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ULTRA-RELATIVISTIC SCALING LIMITS
OF
MULTI-METRIC THEORIES

SUMMARY

Lie algebra expansion is an elegant method to obtain higher dimensional algebras and
using this method one can write some interesting ultra-relativistic gravitational theories
beginning from the Poincaré algebra [1-10]. This method was first developed in [11],
thanks to [12] and has been used in many other studies, for which we will provide
some explanations and references for these studies in the following sections.

In this work, we will first give a brief introduction to the gauge theories, which are
necessary in order to realize the gravitational theories as a gauge theory, especially the
algebraic structure of gravitational theories. This is crucial for many gravity theories,
such as supergravity [13].

After that, we will review the general aspects of differential geometry shortly [14-16].
This will give us the main mathematical framework to study gravity as a gauge theory.
Even though we will not be able to review all the related topics, we will go through all
the necessary topics in order to gather all the necessary information.

Thirdly, we will try to understand the theories of gravity, especially general relativity,
as a gauge theory. After a simple introduction to the second-order formalism of GR,
we will define the first-order formalism and its action. After that, we will obtain GR
beginning from the Poincaré algebra and by gauging this algebra.

After that, we attempt to gain a few knowledge about bi-metric/bi-gravity [17-20]
theories by examining some specific examples such as [21-23]. Of course these
examination will not be enough to understand the subjects such as Massive Gravity
and Bi-Gravity however, we hope that readers can follow easily. As we move on to
spoken chapter, we will give a detailed reference for the people who are encouraged to
learn the subject.

As alast section, we will focus on scaling limit, specifically algebraic aspects of it. We
will first show that gravity theories can be obtained by using Lie Algebra Expansion. In
this section we start with Poincaré algebra then divide its generators to two subspaces.
After that, we will obtain Carroll Gravity [2,7,24] as a gauge theory. Then, we will
not stop in that point and push forward to a generalization of it by giving the method,
which is based on [1], to obtain the same results by contraction of a multi-metric theory
by illustrating this procedure with a few examples.
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COK METRIKLI TEORILERIN
ASIRI GORELI
OLCEKLEME LIMITLERI

OZET

Lie cebiri genisletmesi, daha yiiksek boyutlu cebirler elde etmek i¢in kullanilabilecek,
zarif yontemlerden biridir ve bu yontemle Poincaré cebirinden baslayarak bazi ilging
asir1 goreli kiitlecekim teorileri yazilabilir. Ozellikle bu cebirden baglanarak, Carroll
cebri, Carroll 6tesi cebirler elde edilebilir [1,2,7-10]. Her ne kadar bu tezin kapsami
ana kapsami i¢inde bulunmasa da, Bargmann cebri gibi goreli olmayan cebirler ve bu
cebirlerle iligkili kiitlecekim teorileri de Lie cebri genisletmesi yontemi kullanilarak
elde edilebilir [25].

Yontemin tarihine baktigimizda, [12] sayesinde ilk olarak [11] makalesinde
kullanildigin goriiriiz. Daha sonra, bu tezin giris boliimiinde drneklendirecegimiz
calismalar da dahil olmak iizere, bir cok calismada bu yontem basariyla kullanilmistir.
Biz de bu tezin ana amaci kapsaminda, hesaplamalarimiza bu yontemi kullanarak
baglayacagiz.

Bu calismada oncelikle kiitlecekimi teorilerini, 0zellikle de kiitlecekim teorilerinin
cebirsel yapisini derinlemesine anlamak i¢in ayar teorilerine kisa bir giris yapacagiz.
Bunun i¢in basit bir 6rnekle baslayip, bu 6rnegin eylemini ve bu eylemi degismez
birakan yerel doniisiimleri inceleyecegiz. Son olarak SU(N) ayar teorilerinden
bahsedecek ve 6zel durum olarak SU(2) ayar teorisinin 6zelliklerini inceleyecegiz.

Bundan sonra, kisaca diferansiyel geometrinin genel yonlerini inceleyecegiz. Uzunca
“Manifold nedir?" gibi sorulara cevap aramaktansa ulagsmak istedigimiz nesneye
giden yolu acmak ve temizlemek istedigimiz icin hizlica differansiyel formlara,
vektorlere ve tensorlere gececegiz. Ardindan metrik ve tetradlari tanitacak ve dig
tiirev operasyonunun nasil yapilacagim aktaracagiz. Daha sonra, egrilikleri ve spin
bagintilarini nasil elde edecegimizi inceleyecegiz. Bu boliimde tartisacagimiz konular,
bize kiitlecekimini bir ayar teorisi olarak incelemek i¢in ana matematiksel cerceveyi
saglayacaktir.

Uciincii olarak, yercekimi teorilerini, 6zellikle genel gorelilik teorilerini bir ayar teorisi
olarak anlamaya ¢alisacagiz. Bunun i¢in ilk olarak, Genel Gorelilik’in “ikinci mertebe
formu”’ndan tartismamiza baglayacagiz.

Bu formalizm, Einstein-Hilbert eylemi olarak da bilinen asagidaki eylem ile baglar:

Sex — / d’x/—gR. (1)
S = SEH + Smadde Olarak verilebilecek eylemde, varyasyon ilkesi kullanilarak

Guv = Tuv ()
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hareket denklemi elde edilebilir. Bu denklemde Gy Einstein tensorii, 7),y, ise
enerji-momentum tensorii olarak bilinen nesnelerdir [26].

Akabinde Genel Gorelelik’in birinci mertebe formalizmi ve eylemini tanimlayacagiz.
Burada ise Einstein-Cartan eylemi olarak bilinen asagidaki eylemi kullanacagiz:

1
SECc = 5 / Eapca€” N e’ AR 3

Ardindan benzer bir sekilde varyasyon ilkesi kullanarak
gabcdeb A RCd = &abcd gdea 4

hareket denklemini elde edece8iz. Bu denklem ise Einstein denkleminin birinci
mertebe formalizmi olarak adlandirilir [27]. Bu bdliimiin son kisminda, Poincaré
cebirinden baglayacak ve ilgili cebri ayarlayarak Genel Gorelelik’i elde etmeye
calisacagiz. Bu kisim, bize egri uzay-zamanda genel koordinat doniisiimlerinin
ayarlanmis Poincaré doniisiimlerine denk oldugunu gosterecek.  Ancak daha
ayrintili incelemeler, bir kiitlecekim teorisi i¢in bunun yeterli olmadigim1 gosterecek
ve Seoct(&) = 8oei(§) — 8(EMA,) formunda verilen “kovaryant genel koordinat
doniisiimleri”’ni tamimlamamiz gerekecek. Bir miktar hesaptan sonra goriilecegi gibi,
bu yeni tanim bize egrilikler iizerine kisitlar1 verecektir. Boylece Poincaré cebrinden
baglayarak bir kiitlecekim teorisi elde edebilecegiz [19].

Bir sonraki kisimda ise varig noktamiz olan cok metrikli teorilerinin temel
motivasyonlarindan olan kiitleli yercekimi teorilerini inceleyecegiz. Incelememizi
stirdiiriirken se¢ilmis bazi modellere derinlemesine bakacagiz. Bu siirecte kiitleli
yercekimi teorileri ile ¢oklu metrik teoriler arasindaki iligki ve bagintilar agikca
goriilecektir. Bu iliski ve bagintilara ek olarak * ol¢ekleme limiti" dedigimiz bir
uygulamanin da ilk orneklerini gorecegiz. Kabaca Ozetlemek gerekirse Olcekleme
limiti elinizdeki mevcut sistemde istenmeyen terimlerin yok edilmesi i¢in kullanilan
bir yontemdir. Bu yontemde bahsi gecen yapilar A << 1 olacak sekilde A parametresi
ile seri acilimina tabi tutulur. Islemlerin en son geldigi nokta A parametresi mutlakiyet
ile 0’a gotiiriiliir. Ancak her sistemde saglikli sonuglar verecegi garanti degildir. Hatta
bazi1 durumlarda sistemin kendi icerisinde tutarsizliklara bile sebep olabilir.

En son boliimde, temel motivasyonumuz olan agsir1 goreceli kiitlecekim teorilerine
gecis yapacagiz. Bu yolda ilerlemek icin ise “Carroll Cebri” ve “Carroll Otesi cebri™ni
elde edecegiz. Bu cebirleri elde etmek icin oncelikle Inonii-Wigner daraltmasini
kullanip Poincaré cebrini pargalarina ayirarak Carroll Cebri’'ni elde edeceg8iz. Burada
parcalara ayirmadan kasit cebirin sahip oldugu iireteclerin iki kiimeye ayrilmasidir.
Bu kiimeler tek ve ¢ift kiimeler diye adlandirilir. Bu cebrin Lie Cebri genisletmesi
sayesinde Carroll Otesi Cebri’ni elde edecegiz. Bahsi gecen cebirleri elde ettikten
sonra istedigimiz mertebedeki kiitlecekim teorisine ulasmanin kapisini aralayacagiz.
Bu cebirlerin her bir elemanim bir ayar alamiyla egledikten sonra karsilik geldikleri
ayarlar altinda degismez olan eylemi yazacagiz. Gorecegiz ki Newtonyen kiitlecekim
teorilerinde goriilen “boyut karmasas1” ( D=3, D=4 durumlar i¢in olusan Lagrange
yogunlugunun sirasiyla cift, tek mertebelerde olusturulmasi) bizim icin bir sorun
teskil etmeyecek. Ciinkii acik¢ca hesapladigimizda asir1 goreceli kiitlecekim teorileri
icin Lagrange yogunlugunun daima tek mertebelerde olustugunu gérecegiz. Carroll
Cebri’nin bir diger giizel tarafi ise Galileo Cebri’nde oldugu gibi sisteme fazladan

XXii



eklenmesi gereken U(1) yiiklerine ihtiya¢ duymamasidir. Bunun sebebi cebirin
tiretecleri iki kiimeye ayrildiginda birebir olarak karsilik geldigi elemanlar vardir.
Yani sonug¢ olarak elimizde birbirini izleyen iki kopya olacaktir bu sebeple arada
doldurulmasi gereken bir bosluk olmayacaktir ve U(1) yiikleri sisteme miidahale
edemeyecektir.

En son olarak ¢ok metrikli teorinin daraltilmasiyla elde edecegimiz ve cebirden elde
ettigimiz Carroll Kiitlecekim Lagrange yogunlugu:

P = —2€,,.R® () Ne AT+ 2€:RY (@) A A 5)

Bir sonraki tutarli mertebesi olarak karsimiza ¢ikan durum olan Carroll Otesi Cebri’ne
de aym siireci uyguladigimizda elde edecegimiz Carroll Otesi Kiitlecekim Lagrange
yogunlugu ise

L = —2€5cRP(s) NeC AT —265RP(0) NtENT — 23R (@) N Am
+26,cRA(D) A e N e +4g R () NP A€ (6)

olacaktir.
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1. INTRODUCTION

There are many important moments in theoretical physics history, but only a few
were as great as the construction of General Relativity (GR) by Albert Einstein at the
beginning of the 20" century. It drastically changed the way of research in theoretical

physics.

Although Newton’s gravitation description has fundamentally distinct differences from
the description which is provided by the GR, most of our daily life experiences in
the presence of gravity can be explained with very good precision using Newtonian
mechanics. There are two ways to interpret this theory. The first one is the geometric
point of view as stated in [28], Newtonian Gravity (NG) can be reformulated from a
geometric point of view [29, 30]. The structure with this point of view will lead to
Newton-Cartan (NC) geometry. The second one is the algebraic point of view [31,32]
which is the one we will deal with it. Roughly speaking, the algebraic point of view
can be considered as constructing corresponding algebra for the model via scaling the
generators of the algebra. Then taking a specific limit. For example, in the case of
Newtonian Gravity, this limit corresponds to ¢ — oo. Also, there is another limit which
will be the main motivation and the topic of the thesis. Let us go one step back and see

our general perspective.

As you may see from Figure 1.1, any physical model could be in one of the three
regimes based on its characteristic. From our daily life experience, we accept that we
are living in the Non-Relativistic Regime. Of course, we can rely on Newton and say
“ It is what it is ” or we can try to understand and obtain this regime with the help
of a geometric or algebraic point of view. As it has been told, we will focus on the
algebraic point of view. In order to obtain a Non-Relativistic Regime, one starts with a
general Relativistic Regime. After appropriately scaling the corresponding generators
of the algebra along with matching every term in the algebra with gauge fields, the
limit ¢ — oo case is considered and the result will be the Non-Relativistic Regime of

the spoken theory.



Physical Models

Non-Relativistic R:*gimvl-—' Relativistic I{c*giuu*l—l Ultra-Relativistic Regime

Characteristic: ¢ = finife

Figure 1.1 : Difference between the physical regimes based on their characteristic

However, one might wonder about the case, ¢ — 0. Again, we scale our generators
of the algebra appropriately from the beginning because as you can see in Figure 1.1,
the arrow has just one way to go. The topic that this limit will bring is called Carroll
Algebra and it corresponds to Ultra-Relativistic Regime [33, 34]. For more details, in
addition to previous references, see [35-37]. Of course, this is not the final destination.
We are able to expand our algebra thanks to Lie Algebra Expansion and this specific
methodology will provide us sunlight that will help us about finding our next-order
algebra i.e. Beyond the Carroll Algebra. As we will discover, our methodology does
not include some jumbo mumbo tricks such as specifying some expansion coefficient

via known structures and then interpreting them like a new concept.

1.1 Purpose of the Thesis

Throughout this thesis, we will try to show how an ultra-relativistic gravity theory
can be given and how can be obtained from a relativistic theory, and the concept of
“gauge fields” will play a crucial role. To obtain the results, first, we should study the
general structure of gauge theories and understand underlying symmetry properties.
Then, we will quickly review the differential geometry topics. After gathering this
knowledge, we will apply general rules to obtain gravity as a gauge theory. This result
will give us a very powerful framework to study gravity which is also called tetrad

formalism [27]. We will also show how GR can be obtained from an algebraic point



of view, i.e. gauging Poincaré algebra [19,25,31,38]. In the 4" part, we will examine
and discuss some of the massive and bi-metric gravity! cases. There is an undeniable
relation between massive gravity and bi-metric gravity as we will discuss. We will
also review scaling limits? of these theories at the end of the section. As a last part,
we will begin by constructing Carroll algebra. Furthermore, using this algebra we will
obtain an action for Carroll and Beyond the Carroll Gravity, of course via matching
every generator of algebra with a gauge field. In the end, we will finalize this thesis by

obtaining Beyond the Carroll and Carroll Gravity action from a multi-metric theory.
1.2 Conventions

1.2.1 Units

Unless otherwise stated, we will use the geometrized unit system, i.e. we will set
l6rG=1andc=1.

1.2.2 Metric and totally anti-symmetric tensor conventions

We will use Latin scripts for internal indices or for spatial indices and Greek scripts
for spacetime indices. Unless otherwise stated, we will use mostly positive signature

convention for both spacetime and internal metrics, e.g.

+
NaB = + (1.1)

Throughout this thesis, we will use the convention for totally anti-symmetric tensor

given below:

Eoape = —€2¢ = —1 (1.2a)

Epe = € =1 (1.2b)

. n

'In literature, bi-metric gravity and bi-gravity or without are used interchangeably.

2That part will be crucial for our last section.






2. GENERAL ASPECTS OF GAUGE THEORIES

The gauge theories have undeniable roles to describe nature [39—43]. The symmetries
related to these gauge theories provide extra degrees of freedom to the system that
we are trying to describe rather than being as fundamental as particles which are
responsible for the system. Because one can easily fix the gauge and see the

redundancies of the system.

In this section, we briefly discuss several gauge theories by focusing on their
symmetries such as U(1) and SU(2);. Of course, these gauge groups were not
chosen by personal pleasures. These gauge groups correspond to the gauge theories
which describe Electromagnetic Interactions at the quantum level i.e. Quantum
Electrodynamics (QED) and Weak Interactions, respectively. Since examining the

Lagrangian is the easiest way to see symmetries, we will start with Lagrangian.

2.1 U(1) Gauge Theory
In this case, we will investigate QED Lagrangian for Dirac Fields:
Zorep =P (iyuD* —m)¥ — %(FWV 2.1)
where v, are Dirac Matrices,
Dy = dy +ieAy(x) and Fuy = dyAy — Ay 2.2)

Here D, is called gauge covariant derivative. Ay is the electromagnetic vector
potential and F,y is the field strength of it. Also e = -|e| is the electron charge. If

you ever want to change it to any fermion, it is clear that e — Q with charge Q.

As it has been motivated, we first start with examining the corresponding Lagrangian.
It is obvious that this Lagrangian has U(l) gauge symmetry i.e. U(l) gauge

transformations leave this Lagrangian invariant of course up to a total derivative term
; 1
P(x) = “W(x)  and Ay — Ay —-dya(x) (2.3)
e

5



This gives us
P , 1
L' = eI (i, D" -y 9  au(x) — m) I — Z (Fuv)?
, P 1
_ efzoc(x)eza(x)\{; (i')/uDu . m) W Z(FIJV)z 2.4)
=Y
As you can see, .’ = %, i.e. the Lagrangian is left invariant under the local
transformation (2.3). This transformation is called “gauge transformation” because
the function o is an arbitrary function of coordinates [41]. Now let us calculate the

equation of motions (e.o.m.) :

for ¥: iy DMY = m¥
_ 2.5)
for Ay: OuFHY = ePy'Y =ej”
Clearly, these two e.0.m.s are not independent of each other, i.e. for Ay, it contains the

e.o.m. for y. We understood the following points from this observation:

e The given system has (at least) a gauge symmetry which is based on Lie algebra.

e One of the e.0.m.s contains other.

2.2 SU(N) Gauge Theories

In this section, we will discuss the general construction of SU(N) theories. Even
though we used a well-known U(1) invariant QED Lagrangian in the previous section,
for this section we will step further and construct the desired theory from scratch. We
will illustrate only SU(2) gauge field because this is the simplest form one can obtain
with non-trivial matrix representation [13,40]. However, the methods introduced in

this chapter will be applied to all SU(N) gauge theories.!

2.2.1 Lie groups

The groups that are n-dimensional differential manifolds with continuous group
elements are called in general Lie groups [40]. Since “having an identity element”
is a group postulate, SU(N) Lie groups have an identity element 1 [44]. Thus one can

write any group element of SU(N) groups as

U = exp(i0°T,)1, (2.6)

'Keep in mind that for U(1) case transformation is generated just by a function.

6



where 7, are called the group generators and 0¢ are some parameters. These
generators form a Lie algebra su(N), which is identified by the commutation relation

given as:

[Taa Tb] - ifabcTw (2-7)

where f,;,¢ are called the structure constants [13]. As could be seen from (2.7), if
fap¢ = 0, this corresponds to Abelian Group, otherwise Non-Abelian Group [39,40,44].
These generators satisfy an important identity which is called Jacobi identity given
below:

[Ta, [Ty, Tel] + [T, [Te, Ta]] + [T, [Ta, T]] = 0. (2.8)

which is equivalent to
fad® Foc” + fed® fap & foa® fea” =0 2.9)

2.2.2 SU(2) gauge theory

In Section 2.1, we studied a theory that has a U(1) symmetry. The transformations
related to this symmetry are just phase rotations if we have just a kinetic term. But,
there are more complex symmetries in the nature’. As an example, let us study the
SU(2) gauge theory. The methods for studying this gauge theory can be generalized

easily.

Let us consider a kinetic Lagrangian with 2 Dirac fermions:

2
Z=) [Vj (id —m) %} =¥ (ig —m)¥ (2.10)
=
where we used d = y, 0" and
¥ = (Im) 2.11)
Y2

is a doublet of Dirac fields.

This Lagrangian is invariant under the transformation:
Y —¥=UY, (2.12)

where

U = exp (la%) (2.13)

For example as a first thing came to mind, the celebrated Standard Model’s symmetry group can be
given as SUB3)¢ @ SUR), Q U(1).



which is a global SU(2) transformation [39,40]. By gauging this transformation, i.e.

making the transformation local, one can obtain a transformation such that

P(x) — ¥'(x) = U(x)¥(x) (2.14a)
U(x) = exp (ia“ (x) %) (2.14b)

should the Lagrangian (2.10) be invariant [39,40]. Here a = {1,2,3}, because SU(2)
has 22 — 1 = 3 dimensions. From (2.14b), one can easily see that the generators of this

theory are simply the Pauli matrices
T, =— (2.15)

Furthermore, the structure constants of this theory are equal to Levi-Civita symbols

because
[Tm Tb] -

| —

% %]

272

[C4, 0] = %21‘8,11,066 = i€, T, (2.16)
= ifaTe

and this gives us that f,,¢ = €, for SU(2) transformations. As it has been mentioned

Bl—

in [40], the Lie-algebra-valued fields can be used appropriately instead of gauge fields.
These new fields are defined as

Ay =ALT, (2.17)

As you can see it is nothing but a small modification since for U(1) 7, = 1. Similar to
the definition of the gauge covariant derivative in the U(1) section, one can define the

gauge covariant derivative as
Dy =9y —igAu(x), (2.18)

Here g is coupling constant [45], e.g. ¢ — —g. Since this derivative is a “covariant"

derivative, it has to be transformed covariantly, i.e.
DY — (DY) =U(x) (Du¥) (2.19)
Let us make the transformation explicitly:
(Du®) = 9y (x) — igA}, (x)¥'(x)
= Jy (U (x)¥(x)) — igA}, (x)U (x)¥(x) (2.20)
= U (x)¥(x) + U (x) 9y ¥ (x) — igA), (x)U (x) ¥ (x).
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But also we have,
U(x) (Du¥) = U (x)9y¥(x) — igU (x)Apu (x) ¥ (x) (2.21)
Since (2.20) is equal to (2.21), we obtain
AU (x) — igA;l (X)U (x) = —igU (x)Ap(x). (2.22)
This implies that

A/

uunmo=uum¢w—§%vu>

(2.23)

Then, Al

L) = U0 (9= £ 2,0 (U 0,

Let us now imply the infinitesimal form of the transformation in (2.14b) to our result.

The infinitesimal form of (2.14b) can be given as
U(x) = exp(ia®(x)T,) = 1 +ia®(x)T, + O (a?), (2.24)
and similarly
U~ (x) = exp(—ia®(x)T,) = 1 —ia®(x)T, + O (a?). (2.25)

If we substitute these by dropping the higher-order terms i.e. other than the first-order

terms:
Al (x) = (140 (0)T,) Ay (x) (1 - iab(x)T;,>

i
— o On (A +iaT) (1 —ia (X)Tb) (2.26)
1
g
By writing it explicitly,
, 1
APT, = ALT, +ia®AL T, T, — ia“AD T, T, + ;a“ o,
, 1
= AT, +io A [T, Ty] + ga” alT,
b asb c 1 b
:A“Tb—OC A”fab Tc-l-—a”OC Ty (2.27)
g
1
= AL T, — oPAS £ Ty + ga“ a’T,
, 1
AfT, = ALT, — aAS e Ty + §8u a’T,

Therefore,

, 1
Al =A%+ gau o — E4pc 0P AS,. (2.28)
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This is the transformation of the gauge field A}, under SU(2) transformations [40].

Now we can define the field strength of the SU(2) gauge theory>. This object can be

given as ' ‘
i i
Fuy =—|Dy,Dy| = —|(dy —igAy),(dy —igA
uv g[ w V] g[( n L8 u) (dv —ig v)} (2.29)
or in components, where .7, = .7, fjvTa,
Ty = Ay — A, + ge“pAb A, (2.30)
and a SU(2) gauge invariant Lagrangian can be given as
2
L= Z v (i —m) ], (2.31)

As can be seen easily, this field strength is very similar to the U(1) field strength.
In fact, the field strengths of all gauge theories can be given in the form of (2.29).
Since U(1) is an Abelian group, i.e. 7, = 1 as it has been mentioned above, the last
commutator in (2.29) is trivially zero for electromagnetic field strength [40]. These

results can be generalized to any SU(N) theory.

31f we have U(1) and SU(2) structures simultaneously, we must construct each field strength separately.
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3. A BRIEF REVIEW OF DIFFERENTIAL GEOMETRY

The main reason for this chapter is to make an introduction to differential geometry,
which is the main mathematical concept for understanding most of the gravity theories
e.g. GR, and the relation between gauge and gravity theories. For this chapter, we are
aiming to present a very brief review of the topics of differential geometry. We will
not study differential geometry chronologically instead we will study it by discussing

the main structures!. So let us start with vectors and tensors.

3.1 Beginning: The Vectors

In any physical structure, we deal with vectors, for example, position vector in
three-dimensional vector analysis or the metric tensor” in General Relativity [14—
16,46]. As it is required among humankind, we need a language to understand and
describe. That is the language of differential geometry. Since when we try to visualize
the concept of a vector, we immediately think of an arrow connecting two points that
are infinitesimally close to each other. Therefore, it is expected that it will be described
by derivative in a mathematical language. So, one can start with the vector V as it is the
tangent vector to some curve belonging to the manifold. Let us consider the manifold
M has coordinate x* in some patch which resulted in a curve as x* = x*(¢), with the
parameter ¢ along the path. Since we gathered the necessary information about tangent

vectors, we are able to write it as

d
V== 3.1
ot -1
Keep in mind that V' is coordinate-independent. But also
d
_ M _ ok
V=V ppT VHao, 3.2)

where V# = %. We observe that the components V# are coordinate dependent while

the vector V is not. Also, we are able to obtain the transformation rule under general

li.e. only useful parts for our theme.

2Since tensors are just the generalization of vectors in a manner.
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coordinate transformations x* — x’* = x’#(x") via the chain rule

A
N o (3.3)

V=V = VRS0
X!

where 9], = d/dx’V. By definition, the coefficients of the d), are the components of V
with respect to the primed coordinate system. Then

/
_ ax't
oxv

% 3.4)

That is the transformation property of a vector’s components. Its generalization to
multiple indices is straightforward which gives the transformation of tensors, as an

example in the case of p-index tensor 7',

T — T/Jl"'.upaul ® . ®¢9”,, (3.5)

Therefore, following the same footprints, the components of this p-index tensor

transform as
dx'M gx'He

T by —
oxV1 T dxVp

TV] -Vp (3.6)

3.2 As Another Side: The Covectors

One can also consider the objects with components having lower indices as known as

covectors. Let us consider a function f. Thanks to the chain rule, df is
df = dyfdx* 3.7)

By the same logic as V, one can consider d f as a geometrical, coordinate-independent
object. It is easy to see that its components are d,, f. Actually, df is a very special case

of a covector. It may be a general covector U where Uy, is its components
U =Uydx* (3.8)

Since U is coordinate-independent, U, transform under general coordinate
transformations via following the footprints of the Section 3.1

dxV

7
S (3.9)

U:Uv

As we said, the coefficients of dx’* are the components of U ﬂlt in the primed coordinate
frame. Therefore, the transformation property of 1-form components is given by

JoxV
/
Up= oxk Y

(3.10)

12



Again, it is straightforward to generalize to cotensors with p index:

U =Up,..u,dx" Q) ... Q) dxt (3.11)

The transformation rule for the components Uy..,, under general coordinate
transformation is given by

, oxV! ox"r

by = i e Uy (3.12)

It is obvious that since wy, transforms in the opposite way of V¥, their combination i.e.

wy VH is invariant under general coordinate transformations,

oxV dx'M
T
WiV g ~ OxM 9xO eV
=5 wyV° (3.13)
:WvVV

This is the scalar product or inner product if you would like to call it that way, of V with
w. However, one can also express this relation in a geometrical way without choosing

any specific coordinates i.e. (w,V). Since we have an identity

(dx*.9y) = &t (3.14)
we obtain:
(w, V) =wy, V¥ (dx",dy)
(3.15)
If we apply these steps to differential df:
(df,V)y=20dufV¥{dxt, dy) =VHa, f (3.16)

In other words, since the original definition of V in (3.1) is a differential operator, in
that case, the inner product of d f and V is just the directional derivative of f throughout

the curve parametrized by t: (df,V)=V(f) = df/dt.

3.3 Differential Forms

Now let us focus on the class of cotensors whose components are totally
antisymmetric’

J1 - p]

3They will be crucial for our last chapter.
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where [- - -] antisymmetrize anything inside of itself:

1
Uluv) = 57 (Unv = Uvu) (3.18)

If the indices of the cotensor is antisymmetric then it will lead to making an
antisymmetric projection, as one can easily guess, on the tensor product of 1-forms
dx*:

dxt Ndx” = dxt Q) dx” — dx¥ (X) dx* (3.19)

where A symbol is called wedge and left-hand side of (3.19) is called wedge product.

Cotensors with p indices are called p-forms. And they are given below,

1
A = EA'ulupdxul VA /\dX’up (3.20)

As aresultif A is a p-form and B is g-form,

AAB=(-1)"BAA (3.21)

3.4 Taking the Derivatives in a Geometric Way

In this section, we will understand the structure that came by using the exterior
derivative which is symbolized as d. It produces a (p + 1)-form when it is used on
a p-form field. If it operates on a O-form i.e. function, it just takes the differential of it
as in (3.7). As a more general case e.g. on a p-form:

1

— M1 u
W= a)m_“updx A .. N\dxTP

|
‘i' (3.22)
dw :E (8\,60“1,““[7) dxV Ndx* A N dxPe

Keep in mind that from our definition of p-form, the components of the (p + 1) -form

dw are

(dw)vul...up =(p+ 1)a[ku1...up] (3.23)

It is obvious that if A is a p-form and B is a g-form then, thanks to the Leibnitz rule,
we obtain

d(AAB) =dAAB+(—1)PANdB (3.24)

As you may see from (3.22), it gives zero when it is used twice. Because d is
an antisymmetric derivative while partial derivatives are symmetric. Let us focus

on Maxwell Electrodynamics since it will be a good example for the use of not
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only differential forms but also exterior derivative. The vector potential is a 1-form,
A = Aydx*. The Maxwell field strength is a 2-form, F = %Fuvdx“ Adx", and one can

easily construct it from A by taking the exterior derivative as

1
F = dA - a”AV X“ /\dxv - EFﬂvdxu /\d.xv (3-25)

We read off the components as Fj,y = 28[NAV}. Note that dF = 0 trivially since dF =
d?A.

3.5 Spin Connection and Curvature 2-Forms

In this section, let us begin by considering what might come out when we take the
square root of metric g,v. In order to do so we need to introduce some structure as
known as vielbein. It is the basis of 1-forms e¢“ = eﬁdx“ and its components ej; which

satisfy

guv = TNapels€y (3.26)

where the Latin indices represent the local-Lorentz indices or tangent-space indices.
Here, 1y, is a flat metric whose components are constant. The signature of 1,;, must be
the same as that of g, since we will be studying the cases in GR with Minkowskian
signature

N = diag(—1,1,...,1) (3.27)

Likewise, if we attempt to study in Euclidean signature, we must change the first

component’s sign.

Let us introduce the spin connection i.e. connection 1-forms, ®“;, = ®“ budx“ and the

torsion 2-forms 7% = %Tﬁ’vdx“ Adx”. They have a bonding relationship as
T =de’ + oy Ne” (3.28)

As a further step, let us define curvature 2-forms %, as
0 =do’ )+ 0 N (3.29)

Also, metric compatibility requires that

Wyp = — Wpg (3.30)
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where @, = Nuc®¢ . In addition to the requirement of metric compatibility, we
usually choose a torsion-free spin connection, i.e. vanishing torsion 2-forms 7¢ in

(3.28). These two determine w*; completely:
de’ = -y Neb, = —wp, (3.31)

Let us continue with curvature 2-form ®@“ ;. Its indices are antisymmetric under the

exchange of each other just like the Riemann tensor:
1
0%y = ER" puvdxt Adx" (3.32)

One can also free to use the vielbein ej; to make a transition between different types
of indices such as coordinate indices v and tangent-space indices b. However, in order
to be able to do that inverse of the vielbein, Eﬁf , is required. Also, it satisfies the given
below,
Elel, =8y,  Elel =35 (3.33)
Then, we are ready to read off Riemann tensor components completely constructed on
the tangent-frame basis as
R peqg = EFEJR by 3.34)
Be careful that we distinguish these tensors by examining the indices that they carry.

In terms of R% .4, it is easy to see

1
04y, = ER“ pea€" Ne? (3.35)

One can also construct two further quantities based on the Riemann tensor which are

the Ricci tensor R, and Ricci scalar R:
Ry =R achy ~ R=1"Rap (3.36)

Of course, some familiar concepts of GR can be obtained easily. For example, the

Riemann tensor can be calculated as
R* ypo =EFESR bpo (3.37)
The coordinate analog of (3.36):
Ruv =RP 1pv, R=g"Ryy (3.38)
Also obviously, similar to the (3.34) with the help of the vielbein, we see that

Ruy = efe)Ryp (3.39)
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4. GRAVITY AS A GAUGE THEORY

In the previous chapter, we mainly focused on developing of the necessary
mathematical objects for “gravity as a gauge theory”. The main focus of this chapter
will be GR, its first and second-order formalisms, and how it can be acquired GR via
gauging Poincaré algebra. Through finalizing this chapter, we will shortly discuss the
generalizations of the GR to the multi-metric theories, etc., and its gauge theoretic

formalisms.

4.1 Second Order Formalism of GR

Almost all the introductory books for GR begin with studying the second-order
formalism of GR. So let us follow our origins and begin with second-order formalism.

For a detailed study, see [16,26,27].

4.2 Einstein Tensor

General relativity is a geometric theory and we need some crucial objects such as
metric, Riemann curvature tensor (and related curvature objects), covariant derivative
operator, and connection. Since GR is a torsionless theory, we use the Christoffel

connection. Using the equation (A.1.3), the contraction of its indices gives us that

1 1 1
Fpup = Egpc (augop +<9p8cm - agup) = —gpcaugpcr = —au\/ -g. @41

2 V-8
In general, the curvature can be given as a commutator of two covariant derivatives
acted on a vector, i.e.

[V, Vi [V = RP g%, 4.2)

where v € T (.#') and RP o,y are the components of Riemann tensor. Its components

can be given as

chuv — aurcpv — 8Vr6p“ +Fapvrcau - Fapuraav (4.3)
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If we contract the first and the third indices of the Riemann tensor, we obtain the Ricci
tensor

Ruv =R 15, (4.4)

and contraction of the Ricci tensor with metric gives us the Ricci scalar
R - guvR'uv. (4.5)

After some simple calculations, one can also see that the Riemann tensor satisfies two

Bianchi identities

ch‘uv ‘I—RG’uvp +Rcvp” — 0, (4-63)

VaRGp”v + V“chva + VvRGpau - 0 (4o6b)

From the second Bianchi identity, we can obtain
VaRspuv +VuRspva +VyvRspau =0
= _VaRoco,uv +VuRsy —VyRsy =0
= —V*Roy + VyR— V% Ry =0 @7
= V*Rop — %V“R =0.
Using the metric, and putting the terms in common parentheses of the derivative, we

can obtain .

1 4.8)
Let us denote
1
G#v = R‘uv - Egu'vR (4.9)

which is called the Einstein tensor [16]. One can read also from (4.8) that the Einstein

tensor is a divergenceless quantity.

4.2.1 Einstein-Hilbert action

Most of our physical theories can be interpreted in the Lagrangian formalism.
Fortunately, GR is one of these theories which we know the interpretation in the
Lagrangian formalism. However, there is a subtle detail in its formulation. For all

non-gravitational theories which can be formulated as a Lagrangian theory, one can
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obtain a scalar, which can be interpreted as a Lagrangian density, using the dynamic

objects of the theory and their first derivatives.

For a gravitational theory, e.g. GR, it is not a true statement; it is not possible to obtain
a Lagrangian from the metric, which is the dynamic object for a gravitational theory
in second-order formalism, and its first derivatives. As stated in Krasnov, the simplest
scalar object obtained from a geometrical point of view is the Ricci scalar [27]. One
can see from the definitions given by (4.1) and (4.3) that the Ricci scalar contains the
metric and its second-order derivatives. Thus we can write the simplest action for a

gravitational theory as

Sgn = / d’x\/—gR, (4.10)
which is called the Einstein-Hilbert action. By varying this action, we reach the famous
Einstein equations as we are about to do so.
4.2.2 Einstein equations

Similar to obtaining the e.o.m. of a Dirac field in Chapter 2, one can obtain the e.o.m.

for the gravitational theory which we are interested in, by varying the action (4.10):

6(Sen) = / d‘x[8(vV—g)R+v—88(R)]. (4.11)

The first variation is given in (A.2.5), thus we need to calculate the variation of the
Ricci scalar. For this calculation, we should first obtain the variation of the Riemann

tensor. After a short calculation, one can show that

which transforms as a tensor. So we should now find the variation of the Christoffel

connection, which is given as

(g"°) (avgop +dpgov — acrgvp)

ghe (aVS(gGP) + 3p5(gov) - acs(gvp)) .

4.13)

If we substitute the metric variation (A.2.3), we see that the derivatives covariantize:

1
S(F“vp) = 58“0 (Vva(gcp) +Vp6(gov) — chs(gvp)) . (4.14)
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As a result, we have
8(R) =& (g" Ruv) = 8(g"")Ruy +¢"" 8 (RP pv) , (4.15)
and after some algebra, we obtain
6(R) = (Ruv - Vva —f—gqupr) 5(8#‘/) ) (4.16)

where the second and third terms will give us some boundary terms in the variation of

the action integral. Putting all these results together, we obtain

1
5 (Sen) = / dxy/ g [RW— SRy +(BT)| =0 @.17)
If we assume that the boundary terms vanish at the boundaries, we conclude that the

e.o.m. for our gravitational theory is

1

which are called the Einstein equations without matter. Note that the left-hand side of
(4.18) is equal to the Einstein tensor. Now, if we add a matter Lagrangian to our action,
the e.o.m. modifies as

1
G“v = RHV - ERguv == T‘uv, (4.19)

where 7}y is called the energy-momentum tensor [16,26]. Note that the Einstein tensor
is symmetric since R,y and gy, are both symmetric tensors. Also from Subsection
4.2.2, we are aware that the Einstein tensor is divergenceless, thus one can see from

(4.19) that the energy-momentum tensor should also be symmetric and divergenceless.

4.3 First Order Formalism of GR

Now, we will study the first order formalism of GR for d = 4, since there are
some technical differences for 2 + 1 dimensions and the generalization to the higher
dimensional cases are trivial'!. Let us begin with the action of the theory. The

Einstein-Cartan action can be given as

1
Sec = 5 / Eapea@ Ne® AR, (4.20)

YOf course, this statement is valid only for the bosonic case. There are some major differences for the
supergravity theories.
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where R° = R/ (®) is the curvature of the @. Varying (4.20) with respect to @, one

can obtain

1
80 (Skc) = 5 / Eapcae® N el N Sy (RY). (4.21)

So we need to calculate the variation of curvature, which can be found after some index

manipulation as
Sa,(R“’):d<5de>—wdeSwfc-i—a)"f/\Sa)fd. (4.22)

Substituting this into the variation of the curvature and using the integration by parts,

one can find that

1
80(Skc) = 5 / apcac” N A [d(80) — 0'f 80" +0° 1 S|

1
= E/gabcdea/\eb/\ [d (6@“’) +(1)Cf/\5(0fd+wcf/\5wdf]

| 4.23)
=3 /8abcde“ Ae? AD (chd>
= % / [D <8abcdea AeP A Sde) — EupedD (e“ A eb> A 500“1} )
As can be seen, the first term is a boundary term, thus we have
S0(Se) ~ —= [ EapeaD (e“ A eb> NS, 4.24)
and for dg (Sgc) = 0, we obtain that
De =0, 4.25)

which is the zero torsion condition.

We can also vary (4.20) with respect to the tetrad field. With a very simple calculation,

one can get the e.o.m. for the tetrad as
Eabeae” AR = 0. (4.26)

Similar to the previous section, if we add a matter Lagrangian to our action, we

conclude that the e.o.m. modifies as
gabcdeb A RCd = &ubcd T de7 (4-27)

which is called the Einstein equations in first-order formalism.
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4.4 Poincaré Algebra Gauge Theory

In theoretical physics, understanding the symmetries underlying the physical theories
are crucial. At late 19", we have used Newton’s laws to formulate the dynamics of the
particles and systems. This theory is invariant under Galilean transformation, which

can be generically given as
x — X =Rx+1tx+a,
(4.28)
t—t =t+s,

where R € SO(3) is a rotation matrix, X is known as the position vector, a is a constant
vector and ¢ is the time. The group constructed by these transformations is called the
Galilean group Gal(3), also the corresponding algebra is called the Galilean algebra,
which is a Lie algebra. However, Maxwell’s equations are not invariant under these
transformations. With the works of Lorentz, Poincaré, and others, it was shown that the
correct transformation is the Lorentz transformation which leaves invariant Maxwell’s

equations. This transformation can be given as
= H = A* XY+ M, (4.29)
where A", € SO(1,d — 1) is a rotation matrix restricted by the condition
A%y APy gp = Ny, (4.30)

Nuv is the Minkowski metric and a* is a constant d-vector. The corresponding group
is called the Poincaré group 1SO(1,d — 1) = RU4=1D 5 SO(1,d — 1)? [47], and the
corresponding algebra is called the Poincaré algebra, which is also a Lie algebra. Now

we will examine this group in more detail.

A Poincaré transformation consists of a Lorentz transformation, which acts as a

rotation in (D + 1)-dimensional spacetime >, and a spacetime translation a*

T(a,A)x* = A" x¥ +a" =X, (4.31)

2This group is also called the inhomogeneous Lorentz group.

3Here D = d — 1, where d is the spacetime dimension.
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Using this definition, one can easily check whether these transformations indeed form

a group:
T(az,Az)T(al,Al)x = T(az,/\z) (A1x~|—a1)

=M A x+MAa+ay 4.32)
=Asx+a3
where the indices are suppressed. This gives us the result that the Poincaré

transformations establish indeed a group and its composition rule can be given as
(az,/\z) o (al,Al) = (A2a1 + az,AzAl) (4.33)

Here if we take a" = 0, we simply obtain a Lorentz transformation, and because of
the same reason in (4.32), these transformations form also a group which is known
as the Lorentz group, also the corresponding algebra is known as the Lorentz algebra.
We will begin the study of the gauge theory of Poincaré algebra by studying Lorentz

algebra.

4.4.1 Lorentz algebra

First of all, we should note that we know from relativistic physics that the
global spacetime symmetries without boost can be expressed using the Lorentz
transformation. More clearly, the symmetry transformations can be given as follows.

Let A be a Lorentz transformation
A== AR XY, 4.349)

and let ¢(x) be a scalar, .Z(x) be a Lagrangian, V#(x) be a vector and 7,y the
Minkowski metric. For our purposes, we only give the transformations of scalars,
vectors, and tensors. For the transformations of other objects such as spinors, see
[13,39,40] etc.

Our motivated transformations can be given as

Y = APLAT Y =07,

I (x) = (A uavo(A ), (4.35)



Now let us obtain the corresponding algebra by expanding the transformation around
the identity. Let w", be taken an infinitesimal object. If we expand the Lorentz

transformation A around identity i.e. 6, we find that

Auvzsuv+w”v+"‘ . (4.36)
From (4.35)
nP% = (8P + @) (6% + )"
=nP°+nP %, + N"° 0P, + O (0?) (4.37)
gnpc—}—wap—i—wpo,
thus @ should be antisymmetric, i.e. ©"*¥ = —@"*. In d dimensions, this object

has %d (d — 1) elements, which are the parameters for the generators of the related
Lie algebra. As described in Freedman and van Proeyen, this Lie algebra is a real
linear space spanned by these generators with the commutator [m,m'] [13]. The
corresponding generators are J*V, where the group elements can be given as an
exponential such that
T(0,A)=T(0,1+ @+ 0 (w?))
i

=1+ 0" + 0(0?) (4.38)

= e%a)'uv‘]ﬂv .
Note that this transformation should be unitary, thus J must be Hermitian. One can
also see from above, J must be antisymmetric, since @ is antisymmetric 4. Let us now
investigate the Lorentz transformation properties of the generators J*V. We begin by

considering the product given below:
T(AT(1+a)T H(A), (4.39)
where we denote 7 (A) = T'(0,A) for simplicity. Note also that
T(ANT ' (A)=1=T(1)=T(AA™}) (4.40)

We see that
T-YA) =T(A™D). (4.41)

4The generator J*V is called the angular momentum operator.
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Now, using (4.33), we can obtain

T(AT(1+o)T ' (A)=T(A)T(1+ )T (A

(4.42)
=T (A(l+o)A™).
To the first order in w, we obtain from LHS
T(A) (1 + %wuvw) T(A)=1+T(A) (%wuvﬂ”> T(A™Y), (4.43)
and from RHS
-1 -1 I 1
T(A1l+0)A™) =T(1+AwA ):1+§(Aa)A )" (4.44)
Equating both sides, we find that
i _ i _
ST (AP T(N™) = 5 (AP @po (A7)0 ) 1. (4.45)
Simplifying this relation, we obtain the transformation rule for J#V:
T(A)JPT(A™Y) = AP A THY, (4.46)

where (A’l)(y v = A,°. Now, let T(A) be also an infinitesimal transformation, i.e.
A’uV — 5‘uv+d)uv7
i y _2 4.47)
T(A) =145 uyJ"" + (o).
Thus we have,
(1 + %@wﬂ”) PO (1 = %a)ﬂvﬂ”) =P S @I P01+ 0(07), (448)
and
(8uP + @uP) (8,7 + @) J*Y = JPO + @y P T + @, TPV + 0 (@%).  (4.49)
Equating both relations, we obtain
i
Ea_)uv[.]uv,]pc] == (I)“pJHG+(Z)vGJPV, (4.50)
and eliminating @, we find that
[JHV JPO) = —i[nHPJYo —nHOoJvP —nVPJHO 4-nVOJHP] 4.51)
which is the Lorentz algebra. We can also rewrite this commutator as in (2.7)
i
1Y IR = S pIPel e, (4.52)

where the structure constants can be given as

f[uv] [pc][m_] _ Sn[P[VS“][Kﬁ"} . (4.53)
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4.4.2 Poincaré algebra

Now we can generalize the results beginning with (4.36) and (4.37) by adding a* = EH
where £# be taken an infinitesimal object. As before, this object has d elements in d
dimensions, which are the parameters for the generators (of course, with @*") of the
Poincaré algebra. As defined earlier, the corresponding generators for @ are J*V, and
the corresponding generators for & are P#. Thus the elements of the group are given

by
T(a@A)=T(E,1+ 0w+ 0(0?))
=1+ %wqu“V — iy Pt + O (%) + 0 (E?) (4.54)

_ e%wpvﬂ‘v—iéuPﬂ

As stated earlier, this transformation should be unitary, so P must be Hermitian, as
well as J °. Similar to the previous section, we should investigate the transformation

properties of the generators J and P. Using the fact that
T Ya,A)=T(A ', —A1a) (4.55)
with the help of (4.33), we can find that
T(a,A)T(E, 1+ 0)T '(a,A) =T (A —A0A 'a,A(1+0)A™ ") (4.56)
If we use the same methodology for calculating the transformation rules, we can obtain
T(a,A)JP°T  (a,A) = AyPAC (J*Y —a*P¥ +a"PH), (4.57)
and
T(a,A)PPT " (a,A) = A PP". (4.58)

After some simple calculations, we can see that the Lie algebra of the Poincaré group
can be given by
[JHY JPO] = —i[nHP YO — nHO JVP _ VP JHO 4 VO P
[P*,JPC] = —i[n*P P° —nHopP], (4.59)
[P*,PY] =0.
Infinitesimally, these generators can also be given in the form of
Juv = X0y — Xy 0y,

(4.60)
Py =0,

>The generator P is called the momentum operator
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So, the infinitesimal transformations of a scalar field can be given as
i
§()6(x) = 30" Iy 0 (x)

= %wuv (x,uav —xv3u) o (x) (4.61)

- lw'uv.x”av(P(.x),

and

8(£)9(x) = —iEPug (x
= —iE 90 ().

(4.62)

4.4.3 Gauging the Poincaré algebra

In GR, the geometric objects are transformed covariantly under the general coordinate

transformations (gct) [13], thus we have
¢'(X') = ¢ (x),
oxV
Vu(¥) = 5 W), (4.63)

etc.

Now, we can investigate the infinitesimal gct, which can be given as
s x = — et (x). (4.64)

Using this definition, we can calculate the infinitesimal get of a scalar field as
Bger§ (x) = ¢'(x) — 9 (x)
=¢'(x'+€)—9(x)
~ ¢'(x') + " (x)du 9’ (') — ¢ (x)
=0 (x) +&"(x)ud (x) — 9 (x)
= "(x)du ¢ (x)
= Ze (),

which is known as the Lie derivative of the ¢ with respect to €, and with similar

(4.65)

calculations, we can obtain the infinitesimal gct of the vector field:
OgetVuu (x) = Vy (x) = Viu(x)
=P dpVyu(x) +VpoyueP (4.66)
=2V, (%),
which is the Lie derivative of the vector V with respect to € [45]. Let us now

gauging the Poincaré algebra, i.e. make the parameters local (&, w) — (&(x), 0(x)).
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Calculating the gauged Poincaré transformation of a scalar field gives us

8(8, @) 9(x) = (iw" x,0y — i) ¢ (x)

— —i(@"xy Iy +E19y) 0 (x) (4.67)
= —i(0""xy + &) dud(x).
If we denote e* = —i (@w"Yx, + &H), we can obtain
6(8,0)¢(x) =" Iud(x)
= Zed(x) (4.68)

(&) 9 (x) = Bger (x).

This shows us that the generalized coordinate transformations of a curved spacetime

are equivalent to the gauged Poincaré transformations [45].

4.4.4 Pure Poincaré gauge theory

For the reasons of calculations of the future works in this thesis, we change our
convention a little bit as in [13], and we will drop the complex number i. In this
new convention, the Poincaré algebra is given as
VabsJeal = 4N ajedapp)
Vabs Pe] = 20c(pPu, (4.69)
[Pa, By] = 0.
Since the sum of 1-forms are equal to another 1-form, one can give the definition of

the Lie algebra valued 1-form for Poincaré algebra as

1 (4.70)
= euaPa + Ewuab.,ab
As calculated in Chapter 2, the gauge theoretic curvature 2-form is given by
1
R=dA+ =[A,A] 4.71)

2

Using (4.70) and (4.71), one can find the curvature 2-form for Poincaré gauge theory

as

1

4.72)

| =N

(Qulev+a@y) —dy(ey +@u) + [(eu+ 0y), (ev + @y)]) dxt dx.
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Rewriting the 1-forms as in (4.70), and using the commutators given in (4.69), we can

obtain the curvature 2-form as
1
Ruv(A) = Ryv*(e) Py + ERuv“b(w)Jab (4.73)

where
Ruva(e) =2 (8[“6‘,]“ — a)[ﬂ"bev]b>
Ruy(0) =2 (30 — 0, 0 )

We can also give the arbitrary symmetry transformations as

(4.74)

5(e) = €'y
Tu9” = —fuc 9
5(e)Au" = due + ALl fo .l
D¢ = (du—8(Ap)) ¢
040 — A Ty

8(€) Ruv® = Ry’ "

(4.75)

Using these rules, we are allowed to calculate the symmetry variation of e and ®
§(8)en" = Il — & wu "y + A% ey (4.76)
S(A) wy® = AP 122l 1,

where we use (4.53) as the structure constant, and since A% is antisymmetric, this
simplifies as

AP fopg® = A" 8¢ 4.77)
4.4.5 The soldering equation

So far, the variations act only on the internal space. However, we need the variations
that act on spacetime for a gravity theory. Thus, we need to obtain a procedure to

combine these two, priori different transformations in some way.

Let us first define another transformation, which is called “covariant general coordinate

transformation” (cgct) as

Seget(§) = Sger(§) — 5 (EHAY) 4.78)
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Acting on a gauge field, we obtain
5cgct(§)Aua = 6gct(§)Aua - 3(§GAG)AMa
=EYOAL AV IuEY — Fu(EVAV) — VAV AL fi!
= EVOVAL +AV Y — 8V AV — AV 9uEY —EVAV AL fic" (4.79)
= £V AL — £V IuAY — EVAV AL fir!
= —&" (A +AuPA ") = —E R ()
Thus we have

Ocgct(E)en® = —EVRuv (e) (4.80)

If we expand the LHS for the Poincaré algebra, we find that

Sepet (E)en” = Socren® — Sp(E™ e )en® — 8(E* @y ey (4.81)
and we obtain
—EVRuy*(e) = Sgeren” — Sp(E4en ey — 81 (E4 @y )ep” (4.82)
Let us deform the original Poincaré algebra by imposing the constraint®
Ruv?(e) =0 (4.83)

thus we find that
0 = Sgerep® — Sp(Erep ey — 8;(E @y )ey”
Sp(E%er)en” = Syaen” — 81(E @y )ep (4.84)
0p(&)en” = Ogeren” — 5](52“(01)@1“
This result provides the connection between the translational symmetries of Poincaré

algebra and general coordinate transformation, so one can transform these into each

other [19].

4.4.6 The last step: action

In the previous chapter, we have defined all the objects we need for a gravity theory,
such as the metric and the connection between the metric and the vielbein or the

covariant derivatives, etc. In this subsection, we only give the action.

®Note that this constraint corresponds to the torsionless condition, i.e. I’ A uv] = 0.
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First, let us calculate the metric determinant in terms of vielbeine

det(guv) = det(nabeauebv> = —det(e”)? = —¢?, (4.85)
thus we have
—det(guy) =Vel=e (4.86)

Since Rﬂva(e) = 0, using (4.73), we can find that only curvature term is Rﬂv“b.

Contracting with vielbeine, one can see that the Ricci scalar is given by
R(®) = ele",Ryy ™ (w). (4.87)
As the result, the action becomes
§— / dxeR(®). (4.88)

Note that this action is called the “tetradic Palatini action” [45].
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5. BI-GRAVITY THEORIES AND SCALING LIMIT

In this chapter, we will discuss general aspects with some examples of scaling limit and
the relation between bi-gravity theories [18,23,48-52] and massive gravity [21,22,53—
66]. Since Einstein’s General Relativity is also able to be understood as a field theory
which describes the interactions of massless spin-2 particles i.e. graviton. Having
this perspective leads to considering the case that GR might be generalized as allowing
small graviton mass. Surely, the starting point is constructed by Fierz and Pauli Theory
[60] however this theory is not the easiest theory that anyone might want to extend as
a well-defined interacting theory. First of all, one of the fundamental issues is the
existence of an unphysical situation such as negative energy scalar modes as known as
Boulware-Deser(BD) ghost or instability [58]. Even though we will not focus on the

BD ghost, we will understand the progress of achievement as we move further.

5.1 First Attempt: Non-Linear Massive Gravity Model

As a starting point, we will consider two general metrics g,y and fj,y and the structure
that they contribute. Then we will investigate this whole structure by imposing a few

conditions. So let us begin with the massive action of [23]:

S:Mg/d“x\/—g

R+2m? i (ﬁnen(\/g_lf)] (5.1)
n=0

u
where the square root of a matrix is defined as (x/g_lf\/g_1f> 2 =&g"vfua. And,

en(n/g~1f) are called elementary symmetric polynomials with the eigenvalues A,, of

the matrix /g~ ! f. If we are interested in the 4 x 4 matrix:

-1

(Ve 'f) =

(Vg ) =M+A+ A+

e2(Vg 1 f) = MM+ M Az + Mg+ Aoz + Aoy + A3 (5.2)
Ve lf

= M3+ M A + M A3A4 + A A3 4
g ) = MMMy =dety/ g1 f

33

€3

€4

( )
( )
2(Vef)
( )
( )



Let us focus on the last term on the potential (5.1):

V/—detgBaes(v/g~ f) = Par/—detgdetr/g 1 f = Byr/—detf (5.3)

As you may see easily, it is independent of g,y so this term does not contribute
to the e.o.m of the g,v. Therefore, when the reference metric f,y is assumed as
non-dynamical, we are able to drop this term. The remaining four B, describe
combinations of the fundamental parameters such as the mass of graviton, the

cosmological constant, and two free parameters.

From now on, f,y will be considered as dynamical. Therefore, since the potential
term in (S.1) includes both g,y and fyy, it will act as a potential for both g,y and
Suv. Of course in that case we keep the (5.3) term. As a result, we totally have 5 free

parameters which include cosmological constant and graviton mass for both g, and

fuv-

5.1.1 View as bi-metric gravity

Let us go further one step and add a kinetic term for f;;y into (5.1). However, we have
to add such a kinetic term that should be compatible with the potential term with the
aim of constructing a well-defined ghost-free gravity theory. For now, this mass term
might seem like it does not have the same form for both metrics. Even though this
is problematic, we might write a kinetic term for fj,y that is not an Einstein-Hilbert
kinetic term. In general, we can add f,,y kinetic terms which are constructed by using
both g,y and f;y. As a starting point, we will try to add only one term. Also in order
to understand what the structure of this new term should be, let us examine the mass

term

Since +/—detg = \/—detf+/detflg
4 4
We have /—detg Z Bren (s /g—lf) - \/—detfe4(\/f—1g) Z Buen( /g_]_f)
n=0 n=0

(5.4)
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Now let us try to whether we can express e,(1/g~! f) by relating the f~'g. One can
easily see that e,(1/f~!g) can be expressed via the eigenvalues of g~ ! f as

eo(v/ flg) =1

1 1 1 1
—1 -
61( f g)_2,1+12+l3+)t4
e(f—l)—1+1+1+1+1+1
2 &= 7(«17(‘2 )ulﬂg 1114 7(‘213 127(«4 /13)»4 (5’5)

1 I ! !
—14) —
63( f g) M3 + MAr A4 + MA3 A4 * A3 Ay

Y 1
€4< filg) = 11121314

Note that there is a relation between (5.2) and (5.5) such that

1
en(VE )= % (5.6)

Then the mass term (5.4) can be written as

4 4
\/ —detg Z ﬁnen(\/gflf) = \/_detf Z Brea—n(v/ f18) (5.7
n=0 n=0

At this moment, it is clear that mass term indeed has the same ghost-free structure for
both g,y and fyy with different coefficients. Therefore, we understand that a proper
kinetic term for fyy is the Einstein-Hilbert kinetic term. Adding this term leads to a

theory that is expected to become ghost-free for both g, and fy
2 [ g4 2 [ 4
S:Mg/d xy/—gR® +Mf/d x\/—fRY)

) . 4 — (8.8)
+2m*My sy [ d*xy/=g Y Buen(/—g'f)
n=0

where R®) and RV) denotes Ricci scalars for guv and fyy, respectively. Here, we
have two different Planck masses for both metrics. Also, we defined a new “Effective
Planck Mass”

11\
2 _

If we wonder whether there is another kinetic term for f,y, it is possible that there
exist other terms or consistent mixing terms that can be introduced between g,y and
fuv- Thanks to the theorem given in [52], we know that such a term must vanish in the

limit m — O.
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5.2 An Improved Approach: Zwei-Dreibein Gravity Model

This section is about a three-dimensional case. Many of the problems were resolved
in three-dimensional spin-2 theory thanks to “New Massive Gravity” (NMG) [57].
Even though this theory is constructed in a general covariant way with the 4" order
in derivatives when it is first formulated, linearization shows that this is indeed a free
field theory that describes the three-dimensional analog of the Fierz-Pauli (FP) massive
spin-2 theory. Furthermore, the non-linear structure is constructed in a specific way to

eliminate the Boulware-Deser ghost.

Also, for the four-dimensional case, there has been an attempt to build a non-linear
extension of the FP theory in a ghost-free way. This theory is known as the “dRGT
Model” thanks to de Rham, Gabadadze, and Tolley [56]. Surely, there exist undesired
sides of the dRGT Model. The main one is the fact that we have a fixed background
metric while we already have a dynamical metric. Therefore, it does not yield the
general covariance of GR. Of course, general covariance is not completely lost. We
can easily bring it to the stage with an alternative “bi-metric” gravity model, as we
did in the previous section. However, the cost of implementing this structure is the
introduction of the massless graviton, again [23]. After that, one can obtain the
dRGT Model as a truncation when one of the metrics is considered as non-dynamical.
This theory becomes simpler when it is formulated in terms of two vierbein i.e.
“zwei-vierbein”, instead of two metrics. In this formulation, one can easily see that
it is ghost free. Let us have a look at these ‘“Zwei-Dreibein Gravity” (ZDG) fields.
These fields are Lorentz vector valued 1-formsie. ef; I=1,2 & a=0,1,2,and
Lorentz vector valued connection one-forms i.e. w§. With the help of these fields, one

is allowed to build curvature 2-forms and torsion as we did in (3.28) and (3.29):
a a 1 abc a a abc
Ry =do/ + 58 0, T =dej + 7 wper, (5.10)

where we did not present the forms explicitly. Let us present a few new parameters,
for our later purposes, such as a sign parameter i.e. 0 = +1, two independent positive
mass parameters, My, and

oMM,

Mypy= ———— 5.11
12 oM, 1M, (5.11)
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This quantity is non-negative for ¢ = 1 and finite for any finite M;. Note thatif 6 = —1,

we consider the class M| # M;. As a next step, let us consider the Lagrangian of ZDG:
Zrp6 =LA+ L+ Lo (5.12)

Here we have £ and %, which are Einstein-Cartan (EC) Lagrangians:

2
m
viﬂl =— GMlelaR? — FMI (04} eabce‘fell’eﬁ
, (5.13)
m b
gg = —MzezaRg — ?Mzazeabcegezeg

where we interpret m as the mass parameter. Also, we have dimensionless oy
parameters. The last term in (5.12) is responsible for the coupling of the first two

terms as
2

m : a b
L = 7M128abc (51676?65 +52€1€}z’€§> (5.14)

Here fB; are our new parameters which are obviously dimensionless. As a result, there
are five parameters in the ZDG which are oy, B, and M;/M,. If we drop £}, term
from (5.12), all we have is just the summation of two EC Lagrangians which means
that the new action yields the diffeomorphism and local Lorentz gauge invariance

independently for the two sets that contributed to the (5.13).

The next step is expanding ¢f around a fixed e“ which yields maximally symmetric

background with cosmological constant A also having the same logic for ;"

=&+ kh{, of = ®“ + kvf
(5.15)

5=y +xhy), oF=a"+kK
where 7 is another constant. K is, in principle, an infinitesimal parameter. Since we
are about the gather the motivation of the “scaling limit”, we may consider it as a
parameter of expansion. After putting these expanded 1-forms and spin connection

into the (5.12), A is fixed thanks to the cancellation of the linear terms in modified

(5.12)
= Y« 2+— Bi+2vB>) (5.16)

which resulted in a quadratic equation on y:

[0 (OM + M) + BaMa] V2 +2 (MaBy — oM B2) ¥ — & [0y (OM + M) + BiM;] = 0
(5.17)
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The quadratic terms in the expansion can be diagonalized by introducing
My = oMy + YM2 7é 0 (5-18)

Let us introduce the diagonal one-form fields as

oM h{ + yMyh
po <SPV e pe g
]ya‘it ; (5.19)
a _GM1V1—|—’}/M2V2 a __ .a__.a
Vi = Mo o Vo =ViTWN
Cri

Putting (5.19) and (5.18) into the (5.12), we obtain & (Kz) Lagrangian in the

diagonalized form as it has been promised:

p(2) _ 9%(2) + @

_ g A
where .,%f) =—M,.y [h+aDvi + azbc é"vivi — Esabce"’hihi}

and @ = _ SPLM D R N W AR
B crit P B 2 o 2 o
2
m-M,,;
where #?=—"""_
oM s (Br+7vB2)
and D is a covariant exterior derivative which only depends on &* & ®“.

(5.20)
The v¢ can be eliminated by their e.o.m since they are auxiliary. By eliminating
v, one can see that .Zf) is just a second-order approximation to the (4.10) in AdS
background also it appears that there is no such mode that propagates. On the other

hand, if v* are eliminated one can also understand that & @)

is a multiplicity of
Fierz-Pauli Lagrangian, again in the AdS background, with FP mass .#. Note that A
has a contribution towards the mass term unless .#> = A. That specific case is called
the “partially massless” case. The benefit of this case is that the linearized theory gains
another gauge invariance. Of course, we do not have such a relationship when A < 0

since .#% < 0 means that we have a tachyon with spin-2.

As a final examination, let us look at how ZDG unifies earlier 3D massive gravity
theories. In order to understand its connection with the three-dimensional dRGT

model, set c=1 and let
5 =2e5+Ah5, o =a)+Av (5.21)

where &9 is “reference dreibein”, @4 corresponds to spin connection with zero torsion

also A is the “expansion parameter”. When the limit A — 0 is taken while keeping
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AZM3 = My = 2M,, fixed, (5.12) can be written as
¥ = 2Mp$0(h2,\/2) +2Mp$dRGT(elu (1)1) (5.22)

Here the first term corresponds to second-order approximation to the three-dimensional
(4.20) which only includes the reference background for the fluctuations (4, v4). Since
it has EC gauge invariances at a linearized level, this term provides no modes that
propagate. On the other hand, when we look at the second term, (ef, ®f') — (e*, %)

leads to

2 2
ZarcT = —eqR* — o %Echeaebec + ’%E“bc (Breaepec + Baeaeie.) (5.23)
But this is nothing but the dreibein formulation of three-dimensional dRGT.

In order to reveal the connection between ZDG and NMG, let us set 0 = —1 and
a a A’ A a a a
ezzel‘i‘ﬁf 5 0)2 :(l)l —lh (5.24)

As a next step, let us consider the following parameterization

Ml(x):z(w%)M,,, al(l):—%ﬂwrl, Bi(1) =0
(5.25)
M) =2 M, wa@)=2(1+7 ). Bh)=1

After putting these into the Lagrangian, if we take the limit A — 0 while keeping the
Planck Mass, M, fixed. We obtain the first-order formulation of the limit examined
in [17] which requires the ¢ = —1. As a result this limit in .Z7p¢ exists as well
lim gZDG =
A—0
8abc
2

where £ =2M,, |e,R" + %eabceaebec +h,T% — % (faRa + eafbfc)]
(5.26)

This Lagrangian is known as the “Chern-Simons-like” Lagrangian for NMG [64]. As

you may observe, the second dreibein just became an auxiliary field. Therefore, when

we eliminate it, we see the higher-derivative action for NMG.

5.3 Scaling Limits

In this section, we are going to unify some of the massive gravity models. In order to
understand the structure that enables the unification let us refresh our knowledge about

massive gravity theories in a quick review.
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By modifying the (4.10), some models were introduced in order to add higher curvature
terms to the action, such as NMG [21]. Also, there is a well-established, i.e. ghost-free,
construction of a nonlinear extension of the Fierz-Pauli mass term. That is the de
Rham-Gabadadze-Tolley model [56]. We will explore and understand how we can
represent these models in the light of scaling limits of the ghost-free bi-gravity models
of [23]. After that, with the help of this knowledge, we will construct extensions of
both types of massive gravity models. Since we will start with a ghost-free theory, the

outcomes are guaranteed to not include any ghosts or instabilities.

One way to extend this theory is to have a holographic c-function [61-63] since we
want to understand the allowed structure of the higher curvature terms which will be
added into the action. This is completely enough at the cubic level however at the

higher order, it is not enough and degeneracies occur.

5.3.1 A smooth introduction to bi-gravity models

Let us start with the ghost(instability)-free d-dimensional bi-gravity models. As we
will demonstrate, with the help of the generalization of the allowed mass-terms given
in [56], the models given in [23] can be seen as their specific limits & choices. As
the name suggests, bi-gravity models describe two independent metrics which may
or may not interact via a potential that depends on some specific polynomials as we
will see. Also, they yield one propagating massless & one massive spin-2 modes.
The mentioned specific polynomials are characteristic polynomials and for the sake of

completeness, let us start by introducing them. They are related to a matrix M as

PWN) = 5{%1:::;‘:}1\4& MgZ (5.27)
where
1
5&::;‘:] = [6;;1 ---6/‘;}‘1" +permutati0ns} (5.28)

The first few polynomials are:

Pl =1, Pl =), P20 = 3 (17~ 1)) (5.29)
and, @3(Mg)=é<[M]3—3[M] [M?] +2[M3D |

Here [M] = M$, [M?] = MaﬁM“ﬁ and [M?] = MaﬁMﬁyMj‘f‘. Understanding any

theory is established by examining the Lagrangian as the easiest way. In order to
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do so let us introduce bi-gravity theories. They are described two dynamical metrics

gap and f,, with action [23]:

S/dd[

where M9~2 = Mff -2 +MZ’2. Here the potential term can be expressed as

\/ FRIf]+M2m*\/—gU(g, f)|  (5.30)

d
=Y 0, 2" (%), with (g f) =8 — /8% (5.31)
n=0

where o, are free parameters. To be more precise, J, = gac-%, is a tensor given
in [56] which satisfy
DA — HEHY = 8 — 8% f (5.32)

As you may see from (5.30) when one takes a scaling (decoupling) limit i.e. M}, — oo
while keeping M, fixed, dynamics of the metric decouples if f,y = f“v +Ml‘f*28 Suv.
Here fuv is a fixed background metric. Then, effective theory for g,y becomes a
massive gravity theory with the massless mode hidden by 0 fj,v decoupled. As a special

case, fuy = Nuv, we got the dRGT.

Even though we did not fix the coefficients ¢, we can choose ¢¢; = 0 via conformally
rescaling f,;, and adding a multiple of the identity matrix to %" at the same time and
o = 1 via rescaling the mass. If one chooses the coefficients as ¢, = &", potential
term becomes:

Ulg. f) = det (8§ + a.2;") (5.33)

Therefore, the general choices of parameters can be understood as a deformation of
this determinant. Then it is straightforward to realize that the action is symmetric
under the interchange g, — f.». Keep in mind that in this case, one has to redefine all

the constants ¢, in the action [49]. This comes from the fact that
V—gdet (8¢ + o) = a\/— fdet (8 + o' A, (5.34)

where Jfba = 08 — \/f%gcp. Despite the fact that [23] considered bi-gravity actions
containing solely (4.10) term, in higher dimensions, we can generalize this. The
leading way to the generalization goes through considering both these two metrics
theory can be described via Lovelock gravity [53]:

Md2

SL_/dd [ \/_ch b /P W B ] 4 g2 2\/_U(gf)]
(5.35)
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Here .ZK) correspond to “Lovelock invariants”. The benefit of the “Lovelock
Bi-Gravity” models is that they are the most general non-chiral theories of a single
massless field coupled to a single massive field in any dimension. In the appendix, you

may find a very quick review of Lovelock gravity.

5.3.2 Another way to NMG i.e. scaling limit

Let us take the scaling limit of the (5.30) which the Planck masses go to infinity. While
taking this limit, let us take one of the masses to negative infinity. We are aware that
we are explicitly breaking the unitarity of the theory for d > 3 but not for the special
case d = 3. Let us consider f,;, = g + Aqgup» and look for what will go on when the
limit 2 — 0 combined with M4~ + M2 = M%~% and AM{ " = A kept fixed. We can

rescale g, so that A = Mg—z. In this specific limit, the kinetic terms turn out to be

M2 4 ppd—2 Md-2
gkinetic =|—4t—> Vv _gR[g] — b A V _gqabGab i ﬁ(l)
2 2
(5.36)
d—2
Lt /= <R[g] — 4Gy + ﬁ’()t))
The next is the potential term. But first, keep in mind that in this specific limit
1
Hap = =544+ O (A7) (5:37)
As aresult
2{ n
P A ) = (—5) 2" (q) (5.38)
Furthermore, one can also take the scaling limit as
_ _l n Md—2
M 2mto, | — | — —L£—B, (5.39)
2 2
where By = —2A i.e. the cosmological constant. When we gathered all these limit
results, the action turns out to be
Mmd-2 d
==L / d'x/=g |R+2A— %Gy + Y B 2" (q) (5.40)
n=2

If one set f,~> = 0, (5.40) turns out to be nothing but the auxiliary field formulation
of NMG. As a result, it is shown that NMG appears as a specific case of the bimetric

gravity theory.
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One can easily follow the same footprints for bimetric theories of Lovelock gravity.

As a result, these models are identified via action:

d—2
S= M—S /ddx [(ZaKZ(K)> +q“b (Zb[{GSf?) +
K K

where the G, are Lovelock tensors. Again, their definition can be found in the

d

n=2

ﬁn«@"((l)] (5.41)
appendix. Since these theories are generalizations of the previous ones, they yield
a ghost field. Thankfully, it has been shown in [17], with some special choices, that

the ghost can be eliminated.

For general f3,,, it is possible to have higher order curvature terms as much as anyone
wants since they are created by integrating out the auxiliary field. Of course, with
specific choices, one can write (5.41) in a closed form. However, this is the point

where we conclude our chapter.
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6. CARROLL GRAVITY

In Chapter 4, we obtained the GR by gauging the Poincaré algebra. Thus the question
is obtaining Carrollian Gravity by gauging the algebra of the underlying symmetries.
In this chapter, we will show how can be obtained ultra-relativistic gravity!. This

chapter of the thesis is based on the [1]. So let us begin with Lie Algebra Expansion.

6.1 Lie Algebra Expansion

Lie algebra expansion is a method that focuses on a core Lie algebra g. Furthermore,
that process will provide us new and higher dimensional algebras as long as g can be

written as a direct sum of two subspaces Vy and V; such that they satisfy the relations:
Vo.Vol Vo, Vo,Vi] c Vi, [Vi,Wi] € Vo (6.1)

Based on these relations, V|, represents the even class of generators while V; represents
the odd class. The direct sum structure of the core Lie algebra suggests that we may

also assign a gauge field to each of the generators
Ay = A X+ ALYy (6.2)

where X' represent the even subset of the generators while Y% represent the odd ones.
As a next step, we expand the gauge fields with the expansion parameter A with respect

to the class that they belong to [1]:

- N _ N
N:%ﬂww,ﬂzgfmw@m (6.3)

Here, the sum can be extended to infinity to produce an infinite dimensional Lie
algebra. The consistent truncation at order g = (Ny,N) requires that either Ny = N;
or Ny = N; + 1 is satisfied. With this expansion in hand, one can start with the

Maurer-Cartan equations of the core Lie algebra g, expand the gauge fields with

'Throughout this thesis, we will use the ultra-relativistic gravity= Carroll gravity
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respect to (6.3), and obtain the structure constants of the expanded algebra from
the expanded Maurer-Cartan equations at each order. Equivalently, based on their

even/odd character, we may expand the generators X', Y* with X' € Vo and Y% € V; as
X = argx, v = artlgy, (6.4)

Also using the commutation relations of the core algebra
[X:. X)) = £ X, [XiYa] = fiaPYp,  [Ya,Yp] = fup'Xi (6.5)

Now we are able to give the commutation relations for the expanded algebra:

[Xi(Zm)7Xj(2n)] :fiijk(Zm+2n)’ [Xi(Zm),X(2n+1):| _ ﬁaﬁYé2m+2n+l)

[Y O(£2m+1) 7 Yé2n+1 } fa 2m+2n+2)

(6.6)
and

It is immediately seen that Jacobi identities for algebras are closed at each order
without referring to any higher order. As a result, the group theoretical curvatures
of the resulting truncated algebras satisfy the Bianchi identity without referring to
higher-order terms. Now let us focus on the space-time split Poincaré algebra
and its ultra-relativistic Lie algebra expansion. The d-dimensional Poincaré algebra
consists of translations, P4, and Lorentz transformations, Msp, with non-vanishing

commutation relations:

[Mag, Pc] = 2Nc(pFa), [Mag,Mcp] = 4N cMpip) (6.7)

The space-time decomposition can be achieved by decomposing the d-dimensional

index A as A = (0,a) which leads to
Mg = {Moa = Gu,Jap}y,  Pa={Po=H, P} (6.8)

In this case, the Poincaré algebra decomposes as
[Gﬂhpb] - 6abH7 [GavH] :Pa; [Jab7 ] 5bcP 5ach
(6.9)
Vab, Ge] = 06cGa — 8acGpy  [JapsJed) = 404iJapp)s  [Ga, Gp) = Jab

Since we obtained the spacetime decomposed Poincaré algebra, we can go further and

discuss ultra-relativistic Lie algebra expansions and action principles.
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6.2 Ultra-Relativistic Algebras and Actions

The ultra-relativistic higher-dimensional algebras are achieved by the following choice
for the generators

Vo= (P}, Vi={H,G.} (6.10)
With this choice of generators, we can follow the prescription that we presented in
(6.6). Thus the Lie algebra expansion of the spacetime decomposed Poincaré algebra
is given by

Y

|: El2m—i-l)7 b(2n)i| :5abH(2m+2n+l)7 |:G512m+1),H(2n+1)] :P£2m+2n+2)

[ Jiim)7 PC(Z")} 22541; P(}2m+2n), [ Jﬁm)’ G£2n+1)} _ 5 5C[b G£}2m+2n+l), (6.11)
[ Jélzym) Jc(d )} —45,y, JZ}m}—Q—Zn [G((12m+1)7 Glgzn+1)] _ Jéim+2n+2)

The simplest truncation of this infinite-dimensional algebra is known as the Carroll

algebra
[Cmpb] :SabHv [Jab>Pc] = 6bcPa — 6ach7
(6.12)
[Jaba ] 6bcC 5ach> [Jabv ] 45[ [ ] ]

where we relabeled the generators as Pa(o) =P, chb) =Ju, H (1) = H and we set Ggl) =
C, to denote that it is the generator of the Carrollian boosts. One might wonder what
would happen if we go just a little bit further i.e. put Jc(li) and Pf) into the algebra.
However, according to the consistent truncation conditions, we are not able to do that;

we can go one further step and construct as we will discuss momentarily.

For the construction of an action principle, we first need to space-time decompose
gauge fields of the Poincaré algebra, namely vielbein (E“A) and the spin connection
(Q"B):

= {E° =T, E“}, = {Q% = Q* (6.13)

and their expansion is given by

T = Z l2n+1 Tont1)s E¢ — Z lZn

" 00 (6.14)
2n ,~ab a 2n+1 ,.a
- ;))L w(2n)7 Qf = ;);L - (D(2n+l)
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These expressions can be used in the space-time decomposed Einstein-Hilbert action
in the first-order formulation to generate invariant non-relativistic gravity models. To
perform the expansion explicitly, let us focus on three and four dimensions, however,
our arguments are dimension independent. In four dimensions, the space-time

decomposed Lagrangian is given by

Lon = eapcpRE NEC NEP = 2g,, (R (QY)AE® AEC R <Q“b> NECA T) (6.15)

Here RAB

refers to the group-theoretical curvature of the spin connection. R (Q%)
and R (Q“b ) refer to its spacetime decomposition with respect to (6.13). While these
curvatures can easily be seen from the Poincaré algebra, it is useful to present their

expression explicitly for future purposes
R(QY) =dQ'+ QP NQy, (6.16)

Consequently, the spacetime decomposed d=4 Einstein-Hilbert action is expanded as

W N0 N 2mi2n b
1
L= Y, Y, Y AT R(a’(azm)) A €lon) N T(21+1)
m=0n=01=0
N1 Ny Ny

+2¢€4pc Zo Zb Z Az R (w(azm+1)> A el()zn) A efzz)
m=0n=0[=0

(6.17)

Note that this case is much simpler than the non-relativistic version of it because all
terms in the Lagrangian are expanded to the same A-order. Therefore, it is guaranteed
to have all possible contributions to any given A-order as long as we have the equal
number of even and odd generators. At the lowest order i.e. ¢(A) we have the

Carrollian gravity

L = —2€,5RP(0) N e AT+ 2R (0) Nl Nef (6.18)
where we set
=1, y=¢ of=0" of)=0 (6.19)

For the next-to-leading order Lagrangian i.e. & (13)

L = —2€RP(s) Ne® AT — 28 RP(0) N €N T — 28R (@) N e Am

(6.20)
+ 28atha (b) A\ eb Ne‘ + 48atha<a)) A eb At€
where we set , . . .
T(l) =T, T(3) =m, COaO = % , a)a2 = ¢ ,
(0) (2) 621)



And the group theoretical curvatures read
R (@) =dw® — 0" A 0., RY(®) = do® + 0 A wy,
(6.22)
RP(s) =ds®® —20% NsP. — 0" AN @b,  RY(b) = db® + @™ Nby+ 5 A,

This Lagrangian is invariant under the following extension of the Carroll algebra

[Ca, Py] =0upH, abs Pel = 8pcPa — 8acPo,  [Japs Ce] = 6pcCa — 8acCo,
Vabs Jea) =46a1cdapp)s [Ba, Py] = 8aprM, [Ca, Tp)) = 6apM,

[Ca, H] =T, Vabs Te] = ObcTa — 8acThs  [Sabs Pe] = 8peTu — GacTh,
VabsSea] =4041cSajp] [Ca, Cp] = Sap,

[Jabch] :Scha - 5acBb7 [Saba Cc] - 6cha - 6acBb
(6.23)

where we labeled H®) = M , CL(;) = B,, PLEZ) =T, and JL(ZZ): «b- From now on, we
will refer to this model as the Beyond-Carrollian Gravity. Note that all terms in the
spacetime decomposed three-dimensional Einstein-Hilbert Lagrangian are still in the
same order in the expansion. It is the unique structure of the Carrollian that you are
allowed to write only odd-order Lagrangian. Also since it comes always in the same
order you do not require to add off-diagonal U(1) x U(1) Chern-Simons gauge terms

because we already have exact matching terms.

6.3 Scaling Limit of Multimetric Gravity

In this section, we introduce an ultra-relativistic scaling limit for multimetric gravity
models based on the Lie algebra expansion that we discussed in the previous
section. The fundamental idea to have a well-defined scaling limit is the necessity
of using multiple copies of Einstein-Hilbert action to get rid of divergent lower-order

Lagrangian(s).

The main difference between the non-relativistic and ultra-relativistic expansion is the
change of the character of the generator of time translations H, and spatial translations
P,. In the ultra-relativistic expansion of the Poincaré algebra, H is expanded in odd
powers of A while P, is expanded in even powers. This is also reflected in the
expansion of the corresponding gauge fields as you see from (6.14). As a result, the
d-dimensional Einstein-Hilbert action captures all & (lzN “) terms, giving rise to an

invariant Lagrangian as long as Ny = N;. This statement is true for d = 3 as well, hence
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we do not need to present a separate treatment for d = 3 but can provide a representative

example for d = 4 which can be generalized to arbitrary dimensions.

In four dimensions, the structure of the space-time decomposed Einstein-Hilbert action
(6.15) implies that the ultra-relativistic expansion with (6.14) yields the following
structure

Len = AM> A+ PM> L+ VM L+ - - (6.24)

here M? is a mass parameter. The lowest order Lagrangian can be isolated by the
lowest order expressions for the relativistic fields (6.19) which can be followed by the
rescaling of the mass parameter M2 — M? /A and the scaling limit A — 0. We need
to find an o expansion in order to isolate the higher-order Lagrangians. We start with
non-interacting N + 1-metric theory

N+1
z=Y [2Mfsabc (R(Q?) NEP AEE — R(Q) AES A T,ﬂ (6.25)
i=1

where i = 1,--- N+ 1 label the set of fields {T;, E¢, Q¢, Q¢"}. Let us keep the expansion
of the first set of fields {77, E{,Qf, Q‘I’b } the same as (6.14)

N No
2n+1 2
Tl - Z A« nt T(2n+l), Eil = Z A, ne?zn),

(6.26)
ab Al 2n . ab a Al 2n+1 . a
Q" = Z A7 0y, Q) = Z AT @G,
n=0 n=0
while for i >1, we include additional dimensionless parameters o)
Al 2n+1 ~,2n+1 Al 2n 2
Tjy) = ;) AT Ty, Efy = ;}l "€ (n);
" " 6.27)
ab __ 2n ~,2n . ab a __ 2n+1 ,2n+1 ,..a
&) = ZO A7 oty Oy &) —’;O?L %) i)

where o; #1 and o; # «; for i # j. This yields the following expansion of .Z; that is
the Einstein-Hilbert action for i-th set of fields {7;, E#, Qf, Q?b}

gEH,i ZA,OC,'MZ-Z.,% +l3a,3Mi2.$3+7LSai5M2.$5+--- (6.28)

Keeping the first set of fields with standard expansion while using the & expansion for

i > 1, the Einstein-Hilbert action turns out to be

N N+1
Ler = Z k2n+l <M12-|- Z aiZn-HMiZ) $2n+1 +ﬁ(),2N+3) (6.29)
n=0 i=2
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To single out the order 2N + 1 Lagrangian, one needs to solve N number of algebraic
equations that determines the values of ¢; fori =2,3--- \N+1
N+1
M? + Z o2 IM? for n=0,1,---,N—1 (6.30)
These values can finally be used in the coefficient of the order 2N 4- 1 Lagrangian along
with the scaling of the mass parameters M; — M;/A*¥*1. Finally, performing the limit
A — 0 gets rid of all higher terms and yields the desired ultra-relativistic model. Let

us provide some examples

e Carroll Gravity: The Carroll gravity appears as .Z] in the ultra-relativistic
expansion of Einstein-Hilbert action (6.24). It is, thus, sufficient to consider the
Poincaré algebra, a single set of its gauge fields, and the Einstein-Hilbert action.

Using the lowest-order definitions for the relativistic fields
T=A1, E‘=¢" Q%=0"% Q0Q*'=7L0" (6.31)
We obtain the Carroll gravity
A = =26 R (0) N e AT+ 28R (@) NP N e (6.32)

by rescaling the mass parameter with M? — M?/A and taking the scaling limit

A —0.

e Beyond the Carroll Gravity: The next order ultra-relativistic model appears at the
o (13) in the Lie algebra expansion. Thus, we shall consider two copies of the
Einstein- Hilbert action. We keep the same form as the Lie algebra expansion for

the first set of fields:

T =21+ A%m, EY = e+ 1%
(6.33)
Qf =20+ 270", Q" = 0™+ A%,
For the second copy, we use the free parameter ; as
T =At+A5m, ES = e + A% 0317,
(6.34)
Qb =™ + A% a5, 4= Ao+ A3 a3 b

The combination of these two Lagrangian with mass parameters M » give the result
a3
2z = (1+5) % +)L3M2( 72)33+ﬁ(z5) (6.35)
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where we made the choice as M12 = 2M§ = M? for simplicity and .Z] refers to the

(6.32). The term .73 is called Beyond the Carroll Gravity
Ly =— 28RV (5) A€ AT — 28R (0) N1 AT — 28R (@) A€ Am

+26,5cRY(D) NP N € + 4R (@) A e A i€

(6.36)
We can fix op as oy = —2 which cancels the coefficient of the Carroll gravity and
fixed the coefficient of .#3 to be —3. Then, we scale the mass parameter as
M= (6.37)
3A3

with the scaling limit A — 0. After these steps, we recover the beyond the Carrol

gravity model up to an overall minus sign.

We end this section with a brief discussion on how to obtain the ultra-relativistic
higher-order algebras by contracting the multiple copies of the Poincaré algebra.
The ultra-relativistic algebras that admit an invariant action formulation arises from
the Lie algebra expansion for Ny = N;. This implies that for an algebra of order
(N1,N1), one has the same number of generators as (N + 1)-copies of Poincaré
algebra. Furthermore, the expansion does not change the structure constant of the
smaller core algebra, indicating that we can combine the generators of multiple copies
of the Poincaré algebra in a linearly independent way to exhibit the generators of the
larger ultra-relativistic algebras. Based on the a-expansion of the relativistic fields, we
introduce the following expressions for the ultra-relativistic generators in terms of the

generators of the Poincaré algebra

N N
S e, HO = a2 D

i=1 i=1

“ N (6.38)
P(EZn) :)LG @ aiznpcia Gan—H) _ lZn—H @ OtianGfl

i=1 i=1

where o; # 1 and o # o for i # j. Notice that in this case, these @ parameters are
free and not necessary to be fixed. This direct sum trivially satisfies the algebra (6.11).
These relations can be inverted to express the relativistic generators in terms of the

ultra-relativistic ones. As a reminder, the truncation condition is Ng = N;.
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7. CONCLUSION

In this thesis, we studied the general aspects of ultra-relativistic gravity as a gauge
theory, and we presented an action principle in the first-order formalism for Carroll
gravity. Throughout this thesis, we also showed that this theory is invariant under the

symmetry transformations obtained from the Carroll group and algebra.

We first studied the General Relativity as a gauge theory. This showed us that to
obtain a gravity theory as a gauge theory. Then, we examined the specific massive and
bi-metric gravity models in order to understand the relation between these structures
and the usage of bi-metric gravity effectively. Also, we showed that some of these
theories are able to be represented as a specific choice or limit of a more general
theory. This methodology showed us the effectiveness of bi-metric gravity theories.
Via gathering all these pieces of information, we constructed the Carroll Algebra and
Beyond the Carroll Algebra corresponding to Carroll Gravity and Beyond the Carroll
Gravity, respectively. Without a doubt, Lie Algebra expansion is a powerful tool to

obtain gravity theories when it is combined with the scaling limit.

As a result, we showed that the ultra-relativistic theories (in any desired order)
can be obtained from a contraction of a multi-metric theory and we shortly
discussed the possibility of the existence of another expansion with more freedom for

ultra-relativistic theories.
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APPENDIX A.1: Identities for metric determinants and its derivatives

Let A be any invertible matrix, then generally
S(In(|detA|)) = Tr(A~! x 5A) (A.L1)
where 6 denotes any variation. Using this relation, we can calculate that

duln(g) = Tr(g"° dugap)
1 (A.1.2)
g u8 = gpdaugpc-

Thus we have

1 11
Iuln(v/=g) = \/—_—gauv —8= E__ga#(_g)
(A.1.3)
11 ¥
=3 Eg u8 = 58 aﬂng'-
APPENDIX A.2: Variation of metric and its determinant
Let us calculate the variation of the metric using the fact that g,,8°" = 6 as
S (gups”") = gup 8(gP") + 8 (gup) 8”¥ =0. (A.2.1)
Thus we have
& (8up) 8”° = —gup 6(8"%), (A.2.2)
and contracting with g5y, we obtain
S(guv) = —8up8ov 5(gP%). (A.2.3)

We can also calculate the variation of the determinant of the metric using (A.1.1) as

1
5(v=g8) = 5v~28"" 8 (guv). (A.2.4)
Substituting (A.2.3),
1
6(\’ _g) = “HV _gg“vgupgov 5(g”6)

1 (A.2.5)
= _5\/__g8p6 5(gp6) .
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APPENDIX B.1: Lovelock Theories of Gravity

The N-th order Lovelock invariants are given by

g(N) — aalbl“‘aNbN cidy |, ’Ra b cndn (B.l.l)

[Cldl-"CNdN] aiby NON

Similarly, the N-th order Lovelock tensor is given by

(G(m)f = _Lsrabiady g cd g avdy (B.1.2)

e _2 [ec1dy+-cndy] 1 anbN

The Lovelock tensor is nothing but the equation of motion following from a lagrangian
given by the corresponding Lovelock invariant, which guarantees that its a covariantly
conserved tensor i.e

b
v, <G(N)>a —0 (B.1.3)
The first few of the (B.1.1) & (B.1.2):

3(0) :1, 3(1) =R, 2(2) :RabcdRade —4RabRab+R2

0 _ _8ab o) _p _ Sab
Gy = =57+ Guy =Ra =R (B.14)

Gly) =2RbR — 4RacRS — 4RuchR + 2R cqe R %b.i” 2)

Keep in mind that

Q

N 1 [og™
w'=3 (T R

2 _
Therefore, g“b Gg;,) = ( N2 d) W)

(B.1.5)

Here while taking the partial derivative with respect to the metric, we kept the Riemann

tensor R4 fixed. Also (B.1.5) tells us that whenever d = 2K, G((llb() becomes traceless.
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