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ABSTRACT

The differential transform method is one of the useful and powerful methods
which can be easily applied to boundary valuable and initial condition problems,many
linear and nonlinear problems.In our study,some numerical examples are given to
demonstrate the difference of the Differential transform method to other usual
techniques.Some algebraic computations were solved by using Maple computer algebra
systems.
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0z

Diferansiyel dénusim yéntemi,sinir deger ve baslangic deger sarti problemlerine,bir¢ok
dogrusal ve dogrusal olmayan problemlere kolaylikla uygulanan kullanish ve gugli
yontemlerden biridir.Calismalarimizda bazi sayisal 6rnekler diferansiyel doénusim
yonteminin diger siradan yontemlerden farkini gostermek amaciyla verildi.Bazi sayisal
hesaplamalar Maple bilgisayar cebir sistemi kullanilarak ¢ézalda.
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CHAPTER|

LITERATURE SURVEY ON
DIFFERENTIAL TRANSFORM METHOD

2.1 INTRODUCTION

The Differential Transform Method (DTM) has been initially introduced by Zhou
[1] to solve linear and nonlinear initial value problems in electric circuit analysis. This
method develops a solution in the form of a polynomial that is based on Taylor series,
but it is totaly different from the traditional higher order Taylor series method. The
DTM is akind of an aternative solution process for obtaining Taylor series solution of

the differential equations. According to the method, the transform of a function at k

integer value is represented by k™ order derivative of the function at a specific point,

such as X, . The differential transform method is mainly used for solution of differential

equations, ordinary or partial, and their systems. Also, the solution of integral or
integro-differential equations along with their systems can be solved by using
differential transform method. There are many problems solved by differentia
transform method. As an example, the solution related to the eigenvalue problems was
examined by Hassan [2] using one-dimensional differential transform method. Also,
many researchers were worked on differential transform to solve differential equations
[3-4], partial differential equations of physics [5-6], and the systems of either ordinary
or partial differential equations [7]. It is introduced the application of concept of the
differential transform method to the fixed grid size for using approximate solution of
linear and nonlinear initial value problems by Jang et. a. [3]. In some areas of
application such mechanics of solid and vibration, the differential transform method is
used to solve vibration on beam by Catal [5] whose work it is examined the vibration of
abeam on an elastic solid.



Examples are given for different types of boundary conditions and results are compared
with some closeform solutions. The highly motivated problems of heat conductions
were examined by using differential transform method [6]. Since the idea can be applied
for the problem that has more than one variable, then the system of differentia
equations can be solved by using differential transform method [7-9]. Specifically,
linear and nonlinear systems of partial differential equations have been widely
investigated and the solutions of sample problems have been compared with the close
form solutions by Ayaz [7]. Some problems which contain the derivative of unknown
function, such as integro-differential equations or finite difference equations, can be
solved by the method differential transform method [10]. Some modification on the
differential transform method has been done by Zhou et.al. DTM is generalized to solve
differential-difference equations and is combined with a Pade technique in order to
extend the convergence rate of presented series solutions. Generalized Differentia
Transform Method (GDTM) is also applied to discrete KdV and mKdV equations and
acquired successful results [11].The solution of integra equations and integro-
differential equations by differential transform method have examined by Tari and
Shahmorad [12]. They used DTM to solve two dimensional linear and non-linear
Volterra integro-differential equations of the second kind. The results of their solutions
were compared with the closeform solutions. The solution nonlinear heat transfer
problem for specific heat coefficient is examined by Y aghoobi and Torabi [13] in which
the comparisons of the results obtained by DTM are done by other semi-analytic
method such as variational iteration method, homotopy perturbation method,
perturbation method and the exact solutions, if it is possible.In the second chapter of
this study, it is examined all theorems and their proofs related to the operations and
fundamental functions used in differentia transform method. Some of these theorems
are proved step by step to explain the method to the reader. Some basic fundamental
transforms are shown in Appendix as a table. In the third chapter, some examples
related to the theorems are given and the results obtained by the method differential
transform compared with the close form solutions. Finally, in the last chapter, some

conclusions related to the thesis are given.



CHAPTERI I

ONE DIMENSIONAL DIFFERENTIAL TRANSFORM METHOD

In this chapter, it will be analyzed some theorems related to the differential
transform of additions, multiplications and some fundamental functions, particularly,
single-valued functions, and their operations. In the research of differential transform
method, there are different types of approaches to the properties of the transform related
to the structure of the problem. In the following part of the thesis, it will be shown the
proofs of the theorems mostly used in the solution of the partial and ordinary
differential equations and integral equations. Also, the differential transform of some

fundamental functions are shown.
Definition
The differential transform of function f (x) at X=X, is defined as

1

_1d'f (v
k!

dx“

Or { f(x)} =F (k) (2.2)

X=X
where k is an integer and F (k) is the transformed function. However, the inverse

differential transform of F (k) can be represented as

O H{F (k)} = f(x):éﬁ(k):é%% (2.2)

X=X
which implies that the concept of differential transform is derived from Taylor series

expansion, but the method does not evaluate the derivatives symbolically.



Theorem 2.1

Assuming that c is a constant and g(x) is an analytic function then the differential

transform of
f (x)=cg(x) can be shown as F (k)= cG(k).
Proof 2.1

Since c is a constant and g(x) is an analytic function then

We put f (x)=cg(x) into the definition of transform then

1

Fl=%

d*cg (x)
dx*

X=X
and using the linearity properties of derivative operator it can be easily written as

dcg(x)
dxX

d“g(x)

1
F(k)zﬁ dxk

K

x=0

Theorem 2.2

Assuming that g(x) and h(x) are analytic functions then the differential transform of
f (x)=g(x)£h(x)

can be shown as



Proof 2.2

Directly, substituting g(x)=£h(x) into the definition of differential transform, it can be

obtained as
1 [d*g(x)+£h(x 1 |d*g(x 1 [d*h(x
Fl=1a (dl" - Tk de) T dx(k)
! ‘s, ! ! _
—G(k)£H (K)
Theorem 2.3

Assuming that f (x) and g(x) are analytic functions then the differential transform of

the derivative,

f(x):%g(x),

can be represented as
F(K)=(k+1)G(k+1).
Proof 2.3

Let us apply the definition of differential transform to the function di g (x) as follows:
X

F(k):i d* dg(x) _ (k+1)|d*™g(x)
kil dx | (k41! dx<?
=% x=%)
1 dk-‘rlg(X)
=(k+1
(k+ )(k+1)! dx**
. X=X
G(k+1)

=(k+1)G(k+1).



Theorem 2.4

Assuming that f (x) and g(x) are analytic functions then the differential transform of

n'" order derivative,

can be represented as

F(k):(kt!n)!G(knLn).

Proof 2.4

Starting with the definition of differential transform method

SRR T R A T
Kl dx* dx" K| dx<™"
— X=Xy
and using the identity
(k+1)(k+2)...(k+n)_ 1
(k+n)! K
it can be written that
F<k):(k+1)(k+2)---(k+n) d*""g(x)
(k+n)| ka+n
X=X
1 dk+ng<x>
=(k+1)(k+2)---(k ,
< + )( + ) ( +n)(k+n>' ka+n
X=X
_(k+n) 1 d"*”g(x)
ok (kn)t X<
X:X{J‘

G(kv—s— n)



Theorem 2.5

Assuming that f(x), g(x) and h(x) are analytic functions then the differential

transform of the product of two functions,

can be represented as

F(k):zk:G(r)H (k—r).

r=0

Proof 2.5

Starting with the k™ order derivative of the product of two functions like

L) 2044 ) e 0+ L & 0.

en(s]ao, @3)

dxk

k dk—l d
h(x)—
+[k—1] dx? () dxg(x)+

the differential transform of the k™ order derivative of the product of the two functions

can be obtained as follows:

- 5 gt L o0 0 st
+ [‘2(] ;’:2 h(x) ;ﬂxkk‘_zz g(X)+...+ klil]%h(x)%g(xﬂg(x);—);h(x) XXO].

The last expression can be rewritten from the last term again as



d“*g(x) dn(x)
Xt dx

X=X

d*?g(x) dh(x)
dx<2  dx?

X=%)

1
(k—1)!

dg(x) d**h(x)
dx  dx*?

d*h(x)

+.o.
dx“

g(x)

k!

As a result, it can be written that,
F(k)=G(k)H (0)+G(k—1)H (1)+G(k—2)H (2),
+-+G(1)H (k—1)+G(0)H (k)

k

F(k)=>_G(r)H(k—r).

r=0

Theorem 2.6

Assuming that f(x) and ¢, (X), 9,(X), O3(x) are analytic functions then the

differential transform of the product of three functions,
f (%)= 01(x) 92 (x) 93 (%),

can be shown as

ks ko

F(k): E Zel<k1)(32(k2_k1)es(k_kz)-

k=0 k=0

Proof 2.6

F(0)= 5[0 (¥ ()85 (x)],_, =G1(0)6; (0); (0).

X



F)= 310X ()% (],

= [gll(x> 92 () gs(x)]xzxo +[91(X) 9z () 93<X)]X:XO,

+191(X) 92 (X) 93 (%)]

X=%o

2= 2 L a0 m 0],

_ %[gff(x) 9, (X) 95 (X)+ 01 (X) 95 (X) 95 (X) + 6/ () 9, (X) 03 (x)]X:XO ,

+%[9{(x) 95 (%) 95 (%) + 91 (x) 95 (x) 3 () + &1 (X) 83 () 85 (X)) _, -

210/ 0, 00850+ 6 (04 ()85 () + 6 ()0, ()84,

6, (2)6,(0)5,(0)+ G (1)G; (1) (0)+ G, (16, 0] 1)
+G(1)G, (1)G4(0)+G(0)G,(2)G4 (0)+ G, (0)G, (1) G5 (1),
+G(1)G,(0)G;(1)+G(0)G, (1)G;(1) +G,(0)G, (0) G4 (2) -

Finally, it can be obtained that

Theorem 2.7

Assuming that f(x) and g, (X), 9,(X), ..., G,(X) are analytic functions then the

differential transform of the product of n analytic functions,

f(X)=01(%) 92 (X)+ 91 (X) 9n (%),



can be shown as

k K, Kk  k

10

F(k)= > Z Y Gk X Gy (K — kg ) x-x Gy (Koy — Ky ) x Gy (k=K 4 )

Ky 1=0 ky ,=0 k=0 k=0

Proof 2.7

F(0) :&[gl(X) 92 (X) 1 (X) 9n (X)), = G1(0)G2(0)-+ G4 (0) Gy (0),

F (1) :Ed_[gl 9 (X)++Gn1 (}) 9n (X)), -

=019z (X)-++ 801 (¥) 9a (X)), _, +[01(X) 92 (%) s (X) 9 (¥, -

+ 4] (%) 92(X)"'grlw—l(x)gn()()])(:x0 +|a(x) gz(x)---gn_l(x)gr’,(x)])(:xo,

F (1): Gl(1>Gz (0)"'Gn—1(O)Gn(0)"‘61(0)62 (1)"'Gn—1(0)Gn<o>+"'

+G, (O)Gz (0) Gy (1) G, (0) +G (O)Gz (0) N (O)Gn (1)
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In general, it can be represented as

Theorem 2.8

Let f(x) be an analytic function then the differential transform of power function,

can be shown as

1, k=m
0, otherwise’

F(k)zé(k—m):{

Proof 2.8

First of all, in terms of the sign of m, let us examine the derivative of f (X) as follows:

Casel
If (k<m)
d—kkxm =|m(m-1)...(m-k+D)x™*| =0
dx N e
then
F(k>:§_xkkxm :%:o.
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Case?2
If (k=m)
a7 :[m@n—lynﬂn—nm+ﬁxmm =m
dx™ X=X
X=X,
then
m
Fm)=— |l — g
m | dx™ ml
X=X
Case 3
If (k>m)
d* .
a?x :UMm—Q”(m—m+Qﬂ: =0
X -
then
|:<k>:£d_k m :2:0
K!| dx ko
X=X,

Finally, the differential transform of a polynomial type power function has a value only

in the case of k=m, me R, such as

1 k=m
0, otherwise

F(k)zé(k—m):1
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Table 1.1 Some examples related to differential transform of power functions.

() F (k)

f(x)=27 F(k)=275(k) = F(0)=27
f(x)=17x F(k)=176(k-1) = F(1)=17
f(x)=6x F(k)=65(k—2) = F(2)=6
f(x)=3x’ F(k)=36(k—5)=F(5)=3
f(x)=2x° +13x" F (k) =26(k—8)+135(k—10)
Theorem 2.9

Assuming that f (x) is analytic function and A € R then the differential transform of an

exponential function,
f(x)=a,

can be shown as

Proof 2.9

From the definition of differential transform, it can be written as

k K AAX
F(k):idfﬁx) :ldak
K| dx Kl dx |
x=0 x=0
then for k=0,
_liag 10
F(O)_aa X:O_a_'
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for k=1,
F(l):1 iaAX zl[)\lnaa“ =—Alna,
1! dx wo U x=0 !
for k=2,
. 1 d2 AX . 1 2 2 _Ax 2 2
(2)—5@ _O—E[)\ (Ina) a X:O—_!)\ (Ina) ’
for k=3,
_1 d3 AX _ 3 3 _x _1 3 3
F(3)=5 a8 X_O——I[)\ (naj’a™| =2x(Ina)’,

Finally, it can be summarize the transformed function as

F(k):)\k(lTn!a):%)\k(lna)k.

Theorem 2.10

Assuming that f (x) is analytic function and A € R then the differential transform of a

natural exponential function,
f(x)=e,
can be shown as

)\k

F (k)=
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Proof 2.10

If it is substituted € instead of a in Theorem 2.9, it can be easily obtained the

differential transform of a natural exponential function as follows:

A¥(In e)k _&
x=0 kl N k' '

Theorem 2.11

Assuming that a,b€R then the differential transform of a trigonometric function

f (x)=sin(ax+b) can be given as

F(k):@{f(x)}:%sin[%k+b}.

Proof 2.11

By substituting the function into the definition of the differential transformation, it can

be obtained as

1d*
(=g Sxsinfacrt)
x=0
For k=0,
F(0)=[sin(ax+b)| _ =sinb,
For k=1,
(1):—isin(ax+b) zi[acos(ax+b)] :acos(b):lasin z+b],
11| dx o 1 = 12
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For k = 2,
F(Z):—d—zsin(ax+b) :—[—azsin(ax+b)}
2 dX2 0 x=0"
X=|
1 2 2 . v
=—=a’sin(b)==a"sin —+b],
2! !
For k=3,
F(3):—d—3sin(ax+b) :l[—a3cos(ax+b)}
3! dx® , 3 x=0"
X=

= —ia?’ cos(b) :ia?’sin
3! 3!

3—7T+b].
2

Finally, it will be obtained the following result:

k
F(k):%sin

Tk+b
2

Theorem 2.12

Assuming that 8,b€ R then the differential transform of a trigopnometric function

f (x) = cos(ax+b)

can be given as

ak

F (k)= {f (x)}zﬁcos

zk+b].
2

Proof 2.12

By substituting the function into the definition of the differential transformation, it can

be obtained as



dk
F(k):E —kcos(ax+b) ,
x=0
For k=0,
1 1
F(O):a[cos(ax+b)] B :acosb,
For k=1,
== icos(ax+b) :i[—asin(ax+b)] ,
11| dx o x=0
:—lasinbziacos z+b],
1! 1! 2

For k=2,
()—ld—zcos(ax+b) :1[—a2cos(ax+b)
21| dx? L, 2 x=0"
:—iazcosbzlazcos[z—w+b],
2! 2! 2
For k=3,
( )—1 OI—3cos(ax+b) :1[a3sin(ax+b)
3| axd o 3 x=0
zla:*sinb:ia"‘cos 3—7T+b].
3 3 2

Finally, it will be obtained the following result:

a T
F(k):ﬁcos[5k+b].



Theorem 2.13

f(x)=sinh(Ax) = @y {sinh(Ax)} =1 \*

Proof 2.13

The function can be written as

e -

f (x)=sinh(Ax)=

0, forevenk

, forodd k
k!

—AX e(\x e—)\x

2 2

From the linearity of the differential transformation function

or {sinh (Ax)} :% %(_%)k]
If kis odd;

oy {sinh (Ax)} :% %—ﬁ%)k — )‘rk'
If k is even number;

oy {sinh (Ax)} :% )\rkl_(_%k —
Theorem 2.14

f (x) = cosh(Ax) = Dy {cosh (Ax)} =1{ k!

for even k

0, foroddk

18



Proof 2.14

X —\X AX —AX
f(x) =sinn () = & L€ €5 €

From the linearity of the differential transformation function

1A (=N
h(AX)} =—=|—+~——
(DT{cos ( x)} > k!+ o
If kis even number;
D, {cosh()\x)} _1 A—k+—<_>\)k =
2|kt k|
If kis odd;
1Ak (A Ak
h(AX)} ==|————|=—
D {eosh (A} =2 |~ T
Theorem 2.15

19

Using the definition (2), let us define G(k) as a differential transform of g(x). Then,

the differential transform of the integral containing g(X),

fM:L?Mm

can be expressed as




20

Proof 2.15

By using definition (2) the transform of an integral can be found as follows:

f(x):f);(kz_%G(k)(t—xo)kdt
:ki:%fx:G(k)(t—xo)kdt:glle?(t— O)kH;

By using definition (2), we get F (k)= G(kk_l> , Where k>1 and F(0)=0.

Theorem 2.16

If a given function is a n-folded integrals like

f(x):f):fx:"l...f):e'f:f):g(t)dtdxldxz...dxn2dxn1

then

D, {1 () - F () LR
where k>n.
Proof 2.16

By using the definition of differential transform given in
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:f):f:1---f:f:f;§G(k)(t—xo)k dtdx, dx,dx, ... dx, 4

2 fX:fX:Nl...f:fxzzf:G(k)(t—xo)k dtdx, dx,dxs ... dx,_;

S

)k+n

= G(k)(x
z% k+1) k+2)XO (k+n)

By starting the index of the series from k = n instead of k =0

oS G(k—n) K
F) = koo k%)

Theorem 2.17

k

F(x)=g(x) [ h(t)dt = F(l)=3:-G(k—k)H (lg-1)

k=1"™1
where k >1.

Proof 2.17

By utilizing the definition of transform:



=0,

1 d°
F<2>:de2

g(X)fX:h(t)dt

X=%)

=217 [ nit)at-+ 20’ (0n(x)+ g (3 (4

X=%)

:G(l)H(O)Jr%G(O)H(l).

; 3: f ht dt
= L9 (0ot + 30" () + 39" () + g )

In general, we have

f(x)=9() [ ()t = F(k):kgk_jlkle(k_kl)H (k —1).

=

where k>1.

X=Xo

22



Theorem 2.18
X 1k
f = t t)dt F == k k,—1
(%) fx‘ng()gz() = kZ:) )

where k>1.
Proof 2.18

By using the definition of the transform:

=0,
X=X

IO

F)==< U‘ 6 (1)g; (1)t

1d*
2
(2)= 20

f 91 gz( )dt

X=X

:[gll<X> 9, (X)+ 6 (%), (X>]

=-16 16 (0)+G(0)G, (1),

X

1d°
TP fgl(t)gz (t)at
%

=20 (08 (+20/ (x)5; (¥ + 81 (x)g;" ()
—2[6(2)6,(0)+6,(1); (1)+ G, (0)G, 2]

1

F(4)=41G(3)G:(0)+G.(2)&, (1 + G, (1)G; (2)+Gi(0)&, (3)]

L =au(x) 9, (¥)],_, =G1(0)G; (0),

23
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In general, we have
X)=fXO g()g,()dt = F(k)==

where k>1.

Theorem 2.19

The differential transform of the integral of products such as

X) = f): 0:(t) 9o (1)~ 9n 4 (t) Gy (1) dt

can be represented by

kn—l 2

k-1 ks
:% Z ZZGl Gz k _kl) Gn—l(kn—l_kn—Z)Gn(k_kn—l_]')

Kn_1=0k,_,=0  k,=0k=0
Proof 2.19

By using the definition of the differential transform

_1 fngl(t)gz(t)---gn1(t)9n(t>dt

0!

X=X

f 91 92 “On (t) On (t>dt

1' dx X=%

= [91 (X) 9, (X>"'gn71 (t) On <t)]x:x0 ,

_1d ]f 9, (t) g5 (1)~ 9o 1 () 94 (1)

T 20

=%
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_1
2

0 (X)92 (X)-Gn g (X) G (X)+ 01 (X) G5 (%) G g (X) G (X) +-- |
+0, (X> 9, (X)"'gé—l(x) On (X)+ gl(x) 0 (X)---gn_l(x) gn/ (X)




CHAPTER 11

Example 1

Solve the basic first order linear differential equation
y' —3y=¢e

subject to theinitial condition Y(0)=1 by using differential transform method.

Solution 1

The differential transform of y'(X) can be shown as

D; {y'}=(K+1)Y (k+1),
If we put into the equations, it will be obtained

(k+l)Y(k+1)—3Y(k):i—k!,
3 2k

Y(k+1>:k—+1Y<k>+(k+l)k!’

Y(0)=1

which is a recurrence relation for the transformed solution Y (k). Then, using the

recurrence,
3 20
= YO=7Y(O0+ 5
3 2t
k=1 Y(2)=2Y(1)+—=7,
= Y(Q)=2YD+57
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321 3

3
k=3= Y(@d)=Sv(@)+ -1
43 12

4
k=4 = Y(5)=2v(4)+ = ==
5 5.41 60

Using inverse differential transform method, it can be obtained the solution of

differential equation as

:fjv (0)+Y(D)x+Y(2)x*+Y (3)x>+Y(4)x* +Y(5)x° +---
k=0
eS 23 5 73, 227
=S Y (KX =14+ AX+ 7P+ 2+ x4+ x5
y(x) kz:%()x AT X DX X

y(x):(2-1—1)+(2-3—2)x+[2~g—g]x2+[2 Z—g—g]ﬁ

, 8L 16) . (, 243 32)
24 24 120 120

y(x)=2

1+ ?L)I(+<3;!>2+(3;(g>3+(34ﬁ>4+(3;>5+'“]

i 2X+(22x!)2+(2?>)<!)3+(24>f<!)4+(2;>5+,+

y(x)=2e> —e™.
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Example 2

Find the solution of the nonlinear Volterraintegral equation

u(x)+fox(u2 (t)+u(t))dt = g—ie(zx).

Solution 2

Using the definition of the differential transform along with Theorem 2.15 and Theorem

2.18, the given Volterraintegral equation can be turned into arecurrence equation as

Kk * k 2

UB=-1,U(2)=5
U@E=-3.U(4)=5
U(S)=—<.U(6)—<

Finally using the inverse differential transform, the solution of the integral equation can

be found as below:

_ 1, 13 1,4 15 15
u(x)_l—x+§x XX X X

When the result is examined carefully, it can be realized that it is the Taylor series

expansion of e * about x=10.
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Example 3

Find the solution of the linear Volterraintegral equation
1x- X0 Mxotu()d,  0<x<1
u(x) = —x—?+fo (x—t)u(t)dt, <x<1.

Solution 3

By applying the differential transform to both sides of the linear Volterra integral
equation along with Theorem 2.8 and Theorem 2.15, it can be obtained the following

recurrence equation for k >1:

U (K)=6(Kk)—5(k—1)—

U()=-1 U(2)=0
UE--3.  U@=0
u(s):_é, U (6)=0,
U ):_%, U(8)=0

Finally, using these values in the inverse differential transform, it can be obtained the

solution of the linear integral equation as

1 1 1 .
U(X):l—x—g—g—a—zl—snh(X)

which is the exact solution of the linear integral equation.
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Example 4

Find the solution of the system of the non-homogeneous differential equations:

subject to theiinitial conditions x(0)=1,  y(0)=0, z(0)=2.

Solution 4

Applying the definition of the differential transform to the system of differential

equations, it can be obtained the transformed system of recurrence equations such as

(K+1) X (k+1)= Z(k)—%cos ”—Zk]
(k+ )Y (k+) = Z (k)

(k+1)Z(k+1)=X(k)-Y(k),

and rearranging the system of recurrence equations it can be obtained the following

system like
X (k+1) =ki+llz(k)—%cos[ﬁ—2k] :
v(k+1):ki+l‘z(k)—%],



Z(k+1) =5 X () -V (K]

with initial conditions

for k=0, X(1)=1, Y(1)=1, Z(1)=1,
for k=1, x(2)=%, Y(2)=0, z(2)=0,

1 1 1
fork=2, X(3)==, Y(3)=—=, z(3)==,
or (3=75 (3)=-5 (=5
fork=3, X(4)=—,  Y(4)=0, z(4)=~,

24 12

1 1 1
fork=4, X(5=—, Y(5)=-—, Z(5)=—,
o =10 =10 =19

1
for k=5 X(6)=——, Y(6)=0, Z(6)=0,
or (6)==5 (6) (6)
for k=6, x(7):i, Y(7):—i, z(7):i.

5040 5040 5040

Finally, using the inverse differential transform, the solution of the system of

differential equations can be found as follows:

x(t)—ix(k)tk—1+t+1t2+lt3+it4+ Ly Ly 1y
& B 2 6 24 120 720 5040
8 1 1 1
t)=> Y (Kt =t+ =t -t ——t
V(=2 ¥(k) 6 "0 s0a0

k

i
o
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6
=>"Z(k)t" oty g sy L

—— 7,
t 6 12 120 5040

The exact solution of the system of differential equations can be found by Laplace

transform method as
x(t)=¢, y(t)=sint, z(t)=€" +cost
which is exactly same as the iterative solution.

Example 5

The system of non-linear Volterraintegral equation that was studied by Goghary et.
a.[2] isconsidered. Let us show the solution by differential transform method.

y (1) =t t1°+f yi2 (s)+y5°(s)] s,

(t)=t3 +f0t[y13(s)— Y, (s)} ds.
Solution 5

Applying the differential transform method to both sides of the integral equations in the

system, it can be obtained as follows:

6(k—5)_6(k 10) , 164

Yy (k)=6(k—2)— ZY Yy (k—k —1)
+— iin ki)Yo (ko —ky) Yo (K—k, —1),
(0 =alk-3+-2 5% 35 el k-1

AN =]
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When the iteration is done the result can be represented as
yi(t)=t?, Yo (t)=t-1

Example 6

Consider the following non-linear equation system of Volterraintegral equations of the

second kind

ant Yo 2
=sint t+f0<f1 (s)+ f, (S))ds,
1. t
fz(t):cost—asmthrfo f,(s) f,(s)ds.

Solution 6

Applying the differential transform method to both sides of the integral equations in the

system, it can be obtained as follows:

1 . kr 12
Fi(k) = sin 6 (k—1) + klz ZF > (k—k —1),

Fz(k)zicosﬁ—1 1 .n[m](k—lkl)!g

k! 2 kl n(kkl] ZF F2kk1 )

2

According to these equations, the coefficients from first couple iterations are as follows:



It can be shown that

:f:Fl(k)tk =dint, fz(t)zin(k)tk = cost.

k=0 k=0
Example 7

Find the solution of the following linear system of Volterraintegral equations of the

second kind

f <t>+j:e*(sft) f (s)ds+ fotcos(s—t) f,(s)ds=cosht+tsint,

f2<t)+ﬁtes+t fl(s)ds+j:tcossf2(s)ds:25int+tsin2t+tet.

Solution 7

One can readily find the differential transform of, as follows

O Y e B De B
K& 1 1 (k== 1 (k—ky)7

‘k;klz-lk_z[w—m!w“ el g™
1 () 1 (k)

_;kzl [( ) 5 Fz(kz—kl)(k_kz)!sm >

e zk: (k—lkl)!sm[ﬂkz_ kl)]’

=3t Rk-y-25 0

2 g kY

2 .
Fz(kz—kl)xé(k—kz—l)JrEsm

_ZZ [ CO°<k1_21)7r

2]
2



(K, —ky) 1

: 2 ]X(k—kl)!

+Zk: zkzjé(kl—l)(kz_kl)!sin

k,=0k;=0

+k§k_jo<s(kl_1) v _1k1)!.

Consequently, the result of the iterations can be obtained as

The results are same as the closed form solution.
Example 8

L et us solve the following equation

dy 2
Y 211
el AURS

subject to theinitial condition  y(0)=0.
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Solution 8

The exact solution of the differential equation is given by

y(t)=

The Taylor seriesexpansion of Y(t) about t=0 is

y(t)

Now, let us apply the differential transform to the differential equation as follows:

(k+2)Y(k+1)==>"Y(r)Y (k—r)+6(k)

B eZt -1
e2t +1

oty
3

2

15

> —

k

r=0

17

315

7

62

2835

9
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with the initi condition Y(0)=0. Using the recurrence equation, the values of

transformed function Y (k) can be found as follows:

seriesform like

Finally, using the inverse differential transform the solution can be easily written in the



1 2 17 62 e -1
)= YKtk =t—=t3+ =t — T — % == =
y(t k; (k) 3 15 315 2835 e +1

that is the same as the exact solution.
Example 9

First, let us examine the singular two-point BVP (Cui,Geng [15])
y”(x)+1y’(x)+ y(X)=4-9x+x*—x°, 0<x<1,
X

subject to the boundary conditions y(0)=0 and y(1)=0.

Solution 9

The exact solution of the differential equation is

2 3

y(X)=x"—X".

Now, let ustry to find the same solution by using the differential transform method.

First, asfollows:

S8 —1) (k1 +1)(k—1 +2)¥ (k=1 +2)+ (k-+D)Y (k+1)

+Zk:5('—1)Y(k—')—46(k—1)+96(k_2)—5(k—3)+5(k—4)=o

=0

subject to theinitial condition Y (0)=0 and y(1)=> Y (k)I*=>"Y(k)=0.

N N
k=0 k=0

For N =6, thefollowing system for k=0,1,2,... is obtained:
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9Y(3)+Y(1)=-9,
16Y(4)+Y(2)=1
25Y(5)+Y(3)=—1

36Y(6)+Y(4) =0,

Solving the above system and using the inverse differential transform, we get the

38

following series solution which is exactly same as the close form solution, respectively,

6

y(t)=> Y (K)t“ =0+0-t+1-t*~1t>+0-t* +0-t°+0-t°,

Example 10

Consider the following singular two-point BV P (Junfeng [2])

2

" 1, 5 X
1 _20 X gex<t,
y (x)+xy(x)+y(x) AR <x<
. .. / 17
subject to the boundary conditions Y'(0)=0 and y(1) -T

Solution 10

The exact solution of the differential equation is obtained as

The differential transform of the differential equation is given as

k

So6(- (k=1 +1)(k=1+2)Y(k—=1+2)+(k+1)Y(k+1)

=0



39

+2k:5('—1>Y(k—')—gé(k—l)—l—lesé(k—s):o

with the transformed boundary conditions
N 17
(k+1)Y(k+1)=0, STY (k)=
=0 16

For N =6, thefollowing system for k=0,1,2,... is obtained:

25Y(5)+Y(3)=0,
36Y(6)+Y(4)=0.

Solving the above system and using the inverse differential transform, we get the

following series solution which is exactly same as the close form solution, respectively,

6
y(t)=> Y (k)t" :1+0-t+1—16-t2—0-t3+0-t4+0-t5+0-t6,
k=0

2

X
=1+,
y(x)=1+¢



Example 11

Consider the following system of differential equations of order two
Y'(X)+ ¥ (%) = Y7 (%) = 4y, (x) = O,
y'(X)+ Y, ()= cos(x)+ 2cos(2x)
with the conditions

Y1(0> =0, Y{<O) =1,

Solution 11

The exact solution of the system is
y1(x)=sin(x),
Y, (X)=sin(2x).

Now, let us apply the differentia transform to the system of differential equation. The
new transformed system of recurrence equations can be obtained as follows:

(k+2)(k+2)Y, (k+2)+Y, (k) —(k+2)(k+1)Y, (k+2)—4Y, (k) =0,

k+1
<k+1)v1<k+1)+(k+1)v2(k+1):%cos[k7”]+Zkl cos[‘%]

with initial conditions

Y,(00=0, (k+1Y(k+1)=1 = Y;(I)=1for k=0
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Y,(0)=0, (k+1Y,(k+1)=2 = Y,(1)=2for k=0.

Then, using the recurrence equation it can be obtained the following values

Y(2=0  Y%(2)=0
WE=g %=
N(@4=0  Y(4)=0
NE-g  %E-g.




CHAPTER IV

CONCLUSION

In this work, differential transformation method was successfully applied to find
numerical solutions for linear and nonlinear system of ordinary differential equations. It
is observed that DTM is an powerful tool for the solution of system of ordinary
differential equations Linear and Nonlinear Volterra integral equation, non-
homogeneous differential system, Linear and nonlinear Volterra integral equation
system, initial condition problem, boundary valuable problem, differentia equation
system problem and Homogeneous reaction-diffusion singular perturbation problems
were solved by DTM. In this paper, some theorems are introduced with their proofs and
some algebraic computations are performed by using MAPLE 13 symbolic

programming software.
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APPENDIX A

Original Function Transformed Function
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Original Function Transformed Function

)‘—, for even k
k!

0, foroddk

k

F ()= > Gkl H (4 )
k=1
wherek >1




