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ABSTRACT

Parameter Estimation of LFM Signals Using the
Fractional Fourier Transform

Omair ALDIMASHKI

Electronics and Communications Engineering Department
Doctor of Philosophy Thesis

Supervisor: Assoc. Prof. Dr. Ahmet Serbes

Linear frequency modulated (LFM) signals are the type of signal that are commonly
encountered in many areas, including telecommunications, radar, sonar, and medical
imaging. These signals are characterized by their changing frequency over time, with
the frequency increasing or decreasing linearly over time. Since the parameters of
LFM signals can carry useful information that can be used in many applications, such
as detecting objects or measuring distances, accurately estimating these parameters is

important.

However, estimating the parameters of LFM signals can be challenging, especially in
the presence of noise. Many studies have focused on developing techniques that can
estimate LFM signal parameters accurately under noisy conditions. Despite the efforts
of researchers, the current algorithms for LFM parameter estimation suffer from some
drawbacks, such as poor performance with multi-component LFM signals or high

computational complexity.

Therefore, there is a significant need for a reliable alternative that can accurately
and efficiently estimate the parameters of LFM signals for both mono-component and
multi-component cases, in the presence of noise. The main objective of our research
is to address this need by developing algorithms that utilizes the fractional Fourier
transform to estimate the LFM signal parameters. The proposed algorithms aim to
provide a fast and accurate estimation of LFM parameters, with the ability to handle

noisy environments and multi-component signals.
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OZET

Kesirli Fourier Doniisiimii Kullanilarak DFM
Isaretlerinin Parametre Tahmini

Omair ALDIMASHKI

Elektronik ve Haberlesme Miihendisligi Bolimii

Doktora Tezi

Danisman: Assoc. Prof. Dr. Ahmet Serbes

Dogrusal frekans modiilasyonlu (DFM) isaretler, telekomiinikasyon, radar, sonar
ve tibbi goriintiileme gibi bircok alanda yaygin olarak karsilasilan isaret tiirleridir.
Bu isaretler, frekanslarinin zaman ile degismesi ile karakterize edilirler ve
zamanla dogrusal olarak artan veya azalan frekansa sahiptirler. DFM isaretlerinin
parametreleri, nesnelerin tespiti veya mesafelerin ol¢iilmesi gibi bircok uygulamada
kullanilabilecek faydali bilgiler tasidigindan, bu parametrelerin dogru bir sekilde

tahmin edilmesi 6nemlidir.

Ancak, DFM isaretlerinin parametrelerini 6l¢mek, 6zellikle giirtiltiilii ortamlarda,
zorlu olabilir.  Bircok calisma, giiriltiili kosullar altinda DFM parametrelerini
dogru bir sekilde tahmin edebilecek teknikler gelistirmeye odaklanmistir. Ancak,
arastirmacilarin cabalarina ragmen, DFM parametre tahmininde kullanilan mevcut
algoritmalar baz1 dezavantajlara sahiptir . Ornegin, cok bilesenli DFM isaretlerinde

kot performans veya yiiksek hesaplama karmasiklig: gibi.

Bu nedenle, giiriiltiilii ortamlarda tekli ve coklu bilesen durumlarinda DFM isaret
parametrelerini dogru ve verimli bir sekilde tahmin edebilecek giivenilir bir alternatif
onemli bir ihtiyactir =~ Calismamizin temel amaci, DFM isaret parametrelerini
tahmin etmek icin kesirli Fourier dontisiimiinden yararlanan algoritmalar gelistirerek
bu ihtiyaci karsilamaktir. ~ Onerilen algoritmalar, giiriiltiilii ortamlar1 ve cok
bilesenli isaretleri ele alabilen hizli ve dogru bir DFM parametre tahmini saglamay1

amaclamaktadir.
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1

Introduction

1.1 The Significance of the Problem

The LFM signals hold great significance in diverse fields and applications due to its
robustness against interference, its role in radar and communication systems, its range
resolution capabilities in imaging, and its versatility in signal processing and spectral
analysis. The LFM signal’s unique characteristics, including its ability to distinguish
desired signals from interference, make it valuable for target detection, localization,
and tracking in radar applications. In communication systems, the LFM signal
enables efficient utilization of bandwidth, resistance to narrowband interference, and
improved signal privacy and security. Its range resolution capabilities are beneficial
in medical ultrasound imaging and remote sensing, offering precise measurements
and high-quality imaging. Additionally, the LFM signal finds applications in signal
processing and spectral analysis, facilitating tasks such as modulation classification,
target recognition, and signal separation. Therefore, we can say that the LFM signal’s
robustness, versatility, and unique properties make it an essential tool in various
domains, enhancing performance, reliability, and accuracy in numerous applications.
The estimation of LFM parameters also holds significant importance in various
fields and applications. In radar and sonar systems, LFM parameter estimation is
vital for target detection, localization, and tracking. By accurately estimating the
parameters, such as the carrier frequency and chirp rate, the range, velocity, and
direction of moving targets can be determined with high precision. This information
is essential for applications ranging from air traffic control and maritime navigation
to object recognition and surveillance. LFM parameter estimation is also crucial in
communication systems, especially in frequency-modulated continuous wave radar
and spread spectrum communication. Estimating the LFM parameters allows for
efficient signal demodulation, synchronization, and interference mitigation. It
enables reliable data transmission and reception, leading to improved communication
performance and higher data rates. Furthermore, in medical imaging and remote

sensing, accurate LFM parameter estimation plays a vital role. In medical ultrasound



imaging, for example, estimating the parameters of LFM pulses helps enhance
the quality of image reconstruction and improves the visualization of anatomical
structures. In remote sensing applications, LFM parameter estimation aids in the
analysis of radar and lidar signals, enabling precise mapping, target identification, and
environmental monitoring. Moreover, LFM parameter estimation has applications in
signal processing, spectrum analysis, and signal classification. It provides insights
into signal modulation characteristics, facilitates signal separation and denoising,
and assists in identifying different types of signals within a complex environment.
Therefore, it is important to develop algorithms that can estimate the LFM parameters
quickly and accurately. Several algorithms have been developed to estimate the
parameters of LFM signals, and these algorithms are distinguished from each other

based on the following factors.

* Noise immunity: Since practical applications involve noisy environments, the
ability of an estimator to provide accurate results even in the presence of
high levels of noise is an important advantage. Estimators with a smaller

signal-to-noise ratio (SNR) breakdown threshold are considered better.

* Multi-component LFM signals: While many estimators work well with
mono-component LFM signals, their performance significantly deteriorates in
the case of multi-component LFM signals. It is also important to assess an
estimator’s ability to distinguish between closely separated components and
to determine the threshold beyond which the estimator fails to distinguish
between two closely spaced components. Estimators with a smaller threshold

are considered better.

* Computational efficiency: In radar systems, particularly in military radar, the
received signal length can be large, so the estimator should aim to minimize the

computations required to process these signals to reduce the processing time.

* Accuracy: Accuracy is one of the most important features of the estimator, as
failure to provide accurate results can lead to major problems, particularly in
military applications. Accuracy is measured by calculating the mean squared
error (MSE) of the parameters and then comparing it to theoretical Cramer-Rao
lower bound (CRLB). Estimators that yield an MSE closer to the CRLB are
considered better.

Estimators used for LFM signal parameter estimation differ from each other based
on various criteria. Among these estimators, the maximum likelihood estimator
(MLE) is the statistically ideal estimator that achieves the CRLB. However, the MLE



is computationally inefficient since it requires searching across multiple dimensions,
making it practically useless for large signal lengths. On the other hand, product
high-order ambiguity function (PHAF) is an example of a computationally efficient

estimator. But its performance is incomparable to that of the MLE.

As a result, there is a clear need to develop an estimation algorithm that can fulfill
the aforementioned criteria while being practical for real-world applications. In this
section, we will provide a detailed review of the most important LFM parameter
estimation algorithms. We will evaluate their advantages and disadvantages based
on the criteria mentioned earlier. However, it is crucial to provide an overview of

estimation theory and explain its key concepts beforehand.

1.2 Introduction to Estimation Theory

1.2.1 Motivation

Estimation theory is a branch of statistics that focuses on inferring unknown
parameters or quantities from data that we observe or measure. The goal is to
use statistical methods to estimate the values of these unknown parameters with
a certain level of confidence and to quantify the uncertainty associated with these
estimates. There are three important concepts in estimation theory. The first concept
involves studying the estimation algorithms, which are mathematical methods used
to infer unknown variables based on a given set of data. Estimation algorithms
can take into account uncertainties in the data and other sources of information to
produce estimates that are as accurate as possible. The second concept in estimation
theory involves methods for assessing the goodness of these estimation algorithms.
This includes evaluating the accuracy and precision of the estimates, as well as
assessing the bias and variance of the estimation algorithms. Finally, estimation theory
provides methods for making confidence statements about the estimated parameters.
Confidence statements involve defining a region or interval around the estimated
value, which is expected to contain the true value of the parameter with a certain level
of confidence. Overall, estimation theory provides a systematic approach to inferring
unknown parameters from data. By taking into account the uncertainties in the data
and other sources of information, estimation theory enables us to produce accurate
and reliable estimates of these parameters and to quantify the uncertainty associated

with these estimates [[1]].

1.2.2 Estimation Theory Components

According to [2, 3], any estimation process should consist of the following elements:



* Known information set. This refers to any information that is known about the
parameters or the process being estimated. It can include data, as well as any
other prior information that is available. The known information set serves as
the foundation for the estimation process and is essential for producing accurate
estimates.

* Estimator. The estimator is the mathematical method used to calculate the
estimated parameters based on the known information set, the model, and the
objective function. The goal of the estimator is to produce estimates that are as

accurate and reliable as possible.

* Objective function. The objective function is used as a guide to help the
estimator find the correct parameter values as closely as possible. It specifies the
goals that the estimator needs to achieve and serves as an optimizer to search
for the optimal solution in the parameter space. The objective function can take

the form of a distance measure or a loss function that needs to be minimized.

* Model or Constraints. The model or constraints define the relationship
between the known information set and the unknown parameter space. It
can take the form of an equation, a probability density function, or an
approximation, and may also include constraints such as bounds or ranges. The
model serves as a bridge between the knowns (i.e., the data) and the unknowns

(i.e., the parameters).

* Interval Estimation. Interval estimation involves constructing a confidence
interval around the point estimate. The confidence interval provides a range
of values within which the population parameter is expected to lie with a
certain level of confidence. Interval estimation is important for quantifying the
uncertainty associated with the estimated parameters and provides a measure

of the reliability of the estimation process.

By incorporating these elements into the estimation process, it is possible to produce
accurate and reliable estimates of the parameters or quantities of interest, while
also quantifying the uncertainty associated with these estimates. Estimators can
have various characteristics such as implementation, ease of analysis, robustness,
consistency, and efficiency. However, in estimation theory, it is not feasible to find
an estimator that is efficient, consistent, robust, easy to implement, and provides an
optimal estimate all at the same time. Thus, there is always a trade-off among these
properties. The primary objective of an estimator is to ensure that the estimated values

are as close as possible to the correct value. The minimum variance unbiased estimator



(MVUE) guarantees achieving this objective, which will be discussed in more detail

later. Therefore, the MVUE is the desired property for an estimator to have.

1.2.3 Estimator Properties

There are certain properties that allow us to evaluate the performance of any estimator,

and these properties can be classified into two groups [4].

1.2.3.1 Statistical properties.

These properties are used to examine how the estimator responds to changes in data,

and the most important properties are as follows:

* Bias. The property of bias measures the average accuracy of the estimator.
It can be calculated by taking the difference between the true value of the
parameter to be estimated and the expected value of the estimate. For example,
when estimating the chirp rate parameter ,m, the bias can be mathematically
expressed as follows.

Bias = |m — E{m}|. (1.1)

* Variance. This property measures the extent of variation of the estimator when
the data changes. For instance, in the estimation of the chirp rate parameter,

the variance can be expressed mathematically as follows.

var{fi} = E{(fi — E{fi})2). (1.2)

 Efficiency. Efficiency is a measure that indicates the estimator’s ability to
decrease the data’s uncertainty without transforming it into the estimates.
The most efficient estimator is the one that can minimize the uncertainty or
variability to the greatest extent. In other words, efficiency shows the distance
between the variance of the estimator and the minimum variance estimator,
which is the most efficient estimator. Mathematically, for the case of chirp rate

estimation, efficiency can be expressed as follows.

var{fn\}MVUE

var{m} (1.3)

Ef ficiency(m) =

Where, var{m},,;,y is the lowest achievable variance among all the estimators.

* Consistency. Consistency refers to the property of an estimator that it converges

to the true value of the parameter as the sample size increases. An estimator



is said to be consistent if it converges in probability to the true value of the

parameter as the sample size increases.

* Mean square error. Measures how variable the estimator is when changing the
data but this time with respect to the correct value. Mathematically it can be
expressed be

MSE{m} = E{(m—m})*}. (1.4)

1.2.3.2 Asymptotic properties.

These properties investigate how the estimator responds to changes in sample size.
As the sample size increases, it is important to evaluate the statistical properties of
the estimator and the quality of the estimate to determine if they are improving or
not. The ideal estimator is one that demonstrates better performance and statistical
properties as the sample size increases. Another crucial property in asymptotic analysis
is consistency, which examines how the estimator converges to the correct value of
the parameter. There are three topics in convergence: the convergence level, which
determines how close the estimated value is to the correct value; the convergence rate,
which determines how quickly the estimator converges to the correct value; and the

conditions that ensure convergence, if any.

1.2.4 The Ideal or Optimal Estimator

The ideal estimator, also known as the optimal estimator or the most efficient
estimator, or the MVUE, is characterized by two important properties, as described
in [3]]:

* The estimator should be unbiased, which means that the estimator produces
correct estimates on average. Mathematically, for the case of the chirp rate

estimation problem, this can be expressed as follows:
E{m}=m, (1.5)

then, The chirp rate estimator is considered unbiased if the expected value of
the estimates equals the correct value of m. It is worth noting that m is a random
variable, hence, m cannot be compared to m directly but rather to its expected
value. Unbiasedness is a measure of proximity, and thus, it is related to accuracy.
Even if the aforementioned condition is satisfied, the estimator is not necessarily

ideal. This is because if the data record is changed, the estimated value will also



change. However, it should not change significantly. This leads us to the second
condition.

* The second condition is to have the least variability or the minimum variance.
While the estimator uses the information set to produce an estimate for the
parameter, it also lets the uncertainty of the data propagate to the estimates.
Therefore, we want the estimator to reduce that uncertainty. When the data
change from one experiment to another, the estimate will also change, but we
do not want it to change in the same way as the data changes. To achieve
the least variability, we need the variance of the estimate to be as minimum as
possible. This second condition is a measure of precision, and the minimum

variance estimator is the highest precision estimator.

1.3 Literature Review

In our literature review, we have meticulously structured our analysis into eight
distinct sections, each dedicated to exploring and evaluating different aspects of
parameter estimation in LFM. This systematic organization enables us to provide a
comprehensive understanding of the topic. The first section focuses on statistical
estimation methods, where we thoroughly examine various statistical techniques
commonly employed for estimating LFM signal parameters. Moving on to the second
section, we delve into time-frequency representations, exploring techniques that allow
for the simultaneous analysis of signal properties in both the time and frequency
domains. Continuing our exploration, the third section investigates integrated
time-frequency representations, which involve algorithmic approaches that combine
multiple time-frequency representations to enhance the accuracy and reliability of
LFM parameter estimation. By leveraging the complementary strengths and mitigating
the limitations of individual representations, these algorithms aim to improve overall
estimation performance. In the fourth section, we delve into algorithms based
on time chirp-rate representations, utilizing variations in chirp rates over time to
estimate LFM signal parameters. The fifth section focuses on integrated time chirp-rate
representations, aiming to enhance estimation performance and overcome potential
limitations through the integration of multiple representations. Moving forward, the
sixth section explores frequency chirp rate representations, investigating methods
that represent LFM signals in the frequency and chirp rate domain. By analyzing
the characteristics in the frequency domain and variations in chirp rate, we strive to
extract the desired parameters with improved accuracy. In the seventh section, we
delve into compressed sensing-based algorithms. These methods exploit the inherent

sparsity or compressibility of LFM signals to achieve efficient and reliable parameter



estimation. By carefully selecting and acquiring a sparse set of measurements, we
can effectively reconstruct and estimate the parameters. Lastly, in the eighth section,
we explore linear integration-based algorithms. By organizing our literature review
into these eight sections, we aim to provide a comprehensive analysis of the diverse
approaches and techniques employed in LFM parameter estimation. This systematic
exploration allows us to gain insights into the strengths, limitations, and potential

areas of improvement for each method, fostering a deeper understanding of the field.

1.3.1 Statistical Estimation Techniques
1.3.1.1 Maximum Likelihood Estimator

The MLE is a powerful algorithm used in the estimation theory to estimate unknown
parameters for a probability distribution model. Its objective is to estimate the values
of the unknown parameters that make the observed data most likely to have occurred,

given the probability distribution model.

In the case of mono-component LFM signals, the MLE is commonly used to estimate
the initial frequency and chirp rate. For this purpose, the MLE maximizes a specific
function that depends on the observed data and the probability distribution model. By
finding the values of the initial frequency and chirp rate that maximize this function,

the MLE produces estimates that are statistically optimal [5, 6].

The MLE estimates the parameters of the LFM signal based on both the LFM signal
model and the statistical characteristics of the noise. MLE is considered statistically
optimal because it has an unbiased mean and achieves the asymptotic CRLB [7, 8]].
However, MLE has several drawbacks. First, the MLE is computationally expensive
and thus impractical due to the need for a multidimensional search. Second, there
are many local minima in the search space and the estimation for the initial parameter
must be accurate enough for noisy signals. Otherwise, the algorithm may not converge
to the global optimum. Many research studies have aimed to improve the MLE-based
algorithms, but these improvements often come at the cost of reduced anti-noise
performance or accuracy. In [5]], the MLE was employed to estimate the initial
frequency and the chirp-rate for LFM signals in two steps: A global search using the
grid search method followed by a local search using Newton’s algorithm to converge
on the optimum values. While this method has reduced the computational cost,
selection of the initial parameters significantly impacts its performance. Additionally,
this algorithm is not suitable for multi-component LFM signals. In [7]], a different
MLE-based algorithm was proposed for estimating LFM parameters using global
optimization and efficient importance sampling. However, the algorithm still has a

high computational cost and the SNR breakdown threshold was as high as 3 dB.
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In [9]], an ML-based estimator with a lower computational cost has been proposed.
However, this algorithm is complex and can only operate in high SNR conditions.
Another improved algorithm has been proposed in [[10] using a combination of ML
and phase-unwrapping. However, the computational load is high. In [[11], the CRLB
for multi-component LFM signals has been derived. Additionally, an algorithm for
estimating chirp rates and initial frequencies has been proposed based on tracking
instantaneous frequencies using the global Hankel rank reduction method followed
by a least-squares fitting technique. Finally, a Newton search for the MLE was used to
estimate the chirp rates and initial frequencies accurately. The computational cost is

high, and there is no guarantee of convergence to the global maximum.

1.3.1.2 Least Squares

Chirp parameter estimation based on least squares involves fitting a mathematical
model to the observed signal. Specifically, the instantaneous frequency of an LFM
signal can be modeled as a linear function of time, with the slope of this line
corresponding to the chirp rate. Therefore, by estimating the slope of the line that best
fits the observed instantaneous frequency over time, we can estimate the chirp rate. To
do this, we can first estimate the instantaneous frequency of the signal using a method
such as the Fourier transform (FT). We can then fit a line to these instantaneous
frequency estimates using least squares. In other words, we find the slope of the
line that minimizes the sum of the squared errors between the observed instantaneous
frequency and the values predicted by the line. This slope corresponds to the chirp rate
of the LFM signal. It’s worth noting that this method is not guaranteed to produce the
exact chirp rate, and the accuracy of the estimate can be greatly affected by the noise.
However, it can be computationally efficient for estimating the chirp rate, particularly
in cases when the SNR is high. In [[12, [13]], a non-linear least squares estimator was
used to estimate the initial frequency and the chirp rate for LFM signals. A sliding
window was utilized to reduce the impact of the many local optima on the global

optimum. However, this method is limited to mono-component LFM signals.

Another approach was proposed in [[14] for mono-component LFM chirp rate and
initial frequency estimation, which uses signal reconstructing least-squares technique.

However, this algorithm is also not suitable for multi-component LFM signals.

In [|15], a sub-optimal estimation algorithm was suggested, which has two phases.
In the first phase, a coarse estimation is performed using an initial guess followed
by a fine estimation phase using a multistage least squares approach. However, the
anti-noise performance of this algorithm is not satisfactory, and it requires a very high
SNR threshold.



In [[16]], the Nelder-Mead algorithm was used in a nonlinear least squares algorithm
to estimate the parameters of multi-component polynomial phase signals. However,
this method incurs a high computational burden and the SNR threshold increases as

the chirp rate increases.

[17] focuses on extracting the state-space model of the signal and utilizing various
versions of the Kalman filter to estimate LFM signal parameters. The proposed
methods demonstrate improved performance in estimation. However, it is important
to note that the SNR breakdown threshold remains relatively high, and the

consideration of the multi-component case is currently not addressed in this study.

1.3.2 Time-Frequency Representations

Time-frequency representation (TFR) is a widely used method for analyzing
non-stationary signals such as LFM signals. TFR represents the signal as a function
of both time and frequency, enabling more precise analysis of time-varying signals. By
combining time and frequency information, TFR displays the presence of each spectral
component of a signal at a specific time. In the time-frequency plane, the LFM signal
is depicted as a straight line with an angle associated with its chirp rate. There are

two primary subcategories of TFR: linear and bilinear.

1.3.2.1 Linear Time-Frequency Representations

The short-time Fourier transform (STFT) [[18]] and local polynomial Fourier transform
[19] are examples of linear time-frequency representations. The STFT is a popular
linear method due to its simplicity and its ability to perform well under low SNR
conditions with lower computational complexity. However, the trade-off between
time and frequency resolution can deteriorate its performance. Many STFT-based
methods have attempted to deal with this trade-off at the expense of increasing
computational complexity. In [20], three STFT-based representations were used to
analyze LFM signals for local estimation of chirp rate and instantaneous frequency of
multi-component signals. The first estimator uses the first derivative of the analysis
window in the STFT domain. The second and third estimators employ the derivative
of the STFT with respect to time and frequency, respectively. However, the main
drawback of this approach is the high computational cost. In [[21]], a combination
of STFT and least-square linear fitting based method was proposed. This method
enjoys low computational complexity and can work in low SNR conditions. However,

it suffers from picket fence effects.
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1.3.2.2 Bilinear Time-Frequency Representations

Wigner-Ville distribution (WVD) [22-26] and methods based on the ambiguity
function (AF) [27] are examples of the bilinear time-frequency representations
that have been used to analyse the LFM signals. WVD is a popular method for
time-frequency analysis of non-stationary signals, including LFM signals. The WVD is
a bilinear time-frequency representation that provides very high time and frequency
resolutions, which is especially useful for analyzing signals with rapidly changing
frequencies. In the WVD, the signal is convolved with a time-reversed and time-shifted
version of itself to generate a two-dimensional time-frequency representation. The
diagonal ridges in the WVD correspond to the instantaneous frequency of the signal
at a specific time. For LFM signals, the WVD produces a time-frequency plot that
resembles a series of lines, with the slope of each line corresponding to the chirp
rate of the LFM signal [28]]. Chirp parameter estimation using the WVD involves
identifying the slope of each line in the time-frequency plot and using it to estimate the
chirp rate. This can be done using a variety of methods, including linear regression
or peak detection. However, the WVD has some limitations including its sensitivity
to noise and interference, high computational costs and the presence of cross-terms,
which can make it difficult to distinguish between different components in the signal.
Despite these limitations, the WVD remains a useful tool for analyzing LFM signals
and other non-stationary signals. Several algorithms, including smoothed pseudo
Wigner-Ville distribution and scaled L-Wigner distribution, have been proposed in the
literature to address the issue of cross-terms. However, these methods can lead to a
decrease in signal concentration [29, 30]. The AF is a well-known tool for analyzing
and characterizing LFM signals. In the context of chirp parameter estimation, the
ambiguity function can be used to estimate the instantaneous frequency and the
chirp rate of a signal. One approach is to use the 2D cross AF to estimate the
instantaneous frequency and chirp rate. The cross AF is computed by taking the
cross-correlation between the signal and a set of delayed and Doppler-shifted replicas
of itself. The resulting function has peaks that correspond to the time and frequency of
the signal components. The instantaneous frequency can be estimated by computing
the time derivative of the phase of the cross AE, and the chirp rate can be estimated
by computing the frequency derivative of the phase. Another approach is to use
the one dimensional cross AF along the time axis to estimate the chirp rate. This
method involves computing the autocorrelation of the signal, followed by taking the
magnitude square of the FT of the autocorrelation function. The result is a function
that shows the degree of similarity between the signal and its delayed versions for
different time lags. The position of the maximum of the function corresponds to the
delay between the signal and its delayed version, which can be used to estimate the

chirp rate. Discrete polynomial phase transform, which is also known as the high-order
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AF (HAF), has been suggested to estimate the LFM parameters [[31]]. The HAF is a
higher-order extension of the AE, which can provide more information about the signal
compared to the conventional AE In chirp parameter estimation, HAF has been used
to estimate the parameters of polynomial-phase signals, which include chirp signals
as a special case. The HAF can provide higher time and frequency resolutions than
the conventional AE which can help to estimate the chirp parameters more accurately.
Additionally, HAF can provide more information about the phase characteristics of the
signal, which can help to distinguish between different PPS signals. The HAF method
involves applying a phase differentiation process to the LFM signal, which results
in a complex sinusoid signal. The signal energy is then concentrated in a suitable
frequency bin using the FT. Although HAF requires only one dimensional maximization
and is relatively straightforward, its accuracy is compromised when dealing with
multi-component chirp signals, as the presence of cross-terms can lead to deterioration
in the estimation results. A modified version of HAF has been proposed in [32].
However, its performance was not efficient, especially when the amplitudes of different
components are close to each other. In order to suppress the effect of cross-terms the
PHAF has been used in [33]], where the convenient scaling and the high-order multiple
transform technique significantly increase the efficiency of the estimation process.
The main advantage of PHAF is its ability to suppress cross-terms and improve the
accuracy of parameter estimation for multi-component chirp signals. However, this
method is biased and sensitive to noise in the signal. Additionally, the accuracy of the
PHAF method may be limited in some cases where the signal’s amplitude or phase
characteristics change rapidly and has the propagation of estimation errors [34]]. In
order to address these limitations, [|35]] propose an alternative approach. However,
this algorithm suffers from issues such as high computational cost, ambiguity in
selecting lag values, low noise immunity, and error propagation effects. To overcome
these drawbacks, several HAF-based algorithms have been developed. For example,
the multi-delay HAF and its weighted combination have been utilized to estimate the
chirp rates of LFM signals. In some recent studies [36-38]], a combination of nonlinear
least squares and random basis function methods have been applied to HAF-based
algorithms for single component LFM parameter estimation, but the multi-component
case has yet to be explored. Despite the promising characteristics of the generalized
adjustable parameter correlation kernel method [[39], such as low complexity and the
ability to avoid coupling terms between time and lag, its performance in challenging
SNR conditions is not satisfactory. Although TFR-based algorithms are highly capable
of analyzing LFM signals, their drawbacks make them unsuitable for real-time
applications. In response to this issue, integrated TF techniques have been proposed

as a potential solution.
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1.3.3 Integrated Time-Frequency Representations

These algorithms were developed to address the limitations of TFR-based methods,
including the trade-off between frequency and time resolution, cross-terms in
multi-component cases, and reduced performance in high noise environments. A
novel algorithm for detecting and estimating parameters of frequency modulated
continuous waveforms using the cross Wigner-Hough transform has been proposed in
[40]], which leverages the properties of cross-terms in WVD. However, the performance
of the algorithm is affected by cross-terms. To mitigate cross-terms and improve the
performance of low probability of intercept radar signals, an elliptical Gaussian filter
has been used in the ambiguity domain with smoothed pseudo WVD in [41]]. In [42],
a combination of Teager-Huang transform and Hough transform has been utilized
to eliminate cross terms in multi-component LFM signals with high time-frequency
resolution. However, the performance in low SNR is diminished. Similarly, [43]
utilized a combination of Radon transform and Hilbert-Huang transform for the same
purpose. In [44]], the keystone transformation of the WVD was used for detecting
and estimating parameters of LFM signals with high signal energy concentration and
almost free of the cross terms. The lag and time variables were separated using the
scaling rule of the keystone transformation. However, the main drawbacks of this
algorithm are the high computational cost and the propagation of estimation errors.
Other integrated time-frequency methods have been used for analyzing LFM signals,
including the Wigner-Hough transform (WHT) [125, 45, 46]. However, WHT has a high
computational cost and may cause the initial phase to be lost. In [[25], periodic WHT
has been proposed for detecting and estimating the parameters of LFM continuous
waves, but it requires prior information about the unknown parameters and has a
very high computation load. Radon-Wigner transform (RWT) [47, 48|] has a similar
performance to FrFT, but the computational cost of RWT-based algorithms is very high,
making them unsuitable for long record lengths. The Radon-ambiguity transform [49]
requires a single dimensional search, so it has a lower computational cost. However,
it can be used to estimate only the chirp rate. The LPP-Hough transform [[50] has also
been proposed. Although these algorithms apparently reduce the cross terms, most
of them either increase the computational complexity or decrease the performance in

noisy environments or have a negative impact on the time and frequency resolution.

1.3.4 Time Chirp Rate Representations

The evolution of chirp rate with respect to time can be described by the time
chirp-rate representation (TCR). The first algorithm presented is the cubic phase
function (CPF) [[51], which is efficient in analyzing LFM signals. However, when

dealing with multi-component LFM signals, spurious peaks and cross-terms appear
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and the performance is degraded in noisy environments. The second algorithm
is the high-resolution time-frequency rate representation [52]], which achieves high
resolution in both time and frequency domains while suppressing cross-terms,
thus improving upon previous methods. This algorithm is suitable for chirp rate
estimation with lower computational cost compared to CPE However, in the case of
multi-component signals, cross-terms limit its applicability due to a trade-off between

resolution and cross-term suppression.

1.3.5 Integrated Chirp Rate Representations

Several integrated TCR techniques have been proposed to address the issues
mentioned above. These include the integrated CPF (ICPF), the product CPE and
the coherent ICPF [53-55]]. However, these methods have not completely eliminated

the effects of cross-terms and their performance is degraded in low SNR environments.

1.3.6 Frequency Chirp Rate Representations

The frequency-chirp-rate representation is a method to represent the LFM signal in the
frequency and chirp rate domain. Some examples of this representation include IVs
distribution [[56~58], and the parameterized centroid frequency-chirp rate distribution
(PCFCRD). The IV’s distribution algorithm is well-known for its high estimation
performance and lack of cross-term problems in radar signal processing [[56, 57]].
However, it has limited frequency and chirp rate ranges, and its performance is
significantly affected in the low SNR region. An improved version of IVs distribution
was proposed in [59] to reduce the computational cost and improve the anti-noise
performance. PCFCRD has been proposed for multi-component LFM signal analysis
[60], and it achieves a higher estimation performance by eliminating the cross terms.

However, its main drawback is its excessive computational cost.

1.3.7 Compressed Sensing

Compressed sensing (CS) is a novel signal processing framework that has been applied
in MRI and radar imaging systems. This framework allows the reconstruction of
sparse images or signals at a sub-Nyquist sampling rate provided certain conditions
are met, such as sparsity and incoherency. In cases where sampling at the Nyquist
rate is unattainable due to some limitations such as limited capabilities, bandwidth,
resolution, or cost, CS can be a viable alternative. Unlike the Nyquist framework,
which employs sinc interpolation to recover the signal, CS reconstructs the signal
from sub-Nyquist samples using iterative or optimization-based algorithms that have

a higher computational cost.
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The CS approach can be applied to various areas, such as estimation, detection,
filtering, and classification. LFM signals with their large bandwidth and
high-frequency sampling rate requirements are ideal examples to adopt the CS

framework. Furthermore, LFM signals are sparse in its optimum FrFT domain.

Several algorithms for the parameter estimation of LFM signals based on CS have been
proposed. The key to these algorithms is designing the measurement matrix, and
then the estimation algorithm estimates the parameters by finding the best matching
elements or atoms in the matrix. However, having more elements in the measurement
matrix results in higher computational cost, even though it leads to better estimation
accuracy [61463]. In [|64], an FrFT-based algorithm was proposed to estimate LFM

signal parameters using CS, but it has a high computational cost.

The sparse signal representation has also been used in LFM parameter estimation
problems [65, [66]]. [[66], after decomposing the chirp signal into Gabor atoms using
the matching pursuit algorithm, the estimation is done directly using the Hough

transform. However, the high computational cost is a significant drawback.

1.3.8 Linear Integration

The concept of brute-force searching is the common thing between the algorithms
which belong to this category. Discrete chirp Fourier transform has been used in
the detection and chirp rate estimation for LFM signals [67]]. However, there are
restrictions which limit this algorithm. The chirp rates should be integer and the
number of samples should be prime. The FrFT based algorithms come here but we will

explain about the FrFT properties and the estimation algorithms in a separate chapter.

1.4 Objectives and Contributions of the Thesis

The introduction highlights that in practical scenarios, it is difficult to achieve the
optimal characteristics of the LFM parameter estimator due to various factors such as
computational cost, noise immunity, and multi-component case challenges. Therefore,
the primary objective of this thesis is to find a suitable compromise that can approach
the optimal estimator as closely as possible. To accomplish this, the thesis aims to
identify a powerful transform that can serve as the foundation of the solution. Since
the FrFT is a natural environment for LFM signals, it is the most suitable choice for
this purpose. Based on this premise, the main contributions of this thesis can be

summarized as follows.

* We prove that the FrFT is an optimum domain for the problem of LFM signal
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parameter estimation. We theoretically show that FrFT-based LFM parameter
estimation can achieve the CRLB. The mathematical proof and perturbation
analysis also provide valuable insights in the field of LFM parameter estimation.
The theoretical formulations derived for continuous and discrete cases provide
the asymptotic statistical characteristics (mean and variance) of the FrFT-based
estimator, which we show to yield optimum results for chirp parameter

estimation.

* We show that the FrFT-based chirp-rate estimator performance depends only on
the actual chirp-rate and SNR, rather than the initial frequency. This allows for
the estimation of chirp-rate in a simplified one-dimensional search space, which
significantly reduces computational cost. Moreover, the derivations provide an
insight to the threshold of signal time duration breakdown required for the mean

and variance to be considered asymptotically efficient.

* We propose a new algorithm for estimating chirp rates for both mono and
multi-component LFM signals. The algorithm is based on the FrFT and the
golden section search algorithm and is faster and more accurate than previous
search-based methods, even in noisy environments. The GSS algorithm is used
to find the peak magnitude square of the FrFT domains, which allows for more
accurate and efficient parameter estimation. Computer simulations demonstrate
that the proposed method outperforms existing methods while incurring lower
computing costs. Additionally, the optimum number of iterations required by
the GSS to achieve CRLB is derived, and the initial version of the estimation
algorithm has been extended to the multi-component case, showing superior

performance with the lowest computational cost among similar algorithms.

* We perform a comprehensive analysis, including mathematical derivations, to
establish approximate models for the peak FrFT magnitude (PFM) of both mono
and multi-component LFM signals in noiseless and noisy environments. The
statistical properties of the PFM were examined, revealing that under specific
conditions, the statistics converge to an unbiased mean and zero variance
asymptotically. This allows the expected value of the PFM to serve as a reliable

approximation in the presence of noise.

* We propose a new algorithm for estimating the chirp-rates of noisy
multi-component LFM signals based on our proposed models for PFM. We
introduce a two-step process that begins with coarse estimates of the chirp-rates
for each component. This is achieved by utilizing derived models specifically
designed for this purpose. By leveraging these models, we are able to

improve estimation accuracy compared to existing blind search algorithms.
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Furthermore, our algorithm maintains computational efficiency, making it
suitable for real-world applications. In the second step of our algorithm, we
employ an estimate-and-subtract strategy to further refine the initial coarse
estimates. Instead of directly removing components from the LFM signal, we
utilize the derived model to identify and eliminate peaks in the PFM. This
unique approach allows us to better distinguish between closely separated
components and effectively eliminate error propagation and bias effects. By
selectively removing the peaks while preserving the original signal, we achieve
more accurate chirp-rate estimation. We evaluate our algorithm through
simulations and compare it with other state-of-the-art methods. The results
show that our algorithm achieves nearly the CRLB, has no error propagation,
requires acceptable computational cost, has a lower SNR breakdown threshold,
performs better in estimating closely spaced components, handles components
with unequal powers, and eliminates the shading effect between components.
Therefore, our algorithm outperforms other state-of-the-art algorithms without

additional computational cost.

Next, we propose a nonlinear least squares algorithm based on the
Levenberg-Marquardt method to estimate the chirp rates of multi-component
LFM signals. The algorithm uses an optimal a step size to ensure accurate
modeling and detect all nearby components. The algorithm is able to accurately
estimate chirp rates under very low SNR and solves the picket fence effect.
The algorithm adopts the Levenberg-Marquardt curve fitting concept and uses
our proposed analytical model as the model function. The algorithm works
efficiently with acceptable computational cost and avoids the propagation of

error problem introduced in other chirp rate estimation algorithms.
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2

LFM Parameters Estimation Using The Fractional

Fourier Transform Domains

2.1 Linear Frequency Modulated Signals

2.1.1 Introduction

LFM signals, also called chirp signals or second-order polynomial phase signals, have
a continuously varying instantaneous frequency over time. Within a defined time
interval, the linear chirp signal linearly sweeps frequencies. In some literature, chirp
signals are referred to as Doppler signals because echoes from moving targets can
be modeled as chirps whose frequency is shifted due to the Doppler effect [|68]]. A

mono-component LFM signal, or a chirp signal, can be defined as follows:

s(t) :Aejﬂ:(m(t—to)2+2f(t—to)+¢)’ 2.1)

where, A, m, f, ¢ ,and t, are the amplitude, chirp-rate, and initial frequency, time
shift and initial phase respectively. A noisy mono-component LFM signal, s(t), can be

expressed in the time domain by

S(6) =s(6) +w(t), t € (—%%) 2.2)

in which w(t) is the zero-mean additive white circular Gaussian noise with variance
o?. w(t) is uncorrelated with the signal and its real and imaginary parts are also
independent, uncorrelated, and have a variance for both equal to o?/2. The chirp
signal consists of a quadratic phase coefficient m, which makes it non-stationary
with respect to time. However, this non-linearity results in a linear frequency over
the duration of the signal. The instantaneous frequency (IF) of the signal, which
represents the frequency at a specific time t, can be obtained by differentiating the

instantaneous phase and setting t, = 0 in the equation mentioned above.

IF(t)=mt+ f. (2.3)
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The direction of the frequency sweep can be determined by the sign of the quadratic
phase coefficient, denoted by m. When m > 0, the frequency increases over time,
resulting in an up chirp signal. An example of an up chirp signal in the time domain
is shown in Fig.[2.T]and its spectrogram is plotted in Fig. If m < 0, the frequency
decreases over time and the signal is a down chirp. Fig.[2.2]shows a down chirp signal
in time domain and Fig. plots the spectrogram of the down chirp. It is worth
noting that the previous definition was for mono-component LFM signals, whereas
K-component LFM signals which have multiple chirps with different frequencies and

chirp rates can be defined by

K
se(t) = Z Al (=t 2fie—a+9n) 2.4
k=1

where A;, my, fi, ¢, and t, are amplitude, chirp rate, initial frequency, time shift
and initial phase of the k-th individual LFM component, respectively. A K-component

noisy LFM signal can be expressed in the time domain as

2 T T

s () =sg () +w(t), te (_E’ 5)' (2.5)
Estimating chirp rate and initial frequency are crucial in most applications of chirp
signals, as they provide valuable information such as the object’s position and velocity.
As a result, detection and parameter estimation of LFM signals have become a subject

of significant interest due to their widespread use in various fields.

2.1.2 Chirp Signal Characteristics

LFM signals have a wide range of applications, including one of the most significant
applications in radar technology. In radar, a brief pulse signal is emitted and the
receiver gathers some of the energy that is reflected from objects. This process
allows us to determine the position, size, direction, and speed of both stationary
and moving objects. For example, the time difference between the transmitted and
received signals provides information about the distance between the target and
the radar. When there are multiple targets in close proximity to each other, the
reflected signals become overlapped and difficult to separate. Therefore, the first
crucial condition for the pulse is to be as short as possible, as this will improve the
distance resolution. However, to detect objects at greater distances, more energy is
required. Unfortunately, a short, high-power, and narrow-pulse burst is contradictory
when using a conventional pulse. To overcome this limitation, chirp signals are
utilized. Using chirp signals in radar technology can enhance performance by several

hundred times, as reported by Skolnik [69]]. Furthermore, when dealing with multiple
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Figure 2.1 Up Chirp signal in time domain.

moving targets, identifying the parameters of multiple chirp signals allows us to obtain
information about their position, speed, and acceleration. This importance is due to

the following characteristics.

* Low probability of interception [[70].
* Low-power transmission needs.

* High Doppler resolution.

* Large time-bandwidth product [[71].
* Wide frequency band.

* Long time interval.

* Low probability of detection and identification [[72]]. Therefore, chirp spread

spectrum uses an LFM signal to spread the signal in frequency.
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Figure 2.2 Down Chirp signal in time domain.

500
450
400

350

w
o
o

Frequency (Hz)
nN
3

n
o
o

150

100

50

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
Time (secs)

Figure 2.3 The spectrogram of an up chirp.
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Figure 2.4 The spectrogram of a down chirp.

2.1.3 Applications

Chirp signals are prevalent in various domains, encompassing both natural
phenomena and technological applications. In the realm of natural audio signals,
chirps can be observed in the melodic calls of birds, the distinctive vocalizations of
whales and frogs, as well as the echolocation systems employed by bats and dolphins
74]. They also manifest in biomedical signals like EEG recordings, where they
are associated with epileptic seizures [75/], and uterine EMG signals, which reflect
pregnancy contractions [[76]]. Furthermore, chirp signals find utility in ultrasound
imaging techniques, particularly in the context of tissue harmonic imaging during
active transmission [|77]].

Beyond the realm of biology and medicine, chirp signals have garnered attention and
application in a wide range of disciplines. In the field of radar technology, they play
a crucial role in radar systems [78]], while in sonar systems, they aid in underwater
sensing . Aerospace ventures leverage chirp signals for various purposes [,
including probability of intercept radars [[70]. In ultrasound applications, chirp
signals are utilized for imaging tasks [[81]]. Synthetic aperture radars rely on chirp
signals to enhance imaging capabilities [[82]]. Chirp signals also find use in wireless
communications , seismic analysis, geophysics, electronic warfare, and electronic
information systems [84-89]]. Furthermore, in the realm of high-speed vehicles, such
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as the Internet of Vehicles (IoV), chirp signals play a role in communication [90, 91]],

as well as in assisted driving systems [92, [93]].

These examples illustrate the broad spectrum of applications where chirp signals
are encountered, highlighting their significance in numerous fields of study and

technological advancements.

2.2 Fractional Fourier Transform

2.2.1 Introduction

The FrFT is a highly effective signal processing tool that has found applications in
various fields [[94-96]]. It has been used for time-variant filtering [96]], applications of

time-frequency (TF) distributions [[97]], optics [98], and many other areas [[99, (100].

A stationary signal has statistically invariant properties over time, which can be
represented as a linear combination of sinusoidal signals with different frequencies,
amplitudes, and phases. Thus, the FT is an ideal tool for dealing with stationary
signals. Likewise, the FrFT is also ideal for studying LFM signals, as they can be
decomposed into orthonormal chirp basis functions. The FrFT is highly effective
for this purpose due to its low computational cost, it can be implemented with the
same computational cost with the FT, cross-term free implementation for the multi
component LFM case, and effectiveness in concentrating the energy of an LFM signal.

As a result, the FrFT is at the forefront of algorithms operating in the same field.

2.2.2 Definition and Properties

The FrFT is a linear and unitary transform acting on square integrable functions. The

FrFT of a signal f(t) is given by

F,(w)=7* {f(t)}(u)=f f (K, (t,u)dt, (2.6)

where a is the rotation angle and K, (t,u) is the kernel of the transform defined by

A ej7r(t2 cota+ u? Cota—2tucsca) a ;é nr
a 5
K, (t,uy=4 6(t—u), a=2nmw
o(t+u), a=02n+1)~w

where, 6 (t —u) is the identity transform, n is any integer and A, = 4/1 — jcota. The

FrFT offers greater flexibility in its applications compared to the FT, without incurring
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any additional computational cost. As a result, the FrFT can provide additional value
in any domain where the FT is used. As the FrFT is an energy-preserving transform,
the energy preserved in the time domain signal is equivalent to the energy preserved

in the signal following the transformation, without any loss. This can be written as

f Fa(u)zdu=J f(t)*de. 2.7)

—0Q

The FrFT is characterized by two parameters. The first parameter is the rotation
angle, denoted by a, which allows the FrFT to rotate the time-frequency plane
counterclockwise around the origin of the coordinates. By analyzing the signal at
different rotation angles, the FrFT can extrapolate more information about the signal
compared to the FT, making it an ideal tool for signal processing in many applications.
Moreover, the FrFT can be viewed as an interpolation between the time domain
(a =0) and frequency domain (a = 7t/2). The FT can be regarded as a rotation from
time to frequency axis with @ = 7t/2+ 2n7. The kernel becomes the identity operator
when a = 2nm, while the FrFT becomes the inverse FT when a = —m/2+2nm, and the
kernel becomes the counteridentity operator when a = —m. The second parameter of
the FrFT is u, which is the variable of the transform in the new time-frequency plane
rotated by a. The transformed domain u is sometimes referred to as the fractional
Fourier domain frequency, which is similar to the frequency concept in FT. In this
context, the FrFT maps the time domain signal to another domain, the u domain.
Figure illustrates an LFM signal in the time-frequency domain in the top-left part
of the figure, and in the top-right part, it shows the rotated time-frequency domain

where only the u domain is plotted.

The rotation property is considered as one of the most significant properties of
the FrFT. Some studies even define FrFT using this property. As it is well-known, the
WVD of an LFM signal, W,(t, f), can be visualized as a line in the time-frequency
plane. Therefore, the FrFT can be seen as the operation that rotates W,(t, f ) clockwise
by a rotation angle «a, as illustrated in Figure It can be concluded that the FrFT
can be viewed either as a rotation of the time-frequency plane counterclockwise
around the origin of the coordinates or as the rotation of the signal clockwise around
the origin of the coordinates. The WVD of the FrFT of s(t) is

W, (t,f)=W,(tcosa—f sina,tsina+ f cosa). (2.8)
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Figure 2.5 Rotation property of FrFT.

Then, W, (¢, f) is the rotation version of W,(t, f), the integral projection of the signal

FrFT onto the transformed axes is squared magnitude of the FrFT-domain signal

J W, (¢, f)df =|F, ()| (2.9)

Bottom part of Figure[2.5|illustrates this property, in which the energy of an LFM signal
is concentrated in the FrFT domain as a result of the reduction in the support.

2.2.3 Energy Concentration in the FrFT Domains

The chirp signal exhibits a unique characteristic where it cannot be compact in either
time or frequency domains; however, it can transform into a Dirac function in the
fractional domain at the optimal rotation angle, concentrating the signal energy and
turning the LFM into an impulse with maximum magnitude. The FrFT’s rotation
operation effectively concentrates the signal energy while dispersing noise energy in
the u domain, making it invaluable for applications in low SNR environments. The
FrFT’s capability to operate effectively in the presence of high noise levels enhances
its utility in such scenarios. By decomposing signals into chirp bases, the FrFT serves

as a powerful tool for analyzing LFM signals, leveraging the computation process
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Figure 2.6 A chirp signal(a) in time-frequency plane and (b) rotated
counter-clockwise by an angle of a due to the FrFT. Support of the transformed
signal changes.

that involves multiplication by a chirp signal, followed by FT, scaling, and another
multiplication by a chirp signal. This computation reveals that the basis functions
in the FrFT are the chirp signals themselves. In the analysis of multi-component
LFM signals, cross-terms pose a significant challenge; however, the FrFT, being a
linear integration technique, overcomes this issue by operating without cross-terms,

facilitating accurate analysis and estimation of LFM signals.

2.2.4 Computationally Efficient

FrFT has the same computational cost of FFT. The computational cost of FrFT is
O(NlogN) for a signal of length N [[101]]. Therefore, there is no additional cost
compared with FFT.

2.2.5 Examples of FrFT Based Estimation Algorithms

FrFT-based algorithms are commonly used to estimate LFM signal parameters as kernel
of the FrFT consists of LFM signals, making it a natural domain for detection and
parameter estimation [[102-108]]. In [|104{], the FrFT was shown to be an effective
approach for estimating LFM signal parameters. To address the heavy computational
cost of searching the entire fractional order space, coarse-to-fine search approaches
were proposed in [[1025105]]. In [|[102], a quasi-Newton method was used for detection
and parameter estimation using the peak magnitude of the FrFT and the variance
of the FrFT-based estimator was derived. However, the proposed algorithm only
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considered the mono-component case with high computational cost. In [103], a
method for signal and image recovery in the FrFT domains using the method of
alternating projections (MAP) was proposed. The MAP concept was introduced,
and its implementation for signal and image recovery in fractional Fourier domains
was explained. Performance of the proposed method was evaluated only through
numerical simulations and compared with existing methods. In [[105[], a coarse-to-fine
grid-search strategy was used to decrease the computational cost by using the peak
magnitude of the FrFT domains. In [[106[], approximations, upper and lower bounds
for the peak magnitude of the FrFT domains were proposed for mono and multi
component cases. Analytical formulas were used to estimate the chirp rate, but this
method can only be used for LFM signals modulated by a Gaussian window. In [[109]],
accurate parameter estimation is achieved by leveraging information entropy. The
technique takes advantage of the correlation between the distribution of information
entropy and the concentration of LFM signal energy at different FrFT orders. By
utilizing this correlation, the information entropy is employed as the target function
for precise estimation of LFM signal parameters. In [[110] an efficient method for
parameter estimation and separation of multi-component LFM signals is proposed.
The method explores rotation characteristics in the time-frequency domain and energy
aggregation characteristics in the FrFT domain. It utilizes STFT for initial search
interval determination and incorporates the Savitzky-Golay filter for smoothing and
rough estimation of the optimal order search center. Additionally, an FrFT domain
filter is employed to handle interference from overlapping components. However,
the SNR breakdown threshold is high and the algorithm’s removal strategy, aimed at
reducing total signal power, leads to a decrease in estimation accuracy. In [[111] It has
been shown that the fractional auto-correlation cluster along lines passing through the
origin with slopes corresponding to chirp rates. Leveraging the relationship between
fractional auto-correlation FrFT the chirp rates has been extracted. However, the SNR
breakdown threshold is high.

2.2.6 Limitations of the Current FrFT Based Estimation Algorithms

Despite the FrFT being an ideal tool for analyzing and estimating the parameters of
chirp signals, current FrFT-based algorithms suffer from one or more of the following
drawbacks.

* The trade-off between the estimation accuracy and the search step size of the

rotation angle.

* Discretization of u leading to the picket fence effect.
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* Spectral leakage, also known as the shading problem or bias effect, in
multi-component chirp signal cases. This occurs when the sidelobes of the strong
component (the component with higher energy than the others) shade the weak
component, affecting not only its amplitude but also causing a slight shift at
the index of the maximum squared value of the FrFT. The bias effect can be

controlled by adjusting the amplitude, chirp rate, and sampling time [|112]].

* The error propagation effect, where the error in estimating the first component

is propagated and affects the estimation accuracy of the other components.

Iterative interpolation methods presented in [[113]] aimed to overcome the challenges
mentioned above and improve the fine search approach. However, these methods

suffered from reduced accuracy and did not solve the bias effect.

Several algorithms adopted a technique in which the strongest component is first
detected and its parameters are estimated, then, this component is subtracted from the
original multi-component signal, and the algorithm is iterated until all components of
the signal parameters are estimated. While this strategy can eliminate the bias effect,
it increases the computational cost as the algorithm has to recalculate and estimate
only one component’s parameters in each iteration. Moreover, the error propagation
effect can occur where the error in estimating the first component propagates and
affects the accuracy of estimating the other components. In order to address these

challenges, new FrFT-based algorithms have been proposed.

2.3 LFM Parameters Estimation Using the Fractional Fourier

Transform

2.3.1 Introduction

Chirp signals have become a focal point in the fields of radar and signal processing
in recent times. A notable application is the interception and estimation of chirp
signals to deceive an enemy’s reconnaissance radar by detecting and estimating the
signals sent by the enemy, and then transmitting false echo signals. The detection and
parameter estimation of LFM signals have also garnered significant attention due to

their widespread use in various applications.

2.3.2 The LFM Signal in the Fractional Fourier Domain

The FrFT is a powerful tool for estimating LFM parameters, as it decomposes the signal

into orthonormal chirp basis functions. An LFM signal can be transformed to its most
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compact form, becoming a Dirac, in its optimum FrFT domain. The key to estimating
LFM parameters using the FrFT is to rotate the time-frequency plane by an angle a.
This changes the energy concentration of the signal in the u domain. For certain
values of a the signal becomes more compact in the u domain, resulting in increased
magnitude due to the preservation of energy through the FrFT. The optimum angle,
@, is the specific rotation angle where the FrFT of a chirp is the most concentrated
to its compactest form throughout all the FrFT domains, resulting in maximum energy
concentration and the highest magnitude of the transformed LFM signal in the u

domain [[104]. The signal will achieve the highest amplitude in u domain at
Uope = f SIN Qs (2.10)

in which we call u,,, is the optimum value of u. A search for the maximum value in

the {u, a} domains leads to following estimator [|104,|106]
{@yper Uope } = argmax {|F* {s()} W)’} . (2.11)

For a single component LFM signal whose chirp-rate is m, the relation between the

actual chirp-rate, m, and a,,, is [[104]

a,,, = arctan(m) + g +nm, (2.12)

opt

Then, the estimated chirp-rate and initial frequency can be obtained by

m = —cotQd,,,, (2.13a)
f=ﬁoptcsc Ao (2.13b)
where m and f are the estimated values of the chirp-rate and initial frequency,
respectively. For the K-component case, the u,a domains contain K peaks which
correspond to the number of the LFM components. To estimate a,,, and u,,., a
two-dimensional search is required. Figure plots a bi-component chirp signal in
the noiseless case, where we have selected the chirp rates as m = [—0.2,0.2]" and the
initial frequencies were f =[—0.1,0.1]" with signal length N = 1024 and A= 1. It is
clear from the figure that the FrFT domain has two distinct peaks related to the chirp
rates and initial frequencies. Figure plots the same bi-component chirp signal,
but this time with SNR = —6dB. The figure shows that the two peaks related to the
two components are very distinct in spite of the high level of noise, which clearly

demonstrates the noise immunity of the FrFT.

Hence, we can state that the chirp parameters can be estimated reliably by locating
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3n/4

Figure 2.7 The magnitude of the FrFT of two component LFM signal in noiseless
case.

3n/4

Figure 2.8 The magnitude of the FrFT of two component LFM signal when
SNR = —6dB.
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Figure 2.9 The P(a) function for a mono-component LFM signal.

the maximum values in the u, a domains using (2.11)) and then estimating the chirp
parameters using (2.13). However, this search can be computationally intensive,
especially due to the two-dimensional search. Therefore, alternative methods with

lower computational complexity are required for the estimation process.

In the following chapter, we demonstrate that the chirp-rate can be efficiently
estimated through a one-dimensional search using a particular function. Thus, the
joint estimation of a,,, and u,,, can be achieved by performing two one-dimensional

searches in the FrFT domain. Furthermore, we show that estimating u,,, has no impact

opt
on the estimation of a,,,. As a result, we can estimate a,,, first and then estimate u,,,,
using the estimated a,,,. To this end, we define the unimodal function P(a) as [104,
106, 114],

P(a) =max {|Z* {s()} @I’} (2.14)

in which this function has a unique peak at
a,,, = argmax{P (a)}, (2.15)

for the mono-component LFM signal, and K peaks for a K-component LFM signal.
The function P(a) has been utilized in several studies to estimate the chirp-rate of
mono-component LFM signals [[104, 106, [114]]. It has been demonstrated in [[104]
that P(a) yields an asymptotically optimal estimator. Figure illustrates the P(a)
function for a mono-component LFM signal. As depicted in the figure, the P(a)

function possesses a single peak at ..
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2.3.3 The Spectral Behaviour of LFM Signals in the Fractional Fourier Domains

Figure shows the squared magnitude of the FrFT for a finite length LFM signal

for four cases of a: (i) when a is far from a (i) when a is moderately far from

opt>
@,y (iii) when a is close to a,,,, and (iv) when a = a,,,. These plots demonstrate
that due to the rotational property of the FrFT, the energy concentration changes with
a. As the support width in the transformed u domain, p, decreases, the amplitude of
the transform increases until reaching the optimal rotation angle a,,,. At this rotation
angle the energy concentration is maximum, and a distinct peak appears in the u

domain.

When considering an LFM signal, the FrFT rotation angle a can have a significant
impact on the resulting spectrum. When a is far from the optimal FrFT angle, a,,,,
the spectrum appears nearly rectangular, and the support of the spectrum p,, is large,
as shown in Figure @ However, as a approaches a,,,, the support becomes
smaller, as demonstrated in Figure @ When a is very close to a,,,, there is
only one maximum in the FrFT amplitude spectrum, and the support is very small, as
depicted in Figure Finally, when a = a,,,, a distinct peak with zero support
emerges in the u domain, as shown in Figure [2.10][(d)] One can observe the change
in support with the rotation angle by referring to Figure In the time-frequency
plane, the chirp signal appears as a line p, which makes an angle arctan m with the

time axis. If the duration of the chirp signal in the time domain is T then

T
p= | cos(arctanm)|’

(2.16)

The effective support, denoted by p,, is defined as the energy distribution support in
the u domain, which is obtained by projecting p onto the u axis. For a given rotation

angle a, the expression for p, is given by
P, = plcos(a—arctanm)|. 2.17)

When the rotation angle is optimal, i.e., a,,, = arctanm + 7t/2, the term cos(a

opt opt

arctanm) becomes zero, causing the projection onto the u axis to shrink to a point.
As the duration of the signal approaches infinity, the energy concentrates to form a
distinct peak in the u domain. Therefore, the key to obtaining the optimum FrFT angle
is to search for the angle of rotation that yields the maximum in the FrFT magnitude

spectrum.

From Figure one can also observe how the support varies with a. As a
result, the spectral distribution of the LFM signal at any FrFT angle exhibits certain
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characteristics, as described in [[113]].

* Using (2.17), the support of the FrFT of an LFM signal can be given by

cos(a—arctanm)|

Pa=T |m + cota]. (2.18)

cos(arctanm) | csca
Therefore, the support of the spectral distribution in the FrFT domain is

controlled only by a.

* The index of the center point of the effective support, u,, is

u, = f sina. (2.19)

* When the rotation angle a is far from the optimum angle a,,,, the spectral
distribution of the LFM signal has a shape that is very close to a rectangle, with
two maximum values located at indices u,,,,; and u,,,.,. These indices shift away

from the starting and ending points of the effective support by a small amount
Au, as illustrated in Figure ()]

* As a approaches a,,, (see Figure @, the energy concentration increases,
the effective support p, decreases, and the rectangular spectral distribution

narrows. However, there are still two maximum values |S,(u,,,;)|* and

|Sa(umax2)|2-

* When a gets closer to a,,,, the effective support p, decreases further, and only
one maximum occurs at the index u,, as shown in Figure

* When ais equal to a,,, the energy is maximally concentrated, forming a distinct
peak in the spectral distribution, as shown in Figure [2.10][(d)]
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Figure 2.10 LFM signal in u domains.
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Figure 2.11 The support of mono-component LFM signal in two different u domains,
u; when a is far from a,,, and u,,, when a = a,,,.
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3

Performance of Chirp Parameter Estimation In The

Fractional Fourier Domains

3.1 Introduction

The primary objective of this chapter is to perform a first-order statistical perturbation
analysis on a FrFT-based chirp parameter estimator. The aim is to derive an
asymptotically approximated variance of the estimated parameters. Through this
analysis, we will establish the optimality of using a FrFT-based estimator for the chirp
parameters estimation. The perturbation analysis will also reveal the extent to which
the estimator’s performance deviates from the ideal situation in the presence of noise.
Assuming a large number of samples, we will calculate the asymptotic theoretical
variance of the FrFT-based estimator and compare it to the theoretical lower bounds
(CRLB).

3.2 Optimality of Chirp Parameter Estimation in the Fractional
Fourier Domains

This section aims to demonstrate that the FrFT domain-based approach for estimating

chirp parameters yields an optimal, unbiased estimator that can achieve the CRLB.

3.2.1 Cramér-Rao Lower Bound

The CRLB is defined as the minimum variance that can be achieved by any estimator,
which is given by the inverse of the Fisher information [3[]. It sets a limit on how
precise an estimator can be constructed. According to [|115} (116[], the CRLB for the
initial frequency and chirp rate estimator can be expressed as follows:

9002 ~ 302
o (fo) o

aemers ") =g -1

var(m)=
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3.2.2 Preliminary

The main objective of this analysis is to perform a statistical analysis, or first-order
perturbation analysis, to determine the asymptotically approximated statistical
properties of the FrFT-based estimator for the chirp parameter of a mono LFM signal.
Our goal is to show that the FrFT-based estimator is asymptotically optimal, achieving
the CRLB and being asymptotically unbiased. It is well-known that the chirp parameter
estimation in the FrFT domain is equivalent to the maximume-likelihood estimator
for Additive White Gaussian Noise (AWGN) and yields an efficient estimator that
achieves the CRLB. However, to the best of our knowledge, this thesis is the first to
provide a correct theoretical proof and derivations, taking into account the existence of
previous mistaken attempts with the same goal. This chapter will present a detailed
and rigorous proof of the optimality of chirp parameter estimation using the FrFT.
In the next section, the perturbation analysis of @,,, and ,,, will be performed first.
Then, using the relationship between (&Opt, ﬁopt) and (7, f,) which is defined in (2.13)
the performance of the estimates of the chirp-rate and the initial frequency will be
analysed. For simplicity, We will use the notation |S, ()| to represent the magnitude
square of the FrFT of s(t), which is defined in (2.1) as a noiseless mono LFM signal,
ie.,

1Se @I = [Z4 (D} @I, (w(t) =0). (3.2)

Similarly, we will use the notation |§a (u)|2 to represent the magnitude square of the
FrFT of 5(t), which is defined in (2.2) as a noisy mono LFM signal, i.e.,

3, @] = 12 GOy WP, Wt #0). (3.3)

This way, we can easily distinguish between the noiseless and noisy cases in our
analysis. We remind the reader that w(t) denotes the additive white Gaussian noise

with variance o?2.

3.2.3 Perturbation Analysis

In the noiseless case, the maximum of |S,(u)|? for a chirp signal occurs at (Qopes Ugpe)-

Assuming differentiability of |S,(u)|? at (a U,y ), the derivative of the maximum of

opt>
S, (w)|? at (Qope> Uope) [[1144117,1118] can be expressed as zero, i.e.,

e, d
—IS.P’| =0, ——IS,W*| =0. (3.4)
3(1 aopf au aupt

Uopt Uopt
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When the noise is introduced, the noisy |§a (u)|2 is
5. " =15, (@) + W, () 1, (3.5)
where W, (u) is the FrFT of the noise w(t) at the angle a. This can be expanded to
8. (W[ = S (WS (W) + W, (W S: @) +S, WW, W+ W, W, (W),  (3.6)

where (-)* represents the conjugation. When the noise is low powered in comparison
with the power of the signal, W, (u) W} (u) can be omitted. Then the equation above
can further be rearranged as

5. @ ~ 1S, @I* + 85, (), (3.7)

where
0S, (W)~ W, (w)S; (u)+S, W)W, (u), (3.8)

which represents the additive perturbation component. Due to the existence of 6S,, (u)
at which |S, (u)|* reaches its
opt T 0@ and u,,, + 6u,
respectively, where 6a and du are random disturbances in @ domain and u domain
respectively. Fig. and Fig. plot 6a and 6u in @ domain and u domain.
Consequently, the estimates of the new indexes a,,. and u,,, are

in the presence of noise, the indexes a,,, and u,,,

maximum value in the noiseless case have been moved to «

Aope = Aop +80,  Ugp, = Uy, + U (3.9)

Assuming that (3.7) is differentiable, its partial derivatives at this new maximum
indexes are zero, as expressed by

Gl

3a (1S, WI* + 88, (W) o e =0 (3.10a)
u:ppt +ou

d 2

M (1S, WI* + 688, W) wra = 0. (3.10b)
Ugpe +6U

According to [[119] (Sec. 9.6), a statistical linearization under the assumption of large
T and high SNR will suffice to derive the asymptotic properties. The first-order Taylor
expansion of the equation above yields

2

928, (W)|*

QFopt Ja?
Uppt

288
, 985,

aopt a a
Uopt

oa+ S (W)? ou=0,
Qopt 3 aau | ¢ ( )l Qopt
Uopt Uopt

3 s
— IS
== 15|

(3.11a)
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22%|s 2
, 2215,
Qopt du?

Uopt

d
+ —68S
Qopt ou ¢ (u)

Uopt

5+

aopt
Uppt

IS W?*| Saw~o,

opt
Uopt

3 s P
—IS
=1, ()

(3.11b)
where the higher-order additive terms of orders @(5a?), 0(6u?), and 0(6adu)
are ignored. The theoretical derivations are achieved by applying the first-order

perturbation analysis of maxima of random functions similar to the one in [[6]] and
355,(w)
T da

[107], Where only the zeroth order Taylor term o is considered, while the first

opt

9255, (w)

. . 2255
order terms in the expansion ——_$—|, o6a and 2285,(w)

Qopt dadu
Uppt

their effects can be neglected. The first terms in both of the above equations are zero
as given by (3.4). Therefore, (3.11) can be simplified to

«.. Ou are ignored because
opt

Uopt

iés w| + a_2|5 W bda+ o IS, W*| Su~0 (3.12a)
da " ag  daz' Qope dadu"® Qe '
uupt uopt uopt
and
i 02 5
—6S, (W) + =—IS, ()] 5u+ IS W)?| Sa~o0. (3.12b)
Jdu Qopt du? Qopt opt
uopt uopt opt

32
5 Sgp = ﬁwa (u)|2

where

02 9
S11 = ﬁwa (w)

Qopt Qopt
Uppt Uopt
92 , 2 2
S19= —|S, (u , s =—=—08S,(u , Sy = —=—0S,(u 3.14
12 8aau| o (W] o 13 ( )%pt 2= 37 ( )aam (3.14)
Uopt Uopt Uopt

Therefore, the perturbations 6a and 6u are

-1
oa S;1 S s
ou S1g Soo Sy

The 2 x 2 matrix on the right hand side of the equation above is a Hessian, which is

demonstrably a positive definite and therefore, an invertible matrix. Then

$1522 = 82512
o= ———=—=-+=

5
$11522 — ST,
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$2811 — 81512
ou= — (3.16)
$11822 — 575

3.2.4 Statistical Properties of the FrFT Estimator

The main focus of this subsection is to evaluate the performance of the FrFT domain
chirp parameter estimator. Firstly, we aim to demonstrate that the estimator is
unbiased, which can be expressed as E {6a} = 0 and E {Su} = 0. Next, we proceed
to calculate the variances of the estimator, denoted by, var (6a) and var(éu). Upon
obtaining the variances 6a and 6u, we can then determine the variance of the
estimates for chirp-rate and initial frequency. For simplicity, we shall denote a = a,,,,

and u = u,,,, where

fo

R 3.17
Wy (3.17)

— /s —
a = arctan(m) + Px u=
Here, m and f, are the actual chirp-rate and the initial frequency of the relevant chirp

signal, respectively. The squared magnitude FrFT of the chirp signal |S, ()|* can be

written as

1S, W)* =S, (W) xS, (u)" = |A]*y/csc2(a) JJ E, . (t,v)dtdv, (3.18)
T

where the term E, (t,v) is

E,  (t,v)= ejTf[(m+C0t(a))(tz—v2)+(2f0—2ucsc(a))(t—v)]
u > .

The fist derivative of |S, (u)|* with respect to a is

2
2 lS;(ELU)l = |A]*y/csc2(a) Jf cse(a)E, ,(t, v)B, (t,v)dtdv, (3.19)
T

where the term B, ,(t,v) is given by
B, . (t,v) = jmesc(a)(v —t)(v +t —2ucos(a)) — cos(a).

And the first derivative of |S, (u)|* with respect to u is

2
) IS;l(lu)l = 2|A|?m/ csc2(a) x ffjcsc(a)(fu —t)E, (t,v)dtdv. (3.20)
T
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Computation of s,

Taking the derivative of (3.19) again yields

2
218, (P = —lAP y/seX(@) J J Eou(t,0)Z, (6 0)dedv,  (3.21)
a
T

where Z, (t,v) = —1 + csc(a)(—2cos(a)cot(a) + (v — t)(cse(a)(v + t —
2ucos(a))(m(v — t)(v + t — 2ucos(a)) + 2jsin(2a)) — 2ju)). Replacing a = a and
u =u as per (3.17), and then taking the integral results in

92 1
ﬂ|sa WP = —9—O|A|2\/ 14+ m2T?x(—90—180m?+60f 2m?>n? T2+ (14+m?)*n2T*),
a

=IR|

The equation above can be rewritten as

APT®
o (m? + 1)+ o(1%, (3.22)

S11 =

where the additive term @(T*) represents the terms that can be omitted when record

length of T is large. The reader may refer to [[120] for the &-notation.
Computation of s,,

Taking the derivative of ([3.20) again yields

2
%ISQ (W)|* = —4|A* 124/ csc(a) x JJ cse(a)*(v — t)*Eq, (t,v)dtdv.  (3.23)
u
T

Replacing a,u with a,u as per (3.17) yields

92 5
ﬁwa (w)

= —4|A]*r? (m2+1)fj (t —v)*dudt. (3.24)

a
u T

Taking the integral and simplifying it results in (3.25)).

27T
S == (1 +m?)%/2. (3.25)
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Figure 3.1 6 in a domain.

Computation of s,

Taking the derivative of (3.20]) with respect to a yields

2
323u 1S, (W)I* =—2lA1y/esc2(a) JJ Qou(t, V)E,,(t,v)dtdv, (3.26)
T

where Q, ,(t,v) = mesc*(a)(v—t)(m(v—t)(v+t—2ucos(a))+jsin(2a)). Replacing
the indexes with the optimum values and doing the integration results in (3.27).

2A%T*

S1g=— n?fom(1 +m?), (3.27)

Theorem 1. Estimation of @,,, in the FrFT domain is unbiased, since

E{Qp} = ope- (3.28)

42



|[FrET|?

N W w
ul o ol
] ] ]

N
o

=
ol

=
o

o1

o

|FrFT)? SNR=10dB
|FrFT|> SNR=-8dB '

200 400 600 800 1000
(7

Figure 3.2 6u in u domain.

43



Proof. Taking the expected values of the both sides of (3.15) yields

E{5a}=E {51322 _32512} _ E{s;}sy—E {52}512. (3.29)

2 2
$11822 —S7, 511822 — ST,

E{s,} is calculated by taking the expected value of the derivative of ([3.8) with respect

aopt }
Uopt

_ ﬁa_a (. ) E {W*(w)} + 57 () E {W,(w)})

to a and can be expressed by

Efs;}=E { = (5. W)+ 5, (W W, (W)

—0, (3.30)
Qopt

uopt

as the noise is assumed to have a mean of zero, i.e., E{W,(u)} = 0. When the same

steps for the derivation of E {s,} are followed, it can also be shown that

E{s,} =0. (3.31)
Substituting and demonstrates that

E{6a}=0. (3.32)

Since @,,, = a,,, + 6a, then E{d,, } = a,, + E{6a}. Since E{6a} = 0, then the

FrFT-domain maximum magnitude square estimator a,,, is unbiased, which proves
(3.28)). |

Theorem 2. Estimation of U, in the FrFT domain is unbiased, since

E{t,pe} = Uppe- (3.33)

Proof. Taking the expected value of the both sides of (3.15) yields

E{sy}s;3—E{s;}s1y

$11S22 —S75
Replacing (3.30) and (3.31) in the equations above yields
E{6u}=0. (3.35)

Since iU,,, = U, + 6u, then E{u,,.} = u,, + E{6u}. Since E{6u} = 0, then the

FrFT-domain maximum magnitude square estimator u,,, is unbiased, which proves
(3.33). |
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Theorems|I]and 2| prove that the FrFT-domain estimator (2.11)) is unbiased. Variances

of @,,, and i,,, will be given by Theorems [3|and |4 as follows.
Theorem 3. The variance of the FrFT domain estimator of the optimum FrFT angle is

2
900 (1),

+0 (3.36)
A2(1 + m2)*m2Ts

Var(aopt)

where the term 0(T~") represents the terms on the order of T~7 or lower and can therefore

be omitted asymptotically.

Proof. Since @,,, = a,,, + 6a, variance of the estimate is var (aopt) = var(éa). As
E{6a} = 0, then Var(dopt) =E {6 az}. Expanding (3.15) and taking the magnitude

square yields

E{lsi} lsoo* + E{lsol}Isual*  E {s153} 52087, + E {552} 5351

E{6a*} = (3.37)
{ } 511522 _5%2|2 |511822 _5%2|2
Computation of E{|s;|*}
Taking the derivative of with respect to a yields
365, w)|* wr(w) aw (u) 95, (), . S, (u)
— | = Sa(u) +S, (u) + W, (W +—F—"W, (u)
Jda Jda Jda Jda
(3.38)

E{|s;|?} is the expected value of the above equation, which can be expressed by

2 2

] .9 2
‘%550[(11) =2|=-5,(u) E{|W, w)*}

a
u

=IR|

+ 4Re { S, (u) 88_(15:‘ (WE {Wa (u) %W; (u)}

i)
f

The right hand side terms of the equation above will be calculated starting with the

+2 |Sa(u)|2E{|aa W, (u) (3.39)

=R

first one. Let us first apply the definition (2.6) to the following signal

+00

S, (u)=A, J s(t)K,(t,u)dt, w(t)=0. (3.40)

—0Q

Taking the derivative with respect to a, substituting a and u with a and u (given by
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(3.17)), and doing the integration yields

_ f@m
as AT (m — j)e i
(W) _AT(m=j)e x (12nff +m(m*+1)T>*+6jm—6).  (3.41)
da |a 124/1+jm

Taking its magnitude square gives

— 1%4|A|2T2\/m2 +1x ((12nf2+n(m?+1)T>—6) +36m?),
(3.42)

2

35, (u)
da

=Rl

whereas by following the same steps

m 2
S,(Wla =AT+/1+ jmexp (—jrc 1 +f0 > ) , (3.43)
i m

is obtained. Therefore,

1S, (WP|a = IAPT?y/(m2 + 1). (3.44)

The expected value of the noise magnitude square is calculated using

E {Wa (ww; (u)} = A, > x JJ E{w(t)w"(v)}K,(t,u)K;(v,u)dtdv. (3.45)
T
Replacing E {w (t)w*(v)} = 026 (t —v) and replacing yields
(3.46)

E{Iw, (W I*} =0'2\/1+m2Jdt=02\/1+m2T.
T

The derivative of W, (u) with respect to a can be expressed by

w A K A
22 [P e = [ o) S0+ AB 0K () ),
Jda Jda Jda
T T
(3.47)
where aKg—(at’”) = B,(t,u)K,(t,u) and B, = —jmesc®(a) (¢ +u?—2tucos(a)) have
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been used. Therefore,

= GZJ (aa’t‘Ka(t,u) +AaBa(t,u)Ka(t,u)) X

)

d
E{‘%Wa(u)

=IR|

T
0A*
( “K;(t,u)+A’;B;(t,u)KZ(t,u))dt

Jda
2A 2
= azf ‘ ¢ +AB,(t,w)| | dt. (3.48)

da -

T u

Expanding, simplifying, and substituting using (3.17) produces
2
(3.49)

2
} =L 2 (m2+1)"* 5+ 0(1%).

To find the final term of (3.39)
) dat,

0
E {‘awa (u)

IS}

0A*
=02 x JAaKa(t,u)( 5 CKI(t,u) +ALBE(t, WK (t,u)
a

T

DA
— GZJA S+ AL °BE (¢, u)dt,

E{w, ()W, )]

=Rl

(3.50)

*da
T

must be calculated. Expanding, taking the integral, simplifying, and substituting using

(3.17) produces
no?y/1—jm(m—j)(m?+1
E{Wa(u)iwg;(u)} = jmn — ) )T3+ﬁ(:r). (3.51)
da a 124/1+jm

By substituting (3.42)), (5.26), (3.44), (3.49), (3.43), (3.41) and (3.51) into (3.39)

=|

will result in (3.66a).

Computation of E{|s,|?}

E{|s,|?} is found by taking the derivative of (3.8) with respect to u and taking
the expected value of the squared magnitude. Therefore, E{|s,|*} can be expressed
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by,

2 2

95, (u)
du

E{Iw, W)’}

:2‘

IS}

d
E{ |=6S

IS}

y

0 %,
+ 4Re {Sa (u) =—S*(WE {Wa (u) —w* (u)}
du “ du ¢
)
The three right hand side terms of the above equation will be calculated starting with
the first term. Taking the derivative of (3.40) with respect to u, substituting using the

maximum value and integrating results in

ircfzm
2jtAf my/1+ jmTe m*a
_Ymdy p . (3.53)

(3.52)

+215, WPE {‘iwa W
u

=Rl

oS, (w)|
du a vm2+1

Taking its magnitude square gives

0S,W)’| _ 4mAPf2m>T? 354
du E_ ymZ+1 (3->4)

Regarding the noise terms, the derivative of W,(u) with respect to u can be expressed

(3.55)

by
ow, JK,(t
W 4 iy ZKeloW g 4 oK (e w)de,
du du
T T
where H,(t,u) = jm(2ucot(a) — 2t csc(a)). Therefore,

} =0%A, x J w(t)(H,(t,u)K, (t,u)) (H;(t,u)K;(t, u)) dt, (3.56)

d
E{‘awa(u)

Expanding, simplifying, and substituting by (3.17) produces

2 2
E {'%Wa (1) } =L m2(m2+1)"° % + o(T). (3.57)
To find the final term of (3.52)),
(3.58)

E{wa W 2w, (u)} =0 J AH, (6w dt,
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must be calculated. Expanding, integrating, simplifying, and substituting using (3.17)

produces

E {Wa (u) %W; (u)} = j2no?fymT. (3.59)

=Rl

By substituting (3.54), (5.26), (3.44), (3.57), (3.43), (3.53) and (3.59) into (3.52)
will result in ([3.66D).

Computation of E {s;s}}

E {3153} is the expected value of the derivative of (3.8) with respect to a times
the complex conjugate of derivative of (3.8) with respect to u. Therefore, E {5133}

can be expressed by,
. 268, (u) ( 268, (u))*
du Ja a

b5 e {wa(u)aw%(”}
u

Ja

4 858 (U)S*( )E{ w: (u)}

} ) (3.60)

The first term on the right hand side of the equation above can be calculated by
multiplying the complex conjugate of (3.41)) with (3.53) and (5.26) to obtain

-

x T3 fomvm2+1(12nf2 + n(m?+1)T*—6). (3.61)

}zZRe{aS (u)as*( )E{IW W’}

ST}

oW, (u)
a

=IQ|
S]]

OW, (u) W, (u) }

+ 1S ’E
1Sq (W) { Fp Em™

IS}

2Re{as (u)as*( W
Ja

O.2|A|2

The second term on the right hand side of (3.60) can be calculated by multiplying the
complex conjugate of (3.41) with (3.43) and (3.58)

{S w2y {Wa(u)aW;(u)}
nT3fomv/m2+1 (7'5 (m2 + 1) T2 + 127‘ch2 — 6). (3.62)

du
O.2|A|2

The third term on the right hand side of (3.60) can be calculated by using the complex
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conjugate (3.43), (3.53), and the complex conjugate of (3.51))

e 25005 0 {2 o} |-

du Jda
O'2|A|2 3 2 2 2
— nT>fomv m2+1(=6 + 12f;m + (1 + m*)nT"). (3.63)

To compute the last term on the right hand side of (3.60)), we first calculate

%, a .
2Re {E { %Wa (u) aWa (u)

}} = T fyn (4 f2 + i + DT> =2), (3.64)

a
u

by combining (3.47) and the complex conjugate of (3.55). Then, using (3.44) and
multiplying with the equation above yields

ow*
. { 5. B {awa (1) OW? (u)}
o?AP? x tT3 fyma/ m2 +1 (47rf02 + mtm?T? + nT?— 2) ) (3.65)

da du

Substituting (3.61)),([3.62), (3.63), and (3.65) into the right hand side of ([3.60) yields
E{s;s;} as indicated by (3.66d).

AT o2

E{ls;*} = % (1 +m?)* + 0(T®). (3.66a)
2A2T5 2
E{ls,?} = T‘jnzu +m?)2, (3.66b)
2A2T>o? 3
E{s;s;} =E{s,st} = Torczfom(l +m?)z. (3.66¢)

Replacing (3.22),(3.25),(3.27) and (3.66) into (3.37) and simplifying yields,

9002
E{8a*} = +0(T7). (3.67)
{ } A1+ m2)2n2T5 ( )
This concludes the proof, since E {5 az} = var(aopt). |

Theorem (3| further demonstrates that the variance of a chirp-rate estimate based on a
FrFT depends only on the actual chirp-rate and is independent of the initial frequency.
Therefore, Theorem |3| demonstrates that, with less computational cost, the chirp-rate
may be calculated in a one-dimensional search space.
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Theorem 4. The variance of the FrFT domain estimator of u,,, is

302
var (i, ) = +0(T7), 3.68
( Opf) 242(1+m2)ﬂ:2T3 ( ) ( )
where the term 0(T~°) represents additional terms on the order of T™> or lower and can

be omitted asymptotically.

-~

Proof. Since u,,, = u,,, + du, the variance of the estimate is var (ﬁopt) =var(ou). As
E {6u} =0, then var(ﬁopt) =FE {5u2}. Using (3.15),

E {|52|2} s[>+ E {|51|2} |10/ . E {Sisz}snsiz +E {515;}5;512

E{6u*} = (3.69)
{ } |s11522 _5f2|2 |s11522 —5%2|2
Replacing (3.22)), (3.25)),(3.27) and (3.66) in the equations above results in
E{su*} = il +0(T7) (3.70)
2A%(1 + m2)m2T3 ’
which concludes the proof since E {5u2} = var (ﬁopt). [ |

The performance of the initial frequency estimator is influenced by the actual
value of the chirp-rate, as well as the optimal FrFT angle, as demonstrated by
Theorem Consequently, the performance of the FrFT index estimator depends
on the performance of the optimum FrFT angle estimator. Since the chirp signal
parameters are m and f;, their estimation is important. In the following corollaries,
we calculate the statistical performance of the FrFT-domain chirp-rate and initial

frequency estimator using Theorems

In the following corollaries, X ~ .4 (u,var(X)) denote that the random variable
X is normal with an asymptotic mean of u and an asymptotic variance of var(X).

Furthermore, = will denote ’asymptotically equal to’.

Corollary 4.1. The FrFT-domain chirp-rate estimator is asymptotically efficient, i.e, M ~

N (m,var(m)), where

E{m}=m, (3.71a)
—~y a 900'2
var(m) = m, (371]3)

which is also equal to the asymptotic CRLB [6, 115|] Thus, the FrFT domain chirp-rate

estimator is asymptotically minimum variance and is unbiased.
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Proof. Taking the expected value of both sides of yields
E{m} = E{—cot(@,,,)} = —E{cot(a,,, + 6a)}. (3.72)
Expanding this into a Taylor series around 6a = 0 and re-arranging it provides
E{m} = —cot(a,,,) + (1 + cot*(a,,.)) E{6a} + 0 (E {5a*})). (3.73)

Substituting (3.32)) and (3.67) into the equation above and using the fact that m =
—cot(a,,,) produces
E{m} = —cot(a,,) + 0 (T7°). (3.74)

Therefore, (3.71a) has been proven, since the term & (T_S) can be asymptotically
ignored. Applying the well-known transformation of the parameters [[119] property
to (2.13a)), the variance of m can be found by using

var () = ( 33’"

2
) X var(&opt). (3.75)

aopt

Taking the derivative of ([2:13a) yields ;2™ = csc*(a,,,) = 1 + m?. Replacing it in
opt

(3.36) produces
9002

=\ _ -7
var(m) = st o (17, (3.76)
which is asymptotically equal to (3.71Db). That concludes the proof. |

Corollary 4.2. The FrFT-domain initial-frequency estimator is asymptotically efficient,
ie, fo ~ N (fo,var(f,)), where

E{fo} = fo, (3.77a)

2
var () £ —2

which is also equal to the asymptotic CRLB [6, (115|]. Thus, the FrFT domain initial

frequency estimator is asymptotically minimum variance and is unbiased.

Proof. Taking the expected value of both sides of (2.13b) yields
E{]?O} =E{(u0pt +5u) csc(aopt +5a)}, (3.78)

where @,,, = a,,, + 0a and U,,, = u

opt opt + 6u have been replaced. Expanding this into

opt
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a Taylor series around (6u =0, 6a = 0) and rearranging it produces

E {f;} = Uppe €SC(ype) + Uy, cOt(@, ) csC(a,, JE{S a}+
csc(a,, )E{6u} + O(E{6a*}) + O(E{6u’}).

Assuming that E{6adu} = E{6a}E{6u} and substituting (3.32)), (3.35), (3.67), and
(3.70) into the equation above yields

E{fo} = fo +0(T7), (3.79)

where we have used the fact that f, = u,, csc(a,,). Therefore, (3.77a) has been
proven, since the term & (T_S ) can be asymptotically ignored.

Applying the well-known transformation of the parameters [[119] property, the
variance of fo can be found by using

af, \

var (f) :( 0 ) x var () - (3.80)

3u0pt

Taking the derivative of (2.13b), yields aii = csc(a,,) = v 1+ m2. Replacing it in
opt

(3.68) produces
-~ 30?2
var (fo) = A2 2]3

which is asymptotically equal to (3.77b). Consequently, the proof is concluded. [ |

+o(17), (3.81)

The performance of FrFT-based LFM signal parameter estimation is ideal, as
demonstrated by Corollaries [4.1] and The actual initial frequency is a function

of both a,,, and u,,,, while the actual chirp rate is only a function of a,,,. Theorem

opt*
3 shows that the variance of the estimated FrFT angle depends only on the actual
chirp rate, so a,,, can be estimated independently of u,,,. This means that joint
estimation of a,,, and u,,, in a two-dimensional search space is not necessary. Instead,
the FrFT angle should be estimated first, followed by estimation of the optimum FrFT
index using the estimated angle. Once a,,, has been estimated, the chirp rate can be
estimated. Therefore, estimating a,,, and u,,, independently in single-dimensional

search spaces is sufficient.

3.3 The Statistical Variances in the Discrete Mode

Up to this point, we have focused on the continuous case. However, for the sake

of consistency in this thesis, we will now present the discrete-time counterpart
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of the variances of the chirp-rate and initial frequency estimates, denoted by mj,
and fo ,respectively. To obtain the discrete-time variances, we need to multiply the
continuous-time variances by 1/T, [121], where T, is the sampling rate. Assuming
the presence of white Gaussian noise as a stationary ergodic process x(t), which is
a commonly encountered situation in real-world scenarios, its time average estimate

can be expressed as:

1 T
A, = —f x (t)dt, (3.82)
T 0

When T tends to infinity, the time-average value converges to the ensemble average.

T—oo= A _=A,. And easily the variance will be

T

1 —~
o?=lim —f |x(t)—Ax|2dt ) (3.83)
T—o0o T 0
And for the discrete case KX:%\, 22’21 x(n) and the variance
1 & 2
21 n
o —I\;LTONZ |x(n)—Ax| . (3.84)
n=

The transition from continuous mode to discrete mode

o2 (3.85)

When transitioning from continuous white noise to discrete white noise, a
compensation factor of % should be applied. Therefore, we can express the variances
N

of the chirp-rate and initial frequency estimates in the discrete-time domain as follows:

602
A2T2N%’

9002

BTNS (3.86)

var (my) = var (J?od) =
where N is the total number of samples for a discrete chirp signal as defined by
s[n] =Aexp [jn (mdn2 + 2fodn)] +w[n],n=0,1,--- ,N—1, (3.87)

where w[n] is a discrete circular additive white Gaussian noise with a variance of .

The derivations presented in this section rely on the assumption that T is sufficiently
large, which is a reasonable assumption for practical applications. The outcomes

demonstrate that utilizing the FrFT for estimating chirp parameters can provide
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optimal values.

3.4 Discussion and Results

The following summarizes this chapter.

* QOur study showed and proved that the FrFT-based chirp parameter estimator is
asymptotically unbiased and capable of achieving the CRLB, demonstrating that
the estimation of chirp parameters in the FrFT domain is asymptotically efficient.
Although it is widely known that FrFT-domain chirp parameter estimation is
optimal, we have provided a rigorous mathematical proof of this fact to support
researchers interested in this field. Additionally, this proof has yielded valuable
supplementary insights in the field of LFM parameter estimation. Through
perturbation analysis of both the chirp-rate and initial frequency parameters, we
have derived theoretical formulations for the continuous and discrete cases and
obtained the asymptotic statistical characteristics (mean and variance) of the
FrFT-based estimator. Our findings demonstrate that the FrFT-based estimator

yields the optimum results when estimating chirp parameters.

* Our derivations showed that, for a FrFT-based chirp-rate estimator, the
performance is reliant solely on the actual chirp-rate and SNR, rather than the
initial frequency. This allows for the estimation of chirp-rate in a simplified
one-dimensional search space, significantly reducing computational costs. In
the case of the MLE for the AWGN, where the estimates are given by

n=N-—1
m, fy,A = argmin Z 5(n)—Aexp [jrc (r/ﬁn2+2ﬁ)n)] i
ﬁj(;ﬁ n=0

(3.88)

By analyzing the MLE, it can be observed that it necessitates a three-dimensional
search in the search-space, which typically has a computational complexity of
O(N?). In addition, all three parameters, namely A, f,, and m, have to be jointly
estimated in order to minimize the aforementioned equation. However, it is
widely acknowledged that there are rapid techniques for the MLE that enable
the amplitude to be estimated separately, thereby reducing the search space from
three dimensions to two dimensions. Not only does the FrFT-based estimator
have lower computational complexity, but it also possesses other valuable
properties, such as the independence and order of parameter estimation. The
FrFT allows for separate estimation of the chirp rate using a one-dimensional
search without requiring the estimation of the other parameter, f,. This

conclusion was drawn from the conducted perturbation analysis, where it was
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found that the variance of both 6@ and 6u only depends on the chirp rate m, as
seen in equations (3.67) and (3.70). Hence, for applications solely concerned
with the chirp rate, the FrFT can be used as it provides a fast and asymptotic

estimator. The following briefly summarize the above discussion.

— Theorem 3 indicates that the variance of the FrFT angle is solely determined

by the original chirp rate of the signal and not by the initial frequency.

- Since the variance of the FrFT angle (var(a,,/)) only depends on the
original chirp rate of the signal, the search space can be reduced to a single
dimension, which significantly decreases the computational cost.

— The variance of the FrFT index (var(u,,,)) relies on the actual value of the
chirp rate. Therefore, to accelerate the algorithm’s speed, the chirp rate
should be estimated beforehand.

The validity of the assumption that the FrFT-based estimator is equivalent to
the MLE depends on the value of T. When T is sufficiently large, the rotation
property of the FrFT can concentrate the signal power relative to the noise
level. However, as there is an SNR breakdown threshold that specifies the
minimum value of SNR required for the estimator to work properly, there is
a breakdown threshold of T beyond which the concentration ability of the
FrFT is no longer effective. Through perturbation analysis, several key findings
regarding the T breakdown threshold were obtained. Equations (3.74), (3.76),
(3.79), and provide the minimum T required for the mean and variance
to be considered asymptotically efficient. In the case of small T, the results
are affected by the & term, which can be deduced from the equations. The
breakdown T can be determined by considering the terms that were previously
ignored. Additionally, the variance was derived for both continuous and discrete

cases, providing an asymptotic bound in these scenarios.
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4

Estimating Chirp-Rates Using The FrFT And The GSS
Algorithm

4.1 Introduction

A new algorithm has been proposed in this work to estimate the chirp-rate of mono
and multi-component LFM signals at a low computational cost and with high precision,
using an efficient iterative technique in the FrFT domains. The approach is based on
the well-known golden section search (GSS) algorithm, which is known to require
the lowest calculations in the search space for a uni-modal cost function, according
to [122]. In [|114]], an initial version of the GSS-based algorithm was proposed for
estimating the chirp rate of mono-component LFM signals. The proposed algorithm
was also compared with Zheng and Shi’s method [[105], and it was shown to be
faster and more accurate. In [[104]], this concept was extended to the scenario of
multi-component LFM signals, and the optimal number of iterations for achieving
asymptotic CRLB convergence with the GSS algorithm was determined, showing
that more iterations are not necessary for better estimate performance, leading to a
reduction in computational cost. To the authors’ knowledge, the algorithm presented

here has the lowest computational cost among existing methods.

4.2 Estimating Chirp-Rate for Mono-Component LFM Signals Us-
ing the FrFT and the GSS Algorithm

In order to avoid the high computational cost of computing the FrFT for each value of
a, an alternative approach is needed. One such approach is to use the GSS algorithm
to find the maximum magnitude of the FrFT domains, or the maximum value of P(a),
which in turn leads to the optimal angle. The GSS algorithm is a well-known method
for finding the maximum or minimum of a unimodal continuous function over a given
interval without the need for derivative calculations [|123[]. By computing the FrFT at

only a few carefully chosen angles, the GSS algorithm accelerates the search process.
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The algorithm’s error tolerance determines the accuracy of the final result. Computing
the FrFT at a limited number of angles significantly reduces the processing expense

compared to computing the FrFT for each angle.

The GSS algorithm evaluates the function P(a) at the boundaries of the search
interval, denoted by [a,,a,]. Two points a,; and a, are then selected within this

interval using these two equations:
a;=a,—r(ay—a,), ay=a,+r(a,—a,), (4.1)

Next, the function is evaluated at these two points. If P(a;) < P(a,), the search
interval is narrowed down to a new range of (a,,a,]. Similarly, if P(a;) > P(a,),
the new range containing the maximum is set to [a,, a,). If P(a;) = P(a,), then the
maximum lies in the new range (a,, a,) since the two points are on either side of the
maximum. Once the range is updated, a single new point is determined using the
golden ratio, and the other point calculated in the previous iteration is reused. For
example, if the new range after the first iteration is (a;, a,], then the new point in
the second iteration is determined to be a3 = a; + r(a, —a;). Thus, only one new
interior point is required, and the function is evaluated only once more instead of
twice at each iteration. The process is repeated until the search interval is less than
the required precision of 0 < ¢ < 1. The most recently updated point is used as the
maximum value index. The advantage of the GSS is that one of the two test points
is reused each time the range is updated, resulting in fewer calculations and a more
efficient search. The steps of the GSS algorithm have been illustrated in Figure

4.2.1 The Validity of the GSS in the Mono-Component LFM Case
In Fig. we observe a plot of P(a) for a chirp signal with a chirp rate of 0.3 in the

absence of noise. The first eight steps of GSS are also shown, where P(a) is evaluated.

The plot demonstrates that P(a) in the absence of noise is nearly unimodal.

In noisy situations, P (a) may not be perfectly unimodal. We will use the notation
P(a) to refer to the function P (a) in noisy cases in the upcoming chapters. Despite
the noise, the GSS algorithm can still perform very well in noisy environments due
to two reasons. Firstly, the rapid entry of search steps into the high-energy region of
P(a), which is the area surrounding the @,pc- In the next chapters, we will use the
term "almost noise-free region" or "signal-dominant area" to refer to the same area.
According to [53], the normalized chirp-rate values after sampling range between
—1 < m < 1, which corresponds to ©/4 < a,,, < 37/4 for the rotation angles.
Therefore, the first search space is limited to the range a € [/4,37/4]. When the
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Figure 4.2 Illustration of a sample P(a) for a chirp function in a noiseless
environment. Computed GSS values are shown in the figure.

GSS algorithm begin with this search space, it rapidly moves into the signal-dominant
area. The second reason is that the signal-dominant area is relatively free of noise and
that due to the rotational property of FrFT in the time-frequency plane, where the chirp
energy is concentrated in this area, and the noise energy is not. This maintains the
unimodal property of P(a) in this region. Consequently, it enters an almost unimodal
climb region. As a result, the GSS algorithm chooses the initial points in an area where
the noise has a minimal impact compared to other regions. The iterative process is
repeated until the search interval reaches a predetermined tolerance value, typically a
very small positive number &, where ¢ < 1. In the presence of noise with an SNR
of -6 dB and a mono-component chirp signal, Figure shows a sample of GSS
points. There is a noise floor for P(a), similar to the power spectrum of a noisy signal.
However, above this noise floor, P(a) is practically noise-free. The noise floor value
is still very low due to the rotation property of the FrFT, as observed from the figure.
Therefore, the area around a,,, can be considered virtually uni-modal, and noise floor
value is very low. Moreover, only a relatively small number of iterations are required
for the GSS algorithm to enter the almost noise-free region. Further elaboration on
this point will be provided in the next chapter. As depicted in the figure, the search
interval a € [7/4,3m/4] contains mostly noise-free regions of P(a), allowing the
GSS algorithm to swiftly enter the almost-noise-free area. This property makes the
proposed GSS algorithm a robust and efficient tool for estimating the optimum FrFT

angle that corresponds to the maximum of P(a).
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Using a rectangular window can introduce sidelobes in the FrFT domain, but these
sidelobes will not appear in the P(a) domain. The proposed method involves
taking the FrFT of the signal §a(u) = |Z*{3(¢t)} (W)|*. However, due to the limited
observation duration of T, sidelobes may appear in S,(u) . To mitigate this, we
take the absolute square of §a(u) and then compute its maximum value, resulting
in P(a) = max,, {lﬂ' *Ls(0)} (u)| 2} .over all values of u. Therefore, even if sidelobes

are present in S, (), they will not affect the maximum value of its magnitude square.

Algorithm 1 summarizes the above algorithm in which the GSS is applied on P(a) for

a signal s(t), where [a, @, ] is the initial search interval.

Algorithm 1 The proposed GSS algorithm for estimating the chirp-rate of a single
chirp.

Initialize:
a, —a,—r(a,—a,),
aZ ‘S aa +r(ab_aa))
Set the dummy variables:
v; — max {|Z% {5()} (w)|*},
v, — max{|Z% G0} W[},
while 1 do
if v; <v, then
a, — a,
a; «— a,
ay,«—oa,+r (a,— a,)
V€V,
aopt — a2
if |a, —a,| < € then
break
end if
v, — max{| 2% 5 (0} W)}
else
ap < a,
a, — a,
a; — o, —r(ay—a,)
Vy —Vy
aopt — al
if |a, —a,| < € then
break
end if
v, — max{| 2% §(0} W)}
end if
end while
return i « —cot (&, )
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4.2.2 The Computational Cost

The total iteration number is given by

[— [108[8/(%—%)]"’ “.2)

log (1)

where [-] is the ceiling function. At each iteration, we compute FrFT once. As the
computational cost of FrFT is ¢(N logN) [|101]] for a signal of length N, the total
computational complexity of GSS is @ (I x N logN).

4.2.3 Simulations

Experiments were conducted to demonstrate the effectiveness of the proposed
algorithm for the chirp-rate estimation problem. A chirp signal was created using the
following parameters: m = 0.4, sampling frequency F, = +'N, and initial frequency
fo =—0.1. The search interval for the GSS was set to [7t/4,37/4] with a tolerance of
e = m/2x 10*. The SNR was varied from —15dB to 20dB in increments of 1dB to
execute the experiment. For each SNR value, 200 Monte Carlo runs were performed.
The MSE is

C
_1IN s 2
MSE = — ; (m, — m)>, (4.3)

where m; is the estimated chirp rate at i-th Monte Carlo simulation and C is the
total number of Monte-Carlo simulations at each SNR. In the experimental results,
Fig. illustrates the performance of the proposed algorithm for a signal length
of 256, Fig. for a signal length of 512, and Fig. for a signal length of 1024
samples. In each case, we compare our results with the CRLB [[116]] and Zheng and
Shi’'s MACF algorithm [|105]]. The results indicate that the proposed GSS algorithm
achieves almost the same accuracy as the CRLB for SNR values as low as -7 dB, which
is the SNR breakdown threshold in this case. The MACF algorithm, on the other
hand, has a higher SNR breakdown threshold of -4 dB. When using the same settings
as in [[105[], the MACF method has a computational complexity of & (63 x N logN)
with the exception of the tolerance £ = /2 x 10~%, while the proposed GSS method
has a computational complexity of & (21 x NlogN). Thus, for the same accuracy or
tolerance level, the GSS method is three times faster than the MACE Based on these
findings, we conclude that the proposed GSS method is not only faster but also more

accurate and reliable.
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Figure 4.4 The performance of the proposed algorithm for N = 256.
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Figure 4.5 The performance of the proposed algorithm for N = 512.
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Figure 4.6 The performance of the proposed algorithm for N = 1024.
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4.2.4 Results and Discussion

The GSS algorithm is a suitable method for estimating the chirp-rate due to several
reasons. Firstly, as shown in Fig. the function P (a) is nearly unimodal, making
the GSS an effective tool for determining the maximum value. Secondly, the GSS is
an optimal search algorithm that requires only a few iterations, resulting in lower
computational costs compared to other search methods. The proposed technique
utilizes the GSS algorithm to identify the maximum value of the FrFT and determine
the optimal angle for chirp rate estimation in noisy environments. Simulation results
demonstrate the effectiveness of the proposed algorithm, which achieves near CRLB
performance even for SNR values as low as —7dB, while requiring less computational
cost. Comparing the GSS with the MACF method, the former is faster, more accurate,
and more reliable.

4.3 Estimating Chirp-Rates for Multi-Component LFM Signals Us-
ing the FrFT and the GSS Algorithm

In this section, we extend and generalize the concept of parameter estimation for
mono-component chirp signals to the K-component scenario using the signal s (t).
Furthermore, we can extend the function P(a) to handle noisy multi-component LFM

signals s (t) as follows:
Py (a) = Jmax {l7 5.} W]} (4.4)

As observed in the mono-component case, P(a) has a single peak corresponding to
a,,- In the general case of a noisy multi-component LFM signal P.(a) contains K local
maxima corresponding to the K chirp-rates present in the signal [106]]. For instance, in
the case of a bi-component chirp signal, the function P,(a) will have two local maxima
at the indices a,,,, = arctan(m,) + 7 and a,,, = arctan(m,) + 7, respectively. By
generalizing to K components, it can be concluded that, P,(a) has K local maxima at

®,p, = arctan(m;) + 5, fori=1,--- K.

When using the GSS method on Py (a), it randomly selects one of the local maxima
corresponding to, for instance, m,;. Once the first chirp-rate is determined, the
task of estimating the associated initial frequency fl becomes simpler, as it involves
calculating the frequency of a sinusoidal signal. This can be achieved by performing
a de-chirping process, which projects the signal onto the subspace spanned by the
complex exponential of the estimated chirp-rate. Any single sinusoidal estimation
algorithm, such as the Aboutanios and Mulgrew estimator (AME) [|124] or the
High-Accuracy Quadratic Sine Estimator (HAQSE) [[125]], can then be used to obtain
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an accurate estimation for the initial frequency.

After estimating the chirp-rate and the initial frequency {fn\l,fAl}, the amplitude can

be estimated by
~ 1 ZN . o 3

Finally, the (K — 1) component chirp signal can be written as
S (t) =5 () — A exp [ jm (i, 242, ¢)]. (4.6)

Once the number of components in a multi-component chirp signal is known, the
estimation of all the chirp-rates and frequency shifts can be straightforward by
applying the GSS method K times. However, if the number of components is unknown,
the procedure can be repeated iteratively until the detected peak value falls below a
certain threshold, which can indicate the number of components. The value of this
threshold depends on the level of noise in the signal and can be determined using
appropriate statistical methods. The pseudo-code for the algorithm is provided as
follows.

Algorithm 2 The proposed GSS-based algorithm for estimating the chirp-rates of a
K-component chirp.

Initialize:

s(t) « s (t),

fori=1to K do
m; < GSS(5(t)), %Use Alg. 1 to estimate chirp-rate
f; < AME(5(t) x e‘j”””\itz), %Use [124]] to est. freq.
A, e 1 350 x e (00,
5(t) — 5(t) —Ageim(miet+2hie)

end for

return m = [m,, mM,, -, Mg ]"

In the presence of multiple components, there is a possibility of getting trapped in
a local maximum due to the nonlinear interaction between the components. This
issue can even arise in a noiseless scenario and is a common problem with fast search
algorithms. To address this issue, the search space’s start and end points can be
adjusted when a false peak is detected. Alternatively, increasing the signal length

may also help to mitigate the problem.

4.3.1 The Optimum Number of Iterations

When the GSS algorithm’s search interval becomes smaller than ¢, the iteration ends.

The accuracy of the GSS algorithm can be adjusted by changing the error tolerance,
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which depends on the application. The chosen value of &, where var(@) ~ €2, has a
direct impact on the estimator’s performance. The lower bound of the variance of a
is ©(N™) because the CRLB of @ is also @(N ). Therefore, if €2 is of a lower order
than ¢(N ), no additional advantage can be gained asymptotically. To ensure that
the algorithm converges and achieves the CRLB, the number of iterations should stop
when &2 reaches an order of & (N7°).

g2~ O0(N7). 4.7)

There are countless options for ¢ that satisfy the relation shown above. But out of
convenience, we choose
£ = g x N2, (4.8)

To simplify the result and incorporate the conversion between the FrFT angle and the
FrFT order, we include an optional multiplier of /2 in the formula. By modifying
the expression in (4.2) and using the search range of @, = 3n/4 and a, = 7/4 as
initial values, we can determine the optimal number of iterations for using the GSS
algorithm to estimate the chirp rate.
log(g X abli;i) r [ 3logN "

log () log(1/r) |

I =

(4.9)

Apart from the initial iteration that requires two FrFTs, each subsequent iteration in
GSS algorithm requires only a single FrFT. Therefore, a total of (I + 1) FrFTs are
required to estimate the chirp-rate of a mono-component chirp. Consequently, the

overall computational cost of GSS for a mono-component scenario is determined.
Computational Cost (Single Chirp) = ¢(I x NlogN),= 0(N log*N), (4.10)

where O(NlogN) is the computational cost of a single FrFT [96] and that (I +
1) = 0(logN) can be replaced. For a K-component multi-chirp signal, the total
computational cost of the GSS is

Computational Cost (Multi Chirp) = (K x I x NlogN),= O0(K x N logZN ). (4.11)

The computational cost of several methods, including coherent ICPF (CICPF),
Lv’s distribution (IVD), parameterized centroid frequency-chirp rate distribution
(PCFCRD) [60]], product high-order ambiguity function (PHAF) [[126], and keystone
transformation of the WVD (KWT) [|44], are presented in Table Where, M is
the number of used lags in PHAE The GSS method has unquestionably the lowest
computational cost when compared with the computational costs of these algorithms.
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Table 4.1 Comparison of the Computational Costs of Various Algorithms

Algorithm Computational Cost
CICPF 0(N?)
LVD O0(N?logN)
PCFCRD O0(N?logN)
KWT O(N?logN)
PHAF O(KNM logN)
Proposed Algorithm O(KNlog®N)

4.3.2 The Validity of the GSS in the Multi-Component LFM Case

The GSS algorithm is based on the assumption that P(a) can be treated as a unimodal
function in noise-free scenarios and almost unimodal when a certain level of noise
is present. This is due to the FrFT’s rotation property, which concentrates the chirp
energy more strongly than the noise energy in the time-frequency plane. This concept
remains valid in multi-component cases, although the mutual influence between
components must be considered. The effect is greater when the components are closer
to each other. Fig. and Fig. plot P,(a) for two component chirp signal with
two signal lengths in the noiseless case for the following LFM signal

s,(n) = ejn(0.175(n)2+0.2(n)) + ejn(0.075(n)2+0.2(n)). (4.12)

The figure indicates that the P,(a) function has two distinct peaks that correspond to
the two components present. Furthermore, it is apparent that for each component,
the P,(a) function is unimodal. The slight nonlinearity observed between the two
components in the figure is due to the time window effect. However, as the Fig.
shows, when the signal duration is increased to N = 2048, this effect diminishes.

Fig. and Fig. demonstrate the application of the GSS algorithm to the same
chirp signal in the noiseless case. The figures only display the first 10 iterations.
In Fig. the GSS algorithm iterates until it finds the optimal value of a for the
component m = 0.175, after which this component is removed. In Fig. the
GSS algorithm is applied again to the signal after removing the first component. It
is evident from the figure that six to seven iterations are sufficient to enter the nearly
noise-free region for the two components.  Fig. and Fig. show the GSS
algorithm applied to the same chirp signal with an SNR of -6 dB. It is evident that the
GSS algorithm’s performance remains unaffected even in the presence of noise. This
is due to the fact that P(a) retains its characteristics and does not change significantly,
despite the presence of noise. Similar to the mono-component case, the GSS algorithm
quickly enters the almost-noise-free region for multi-component chirp signals. It is fast
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Figure 4.7 The P(a) of two-component LFM signal in noiseless case and when

N =512.
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Figure 4.8 The P(a) of two-component LFM signal in noiseless case N = 2048.
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Figure 4.9 The GSS algorithm for two components in noiseless case.
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Figure 4.10 The GSS algorithm for two components after removing the first

component in noiseless case.
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Figure 4.11 The GSS algorithm for two components in noisy case.
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Figure 4.12 The GSS algorithm for two components after removing the first
component in noisy case.
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and accurate, making it an efficient method for estimating the chirp rate of mono
and multi-component chirp signals. The GSS algorithm excludes regions that are
not expected to have a maximum inside when it starts iterating. Therefore, in the
multi-component case, when the GSS algorithm reaches a noiseless region related to
one of the maximum values, it continues until it finds the maximum of that region, as
this region can be considered almost uni-modal, just like in the mono-component case.
The algorithm removes the estimated component from the original signal, effectively
eliminating the effect of this component. The validity of the GSS algorithm depends
on the validity of the P(a) function, which maintains its characteristics when the SNR
is not too low, and the time duration of the chirp is long. Even when higher noise levels
are introduced, there are several ways to access the uni-modal area and initiate the
GSS algorithm from this point. The simplest approach is to use the same first search
phase as in Zheng and Shi’'s MACF algorithm. The key aspect of this algorithm is its
ability to find the maximum value using the minimum number of iterations. Therefore,
if the uni-modal area is accessed, the algorithm will yield the best performance at the

minimum computational cost.

4.3.3 Simulations

Extensive computer simulations demonstrate the accuracy and convenience of the
proposed GSS-based estimation techniques for LFM parameter estimation. To evaluate
performance under various noise levels, Monte Carlo simulations were conducted with
R = 2,000 repetitions for each SNR value ranging from —10 dB to 10 dB at 2 dB

intervals. The MSE was used as the performance metric.
1< 2
MSE=— > (@D —my’, (4.13)
i=1

where m) is the estimated chirp-rate for the i — th iteration of the Monte Carlo

simulation and m is the actual value of the chirp-rate, for each value of the SNR.

4.3.3.1 Mono-Component Case

To validate the theoretical results, three different mono-chirp signals of varying lengths
and parameter sets were generated. The first signal had a length of N = 256 and
parameters A, f,,m = 1,0.2,—0.2, the second signal had a length of N = 512 and
parameters A, f,,m = 1,—0.1,0.2, and the third signal had a length of N = 1024
and parameters A, f,,m = 1,—0.1,0.2. The required number of FrFTs for each Monte
Carlo simulation were 36, 40, and 45 for the signals with lengths of 256, 512, and

77



1/MSE (dB)

100

90

80

70

60

50

40

30

20

10

N s )
+” -~
’ ,’
V4
V4
V4
V4
p/
' d
,/ ——CRLB
Lo -e~-N=256
- -4+-N=512
-v-N=1024
IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
-10 -5 0 5

SNR (dB)

Figure 4.13 Performance comparison of the proposed GSS algorithm for
mono-component chirp signals with different lengths.
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Figure 4.15 The performance of the proposed algorithm for a range of chirp rates
between 0.1 and 0.4.

1024, respectively. These numbers confirm the theoretical number of iterations given

by (6-22).

Fig. presents a comparison between the simulation results and the CRLB for the
three aforementioned scenarios. The proposed GSS algorithm for estimating the chirp
rate of mono-chirp signals approaches the CRLB, as shown in the figure. This confirms
the correctness, validity, and compatibility of the proposed algorithm, along with its
extremely low computational cost. This leads to the conclusion that the proposed

enhanced algorithm is fast, precise, and reliable.

To test the usability of the proposed algorithm, another simulation was conducted.
Fig. presents the performance of the proposed algorithm for a range of chirp rates
between 0.1 and 0.4. The almost flat results in the two SNR scenarios demonstrate

the validity of the proposed technique for various chirp rate values.
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4.3.3.2 Multi-Component Case

In order to assess the effectiveness and accuracy of the GSS method for
multi-component chirps, a similar experiment was conducted using a bi-component
chirp signal. The signal had a length of N = 512 and the parameters were A,, f;,m; =
1,—0.1,0.1 and A,, f,, m, = 1,0.2,—0.2.

The simulation results for both estimated chirp rates, m,; and m,, are shown in
Fig.|4.14} along with the CRLB. The figure clearly demonstrates that the GSS technique
can be extended to the multi-component scenario, as the results closely match the

CRLB for both components.

4.3.4 Results and Discussion

In this chapter, a novel chirp-rate estimation algorithm was introduced for both mono
and multi-component LFM signals. The proposed method relies on the FrFT and the
GSS algorithm, which exploit the concept of the optimal transform angle in the FrFT
domains that corresponds to the chirp rate, leading to an impulse with maximum
magnitude and compact signal energy [[117, 118]. The FrFT-based approach allows
for efficient estimation of chirp rates by searching for the maximum magnitude in the
FrFT domains, which directly corresponds to the chirp rate of the signal. To reduce
computational complexity, Zheng and Shi [[105] proposed a coarse-to-fine grid-search
approach to estimate the compact fractional Fourier domain using the maximum

magnitude concept.

The proposed technique enhances chirp-rate estimation accuracy in noisy
environments more effectively than existing methods by utilizing the GSS algorithm
to identify the maximum squared magnitude of the FrFT domains. The GSS algorithm
accelerates the estimation process and improves accuracy in noisy conditions. The
performance of the proposed algorithm was evaluated using computer simulations,
which demonstrated that the initial version of the algorithm achieves high accuracy,

with parameter estimates approaching the CRLB for SNR values as low as -7 dB.

According to the simulation results, the proposed method achieves higher accuracy
in estimating chirp rates in noisy environments and outperforms Zheng and Shi’s
method [[105] while incurring lower computational costs. The proposed algorithm
also determines the optimum number of iterations required by the GSS algorithm
to achieve the CRLB. In addition, the proposed algorithm was extended to the
multi-component case, demonstrating that it achieves the CRLB for both mono and
multi-component LFM signals with the lowest computational cost compared to similar

algorithms.

81



In summary, the proposed algorithm offers a more efficient and accurate solution for
chirp-rate estimation in noisy environments and provides a promising approach for
a wide range of practical applications, including radar, sonar, and biomedical signal

processing.
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5)

Peak Magnitude Of The Fractional Fourier Transform:

Analytical Formulation

5.1 Introduction

The index of the peak FrFT magnitude (PFM), also known as the maximum magnitude
of the FrFT, has become a commonly used tool for estimating the parameters of
LFM signals, as demonstrated in various studies [[104+106, (114]. In particular,
[104] shows that the PFM is asymptotically efficient for estimating LFM signal
parameters, and that it is dependent solely on the chirp-rate of the signal, making
it an efficient and reliable tool for parameter estimation in terms of both performance
and computational efficiency. In this chapter, we provide mathematical analyses to
derive approximate models for the PFM of both mono and multi-component LFM
signals in both noiseless and noisy environments. We also investigate the statistical
properties of the PFM for mono and multi-component LFM signals in the presence of
noise. Under certain conditions, such as high SNR and large signal length, as well as in
the vicinity of the optimal FrFT angle, the statistical properties of the PFM converge to
unbiased mean and zero variance asymptotically. Overall, our work provides a deeper
understanding of the properties of the PFM and its usefulness as a tool for LFM signal
parameter estimation, even in noisy environments. Our findings can contribute to the

development of more effective and efficient algorithms for LFM signal processing.

5.2 The Analytical Model of the P(a) Function

[106] introduces analytical formulations, approximations, and bounds for the angle
sweep of the maximum magnitude of FrFT in mono and multi-component LFM
signals. In this paper, the chirp signal is multiplied by a Gaussian window, making
the analytical approximation specifically valid for this case with limited resolution.
However, recognizing this limitation, we propose a general analytical approximation
for the PFM that offers unlimited resolution. This enables the application of these

models in various real-world scenarios.
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5.2.1 Noiseless Case

In the following, we will present Theorem |5, which provides an analytical model for
P(a) that is approximately valid for noiseless mono-component LFM signals. This

model will be useful for estimating the chirp-rates of such signals.

Theorem 5. For a mono-component LEM signal with chirp-rate m and in the absence of

noise, an analytical expression that can approximate P(a) is

cosh(z) — cos(z)

P(a) ~ Q(a;m) = |A? , 5.1
(a) (a;m)=| |Ycosh(z)+cos(z) (>.1)
where (@)
csc(a
= 2=T+/2(m+cot(a)). 5.2
reotay * = TV2(m+cot(a)) (5:2)
Proof. The FrFT of the chirp signal s(t), defined in (2.1)), is
z
Sa (u) :AAaejnuzcotaf ejn((Zf—Zucsca)t+(cota+m)t2)dl_, (53)
3

where S, (u) = Z*{s(t)} (u). According to [127, pp. 339],

T

[E e
2\ ja
(erﬁ( \ %T(GT + b)) —erfi( \ jg(b —aT))) . (54

By using (5.4), (5.3) can be simplified to

= Iflz)f (erf(zl) — erf(zz)) (erfi(zz) — erfi(zl)), (5.5)

1S W) =

where erf(:) and erfi(-) are the Gaussian error and the Gaussian imaginary error

functions, respectively. The equation above can be further simplified to

|A]%y

1Sq WI* = —lerf(z) - erf(z,)%, (5.6
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where, the arguments z; and z, are

(1= DYE +pa/2—u)esca

Z

! vyecota+m (5 7)
] (1= NYE W —pa/2—u)esca

2 vyecota+m )

When a is close to a,,,, a Taylor approximation of around a = a,,,, yields

|A|? csc a sin® (nT(f —ucsc a))
1S, (W) =

2(f —ucsca)? + (5.8)

= |A*T?csca sincZ(T(f —ucsc a)) +,

where v ~ 0(a — a,,.). From the equation above we can see that the index of the

maximum value isu =u, = f sina.

When a is significantly far from a,,, |S, (u)|* is almost rectangular, and the center
index of this rectangle is also at u = u, = f sina (see Sec. [2.3.3). By applying the
Euler expansion e!® = cos ¢ + jsin ¢, the exponential term in can be separated
into two terms, and |S,(u)|? in can be expressed as:

AZ
s, P =4

<

(Cz5) — C(z4))2 + (S(z5) — S(z0)) (5.9)

where, C(+) and S(-) are Fresnel sine and cosine integral functions. The arguments 2

and z, are

23 = —1)V/7z,2, = ( — 1)V 1z,. (5.10)

According to [[127, pp. 890], when the arguments of C(-) and S(-) are outside the
range of [—1, 1], these functions are nearly constant and approximately equal to 1/2.
When a is far from a,, and T is sufficiently large, both arguments z; and z, are
outside the range of [—1,1]. Thus, it can be concluded that |S,(u)|? is approximately
constant and equal to

S, (WI* ~ 1A%y, (5.11)

Consequently, we can assume that max|S,, (W) ~ IS, (uc)l2 in this case.

In summary, we can conclude the following: when a is close to a,,, |S, (w)|? reaches

its maximum value at u = u, = fsina. When «a is far from a,,,, the support of

opt»
1S, (u)l2 is almost rectangular, and we can consider the center point of the support,
u=u, = fsina, as the index of the maximum value of |S, (u)|>. Therefore, for all

values of a, we can approximate max|S, (u)|* as |S, (u.)|?, where u, = f sina for all
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values of a. Therefore, substituting u = u, in (5.7) yields
j—1
Zp =—2) = Tﬁz, (5.12)

which further yields an approximation to the maximum of (5.6)), i.e.,

2

—1
max |S, (u)]* ~ |A]*y erf(]Tﬁz) (5.13)
We can approximate the error function by using
2x
erf(x) ~ tanh| — |, 5.14
() a2 519

for nearly all values of x [[128]. For complex arguments, tanh(-) can be alternatively
represented for any real a and b by [[129]]

.. sinh(2a) + jsin(2b)
tanh(a + bj) = . 5.15
anh(a + ;) cosh(2a) + cos(2b) ( )
Substituting (5.15) in ((5.13)) then yields
jsinz —sinhz |*
max S, (W[ ~ APy | 222
coshz + cosz (5.16)

~ AP sinh®z + sin’z
Y(coshz + cosz)?’

Finally, substituting sinh®z = cosh®z — 1 and sin?z = 1 — cos? z in the equation above
gives (5.1)), which concludes the proof. |

5.2.2 Noisy Case

In this section, we will examine P(a) in the presence of additive noise. To differentiate
between the noisy and noiseless cases, we will use P(a) to denote the function P(a)
in the presence of noise. Since 5(t) is a random process, so is P(a). In order to model
P(a), we will determine its expected value and variance. The following theorem is

presented for this purpose.

Theorem 6. In the noisy environment, the expected value and variance of P(a) can be
approximated by

AP coshz —cosz
Y—

E[P(a)] ~ Q(a;m) = + 0T csca,

coshz + cosz
=Q(a;m)+ 0T csca, (5.17)
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and
var [ P(a) | ~ Q*(a; m) — Q*(a; m), (5.18)

where y and z are given in (5.2) and Q(a; m) is the same as given in (5.1)).
Proof. We now define P(a) as

B(a) = max {|7* {5(0)} (w)|*} . (5.19)

In the absence of noise, P(a) reaches its maximum value at u = u.. However, when
noise is present, the index at which P(a) achieves its maximum is shifted from u. to
u. + 6u, where 6u represents the perturbation or displacement caused by the noise.
Thus, Su is a random variable that affects P(a) in a nontrivial way. To study this effect,

we will perform a perturbation analysis. The expected value of P(a) is

E[B(a)] = E[ 1S, () + W)

], (5.20)
u.+6u
where W, (u) is the FrFT of the noise. Expanding (5.20) gives

B[P(@)] = E[ {15, @+ W, ()5, @
(5.21)
+ 8, W )+ W, (P}

u.+ou ]

We focus on the above terms separately. Assuming that du is small and adopting the
same analysis as in [[107]], we can expand the first term using a first-order Taylor series,
yielding

E[1S.P], 5 ] ~E[ 18,0, ]

(5.22)
6u].

The higher-order terms with orders &(6u"), where n > 1 in (5.22)) are neglected since
ou is small, making the higher-order terms negligible.

+E[i|sa(u)|2
du

Moreover, note that the second term in the left-hand side of (5.22) is zero, since the
derivative at the maximum is zero. Then,

E[Is,(w)”

o] M 18P

o] =P(a) ~ Q(a;m). (5.23)
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The second and third terms in (5.21) are zero, i.e.,,

=0, (5.24)

E I:{Wa (u) SZ (u) + Sa (u) W; (u)} uc+5u:|

as the noise is zero mean. The last term in (5.21) can be calculated by

B W, @) | = B[ W@, .., ] =

(5.25)
cscan E[w(t)w"(v)]K,(t,u)K(v,u)dtdv.
T
Replacing E [w (t) w*(v)] = 028 (t — v) gives
E[ |Wa(u)|2] = o2 cscaf dt =o0?T csca. (5.26)

T

Substituting (5.23)), (5.24) and into (5.21) gives (5.17). Therefore, the first
part of the proof regarding (5.17) is completed. The variance of P(a) is

Var[ﬁ(a)] =E|:ﬁ(cc)2:|—E2 [ﬁ(a)]. (5.27)
Expanding the first term in the equation above gives
E[P(@f] = E| {Is. @l + W, @s; @

+ S, W)W (W) + W, @I} {18 W)* + W, (W) S}, (u)

+ S, GOW; @)+ W@, |
which can be simplified to

E[P(a)?] = E[ 1S, ()[* + W, (w)[* + 415, W)’
, (5.28)
+ W, W)l ]

u=u,+6u

The first and third terms of the equation above can be computed by using (5.22) and
(5.26). The only missing term is the second term. Assuming W (u) and W;(u) are

real and imaginary parts of the complex Gaussian random variable W, (u)
4 . 4 2 i 2
W, @)l*= (W) +(Wi(w) +2(W(w) (W (W), (5.29)

where W (u) and Wé(u) are independent normal random variables with means and
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variances

W, (u) ~N(0,0%T csca).

. o2 (5.30)
W (w),w, (u) ~N (0, ?T csc a) .

Therefore, the expected value of |W,(u)|* is

E[ W, (w)*

wese) = 2E[ (W @) | +2E2 [ (W w)]. (5.31)
Using the fourth and second moments of W (u) produces

E[ W, (w*

3 1
=30'T?csc®a + ;0%T?esc?a,

=20%T?csc? a. (5.32)

uc+5u]

Replacing (5.26) and (5.32) into (5.28) gives

E[P(a)*] = P(a)*+20*T?csc? a + 40°T cscaP(a). (5.33)
Substituting (5.33)) and (5.17) into (5.27) gives
var[P(a)] = 0*T?csc® a + 20°T cscaP(a). (5.34)

The above equation can be rewritten after replacing P(a) by Q(a; m) and using (5.17)
as

var[P(a)] ~ 0T csca x (Q(a; m) + Q(a;m)). (5.35)

The term o>T csc a can be replaced by Q(a; m)—Q(a; m) using (5.17). Therefore the

proof is concluded. u
z 3n

In practical applications, it is common to sample a within the range of [ ] to avoid

44
aliasing [|53]. In this case, the term o?T csca in takes values within the range
of [02T,20*T]. When a is close to a,,, and the SNR is high enough, Q(a;m) >
02T csca, and the signal dominates the expected value of P(a), rendering the effect
of noise negligible. We refer to this region as the signal-dominant area. Conversely,
when a is far from a,,., Q(a;m) is almost a small constant value and the effect of
noise becomes apparent. In this region, we refer to it as the noise-dominant area. Both
regions are depicted in Fig. We can establish the validity of this phenomenon by
demonstrating that the expected value of P(a) can be approximated by P(a) when

SNR > % These cases are formalized in the following two corollaries.
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Corollary 6.1. Under the condition SNR > %
E[P(a)] - P(a) ~ Q(a, m), (5.36)

asymptotically when a is close to @,

Proof. In the vicinity of a,,, the maximum happens at the index u = u. = fysina.
According to (5.8), the maximum of |S, (u)|” is

max S, (u)]* = |A]*T? csca. (5.37)
u

Using the equation above and (5.26) into (5.17) yields

E[P(a)] ~ |A*T*csca+0?T csca. (5.38)
————
P(a)
Which can be written
E[P(a)] = P(a) x (1 + ;) (5.39)
SNRxT

Therefore, the expected value of P(a) approaches to the noiseless-case P(a) in the
vicinity of a,,, when SNR x T > 1. Therefore, the proof is concluded. |

It is useful also to elaborate on how E [5(0()] is defined in the noise dominant area.
Using (5.11) and (5.21)in the case when a is far from a,,,, E [5(0()] is

E[P(a)] =|A]*y + 0*T csca. (5.40)
Using (5.2), and rearranging results

(5.41)

E[P(a)] = 02T csca x (1 + SNR )

T (m+cota)

The previous equation indicates that the noise dominates when a is far from a,,,.
Additionally, from equation (5.17), it is evident that when a is far from a,,, the

following applies:
coshz —cosz ~ (5.42)
coshz + cosz
As m gets farther away from cota and T becomes larger, the value of z also increases.
Therefore, in this case, the model is equivalent to (5.40), which confirms our

observations.
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Corollary 6.2. Under the condition SNR > %
var[P(a)] ~ 0, (5.43)

asymptotically when a is close to @,
Proof. Replacing Q(a, m) ~ P(a) ~ Q(a, m) in (5.18) by using Corollary 1, the proof

can be concluded. [ |

In summary, Corollaries 1 and 2 demonstrate that when a is close to a,,, and SNR x
T > 1, the contribution of noise to P(a) is negligible and the signal dominates. As a
result, the expected value of P(a) in this region approaches P(a), and the variance of

P(a) asymptotically approaches zero.

The following theorem extends these findings from the mono-component case to the

case of multi-component LFM signals.

Theorem 7. In a noisy environment and when the chirp-rates of all the components of
a K-component LEM noisy signal si(t), defined in (2.5), are separated well enough, the

expected value of Pi(a) is

K
E[Pg(a)] ~ Qg(a;m) ZZQ(G; m,)+ o*T csca, (5.44)
k=1
where,
Pe(@) = max {|7° (5 (0} @'}, (5.45)
where, m = [my,m,,---,my]" is a vector containing the actual values of K-component

LFM signal chirp-rates, and Qu(a; m) is the analytical expression defined by the chirp-

rates m which will be used as a model for ﬁK(a).

Proof. The function P (a) for the K-component LFM signal case comprises K spikes

2
} ) (5.46)

where, S, (u) is the FrFT of the k—th component. We will start by considering the

in the a domain, and it can be expressed as follows:

Ser(w) + W, (u)
k=1

P(a) = max {

case of a bi-component LFM signal, and then generalize to a K component LFM

signal, which will be straightforward. For a bi-component LFM signal, we can express
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equation (5.46) as follows:
Py(@) = max{[S,, () +5,5(u) + W ()| }. (5.47)

When neglecting the leakage between components, the maximum of Q(a;m) for
a bi-component LFM signal can be expressed as the sum of two separate parts,
corresponding to the two components. Then, the expected value of P,(a) can be

written using the triangle inequality as follows:

E[Py(@)] < E[ |01 (W) + W, ()|

|+ 8|50

]. (5.48)
U +ou

uc+ou

The above equation demonstrates that the expected value E [52(a):| is bounded by
the summation of the expected values of the spikes in the FrFT domain. However, in
the limit as T tends to infinity,

Sa1 (u)| 2 and |Sa2 (u)| 2 converge to two Dirac deltas

located at a,,,,. and a respectively, and the leakage between the two components

optq optg>
approaches zero. Thus, as T becomes large, the interference between the components

decreases, and the leakage between each can be neglected. As a result, we can use the

results from Theorem 2 to approximate the above equation asymptotically, and obtain
E[ﬁz(a)] ~ Q(a;m;) + Q(a;m,) + T csca. (5.49)

Expanding the equation above for a K component LFM signal provides the proof. H

5.2.3 P(a) Statistically

We will perform a statistical analysis of P(a). We consider a noisy signal that can
be represented by the random variable and matrix form S = S + W, where s; has a

Gaussian distribution with the following mean and variance.
§; ~ N(s(i),0%). (5.50)

As the introduced noise has a zero mean, the output obtained by processing the noisy
signal S using FrFT is given by:
F,=5'F. (5.51)

Where S is the noisy signal with the following mean and variance

S ~ N(u,,02I). (5.52)
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Figure 5.1 P, () and Q. (a;m) for a bi-component LEM signal with chirp-rates
m=[—0.1,0.1]".

Where u, = [s(1),s(2),........ ,S(N—1)], and & is FrFT operations. %, the FrFT of
the noisy signal, is also a complex random variable. Therefore, the distribution of &
is

F,~Nu! F,0°72). (5.53)

P(a) has been defined as MaX,e[o,x] {Iﬁ'“ {s(t)} ()| 2}. P(a) can be written

P(a) = arer%oa’);]{ﬁs ﬁf} (5.54)
We begin by considering the independent identically distributed (i.i.d) random
variables S, which represents the noisy signal, and &, which represents the i.i.d
random variables of the FrFT output signal. In the presence of noise, selecting the
maximum value in the P(a) domain can be viewed as selecting the maximum value
from a set of discrete random variables in . Let us denote the maximum values of

Z , for each a as:

F Tl = rr%gx]{gsf}f}. (5.55)
a€l0,n
F n F1 is the summation
FnFL=Re(F,)* +Im(F ). (5.56)
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The distribution of #,, ' follows a noncentral chi-square distribution due to the fact
that Re(Z,,) and Im(Z ,,) are the sum of squares of independent random variables.
In order to obtain a unit variance, we can perform scaling on the random variables.

Equation (5.56) can be rewritten as:

(5.57)

5,51t (O T

o2 F? o2 F?

Having the above form the degrees of freedom y and the noncentrality parameter €
are,
y =202, (5.58)

e=F*ul. (5.59)

As Z, 7" is a random variable having the noncentral chi-square distribution with

degrees of freedom y and noncentrality parameter €, then the expected value of
H .

FnF 18

E[ max {7, 2"1=E(Z,9 " =y+e=20 7>+ F* u. (5.60)
a€cl[0,

Upon simple examination of the equation, it is apparent that %2 ,usz represents the

FrFT at the maximum value, and 202 %2 is the FrFT of the noise at the maximum

value. Thus, the maximum magnitude sweep of the FrFT domains in the noisy case

equals the maximum magnitude sweep of the FrFT domains in the noiseless case plus

the effect of the noise. This confirms the accuracy of our deduction for noisy P(a).

5.2.4 Results and Discussion

Figure compares our proposed model Q(a;m) with the actual P(a) for a
bi-component LFM signal with N = 1024 length and SNR of -5 dB. The function Py (a),
computed at M = N /2 rotation angles, exhibits two peaks located at a,,,, and a,,, ,
corresponding to chirp-rates m; = —0.1 and m, = 0.1. Pg(a) can be divided into two
regions dominated by signal and noise, respectively, with the impact of noise being
negligible in the signal-dominant area. Our model Q(a;m) accurately fits P () in
the signal-dominant region and aligns with the mean of P¢(a) in the noise-dominant
region. Since the signal-dominant region is located near a,,, and a,,,,, our model
is effective in estimating chirp-rates of multi-component LFM signals, especially when

T x SNR> 1 (as stated in Corollary|[6.1)).

The following conclusions can be drawn from our findings.

* Our proposed models provide close approximations for the PFM of chirp signals
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across all FrFT angles, for both noiseless and noisy cases.
These models are highly accurate approximations of P(a) and P,(a).

We have also determined the statistical properties of PFM, such as its expected

value and variance.

We derived the relationship between the PFM of a noisy and noiseless LFM

signal.

We have demonstrated that if the FrFT rotation angle is in the vicinity of the
optimum angle and SNR x T is much larger than 1, the PFM is primarily
influenced by the PFM of the signal, and the impact of noise can be ignored.
Consequently, the statistical characteristics of PFM approach an unbiased

expected value and zero variance.

When SNR is high and T is large, the expected value of the model P(a) is almost
equal to the P(a) function at the vicinity of a,,,.

When the SNR is high and T is large, the variance of the model P(a) is almost
equal to zero.

The expected value of the proposed model of P(a) is solely determined by the
chirp-rate and o2, and is independent of the initial frequency. The model attains
its maximum value of A’T?+v/1+ m? at a = a,,,, and can be effectively utilized

for estimating chirp-rates.

Consequently, we have demonstrated that the expected value of the PFM can

serve as an approximation for the PFM of a noisy chirp signal.

We then extended our proposed approximate model to account for

multi-component LFM signals in the presence of noise.
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6

Chirp-Rates Estimation Algorithm For
Multi-Component LFM Signals

6.1 Introduction

In chapters 3 and 4, we demonstrated the optimality of the FrFT domain-based
estimator and presented a fast blind search algorithm based on the GSS
algorithm. Both results have been published in [[104, 114]. In this chapter, we
introduce a coarse-to-fine FrFT-based algorithm for estimating the chirp-rates of a
multi-component LFM signal. Our proposed models, which were derived in the
previous chapter, are used to estimate the chirp-rates of each component coarsely.
Then, a fast and accurate estimate-and-subtract strategy is applied to refine these

parameters.

We will show that by using the mathematical model derived in the previous chapter
to estimate the chirp-rates coarsely, we can achieve improved performance and a
decreased SNR breakdown threshold.

The fast search algorithm or blind search algorithms often encounter challenges such
as a high SNR breakdown threshold and the risk of converging to a local maximum.
These issues arise due to nonlinearity caused by other components or high levels
of noise. To address these drawbacks, the proposed algorithm utilizes an analytical
model during the coarse step. This model functions as a filter, effectively identifying
the peaks that correspond to the components and mitigating the aforementioned
challenges. Moreover, the proposed algorithm tackles the issues of error propagation
and high computational cost associated with other algorithms. This is achieved by
leveraging the accurate estimation provided by the coarse estimation step, which
avoids additional computational overhead. As a result, the estimate-and-subtract
strategy can be employed in the fine estimation step, effectively eliminating the effects

of error propagation and bias without incurring any additional computational cost.

Simulation results indicate that our proposed algorithm performs nearly at the CRLB,
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eliminates the leakage effect between components, has no error propagation, and has
an acceptable computational cost compared to other state-of-the-art methods. All of
these outcomes have been verified by extensive computer simulations that closely
resemble real-world applications, without incurring any additional computational
cost.

6.2 Chirp-Rates Estimation Algorithm for Multi-Component LFM
Signals
The functions P(a) and ISK(a), defined in (5.19) and (5.45) respectively, have been

widely used for chirp-rate estimation in several studies, such as [[104, 106, (114].
Although P,(a) has K distinct spikes that correspond to K different chirp-rates and
locating their indexes provides an estimate of the chirp-rates, accurately determining
the positions of these spikes is a challenging task. Therefore, in this section, we
propose a novel idea to estimate the chirp-rates of multi-component LFM signals. We
demonstrate that the model we derived in Theorem [7|is a potent tool for estimating
the parameters of multi-component LFM signals. Our algorithm comprises coarse
and fine estimation steps that employ a sequential estimate-and-subtract strategy.
Our proposed algorithm consists of two steps: coarse estimation and fine estimation
using a sequential estimate-and-subtract strategy. In the coarse estimation step,
we estimate the chirp-rates and amplitudes of all K components of the LFM signal
based on our derived models. Then, in the fine estimation step, we employ the
estimate-and-subtract strategy to estimate each chirp-rate accurately, one component
at a time, while removing the influence of the other pre-estimated components. This
approach reduces bias and provides accurate estimations at each iteration. The
estimate-and-subtract strategy is repeated Q times until the performance converges.
Simulation results demonstrate that our algorithm performs close to the CRLB. The

following sections will provide a detailed explanation of these two steps.

6.2.1 Coarse Estimation Step

The algorithm starts by computing an estimate of the variance by the maximum
likelihood estimator [[119]]

1 N—1
5% = N;HK ()2, (6.1)

where 5 (n) is the discrete version of 5; (t) and N is the number of samples. Then,
using (5.45), P¢(a) is computed at M values of a. Py(a) is computed just once and
will be used in all the following steps.
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During the zeroth iteration, also known as the coarse estimation step, we minimize
the difference between the observed P,(a) and our model Q(a; M) to search for the
values of chirp-rates. The following cost function can be minimized to perform this
task.

m= arglninz (ﬁK(a) — Qo fﬁ))2 , (6.2)

where, m = [m,,m,, --,Mg] is the vector containing the estimated values of
chirp-rates. Searching within a K-dimensional search space, as required in the
above minimization, is computationally prohibitive, particularly when K is large. To
overcome this, we propose a more computationally efficient approach where we search
the one-dimensional search space K times.

We estimate the coarse chirp-rate of the strongest component, which is typically the
first component, by

( ) = argmm {x(m), (6.3)

where

Ce(m) =" (Be(@) —fiasm))”. (6.4)

a

To estimate the coarse chirp-rate of the first component, we compute {(m) at M
different values of m. The value of m that minimizes {,(m) is then taken as the
coarse estimation of the first chirp-rate, denoted by m(o) Fig. illustrates how the
cost function {(m) is computed during the coarse estimation process. We start from

m, and use the model Q(a; m,) with its maximum value at a,,,. to obtain one point in

opt;
the cost function {(m). This process is repeated for all values of m until the last value
in the domain is reached. Furthermore, in Fig. we can observe the cost function
{x(m) for estimating the first component. The minimum value of the cost function
corresponds to the coarse estimate of the first component’s chirp rate. To obtain the

A()

coarse estimation of the first component’s amplitude, A;”’, we select the maximum

value of P (a), denoted as Pg(a, m(lo)), which corresponds to the estimated chirp rate,
ﬁ(lo), in P,(a). Thus 2(10) is

2 PK(a m(o)) o Tcsc(a(o))

N

is computed by (2.12). After obtaining the coarse estimations for the

2(0)
A

(6.5)

where a( )

chirp-rate and amplitude of the first component, the model of the first component,
Q(a; m; )) is derived and subtracted from P, () to obtain the residual signal, denoted
as Pe_,(a).

Be_i(a) = Pe(a) — Q(a; m?). (6.6)
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The algorithm returns to (6.4), in which Py (a) is replaced with P;_,(a) to obtain the

cost function for estimating the second chirp-rate and amplitude.

~ ~ 2

Cea(m) = > (Bes (@) — (asm)) (6.7)
The algorithm iterates until all K components’ chirp-rates and amplitudes are
sequentially estimated. The generalized coarse parameter estimation algorithm
proceeds as follows: when estimating the parameters of the k-th component, the

coarse estimation of the chirp-rate is obtained by minimizing the cost function

—~ . ~ ~ 2
" = argmin 3., (P (o) — (e m)’, (6.8)
where
Py (@) =Py yn(@)— Qs Y, ), (6.9)
in which

2 PBla, M) — 62T ese(@”)
y —(0)2 )
T24/1+ m,

Once the coarse estimation is done for all the chirp-rates and amplitudes of the

A(0)
Ak

(6.10)

K components, the fine estimation algorithm is applied to obtain more accurate
estimates. The coarse estimates are used as initial values to perform the fine

estimation.

The resolution in the chirp-rate domain during the coarse estimation step is
determined by the chirp search space ./, which consists of the chirp-rate values where
the cost function {(m) is computed for each component. The number of chirp-rates
in ./ is determined by the chirp-rate step Am. Therefore, if {(m) is evaluated at M

values of m from m, to m,, then Am can be obtained by:

Am=——, (6.11)

A finer chirp-rate step in the coarse estimation step leads to more accurate estimation

results.

Fig.[6.3|displays the Am steps that determine the chirp rates at which the cost function
will be evaluated. The resolution in the a domain, on the other hand, is related to
the angle search space, .o/, which contains the rotation angles used to numerically

compute the FrFT and form P¢(a). The number of rotation angles in .« is determined
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Figure 6.1 P, (a) for a three-component LFM signal with chirp-rates
m=1[0.1,0.2,0.3]", Py(a), and Aa.

by the rotation angle step, Aa. Therefore, if Pi(a) is computed at M values of a

starting with a, until a,, then Aa is calculated by

Ae — A
Aag=———, (6.12)
M

A smaller step size in the angle domain results in a finer resolution and more accurate
estimation in the coarse estimation step, but this also comes at the expense of increased
computational cost. The coarse phase of the estimation process achieves an estimation
accuracy of O(M ™). Fig.[6.1|shows the plot of P¢(a) for a three-component LFM signal
with chirp-rates m = [0.1,0.2,0.3]". Since K = 3 in this case, the function plotted is
Py(a). The figure also displays the Aa steps, which determine the rotation angles at
which the FrFT is computed to form P,(a). The maximum magnitude at each rotation

angle is taken to obtain one point in the function P;(a).

6.2.2 Fine Estimation Step

The GSS algorithm was utilized in [[114]] for efficient and precise chirp-rate estimation.

By taking advantage of the convexity property of Pi(a) in the dominant signal region,
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the GSS algorithm can quickly and accurately determine the maximum values with
an optimized number of iterations [[104]]. We also utilize the GSS algorithm in the
fine-estimation step to estimate the parameters of a multi-component LFM signal.
Since the chirp-rates have already been estimated in the coarse estimation step, we
can coarsely estimate the initial frequencies of the LFM signal one by one using a
dechirping process followed by a sinusoidal frequency estimation algorithm, such as
AME [[124]] or HAQSE [|125]]. For the k—th component in the LFM signal the coarse
estimated initial frequency f;(o) is

(0),2
Pt

F19 = AME(S; (t) x e 77 1), (6.13)
We utilize the estimate-and-subtract technique, which involves estimating the
chirp-rate of a single component in each iteration by eliminating all other components
from the LFM signal using the coarsely estimated parameters. This allows for improved
and more precise estimation of the chirp-rate of the particular component as the
algorithm progresses. The resulting LFM signal, after removing all components except

for the first one, is then used for the estimation of the first component’s parameters.
S 0) 24 9 F(0)
() =5 (0) = > AV} (20 (6.14)
q=2

Next, the fine estimation algorithm is exclusively applied to 5(t). By doing so, the
bias effect caused by the other components on the first component is minimized. By

restricting the GSS search range to the neighborhood around the coarse estimated

(0)
k 2

accurate fine estimation is reduced. Therefore, only a limited number of GSS iterations

value of the first component’s chirp-rate, m, °, the number of iterations required for

are needed. The fine estimation of the first component chirp-rate is
m'Y = GSS(5(t),R). (6.15)
Where R is the range of search which is equal to

R= [aﬁ‘”-%,aﬁou%], (6.16)
and Zi(lo) is computed by using ’rﬁ(lo). The tuning of the range is based on the
accuracy of the coarse estimation output. Once all the LFM chirp-rates are estimated,
the algorithm repeats the process from the first component, following the same steps
for each component. With each iteration, the bias effect between the components
decreases, leading to improved estimation accuracy. The fine parameter estimation

algorithm can be generalized as follows. The estimation of the k-th component
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parameters at the i-th iteration starts by removing the all the components from the
LFM signal except for the component k as

K
S(0) =5e(£) = Y JAL D) (6.17)
q=1
a7k
where ATqi_l) and fq(i_l) are computed by the following

1)t2

FUD = AMEG (£) x e %%, (6.18)

il Be(a, me ) —G2T esc(@al™") 6.19)
k - - . .
—~(i—1)2
T24/1+m,
Then the chirp-rate of the k-th component at the i-th iteration is

m” = GSS(5(¢),R). (6.20)

Where R is A A
R=[alV—=2 00 4 20, 6.21)

27k 2
The algorithm terminates once the difference between the current estimated value and
the previous estimated value of any chirp-rate is smaller than a predefined threshold
€.

The pseudo-code for the algorithm is provided in Algorithm

Our algorithm makes significant contributions to the field of chirp-rate estimation
in multi-component LFM signals, particularly in the presence of noise. These
contributions can be summarized as follows. Coarse estimation with derived models:
We present a dual-phase approach. This is accomplished through the utilization of
purpose-built models tailored to this task. Leveraging these models yields enhanced
accuracy in estimations when contrasted with conventional blind search algorithms.
Functioning akin to matched filters, these models identify accurate peaks within
the PMF while mitigating noise interference. In the subsequent phase, rather
than directly excluding components from the LFM signal, we employ the derived
model to detect and subsequently eliminate peaks within the PFM. Moreover, our
algorithm ensures computational efficiency, rendering it highly suitable for real-world
applications. Refinement through estimate-and-subtract strategy: In the second step
of our algorithm, we employ an estimate-and-subtract strategy to further refine the
initial coarse estimates. This unique approach allows us to better distinguish between

closely separated components and effectively eliminate error propagation and bias
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Algorithm 3 The proposed algorithm for estimating the chirp-rates of a K-component
chirp.

Input: 5g(n) = sx(t)l—pr, n=0,1,--- ,N—1,

Set:

Angle search space: .« ={a,,a,+ Aa, - ,a,+(M—1)Aa},

Chirp search space: A4 = {m,,m; + Am,--- ,m;+ (M —1)Am},
LN

Calculate 5% = & 3" [5x ()],

n=0
Coarse Estimation of Parameters:

for Sach a €. do
Py(a)= mle{lﬂ"‘ s (MY},
end for
fork=1toK do
for each m € //l do
{x(m) = Z (PK rr1(a+pAa)—Q(a+pAa; m)
p=0
end for
(0) = argmm Lk (m),

’\(0) = arctan (mf{o)) +3,

_ Be(a,m”)—G>NT, ese(@”)
N2 f/rem®
Pe_i(@) = P_jer (@) — a; ),
7O = AMEGy () x e Ty T,
end for
Fine Estimation of Parameters:
Set: i =1
repeat
fork=1toK do
s(n) =5 (n) — i |AU—D)|e fﬁ(Afzi_U"zT.f*ZfA;i_l)"Ts),

q;ék
= arctan (m(k’ 1)) + 7,
R:[a(kl 1) Aza’ag 1)+Aaj|,
m = GSS(5(n),R),

/\(l) AME(SK(n) X e ]ﬂjmg)nzTZ)/Ts,

2(0)
e

(i—1)
Ay

A\(l) PK(a m(l)) G2NT, csc(a( D)
Nerz 1?7
end for
i=i+1,

until convergence
return 71 = [mgl),fn\g),- A(l)] /T?
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effects. By selectively removing the peaks while preserving the original signal, we

achieve more accurate chirp-rate estimation.

6.3 Computational Cost

The computational complexity of the algorithm is largely determined by the number
of FrFT operations required to estimate the chirp-rates of the K components in both
the coarse and fine steps. In the coarse step, the computational cost to estimate the K
components is proportional to (M x N log N), where 0(N log N) is the computational
cost of a single FrFT [[101]. Since the function 5k(a) is computed once and used for
all K components, the computational cost is fixed for any number of components. In
the fine step and according to [[104]], the computational cost for a mono-component

and one iteration is

log( NI\T) 2lo
gN
O(NlogN)=|—————|0(NlogN), 6.22
et | OOV 108N = |y [o0vog (622
where [.] is the ceiling function and r is the golden ratio, r = @ According to our

simulations, the fine phase estimator iterates between 2 — 3 times. Therefore, for a

K-component LFM signal, the total computational cost of the fine phase is
O(K x Nlog*N). (6.23)

The total computational cost of the proposed algorithm for a K component LFM signal
is

O(M x NlogN) + 0(K x Nlog*N). (6.24)
We assumed M = N, and in most practical applications, KlogN < M. Hence, the
computational complexity of estimating all parameters is on the order of @(N2logN).
The computational complexity of the IVD algorithm is also on the order of 0(N?logN)
[60]. In contrast, the computational complexity of the PHAF algorithm is (K x P x
NlogN) [126]], where P is the number of lags. The PHAF algorithm may require
less computational cost than our proposed algorithm and LVD algorithm, but at the
expense of accuracy and performance. We will detail the performances of these
algorithms in the next section. Additionally, it is useful to compare our proposed
algorithm with a PFM maximum search (PFMMS)-based algorithm, which estimates
the chirp-rates of a multi-component LFM signal by searching for the indices of the

maximum values in Py (a).
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6.4 Simulations

To evaluate the performance of our proposed algorithm, we conducted five different
experiments comparing it with the PHAF [33]] and LVD [58] algorithms, as well as
a PFMMS-based algorithm. In practical scenarios, all chirp-rates are typically within
the range of [—1, 1] after sampling [53]]. Therefore, we limited a to the range a €
[7/4,31/4], with M = N to ensure coarse phase estimation accuracy of 0(N™1),
which guarantees the fine estimator to converge to CRLB. The sampling rate was set to
T, = j—ﬁ, and we chose € = N2 to achieve optimal accuracy for chirp rate estimation,
which is on the order of N=/2. The MSE is

c
1 e 9

MSE, = — m,—m;)", 6.25

= ;( L) (6.25)

where C = 3000 was taken as the number of Monte Carlo simulations for all the

simulations.

6.4.1 The First Experiment: Many Components

In this experiment, we assessed the performance of our proposed algorithm
for estimating an 8-component LFM signal with varying chirp-rates.
All components had the same amplitude, with -chirp-rates selected as
m = [-0.3,-0.2,—0.1,—0.05,0.05,0.1,0.2,0.3]", and initial frequencies
f=1[0.2,0.1,0,0,0,0,—0.1,—0.2]", and signal length N = 1024. As the performance

of all components was similar, we plotted the performance of a single component.

Fig. illustrates the performance of our algorithm compared to PFMMS, PHAE
and IVD algorithms. Our algorithm has a low breakdown threshold of —9dB, much
lower than PFMMS, PHAE and LVD. Additionally, our algorithm follows the CRLB,
while there is a gap between the CRLB and the performance of PHAF and PFMMS.
There are two reasons for the performance degradation in PFMMS compared to the
proposed algorithm. Firstly, PEMMS searches for the first 8 maxima in ﬁK(a), without
any guarantee that these maxima do not contain high noise peaks. In contrast, the
proposed algorithm matches the signal dominant area for each component using
Q(a;m), which eliminates noise. To clarify the point, Fig. displays the Py(a)
function for the 8-component LFM signal in the absence of noise. The figure reveals
eight distinct peaks that correspond to the eight chirp rates of the LFM signal.
Furthermore, Fig. illustrates the cost function for the noiseless case, where the
figure displays distinct minimums that correspond to the chirp rates. In contrast,
Fig. shows the Py(a) function for the 8-component LEM signal in the presence

of noise. The figure indicates that there are more than one peak, which are bigger
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Figure 6.4 Performance comparison of our proposed algorithm with respect to SNR
when the number of components is K = 8 and N = 1024.

than the peaks associated with the chirp rates. This implies that any PFMMS-based
algorithm will miss at least two components in the estimation process, regardless of
the considerable computational cost that these algorithms entail, as the estimate and
remove terminology will result in eight times extra computational cost. However,
Fig. displays the cost function for the same case. It is evident that the same
minimums corresponding to the chirp rates are still distinct, and the impact of noise
has been reduced. This is because the model Q(a; m) functions as a filter that allows
the signal’s dominant area related to each chirp rate to pass and eliminates the noise
peaks. Therefore, we can conclude that the model (a; m) operates as a matched filter
for the signal dominant area corresponding to each component, and this explains the
proposed algorithm’s ability to eliminate noise. The second reason for the proposed
algorithm’s effectiveness is the terminology it employs, which allows for the reuse of

Pi() to eliminate the estimated component and reuse the P(a).

6.4.2 The Second Experiment: Closely Separated Chirp Rates

In this particular experiment, we conducted a thorough evaluation of our algorithm’s

performance in a scenario involving closely separated chirp rates. To simulate
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this scenario, we generated a bi-component chirp signal with chirp rates m =
[0.02,0.03]7 and initial frequencies f = [—0.01,0]. As the chirp rates were closely
spaced, we numerically calculated the CRLB by using [[119, Eq. 3.33]. The results
of this experiment, shown in Fig. demonstrate the remarkable performance of
our algorithm. Even at low SNR as low as —10dB, our algorithm closely follows
the CRLB. In contrast, the PHAF algorithm fails to track the CRLB and exhibits a
significant leakage effect in its performance beyond an SNR breakdown threshold
of approximately —6dB. On the other hand, the LVD algorithm demonstrates a
relatively high SNR breakdown threshold of 5dB. Notably, the PFMMS algorithm
separates the two components starting from an SNR of —4dB. The high performance
of our algorithm in this experiment can be attributed to two crucial properties.
First, incorporating the mathematical model in the estimation process enhances the
algorithm’s immunity against noise. Second, the accurate estimation during the coarse
steps and the utilization of the model Q(a;m®) for the estimated component to
remove peaks in the 5K(a) domain (instead of directly removing components from
the LFM signal) significantly improves our algorithm’s ability to detect and recognize

the closely separated chirp rates scenario.

6.4.3 The Third Experiment: Dependence on the Number of Samples for Closely
Separated Chirp Rates

We conducted an experiment to assess how our algorithm’s performance depends
on the signal length N when the chirp-rates are closely spaced. We varied N
logarithmically between 16 and 1024, while keeping the SNR constant at 10dB.
To this end, we generated a four-component LFM signal with chirp-rates m =
[0.01,0.01+ %, 0.01+ %4, 0.01+ ?V—6]T, and all initial frequencies were set to zero with
equal amplitude for all components. Because the components are closely spaced, we
computed the CRLB numerically using [[119, Eq. 3.33].

As shown in Fig. our algorithm closely follows the CRLB starting from around
100 samples, which is lower than the other methods, IVD, PHAE, and PFMMS. The
proposed algorithm accurately estimated the chirp-rates around N = 100. Notably,
we can refer to the corollary 6.1 in the previous chapter. The first experiment showed
that there is an SNR threshold for a constant N, and here we see that there is also an
N threshold for a constant SNR.

6.4.4 The Fourth Experiment: Dependence on the Chirp Separation

In this experiment, we evaluated the performance of our proposed algorithm in terms

of its ability to separate closely spaced chirp-rates. This analysis gives insight into the
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Figure 6.10 Performance comparison of our proposed algorithm with respect to N
when the number of components K = 5 and SNR = 10dB.
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separability of the proposed algorithm. We generated a bi-component LFM signal with
amplitudes equal to unity and both initial frequencies set to zero. The performance
of our algorithm was compared to PHAE LVD, and PFMMS algorithms at a constant
SNR of 8 dB and N = 1024, and the CRLB was computed numerically using [[119,
Eq.3.33] due to the closely spaced components. The results are plotted in Fig.
which shows that our proposed algorithm nearly follows the CRLB starting at a much
lower chirp difference of approximately |m; —m,| = 0.007, outperforming IVD, PHAE,
and PFMMS.

The superior performance of our proposed algorithm can be attributed to its
methodology. In estimate-and-subtract strategy-based algorithms, the estimated
component is removed from the signal itself. Thus, in the presence of two closely
spaced components, inaccurate estimation of the chirp-rate of the first component
can impact the accuracy of the second component’s estimation during removal. In
contrast, our proposed algorithm uses the estimated chirp-rate to find the Q(a;m)
model, which is then used to remove the corresponding peak in Py(a) domain.
Therefore, our algorithm has better ability to estimate the closely spaced components

accurately.

6.4.5 The Fifth Experiment: Unequal Powers

In this experiment, we considered three-component LFM signals with unequal powers.
The power difference between the first and second components was 5dB, and the
power difference between the first and third components was 10dB. We selected
the chirp-rates and initial frequencies as m = [—0.1,0.1,0.2]" and f = [0,0,—0.1]".
Fig. shows the performance of our proposed algorithm compared to the PHAE,
LVD, and PFMMS algorithms. Our proposed algorithm achieves the CRLB for much
lower SNR breakdown thresholds. In this specific scenario, accurately estimating the
weaker components becomes challenging due to the presence of stronger components
that can overshadow them. However, our algorithm effectively addresses this issue by
building upon the same underlying principles demonstrated in the first experiment.
By integrating the mathematical model into the estimation process and employing the
proposed estimate-and-subtract strategy, our algorithm excels at accurately estimating
the parameters of each component, even when strong neighboring components are
present. This adaptive approach enables our algorithm to account for the masking
effect, accurately identifying and estimating the weaker components. As a result, our
algorithm achieves improved performance and increased accuracy in this scenario.
Additionally, we observe a consistent gap between the CRLB and the performance of
the PHAF algorithm. Moreover, it is evident that the PFMMS algorithm struggles to
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Figure 6.12 Performance comparison of our proposed algorithm for a
three-component LFM signal with unequal powers.
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accurately estimate the low-power components, which can be attributed to the same

reasons discussed in the first experiment.

All five experiments consistently demonstrate the superior performance of the
proposed algorithm compared to existing state-of-the-art methods. The algorithm
exhibits several noteworthy capabilities. Firstly, it achieves the CRLB with a
significantly lower SNR breakdown threshold, even in challenging scenarios involving
LFM signals with multiple components. This improvement can be attributed to the fact
that our search is guided by the mathematical model, as opposed to blind estimation.
Additionally, the proposed algorithm excels in separating closely spaced chirp signals.
This is accomplished through the incorporation of a unique and efficient removal
strategy using the proposed models. Rather than removing the components directly
from the LFM signal, we utilize the derived model to identify and eliminate peaks
in the PFM domain. This strategic approach significantly enhances the algorithm’s
capability to handle challenging scenarios. Furthermore, the proposed algorithm
demonstrates exceptional performance in cases where the power levels of LFM signal
components vary considerably, resulting in masking effects on weaker components.
This is made possible by employing the mathematical models in both phases of
coarse estimation, enabling accurate parameter estimation and reducing the impact
of masking. Lastly, the proposed algorithm exhibits the shortest convergence time to
the CRLB among the tested methods, a topic that has been extensively discussed and

supported mathematically.

6.5 Results and Discussion

We have developed a novel coarse-to-fine FrFT -based algorithm specifically for
chirp-rate estimation in multi-component LFM signals. The algorithm leverages
the derived mathematical models to achieve improved performance and an SNR
breakdown threshold. By guiding the search process using the mathematical model,
rather than relying on blind estimation, accurate estimation of the chirp-rates is
achieved. To refine the estimated parameters, an efficient estimate-and-subtract
strategy was incorporated into the algorithm. Instead of removing components
directly from the LFM signal, the derived model is used to identify and eliminate
peaks in the PFM. This unique approach enhances the algorithm’s ability to handle
challenging scenarios and mitigates the leakage effect between signal components,
while avoiding error propagation. Simulation results show that our proposed
algorithm performs nearly on the CRLB, has no error propagation, has an acceptable
computational cost compared to other state-of-the-art methods, has lower SNR

breakdown threshold, has better ability to estimate the chirp-rates of closely separated
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components, can deal perfectly in the case of components with unequal powers
mitigating the masking effect, and eliminates the leakage effect (shading) between
components. Overall, this chapter contributes to the field of chirp-rate estimation
in LFM signals by providing accurate models, a novel algorithm, and extensive
simulation-based validation. The proposed approach offers a practical and efficient
solution for real-world applications without imposing significant computational
burden.
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7

Chirp Rates Estimation Of Multi-component LFM
Signals Using Non-Searching Fractional Fourier

Transform Based Algorithm

7.1 Introduction

Our previous chapter involved the application of the suggested models for mono noisy
and noiseless PFM, resulting in successful chirp rate estimations for multi-component
LFM signals. These outcomes, as presented in Chapter 5 and Chapter 6, were
published in [[130]]. In the current chapter, we introduce an innovative algorithm
designed for estimating chirp rates using the proposed model for multi noisy
PFM. Specifically, we integrate these expressions into a nonlinear least squares
Levenberg-Marquardt (LM) algorithm, employing them as model functions to achieve
precise chirp-rate estimations. This approach avoids the computational cost and error
propagation issues associated with the CLEAN technique, which iteratively estimates

and subtracts the parameters of the strongest component.

Simulation results demonstrate that the algorithm can handle closely separated
components, as well as eliminate the shading effect between components. Overall,
the proposed algorithm offers an efficient and accurate solution to the problem of

estimating the chirp-rates of multi-component LFM signals.

7.2 Model Fitting Concept

The model fitting concept is a fundamental process in data analysis and involves
selecting a mathematical model that can explain or predict a given set of data. The
cost or error function measures the discrepancy between the data and the model, and
the algorithm minimizes the cost function by adjusting the model parameters. There
are different types of model fitting methods, such as linear regression and nonlinear
regression, and the choice of method depends on the nature of the data and the

model. The concept of model fitting involves determining the appropriate variables
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of a mathematical expression to create the best model that fits a given dataset. This
means selecting a particular model that uses specific variables to accurately represent
the dataset. To achieve this, three key factors need to be identified: Firstly, a
mathematical expression that is consistent with the dataset being analyzed. Secondly,
a cost function or error function that can measure the difference between the dataset
and the mathematical expression using the given parameters. Finally, an algorithm

that can determine the variables that minimize the cost function [[131].

We propose to use the model fitting concept to find the model which most fits Py (at).
Regarding the mathematical expression, Q(a;m) and Q(a;m) are defined as the

mathematical expressions of the data set. The cost function is defined by

1/1
S() = (Z (Pea) — G (o ﬁ))l) . (7.1)

a

Where, [ is the order of the cost function, m is a vector contains the chirp rates of
the individual components and Q. (a;m) is a vector contains noisy model samples
defined by the chirp rates m for the K-component LFM signal. represents the
norm || (ﬁK(a) — O (a; fﬁ)) |l;- We should investigates the following cases

J:l=1 —>Z |(5K(a)—ﬁK(a;ﬁ))|.

a

Jyil=2— \J Z (Px(a)— ﬁK(a;fﬁ))z. (7.2)

Joo : | — 00 —> max|(ﬁK(a)—ﬁK(a;fﬁ))|.

Figure Figure [7.2] and Figure [7.3] plot the three cost functions defined in the
equation above for a mono component LFM signal. Where the SNR values were 10dB,
0dB and —10dB. It is clear from the figures that the cost function J, is the best choice

and more appropriate to be minimized.

7.3 Levenberg-Marquardt

The LM algorithm is an optimization method commonly used in curve fitting problems.
It helps find the best-fit parameters for a mathematical model that minimizes the
difference between the model’s predictions and the actual data. The algorithm
combines the benefits of two other methods: the Gauss-Newton (GN) method and the
steepest descent (ST) method. It adjusts the step size during optimization to ensure
stability and convergence. The GN method and ST method are two commonly used

optimization algorithms for nonlinear curve fitting. The GN method is an iterative
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Figure 7.3 Cost functions when SNR=-10dB.

algorithm that approximates the objective function (typically the sum of squared
errors between the data and the model) with a quadratic function, and then finds the
minimum of this approximation. It is known for its fast convergence, but can struggle
with poor initial parameter estimates and may be sensitive to local minima. On the
other hand, the ST method is a first-order optimization algorithm that iteratively
adjusts the parameters in the direction of the steepest descent of the objective function.
It is less sensitive to the initial parameter estimates, but may converge more slowly.
The LM algorithm starts with an initial guess for the model’s parameters and iteratively
updates them. It calculates the gradient and the Hessian matrix of the objective
function, which measures the discrepancy between the model and the data. These
calculations help determine the direction and magnitude of the parameter updates.
The algorithm also introduces a damping factor that controls the balance between
the Gauss-Newton and steepest descent steps. This factor helps the algorithm handle
different levels of curvature in the optimization problem, making it more robust. By
iteratively adjusting the parameters and considering the curvature of the objective
function, the LM algorithm converges towards the optimal parameter values that yield
the best fit between the model and the data. Therefore, the LM algorithm is a powerful
tool for finding the best-fit parameters in nonlinear curve fitting problems, providing
accurate and reliable results [[132]].
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7.4 Chirp-Rates Estimation Using Model Fitting Concept

We propose an algorithm for estimating the chirp rates of noisy multi-component LFM
signal using model fitting concept. Without separating the individual components of
the multi-component LFM signal, the multi-component version ﬁK(a; m) will be used
as a model function in a nonlinear least squares LM algorithm to find the model which
best fits. Let us suppose 5;(t), a K-component LFM signal. The FrFT will be computed
at M rotation angle values. At each rotation angle, the maximum magnitude of the
FrFT, max {|Z% {5.(t)} (w)|*}, will be taken to constitute one value into the collection
P(a). El"he LM least squares algorithm will be used to find the model function which
best fit the collection Py (a), which is defined by the chirp rates. As the model being
fit to the ﬁK(a) is non-linear function, a non linear least squares approach should
be adopted here to converge to the best fit model. Assuming that the number of
the multi-components are known, the least squares estimates of s,(t) chirp rates
will be found by minimizing the sum of the weighted squares of the errors between
the collection ﬁK(a) and the model function ﬁK(a; m). That means to minimize the
following cost function

() = J > (Pe@) — Syl )" (7.3)

a
Where, m is a vector contains the chirp rates of the individual components.

The LM algorithm begins with an initial parameter matrix, m; = [m,, m,, ....... ,mk],
and updates it iteratively to reduce {(m). However, before the algorithm can be
executed, two crucial details must be determined. Firstly, the initial parameters, which
in this case are the initial chirp rates, must be defined. This can be achieved by setting
the initial chirp rates to the indices of the peaks within P.(a). Secondly, the length
of the Pc(a) collection, denoted by M, must be established. M can be determined by
the a step between two adjacent rotation angles, Aa. The determination of M is of

paramount importance, as it influences both the computational cost and accuracy.

When M increases, there is an increase in both the number of FrFT computations and
the computational cost. Conversely, if M decreases below a certain threshold, it will
negatively impact the accuracy. This is because the model that best fits P, (a) will no
longer be accurate, and there is a possibility that a component may go undetected.
Thus, it is crucial to choose M in a manner that does not affect accuracy or increase

computational cost.

To ensure accurate detection and modeling of the signal’s dominant area in P(a),

the signal dominant area should contain at least two values: one before and one after
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a,,.- Otherwise, the model obtained will not be accurate. Additionally, in the case
of K component chirps, there will be K peaks. If the difference between the peaks of
two consecutive components is greater than the width of the signal dominant area of
one of these components, the components will overlap, and the resulting model will
be inaccurate. This, in turn, will cause the loss of one of the components. Therefore,

the width of the signal dominant area will be concluded in the following theorem.

Theorem 8. The signal dominant area width in the maximum magnitude sweep of the
FrFT domain can be approximated by
2

2
w ﬁ = (74)

L N2F2’
N

where F, is the sampling frequency.

Proof. Since the noise effect is insignificant in comparison to the signal-dominant area,
we can determine the width L,, in both the noiseless and noisy cases. In the absence
of noise, the value of P(a) is nearly constant and significantly smaller than maximum

of P(a) when a is far from a,,,. As mentioned before, the value of P(a) at a far from

Qope 18
2 2 A
S, WI” =A%y = Wenn—i (7.5)
Therefore, we can write
1Sq,, (Uope)l?
ot P 121+ m?) > 1. (7.6)

S, WP

Which means that the difference between the values in noisy area and the maximum

value of P(a) is very big and of order T?. Therefore, it is an acceptable assumption to

say that
|Saop[(uopt)|2
L=———. (7.7)
Ly
P(a;) > L = a; € the signal dominant region. (7.8)

Where Ly, is an integer bigger than one, and L is a defined threshold in P(a) between
the two regions the signal dominant and noise dominant regions. The width L, can
be defined by the junction between L and P(a), therefore it can be defined by the

difference in P(a) between these two values of a

L,=a,—aq. (7.9)
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Where

A, = Ay + A, = @y, — A (7.10)

Therefore we can write that
L,=2xAa. (7.1D)

Using the equation above, Aa can be calculated. Using the model Q(a;m), P(a,) is

A? h(z) —
Qa,:m) ~ |Sar (w.) 2 _ csca, cosh(z)—cos(z)

. .12
cota, + m cosh(z) + cos(z) (7.12)

Where
z2=T4/2(m+cota,). (7.13)

As previously mentioned, the noise-dominant area in the noiseless case remains almost
constant when a is far from a,,,. In Chapter 5, when discussing the properties of the

noise-dominant area, it was noted that the term

cosh(z) —cos(z)
cosh(z) +cos(z)

(7.14)

holds for values of a in the noise-dominant area. Building upon this idea, we can
infer that the signal dominant area commences when the aforementioned term starts
to decrease below 1. Then the transition from noise-dominant area to signal-dominant

area begins when the above term has a value close to 1, as

cosh(z) —cos(z)

= 0.98. 7.15
cosh(z) + cos(z) ( )
Solving the above equation yields the value
z =1.54601. (7.16)
To compute Aa we can use the following
cota, = cot(a,,, +Aa). (7.17)
Using
tacotb—1
cot(a+b)= o2 2 (7.18)
cotb + cota

The value of cota, is
—mcotAa—1

cota, = R 7.19
cotAa—m ( )
and for small Aa
m+ Aa
cota, N —. (7.20)
mAa—1
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Using the above result in (7.16) and (7.13)

1.1951

Aa = .
T2xm2+T2—1.1951 xm

(7.21)

For large values of T, we can approximate the expression as:

1.1951 11951 11951 1
T2xm2+T2—1.1951xm  T2xm24+T2 T2 m2+1

For small values of m, we can further approximate the expression as:

11951 1 11951 __ 1.1951
T2  m2+1 T2 T ooT2

Therefore, the approximation for large T and small m is:

1.1951 1

Ao = Y .
T2xm2+T2—1.1951xm T2

As the width in a domain of the signal dominant area equals 2Aa Consequently, the

proof is concluded. |

When dividing the search region of a with Aa step to form P (a), that will ensure that
any two adjacent components are resolved. The equation above tells us how small Aa
should be to achieve this. As previously mentioned, P(a) has two areas: the signal
dominant area and the noisy area. To accurately detect and model the signal dominant
area, ﬁK(a) should contain at least two values in the signal dominant area, one before
a,,: and one after a,,,. Otherwise, the concluded 2(a; m) model will not be accurate.
In the case of multi-component chirp signals, there may be more than one peak near
each other. If the difference between the peaks of two consecutive components is
greater than the width of the signal dominant area of one of these components, the
components will overlap and the concluded model will not be accurate, causing the
loss of one of the components. Therefore, the optimal value of a step is Aa, which
provides enough resolution to follow up the correct model of P¢(a) and guarantees
the presence of at least two rotation angles inside the signal dominant area. It is
worth mentioning that the result obtained now is consistent with the case discussed

in chapter 6, where the accuracy in both the @ and m domains was chosen to be 1/N.

Now the algorithm is ready to go, a noisy K-component LFM signal is received.
The Pi(a) collection is formed by taking the maximum of the squared maximum
magnitude of FrFT of the signal at the following range [7/4 : a, : 37t/4], the initial
chirp rates are chosen by taking the indexes of the peaks into INDK(OL). Then the LM

algorithm iterates using Q,(a; m) as model function till finding the model which best
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fits Py (at). The output result is m = [711, i, ....... ,M; ], the estimated chirp rates. It is

clear from this process that the proposed algorithm has solved the following problems.

* The propagation of error which introduced in the other chirp rate estimation
algorithms for multi-component LFM signals. These algorithms estimate the
chirp rate of the first component, remove it then repeat this estimating process
till the last component. Because of this process the error propagation will be
introduced. In our proposed algorithm the chirp rate estimation is happening

one time for all the components, therefore, there will not be error propagation.

* The picket fence effect because of the discretization of u. Because of the model

fitting concept and terminology adopted, the picket fence effect has been solved.

* High level of accuracy needs very big computational load. Because the chirp
rate estimation is happening one time, the computational cost is low compared

with the other algorithms.

7.5 Computational Cost

The computational complexity depends on the total number of FrFT operations, I,
needed to estimate the chirp rates of m component chirp signal. The number of FrFT

operations, I is
_3n/4—7/4

Aa
The total computational cost of the proposed algorithm is

I =N. (7.22)

Computational Cost = IJ(N logN). (7.23)
Where 0(N logN) is the computational cost of a single FrFT . (7.23) can be rewritten
Computational Cost = @(N%logN). (7.24)

Where I = 0(N).

7.6 Simulations

To evaluate the performance of the proposed algorithm, we validated the theoretical
results and demonstrated the accuracy of the estimator through Monte Carlo
simulations. Specifically, 2000 simulations were conducted for each SNR value in the
range of [—16dB,8dB] to estimate the chirp rates of a four-component LFM signal.
We studied two cases:

126



In the first case, the chirp rates were chosen to be two close chirp rates and two chirp
rates symmetric to the other two. The parameters were set to A;, f;, m; = 1,0,—0.08,
Ay, fy,my =1,0,—0.04, A, f3,m3 =1,0,0.04, and A,, f,,m, =1,0,0.08.

In the second case, the chirp rates were chosen to be far from each other and
distributed from small values to large values. The parameters were set to A,, f;,m; =
1,0,0.1, A,, f5,my, =1,0,0.2, A;, f3,m3 =1,0,0.3, and A,, f4,m, = 1,0,0.4.

To quantify the accuracy of the estimator, we computed the mean-square error (MSE)

or estimation error variance, defined as:

c
1 - 2
_ /\(l)
MSE = C izgl (m"'—m), (7.25)

where m(® is the estimated chirp-rate for the i — th iteration of the Monte Carlo
simulation and m is the actual value of the chirp-rate, for each value of the SNR.
Fig. shows the simulation results of the proposed algorithm’s performance, where
the calculated MSE is plotted against the SNR along with the CRLB. Based on the

figures, the following conclusions can be made.

In the first case, at low SNR levels, the noise is dominant as its power is greater than

the value of P(a) at a Therefore, the simulation results at low SNR values less

opt*
than —12dB do not agree with the CRLB, and the algorithm fails to fit to the correct

model. This highlights the importance of the following condition:

E[P(a)]=P(a) x (1 (7.26)

+omer )
SNRx T
and see that as this condition is not valid, the model can not give accurate results and
therefore the simulation results is far from CRLB. Then, as the noise level decreases,
the results start to approach the CRLB, and the peak at a,,, in P(a) becomes more
distinct from the noise. Therefore, there exists an SNR threshold between these two
cases. Although the chirp rates are close, the algorithm manages to detect and estimate
the chirp rates of the four components correctly. The components with symmetric chirp
rates, 0.04,—0.04 and 0.08,—0.08, exhibit similar performance. Two components
match the CRLB, while for the other two, the performance approaches the CRLB as
close as —10dB, after which the increasing rate decreases, and the performance stops
matching the CRLB. This is because of the bias effect, where the mutual influence
between the components causes a shift in the amplitude and index of the maximum

value.

In the second case, in addition to the aforementioned observations, the bias effect is
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Figure 7.4 Multi-Component Chirp Rate Estimation Performance.
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more pronounced, especially for small chirp rate values. To cope with this problem, a

two-phase estimation algorithm can be adopted.

* In the first phase, the proposed LM based algorithm will be used in coarse phase

estimation to estimate the chirp rates of the multi-component signal.

* In the second phase, the proposed algorithm is used to estimate the chirp rates,
initial frequencies, and amplitudes of each component. Then, a dechirping
process is applied to eliminate all but one component. The remaining
component is used as input for a fast algorithm, such as the GSS algorithm,

to obtain a fine estimation of its chirp rate.
* The previous step will be repeated for all the other components.

* The accuracy needed in the GSS algorithm will be N~3. However, the range
which the GSS will search in will be small,1/N, therefore the number of
iterations would be very small.

The proposed algorithm is presented in Algorithm (4). The LM algorithm takes the
noisy multi-component LFM signal, the collection P(a), and the model Q(a;m)
as input to find the best fit. The AME estimator, which is a sinusoidal estimation
algorithm, is used to estimate the frequency of a sinusoidal signal. The GSS algorithm
takes the isolated component and its coarse estimation of the chirp rate as input.
Using the coarse estimation of the chirp rate as input reduces the iteration number
of the GSS algorithm since the range will be limited to 1/N. Lastly, when the peak at

Algorithm 4 The proposed algorithm for estimating the chirp rates of a
multi-component chirp signal.

Initialize:

Pe(a) « max {|7* {5 (O} W)},

m,; < max {ISK(a)} %The first k maxima,

m — LM[P(a)],

fori=1toK do
f;  AME[e77(7%) x5, (£)]

end for

fori=1toK do ~
G0 =5 (0= 3 e ) 05 - i,
m; < GSS[y; (t),m;],

end for

return m = [m,, mM,, -, Mg ]"

a,,. becomes dominant compared to the noise, the simulation results match with the

CRLB accurately, where we can see the efficiency of the algorithm in separating the
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components, estimating the chirp rate precisely and the ability to operate under noise
without cross term effect.

7.7 Results and Discussion

This chapter proposes a nonlinear least squares algorithm based on the LM method
to estimate the chirp rates of multi-component chirp signals. The optimal a step was
determined to ensure the accurate modeling of ﬁK(a) and to ensure the detection and
estimation of all nearby components. By using the optimal step size, the proposed
algorithm was able to accurately estimate the chirp rates of multi-component chirp
signals, even under high levels of noise. Additionally, the LM curve fitting concept was
adopted, and the concluded model O, (a; m) was used as the model function to which
the data was best fit. This algorithm can effectively solve the picket fence effect and can
work under high levels of noise with an acceptable computational cost. Furthermore,
as the estimation of the multi-components occurs only once, this algorithm avoids the
propagation of error problem, which can be introduced in other chirp rate estimation

algorithms that adopt a removal and estimating technique.

The simulations show that the proposed model and estimation algorithm can

efficiently solve the chirp rate estimation problem.
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8

Conclusion And Future Work

Throughout this thesis, it has been demonstrated that the FrFT is not only the
most appropriate, but also the optimal tool for estimating chirp parameters. By
transforming the chirp signal into an intermediate domain between time and
frequency, the FrFT allows for simultaneous analysis of both time and frequency
characteristics of the signal. Moreover, the FrFT exhibits a unique property that makes
it particularly well-suited for analyzing chirp signals. Specifically, the FrFT of a chirp
signal is also a chirp signal with a chirp rate proportional to the transform order. As a
result, the FrFT can directly estimate the chirp rate of a signal, eliminating the need

for additional processing steps.

The FrFT has been shown to strike an optimal balance between time and frequency
resolution, making it the preferred choice for analyzing chirp signals. Compared
to other transforms, the FrFT offers several advantages, including more accurate
representation of chirp signals in the presence of noise, due to its ability to tune
to the chirp rate of the signal and achieve higher resolution in the time-frequency
domain. Furthermore, the FrFT can isolate and analyze individual components of a
multi-component signal, which is critical for accurately estimating chirp parameters

in such signals.

Based on the aforementioned considerations, we have chosen to utilize the FrFT
as a fundamental tool for constructing chirp parameter estimation algorithms.
Extensive research has demonstrated that our algorithms exhibit superior performance

characteristics when compared to existing methods.

For future work, it can be mentioned that the combination of compressed sensing (CS)

and FrFT has the potential to provide an advanced algorithm.

As it has been mentioned in Chapter 1, CS is a mathematical technique that allows
for the efficient recovery of a signal from a small number of linear measurements or

samples. The technique is particularly useful when the signal of interest has a sparse
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or compressible representation in some known basis or dictionary.

In traditional signal processing, signals are often sampled uniformly at a high rate,
which can result in large amounts of data that are expensive to acquire, store,
and process. CS addresses this challenge by acquiring only a small number of
measurements that capture the essential features of the signal, allowing for significant

reductions in the amount of data that must be collected and processed.

The key idea behind CS is that a signal can be represented sparsely in a certain basis,
meaning that most of the coefficients in the basis representation are zero or very
small. For example, a signal consisting of a few frequencies might have a sparse
representation in the Fourier basis. CS exploits this sparsity to recover the signal from

a small number of linear measurements.

To do this, CS typically involves solving an optimization problem that seeks to find the
sparsest or most compressible representation of the signal that is consistent with the
measured data. The optimization problem is often formulated as a convex program
that can be efficiently solved using a variety of numerical methods, including greedy

algorithms and convex optimization solvers.

CS has applications in a wide range of fields, including signal processing, image
processing, and machine learning. It has been used for tasks such as image and
video compression, magnetic resonance imaging, and sparse signal recovery in

high-dimensional data analysis.

By leveraging the FrFT with CS techniques, it is possible to obtain even more accurate
and efficient estimates of the chirp parameters, which can have important applications

in various fields such as radar, sonar, and biomedical signal processing.

CS can be used with the FrFT in the estimation of chirp parameters by exploiting the

sparsity of signals in certain domains, such as the FrFT domain.

In the context of chirp parameter estimation, the FrFT can be used to transform the
signal into a domain where it is sparse or compressible. The advantage of the FrFT is its
sparsity-promoting property, which makes it well-suited for CS-based algorithms. The
FrFT can provide a sparse representation of the signal, which can be used to reduce
the number of samples needed for accurate chirp parameter estimation, leading to

faster and more efficient algorithms.

Once the signal has been transformed into the FrFT domain, CS techniques can be
used to estimate the chirp parameters from a subset of the coefficients. This involves

solving an optimization problem that seeks to minimize the £, norm of the coefficients
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subject to the constraint that the signal reconstructed from those coefficients matches
the observed data.

One approach to solving this optimization problem is through iterative algorithms
such as the basis pursuit denoising algorithm or the iterative hard thresholding
algorithm. These algorithms iteratively estimate the sparse coefficients until a certain

convergence criterion is met.

Overall, by combining the FrFT and CS techniques, it is possible to accurately estimate
the chirp parameters from a small number of measurements, making it a promising

approach for applications where data acquisition is limited or expensive.

A general method for using the FrFT and CS in chirp parameter estimation:

* Acquire a set of measurements of a chirp signal corrupted by noise.
* Perform the FrFT on each measurement with different fractional orders.

* Apply CS techniques to recover sparse representations of the transformed
signals.

* Extract the chirp parameters (frequency, chirp rate, initial phase) from the

recovered sparse representations using appropriate algorithms.

* Combine the extracted chirp parameters from all measurements to improve the

accuracy of the estimates.

* Evaluate the performance of the proposed method using simulation studies and

real data experiments.

The use of CS allows us to acquire fewer measurements than what is typically required
by Nyquist sampling theorem, while the FrFT can provide more information about the
chirp signal and potentially improve the sparsity of the signal representation. The
combination of these two techniques can lead to a more efficient and accurate chirp

parameter estimation method.
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