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ABSTRACT

STATISTICAL SELF-ORGANIZING MAP

GERMEN, Emin
Ph.D., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Semih BILGEN

February 1999, 92 pages

In this thesis, a new method has been proposed to calculate the
learning rate and‘ neighborhood function of Kohonen's Self Organizing Map
methodology. The method is based on using statistical characteristics of both data
and the net. This provides faster map convergence and better performance from the
point of view of Average Quantization Error (AQE) compared to the conventional
algorithms. Also the convergence proof of the proposed algorithm for one

dimensional net and one dimensional data is given.

Keywords : Kohonen's Self-Organizing Map (SOM), Learning Rate, Neighborhood

Function, Markov Process.
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ISTATISTIKSEL KENDINDEN DUZENLEMELI HARITALAR

GERMEN, Emin
Doktora, Elektrik ve Elektronik Mithendisligi Bolimi

Tez Yoneticisi: Prof. Dr. Semih BILGEN

Subat 1999, 92 sayfa

Bu tezde, Kohonen'in kendinden diizenlemeli harita algoritmasinda
o6grenme orami ve komsuluk fonksiyonun hesaplanmasinda yeni bir yontem
Onerilmigtir. Yontem, Ogrenme orami ve komsguluk fonksiyonun, gerek verinin,
gerekse agin istatistiksel yapisina gore degisimine gore sekillenmesi temeline
dayanmaktadir. Onerilen yontemin geleneksel yontemlerle karsilagtirilmast sonucu
daha basaril1 oldugu gorilmugtur. Ayrica tek boyutlu veri ve tek boyutlu harita i¢in

oOnerilen yontemin dogru topografyaya yakinsadigi kanitlanmigtir.

Anahtar Sozciikler : Kohonen Oz-diizenlemeli Harita, Ogrenme Oram, Komsuluk

Fonksiyonu, Markov siireci.
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CHAPTER 1

INTRODUCTION

The appearance of digital computers in the midst of this century
started to nourish technological improvement and caused the appearance of new
interdisciplinary fields. The fast technological development in digital industry made
come true the dreams of cognitive scientists in modeling the cognitive properties of
the brain and the neuro-system of the body. The different areas of science, such as
computer science, neuro-physiology and neuro-psychology, mathematics, statistics
and biology, started to conglomerate the experiences to understand the nature of
thinking. From the collaboration of those areas emerged a new subject called
Artificial Neural Networks (ANN). While the theory of ANN is maturing, this was
considered as a part of artificial intelligence. However nowadays the researchers who
deal with the ANN theory or implementation are considered as members of an

independent discipline.



The artificial neural network theory is divided into numerous sub
disciplines according to the models that are used. Self-Organizing Map (SOM) is a
neural network structure which allows unsupervised learning. After Kohonen has
introduced the idea of SOM [Kohonen 1981] which combines the basic concepts of
quantization theory and topological mapping structure of neurons in the brain, it has
started to attract a great deal of attention. In a very short period of time like 15 years,
thousands of applications of the SOM have been used in different areas of
technology, social science, economics, and even in music. [Ritter and Schulten,
1997], [Kohonen 1988.c], [Lampinen and Oja, 1989], [Mononen et al., 1995}, [Cosi

etal., 1994] .

When Kohonen introduced the theory, he did not define an explicit
learning rate and neighborhood function. He only stressed that those parameters have
to have a decreasing nature with time. [Kohonen 1995]. In practice, they are chosen
empirically according to the nature of the application. This thesis brings a novel
contribution to the theory of SOM by introducing a method to determine the
parameters of the SOM algorithm by considering the effects of the statistical changes
of data and the response of the net to this data. These adaptive SOM parameters
allow problem dependent topologies and fast map convergence. The convergence
properties of the proposed method are investigated. By using Markov process, it is
proven that this modified SOM for one-dimensional input data provides "correct"

topology, which is described as "absorbing state" with probability one.



The remainder of this thesis is as follows. In Chapter 2, the general
SOM theory is overviewed. The historical background of SOM and the methods
which are used to strengthen the theoretical foundation of the idea will be given. This
chapter also concentrates on the works done to prove the convergence of the map for
some special data and the network topologies. Chapter 3 presents the new proposal
for learning rate and the neighborhood function. The key point of this proposal is
following the statistics of data and the net during training, and finding adaptive
parameters, which provide data dependent solutions. In this chapter, in parallel with
the development of the proposal, sample applications are presented to display its
effectiveness. At this point, comparison of the proposed method and the commonly
used learning rates and neighborhood function are presented. All software has been
implemented on a Pentium 200 MMX computer using SOM_PAK package
[Kohonen et al. 1995], and Microsoft Visual C++ 5.0 platform. In Chapter 4, the
proof of convergence is given for the proposed method for one-dimensional net and
one-dimensional data. In this proof, an approach based on the Markov process is
used. Chapter 5 concludes the thesis with an overall summary and suggestions for

further work.



CHAPTER 2

SELF-ORGANIZING MAP

Artificial Neural Networks (ANNs) constitute a very broad area of
technology and find numerous applications in the wide spectrum of fields of science
and technology. Research on the ANN theory has started in the 1940's and has
accelerated after the 1970's due to the development of new learning algorithms,
VLSI technology and parallel processing techniques [Freeman and Skapura,1991],
[Haykin 1995]. With this rapid development, different neural network models,
techniques and algorithms have been introduced. According to the learning rules, the

networks can be categorized in three major groups.

o  Networks with supervised learning algorithms: The essential point in the
supervised learning algorithms is that the arrangement of the network parameters

determined by an external teacher. This teacher can be thought as the desired

4



response of the net according to the given input signal. The difference between
the actual response of the network and the desired response is called the error
signal and the network parameters are adjusted according to this signal.
Backpropagation [Rumelhart et. al 1986], LVQ Algorithm [Kohonen 1988 b],
Adaline/Madaline [Widrow and Hoff 1960], Boltzmann Machine (BM) [Hinton

et. al. 1984] are the examples of this category.

e Networks with reinforcement learning algorithms: In the reinforcement
learning algorithms, the weights of the network are reinforced for properly
performed applications and punished for poorly performed applications. The
whole theory depends on maximizing a scalar performance index called a
reinforcement signal throughout the trial and error process between the input-

output mapping [Widrow et. al. 1973], [Sutton et. al. 1991]

e Networks with unsupervised learning algorithms: The major contribution of
Kohonen Self Organizing Map is related with this category. Here, network
elements compete with each other during the activation phase. Competition is
realized through mutual lateral interactions and training continues in an
unsupervised manner. The major examples of this category are SOM [Kohonen
1981] , ART1 [Carpenter and Grossberg 1986], ART2 [Carpenter and Grossberg

1987], BAM [Kosko 1987], Hopfield Memory, [Hopfield and Tank, 1986].



In this chapter we will concentrate on the SOM philosophy and study
different techniques of improving the performance of the net, that have appeared in
the literature. Also the theoretical background of the whole training process will be

examined by checking different methods on convergence criteria of the map.

2.1 Self-Organizing Map

SOM is a neural network, which projects the higher dimensional input
vector space onto one or two-dimensional array in a nonlinear fashion. Kohonen
[Kohonen 1981] has introduced the basic algorithm of this theory in 1981. In the
following years, the algorithm has matured [Kohonen 1988a], [Kohonen 1993a]
[Kohonen 1993b], [Kohonen 1993c] and he has published two books containing the
materials related with SOM and SOM dependent theory and applications [Kohonen
1988b], [Kohonen 1995]. Nowadays, numerous techniques are being proposed and
published to increase the efficiency of SOM. [Koikkalainen 1993], [Koikkalainen

1995], [Fritzke 1992], [Bauer and Villman 1997]

The whole theory has been inspired by the results of biological
research on retinotopic, somatosensory and cortical maps in the brain. The evidence
obtained from experiments show that, some areas of brain tissue are organized
according to the input signal. Different regions of the brain are dedicated to process
some specific tasks, and in these parts of the brain, the topologically close neurons

are connected with each other. The most impressive point of the localization process
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is that, these areas (maps) are formed automatically and adaptively. The topological
connection of the processing units (neurons) of SOM in one or two-dimensional
array is the adaptation of this idea to ANN field. This was the first aspect of the SOM
philosophy. The second important point was to find an answer to the question: "How
do these topologically connected neurons organize adaptively and automatically
according to the input signal?" The algorithms used in competitive learning theory
and vector quantization (VQ) theory, helped to resolve this issue. The main idea of
VQ is to find a code-book vector set which represents the input signal in a "best
possible way", where the size of that vector set is much less than the actual signal
vectors. The outcome of the VQ algorithm is a trained set of codebook vectors,
which represent the input data distribution like SOM. However in SOM, the
topographical settling of the neurons also contains information about the

resemblance of individual data patterns that reside in the input data set.

In the initialization phase of the SOM algorithm, the vectors with the
same dimension of the input data assigned to each neuron of a lattice of two-
dimensional neuron structure are created randomly. The input vector is fully
connected to every units of the lattice. During training, a competitive learning
scheme is applied to each neuron and according to the activation strength, the
winning neuron is selected as a best matching unit (BMU). This process has close
similarities with Linde-Buzo-Gray algorithm that is one of the most widely used VQ

algorithm. [Linde et al. 1980], [Buzo et al. 1980]. After the BMU is found, the



neurons inside the neighborhood of the BMU determined by the neighborhood

function are updated.

2.1.1 Nomenclature

Here the basic notation which is used throughout during this thesis

will be introduced.

N : Dimension of the neuron and input training data,

i : Neuron index, where i=1/, 2, ..., J,

M%) : The vector of the i neuron at iteration step &,

m; u(k) : n coordinate” of Mj(k) where n=1, 2, ..., N, (If a 1-D net is

defined, the i* neuron is also defined as my to differentiate it from a

vector.)
Xy (k) : The topological x index of neuron i at iteration step &,
Yag, (K : The topological y index of neuron i at iteration step %,
X : Number of neurons in the x direction,
Y : Number of neurons in the y direction,
J : Total number of neurons in the net where J=X-Y in two-

dimensional net, or J = X in a one dimensional net

k : The iteration step, where k=1,2, ..., knax,

* In literature, some authors refer to these coordinates as weights [Haykin 1994] or weight-space
coordinates [Freeman and Scapura 1991]. We have preferred to adhere to the simple term coordinate
differentiating it from neuron indices.



A(k) : Training data presented at iteration step k, where A" = (A;, Ay, ...
Ap), in which, A, represents the n” coordinate of the data vector,
M (k) : The weight vector of the Best matching unit (BMU) (the winning

neuron), at step &,

c : Best matching unit index,
a(k) : Learning rate parameter,
R(k) : Radius around the BMU at iteration step £, It is used to calculate the

width of Gaussian function around BMU,

dd; (k) : Topographical distance between the BMU and M;
Plc i, k) : Neighborhood function.
2.1.2 Algorithm

The training algorithm steps are [Kohonen, 1995]:
1. Assign a random vector to each neuron.
2. For each training data, find the best matching unit (BMU) using Euclidean

distance measure.

¢ =arg min[i (A, (k) -m,, (k))z] @.1)

n=1
Where A, (k)is the n” item of data sample vector at iteration , and m, , (k) is the

location of the n” item of the i neuron at time k.

3. Train the net iteratively by updating all neurons using (k) and B(c,i,k). where

a(k) represents the learning rate and S(%k) is the neighborhood function.
9
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M, (k)= M (k~D)+ak)- Ble,i.k)-(4k) - M, (k-D) (22)
where 0 < a(k) <1 and 0 < fB(c,i, k) <1

4. Repeat from 3 until k=£,,,, See Figure 2.1

The Best Matching Unit (BMU) Mc(k)

R(k) Radius around BMU

vector consisting of
neuron coordinates, m;,

The updating neuron M;i(k)

Figure 2.1 Two-dimensional neurons connected as a lattice and example of
topological neighborhood around the Best Matching Unit (BMU)

2.1.3 Learning rate and neighborhood function

Performance of the whole training process and the quality of the
resultant topology considering the input data distribution is closely related with the
choice of the learning rate and the neighborhood function parameters. Learning rate
is a scalar value and can be considered also as an adaptation gain. In recursive

stochastic algorithms like SOM, this gain controls the stability of the system. [Ljung
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1977]. The neighborhood function determines the adaptation strength of the neurons
around the best matching unit. This function defines the stiffness of the elastic
surface around the winning neuron during iteration. As it is mentioned in Chapter 1,
there is no explicit definition for learning rate and neighborhood function, however

they have to be decreased with time.

The most widely used learning rate parameters are given below:

o Exponentially decreasing learning rate [Kohonen 1990] (Exponential alpha):

a(k) = a,.,,,.,,,,( %t Jk"‘“ (2.3)

initial
Where Qi and @ina values are determined empirically. The initial and final values
of the learning rate are chosen as 1 and 0.01 respectively for all the experiments in
this thesis.
o Inversely decreasing learning rate [Kohonen et al. 1995] (Inverse alpha):

Ca,
k — initial 24
a(k) ik 2.4)

where C is a problem dependent constant and a reasonable choice is
C= kmA)O . Qininiat 18 selected as 1.0 for the experiments in this thesis.

e Linearly decreasing learning rate [Kohonen et al 1995] (Linear alpha):

alk)=a K o=k (2.5)

initial
k max

o The learning rate proposed by Mulier and Cherkassy [Mulier and Cherkassky

1995]. (Mulier alpha):
11



a( )=p-(k—1) 7 (2.6)
1-ki
where p= = (2.7)
J—ki

max

Like learning rate, various neighborhood functions can be used
according to the nature of the problem. The only constraint is that the neighborhood
function be non-increasing around the BMU. The most common neighborhood
function parameters are:

e Linear shrinking Gaussian neighborhood function [Kohonen et al 1995]

(LinGauss neighborhood):
_( dd,_,(k)’)
Blc,ik)=e 2RO 2.8)
k. —k
where RE)=1+ (R — 1 "‘I:" 2.9)

and for two dimensional topology:

dd, , (k) =[xy, ()= xpy () +(3sy, )=y, ()] (2.10)
Riniriar 18 chosen as Max(X, ).
e Exponential shrinking Gaussian neighborhood function [Cherkassky and Lari-
Najafi 1991] (ExpGauss neighborhood):

dd, (k) J

B(c,ik) = e_[ 2RUY’ @2.11)

12



k

R final kmax
where ROK) = Riua| 7 2.12)

initial

Rinitiat = Max(X, Y) and Rﬁnal =1.
e Bubble neighborhood function [Kohonen et al 1995] (Bubble neighborhood) :

L if le—i<sk)

) (2.13)
0, otherwise

plc,ik)= {

where s(k) is a linear or exponential decreasing function with iteration step .

In general, when using rapidly decreasing learning rates like
exponential alpha or inverse alpha, it is proposed that the learning process be
divided into two phases. In the first phase, relatively large initial alpha values are
used (e.g.a = 0.9, a = 1). This phase is considered as the time interval where the
global ordering occurs. After this period, comes a second phase beginning with small
initial alpha values (e.g. @ = 0.1, @ = 0.01) where fine-tuning of the neurons occurs
[Kohonen 1990]. Experiments have shown that this training scheme with two phases
improves training performance. This fact is studied in detail in [Mulier 1994]. He has
stated that, "the effects of the early presentations with a large neighborhood are
nearly forgotten after self-organization is complete." The very striking result of this
research is that only the last 20 percent of the input data has an effect on the
formation of the final topology. Thus, it is not difficult to guess that the order of
presentation has a great influence on the performance of the self-organizing phase.

By introducing the learning rate in (2.6), Mulier and Chekassky have obtained equal

13



contribution of each input data on the formation of the final topological structure of

neurons.

2.2 Analyses of the Self-Organizing Process

Kohonen [Kohonen 1982] was the first author who studied the
mathematical background of the SOM theory. Here convergence properties of one-
dimensional SOM are investigated. After SOM has started to gain practical
importance, the theory has attracted the attention of many researchers and hence,
numerous papers have been published on analyses of the theory. In general those

contributions can be classified in the following groups:

e Statistical analyses of SOM,
e Analyses of SOM with energy functions,

e Ordering and convergence properties of SOM with Markov process.

The common point of all works analyzing the SOM is that, the
ordering properties are investigated for one-dimensional input applied for one-
dimensional net since the ordering of topology for one-dimensional net is known.

The ordered form of one-dimensional net is stated as:

The organizing phase for one-dimensional network and one-dimensional

input is the topographic formation of neurons having a monotonic increasing or

14



monotonic decreasing character. In a SOM where D=1 (dimension of neuron grid)
and N=1 (dimensions of the neuron and input training data) this state can be shown
as

§=8"US", where

5'={m:m1 >m, >...>mJ}
(2.14)
S"={m:m <m,<...<m,}

After this state is reached, the ordering remains same for any set of
data.(On this, one can refer to [Kohonen 1988b], [Flanagan 1996], [Erwin et al.

1992a], [Erwin et al. 1992b] [Kohonen 1995].

2.2.1 Statistical Analyses of SOM

The SOM algorithm is considered as a stochastic process. Hence the
idea of statistical analysis of SOM has attracted many researchers e.g. [Yin and
Allinson 1993], [Yin and Allinson 1995] [Mulier 1994], [Mulier and Cherkassky
1995]. Since learning rate and neighborhood function parameters in SOM have no
explicit optimum definition, those are quite sensible to data presented and the
topology itself. In [Mulier 1994] and [Mulier 1995] the statistical analyses of
learning rate parameter have been carried out. In those works, the statistical effects of
contribution of each data on the final map have been investigated. This method can

be described here as:

15



The updating equation (2.2) can be rewritten in noniterative form as:
k
M, () =T[-a,04.0).0)} M, (0)
r=1
k
+11h-a,02.0).7)] 2,04, .0)- A)
r=2

(2.15)

+ [Th-a,04,¢),7)) a,(M, (), n)- AGn)

r=n—

+ aj(Mc (k)7k) A(k)’
where a () denotes the "adaptation strength" which combines the learning rate and

the neighborhood functions.

Rewriting this equation gives:

Mj(k)=dj(k)~Mj(O)+idj(k,n)-A(n) (2.16)

n=1
The dj(k,n) describes the contribution of data presented at time » on the position of
neuron j at time k. Also dj(k) is the contribution factor of the initial value of the same
neuron on iteration k. By keeping those values in a matrix in multiple experiments,
the contribution factor of every presented data on each neuron in the net is calculated
and studied. In those studies it is observed that if Exponential alpha and ExpGauss
neighborhood is used, almost 80% of presented data has no influence on the final

position of each neuron.

16



In order to find a possible learning rate function which provides equal

contribution of each data item, the following condition has to be satisfied: [Mulier

and Cherkassky 1995]
Z J
Zdj(km,n)=k— Sorn=1,.. k.. (2.17)
J=1 max

By determining the initial and the final contributions and introducing the Eq. (2.17)

into (2.15) the Mulier learning rate has been found analytically.

The statistical analyses are also studied in [Cherkassky et al. 1996]
and criteria for comparing different adaptive methods including ANN from the point
of view of statistics are proposed. Those criteria can easily be adapted to every
method which aims to estimate an unknown function from a finite number of

presented data.

2.2.2 Analyses of SOM with Energy Functions

The main idea of introducing the energy function to analyze the SOM
is to represent the whole process as a system of energy equations and describe the
whole system behavior in terms of global Lyapunov functions. According to this
approach, (if it is possible), for each step of iteration, the global ordering can be
analyzed by gradient-descent learning procedure. This kind of energy equations are

used to study the convergence properties of Hopfield networks.

17



There are plenty of works considering this phenomenon [Tolat 1990],
[Erwin et. al 1992a], [Erwin et. al 1992b], [Lo et. al], [Heskes 1996]. [Tolat 1990]
suggests to define a set of energy functions for each unit in the map, instead of
defining a general energy function. A very trivial small set consisting of three
neurons connected in one dimension is used to define those energy functions. The

energy of a neuron i is defined as:

(V)= fa®) plei HITAR,m @) d 2,18)

AcP

Where A(k) represents an input pattern in the input pattern space P,
and J is a function used to determine the similarity between input data and the
neuron. In the work, euclidian distance is used as .JJ . For the net with 3 neurons, the
energy functions of possible 6 ordering of the weights have been derived and their
minimal values are obtained. For example for the case of ordering m; < m, < ms, the

energy function for neuron i (m;) is derived as:

(my+my )12 (my+my)/2 1 .
&= [e@D(A-m)dx+  [c,2(A-m,) dx+ feG3A-m)dx  (2.19)
0 (my+my )12 (my+m3)/2

where c(i,j) represents the adaptation strength, result of the learning rate and the
neighborhood function. For constant learning rate and bubble neighborhood function
with bubble width 1, all possible energy functions are calculated and found that,
ordered weights minimize the energy functions. Thus the weights are guaranteed to

become ordered with minimum energy functions.

18



In [Erwin et. al 1992a] it is shown that, for highly disordered maps,
energy functions explained in [Tolat 1990], are not valid and a more general set of
energy functions is proposed for one dimensional net. In this proposal, in order to
simplify the energy equations and to define the limits of influence regions of data on

each neuron, new index values are appointed to the neurons such that, if the neuron
coordinate has increased, the index is increased. That is if m, < m, —i<j.

Where i, j defines the index and m; m; defines the neuron coordinates or "weight

values". The new indices can be converted to the old indices by means of a

permutation function i) such that m,, =m,, meaning that the ordering m; is

obtained via permutation (Q(x)) from an earlier ordering m;. This permutation

function is uniquely defined for each possible configuration of neuron coordinates.

Here m; is denoting the old symbol for neuron s.

Thus the average force acting on neuron m; can be represented as:

V(m, k)= a(k)- i B, j.k)- j (A-m,)P(A) dA (2.20)

Aef2())
where B(i, j,k) = B(2(),2(j),k)and

Ais integrated in a Voronoi' cell where those are defined as:

t A Voronoi cell of a unit x is consists of those points in data space which are closer to neuron , than
to any other neuron m,
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.Q(l)={A | O<A<%(ml+m2)}, W

.(2(j)={A | %(m,_l+mj)</1<%(mj+mj+l)},L @.21)

QJ) = {A | %(m,_l +m,)< A< 1}

Substituting Eq.(2.21) in Eq.(2.20) with constant probability density function, P(x)

provides:

2

Vem)=S B, k)[(’"’“ ;’" ), m (’”f*;‘ ma), m, (mj"z_ My )]
j=2

3 -(ml +m2)2 mi(ml +m2)
tAGLY 8 * 2 (2.22)
-
B 1 (m.l tm,, )2 m; (mJ +m.l—l)
+ BG,J k) P m; - + 5

Since the V(m,) is the average force on neuron m, the energy E[m] is calculated by

solving the equation:

08|m]
om,

i

=V(m)  (223)

In [Erwin et. al 1992a}, it is shown that there can not be an energy
function E[u]. In [Tolat 1991] it has been suggested to use individual energy

functions instead of using general energy function as :
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ag dm] _ —V,(m) (2.24)

l

In [Erwin et. al 1992a], it is explained that the individual energy

functions require two terms for unit u, as:

E[m] = E[m]+X,[m]
= alk)y. BG.j.k) | %(A—m,.)zp(A)dm

y=1 vel2())

a(k)z(m o, (1_ BU-1/, k) N PG (m,+mj_1)J (2.25)

Here the E, [m] represents the energy function which [Tolat 1991]

proposes and the second term contributes the correction of total energy due to
changing the borders of Voronoi regions during an adaptation process. If the map is
ordered, the second term has no domination on the energy, however when the map is

not ordered, the second term has great influence on the energy function.
2.2.3 Ordering and convergence properties of SOM using Markov process.

The ordering and convergence properties of SOM have been studied
using Markovian process in many articles [Kohonen 1982], [Kohonen 1988],
[Kohonen 1995], [Ritter and Schulten, 1986], [Flanagan 1996], [Flanagan 1997],
[Thiran and Hasler 1994]. Since the only well-described convergence criterion is

defined on one dimensional SOM [Cotrell and Fort 1987], the proofs in all articles
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are restricted to one dimensional input for the one-dimensional SOM. The

Markovian process constitutes the basis of the general structure of the proofs.

Markov Random Process and Markov Chain Property :

The discrete valued Markov Random Process satisfies the Probability Mass

Function (PMF) condition: [Stark and Woods 1994]

Po(x, 1%, X3k, 0k )= Py (%, |, 300Ky ) (2.26)

forall x,,...x, and for all k, <... <k, and for all integers n>0.

The value of the process X at a given time k determines the conditional
probabilities for future values of the process. The set of values of the process at any
time k is called the state of the process. The conditional probabilities are thought of
as transition probabilities between the states. If the states are finite and countable,
then the process is called a Markov chain. The Markov property states that, the

probability of entering a certain state depends only on the last state occupied.

If X ={X,...,X,} is the set of all states in a Markov chain, then the subset of
states X' < X is said to be closed if no one-step transition is possible from any state

in X'to any state in X'°(the complement of the set X'in X). If X' consists of a
single state, say E;, then it is called an absorbing state [Kleinrock 1975 p.28].
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For a SOM, in the case of a 1-D network and 1-D input space, a set of neuron
coordinates (or configurations of the weights) {m,, m,, ..., m,} is considered as a state
of the Markov process. All of the proofs which use the Markov process for analyzing
the SOM, use the same general idea: If it is possible to find a set of input sequences
¢(k) having a nonzero probability, which forces the initially disordered neurons to an
ordered configuration, which is an absorbing state (See Sec. 2.2), any infinite random
sequence of inputs will bring the neurons to that absorbing state with probability 1 in

a finite amount of time, regardless of the initial neuron configuration.

In [Kohonen 1988] convergence of 1-D SOM is investigated by analyzing the
dynamic behavior of the expected values E{m;}. In this work the neighborhood

function is defined as :

1, if|c-i|=1

. (2.27)

otherwise

B(c,i,k) ={

Since the neighborhood function in Eq. (2.27) effects only the 1-
neighborhood of the BMU, in the adaptation process, at most 3 neurons, that is 5
inter-neuron distances will be modified [Kohonen 1988b p. 150]. Here also a
disorder parameter D has been defined in order to measure the degree of disorder

during training as:

D= iﬂm, -m,, |)—|mJ —m,| (2.28)

i=2
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If D=0 than, it is concluded that the neurons are ordered and D
remains the same for the rest of the process. During training, the learning rate

parameter « is non-increasing, and eventually decreases to 0.

The ordering theorem [Kohonen 1988b] states that: during SOM
training process, D parameter has a decreasing nature for most of the time and finally
reaches 0. In the proof of that theorem, all possible neuron orderings which can cause
an increase in the value of D are considered. For example, one possible neuron order

which can increase D is:

o (my(k), ma(k), ms(k)) > myk)

o | A(R)—m(k)|<|A(k)—m, (k) |and | A(k)—m, (k) | <| ACk)—my (k)|

o Al <mk)

At time k£ +1 only two neurons m; and m, will be updated as :

mi(k+1) = a(A(k)-mi(k)) and my(k+1) = a(A(k)-m:(k))

The D(k+1) parameter has 4 possibilities according to Table 2.1 as :

Table 2.1 Neuron positioning possibilities at time k

Case mo-my ms-m;
1 >0 >0
2 >0 <0
3 <0 >()
4 <0 <0

The change in D also has four possibilities according to the Table 2.1 as :
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dD gy At =0
dDy,., / dt = 2a(A(k) — m,(k)) <0
AdD ey | dt = 20(my (k) — my (k) < O
dDy,., | dt = 2a(A(k) —m,(k)) > 0

(2.29)

In Eq.(2.29) it is observed that in Case4, D increases however the others make it
decrease or keep it unchanged. In [Kohonen 1988b] all possibilities are studied and it
is concluded that : "There are more cases above in which D decreases than in which
D stays constant or increases. When ordering starts to build up, one will observe that
the cases in which D stays constant become more and more frequent, and finally the
network reaches to the ordered state". A similar kind of analysis has been carried out

for different neighborhood functions with bubble width 1 in [Kohonen 1995].

In [Flanagan 1996] a different approach has been used to analyze

SOM with a more general neighborhood function. There, it is defined as:

B(c,c,k)=1
Ble.i,k) > Ble, j.k) , |c-i|<|c-j] (2.30)
Blc,i,k)>0

In Flanagan’s work the input data set is restricted as A €[0,1]. In his

set two regions are defined at the borders as [0,¢] and [1-¢,1]. Here ¢ < 1/2 and it is

defined in terms of minimum learning rate and neighborhood function as:

a. . ¢
= o 2.31
" Trom-Co-pm) OV

where @, : The minimum value of the learning rate function,
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¢  : The minimum difference between the two values of neighborhood
function,

Pmin  : The minimum value of the neighborhood function.

The value @ has a property that if two neurons reside in [0,p] as

m,m; & [O,qo], and if there exist an input in [1-¢,1] at time & then even if the
condition ,B(mc, Js k) > ,B(mc,i, k) holds, the next iteration yields
m;(k +1) > m,(k +1). Hence the neurons i and j become organized with respect to

the neuron c. This constitutes the basic idea of the Flanagan’s converge proof.

Flanagan’s SOM convergence theorem is based on finding set of samples of
v, with probability greater than zero, which will eventually place all neurons in an
organized configuration (absorbing state of the process) regardless of the arbitrary

initial state. The convergence theorem is expressed in three phases:

Phase 1. Define a set of samples which move all neurons into the
region [0,¢] with nonzero probability. For this phase, it is shown that, if the samples
are continually drawn from this set, in a finite amount of time, all neurons enter into
the region [0,¢] as:

T we¥:ir, <T, 1268, (232)

@
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Whereby 7 , is defined as a Markov process in time 7, with initial state of x’, and

training data sequences y drawn from the input space V. Here T, is the first entry

time of all neurons into the region, with probability &,> 0.

Phase 2. Since all neurons are in region [0,¢] then if the next data
sample is drawn from the region [1-¢,1] all neurons are organized according to the
best matching unit m,. If ¢c=I or c¢=J, then all weights are ordered which is the
absorbing state for the whole process. If not, the state can be brought to the set A by
drawing data samples from [1-¢,1] continually where A is defined as:

A=A UA,UA,UA, (2.33)

A ={m:forJ-I>r21;m <m,<...m_ <m,51—¢<m,+,,...mJ}
A

,={m: for2<r<J;my, <my  <...m, <m, <l-p<m,,,..m}

r+l

2.34
A3={m:1-¢<x,<x2,x3,...,x,} (2:34)

A, ={m:1-¢<xJ <X 13X, preeenXy )

As a Markov process in time 7,4, this phase can be defined as:

zye¥:T, <7, <T,}258,  (235)

Where x° = X(0)€[0,p], T4 < wand 84> 0. T, is the first entry time

for all neurons into A.
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Phase 3. After the second phase at the end of which the neurons are in the set
A, if a data sample is drawn from the region [0,9] one more time, it is shown that the

neurons will be fully ordered.

The main contribution of Flanagan’s work is, extending the application of
Markov process for proving the convergence of SOM by defining some critical
regions in data space for more general learning rates and neighborhood functions. He
has shown that if these critical regions can contain data with nonzero probability, the
direction of convergence can be controlled and the phases to reach the absorbing
state can be defined explicitly. In Chapter 4, our analysis convergence of the
proposed method with a new learning rate and neighborhood function will follow a

similar approach.

2.3 Other Analysis Methods of SOM

The resultant topologies of SOM contain information of the similarity
of input data. The performance of topological formation at the end of training has
been studied in several articles. [Bauer and Pawelzik 1992], [Martinetz and Schulten
1994], [Kaski and Lagus 1996], [Villmann et. all 1997], [Herrmann 1995}, [Ypma
and Duin 1997]. In those papers representation of high-dimensional data with one or
two dimensional neuron topologies is studied. Stating a measure in order to compare
different maps for the same set of data comprises the most important point of this

task. In [Ypma and Duin 1997] and [Kaski and Lagus 1996], a criterion called
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measure of goodness has been developed. Here for each data item A, the distance

d(A) from A to the second nearest referenced vector m,,, is found. However during

this process the path from the best representative neuron m,,,is found and shortest

path by passing through other neurons in the lattice is searched as:

Koyl

d(A)= " A—my,, " + mlm ; " My, ) =M, (k-l)II (2.36)

where I,(k) represents the index of ¥” unit on a path along the map grid from the
unit 7,(0) to the second nearest vector in input space I, (Kc.( A),,.).

where 1,(0) = c(A) and L,(K,p,,) = €'(A)

The goodness of the map is defined as: C=E[d(A)] that measures the
continuity of the mapping and quantization error for dissimilar maps. Here E defines

the average value. It is calculated over all input samples.
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CHAPTER 3

THE NEW LEARNING RATE AND NEIGHBORHOOD

FUNCTION PARAMETERS

The quality of the resultant topology in Kohonen's Self-Organizing
Map for on-line learning is highly dependent on the characteristics of the learning
rate and the neighborhood function, which are formulated heuristically before the
training period. This is considered as the major weakness of the whole method
[Mulier 1994], [Kangas 1994]. Although this theory has been studied for almost 15
years (see Chapter 2) there still are ambiguities in optimizing the parameters of the

algorithm.

30



In this chapter, a new approach is introduced to define a new learning
rate and the neighborhood function in SOM. This approach employs defining those
parameters in a way that they are sensitive to the change in the statistical
characteristics of both data and the response of the net to this data simultaneously
[Germen and Bilgen 1997], [Germen and Bilgen 1998]. In this method, while finding
the best matching unit (BMU), also the worst-matching unit (WMU) is calculated.
The on-going calculations of standard deviation and the mean of WMU are used to
redefine the learning rate and neighborhood function. These new adaptive SOM
parameters allow problem dependent topologies and fast map convergence as well as

sensitivity to possible changes in data statistics.
3.1 The motivation

The fundamental idea to improve the performance of SOM is keeping
the whole SOM philosophy untouched, however finding a new approach whereby
SOM can follow the statistics of data presented. In other words, input A(k) is
considered to have a stochastic nature, and the topological ordering of the neurons in
the net has to respond this data using the statistical outline of training. In
conventional SOM algorithms, the variations in data can not easily be tracked and

adaptation of the topologies to the new incoming data having different statistical
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nature is almost impossible. The reason of this phenomenon is that, the parameters of

the algorithm are not adaptive and they are chosen empirically.

In this proposal the aim is to bring three concepts together. The first
one is that the statistical nature of data has to effect the training parameters. The
second one is, during training, the current network topological structure has to have a
direct influence on the learning rate and neighborhood parameters. The last one is
that the statistical variations in data during training must have an impact on the
memorized patterns. If those three requirements are met, the proposed method which
has an adaptive nature, will be more reliable than the conventional approaches in
which a predefined adaptation strength is used. In conventional methods in which
empirical parameters are used, subsequent changes in data can not alter the
topologies. Hence the global ordering of neurons is affected mainly on the later data
and early presentations don't have much effect on the neuron configuration although
they have different statistical nature than the succeding ones. [Mulier and

Cherkassky 1995]

In this chapter, the reasoning that led to the final version of the new
learning rate and neighborhood functions will be presented step by step, displaying
the intermediate stages before the final proposal is reached. The proposed learning

rate is:

32



.~ V(k)-0(J,k) -1

1, if
_ Vi
(k) =1, k)-6(J,k) ) 3.1

3

and the novel neighborhood function is:

R otherwise

dd, . (k)
2Q(k)?

Ble,i k)= e_[ (3.2)

where
Q(k) =1+ Qupigicy —1)- (k) (3.3)

Here £ is chosen as Max (X, Y) like in commonly used methods. This
provides good elasticity of neurons in the very beginning of the training. The other

terms are defined in Section 2.1.1.

As it can be noticed, neighborhood function f(k) is a Gaussian
function, however the width of the function is dependent on the learning rate
parameter (k). In other words, the learning rate has been embedded into the
neighborhood function. So, a decrease in learning rate will cause a decrease in the

width of the neighborhood function. The new learning rate and neighborhood
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function depend on three parameters: k) (standard deviation of worst matching
unit), 6(J,k) (data impact parameter) and « (retention parameter). Each of these three
parameters has its own contribution to the formation of the topology during training.
The following three subsections will describe those parameters and clarify the

reasoning behind this formulation

3.2 Standard Deviation of Worst Matching Unit: v(k)

In order to delineate the proposal, an additional notation is described

as:
w : Worst matching unit index,

M, (k) : Worst Matching Unit (WMU) at iteration step &,

Addyax(k) : Euclidean distance between the training data and WMU,

(k) : The standard deviation in ddy.(k) parameter at iteration step &,
k) : Radius around the BMU.

SOM methodology provides two basic features to the user. The first
one is data reduction by mapping each data in the input space to the most similar
reference neuron in net, and the second one is monitoring the physical similarities of
data by geometrical relations. Hence the roots of motivation for formulating a new
learning rate and neighborhood function parameters are based on the idea that there
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had to be statistical similarities between the data and the neurons. Considering this, a
parameter is introduced to the learning rate (and consequently to the neighborhood
function), which describes the data-topology relations, and changes according to the
statistical variations during training. With this parameter, the empirical learning
scheme can be converted to an adaptive method without modifying the nature of
SOM. Here a parameter 1(k), standard deviation of the Worst Matching Unit (WMU)
has been introduced. In every iteration, the distance between the WMU and the data
will contain information on which region data comes and in where the most distant
neuron is. The "good" positioning of the neurons will reduce the fluctuations of
distance of WMU and this idea is embedded into the learning rate. During training,
while calculating the Best Matching Unit (BMU) in the algorithm, the WMU is

calculated as;

w=arg max[i (A,, k)-m,, (k))2 ], wherei=1,2,..J (3.4)

4 n=l

dduax(k), the distance between the WMU and the current input vector is a significant
measure for estimating topological orientation of neurons during training. It is
expected that, when neurons settle to their final locations, the standard deviation
(STD) of ddj,y shall be small. In the earlier stages of training, however, it will be

large, causing easy modification of the whole topology.
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Designating the worst matching neuron index as w, ddpq(k) is calculated as:

N
ddec(k)=\&(An(k)-mw,n(k))2 (3.5)
n=1

The Standard Deviation v(k) for dd),, is calculated as :

v(k)=\/k—l—lZ(alaz,m.x(j)—aza',,,m(k))z (3.6)

il s

where
S k
dd (k) = ;Z dd, 1 (1) (3.7
1=1

which is the mean of dduux(k).

Without adding complexity to the whole process, the standard

deviation of ddj,(k) is calculated in an on-line fashion as:

k '—1 j=l

J=1

V() = \/_}_[f(ddm( i _%(iddmx( j)} Jwith k>2,andv(1)=0 (3.8)

By using only (%), the learning rate a(k) is defined at this point as:

L if—”jﬁﬂ
a(k) = k (3.9)
l/(—k) , Otherwise.
\/Z
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The neighborhood function is calculated according to Eq.(3.2) and Eq.

(3.3). The neuron updating scheme remains the same as in Eq.(2.2).
3.2.1 Experimental Results

In order to analyze the contribution of the proposed learning rate and
neighborhood function to the SOM algorithm, two criteria have been taken into
consideration. The first one is topological convergence, concerning the ordering of
neurons, and the second one is the Average Quantization Error (AQE). To analyze
the ordering performance, two dimensional input data is used to train the network.
Earlier research suggest [Rojas 1996], [Ritter and Schulten 1986}, [Erwin et. al
1992a], [Erwin et. al 1992b], [Heskes, 1996], [Flanagan, 1996], that the topological
disordering of two dimensional map results in twists (butterflies), and removing them
is considered as the transition from the unordered configuration to ordered one. In

the following experiments, the map without twist is considered as the ordered map.

The AQE is another criterion to monitor the quality of
learning. Lower AQE means better performance of the network for the presented

data. The quantization error for an input vector is defined as :

d(A,M,) = min{d(4, M,)} (3.10)
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where d() is a distance measure. In the experiments Euclidean distance is used.

Effects of the proposed learning rate and neighborhood function can
be seen in the following experiment. Two dimensional 5Xx5 neuron map is trained
with two dimensional data. The neurons are connected in a rectangular lattice. The
training set consisted of 10,000 samples with a normal distribution of Mean = 0, and
Standard Deviation = 1. In all training experiments, normally distributed data have
been used in line with the similar work in literature. Other distributions have also
been tested with similar results but for the sake of brevity, those experiments have
not been included in the thesis report. The training set is randomly sampled 10,000
times. Figure 3.1 shows the AQE with step size 100 for various different learning
rate parameters, including the proposed one. Here “Expomnential Alpha”, “Inverse

Alpha,” and “Mulier Alpha” are mentioned in section 2.1.3. Finally, “Alpha with STD

of WMU” denotes the learning rate function proposed in Eq. 3.9, above.
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Figure 3.1 AQE for the 5x5 net with 10,000 iterations

In the experiment, topology formation in the early steps of training
period demonstrates a remarkably fast convergence rate with the proposed
neighborhood function and learning rate parameters compared to the others. Figures

3.2.1 through 3.2.4 show this fast converging phenomenon.

15— 15
1 1
05 05
0 0
05 05
1 -1
i 0 1 15— 0 1

Fig. 3.2.1 Topology formation with "Mulier Alpha" learning rate at training steps
4000 and 9500
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Fig. 3.2.2 Topology formation with "Inverse Alpha" learning rate at training steps

4000 and 9500
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Fig. 3.2.3 Topology formation with "Exponential Alpha" learning rate at training

steps 4000 and 9500
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Fig. 3.2.4 Topology formation with Alpha with STD of WMU and the new
neighborhood function at training steps 4000 and 9500
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In the very early steps of the training period, it is observed that, with
the proposed neighborhood function and learning rate, the network finds its perfect
topology and there is no need for further training. Figure 3.3 shows the AQE of the
same experiment. The only difference is that the number of training iterations is
20,000 instead of 10,000. It is clear that, the conventional learning rates and the
neighborhood function are highly dependent on the maximum training size whereas

the proposed one is not.

-
N

Average Quantization Erro
— N

—T 1
0 0.2 04 06 08 1 12 14 16 18 2
lteration Step x 10°

Fig. 3.3 AQE for the 5x5 net with 20,000 iterations

The previous experiments have been carried out for two dimensional

data. When the dimensionality was increased, similar results have been obtained. In
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Figure 3.4, the AQE results are shown for 5 dimensional input with an 8x8 net.

20,000 data is generated in normal distribution and the net is trained 50,000 times.
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Fig. 3.4 AQE for the 8x8 net with 50,000 iterations

3.3 Data-impact parameter: &(J,k)

While calculating the learning rate parameter (@ by using only

v(k)/ Jk , it has been observed that the size of the data variance and the size of the

network had very strong influences on the network performances. For example, if the
variance of data is small, then the globe of the neighborhood function is decreased
suddenly and a possible meta-stable state reached at that instant remains stable until
the end of training. Also, it is observed that, the size of the network affects the

variance of ddy,.(k), since the larger the number of neurons, the lower their
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fluctuations to reach their stable points during training. Those conditions have to be

taken into consideration for determining the new SOM parameters.

In order to obtain better performance, a data-impact parameter, 6(J,k),
is introduced into the learning rate as in Eq. 3.11, and the optimum structure for

6(J k) has been investigated.

.~ V(k)-0(J,k) >1

1, if
- Jk
«®=1,1y-6000.5) (3.11)

, otherwise
Jk
Since analytical determination of the optimum structure of the

parameter would be overly cumbersome, an empirical study has been carried out.

In this study, numerous normally distributed data sets have been
generated with different standard deviations and each data set has been used to train
nets of different sizes. Also, for each training, we need to find the optimum 6&/Jk)
value. In order to do this, for each training, with the same data set and net, the
experiment was carried out with a broad range of (k) values. The range was
determined experimentally to include its optimum value. For each (k) value, the
resultant Average Quantization Error (AQE) was recorded. §(J, k) which provides the
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smallest AQE is marked as the optimum value for that particular training. An
important point observed during the experiments is that, in some situations, better
AQE has been obtained with a topologically disordered neuron configuration. For
those specific situations, the 8(J, k), which provides an ordered state in spite of higher

AQE, has been marked as optimum 6(J, k). The algorithm for the experiments is:

1. Fix the size of the net

2. Generate normally distributed data with a mean m, and standard deviation
(STD) x.

3. For this data set x, train the network with different values of #and record the
AQE for each training.

4. Find the minimum AQE.

If the minimum AQE also provides unfolded topology then mark &as the best
6, otherwise, find the @ which provides unfolded topology with the closest
AQE to minimum AQE

Do the steps 2-5 with data sets having different means and STD’s

Do the steps 1-6 for nets having different number of neurons.

b

~ o

3.3.1 Optimum &

The results of the experiments for one and two-dimensional nets are
given in Figure 3.5. During the experiments it is observed that, the data mean has no
effect on optimum value of (k) parameter whereas the standard deviation does

affect it.



Opti 6 for one di ional network Optimum § for two dimensional net

Traing data o 10* o' Number of neurons Training data ¢ w' o Number of neurons

Figure 3.5 Experimentally determined optimum & for one and two-dimensional nets
for normal data

In Figure 3.5, it is clearly seen that the optimum &(J,k) parameter
varies inversely with the standard deviation of data. Also it was observed that, the
size of network affects the optimum &(/, %) in an exponentially decaying manner. The
following expression for §(J,k) was found to represent the experimentally determined

optimum #in the minimum least squares error sense:

(2-e7'".2).1.8

0(J,k) = o0

(3.12)

where ok) = Standard Deviation of data at step k.

In Figure 3.6, the results of calculated optimum (k) for one and
two-dimensional networks are given. The experimental and the calculated 4(J k)

values are observed to fairly resemble each other.
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Op 8 for one di ional network Optirnum 6 for two dimensional net

Figure 3.6 Calculated 8(J,k) for one and two-dimensional nets for normal data

3.3.2 Experimental Results
In order to investigate the influence of the 6 k) parameter on the

performance increase, four different learning rate values are compared. Those are:

o The learning rate in Eq.3.9, without 6(J,k) parameter,
e The new learning rate with 6(J k) parameter,
e Exponential Alpha,

e Inverse Alpha.

In the first experiment, two dimensional Gaussian distributed training
data set was generated. This set consisted of 10,000 data samples having Mean = 0

and Standard Deviation = 0.4 and was used to train 25x25 net. The maximum
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iteration step was chosen as 10,000 and each data in the training set was used only

once. The AQE was calculated for step size 20 during the training period and plotted.

Figure 3.7 presents the AQE results of the experiments for those four
different types of learning rates and neighborhood functions during training. The
performance increase can be clearly seen for the proposed rates. Also it is observed
that, by using the proposed learning rate and neighborhood function, AQE decreases
at the early stages of the training process. The obvious superiority of the proposal can
be observed by investigating the topological formation of the neurons during

training.
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Figure 3.7 AQE for 25x25 net with 10,000 iterations using two dimensional
Gaussian data with Mean =0, Std = 0.4
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Figure 3.8, illustrates the results of topological ordering for the
experiment at the end of the iteration. It is clearly seen that the new method with
6(J,k) parameter yields a significant improvement on the behavior of the network.
Also there is a remarkable phenomenon that, although a topologically disordered
state has been obtained with novel parameters without &(Jk), the AQE of this

ordering is better than the AQE of training with inverse alpha.

E e sk -288888E -
£ &6 28 . B 2 288 -

4 08 06 0 @ 0 02 o400t 4 08 o0 &4 Q2 0 02 04 Q0 W

a) Exponential Alpha b) Inverse Alpha

E 82 Lo R B E -

4 08 98 26 42 0 02 04 08 08 1

¢) Novel Alpha without 6(J,k) d) Novel Alpha with 6(J,k)

Figure 3.8 The topological ordering of neurons at end of iteration step 10,000

In the experiments conducted, topology formation in the early steps of

the training period demonstrates an outstandingly fast convergence rate of the
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proposed method. Figure 3.9 shows the topology formation for four different types of
learning rate and neighborhood functions in the early stages of the training period. If
we compare the results of the topologies in the early stages, we see that although the
unfolded topological structure has been obtained with the exponential alpha and
inverse alpha, the neurons are still condensed and need time to expand to find
topology with low AQE. The network with the novel parameter without &(J;k) has
almost reached to the shape of the final topology, but folding on the edges prevents

its reliability.

b .

E & &8 B2 RBEB .
g & &g .22 8¢E .

4 28 04 04 92 0 02 4 08 08 1 4 08 85 44 Q2 0 &2 04 08 08 1

a) Exponential Alpha b) Inverse Alpha

£ & 28 22888 .
£ & ¢ B . BB R R .

% 9 o4 02 0 02 04 08 as 1 4 28 08 44 0% 6 02 W 0f oF 1

¢) Novel Alpha without &(J k) d) Novel Alpha with 6(J,k)

Figure 3.9 The topological ordering of neurons at end of iteration step 3,000
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In order to show that the performance of the new method is
independent of the variance of data, another experiment was carried out with the
same type of neuron configuration (25x25) but with different data set having
Standard Deviation of 25 and Mean of 0. The results, which show topological
ordering at the end of the iteration and the map formation at the early stages of
training, are given in Figure 3.10 and Figure 3.11. It is clearly seen that the value of
the standard deviation of data has almost no effect on the topology formation when
the proposed method is used although the performance of the net is quite dependent

on data variation when other methods are applied.

c) Novel Alpha without &(J,k) d) Novel Alpha with 6(J k)

Figure 3.10 The topological ordering of neurons at end of iteration step 10,000
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¢) Novel Alpha without 8(J,k) d) Novel Alpha with 8(J k)

Figure 3.11 The topological ordering of neurons at end of iteration step 3,000
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Figure 3.12 AQE for 25x25 net with 10,000 iterations training with two dimensional
Gaussian data with Mean = 0, Std = 25
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Figure 3.12 represents the AQE for different types of learning rates
during training of the 25x25 net with data having Standard Deviation of 25. When
we compare the results of the experiment with the previous one given in Figure 3.7,
the effects of the §(J.k) value can be seen clearly. The statistical characteristic of the
data has no effect on training for both Exponential and Inverse learning rates. The
performance of the novel learning rate without 8/, k) is directly effected with the
characteristic of data. Introducing 6(J,k) solves this problem and fast convergence to

topology with small AQE is achieved.

3.3 Retention parameter: x

The learning rate in Eq. 3.11 without a retention parameter x, provides
a very highr learning rate (~1) and broad neighborhood function at the very beginning
of training. This provides the global localization of the neurons when training starts.
After this initial period of training where global ordering occurs, the learning rate
decreases very rapidly and due to this drastic change, the width of the neighborhood
function starts to shrink. This is the end of the first phase of training. The second
phase in which the neurons converge to their asymptotic values can be referred as the
refinement period. The final topology takes shape in this period. According to this
phenomenon, the data presented at the early stages of the training phase have a
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significant effect on the final topology. In other words, SOM memorizes the initial
patterns, than refines the shape of topology. In order to clarify this, an experiment
has been carried out. An artificial two-dimensional data set is generated to train two-
dimensional 20x20 neurons net. This set consists of two regions as shown in Figure
3.13. The first one is generated as normally distributed with mean of x =-2 and
y =—2. The STD of data is 3.0 in both dimensions. The first 10.000 data samples are
chosen from this region. The second region is again generated as normally
distributed however, with mean 5.0 for both x and y dimensions and having STD 3.0.

The number of data samples from this region is 50.000.

=10}

Figure 3.13 The training data set composed of two clusters

The data set is composed of 60.000 samples by concatenating those
sets by taking the first 10.000 data from the first region and the remaining samples

from the second one. Figure 3.14 shows the topological ordering of 20x20 neurons at
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the training step 40.000 after applying the learning rate in Eq. 3.11. It is not difficult
to estimate the contribution of data presented at the early stages. It is observed that
the neurons have settled to the first region in the early stages of training and the
topology has frozen. If the statistics of presented data changes after this moment,
adaptation of the net to new data becomes difficult since only minor changes occur in
learning rate and neighborhood function. However, if it is desired that the net be able
to adapt itself towards the structure of the later data pattern, the algorithm needs

some modification.

18

10F

-10F

Figure 3.14 20x20 neuron topology after 40.000 training

The learning rate and the neighborhood function are the only
parameters that define the whole SOM process. Since in our proposal, the

neighborhood function is also based on the learning rate, to follow the statistical
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changes in data during training, the learning rate has to change according to those
variations. This requires ability to increase the learning rate parameter. The retention
parameter x has been associated with the iteration step parameter & in Eq. 3.11 The
iteration step parameter £ has monotonically increasing nature and causes the

learning rate to diminish gradually.

The main idea of retention parameter x is to follow the indeterministic
and consistent variations in data. Those can be sensed always by tracing the mean of
WMU distance. If there is a consistent change in data after a frozen topology, the
mean of WMU distance (MWMU) will increase or decrease consistently until a
settlement is reached. This settlement means a new frozen topology. In order to
recognize a consistent variation in the MWMU during training, a sliding window

algorithm is used:

First define A to represent the direction of change, if any, in the
average difference between data vectors and WMU in a window of size q. That is, a

window W consists of q such change directions:

w=(A,_,A, A) (.14

—-q° —g+1 2072

in which
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-1 if dd, ()<dd,,
A, =40 if dd,(i)=dd,, (3.15)
+1 if dd_, (i)>dd,,

where

Wy = Y dd, (). 616
i“3

For each new data element, A(k), compute ddp.(k) and compare it
with current m , generating the latest Ay and advancing the window by one. At
each step, the algebraic sum of all change directions in the window is computed, and
if the total positive or negative change is greater than a pre-determined threshold

value, k is decremented so that the o function can be re-sensitized to allow for

adaptation to this change.

An additional criterion imposed on the modification of k to allow only
consistent shifts in data statistics to relocate settled neurons is, whether or not the
number of data items which fit the consistency condition is larger than the number of

data items that have caused the latest neuron settlement to occur.
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The algorithm is presented below :

Initialization:
Fix the size (q) of sliding window (W) which keep the values of running MWMU.

Fori=0togq
Begin
W@ =0
End
Previous Mean =0
Threshold Value =0 /*T *
Change Direction =0
Current Cluster_Size =1
Previous_Cluster_Size =0
Mean Of WMU =0 /*Used to calculate MWMU*/

k=0

Training :

(At time step k)

Mean Of WMU = WMU(k)/Current_Cluster Size + WMU(k-1) *
(Current_Cluster_Size-1) / Current Cluster_Size

/*Mean of WMU is calculated with Current_Cluster Size*/

If Mean Of WMU > Previous_Mean Then

Begin
Change Direction = Change Direction + 1 — W((k+1) mod q)
W(kmod g) =1

End

Else If Mean Of WMU = Previous_Mean Then
Begin
Change Direction = Change Direction - 1 - W((k+1) mod q)
W(kmod qg)=0

End

Else If Mean Of WMU < Previous_Mean Then

Begin
Change Direction = Change Direction - 1 - W{((k+1) mod q)
W(k mod q) =-1

End

PreviousMean = Mean Of WMU
If | (Change Direction) | > Threshold Value And (Current Cluster_Size) >
Previous_Cluster_Size
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k=xk-1
Else
k=x+1
Current_Cluster_Size = Current_Cluster_Size + 1

If =0 Then
Begin
k=1
Fori=0togq
Begin
W@ =0
End

Current_Cluster_Size =1
Previous_Cluster_Size = Previous_Cluster_Size + Current_Cluster Size / 2
End

Use xin Learning Rate as :

l’ !fz_(kL\/e_(J—’k)>l
= K
a®)=1 000001 (3.13)

PR

otherwise

By using the above algorithm, the same data set of Figure 3.13 is used
to train 20x20 neurons network. The map at step 40.000 is shown in Figure 3.15. For
the two topologies of the Figure 3.14 and Figure 3.15, the Average Quantization
Error (AQE) is calculated for 60.000 data samples. The AQE for the topology trained
with retention parameter « is 1.071447. However the result without the parameter x

is found as 2.564427. This demonstrates a significant improvement in performance.
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AQE = 1.071447
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Figure 3.15 Topology of 20x20 neuron after 40.000 training using retention
parameter x
Figure 3.16 presents two graphs of the learning rate during training.
The first one represents the training without using the retention parameter x, and in
the second one the retention parameter x has been used in the learning rate function.
The spike around step 22.000 corresponds to the detection of the consistent shift of
data statistics from those of the first 10.000 points to the more crowded region. (See

Figure 3.13)

Experiments using this algorithm, have also been conducted with data
clustered in concave regions and in disconnected multiple sub-regions as well as data

with consistent shifts between more than two regions, and successful map formation
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has been observed in all cases. For the sake of the brevity, discussion of those

experiments have been excluded from this thesis.
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Figure 3.16 Learning rates during training a) Training without retention parameter x
b) Training with x
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CHAPTER 4

CONVERGENCE PROOF OF SOM WITH THE NEW

LEARNING RATE AND NEIGHBORHOOD FUNCTION

While proposing or developing a method to improve the performance
of the widely accepted NN algorithms, the general aim is to generate or use some ad-
hoc approaches since the lack of pure mathematical background of the related
disciplines. This chapter, concentrates on the problem of proving the convergence of
the proposed learning algorithm in order to enforce the theoretical basis of the
method. Also this work helps to understand the nature of the ordering process and

effects of the proposed parameters on the shaping of the net.

As it is mentioned in Chapter 2, there are several methods to
investigate to understand the nature of the training process by working on

convergence criteria of SOM. One method is describing the orders of the neurons as
61



state vector X and alterations of those state vectors as Markov process. The process is
defined on a probability space (¥ #) with probability measure z. A sample y € ¥ is
a possible sequence of inputs where y = (A(O), A(l),A(2)...) which is applied to the
neurons with initial state X(0). The aim of the proof is to describe the set y such that:
for any initial configuration of neurons, the organized configuration of & (see 2.14)
for M =D =1 SOM can be reached with probability one in a finite amount of time .
Because §is an absorbing state of the Markov process [see Section 2.2.3], if it is
possible to reach this organized configuration, the state remains the same such that:
if X(z;)=6=> X(z,+T)=86 VT >0 (4.1)
The whole process is described as:
rywe¥ r,<T,}26, 4.2)
where X)) is the initial configuration of the neurons, 7, <, and §; >0.

It should be noted that hereafter, the i™ neuron will be denoted as m; as only

1-D net will be considered. (Cf. sec. 2.1.1).

Restriction :

The input data set ¥ is continuous, one-dimensional, and bounded
with [0, 1] as:

Akyelo,1], 4.3)

b
jd(A)>g where b>a, 0<a<l, and0<b<1, £>0. (4.4)
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LEMMA 1.

Consider the process defined by (3.1), (3.2) and (3.3) and for any
subset A < X which is bounded with 4;and 4, where 4; <. A(k) < A,. If after some
time K during training, the data starts to be drawn continually from the region 4, all

neurons will be localized in region 4 in a finite time. That is:

A={Ac[0]1]: 4, <A()< 4, } where k> K 3 T, | T, <T, <oosuch that:
4, <m(T,)< A, where 1<i<J (4.5)

PROOF:

Vk,a(k) > 0,ﬂ(c,i,k)> 0 then |my(k) — my(k-1)| > e where 1<i<Jand £ >0.0

DEFINITION 1:
For any time K, the . is defined as the possible minimum learning

rate for the time K as:

J
VK-{Z—e 5°-2]-1.8
k= (4.6)

Priin = I3 \/ K
o-max : Kmax

where
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{VK|VK=V(K)}
{65 105, >o(K) fort = 1,2,..,K}}  (47)
{KE KK 2x() fort = 1,2,...K }

LEMMA 2:
ok <05
PROOF :

The maximum std can be obtained if A(l) = 1, A(2) = 0.

- std(A(2) = \/% [(1 -0.5) +(0- 0.5)2] =0.50 (4.8)

Applying Lemma 2 on (4.6) yields:

s
v¥ -(Z—e 50 -2]-1.8
ak. = 4.9)

0.5-JxX

max

Fact: V K,xX <K .(By Algorithm 3.1 pp. 54-55)

By applying the fact above:
A A
vk -(Z—e 50 -2}-1.8 vE -(2—e 50 -2]-1.8-2
Oy = 5 TK = T (4.10)
DEFINITION 2:

VK, and for @y, as defined in (4.10), two different regions ®* and

@ are defined as:
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of ={Aef0]]: 0sA<p} and
of ={Ael0]]: I-p, <A<1}  (411)

Also define ¢, as:

TED); @-1p
a:jn e 212l f | e 2{iu1)ek, f
0, = AY (4.12)
K [(_ G-2p @y
1+aX Ale 21+ -1)ak, | _o.le 2{1+(s-1)ak, ]
AN

Alsolet{El m,| m e®f and m, ¢ O }wherelSisJ.

PROPOSITION 1:

If data sample at time (K+7+1) is drawn such that A(K + 7 +1) e ®

and if a(K +7) > o, and if 0<m (K +7),m (K+7) <@, and | c-i [>] c-;

>

then
m,.(K+r+1)<mj(K+z'+1)<mc(K+r+l), (4.13)

where ¢ = winning neuron index. (See Figure 4.1)
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That is: If m;, m; and m. reside in region @ and the next data is drawn
from the region ®) with BMU = m,, then the neurons m; and m; will be ordered with

respect to m.regardless of the previous values they have.

At
1-gx
(25 . } ¢
oL ny m,

Figure 4.1 The regions defined in time K

Similarly if m,(K +7) € @ and a(K +7) > aX_ and if

>

1-py <m(K+7),m(K+7) <l and AK+7+1)e® and | c-i |>] c-j

then
m(K+r+)>m (K+z+1)>m (K+7+1). 4.14)

Where ¢ = winning neuron index.

PROOF:

The update equation for the two neurons are:

m(K+t+)=m;(K+7)+a(K+7)-B(c, j,(K+7)) (A-m (K +7)) (4.15)
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m(K+z+)=m(K+71)+a(K+7) B(c,i,(K+7))-(A-—m,(K+7)) (4.16)

After updating process, there are two possibilities. The first one is

m,(K +7+1)>m (K +7+1) and the second one is m (K +7+1) > m, (K +7+1).

The second possibility is the organized form of the i and the j* neurons with respect

to the ¢ neuron.

Before the update process, the worst case conditions are:

o The distance between m; and m; is maximum. That is:
I, —m,| 2 |m, ~m,| and |m, ~m | 2|m, —m)| wherel #iandl = j, 1=12,.J
wlmi=m| =y (4.17)
e The distance between data A and the neurons m; and m; is at a minimum:

[A=m (K +7)| <|A’~m (K +7)| and |A—m;(K+7)| <|A'=m, (K +7)|
where Az A’ € &

SA=l-g (4.18)
o The difference between the index values of the neurons m; and m; and the

winning neuron m, are maximum:

|c—i|+|c—j|2|c—-n|+|c—l| where nl =12, ..,J

sifi<j=le-i=J-1and |c-j|=J-2  (4.19)
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Considering the worst case conditions described above, the threshold
value of the learning rate parameter o that will force the neurons m; and m; to
become ordered with respect to m, has to satisfy the following equality:

m(K+7+)=m (K+7+1). (4.20)
Thus
m(K+7)+a(K+7) pc,i,(K+71))-(A-m,(K+7))-
m(K+7)+a(K+7) B(c,j,(K+71)-(A-m(K+7))=0 (4.21)
Rearranging the above equation and using the conditions described

above yields:

o +an, - Blei.(K+7)-(1-20,)=al, - Ble.j,(K+7)-(1-9,)  (422)

Substituting the neighborhood function explained in (4.22) results in:

(1) (/-2
pp +aky e MR (120 )=k .o M0 (1_ g ) (423)
thus:
(1) (1)
o +at e 2f-that] —-2-p,-ak -|e tratl | (4.24)

I ) I )
ok e 2(+-1pak, | o -ak |e 2(1+(-1)ak, f

min

From the above equation we obtain:
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(=) (-1)
e 2f+r-1)yek, | e 2(1+(s-1)ak,

.=

- _ /
Oy = 3 T — (4.25)

1+ak . e_z-(l+(J—1)-a£m)z _9.| ¢ sk

/

Hence for any (k) > X, , neuron ordering shall be realized. O

PROPOSITION 2:

After any time k, if data is drawn from the region @ continually,

3 7 < oo suchthat m (K +7) € &F, Vi=12,...,J

PROOF:

This result is the direct consequence of Lemma 1. 0

THEOREM 1:

During the random sequence of input, there exists a time step X and

corresponding X, and a consecutive input sequence which can attract the all
neurons in region @fin time T, o with learning rate a(T,)> ek with non-zero

probability as:

A®)eZ,3K |z, {we¥ it <T,}25, (426)

where : 8,20, T, <w, m(T,)e|0,0f} a(T,)>aX,, and T, >K .
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PROOF:

The proof of this theorem consists of defining two phases where in the

first phase, the neurons enter into the region @, and in the second one the retention

parameter x decreases to 1. It is also proven that at the end of second phase, with a
nonzero probability, the learning rate parameter takes on a value greater than the
minimum learning rate a,, necessary for convergence. In-order to complete the

proof, the following Proposition 3, Proposition 4 and Lemma 3 have to be

considered.

PROPOSITION 3 (PHASE 1):

36, >0 and T, <o such that ,
K|z we¥:r, <T |25,  (427)

4

where : m,(T) e [O, oF ], and T, >K

PROOF:

After time K, drawing the data continually from the region ¢ and
applying the result of Proposition 2 and considering Restriction 1, the neurons will

settle in region ¢.00
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PROPOSITION 4 (PHASE 2):

After time T,, drawing data continually from the region ¢ according
to the Rule 1 defined below, and applying the result of Proposition 2 and considering
Restriction 1, the neurons will stay in region ¢ and retention parameter x will
decrease to 1 at time T, .

That is, 35, > 0 and T, <o such that ,

3K|7rx,{y/eﬁ":r¢ST¢}25 (4.28)

@

where : m,(T¢)e[O,¢f], and T,>K, and x=1.

In this phase, we shall apply the following Rule 1 which will ensure

that Lemma 3, below, will hold.

RULE 1:
According to the retention parameter algorithm (Algorithm 3.1), after
any time ¢, if there is a permanent increase or decrease in MWMU (Mean of WMU

distance) for 2-¢ time duration, it is certain that the retention parameter, x will

decrease to 1. This rule will be formulated as follows:
1.4
When & = {+1 apply data from the region [O, %’—] ,
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K
When k = £+2 apply data from the region [O, %] ,

K
When ¢t = {+ 7apply data from the region [O, %o,_] .
‘T

Note that this rule ensures monotonic decrease of x and Lemma 3 follows:

LEMMA 3:

36;, >0 and T, < oo such that ,

3K |\r ve¥ir, <T |25, (4.29)

@

where : m(T,)€[0,¢9(], and T, >K, and k=1.

PROOF :

Direct result of Rule 1 and Proposition 4.

Thus, at the end of Phase 2, at time T, , the learning rate parameter
a(T¢ )is calculated as :

ofr,) =20l @ (439

o(T,)-1
_d
where w=[2—e 30 -2]-1.8.
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Now we can proceed with the proof of Theorem 1:

The proof of the theorem relies upon on showing a(T,) > ak . That

is, using the definition of v* in (4.7), we must show that:

v(T,) @ >VK-a)-2

?

olr,) = Jk

Since by Lemma 2, O'(Tq,)S 0.5, replacing O'(Tq,)with 0.5, this will be implied if:

.(431)

V(qu)'w > vi.@-2

0.5 JK

This means, it will suffice to show that:

(4.32)

Wr)>Y= @33)

"k

LEMMA 4:

If sample standard deviation value of data x at time t; is calculated as

o, (x), after time t, where t; > t;, the minimum value of sample standard deviation

f——a" (tX) h @3

can be
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PROOF:

Sincea, (x) = \/tl[i(x(i) -})2] (4.35)

1] i=1
Fact:
o, (x) is minimum if x(t) = x for L, <t<t,

Thus,

o, ()= \/tl[tzl(x(i) —xf + i(x( ) —?c)z] (4.36)

i=1 J=t+1

It is obvious that the second term is equal to zero. Then :

o, (x)= f;l—-tl-a,l(x) 0o 437
min 2

By applying Lemma 4 , inequality (4.33) will follow if we can now show that:

vELK WK
- 4.38
T, ~JK (3.38)
That is:
K K
4 K>£"—Z (4.39)
T, K
or.

—>—% (4.40)
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We know (Lemma 2) that the maximum possible value of v*is 0.5.
Hence if it is possible to find a T, which satisfies:
T,<2-K* (441)
then the proof shall be complete.

Phase 1 Phase 2
{ { { { Ptime
0 K T, To

Figure 4.2 Two phases for the Theorem 1

The retention parameter algorithm ensures that, after time #, if there is
continual increase or decrease in the mean value of the MWMU distance, that is in
phase 2 (Figure 4.2), the retention parameter x, will decrease to 1 after 2¢ training
steps. Therefore:

Max(T,)=2-(K+T,) (4.42)
That is, any T, less than this maximum will definitely satisfy (4.41), if we have
T, < K*-K (4.43)
for some K. But as by Lemma 1, T, is finite, such a K can always be found. This

completes the proof of Theorem 1. [
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With Theorem 1 it has been proven that for any initial configuration X(0),

there exists a time step K for which a*_ and the regions ®f and ®j are defined.

Now it will be shown that, if data comes from the region @} at time T+ 1, neurons

will be partially or fully organized.

LEMMA §:

After, the neurons are settled according to Theorem 1, in region

[0, ¢K], if A(T, +1)e @5 one of the following three configurations of neurons will

result:

Configuration 1 : (Fully organized, descending)

(Vi,jlm>my,>...>5m>m, >...>m,;} (4.44)

where i # j and i< jandi j=12,...J

Configuration 2 : (Fully organized, ascending)

{Vi,jlm <m,<...<m <m,<...<m,} (4.45)

where i # j and i< jand i, j=1,2,...J

Configuration 3 : (Partially organized)

{Vi,j,o,p,r | m <m,<...<m <m,<..<m,>.m,>m, >...>m,  >m,}
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where i# j#2o0# p#r andi jo pr=12,..J andi< jand p<r (4.46)

PROOF :

By applying the results of Proposition 1 and Theorem 1,

Configuration 1 can be obtained if m, (T, +1) = m;(T, +1). In other words if the best
matching unit (BMU) index is 1 at time (T, +1) then the fully organized descending

configuration is reached.

Similarly if m (T, +1)=m,(T,+1)then Configuration 2 can be

obtained and this is the fully organized ascending configuration.

In Configuration 3, the neurons are partially organized and this

configuration can occur if m, (T, +1)=m,(T, +1) where 0 #1 and o#J .0

If Configuration 1 or Configuration 2 were the only configurations
then the proof of convergence of the proposed method can be obtained at this point.

However due to the existence of Configuration 3, we need to consider the following

final phase.

According to Lemma 5 :

A®YeZ,3K |z, {ve¥ 7, ST, }24,, (4.47)
where: §,,,20, T, <o, X(T,,,)eAand T,>K,
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in which A = Configuration1 U Configuration2 ) Configuration3.

LEMMA 6:
If the neurons are partially ordered as:

{Vi,j,o,p,r | m@)<m(t)<...<m@)<m;(t)<...<m,(t)> 148
>...m,(t)>m,(t)>...>m,_(£)>m, ()} (448)

and if {V A¢+1)eX | A(¢+1)>m,(£)}, the BMU will be m, (¢ +1)at time ¢+,

after updating process, the neurons ordering will not change as :

{Vi,j,0,p,r | m@+)<m,t+)<...<m(t+)<m,(t+)<...<m,(t+1)>
>..m,E+)>m(E+)>...>m, (¢+)>m,¢+1)} (4.49)

PROOF :

Since neurons m;,...m;,mj,...m, are ordered as
m@)<...<m, @) <m1)...<m,() (4.50)
where 2<i< j<c

and when the BMU is m,(?) at any time ¢, it is obvious that the ordering remains the

same.

Similarly since the neurons m,,...m,,m,,...m, are ordered as

m.(t)>...>m, >m(£)>...>m,(f) (4.51)

where c<p<r<J
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and when the BMU is m,(?) at any time ¢, it is obvious that the ordering remains the

same.
It is possible to define the partially ordered configuration in (4.48) by

(4.50) and (4.51). Thus for any time t, if the BMU is m,(?), then the partially ordered

configuration remains the same.[]

THEOREM 2 :

If the neurons are partially organized at step T+ it is possible to find
a a,,T;.’;’ and (D,T“' and CI)Z"*' . Also
A€, AT, |7, (we ¥ r <T, )26, (452)

where : 65, 20, T, <o, m(T;,) € ll — o 1] , aT,) >, and T, >T, -

PROOF :

The proof of Theorem 2 is similar to the proof of Theorem 1. In order
to proceed, it is necessary to apply the same steps, however the attraction region has

to be changed as:

In Theorem 1 the region of interest was: [0, |

In Theorem 2 the region of interest was: [1,1 - 2 1.
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By Lemma 6, the neurons reside in the region Li-p; 1 in a

partially organized manner as:

{Vi, j,0,p,r | my(S =) <my (S =D <...<m(S-D<m (S~ <..<m,(§~1)>
>..m, (S ~1)>m (S ~1)>...>m, (5§ -1)>m, (5 -1} (4.53)

where 1-¢;,,, <m <1 and 1~¢,,,, <m, <1.0

THEOREM 3 :

ﬂ'Xu{ we¥ 1, <T,}2 5, (4.49)

where X(T)e s

PROOF:
If the neurons reside in the region [l,l—quw], than if a data item

drawn from the region [0, 2 ], the best matching unit (BMU) index will be either 1

or J. This immediately forces the neurons to be ordered. This condition occurs with

probability ;> 0.

The neuron configurations within the successive phases considered in
this proof of the convergence are displayed in Figure 4.3. Figure 4.3.a shows the

initial random state X(0) with 10 neurons. After data are drawn repeatedly from the

region @/ the neurons reside in [0, @, ] as shown in Figure 4.3.b. In Figure 4.3.c it is

shown that the data A(k+1) is drawn from the region [1-¢, ]Jand the 10 neurons are
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ordered partially. In Figure 4.3.d, the new regions [0, %w] and [1_¢Tw J1]are

shown in which partially ordered neurons are settled. In Figure 4.3.e, it is shown that

the data item A(S) is drawn from the region [0, ¢’T,+l] and 10 neurons are fully

ordered.
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Figure 4.3. The steps of the convergence proof
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CHAPTER 5

CONCLUSION

This thesis has presented a novel technique to incorporate a statistical
approach to the classical SOM methodology with the aim of obtaining faster map
convergence and sensitivity to data characteristics. This removes the need for an a
priori definition of a maximum number of iterations in the training algorithm. The
learning rate and neighborhood function are defined in terms of data and network

statistics to achieve this adaptability.

In parallel with the formulation of the proposal, the developed
methodology is applied to a number of examples and comparisons with earlier SOM
implementations are presented. It is shown that both the average quantization error

and the convergence time are much lower than those achieved with earlier methods.
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Moreover, the proposed method avoids map convergence to "folded" topologies

provided that data and map dimensionalities are comparable.

The proposed methodology relies on to define the learning rate
and neighborhood function according to the statistics of the WMU (Worst Matching
Unit). which is calculated at the same time of finding BMU (Best Matching Unit).
The standard deviation of the distance of WMU is introduced into the learning rate
parameter. Also the standard deviation of data and the continual alterations in the
distance of WMU is used to define the learning rate. This parameter also is used to

calculate the neighborhood function.

Convergence of the developed method is analyzed for one-

dimensional data and map, and a proof based on a Markovian analysis is given.

While not explicitly discussed in the thesis, it should be noted that
implementation of the method, based on earlier references [Germen and Bilgen
1997], [Germen and Bilgen 1998] have been favorably reported [Avkarogullan and
Ciloglu 1998 a], [Avkarogullar and Ciloglu 1998 b]. Those authors have applied this
proposed method on a problem pf speech coding. In those works, to calculate the
secondary excitation formulations for CELP (Code Excited Linear Predictive)

coders, SOM technique has been used. In those papers it has been noted that, the
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performance of the conventional SOM algorithms was not satisfactory however the

proposed method gives quite satisfactory results.

An explicit stopping criterion has not been formulated within the
scope of this thesis. Even though it has been shown that fast convergence to correct
topologies will be established, a minor step forward, this may be considered as the
subject of possible future work using method based on "goodness of map" [Kaski

and Lagus 1996], [ Ypma and Duin 1997] or average quantization error.

Another suggestion for future work would be to adapt this method to a
batch SOM. The current work has focused only on the flow-through SOM
methodology, whereas the batch methodology is generally accepted to provide a

higher level of data representation. [Kohonen 1993c], [Kohonen 1995].

Similarly such a statistical approach may be applied on learning vector
quantization (LVQ) problems. Also the general vector quantization (VQ) problem
can be investigated under the light provided by this method since VQ method can be
considered as the batch mode of the SOM algorithm with neighborhood 1 during the

training process [Kohonen 1993c], [Kohonen 1995].

Naturally, use of the method in real-life SOM applications will

provide much more realistic evaluations of its effectiveness and efficiency.
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