumer return process: the
trade-up programs vs. the recycling programs via convenient mail-back options.
The partial-fulfillment policy is more likely to be optimal if most returns are col-
lected from the latter channel. In this study, unlike Uzunlar [19], we consider two
successive product generations with remanufacturing potential. Remanufactur-
ing is different from recycling in that it “recovers value from a used product by
replacing worn components or reprocessing used parts to restore the used product

to like-new condition for resale” (Nadar et al. [55], p. 1).
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Chapter 3

Problem Formulation

We consider a durable-good producer who sells two successive generations of a
product over a discrete-time horizon of T periods. The first-generation prod-
uct can be purchased by customers in each period. However, since the second-
generation product is launched in period 7, it can be purchased by customers
only in periods ¢ > 7. The customer arrival process follows the generalized
Norton-Bass model proposed by Jiang and Jain [23] with slight modifications. In
the generalized Norton-Bass model, a consumer population of size m; is initially
attracted by the first-generation product. The consumers arriving in periods
t < 7 are “switchers.” These consumers first purchase the first-generation prod-
uct and then want to adopt the second-generation product in periods t > 7.
The consumers arriving in periods ¢ > 7 for their initial purchase of the product
can be either “leapfroggers” or “switchers.” The leapfroggers buy the second-
generation product by skipping the first-generation product. The switchers buy
the first-generation product in the current period and want to adopt the second-
generation product in future periods. Another consumer population of size ms is
only attracted by the second-generation product and can buy the product only

in periods t > 7.

The generalized Norton-Bass model assumes that all demand for the two gen-

erations is immediately met in each period. This model also has the property that

11



the Bass diffusion dynamics hold separately for the two consumer populations.
The Bass diffusion demand for the first-generation product in period ¢t > 1, if the

population of size my were ignored, would be given by

y DB y
dB = <p1 + qin “) (ml — Dﬁ) , (3.1)
1

where p; and ¢; are the coefficients of innovation and imitation for the first-

generation product, respectively, and DlBt is the total number of consumers who
are initially attracted by the first-generation product and have bought the product
up to period ¢ (i.e., DB = 0 and DB = S dB, Vvt > 1). In the Bass diffusion
model, the term (pl 4 alf

mi

) often refers to the initial-purchase likelihood of an
individual consumer in period t. Therefore, since Eﬁ converges to m, for a large
t, we assume that p; + ¢ < 1. See Bass ([27], [28]) for details. Likewise, the
Bass diffusion demand for the second-generation product in period ¢ > 7, if the
population of size m; were ignored, would be given by

; DP )
di = (pg + 27TL 2t) (m2 — Di), (32)

2

where p, and ¢y are the coefficients of innovation and imitation for the second-
generation product, respectively, and 13)2’?f is the total number of consumers who
are only attracted by the second-generation product and have bought the product
up to period ¢ (i.e., Eft =0,Vt <7, and Dg = Zf; cith Yt > 7). Similar to our

assumption in equation (1), we assume that ps + g2 < 1.

In addition to the Bass diffusion dynamics described above, the substitution
effect among the two generations is also incorporated by the generalized Norton-

Bass model: The first-generation demand in period ¢ > 1 is defined as

oy dBDE
(t+1)
P = df - 2 (3.3)

and the second-generation demand in period ¢ > 7 is defined as

gy dBDE DBB
JdNB _ B t2(t+1) 1%t 3.4
P = &y S (3.4)

dfiDY, 4 DBy, :
The terms ——%*2 and e above represent the numbers of leapfrogging and
switching adopters from the customer population initially attracted by the first-

generation product in period ¢, respectively. The word-of-mouth effect can be
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generated in this customer population only by the adopters of this customer
population, even if these adopters have purchased the second-generation product.
We refer the reader to Jiang and Jain [23] for further explanations. Note that

ANB = dB and dYB = 0if t < 7.

Unlike the generalized Norton-Bass model, our sales planning model provides
the flexibility that the producer can partially satisfy the demand that arises from
the customer population only attracted by the second-generation product in any
period. Such a sales plan can be implemented in practice under the condition that
the customers from the population of size m; arrive earlier than the customers
from the population of size my during each period ¢t > 7. Under this condition,
if the on-hand inventory of second-generation items in period ¢ is larger than the
total number of leapfrogging and switching adopters in period ¢ but smaller than
the total demand in period ¢, some customers only from the population of size
msy cannot buy the item in period ¢t. Therefore, for our sales planning model, we
define sZ as the sales volume for the customer population of size m, in period
t > 7 and SE as the cumulative sales volume for this customer population up to
period ¢ (i.e., SE =0, Vt <7, and SE = ZZ; sBoVt > 7).

We now incorporate the sales decisions into the Bass diffusion demand for the
second-generation product that we previously defined for the generalized Norton-
Bass model. With a slight change of notation, we reformulate the Bass diffusion

demands in period t for our sales planning model as follows:

DB
= (i + 28 ) oo, - D) (35)
my
and o5
dQB; = (pg + an 2t) (mQ — Dg) s (36)
2

where DF, = 0, DB = S'1dP vt > 1, DE =0, Vt < 7, and D = Y"1 aB
vVt > 7. Although the Bass diffusion demand for the first-generation product is
not affected by the sales decisions, the observed demands for both generations
are linked to the sales decisions through the terms df and DZ. Specifically, for

our sales planning model, the first-generation demand in period ¢ > 1 is given by

A5 D3l
dNP = dB — # (3.7)
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and the second-generation demand in period ¢ > 7 is given by

dB DB DBgB
dNB _ 4B 1t72(t+1) 1%t 38
R (38)

Note that dP = 0711\,{3 = Jﬁ and cZé\éB = 0, V¢t < 7. Our diffusion model includes
the generalized Norton-Bass model as a special case when the producer chooses
to meet all demand in each period. See Figure 3.1 for an illustration of two
different sales plans in our diffusion model. We note from Figure 3.1 that partially
satisfying the demand from the population of size ms slows down the second-
generation product diffusion. This curbs the leapfrogging behavior and increases

the first-generation product sales.

We might also allow the producer to partially satisfy the demand that arises
from the customer population initially attracted by the first-generation product
in any period. However, partial fulfillment of the first-generation demand slows
down the first-generation product diffusion and escalates the leapfrogging behav-
ior. This reduces the total number of repeat purchases over the entire selling
horizon. Such a sales plan also slows down the consumer return process. This
limits the producer’s benefit from recycling in second-generation product manu-
facturing (if recycling is possible). Similar issues also arise when some demand
for the second-generation product from leapfrogging adopters is rejected. Finally,
the total number of repeat purchases again declines when some demand for the
second-generation product from switching adopters is rejected. Therefore, intu-
itively, rejecting some demand from the customer population initially attracted

by the first-generation product is not advisable.

We denote by so; the sales volume of the second-generation product in period
t > 7. Since the customer population initially attracted by the first-generation

product can always buy the product according to our sales planning model, s9; =
B dlBtD§t+l) DE4B

S + + 1t72¢
2t ma ma

demand in any period is backlogged while the remaining fraction is lost. We also

, Vt > 7. We assume that the fraction a of the unmet

assume that the customers whose demands were rejected in any previous period
keep no memory of how many periods they have waited till their demands are

satisfied. These assumptions have been widely adopted in the related literature;
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Figure 3.1: Multi-generation product diffusion when 7 = 8, T = 48, p; = 0.01,
po = 0.02, g1 = g2 = 0.20, and my; = my = 100. The first-generation prod-
uct is introduced in period 1 and the second-generation product is released in
period 8. Sales plan (i) meets all demand for both generations in each period
and corresponds to the generalized Norton-Bass model. Sales plan (ii) meets all
demand from the population of size m; and 70% of the diffusion demand from
the population of size my in each period.

see, Ho et al. [29], [30], Kumar and Swaminathan [32], Shen et al. [33], [31], and
Nadar et al. [18].

In the CLSC literature, Nadar et al. [18] have studied the sales planning
problem for a single generation of a remanufacturable durable good. We extend
their sales planning model to successive product generations by allowing the first-
generation product to be remanufacturable. Such an extension (denoted as Model
1 below) involves the Norton-Bass diffusion dynamics for the two generations,
while the setting in Nadar et al. [18] relies only on the Bass diffusion dynamics
for the single generation. In addition, we consider a further extension (denoted
as Model 2 below) that allows both the first- and second-generation products to

be remanufacturable.

e Model 1: The first-generation product returns can be remanufactured and

remarketed. This model takes into account the evolution of the end-of-use
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return inventory for the first-generation product. Our analysis of Model 1
facilitates that of Model 2.

e Model 2: This model extends Model 1 by allowing the consumer returns
of both first- and second-generation products to be remanufacturable and
remarketable. This model takes into account the evolution of the end-of-use

return inventories for both product generations.

3.1 Model 1

In this model, the producer is able to remanufacture and remarket the first-
generation product returns. Also, recall that the producer can partially satisfy
the demand from the population of size my in any period. We denote by b; the
accumulated number of backorders in period ¢ from the population of size ms.
The second-generation sales volume in period ¢ must be no smaller than the total
number of leapfrogging and switching adopters in period ¢, and must be no larger

than the total second-generation demand observed in period t:

dB DB DBdB
172ty | Pl < s < dYP + by (3.9)
Mo mo

Note that 0 < sZ < dB + b; by definitions of so; and dP. Taking b, = 0, we can

calculate b;, Vt > 7, with the following recursion:
b1 = o (dy” + by — s2;) . (3.10)

The fraction f; of the first-generation products sold in period ¢ are returned to
the producer by consumers at the end of their use within the next ¢ periods.
These end-of-use returns can be used for remanufacturing and resale in period
t + i or later. Letting § = > Bi < 1 where i € {1,2,...,T}, we note that the
fraction (1 — ) of the first-generation products sold in any period never become
available in the future. The fraction v of the population of size m, prefers to buy
the remanufactured item if there are remanufactured items in inventory and buys
the new item otherwise. This fraction of the population is price sensitive and

represents the functionality-oriented segment in Nadar et al. [18]. The remaining
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fraction buys only new items and represents the newness-conscious segment in
Nadar et al. [18]. The consumer preferences for new versus remanufactured items
remain the same throughout the selling horizon.

The demand for first-generation remanufactured items is given by vdN? in
period t. We define r; as the sales volume for first-generation remanufactured
items in period t. We also define e; as the end-of-use return volume available at
the beginning of period ¢. The producer sells as many remanufactured items as

possible in each period. Thus:
re = min {ydp,”, e} . (3.11)

Taking e; = 0, we can calculate e; 1, V¢ > 1, with the following recursion:

€ty1 = € — Tt + Z BldNH-l —i)* (312)

Recall that the producer rejects no demand from the population of size m,. If
any customer is unable to purchase the first-generation remanufactured item due
to limited return availability, she wants to buy the first-generation new item and
the producer meets all such demand in each period. Therefore, the total sales
volume for first-generation items (new or remanufactured) equals the diffusion

demand d}? in each period t.

We define ¢y, as the unit manufacturing cost of the first-generation new item
and p1, as the unit selling price of this item. We also define ¢y, as the unit
remanufacturing cost of the first-generation product return and p;, as the unit
selling price of the first-generation remanufactured item. Finally, we define ¢y, as
the unit manufacturing costs of the second-generation item and ps, as the unit
selling price of this item. We assume that py, > cin, P1r > C1r, Pon > Con, and
(p1r — 1) > (P1n — €1n). The producer aims to maximize its total profit from the

two generations over the entire selling horizon:

T T T
max {(pln — C1p) Z (dﬁB _ ) (p1r — C1r Z e+ (Pan — Con) Z SQt}

827,.-,82T —1 =1 t=1
subject to (3.5)-(3.12). The sales decisions for the population of size ms start to
influence the first two summations above (i.e., the first-generation profits) in pe-

riod 741 with the formulations in (3.6) and (3.7). See Figure 3.2 for an illustration
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Figure 3.2: First-generation remanufactured-item demands (solid lines) and ac-
cumulated product returns (dashed lines) for two sales plans (i)-(ii). Sales plan
(i) meets all demand for both generations, selling as many remanufactured items
as possible. Sales plan (ii) meets all demand from the population of size m;
and 70% of the diffusion demand from the population of size mg, selling as
many remanufactured items as possible. The shaded areas represent the total
remanufactured-item sales volumes. The area in (ii) is larger by 12% than in (i).
T =28, pp =0.01, pp =0.02, ¢ = g = 0.20, m; = mo = 100, v = 0.27, and
Bi = (12%) x P{i — 0.5 < X < i+ 0.5}, Vi > 1, where X ~ Weibull(25, 2).
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of how different sales plans may influence the first-generation remanufactured-
item sales. We note from Figure 3.2 that partially satisfying the demand from
the population of size my has the potential to improve the total sales volume for

first-generation remanufactured items.

3.2 Model 2

In this model, the producer is able to remanufacture and remarket the con-
sumer returns of both first- and second-generation products. We define ny; as the
first-generation new-item sales volume in period ¢ and ry; as the first-generation
remanufactured-item sales volume in period ¢t. Note that ni; + ri; = dV2. We
also define ny; as the second-generation new-item sales volume in period ¢ and
ro¢ as the second-generation remanufactured-item sales volume in period ¢. The
fraction f3; of the first-generation (or second-generation) products sold in period ¢
are returned to the producer by consumers at the end of their use within the next
1 periods. These end-of-use returns can be used for remanufacturing and resale
in period t + 7 or later. The fraction v; of the population of size m; prefers to
buy the remanufactured item if there are remanufactured items in inventory and
buys the new item otherwise. Likewise, the fraction 5 of the population of size
my prefers to buy the remanufactured item if there are remanufactured items in

inventory and buys the new item otherwise.

We assume that, during each period, the newness-conscious customers attempt
to purchase the new item earlier than the functionality-oriented customers who
switch to buying the new item since the remanufactured item is unavailable. Also,
during each period t > 7, recall that the customers from the population of size
my arrive earlier than the customers from the population of size my. Our sales
planning model in this section allows the producer to only reject the new-item
demand from the functionality-oriented segment of the population of size my. We
denote by b5, the accumulated number of backorders in period ¢ from this specific

customer segment. Therefore, the second-generation sales volume in period t is
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constrained as follows:

B NB
dltDQ(t—l-l) + Dﬁdgg

+ (1 = y)dE < sop = ngy + 1oy < dYP + 15, (3.13)
mo meo

Also, the second-generation new-item sales volume is constrained as follows:

(1 —)di, Dy 1 —y)DEdE
1t=2(t+1) + ( 71) 142t + (1 _ 72)d25; S Nog S dé\iB + bgt (314)
ma ma
Taking b5 = 0, we can calculate b5,, V¢ > 7, with the following recursion:

B(t+1) = O (dé\iB + by — s21) - (3.15)

The demand for first-generation remanufactured items is given by v;d}\? in period
t. We define ey; as the first-generation end-of-use return volume available at the

beginning of period t. Thus:
rip = min {ydp,”, er } - (3.16)

Taking e;; = 0, we can calculate ej(11), V& > 1, with the following recursion:

t
€1(t+1) = €1t — Tt + Z @dﬁil,i)- (3.17)

=1

The demand for second-generation remanufactured items is given by ~odl +
71dﬁD§t+1)
m2

end-of-use return volume available at the beginning of period ¢. Thus:

DB 4B . . .
+ - prepanl o by, in period ¢ > 7. We define ey, as the second-generation

Tdf DY DBd¥
Top = min {’}/ng + 224 + N o + bgu €at ¢ - (318)
mo mo

Taking e, = 0, we can calculate ey, Vt > 7, with the following recursion:

t
Ext1) = €2 — Tt + ¥ Bisaas1-1)- (3.19)

i=1
Note that so; = 0, V¢ < 7. The above formulations imply that the producer sells

as many remanufactured items as possible in each period.
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Figure 3.3: Second-generation remanufactured-item demands (solid lines) and
accumulated product returns (dashed lines) for two sales plans (i)-(ii). Sales
plan (i) meets all demand for both generations, selling as many remanufactured
items as possible. Sales plan (ii) meets all demand from the population of size
my and 70% of the diffusion demand from the population of size my, selling as
many remanufactured items as possible. The shaded areas represent the total
remanufactured-item sales volumes. The area in (ii) is larger by 26% than in (i).
T=28, p1 = 0.01, po =0.02, ¢; = g2 = 0.20, my = mo = 100, v; = 7o = 0.27, and
Bi = (12%) x P{i — 0.5 < X <i+ 0.5}, Vi > 1, where X ~ Weibull(25, 2).




We define ¢y, as the unit remanufacturing cost of the second-generation prod-
uct return and p, as the unit selling price of the second-generation remanufac-
tured item. We assume that py,. > o, and (pa, — co) > (p2n — €2,). The producer

aims to maximize its total profit from the two generations over the entire selling

horizon:
T T T T
n2lr?_z}%(2T7 {(pln - cln) ant + (plr - Clr) Z T1t + (p2n - C2n) ant + (p2r - ch) ZTQt}
T21,-,72T t=1 t=1 t=1 t=1

subject to (3.5)-(3.8) and (3.13)-(3.19). See Figure 3.3 for an illustration of how
different sales plans may influence the second-generation remanufactured-item
sales. We note from Figure 3.3 that partially satisfying the demand from the
population of size ms has the potential to improve the total sales volume for

second-generation remanufactured items.
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Chapter 4

Analysis of Sales Plans

In this section, we investigate whether and when the producer might be better off
by slowing down the product diffusion by partially satisfying the demand from the
customer population only attracted by the second-generation product. For our
investigation, we partition the producer’s feasible sales plans into two different

classes:

(i) The myopic-fulfillment policy: This policy meets all demand for the first-
and second-generation products in each period, selling as many remanufac-
tured items as possible. These fulfillment decisions are myopically optimal
in each period. The diffusion process implied by this policy is equivalent
to the generalized Norton-Bass model. We include the breve () in the
problem variables under the myopic-fulfillment policy. Note that $5 = (1723;,

SB = DB and 5y = d}}P vVt > 1.

(ii) The partial-fulfillment policy: This policy meets all demand from the pop-
ulation of size my but rejects some demand from the population of size ma,
again selling as many remanufactured items as possible in each period. We
include the hat (7) in the problem variables under the partial-fulfillment
policy.
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The following proposition highlights two important implications of the partial-

fulfillment policy for the demand structure of both product generations:

Proposition 1 For all t > T, dﬁl\iB > ciﬁB. When T s sufficiently large,
T ABAI T ABY
Zt:’r ‘DlBtd2B; > Zt:’r ‘DlBtd2B;

Proof. Our proof steps are similar to those used by Uzunlar [19] to prove their

dB DB
204D a9 the number of

Proposition 1. In each period t, we take the term
leapfrogging adopters, while Uzunlar [19] takes the term dl‘ifn—D;Bf as the number of
leapfrogging adopters. The proof of Proposition 1 in Uzunlar [19] applies with

this modification. O

Proposition 1 states that the partial-fulfillment policy helps the producer im-
prove the first-generation demand after the second-generation product is launched
and the partial-fulfillment policy is initiated. See Figure 3.1 for an example.
Now suppose that the selling horizon is long enough so that all customers from
both populations can arrive to buy the second-generation product. In this case,
Proposition 1 states that the partial-fulfillment policy also helps the producer ob-
serve more switching adopters (but fewer leapfrogging adopters), in comparison
with the myopic-fulfillment policy. Thus, the partial-fulfillment policy improves
the number of repeat purchases across generations if the selling horizon is long
enough. But this advantage comes at the expense of lost sales due to some unmet

demand in the population of size m..

In Sections 4.1 and 4.2, we establish the conditions that provide the optimality
of the partial-fulfillment policy in Models 1 and 2, respectively. See Theorems
1 and 2 below. Since our original theorems include lengthy mathematical ex-
pressions, we present below the simplified but intuitive versions of our theorems,
relegating the unabridged versions to the Appendix A. Despite the complex non-
linear nature of the sales planning problem, all of the conditions in Theorems
1 and 2 rely on the generalized Norton-Bass model (free of any sales control)
and the resulting closed-loop dynamics, and thus can be easily checked without

solving any optimization problem.
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4.1 Sufficient Conditions for Partial-Fulfillment
Optimality: Model 1

Theorem 1. The partial-fulfillment policy is optimal in Model 1 if, under the
myopic-fulfillment policy, there exists a period v < T such that

(i) the accumulated first-generation return volume exceeds the first-generation

remanufactured-item demand in each period t > 1, and

(i) the rejection of a unit of the second-generation product demand in period
Y induces a loss of diffusion demand in period b + 1 that is below a cer-
tain threshold (see Appendiz A for the detailed expression) and a backlogged
demand for the second-generation product in period ) + 1 that is above a

certain threshold (again see Appendiz A for the detailed expression,).

Proof. See Appendix A.

The above theorem shows that the producer can improve its total profit
by rejecting some demand from the population of size ms in some period (in-
cluding period ¢ at least) under two conditions that must hold together: The
partial-fulfillment policy curbs the leapfrogging behaviour and increases the first-
generation product sales. Condition (i) in Theorem 1 implies that the first-
generation product returns in future periods will still suffice to meet all of the
future remanufactured-item demand that is to be raised by partial demand fulfill-
ment. The partial-fulfillment policy thus also improves the remanufactured-item
sales. Condition (ii) in Theorem 1 ensures that the revenue gain from improved
first-generation sales outweighs the revenue loss associated with lower second-

generation sales (that are reduced via the partial-fulfillment policy).

Considering a remanufacturable durable good of a single generation, Nadar et
al. [18] show that the optimal initiation of the partial-fulfillment policy occurs
in early stages of the product life cycle when the product returns are scarce:

The total sales volume is reduced via the partial-fulfillment policy in Nadar et
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al. [18]. Their policy can only be desirable if it yields a greater sales volume
for the remanufactured item. In their study, the remanufactured-item sales can
only be increased via the partial-fulfillment policy initiated early enough. In
this thesis, however, the existence of successive product generations nullifies this
result: The partial-fulfillment policy in our study can be optimally initiated even
when the accumulated number of product returns is greater than the demand
for remanufactured items in future periods. This result can be explained by
the additional benefit of the partial-fulfillment policy that can only arise in the
multi-generation setting: It can potentially improve the repeat purchases across

generations (and thus the total sales volume) even if initiated in future periods.

Using Theorem 1, we conduct numerical experiments to investigate the opti-
mality of the partial-fulfillment policy in different environments. We construct
a base scenario by choosing the parameter values calibrated for the smartphone
industry: T = 48 months, 7 = 12, p = p; = py = 0.05, ¢ = ¢1 = ¢ = 0.35,
my = ma, (Pin — C1n) = (P2n — C2n), (P1n — C1n)/(P1r — 1) = 0.5, @ = 0.88,
v=0.27,6=0.12,and §; = B x P{i — 0.5 < X < i+ 0.5}, Vi > 1, where X has
a Weibull distribution with scale parameter 25 and shape parameter 2. These
parameter values are consistent with those used by Jiang et al. [46] and Nadar
et al. [18] in their numerical experiments for consumer electronics products. We
refer the reader to Stremersch et al. [56] for an empirical justification for the
constant values of the diffusion parameters (p and ¢) across the two generations
in the consumer electronics industry. We generate many other instances by vary-
ing the parameter values of the base scenario. Specifically, we consider various
values for p and ¢, various values for 7 and m;/may, various values for 7 and ~,

various values for 7 and (pa, — ¢2,)/(P1n — C1n), and various values for 7 and

(p1r — 1)/ (P1n — C1n), TESpectively.

The partial-fulfillment optimality conditions in Theorem 1 fail to hold in
each of our instances: The revenue gain from improved first-generation prod-

uct sales (thanks to the partial-fulfillment policy) does not suffice to compensate
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the revenue loss from reduced second-generation product sales (due to the partial-
fulfillment policy). Conversely, on a similar experimental test bed, the partial-
fulfillment policy in Nadar et al. [18] is optimal for single-generation remanufac-
turable products in many instances. All these results together suggest that the
benefit of circularity cannot be exploited fruitfully in our study by allowing only
the first-generation product to be remanufacturable. Extending circularity to the
second-generation product may amplify the value of the partial-fulfillment policy,

motivating us to examine Model 2 in Section 4.2.

4.2 Sufficient Conditions for Partial-Fulfillment
Optimality: Model 2

Theorem 2. The partial-fulfillment policy is optimal if, under the myopic-
fulfillment policy, there exists a period k < T such that

(i) the accumulated first-generation return volume exceeds the first-generation

remanufactured-item demand in each period t > kK,

(ii) the second-generation remanufactured-item demand exceeds the accumulated
second-generation return volume in each period t < k whereas the reverse

18 true in each period t > Kk, and

(iii) the rejection of a unit of the second-generation product demand in period
k induces a loss of diffusion demand in period k + 1 that is below a cer-
tain threshold (see Appendiz A for the detailed expression) and a backlogged
demand for the second-generation product in period k + 1 that is above a

certain threshold (again see Appendiz A for the detailed expression).

Suppose that the above conditions are met and T s sufficiently large. Then, if the
partial-fulfillment policy is initiated after period k, it provides no improvement in

the total remanufacturing volume for the second-generation product.

Proof. See Appendix A.
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The above theorem shows that the producer can improve its total profit by
rejecting some demand from the population of size ms in some period (i.e., period
) under three conditions that must hold together: Condition (i) in Theorem 2 is
analogous to condition (i) in Theorem 1. The partial-fulfillment policy increases
the first-generation remanufactured-item sales under condition (i). While the
unmet demand reduces the future returns from the second-generation product
sales, the delayed demand has the potential to increase the future demand for
the second-generation remanufactured items. Condition (ii) in Theorem 2 implies
that the second-generation product returns in future periods will still suffice to
meet all of the future remanufactured-item demand that is possibly larger via the
partial-fulfillment policy. The second-generation remanufactured-item sales can
thus be potentially improved thanks to the partial-fulfillment policy. Condition
(iii) in Theorem 2 ensures that the revenue gain from improved first-generation
product sales and improved second-generation remanufactured-item sales out-
weigh the revenue loss associated with lower second-generation new-item sales

(that are reduced via the partial-fulfillment policy).

Using Theorem 2, we conduct numerical experiments to investigate the op-
timality of the partial-fulfillment policy as well as the environmentally critical
time period k for the optimal initiation of the partial-fulfillment policy in dif-
ferent environments. For our base scenario in Section 4.1, we choose the values
of the additional parameters unique to Model 2 as follows: v; = v, = 0.27 and
(P2n — Can)/(par — cor) = 0.5. We generate many other instances by varying the
parameter values of the base scenario. Specifically, we consider various values for
p and ¢, various values for 7 and m;/ms, various values for 7 and -+, various
values for 7 and ~y,, various values for 7 and (pa, — c2,)/(P1n — C1n), and vari-
ous values for 7 and (pg, — c2,,)/(p2r — Car), respectively. Figures 4.1-4.3 exhibit
our numerical results. We observe from Figures 4.1-4.3 that, unlike Model 1, the
partial-fulfillment optimality conditions in Theorem 2 hold in a very large number
of our instances for Model 2: The additional revenue gain from improved second-
generation remanufactured-item sales (thanks to the partial-fulfillment policy)
can indeed offset the revenue loss from reduced second-generation new-item sales

(due to the partial-fulfillment policy).
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Figure 4.1: The diffusion parameters vs. the environmentally critical period k.

Colored regions indicate the partial-fulfillment optimality. Note that p + ¢ < 1.

Figure 4.1 shows that the partial-fulfillment policy is optimal when the diffu-
sion parameters p and ¢ are large: Increasing p and ¢ accelerates the diffusion
process so that the delayed demand via the partial-fulfillment policy may still be
observed in large amounts before the selling horizon ends. Figure 4.1 also shows
that the diffusion parameters of the population of size msy (ps and ¢o) have a larger
impact on the critical time period x (described in Theorem 2) than those of the
population of size my (p; and ¢;): The critical time period & is determined by the
closed-loop dynamics of the second-generation product and the population of size
mo plays a greater role on these dynamics than the population of size m;. We also
observe that the critical time period x decreases as the diffusion parameters po
and ¢ increase: The accumulated return volume rises above the remanufactured-
item demand earlier in the selling horizon when the diffusion process is faster.
Finally, we note that the critical time period & is larger when p; is too small and
q1 is moderately small: The diffusion process is too slow for the population of
size my in this case. This escalates the leapfrogging behavior and scales up the
second-generation product demand. The accumulated return volume thus rises

above the remanufactured-item demand later in the selling horizon.

Figure 4.2 shows that the critical time period x may increase as mj/ms in-
creases when 7y > 7, while it may decrease as m;/ms increases when v; < 7.
Notice that an increment in the size of either population increases the second-
generation product sales and returns. Also, recall that the demand for second-

WIdﬁDQB}thl) 'leﬁdi oo .
o T2t + by, in period

generation remanufactured items equals YodZ +
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Figure 4.2: The population parameters vs. the environmentally critical period
k. Colored regions indicate the partial-fulfillment optimality. In the left plot
v1 = 0.5 and 75 = 0.1. In the middle plot 73 = 7 = 0.27. In the right plot
v1 = 0.1 and v, = 0.5.

t > 7. While the first term of this demand comes from the population of size ma,
the second and third terms come from the population of size m;. When v; > 7,
(or 71 < 72), an increment in m; improves the second-generation remanufactured-
item demands more (or less) significantly than the second-generation product re-
turns, and thus it takes longer (or shorter) for the accumulated return volume to

rise above the remanufactured-item demand in the selling horizon.

Figure 4.3 shows that the critical time period s tends to increase as 7; or
Vo grows. Since the demand for remanufactured items is higher when ~; or
o is larger, it takes longer for the accumulated return volume to exceed the
remanufactured-item demand in this case. We note that the accumulated return
volume never reaches the remanufactured-item demand when v; or 7, is too high
and 7 is large enough. Figure 4.3 also shows that the partial-fulfillment policy is
optimal when the profit margin of the second-generation remanufactured item is
significantly larger than that of the second-generation new item; condition (iii)
in Theorem 2 is violated otherwise. Likewise, the partial-fulfillment policy is op-
timal when the profit margin of the first-generation new item is sufficiently large
relative to (but not necessarily greater than) that of the second-generation new
item; condition (iii) in Theorem 2 is violated otherwise. Finally, we note from
Figures 4.2 and 4.3 that the partial-fulfillment policy is optimal when 7 is not too
large. The second-generation product sales start earlier in this case so that a large

number of returns can arrive before the selling horizon ends. When 7 is large,
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Figure 4.3: The remanufacturing parameters and profit margins vs. the envi-
ronmentally critical period . Colored regions indicate the partial-fulfillment
optimality.

on the other hand, the selling horizon is not long enough to observe the entire
second-generation demand. The partial-fulfillment policy in this case slows down
the second-generation product diffusion by inducing a loss of diffusion demand

at the end of the selling horizon.
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Chapter 5

Concluding Remarks

In this study, we have implemented the generalized Norton-Bass diffusion model
into the sales planning problem for two successive product generations along with
their new and remanufactured versions over a finite selling horizon. We have in-
corporated the supply-loop constraints related to the end-of-use items required
for remanufacturing into our problem setting. To our knowledge, our study is the
first attempt to model the multi-generation diffusion process for durable goods
with remanufacturing potential. The partial-fulfillment policy has the potential
to delay the second-generation diffusion demand (due to lowered word-of-mouth
effect) and to reduce the second-generation new-item sales (due to partial back-
logging). Our results, however, show that the partial-fulfillment policy can still

help improve the total profit in the long run under certain conditions.

Specifically, the partial-fulfillment policy is desirable when the diffusion pro-
cess is fast, the second-generation product is released early, the profit margin ra-
tio of the remanufactured item to the new item is large for the second-generation
product, the profit margin ratio of the first-generation new item to the second-
generation new item is high, and the remanufactured items are attractive only for
a limited number of customers. These conditions enable the partial-fulfillment
policy to profitably raise the remanufactured-item sales. We have also conducted

numerical experiments with data-calibrated instances for smartphones (compiled
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from the related literature) to investigate the optimality of partial-fulfillment
policy in realistic scenarios. The partial-fulfillment policy is more likely to be
desirable when the producer enters the refurbished market for both product gen-
erations than when it restricts its refurbishing operations to the first-generation

product.

This study thus widens our knowledge of diffusion control for remanufacturable
durable goods: Based on similar experimental test beds, the partial-fulfillment
policy can be desirable for a single product generation that is remanufacturable
(see Nadar et al. [18]), whereas it can be undesirable for successive product gen-
erations only with the first-generation product being remanufacturable. However,
again based on a similar test bed, the partial-fulfillment policy can be desirable
if the producer expands its remanufacturing capacity to the second-generation
product for a further benefit from the higher profit margin of the remanufactured
item. Furthermore, the benefit of partial-fulfillment policy is likely to be larger in
the multi-generation case (with both generations being remanufacturable) than
in the single-generation case. This is because a slower second-generation diffu-
sion process, in the multi-generation case, induces more switchers and thus more

repeat purchases across generations.

Future extensions of this study may consider the options of recycling and
remanufacturing together for the acquired used items of successive product gen-
erations. The producer might classify the used items into two distinct categories:
the end-of-use returns available for remanufacturing vs. the end-of-life returns
available for recycling. In the literature, Uzunlar [19] has revealed the potential
benefits of the partial-fulfillment policy in a multi-generation setting in which the
recycled content is obtained from the first-generation product returns and used
in the second-generation product manufacturing. Combining their results with
ours, one may intuitively expect the partial-fulfillment policy to be still desirable
in the multi-generation setting with both recycling and remanufacturing options

(again under certain conditions like a fast diffusion process).

Future research may also consider alternative used-item acquisition strategies

rather than the one assumed in this study. For example, the trade-up programs
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have recently received considerable attention in the consumer electronics industry.
These programs encourage the adopters of first-generation products to bring their
old devices when they decide to buy newer-generation products. Therefore, in the
presence of trade-up programs, any manipulation of the diffusion process has also
the potential to influence the consumers’ timing of returns. Another direction
for future research is to extend our problem setting by incorporating the used-
item acquisition costs and decisions that are possibly dependent on the used-item
condition. In the literature, Nadar et al. [55] identify the role of different quality
levels of used items in the optimal procurement strategies. Future work may also
extend our problem setting by allowing for nonstationarity and/or randomness
in the consumers’ willingness-to-pay for remanufactured items. In the literature,
Abbey et al. [57] present empirical evidence indicating the significant variability

in consumer’s discount factors for remanufactured items.
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Appendix A

Unabridged Versions of the
Analytical Statements and Their

Proofs

We provide below the unabridged versions of Theorems 1 and 2 in Chapter 4
(Theorems A.1 and A.2 below) and their proofs.

Theorem A.1l.

(a) Suppose that py, — C1p, > Pan — Con. For optimality of partial demand fulfill-
ment in some period over the T-period selling horizon, it is sufficient that

W€ {7 T =1} st &> AN fort >4, o > CAGED and

v

Din — C1n) (=) Adﬁwﬂ) B (plr — Clr) 7Adﬁw+1)

meo mg
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a>1—|—AE—(
Pon — Con

Pon — Con
Dy, a2D%, DB
where A = gy — =223 B = py + — 8 and B =14 —22

(b) Suppose that py, — c1n < Pan — Con. For optimality of partial demand

fulfillment in some period over the T-period selling horizon, it is sufficient
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that J € {7, ..., T — 1} s.t. & > vdNB fort > ¢, a > %, and

0> 14+ AE — (pm — Cln) (1—=7) Adﬁwﬂ) B (plr — Clr) 7Adﬁ¢+1)

Pon — Con mo Pon — Con ma
T B
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Proof of Theorem A.1. Suppose that the conditions stated in Theorem A.1 hold.
We will show that rejecting a demand of size € > 0 from the customers unique to
the second-generation product in period ¥ > 7 while meeting all the remaining
demand for both generations in period ¥ and all demand for both generations
in each period t # ¢ (sales plan i) is more profitable than meeting all demand
for both generations in each period (sales plan ii). We use the hat (7) and the
breve (7)) to denote the variables of sales plans (i) and (ii), respectively. Let
DNB — SMUANB for ¢ > 1 and DNB = 0, DNB = S'ANB for ¢ > 1 and
DNB =0, DYB = St d¥B for t > 7 and ﬁéVTB =0, and DYP = /7! dYB for

t > 7 and DYB = 0. We make the following observations:
(1) Periods t < 9 c/iz\,iB = dNB and Gy = §y = @Vf‘ = dyB.

(2) Period J%B = CZ%B and gy = Sz — €.

(3) Period 1+ 1: Note that dB = dB, V¢. Rejecting a demand of size € from the
customers unique to the second-generation product in period v leads to a

backlogged demand of size ae in period 1 + 1. Note that:
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Also, note that:
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We thus obtain 5y(y41) = C/ZN5+1 +ae =
ae. Also, S
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The above inequality holds as we know from the proof of Theorem EC. 1.
in Nadar et al.[18] that d2(w+2 > dB¢+2 when B(1+ A) + (1 — B)(a —

1= A) > 0. Thus Syprn) = By, > B, — (B, - dF,) =

So(p42) — (c? 1(0+2) dl(w P ) Proceeding similarly, it can be shown that
gﬁ;; > d and S = 4P = AP~ (@NF - dNP) = s - (AP - dYP),

> 1) + 2. Since D2(¢+2) —ﬁﬁww) = Ae and @Bt > dg, Vit > 4+ 2,
_pB

. - JB DB A JB
we obtain DB — DB < Ae and dNB — dNB = (D ~Difusn) < S
ot 2t 1t 1t p—p e

Vt > ¢ + 2. As we also know from Lemma 2 of Nadar et al.[18] that
DB > DB vt > 1) + 2, we obtain d2 + Ae > dB, Vt > 1 + 2.

We now consider the first-generation remanufactured items and returns:

(1)
(2)

Periods ¢ S 77[): ét = /€\t, /ﬁt = ’;lt, and ?t = %t-

Period ¢ + 1: Since €y41 > fycijlv(gﬂ), Mg = (1 — )cZN5+1 and Ty =
. v v v ¢ E
7d1(w+1) Since €y1 = €y — Ty + Zz 151dN5+1 —i) > v Ny and dyy’ =

INB _
dw ,Jest. ey =ey— T¢+ZZ 162 ¢+1 i) ew—r¢+2¢:1 6zd 1(p+1—i) —

’yAedl(w 1 NB ~ Y ~ _
Eypt1 > 7d 1p+1) T —+ = vd; 1(p+1) Thus, €y41 = €y, Typ1 = Ty +
Ay 1) _ Aedl(w+1>
s and Mgy = Ty + (1 =) —

Periods t > 1)+ 2: Since €49 > ’chNngz), Nyyo = (1 — ”y)ciféfﬁ) and Ty o =

“NB _ jNB Aediiy 1) ANB N5
7d1(¢+2 Also, recall that dyjj, ) = dyj ) +— > and 0 < dyy” —dyy” <
Aed? 1

Aeayy Vt > 770 + 2. Since € Eyp42 = €q/,+1 - T¢+1 + ZT/H‘ dN5+2 ng-i-?)’
Ele S. t
b1
Gtz = Cypr1— Tyt O Bidiha s
=1
V41
= eyt1 —Tyy1+ 516?1\25“) + Z ﬁica\giwq)
=2
. . 7A6d1(¢+1) BlAEdl(w-&-l)
B A A — + BrdN ) + Z Bidi(( 424
Y+l AedB AedB
VAEQT (4 1y PrAe 1(1p+1)
- — sz
Ept1 — Tyy1 + ;5 L(p42—i) — - + o
. yAedf ) 51A6d1(¢+1> LdVP yAedf o) .
= &2 — - e TN T Ve (p+2)
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Thus, ?¢+2 = ’Ydi\zg-&-?) > 7%11,_5_2 and ﬁw.,_g = (1 — ’)/)d 1(+2) > nw+2 Proceed-
ing similarly, it can be shown that 7; > 7, and n; > ng, Vt > ¢ + 2.

In order to prove part (a) of Theorem A.1, suppose that py,, — ¢1, > pan — Con.
We will show that sales plan (i) is more profitable than sales plan (ii). Combining
all of the above observations:

T T -
(pl'n, - Cln) Z (&j\ﬁB _ ?t) plr — C1r Z pzn — C2n) Z/S\Qt
t=1 t=1 t=T1
Pp—1 T
e[S @)+ @) B+ 3 (30
t=1 Rt
P—1
+(p1r _Clr) +7"¢, +T¢+1 + Z Tt
t=1 t=+2
w1
+(pan = C2n) | D ot + 52y +Bapprny + Y B
t=1 t:w+2
- AedB
3 1(y+1 ~
pln Cin [ ( ) (dlw — T¢) + <d{\£5+1) + % _ T¢+1>
t=1 2
. T 4B Dﬁtﬂ) T P-1 T
+ Z dﬁi Z T Z 7| + (p1r — c1r) Zﬂ+?¢+?¢+1+ Z ﬂ]
Pa—— t=gp 42 t=g 2 =1 t=pt+2
P—1 ﬁB T dltDQ(t+1)
(P2 = e2n) | D_ 520+ 52w + Bapr) + Z di 1+ )+ Y —
t=71 t=1)+2 ma P mo

(s v ; Aediiy )
= (P1n — C1n) l (P —70) + (dNF = 7)) + <d{\25+1) - mu)

t=1 m
S d L Jﬁﬁﬁt-&-l)
+ Z dﬁ - Z 7,"\15 - [(pln - Cln) - (an - C2n)] Z I
t=42 t—p42 tmpr2 2
-1 T
+(p1r — c1r) Z Ty 4+ Ty + Pyp1 + Z T
t=1 t=1)p+2
-« o Df,
+(p2n — St + B2y + 5 + doy [ 1+ —
(pzn Czn) ; 52t T 824 T S2(3p+1) t;ﬂ 2t Mo
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AedB

. ¢ 1(p+1
> (pln - Cln) l (d ) (d - 'rw) + (d{\zﬁ—f—l) + #
t=1
T T T BB .
B N B B B
+ > di = > R = [(pin = cin) = (p2n — c20)] D E—
t=1)+2 t=1p+2 t=1p+2
P—1 T
+(p1r — c1r) Z Te+ Ty +Tygr + Z T
t=1 t=1p+2
+(p2n — c2n) Z Sat + 52y + So(ypr1) T Z g [ 1+ =2
t—r t=1p+2 m2
¥l AedB
~ S ~ i 1(y+1)
)| 3 (882 =7) + (8 - ¢ (dmn g
t=1
T, T L Dﬁt-&-l)
+ Z dﬁ - Z | = [(pln - Cln) F (pZn - CZn)] Z T
t=1+2 t=1p+2 t=1p+2

+(p1r — c1r) Z e+ Tw +7"1p+1 + Z T
t—p+2

[¥—1 T
+(p2n — c2n) Z 8ot + 2y — €+ Sp(yp41) — €AE + ae + Z d (
L t=7 t=1+2

1
< JNB _ SNB YNB A€d1(¢+1)
Z (pl'll - cln) (dlt - Tt) + (dlw — ’[’w) + dl(w+1) + T
t=1
o vAechwH = S
- (T(¢+1) + + + Y dn- D R
? t=1+2 t=1p+2
e AedB
VR o YAEAT (11
+(p1T_ClT) Zrt"_rw"‘ <7",¢,+1+ (l/)+ )> —+ Z Tt
t=1 t=1)+2
T dBDB
2(t41
t=ep+2 2

Y—1 T
—l—(pzn—an)l252t+§2w—€+§2(w+1)—EAE-‘FOZE—F Z di <1+

t=r t=1)+2
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T /. AedB 'yAeciB
= (P1n — Cin JdNB _y ) n 1(p+1) L(3p+1)
(P1 1 ) [;( 1t t Mo e
T T
. A 5
+(p1r - Clr) <Z Tt + TTT) + (pZn — an) (Z S0t — €AE + e — 6>
t=1 t=1
T T
= (p1n — Cin) Z (dﬁB - ft) + (p1r — c1r) Z (P2n — Can Zszt
t=1 t=1
AedB 'yAecZB VAed
+(pin — Cln) ( Wtl) _ 1+1) + (p1r — clr) G 29}
mao ma ma

+(pon — con) (—€AE + e —€).

In order to show that

T

T T
(pln — Cln) Z (&71\7@3 - ?t) pl'r — C1r Z re+ p2n ~ CQn) Z§2t >
t=1 t=1

=1
T T

+ (p2n — C2n) E 32¢,
t=7

pln — Cin Z ( 3 7%15) plr - Clr

t=1

I\M'ﬂ

it suffices to show that

AdB ~vAdB ~vAdB
(pln — Cln) ( 1(1/)4‘1) 1(¢+1)> + (plr - Clr)w - (pZn - CQn) (]. + AE — a) > 0
mo mo mo

The above inequality holds as we assume

Pin — Cln> ( )Adl(d)-i-l) (plr — Cir > ’YAdl(’l/)"rl)

a>1+AE<
mo DP2n — C2n ma2

DP2n — Con

In order to prove part (b) of Theorem A.1, suppose that py, — c1, < P2n — Con.
We will show that sales plan (i) is more profitable than sales plan (ii). With
similar arguments to those used in the proof of part (a):

T T
(P1n — cin Z (CmB ) (p1r — c17 Z e+ (P2n — c2n) Z§2t
t=1 t=1 =7
Pp—1 T
N =~ TN -~ N -~
(P1n = c1n) ( ) (dle - W) + <d1(5+1) - T(wm) + > (duB — rt)
t=1 M
T P—1 T
+(p1r — C1r) Z?t + (p2n — c2n) Z Sop + §2¢ + /8\2(1/,_;'_1) + Z So¢
=1 t=T t=1p+2
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¥ 9 AedB ’yAedB
> e JINB _ g ) JNB LW+ _ it (k0]
> (pin — C1n) LE_I ( 1t —Tt) Tdygyn t ma T(+1) T Mo

T
- 33 (e @) )|

t=1p+2
P A d T
Lo A€ 1 N
+(p1r _Clr) Zrt+T(¢+1) +¢+ Z Tt
=1 m2 P—
Pp—1 T
+(p2n — c2n) Z Sat + S2y + Sa(pt1) Z Sat
t=T1 t=1+2
i Aed? Aed?
y . 1(w+1) TACAT (y41)
> (pin — c1n) lz: (2 =) +dE + e ey m
gr
-3 (@ (@) )|
t=1p+2
P A d T
v A€ 1 .
—l—(plT _Clr) Zm—l—r(¢+1)+¢+ Z Tt
=1 g t=gp+2
p—1 T
+(p2n — c2n) Z 8ot + Say — €+ So(py1) — €AE +ae+ Z <§2t - (dﬁfiB - dﬁB))
t=T1 t=1yY+2
AedB ’}/AGCZB
_ JNB v 1(¥+1) o 1(¥+1)
= (pin — C1n) [; (du - ) Ao + I L I —
T P AedB T
o . . YA (41 o
+ Z (dﬁB—Tt> plr—ch, ZTt+7”(w+1)+¢ Z Tt
t=1p+2 t=1 2 t=1+2
T
+ [(pln - Cln) - (pZn - C2n)] Z (&71\;3 - d{\i]&B)
t=1p+2
p—1 T
p2n - CQn Z 2t + §21/; —€+ §2(»¢)+1) — eAE + ae + Z So¢
t—r t=1p+2
4 AedB AedB
JNB v yNB 1(¥+1) o 7 1(y+1)
(P1n — C1n [Z d 1w Tt) + di(py1) T s T(p+1) — ma
T T v
o Aed?B
NB v 1t
+ Z (dlt - rt) + [(pln - Cln) - (p2n - CQn)] Z m72
t=1)+2 t=1+2
P A d T
A€ +1) 9
pl», Ch« Z Tt + ’/‘(¢+1 T;} + Z Tt
=1 t=ep+2

w—1
—l—(pzn — an) Z §2t + 521/; — €+ 52(¢+1) — cAFE + e + Z §2t
t=71 t=¢Y+2

20



AedB ’yAedB
9 YN B 1(W+1) o L(y+1)
pln Cin lz_: ( - Tt) + dl(l/)—i—l) + TQ T(yp+1) — T
T Ae <DIB - DB )
b Y (T+1) 1($+2)
+ Z (dﬁB - Tt) + [(pln - cln) - (p2n - CZn)] m
t=1p+2 2
id oL ’yAeleH) 5
+(p1r - Clr) Z’F + T(erl) + T Z Tt
t=1 2 t=1+2
- T
p2n CQn Z Sot + §2w — €+ §2(¢+1) — eAF 4 ae + Z Sot
t=T t=1p+2

T T T
= (P1n — C1n) Z d - ft) (p1r — c1r Z (P2n — C2n) ) S
t=1 t=71

t=1
AedB 'yAed
mo mao
Ae ( 1 — DB )
(T+1) 1(4p+2)
+ [(pln - Cln) - (pZn - CQn)]
mo

'yAed

+(p1r — CIT)T;[}JFD (pan — can) (e + €eAE — ).

In order to show that

T T T
(P1n — C1n) Z (CmB - 7/"}) (p1r — C1r Z (P2n — Cc2n) Z§2t >
=1 =1 t—r
T T T
(P1n — c1n) ( 5 ) (p1r —c1y Z (Pan — €20) Y _ o,
t=1 t=1 t=r

it suffices to show that

v

B B 7
A (Dl(T+1) - Dl(w+2)) Adﬁwﬂ) 7Ad1(¢+1)
) + (P1n — C1n)
mo ma ma

((pln - Cln) - (p2n — C2n

YAdily 1)

(p2n - C2n) (1 + AFE — Oé) > 0.
ma

+(p1r - 017)

The above inequality holds as we assume

a>1+ AE — <p1n - Cln> ( )Adl(dﬂrl) (plr - C1r> ’YAdl(w+1)

DPan — Can ma Dan — C2n ma
T iB
_ (pln —Cin 1) Z Adlt. ]
Pan — Can g t2 ma
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Theorem A.2.

(a) Suppose that py, — C1p > Pan — Con. For optimality of partial demand fulfill-

ment in some pem'od over the T-period selling horizon, it is sufficient that

7B B Sy
_ y B 71d1tD2(t+1> 71 DEdE
Ik € {7, .. l}st Ear < Yody, m_ + a2 for T <t <K,
'Yl 1 wDBdB 1+ A)(1-2B
o > YodB+ th(t“)jL S and &y, > YdNB fort > k, o > %,
and

a> (p2n - an) (1 + AE) i (pln o Cln) ( ’Yl)Adl(nJrl)

Par — Cor Dar — Cor mo
- (plr - clr) 1Ad 1(k+1)
Db2r — Cor mao
_|_ (1 . Pon — CQn) (A (72 4 ,71 n+2 ) Z ’YlAdlt)
Par — S t=r+2
pB
where A = gy — M B:p2+q2;—<2~+1>7 and E =1+ 1<n+2>

(b) Suppose that pa, — can > pin — C1n- For optimality of partial demand fulfill-

ment in some perz’od over the T-period selling horizon, it is sufficient that

o B ’YldﬁDB 5 f)BCZB
Ik € {r,....T — 1} s.t. €y < Yodb + mw“) + o for 7 < t < K,
v DBJB _
ot > 72d + - ltmm“)%—w et and €y > 71d1tB fort >k, a> %,
and

_ — Ad
a> <p2n C2n> (1—|—AE) _ <p1n 01n> ( ”Yl) 1(k+1)

DPor — Cor Dor — Cor mg

T ()

B (plr - ClT) VlAdl(n—H) (pln — Cin — Pon + CQn) Z Adﬁ

D2r — Cor ma D2r — Cor o T2

"~ Con nDE, AdB
+<1_p?—2) Ay 212 1(+2 Z’Yl AN
Por — Cor t=rt2
2(~+1) _ qQDﬁnH) _ 1(n+2)

where A = qo — —B—p2+m—2,andE 1+

(¢) Suppose that the conditions in part (a) or (b) hold and T is sufficiently large.
Then the partial-fulfillment policy, if initiated after period k, leads to no
improvement in the total remanufacturing volume for the second-generation

product.
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Proof of Theorem A.2. We will show that rejecting a demand of size € > 0 from

the functionality-oriented customers unique to the second-generation product in

period x while meeting all the remaining demand in period x and all demand in

each period t # k (sales plan i) is more profitable than meeting all demand in

each period (sales plan ii). We make the following observations:

(1)

Periods t < k: We know from the proof of Theorem A.1 that d du ,
Ay = Ay, Tie = i, and Sy = 8o = dYB = dY¥B, Vt < k. Also, note that

ﬁgt = Ny and ?Qt = ’;’Jgt, Vt < k.

Period x: We know from the proof of Theorem A.1 that C/IN = dB,

1 DY) 4 nDE db
ma m2 ’

Nie = Mg, and 7. = 71 Since &y, < WQCZJQBK
Je > 0 s.t. a demand of size € from the functionality-oriented customers
unique to the second-generation product in period x cannot be met with
remanufactured items in period . Rejecting a demand of size € from these
customers in period s reduces the new item sales in period s by e. Thus

ﬁg,{ = ﬁgn — ¢ and 1"\2,.g = fg,{.

Period k + 1: We know from the proof of Theorem A.1 that dNB - =

1(k+1)
AedB 'ylAed
1(s+1) =~ _ N 1(k+1) = oy
dl(ﬁ—l—l) g 0 Tl(s+1) = Ti(k+1) + T 0 M(s+1) = N(s+1) +
(1) Aedfl, ) o~ INB INB Y
e and S2(k+1) = dQ(HJrl) + ae = d (HJFI) — eAFE + ae = S2(k+1) —

9B JB
71d1(n+1) 2(k+2) + 71D1(n+1)d2(n+1)
mo m2 ’

€AE + ae.  Since €y(eq1) > 72J§K+1) +

(17’71)d{3(,$+1)DQB},{+2> + (1771)Dﬁ,§+1>di,§+1)

’n,g(,ﬂ_l) = (]. 72)d2(/@+1 ma ma and TQ(H—H) =
B iB
dB 71 M 2“*2)—1- 11004 Demand for the second-generation
Y2 2(,4_:,_1 ma ma . g

remanufactured items in period x + 1 is given by:

B 7B 7B
71D1(~+1)d2(n+1) + Y1d, 1(r+1) 2(n+2)

b
1202 (st1) + Mo Mo e
k+1 7B
'71D1n 1d2n1 71d 1) Die d21
272@3(,.@“)4— Sabheilas) Mt D) + ae
mo ma
s k+1 7B
leDlB(K/J’-l) ,q+1) Z d21
d2(n+1) (’)’2 + - + - + ac
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v v w Y o 5
’leB ’yldB P de ’YldB d
d Yy 4 1(k+1) + 1(k+1) Zz 2 + 1(k+1)72(k+1) + e
2(k+1) mo Mo Mo
QQ‘/S\QB(K+1) B 711355—}-1) ’Yldjﬁn-‘rl) Z;{:T CZ%
B <p2 i Cme (m2 a DQ("‘H)) 72t mo * mo
7. B
Yidih 1) d5y,
+ 1(r+1) "2(k+1) T ae
mao
42 (ﬁﬁ +1) ~ 6) ~ D%
_ K B 1(k+1)
=|p2Tt o (m2 - D2(5+1)) Y2 + B

y e N ~
’Yld{g(nﬂ) Y, dy m d{3(~+1)d2(5+1)

- -

ma

(o735
ma

D5 g mDE
= (Pz +— = +1)> (mZ - D§n+1)> (72 + e ]
mo ma

€ 7 ’leBn ,Yld/Bm Z?:T JBi
i <m2 = Dﬁm—l)) <’Yz + nlz( +1)> + LGaRY 2
2

mo ma
Qo€ o Y1 D41
2 (m2 DﬁnJrl)) ('72 + TrL(H>

7 7B
+'71d{3(n+1)d2(n+1) A
ma

= J§H+l) (72 +

’yldjlg(n-i-l)

ma

Qe

71D1(n+1)
meo mo 2

% B iB B
D2(5+1) " ’Yldl(n+l)d2(ﬁ,+1)

ma

71A€d1(n+1)
ma

ndy, . nd?, D5, nDE,
A TCARY) 1( +) | MUy o)y o+ Wet2) ) )
mo meo ma

+ e

- ’Y2d2()€+1)

pB 7B
_ \~ g iB md 1(n+1) 2(n+2) 10719204 1)
= Z,-fl Bi52 (k+1—i) > Yads n+1)+ p—. —|— . ,

Zz 1/8132 K+1—1) 6132/'{ + Zz 2/8182(H+1 i)

Y1dB . .
— fre > pdly, + DDy

Since ég(,ﬁ_l)

Je > 0 s.t. et

Yo BiBaer1—i)

— Bie = Exnt)

m2
'71E{3(n+1)‘z§n+1) 71Eig(n+2) 7B 1(n+1) 2(n+1)
mo —€ A 2 + mo -« - 72d2(l€+1) mo +
B HB
M1y Dot 2) o : =~ _ . B 1(f<+1>d2(~+1>
o + ae. This implies that 7y.1) = Y2dy(,.4 ) m—2 +
7B »B
Y1470, 11y Do 40 ~ v 1(rk+2
22 4 e, Thus, Togern) = Tageen) — € (A (72 + # -«

~ o 1— ﬁB,i
and Ny(ei1) = Tg(er1) — €4 (1 — 72t ) . +2)).

m

Periods t > k + 2:
dﬁB Z dﬁB

We know from the proof of Theorem A.l1 that

-~ VPN o ~ INB INB INB INB
, T > Tig, Mg > Mg, and sy = doyy” > dyy” — (du — dyy ) =

o4



(d dNB) > 52 Aﬁdlt , Vt > Kk + 2. Since €y(42) > 72d2(,§+2) +
71133

1—1)d?

1(rk+2) 2(H+2) l(n+2) 2(n+3) 9 - (I-m 1(k+2) 2(n+3)

ma + ma » M2(rt2) = (1- 72>d2(n+2) ma +

(1-7)DY,, 5yd5, g g md nDE,  ,d5,
142 P2(542) 500 Fo(nrz) = ”def(,ﬁq) + 1(~+51>2 2(~+3) + 1( ;2 2nt2)

m2

We also know from the proof of Theorem A.1 that dB < dB < dB +
Ae and DB < DB < Ae + th, Vt > Kk + 2. This implies that

iB NB
’72d2( 2) Mdl(’g”)%(”g) + 1 Dsn Tas) +eA <72 + - 1(K+2 ) > ’Y2d
n—i— n+2

ma m2

1d1(m+2)D2(n+3) 71ﬁﬁm+2)&?(n+2) . o iB 71d1(~+2)D2(n+3)
. + 5 . Since €(42) > 72d2(n+2) +— T
71D5n+2)d§~+2)
= , Jde > 0 s.t.
Kk+1
€2(k+2) = €2(k+1) — T2(r41) T Z BiSa(r+2—i)
i=1
k41
= €(rt1) — T2(rt1) T Z Bi82(nt2—i) + B182(k41) + P252x
i=3
k+1
= Ea(ns1) = B1€ = Pa(usr) + O BiSa(nsa—i) + B18a(nt1) + B252s
i=3
= Ca(nt2) T T2(rt1) — B182(nt1) — B2d2k — Br€ — To(rs1) + B182(ng1) + B2B2x
= Ea(nt2) — B1 (S20041) — Sa(st1)) — Bre — Ba (S2i — S2i) + Foa(et1) — Tagus1)
V1D es2
= Ey(ry2) — Pr€ — Pae — B1(eAE — ) + € (A (72+m(’”") — o
2
B 5B 5B B % B
o ’Yld D "le d ’le
> ’72d§n+2) + 1(k+2) 7 2(k+3) + 1(k+2)"2(k+2) + cA Yo + 1(k+2)
mso mo mao
7B nB 7B
> o dB n 71d1(n+2)D2(n+3) 71D1(n+2)d2(n+2)
Z V202(4+2) o + . .
IB DB DB IB
. ~ B QAT N Vv M DT 0D ~
Since €y(ui2) > 72d2(n+2) R 2 Poere) =
c/l\B + dl(n+2) Srt3) + 71Dﬁn+2)&)5}x+2) and 7 _ ( )E[B +
V209 (x+2) ma me 2(r+2) = L= 72)ly(,49)
(1*71)2{3(~+2>52B?~+3> (1*71)515}%2)&5%2) 7B
— —|— = : Also note that ~ed; st2) T
’le{B(n—Q»Q);ﬁQB(n—Q»Q) 1(n+2) 2(,@-0-3) 1(~+2)d2(~+2) 71d1(n+2)[72(n+3)
mao + P 72d2(ﬁ+2) + ma + ma o
'YlAedl K2 . .. . ~ 7B
m—;). Proceedlng similarly, it can be shown that ey > 7.d3 +
1d1tD2(t+1) 71D1td2t o ’YlAEdlt
ma + ™o T2t>r2t_m— ‘v’t>/-€+2

Now we will show that sales plan (i) is more profitable than sales plan (ii).
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In order to prove part (a) of Theorem A.2, suppose that pi, — ¢1, > pon — Con.
Combining all of the above observations:

T T T
(P1n — C1n) Z (CmB - ﬂt) (p1r — C1r) Z 1t + (p2n — can) Z Mot + (D2r — C27) th
t=1 t=1 t=1 t=1
k—1 T
= (p1n — C1n) l (@B - ?u) + (CmB - ﬂn) + (<371V(f+1) (1 ) + D ( - 7/"\“)]
t=1 t=r+2
T k—1 T T
+(p1r — c1r) Z?lt + (p2n — c2n) l(z Mgt + Naw + Na(nt1) + Z - Z A2t‘|
t=1 t=1 t=r+2 t=Kk+2

- T
+(p2r — Ccar) lz f+T2f£+T2(n+l)+ Z thl

= t=Kk+2

K—

= (pln - cln) lz (CmB > 7/:125) + (C/lYl\LB - ?111) + (5/171\254_1) = ?1(n+1)) +

t= t=Kr+2

(]~
/N
=
@
\
)
N
| IS

T k—1
+(p1r — €1r) Z 1t + (P2n — C2n) [Z Nat + Ny + Na(rg1) + Z @B]
=1 t=r t=r+2
rk—1 T
+(p2r — c2r) lz Tt + T2k + To(eg1) | + (P2r — C2r — P20 + c2n) Z ot
t=T1 t=r+2

> (pin — c1n) l”zl (‘iﬁB - ?u) + (6?1\;8 - ?1,-;) + ((iﬁfﬂ) - ﬂ(nﬂ)) + i (du - Tlt)‘|

t=1 t=Kk+2
T k—1 T

+(p1r - Clr) Z?lt + (p2n - C?n) [Z ﬁQt + ﬁ2f€ + h\Z(nJrl) + Z C/l\é\iB‘|
t=1 t=1 t=Kk+2

K—1
+(p2r — c2r) [Z Tat + T2 + Ta(s+1)

t

T B
o ’ylAGd
+ (p2r — Ccor — P2n + C2n) E |f“2t T 1t

t=Kk+2 2

T

M

= (p1n — C1n) lﬁ_l (duB - ?u) + (6?1\23 - ?m) + (CE\EEH) - ﬂ(nﬂ)) + ZT: ((ﬂ\iB - ?u)]

=1 t=k+2

HMH

Kk—1
Z 82t + 82k + S2(st1) + Z @B]

plr - Clr 1+ p2n - CZn
t=1 t=Kk+2
k—1
+(par — C2r — Pan + C2n) Z Tot 4 Tar + To(k41)
t=1

T v
. AedB
+(p2r — c2r — P2n + C2n) Z <7"2t - M)

m
t=rk+2 2
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rk—1 T

- (pln - Cln) [

=t t=rx+2

plr - Clr

HMq

1 o
E + Z DB
n n K K+1) A C?B 1+ - 1t
p2 — C l SQt 32 € 32( 1) — eAE + e + Py o < o

d dlt

p

t=rk+2

2(t+1)

+(p27“ — Cor — Pon + an)

k—1 “ B
7Dy
et =(4(n0 2522 o

t=71

T v
9 AedB
+(p2r — Cor — Pon + an) E <T2t — M)

t=Kk+2 ma
BNy y AedB 1Aed
> (py,, A0 JNB _ ¢ ) JNB 1(s+1) o - 1(r+1)
> (P1n — C1n) L; ( 10— 7)) T digerr) T — T4 (k+1) .
T T T dB DB
v N 2(t+1
F 3y ne y
t=r+2 t=r+2 t=r+2 2
i o . 1A6d1 kil T .
+(p1r — c1r) [Z T1t + Ti(k+1) T # Z T1¢
t=1 ma t=rt2
k—1 l‘-‘)B
+(p2n — c2n [Z Sat + Soi — €+ So(wy1) — €AE +ea+ Z d2t <1 + )
t=1 t=r+2 ma
d dlt 2(t+1
+ Z (+ )
t=r+2
k—1
9 o 9 Y1 D142
+(p2r — Cr — P2n + C2n) [Zr2t + Tor + 712(5-&-1) — € (A <’V2 + Tfl(+)> a) ‘|
2
t=T1
T v
¥ AedB
+(p2r — C2r — P2n + C20) Z <7“2t - M)
t=Kk+2 ma
"o . AedB v, AedB
> (p1, — C1n JNB _ ¢ ) JNB 1(s+1) o 1(k+1)
> (pin — a1 )l;( 1 ) T Ggeqny o T1(r41) — o
T T K T
o . . . ’)/114€d1 PR
+ Z dﬁ— Z T1¢ +(p17n—61,«) [Zrlt—krl(;ﬁ_l)—l—(*)_'_ Z Fre
t=r+2 t=r+2 t=1 t=rk+2
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T {B D
1t~2(t+1)

- (pln — Cin — P2n + c2n)

t:;& ma

Kk—1 =
DB
+(p2n — can) lz Sat + S0k — € + 83(k41) — €AE 4 ca + Z B (1 + > ]

ma
t=1 t=K+2

k—1 B
’lel(H-‘rQ)
r r n n 8 g K g K - A - -
+(p2r — c2r — Pan + €2 )[Zrzt-i-rz + To(k41) 6( (72+ = a

t=1 2

T .
¥ AedB
+(par — Cor — Pan + C2n) D <T2t - M)

m
t=Kk+2 2

MH

T iy
(dﬁB y f1t> + (prr — €1r) D Frr 4 (p2n — C2n) Y St
t=1 t=1

pln - Cln
=1
T
+(p2r — C2r — P2n - C2n) Z%Qt
t=1
(1- ’Yl)AGdl i1 71Aed1 i)
+(p1n — €1n) D 1 (p1r — e1r) ) (pg, — o) (¢ + €AE)
mo ma

71 D Aed
+(P2r - Czr)GOé - (Pzr —Cor —DPon T+ Czn) <€A <’72 + M) Z n M)

t=r+2

T T T T
pln - Cln Z (dﬁB - 7%1t> plr - Clr Z p2n - CZn) Z ﬁZt + (p2r - C2r) Z 7g2t
t=1 t=1 t=T1 t=71
(1- )Aed1 1 ’ylAedl 1
+(pin — c1n) nw‘+>+@n—qJ—7iﬁi (p2n — can) (¢ + €AE)
et D1 K2 Aed
+(p2r — car)ea — (p2r — C2r — Pan + C2n) <6A (72 + 7(+) Z NEC )
t=r+2
In order to show that
T T T T
(P1n — c1n) Y _( dP — i) + (prr — car ) Pt (pan — c2n) Y Aoe + (p2r — C2r) T
t=1 t=1 t=T1 t=T1
T T T T
(p1n — Cin Z ( - ﬁt) (p1r — C1r Z 1t + (P2n — con Z ot + (P2r — C2r) Z Tot
t=1 t=1 t=1 t=T1
it suffices to show that
( ’Yl)Adl K41 1Ad1 K
(P — 1) m2<+>+@h—q»—7éiL (p2n — c2n) (1 + AE)
Dyl i0 Ad
+(P2r - CQr)Oé - (p2r — Cor — Pon + Czn) (A (’YQ ( hs )) Z n 1t> > 0.
t=r+2
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The above inequality holds as we assume

. (pzn — 02n> (1+ AE) — (pln — Cln) (1 71)Ad1(5+1) <p1r — Clr) 71Ad1(5+1)

D2r — Cor D2r — Cor ma D2r — Cor ma
Pon — Con ’YlD K+2) ’YlAdlt
MG <A<”2+) > ~
t=r+2

In order to prove part (b) of Theorem A.2, suppose that ps, — can > P1p — Cin-
We will show that sales plan (i) is more profitable than sales plan (ii). With
similar arguments to those used in the proof of part (a):

T T

T
(6271\;3 - 7/:1t) + (p1r —cir) Z"/:lt + (pan — c2n) Z Niot + (P2r — C2r) Z Toy

t=1 t=1 t=1 t=1

= (p1n — c1n) l”z_:l (Cﬂ\iB - ?u) + (dﬁl\LB - ?m) + (Cﬂ\é,ﬁl) = Pi(et1 ) Z (du - Tlt)‘|

t=1 t=Kr+2

M*ﬂ

pln Cln

MH

+(plr - Clr)

k—1 T
71t + (p2n — c2n) lz Nog + Mok + Na(g1) + Z Sat — Z ?Qt]

t t=1 t=rk+2 t=k+2

Il
| L
-

K T
+(p2r — c2r) l Pot + Tow + Pa(esr) + ?Zt‘|
t=T1 t=Kk+2

T
= (p1n — c1n) [ (&71\;3 - 7’"\1t) + (6/171\23 - ?M) + (‘?&EH) o ) + Y (du - Tlt)]

X
|
-

t=1 t=r+2
T rk—1 T
+(p1r — C1r) Zﬂt + (pan — c2n) [Z Nat + Moy + ﬁ2(n+1) + Z Sot
t=1 t= t=r+2
rk—1 T
+(p2r — c2r) [ Tt + T2k + To(eg1) | + (P2r — C2r — P20 + C2n) Z ot
t=T1 t=rk+2

2 (pin — c1n) [Hz:l ((mB - ?u) + (6271\;}3 - ?m) + (6/171\E;<Q+1) = T1(n+1) ) Z (du - T1t>‘|

t=1 t=K+2

~

k—1 T
plr — C1r Z 1t + p2n - C2’I’L lz N2t + n2” + nz("ﬁ'l) + Z /S\2t

t=71 t=r+2

K—1 T ~y AECZB
o e = y 1
+(p2r — c2r) [Z Tat + T2 + To(st1) | + (P2r — C2r — P2 + C20) Z <7“2t - m“)
2
t=1 t=r+2
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Kk—1 T
= (pln - Cln) [Z (CmB - ?lt) + (&71\25 - ?111) + (C’l?l\ég_,_l) - 7//.\1(}?,—"-1)) + Z (&71\,{3 - 7//'\1t)‘|

t=1 t=r+2
T k—1 T

+(p1r — c1r) E 1t + (P2n — c2n) E Sat + 82k + Sa(k41) T E Sat
t=1 t=T1 t=Kk+2

K—1
+(p2r — Cor — P2n + C2n) (Z ?215 + ?ZK/ + ?2(/1+1)>

t=r1

T (93
¥ AedB
+(par — Car — Pan + C2n) Z <T2t - M)

m
t=rk+2 2

> (P1n — Cin) lﬁ_l (&71\@3 = ﬂt) + (6/171\;3 = ?m) + (&71\25“) 1(n+1 ) + XT: (du - T1t>‘|

t=1 t=r+2

t=1

k—1 o

+(p2n - C2n) lz §2t + §2n - C o 52(n+1) —€AE + ea + Z (§2t - (C/i\]l\iB - dﬁB>)]
t—1 t=r+2

k—1
'71D1(n+2)
r r n n F g K & K - A - -
+(p2r — C2r — P2n + C2n) ;th-i-rz + T2(k+1) 6( <72+ . e
v Aed
+ Z <T2t _n H) ]
t=r+2 m2
" AedB 'ylAed
NB  y N B 1(k+1) o 1(k+1)
> (pin — C1n) Lzzl (du - ?”u) + (dl(fc—&-l) + T, e T
T
-3 (@ (@ -a) )
t=r+2

"L . 'ylAed . T 5

+(p1r — c1r) [Z T1g + T1(k41) T i G 2 R Z rlt]
t=1 ma t=rt2
rk—1 T

+(p2n — c2n) [Z Sot + 82 — €+ S2(t1) — eAE + ea + Z (§2t - (Cﬂ\iB - d?F))]
t=T t=k+2

k—1 71E{3 +2)
+(p2r02rp2n+02n)[ E Tor + For + To(ey1) — € (A <’Yz+('€ ) Oé)
mo

t=1

£

t=r+2
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. Aed? 1 AedB
= (p1n — C1n JNB _ ) dNB etl) o B} 1(r+1)
(p1 1 )l;l ( 1t ety T . T1(k+1) — s

T o il ’ylAEd T
+ Z (dﬁB —7*1,5) + (p1r — c1r) [Z 1t + Ti(kt1) + & + Z ”]
t=Kr+2 t=1 t=k+2
T
+ (pln — Cin — P2n + c2n) Z (&71\1@3 - dvﬁB>
t=rk+2

Kk—1 T
+(p2n — can) [Z Sat + 8ok — €+ So(wy1) — €AE +ea+ Z §2t‘|

t=T1 t=r+2
k—1
71D1(/-c+2)
r T n n r g K g K > A -
+(p2r — c2r — P2n + C2n) ;th-i-?b + To(kt1) 6( <72+ . -«
Aed
t=r+2 m2
r Aaf? 1Aed
g o y K1) . 1(r+1)
> (pln — Cln) lz (dﬁB - T1t> = (dﬁE_H) ol T: —T1(k+1) — T
t=1
T K T
r . 5 . ’ylAedl 1
+ Z (dﬁB — T1t> + (p1r — 1r) [Z T1t + T1(k+1) + A + Z Fie
t=r+2 t=1 t=rk+2
T 19
AedB
+ (pln — Cln — P2n + CQn) Z a4
tmrt2 2

Kk—1 T
+(p2n — c2n) [Z St + 82k — €+ Sg(xq1) — €AE +ea + Z §2t‘|

t=1 t=rx+2
k—1 B
9 N 9 V1D (e g2
+(p2r — Cor — Pan + C2n) [;th + Tog + To(kt1) — € (A <’Y2 + m(2+)> - Oé)
T
Aed
+ Z (7@_% 1t>]
t=r+2 m2
T T T T
- (pln Cln) Z (dﬁB - Tlt) + (plr Clr) Z ’F p2n — Con Z 2t + p27’ 027") Z 7%215
t=1 t=1 t=T1 t=T1
(1 — ’yl)AeCZl 1 ’ylAGdl 1
+(p1n - Cln) (H+ ) 1r — Clr) (K+ )
mo m2
T AedP
+ (pln — Cln — P2n + CQn) Z 1 _ (p?n - CQn) (6 + GAE) + (p27- - 027-)€Oé
mao
t=r+2
nDf, 4 Aed
—(p2r — car — pan + C2n) <6A (’Y2 + H) Z n ”) :
t=r+2
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In order to show that
T T

T
(P1n — C1n Z dlt —71) + (p1r — C1r Z 1t + (p2n — con ant + (p2r — Ccar) ZAQt
t=1

t=1 t=1 t=1

!

~

T T
1t + (P2n — C2n) Z Tiat + (p2r — c2r) Z Tot
t=1 t=1

[M]=

(Pin —c1n) Y ( - m) (p1r — c1r)

t=1 t

1

it suffices to show that

( 71)Ad 1Ad
(pln - Cln) L t) + (plr 2 Clr)ﬂ
mo ma

L AdB

+ (Pin — C1n = P2n + C2n) D — = (pon — c2n) (1 + AE) + (p2r — c2r)ar
ma
t=k+2
mDE, Ad
_(p2r — C2r — P2n + CQn) (A (72 + 1(+2)> Z n 1t> > 0.
t=r+2

The above inequality holds as we assume

a> (an - C2n> (1 + AE) B <p1n - Cln) ( ’yl)Adl(K-‘rl)

D2r — Cor P2r — Cor ma

T v
. <p1r - Clr) 71Ad1(n+1) <p1n — Cln — P2n + 02n> Z Adﬁ

— C m — C m
DP2r 2r 2 D2r 2r t=rt2 2

” — Con D D (r AdB
+<1Pz2> Ay P42 Z nAdf |
D2r — Cor P

(c) Suppose that the conditions in part (a) or (b) hold and 7 is sufficiently large.
Thus the partial-fulfillment policy is optimal. Also, suppose that the partial-
fulfillment policy is initiated in period k' > k at optimality. We use the tilde
(7) to denote the variables of this sales plan. The total cumulative demand for
second-generation remanufactured items is given by v;m+~2ms in period T'. The

total remanufacturing volume for the second-generation product is >, &y +

B
Zt ot 1 <72d 4 e Datesn) + WlD”d?t) under the immediate-fulfillment policy,

mo mo

. ~ T g7, ndp DBd
while it cannot exceed Y 5 €y + >, , ., <72d£ 1D | nDf Qt)

ma m2
’”dlt 26+ nDBdE N4t Dy )
Zt T 62t+zt k+1 (")/Qd mo + ma +Zt K41 fYQth m2 +
’Ylﬁﬁgi . . . T B 71d1tD2(t+1)
Tt under the partial-fulfillment policy. Since ) ,_ ., | 7ody; + T
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~ ~ B "\B 9% v
'leﬁdﬁ o T B 'YldltDz(tJrl) 'leﬁdﬁ .
e it | 12dE + o + i , the total remanufacturing

volume for the second-generation product cannot be increased with the partial-

fulfillment policy. O
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