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ABSTRACT

TOWARDS IMPROVED ADAPTIVE CONTROL:
HUMAN PILOT MODELS & MEMORY-AUGMENTED
ARCHITECTURES

Abdullah Habboush
M.S. in Mechanical Engineering
Advisor: Yildiray Yildiz
July 2023

To facilitate the implementation of adaptive control methods, this dissertation
introduces novel solutions to key problems that hinder the employment of adap-
tive controllers in industrial applications. We present techniques that are inspired
by humans’ versatility in the control loop, where we focus on understanding how
humans adapt in the face of anomalies, and how they use their memory to better
recover from them. Towards that end, we propose adaptive human pilot mod-
els suited for the prediction of human behavior in the loop with an adaptive
controller. These models serve as valuable tools to test the interactions between
human pilots and adaptive control systems in the simulation environment in order
to ensure safe operation in the presence of an anomaly. Furthermore, the develop-
ment of the models is carried out based on rigorous Lyapunov stability analyses,
which can provide analytical insights into how to better design adaptive con-
trollers for manned applications. Apart from their unfavorable interactions with
human pilots, another issue that accounts for the scarce employment of adaptive
controllers in piloted applications lies in their transient characteristics. While
numerous works are devoted to improving the transients of adaptive control sys-
tems, in this dissertation, we focus on taking advantage of it first by providing
adaptive controllers with human-like memory capabilities. We propose a memory
architecture that can make use of stored data about the transients of previously
experienced anomalies to aid in obtaining a resilient system against uncertainties.
Thus, the proposed memory architecture enables adaptive controllers to rely on
memory rather than exploration to better recover from familiar anomalies. The
effectiveness of the architecture is validated through numerical simulations, and
a rigorous Lyapunov stability analysis is provided.

Keywords: Adaptive control, uncertain systems, human-in-the-loop control.
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OZET

GELISMIS UYARLAMALI KONTROL'E DOCGRU:

INSAN PILOT MODELLERI & BELLEK ILE
GELISTIRILMIS YAPILAR

Abdullah Habboush
Makine Mithendisligi, Yiiksek Lisans
Tez Danigmani: Yildiray Yildiz
Temmuz 2023

Bu tezde, endiistriyel uygulamalarda uyarlamali kontrolciilerin kullanilmasini en-
gelleyen temel sorunlara yeni ¢oziimler sunuyoruz. Insanlarmm kontrol konusun-
daki uzmanhgindan ilham alarak gelistirdigimiz teknikleri bu tezde paylagirken
ozellikle insanlarin anormallikler karsisinda nasil uyum sagladiklarini ve bun-
lar1 daha iyi telafi etmek icin hafizalarimi nasil kullandiklarin1 anlamaya odak-
laniyoruz. Bu amacla, uyarlamali bir kontrolcii ile dongiideki insan davranigini
tahmin etmek i¢in uyarlanabilir insan pilot modelleri oneriyoruz. Lyapunov
kararlilik analizlerine dayali olarak gelistirilen modeller, bir anormallik duru-
munda giivenli caligmay1 saglamak icin insan pilotlar ve uyarlamali kontrol sis-
temleri arasindaki etkilegimleri simiilasyon ortaminda test etmeyi saglayan degerli
araclardir. Bu, insanl uygulamalar i¢in uyarlamali kontrolciilerin nasil daha iyi
tasarlanacagna iligkin analitik yontemler saglayabilir. Insan pilotlarla olum-
suz etkilegsimlerinin yanm sira, uyarlamali kontrolciilerin pilotlu uygulamalarda
nadiren kullanilmasinin bir bagka nedeni de gec¢is donemindeki performanslaridir.
Uyarlamali kontrol sistemlerinin gecig donemindeki performanslarini iyilegtirmek
i¢in ¢ok sayida caligma yapilmig olsa da, bu tezde, insan benzeri bellek yetenek-
lerine sahip uyarlamali kontrolciiler gelistirerek 6nce gecis doneminden yararlan-
maya odaklaniyoruz. Belirsizliklere karsi esnek bir sistem elde etmeye yardimeci
olmak icin daha once yasanan anormalliklerin gecis donemleri hakkinda de-
polanmig verileri kullanabilen bir bellek mimarisi oneriyoruz. Uyarlamali kon-
trolciilerin, onceden deneyimlenmis anormallikleri daha iyi telafi etmek igin kesif
yerine bellege giivenmelerini saglayan onerilen bellek mimarisinin etkinligi sayisal

simiilasyonlarla ve Lyapunov kararlilik analizi ile dogrulanmigtir.

Anahtar sozcikler: Uyarlamali kontrol, belirsiz sistemler, dongiide-insan kontrol.
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Chapter 1

Introduction

This thesis contributes to the field of adaptive control by introducing novel
methodologies inspired by the intelligent capabilities of human operators. Par-
ticularly, we focus on two essential characteristics that a human operator brings

to the control loop, namely their adaptability and use of memory.

In spite of the numerous efforts in the field of control theory, the human oper-
ator is still indispensable in the control loop of a variety of critical tasks, where
uncertainty in the controlled elements and unanticipated external influences can
lead to catastrophic events. Among the numerous control architectures devel-
oped to emulate human-like capabilities, are adaptive control methods, which are
designed to cope with anomalies in the plant dynamics. While adaptive control
theory is a well-established field, with multiple results providing rigorous stability
and performance guarantees, several open-problems hinder their implementation

in practical industrial applications [1].

One drawback of adaptive control systems is observed from their limited em-
ployment in applications where human operators exist in the loop. In fact, un-
favorable interactions between human pilots and adaptive controllers have been
reported in certain flight tests [2], owing to their highly nonlinear characteris-

tics, which makes them hardly predictable. Consequently, to aid in the design



of adaptive controllers for piloted applications, a human-in-the loop analysis is
deemed necessary. The validity of such analyses relies on how accurately the

human control behavior is modeled.

Human pilot models play a crucial role in the evaluation of human-in-the-loop
control systems as they allow the designer to test controllers through a simulation
environment. Additionally, they provide analytical insights into how to better
design controllers for manned applications. While several pilot models exist in
the literature, usually providing a simple fixed representation of human pilots
[3,4], these models fail to capture how a pilot behaves adaptively in the face of
unexpected anomalies in the system. To address this issue, a few adaptive human
pilot models have been proposed in the literature for systems with uncertainties
[5-7], which, unlike fixed models, can adapt to changes in the plant dynamics.
However, just like fixed pilot models, the existing adaptive pilot models assume
that the human operates on a simple time-invariant control system, making them

unsuitable for the evaluation of adaptive control systems.

Therefore, to pave the way towards the implementation of adaptive controllers
in piloted applications, the first contribution of this thesis is an adaptive human
pilot model suited to be used in the loop with an adaptive controller. The model
serves as a tool for testing adaptive controllers, which can help the designer
manipulate the controller parameters in order to ensure smooth pilot-controller
interactions. Furthermore, the development of the model is carried out based on
a rigorous Lyapunov stability analysis, which can provide analytical insights into

how to better design adaptive controllers.

Another drawback of adaptive controllers lies in their transient response char-
acteristics. While having stability guarantees is commendable, it is not sufficient
to guarantee a satisfactory performance as it relies heavily on the transients. For
example, the design of an adaptive controller comprises the selection of several
parameters, such as the learning rates, for which no rule of thumb is known [1].
On the one end, high learning rates give rise to undesirable oscillations or unfea-
sible control inputs, while low learning rates lead to ineffective coping with the

uncertainty. This issue spurred efforts in the literature to enhance the transients



of adaptive controllers. In this thesis, however, unlike previous works that are

only devoted to enhance the transients, we focus on taking advantage of it first.

One substantial feature that distinguishes humans’ control from existing con-
trol architectures is their episodic memory, which enables them to remember self-
experienced events to be used later if a similar event is encountered again [8}9].
For example, when a human operator encounters a failure for the first time, they
begin exploring the situation in an attempt to recover from it, which gives rise
to unavoidable transients. While lethal, these transients are necessary to enable
the operator to learn how to cope with the uncertainty. However, on a second
encounter of a similar failure, the operator relies on his memory of the first en-
counter in order to compensate the failure with minimal exploration. Such a
characteristic is missing in the adaptive control literature as adaptive controllers

exhibits similar transients even for previously experienced failures.

Inspired by episodic memory in humans, the second contribution of this thesis
is an analogous memory architecture that allows adaptive controllers to recall
and use significant information about the past to aid in learning. This enables
adaptive control architectures to take advantage of transients while they exist by

storing valuable data, and use them to attain a better performance in the future.

This thesis is organized as follows. Chapter 2| introduces an adaptive human
pilot model for adaptive control systems. Chapter [3| builds upon the model in
Chapter [2| by proposing a more sophisticated pilot model that takes into account
the time delay in the pilot’s response while operating on an adaptive control sys-
tem, which broadens the class of suitable applications. However, unlike Chapter
[, the pilot model in Chapter [3] is developed for a simpler uncertainty in the
plant dynamics due to the major difficulty posed by the inclusion of time delay.
In Chapter [ we present a novel memory architecture that can make use of stored
data about the transients of previously experienced anomalies to aid in obtaining
a resilient adaptive control system. Finally, a conclusion is provided in Chapter
bl Throughout the thesis, the effectiveness of the proposed architectures are val-
idated through numerical simulations, and rigorous Lyapunov stability analyses

are provided.



Chapter 2

An Adaptive Human Pilot Model
for Adaptive Control Systems

2.1 Introduction

Irrespective of the numerous advances in the field of control theory, the human
operator is still irreplaceable in critical tasks where uncertainty in the controlled
elements and unexpected external influences can lead to catastrophic events. And
with a long way ahead before reaching highly intelligent controllers that can im-
itate the versatility and the adaptability of human operators in controlling com-
plex systems, several mathematical human pilot models are developed aiming to
enhance the aviation safety and handling quality measures by providing valuable

guidance to the control system designer.

One of the most important pilot models is the crossover model proposed by
McRuer [10], which is derived based on experimental observations that a human
operator controls a system in such a way that results in a well-designed linear
feedback system. The crossover model is followed by many extensions forming a
large pool a designer can refer to for predicting the human behavior in the loop

with a wide range of time-invariant controlled elements [3,4]. But, when it comes



to modeling systems that are prone to failures, damage, and sudden parametric
changes, these fixed pilot models fail to resemble how a human is found to respond
adaptively in such critical situations. This shortcoming led to the development

of a few adaptive human pilot models.

A prominent adaptive human pilot model is the one proposed in [5] and [6],
where the adaptation laws are based on expert knowledge, aiming to make the
adaptive pilot model follow the dictates of the crossover model. Inspired by
this idea, a promising experimentally-validated adaptive human pilot model is
recently developed in [7] and [11], by resorting to model reference adaptive con-
trol (MRAC) techniques which allows a rigorous stability analysis using the
Lyapunov-Krasovskii stability criteria. These studies are conducted assuming
the adaptive human pilot is operating on a linear controller-plant combination.
Although there exist studies such as [12,/13], where an adaptive controller is in

the loop, the pilot model used is not adaptive.

Developing adaptive pilot models that are suitable for adaptively controlled
systems is important because owing to their special nonlinear characteristics,
unfavorable interactions of human pilots with the adaptive control systems are

observed in certain flight tests [2].

In this chapter, we propose an adaptive human pilot model suited to be used
in the loop with an adaptive controller, for the first time in the literature. The
model serves as a tool for testing adaptive controllers, which can help the designer
manipulate the controller parameters in order to ensure smooth pilot-controller
interactions. The development of the model is carried out based on MRAC ar-
chitecture, with a rigorous Lyapunov stability analysis. A preliminary version of
this work was reported in our conference paper [14]. The results of this chapter
have been published in [15]

$(©)2022 IEEE. Reprinted, with permission, from [15].
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Figure 2.1: Block Diagram. (C) 2022 IEEE.

2.1.1 Notations

We use RP*? [SP*7){IDP*7} to denote the set of real [symmetric real]{diagonal real}
p by q matrices, and ||.|| refers to the euclidean norm for vectors (¢ = 1), and
the induced-2 norm for matrices. ||.||r refers to the Frobenius norm for matrices,
Tr{.} refers to the trace operator, and (.)T[(.)7!] denotes the transpose [inverse]
operator. Finally, we write A, (A) for the minimum eigenvalue of the matrix A

and we denote the set of positive definite real matrices by RE™.

2.2 Problem Statement

To model the human’s adaptive control behavior with an adaptive controller in
the loop, we start with a block diagram given in Fig. [2.I] In the figure, the
block diagram is divided into inner and outer loops. The inner-loop consists of
an adaptive controller controlling a plant with uncertain dynamics such that the
plant states follow those of a reference model by adjusting the control parameters

using an adaptive law.



The outer-loop consists of the human controlling the inner-loop such that the
plant output follows a reference input. The human is assumed to be well trained,
i.e., familiar with the nominal plant-controller dynamics. However, he/she is not
aware of the uncertainties in the plant dynamics. This motivates modeling the
human as an adaptive outer-loop controller, where an adaptive law is utilized to

force the plant states to follow the states of the crossover-reference model.

2.3 Inner Loop

Consider the following uncertain plant dynamics

p(t) =Apzp(t) + BpAuy(t) + BprTUp(xp(t))a

y1(t) =CT (1), (2.1)

ya(t) =Cj (1),
where z,(t) € R™ is the accessible state vector, u,(t) € R™ is the plant control
input, o,(z,(t)) : R" — R® is a known possibly non-linear basis function, W, €
R**™ is an unknown weight matrix, A € R7*™ N D™ is an unknown control
effectiveness matrix with the diagonal elements \;; € (0,1}, A, € R™»*™ is
an unknown system matrix, B, € R"™*™ is a known control input matrix, and
C; € R»*™ and (5 € R™*" are both known output matrices. The outputs
y1(t) € R™ and y»(t) € R" are the outputs of interest for the inner and outer loops,

respectively. Furthermore, it is assumed that the pair (A,, B,) is controllable.

Let the nominal plant dynamics be given as
En(t) = Apxn(t) + Bpun(t), (2.2)
where u,(t) € R™ is a nominal controller given as
un(t) = = Loxn(t) + Lyyn(t), (2.3)

where y,(t) € R™ is the human command, and L, € R™*" is such that A, =
A, — B,L, is Hurwitz. It is noted that the human input y,(¢) is bounded due

to physical manipulator limits. In the design of the outer loop, given in the next

7



section, human input saturation is considered in the stability analysis. Defining

B, & B,L,, the reference model is assigned as
. (t) = Apx,(t) + Bryn(t). (2.4)

For a constant y;,, at steady state, it is obtained using that 4,(c0) = 0 =
A,x,.(00) + Bryp, and z,.(00) = —A, ' B,L,y;,. Hence, once limy o 2,(t) = z,(t),
the plant output y;(t), given in , takes the form y;(c0) = —CT A1 B, L,yp.
Selecting

L. = —(CTA7 B, 2.5)

results in limy_, y1(t) = yp.

Considering (2.1)), which can be rewritten as
ip(t) = Apzy(t) + BpA (up(t) + WTUp@p(t))) ) (2.6)

where WT & A‘lVVpT € R™*¢ is an unknown parameter, we assume that there
exist K; € R™" and K € R™*™ such that the matching conditions

A, — B,AK: =A,, (2.7a)
B,AK! =B, £ B,L,, (2.7b)

are satisfied. The second matching condition implies that K = A™'L,. We

define the plant control law as

A

up(t) = =Ko (), (1) + diag(A(6)) Ly (t) — W (D)o (1, (1)), (2.8)

where K,(t) € R™ " \(t) € R™ and W(t) € R**™ are adjustable parameters
serving as estimates for the ideal values K}, \* and W, respectively. It is noted

that diag (A\*) = A~! exists since A is diagonal positive definite.

Substituting (2.8]) into (2.6)), one can rewrite (2.6 as

(1) = Aty (1) + Byyn(t) + ByAdiag(A(1) Loy (1)

. N (2.9)
= BA (W ()0 (1) + KB (1))

where K,(t) £ K,(t) — K*, Mt) £ \(t) — A* and W(t) £ W(t) — W are the

adaptive parameters errors.



Defining O(t) £ [W7(t), K,(t)]" € RG> with the ideal value ©* £
(WT, K7, (2.9) can be rewritten as

i, (t) =A,2,(t) + By (t) + ByAdiag(\(t)) L,y (t)

i (2.10)
— B,AO (t)o(z,(t)),

where O(t) £ O(t) — ©* and o(z,(t)) £ (o) (z,(1)), ] (t)]" € Retme,

p

By subtracting (2.4)) from (2.10]), and exploiting the fact that Adiag(S\(t))Lryh(t) =
diag(L,yn(t))AX(t), we obtain that

e1(t) =Aver () + Bydiag(Lyyn(£) A(t) — B,ADT (t)or(a, (1), (2.11)

where e;(t) £ x,(t) — z,(t) is the inner-loop tracking error. We define the inner-

loop adaptive laws as

O(t) =6(t) = Yo (z,(1))er (t)" P, By, (2.12a)
M) =A(t) = wProj (A(#), —diag(L,yn(6) B Prei (1)) (2.12b)

where Proj(.,.) is the projection operator [16,/17] used to bound the adaptive
parameter ;\(t) in a compact set with each element ;\z(t) having positive upper
and lower bounds j\mwi and j\mml Furthermore, 7y, v, € R are learning rates,
and P, € RI?™ N S%*™ is the solution of ATP, + PA, = —Q,, for some
Q, € R NS,

Lemma 2.1. Consider the uncertain dynamical system , the reference
model , and the feedback control law given by and . The so-
lution (e1(t), ©(t), A(t)) is Lyapunov stable in the large. Furthermore, since the
human command y,(¢) is bounded, limy;_,o e1(t) = 0 and (:)(t) and S\(t) remain

bounded along with all the signals in the inner-loop.

Proof. Consider the Lyapunov function candidate

Vi = el Piey + vy ' Te{(OAY2)T(OAY?)} + A7 ATAN. (2.13)



Differentiating along the trajectories and yields
Vi =¢T Prey + €T Piéy + 29, "Te{OTOA} + 297 AT AN
= — elTQlel + ZW;ITr{éT(i)A} + 27;1:\TA3\
— 2Tr{0" o (x,)ei P, B,A} + 2)\" Adiag(L,y;,) BL Pre, (2.14)
= TQrer + 20TA (Proj(j\, —diag(L,yn) BT Prey)
+ diag(L,y,) BT Pm).

Using the property (6;; — 0;;)(Proj(6;;, Yi;) — Yij) < 0 and the fact that A is

diagonal positive definite, it follows that
Vi < —elf'Que; <0. (2.15)
Hence, the solution (e1(t), ©(t), A(t)) is stable in the large.
Equation ([2.4) indicates that the boundedness of y,(t) implies the bounded-
ness of z,(t). The latter coupled with the fact that e;(¢) is bounded imply the

boundedness of z,(t), which in turn implies that (é;(t), ©(t), A(t)) are bounded.

It then follows from Barbalat’s lemma that lim; ., e1(¢) = 0. [ |

2.4 Outer Loop

Using (22.7)), and diag(A\*) = A~1, (2.10) can be rewritten as
i, (t) =A,x,(t) + B,Adiag(A(t)) Lyyn(t) — B,AOT (t)o (x,(t)). (2.16)

Since we assume that the human operator is familiar with the nominal dynamics

(2.2) and ([2.3)), the only unknowns in (2.16)) for the outer loop are the parameters
A, A(t) and O(t).

Consider the integral action
o(t) = ya(t) — r(t) + J(t)Ay(t), (2.17)

where z.(t) € R" is the integrator state, r(t) € R” is a bounded reference input,
and J(t) € R™™ is a control parameter defined below. The term J(t)Ay(t),

10



which will be explained later, is included to avoid integrator windup, and it only
takes action when the human input is saturated [18,19]. Aggregating ([2.16]) and
(2.17)) results in the augmented dynamics

#(t) =Ax(t) + Bor(t) — BuJ (t)Ay(t)

(2.18)
+ BH" (t)o(x,(1)) + BAs(t) L,y (1),

where x(t) £ [22(t), 2L (t)]" € R" is the augmented state vector with n = n, +r,

HT(t) £ —AOT(t) and Ay(t) £ Adiag(A(t)) are unknown time-varying parame-

ters, and

Ar On T
r o OPX e RV, (2.19a)
2 rXr
B2[BI 0 ]T e RMX™ (2.19D)
- D mxr ) .
B A T nxr
2 Oy —Lr| € R™. (2.19¢)

The goal of the human is to control the system such that the plant states
follow that of a unity feedback reference model with an open-loop crossover model
transfer function. We refer to the latter as the crossover-reference model (Fig.

. Let the crossover-reference model be given as
Tm(t) = Apx,(t) + Bpr(t), (2.20)

where z,,,(t) € R" is the crossover-reference model state vector, and A, € R™*"

is Hurwitz.

In an ideal case where the human input is not saturated, and both H(t) and
As(t) are known, the following control law achieves the crossover-reference model
dynamics

G*(t) = —0,a(t) — Ly H (o (x, (1)), (2.21a)
vl = LA (O LG (1), (2.21)

where we assume that there exists 6, € R™*" such that A,, = A — BL,0,.

We define the human control input by augmenting the baseline PI-control term

11



—0,x(t) with adaptive components as

G(t) = —0,2(t) — L HT (8o (1)), (2.92a)
o(t) = L5 ding (3o (1)) L,G(0), (2.290)
n (t) _ Uz’(t)’ if |Uz(t)| < Yo, (2'220)

Yossgu(vi(t)), if vi(t)] > Yo,

where [ (t) and A\ (t) are adjustable parameters serving as estimates for the ideal
values H(t) and \j(t), respectively. It is noted that diag (\3(¢)) = A;'(t) exists
for all ¢ > 0 since A5 (t) is diagonal positive definite at all time instants. Finally,
(2.22¢)) is an element-wise saturation function where y,, € R, is the saturation
limit of yp, (¢) (the i*" element of yy,(¢)).

Remark 2.1. Such a 6, exists only if A,, is selected such that

Ar - Br¢ _Brw

A
An = cT 0
2 rXTr

€ R™™, (2.23)

for some ¢ € R™*™ and ¢y € R™*". Then, 0, can be assigned as

0.2 ¢ o] e R (2.24)

Assumption 2.1. It is assumed that there exists a matrix M € R™"™ such that

M1 € R™" is Hurwitz. This assumption is used in Theorem 2.1. below.

Substituting (2.22)) into (2.18)), we obtain that

(1) =Apa(t) + Burr(t) — B () Ay(t) + BAs(t) L, Ay(t)

. X (2.25)
— BH"(t)o(x,(t)) + BAy(t)diag( Ao (1)) LG (1),

where H(t) £ H(t) — H(t) and As(t) £ Ay(t) — A5(t) are outer-loop adaptive
parameters errors, and Ay(t) = y,(t) — v(t) is the control deficiency due to

human input saturation.

Subtracting ([2.20) from (2.25), and exploiting the fact that Ay(t)diag(Aa(t)) LG (1) =

12



diag(L,G(t))As(t)As(t) results in the outer-loop error dynamics

éa(t) =Amea(t) — B J () Ay(t) + BAs(t) Lo Ay(t)

_BAT (o(ny(t) + Bliag(LEOAORD,
where ey(t) = 2(t) — x,,(¢) is the outer-loop tracking error.
We generate an auxiliary signal ea(t) as in [20,21]
éa(t) = Amea(t) = BnJ ()Ay(t) + Bdiag(As (1)L, Ay(t), (2.27)

ea(to) =0,

where \; (t) is an adjustable parameter serving as an estimate for the ideal value
A;(t), and diag(\5(t)) = Ao(t). Defining an augmented error signal e,(t) =
es(t) — ea(t), and using the fact that diag(As(t))L,Ay(t) = diag(L, Ay(t))As(t)
yields

() =Ane, (t) — Bdiag(L, Ay(8) (1)

N i (2.28)
— BH" (t)o(z,(t)) + Bdiag(L,G (1)) A2 ()M (1),

where Az(t) £ As(t) — M5(t). Equation (2.28) is in a standard error model form.
We propose the adaptive laws

H(t) =yuProj (ﬁ[(t), a(xp(t))eg(t)PzB> , (2.292)
Do (t) =75 Proj (Ra(t), —diag(L,G(£) B Pe, (1)) (2.29D)
As(t) =sProj (As(t), diag(L, Ay(t) BT Pe, (1)) (2.29¢)

where vy, 72,73 € Ry are learning rates, and P, € R*" N S™ ™ is the solution of
AT Py+ Py A, = —Qo, for some Q2 € R NS™*". In addition, we impose bounds
on the elements of \(t) with each element Ay, (£) having positive upper and lower

bounds S\Qmaxi and j\gmln This ensures that diag(;\g(t)) is always invertible.

Finally, regarding the anti-windup term used in (2.17), and with Assump-
tion 2.1 satisfied, we define J(t) as

J(t) = ML diag( Ao (t)) ' Ly, (2.30)

which is bounded since S\Qmm >0,t1=1,...,m.

13



Remark 2.2. It follows from Lemma 2.1 that ©(t), A(¢), (:)(t) and S\(t) are
bounded, which implies the boundedness of H (t), Ay(t), H(t) and Ay(t). There-
fore, there exist h € Ry, h € Ry, f3 € R, and 5 € R, such that |H(¢t)|| < h,
I1H ()| < h, [|A(t)||r < B3 and [|[As(t)||# < S5 for all ¢ > 0. The latter implies
that [|A5(2)]| < B and || A5(£)]| < Bs. Moreover, as Apin, > 0 for i = 1, ..., m, there
exists B € R, such that ||A;'(t)||r < B2 And since ;T —AS'A5AS Y, then

dt
there exists 4, € Ry such that || dlzﬁ : | < fBa. This implies that ||A5(2)|| < 8, and
IA5(8)]| < Bs for all ¢ > 0.

Theorem 2.1. Consider the uncertain dynamical system (2.1), the adaptive

controller given by (2.4), (2.8) and (2.12), and the adaptive pilot model given
by (2.17), (2.20), (2.22) and (2.29). Then, the solution (e,(t), H(t), \2(t), A3(t))

remains bounded for all ¢t > 0 and converges to the compact set

B 2 { (e (). 50) a(0)
) o ) (2.31)
les (O < )] < F 150 < 2 and o] <

where

n & 27;117171 + 27§1d2ﬁ332 + 7{154253542 + 275154333
Amzn(QZ) 7
B é ||ﬁmaz|| + hy d? é ||5\2ma:v|| +52) dS é ||5\3ma$|| +B37 and ha hv /827 627 63 and

(2.32)

B3 are defined in Remark 2.2. Furthermore, all system signals are bounded.

Proof. Consider the Lyapunov function candidate

Va(ey, H, Ao, \3) =el Paey + 75 Tr{H"H} + 73 ' A Asdo + 75 AT X5, (2.33)

14



Differentiating along the trajectories and yields
Vs =¢T Prey + €7 Poé, + 2y Tr{ H" H}
+ 27515\2TA23\2 +7 A Aoy + 2751:\3T3\3
= — e, Qe — 2Tr{ﬁTa(xp)e§P2B}
+ 2\ Aydiag(L,G) BT Pye, — 2\ diag(L, Ay) BT Pye,
+ 271_{1Tr{ﬁT[§} — 2 Te{H"H}
+ 207" A gk = 297 M Aok 497" A Aoy
205130 — 2053 .
= — GZQgey + 72_1;\2TA25\2
— 27" Tr{ AT H} — 295"\ Aod; — 295 AT A3
4 OTY {FIT (Proj(ﬁ, Yi) — YH) }
+ 230 s (Proj(ha, ¥2) - Y3 )
+ 2] (Proj(hs, ¥a) — ).
where Yy = o(xp)e) PoB, Y, £ —diag(L,G) BT Pye, and Y3 = diag(L,Ay(t)) BT Pse,.
Using the projection property (6;; — 07 ,)(Proj(0;;,Y; ;) — Yi;) < 0, Remark 2.2,
and the fact that Ay(t) is diagonal positive definite, we obtain
Vy < — ey Qaey + Yo ' AT Ax
— AT {HTH} — 275 ' AT AN, — 295 P AT s (2.35)
< = Ain (Q2) ey l|* + Amin(Q2)1.

Hence, V5 < 0 outside the compact set , which proves the boundedness
of (e,(t), H(t), A2(t), As(t)). The boundedness of all the signals in the inner-
loop, including x,(t), follows from Lemma 2.1. According to (2.20)), since r(¢)
is bounded, x,,(t) is also bounded, which leaves us only to prove that z.(t) is

bounded to complete the proof.

We prove the boundedness of z.(t) (and hence x(t)) by considering the cases
where a) Ay(t) =0 and b) Ay(t) # 0.

Case a) Ay(t) = 0: It follows from (2.27)) that ea(t) is bounded which by the
fact that e, () is bounded, shows the boundedness of e;(t) and z(t).
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Case b) Ay(t) # 0: Using Ay(t) = yn(t) — v(t), can be rewritten as
Geo(t) = Cyap(t) — r(t) + J(t)yn(t) — J(t)u(1). (2.36)

Substituting and (2.22a)), one can rewrite as
() =Cq xy(t) — r(t) + J(t)yn(t)
+ J(t) L diag(Aa(t)) Ly 0,2(t) (2.37)
+ J ()L, diag(As(8)) HT (D)o (w,(t)).
Using (2.24)), it is obtained by substituting 0,2 (t) = ¢x,(t) + 1z (t) and
into that
io(t) =J () Ly diag(Ao(t) Lipwe(t) + w(t),
=M. (t) + w(t), (2.38)
w(t) £(C5 + M)z, (t) — () + J(O)ya(t) + ML H () (x,(1)).

A

As r(t), H(t),yn(t), J(t) and x,(t) are bounded, then so is w(t). Therefore, it
follows from Assumption 2.1 and (2.38)) that z.(¢) is bounded which implies the

boundedness of z(t).

The boundedness of es(t) follows from the boundedness of x(t) as z,,(t) is
bounded. Since e, (t) = e(t) — ea(t) is bounded, then ea(t) is also bounded,
which implies by (2.27) that Ay(¢) is bounded and completes the proof. |

2.5 Special Case: Systems with Free Integrators

The assignment of L, given in (2.5)) is invalid when C] A !B, is singular. This
may happen, for example, when the pilot commands attitude rates to the inner-
loop controller aiming to achieve desired attitude angles. In such a case, ({2.1))

can be modified by separating the states as
Tg As 0] |z

+
9'59 Clj; 0 To
yi(t) =d(t) = Claas(t),
y2(t) =w(t) = Cy (1),

16
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where z,(t) € R™, x4(t) € R™, and z,(t) £ [21, z]]" € R™. To ensure the
existence of L,, the adaptive controller is made responsible only for the control
of z4(t) dynamics while making sure that the human input y(¢) is being tracked

by the plant. This yields inner-loop dynamics similar to (2.10]) as

xs(t) :Arsxs (t) + Brsyh(t) + BSAdlag(S‘(t))Lryh(t)

) (2.40)
— B,AOT (t)o(z4(1)),

where the pair (A,s, B,s) describe the modified reference model dynamics with
the nominal dynamics of x,(t) represented by (A,s, Bs). Augmenting ([2.40]) with
x¢(t) dynamics results in a closed loop system similar to (2.16) which directly

extends the previous results of this chapter to the case in hand.

2.6 Simulations

Consider a large transport aircraft model [22] linearized at Mach 0.3 and altitude
1000m in the form of (2.39)), where

ws(t):[a g B p r]T, F(t) = [p q rr, (2.41)

a (rad) is the angle of attack, 5 (rad) is the side-slip angle, and p, ¢ and r (rad/s)

are the roll, pitch and yaw rates, respectively. The input vector is defined as
T
up(t) = [56 da 5,} , (2.42)

consisting of the deflections (in rad) of 2 ganged elevators 0., 2 ganged ailerons 4,

and 2 ganged rudders §,. The numerical data used in the simulations are given
in Table 211

A

The matched system uncertainty W o,(zs(t)) is given by o,(z4(t)) =
[1,q,p,7]". A pilot is controlling the aircraft to achieve desired attitude angles

by feeding attitude rate commands to the inner-loop controller using a side-stick.

To design the crossover-reference model ([2.20]), the LQR method is used with
Qror = diag([01xs,5,5,5]) and Rpgr = 5I3x3 which yields 6, in (2.24]) with the
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Table 2.1: Numerical data used in the simulations. @ 2022 IEEE.

[-0.6582 0.9705 0 0 0; -3.3105 -1.4741 0 0 0;
Ans | 00-0.1706 -0.0075 -1; 0 0 -2.4792 1.3585 0.5897;
0 0 0.8050 0.0559 -0.5584]

[-0.8489 1.1494 -0.0356 -0.0014 -0.0087; -12.8627

Ay 7.4865 -1.7827 -0.0688 -0.4341;-0.1071 -0.0004
-0.6684 -0.0140 -1.6727; -0.0807 -0.0474 -0.6318

3.0151 -0.3975;1.0380 0.0093 5.3771 -0.0697 6.0156]

[-0.6582 0.9705 0 0 0; -3.3105 -1.4741 0 0 0;

A 0 0-0.1161 0.0321 -0.9471; 0 0 0 -1.5 0;
0000 -1]
B, :0.0734 0 0-3.6764 0 0;0 0 0.0256;

0 1.0924 0.1240;0 -0.1240 -0.2600]

W, [0.5 0.5 0.5;0.2 0.2 0.2;0.1 0.1 0.1;0.5 0.5 0.5]

sub-matrix ¢ = I3y3. As all eigen values of 1) have positive real parts, we assume
M = —1001343 which ensures that M1 is Hurwitz. In addition, the Lyapunov
matrices are taken as Q1 = I5x5 and Q2 = 2111411, and the human pilot’s learning
rates are assumed to be vy = v = 73 = 20. The human’s command is saturated
as in (2.22d) with y,, = 20 deg/s for i = 1,...,3, A = I3,3 for t < 40 sec, and we

introduce a failure into the system by making A = 0.31343 for ¢ > 40 sec.

Figs [2.2] and [2.3] show the aircraft attitude angles and the evolution of the pi-
lot commands, respectively for different inner-loop learning rates. Good tracking
performance is observed for the cases where vy = v, = 100 and 7y = v, = 50 while
the pilot commands show an oscillatory behavior when an uncertainty is intro-
duced to the system. However, for the cases where 79 = v, = 40 and vy = v, = 10,
despite the boundedness of all the signals, the tracking performance significantly
deteriorates resulting in consistent high amplitude oscillations. Furthermore, pi-
lot commands saturate in the pitch direction since the pilot spends more effort

to maintain a satisfactory performance due to a slower adaptive controller.
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The simulations in Figs and are not aimed towards providing high-
performance controller implementation examples, but rather to demonstrate a
use case for the presented modeling approach where the effect of the adaptive

controller learning rate on the behavior of the pilot is investigated.

2.7 Summary

In this chapter, we propose an adaptive human pilot model that describes the
human behavior in the loop with an adaptive controller. The pilot is modeled
as a model-reference adaptive control architecture where, when faced with an
anomaly, the pilot adapts in such a way that results in following the dictates of
the crossover model. Furthermore, a numerical simulation of a transport aircraft

is provided, where we demonstrate a use case for the presented model.
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Chapter 3

An Adaptive Human Pilot Model

with Reaction Time-Delay

3.1 Introduction

In Chapter [2, we introduced an adaptive human pilot model that can describe a
pilot’s behavior in the loop with an adaptive control system. The model is devel-
oped based on MRAC architecture, with a rigorous Lyapunov stability analysis,
which can aid in the design of adaptive controllers both analytically and in the
simulation environment. However, the adaptive pilot model presented in Chap-
ter [2| does not explicitly take into account the time delay in the human pilot’s

response, which narrows down the class of suitable applications.

In this chapter, we build upon the work in Chapter[2] by proposing an adaptive
pilot model that considers the human internal time delay while operating on an
adaptive control system. The model can be used for the evaluation of adaptive
controllers in piloted applications and aid in their design, especially when the
delay in the pilot’s response is significant. With a simpler uncertainty in the
plant dynamics compared to Chapter|2] the inclusion of time delay in the human’s

response forms a major difficulty, which necessitates the prediction of the future
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states of a time-varying uncertain adaptive control system. We propose a novel
approach by resorting to the fundamental theory of linear systems, and MRAC
to provide a rigorous Lyapunov-Krasovskii stability analysis. The results of this

chapter were partially presented in our conference paper [23]EI

For the sake of completeness, this chapter has been written to be self-contained.
Therefore, the reader does not need to refer to Chapter [2[ to grasp the contents

of this chapter, as similar steps are re-explained here.

3.1.1 Notations

We use RP*? [SP*9]{DP*?} to denote the set of real [symmetric real]{diagonal real}
p by q matrices, and ||.|| refers to the euclidean norm for vectors (¢ = 1), and
the induced-2 norm for matrices. ||.||r refers to the Frobenius norm for matrices,
Tr{.} refers to the trace operator, and (.)T[(.)7!] denotes the transpose [inverse]
operator. Proj(A(t),Y) is the element-wise projection operator, defined in [17],
used to bound each element 6; ;(t) of an adaptive parameter (t) in a compact

set [emmi,j,émw,j]- Finally, we write A, (A) for the minimum eigenvalue of the

matrix A and we denote the set of positive definite real matrices by RE.

3.2 Problem Statement

To model the human’s adaptive control behavior with an adaptive controller in
the loop, we start with a block diagram given in Fig. [3.I] In the figure, the
block diagram is divided into inner and outer loops. The inner-loop consists of
an adaptive controller controlling a plant with uncertain dynamics such that the
plant states follow those of a reference model by adjusting the control parameters

using an adaptive law.

The outer-loop consists of the human controlling the inner-loop such that

§(©2022 IEEE. Reprinted, with permission, from [23].

25



( Crreamoar )
Crossover

—>  Reference
\ Model )

Human - | Reference I
Adaptive Law ] Model |
r ~ r r | ; . vy .

o  Human > » Delay Controller Uncertain --*--*C)I

Control ! J L T ] Plant :
\ J i ]

! !

Outer Loop

_____________________________________

Figure 3.1: Block Diagram. (C)2022 IEEE.

the plant output follows a reference input. A significant delay is present in the
human’s response, and physical manipulator limits impose magnitude saturation
on the human control input. The human is assumed to be well trained, i.e, familiar
with the nominal plant-controller dynamics. However, he/she is not aware of the
uncertainties in the plant dynamics. This motivates modeling the human as an
adaptive outer-loop controller, where an adaptive law is utilized to force the plant

states to follow the states of the crossover-reference model.

3.3 Inner loop

Consider the following uncertain plant dynamics

ap(t) :Apxp<t) + BpAuy(t),
yi(t) =Cf zy(t), (3.1)
ya(t) CT?L‘p(t)
where z,(t) € R™ is the accessible state vector, u,(t) € R™ is the plant control
input, A € R N D™ is an unknown control effectiveness matrix with the

diagonal elements \;; € (0,1], A, € R™*"™ is an unknown system matrix, B, €

R™>™ is a known control input matrix, and C; € R™*™ and Cy € R™*™ are

26



both known output matrices. The outputs y;(¢) € R™ and yq(t) € R™ are the
outputs of interest for the inner and outer loops, respectively. Furthermore, it is

assumed that the pair (A,, B,) is controllable.

Let the nominal plant dynamics be given as
En(t) = Apxn(t) + Bpun(t), (3.2)
where u,(t) € R™ is a nominal controller given as
Un(t) = —Lyxn(t) + Leyn(t — 7), (3.3)

where yp,(t — 7) € R™ is the human command to the inner-loop with an internal
human time delay 7 € R*, and L, € R™™ is such that A, £ A, — B,L,
is Hurwitz. It is noted that the human input y;(¢) is bounded due to physical
manipulator limits. In the design of the outer loop, given in the following section,
human input saturation bounds imposed by the manipulator limits are considered

in the stability analysis. Defining B, £ B,L,, the reference model is assigned as
. (t) = Ayx,(t) + Bryn(t — 1), x.(to) = 0. (3.4)

For a constant y;, at steady state, it is obtained using that 4,(0c0) = 0 =
A,x,.(00) + Byn, and therefore x,(c0) = —A, ' B, L,y;. This means that once the
reference model state tracking is achieved, i.e., lim;_,o z,(t) = z,(t), the plant
output ;(¢), given in (3.1)), takes the form y;(co0) = —C¥ A, 1B, L,y;,. To achieve

limy o0 y1(t) = yn, we select
L.=—(CFrA'B,)™". (3.5)

Considering (3.1]), we assume that there exist K € R™*"™ and K} € R™*™ such

that the matching conditions
A, — B,AK; = A, (3.6a)

B,AK? =B, £ B,L, (3.6b)

are satisfied, where the second matching condition implies that K* = A~'L,. We

define the plant control law as

up(t) = =K (1)2(8) + diag(A(t) Lrya(t — 7), (3.7)
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where K,(t) € R™™ and A(t) € R™ are adjustable adaptive parameters serv-
ing as estimates for the ideal values K and A\*, respectively. It is noted that

diag (A\*) = A exists since A is diagonal positive definite.

Substituting (3.7) into (3.1]), one can rewrite (3.1)) as

Tp(t) =A,xp(t) + Byyn(t — 7) + B,Adiag(A(t)) Lyyn(t — 7)

i (3.8)
— BAK,(t)x,(t).

where K, (t) £ K,(t) — K* and A(t) £ \(t) — \*.

By subtracting (3.4) from (3.8), and using Adiag(A(t))L,yn(t — 7) =
diag( L,y (t — 7))AX(t), we obtain that

er(t) = Ave(t) + Byding(Loyn(t — T)AND) — BAK, (Da,(t),  (3.9)

where e;(t) = x,(t) — z,(t) is the inner-loop tracking error. We define the inner-

loop adaptive laws as

~ A

KI(t) = KX (t) =v,2,(t)er () PLB,, (3.10a)

X(t) = A(t) =72 Proj (X(t), —diag(Lyp(t — T>)nglel(t)) . (3.10)

where positive bounds are set, by the projection operator, on each element ;\i(t),
ie., S\maxi > Xmml > 0 for all ¢+ = 1,...,m. Furthermore, ~v,,7\ € R, are
learning rates, and P, € Ripxn” NS™*™ is the solution of the Lyapunov equation
ATP, + P A, = —@Qy, for some @, € RY”™" NS> In this thesis, without loss
of generality, all learning rates are taken as scalars, instead of diagonal positive

definite matrices, for simplicity of notation.

Lemma 3.1. Consider the uncertain dynamical system (3.1]), the reference

model (3.4]), and the feedback control law given by (3.7) and (3.10). The so-
lution (e1(t), K4(t), A(t)) is Lyapunov stable in the large. Furthermore, since the

human command y(t) is bounded, due to imposed saturation limits by the phys-
ical manipulators, limy_, e1(t) = 0 and K,(t) and A(t) remain bounded along

with all the signals in the inner-loop.

Proof. The proof of Lemma 3.1 is similar to the proof of Lemma 2.1. |
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3.4 QOuter Loop

Using (3.6)), and diag(\*) = A™1, (3.8) can be rewritten as

iy(t) = Ay, (t) + ByAdiag(A(t)) Loyn(t — 7) — ByAK ()2, (t). (3.11)

Since we assume that the human operator is familiar with the nominal dynamics

(3.2) and (3.3), the only unknowns in (3.11)) are A, A(¢) and K,(¢). Furthermore,

it is assumed that the internal time delay 7 is known by the human pilot.

Defining the unknown time-varying parameters as

HT(t) & — AK,(t), (3.12a)
Ay(t) 2Adiag(A(t)), (3.12D)

equation (3.11)) can be rewritten as

£,() = (A, + BH™ (0)a,(0) + ByAa(t) Loyt — 7). (3.13)

It is noted that although is a non-linear control system, it is viewed by
the pilot as a linear-time-varying system whose state matrix is represented by
A(t) = A, + B,HT(t). The goal of the human is to control the system such that
the plant states follow that of a unity feedback reference model with an open loop
crossover model transfer function. We refer to the latter as the crossover-reference
model (Fig. . Let the crossover-reference model be given as

Tm(t) = Apxm(t) + Bnr(t — 1), (3.14)

where z,,(t) € R" is the crossover-reference model state vector, r(t) € R™ is
a bounded reference input, A,, € R™*™ is Hurwitz and B,, £ B,f, € R™»*™.
Similar to the inner-loop, and for a constant reference input r, the nominal feed-

forward gain 6, € R™*™ is selected as
0, =—(CyA'B,)™! (3.15)

to achieve limy_,oo yo(t) = 7 if limy 00 2, () = x4 (t).
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In an ideal case where the human input is not saturated, and both H(t) and
As(t) are known, the following non-causal control law achieves the crossover-

reference model dynamics

G (t) = —O,x,(t +7) + 0,0(t) — LTPH (¢ + 1), (t + 7),

(3.16)
yn(t) = LA (E+ 7) LG (1),

where we assume that there exists 6§, € R™*" such that A,, = A, — B,L,0,.
The future state of the plant z,(¢ 4+ 7) is predicted by solving the time-varying

differential equation (3.13|) as
Tp(t+7) =D(t + 7,t)x)(t)

0 (3.17)
+ / B(t + 7.t + 1+ T)ByAa(t + 1+ 7) Loy (t + 1) i

—T

where ®(t9,t;) € R™*" ig the state transition matrix of (3.13). Motivated by
(3.16)) and (3.17)), we define the human control input as

G(t) = &1(t)a, (1) + Oor(1) + /_ Do (t, ) Loy (t +n) dn, (3.18a)
v(t) = L' diag(Aa(t)) LG (1), (3.18b)
Un, (t) _ Ui(t)v if |U1(t)| < Yo, (3.18C)

Yo,sgn(vi(t)), if [i(t)] > yo,

where @ () € R™ ™ &,(t,n) € R™™ and \(t) € R™ are adaptive parameters
serving as estimates for the ideal values

Pi(t) = H(t)®(t + 7,1),

(3.19)
O5(t,n) =H)P(t+71,t+n+7)BA2(t+n+7),

and Aj(t), respectively, where H(t) & —(0, + L7'H"(t 4+ 7)). It is noted that
diag (\5(t)) = Ay'(t + 7) exists for all t > 0 since As(t), defined in (3.12h)),
is diagonal positive definite at all time instants. This is guaranteed due to the
positive lower bounds imposed by the projection operator in on the inner-
loop adaptive parameter S\(t) Furthermore, is an element-wise saturation

function where y,, € R, is the saturation limit of y;, (t) (the i* element of y;()).
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Substituting (3.18)) into (3.13), and with some algebraic manipulations, we
obtain that

Tp(t) =Apxy(t) + Bpr(t — 1) + ByAo(t) L. Ay(t — 1)
+ ByAy(t)diag( Ay (t — 7)) L,G(t — 7)
+ ByLo@(t = 1)t = 7) (3:20)

0
+ B, L, / Oo(t — 7,m) Lyyn(t + n — 7)dn,

where &1 (t) £ &, (£)— D% (t), Po(t, n) £ Do(t, n)—P3(t, 1) and Aa(t) 2 Na(t) = N3(2)

are outer-loop adaptive parameters errors, and Ay(t) = yu(t) —v(t) is the control

deficiency due to human input saturation.

Subtracting (3.14) from (3.20), and using A,diag(A;)L,G = diag(L,G)As\;

results in the outer-loop error dynamics
é2 (t) :Am€2 (t) + BPAQ (t) LTAy(t — T)
+ B,diag(L,G(t — T))AQ(f)S\Q(t —7)

+ B,,L,@l(t —T)z,(t —7) (3.21)
+ B,L, /0 o(t — 7,1) Loy (t + 1 — 7)dn,
where e5(t) £ x,(t) — ,,(t) is the outer-loop tracking error.
We generate an auxiliary signal ea(t) as in [20,21]
ea(t) = Amea(t) + Bydiag(As(t) Ly Ay(t — 7), (3.22)

ea(ty) =0,
where 5\3(15) € R™ is an adjustable adaptive parameter serving as an estimate
for the ideal value \(t), and diag(A;(t)) = Aa(t). Defining an augmented error
signal as e,(t) £ ey(t) — ea(t), and exploiting the fact that diag(\s)L,Ay =
diag(L,Ay)A; yields
6, (1) =Ane, (t) — Bydiag(LeAy(t — 7))Ao(t)
+ Bydiag(L,.G(t — 7)) Ay (t) Ao(t — 7)

+ By Ly &y (t — )a,(t — 7) (3:29)
0
B,L. / Dot —7.0) Lot + 1 — 7)dn,
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where A3(t) £ As(t) — Ai(t). Equation (3.23) is in a standard error model form
[7,24]. We propose the adaptive laws

Na(t) =72 Proj (Aalt), ~diag(L,G(t — 7)) BE Paey (1)) (3.24a)
As(t) =5Proj <5\3(t), diag(L, Ay(t — T))B,,Tpgey(t)) , (3.24b)
O (1) =, Proj (91 (1), —,(t — T)el () PoB, L, ) (3.24¢)
T (t,7) =74, P10j (<i>§(t, ), —Leyn(t +n—7)ey (t)PQBpL,«> : (3.24d)

where V2,73, 74,5 V74, € Ry are learning rates, and P, € R? * A S XM g the
solution of the Lyapunov equation AL P, + Py A,, = —Qs, for some @, € R?*™ N

Srpxnp

The following Lemma establishes key bounds on the state transition matrix of
(3.13) and its time derivative, which is then utilized in the remarks that follow to
show that all ideal values, of the outer-loop adaptive parameters, and their time
derivatives are bounded. Such bounds play a crucial role in the stability proof
that follows in Theorem 3.1.

Lemma 3.2. The state transition matrix ®(¢ + 7,¢) and its time derivative
Cb(t + 7,t) are bounded, i.e., there exist ¢ € Ry and ¢ € R, such that | D(t +
7, 1)||p < ¢ and | ®(t + 7, t)||p < ¢ for all t > t,. In addition, the same bounds
apply for ®(t + 7,¢t +n+ 7) and its time derivative for all ¢t > t5, —7 <1 <0.

Proof. Tt follows from Lemma 3.1 that the origin {&; = 0, K, = 0, A = 0} is
uniformly stable in the large. The state transition matrix ®(¢ + 7,¢) defines the
solution x,(t + 7) = ®(t + 7,t)x,(t) of the homogeneous part of (3.13))

(1) = (A + B,HT(8)), (1) (3.25)
Since x,(t) = e1(t) + x,.(t), and z,(ty) = 0, then the homogeneous part of (3.4))
t,(t) = Arx,(t), z,.(to) =0, (3.26)

yields the solution z,(t) = 0, which implies that x,(t) = e;(t) for all ¢t > t.
This shows that the origin z, = 0 of (3.25)) is uniformly stable in the large.
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It then follows from Theorem 6.4 in [25] that there exists ¢ € R, such that
|D(ta,t1)||F < ¢ for all ty, ty, where ty > t;. This in turn implies that

|D(t+ 7,t)||r < ¢, for all t > t, 327
|P(t+7,t+n+7)||r < @, forallt >ty, —7 <n <O0. '

Furthermore, the state transition matrix can be defined by the so-called funda-

mental matrix X (¢) of (3.25)) as
Ot +71,t)=X({t+7)X(), (3.28)

where X (t) is non-singular for all ¢ > t, [26], and satisfies X (t) = A(t)X(t).
Denoting A(t) 2 (A, + B,H”(t)), and differentiating (3.28) yields

D(t+7,t) =X{t+7)XH) 4+ X(t+ T)%X(t)_l

=X(t+7)XH) = X(t+7)XE) X ()X (1) (3.29)
=A{t+71)P(t+7,t) — P(t + 7,1)A(2).

Since the boundedness of HT (t) & —AK,(t) follows from Lemma 3.1, then A(t)
is also bounded. Together with (3.27)), this shows that all the terms in (3.29)) are
bounded, which implies that there exists ¢ € R, such that

|D(t+ 7,t)||p < @, for all t > t,, (3.30)
1Dt +7,t+n+7)|r <o, forall t > ¢y, —1 <15 <0. '

Remark 3.1. It follows from Lemma 3.1 that K(t), A(¢), f((t) and S\(t) are
bounded, which implies the boundedness of H(t), Ay(t), H(t) and Ay(t). There-
fore, there exist h € Ry, h € Ry, f3 € R, and 5 € R, such that |H(t)|| < h,
|H ()| < h, [|A2(t)]|r < B5 and ||[As(t)||# < S5 for all t > t,. The latter implies
that | A5(2)]] < Bs and || N5(t)]| < Bs. Moreover, as Apin, > 0 for i = 1,...,m,

there exists B, € R, such that ||[A;*(#)||r < B2. And since 4, - —ASTALAG Y,

dt
then there exists #, € R, such that ||d‘/(\1§ : | < Bo. This implies that | \;(¢)]| < Ba
and || A5(t)|| < S, for all t > t,.

Remark 3.2. Together with Remark 3.1, the bounds (3.27) and (3.30)), es-
tablished in Lemma 3.2, show that all the terms of the ideal values (3.19) and
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their time derivatives are bounded. Hence, there exist ¢, le,gbg, ég € R, such
that [®7(t)[lr < @1, |D5()]r < é1 for all t > to, and [®5(t,n)|r < ¢,
|95, m) | < B2 for all ¢ > to, —7 <1 < 0.

Theorem 3.1. Consider the uncertain dynamical system given by , the
adaptive controller given by , and , and the adaptive human pilot
model given by , and . Then, there exists 7" € R, such that
for all 7 € [0, 7*], the solution (e, (t), Aa(t), As(t), ®1(t), Po(t, 7)) remains bounded
for all ¢ > tg and converges to the compact set defined in . Furthermore,

the closed-loop system is stable in the large, and all signals are bounded.

Proof. Consider the Lyapunov-Krasovskii functional

Ve =e,, (1) Paey (1) + 75123 (1) A

v AL (A / / AT (€) Ao (€)dedy
-7 Jt+v

+ 5 Te{®] (1) }+/_ /H Tr{ @7 (€)@ (¢) }dedv (3.31)

o / Te (7 (t,)Ba(t n) )y

/_T /HV /_T Tr{q) (3 77)@2(5 n) ydndédw.

For brevity, we define

Wi [ 0 /+ K1) a6 dedy

/_T /t+y TH{@T(€)24(6)}dedv (3.32)

* /_ T /HV /_ ) Tr{®F (¢, 7) B, (€, 1) bdndéd,
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where

Wi(t) :Tj\g(t)j\Q(t) — /0 izT(t + u)5\2(t + v)dv

-7

+ 7T { &7 (181 (1)} / Te{@] (¢ + 1)1 (¢ + )}dv
0 (3.33)
+7-/ Tr{(iJQT(t,n)&)Q(tyﬁ)}dn

0 f0 . .
- / / Te{®5 (t + v, 1) ®(t + v,7) }ydnd.
Differentiating (3.31)) along the trajectories (3.23)) and - and using

we obtain that
Vo =€ (1) Paeg (1) + € (1) Poéy 1) + 275 "M (6)As (1)
+ 29, AT (O Ao () halt) + 75 M (D) Aa() Ao t)
+ 27, Tr{ @] (£)81 (1))
r05) [TEGE)an + ()
— & (H)Qae, (1) — 23 (t)diag(L, Ay(t — 7)) BT Pae, (1)

+ 207 (t — 7)Ao (t)diag(LyG(t — 7)) By Paey(t) (3.34)

+ 2eg(t)P2Ber<i>1(t —T)x,(t —T)
0
2T () PyB, L, / Balt —7.m) Lot + 1 — 7)dn

+ 295 AL () As () + 295 Tr{OT ()B4 (£)}
+ 295 AL () As(B) Ao (1) + 75 AL (8) Aa(t) Ao ()

2! / Te{ &7 (¢, n) ot m) }y + (1),

Using the fact that g(t — 7) = g(¢ f v)dv for )\T( ), ®1(t — 7)
and sz(t — 7,7), and decomposing )\2( ) = ( ) ( ), )\3( ) = )\3( ) — )\§(t),
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By (1) = By (1) — Br(t) and By, 1) = (1) — PI(E, 1), we get
Vo = — ] (1)Qaey (t) — 25 (t)diag(L, Ay (t — 7)) By Paey(1)
+ 2] () Ao (t)diag(L,G(t — 7)) BT Pae, (t)
P

-2 ( ’ ;\2T(t + y)dy) Ao (t)diag(L G (t — 7)) B} Paey(t)

—I—Qe (t)P2B,L, [@()xp(t—T)

h (/0 Byt + u)dy) 2 (t—7)

0
+ / By (t,m) Lo (t + 1 — 7)dn

_ /_OT (/0 Byt + v, n)dy) Loyn(t + 1 — 7)dn (3.35)

+ 29 N (DA (1) — 295 N (A1)

+ 29, AT (DA (D) alt) — 295 A () Aa(6) A5 (1)
9y AE (B Aa(D)a(t)

+ 29, (DT (1)@ (1)) — 295 Te{ @57 (1)1 (1))

+ 27, / Te{® (£, 1) ®s(t, 1) }n

-7

2] / Te {37 (1, 1) da(t, 1) }dn + W ().

Defining
N () £ 75" N5 (DA (A (t) — 275 AT (A2 (1) A5 (1)

= 295 AT (A (1) — 29, Te{ @17 (1) 81(1)) (3.36)

0
— ;) / Te{®3" (£, 1) D2 (t,n) }dn,
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using Tr(AB) = Tr(BA), and rearranging, we get

Vo = —eT(1)Qae, (1) + N*(1) + W (1)
+ 23 (1) (—diag(L, Agy(t = 7)) B Paey (£) + 75 Aa(1))
+ 23 (8)As(t) (ding(LeG(t — 7)) BY Paey (1) + 75 (1))

+2Te{®, (1) (plt — 7)el () P2B, L, + vdjlti)T(t)>}

+ 2/0 Te{®a(t, ) (Lryh(t + 11— 1)l (O) PyBy Ly + 7, 9L (¢, n))}dn (3.37)
— %) /_ 0 M (¢ + 1) Ag(t)diag (L, G(t — 7)) B Pae,(t)dv

9 /_0 Te{ds (¢ + )z, (t — 1) () PoB, Ly Y

. 2/_7 /_T Te{®s(t + v, n) Ly (t + 1 — 7)eL (£) Py B, L, ey

Substituting the adaptive laws in (3.37) yields
r (1)Qaey (1) + N*(1) + W(t)
+ 23 (1) (Proj(Aa(t), Ya(t)) — (1))
+ 23 ()A2(t) (Proj(Aa(t), Ya(t)) — Ya(0))
o+ 2Te{®1 (1) (Proj (@4 (1), Yo, (1)) = Yo, (1))}
2 f Te{@s (1) (Proj (®a(t, ). Yiu(t,m) = Yiultm) ) Jdn (3.38)
+2 / 0 (¢ + ) As(1)Ya () dv

49 / D Te{y (14 )Y (1))

0 0 .
+2 / / Te{@o(t + v, 1)Ys, (¢, 1) tdrdn,

where
Ya(t) £ —diag(L,G(t — 7)) Bl Paey(t),
Yi(t) £ diag(LeAy(t — 7)) BL Paey (1), o
Yy, () < —xp(t — ) ( VP2 B, Ly,
Yo, (t, 1) & —Lyyn(t +n —7)e, (1) PoB, L,
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Using the projection property (6;; — 0;;)(Proj(0; ;, Yi;) — Yi;) <0, and the fact
that A(t) is diagonal positive definite, it follows from (3.38]) that

Vo < — ey (1) Qze, (1) + N* (1) + W(t)

+ 2/0 5\5(75 + V) Ao (1)Ya(t)dv

+2 / 0 Te{®, (¢ + )Yy, ()} (340

—T

0 0 :
w2 [ [ (@t v Yol bva,
Using the algebraic inequality Tr{2A7 B} < Tr{AT A + BT B}, we obtain that

Vo < — el (t)Qaey(t) + N*(t) + W (t)

0 . .
+/ A (t+ V)Xo (t + v)dy

—T

+ / ’ Yol (1) Ay (1) Ao (1) Ya(t)dv

—T

L /_ Te{®7(t + 1) By (¢ + v) }dv (3.41)

T

+ /_ Te{Y,] (t)Yy, (t)}dv

T

0 [0 : .

+/ / Tr{®L(t 4 v, n)Ds(t + v,n)}dvdy
00

+ / / Te{Y,5, (£, )Y, (t,7) bdvdn.

Substituting (3.33)) in (3.41)) yields
Vh < - ] (DQuey () + N*(1)
£V () At As(1)Yalt)
+7Te{Yy, (6)Ye, (1)}

+7/9ﬁﬂ$@mn@umnmy (3.42)

—T

AL ()Mo (t) + TTH{ BT (1) ®, (1)}

+T/‘Tﬂéﬂnméxamhm.

—T
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Using the algebraic inequality

A .

Te{@7 (6)®4 (1)} =Te{®7 (1)1 (£)} + Tr{®" (1)d;(¢)}
—oTH{dT (1)d* (1)} (3.43)

A

<ITH{O] (1)} + 2T{ {7 ()71},
for the last three terms in (3.42]), one can write

Vo < — 7 (1)Quey () + N*(1)
+ 7Yy () Ao (£) Aa(t) Ya(t)
Y ()Y (1))
+T/'ﬁﬂ£ﬁmﬂ%@mﬂm7

—T

+ 27T (Do) + 27557 (A5 (1) (344)

+ 27T T (1B (1)) + 27 Te{ P17 (1)3 ()}

0 . :
_|_27-/ Tr{@%(t,n)sz(tﬂ?)}dn

-7

0
+or [T (e )3

Let Y5(t) = [ai(t),...,an(t)]T and Ag(t) = diag([bi(t),...,bn(t)]) for some
a;(t) € R, bi(t) € Ry, for i =1,...,m. Since Ay(t), defined in (3.12b)), is shown
to be bounded in Remark 3.1, then b;(t) < Aiidmaa, for all £ > to, i = 1,...,m,

where )\, ; is the i diagonal element of A, and ;\maxi is the ! projection upper

bound of S\(t) in (3.10b)). Then, one can write

Yy () Aa(t) A (1) Ya(t) =bi(t)ai(t) + -+~ + by, (t)ay, (1)

(3.45)
<p(ai(t) + -+ + a2 (1) = pYs (1)Ya(t),

where p £ maXi(Ai,iS\maxi)Q. Furthermore, using the property that the projection
operator bounds an adaptive parameter in a compact set, then from the element-

wise projection operator’s definition in [17], it can be shown that

Te{@T (), (1)} < 22, Te{Y (1)Y,, (1)} (3.46)
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Using (3.45)) and (3.46|) in (3.44)), we obtain that

Vo < — e (£)Qaey (1) + N*(t)
+ 7Yy (1)Ya(t) + TTr{Y,, (1)Ys, (1)}

+7-/ Tr{Y¢€(t,n)Y¢2(t»77)}d77

+2r3YF (Ya(t) + 27357 (1351
+ 2792, Te{V ()Y, (0)} + 2 Tr{ {7 ()5(1)}

0
+ 277, / Te{Y,. (t,n)Yq,(t,n)}dn

0o ' 3.47
+2T/ Te{®5" (¢, 1) 5 (t, n) }dn 347

—T

= — (1) Quey () + N*(1)
+7(p+ 293)Y5 (0)Ya(t) + 7(1 + 293 )Te{Y,) (1) Yy, ()}
(14272 / TV (t, 7)Y () by

+ 2r T (A () + 2rTe{ DT (1) D% (1)}

0
+2r [ BT @3(e )y

—T

Using the property Tr{Y?Y} = ||Y||% for a matrix Y, we can rewrite (3.47) as
Va < — el (t)Qaey(t) + N*(t)
+ (4 29)[Y2 ()17 + (1 + 293 )1 Yo (D113
0
r(e2d) [ Valt iy (3.48)

+ 27 NI (A5 () + 27 Te{ DT (1) D (¢)}

0
war [T (st

—T
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Substituting (3.39) into (3.48), yields
Vs < — X (1)Quey (1) + N* (1)
T (it 292) [diag(L,G(t — 7)) BT Pae, ()]
(14292l t — ) (O P By L2
0
104 293) [ ILantt+ = el O0PB, Ly
+ 27 AT (N3 () + 27 Te{ D37 (1) D% (1)}
0
var [T (st

—r (3.49)
< = Amin(Q2)[ley (1) |2 + N*(2)

T 7+ 292)|ding(L, G (t — )P PaB, |2 lley I
(14 292l = ) Plley DI PaBy Lo |2
0
(4 2:2) / Lot + 1 — D)2 ley NP PB, L, | 2ds

+ 27 AT (N3 (1) + 27 Te{ D37 (1) D% (1)}

0
war [ (@ (b (e )y

—T

Substituting (3.36) for N*(¢) in (3.49)), yields

Vs < = Amin(@2)lley (O]
7+ 299 iag (LGt — 7)) Pyl ey ()
71+ 292yt — DIl 21 P By Lo
0
o+ 2) [+ 0= Dl OPIPB, LRy
LT (AN + 20T {61 (05(1)} (3.50)
0
+ar [T ()b b
RO Ao (0 () — 205 X (DA (D 50
= 29 NI N — 295 T (0)E1(0)}

0
gy / Te{ @37 (¢, ) s (t, n) Y,
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Using Remarks 3.1 and 3.2, and denoting p £ max(||P,B,|%, || 2B, L.||%), yields

Ve < = Amin (Q2) ey (8)]?
+7p(p+ 273) | diag(L, G(t — 7)) ley (1)1

+ (1 + 295l (t = 7)lley (1)1
L[ , , (3.51)
+7p(1+275,) [ [[Leyn(t + 1 —7)[lle, ()[I*dn

+ 2705 + 2797 + 27765 + 75 B3 Bs + 275 ' B2 s 32

+ 275 ' B3fBs + 27, 1o + 29, T2,
Where B2 é ||;\2maz|| - 527 63 é ||5\3mazl| +B37 (51 é ||(i)1mar|| + le, and (,52 é
||<i>2mm|| + ¢o. Defining ¢ = A\nin(Q2)/p, and rearranging, one can rewrite (3.51)

as
Va <plley()I2( = a+ 7{ (1 + 243)|diag(L,G(t — 7))
0
+ (14293l (t = 7)1+ (14 293,) / | Loyt + = )l )
+27(65 + 67 + 73) + 75 363 + 275 Ba s
+ 275 Bafs + 29, o101 + 29, Téatha.

(3.52)

It follows from Lemma 3.1 that x,(¢) is bounded, which implies that there exists
a1 € Ry such that [|z,(¢)]]* < «a; for all ¢ > ty. Since ||yn(t)|| < ||voll for all
t > tp due to human input saturation, then there exists as € R, such that
| Lyn(t)|* < o for all t > t,. In addition, as r(¢) is bounded, then all the terms
in are bounded due to the usage of the projection operator in (|3.24)),
which implies the boundedness of G(¢) and hence the existence of oy € R, such
that ||diag(L,G(t))||* < a3 for all ¢ > t,. Therefore, using (3.52)), one can write

Va <plle, (= a+{(u+28)as + 1+ 292 o + (1 + 292, )72} )
+27(B3 + &1 + 763) + 75 ' B3Bs + 275 ' BBs (3.53)
+ 275 BaBs + 29, 0101 + 29, .
Then, there exists a small enough 7* € R, such that

T*{(u +29%)as + (14292, )on + (1+ 27352)7*@} <q (3.54)
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which implies, from 1} that for any 7 € [0, 7*], V, < 0 whenever

21

les®I > 2 (3.55)

where ' . ' o o
21 22705 + ¢ + T05) + 75 B3 s + 275 P23
+ 295 B3 + 2%@%1&1 + 27;21T$2¢327
2y 2 p(q — T{([L + 299z + (1 + 27(?)1)@1 +(1+ 27352)7@2}). (3.57)
Hence, for any 7 € [0,7%], the solution (e,(t), \o(t), As(t), @1(t), Po(t,n)) is

bounded and converges to the compact set

(3.56)

E 2 { <€y(t>,S\Q(t),5\3(25),&)1(75)7@2(15,77)) g ||€y(t)||2 < j_:)

d r 4 r o ) (3.58)
[A2()[] < Ba, [[As(@)]| < B, |81 ()| < ¢, [|P2(E, )| < ¢2}-

According to (3.14)), since r(¢) is bounded, then so is @,,(¢). This with the fact
that ,(t) is bounded (by Lemma 3.1) imply the boundedness of es(t). And since
ey(t) = ea(t) — ea(t) is bounded, then ea(t) is also bounded, which implies by
that Ay(t) is bounded and completes the proof. |

Remark 3.3. While the existence of the upper bound on the time delay 7* is
guaranteed, its value depends on the selection of the outer-loop learning rates
Your = {72 Y61, Ven }- Note from that as larger values of 7,,; are used,
the allowable maximum time delay 7* becomes smaller. On the other hand, in
the limit where ~,,; — 0, which corresponds to no adaptation, 7* approaches its

ultimate value 7,,,, satisfying

Tinaa (uag + g + Tmamag) <q. (3.59)

On the contrary, the ultimate bound z £ 2;/2, on the error e,(t), which is
defined by the set , and , is inversely proportional to the values
of v,4t. That is, to achieve a better tracking performance, which corresponds to
smaller values of z, the outer-loop learning rates ~,,; should be selected as large as
possible. And in the limit where 7,,; — 00, the upper bound z — 0. Therefore,

given any delay value 7 < 7,45, the optimal outer-loop learning rates Yout opt are
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the ones that satisfy 7% = 7. A further increase in Y,ut > Vout,opt renders our
stability analysis inapplicable due to 7 > 7%, while a decrease in Yout < Yout,opt
allows for higher delay values to be tolerated at the expense of a deteriorated

tracking performance.

3.5 Simulations

Consider the longitudinal motion of the 747 airplane cruising in level flight at
an altitude of 40 kft and a velocity of 774 ft/sec, the perturbation equations of
which are represented in the form of (3.1). The state vector is

2) = [5a(®) 30(8) 20®) am®)] . (3.60)
where x,,(¢) and x,2(t) are the components of the aircraft’s velocity (in ft/s)
along the = and z-axes, respectively, with respect to the reference axis, x,3(t) is
the aircraft’s pitch rate (in crad/s), and x,4(t) is the pitch angle of the aircraft (in
crad). The control input u,(t) represents the elevator deflection (in crad). Under
these conditions, nominal dynamics are available in the form of , where the

nominal system and control input matrices are given as [27]

—0.0030  0.0390 0 —0.3220
| -0.0650 —0.3190  7.7400 0
| 0.0200 —0.1010 —04200 0 |’ (3.61)
0 0 1 0
T

B, =0.0100 —0.1800 —1.1600 0| ,

with the eigenvalues at —0.3750 4= 0.8818: and —0.0005 £ 0.06747. The control
objective is for a pilot to be able to track a desired trajectory. Particularly, the
pilot controls the aircraft to achieve a desired pitch angle yo(t) = z4(t). This is
done by feeding pitch rate commands through a joystick to the inner-loop, which
consists of a control augmentation system designed to track the pilot’s pitch rate

commands, i.e., y1(t) = z,3(t).
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3.5.1 Inner Loop: Adaptive Control Augmentation Sys-

tem

The design of the inner-loop adaptive controller starts with the determination
of the nominal control law which is used to define the reference model.
Achieving pilot command following by assigning the feed-forward gain L, as in
is not possible since the transfer function x,3(s)/u,(s) has a zero at the
origin. Instead, as is common practice in the literature, we design the inner-
loop nominal controller by assuming short-period approximation of the nominal

dynamics, given by

—0.3190  7.7400 —0.1800
= , p = , (3.62)

1201010 —0.4290 —1.1600

where the eigenvalues are at —0.3740 4 0.8824¢, which makes a good approxima-
tion of the fast dynamics of . Using , a feedback gain L), is designed
to place the short-period eigenvalues at —1.5 and —0.5. Then, the feed-forward
gain is selected as L, = — (Cg;,(Asp — BspLsp)_lBsp)_l, where Cy, = [0, 1]7. The
implementation of these values to the full longitudinal dynamics is applied as in
(3.3), where L, = [0, Ls,, 0], allowing for the reference model to be defined
using A, = A, — B,L, and B, = B,L,.

An adaptive controller is employed as in (3.7)) and (3.10) to achieve reference
model following in the presence of uncertainty, where the adaptive parameters
are initialized at the nominal values K,(0) = L, and A\(0) = 1. Furthermore, the

Lyapunov matrix is selected as @)1 = 0.0114.4, and the learning rates are set to
v. = diag([0.01, 0.001, 0.01, 0.01]) and 7, = 0.001.

3.5.2 Outer Loop: Adaptive Pilot Model

For the outer loop, the proposed adaptive human pilot model is employed as in
(3.14), (3.18), (3.22), and (3.24)), where manipulator limits of £10 crad/s (i.e.,

Yo = 10) are imposed on the pilot’s input. Reflecting the overall nominal response,
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the crossover-reference model defines how a well-trained pilot controls the
aircraft under nominal circumstances, providing satisfactory performance and
adequate stability margins. While its determination is application-dependent
and can require experimental analysis, to serve the purpose of this section, we
define the crossover-reference model using the LQR method by calculating 6,
using Qror = diag([0, 0.01, 0.6, 10]) and Ry gr = 0.6, with 6, given in (3.15)),
and assigning A,, = A, — B,.0,, and B,, = B,0,.

The time delay 7 in the pilot’s response to visual stimuli can be broken down
into approximate components [28,29] constituting the latency of the visual pro-
cess (= 0.075 s), the motor nerve conduction time (= 0.030 s), and the central
processing time (= 0.030 s). While exact values may vary depending on the pi-
lot’s attention, these average values are convenient for use in this section, yielding

a total delay of 7 = 0.135 s in the pilot response.

The finite integral term in (3.18a)) and the adaptive law (3.24d)) are imple-

mented by discretizing the integral into 5 intervals as illustrated in [30]. The
outer-loop adaptive parameters are initialized at the nominal values 5\2(0) =
A3(0) = 1, &1(0) = —B,e*™, and Dy(0,7) = —0,e~4"B,. This initialization

implies that the pilot initially starts with the nominal control law

Un(t) = =02, (t + 7) + 6,7(1) (3.63a)
0
Bt +7) = () + [ AN Bt +n)dy (3.63b)
(1), if [0, (8)| < Yo,
Ynn(t) = (3.63¢)

Yosgn(vn(t)), if |va(t)] > Yo,

which matches the crossover-reference model in the absence of plant uncertainty
and input saturation. Finally, the Lyapunov matrix is selected as Qo = 0.01/4.4,
and the outer-loop learning rates are set to v, = 0.5, 73 = 1000, 7y,
diag([0.01, 0.01, 0.1, 0.1]), and ~,4, = 0.01.
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Figure 3.2: Pitch angle trajectory tracking of the proposed adaptive model, com-
pared with a nominal non-adaptive pilot model.

3.5.3 Failure Scenario

In the simulated scenario, we start with an uncertainty in the modeled dynamics

with A = 1, and the system matrix

—0.0067 0.0410 —0.0037 —0.3223
0. A - 0.0010 —0.3558 7.8068  0.0047 (3.64)
o 0.4454 —0.3380 0.0015  0.0302 |’ '

0 0 1 0

placing the eigenvalues at —0.1800+1.60007 and —0.0005+0.14007. An anomaly is
then introduced into the inner-loop controller at t = 20 s, failing the adaptation
in the K,(t) channel (i.e., 7, = Oyxy for ¢ > 20 s). It is noted that the other
inner-loop adaptive parameter, S\(t), is kept actively adapting throughout the
simulation. At ¢t = 30 s, a failure is introduced into the plant dynamics, where

the control effectiveness reduces to A = 0.5 for ¢ > 30 s, and the system matrix

becomes
—0.0127 0.0427 —0.0040 —0.3227
0.1100 —0.3859 7.8124 0.0131
t>30: A, = , (3.65)
1.1479 —0.5323 0.0376 0.0847
0 0 1 0

placing the eigenvalues at —0.1800 4 2.00002z and —0.0005 =+ 0.1750z.
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Figure [3.2] shows the pitch angle tracking trajectory for the aforementioned
scenario, where the performance of the proposed adaptive pilot model is compared
with a fixed (non-adaptive) pilot model utilizing the nominal control law ({3.63)).
The effectiveness of adaptation in the proposed model is evident as it learns to
compensate for the plant failure, converging back to the desired trajectory of
the crossover-reference model. On the other hand, for the nominal pilot model,
the plant failure causes a permanent deviation from the desired trajectory, which
persists since the model is non-adaptive and is therefore a poor representation of

what a well-trained pilot would do in such a situation.

The pitch angle tracking error and pilot inputs are displayed in Fig. for
both the nominal and the adaptive models. While the adaptive model achieves
enhanced transients, it comes at the expense of an increase in the pilot control
effort. This can be observed from Fig. [3.3] particularly in the time frame be-
tween 63 — 67 seconds, where the control inputs of the adaptive model are more
oscillatory than those of the nominal one, but leading to a 70% reduction in the
pitch angle tracking error. Under the effect of a failure, such a behavior can
be expected from a pilot attempting to compensate for the uncertainty, which
also raises the question of how to better design the control system by taking the

human pilot into consideration.

3.6 Summary

An adaptive human pilot model is proposed in this chapter to describe the pilot
behavior in the loop with an adaptive controller. What distinguishes this model
from the one proposed in Chapter [2 is that it takes into consideration the time
delay in the human pilot response, which makes it suitable for a broader range of
applications. The pilot is modeled as a model reference adaptive control architec-
ture in the presence of time delay and input saturation. The effectiveness of the
proposed adaptive model is validated through a detailed simulation study for the
longitudinal motion of the 747 airplane. We show that the proposed model gives

a better representation of a well-trained pilot than a fixed nominal pilot model.
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Chapter 4

Attention-Enabled Memory for
Adaptive Control Systems

4.1 Introduction

Humans’ episodic memory enables them to remember self-experienced events to
be used later if a similar event is encountered again [8,9]. For example, drivers
having a tire blowout would react better if they have experienced it before in
their life. This is because when drivers experience a tire blowout for the first
time, they are not familiar with the failure, and hence, they begin exploring the
situation in an attempt to recover from it. Such exploration can be lethal, but
is necessary when little is known about the system. On the second encounter of
a tire blowout, drivers rely on useful data from their episodic memory to recover

with minimal exploration.

Many works in the literature are devoted to enhancing the transients of adap-
tive systems [31-34]. However, an adaptive control system exhibits similar tran-
sients even for previously experienced failures. This is due to a lack of an archi-
tecture that allows the controller to recall and use significant information about

previously encountered uncertainties. Inspired by episodic memory in humans, in
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this chapter, we aim to provide adaptive controllers with an analogous memory
architecture. In this regard, the first issue to be addressed is memory content.
What type of data about a failure would be beneficial for future use if we were
to encounter a similar failure again? A well-established answer to this question

is found in the literature under the name of concurrent learning [35].

In concurrent learning adaptive control, recorded data (termed history stack)
and present measurements are used concurrently for adaptation. With sufficiently
rich data in the history stack, this approach yields exponential stability, which
has been shown to result in enhanced transients. In traditional adaptive control,
exponential stability is only possible if the system is persistently exciting [36,37],
which accounts for continuous exploration of the uncertainty. Therefore, the
usage of concurrent learning minimizes the need for exploration by using stored

data about a previous failure [35].

When it comes to using the history stack of concurrent learning as a memory,
several issues must be considered. For the recorded data to be usable for adapting
to a specific failure, the history stack must only consist of data that represent
the same failure. Thus, the controller can only recall information about a single
failure /uncertainty. This poses a limitation in the sense that the same failure must
be experienced by the plant at all times. Any changes to the system (including
unexpected failures) render the history stack inapplicable since their usage can
deteriorate the adaptive control performance. This requires the history stack to

be cleared and repopulated with new data once a new failure occurs [35].

In this chapter, we build upon the idea of concurrent learning to propose a
memory architecture that allows the adaptive controller to recall and use signif-
icant information about the past to aid in learning. The proposed memory can
store data about several uncertainties/failures without the need to know which
data corresponds to which uncertainty. To use the stored data in the adap-
tive law, an attention-based reading mechanism is proposed which enables the
controller to selectively use only the data that are relevant to the encountered
uncertainty without requiring any knowledge about the uncertainty. Through-

out the work, we augment the proposed memory with a modified version of the
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composite model reference adaptive controller (CMRAC) [38], and show the sta-
bility of the memory-augmented adaptive controller through a rigorous Lyapunov

analysis. The results of this chapter have been published in [39}@

In Section[4.2] we explain the adopted CMRAC architecture, concurrent learn-
ing, and formulate the problem. In Section[4.3] the proposed memory architecture
is presented with a rigorous stability analysis. At last, the effectiveness of the pro-
posed memory is elucidated through numerical simulations in Section [4.4] while
a summary is provided in Section

4.1.1 Notations

We use Tr{.} to denote the trace operator, |.|| refers to the euclidean norm,
and |.||z refers to the Frobenius norm. We denote a positive definite (positive
semi-definite) matrix X as X > 0 (X > 0), and a negative definite (negative
semi-definite) function V as V < 0 (V < 0). Finally, we write A, (X) for the

minimum eigenvalue of the matrix X.

4.2 Problem Statement

Consider the uncertain plant dynamics

i(t) =Apz(t) + By (u(t) + 0" f(2(1)))

4.1
y(t) =Cpa(t), .

where x(t) € R™ is the accessible state vector, u(t) € R™ is the plant control input,
f(z(t)) : R™ — R® is a known possibly non-linear function, whose components are
locally Lipschitz-continuous functions of z(t), © € R**™ is an unknown weight
matrix, A, € R"™" is an unknown state matrix, and B, € R™™ is a known

full column rank input matrix. The output of interest y(¢) € R™ is defined by

$(©)2023 IEEE. Reprinted, with permission, from [39)].
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the known output matrix C, € R™*", and the pair (A,, B,) is assumed to be

controllable.

The adaptive control task is to achieve command following of a bounded ref-
erence input r(t) € R™, through tracking the state z,(t) € R™ of a reference

model

t.(t) = Ayx.(t) + Br(t), (4.2)

where A, € R™" is Hurwitz. B, is selected as B, = B,K,, where K, € R™™ is

the feed-forward controller gain, which is determined as
K, £ —(C,A7'B,) (4.3)

to achieve limy_ o y(t) = r whenever lim; ., x(t) = x.(t), for a constant r(t) = r
[15]. Tt is assumed that there exist a feedback controller gain K, € R™*" that

satisfies the matching condition
A, =A,— BK,. (4.4)

It is noted that the matching condition (4.4)) is commonly used in the adaptive
control literature, and the controllers designed based on this condition are shown

to be effective in practical implementations [16,35]36}38].

Using in , one can rewrite as
i(t) = Az(t) + By (u(t) + Kyz(t) + ©7 f(2(t))) . (4.5)

Defining the unknown parameter W 2 [K,, ©T]7 € R®™ and ®(x(t)) =
[2()T, f(z(@)T]" € R?, with ¢ £ n + s, (4.5) can be written as

x(t) = Ayx(t) + B, (u(t) + WTCI)(x(t))) . (4.6)
Then, the plant control input is chosen as
u(t) = Kor(t) = W (6)®((t), (4.7)

where W(t) € R?™ is an adaptive parameter serving as an estimate of the

ideal value W. It is noted that W is allowed to be piece-wise-constant such
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that different values occur in a sufficiently separated manner temporally, without

experiencing a Zeno behavior.

In CMRAC [38], W (t) is updated based on two distinct measurable errors, a
tracking error and an estimation error. The tracking error is the error between

the plant and reference model states e(t) £ x(t) — ,.(t), the derivative of which

can be found, using , and as
é(t) = Avelt) — BV (H)D(a(0)), (4.8)

where T (t) £ W (t) — W. The estimation error is based on identifying the plant

dynamics as shown in the following subsection.

4.2.1 Estimation Error : Identification

In what follows, we construct an identifier based on filtered plant dynamics [40,41]
to alleviate the need for the state derivative to be known. We start by adding
and subtracting Az(t) to (4.6)), which yields

i(t) = —Ax(t) + B, (u(t) + WTe(z(t))) + (A+ A)z(t), (4.9)

where
A= al,y,, a>0. (4.10)

Then, the solution of (4.9) can be written as

t
x(t) = "x(0) + Bp/ e~y (r)dr
0
¢
+BpWT/ e~ P(g(7))dr (4.11)
0

¢
+ (A+ A,) / e~y (7)dr.
0

By defining the filtered versions of u(t), ®(z(t)), and z(t) respectively as

(1) é/ot e~ O (x(7))dr, (4.12)



the plant dynamics can be represented as

z(t) =B, (us(t) + WId,(t)) + (A + A )zp(t) (4.13a)
ip(t) = — aup(t) + u(t), usp0) =0, (4.13b)
bp(t) = — a®,(t) + D(x(t), ;(0) =0, (4.13¢)
Tp(t) =—axs(t) +2(t), z4(0)=0, (4.13d)

where it is assumed, without loss of generality, that z(0) = 0.

We now define the identifier based on (4.13)) by replacing the unknown param-
eter W with its estimate W () as

#(t) £ By(up(t) + W)@ () + (A + A (1), (4.14)

where Z(t) € R" is the identifier’s state. Then, an identification error is obtained

as

cult) £ (1) — 2(t) = BV ()0(1). (4.15)

Furthermore, the estimation error is defined as
e(t) 2 (BI'B,) ' Ble(t) = WT(t)4(t). (4.16)

It is noted that B] B, is invertible since B,, is full column rank.

4.2.2 CMRAC: Adaptive Law

With both tracking and estimation errors defined, the adaptive law of W(t) is

then defined compositely as

W(t) = W(t) 29.0(x(t))e(t)T PB, — 7.0 (t)e(t)”

_ (4.17)
=7.®(x(t))e(t) PB, — 7.2 (t) 2} ()W (1),
where P = PT > 0 is the solution of the Lyapunov equation
ATP + PA, = —Q, (4.18)
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for some Q = QT > 0, and 7,7 > 0 are scalar learning rates. Using (4.17)), the

derivative of the Lyapunov function

V = el Pe+~ ' Te{WiW} (4.19)
along the trajectories of (4.8)) and (4.16)) yields
V =—elQe — 27,,Tr{WT<I>f<I>}FW}, (4.20)

where 7, = 7, /7.. Since (IDf(ID? > 0, then V < 0, which by using Barbalat’s lemma
shows that the system is globally stable and that e(f) — 0 and €(t) — 0 [38].

4.2.3 Concurrent Learning

The idea behind concurrent learning [35] is to use previously recorded data con-
currently with present data to achieve exponential stability. Towards that end, a

collection of p data points recorded in the past is stored in a history stack as

Zo=|uy, ... ufp}, (4.21a)
Zo =0, ... q>fp}, (4.21D)
A P xp] (4.21¢)

Then, projected errors are defined as
e;(t) = W (t)®y,, (4.22)

which represent what the estimation error would have been for a recorded data

point j, if the current value of W(t) were to be used. Since z; = B,(uy, +

W, )+ (A+ A)xy, (see (4.13a)), using the structures given in (4.14)), (4.15)

and (4.16]), together with the recorded data (4.21)), the projected errors can be

calculated as
¢;(t) =(B, B,) "' B, (Bp(ufj + W ()Dy,) + (A+ Az, — 903‘)7 (4.23)

where z 518 extracted from the elements of ® fie These errors are then used in

the adaptive law as
. p
W(t) = W(t) 27 (x(t)e(t) PB, — 7 p(t)e(t)” — e > @pei(0)",  (4.24)
j=1
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where P = PT > 0 is the solution of the Lyapunov equation (4.18)), and 7.,y > 0
are scalar learning rates. Using (|4.24]), the derivative of (4.19) along the trajec-
tories (4.8)), (4.16) and (4.22) yields

V =—e"Qe — 24, Te{W" (0,07 + Z O O7 )W (4.25)

Since (P} + > équ)};) > 0, then V' < 0 which preserves the same stability
properties explained after (4.20)). Additionally, if rank(Zs) = ¢, where Zg is
defined in (4.21) and ¢ is defined after (4.5), then (@07 + 37 | Py <I>;"c;) > 0,

which makes V' < 0 and hence both e(t) and W (t) converge to zero exponentially.

Remark 4.1. The advantage of concurrent learning is that one can record data
online that satisfy rank(Ze) = ¢ by exciting the system for a finite period of
time, and hence guarantee exponential convergence without the need to persis-
tently excite the system. This can be achieved through already available real-time

algorithms [35].

Remark 4.2. To use the concurrent adaptive law , it is required for data to
be either pre-recorded in advance or collected online. In both cases, the recorded
data must represent the same uncertainty W and hence the data should be col-
lected when the same uncertainty is encountered. This poses a limitation in the
sense that the uncertainty W must be fixed throughout the operation, or each
time a new uncertainty occurs, for example due to a failure, the memory should be
cleared, and new data must be recorded [42]. Otherwise, the recorded data have
the potential to sacrifice the performance if an unanticipated uncertainty is faced.
In the following section, we propose a solution to this problem by introducing a

new memory architecture.
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4.3 Memory Architecture

Suppose that we store p data points in a memory as

M, = Uy Ufp:| s (4.26&)
Mo =By .. By (4.26b)
M=z ... )|, (4.26¢)

where each data point in the memory M = (M,,, Mg, M,) can correspond to a

different uncertainty.

Definition 4.1. The encountered uncertainty W is the uncertainty that is cur-
rently existing in the system (4.6]).

Definition 4.2. An uncertainty W; is represented in the memory M, if there is
at least one data point (uy,, @y, ;) in M such that z; = B,(uy, + VI/Z‘T®fj) +
(A+ A,)xy,. Such a data point is said to represent W;.

Definition 4.3. Two data points are called mutual if they represent the same

uncertainty.

Definition 4.4. A data point (or its corresponding projected error €;(t), see
(4.22))) is said to be mutual with €(t), if it represents the encountered uncertainty
W.

In the proposed architecture, we assume that the memory M, in (4.26)), is
representative of d different uncertainties (W7, ..., Wy), where d is unknown (see
Definition 4.2). Moreover, it is not known which data points correspond to what

uncertainty, and mutual data points cannot be told apart.

The goal here is to use the stored data in M to enhance the transients of the

control system given by (4.2)), (4.6) and (4.7) when a represented uncertainty is
encountered, i.e., W = Wj; for some j € {1,...,p}, where

iG) {1, py = {1, d) (4.27)
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is an unknown map that relates each data point to the uncertainty it represents.
For that, projected errors are calculated at each time instant, for each data point
in M as shown in (4.23). By substituting z; = By (uy, + Wi, @) + (A + Ay,
in (4.23), these projected errors can be written as

A

¢j(t) = (W(t) — Wig)) @y, = V~Vi7(1j)(t)¢)fj7 (4.28)

where Wy (t) £ W (t) — Wi is the error between the adaptive parameter W (t)
and the constant uncertainty Wj(;) represented by the 7™ data point (u £ Ppn xj).
If all memory slots were to be used as in conventional concurrent learning (see
(4.24)) to compensate for the encountered uncertainty W, the resulting adaptive
law would try to drive the tracking error e(t), the estimation €(¢), and all
projected errors €;(t), for j = 1,...,p, simultaneously to zero. However, since
Wi # Wy # ... # Wy, €(t) and €;(t) cannot converge to zero simultaneously
unless all €;(¢) are mutual with €(t) (see and ([4.28)). This deteriorates
the performance of the system, since data points that do not represent the en-
countered uncertainty W are being used in learning. To alleviate this problem, a

reading mechanism that determines which data points to be used is needed.

4.3.1 Memory Read

In this subsection we address the question: Given the estimation error €(t) in
4.16}), and the memory projected errors €;(t) in , forj=1,....,p, how can

we determine which projected errors are mutual with €(t)?

Once we answer the above question, we can selectively use only the data points
that are mutual with €(¢) (see Definition 4.4) in the adaptive law. Hence, we
propose a mechanism that allows the controller to read only the relevant data
from the memory in a continuous manner. To that end, we define scalar attention

weights for each memory slot as

exp(—alle(t) — ¢;(0)])

(1) = , (4.29)
’ je1 exp(—ale(t) — ex(t)]])

where the scalars «, 3 > 0 are design constants. It is noted that whenever

W(t) — 0, both €(t) and its mutual projected errors approach zero (see (4.28))
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and Definition 4.4). Hence, the euclidean distances ||e(t) — €;(¢)|| become smaller
when €;(t) is mutual with €(¢). Therefore, the attention weights attribute
higher weights to projected errors that are distanced closer to €(t) in such a way
that Z§:1 pi(t) = B, and 0 < p;(t) < B, for j = 1,...,p. Here, o specifies the
amount by which distance is penalized, and 3 affects how much the recorded data

influences learning (see (4.30))).

We now propose the memory-augmented adaptive law
W (t) =W (t) £ Proj(W(t), Y (t)), (4.30a)

Y(t) é'}/e@($(t))e(t)TPBp - 'qu)f(t)e(t)T — 4 Z [Lj(t)(bijj(t)T, (430b)

where P = PT > 0 is the solution of the Lyapunov equation , YeyYe > 0
are scalar learning rates, and the memory read is done through scalar attention
weights that allow the controller to eventually identify and use only data
that are relevant to the encountered uncertainty W. Furthermore, Proj(.,.) is the
projection operator [16], used to bound the adaptive parameter W(t) in a prede-

fined compact set = {W(t) : ||W(t)||p < Winae }, for some scalar W, > 0.

4.3.2 Short-Term Memory

If the uncertainty W is encountered for the first time during operation, then W
is not represented in the memory, and no memory slots should be utilized in

learning. This however is not the case with the proposed reading mechanism

(4.29) and (@.30) since
p
> i) =5, (4.31)
j=1

which implies that the memory is always utilized. We alleviate this issue by
ensuring that our memory M is always representative of W. This is achieved
by using a short-term memory which holds on to g-many delayed values of the
measured signals (us(t — 73), @p(t — %), x(t — %)), for k =1,...,q. Here ¢ is a

design parameter that determines the size of the short term memory, and 0 < 7y <
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Ty < --- < 71, are design dependent. The short-term data points are augmented
into M, i.e., g-many slots in M are allocated for (us(t—7x), Cp(t—7%), x(t—7%)),
k =1,...,q. This ensures that after 7 seconds, there will always exist data points
that are mutual with €(¢) in M, and hence the reading mechanism and
can be applied on the data points in M even if W is encountered for the

first time.

4.3.3 Stability

We now present the main stability result of the proposed memory-augmented

architecture.

Theorem 4.1. Consider the uncertain dynamical system (4.1), the adaptive
controller (4.7)), the reference model (4.2), the identifier (4.14)), and the memory

augmented adaptive law given by (4.26]), (4.29), and (4.30). Then the solution
(e(t), W (t)) is globally uniformly ultimately bounded (UUB) and converges to a

compact set.

Proof. Differentiating the Lyapunov function (4.19) along the trajectories (4.8))
and (4.30) yields
V=—e"Qe—2"PB,WTd(x) + 2fye_1Tr{WTﬁf}

) 3 X (4.32)
=—e"Qe — 2Tr{e" PB,WT®(z)} + 27, ' Te{W ' Proj(W, Y)}.
Using Tr{AT B} = Tr{BA™} and (4.30Db)), (4.32) becomes
V =—e"Qe + 29 Te{W7 (Proj(W,Y) — Y)}
(4.33)

P
— 29, Tr{WTd "} — 27, T (W7 Z 11 el }.
j=1
Using the projection property Tr{W7 (Proj(W,Y) —Y)} < 0, (4.16), and (4.28)
in (4.33)) yields
V< —elQe— QVTTr{WTCI)fq)?W}

o ) (4.34)
— QVTTr{WT Z /qu)fj (I’;Fj Wi(]’)}-

Jj=1
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Let Wi(j) = W — VVi(j), then ﬁ/i(j)(t) = W(t) —|—I/T/i(j). Hence " can be written

as

p
V <—e'Qe— 29 Te{W" (0P} + Z Hi® @ g )W}
j=1
N _ (4.35)
=2 T {WT ) 1y, @F Wi}

j=1
Since p;(t) > 0 for j =1,...,p, then (®,(t)®(¢)" + > [Lj(t)q)qu)};) > 0, and
(4.35) reduces to

V< —e'Qe— 2y, Te{W” i ujCIijq):]Cj Wi}
y . (4.36)
< = Amin(Q)llel +29% W le Y l|® 5, @7 Wiyl
j=1

where the second inequality follows by using Tr{AT”B} < ||A|lr||B||r. By the
usage of the projection operator in (4.30)), it follows that |[W(t)|lr < Winaa,
and hence |W(t)||r < Wiae + |W||p. This, with the fact that u;(t) < 3 for

Jj=1,...,p, yields
V < =Xin(@Q) €l + 27,C1 s, (4.37)
where C1 £ Wyoo+||[W||r, and Cy £ 3378, ||, % Wigj)|| . Therefore, it follows
from that V(t) < 0 whenever |[e(t)]|?> > 27,C1C/Amin(Q), and thus, the
solution (e(t), W (t)) is globally uniformly ultimately bounded [43] and converges

to the compact set

2’)@01 CQ

From (4.2]) we know that if r(¢) is bounded, then so is z,(¢

B2 {(c0.170) feto) < WOl < . (48)

). Therefore, since e(t)
is bounded, z(t) is bounded. Since components of ®(x(t)) are locally Lipschitz-
continuous functions of z(t), and z(t) is bounded, then ®(z(t)), and therefore all

system signals are bounded. ]

It is noted that under the same assumptions used in concurrent learning [35],
which state that all the data points represent the encountered uncertainty and

that rank(Ze) = ¢, the proposed method provides exponential stability.
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Remark 4.3. A less conservative analysis shows, by using 1) that V < 0
whenever |le(t)]|? > C.(t), where

p

> ()15, @7 Wi |l - (4.39)

Jj=1

é 271“ Cl

CE(t) )\mm(Q)

Note that for data points that are mutual with €(t), W;;) = W and W;(;, = 0.
Hence, the size of the bound depends solely on the contribution of the
irrelevant data points in the adaptive law , where W) # W. It is shown
in the Simulations section that the reading mechanism decreases the magnitude
of C.(t) by attributing low attention weights p;(¢) to the irrelevant data points,

which results in the convergence of (e(t), W (t)) to a small compact set.

4.4 Simulations

To show the effectiveness of the proposed method, we design a control augmen-
tation system for the short period dynamics of a generic transport aircraft [16],

the nominal model of which is given by

#t) = [—0.8060 1.0 ]x(t) . [—0.04] (o),

—9.1486 —4.59 —4.59 (4.40)
h ’e . —

where x(t) 2 [11(t), 22(t)]7, z1(t) is the angle of attack (rad), x5(t) is the pitch
rate (rad/s), and wu(t) is the elevator deflection (rad). The goal is to achieve
command following of the pilot’s pitch rate commands, (i.e., y(t) = x2(t)), in
the presence of uncertainty. To obtain uncertain plant dynamics in the form
of , and to satisfy the matching condition , we define an uncertain
state matrix as A, = A, + B,K,, and a matched uncertainty ©7 f(z(t)), where
f(z(t)) = [sin(x1(t)), cos(x2(t))]T. The reference model is defined as in ([4.2)),
where A, = A,,, B, = B,K,, and K, is selected according to . The controller
is defined as in , and an identifier is implemented as in and ,

where a = 10.

63



Three different architectures are compared; CMRAC using (4.17)), concurrent
learning using (4.21)) and (4.24)), and the proposed memory augmented adaptive

law (4.26)), (4.29) and (4.30). The learning rates are assigned as 7. = 100 and
v = 10000, and the @ matrix used in the Lyapunov equation (4.18) is selected

as ) = Irxo. It is noted that these learning rates and the value of the ) matrix

are the same for all of the compared architectures.

Three destabilizing uncertainties are considered, placing the eigenvalues of A,
at {1, 2}, {0.5, 2.5} and {0.1, 3}. In the form of (4.6)), the uncertainties can be

written as

—1.0012 —1.1593 —1.3442
—1.8205 —1.8191 —1.8393
W1 — 5 W2 - N W3 == . (441)
0.5 0.8 -1
0.7 —-1.5 0.5

In all simulations, a pitch rate pilot command of r = 5 deg/s is given as the

reference, and all initial conditions are zero.

To collect data, a simulation is run for each uncertainty in (4.41)) with the
CMRAC adaptive law , where 4 data points (uy,, ®y,, 7;) are recorded
about each uncertainty (12 data points in total). The history stack used in
concurrent learning is formed using only the 4 data points that represent ;. On
the other hand, for the proposed method, our memory M in (4.26]) is populated
with all 12 data points and is then augmented with the short term memory,
where ¢ = 2, 71 = 0 s and 5, = 0.1 s. Hence, M has a size of p = 14, and is
representative of Wy, Wy, W3 and the potential encountered uncertainty W. The
reading mechanism and is then applied to M, where we set o = 100
and [ = 20.

The first scenario we simulate is the case where the only uncertainty in the
system is W7, i.e., the encountered uncertainty is W = W for all ¢ > 0, which is
represented in both the memory of the proposed method and the history
stack of concurrent learning . Figure |4.1|shows the evolution of the elements
of the tracking error vector e(t) = z(t) — x.(t), for CMRAC, concurrent, and

memory-augmented architectures, and the evolution of the attention weights f1,(¢)
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Figure 4.1: Uncertainty W = W;. Top, middle: Tracking errors of CMRAC,
concurrent and the proposed controller. Bottom: Attention weights of the pro-
posed controller. “Representing” and “Not representing” denote the weights that
represent and do not represent Wj.

(©) 2023 IEEE.

in the memory-augmented architecture. It is noted that although the memory
of the proposed method contains extra, irrelevant data, which do not represent
W7, the performance is similar to the concurrent architecture and better than the
CMRAC architecture. This is achieved with the help of the reading mechanism,
which attributes higher attention weights to the data that represent Wj.

For the second scenario, we assume that the plant has a new uncertainty W, =
[—1.1543, —1.6013, —0.9, —0.4]", which places the eigenvalues of A, at {144, 1—i}.
By definition, this makes the encountered uncertainty W = W,. Figure 4.2
shows that since W, is not represented in the history stack of concurrent learning,

the concurrent architecture yields an unsatisfactory performance. On the other
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Figure 4.2: Uncertainty W = Wy. Top, middle: Tracking errors of CMRAC, con-
current and the proposed controller. Bottom: Attention weights of the proposed
controller. “Not representing” denotes the weights that do not represent Wj.

(©) 2023 IEEE.

hand, the proposed memory-augmented controller still achieves a satisfactory
performance, similar to CMRAC, despite encountering Wy for the first time.
This is achieved with the help of the reading mechanism through the usage of
the short-term memory: all the attention weights except the ones related to
short-term memory converge to zero, which eliminates the detrimental effects of

irrelevant data.
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4.5 Summary

This chapter presents a novel memory architecture that enables adaptive con-
trollers to make use of valuable data from the past to aid in learning. The
proposed architecture consists of 1) a memory containing data about a variety of
uncertainties, 2) a short-term memory that aids in handling new uncertainties,
and 3) an attention-based reading mechanism that enables the controller to re-
trieve only relevant data rom the memory. The effectiveness of the architecture
is validated through numerical simulations, and a rigorous Lyapunov stability

analysis is provided.
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Chapter 5

Conclusion

In this thesis, an adaptive human pilot model is presented, which is suited for
the prediction of pilots’ behavior in the loop with an adaptive control system.
The model can serve as a valuable tool guiding the design of adaptive controllers
as it can predict pilot-controller interactions in the simulation environment. A
more sophisticated adaptive pilot model is also presented, where significant time
delay in the pilot response can be taken into consideration, which expands its
applicability. At last, a novel memory architecture is introduced, which provides
adaptive controllers with the ability to make use of valuable data stored in the
past to aid in compensating for uncertainties. The proposed architecture consists
of 1) a memory containing data about a variety of uncertainties, 2) a short-term
memory that aids in handling new uncertainties, and 3) an attention-based read-
ing mechanism that enables the controller to retrieve only relevant data from
the memory. The efficacy of the proposed methods is demonstrated through
numerical simulations and rigorous Lyapunov stability analyses. The proposed
architectures lay the foundations for promising research directions such as the de-
velopment of sophisticated human pilot memory models and their employment in
human-in-the-loop studies for various learning control architectures. These stud-
ies can pave the way toward more industrial implementations of reliable adaptive

controllers in piloted applications.
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