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Bu tezde, triplet anizotropik sacilimli transport esitliginin ¢ozimu igin bir
arastirma yapildi. Sagilim fonksiyonu, Legendre polinomlarmin ilk dort terim alinarak
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Py METODU iLE TRIPLET ANiZOTROPIK SACILIMLI TRANSPORT
ESIiTLIGIN COZUMUNUN iNCELENMESI

OZET

Bu tezde, homojen, zamandan bagimsiz ve tek hizli, anizotropik sagilimli nétron
transport esitliginin ¢ozumi igin Py metot kullanildi. Legendre polinomlarinin ilk dort
serisi olarak ifade edilen triplet anizotropik sacilimin varhiginda transport esitligi yeniden

dizenildi.

Ilk 6nce, kartezyen ve polar koordinatlarda Maple program: kullanarak sagilim
fonksiyonu katsayilarmin degisim araligi hesaplandi. ¢ ikincil nétronlara ve sagilim
katsayilarina gore transport esitliginin 0zdegerlerinin sonuclar1 hesaplandi. Cogaltkan
(c>1) ve ¢ogaltkan olmayan (c<1) ortamlarin durumlar: arastirildi. Sonra, sonuglar tablo ve
grafiklerde verildi. Anizotropik sac¢ilimin ilk U¢ derecelerin arasinda Kkarsilastirmalar
yapildi. Bu tezde, saf-triplet ve triplet anizotropik sag¢ilimin durumlari ile yogunlasild.

Sonug olarak, triplet anizotropik sagilimin 6zdegerlerin fiziksel anlamlar: agiklandi.

Incelemenin sonucu olarak, triplet anizotropik sagilimin sonuglari saf-triplet

anizotropik sagilimin sonuglarindan daha iyi oldugu goraldi.



INVESTIGATION OF THE SOLUTION BY USING Py METHOD OF
TRANSPORT EQUATION FOR TRIPLET ANISOTROPIC SCATTERING

SUMMARY

In this thesis, Py method is used to solve homogeneous, time independent and one-
group neutron transport equation with anisotropic scattering. Transport equation is
reconstructed in the presence of triplet anisotropic scattering which is expressed in terms of
the first four series of Legendre polynomials.

Firstly, the range of coefficients of scattering function is determined by using maple
program in Cartesian and Polar coordinates. And the results of the eigenvalues of transport
equation are computed according to the number of secondary neutrons ¢ and scattering
coefficient. The cases of multiplying (c>1) and non-multiplying (c<1l) media are
investigated. Then results are given in the tables and figures. The comparisons among the
first three degrees of anisotropic scattering are made. Our specific interest in this thesis is
about the case of pure-triplet and triplet anisotropic scattering. The solution of transport
equation using Py method for highly anisotropic scattering is improved. Finally, the

physical meaning of eigenvalues and triplet anisotropic scattering are explained.

As a result of the investigation, it is seen that the results of our triplet anisotropic

scattering are better than the results of pure-triplet anisotropic scattering.
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1. INTRODUCTION

Technology generally progresses gradually by collecting of basic knowledge and
technological developments.
unexpected discovery of neutrons and nuclear fission, leading to a sudden development of
the technology. The first nuclear reactor was made in the middle of Second World War in

In contrast, nuclear engineering was begun with the

the military research and development program known as the Manhattan Project.

Table 1.1: The progress of nuclear physics and nuclear engineering by order (Sekimoto,

2007).
Date Invented by Subject
1808 Dalton Atomic theory
1876 Goldstein Cathode rays
1891 Stoney Prediction of electrons
1895 Roentgen X-rays
1896 Becquerel Radioactivity
1897 Thomson Cathode rays = electrons
1898 Rutherford a-rays and p-rays
1900 Planck Quantum theory
1905 Einstein Special relativity theory
1911 Rutherford Atomic model
1912 Thomson Isotope
1919 Aston Mass spectrometer
1921 Harkins Prediction of neutrons
1930 Bothe Be (a, ?)
1932 IreneCE?;i’Fcr:ehda%r\:\(l:igﬁllot- Be (a, y), Neutron discovery
1934 Fermi, Szilard Delayed neutrons, Chain reaction
1939 Hahn, Strassman, Meitner Discovery of nuclear fission
1942 Fermi CP-1 made critical
1944 (Hanford, USA) First plutonium production reactor
1945 (USA) Test of atomic bomb
Natural uranium heavy water research
1945 (Canada) reactor (ZEEP) made critical
1946 (USA) Fast reactor (Clementine) made critical
1950 Swimming pool reactor (BSR) made critical
1951 (USA) Experimenta_l _fast breeder reactor (EBR-1)
made critical and generates power
1953 _ (USSR) Test of hydrogen bc_)r_nb_
(United Nations, USA) “Atoms for Peace” Initiative
(USA) Launch pf the nuclear submarine “Nautilus”
1954 (USSR) Graphite-moderated water-cooled power
reactor (AM-1) generates power




It is a common agreement nowadays that nuclear energy is the only available
source able to fulfill current and future energetic demands of mankind without polluting
the Earth any further. The environmental impact of nuclear power plants is also
substantially smaller than that of conventional power plants.

The nuclear industry has avoided emissions by 38 billion tons of CO,. That amount
is one-third more than CO,, humans put into the atmosphere for each year from burning
fossil fuels. And it is also about one-twelfth of the accumulated CO,, which human have
added to the atmosphere in the period of past 160 years from burning coal, petroleum, and
natural gas. This is a rough estimation, yet it shows that nuclear reactors are a great factor

in lowering CO; emissions.

Nuclear power plants produce none of these air pollutants, and emit only trace amounts of
radioactive gases. Here the fact that nuclear plants do not consume oxygen like
conventional plants has been the overriding factor in their adoption for the undersea fleet.
Furthermore, ships powered by nuclear plants need to be refueled only after long periods of
operation. For this reason, many of the newer surface vessels of the world's navies are

nuclear powered.

Preceding its useful utilization, such as generation of electricity, material irradiation or for
medical purposes, its extraction within a nuclear reactor must occur. Nuclear reactors are
sophisticated devices composed of diverse materials like fuel, coolant, regulation and
structural materials. All these constituents are arranged in a highly heterogeneous manner
due to various safeties, technological and economic considerations. Depending on the time
spent within the reactor, both their physical and mechanical properties change and some of

them (like fuel elements of control rods) are also subject to repeated rearrangement.

Design of such reactors and analysis of their various operational modes is therefore, a
complicated task that encompasses several areas of science and engineering. At its start,
however, determination of neutronic conditions within the reactor core plays a crucial role

and received a substantial attention in the field of reactor physics in past decades.

Neutron scattering is now used by more than 5000 researchers World-wide, and the
ambit of the method is continuously becomes wider. 45 years ago, neutron scattering was
an exotic tool for solid state physicists and crystallographers, but today it serves

communities as wide as Biology, Planetary Science, Earth Sciences, Engineering,



Nanoscience, and Cultural Heritage. In brief, neutrons are used in all scientific fields that
deal with condensed matter (Lefmann, 2007).

There are many areas of nuclear reactor studies where, the calculation performance
is highly important. In the fuel loading optimization process, for example, the steady state
equation has to be evaluated many times in order to find the optimal condition. Another
area, where the need for a fast core neutronic solver is even aggravated because a quasi-
static approach cannot be used, is the analysis of the transient states of the reactor, such as
the startup, shutdown or abrupt control rod movement during an accident.

Several forms of the neutron transport equation exist. The integro-differential
formulation, the most popular form in neutron transport equation, is presented in section
2.2. However, there are other forms of the transport equation and are being used for

example, integral and adjoint forms.

The optimal operation is achieved by automating the regulation devices to balance neutron
production from fission chain reaction and their loss due to capture and out of core
leakage. Such automation foremost requires knowledge of a long-term behaviour of any
tested core configuration, which may be obtained by performing a steady-state analysis of
the reactor core. Methods used for these analyses should accurately calculate the neutron
multiplication factor (characterizing the departure of the core from the desired equilibrium
state) and spatial distribution of neutron flux (from which subsequently, the important
reaction rates, power and heat distribution can be obtained for further steps of reactor
design or assessment). Since, there is usually a multitude of possible core configurations;

all calculations should proceed swiftly to be practically applicable.

In this thesis, the neutron transport equation is solved. And highly anisotropic
scattering is analyzed for the core and moderator. Then the computation of eigenvalues has

been done which is an important parameter in the reactors.

This thesis is organized as follow. In section 1.2., the applications of neutron
transport theory will be described. And in section 2, the solution methodology will be
given for neutron transport equation. Then the obtained results from the solution of neutron

transport equation will be discussed in section 3.



1.1. Literature Review

Basically the field of neutron transport related to the migration of neutrons through
media. And an example of neutron transport theory is the designing of nuclear reactors. To
obtain a complete description of the neutron population, theoretically the distribution of
neutrons should specify in space, velocity, and time. The function of distribution satisfies
the linearized Boltzmann transport equation. This equation has been known for almost a

century and later has been studied in connection with radiative transfer.

The earliest known approximated solution to the one-speed neutron transport equation is
mostly attributed to Davison (1958), followed by Case and Zweifel (1967). Their studies
were the first attempts to convert the one-speed neutron transport equation to an algebraic

set of eigenvalue equations within a spectral domain.

During the past few decades, polynomial expansion analysis has played an
important role in the methods for solving the neutron transport equation. The earliest
known form of this equation has been presented by Davison and treated by Case’s singular
eigenfunction expansion method (Case, 1967).

Polynomial approximation methods for the solution of transport problems have been
applied, firstly, by Conkie (1959) for the solution in slab geometry. And Ganapol (1986),
who proposed the use of perturbation to develop a numerical method for solving the one-
dimensional transport problem by polynomial reconstruction. In some recent studies (Anli
et al., 2006; Yasa et al., 2006), polynomial expansions have been successfully applied in
eigenvalue spectrum calculations and criticality of bare/reflected slab geometries for

isotropic scattering.

Critical slab was calculated by Kerner (1967) and Kschwendt (1971) for the high
state values of c. inonii (1973), because of difficult solution of highly anisotropic problems
for different geometries, developed a model for anisotropic scattering. This model includes
forward and backward scattering (Yasa, 2002; Yasa and Anli, 2009).

Many researchers studied linear anisotropic scattering (Eynde, 2005). But for
quadratic case, very little work has been done. That is studied by Lathrop and Leonard
(1965). Dahl et al. (2003) by using the numerical computation of eigenvalues in neutron
transport equation have obtained numerical results. The most detailed calculations on the

linear anisotropic scattering made by Eynde(2005) and Sjostrand (1976).
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Basic studies on linear and quadratic anisotropic scattering mostly are made by Sjostrand
and Protopopescu (1981). Riyait and Ackroyd (1987), by testing one-dimensional neutron
transport of multigroup problems for highly anisotropic scattering obtained numerical

results.

Atalay (1995) examined the case of anisotropic scattering by the method of
eigenfunction. The basic work which is related to Linear anisotropic scattering behavior of
the critical eigenvalues of the one-dimensional transport operator was uncovered by Sahni
(1995, 1997).

Using Pn approximation to analysis neutron transport theory has become almost a
traditional method. One-dimensional slab geometry for the case of anisotropic scatter by
using Marshak boundary conditions, Yildiz (2001) have been determined the critical
thickness of the system using the Py method.

In generally two things are important about neutron transport equation. First,
finding out what are the significant parameters of the problem, what factors influence the

output, and how. Second, being able to compute numerical results.

Sallah and Margeanu (2007) make a study about the randomness effect in the medium
properties in the presence of the pure-triplet anisotropic scattering (/A=/2=0, /3#0) on the
ensemble-average partial neutron fluxes. Partial neutron fluxes are obtained. And

deterministic solution is obtained by using Pomraning-Eddington approximation. For the
average partial neutron fluxes, numerical results are calculated for different values of the

single scattering albedo and changing the parameters characterizing the random medium.

In this thesis, we made investigation for the solution of neutron transport equation
in the presence of triplet (/1#0, /2#0, /3#0) anisotropic scattering, which is different with
pure-triplet anisotropic scattering. Our scattering function has been expressed as the first
four series of Legendre polynomials. In this investigation, we obtained different
eigenvalues for triplet anisotropic scattering.



1.2. Neutron Transport Theory

As it is known, the study of a transport equation is extremely important and
interesting in transport theory. Different methods have been developed to investigate, the
task of searching methods that generate accurate results to transport problems. The term
"Transport Theory" is used to describe the transport of particles, whether they are photons
of electromagnetic radiation, including light photons, x-rays or gamma rays, neutrons, or
charged particles such as electrons and protons, through a host medium under rarefied

conditions. Some examples of transport processes are shown in Figure 1.1.

Neutron distributions Shielding of Propagation of light

radioactive sources
=
@\ﬁ /)
By @mM@m—-@ 5

Penetration of light Traffic flow Scattering of radar waves

P e

. Configuration of
Gas dynamics

Plasma dynamics
macromolecules

Figure 1.1: Examples of transport processes (Duderstadt, 1978)



Some examples of transport processes are:

1) Neutron distribution in nuclear reactors.

2) Shielding of radioactive sources.

3) Propagation of light through stellar matter,

4) Penetration of light through the planetary atmosphere,

5) Traffic flow.

6) Gas dynamics.

7) Scattering of radar waves from the atmospheric turbulence.
8) Configuration of macromolecules.

9) Plasma dynamics.

The neutron transport theory is considered as the foundation of reactor modeling
and design. The neutron transport equation is considered to be an expression governing the
neutron distribution in a reactor core. However, the generality and inherent complexity of
this integro-differential equation make it exceedingly difficult to solve. Typically,
simplifying approximations are made to reduce its complexity, and in cases such as
diffusion theory, lead to a system of Partial Differential Equations (PDEs). Hence we
present a concise introduction to transport theory, which serves to highlight the natural

hierarchy of the approximations that are inherent in any reactor model.

An important implication of this hierarchy is that the terminology employed in
virtually all approximate reactor models has its ancestry in transport theory. Thus, our
overview of transport theory permits the introduction of this terminology in its natural

environment.



2. MATERIAL AND SOLUTION METHODOLOGY

2.1. The Legendre Polynomials

The Legendre polynomials, sometimes called Legendre functions of the first kind,
are solutions of the second order differential equation known as the Legendre differential

equation:
(L-u®)y "(1)—2uy ‘() +n(n +1)y (u) =0. (2.1)

If n is an integer, the functions are polynomials. The Legendre polynomials, named after
Adrien-Marie Legendre, P (u), n=0,1, 2, ..., with u e[-1,1] are plotted in the Figure

21upton=4.
Legendre Polynomials
10 }
05t
—_ Po(H)
2 00
o —P1(W)
<N —P(1)
-05 |
—P3(l)
—Pa(p)
~10 t 4 , . .
-10 -05 00 05 10
M

Figure 2.1: The graphs of Legendre polynomials (n =0, 1,.., 4).

The Legendre ordinary differential equation occurs when solving Laplace’s equation in
spherical coordinates. It may be solved using the standard power series method, in which
case the solution is finite (i.e. the series converges) provided |p|<l is satisfied.
Furthermore, it is finite at p = +1 provided n is a non-negative integer. In this case, the

solutions form a polynomial sequence of orthogonal polynomials.



The plot of the Legendre polynomials help in understanding the reasons for
their orthogonality and the fact that odd or even numbered polynomials are odd or

even functions, having symmetric positive and negative roots.

Each Legendre polynomial P (u) is an n"-degree polynomial, that may be expressed

using (Ivory-Jacobi) Rodrigues’ formula as,

P (1) =( [(u?-1)"]. (2.2)

1 ) d"
2"nl'd u"
An important property of the Legendre polynomials is that they are orthogonal with respect
to the L? inner product on the interval —1< u <1, i.e. they satisfy,

1 2
[ PaC)Py () g =5 Gy (2.3)

Where, dmn denotes the Kronecker delta, equal to 1 if m = n, and otherwise, it is zero.
Some examples of Legendre polynomial can be given by using Rodrigues’ formula in
equation (2.2) as,

n=0, P,(u)=1 ¢4
n=1 Pl(u)z(%)ddT[(uz—l)llzu (2.5)
n=2, P,(u)=( 22121) dduz [(u2—1)2]=%(3/12—1) (2.6)
n=3 Py(0)=(53) ddug [ ~0%] = (61 ~3) @)

The other Legendre polynomials are given in Table 2.1.



Table 2.1: Obtains some examples of Legendre polynomials.

0 1
1 H

1
2 SBu -1

2( pt=1)

1 3

3 ?(5# —-3u)
4 %(35u4—3ou2+3)
5 %(63y5—70y3+15#)
6 %(231;16—315#4“05#2—5)
7 %(429y7—693y5+315u3—35#)
8 %(6435/,18—12012y6+6930y4—1260#2+35)
9 —128(12155/,19—2574Oy7+18018y5—4620y3+315y)
10 ‘226‘(46189;&"—109395u8+90090u6—30030u“+3465#2—63)

Some useful properties of these polynomials are given further,

N P.(u) n  even,
Pat u)_{—Pn(u) N odd. 2.8)

The polynomials satisfy the following recurrence relations which also are known as

Bonnet's recursion formula:

MP ()= > 1 [(n+DP () +nP, ()] (2.9)
n+1

2.2. The Associated Legendre Function

The associated Legendre function, P"(u) is defined for integral values of m=0, 1,

2, ..., n by the formula,

P ()= 1y -y L), (210
7

10



from this equation it is known that P°(u)= P, (u). If equation (2.2) is used for P, (u),

then it follows that,

m _(_1)m aymz A7 2 n 2.11
P, (#)—W(l—ﬂ ) m(ﬂ -1)". (2.11)

This equation can be used to extend the definition of P (u) to negative integral values of

m such that |m| <n. It can then be shown that,

P (p)=(-D" (n _m)!Pr:“(u)‘ (2.12)
(n+m)!

The associated Legendre functions satisfy the orthogonality relation,

2 (n+m)!

1
P'P"(w)du=(-1)" , (2.13)
L o Pr (u)dp=(=1) nl(n_my’"
and the recurrence relations,
m l m m
1P () = [(n-m+D) P, (w)+(n+m)Pl, ()], (2.14)
2n+1
dp’ m m 2.15
(1 —1)d—:” NP (1)~ (n+m)P (1), 219
Here are some examples of associated Legendre functions,
[ = cosé
PH(u) =—(1— u*)"?, P;(cos@)=-sing,
Py(u)=-31-pu*)"?u, Py(cosf)=-3sinhcoso,
Pl(u)=-31-u*)"?,  P2(cos@)=3sin’0. (2.16)
Hence equation (2.11) can be expressed as,
d"P,(u), (2.17)

P (p)=(-1)"sin" 0 [m<n.

m H

In this representation 6, is the scattering angles of neutron and cosine of the

scattering angles is given, as shown in Figure 2.5.

Ho = €080y = .02 = P,(14,)
U, =(sin@cosgi+sindsingj+cosd K).(sin6" cose’ i +sind’sing’ j+cosd” k)

11



=sin@sin @’ cospcos@’+ sin@sin 6’ sin psin ¢’ +c0s6 cos6’
=sin@sin " (cospcos @’ +sin@sin ¢’ )+ cosd cose’
=sin@sin @’ cos(¢ —¢’) +c0s6 cosH’

= (=Pi(u). =~ Pi(1)) cos(e—¢')+Py(u)P(K)

= P(u)P, (') + P () Py (1) coS( — ') (2.18)

Then a Legendre polynomial can be conveniently transcribed according to addition
theorem:

P (o) =P, ()P, (1) +2D PT (w)P) (1) cos(p —¢). (2.19)

m=1

If we assume rotational symmetry in the ¢' direction, then we can take the
integration of equation (2.19) over this angle for 2z . The second term of the equation

becomes zero because sing'[2"=0 , the equation remains as,

Py (po) =Py ()P, (). (2.20)

2.3. Neutron Transport Equation

One of the fundamental aims of nuclear reactor design is to have a suitable
prediction of neutron production and loss rates. Predictions come from the solution of the
neutron conservation equation, and consequently the importance of the neutron Boltzmann
equation. This equation can be used to determine the distribution of neutrons or photons in
a reactor as a function of position, energy, time and direction. The basic form of the
neutron transport equation in its integro-differential form, in terms of angular flux
expressed as (Attia, T.A., 1976),

law(r,_Q,E;t)
v ot
.[E/J.Q‘(Z(r,E’) f(r,E"—> QE)y(r,Q ,E’;t)+S(r,Q,E;t))dQ’dE", (2.21)

+QVy(r,Q,E;t)+ X (r,E)w(r,Q,E;t)=

where, we use the following notations:

r: Position vector of a neutron.

v : Neutron speed.

w(r,Q,E;t): Neutron angular flux, i.e. expected number of neutrons at (r, Q,E,t).

12



2 (r,E):Total macroscopic cross section of neutrons.
f(r,Q2’,E” — Q,E):Scattering function.

S (r,Q2,E;t):All the external neutron sources.

dV=dx dy dz

v
<

Figure 2.2: The volume element dV and the directional element dQ.

By performing a neutron balance within a small volume element dV as shown in Figure 2.2
and representing the rate of change of the number of neutrons as the difference of their
productions and losses, the neutron transport equation (2.21) is obtained. And this equation
has been found to be entirely satisfactory for solving most problems in reactor physics.

In the equation (2.21), there are different terms with having different physical
meanings; we are starting by introducing each term from the left to the right side:

First term: represents the time rate of change of the neutron angular density.

Second term: represents the net loss of neutrons of interest due to leakage as well as
streaming through its surface.

Third term: represents the loss of neutrons due to collisions with nuclei; which includes

both absorption and scattering collision.

And from right side, we have:
First term: gives all neutrons, in the unit volume under consideration, of different
directions Q" and energy E'.

Second term: represents all the external neutron sources.

13



Some cases for neutron transport equation:

1) Steady state (Time independent): The steady state of a reactor is characterized by a
non-changing neutron population.

2) One speed (one group) = the equation is independent of energy.

3) Homogeneous (source free): neutron cross section is independent of spatial position.

Main types of scattering:

1) Isotropic scattering: Scattering function = 1/4x (constant).
2) Anisotropic scattering: Scattering function is not constant, depends on the angle of

scattering. These are shown in Figure 2.3.

kO

a) Isotropic scattering. b) Linearly Anisotropic

VRS
N

¢) Quadratic Anisotropic d) Triplet Anisotropic

v

A

Figure 2.3: Isotropic and anisotropic (linearly, quadratic and triplet) scattering.
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2.4. Neutron Transport Equation for Plane Geometry

In order to solve equation (2.21) analytically, it should be simplified by integration
over one or more of the independent variables. For example, homogeneous time
independent one-group neutron transport equation for anisotropic scattering can be

expressed as,

WAy (¢ = @22y ), (222)

OX

where:

w (X, 1):Neutron flux.

f(£2. Q) :Scattering kernel (scattering function).

x : The spatial coordinate.

w1 :The angular coordinate (Q.X ).

¢ : The number of secondary neutrons per collision.
Q:Direction of neutron after scattering.

£ :Direction of neutron before scattering.

Nucleus
neutron

) 4

Figure 2.4: Direction of neutron before and after scattering (U is the cosine of the

scattering angle of neutron).

It is important to notice that the scattering of a neutron on any nucleus in nuclear reactor
applications will not basically depend on the incoming neutron direction. Therefore, the
differential scattering cross section will not depend on the incoming neutron direction of
motion, but it will depend on the scattering direction (or the change of the direction). This
dependence is described as a function of scattering angle (6o) as shown in Figure 2.4 or the

cosine of the scattering angle (uo = cosép).

15



The scattering law for interaction between radiation and particle may be written as
f (02,07)d Q2 and quantitatively is the probability that the particle in the direction denoted

by the unit vector ©”. It will be scattered into the solid angle d ©2 about the unit vector ©Q

with dQ=dp’de. For much media of interest, we can write f (€2,0")=f (cos,). Where,

cosf, = Q.Q" .

Now the equation (2.22) can be expressed as following,

“W“”(X’”):Cfohfllf(uo)w(x,u’)du’dgo, (2.23)
X

suppose that neutron scattering from collisions have an isotropic distribution, then

scattering function becomes,

f(uo)=i- (2.24)
A

For plane geometry, y is a function of x and p only, which is cosine of the angle
between the positive x-axis. And the angular dependence of y, may be expanded in a series
of Legendre polynomials with coefficients,

w(X ,u)=2%n (X)P, (). (2.25)

Where, the P (u) are the Legendre polynomials, and the ¢ (x) are the Legendre

moment, N— oo. From the orthogonality properties it becomes,

1
¢, () = [ w(x, 1) P (w)d (2.26)
One advantage of the Legendre expansion for the neutron fluxy (x, u) is that the first two

terms, have a simple physical meaning as shown in equations (2.4-5),

4,6 = y(x 0y 1 = Flux Densiy (2208
¢ (x) = flu w(x, u)d i = Directional Flux Density (2.26.h)
3,00 =" G Dy (x wd (2.26.0)
¢s(x) =%f11(5u3 =3y (x, uyd p. (2.26.d)
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2.5. Anisotropic Scattering Phase Function

Anisotropic scattering phase functions which can be expanded in terms of Legendre

polynomials, for various cases are given as followings:
1) Linear anisotropic scattering

Fat 1= 4 3, PGP )]
2) Quadratic anisotropic scattering

f(,unu'):%[l+ 3f1P (1) Py (1) +5f , Py (1) Py(u )]

3) Pure-quadratic anisotropic scattering

Jlu, )= %[1+ Sf, Py(1)Py(u)].

4) Triplet anisotropic scattering (Our consideration)

f(,unu'):%[l+ 3f, P (1) Py (1) +5f, Py (1) Py () + 7 f 5 Pa(p)Py(u )]

5) Pure-triplet anisotropic scattering (It exists in literature)

Jlu, )= %[1+ 113 Py(p)Py(u)]-

2.6. Neutron Transport Equation with Triplet Anisotropic Scattering

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

There is an increasing need to take into account anisotropic scattering in many

branches of physics. The accurate evaluation of certain parameters needs to take into

account the anisotropy of neutron scattering. These parameters are important for nuclear

reactor systems and other physical sciences. A nuclear reactor is a complex system

consisting of fuel, moderators, coolant, control rods, and support structure. The

homogeneous one-speed Boltzmann neutron transport equation with highly anisotropic

scattering for plane geometry is given by equation (2.23), and our considered formula of

triplet anisotropic scattering is given in equation (2.30). By the end of this section, neutron

transport equation is represented with our consideration of triplet anisotropic scattering for

plane geometry.
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If the scattering function is an anisotropy, except in special cases, can be developed

into a Legendre polynomial series of the argument po= Q-Q'. Where, Q and Q' are the

directions of neutrons before and after collision, u, is the cosine of the difference of

scattering angles as shown in Figure 2.5. # and ¢ are the axial and azimuthal angles,

respectively, of Q.

v
N

Figure 2.5: Direction of neutron before and after collisions.

Now we assume that we can express the scattering function as an infinite series of

Legendre polynomials (N— <o) and in terms of the full-range Legendre polynomials,

Sy =Y 20+

2 Fo Py (1), (2.32)
n=0 T

where, AMo) is the scattering phase function. It can be expanded in terms of Legendre

polynomials for triplet scattering as,

J (i) :i[fopo(,uo)"'3f1P1(,uo)+5f2P2(,uo)+7f3P3(/10)]a (2.33)

here, /i is called the scattering coefficient or expansion coefficient with /4 =1 in equation
(2.33). The first term of the expansion corresponds to the isotropic scattering. The second
term of this expansion represents linearly anisotropic scattering. The third term of the
expansion represents the quadratic anisotropic scattering. The fourth term of the expansion

represents the triplet anisotropic scattering.

18



The neutron transport equation for anisotropic scattering can be expressed as,

oy (X, 27 1 , )
uMW(X’“):CJ‘o [ ) wx,w)d wdeo. (2.34)
Then equation (2.33) can be substituted into the neutron transport equation,

ow (X,
u w (X, 1)
OX

:_HJOZH .[jl[fopo(,uo)'i'3f1P1(,uo)+5f2P2(,uo)+7f3P3(,uo)] V/(X ,,u’)d /J,d ®. (2_35)

+y (X, u) =

By using equation (2.20), the right side of the transport equation can be rewritten as,

=%[Po(u)fllfoPo(u’)w(X )+ 3P1(u)J’j1f1P1(u’)w(X YOV
5P, ()] 12 Py W 06 1) TP TPy () ) (2:36)

According to the equations of (2.25) and (2.26) ™ Legendre moment of the neutron flux

can be given as following,

B(x) = [ Py w (¢, )
4,00 =[Py (¢, 1) o
b, (x) =[P, (x,w)d g

1
$s0) = [ Po(u )y (x, 1) ur' (2.37)
After the substitutions the equations (2.37) in to the equation (2.36), it becomes,

=%[Po(u)fo¢o(x)+3P1(u)f1¢1(><)+5Pz(u)fz¢z(x)+7P3(u)f3¢3(><)], (2.38)

then we replace the Legendre polynomial according to the Table 2.1, then the neutron
transport equation for triplet scattering is obtained as,

By (0, ) = ST o) + 30 (0) 4 o =)
X 2 2
+%(5#3 =31)f 3¢5(X)]. (2.39)

In this thesis, as shown in equation (2.39), we increased the degree of anisotropy of the

scattering function.
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2.7. Solution of Py Method

Time independent one-group neutron transport equation for plane geometry is
given in equation (2.23), the angular flux is given in equation (2.25). And the scattering
function as an infinite series of Legendre polynomials is given in equation (2.32).

Now we substitute both equations of (2.25) and (2.32) in to equation (2.23),

“HZ:; 2n2+1 8¢ (x Z::O 2n +1 P (1) (x)
o2

2n
And Legendre polynomials satisfy the orthogonality relation over the interval -1< <1

4,00 P Py (2.40)

and the recurrence relations,

1 2
P P duy=——56_,
[ Pa(w)Py () =5,

U ()= L 4D P, () 40P, ()], (2.41)
n+1

then after some rearrangement we get the general form,

(n +1)d¢n+1(x) d¢n 1( )+(2n +1) (1 Cf

dX dX n nO+Cfn n1+Cfn5n2
+€f.0,3)¢,(x)=0, n=0,1,2,....,N. (2.42)
Where, omn denotes the Kronecker delta,
1, n=m
5mn :{
0, n=m (2.43)

with the requirement that ¢ ,(X) is zero and considering the first N+1 of these equations
and setting d¢, ,(x)/dx =0. The One may employ solution procedure of the

homogeneous equation (2.42) to introduce the Ansatz:

—X

g, (X)=A, (Ve " . (2.44)
Where, A, (v) is the eigenfunctions and v corresponding the eigenvalues.
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Eigenvalue spectrum of the transport operator consists of two parts. They are the
discrete spectrum (v>1) and the continuous spectrum (-1<v<1). We represent a method and

corresponding computer code to get all eigenvalues for triplet anisotropic scattering.

1) For n=0, Py approximation

de (x

A 4 4-c 7)) -0 245
X

By substituting the equation (2.44) in to the equation (2.45), we can get A;(v) as shown in

equation (2.46),

Lame ) ea-c)Ame " =0
v
A (v)+vA,(v)A-cf,)=0
A(v)=vA,(v)L-cfy), Av)=1
A(v)=v(-cfo), fo=1
A (v)=v(-c). (2.46)

2) For n=1, P; approximation

2d4,(0)  1dg(x) . i (2.47)
200 2800 (e £ )h(x) =0
2 AR (AR e AW =0
%(—%(Az Ve )+ (=) (A " ) +A-cf)A (e * =0
1% 3 v
A,(v) = SVAI(V)(lz_Cf -1 (2.48)
3) For n=2, P, approximation
3dg(x) 2d4(x) . i (2.49)
28620, 29880 o f,)gy(x) =0
S (AR ) e (AW o f AW =0
g(—i)(AAv)eV) 2 ame ) -cf)A e =0
v 5 v
o () SRNAC )= 2A, () 50

3
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4) For n=3, P3 approximation

4dg,(x)  3d4,(x)
7 dx 7 dx

(2.51)

+(1—Cf3)¢3(X )=0

é—( (e )+§d—(A (Ve " )+(-cf)A (e ¥ =0
é(—;)(A()e )+ DA, (e’ )+a-cl)AMe " =0

A (V)d—=C f3) =3A,(v)

A,(v)= 4

(2.52)

5) For n=4, P, approximation

§d¢5(X)+£d¢3(X)+¢ (X):O
9 dx 9 dx ! (2.53)

—X —X

Ed—(As(V)ev)ngd—(A (Ve )+Ame " =0

—X —X

—(——)(A (v)e " )+ (——)(A (e )+A,0e " =0

9vA,(v)-4A, (v). (2.54)

A;(v) = 5

From the equations (2.42) and (2.44) we can drive general form for A,(v),

(n +1) (An+1(v)e v)+n d (An—l(v)eié)

X

+H2n +1)(1-cf, nO+cfn S, +Cf . 8,+Cf. 8. )A (v)e vV =0

(n +1)(__)(An+1(v) € v ) +Nn (__)(An—l (V) eiv)
v 1%

X
v

2N +DA~Cf 60 +C f Gun +C £ 80, +C f1 55) A, (V) €

(n +1)An+1(v)+nAn 1(V)+(2n +1)(1 Cfn n0+Cfn n1+Cfn6n2

+Cf.0,,)vA, (v)=0, n=0,12,...,N. (2.55)

22



P1 Approximation:

We assume the angular flux is linearly anisotropic, for this approximation it
requires equation (2.42) with n=0 and n=1 then by setting d¢,(x)/dx =0. We get
equations (2.56) and (2.57) respectively.

LA 4 @1 (x) =0, (256)

980 30— )60 =0 @57)
1 d4

¢ (x)= Mcf) dx (2.57.a)

And from the definition of the Fick's law the equation can be given as,

J(r)=-DVg(r), (2.58)
equation (2.58) becomes equivalent to equation (2.57.a). Then the diffusion coefficient can
be obtained as,

1

___* 2.59
3(-cfy) @5

If we substitute equation (2.57.a) in equation (2.56), hence neutron diffusion equation for

linearly anisotropic scattering can be written as,

d %(X) 3¢ /)A—c f,)dy(x) =O0. (2.60)

And the diffusion length is given as,
1

~ fBl-c)i-—cfy) (2.61)
In order to obtain eigenvalues, we used equation (2.48) by setting A,(v)=0,
vA,(v)A-cf)-1=0, (2.62)
then we substitute A;(v) from equation (2.46), the equation of eigenvalues will be,
! (2.63)

=+ .
\/3(1—Cf0)(1—Cf1)
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Also by using matrix, the eigenvalues can be obtained for low order approximation as
shown in equation (2.65). Where, the determinant of the matrix should be equal to zero.

(- A0~ A ) =0, (2.64)

LA+ t-cf)A M) =0,
v

v { 1/3v (1—cf1)} (2.65)
d-cf,) -1lv

Eigenvalues spectrum of the transport operator consists of two parts. They are the

discrete spectrum (v>1) and the continuous spectrum (-1<v<1). The discrete eigenvalues Vv

is known as relaxation length L and characterizes the diffusive properties of the system.
And the diffusion coefficient can be calculated by the below equation,

D =v2(l—cCf,). (2.66)

Some notes about discrete eigenvalues for values of ¢ are given as following:

1) ¢ = 0 (only absorbing case), there are no discrete eigenvalues.
2) ¢ = 1(the critical case), there is a double root at o and, in the case of anisotropic
scattering, possibly others.
3) ¢ < 1 (the subcritical case), non-multiplying medium, discrete eigenvalues are real.
4) ¢ > 1 (the supercritical case), multiplying medium, discrete eigenvalues are real or
purely imaginary.
5) General properties of discrete eigenvalues are,
a) simple.
b) occur in plus-minus pairs.
c) v| > 1.

d) are finite in number.

In this thesis, the discrete eigenvalues with the performance of these properties are given in

the tables in section 3.
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3. DISCUSSION AND RESULTS

In this research, we investigate the effect of triplet anisotropic scattering for the
solution of neutron transport equation. And the scattering function has been expressed as
the first four terms of Legendre polynomials in equation (2.33).

Since it is almost impossible to obtain the analytical solution for triplet anisotropic
scattering, the investigation of triplet anisotropic scattering and the effect of parameter /£
(/21#0, £#0) on eigenvalues of transport equation can be obtained in an easy way with

maple.

In the beginning, we determined the range of scattering coefficients from plotting
Cartesian and polar coordinates of the scattering phase function. And considerations are
done for various scattering approximations such as linear, pure-quadratic (/A=0, /A#0),
pure-triplet (A= 0, /2= 0, /3#0) and triplet (/A#0, £#0, f5#0) anisotropic scattering in
equation (2.33). Maple program is used for these processes. Then we derived a formula for
the scattering coefficients as shown in equation (3.1). Later eigenvalues are calculated for
isotropic scattering, linear anisotropic; pure-quadratic, pure-triplet and triplet anisotropic
scattering. All calculations are done according to the number of secondary neutrons and
scattering coefficient for different orders. And also eigenvalues are calculated for each case
of multiplying and non-multiplying (Sallah, 2007).

We determined the range of scattering coefficients from the figures with attending
to two points. The intensity of phase function have to be positive values (i.e. the
probability must not be negative values), and the other, value of scattering coefficients
have to be chosen correctly (the values must be converged). While the effect of highly
anisotropic scattering on eigenvalues are investigated, a formula for expansion coefficients

is derived as,

fn:in, while =5 and n=0,12,3. (3.1)
o

This formula gives correct value for scattering coefficients, because these coefficients give
positive and converging values in the solution. The scattering coefficients are given by
using this formula for the case of triplet anisotropic scattering in Figure 3.2. To compare
the result of the scattering coefficients by equation (3.1), we plot more figures for various
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cases as shown in Figure 3.1. There are different formulae about the scattering coefficient

in the literature that have been studied by some other researchers, as Garcia and Siewert

(1988).

0.4

0.21

3 o2 AT
theta

a) Linear anisotropic scattering (/1
=0.33).

c) Pure-triplet anisotropic scattering
(/1=0, 2=0and f3=0.142).

1 2 3
theta

e) Triplet anisotropic scattering
(/n =0.142).

theta
b) Pure-quadratic anisotropic
scattering (/1 =0and /A =0.2).

1 2 3
theta

d) Triplet anisotropic scattering
(/1=0.33, f2=0.2and /5 =0.142).

TETA T
theta

f) Triplet anisotropic scattering
(/n = 0.0666).

Figure 3.1: The ranges of scattering coefficient in the scattering phase function for linear,
pure-quadratic, pure-triplet and triplet anisotropic scattering.



In Figure 3.1 the ranges of scattering coefficients are denoted by using maple
program with choosing the true graphs for linear, pure-quadratic and pure-triplet
anisotropic scattering as /1<0.33, /2<0.2 and /3<0.142 respectively (Tureci, 2005). In
Figure 3.1.d, we used the scattering coefficients of pure cases for triplet anisotropic
scattering. In Figure 3.1.e, the minimum value of scattering coefficients of pure cases is

chosen for triplet anisotropic scattering as /,=0.142.

The value of scattering coefficient is chosen for correct figure as /=1/15 by trial
and error in Figure 3.1.f. But the problem in here is that, the values of scattering
coefficients are not converging. As a result, we decide to formulate the scattering

coefficients which allow converging with increasing the orders.

theta
(f1=10.2, f,=0.04 and f5; = 0.008).

Figure 3.2: The range of scattering coefficients with respect to equation (3.1) for triplet
anisotropic scattering.

Physical meaning for isotropic scattering and linear, quadratic and triplet anisotropic

scattering:

The ranges of scattering coefficient are determined from the polar coordinates of
scattering phase function. From changing the value of scattering coefficients, we can
mention the physical meanings. In Figure 3.3, there is symmetry property for isotropic

scattering. By another meaning, the intensity of phase function is the same in all direction.
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Figure 3.4: Linear anisotropic scattering with changing the scattering coefficient.
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Figure 3.5: Linear anisotropic scattering that the scattering coefficient is out of its range.

In Figure 3.4, there is asymmetry property for linear anisotropic scattering that is
why in the literature called as asymmetry parameter. In Figure 3.5 the scattering coefficient

is out of its range and shows the errors.
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Figure 3.6: Pure-quadratic anisotropic scattering with changing the scattering coefficient.

Figure 3.7: Pure-quadratic anisotropic scattering that the scattering coefficient is out of its

range.

In Figure 3.6, there is forward property for pure-quadratic anisotropic scattering

that is why in the literature called as forward parameter. In Figure 3.7 the scattering

40 0204 0F 05

a) /3=0.05 b) /5=0.1 c) /3=0.142
Figure 3.8: Pure-triplet anisotropic scattering with changing the scattering coefficient.

coefficient is out of its range.
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/3=0.2
Figure 3.9: Pure-triplet anisotropic scattering that the scattering coefficient is out of its

range.

In Figure 3.8, there is high asymmetry property for pure-triplet anisotropic
scattering. Because pure-triplet anisotropic scattering is related to the angle of higher

power as the scattering phase function includes cos® and cos®d. Figure 3.9 shows errors for

the range of /3 which must be /3<0.142.

a) /1 =0.33, /2=0.2 and /2=0.142 b) /,=0.142

02 04 06 08

0204 06 08

¢) /,=0.0666 d) A =0.2, /2,=0.04 and /3=0.008

Figure 3.10: Triplet anisotropic scattering with the different maximum values of scattering

coefficients.
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In Figure 3.10, large ranges of scattering coefficients are represented for triplet
anisotropic scattering. Figure 3.10.d shows the polar coordinate of triplet scattering phase
function by involving the values of equation (3.1). Later the eigenvalues are calculated by
involving the values of scattering coefficient in equation (3.1) that considered by us.
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Table 3.1: Eigenvalues of pure-triplet anisotropic scattering for f3 = 0.14 and c<1.

N=2

N=4

N=8

N=9

c=0.8

c=0.9

c=0.95

c=0.98

c=0.99

0.5773502692

0.816496580

1.290994449

1.825741858

2.581988897

4.082482905

5.773502692

0.8611363115
0.3399810436

1.015406544
0.4228245261

1.406783622
0.4938303994

1.903566456
0.5202389273

2.635380251
0.5335667611

4.115593454
0.5415319332

5.796756874
0.5441756263
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0.9602898565
0.7966664774
0.5255324099
0.1834346425

1.051828606

0.8646485709
0.5859347148
0.2029548503

1.410646979

0.9128256055
0.6280657117
0.2163849365

1.904205918

0.9245671229
0.6408065399
0.2211183262

2.635488336

0.9297239310
0.6467274030
0.2235264003

4.115604064

0.9326308270
0.6501237380
0.2249833105

5.796758729

0.9335718526
0.6512293082
0.2254708497

0.9681602395
0.8360311073
0.6133714327
0.3242534234
0.0
1.052848889
0.8950640818
0.6727652308
0.3566617050
0.0
1.410649967
0.9335443867
0.7149386434
0.3779803451
0.0
1.904205943
0.9426420100
0.7269826154
0.3850367677
0.0
2.635488336
0.9466720795
0.7324332544
0.3885110886
0.0
4.115604064
0.9489592333
0.7355190439
0.3905728176
0.0
5.796758729
0.9497023953
0.7365173248
0.3912558023
0.0



Table 3.2: Eigenvalues of pure-triplet anisotropic scattering for f3 = 0.14 and c>1.

N=2 N=4 N=38 N=9
c=101 5.7735026921 5.750570412 | 5.750568597 | 5.750568597 |
0.5494399546 0.9354150508 0.9511622570
0.6534003974 0.7384691243
0.2264486669 0.3926149523
0.0
c=1.02 4.0824829051 4.050282550 I 4.050272402 | 4.050272402 |
0.5520586324 0.9363181945 0.9518797012
0.6544658894 0.7394229251
0.2269389055 0.3932909778
0.0
c=1.05 25819888971 2.532187648 I 2.532090919 | 2.532090919 |
0.5598493797 0.9389593360 0.9539862829
0.6575822854 0.7421978503
0.2284146964 0.3953040408
0.0
c=11 1.825741858 |  1.757994495 | 1.757481729 | 1.757481715 |
0.5725638347 0.9431589477 0.9573637302
0.6625120225 0.7465454152
0.2308899839 0.3986052452
0.0
c=12 1.290994449 1 1.202886039 | 1.200377328 | 1.200376483 |
0.5966579889 0.9509615116 0.9637374027
0.6714210107 0.7542927119
0.2358888612 0.4049797672
0.0
c=13 1.054092553 1  0.9553835557 |  0.9494921128 1 0.9494838818 |
0.6186023480 0.9582026187 0.9697733207
0.6791733772 0.7609533632
0.2409312305 0.4110122135
0.0
c=14 0.9128709292 1 0.8088425008 I  0.7986224409 1 0.7985849707 |
0.6382702787 0.9650870937 0.9756198540
0.6859248743 0.7667256970
0.2459898326 0.4166715489
0.0
c=15 0.8164965809 I 0.71033026151 0.69529235401 0.6951792783 |
0.6557944554 0.9717585430 0.9813813390
0.6918305164 0.7717778548
0.2510358017 0.4219429782
0.0
c=16 0.7453559925 1 0.6390204240 1 0.61903280171 0.6187684432 |
0.6714371710 0.9783200594 0.9871334511
0.6970294776 0.7762455489
0.2560398093 0.4268257043
0.0
c=17 0.6900655593 I 0.5847831957 1  0.5599555223 1 0.5594353142 |
0.6854964581 0.9848478891 0.9929330249
0.7016402177 0.7802359062
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0.2609732991 0.4313298477
0.0
c=138 0.6454972244 1 0.54202129711 0.5126094428 1 0.5117043274 |
0.6982556549 0.9914003057 0.9988243381
0.7057607744 0.7838328259
0.2658096763 0.4354732293
0.0
c=19 0.6085806194 I 0.5073662017 1 0.47370400851 0.4722669913 |
0.7099631166 0.9980234050 1.004843191
0.7094711659 0.7871020232
0.2705253242 0.4392784816
0.0
c=2.00 0.5773502692 1 0.4786616564 | 0.4411155528 1 0.4389888204 |
0.7208281152 1.004754950 1.011019616
0.7128363430 0.7900952077
0.2751003481 0.4427707156
0.0

In Table 3.1 for c<1, the eigenvalues of pure-triplet anisotropic scattering are calculated.
The diffusion length or eigenvalue is increasing with increasing the number of secondary

neutrons. And also the diffusion length is increasing with increasing the orders.

In Table 3.2, the diffusion length or eigenvalue of pure-triplet anisotropic scattering is
decreasing with increasing the number of secondary neutrons for ¢>1. And also the
diffusion length is decreasing with increasing the orders. For ¢=0.99 and c=1.01, the values
of diffusion length in high orders (N>8) nearly become the same. The obtained results are
the same with Salah’s results (Sallah, 2007).
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Table 3.3: Eigenvalues of triplet anisotropic scattering for f, = 1/15 and c<1.

N=2 N=4 N=38 N=9
c=0.0 0.5773502692 0.8611363115 0.9602898565 0.9681602395
0.3399810436 0.7966664774  0.8360311073
0.5255324099 0.6133714327
0.1834346425 0.3242534234
0.0
c=05 0.8304547985 1.036055171 1.066742457 1.067436560
0.4204783174 0.8658211185 0.8970231299
0.5824962135 0.6695371769
0.2039758577  0.3565427355
0.0
c=0.8 1.326862231 1.450890439 1.454109156 1.454110935
0.4898705830 0.9050857245 0.9277010611
0.6225094201 0.7080581662
0.2185327188 0.3787535991
0.0
c=09 1.883108943 1.967846099 1.968391692 1.968391709
0.5162305410 0.9145909878  0.9348129787
0.6352433578  0.7196523927
0.2237635752  0.3863759743
0.0
c=0.95 2667852642 2.726510726 2.726604276 2.726604276
0.5297327149 0.9188156325 0.9379842973
0.6413285925 0.7250657668
0.2264467317 0.3901898710
0.0
c=0.98 4.222756096 4.259337154 4.259346421 4.259346421
0.5378788364 0.9212099902 0.9397890101
0.6448749704  0.7281843129
0.2280775259  0.3924736250
0.0
c=0.99 5.974009853 5.999750257 5.999751883 5.999751883
0.5405963608 0.9219869115 0.9403760436
0.6460387390 0.7292020811
0.2286245296  0.3932336538
0.0
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Table 3.4: Eigenvalues of triplet anisotropic scattering for f, = 1/15 and c>1.

N=2 N=4 N=8 N=9
c=101 59782785281  5.952796833 1  5.952795234|  5.952795234 |
0.5460291916  0.9235110277  0.9415299551
0.6483380295  0.7312050226
0.2297235595  0.3947514197
0.0
c=1.02 42287929201  4.192943406 |  4.1929344321  4.192934432 |
0.5487426778  0.9242588825  0.9420973518
0.6494733533  0.7321902407
0.2302755555  0.3955090054
0.0
c=1.05 26773977631 26216258911  2.621539534 |  2.621539534 |
0.5568605638  0.9264494048  0.9437642326
0.6528210711  0.7350813467
0.2319412748  0.3977756705
0.0
c=11 18966081051  1.8199797931  1.8195147221  1.819514713 |
0.5702623865  0.9299408795  0.9464379610
0.6582032478  0.7396883308
0.2347488646  0.4015287049
0.0
c=12 13459547551 12442736961  1.2419280051  1.241927361 |
0.5962301674  0.9364390495  0.9514783176
0.6682224840  0.7481488863
0.2404728151  0.4089102647
0.0
c=13 11029709931  0.98678057351 0.9811195050 | 0.9811128539 I
0.6205852151  0.9424580794  0.9562315370
0.6772788862  0.7556987279
0.2463222646  0.4160728309
0.0
c=14 0095870623611 0.8338903684 | 0.8238392974 |  0.8238074031 |
0.6430077062  0.9481485253  0.9608060257
0.6854480201  0.7624602731
0.2522695733  0.4229639541
0.0
c=15 0.8606629658 | 0.7309139078 |  0.7158401267 |  0.7157394199 |
0.6634552165  0.9536188036  0.9652792628
0.6928263659  0.7685504966
0.2582829442  0.4295457790
0.0
c=16 0.7886003723 1 0.6563045881 1 0.6359603952 | 0.6357155661 I
0.6820641619  0.9589480126  0.9697078059
0.6995137347  0.7740723999
0.2643275511  0.4357953072
0.0
c=17 0.73284168011 0.5995505542 1 0.5739720965| 0.5734738566 |
0.6990547700  0.9641948683  0.9741338750
0.7056036500  0.7791128852
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0.2703670357 0.4417030489
0.0
c=18 0.68810235321 0.55482195401 0.5242321166 1 0.5233399092 |
0.7146673900 0.9694037875 0.9785896885
0.7111791587 0.7837436647
0.2763652203 0.4472706834
0.0
c=19 0.6512205543 1 0.51859815191 0.48333000141 0.4818781906 I
0.7291289308 0.9746090164 0.9831003465
0.7163117975 0.7880233126
0.2822878295 0.4525083477
0.0
c=2.00 0.62017367291 0.4886192838 1 0.44906123291 0.4468669957 |
0.7426391877 0.9798374597 0.9876857839
0.7210621544 0.7919995267
0.2881040090 0.4574320203
0.0

In the same manner of pure-triplet; in Table 3.3 for c<1, the diffusion length of triplet
anisotropic scattering is increasing with increasing the number of secondary neutrons. And

also the diffusion length is increasing with increasing the orders.

In Table 3.4, the diffusion length of triplet anisotropic scattering is decreasing with
increasing the number of secondary neutrons for ¢c>1. And also the diffusion length is
decreasing with increasing the orders. For ¢=0.99 and c=1.01, the values of diffusion

length in high orders (N>8) nearly become the same.
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Table 3.5: Eigenvalues of triplet anisotropic scattering for f; = 0.2, f, =0.04, f3 = 0.008

and c<1.

N=2

N=4

N=8

N=9

c=0.8

c=0.9

c=0.95

c=0.98

c=0.99

0.5773502692

0.8606629658

1.408590425

2.016194596

2.868876553

4.552986373

6.446918626

0.8611363115
0.3399810436

1.065139891
0.4147352900

1.534307516
0.4746965571

2.103378248
0.4968587008

2.929805730
0.5081937923

4591227156
0.5150476954

6.473887216
0.5173385826
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0.9602898565
0.7966664774
0.5255324099
0.1834346425

1.088552982

0.8690289187
0.5793901021
0.2030279877

1.536465892

0.8982304253
0.6132340135
0.2167827468

2.103739689

0.9045932495
0.6239087539
0.2217261913

2.929867667

0.9073808309
0.6290719797
0.2242659678

4591233300

0.9089523432
0.6321100757
0.2258115657

6.473888295

0.9094611359
0.6331125836
0.2263303773

0.9681602395
0.8360311073
0.6133714327
0.3242534234
0.0
1.088950227
0.9004078768
0.6676560723
0.3545996764
0.0
1.536466564
0.9227737366
0.6990905321
0.3749773324
0.0
2.103739695
0.9273623640
0.7083524359
0.3820076234
0.0
2.929867667
0.9293623448
0.7127299224
0.3855500407
0.0
4591233300
0.9304890643
0.7152773693
0.3876817656
0.0
6.473888295
0.9308538712
0.7161136380
0.3883931781
0.0



Table 3.6: Eigenvalues of triplet anisotropic scattering for f; = 0.2, f, =0.04, f3 = 0.008

and c>1.
N=2 N=4 N=8 N=9
c=101 6.4630561109 I 6.436234392 | 6.436233329 | 6.436233329 |
0.5219271210 0.9104577949 0.9315686348
0.6351021642 0.7177672039
0.2273734056 0.3898170501
0.0
c=1.02 4.575808502 | 4537983027 | 4537977056 | 4537977056 |
0.5242238934 0.9109461775 0.9319189966
0.6360892011 0.7185846273
0.2278976170 0.3905294397
0.0
c=1.05 2.904964469 | 2.845674658 | 2.845616960 | 2.845616960 |
0.5311189505 0.9123744614 0.9329442772
0.6390191640 0.7210002683
0.2294810041 0.3926680042
0.0
c=11 2.067245576 | 1.984675835 | 1.984362207 | 1.984362204 |
0.5426004246 0.9146454147 0.9345773497
0.6437985204 0.7249086129
0.2321556029 0.3962348448
0.0
c=12 1.480872194 | 1.367953580 | 1.366329472 | 1.366329232 |
0.5653399299 0.9188626952 0.9376248784
0.6529735073 0.7323194645
0.2376361703 0.4033627745
0.0
c=1.3 1.225357703 | 1.091980659 | 1.087925927 | 1.087923348 |
0.5874909214 0.9227753638 0.9404770295
0.6616622292 0.7392585560
0.2432862620 0.4104558557
0.0
c=14 1.075828707 | 0.9274876763 1 0.9200097858 1 0.9199968806 |
0.6088102947 0.9265024726 0.9432225307
0.6699097503 0.7458081202
0.2490966853 0.4174843896
0.0
c=15 0.9759000729 1 0.8161538347 | 0.80448914401 0.8044464820 |
0.6291847074 0.9301355276 0.9459300547
0.6777699997 0.7520443402
0.2550554233 0.4244230613
0.0
c=16 0.9038769076 1 0.73514142801 0.71877483371 0.7186661049 |
0.6486122225 0.9337481561 0.9486560043
0.6852993194 0.7580348177
0.2611477250 0.4312516807
0.0
c=17 0.8494119857 1 0.67334077241 0.6519809987 1 0.6517489937 |
0.6671695500 0.9374027508 0.9514497225
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0.6925523016 0.7638379497
0.2673563672 0.4379554397
0.0
c=138 0.80687153051 0.6245820565 1 0.5981189358 1 0.5976835801 |
0.6849798338 0.9411551444 0.9543571538
0.6995793909 0.7695032463
0.2736620973 0.4445247387
0.0
c=19 0.7728981596 I  0.5851213802 1 0.55358084051 0.5528393284 |
0.7021882092 0.9450580374 0.9574235920
0.7064256806 0.7750720053
0.2800442321 0.4509546856
0.0
c=2.00 0.74535599251 0.55253921301 0.5160433698 1 0.5148720675 I
0.7189462327 0.9491636584 0.9606959117
0.7131304310 0.7805780247
0.2864813702 0.4572443863
0.0

In Table 3.5, the eigenvalues are calculated by involving the value of scattering
coefficients in equation (3.1). The diffusion length of triplet anisotropic scattering is
increasing with increasing the number of secondary neutrons for c<1. And also the

diffusion length is increasing with increasing the orders.

In Table 3.6, the diffusion length of triplet anisotropic scattering is decreasing with
increasing the number of secondary neutrons for ¢c>1. And also the diffusion length is
decreasing with increasing the orders. For ¢=0.99 and c¢=1.01, the values of diffusion

length in high orders (N>8) nearly become the same.
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Table 3.7: Eigenvalues of isotropic scattering and linear, pure-quadratic, pure-triplet and

triplet anisotropic scattering for N =4, f,=0.14, fo=1,c<landn=1, 2, 3.

. Linear Pure-quadratic  Pure-triplet Triplet
Isotropic . . . . . . ) .
Scattering Anlsotr_oplc Anlsotr_oplc Anlsotr_oplc Anlsotr_oplc
Scattering Scattering Scattering Scattering
c=0.0 0.8611363115 0.8611363115 0.8611363115 0.8611363115 0.8611363115
0.3399810436  0.3399810436 0.3399810436 0.3399810436 (0.3399810436
c=05 1.011376584 1.044945632 1.027237302 1.015406544 1.065195461
0.4093819671 0.4108718939 0.4179548288 0.4228245261 0.4333989681
c=08 1.404738391 1.488820461 1.420316455 1.406783622 1.507226897
0.4660324475 0.4666194052 0.4891251635 0.4938303994  0.5190551724
c=09 1.902731844 2.034503203 1.914438416 1.903566456 2.047791256
0.4865741343 0.4867573420 0.5172845274 0.5202389273 0.5533166922
c=0.95 2.635068997 2.829687173 2.643458682 2.635380251 2.838984216
0.4968778209 0.4969281828 0.5319361769 0.5335667611 0.5712812612
c=0.98 4.115512636 4.430589824 4.120832346 4.115593454 4.436391634
0.5030227972 0.5030312821 0.5408434734 0.5415319332  0.5822594222
c=0.99 5.796728080 6.245664345 5.800489474 5.796756874 6.249743727
0.5050608168 0.5050629729 0.5438254506 0.5441756263  0.5859453265
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Table 3.8: Eigenvalues of isotropic scattering and linear, pure-quadratic, pure-triplet and

triplet anisotropic scattering for N =4, f,=0.14, fo=1,¢c>1landn=1, 2, 3.

. Linear Pure-quadratic  Pure-triplet Triplet
Isotropic . . . . . . ) .
Scattering Anlsotr_oplc Anlsotr_oplc Anlsotr_oplc Anlsotr_oplc
Scattering Scattering Scattering Scattering
c=101 5.750541215 | 6.205994419 | 5.746785311 | 5.750570412 | 6.201968141 |
0.5091173350 0.5091195597 0.5498018414 0.5494399546 0.5933497285
c=102 4.050199455 | 4.374492281 | 4.044895227 | 4.050282550 | 4.368840561 |
0.5111345012 0.5111435343 0.5527939093 0.5520586324 0.5970657624
c=105 25318539731 2.741035624 | 2.523524239 | 2.532187648 | 2.732328833 |
0.5171338297 0.5171927252 0.5617713760 0.5598493797 0.6082541647
c=11 1.757034591 | 1.909363643 | 1.745485102 | 1.757994495 | 1.897714888 |
0.5269219538 0.5271725337 0.5766672362 0.5725638347 0.6269603783
c=12 1.200164425 | 1.313121207 | 1.184896796 | 1.202886039 | 1.299029046 |
0.5454699847 0.5465691671 0.6057165209 0.5966579889 0.6640606651
c=13 0.9505386853 1 1.046113909 I 0.9335570474 1 0.9553835557 1  1.032200844 |
0.5623363805 0.5649504375 0.6330652343 0.6186023480 0.6999577274
c=14 0.8017837257 1 0.88686434241 0.78429496861 0.8088425008 | 0.8746844475 |
0.5773502691 0.5821184862 0.6582474058 0.6382702787 0.7341099861
c=15 0.70113053951 0.77897246741 0.8291793423 0.71033026151 0.7693844944 |
0.5905310241 0.5980065618 0.6612010014 1  0.6557944554 0.7664036006
c=16 0.62783010771 0.70033934671 0.61112278331 0.63902042401 0.6937414030 |
0.6020171195 0.6126488077 0.7020881524 0.6714371710 0.7970045190
c=17 057177501121 0.64021655301 0.55581813321 0.5847831957 1 0.6367298726 |
0.6120013978 0.6261425257 0.7212193801 0.6854964581 0.8262089641
c=18 0.5273616207 1 0.59264009171 0.51220790001 0.54202129711 0.5922369143 |
0.6206876316 0.6386159847 0.7388980836 0.6982556549 0.8543459033
c=19 0.4912030186 1 0.55399545701 0.47684188901 0.5073662017 1 0.5565784280 I
0.6282671079 0.6502062161 0.7554103325 0.7099631166 0.8817285247
c=200 0.46112140481 0.52194973921 0.44751134021 0.4786616564 1 0.5273971722 |
0.6349087654 0.6610459853 0.7710034331 0.7208281152 0.9086362598
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Figure 3.11: For N = 4, #,=0.14 and c<1, the diffusion lengths or eigenvalues for different

values of ¢, by comparing isotropic scattering and the first three degrees of anisotropic

scattering.
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Figure 3.12: For N = 4, #,=0.14 and c>1, the diffusion length for different values of c, by

comparing isotropic scattering and the first three degrees of anisotropic scattering.
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Table 3.9: Eigenvalues of isotropic scattering and linear, pure-quadratic, pure-triplet and

triplet anisotropic scattering for N =4, f, = 1/15, fo=1,c<landn=1, 2, 3.

Pure-

. Linear . Pure-triplet Triplet
Isotropic . . quadratic . . ) .
Scattering Anlsotr_op|c Anisotropic Anlsotr_op|c Anlsotr_op|c
Scattering i Scattering Scattering
Scattering
c=00 0.8611363115 0.8611363115 0.8611363115 0.8611363115 0.8611363115
0.3399810436 0.3399810436 0.3399810436 0.3399810436 0.3399810436
c=05 1011376584 1.026880221 1.018641239 1.013211702 1.036055171
0.4093819671 0.4100940257 0.4134109516 0.4156263126 0.4204783174
c=08 1404738391 1.442895684 1.411669922 1.405644601 1.450890439
0.4660324475 0.4663136519 0.4766283857 0.4786714619 0.4898705830
c=09 1902731844 1.962164731 1.907897580 1.903099347 1.967846099
0.4865741343 0.4866617496 0.5005040791 0.5017659863 0.5162305410
c=0.95 2.635068997 2.722566184 2.638759095 2.635205760 2.726510726
0.4968778209 0.4969018622 0.5126834843 0.5133747912 0.5297327149
c=0.98 4.115512636 4.256886492 4.117848799 4.115548114 4.259337154
0.5030227972 0.5030268419 0.5200113634 0.5203020616 0.5378788364
c=0.99 5.796728080 5.998029631 5.798379165 5.796740716 5.999750257
0.5050608168 0.5050618441 0.5224521923 0.5225998634 0.5405963608
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Table 3.10: Eigenvalues of isotropic scattering and linear, pure-quadratic, pure-triplet and

triplet anisotropic scattering for N =4, f, =1/15, fo=1,¢c>1andn=1, 2, 3.

. Linear Pure-quadratic  Pure-triplet Triplet
Isotropic - . . . . . ' .
Scattering Anlsotr_oplc Anlsotr_oplc Anlsotr_oplc Anlsotr_oplc
Scattering Scattering Scattering Scattering
c=101 5.750541215 | 5.954490265 | 5.748893830 | 5.750554024 | 5.952796833 |
0.5091173350 0.5091183938 0.5273258838 0.5271736440 0.5460291916
c=102 4.050199455 | 4195317215 | 4.047873732 | 4.050235901 | 4.192943406 |
0.5111345012 0.5111387976 0.5297569883 0.5294480245 0.5487426778
c=105 25318539731 2.625268346 | 2.528204452 | 2.532000279 | 2.621625891 |
0.5171338297 0.5171617861 0.5370168800 0.5362118154 0.5568605638
c=11 1.757034591 | 1.824823631 | 1.751976743 | 1.757455456 | 1.819979793 |
0.5269219538 0.5270404378 0.5489546875 0.5472433693 0.5702623865
c=12 1.200164425 | 1.250078238 | 1.193465403 | 1.201359316 | 1.244273696 |
0.5454699847 0.5459847327 0.5718838864 0.5681261413 0.5962301674
c=13 0.9505386853 1 0.99247968431 0.94305114151 0.95267087451 0.9867805735 |
0.5623363805 0.5635464237 0.5930838235 0.5870950731 0.6205852151
c=14 0.80178372571 0.83887511931 0.79402245111 0.80489801091 0.8338903684 I
0.5773502691 0.5795293977 0.6122658018 0.6039930351 0.6430077062
c=15 0.70113053951 0.73486144041 0.69340581671 0.7051975747 1 0.7309139078 |
0.5905310241 0.5939021377 0.6294088829 0.6188844036 0.6634552165
c=16 0.6278301077 1 0.65907714931 0.62031489561 0.6327834694 1 0.6563045881 |
0.6020171195 0.6067474443 0.6446618948 0.6319592646 0.6820641619
c=17 057177501121 0.6011203543 1 0.56455466421 0.5775359487 1 0.5995505542 |
0.6120013978 0.6182099070 0.6582507983 0.6434552847 0.6990547700
c=18 0.5273616207 1 0.55521997001 0.52046912741 0.5338526317 1 0.5548219540 |
0.6206876316 0.6284564636 0.6704174379 0.6536103002 0.7146673900
c=19 0.4912030186 1 0.51788262441 0.48464192731 0.49835394311 0.5185981519 |
0.6282671079 0.6376523902 0.6813877931 0.6626396720 0.7291289308
c=200 0.46112140481 0.48685787061 0.45487979791 0.46887133561 0.4886192838 |
0.6349087654 0.6459491979 0.6913594589 0.6707286778 0.7426391877
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Figure 3.13: For N = 4, #,=0.0666 and c<1, the diffusion length for different values of c, by

comparing isotropic scattering and the first three degrees of anisotropic scattering.
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Figure 3.14: For N = 4, #,=0.0666 and c>1, the diffusion length for different values of c, by

comparing isotropic scattering and the first three degrees of anisotropic scattering.
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Figure 3.15: For N = 4, /= max. values and c<1, the diffusion length for different values of

¢, by comparing isotropic scattering and the first three degrees of anisotropic scattering.
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Figure 3.16: For N = 4, /= max. values and c>1, the diffusion length for different values of

¢, by comparing isotropic scattering and the first three degrees of anisotropic scattering.

47



Table 3.11: Eigenvalues of linear, pure-quadratic and pure-triplet anisotropic scattering for

N=4,¢c=099andn=1, 2, 3.

Li Pure-quadratic  Pure-triplet
inear . . . .
. . Anisotropic Anisotropic
Anisotropic . .
Scattering Scattering Scattering
(f1=0) (f1=0, f>=0)
fn = max. 7.064383333 5.802502240 5.796756874
0.5050658919  0.5634094204 0.5441756263
fn=0.14 6.245664345 5.800489474 5.796756874
0.5050629729  0.5438254506  0.5441756263
fn=0.0666 5.998029631 5.798379165 5.796740716
0.5050618441  0.5224521923 0.5225998634
1 _g 6.472813543 5.797691341 5.796729507
o= an 't 0.5050638956  0.5152825542  0.5070726920

Table 3.12: Eigenvalues of linear, pure-quadratic and pure-triplet anisotropic scattering for

N=4,c=101landn=1, 2, 3.

Li Pure-quadratic  Pure-triplet
inear . . . i
. . Anisotropic Anisotropic
Anisotropic . .
Scattering Scattering Scattering
(f1=0) (f1=0, f>=0)
n = Max. 7.0426971451 5.7447711741 5.750570412 |
0.5091225869 0.5704957652  0.5494399546
fn=0.14 6.205994419 1 5.7467853111 5.750570412 |
0.5091195597 0.5498018414  0.5494399546
fn=0.0666 5.954490265 1 5.748893830 1 5.750554024 |
0.5091183938 0.5273258838 0.5271736440
_ i _g 6.437312055 1 5.749580357 |  5.750542661 |
o= an T 0.5091205147 0.5198108466 0.5111865895
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Table 3.13: Eigenvalues of linear, quadratic and triplet anisotropic scattering for N =4, ¢ =
0.99andn=1,2, 3.

Linear Triplet .
. . Anisotropic
Anisotropic .
Scattering Scattering
(f1#0, f2#0)
fn = max. 7.064383333  7.071417416
0.5050658919 0.6070524360
fn=0.14 6.245664345  6.249743727
0.5050629729 0.5859453265
fn=0.0666 5.998029631  5.999750257
0.5050618441 0.5405963608
1 _5 6.472813543  6.473887216
fo = ar @ = 0.5050638956 0.5173385826

Table 3.14: Eigenvalues of linear, quadratic and triplet anisotropic scattering for N =4, ¢ =
1.0landn=1, 2, 3.

. Triplet
Linear ) .
- . Anisotropic
Anisotropic .
Scattering Scattering
(f1#0, f2#0)
7.0426971451 7.035626745 |
0.5091225869 0.6156894313
6.205994419 1 6.201968141 |
0.5091195597 0.5933497285
fn=0.0666 5.954490265 1 5.952796833 |
0.5091183938 0.5460291916
1 _ 6.4373120551 6.436234392 |
Jn=Gw@=5 05091205147 0.5219271210

In Table 3.11, the eigenvalue of pure anisotropic scattering is decreasing with increasing
the degree of anisotropy for c<1. But in Table 3.13, the eigenvalue of non-pure anisotropic
scatterings is increasing with increasing the degree of anisotropy for c<1.

It is well known that anisotropy increases the diffusion length. In this thesis, it is seen that
the obtained diffusion lengths by using our scattering function are greater than the
diffusion lengths obtained by pure-triplet anisotropic.
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We calculate the eigenvalues for pure-triplet anisotropic scattering according c, by
comparing the different orders as shown in Tables 3.1-2. The obtained results are the same
with Salah’s results (Sallah, 2007). The diffusion length is increasing with increasing the
number of secondary neutrons for c<1 as shown in Figure 3.11. But the diffusion length is
decreasing with increasing the number of secondary neutrons for c>1 as shown in Figure

3.12. These cases are true for all scatterings (see Tables 3.1-14 and Figures 3.11-16).

The eigenvalues or diffusion lengths are increasing with increasing the orders for the case
of c<1, but the diffusion lengths is decreasing with increasing the orders for the case of c>1
in all the scatterings. And for ¢=0.99 and c=1.01, the values of diffusion length in high
orders (N>8) nearly become the same. These results are given in Tables 3.1-6.

The diffusion length is increasing with increasing the scattering coefficient for the
case of c<1 and c>1, for all scatterings except c=0. The diffusion lengths are the same for
all scatterings and there are no discrete eigenvalues for the case of c=0 (see appendix Table
1 and Table 2).

In order to see the different between the degrees of anisotropy, we fixed the
different scattering coefficients for linear, pure-quadratic and pure-triplet anisotropic
scattering. In Table 3.11, the eigenvalues are decreasing with increasing the degree of
anisotropy for c<1.

But in Table 3.13, we also fixed the different scattering coefficients for linear and triplet
anisotropic scattering. The eigenvalues are increasing with increasing the degree of
anisotropy for c<1. And in both cases of pure and non-pure, the eigenvalues are changing

in a very small amount for different degrees of anisotropy.
As results of this thesis, we can draw the following conclusions:

1. We improve the pure-triplet anisotropic scattering by adding new terms to the phase
function.

2. The scattering coefficients of triplet anisotropic scattering are predicted by a formula.

3. For the comparison of eigenvalues of isotropic scattering, pure-quadratic and pure-
triplet anisotropic scattering are calculated with different situations.

4. The results of triplet anisotropic scattering are more suitable than pure-triplet

anisotropic scattering.
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APPENDIX Table 1: Eigenvalues of isotropic scattering and linear, pure-quadratic, pure-triplet and triplet anisotropic scattering for N =4, f =

maximum values, and c<1.

Isotropic Linear Zﬂ;g-ratic ZL:lrl(:ottrrlg::)el:: er:?slgttropic Triplet Triplet er:?slgttropic
. Anisotropic . . Anisotropic Anisotropic
Scattering Sca:tterinpl Anisotropic Scattering Scattering Scatterinp Scatterinp Scattering
fo=1 - g Scattering f1=0, f,=0, f1=0.33, f,=0.2, ~ g ” g f1=0.2, f,=0.04,
17038 1120, £,=0.2 f1=014 F1=0.14 fn=014 fn=00868 - oos
c=00 0.8611363115 0.8611363115 0.8611363115 0.8611363115 0.8611363115 0.8611363115 0.8611363115 0.8611363115
0.3399810436 0.3399810436 0.3399810436 0.3399810436 0.3399810436 0.3399810436 0.3399810436 0.3399810436
c=05 1.011376584 1.097475982 1.034791834  1.015406544  1.125544609 1.065195461  1.036055171  1.065139891
0.4093819671 0.4128605062 0.4217619101 0.4228245261 0.4400205141 0.4333989681 0.4204783174 0.4147352900
c=0.8 1.404738391 1.632634930 1.428345289 1.406783622 1.660558317 1.507226897  1.450890439  1.534307516
0.4660324475 0.4673945201 0.5000791613 0.4938303994 0.5320744956 0.5190551724 0.4898705830 0.4746965571
c=0.9 1902731844 2.267351542 1.920612262 1.903566456 2.289176787 2.047791256  1.967846099  2.103378248
0.4865741343 0.4870012567 0.5323288230 0.5202389273 0.7830872859 0.5533166922 0.5162305410 0.4968587008
c=0.95 2.635068997 3.179571792 2.647923285 2.635380251 3.195073710 2.838984216  2.726510726  2.929805730
0.4968778209 0.4969957750 0.5494063755 0.5335667611 0.5901853058 0.5712812612 0.5297327149 0.5081937923
c=0.98 4.115512636 5.003117740 4.123675478  4.115593454  5.013034627 4.436391634  4.259337154 4591227156
0.5030227972 0.5030427419 0.5598853487 0.5415319332 0.6027841353 0.5822594222 0.5378788364 0.5150476954
c=0.99 5796728080 7.064383333 5.802502240 5.796756874 7.071417416 6.249743727  5.999750257  6.473887216
0.5050608168 0.5050658919 0.5634094204 0.5441756263 0.6070524360 0.5859453265 0.5405963608 0.5173385826
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APPENDIX Table 2: Eigenvalues of isotropic scattering and linear, pure-quadratic, pure-triplet and triplet anisotropic scattering for N =4, f =
maximum values, and c>1.

Isotropic Lin.ear . Pur.e-quad.ratic Pur.e-triplgt I\rr:?slgttro i Triplet . Triplet . I\rr:?slgttro i
Scattering Anlsot(oplc Anlsot(oplc Anlsot(oplc Scatterinp Anlsot(oplc Anlsot(oplc Scatterinp
fo=1 Scattering Scattering Scattering 20.93 %0 5 Scattering Scattering I g 0.04
0 £,=0.33 £120, f,=0.2 £120, f,=0, f5=0.14 ;i:dl 2 1202 f.=0.14 f, = 0.0666 ]’:;:0 2 122004
c=1.01 | 5.750541215 | 7.042697145 | 57447711741 | 5.750570412 | 7.035626745 | 6.201968141 | 5.952796833 | 6.436234392 |
0.5091173350 0.5091225869 0.5704957652 | 0.5494399546 0.6156894313 0.5933497285 0.5460291916 0.5219271210
4.050199455 | 4972451207 | 4.042048214 1 | 4.050282550 | 4962431640 | 4.368840561 | 4.192943406 | 4.537983027 |
c=1.02 | 0.5111345012 0.5111558593 0.5740551056 | 0.5520586324 0.6200571524 0.5970657624 0.5487426778 0.5242238934
2.531853973 1 3.131109929 | 2.519044242 1 | 2.532187648 | 3.115203164 1 2.732328833 | 2.621625891 | 2.845674658 |
c=1.05 | 0.5171338297 0.5172738117 0.5847796651 | 0.5598493797 0.6333508687 0.6082541647 0.5568605638 0.5311189505
1.757034591 | 2.198947875 | 1.739267022 1 | 1.757994495 | 2.176454456 | 1.897714888 | 1.819979793 | 1.984675835 |
c=11 | 0.5269219538 0.5275236738 0.6027164451 | 0.5725638347 0.6561072286 0.6269603783 0.5702623865 0.5426004246
1.200164425 | 1.536632420 | 1.176728461 1 | 1.202886039 | 1.505597483 | 1.299029046 | 1.244273696 | 1.367953580 |
c=12 | 0.5454699847 0.5481799491 0.6381584929 | 0.5966579889 0.7035837472 0.6640606651 0.5962301674 0.5653399299
0.9505386853 |1 | 1.243183665 | 0.9246054154 1 | 0.9553835557 1 | 1.207165517 | 1.032200844 | 0.98678057351 | 1.091980659 I
c=13 | 0.5623363805 0.5690004744 0.6720377750 | 0.6186023480 0.7531623311 0.6999577274 0.6205852151 0.5874909214
0.8017837257 1 | 1.069688939 | 0.7752512710 1 | 0.8088425008 | | 1.031197924 | 0.87468444751 | 0.8338903684 1 | 0.9274876763 |
c=14 | 0.5773502691 0.5899945048 0.7037005239 | 0.6382702787 0.8043946416 0.7341099861 0.6430077062 0.6088102947
0.7011305395 1 | 0.9531853710 1 | 0.6750820075 1 | 0.7103302615 1 | 0.9140545619 1 | 0.7693844944 |1 | 0.7309139078 1 | 0.8161538347 |
c=15 |0.5905310241 0.6112495403 0.7330541383 | 0.6557944554 0.8571586807 0.7664036006 0.6634552165 0.6291847074
0.6278301077 1 | 0.8692037860 1 | 0.6028120429 1 | 0.6390204240 1 | 0.8307010916 1 | 0.6937414030 1 | 0.6563045881 1 | 0.7351414280 |
c=16 |0.6020171195 0.6329339206 0.7603518442 | 0.6714371710 0.9116956499 0.7970045190 0.6820641619 0.6486122225
0.5717750112 1 | 0.8059459679 1 | 0.5480115892 | | 0.5847831957 | | 0.7688874963 1 | 0.6367298726 1 | 0.5995505542 1 | 0.6733407724 |
c=17 |0.6120013978 0.6552988384 0.7859879257 | 0.6854964581 0.9685745940 0.8262089641 0.6990547700 0.6671695500
0.5273616207 | | 0.7569205438 | | 0.5048996067 | | 0.5420212971 1 | 0.7217877184 1 | 0.5922369143 | | 0.55482195401 | 0.6245820565 |
c=18 | 0.6206876316 0.6786850804 0.8103760404 | 0.6982556549 1.028651635 0.8543459033 0.7146673900 0.6849798338
0.4912030186 | | 0.7182279263 1 | 0.4699995026 | | 0.5073662017 | | 0.6852678454 1 | 0.5565784280 | | 0.51859815191 | 0.5851213802 |
c=19 |0.6282671079 0.7035397613 0.8338964163 | 0.7099631166 1.093066806 0.8817285247 0.7291289308 0.7021882092
0.4611214048 1 | 0.6873803165 1 | 0.4410931168 | | 0.4786616564 |1 | 0.6566802325 1 | 0.5273971722 1 | 0.4886192838 1 | 0.5525392130 |
c=2.00 | 0.6349087654 0.7304492625 0.8568813672 | 0.7208281152 1.163298934 0.9086362598 0.7426391877 0.7189462327
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