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YüKSEK LİSANS TEZİ
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Fizik Mühendisliği Anabilim Dalı

Fizik Mühendisliği Programı
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ULTRA-RELATIVISTIC SCALING LIMITS
OF

MULTI-METRIC THEORIES

SUMMARY

Lie algebra expansion is an elegant method to obtain higher dimensional algebras and
using this method one can write some interesting ultra-relativistic gravitational theories
beginning from the Poincaré algebra [1–10]. This method was first developed in [11],
thanks to [12] and has been used in many other studies, for which we will provide
some explanations and references for these studies in the following sections.

In this work, we will first give a brief introduction to the gauge theories, which are
necessary in order to realize the gravitational theories as a gauge theory, especially the
algebraic structure of gravitational theories. This is crucial for many gravity theories,
such as supergravity [13].

After that, we will review the general aspects of differential geometry shortly [14–16].
This will give us the main mathematical framework to study gravity as a gauge theory.
Even though we will not be able to review all the related topics, we will go through all
the necessary topics in order to gather all the necessary information.

Thirdly, we will try to understand the theories of gravity, especially general relativity,
as a gauge theory. After a simple introduction to the second-order formalism of GR,
we will define the first-order formalism and its action. After that, we will obtain GR
beginning from the Poincaré algebra and by gauging this algebra.

After that, we attempt to gain a few knowledge about bi-metric/bi-gravity [17–20]
theories by examining some specific examples such as [21–23]. Of course these
examination will not be enough to understand the subjects such as Massive Gravity
and Bi-Gravity however, we hope that readers can follow easily. As we move on to
spoken chapter, we will give a detailed reference for the people who are encouraged to
learn the subject.

As a last section, we will focus on scaling limit, specifically algebraic aspects of it. We
will first show that gravity theories can be obtained by using Lie Algebra Expansion. In
this section we start with Poincaré algebra then divide its generators to two subspaces.
After that, we will obtain Carroll Gravity [2, 7, 24] as a gauge theory. Then, we will
not stop in that point and push forward to a generalization of it by giving the method,
which is based on [1], to obtain the same results by contraction of a multi-metric theory
by illustrating this procedure with a few examples.
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ÇOK METRİKLİ TEORİLERİN
AŞIRI GÖRELİ

ÖLÇEKLEME LİMİTLERİ

ÖZET

Lie cebiri genişletmesi, daha yüksek boyutlu cebirler elde etmek için kullanılabilecek,
zarif yöntemlerden biridir ve bu yöntemle Poincaré cebirinden başlayarak bazı ilginç
aşırı göreli kütleçekim teorileri yazılabilir. Özellikle bu cebirden başlanarak, Carroll
cebri, Carroll ötesi cebirler elde edilebilir [1, 2, 7–10]. Her ne kadar bu tezin kapsamı
ana kapsamı içinde bulunmasa da, Bargmann cebri gibi göreli olmayan cebirler ve bu
cebirlerle ilişkili kütleçekim teorileri de Lie cebri genişletmesi yöntemi kullanılarak
elde edilebilir [25].

Yöntemin tarihine baktığımızda, [12] sayesinde ilk olarak [11] makalesinde
kullanıldığını görürüz. Daha sonra, bu tezin giriş bölümünde örneklendireceğimiz
çalışmalar da dahil olmak üzere, bir çok çalışmada bu yöntem başarıyla kullanılmıştır.
Biz de bu tezin ana amacı kapsamında, hesaplamalarımıza bu yöntemi kullanarak
başlayacağız.

Bu çalışmada öncelikle kütleçekimi teorilerini, özellikle de kütleçekim teorilerinin
cebirsel yapısını derinlemesine anlamak için ayar teorilerine kısa bir giriş yapacağız.
Bunun için basit bir örnekle başlayıp, bu örneğin eylemini ve bu eylemi değişmez
bırakan yerel dönüşümleri inceleyeceğiz. Son olarak SU(N) ayar teorilerinden
bahsedecek ve özel durum olarak SU(2) ayar teorisinin özelliklerini inceleyeceğiz.

Bundan sonra, kısaca diferansiyel geometrinin genel yönlerini inceleyeceğiz. Uzunca
“Manifold nedir?" gibi sorulara cevap aramaktansa ulaşmak istediğimiz nesneye
giden yolu açmak ve temizlemek istediğimiz için hızlıca differansiyel formlara,
vektörlere ve tensörlere geçeceğiz. Ardından metrik ve tetradları tanıtacak ve dış
türev operasyonunun nasıl yapılacağını aktaracağız. Daha sonra, eğrilikleri ve spin
bağıntılarını nasıl elde edeceğimizi inceleyeceğiz. Bu bölümde tartışacağımız konular,
bize kütleçekimini bir ayar teorisi olarak incelemek için ana matematiksel çerçeveyi
sağlayacaktır.

Üçüncü olarak, yerçekimi teorilerini, özellikle genel görelilik teorilerini bir ayar teorisi
olarak anlamaya çalışacağız. Bunun için ilk olarak, Genel Görelilik’in “ikinci mertebe
formu”ndan tartışmamıza başlayacağız.

Bu formalizm, Einstein-Hilbert eylemi olarak da bilinen aşağıdaki eylem ile başlar:

SEH =
∫

ddx
√
−gR. (1)

S = SEH +Smadde olarak verilebilecek eylemde, varyasyon ilkesi kullanılarak

Gµν = Tµν (2)
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hareket denklemi elde edilebilir. Bu denklemde Gµν Einstein tensörü, Tµν ise
enerji-momentum tensörü olarak bilinen nesnelerdir [26].

Akabinde Genel Görelelik’in birinci mertebe formalizmi ve eylemini tanımlayacağız.
Burada ise Einstein-Cartan eylemi olarak bilinen aşağıdaki eylemi kullanacağız:

SEC =
1
2

∫
εabcdea ∧ eb ∧Rcd. (3)

Ardından benzer bir şekilde varyasyon ilkesi kullanarak

εabcdeb ∧Rcd = εabcdT
bcd, (4)

hareket denklemini elde edeceğiz. Bu denklem ise Einstein denkleminin birinci
mertebe formalizmi olarak adlandırılır [27]. Bu bölümün son kısmında, Poincaré
cebirinden başlayacak ve ilgili cebri ayarlayarak Genel Görelelik’i elde etmeye
çalışacağız. Bu kısım, bize eğri uzay-zamanda genel koordinat dönüşümlerinin
ayarlanmış Poincaré dönüşümlerine denk olduğunu gösterecek. Ancak daha
ayrıntılı incelemeler, bir kütleçekim teorisi için bunun yeterli olmadığını gösterecek
ve δcgct(ξ ) = δgct(ξ ) − δ

(
ξ µAµ

)
formunda verilen “kovaryant genel koordinat

dönüşümleri”ni tanımlamamız gerekecek. Bir miktar hesaptan sonra görüleceği gibi,
bu yeni tanım bize eğrilikler üzerine kısıtları verecektir. Böylece Poincaré cebrinden
başlayarak bir kütleçekim teorisi elde edebileceğiz [19].

Bir sonraki kısımda ise varış noktamız olan çok metrikli teorilerinin temel
motivasyonlarından olan kütleli yerçekimi teorilerini inceleyeceğiz. İncelememizi
sürdürürken seçilmiş bazı modellere derinlemesine bakacağız. Bu süreçte kütleli
yerçekimi teorileri ile çoklu metrik teoriler arasındaki ilişki ve bağıntılar açıkça
görülecektir. Bu ilişki ve bağıntılara ek olarak “ ölçekleme limiti" dediğimiz bir
uygulamanın da ilk örneklerini göreceğiz. Kabaca özetlemek gerekirse ölçekleme
limiti elinizdeki mevcut sistemde istenmeyen terimlerin yok edilmesi için kullanılan
bir yöntemdir. Bu yöntemde bahsi geçen yapılar λ << 1 olacak şekilde λ parametresi
ile seri açılımına tabi tutulur. İşlemlerin en son geldiği nokta λ parametresi mutlakiyet
ile 0’a götürülür. Ancak her sistemde sağlıklı sonuçlar vereceği garanti değildir. Hatta
bazı durumlarda sistemin kendi içerisinde tutarsızlıklara bile sebep olabilir.

En son bölümde, temel motivasyonumuz olan aşırı göreceli kütleçekim teorilerine
geçiş yapacağız. Bu yolda ilerlemek için ise “Carroll Cebri” ve “Carroll Ötesi cebri”ni
elde edeceğiz. Bu cebirleri elde etmek için öncelikle İnönü-Wigner daraltmasını
kullanıp Poincaré cebrini parçalarına ayırarak Carroll Cebri’ni elde edeceğiz. Burada
parçalara ayırmadan kasıt cebirin sahip olduğu üreteçlerin iki kümeye ayrılmasıdır.
Bu kümeler tek ve çift kümeler diye adlandırılır. Bu cebrin Lie Cebri genişletmesi
sayesinde Carroll Ötesi Cebri’ni elde edeceğiz. Bahsi geçen cebirleri elde ettikten
sonra istediğimiz mertebedeki kütleçekim teorisine ulaşmanın kapısını aralayacağız.
Bu cebirlerin her bir elemanını bir ayar alanıyla eşledikten sonra karşılık geldikleri
ayarlar altında değişmez olan eylemi yazacağız. Göreceğiz ki Newtonyen kütleçekim
teorilerinde görülen “boyut karmaşası” ( D=3, D=4 durumları için oluşan Lagrange
yoğunluğunun sırasıyla çift, tek mertebelerde oluşturulması) bizim için bir sorun
teşkil etmeyecek. Çünkü açıkça hesapladığımızda aşırı göreceli kütleçekim teorileri
için Lagrange yoğunluğunun daima tek mertebelerde oluştuğunu göreceğiz. Carroll
Cebri’nin bir diğer güzel tarafı ise Galileo Cebri’nde olduğu gibi sisteme fazladan
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eklenmesi gereken U(1) yüklerine ihtiyaç duymamasıdır. Bunun sebebi cebirin
üreteçleri iki kümeye ayrıldığında birebir olarak karşılık geldiği elemanlar vardır.
Yani sonuç olarak elimizde birbirini izleyen iki kopya olacaktır bu sebeple arada
doldurulması gereken bir boşluk olmayacaktır ve U(1) yükleri sisteme müdahale
edemeyecektir.

En son olarak çok metrikli teorinin daraltılmasıyla elde edeceğimiz ve cebirden elde
ettiğimiz Carroll Kütleçekim Lagrange yoğunluğu:

L1 =−2εabcRab(ω)∧ ea ∧ τ +2εabcRa(ω)∧ eb ∧ ec (5)

Bir sonraki tutarlı mertebesi olarak karşımıza çıkan durum olan Carroll Ötesi Cebri’ne
de aynı süreci uyguladığımızda elde edeceğimiz Carroll Ötesi Kütleçekim Lagrange
yoğunluğu ise

L3 = −2εabcRab(s)∧ ec ∧ τ −2εabcRab(ω)∧ tc ∧ τ −2εabcRab(ω)∧ ec ∧m
+2εabcRa(b)∧ eb ∧ ec +4εabcRa(ω)∧ eb ∧ tc . (6)

olacaktır.
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1. INTRODUCTION

There are many important moments in theoretical physics history, but only a few

were as great as the construction of General Relativity (GR) by Albert Einstein at the

beginning of the 20th century. It drastically changed the way of research in theoretical

physics.

Although Newton’s gravitation description has fundamentally distinct differences from

the description which is provided by the GR, most of our daily life experiences in

the presence of gravity can be explained with very good precision using Newtonian

mechanics. There are two ways to interpret this theory. The first one is the geometric

point of view as stated in [28], Newtonian Gravity (NG) can be reformulated from a

geometric point of view [29, 30]. The structure with this point of view will lead to

Newton-Cartan (NC) geometry. The second one is the algebraic point of view [31, 32]

which is the one we will deal with it. Roughly speaking, the algebraic point of view

can be considered as constructing corresponding algebra for the model via scaling the

generators of the algebra. Then taking a specific limit. For example, in the case of

Newtonian Gravity, this limit corresponds to c → ∞. Also, there is another limit which

will be the main motivation and the topic of the thesis. Let us go one step back and see

our general perspective.

As you may see from Figure 1.1, any physical model could be in one of the three

regimes based on its characteristic. From our daily life experience, we accept that we

are living in the Non-Relativistic Regime. Of course, we can rely on Newton and say

“ It is what it is ” or we can try to understand and obtain this regime with the help

of a geometric or algebraic point of view. As it has been told, we will focus on the

algebraic point of view. In order to obtain a Non-Relativistic Regime, one starts with a

general Relativistic Regime. After appropriately scaling the corresponding generators

of the algebra along with matching every term in the algebra with gauge fields, the

limit c → ∞ case is considered and the result will be the Non-Relativistic Regime of

the spoken theory.
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Figure 1.1 : Difference between the physical regimes based on their characteristic

However, one might wonder about the case, c → 0. Again, we scale our generators

of the algebra appropriately from the beginning because as you can see in Figure 1.1,

the arrow has just one way to go. The topic that this limit will bring is called Carroll

Algebra and it corresponds to Ultra-Relativistic Regime [33, 34]. For more details, in

addition to previous references, see [35–37]. Of course, this is not the final destination.

We are able to expand our algebra thanks to Lie Algebra Expansion and this specific

methodology will provide us sunlight that will help us about finding our next-order

algebra i.e. Beyond the Carroll Algebra. As we will discover, our methodology does

not include some jumbo mumbo tricks such as specifying some expansion coefficient

via known structures and then interpreting them like a new concept.

1.1 Purpose of the Thesis

Throughout this thesis, we will try to show how an ultra-relativistic gravity theory

can be given and how can be obtained from a relativistic theory, and the concept of

“gauge fields” will play a crucial role. To obtain the results, first, we should study the

general structure of gauge theories and understand underlying symmetry properties.

Then, we will quickly review the differential geometry topics. After gathering this

knowledge, we will apply general rules to obtain gravity as a gauge theory. This result

will give us a very powerful framework to study gravity which is also called tetrad

formalism [27]. We will also show how GR can be obtained from an algebraic point

2



of view, i.e. gauging Poincaré algebra [19, 25, 31, 38]. In the 4th part, we will examine

and discuss some of the massive and bi-metric gravity1 cases. There is an undeniable

relation between massive gravity and bi-metric gravity as we will discuss. We will

also review scaling limits2 of these theories at the end of the section. As a last part,

we will begin by constructing Carroll algebra. Furthermore, using this algebra we will

obtain an action for Carroll and Beyond the Carroll Gravity, of course via matching

every generator of algebra with a gauge field. In the end, we will finalize this thesis by

obtaining Beyond the Carroll and Carroll Gravity action from a multi-metric theory.

1.2 Conventions

1.2.1 Units

Unless otherwise stated, we will use the geometrized unit system, i.e. we will set

16πG = 1 and c = 1.

1.2.2 Metric and totally anti-symmetric tensor conventions

We will use Latin scripts for internal indices or for spatial indices and Greek scripts

for spacetime indices. Unless otherwise stated, we will use mostly positive signature

convention for both spacetime and internal metrics, e.g.

ηAB =


−

+
+

. . .

 (1.1)

Throughout this thesis, we will use the convention for totally anti-symmetric tensor

given below:

ε0abc =−ε
0abc =−1 (1.2a)

εabc = ε
abc = 1 (1.2b)

1In literature, bi-metric gravity and bi-gravity or without “−" are used interchangeably.
2That part will be crucial for our last section.
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2. GENERAL ASPECTS OF GAUGE THEORIES

The gauge theories have undeniable roles to describe nature [39–43]. The symmetries

related to these gauge theories provide extra degrees of freedom to the system that

we are trying to describe rather than being as fundamental as particles which are

responsible for the system. Because one can easily fix the gauge and see the

redundancies of the system.

In this section, we briefly discuss several gauge theories by focusing on their

symmetries such as U(1) and SU(2)L. Of course, these gauge groups were not

chosen by personal pleasures. These gauge groups correspond to the gauge theories

which describe Electromagnetic Interactions at the quantum level i.e. Quantum

Electrodynamics (QED) and Weak Interactions, respectively. Since examining the

Lagrangian is the easiest way to see symmetries, we will start with Lagrangian.

2.1 U(1) Gauge Theory

In this case, we will investigate QED Lagrangian for Dirac Fields:

LQED = Ψ
(
iγµDµ −m

)
Ψ− 1

4
(Fµν)

2 (2.1)

where γµ are Dirac Matrices,

Dµ ≡ ∂µ + ieAµ(x) and Fµν = ∂µAν −∂νAµ (2.2)

Here Dµ is called gauge covariant derivative. Aµ is the electromagnetic vector

potential and Fµν is the field strength of it. Also e = -|e| is the electron charge. If

you ever want to change it to any fermion, it is clear that e → Q with charge Q.

As it has been motivated, we first start with examining the corresponding Lagrangian.

It is obvious that this Lagrangian has U(1) gauge symmetry i.e. U(1) gauge

transformations leave this Lagrangian invariant of course up to a total derivative term

Ψ(x)→ eiα(x)
Ψ(x) and Aµ → Aµ − 1

e
∂µα(x) (2.3)

5



This gives us

L ′ = e−iα(x)
Ψ
(
iγµDm + γµ∂

µ
α(x)−m

)
eiα(x)

Ψ− 1
4
(Fµν)

2

= e−iα(x)eiα(x)
Ψ
(
iγµDµ −m

)
Ψ− 1

4
(Fµν)

2

= L

(2.4)

As you can see, L ′ = L , i.e. the Lagrangian is left invariant under the local

transformation (2.3). This transformation is called “gauge transformation” because

the function α is an arbitrary function of coordinates [41]. Now let us calculate the

equation of motions (e.o.m.) :

for Ψ : iγµDµ
Ψ = mΨ

for Aµ : ∂µFµν = eΨγ
ν
Ψ = e jv

(2.5)

Clearly, these two e.o.m.s are not independent of each other, i.e. for Aµ , it contains the

e.o.m. for ψ . We understood the following points from this observation:

• The given system has (at least) a gauge symmetry which is based on Lie algebra.

• One of the e.o.m.s contains other.

2.2 SU(N) Gauge Theories

In this section, we will discuss the general construction of SU(N) theories. Even

though we used a well-known U(1) invariant QED Lagrangian in the previous section,

for this section we will step further and construct the desired theory from scratch. We

will illustrate only SU(2) gauge field because this is the simplest form one can obtain

with non-trivial matrix representation [13, 40]. However, the methods introduced in

this chapter will be applied to all SU(N) gauge theories.1

2.2.1 Lie groups

The groups that are n-dimensional differential manifolds with continuous group

elements are called in general Lie groups [40]. Since “having an identity element”

is a group postulate, SU(N) Lie groups have an identity element 1 [44]. Thus one can

write any group element of SU(N) groups as

U = exp(iθ aTa)1, (2.6)

1Keep in mind that for U(1) case transformation is generated just by a function.
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where Ta are called the group generators and θ a are some parameters. These

generators form a Lie algebra su(N), which is identified by the commutation relation

given as:

[Ta,Tb] = i fab
cTc, (2.7)

where fab
c are called the structure constants [13]. As could be seen from (2.7), if

fab
c = 0, this corresponds to Abelian Group, otherwise Non-Abelian Group [39,40,44].

These generators satisfy an important identity which is called Jacobi identity given

below:

[Ta, [Tb,Tc]]+ [Tb, [Tc,Ta]]+ [Tc, [Ta,Tb]] = 0. (2.8)

which is equivalent to

fad
e fbc

d + fcd
e fab

d + fbd
e fca

d = 0 (2.9)

2.2.2 SU(2) gauge theory

In Section 2.1, we studied a theory that has a U(1) symmetry. The transformations

related to this symmetry are just phase rotations if we have just a kinetic term. But,

there are more complex symmetries in the nature2. As an example, let us study the

SU(2) gauge theory. The methods for studying this gauge theory can be generalized

easily.

Let us consider a kinetic Lagrangian with 2 Dirac fermions:

L =
2

∑
j=1

[
ψ j
(
i/∂ −m

)
ψ j

]
= Ψ

(
i/∂ −m

)
Ψ (2.10)

where we used /∂ = γµ∂ µ and

Ψ =

(
ψ1
ψ2

)
(2.11)

is a doublet of Dirac fields.

This Lagrangian is invariant under the transformation:

Ψ −→ Ψ
′ =UΨ, (2.12)

where

U = exp
(

iαa σa

2

)
(2.13)

2For example as a first thing came to mind, the celebrated Standard Model’s symmetry group can be
given as SU(3)C

⊗
SU(2)L

⊗
U(1).
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which is a global SU(2) transformation [39, 40]. By gauging this transformation, i.e.

making the transformation local, one can obtain a transformation such that

Ψ(x)−→ Ψ
′(x) =U(x)Ψ(x) (2.14a)

U(x) = exp
(

iαa(x)
σa

2

)
(2.14b)

should the Lagrangian (2.10) be invariant [39, 40]. Here a = {1,2,3}, because SU(2)

has 22−1 = 3 dimensions. From (2.14b), one can easily see that the generators of this

theory are simply the Pauli matrices

Ta =
σa

2
, (2.15)

Furthermore, the structure constants of this theory are equal to Levi-Civita symbols

because
[Ta,Tb] =

[
σa

2
,
σb

2

]
=

1
4
[σa,σb] =

1
4

2iεab
c
σc = iεab

cTc

= i fab
cTc

(2.16)

and this gives us that fab
c = εab

c for SU(2) transformations. As it has been mentioned

in [40], the Lie-algebra-valued fields can be used appropriately instead of gauge fields.

These new fields are defined as

Aµ = Aa
µTa (2.17)

As you can see it is nothing but a small modification since for U(1) Ta = 1. Similar to

the definition of the gauge covariant derivative in the U(1) section, one can define the

gauge covariant derivative as

Dµ ≡ ∂µ − igAµ(x), (2.18)

Here g is coupling constant [45], e.g. e → −g. Since this derivative is a “covariant"

derivative, it has to be transformed covariantly, i.e.

DµΨ −→
(
DµΨ

)′
=U(x)

(
DµΨ

)
(2.19)

Let us make the transformation explicitly:(
DµΨ

)′
= ∂µΨ

′(x)− igA′
µ(x)Ψ

′(x)

= ∂µ (U(x)Ψ(x))− igA′
µ(x)U(x)Ψ(x)

= ∂µU(x)Ψ(x)+U(x)∂µΨ(x)− igA′
µ(x)U(x)Ψ(x).

(2.20)
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But also we have,

U(x)
(
DµΨ

)
=U(x)∂µΨ(x)− igU(x)Aµ(x)Ψ(x) (2.21)

Since (2.20) is equal to (2.21), we obtain

∂µU(x)− igA′
µ(x)U(x) =−igU(x)Aµ(x). (2.22)

This implies that

A′
µ(x)U(x) =U(x)Aµ(x)−

i
g

∂µU(x)

Then, A′
µ(x) =U(x)Aµ(x)U−1(x)− i

g
∂µU(x)U−1(x).

(2.23)

Let us now imply the infinitesimal form of the transformation in (2.14b) to our result.

The infinitesimal form of (2.14b) can be given as

U(x) = exp(iαa(x)Ta) = 1+ iαa(x)Ta +O
(
α

2), (2.24)

and similarly

U−1(x) = exp(−iαa(x)Ta) = 1− iαa(x)Ta +O
(
α

2). (2.25)

If we substitute these by dropping the higher-order terms i.e. other than the first-order

terms:
A′

µ(x) =(1+ iαa(x)Ta)Aµ(x)
(

1− iαb(x)Tb

)
− i

g
∂µ (1+ iαa(x)Ta)

(
1− iαb(x)Tb

)
=Aµ + iαaTaAµ − iαaAµTa +

1
g

∂µα
aTa

(2.26)

By writing it explicitly,

A
′b
µ Tb = Ab

µTb + iαaAb
µTaTb − iαaAb

µTbTa +
1
g

∂µα
bTb

= Ab
µTb + iαaAb

µ [Ta,Tb]+
1
g

∂µα
bTb

= Ab
µTb −α

aAb
µ fab

cTc +
1
g

∂µα
bTb

= Aa
µTa −α

bAc
µ fbc

aTa +
1
g

∂µα
aTa

A
′a
µ Ta = Aa

µTa −α
bAc

µεabcTa +
1
g

∂µα
aTa

(2.27)

Therefore,

A
′a
µ = Aa

µ +
1
g

∂µα
a − εabcα

bAc
µ . (2.28)
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This is the transformation of the gauge field Aa
µ under SU(2) transformations [40].

Now we can define the field strength of the SU(2) gauge theory3. This object can be

given as

Fµν ≡ i
g

[
Dµ ,Dν

]
=

i
g

[(
∂µ − igAµ

)
,(∂ν − igAν)

]
= ∂µAν −∂νAµ − ig

[
Aµ ,Aν

] (2.29)

or in components, where Fµν = F a
µνTa,

F a
µν = ∂µAa

ν −∂νAa
µ +gε

a
bcAb

µAc
ν , (2.30)

and a SU(2) gauge invariant Lagrangian can be given as

L =−1
4
(F a

µν)
2 +

2

∑
j=1

[
ψ j
(
i /D−m

)
ψ j
]
, (2.31)

As can be seen easily, this field strength is very similar to the U(1) field strength.

In fact, the field strengths of all gauge theories can be given in the form of (2.29).

Since U(1) is an Abelian group, i.e. Ta = 1 as it has been mentioned above, the last

commutator in (2.29) is trivially zero for electromagnetic field strength [40]. These

results can be generalized to any SU(N) theory.

3If we have U(1) and SU(2) structures simultaneously, we must construct each field strength separately.
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3. A BRIEF REVIEW OF DIFFERENTIAL GEOMETRY

The main reason for this chapter is to make an introduction to differential geometry,

which is the main mathematical concept for understanding most of the gravity theories

e.g. GR, and the relation between gauge and gravity theories. For this chapter, we are

aiming to present a very brief review of the topics of differential geometry. We will

not study differential geometry chronologically instead we will study it by discussing

the main structures1. So let us start with vectors and tensors.

3.1 Beginning: The Vectors

In any physical structure, we deal with vectors, for example, position vector in

three-dimensional vector analysis or the metric tensor2 in General Relativity [14–

16, 46]. As it is required among humankind, we need a language to understand and

describe. That is the language of differential geometry. Since when we try to visualize

the concept of a vector, we immediately think of an arrow connecting two points that

are infinitesimally close to each other. Therefore, it is expected that it will be described

by derivative in a mathematical language. So, one can start with the vector V as it is the

tangent vector to some curve belonging to the manifold. Let us consider the manifold

M has coordinate xµ in some patch which resulted in a curve as xµ = xµ(t), with the

parameter t along the path. Since we gathered the necessary information about tangent

vectors, we are able to write it as

V =
∂

∂ t
(3.1)

Keep in mind that V is coordinate-independent. But also

V =V µ ∂

∂xµ
=V µ

∂µ (3.2)

where V µ = dxµ

dt . We observe that the components V µ are coordinate dependent while

the vector V is not. Also, we are able to obtain the transformation rule under general

1i.e. only useful parts for our theme.
2Since tensors are just the generalization of vectors in a manner.
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coordinate transformations xµ → x′µ = x′µ(xν) via the chain rule

V =V µ
∂µ =V µ ∂x′ν

∂xµ
∂
′
ν (3.3)

where ∂ ′
ν = ∂/∂x′ν . By definition, the coefficients of the ∂ ′

ν are the components of V

with respect to the primed coordinate system. Then

V ′µ =
∂x′µ

∂xν
V ν (3.4)

That is the transformation property of a vector’s components. Its generalization to

multiple indices is straightforward which gives the transformation of tensors, as an

example in the case of p-index tensor T ,

T = T µ1···µp∂µ1

⊗
· · ·
⊗

∂µp (3.5)

Therefore, following the same footprints, the components of this p-index tensor

transform as

T ′µ1...µp =
∂x′µ1

∂xν1
...

∂x′µp

∂xνp
T ν1...νp (3.6)

3.2 As Another Side: The Covectors

One can also consider the objects with components having lower indices as known as

covectors. Let us consider a function f . Thanks to the chain rule, d f is

d f = ∂µ f dxµ (3.7)

By the same logic as V , one can consider d f as a geometrical, coordinate-independent

object. It is easy to see that its components are ∂µ f . Actually, d f is a very special case

of a covector. It may be a general covector U where Uµ is its components

U =Uµdxµ (3.8)

Since U is coordinate-independent, Uµ transform under general coordinate

transformations via following the footprints of the Section 3.1

U =Uν

∂xν

∂x′µ
dx′µ (3.9)

As we said, the coefficients of dx′µ are the components of U ′
µ in the primed coordinate

frame. Therefore, the transformation property of 1-form components is given by

U ′
µ =

∂xν

∂x′µ
Uν (3.10)
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Again, it is straightforward to generalize to cotensors with p index:

U =Uµ1...µpdxµ1
⊗

...
⊗

dxµp (3.11)

The transformation rule for the components Uµ1···µp under general coordinate

transformation is given by

U ′
µ1···µp

=
∂xν1

∂x′µ1
· · · ∂xνp

∂x′µp
Uν1···νp (3.12)

It is obvious that since wµ transforms in the opposite way of V µ , their combination i.e.

wµV µ is invariant under general coordinate transformations,

w′
µV ′µ =

∂xν

∂x′µ
∂x′µ

∂xσ
wνV σ

=δ
ν
σ wνV σ

=wνV ν

(3.13)

This is the scalar product or inner product if you would like to call it that way, of V with

w. However, one can also express this relation in a geometrical way without choosing

any specific coordinates i.e. ⟨w,V ⟩. Since we have an identity

⟨dxµ ,∂ν⟩= δ
µ

ν (3.14)

we obtain:
⟨w,V ⟩=wµV ν⟨dxµ ,∂ν⟩

=wµV ν
δ

µ

ν = wµV µ
(3.15)

If we apply these steps to differential d f :

⟨d f ,V ⟩= ∂µ fV ν⟨dxµ ,∂ν⟩=V µ
∂µ f (3.16)

In other words, since the original definition of V in (3.1) is a differential operator, in

that case, the inner product of d f and V is just the directional derivative of f throughout

the curve parametrized by t: ⟨d f ,V ⟩=V ( f ) = ∂ f/∂ t.

3.3 Differential Forms

Now let us focus on the class of cotensors whose components are totally

antisymmetric3

Uµ1...µp =U[µ1...µp] (3.17)

3They will be crucial for our last chapter.

13



where [· · · ] antisymmetrize anything inside of itself:

U[µν ] =
1
2!
(
Uµν −Uνµ

)
(3.18)

If the indices of the cotensor is antisymmetric then it will lead to making an

antisymmetric projection, as one can easily guess, on the tensor product of 1-forms

dxµ :

dxµ ∧dxν = dxµ
⊗

dxν −dxν
⊗

dxµ (3.19)

where ∧ symbol is called wedge and left-hand side of (3.19) is called wedge product.

Cotensors with p indices are called p-forms. And they are given below,

A =
1
p!

Aµ1...µpdxµ1 ∧ ...∧dxµp (3.20)

As a result if A is a p-form and B is q-form,

A∧B = (−1)pq B∧A (3.21)

3.4 Taking the Derivatives in a Geometric Way

In this section, we will understand the structure that came by using the exterior

derivative which is symbolized as d. It produces a (p+ 1)-form when it is used on

a p-form field. If it operates on a 0-form i.e. function, it just takes the differential of it

as in (3.7). As a more general case e.g. on a p-form:

ω =
1
p!

ωµ1...µpdxµ1 ∧ ...∧dxµp

dω =
1
p!
(
∂νωµ1...µp

)
dxν ∧dxµ1 ∧ ...∧dxµp

(3.22)

Keep in mind that from our definition of p-form, the components of the (p+1) -form

dω are

(dω)
νµ1...µp

= (p+1)∂[νωµ1...µp] (3.23)

It is obvious that if A is a p-form and B is a q-form then, thanks to the Leibnitz rule,

we obtain

d (A∧B) = dA∧B+(−1)p A∧dB (3.24)

As you may see from (3.22), it gives zero when it is used twice. Because d is

an antisymmetric derivative while partial derivatives are symmetric. Let us focus

on Maxwell Electrodynamics since it will be a good example for the use of not
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only differential forms but also exterior derivative. The vector potential is a 1-form,

A = Aµdxµ . The Maxwell field strength is a 2-form, F = 1
2Fµνdxµ ∧dxν , and one can

easily construct it from A by taking the exterior derivative as

F = dA = ∂µAνdxµ ∧dxν =
1
2

Fµνdxµ ∧dxν (3.25)

We read off the components as Fµν = 2∂[µAν ]. Note that dF = 0 trivially since dF =

d2A.

3.5 Spin Connection and Curvature 2-Forms

In this section, let us begin by considering what might come out when we take the

square root of metric gµν . In order to do so we need to introduce some structure as

known as vielbein. It is the basis of 1-forms ea = ea
µdxµ and its components ea

µ which

satisfy

gµν = ηabea
µeb

ν (3.26)

where the Latin indices represent the local-Lorentz indices or tangent-space indices.

Here, ηab is a flat metric whose components are constant. The signature of ηab must be

the same as that of gµν since we will be studying the cases in GR with Minkowskian

signature

ηab = diag(−1,1, ...,1) (3.27)

Likewise, if we attempt to study in Euclidean signature, we must change the first

component’s sign.

Let us introduce the spin connection i.e. connection 1-forms, ωa
b = ωa

bµdxµ and the

torsion 2-forms T a = 1
2T a

µνdxµ ∧dxν . They have a bonding relationship as

T a = dea +ω
a

b ∧ eb (3.28)

As a further step, let us define curvature 2-forms Θa
b as

Θ
a

b = dω
a

b +ω
a

c ∧ω
c

b (3.29)

Also, metric compatibility requires that

ωab =−ωba (3.30)
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where ωab = ηacωc
b. In addition to the requirement of metric compatibility, we

usually choose a torsion-free spin connection, i.e. vanishing torsion 2-forms T a in

(3.28). These two determine wa
b completely:

dea =−ω
a

b ∧ eb, ωab =−ωba (3.31)

Let us continue with curvature 2-form Θa
b. Its indices are antisymmetric under the

exchange of each other just like the Riemann tensor:

Θ
a

b =
1
2

Ra
bµνdxµ ∧dxν (3.32)

One can also free to use the vielbein ea
µ to make a transition between different types

of indices such as coordinate indices ν and tangent-space indices b. However, in order

to be able to do that inverse of the vielbein, Eµ
a , is required. Also, it satisfies the given

below,

Eµ
a ea

ν = δ
µ

ν , Eµ
a eb

µ = δ
a
b (3.33)

Then, we are ready to read off Riemann tensor components completely constructed on

the tangent-frame basis as

Ra
bcd = Eµ

c Eν
d Ra

bµν (3.34)

Be careful that we distinguish these tensors by examining the indices that they carry.

In terms of Ra
bcd , it is easy to see

Θ
a

b =
1
2

Ra
bcdec ∧ ed (3.35)

One can also construct two further quantities based on the Riemann tensor which are

the Ricci tensor Rab and Ricci scalar R:

Rab = Rc
acb, R = η

abRab (3.36)

Of course, some familiar concepts of GR can be obtained easily. For example, the

Riemann tensor can be calculated as

Rµ
νρσ = Eµ

a eb
νRa

bρσ (3.37)

The coordinate analog of (3.36):

Rµν = Rρ
µρν , R = gµνRµν (3.38)

Also obviously, similar to the (3.34) with the help of the vielbein, we see that

Rµν = ea
µeb

νRab (3.39)
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4. GRAVITY AS A GAUGE THEORY

In the previous chapter, we mainly focused on developing of the necessary

mathematical objects for “gravity as a gauge theory”. The main focus of this chapter

will be GR, its first and second-order formalisms, and how it can be acquired GR via

gauging Poincaré algebra. Through finalizing this chapter, we will shortly discuss the

generalizations of the GR to the multi-metric theories, etc., and its gauge theoretic

formalisms.

4.1 Second Order Formalism of GR

Almost all the introductory books for GR begin with studying the second-order

formalism of GR. So let us follow our origins and begin with second-order formalism.

For a detailed study, see [16, 26, 27].

4.2 Einstein Tensor

General relativity is a geometric theory and we need some crucial objects such as

metric, Riemann curvature tensor (and related curvature objects), covariant derivative

operator, and connection. Since GR is a torsionless theory, we use the Christoffel

connection. Using the equation (A.1.3), the contraction of its indices gives us that

Γ
ρ

µρ =
1
2

gρσ
(
∂µgσρ +∂ρgσ µ −∂σ gµρ

)
=

1
2

gρσ
∂µgρσ =

1√
−g

∂µ

√
−g. (4.1)

In general, the curvature can be given as a commutator of two covariant derivatives

acted on a vector, i.e. [
∇∇∇µ ,∇∇∇ν

]
vρ = Rρ

αµνvα , (4.2)

where v ∈ T (M ) and Rρ
αµν are the components of Riemann tensor. Its components

can be given as

Rσ
ρµν = ∂µΓ

σ
ρν −∂νΓ

σ
ρµ +Γ

α
ρνΓ

σ
αµ −Γ

α
ρµΓ

σ
αν (4.3)
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If we contract the first and the third indices of the Riemann tensor, we obtain the Ricci

tensor

Rµν = Rλ
µλν , (4.4)

and contraction of the Ricci tensor with metric gives us the Ricci scalar

R = gµνRµν . (4.5)

After some simple calculations, one can also see that the Riemann tensor satisfies two

Bianchi identities

Rσ
ρµν +Rσ

µνρ +Rσ
νρµ = 0, (4.6a)

∇∇∇αRσ
ρµν +∇∇∇µRσ

ρνα +∇∇∇νRσ
ραµ = 0 (4.6b)

From the second Bianchi identity, we can obtain

∇∇∇αRσρµν +∇∇∇µRσρνα +∇∇∇νRσραµ = 0

⇒−∇∇∇
αRασ µν +∇∇∇µRσν −∇∇∇νRσ µ = 0

⇒−∇∇∇
αRαµ +∇∇∇µR−∇∇∇

αRαµ = 0

⇒ ∇∇∇
αRαµ − 1

2
∇∇∇µR = 0.

(4.7)

Using the metric, and putting the terms in common parentheses of the derivative, we

can obtain
∇∇∇

µRµν −
1
2

∇∇∇
µ
(
gµνR

)
= 0

∇∇∇
µ

(
Rµν −

1
2

gµνR
)
= 0.

(4.8)

Let us denote

Gµν ≡ Rµν −
1
2

gµνR (4.9)

which is called the Einstein tensor [16]. One can read also from (4.8) that the Einstein

tensor is a divergenceless quantity.

4.2.1 Einstein-Hilbert action

Most of our physical theories can be interpreted in the Lagrangian formalism.

Fortunately, GR is one of these theories which we know the interpretation in the

Lagrangian formalism. However, there is a subtle detail in its formulation. For all

non-gravitational theories which can be formulated as a Lagrangian theory, one can
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obtain a scalar, which can be interpreted as a Lagrangian density, using the dynamic

objects of the theory and their first derivatives.

For a gravitational theory, e.g. GR, it is not a true statement; it is not possible to obtain

a Lagrangian from the metric, which is the dynamic object for a gravitational theory

in second-order formalism, and its first derivatives. As stated in Krasnov, the simplest

scalar object obtained from a geometrical point of view is the Ricci scalar [27]. One

can see from the definitions given by (4.1) and (4.3) that the Ricci scalar contains the

metric and its second-order derivatives. Thus we can write the simplest action for a

gravitational theory as

SEH =
∫

ddx
√
−gR, (4.10)

which is called the Einstein-Hilbert action. By varying this action, we reach the famous

Einstein equations as we are about to do so.

4.2.2 Einstein equations

Similar to obtaining the e.o.m. of a Dirac field in Chapter 2, one can obtain the e.o.m.

for the gravitational theory which we are interested in, by varying the action (4.10):

δ (SEH) =
∫

ddx
[
δ
(√

−g
)

R+
√
−gδ (R)

]
. (4.11)

The first variation is given in (A.2.5), thus we need to calculate the variation of the

Ricci scalar. For this calculation, we should first obtain the variation of the Riemann

tensor. After a short calculation, one can show that

δ
(
Rρ

σ µν

)
= ∇∇∇µ δ (Γρ

νσ )−∇∇∇ν δ
(
Γ

ρ
µσ

)
, (4.12)

which transforms as a tensor. So we should now find the variation of the Christoffel

connection, which is given as

δ
(
Γ

µ
νρ

)
=

1
2

δ (gµσ )
(
∂νgσρ +∂ρgσν −∂σ gνρ

)
+

1
2

gµσ
(
∂νδ

(
gσρ

)
+∂ρδ (gσν)−∂σ δ

(
gνρ

))
.

(4.13)

If we substitute the metric variation (A.2.3), we see that the derivatives covariantize:

δ
(
Γ

µ
νρ

)
=

1
2

gµσ
(
∇∇∇νδ

(
gσρ

)
+∇∇∇ρδ (gσν)−∇∇∇σ δ

(
gνρ

))
. (4.14)
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As a result, we have

δ (R) = δ
(
gµνRµν

)
= δ (gµν)Rµν +gµν

δ
(
Rρ

µρν

)
, (4.15)

and after some algebra, we obtain

δ (R) =
(
Rµν −∇∇∇µ∇∇∇ν +gµν∇∇∇

ρ
∇∇∇ρ

)
δ (gµν) , (4.16)

where the second and third terms will give us some boundary terms in the variation of

the action integral. Putting all these results together, we obtain

δ (SEH) =
∫

ddx
√
−g
[

Rµν −
1
2

Rgµν + (B.T.)
]
= 0 (4.17)

If we assume that the boundary terms vanish at the boundaries, we conclude that the

e.o.m. for our gravitational theory is

Rµν −
1
2

Rgµν = 0 (4.18)

which are called the Einstein equations without matter. Note that the left-hand side of

(4.18) is equal to the Einstein tensor. Now, if we add a matter Lagrangian to our action,

the e.o.m. modifies as

Gµν = Rµν −
1
2

Rgµν = Tµν , (4.19)

where Tµν is called the energy-momentum tensor [16,26]. Note that the Einstein tensor

is symmetric since Rµν and gµν are both symmetric tensors. Also from Subsection

4.2.2, we are aware that the Einstein tensor is divergenceless, thus one can see from

(4.19) that the energy-momentum tensor should also be symmetric and divergenceless.

4.3 First Order Formalism of GR

Now, we will study the first order formalism of GR for d = 4, since there are

some technical differences for 2+ 1 dimensions and the generalization to the higher

dimensional cases are trivial1. Let us begin with the action of the theory. The

Einstein-Cartan action can be given as

SEC =
1
2

∫
εabcdea ∧ eb ∧Rcd, (4.20)

1Of course, this statement is valid only for the bosonic case. There are some major differences for the
supergravity theories.
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where Rcd = Rcd (ω) is the curvature of the ω . Varying (4.20) with respect to ω , one

can obtain

δω(SEC) =
1
2

∫
εabcdea ∧ eb ∧δω(Rcd). (4.21)

So we need to calculate the variation of curvature, which can be found after some index

manipulation as

δω(Rcd) = d
(

δω
cd
)
−ω

d
f ∧δω

f c +ω
c

f ∧δω
f d . (4.22)

Substituting this into the variation of the curvature and using the integration by parts,

one can find that

δω(SEC) =
1
2

∫
εabcdea ∧ eb ∧

[
d
(

δω
cd
)
−ω

d
f ∧δω

f c +ω
c

f ∧δω
f d
]

=
1
2

∫
εabcdea ∧ eb ∧

[
d
(

δω
cd
)
+ω

c
f ∧δω

f d +ω
c

f ∧δω
d f
]

=
1
2

∫
εabcdea ∧ eb ∧D

(
δω

cd
)

=
1
2

∫ [
D
(

εabcdea ∧ eb ∧δω
cd
)
− εabcdD

(
ea ∧ eb

)
∧δω

cd
]
.

(4.23)

As can be seen, the first term is a boundary term, thus we have

δω(SEC)≃−1
2

∫
εabcdD

(
ea ∧ eb

)
∧δω

cd , (4.24)

and for δω(SEC) = 0, we obtain that

Dea = 0, (4.25)

which is the zero torsion condition.

We can also vary (4.20) with respect to the tetrad field. With a very simple calculation,

one can get the e.o.m. for the tetrad as

εabcdeb ∧Rcd = 0. (4.26)

Similar to the previous section, if we add a matter Lagrangian to our action, we

conclude that the e.o.m. modifies as

εabcdeb ∧Rcd = εabcdT
bcd, (4.27)

which is called the Einstein equations in first-order formalism.
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4.4 Poincaré Algebra Gauge Theory

In theoretical physics, understanding the symmetries underlying the physical theories

are crucial. At late 19th, we have used Newton’s laws to formulate the dynamics of the

particles and systems. This theory is invariant under Galilean transformation, which

can be generically given as
x → x′ = Rx+ tx+a,

t → t ′ = t + s,
(4.28)

where R ∈ SO(3) is a rotation matrix, x is known as the position vector, a is a constant

vector and t is the time. The group constructed by these transformations is called the

Galilean group Gal(3), also the corresponding algebra is called the Galilean algebra,

which is a Lie algebra. However, Maxwell’s equations are not invariant under these

transformations. With the works of Lorentz, Poincaré, and others, it was shown that the

correct transformation is the Lorentz transformation which leaves invariant Maxwell’s

equations. This transformation can be given as

xµ → x′µ = Λ
µ

νxν +aµ , (4.29)

where Λµ
ν ∈ SO(1,d −1) is a rotation matrix restricted by the condition

Λ
α

µΛ
β

νηαβ = ηµν , (4.30)

ηµν is the Minkowski metric and aµ is a constant d-vector. The corresponding group

is called the Poincaré group ISO(1,d − 1) ≡ R(1,d−1) ⋊ SO(1,d −1)2 [47], and the

corresponding algebra is called the Poincaré algebra, which is also a Lie algebra. Now

we will examine this group in more detail.

A Poincaré transformation consists of a Lorentz transformation, which acts as a

rotation in (D+1)-dimensional spacetime 3, and a spacetime translation aµ

T (a,Λ)xµ = Λ
µ

νxν +aµ = x′µ . (4.31)

2This group is also called the inhomogeneous Lorentz group.
3Here D = d −1, where d is the spacetime dimension.
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Using this definition, one can easily check whether these transformations indeed form

a group:
T (a2,Λ2)T (a1,Λ1)x = T (a2,Λ2)(Λ1x+a1)

= Λ2Λ1x+Λ2a1 +a2

= Λ3x+a3

(4.32)

where the indices are suppressed. This gives us the result that the Poincaré

transformations establish indeed a group and its composition rule can be given as

(a2,Λ2)◦ (a1,Λ1) = (Λ2a1 +a2,Λ2Λ1) (4.33)

Here if we take aµ = 0, we simply obtain a Lorentz transformation, and because of

the same reason in (4.32), these transformations form also a group which is known

as the Lorentz group, also the corresponding algebra is known as the Lorentz algebra.

We will begin the study of the gauge theory of Poincaré algebra by studying Lorentz

algebra.

4.4.1 Lorentz algebra

First of all, we should note that we know from relativistic physics that the

global spacetime symmetries without boost can be expressed using the Lorentz

transformation. More clearly, the symmetry transformations can be given as follows.

Let Λ be a Lorentz transformation

xm → x′µ = Λ
µ

νxν , (4.34)

and let φ(x) be a scalar, L (x) be a Lagrangian, V µ(x) be a vector and ηµν the

Minkowski metric. For our purposes, we only give the transformations of scalars,

vectors, and tensors. For the transformations of other objects such as spinors, see

[13, 39, 40] etc.

Our motivated transformations can be given as

η
µν → Λ

ρ
µΛ

σ
νη

µν = η
ρσ ,

φ(x)→ φ(Λ−1x),

∂µφ(x)→ (Λ−1)ν
µ∂νφ(Λ−1x),

L (x)→ L (Λ−1x),

V µ(x)→ Λ
µ

νV ν(Λ−1x).

(4.35)
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Now let us obtain the corresponding algebra by expanding the transformation around

the identity. Let ωµ
ν be taken an infinitesimal object. If we expand the Lorentz

transformation Λ around identity i.e. δ µ
ν , we find that

Λ
µ

ν = δ
µ

ν +ω
µ

ν + · · · . (4.36)

From (4.35)
η

ρσ =
(
δ

ρ
µ +ω

ρ
µ

)
(δ σ

ν +ω
σ

ν)η
µν

= η
ρσ +η

ρν
ω

σ
ν +η

µσ
ω

ρ
µ +O

(
ω

2)
≃ η

ρσ +ω
σρ +ω

ρσ ,

(4.37)

thus ω should be antisymmetric, i.e. ωµν = −ωνµ . In d dimensions, this object

has 1
2d(d − 1) elements, which are the parameters for the generators of the related

Lie algebra. As described in Freedman and van Proeyen, this Lie algebra is a real

linear space spanned by these generators with the commutator [m,m′] [13]. The

corresponding generators are Jµν , where the group elements can be given as an

exponential such that

T (0, Λ̄) = T (0,1+ω +O
(
ω

2))
= 1+

i
2

ωµνJµν +O
(
ω

2)
= e

i
2 ωµν Jµν

.

(4.38)

Note that this transformation should be unitary, thus J must be Hermitian. One can

also see from above, J must be antisymmetric, since ω is antisymmetric 4. Let us now

investigate the Lorentz transformation properties of the generators Jµν . We begin by

considering the product given below:

T (Λ)T (1+ω)T−1(Λ), (4.39)

where we denote T (Λ) = T (0,Λ) for simplicity. Note also that

T (Λ)T−1(Λ) = 1 = T (1) = T (ΛΛ
−1) (4.40)

We see that

T−1(Λ) = T (Λ−1). (4.41)

4The generator Jµν is called the angular momentum operator.
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Now, using (4.33), we can obtain

T (Λ)T (1+ω)T−1(Λ) = T (Λ)T (1+ω)T (Λ−1)

= T
(
Λ(1+ω)Λ

−1) . (4.42)

To the first order in ω , we obtain from LHS

T (Λ)
(

1+
i
2

ωµνJµν

)
T (Λ−1) = 1+T (Λ)

(
i
2

ωµνJµν

)
T (Λ−1), (4.43)

and from RHS

T
(
Λ(1+ω)Λ

−1)= T (1+ΛωΛ
−1) = 1+

i
2
(
ΛωΛ

−1)
µν

Jµν . (4.44)

Equating both sides, we find that

i
2

ωρσ T (Λ)Jρσ T (Λ−1) =
i
2

(
Λµ

ρ
ωρσ

(
Λ
−1)σ

ν

)
Jµν . (4.45)

Simplifying this relation, we obtain the transformation rule for Jµν :

T (Λ)Jρσ T (Λ−1) = Λµ
ρ

Λν
σ Jµν , (4.46)

where
(
Λ−1)σ

ν = Λν
σ . Now, let T (Λ) be also an infinitesimal transformation, i.e.

Λµ
ν = δµ

ν + ω̄µ
ν ,

T (Λ) = 1+
i
2

ω̄µνJµν +O
(
ω̄

2). (4.47)

Thus we have,(
1+

i
2

ω̄µνJµν

)
Jρσ

(
1− i

2
ω̄µνJµν

)
= Jρσ +

i
2

ω̄µν [Jµν ,Jρσ ]+O
(
ω̄

2), (4.48)

and (
δµ

ρ + ω̄µ
ρ
)
(δν

σ + ω̄ν
σ )Jµν = Jρσ + ω̄µ

ρJµσ + ω̄ν
σ Jρν +O

(
ω̄

2). (4.49)

Equating both relations, we obtain

i
2

ω̄µν [Jµν ,Jρσ ] = ω̄µ
ρJµσ + ω̄ν

σ Jρν , (4.50)

and eliminating ω̄ , we find that

[Jµν ,Jρσ ] =−i [ηµρJνσ −η
µσ Jνρ −η

νρJµσ +η
νσ Jµρ ] , (4.51)

which is the Lorentz algebra. We can also rewrite this commutator as in (2.7)

[Jµν ,Jρσ ] =
i
2

f [µν ][ρσ ]
[κτ]J

κτ , (4.52)

where the structure constants can be given as

f [µν ][ρσ ]
[κτ] = 8η

[ρ[ν
δ

µ]
[κδ

σ ]
τ] (4.53)

25



4.4.2 Poincaré algebra

Now we can generalize the results beginning with (4.36) and (4.37) by adding aµ = ξ µ

where ξ µ be taken an infinitesimal object. As before, this object has d elements in d

dimensions, which are the parameters for the generators (of course, with ωµν ) of the

Poincaré algebra. As defined earlier, the corresponding generators for ω are Jµν , and

the corresponding generators for ξ are Pµ . Thus the elements of the group are given

by
T (ā, Λ̄) = T (ξ ,1+ω +O

(
ω

2))
= 1+

i
2

ωµνJµν − iξµPµ +O
(
ω

2)+O
(
ξ

2)
= e

i
2 ωµν Jµν−iξµ Pµ

.

(4.54)

As stated earlier, this transformation should be unitary, so P must be Hermitian, as

well as J 5. Similar to the previous section, we should investigate the transformation

properties of the generators J and P. Using the fact that

T−1(a,Λ) = T (Λ−1,−Λ
−1a) (4.55)

with the help of (4.33), we can find that

T (a,Λ)T (ξ ,1+ω)T−1(a,Λ) = T
(
Λξ −ΛωΛ

−1a,Λ(1+ω)Λ
−1) (4.56)

If we use the same methodology for calculating the transformation rules, we can obtain

T (a,Λ)Jρσ T−1(a,Λ) = Λµ
ρ

Λν
σ (Jµν −aµPν +aνPµ) , (4.57)

and

T (a,Λ)PρT−1(a,Λ) = Λµ
ρPµ . (4.58)

After some simple calculations, we can see that the Lie algebra of the Poincaré group

can be given by

[Jµν ,Jρσ ] =−i [ηµρJνσ −η
µσ Jνρ −η

νρJµσ +η
νσ Jµρ ] ,

[Pµ ,Jρσ ] =−i [ηµρPσ −η
µσ Pρ ] ,

[Pµ ,Pν ] = 0.

(4.59)

Infinitesimally, these generators can also be given in the form of

Jµν = xµ∂ν − xν∂µ ,

Pµ = ∂µ .
(4.60)

5The generator Pµ is called the momentum operator
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So, the infinitesimal transformations of a scalar field can be given as

δ (ω)φ(x) =
i
2

ω
µνJµνφ(x)

=
i
2

ω
µν
(
xµ∂ν − xν∂µ

)
φ(x)

= iωµνxµ∂νφ(x),

(4.61)

and
δ (ξ )φ(x) =−iξ µPµφ(x)

=−iξ µ
∂µφ(x).

(4.62)

4.4.3 Gauging the Poincaré algebra

In GR, the geometric objects are transformed covariantly under the general coordinate

transformations (gct) [13], thus we have

φ
′(x′) = φ(x),

V ′
µ(x

′) =
∂xν

∂x′µ
Vν(x),

etc.

(4.63)

Now, we can investigate the infinitesimal gct, which can be given as

xµ → x′µ = xµ − ε
µ(x). (4.64)

Using this definition, we can calculate the infinitesimal gct of a scalar field as

δgctφ(x) = φ
′(x)−φ(x)

= φ
′(x′+ ε)−φ(x)

≃ φ
′(x′)+ ε

µ(x)∂µφ
′(x′)−φ(x)

= φ(x)+ ε
µ(x)∂µφ(x)−φ(x)

= ε
µ(x)∂µφ(x)

= Lεφ(x),

(4.65)

which is known as the Lie derivative of the φ with respect to ε , and with similar

calculations, we can obtain the infinitesimal gct of the vector field:

δgctVµ(x) =V ′
µ(x)−Vµ(x)

= ε
ρ

∂ρVµ(x)+Vρ∂µε
ρ

= LεVµ(x),

(4.66)

which is the Lie derivative of the vector V with respect to ε [45]. Let us now

gauging the Poincaré algebra, i.e. make the parameters local (ξ ,ω) → (ξ (x),ω(x)).
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Calculating the gauged Poincaré transformation of a scalar field gives us

δ (ξ ,ω)φ(x) =
(
iωµνxµ∂ν − iξ µ

∂µ

)
φ(x)

=−i
(
ω

µνxν∂µ +ξ
µ

∂µ

)
φ(x)

=−i(ωµνxν +ξ
µ)∂µφ(x).

(4.67)

If we denote εµ =−i(ωµνxν +ξ µ), we can obtain

δ (ξ ,ω)φ(x) = ε
µ

∂µφ(x)

= Lεφ(x)

δ (ε)φ(x) = δgctφ(x).

(4.68)

This shows us that the generalized coordinate transformations of a curved spacetime

are equivalent to the gauged Poincaré transformations [45].

4.4.4 Pure Poincaré gauge theory

For the reasons of calculations of the future works in this thesis, we change our

convention a little bit as in [13], and we will drop the complex number i. In this

new convention, the Poincaré algebra is given as

[Jab,Jcd] = 4η[a[cJd]b],

[Jab,Pc] = 2ηc[bPa],

[Pa,Pb] = 0.

(4.69)

Since the sum of 1-forms are equal to another 1-form, one can give the definition of

the Lie algebra valued 1-form for Poincaré algebra as

Aµ = eµ +ωµ

= eµ
aPa +

1
2

ωµ
abJab

(4.70)

As calculated in Chapter 2, the gauge theoretic curvature 2-form is given by

R = dA+
1
2
[A,A] (4.71)

Using (4.70) and (4.71), one can find the curvature 2-form for Poincaré gauge theory

as

R =
1
2
(
∂µAν −∂νAµ +

[
Aµ ,Aν

])
dxµ dxν

=
1
2
(
∂µ(eν +ων)−∂ν(eµ +ωµ)+

[
(eµ +ωµ),(eν +ων)

])
dxµ dxν .

(4.72)
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Rewriting the 1-forms as in (4.70), and using the commutators given in (4.69), we can

obtain the curvature 2-form as

Rµν(A) = Rµν
a(e)Pa +

1
2

Rµν
ab(ω)Jab (4.73)

where
Rµν

a(e) = 2
(

∂[µeν ]
a −ω[µ

a
beν ]

b
)

Rµν
ab(ω) = 2

(
∂[µων ]

ab −ω[µ
a
|c|ων ]

cb
) (4.74)

We can also give the arbitrary symmetry transformations as

δ (ε) = ε
ATA

Taφ
b =− fac

b
φ

c

δ (ε)Aµ
a = ∂µε

a + ε
cAµ

b fbc
a

Dµφ
a =

(
∂µ −δ

(
Aµ

))
φ

a

= ∂µφ
a −Aµ

bTbφ
a

δ (ε)Rµν
a = ε

cRµν
b fbc

a

(4.75)

Using these rules, we are allowed to calculate the symmetry variation of e and ω

δ (ξ )eµ
a = ∂µξ

a −ξ
b
ωµ

a
b +λ

abeµb

δ (λ )ωµ
ab = ∂µλ

ab +2λ
c[a

ωµ
b]

c

(4.76)

where we use (4.53) as the structure constant, and since Aab is antisymmetric, this

simplifies as

Abc fa[bc]
d = Abc

ηabδ
d
c . (4.77)

4.4.5 The soldering equation

So far, the variations act only on the internal space. However, we need the variations

that act on spacetime for a gravity theory. Thus, we need to obtain a procedure to

combine these two, priori different transformations in some way.

Let us first define another transformation, which is called “covariant general coordinate

transformation” (cgct) as

δcgct(ξ ) = δgct(ξ )−δ
(
ξ

µAµ

)
(4.78)
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Acting on a gauge field, we obtain

δcgct(ξ )Aµ
a = δgct(ξ )Aµ

a −δ (ξ σ Aσ )Aµ
a

= ξ
ν
∂νAµ

a +Aν
a
∂µξ

ν −∂µ(ξ
νAν

a)−ξ
νAν

cAµ
b fbc

a

= ξ
ν
∂νAµ

a +Aν
a
∂µξ

ν −ξ
ν
∂µAν

a −Aν
a
∂µξ

ν −ξ
νAν

cAµ
b fbc

a

= ξ
ν
∂νAµ

a −ξ
ν
∂µAν

a −ξ
νAν

cAµ
b fbc

a

=−ξ
ν

(
∂[µAν ]

a +Aµ
bAν

c fbc
a
)
=−ξ

νRµν
a(A)

(4.79)

Thus we have

δcgct(ξ )eµ
a =−ξ

νRµν
a(e) (4.80)

If we expand the LHS for the Poincaré algebra, we find that

δcgct(ξ )eµ
a = δgcteµ

a −δP(ξ
λ eλ )eµ

a −δJ(ξ
λ

ωλ )eµ
a (4.81)

and we obtain

−ξ
νRµν

a(e) = δgcteµ
a −δP(ξ

λ eλ )eµ
a −δJ(ξ

λ
ωλ )eµ

a (4.82)

Let us deform the original Poincaré algebra by imposing the constraint6

Rµν
a(e) = 0 (4.83)

thus we find that

0 = δgcteµ
a −δP(ξ

λ eλ )eµ
a −δJ(ξ

λ
ωλ )eµ

a

δP(ξ
λ eλ )eµ

a = δgcteµ
a −δJ(ξ

λ
ωλ )eµ

a

δP(ξ )eµ
a = δgcteµ

a −δJ(ξ
λ

ωλ )eµ
a

(4.84)

This result provides the connection between the translational symmetries of Poincaré

algebra and general coordinate transformation, so one can transform these into each

other [19].

4.4.6 The last step: action

In the previous chapter, we have defined all the objects we need for a gravity theory,

such as the metric and the connection between the metric and the vielbein or the

covariant derivatives, etc. In this subsection, we only give the action.

6Note that this constraint corresponds to the torsionless condition, i.e. Γλ
[µν ] = 0.
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First, let us calculate the metric determinant in terms of vielbeine

det
(
gµν

)
= det

(
ηabea

µeb
ν

)
=−det

(
ea

µ

)2 ≡−e2, (4.85)

thus we have √
−det

(
gµν

)
=
√

e2 = e (4.86)

Since Rµν
a(e) = 0, using (4.73), we can find that only curvature term is Rµν

ab.

Contracting with vielbeine, one can see that the Ricci scalar is given by

R(ω) = eµ
a eν

bRµν
ab(ω). (4.87)

As the result, the action becomes

S =
∫

ddxeR(ω). (4.88)

Note that this action is called the “tetradic Palatini action” [45].
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5. BI-GRAVITY THEORIES AND SCALING LIMIT

In this chapter, we will discuss general aspects with some examples of scaling limit and

the relation between bi-gravity theories [18,23,48–52] and massive gravity [21,22,53–

66]. Since Einstein’s General Relativity is also able to be understood as a field theory

which describes the interactions of massless spin-2 particles i.e. graviton. Having

this perspective leads to considering the case that GR might be generalized as allowing

small graviton mass. Surely, the starting point is constructed by Fierz and Pauli Theory

[60] however this theory is not the easiest theory that anyone might want to extend as

a well-defined interacting theory. First of all, one of the fundamental issues is the

existence of an unphysical situation such as negative energy scalar modes as known as

Boulware-Deser(BD) ghost or instability [58]. Even though we will not focus on the

BD ghost, we will understand the progress of achievement as we move further.

5.1 First Attempt: Non-Linear Massive Gravity Model

As a starting point, we will consider two general metrics gµν and fµν and the structure

that they contribute. Then we will investigate this whole structure by imposing a few

conditions. So let us begin with the massive action of [23]:

S = M2
p

∫
d4x

√
−g

[
R+2m2

4

∑
n=0

(
βnen(

√
g−1 f

)]
(5.1)

where the square root of a matrix is defined as
(√

g−1 f
√

g−1 f
)µ

λ = gµν fνλ . And,

en(
√

g−1 f ) are called elementary symmetric polynomials with the eigenvalues λn of

the matrix
√

g−1 f . If we are interested in the 4×4 matrix:

e0(
√

g−1 f ) = 1

e1(
√

g−1 f ) = λ1 +λ2 +λ3 +λ4

e2(
√

g−1 f ) = λ1λ2 +λ1λ3 +λ1λ4 +λ2λ3 +λ2λ4 +λ3λ4

e3(
√

g−1 f ) = λ1λ2λ3 +λ1λ2λ4 +λ1λ3λ4 +λ2λ3λ4

e4(
√

g−1 f ) = λ1λ2λ3λ4 = det
√

g−1 f

(5.2)
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Let us focus on the last term on the potential (5.1):

√
−detgβ4e4(

√
g−1 f ) = β4

√
−detgdet

√
g−1 f = β4

√
−det f (5.3)

As you may see easily, it is independent of gµν so this term does not contribute

to the e.o.m of the gµν . Therefore, when the reference metric fµν is assumed as

non-dynamical, we are able to drop this term. The remaining four βn describe

combinations of the fundamental parameters such as the mass of graviton, the

cosmological constant, and two free parameters.

From now on, fµν will be considered as dynamical. Therefore, since the potential

term in (5.1) includes both gµν and fµν , it will act as a potential for both gµν and

fµν . Of course in that case we keep the (5.3) term. As a result, we totally have 5 free

parameters which include cosmological constant and graviton mass for both gµν and

fµν .

5.1.1 View as bi-metric gravity

Let us go further one step and add a kinetic term for fµν into (5.1). However, we have

to add such a kinetic term that should be compatible with the potential term with the

aim of constructing a well-defined ghost-free gravity theory. For now, this mass term

might seem like it does not have the same form for both metrics. Even though this

is problematic, we might write a kinetic term for fµν that is not an Einstein-Hilbert

kinetic term. In general, we can add fµν kinetic terms which are constructed by using

both gµν and fµν . As a starting point, we will try to add only one term. Also in order

to understand what the structure of this new term should be, let us examine the mass

term

Since
√

−detg =
√

−det f
√

det f−1g

We have
√

−detg
4

∑
n=0

βnen(
√

g−1 f ) =
√

−det f e4(
√

f−1g)
4

∑
n=0

βnen(
√

g−1 f )

(5.4)
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Now let us try to whether we can express en(
√

g−1 f ) by relating the f−1g. One can

easily see that en(
√

f−1g) can be expressed via the eigenvalues of g−1 f as

e0(
√

f−1g) = 1

e1(
√

f−1g) =
1
λ1

+
1
λ2

+
1
λ3

+
1
λ4

e2(
√

f−1g) =
1

λ1λ2
+

1
λ1λ3

+
1

λ1λ4
+

1
λ2λ3

+
1

λ2λ4
+

1
λ3λ4

e3(
√

f−1g) =
1

λ1λ2λ3
+

1
λ1λ2λ4

+
1

λ1λ3λ4
+

1
λ2λ3λ4

e4(
√

f−1g) =
1

λ1λ2λ3λ4

(5.5)

Note that there is a relation between (5.2) and (5.5) such that

en(
√

g−1 f ) =
e4−n(

√
f−1g)

e4(
√

f−1g)
(5.6)

Then the mass term (5.4) can be written as

√
−detg

4

∑
n=0

βnen(
√

g−1 f ) =
√

−det f
4

∑
n=0

βne4−n(
√

f−1g) (5.7)

At this moment, it is clear that mass term indeed has the same ghost-free structure for

both gµν and fµν with different coefficients. Therefore, we understand that a proper

kinetic term for fµν is the Einstein-Hilbert kinetic term. Adding this term leads to a

theory that is expected to become ghost-free for both gµν and fµν

S =M2
g

∫
d4x

√
−gR(g)+M2

f

∫
d4x
√

− f R( f )

+2m2M2
e f f

∫
d4x

√
−g

4

∑
n=0

βnen(
√
−g−1 f )

(5.8)

where R(g) and R( f ) denotes Ricci scalars for gµν and fµν , respectively. Here, we

have two different Planck masses for both metrics. Also, we defined a new “Effective

Planck Mass”

M2
e f f =

(
1

M2
g
+

1
M2

f

)−1

(5.9)

If we wonder whether there is another kinetic term for fµν , it is possible that there

exist other terms or consistent mixing terms that can be introduced between gµν and

fµν . Thanks to the theorem given in [52], we know that such a term must vanish in the

limit m → 0.
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5.2 An Improved Approach: Zwei-Dreibein Gravity Model

This section is about a three-dimensional case. Many of the problems were resolved

in three-dimensional spin-2 theory thanks to “New Massive Gravity” (NMG) [57].

Even though this theory is constructed in a general covariant way with the 4th order

in derivatives when it is first formulated, linearization shows that this is indeed a free

field theory that describes the three-dimensional analog of the Fierz-Pauli (FP) massive

spin-2 theory. Furthermore, the non-linear structure is constructed in a specific way to

eliminate the Boulware-Deser ghost.

Also, for the four-dimensional case, there has been an attempt to build a non-linear

extension of the FP theory in a ghost-free way. This theory is known as the “dRGT

Model” thanks to de Rham, Gabadadze, and Tolley [56]. Surely, there exist undesired

sides of the dRGT Model. The main one is the fact that we have a fixed background

metric while we already have a dynamical metric. Therefore, it does not yield the

general covariance of GR. Of course, general covariance is not completely lost. We

can easily bring it to the stage with an alternative “bi-metric” gravity model, as we

did in the previous section. However, the cost of implementing this structure is the

introduction of the massless graviton, again [23]. After that, one can obtain the

dRGT Model as a truncation when one of the metrics is considered as non-dynamical.

This theory becomes simpler when it is formulated in terms of two vierbein i.e.

“zwei-vierbein”, instead of two metrics. In this formulation, one can easily see that

it is ghost free. Let us have a look at these “Zwei-Dreibein Gravity” (ZDG) fields.

These fields are Lorentz vector valued 1-forms i.e. ea
I ; I = 1,2 & a = 0,1,2 , and

Lorentz vector valued connection one-forms i.e. wa
I . With the help of these fields, one

is allowed to build curvature 2-forms and torsion as we did in (3.28) and (3.29):

Ra
I = dω

a
I +

1
2

ε
abc

ωIbωIc, T a
I = dea

I + ε
abc

ωIbeIc (5.10)

where we did not present the forms explicitly. Let us present a few new parameters,

for our later purposes, such as a sign parameter i.e. σ =±1, two independent positive

mass parameters, MI , and

M12 =
σM1M2

σM1 +M2
(5.11)
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This quantity is non-negative for σ = 1 and finite for any finite MI . Note that if σ =−1,

we consider the class M1 ̸= M2. As a next step, let us consider the Lagrangian of ZDG:

LZDG = L1 +L2 +L12 (5.12)

Here we have L1 and L2 which are Einstein-Cartan (EC) Lagrangians:

L1 =−σM1e1aRa
1 −

m2

6
M1α1εabcea

1eb
1ec

1

L2 =−M2e2aRa
2 −

m2

6
M2α2εabcea

2eb
2ec

2

(5.13)

where we interpret m as the mass parameter. Also, we have dimensionless αI

parameters. The last term in (5.12) is responsible for the coupling of the first two

terms as

L12 =
m2

2
M12εabc

(
β1ea

1eb
1ec

2 +β2ea
1eb

2ec
2

)
(5.14)

Here βI are our new parameters which are obviously dimensionless. As a result, there

are five parameters in the ZDG which are αI , βI , and M1/M2. If we drop L12 term

from (5.12), all we have is just the summation of two EC Lagrangians which means

that the new action yields the diffeomorphism and local Lorentz gauge invariance

independently for the two sets that contributed to the (5.13).

The next step is expanding ea
I around a fixed ēa which yields maximally symmetric

background with cosmological constant Λ also having the same logic for ωa
I :

ea
1 = ēa +κha

1, ω
a
1 = ω̄

a +κva
1

ea
2 = γ (ēa +κha

2) , ω
a
2 = ω̄

a +κva
2

(5.15)

where γ is another constant. κ is, in principle, an infinitesimal parameter. Since we

are about the gather the motivation of the “scaling limit”, we may consider it as a

parameter of expansion. After putting these expanded 1-forms and spin connection

into the (5.12), Λ is fixed thanks to the cancellation of the linear terms in modified

(5.12)
Λ

m2 =−γ
2
α2 +

M12

M2
(β1 +2γβ2) (5.16)

which resulted in a quadratic equation on γ:

[α2 (σM1 +M2)+β2M2]γ
2 +2(M2β1 −σM1β2)γ −σ [α1 (σM1 +M2)+β1M1] = 0

(5.17)
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The quadratic terms in the expansion can be diagonalized by introducing

Mcrit = σM1 + γM2 ̸= 0 (5.18)

Let us introduce the diagonal one-form fields as

ha
+ =

σM1ha
1 + γM2ha

2
Mcrit

, ha
− = ha

1 −ha
2

va
+ =

σM1va
1 + γM2va

2
Mcrit

, va
− = va

1 − va
2

(5.19)

Putting (5.19) and (5.18) into the (5.12), we obtain O
(
κ2) Lagrangian in the

diagonalized form as it has been promised:

L (2) =L
(2)
+ +L

(2)
−

where L
(2)
+ =−Mcrit

[
h+aD̄va

++
εabc

2
ēavb

+vc
+− Λ

2
εabcēahb

+hc
+

]
and L

(2)
− =− σγM1M2

Mcrit

[
h−aD̄va

−+
εabc

2
ēavb

−vc
−+

(
M 2 −Λ

) εabc

2
ēahb

−hc
−

]
where M 2 =

m2Mcrit

σM1 +M2
(β1 + γβ2)

and D̄ is a covariant exterior derivative which only depends on ēa & ω̄
a.

(5.20)

The va
± can be eliminated by their e.o.m since they are auxiliary. By eliminating

va
+, one can see that L

(2)
+ is just a second-order approximation to the (4.10) in AdS

background also it appears that there is no such mode that propagates. On the other

hand, if va
− are eliminated one can also understand that L

(2)
− is a multiplicity of

Fierz-Pauli Lagrangian, again in the AdS background, with FP mass M . Note that Λ

has a contribution towards the mass term unless M 2 = Λ. That specific case is called

the “partially massless” case. The benefit of this case is that the linearized theory gains

another gauge invariance. Of course, we do not have such a relationship when Λ < 0

since M 2 < 0 means that we have a tachyon with spin-2.

As a final examination, let us look at how ZDG unifies earlier 3D massive gravity

theories. In order to understand its connection with the three-dimensional dRGT

model, set σ=1 and let

ea
2 = ēa

2 +λha
2, ω

a
2 = ω̄

a
2 +λva

2 (5.21)

where ēa
2 is “reference dreibein”, ω̄a

2 corresponds to spin connection with zero torsion

also λ is the “expansion parameter”. When the limit λ → 0 is taken while keeping
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λ 2M2
2 = M1 = 2Mp fixed, (5.12) can be written as

L = 2MpL0(h2,v2)+2MpLdRGT (e1,ω1) (5.22)

Here the first term corresponds to second-order approximation to the three-dimensional

(4.20) which only includes the reference background for the fluctuations (ha
2,v

a
2). Since

it has EC gauge invariances at a linearized level, this term provides no modes that

propagate. On the other hand, when we look at the second term, (ea
1,ω

a
1 )→ (ea,ωa)

leads to

LdRGT =−eaRa −α1
m2

6
ε

abceaebec +
m2

2
ε

abc (β1eaebēc +β2eaēbēc) (5.23)

But this is nothing but the dreibein formulation of three-dimensional dRGT.

In order to reveal the connection between ZDG and NMG, let us set σ =−1 and

ea
2 = ea

1 +
λ

m2 f a, ω
a
2 = ω

a
1 −λha (5.24)

As a next step, let us consider the following parameterization

M1(λ ) =2
(

1+
1
λ

)
Mp, α1(λ ) =− λ0

m2 λ +
1
λ
, β1(λ ) = 0

M2(λ ) =
2
λ

Mp, α2(λ ) = 2
(

1+
1
λ

)
, β2(λ ) = 1

(5.25)

After putting these into the Lagrangian, if we take the limit λ → 0 while keeping the

Planck Mass, Mp, fixed. We obtain the first-order formulation of the limit examined

in [17] which requires the σ =−1. As a result this limit in LZDG exists as well

lim
λ→0

LZDG = L

where L = 2Mp

[
eaRa +

λ0

6
ε

abceaebec +haT a − 1
m2

(
faRa +

εabc

2
ea fb fc

)]
(5.26)

This Lagrangian is known as the “Chern-Simons-like” Lagrangian for NMG [64]. As

you may observe, the second dreibein just became an auxiliary field. Therefore, when

we eliminate it, we see the higher-derivative action for NMG.

5.3 Scaling Limits

In this section, we are going to unify some of the massive gravity models. In order to

understand the structure that enables the unification let us refresh our knowledge about

massive gravity theories in a quick review.

39



By modifying the (4.10), some models were introduced in order to add higher curvature

terms to the action, such as NMG [21]. Also, there is a well-established, i.e. ghost-free,

construction of a nonlinear extension of the Fierz-Pauli mass term. That is the de

Rham-Gabadadze-Tolley model [56]. We will explore and understand how we can

represent these models in the light of scaling limits of the ghost-free bi-gravity models

of [23]. After that, with the help of this knowledge, we will construct extensions of

both types of massive gravity models. Since we will start with a ghost-free theory, the

outcomes are guaranteed to not include any ghosts or instabilities.

One way to extend this theory is to have a holographic c-function [61–63] since we

want to understand the allowed structure of the higher curvature terms which will be

added into the action. This is completely enough at the cubic level however at the

higher order, it is not enough and degeneracies occur.

5.3.1 A smooth introduction to bi-gravity models

Let us start with the ghost(instability)-free d-dimensional bi-gravity models. As we

will demonstrate, with the help of the generalization of the allowed mass-terms given

in [56], the models given in [23] can be seen as their specific limits & choices. As

the name suggests, bi-gravity models describe two independent metrics which may

or may not interact via a potential that depends on some specific polynomials as we

will see. Also, they yield one propagating massless & one massive spin-2 modes.

The mentioned specific polynomials are characteristic polynomials and for the sake of

completeness, let us start by introducing them. They are related to a matrix M as

P(N) ≡ δ
α1···αn
[β1···βn]

Mβ1
α1 · · ·M

βn
αn (5.27)

where

δ
α1···αn
[β1···βn]

=
1
n!

[
δ

α1
β1

· · ·δ αn
βn

+permutations
]

(5.28)

The first few polynomials are:

P0(Mβ

α ) =1, P1(Mβ

α ) = [M] , P2(Mβ

α ) =
1
2

(
[M]2 −

[
M2])

and, P3(Mβ

α ) =
1
6

(
[M]3 −3 [M]

[
M2]+2

[
M3]) (5.29)

Here [M] = Mα
α ,
[
M2] = Mαβ Mαβ and

[
M3] = Mαβ MβγMα

γ . Understanding any

theory is established by examining the Lagrangian as the easiest way. In order to
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do so let us introduce bi-gravity theories. They are described two dynamical metrics

gab and fab with action [23]:

S =
∫

ddx

[
Md−2

a
2

√
−gR[g]+

Md−2
b
2

√
− f R[ f ]+ M̄d−2m2√−gU(g, f )

]
(5.30)

where M̄d−2 = Md−2
a +Md−2

b . Here the potential term can be expressed as

U(g, f ) =
d

∑
n=0

αnP
(n)(K ), with K a

b (g, f )≡ δ
a
b −

√
gac fcb (5.31)

where αn are free parameters. To be more precise, Kab = gacK c
b is a tensor given

in [56] which satisfy

2K a
b −K a

c K c
b = δ

a
b −gac fcb (5.32)

As you may see from (5.30) when one takes a scaling (decoupling) limit i.e. Mb → ∞

while keeping Ma fixed, dynamics of the metric decouples if fµν = f̄µν +Md−2
b δ fµν .

Here f̄µν is a fixed background metric. Then, effective theory for gµν becomes a

massive gravity theory with the massless mode hidden by δ fµν decoupled. As a special

case, f̄µν = ηµν , we got the dRGT.

Even though we did not fix the coefficients αn, we can choose α1 = 0 via conformally

rescaling fab and adding a multiple of the identity matrix to K at the same time and

α2 = 1 via rescaling the mass. If one chooses the coefficients as αn = αn, potential

term becomes:

U(g, f ) = det(δ a
b +αK a

b ) (5.33)

Therefore, the general choices of parameters can be understood as a deformation of

this determinant. Then it is straightforward to realize that the action is symmetric

under the interchange gab → fab. Keep in mind that in this case, one has to redefine all

the constants αn in the action [49]. This comes from the fact that

√
−gdet(δ a

b +αK a
b ) = α

d
√
− f det

(
δ

a
b +α

−1 ˜K a
b
)

(5.34)

where ˜K a
b = δ a

b −
√

f acgcb. Despite the fact that [23] considered bi-gravity actions

containing solely (4.10) term, in higher dimensions, we can generalize this. The

leading way to the generalization goes through considering both these two metrics

theory can be described via Lovelock gravity [53]:

SL =
∫

ddx

[
Md−2

a
2

√
−g∑c(K)

g L (K)[g]+
Md−2

b
2

√
− f ∑c(K)

f L (K)[ f ]+ M̄d−2m2√−gU(g, f )

]
(5.35)
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Here L (K) correspond to “Lovelock invariants”. The benefit of the “Lovelock

Bi-Gravity” models is that they are the most general non-chiral theories of a single

massless field coupled to a single massive field in any dimension. In the appendix, you

may find a very quick review of Lovelock gravity.

5.3.2 Another way to NMG i.e. scaling limit

Let us take the scaling limit of the (5.30) which the Planck masses go to infinity. While

taking this limit, let us take one of the masses to negative infinity. We are aware that

we are explicitly breaking the unitarity of the theory for d > 3 but not for the special

case d = 3. Let us consider fab = gab +λqab and look for what will go on when the

limit λ → 0 combined with Md−2
a +Md−2

b = Md−2
P and λMd−2

b = A kept fixed. We can

rescale qab so that A = Md−2
P . In this specific limit, the kinetic terms turn out to be

Lkinetic =

[
Md−2

a +Md−2
b

2
√
−gR[g]−

Md−2
b
2

λ
√
−gqabGab +O(λ )

]

→
Md−2

P
2

√
−g
(

R[g]−qabGab +O(λ )
) (5.36)

The next is the potential term. But first, keep in mind that in this specific limit

Kab =−1
2

λqab +O(λ 2) (5.37)

As a result

P(n)(K ) =

(
−λ

2

)n

P(n)(q) (5.38)

Furthermore, one can also take the scaling limit as

M̄d−2m2
αn

(
−λ

2

)n

→
Md−2

P
2

βn (5.39)

where β0 = −2Λ i.e. the cosmological constant. When we gathered all these limit

results, the action turns out to be

S =
Md−2

P
2

∫
ddx

√
−g

[
R+2Λ−qabGab +

d

∑
n=2

βnP
n(q)

]
(5.40)

If one set βn>2 = 0, (5.40) turns out to be nothing but the auxiliary field formulation

of NMG. As a result, it is shown that NMG appears as a specific case of the bimetric

gravity theory.
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One can easily follow the same footprints for bimetric theories of Lovelock gravity.

As a result, these models are identified via action:

S =
Md−2

P
2

∫
ddx

[(
∑
K

aKL (K)

)
+qab

(
∑
K

bKG(K)
ab

)
+

d

∑
n=2

βnP
n(q)

]
(5.41)

where the Gab are Lovelock tensors. Again, their definition can be found in the

appendix. Since these theories are generalizations of the previous ones, they yield

a ghost field. Thankfully, it has been shown in [17], with some special choices, that

the ghost can be eliminated.

For general βn, it is possible to have higher order curvature terms as much as anyone

wants since they are created by integrating out the auxiliary field. Of course, with

specific choices, one can write (5.41) in a closed form. However, this is the point

where we conclude our chapter.
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6. CARROLL GRAVITY

In Chapter 4, we obtained the GR by gauging the Poincaré algebra. Thus the question

is obtaining Carrollian Gravity by gauging the algebra of the underlying symmetries.

In this chapter, we will show how can be obtained ultra-relativistic gravity1. This

chapter of the thesis is based on the [1]. So let us begin with Lie Algebra Expansion.

6.1 Lie Algebra Expansion

Lie algebra expansion is a method that focuses on a core Lie algebra g. Furthermore,

that process will provide us new and higher dimensional algebras as long as g can be

written as a direct sum of two subspaces V0 and V1 such that they satisfy the relations:

[V0,V0]⊂V0, [V0,V1]⊂V1, [V1,V1]⊂V0 (6.1)

Based on these relations, V0 represents the even class of generators while V1 represents

the odd class. The direct sum structure of the core Lie algebra suggests that we may

also assign a gauge field to each of the generators

Aµ = Ai
µXi +Aα

µYα (6.2)

where X i represent the even subset of the generators while Y α represent the odd ones.

As a next step, we expand the gauge fields with the expansion parameter λ with respect

to the class that they belong to [1]:

Ai =
N0

∑
n=0

λ
2nAi

(2n), Aα =
N1

∑
n=0

λ
(2n+1)Aα

(2n+1) (6.3)

Here, the sum can be extended to infinity to produce an infinite dimensional Lie

algebra. The consistent truncation at order g = (N0,N1) requires that either N0 = N1

or N0 = N1 + 1 is satisfied. With this expansion in hand, one can start with the

Maurer-Cartan equations of the core Lie algebra g, expand the gauge fields with

1Throughout this thesis, we will use the ultra-relativistic gravity≡ Carroll gravity
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respect to (6.3), and obtain the structure constants of the expanded algebra from

the expanded Maurer-Cartan equations at each order. Equivalently, based on their

even/odd character, we may expand the generators X i,Y α with X i ∈V0 and Y α ∈V1 as

X (2n)
i = λ

2n ⊗Xi, Y (2n+1)
α = λ

2n+1 ⊗Yα (6.4)

Also using the commutation relations of the core algebra

[
Xi,X j

]
= fi j

kXk, [Xi,Yα ] = fiα
βYβ ,

[
Yα ,Yβ

]
= fαβ

iXi (6.5)

Now we are able to give the commutation relations for the expanded algebra:[
X (2m)

i ,X (2n)
j

]
= fi j

kX (2m+2n)
k ,

[
X (2m)

i ,X (2n+1)
α

]
= fiα

βY (2m+2n+1)
β

and
[
Y (2m+1)

α ,Y (2n+1)
β

]
= fαβ

iX (2m+2n+2)
i

(6.6)

It is immediately seen that Jacobi identities for algebras are closed at each order

without referring to any higher order. As a result, the group theoretical curvatures

of the resulting truncated algebras satisfy the Bianchi identity without referring to

higher-order terms. Now let us focus on the space-time split Poincaré algebra

and its ultra-relativistic Lie algebra expansion. The d-dimensional Poincaré algebra

consists of translations, PA, and Lorentz transformations, MAB, with non-vanishing

commutation relations:

[MAB,PC] = 2ηC[BPA], [MAB,MCD] = 4η[A[CMD]B] (6.7)

The space-time decomposition can be achieved by decomposing the d-dimensional

index A as A = (0,a) which leads to

MAB = {M0a ≡ Ga,Jab}, PA = {P0 = H,Pa} (6.8)

In this case, the Poincaré algebra decomposes as

[Ga,Pb] = δabH, [Ga,H] = Pa, [Jab,Pc] = δbcPa −δacPb

[Jab,Gc] = δbcGa −δacGb, [Jab,Jcd] = 4δ[a[cJd]b], [Ga,Gb] = Jab

(6.9)

Since we obtained the spacetime decomposed Poincaré algebra, we can go further and

discuss ultra-relativistic Lie algebra expansions and action principles.
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6.2 Ultra-Relativistic Algebras and Actions

The ultra-relativistic higher-dimensional algebras are achieved by the following choice

for the generators

V0 = {Jab,Pa}, V1 = {H,Ga} (6.10)

With this choice of generators, we can follow the prescription that we presented in

(6.6). Thus the Lie algebra expansion of the spacetime decomposed Poincaré algebra

is given by[
G(2m+1)

a ,P(2n)
b

]
=δabH(2m+2n+1),

[
G(2m+1)

a ,H(2n+1)
]
= P(2m+2n+2)

a ,[
J(2m)

ab ,P(2n)
c

]
=2δc[bP(2m+2n)

a] ,
[
J(2m)

ab ,G(2n+1)
c

]
= 2δc[bG(2m+2n+1)

a] ,[
J(2m)

ab ,J(2n)
cd

]
=4δ[a[cJ2m+2n

d]b] ,
[
G(2m+1)

a ,G(2n+1)
b

]
= J(2m+2n+2)

ab

(6.11)

The simplest truncation of this infinite-dimensional algebra is known as the Carroll

algebra
[Ca,Pb] =δabH, [Jab,Pc] = δbcPa −δacPb,

[Jab,Cc] =δbcCa −δacCb, [Jab,Jcd] = 4δ[a[cJd]b]

(6.12)

where we relabeled the generators as P(0)
a = Pa, J(0)ab = Jab, H(1) = H and we set G(1)

a =

Ca to denote that it is the generator of the Carrollian boosts. One might wonder what

would happen if we go just a little bit further i.e. put J(2)ab and P(2)
a into the algebra.

However, according to the consistent truncation conditions, we are not able to do that;

we can go one further step and construct as we will discuss momentarily.

For the construction of an action principle, we first need to space-time decompose

gauge fields of the Poincaré algebra, namely vielbein (Eµ
A) and the spin connection

(Ωµ
AB):

EA = {E0 = T,Ea}, Ω
AB = {Ω

0a = Ω
a,Ωab} (6.13)

and their expansion is given by

T =
N1

∑
n=0

λ
2n+1

τ(2n+1), Ea =
N0

∑
n=0

λ
2nea

(2n),

Ω
ab =

N0

∑
n=0

λ
2n

ω
ab
(2n), Ω

a =
N1

∑
n=0

λ
2n+1

ω
a
(2n+1)

(6.14)
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These expressions can be used in the space-time decomposed Einstein-Hilbert action

in the first-order formulation to generate invariant non-relativistic gravity models. To

perform the expansion explicitly, let us focus on three and four dimensions, however,

our arguments are dimension independent. In four dimensions, the space-time

decomposed Lagrangian is given by

LEH = εABCDRAB∧EC ∧ED = 2εabc

(
R(Ωa)∧Eb ∧Ec −R

(
Ω

ab
)
∧Ec ∧T

)
(6.15)

Here RAB refers to the group-theoretical curvature of the spin connection. R(Ωa)

and R
(
Ωab) refer to its spacetime decomposition with respect to (6.13). While these

curvatures can easily be seen from the Poincaré algebra, it is useful to present their

expression explicitly for future purposes

R(Ωa) = dΩ
a +Ω

ab ∧Ωb, (6.16)

Consequently, the spacetime decomposed d=4 Einstein-Hilbert action is expanded as

L =−2εabc

N0

∑
m=0

N0

∑
n=0

N1

∑
l=0

λ
2m+2n+2l+1R

(
ω

ab
(2m)

)
∧ ec

(2n)∧ τ(2l+1)

+2εabc

N1

∑
m=0

N0

∑
n=0

N0

∑
l=0

λ
2m+2n+2l+1R

(
ω

a
(2m+1)

)
∧ eb

(2n)∧ ec
(2l)

(6.17)

Note that this case is much simpler than the non-relativistic version of it because all

terms in the Lagrangian are expanded to the same λ -order. Therefore, it is guaranteed

to have all possible contributions to any given λ -order as long as we have the equal

number of even and odd generators. At the lowest order i.e. O(λ ) we have the

Carrollian gravity

L =−2εabcRab(ω)∧ ec ∧ τ +2εabcRa(ω)∧ eb ∧ ec (6.18)

where we set

τ(1) = τ, ea
(0) = ea, ω

ab
(0) = ω

ab, ω
a
(1) = ω

a (6.19)

For the next-to-leading order Lagrangian i.e. O
(
λ 3)

L =−2εabcRab(s)∧ ea ∧ τ −2εabcRab(ω)∧ tc ∧ τ −2εabcRab(ω)∧ ec ∧m

+2εabcRa(b)∧ eb ∧ ec +4εabcRa(ω)∧ eb ∧ tc
(6.20)

where we set
τ(1) = τ, τ(3) = m, ω

ab
(0) = ω

ab, ω
ab
(2) = sab,

ea
(0) = ea, ea

(2) = ta, ω
a
(1) = ω

a, ω
a
(3) = ba

(6.21)
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And the group theoretical curvatures read

Rab(ω) =dω
ab −ω

ac ∧ω
b

c, Ra(ω) = dω
a +ω

ab ∧ωb,

Rab(s) =dsab −2ω
ac ∧ sb

c −ω
a ∧ω

b, Ra(b) = dba +ω
ab ∧bb + sab ∧ωb

(6.22)

This Lagrangian is invariant under the following extension of the Carroll algebra

[Ca,Pb] =δabH, [Jab,Pc] = δbcPa −δacPb, [Jab,Cc] = δbcCa −δacCb,

[Jab,Jcd] =4δ[a[cJd]b], [Ba,Pb] = δabM, [Ca,Tb] = δabM,

[Ca,H] =Ta, [Jab,Tc] = δbcTa −δacTb, [Sab,Pc] = δbcTa −δacTb,

[Jab,Scd] =4δ[a[cSd]b], [Ca,Cb] = Sab,

[Jab,Bc] =δbcBa −δacBb, [Sab,Cc] = δbcBa −δacBb
(6.23)

where we labeled H(3) = M, C(3)
a = Ba, P(2)

a = Ta and J(2)ab =Sab. From now on, we

will refer to this model as the Beyond-Carrollian Gravity. Note that all terms in the

spacetime decomposed three-dimensional Einstein-Hilbert Lagrangian are still in the

same order in the expansion. It is the unique structure of the Carrollian that you are

allowed to write only odd-order Lagrangian. Also since it comes always in the same

order you do not require to add off-diagonal U(1)×U(1) Chern-Simons gauge terms

because we already have exact matching terms.

6.3 Scaling Limit of Multimetric Gravity

In this section, we introduce an ultra-relativistic scaling limit for multimetric gravity

models based on the Lie algebra expansion that we discussed in the previous

section. The fundamental idea to have a well-defined scaling limit is the necessity

of using multiple copies of Einstein-Hilbert action to get rid of divergent lower-order

Lagrangian(s).

The main difference between the non-relativistic and ultra-relativistic expansion is the

change of the character of the generator of time translations H, and spatial translations

Pa. In the ultra-relativistic expansion of the Poincaré algebra, H is expanded in odd

powers of λ while Pa is expanded in even powers. This is also reflected in the

expansion of the corresponding gauge fields as you see from (6.14). As a result, the

d-dimensional Einstein-Hilbert action captures all O
(
λ 2N+1) terms, giving rise to an

invariant Lagrangian as long as N0 = N1. This statement is true for d = 3 as well, hence
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we do not need to present a separate treatment for d = 3 but can provide a representative

example for d = 4 which can be generalized to arbitrary dimensions.

In four dimensions, the structure of the space-time decomposed Einstein-Hilbert action

(6.15) implies that the ultra-relativistic expansion with (6.14) yields the following

structure

LEH = λM2L1 +λ
3M2L3 +λ

5M2L5 + · · · (6.24)

here M2 is a mass parameter. The lowest order Lagrangian can be isolated by the

lowest order expressions for the relativistic fields (6.19) which can be followed by the

rescaling of the mass parameter M2 → M2/λ and the scaling limit λ → 0. We need

to find an α expansion in order to isolate the higher-order Lagrangians. We start with

non-interacting N +1-metric theory

L =
N+1

∑
i=1

[
2M2

i εabc

(
R(Ωa

i )∧Eb
i ∧Ec

i −R(Ωab
i )∧Ec

i ∧Ti

)]
(6.25)

where i= 1, · · ·N+1 label the set of fields {Ti,Ea
i ,Ω

a
i ,Ω

ab
i }. Let us keep the expansion

of the first set of fields {T1,Ea
1 ,Ω

a
1,Ω

ab
1 } the same as (6.14)

T1 =
N1

∑
n=0

λ
2n+1

τ(2n+1), Ea
1 =

N0

∑
n=0

λ
2nea

(2n),

Ω
ab
1 =

N0

∑
n=0

λ
2n

ω
ab
(2n), Ω

a
1 =

N1

∑
n=0

λ
2n+1

ω
a
(2n+1)

(6.26)

while for i >1, we include additional dimensionless parameters α(i)

T(i) =
N1

∑
n=0

λ
2n+1

α
2n+1
(i) τ(2n+1), Ea

(i) =
N0

∑
n=0

λ
2n

α
2n
(i)e

a
(2n),

Ω
ab
(i) =

N0

∑
n=0

λ
2n

α
2n
(i)ω

ab
(2n), Ω

a
(i) =

N1

∑
n=0

λ
2n+1

α
2n+1
(i) ω

a
(2n+1)

(6.27)

where αi ̸=1 and αi ̸= α j for i ̸= j. This yields the following expansion of Li that is

the Einstein-Hilbert action for i-th set of fields {Ti,Ea
i ,Ω

a
i ,Ω

ab
i }

LEH,i = λαiM2
i L1 +λ

3
α

3
i M2

i L3 +λ
5
α

5
i M2L5 + · · · (6.28)

Keeping the first set of fields with standard expansion while using the α expansion for

i > 1, the Einstein-Hilbert action turns out to be

LEH =
N

∑
n=0

λ
2n+1

(
M2

1 +
N+1

∑
i=2

α
2n+1
i M2

i

)
L2n+1 +O

(
λ

2N+3) (6.29)
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To single out the order 2N +1 Lagrangian, one needs to solve N number of algebraic

equations that determines the values of αi for i = 2,3 · · · ,N +1

0 = M2
1 +

N+1

∑
i=2

α
2n+1
i M2

i , for n = 0,1, · · · ,N −1 (6.30)

These values can finally be used in the coefficient of the order 2N+1 Lagrangian along

with the scaling of the mass parameters Mi → Mi/λ 2N+1. Finally, performing the limit

λ → 0 gets rid of all higher terms and yields the desired ultra-relativistic model. Let

us provide some examples

• Carroll Gravity: The Carroll gravity appears as L1 in the ultra-relativistic

expansion of Einstein-Hilbert action (6.24). It is, thus, sufficient to consider the

Poincaré algebra, a single set of its gauge fields, and the Einstein-Hilbert action.

Using the lowest-order definitions for the relativistic fields

T = λτ, Ea = ea, Ω
ab = ω

ab, Ω
a = λω

a (6.31)

We obtain the Carroll gravity

L1 =−2εabcRab(ω)∧ ec ∧ τ +2εabcRa(ω)∧ eb ∧ ec (6.32)

by rescaling the mass parameter with M2 → M2/λ and taking the scaling limit

λ → 0.

• Beyond the Carroll Gravity: The next order ultra-relativistic model appears at the

O
(
λ 3) in the Lie algebra expansion. Thus, we shall consider two copies of the

Einstein- Hilbert action. We keep the same form as the Lie algebra expansion for

the first set of fields:

T =λτ +λ
3m, Ea

1 = ea +λ
2ta,

Ω
a
1 =λω

a +λ
3ba, Ω

ab
1 = ω

ab +λ
2sab.

(6.33)

For the second copy, we use the free parameter α2 as

T2 =λτ +λ
3
α

3
2 m, Ea

2 = α2ea +λ
2
α

2
2 ta,

Ω
ab
2 =ω

ab +λ
2
α

2
2 sab, Ω

a
2 = λα2ω

a +λ
3
α

3
2 ba

(6.34)

The combination of these two Lagrangian with mass parameters M1,2 give the result

L = λM2
(

1+
a2

2

)
L1 +λ

3M2
(

1+
a3

2
2

)
L3 +O

(
λ

5
)

(6.35)
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where we made the choice as M2
1 = 2M2

2 = M2 for simplicity and L1 refers to the

(6.32). The term L3 is called Beyond the Carroll Gravity

L3 =−2εabcRab(s)∧ ec ∧ τ −2εabcRab(ω)∧ tc ∧ τ −2εabcRab(ω)∧ ec ∧m

+2εabcRa(b)∧ eb ∧ ec +4εabcRa(ω)∧ eb ∧ tc

(6.36)

We can fix α2 as α2 = −2 which cancels the coefficient of the Carroll gravity and

fixed the coefficient of L3 to be −3. Then, we scale the mass parameter as

M2 =
1

3λ 3 m2 (6.37)

with the scaling limit λ → 0. After these steps, we recover the beyond the Carrol

gravity model up to an overall minus sign.

We end this section with a brief discussion on how to obtain the ultra-relativistic

higher-order algebras by contracting the multiple copies of the Poincaré algebra.

The ultra-relativistic algebras that admit an invariant action formulation arises from

the Lie algebra expansion for N0 = N1. This implies that for an algebra of order

(N1,N1), one has the same number of generators as (N1 + 1)-copies of Poincaré

algebra. Furthermore, the expansion does not change the structure constant of the

smaller core algebra, indicating that we can combine the generators of multiple copies

of the Poincaré algebra in a linearly independent way to exhibit the generators of the

larger ultra-relativistic algebras. Based on the α-expansion of the relativistic fields, we

introduce the following expressions for the ultra-relativistic generators in terms of the

generators of the Poincaré algebra

J(2n)
ab =λ

2n
N0⊕
i=1

α
2n
i Ji

ab, H(2n+1) = λ
2n+1

N1⊕
i=1

α
2n+1
i H i,

P(2n)
a =λ

2n
N0⊕
i=1

α
2n
i Pi

a, G(2n+1)
a = λ

2n+1
N1⊕
i=1

α
2n+1
i Gi

a

(6.38)

where αi ̸= 1 and αi ̸= α j for i ̸= j. Notice that in this case, these α parameters are

free and not necessary to be fixed. This direct sum trivially satisfies the algebra (6.11).

These relations can be inverted to express the relativistic generators in terms of the

ultra-relativistic ones. As a reminder, the truncation condition is N0 = N1.
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7. CONCLUSION

In this thesis, we studied the general aspects of ultra-relativistic gravity as a gauge

theory, and we presented an action principle in the first-order formalism for Carroll

gravity. Throughout this thesis, we also showed that this theory is invariant under the

symmetry transformations obtained from the Carroll group and algebra.

We first studied the General Relativity as a gauge theory. This showed us that to

obtain a gravity theory as a gauge theory. Then, we examined the specific massive and

bi-metric gravity models in order to understand the relation between these structures

and the usage of bi-metric gravity effectively. Also, we showed that some of these

theories are able to be represented as a specific choice or limit of a more general

theory. This methodology showed us the effectiveness of bi-metric gravity theories.

Via gathering all these pieces of information, we constructed the Carroll Algebra and

Beyond the Carroll Algebra corresponding to Carroll Gravity and Beyond the Carroll

Gravity, respectively. Without a doubt, Lie Algebra expansion is a powerful tool to

obtain gravity theories when it is combined with the scaling limit.

As a result, we showed that the ultra-relativistic theories (in any desired order)

can be obtained from a contraction of a multi-metric theory and we shortly

discussed the possibility of the existence of another expansion with more freedom for

ultra-relativistic theories.

53



54



REFERENCES

[1] Ekiz, E., Kasikci, O., Ozkan, M., Senisik, C.B. and Zorba, U. (2022).
Non-relativistic and ultra-relativistic scaling limits of multimetric
gravity, JHEP, 10, 151, 2207.07882.

[2] Hartong, J. (2015). Gauging the Carroll Algebra and Ultra-Relativistic Gravity,
JHEP, 08, 069, 1505.05011.

[3] Duval, C., Gibbons, G.W. and Horvathy, P.A. (2014). Conformal Carroll
groups, J. Phys. A, 47(33), 335204, 1403.4213.

[4] Duval, C., Gibbons, G.W., Horvathy, P.A. and Zhang, P.M. (2014). Carroll
versus Newton and Galilei: two dual non-Einsteinian concepts of time,
Class. Quant. Grav., 31, 085016, 1402.0657.

[5] Duval, C., Gibbons, G.W. and Horvathy, P.A. (2014). Conformal Carroll groups
and BMS symmetry, Class. Quant. Grav., 31, 092001, 1402.5894.

[6] Bergshoeff, E., Gomis, J. and Longhi, G. (2014). Dynamics of Carroll Particles,
Class. Quant. Grav., 31(20), 205009, 1405.2264.

[7] Bergshoeff, E., Gomis, J. and Parra, L. (2016). The Symmetries of the Carroll
Superparticle, J. Phys. A, 49(18), 185402, 1503.06083.

[8] Basu, R. and Chowdhury, U.N. (2018). Dynamical structure of Carrollian
Electrodynamics, JHEP, 04, 111, 1802.09366.

[9] Barducci, A., Casalbuoni, R. and Gomis, J. (2019). Vector SUSY models
with Carroll or Galilei invariance, Phys. Rev. D, 99(4), 045016, 1811.
12672.

[10] Banerjee, K., Basu, R., Mehra, A., Mohan, A. and Sharma, A. (2021).
Interacting Conformal Carrollian Theories: Cues from Electrodynamics,
Phys. Rev. D, 103(10), 105001, 2008.02829.

[11] Hatsuda, M. and Sakaguchi, M. (2003). Wess-Zumino Term for the AdS
Superstring and Generalized Inonu-Wigner Contraction, Progress of
Theoretical Physics, 109(5), 853–867, https://doi.org/10.
1143%2Fptp.109.853.

[12] Inonu, E. and Wigner, E.P. (1953). On the Contraction of groups and their
represenations, Proc. Nat. Acad. Sci., 39, 510–524.

[13] Freedman, D.Z. and Van Proeyen, A. (2012). Supergravity, Cambridge Univ.
Press, Cambridge, UK.

55

2207.07882
1505.05011
1403.4213
1402.0657
1402.5894
1405.2264
1503.06083
1802.09366
1811.12672
1811.12672
2008.02829
https://doi.org/10.1143%2Fptp.109.853
https://doi.org/10.1143%2Fptp.109.853


[14] Pope, C.N. (2021). Geometry and Group Theory Physics 616 Lecture Notes,
http://people.tamu.edu/~c-pope/geom-group.pdf.

[15] Pope, C.N. (2006). Geometry and Topology in Physics II: Applications Lecture
Notes, http://people.tamu.edu/~c-pope/geomlec.pdf.

[16] Pope, C.N. (2019). Gravitational Physics 647 Lecture Notes, http://
people.tamu.edu/~c-pope/GravPhys2019/grav-phys.
pdf.

[17] Paulos, M.F. and Tolley, A.J. (2012). Massive Gravity Theories and limits of
Ghost-free Bigravity models, JHEP, 09, 002, 1203.4268.

[18] Baccetti, V., Martin-Moruno, P. and Visser, M. (2013). Massive gravity from
bimetric gravity, Class. Quant. Grav., 30, 015004, 1205.2158.

[19] Andringa, R., Bergshoeff, E., Panda, S. and de Roo, M. (2011). Newtonian
Gravity and the Bargmann Algebra, Class. Quant. Grav., 28, 105011,
1011.1145.

[20] Ozkan, M., Pang, Y. and Zorba, U. (2019). Unitary Extension of Exotic
Massive 3D Gravity from Bigravity, Phys. Rev. Lett., 123(3), 031303,
1905.00438.

[21] Bergshoeff, E.A., Hohm, O. and Townsend, P.K. (2009). Massive Gravity in
Three Dimensions, Phys. Rev. Lett., 102, 201301, 0901.1766.

[22] Bergshoeff, E.A., de Haan, S., Hohm, O., Merbis, W. and Townsend,
P.K. (2013). Zwei-Dreibein Gravity: A Two-Frame-Field Model of
3D Massive Gravity, Phys. Rev. Lett., 111(11), 111102, [Erratum:
Phys.Rev.Lett. 111, 259902 (2013)], 1307.2774.

[23] Hassan, S.F. and Rosen, R.A. (2012). Bimetric Gravity from Ghost-free Massive
Gravity, JHEP, 02, 126, 1109.3515.

[24] Ballesteros, A., Gubitosi, G., Gutierrez-Sagredo, I. and Herranz, F.J. (2020).
The κ-Newtonian and κ-Carrollian algebras and their noncommutative
spacetimes, Phys. Lett. B, 805, 135461, 2003.03921.

[25] Bergshoeff, E., Izquierdo, J.M., Ortín, T. and Romano, L. (2019). Lie Algebra
Expansions and Actions for Non-Relativistic Gravity, JHEP, 08, 048,
1904.08304.

[26] Misner, C.W., Thorne, K.S. and Wheeler, J.A. (1973). Gravitation, W. H.
Freeman, San Francisco.

[27] Krasnov, K. (2020). Formulations of General Relativity, Cambridge Mono-
graphs on Mathematical Physics, Cambridge University Press.

[28] Hansen, D., Hartong, J. and Obers, N.A. (2019). Action principle for
Newtonian gravity, Physical Review Letters, 122(6), 061106.

56

http://people.tamu.edu/~c-pope/geom-group.pdf
http://people.tamu.edu/~c-pope/geomlec.pdf
http://people.tamu.edu/~c-pope/GravPhys2019/grav-phys.pdf
http://people.tamu.edu/~c-pope/GravPhys2019/grav-phys.pdf
http://people.tamu.edu/~c-pope/GravPhys2019/grav-phys.pdf
1203.4268
1205.2158
1011.1145
1905.00438
0901.1766
1307.2774
1109.3515
2003.03921
1904.08304


[29] Cartan, É. (1923). Sur les variétés à connexion affine et la théorie de la relativité
généralisée (première partie), Annales scientifiques de l’École normale
supérieure, volume 40, pp.325–412.

[30] Cartan, E. (1924). Sur les variétés à connexion affine, et la théorie de la
relativité généralisée (première partie)(suite), Annales scientifiques de
l’École Normale Supérieure, volume 41, pp.1–25.

[31] Hansen, D., Hartong, J. and Obers, N.A. (2019). Action Principle for
Newtonian Gravity, Phys. Rev. Lett., 122(6), 061106, 1807.04765.

[32] Hansen, D., Hartong, J. and Obers, N.A. (2020). Non-Relativistic Gravity and
its Coupling to Matter, JHEP, 06, 145, 2001.10277.

[33] Bacry, H. and Levy-Leblond, J. (1968). Possible kinematics, J. Math. Phys., 9,
1605–1614.

[34] Herranz, F.J. (1997). Nonstandard quantum so(3,2) and its contractions, J. Phys.
A, 30, 6123–6129, q-alg/9704006.

[35] Ravera, L. (2019). AdS Carroll Chern-Simons supergravity in 2 + 1 dimensions
and its flat limit, Phys. Lett. B, 795, 331–338, 1905.00766.

[36] Bagchi, A., Banerjee, S., Basu, R. and Dutta, S. (2022). Scattering Amplitudes:
Celestial and Carrollian, Phys. Rev. Lett., 128(24), 241601, 2202.
08438.

[37] Campoleoni, A., Henneaux, M., Pekar, S., Pérez, A. and Salgado-Rebolledo,
P. (2022). Magnetic Carrollian gravity from the Carroll algebra, JHEP,
09, 127, 2207.14167.

[38] Hansen, D., Hartong, J., Obers, N.A. and Oling, G. (2021). Galilean first-order
formulation for the nonrelativistic expansion of general relativity, Phys.
Rev. D, 104(6), L061501, 2012.01518.

[39] Peskin, M.E. and Schroeder, D.V. (1995). An Introduction to quantum field
theory, Addison-Wesley, Reading, USA.

[40] Schwartz, M.D. (2014). Quantum Field Theory and the Standard Model,
Cambridge University Press.

[41] Bañados, M. and Reyes, I.A. (2016). A short review on Noether’s theorems,
gauge symmetries and boundary terms, Int. J. Mod. Phys. D, 25(10),
1630021, 1601.03616.

[42] Tong, D. (2018). Gauge theory, Lecture notes, DAMTP Cambridge.

[43] Tong, D. (2006). Lectures on quantum field theory, Part III Cambridge University
Mathematics Tripos, Michaelmas.

[44] Osborn, H. (2019). Group Theory Lecture Notes, Part III Cambridge University
Mathematics Tripos, Michaelmas.

57

1807.04765
2001.10277
q-alg/9704006
1905.00766
2202.08438
2202.08438
2207.14167
2012.01518
1601.03616


[45] Bennett, J. (2021). A pedagogical review of gravity as a gauge theory, arXiv
preprint arXiv:2104.02627.

[46] Lovelock, D. and Rund, H. (1989). Tensors, differential forms, and variational
principles, Courier Corporation.

[47] Hansen, D. (2021). Beyond Lorentzian Physics.

[48] Khosravi, N., Rahmanpour, N., Sepangi, H.R. and Shahidi, S. (2012).
Multi-Metric Gravity via Massive Gravity, Phys. Rev. D, 85, 024049,
1111.5346.

[49] Hassan, S.F. and Rosen, R.A. (2011). On Non-Linear Actions for Massive
Gravity, JHEP, 07, 009, 1103.6055.

[50] Hassan, S.F., Schmidt-May, A. and von Strauss, M. (2015). Higher Derivative
Gravity and Conformal Gravity From Bimetric and Partially Massless
Bimetric Theory, Universe, 1(2), 92–122, 1303.6940.

[51] Berg, M., Buchberger, I., Enander, J., Mortsell, E. and Sjors, S. (2012).
Growth Histories in Bimetric Massive Gravity, JCAP, 12, 021, 1206.
3496.

[52] Boulanger, N., Damour, T., Gualtieri, L. and Henneaux, M. (2001).
Inconsistency of interacting, multigraviton theories, Nucl. Phys. B, 597,
127–171, hep-th/0007220.

[53] Lovelock, D. (1971). The Einstein tensor and its generalizations, J. Math. Phys.,
12, 498–501.

[54] Hinterbichler, K. (2012). Theoretical Aspects of Massive Gravity, Rev. Mod.
Phys., 84, 671–710, 1105.3735.

[55] de Rham, C. and Gabadadze, G. (2010). Generalization of the Fierz-Pauli
Action, Phys. Rev. D, 82, 044020, 1007.0443.

[56] de Rham, C., Gabadadze, G. and Tolley, A.J. (2011). Resummation of Massive
Gravity, Phys. Rev. Lett., 106, 231101, 1011.1232.

[57] de Rham, C., Gabadadze, G., Pirtskhalava, D., Tolley, A.J. and Yavin, I.
(2011). Nonlinear Dynamics of 3D Massive Gravity, JHEP, 06, 028,
1103.1351.

[58] Boulware, D.G. and Deser, S. (1972). Can gravitation have a finite range?, Phys.
Rev. D, 6, 3368–3382.

[59] Arkani-Hamed, N., Georgi, H. and Schwartz, M.D. (2003). Effective field
theory for massive gravitons and gravity in theory space, Annals Phys.,
305, 96–118, hep-th/0210184.

[60] Fierz, M. and Pauli, W. (1939). On relativistic wave equations for particles of
arbitrary spin in an electromagnetic field, Proc. Roy. Soc. Lond. A, 173,
211–232.

58

1111.5346
1103.6055
1303.6940
1206.3496
1206.3496
hep-th/0007220
1105.3735
1007.0443
1011.1232
1103.1351
hep-th/0210184


[61] Myers, R.C. and Sinha, A. (2010). Seeing a c-theorem with holography, Phys.
Rev. D, 82, 046006, 1006.1263.

[62] Myers, R.C. and Sinha, A. (2011). Holographic c-theorems in arbitrary
dimensions, JHEP, 01, 125, 1011.5819.

[63] Bergshoeff, E.A., Ozkan, M. and Zog, M.S. (2022). The holographic c-theorem
and infinite-dimensional Lie algebras, JHEP, 01, 010, 2110.09542.

[64] Hohm, O., Routh, A., Townsend, P.K. and Zhang, B. (2012). On the
Hamiltonian form of 3D massive gravity, Phys. Rev. D, 86, 084035,
1208.0038.

[65] Bergshoeff, E.A., Hohm, O. and Townsend, P.K. (2009). New massive gravity,
12th Marcel Grossmann Meeting on General Relativity, pp.2329–2331.

[66] Özkan, M., Pang, Y. and Townsend, P.K. (2018). Exotic Massive 3D Gravity,
JHEP, 08, 035, 1806.04179.

59

1006.1263
1011.5819
2110.09542
1208.0038
1806.04179


60



APPENDICES

APPENDIX A.1 : Identities for metric determinants and its derivatives
APPENDIX A.2 : Variation of metric and its determinant
APPENDIX B.1 : Lovelock Theories of Gravity

61



62



APPENDIX A.1: Identities for metric determinants and its derivatives

Let A be any invertible matrix, then generally

δ (ln(|detA|)) = Tr(A−1 ×××δA) (A.1.1)

where δ denotes any variation. Using this relation, we can calculate that

∂µ ln(g) = Tr(gρσ
∂µgαβ )

1
g

∂µg = gρσ
∂µgρσ .

(A.1.2)

Thus we have
∂µ ln

(√
−g
)
=

1√
−g

∂µ

√
−g =

1
2

1
−g

∂µ(−g)

=
1
2

1
g

∂µg =
1
2

gρσ
∂µgρσ .

(A.1.3)

APPENDIX A.2: Variation of metric and its determinant

Let us calculate the variation of the metric using the fact that gµρgρν = δ ν
µ as

δ
(
gµρgρν

)
= gµρ δ (gρν)+δ

(
gµρ

)
gρν = 0. (A.2.1)

Thus we have
δ
(
gµρ

)
gρσ =−gµρ δ (gρσ ) , (A.2.2)

and contracting with gσν , we obtain

δ
(
gµν

)
=−gµρgσν δ (gρσ ) . (A.2.3)

We can also calculate the variation of the determinant of the metric using (A.1.1) as

δ
(√

−g
)
=

1
2
√
−ggµν

δ
(
gµν

)
. (A.2.4)

Substituting (A.2.3),

δ
(√

−g
)
=−1

2
√
−ggµνgµρgσν δ (gρσ )

=−1
2
√
−ggρσ δ (gρσ ) .

(A.2.5)
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APPENDIX B.1: Lovelock Theories of Gravity

The N-th order Lovelock invariants are given by

L (N) ≡ δ
a1b1···aNbN
[c1d1···cNdN ]

Ra1b1
c1d1 · · ·RaNbN

cNdN (B.1.1)

Similarly, the N-th order Lovelock tensor is given by(
G(N)

) f

e
≡−1

2
δ

f a1b1···aNbN
[ec1d1···cNdN ]

Ra1b1
c1d1 · · ·RaNbN

cNdN (B.1.2)

The Lovelock tensor is nothing but the equation of motion following from a lagrangian
given by the corresponding Lovelock invariant, which guarantees that its a covariantly
conserved tensor i.e

∇a

(
G(N)

)ab
= 0 (B.1.3)

The first few of the (B.1.1) & (B.1.2):

L (0) =1, L (1) = R, L (2) = RabcdRabcd −4RabRab +R2

G(0)
ab =−gab

2
, G(1)

ab = Rab −
gab

2
R

G(2)
ab =2RabR−4RacRc

b −4RacbdRcd +2RacdeRcde
b − gab

2
L (2)

(B.1.4)

Keep in mind that

G(N)
ab =

1
2

(
∂L (N)

∂gab −gabL
(N)

)

Therefore, gabG(N)
ab =

(
2N −d

2

)
L (N)

(B.1.5)

Here while taking the partial derivative with respect to the metric, we kept the Riemann
tensor Rabcd fixed. Also (B.1.5) tells us that whenever d = 2K, G(K)

ab becomes traceless.
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