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ABSTRACT

The stable difference schemes for the approximate solution of the initial bound-
ary value problem for ultra parabolic equations are presented. Stability of these
difference schemes are established. Theoretical results are supported by the result
of numerical examples.
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CHAPTER 1

INTRODUCTION

Mathematical models which are formulated in terms of ultra parabolic equa-
tions are of great importance in various problems for instance in the probability
theory, in the theory of Brownian motion and in the theory of boundary layers (Kol-
mogorov, 1933), (Kolmogorov, 1934), (Gencev, 1963). The existence of mild solu-
tions, as well as other properties, for various classes of ultra-parabolic problem
arising from age-structured models with diffusion have been investigated by a num-
ber of authors (Kunisch et al., 1985), (Deng and Hallam, 2006), (Dyson et al.,
2007), (Magal and Ruan, 2007).

Moreover, in (Di Blasio, 2009) the author studies the well-posedness and the

regularity of solutions for a class of ultra parabolic equations of the form

w(t,a,x) + uy(t,a,x) = —d(t,a,z) + Au(t,a,z), t >0, a>0,

reQC R

u(t,0,2) =b(t,x), t>0, x€Q,

(1.1)

u(t,a,z) =0, t>0, a>0, z €,

u(0,a,z) = up(a,x), a>0, x €l

where () C R" is an open and bounded set with regular boundary 02 and A denote
the Laplace operator in 2. Problems of this kind occur in the study of the dynamics

of a population subject to birth, death and diffusion, in a given domain 2. The



death term d(t,a,x) and the birth process b(t,x) are assumed to be of the form

d(t,a,z) = u(t,a,z)u(t,a, ),

bt,x) = [;° B(t, o, x)u(t, o, ) der.

In order to obtain the results, the author reduces the problem (1.1) to the relative
parabolic one using the characteristic coordinates on the (t,a)-plane. Here, note that
ultra-parabolic equations describe as well the processes where in some direction
the effect of diffusion is negligible as compared to convection. Later (Di Blasio
and Lorenzi, 2011) deals with an identification problem for a class of semi-linear
population dynamics models structured by age and with spatial diffusion.

In (Akrivis et al., 1994), Akrivis, Crouzeix, Thomée analyze semi-discrete as
well as fully discrete finite element approximations to the solution of the following

initial boundary value problem for a model ultra-parabolic equation

(4 Mug(t,a,2) — Au =0, Qx (0,5)x (0,T),

u=0, 00 x[0,S]x[0,T7],
(1.2)
u(t,0,7) =v°, Q x[0,T],

\ u(t,a,0) = w, Qx[0,9],

where S, T > 0, and Q C R? is a bounded domain with smooth boundary 952, and
)\ is a positive smooth function on Q x [0, 5] x [0,7T]. They show an optimal order

estimate with respect to the norm

T S
Jullp = [l <€ [ ool ars [ s as).

where I' is a piecewise smooth curve contained in [0, S] x [0,7] and connecting the
intervals [0, S] with [0, T] on the s and x axes. Note that a corresponding maximum-
norm error estimate holds when it is independent of x. Then they consider a fully
discrete implicit backward Euler method, using backward difference quotients to

approximate the derivatives with respect to both s and t in (1.2) and show fully



discrete analogues of the above error estimates in the semi-discrete case is considered.
Finally, they discuss a second order fully discrete scheme based on a variant of the
box scheme for the hyperbolic part of the equation and show a corresponding optimal
order error estimate. Very recently, numerical solutions of ultra-parabolic problems
are investigated in (Ashyralyev and Yilmaz, 2011), (Ashyralyev and Yilmaz, 2012a),
(Ashyralyev and Yilmaz, 2012b), (Ashyralyev and Yilmaz, 2012c).

In the present work we consider the well-posedness of initial value problems
for equations of ultra-parabolic type. The main goal of this work is to construct
and investigate the difference schemes for initial value problems for ultra-parabolic

equations.

It is known that initial value problems for ultra-parabolic equation can be
solved by Fourier series method, by Laplace transform method and by Fourier trans-
form method. Now, let us illustrate these three different analytical methods by

examples.

Example 1.1. First let us consider the simple initial boundary value problem

for ultra parabolic equation

%+ %—%—l—ZUZe_(S”)sinx, 0<t,s<oo, 0<z<m,
u(0,s,2) =e *sinz, 0 < <7,0<s< o0,
(1.3)

u(t,0,z) =e'sinz, 0 <z <m0 <t < oo,

\ u(t,s,0) =u(t,s,m) =0,0 <t s < o0.

For the solution of the problem (1.3), we use the method of separation of
variables or so called Fourier series method. In order to solve the problem we need

to separate u(t,x) into two parts

u(t,s,x) =v(t, s, x) +w(t,s, x),



where
Qv v P4 9p=0,0<ts<oo, 0<z<m,
v(0,s,2) =e*sinz, 0 <z <7 0<s< o0,
(1.4)
v(t,0,2) =efsinz, 0 <z <7 0<t< o0,
\ v(t,s,0) =v(t,s,m) =0,0 <t,s < o0
and
%—‘t”—l— %—f—g%”—l—Zw:e*(”t)sinx, 0<t,s<oo, O0<z<m,
w(0,s,2) =0, 0 < <70<s< o0,
(1.5)
w(t,0,z) =0, 0 <z <m0<1t< o0,
\ w(t,s,0) =w(t,s,m) =0,0<t,s<o0.

First we will obtain the solution of the problem (1.4) by the method of sepa-

ration of variables. To do this, a solution of the form
v(t,s,x) =T(t,s)X(x) #0

is suggested. Taking the partial derivative and substituting the result in (1.4), we

obtain
Tits) + T (ts) _ X'(@) - 2X()
T(t,s) X ()
Tyt s) + Ts(t,s) _ X"(x) —2X(x) _ _(A+2).

T(t,s) B X(x)

Since
X" () = AX (x),X(0) = X(7) =0,
we have that

Xk (l’) = sin 4/ —)\kﬁ,/\k = —]{32, k= 1, 2, ce



Now to get T'(t,s) we can write

Ti(t,s) + Ts(t, s) _

Tl s) —(k* +2).
Since
Ot+s) _Ot+s) 1
ot ds ’
we have that
—27;?;(1;’)3) — (k2 +2).

So the solution for T'(¢, s) can be obtained by using Cauchy formula
Ty(t,s) = e_%(k2+2)(t+s)Tk(O, 0) sin kx.
By using superposition principle, we get
v(t, s, x) katsx :ie 2+ (0, 0) sin k.
k=1
Using the initial conditions, we get
v(0,0,2) = iTk(O, 0) sin kz = sin z.
k=1
From it follows that 7;(0,0) =0, k # 1 and 77(0,0) = 1. Hence
v(t,s,z) =2t gin g,
Second we will obtain the solution for (1.5). Let

w(t,s,z) = Z Ay (t, s) sin kz.
k=1

Putting into the equation and using the initial conditions, we get

WE

(A (1,5)), + (Ax (1, 5)),]sin ka

=
Il

1

= Z[—k:QAk (t,s) sinkx — 24y (t, s)sin kx| + e sinx
k=1
and

Ap(0,0)=0for k=1,2,---,



which implies

(9Ak(t, S) 8Ak(t S)

) 2 - B
a(t) + 10 + (K +2)Ay(t,s) =0, Ap(t,s) =0,k # 1
and
8141—(1:78> o 7(t+s) o
28(t—|—s) +3A(t,s) =e ,A,(0,0) = 0.

Using the Cauchy formula, we get
Aj(t,s) = eltt®) — a(t+s)
and
w(t,s,z) = (e(t+s) _ eg(t+s))smm
So,
u(t,s,z) =" sinz.

Note that using the same manner one can obtain the solution of the following

boundary value problem for the multidimensional ultra-parabolic equation

( w [Ty
gs+ + Z aTa Tél) o0z +5u(t757x):f(t,8,37),

[r|=2m

r=(21,...,2,) €EQ0<t,s<T,|r| =11+ -+,

u(t,0,2) = @(t,x),0 <t <T, z €,

u(0,s,2) =Y(s,2),0 < s <T, z €

u(t,s,x) =0,0<t,s<T, €,

where § > 0 and f(t,s,x) (t,5 € [0,T], z € Q), @(t,z) (t €[0,T],7 € Q), ¥(s,7) (s €
[0,T],z € Q) are given smooth functions. Here € is the unit open cube in the
n-dimensional Euclidean space R” (0 < 2z < 1,1 < k < n) with boundary
09, Q=QUonN.

Example 1.2. Another example of initial boundary value problem for ul-
tra parabolic equation is given below. It can be solved by Laplace transformation

method (in x).



2
Gu p Gu_ g = —2e (HHH2) ) <t s < o0, 0 <z < o0,

u(0,5,7) = e ) 0 < 2 < 00,0 < 5 < 00,

u(t,0,7) = e (%) 0 <z < 00,0 <t < o0,

\ u(t,s,0) = u(t,s,m) = e+ 0 < t,5 < 00.

Let denote L{u(t,s,z)} = U(t,s, ). Taking the Laplace transform of both

sides of the differential equation we can write that
L {u; (t,s,2)}+L {us (t,8,2)}—L {ug, (t,5,2)}+L{u (t,8,2)} = L{(-2e )1
then we have

Ur(t5,6)+Us(t,5,6) = (€=U (t,5,) —ge” ") eI L L {(—2e~++4) }

So our problem becomes

U (1:5,€) + Ui 15,6 + (1= €00 (15,8) =~ EE 000

or

2Ut+s (tv S, g) + (1 - 62)[] (ta S, 5) = _11+T£;€—(t+s).

Applying the Cauchy formula, we get

1 — s
U(t,S,g) = me (t+ )

Hence taking the inverse of Laplace transform, we get

1

u(t,s,x) :L_1{1+£

Note that using the same manner one can obtain the solution of the following



boundary value problem for the multidimensional ultra-parabolic equation

(

u u - 2U
Qu 4 Qu ;arg—ﬁ+6u(t,s,x) = f(t,s,x),
r=(r1,...,2,) €QT,0<t, s <T,
N w(t,0,2) =¢(t,x),0<t<T, a:€§+,

w0,8,2) =¢(s,2),0<s<T, 2€Q,

Ug, (£, 8,2) =0,r =1,....,n,u(t,s,2) =0,0<t,s <T, x € 00",

where § > 0 and f(t,8,x) (t,s € [0,T], x € Q"), p(t,z) (t €[0,T],z € §+), Y(s,z) (s €
0,T],x € ﬁ+) are given smooth functions. Here Q7 is the unit open set in the n-
dimensional Euclidean space R" (0 < x; < oo,1 < k < n) with boundary
o0+, O =0t uant.

Example 1.3. The last example is an initial boundary value problem for ultra

parabolic equation solved by using Fourier transform method.

Gu + %—%+u:(1—4x2)6_(5+t”2),O<t,s<oo, —00 <z < 00,
u(0,s,2) = e+ — 00 <1 < 00,0 < 5 < 00, (1.7)
| u(t,0,2) = e ) 00 < 1 < 00,0 < 0.

Let denote F {u (t,s,2)} = U(t, s,€). By taking the Fourier transform of both sides,

we obtain

F{u (t,s,2)} + Flus (t,8,2)} — F{ug (t,s,2)} + F{u(t, s, z)}

—F {(1 o 41}2)6_(t+5+x2)} )

Then we have
Ui (t,s,6) +Us(t,5,8) + (1 + &)U (t,5,6) =F {(1 — 4362)6*(”3”2)} ,
it implies

Wiy (t,5,8) + (1+E)U (t,5,8) = e F9) <F {(e_x2>//} -F {(e_x2}>



or

2 —(t+s) )
Ussa (1,5,8) + 1050 (1,5,6) = S5 (& = D {e )

Applying the Cauchy formula, we get

Ult,s, &) =F {6_$2} e~ (t+9)

Hence taking the inverse of Fourier transform, we get
u(t,s,x) _ €—x2€—(t+s) _ 6—(t+s+x2)'

Note that using the same manner one obtains the solution of the following

initial value problem for the multidimensional ultra-parabolic equation

S Gt Y argt i +oult s, @) = f(ts ),

|r|=2m
x:(x]J-.-,xn)ER”,O<t,S<T,‘T‘:7’1—|—...+7f~n7

u(t,0,z) = @(t,z),0 <t <T, x € R",

uw(0,s,2) =Y(s,2),0< s <T, x € R,

where § > 0 and f(t,8,x) (t,s € [0,T], x € R"), p(t,z) (t €[0,T],z € R"), ¢(s,x) (s €
[0,7],x € R™) are given smooth functions.

However, the Fourier transform method can be used only in the case when it
has constant coefficients. It is well-known that the most useful method for solv-
ing partial differential equations with dependent coefficients in = and in the space
variables is difference method.

It is known that various initial boundary value problem for the ultra-parabolic

equations can be reduced to the boundary value problem

4

Bulls) L Oull) 4 Aut,s) = f(t,s), 0<t,s<T,

u(0,s) =¢(s), 0<s<T, (1.8)

u(t,0) = (t), 0<t<T
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for differential equation in a Banach space E with a strongly positive operator A.

In the present work, the well-posedness of the initial boundary problem (1.8)
is considered. The difference schemes of the first and second orders of accuracy of
these porblem are presented. Under the applicability conditions, well-posedness of

these difference schemes are investigated.

Let us briefly describe the contest of the various sections. It consist of six

chapters and a conclusion.
First chapter is the introduction.

Second chapter proves that following theorems on the stability analysis of

ultra- parabolic problems.

Theorem 1.1. For the solution of problem (1.8), the following stability in-
equality holds

oax |lu(t,s) [p< M| max || ot) [lp + max [|9(s) ||z + max | f(t ) e,

here M is independent of ¢ (t), ¢ (s) and f(t,s).

Theorem 1.2. For the solution of problem (1.8), the following coercive sta-

bility inequality holds

oax |l un(t,s) +us(t,s) |po + max || Au(t, s) |z

max || f(,s) |||

<
< M | max | Ag |15, + max || AV(s) I, +7—— max,

0<t<T

where M is independent of ¢ (t), ¢ (s) and f(t,s). Here, || v ||, denotes norm of

the Banach space of E,, consist of those v € E for which the norm

lvllg.= supA'=*Ae™v]|g + |lvlle
A>0

is finite and « € (0, 1).
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Theorem 1.3. For the solution of problem (1.8), the following coercive sta-

bility inequality holds

<
s 169 -+ s [l s) s, < 0 | | 46) s

+anax || ¢ (¢) g, + max || f(t,s |z, + max || fo(t,s) llz,

s, 1| 4600 L, a0/ s, + o, [ 56) .|

where M is independent of ¢ (t), ¢ (s) and f(t,s).
Three applications of these theorems are given. First, the mixed boundary

value problem for a ultra-parabolic equation

4

Buy v ()28 4 du= f(t,s,7),0<t,s<T,0<z<l,

u(t,0,2) = @(t,x), 0<t<T,0<z<1,
(1.9)

uw(0,s,2) =Y(s,z), 0<s<T,0<x<1,

| ult s,0) =u(t,s, 1), ug(t,s,0) =uy(t,s,1), 0<¢,s<T,
is considered. Here a(x), ¢(t,x),9(s,x) and f(t,s,x) are given sufficiently smooth
functions and a(x) > 0, § > 0 is a sufficiently large number.

Theorem 1.4. For the solution of the mixed problem (1.9) the following
stability inequality holds

oax | ult, s) lloso

<M | mave [ (8) ooy + masx [|6(6) ooy + max || F(6:5) oo

here M is independent of 3, ¢(t), 1 (s) and f(t,s), where 0 < 5 < 1.

Theorem 1.5. Let a € (0, %) Then for the solution of the mixed problem

(1.9) the following coercive stability inequality hold

K | ue(t, s) + us(t, ) [|c2aq0 +0£§§T | u(t, s) ||c2+2ap]

< M(a) | max || ¢(t) [lo2r20,
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e | (5) lemsanion + mas | 7(1,9) llowion|

where M () is independent of ¢(t),1(s) and f(¢,s).
Theorem 1.6. Let o € (0,1). Then for the solution of the mixed problem
(1.9) the following coercive stability inequality hold

max [ wlt,s) oo+ mas | wt,s) loaio

< M(e) | max | o(t) [lc2rzafo,y + max [l ¢ (1) llozeo,y + max | 9(s) floz+zao

+max || ¢ (s) llezeppy + max | filt, s) [lezopy + max | fu(t,s) [ezop] -

where M () is independent of ¢(t),1(s) and f(¢,s).

Second, let €2 be the unit open cube in the n-dimensional Euclidean space
R" (0 <z, < 1,1 <k <n)with boundary S, Q= QuUS. In[0,T]x [0,T] x Q we
consider the mixed boundary value problem for the multidimensional ultra-parabolic

equation

3’;@) 4 Qulbsz) Zlar(:v)—a%(t’s’z) + du(t, s, x) = f(t,s,x),

2
Ox2

u(t,0,7) = p(t,z),0<t<T, v €, (1.10)

u(t,s,x) =0,0<t,s<T, z €S,

where (), f(t,s,z),¢(t z),%(s,z)(t,s € [0,T], x € Q) are given smooth func-
tions and «,.(z) > 0, § > 0 is a sufficiently large number.

Theorem 1.7. For the solution of the mixed boundary value problem (1.10)
the following stability inequality is valid

oax lult,s) llog @)=

M 012%)% | () Hcgl(ﬁ) +0I£53“§XT [KEE) Hcgl(ﬁ) +0£3§T I f(t:s) HC&@) )
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where M is independent of 5, ¢(t, x), (s, z) and f(t,s,z). Here f = (B1,...,0n), Bk €
[0, 1].

Third, we consider the initial-value problem on the range {0 < ¢,s < T, x €

R™} for the 2m-th order multidimensional parabolic equation

u I7lay
gs+ +| |22 a’r( )%ML%-(SU(t,S’]I):f(t?S,I’),
O0<t,s<T, z,r eR" |r|=ri+ - +7rp,
(1.11)
u(t,0,z) = @(t,z),0 <t <T, x € R",

u(0,s,2) =Y(s,2),0 < s <T, z€R",

where «a,.(x), f(t, s, x), p(t, ) and (s, z)are given sufficiently smooth functions and

0 > 0 is the sufficiently large number .

Theorem 1.8. Let a € (0 5-). Then for the solution of the mixed boundary
value problem (1.11) the following stability inequality is valid

oax [ u(t, s) |lcema(re

< mao n
< M| max [ ¢(t) [z an)

+amax || P(s) [|ezme(rn) +,max I f(t,s) [lozma(rn |

where M is independent of o, (¢, x), 9 (s, x) and f(¢,s,x).

Theorem 1.9. Let a € (0, 5-). Then for the solution of the mixed problem
(1.11) the following coercive stability inequalities hold

lrlu(t, s)

oax | ur(t, s) +us(t, s) [lozmaam) + > x| ar )W | c2ma (rn)

|r|=2m

7|
<M@) | Y max [ a(e)oo D

0<t<T axrl 8xT" ||C2ma(Rn)
|r|:2m 1 . e . n
oy (s)
D e || ar(@) g g lowmegen
|r|=2m n
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+£§§§T | f(t:s) llczmacrny |

where M («) is independent of (¢, x), (s, x) and f(t, s, x).
Theorem 1.10. Let a € (0, 3=). Then for the solution of the mixed problem
(1.11) the following coercive stability inequality hold

Ogltfsi‘%{]‘ H Ut(t, 8) ||C27na(Rn) +0£73§T || us(t, S) ||C27na(Rn)

< M(a) Z max || ar(@ﬁ [ c2ma (rny

0<t<T
|r|=2m

’ a|r|¢(8)
+0I£%XT | @ (t) [|ceme(rmy + | 22: Oféls?g% | ar(x)m || c2me (g

+0I£Sa§)% H ¢ (3) HCQma(Rn) +0£%§T H ft(t, 8) Hc2ma(Rn)

where M (a)) and M;(«) are independent of ¢(t, x), (s, ) and f(t,s, z).
Third chapter studies the stability of first order of accuracy Rothe difference

scheme

Uk, m—Uk—1,m Uk —1,m —Uk—1,m—1 _
p + p + Auk,m - fk,m )

Jram = f(teySm), tk = k7, Sy =m7, 1 <k;m < N, N7 =1, (1.12)

U'O,m:,ll}ma 0§m§N7 Uk,OZ‘Pk:a OSkSN

for the approximate solution of initial boundary value problem (1.8). The following
theorems on stability estimates for the solution of difference schemes (1.12) are

established.

Theorem 1.11. Let 7 be a sufficiently small number. Then for the solution

of (1.12), we have the following stability inequality

max || ugml| e
1<k.m<N

<
<M (OgnagNH¢m“E + max lloxle + lgrlggéNka,mHE) ,

where M is independent of 1y, @i, and f .
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Theorem 1.12. Let 7 be a sufficiently small number and 1, or € D(A).

Then for the solution of (1.12), we have the following almost coercive inequality

[Pt A

< o1 (o 40w + g LAl

+m1n{ln— 1+|ln||A||E_>E|} <T]£la>iN||fkm||>

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.13. Let 7 be a sufficiently small number and 1, op € D(A).

Then for the solution of (1.12), we have the following almost coercive inequality

Uk, m—Uk—1,m Uk —1,m  Uk—1,m—1
13%§N“—T “E+1§;§}%}§N”—T |

gM(OmaX |AYm|le + max H—wmff"HHE +  max H—f’“’m_fk’m‘IHE
<m< 1<k,m<N 1<k,m<N

+ max [|Apy||p + max [[#=F= g

0<k<N 1<k,m<N
+ max |Lem=litm )y max ka P>
1<k,m<N T 1<k,m m

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.14. Let 7 be a sufficiently small number and 1, or € D(A).

Then for the solution of (1.12), we have the following coercive inequality

Uk,m —Uk—1,m—1
1S%%§NH T . + 1§I§}3@§N||Auk’m“Ea

< _ 1
<M (OgnagNnA%nEa+Og%nmn% i s | fkaEa)

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.15. Let 7 be a sufficiently small number and 1, op € D(A).
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Then for the solution of (1.12), we have the following coercive inequality

Uk, m—Uk—1,m Uk —1,m Uk—1,m—1
1§rlg}g§N|l—T £, + 1§g}g§N\|—T | 2o

< Pm—Um—1
< 01 (o A0 s, + | s |2t g,

Pk—Pk—1
+0I<I}cax | Agklle. + 1<Il?a§N” T Iz + 1<Il?a}iNkamHEa ’

fk,m_fk,mfl fk,m_fkrfl,m
+ Jpax | [|[Fete=tlp, | max || Tt ||Ea),

where M is independent of 7, ¥, ¢k, and fi .

We consider three applications of these theorems. First, the mixed boundary
value problem for one dimensional ultra-parabolic equation (1.9) is considered. The
discretization of problem (1.9) is carried out in two steps. In the first step, let us

define the grid sets
0,1, ={z =2z, :2,=nh, 0<n< M, Mh=1}.

We introduce the Banach spaces Cj, = C[0,1],,CF = C?[0,1], of grid functions

o"(x) = {p(hymy, - - -, hymy,)} defined on [0, 1], equipped with the norms

h _ h
| " llefo,,= xgﬁhw (z)],

[v"(z + h) — v"(z)|
" ||g[o,1}h:|| SOh ||C[0,1}h +  sup .

H 4 0<z<z+h<l h?

To the differential operator A generated by problem (1.9) we assign the difference
operator A7 by the formula

Upt1 — 2Up + U M
Aful(z) = {—a(:c) ntl h; n_l} + 6u(z)
1

acting in the space of grid functions u"(x) = {un}éw satisfying conditions ul = u”,,

h h _ .k h
Uy — Uy = Upp — Upr_q-
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With the help of A7 we arrive at the initial boundary-value problem

( Aul(t,s,x) dul(t,s,x)

ot + ds +Aiuh(t7 S,ZL’) :fh<t,8,l‘),

0<t,s<l, ze€l0,l],
(1.13)
u(0,s,2) = Yh(s,x), 0 <s < 1,u(t,0,2) = "(t, ),

\ O§t§1, Q?E[O,”h,

for an infinite system of ordinary differential equations. In the second step, we

replace problem (1.13) by difference scheme (1.12)

( “Z,m*“Z—l,m—l A h _ rh l
T + RUkm = fk,m(x)7x S [0’ ]h7

fﬁm(x) = fh(tka Sm7x)7tk = kT? Sm = T,
(1.14)

1<km<N, zel0,

Theorem 1.16. For the solution of difference scheme (1.14), we have the

following stability inequality

1§II§}2§N|W1§,mHC[0,1}h <M (OglagNH%IZHC[o,l]h + Oga%>§V|f¢Z\|C[0,1]h

h

where M is independent of 7, 9! ol and fl?m

Theorem 1.17. For the solution of difference scheme (1.14), we have the



18

following coercive stability inequalities

h o _,h
max ”ukm uk71,m71HC[0’1]h+ max Hh—z {un—H

n n—1 N
1<k,m<N T 1<k,m<N ki — 2k Uy }1 o,

<M ( max_[|h=2 {gt — 297 + 2 Y | o,

0<m<N

—2 n+l n n—11N
+0I§%}§v”h {ek 200 + i}y e,

1 h
+In Twlg,f}%]v||fk,mllc*[o,uh) :

where M is independent of 7, ¢! ©f and f,?m

Theorem 1.18. For the solution of difference scheme (1.14), we have the

following coercive stability inequalities

h _,h h _h
max HMHC[OIM‘F max || i=tmTetmot

c,1
1<k,m<N T ' 1<k,m<N T I [0:11n

- n n n— N h
<M (Og}nachHh 2{yptt =20 + 1 Nepag, +  Jnax (K.

+omax |y, 4 max [ Eef
1<m<N T COMn Ty Cpmen T c1o.1n

-2 n+l n n—11N
+orsr}c?§v||h {od™ =208 +or ) llewa,

fh —fh, @h*‘Ph,
1P o, + max == 1“0[0’1]h)

4+ max
1<k,m<N

where M is independent of 7, 9" ol and fﬁm.
Secondly, the mixed boundary value problem for the multidimensional ultra-
parabolic equation (1.10) is considered. The discretization of problem (1.10) is

carried out in two steps. In the first step, let us define the grid sets

Qh: {z =z, = (har1, -, hpry),r = (11, -+, 1),
OSTJ'SKj,thj:L,j:]_,"',n},

Q=0,N08,=0NnS.
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We introduce the Banach spaces Cj, = Ci, (), cf = Cgl(ﬁh) of grid functions

o"(x) = {p(himy, - - -, hymy)} defined on Q,, equipped with the norms

1" llo@,)= max " ()],

xelly

1" lleg, @n=Il " lo@m

+  sup @M@, xn) — @M (X b, 2+ Ry
0<zp<zr+hp<l
1<k<n

X H h;ﬂkﬁik(l — T — hk)ﬁk
k=1

To the differential operator A generated by problem (1.10) we assign the difference
operator A by the formula

hu = E ar wr,]r

acting in the space of grid functions u"(z), satisfying the condition u"(z) = 0 for all
x €Sy

With the help of A7 we arrive at the initial boundary-value problem

( uh S,T u S(E
Oulltsa) | O(ts) | pzyh(y s 3) = fO(t, s, 2),

0<t,s<l1, z€y,
(1.15)

u(0,s,2) = Yh(s,x), 0<s < 1,ut(t,0,2) = "(t, ),

|l 0<it<1, z€ Qn
for an infinite system of ordinary differential equations.

In the second step, we replace problem (1.15) by difference scheme (1.15)

4

“Z,m u}lz 1,m—1 A _ h Q
+ Apug,, = fla(x), 2 € Q,

f]?,m(x) = fh(tkasm,x)atk: = kTa Sm = m7—7 ]- S k7m S Na S ﬁh) ) (116)
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Theorem 1.19. For the solution of difference scheme (1.16), we have the

following stability inequality

h ~
1S%%§N||uk,m||c(9h)

h h -
< o1 (I s, + s ekl + s Il ).

where M is independent of 7, 9! ol and fl?m
Theorem 1.20. For the solution of difference scheme (1.16), we have the

following coercive stability inequalities

uz,m_uzfl,mfl - ~
1;;2%};1\7”—7 @, + | dnax Z ”u(:rrzr,jr) kﬁmHC(Qh)
< h -
Mgy (s S ey S e,
h -
‘I‘C In —— T-th 1<¥§H&X ||fk,m||C(Qh)'

where M is independent of 7, ¢! ¢ and f,ﬁm.
Theorem 1.21. For the solution of difference scheme (1.16), we have the

following coercive stability inequalities

h h h h
u —u u —Uu
: k,m k—1,m k—1,m k—1,m—1

| Jnax = o 5,) +, max

1<k,m<N T ”C(ﬁh)

< M( max Z ||1/1hx jr)ch(ﬁh) +  max Hlech(ﬁh)

1<m<N [ 1<k,m<N

d}:ln_wkb,]_ _ fk ™ fk Lm
+1§17?§{N| HC(Qh) T 15%?1\/” _HC(Qh)
b Sl e,

fk m fm 1 ka 1
e le@u +or<r}ff§v” ||C<Qh>)

where M is independent of 7, ¥/ ol and fl?m
Third, the mixed boundary value problem for the multidimensional ultra-

parabolic equation (1.11) is considered. The discretization of problem (1.11) is
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carried out in two steps. In the first step let us give the difference operator A; by

the formula

Z bE Dl + sul. (1.17)

2m<|r|<S

The coefficients are chosen in such a way that the operator Aj approximates in a

specified way the operator

7|
Z a,(x 8 8:6’“71 + .

|r|=2m

We shall assume that for |{h| < 7 the symbol A(&h, h) of the operator AY — §

satisfies the inequalities

(—1)™A®(€h, h) > My|€]*™, |arg A%(ER, B)| < ¢ < ¢ < g

With the help of A} we arrive at the boundary value problem

( Auhl(t,s, oul (t,s, T
o) | O0en) 4 Ayt (y, o) = fi(t, 5, 7)),
0<t,s<l,zeR}
(1.18)
uh(t,0,2) = ©"(t,2),0 <t < 1,uh(0,s,2) = PP (s,2),

0<s<1l,zeR}
\

for an infinite system of ordinary differential equations.
In the second step we replace problem (1.18) by the difference scheme

;

h
uk:,m uk 1,m—1 _ h n
—+Ahukm fk;,m(‘r)7I€Rh7

f,?’m(x) = 'ty Sma), ty = k7,5 =m7, 1 <km <N, z € Ry, , (1.19)

Fourth chapter studies the stability of second order of accuracy difference
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schemes

(

Uk, —Uk—1, Uk—1,m Uk—1,m—1 1 _
o g T4 o p T + §A<uk,m + uk’—l,m—l) — fk,m )

fk,m:f(tk_%7sm_%)7tk:k7—v Sm = MT, 1§kam§N7 NT:l’ ’ (120)

Uom = Pm, 0 <M <N, upo=¢p, 0<kSN

for the approximate solution of initial boundary value problem(1.8). The follow-
ing theorems on stability estimates for the solution of difference scheme (1.20) is

established.

Theorem 1.22. Let 7 be a sufficiently small number. Then for the solution

of (1.20), we have the following stability inequality

1<Il?a§NHukm||E

<
<M <0<maX 1]l + max [l + 1<Igla§NkamHE>

where M is independent of vy, i, and fi .

Theorem 1.23. Let 7 be a sufficiently small number and ,,, or € D(A).

Then for the solution of (1.20), we have the following almost coercive inequality

max || ettt | max || Augm + Uk—1,m-1) £
1<k,m<N 1<km

<
< o1 (o 40wl + g LAl

: 1
-+ min {ln = 1+ |1n||A”E—>E|} 1§%%§N||fk’m||> )

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.24. Let 7 be a sufficiently small number and 1, or € D(A).
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Then for the solution of (1.20), we have the following almost coercive inequality

Uk, m—Uk—1, Uk—1,m ~Uk—1,m—1
1§I£¢%}§NH T 1§k,m§N|| T H

< Ym—Pm—1 Sem—fem—1
S P e e R e S

Pk —Pk—1
+omax |Apellp + | max [[==22p

fk,mffkfl,m
+ max || el o+ 1<I]2gl§Nka,mHE) )

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.25. Let 7 be a sufficiently small number and 1, op € D(A).

Then for the solution of (1.20), we have the following coercive inequality

Um + Uk—1,m—1 1
1§I£3>§NH = 5 - |\Ea+1<f]?ax H— (U + Uk—1,m—1) || B4

1
< - -
< o1 (o 40, + g LAgull, + s o s, ).
where M is independent of 7, ¥, ¢k, and fi .
Theorem 1.26. Let 7 be a sufficiently small number and 1, or € D(A).
Then for the solution of (1.20), we have the following coercive inequality
max ”ukm U — lmHE + max Huk 1,m—Uk—1,m— IH E,

1<k,m<N T 1<k,m<N T

< d)m_wmfl fk,m_fk,m—l
<M ( max |]A1/Jm||Ea + 1<rg1a>iN|| g, + ISIE%};NH—T | o

Pk—Pk—1
+ max. 1Akl + 2 I;?a}iNH—T | £

fk,mffkflﬂn
o N )

where M is independent of 7, ¥, @i, and fi .

We consider three applications of these theorems. First, the mixed boundary

value problem for one dimensional ultra-parabolic equation (1.9) is considered. We
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replace problem (1.13) by difference scheme (1.20)

( uz,m_uzfl,mfl lAl‘ h h _ fh O l
+ 2 h(uk,m + uk‘—l,m—l) - fk,m(x)7x € [ ) ]h7

T

fl?,m(x) = fh(tk - %78771 - gax)vtk = kTu Sm = T,

(1.21)

1<km<N, z€l0,l],

ul, =Pk, 0<m < Noufly =l 0< k<N

\

Theorem 1.27. For the solution of difference scheme (1.21), we have the

following stability inequality

h h h

Wk allton, < (s e, + o It
h

+1§%3L§N||sz,m||c[0,l]h) )

where M is independent of 7, 9! ol and f,?m

Theorem 1.28. For the solution of difference scheme (1.21), we have the

following coercive stability inequalities

h h
u —Uu
kom ™ Yk—1,m—1
max ||-Bm—retmed

1<k,m<N T e,

+ dpas 072 [{urf) = 2ug,, + ) H

— N
+ {“Zfllm—l = 2UE g1 uZ—ll,m—l ]1 lcro,11,
- _1\ N
=M (02:,%”’1 U = 200 + 0 e,

—2 n+l n n—11N
+og}2§vuh {& 208 +0p 3 e

1 h
+1In mlS%%§N||fk,m|lcm,uh) ‘

where M is independent of 7, ¢! " and f,?m
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Theorem 1.29. For the solution of difference scheme (1.21), we have the

following coercive stability inequalities

h _ . h h _,h
max ”MHC[OHNL max HMHC[OM

1<k,m<N T ’ 1<k,m<N
-2 1 —1\N h
<M (Og}nagN”h {mt = 2¢n + v 1 oo, + | dnax | fell

h—'l,[)?n71 || + max Hflib,m_fl?—l,mH
1<m<N T 101l 1<k,m<N T CloAln

—2 n+l n n—11N
Fomax 1072 {0k = 205 + i e,

4+ max

=t
1<k,m<N T

h_ ,h
S22 oy, + max [ F Hcm,uh)

where M is independent of 7, 9" ¢ and f,?m

Second, the mixed boundary value problem (1.10) is considered. We replace

problem (1.15) by difference scheme (1.20)

( h _h
S Thotmd y LAS(ul ) = (), T € Dy,

T

fl?,m(‘x) = fh(tk - %7Sm - %;x)atk = kT; Sm = TNT,

: (1.22)

lgk,mSN,xeﬁh,

Theorem 1.30. For the solution of difference scheme (1.22), we have the

following stability inequality

h N
1§T£%§N|’Uk,m|’cmh)

h _ h _ h ~
<M (OgnagN|’¢m||c(Qh) + OISI}@??VHS%HC(Q}L) + 1S%%§N||fk,m||c(§zh)) 5

where M is independent of 7, 9! ol and fﬁm.

Theorem 1.31. For the solution of difference scheme (1.22), we have the
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following coercive stability inequalities

ho_.h
||uk,m Up—1,m—1

 Jnax ‘ @)
< 11,k h
+1§rnk,?n}(§7‘7;_ §||u(5r$r: ]r) kzm + u(ETx'f: ]T) kilfm’*lHC(ﬁh)
1 n
< 1 ~
< MIn 7 (éﬁl%}%é ’W(Er% ) mHC(Qh + ori}%v Z HSO@TINJT le@ () )

—|—M1n T+‘h‘ max ||fk:'m||C Q)"

where M is independent of 7, ¥f, ¢}, and fl!, .

Theorem 1.32. For the solution of difference scheme (1.22), we have the

following coercive stability inequalities

h h
u —Uu
k,m k-1,
max || -mkeim

uzfl,m*“;ctl,mfl
1<k,m<N T lo@, +, max | [|==e—r=e=

1<k,m<N T Hc(ﬁh)

< M( max Z ||zZJh 'T)mHC(ﬁh) + max HfI?,ch(ﬁh)

1<m<N . (xrar, j 1<k,m<N

+ max || mfwﬁ“’lﬂ 5.yt max ||—f,?,m—f,?,1,m|| 0
1<m<n' 7 1O T gmen T Clsn)
+OI<I}€a<‘}§V Z ||S0 $r1'77 ]’r ||C Qh
Fim=Imory *"k 1
+ Jnax [ Fem = g, ) +0f<f}3§§v\| lo@,)

where M is independent of 7, ¢! " and f,?m
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Moreover, we consider the r-modified Crank-Nicholson difference scheme

;

Skt A = fom, 1<k<7T or 1<m<r,

T

B + é(uk,m_kukfl,mfl) = fk,m ) r+1 S k,m S Nv

T

Jrm = f(teySm), tk = k7, Sy =m7, 1 <k;m <N, N7 =1, (1.23)

u(]m:wmawm:w(sm)a OSmSNa

Upo = P = @(te), 0 < kSN

for the approximate solution of initial boundary value problem (1.8).

The following theorems on stability estimates for the solution of difference
scheme (1.23) are established.

Theorem 1.33. Let 7 be a sufficiently small number. Then for the solution

of problem (1.23), we have the following stability inequalities

<
ol < 07 (a1l + g ol + s ol )

where M is independent of 7, ¥, i, and fi .
Theorem 1.34. Let 7 be a sufficiently small number and 1, or € D(A).

Then for the solution of (1.23), we have the following almost coercive inequality

Uk, m—Uk—1,m—1
(dnax | [|Zem=e =l 4+ max | Ak

A
+r+1rsnl~ce,ln)§gzv‘|§(uk’m -1 e

< M( max HAmeEvL Juax ||Ag0k||E

o<m

+ min {Int, 1+ |In || A gel} <I]£Ia>§NkamH>

where M is independent of 7, ¥, @i, and fi .
Theorem 1.35. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (1.23), we have the following almost coercive inequality
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Uk,m—Uk—1, Uk—1,m ~Uk—1,m—1
1gr£%§NH T 1§k,m§N|| T H

< Ym—tm-1 J,m—flym—1
B N e N N L

Pk —Pk—1
+Og}g>§vl|AsDkIIE+1§r,g}g§N|l—T | &

fem—JTr—1,m
b ap et o el )

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.36. Let 7 be a sufficiently small number and v,,, or, € D(A).

Then for the solution of (1.23), we have the following coercive inequality

Ukm —Uk—1,m—1
| Jpax ||, | max || Aug |z, +

A
T+1r§11k6}7>n<SNl|5(uk,m + Ur—1,m-1) || Ea

< o1 (s 40 s, + s Al + ey, o ol )

where M is independent of 7, ¥, ¢k, and fi .

Theorem 1.37. Let 7 be a sufficiently small number and 1, or € D(A).

Then for the solution of (1.23), we have the following coercive inequality

max ||M||Ea+ max ||uk71,m7uk71,m71|| X

1<k,m<N T 1<k,m<N T

< Ym—Pm—1 Jeom—Ffem—1
< o1 (o A0, + o 120t 4 [t |,

Pk —Pk—1
+omax [ Agelle, + | max [|#=2 g,

feom—fe—1,m
e e+ 1l ).

where M is independent of 7, ¥, ¢k, and fi .
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First, we consider the application of these theorems to problem (1.9). We

replace problem (1.13) by difference scheme (1.23)

uhm_uhf m—
St At = [l (1), 0 € 0,5, 1 < kom <

h
U

Lt
,m k—1,m—1 + %Ai(uk}ﬂ’N/ + uk—l,m—l) frmnd f]?’m(x)7 xr 6 [O, l]h)

T

r+1<km<N,
(1.24)

fl?,m(x) = fh(tk - %78771 - %7x)>tk = kTa Sm = T,

1<k,m<N, zel0l,

ul, =Yk 0<m< Ny =} 0< k<N

\

Theorem 1.38. For the solution of difference scheme (1.24), we have the

following stability inequality

h
s o, <1 (108, + o It o,

+ max |!fﬁm\|0[0,1]h>7

1<k,m<N

where M is independent of 7, 9" ol and fﬁm.

Theorem 1.39. For the solution of difference scheme (1.24), we have the
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following coercive stability inequalities

h h
u u
k, k—1,m—1
max || -m—tetmetl

1<k,m<N T leto,us

_ (1N
+1<I£%§N||h ’ {UZJTF”I o QUZM + uzmlh ||C[071]h

1 -2 +1 -1 N
3 max |0 [{uh! = 20, + it

_ N
+ {uzt%,m—l - Qu}g—l,m—l + U’Z—%,m—l ]1 ||C[011}h

— n n n— N
=M (l”%i (oé?%vllh ot = 20n 4 9n oo,

-2 n+l n n—11N
+02}%}§v||h {e 205 + ¢y, }1 ||C[0,1]h)

1 h
+In mlS?%§N||fk,m|lom,uh) :

where M is independent of 7, ¢}, o}, and f}" .

Theorem 1.40. For the solution of difference scheme (1.24), we have the
following coercive stability inequalities

R _.,h h . h
max ||ukm ukfl,mHC[Ol}h_{_ max ”“kq,m Up_1,m—1

clo,1
1<k,m<N T ' 1<k,m<N T I [0:1]n

SM(OgnagNHh st = 20+ v e, + | max (17|

+ max [ oy max | e
1<m<N T Clo.1n 1<k,m<N T 10,1l

—2 n+l n n—11N
+0I£cag}§v”h {ek 208 + i}y e,

h

1<km<N T [ ’ ]h 0<k<N T [ ) }h

where M is independent of 7, ¥/ ol and fl?m

Secondly, the mixed boundary value problem for the multidimensional ultra-

parabolic equation (1.10) is considered. We replace problem (1.15) by difference
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scheme (1.23)

;

h
MwLAhukm—fﬁm(x)al’thal <km<r

h _.h
M + %Aﬂuk,m + U]g—l,mfl) = flil,m(flf)>

re€Q,r+1<km<N
(1.25)

f,f}m(:z:) = "ty — 5. $m — 5,2), tp = kT, 8 = mT,

1<km<N, €,

Theorem 1.41. For the solution of difference scheme (1.25), we have the

following stability inequality

h _
1§%2§N|’uk,m”cmh)

h _
< M( max Hw lo@,) +OI<T}?<X ||S%Ho +1§I£§L§N|’fk7m‘|0(ﬂh)) ’

where M is independent of 7, 9" ol and fl?m

Theorem 1.42. For the solution of difference scheme (1.25), we have the

following coercive stability inequalities

h h
H Ugom ™ Yk—1,m—1

lgrk'r}s}’b}é]\/v T ||C(§h) + 1<I£/‘lax ; ||u($r$r7 Jr) k;m ||C(§h)
1 " h h
+§1§Inlﬁ?‘nxgr7;1 ||u(x7“-73'r7 Jr) k;m + U(ET‘Z"” Jgr) k=1,m—1 HC ﬁh)
< 1 ~ h ~
N Mln g (1£rTlna<XN Z || (ﬂ?rl’r Jr) m ||C(Qh * 0139833\7 Z || $r55r7 Jr) kHC(Qh))
+M In —~ THh\ hax kam”C ()"

where M is independent of 7, ¢! " and f,?m
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Theorem 1.43. For the solution of difference scheme (1.25), we have the

following coercive stability inequalities

h h
u —Uu
k, k—1,m
max || -Bm—km

uZ—l,m_u}kl—l,mfl
1<k,m<N T ”C(ﬁh)+ max || ==ttt

1<k,m<N T Hc(ﬁh)

1<m<N /[ 1<k,m<N

< M( max Z ||1/1th$ i) m ||C(§h) +  max Hf]ZWHC(ﬁh)

+ max ”¢H s 1+ max H—f’?vm_fk Lm|| o
1<m<N C(Qn) 1<k,m<N T C(Qp)
+£ﬁxEHw%%h lo@)

fkmfml k‘Pk1
b gp 1B 1 )

where M is independent of 7, ¢! ¢ and f,ﬁm.
Fifth chapter presents numerical examples supporting the theoretical state-
ments obtained in the previous chapters.

Sixth chapter is the programming for given applications.



CHAPTER 2

WELL POSEDNESS OF ULTRA-PARABOLIC
DIFFERENTIAL EQUATIONS

We consider initial value problem for ultra-parabolic equations

(
8”(.%?8)_’—8“5?8) _|_ Au(t7 8) frnd f(t7 S), O < t, S < 1”7

u(0,s) =(s), 0<s<T, (2.1)

\ u(t,0)=p(t), 0<t<T

in a Banach space E with a strongly positive operator A. Here, f(t,s), 1(s), ¢(t) are
given smooth fuctions.

Recall that the operator A is said to be strongly positive if its spectrum o(A)
lies in the interior of the sector of angle ¢, 0 < 2¢ < mw, symmetric with respect to
the real axis, and if on the edges of this sector, S;(¢) = {pe® : 0 < p < oo} and
Sa(¢) = {pe™"®: 0 < p < o0},

S4

6(A)

Figure 2.1 Spectrum of A
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and outside it the resolvent (A — A)~! is subject to the bound

_ M
1= A) o < 29

A function u(t,s) is called a solution of problem (2.1) if the following conditions

are satisfied:

1) u(t,s) is continuously differentiable with respect to t and s on the segment
[0,T]. The partial derivative at the endpoints of the segment are understood as the

appropriate unilateral derivatives.

2) The element u(t, s) belongs to D(A) for all t,se [0,7], and the function
Au(t,s) is continuous on [0, 7] x [0, 7.

3) u(t,s) satisfies the equation and initial conditions (2.1).

A solution of problem (2.1) defined in this manner will from now on be referred
to as a solution of problem (2.1) in the space C(E) = C([0,7],[0,T], E). Here
C(F) stands for the Banach spaces of all continuous functions v satisfying a Holder

condition for which the following norm is finite

I v llew = max, I o(t,s) ls

Then, following theorems on well-posedness of problem (2.1) are established.

Theorem 2.1. For the solution of problem (2.1), the following stability in-
equality holds

oax |lult,s) [p< M| max || o(t) [lp + max [|9(s) ||z + max || f(t ) e,

here M is independent of ¢ (t), ¥ (s) and f(t,s).

Proof. Problem (2.1) has an unique solution (Lorenz, 2012), represented by

following formulas

u(t,s) =e Aot —s) + [Je O f(t — s +€,€)d€, s < t,

u(t,s)=eP(s—t)+ [J e TOf(&, s —t+ &)dE, t < s.
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Using the triangle inequality, we can write
[ u(t,s) [l

<l em* lesell et =) e+ J5 | e sl f(t—s+68) e ds (2.2)

< <
<My ax || o(t) e+ max || f(t,s) [p|, s<t,

lu(t,s) ||e
<l e ™ lompll v(s = ) e + fo | e ompll f(Es —t+6) e dE (2.3)

< <
< Mz | max || 9(s) ||z + max || f(ts)lle|, t<s

Combining (2.2) and (2.3), we get

lu(t,s) |

< .
< M nax || o(t) e+ max || d(s) [p +T max || f(t,s) lle

Theorem 2.2. For the solution of problem (2.1), the following coercive sta-

bility inequality holds

oax |l ur(t,s) + us(t,s) |po + max || Au(t, s) |z

max || f(t,s) |[e. ]

<
M e || A [l +0r£sa§XT I A (s) [l +1 — Q0<t,s<T

- 0<t<T

where M is independent of ¢ (t), 1 (s) and f(t,s). Here, || v ||, denotes norm of

the Banach space of E,, consist of those v € E for which the norm

v |[p.= supX'=*[[Ae™* ]| + ||v]| e
A>0

is finite and « € (0, 1).
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Proof. Using the identities

M= Ae M Ay (8, 5)
= A0 A2~ A4 — g) 4 AL fOS A2e=OFs=0A (4 54 £ €)dE, s < t,
M= Ae M Ay (t, 5)

= A0 A2 DAY (5 — ) 4 N [P A2 OHOA f(e sty €)dEt < s,

the triangle inequality, the definition of the norm in the space E, and the following

estimate (Ashyralyev and Sobolevskii, 1994)

M

| Ae™ ||lpop< — T (2.4)
we obtain

M= Ae M Au(t ) [lo< Ghges (A + )17 | Ae” A4 Ap(t — 5) |15

—_a S A+5 Ats—¢
FN | Aem 5 | pl| AeTEAf(E— s+ €,6) |l (2.5)
< +-M <
Dax || Ap(t) [|p. +125 max || f(t,s ||p., s <4,

for any A > 0. In a similar manner one can establish the estimate

M= | Ae M Au (¢, 8) ||

(2.6)

< Orgta<XT “ Aw( ) HEQ +ﬁoglax || f(t S HEa,t <s,

combining estimates (2.5) and (2.6), we have

max || Au(t,s) s,

1
< My | max || Ap(?) g, + max [| AY(s) g, +7——max || f(t,5) |z |- (27)

0<t<T 0<s<T 1

Further, we have

Jmax [, (6) 0 (t8) |, < max [Au(t,s) |5, + max [|f(t5)]z,. (29



37
From this estimate and estimate (2.7), it follows that

s s (1,9) + i 1,5) |

< My | oo || A(®) I, +max || AV(s) s, +75 max | £(t,5) |1z,

+ e [ £(2,9)] e,

< My [ || Ag(1) s, +mass || AGs) |1, +2 max | £(2,5) [,

Combining this estimate and estimate (2.7), we have

Jmax [ uilt.s) + ui(t,5) s, + max | Au(t,s) |z,

< —
< My | max || Ap |l +max || A)(s) |5, +175 max || f(25) [l

Theorem 2.3. For the solution of problem (2.1), the following coercive sta-

bility inequality holds

max | us(t, s) llg, + max |l ut,s) [z, < M [max I Ap() |l 2.

0<s,¢t<T 0<t<T

e |60 e+ max [ F(ts s, +max [ £(t9) e,

s || AG(E) e, +max | 9'(0) s, + max || filt,s) HEQ] ,

where M is independent of ¢ (t), ¢ (s) and f(t,s).

Proof. We have the formula

u (t,5) = e (t — 5) + / AL s E0dE, s<t (29)
0

Using the triangle inequality, the estimate (2.4) and the definition of the norm in
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the space E,, we get
M=o Ae= My (8, 5) ||g
= M7 AemMHIAG(E —5) ||+ fg AT | Aem O mOAS (¢ — s+ €,€) || dE

11—« / l—a
< e 19 0) e+ e s, | e I

< / <
< My | max || Ap'(t) ||p. + max || fet, s g, | 8 < ¢,

(2.10)

and in a similar manner using the following formulas
us (t,5) = Ae™Ap(t — 5) — e (L —5) = [7 e T i ppe(t — 5 +€,€)dE

+ [ AemCOA (L — s+ €,6)dE + f(t,s), s <,
(2.11)

e (t,8) = Ae (s —t) — e P (s — ) — [Te OAf (€5 —t + €)dE

+ [T A O (e s — t 4 E)dE+ f(ts), t < s,

(2.12)
, t
Us (ta 5) = eitAz/} (5 - t) + / ei(tig)Afsfz‘%&(g? s—t + §>d€7 t S S,
0
one can establish following estimates
oax | us(t, s) |z
< My | max || Ap(t) [, +max || ¢ () |, (2.13)

tomax || fit,s) (g, + max [ J(ts) [z | s <t
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max || ut,s) |1z,

< M; | max || A¢(t) ||g, +max || &'(¢) ||k, (2.14)

0<t<T 0<t<T

<
s mas 1 0.9) s, -+ mas, I 5019 HEa] i<s,

max_ || us(t, s) || 5,

0<s,t<T
(2.15)
< / <
< My | 190 . + a1 At | e <5
Combining estimates (2.12), (2.15), (2.16) and (2.17), we have
oax |l us(t, s) |, + max | wdt,s) &,
< /
< 01 | s 1| Ap(0) L, + s | A¢'C) s
+omax || ft s |lp. + max |l fi(t,s) 5. +max [| Av(t) ||, (2.16)

+0r£%XT I A (2) ||z T ax, 14 (@) lle.

+aax [l ¢ (t) [z, + max | filt, s) ||

So, this is the end of proof of the Theorem 2.3.
Finally, we consider the applications of these results to the ultra-parabolic
equations. First, we consider the mixed boundary value problem for ultra-parabolic

equation

4

Buy %u ()24 4 du= f(t,s,7),0<t,s<T,0<z <1,

u(t,0,2) = @(t,x), 0<t<T,0<z<1,

(2.17)

u(0,s,2) =Y(s,x), 0<s<T,0<x <1,

u(t,s,0) = u(t,s, 1), ug(t,s,0)=u.(t s 1), 0<t,s<T,
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where a(x), o(t,z),1¥(s,z) and f(t,s,z) are given sufficiently smooth functions and
a(x) >0, § > 0 is a sufficiently large number.
We introduce the Banach spaces C?[0,1] (0 < 8 < 1) of all continuous

functions p(z) satisfying a Hélder condition for which the following norms are finite

px+7)—p@
e HC‘3[0,1]:H ¥ HC’[OJ} 4+  sup [ 7')5 ( )|’

0<z<z+7<1

where C10, 1] is the space of the all continuous functions ¢(z) defined on [0,1] with

the usual norm

Il llewo.y= max leo(2)]

It is known that the differential expression
A = —a(z)v"(z) + dv(x) (2.18)

define a positive operator A acting in C?[0, 1] with domain C®*2[0, 1] and satisfying
the conditions v(0) = v(1), v,(0) = v,(1).

Therefore, we can replace the mixed problem (2.19) by the abstract initial-
value problem (2.1). Using the results of Theorem 2.1, Theorem 2.2, Theorem 2.3,
we can obtain that

Theorem 2.4. For the solution of the mixed problem (2.19) the following
stability inequality holds

oax | ult,s) llosp

< M | s 1| @) llewgon + s | 66s) ooy + mas [ £62,5) oo |

here M is independent of 3, ¢(t), 9 (s) and f(t,s), where 0 < 5 < 1.
The proof of Theorem 2.4 is based on the abstract Theorem 2.1, the positivity
of operator A* defined (2.6) in C¥?[0,1] for any 0 < 3 < 1.

Theorem 2.5. Let o € (0,1). Then for the solution of the mixed problem

(2.19) the following coercive stability inequalities hold

Og;%}%(T | uelt, s) + us(t, s) [lezago,) +0£§§T [ u(t,s) |lczreap

< M(a) | max || ¢(t) [lo2+2o,



41

e | (5) lemsanion + mas | 7(1,9) llowion|

where M (o) is independent of ¢(t),1(s) and f(¢,s).
Theorem 2.6. Let a € (0, %) Then for the solution of the mixed problem

(2.19) the following coercive stability inequalities hold

,nax [ ue(t, s) [lczeqo,) + max | us(t, ) le2epo,

< M(a) Jnax, | o) [|c2r2aq0, +OI£%)§, | (t) [le2ep0, +or£38§§r | () llcz+zapo

+ quax |4 (s) oz + max |1 filt:s) llezeon + max | fi(t9) llezeon]

where M () is independent of ¢(t),1(s) and f(t,s).

The proof of Theorem 2.5 and 2.6 is based on the abstract Theorem 2.2, the
positivity of operator A% defined (2.19) in C#[0, 1] and on the following theorem on
the structure of the fractional space E, (A", C0, 1]).

Theorem 2.7. E, (A", C[0,1]) = C?**[0,1] for all 0 < a < 3.

Second, let €2 be the unit open cube in the n-dimensional Euclidean space
R" (0 <z, < 1,1 <k <n) with boundary S, Q= QuUS. In[0,T]x [0,T] x Q we
consider the mixed boundary value problem for the multidimensional ultra-parabolic

equation

( u(t,s,x u(t,s,x u 2u(t,s,x
. %757 ) + . (gty ) - ZQT(x)a 8(:;727 ) +5u(t,s,x) :f(tvsax)a

r

u(t,0,z) = @(t,z),0 <t <T, x €, (2.19)

u(t,s,x) =0,0<t,s<T, z €S,

where a,.(7), f(t,s,z),p(t,z),%(s,z)(t,s € [0,T], * € Q) are given smooth func-
tions and «,.(z) > 0, § > 0 is a sufficiently large number.
We introduce the Banach spaces C’Oﬁl(ﬁ) (B = (Pry--30n), 0 <oy < Lk =

1,...,n) of all continuous functions satisfying a Holder condition with the indicator



42

B=0B1,--,0n), 0 €(0,1),1 <k <n and with weight xfk(l—xk—hk)ﬁk,O < <
i+ hp < 1,1 < k <n which equipped with the norm

1 £ g =1 / e

+ sup |f(z1,. .. xn) — fx1+ Ry, ooy + hy)
0<zp<zp+hi<1,1<k<n

[T by P (1 — @y, — hy) P,
k=1

where C'(Q) is the space of the all continuous functions defined on €2, equipped with

the norm

I f llo@= max|f(z)].
€N

It is known that the differential expression

A%y = — Zar(x)a o) | su(a) (2.20)

2
— ox

defines a positive operator A” acting on C () with domain D(A%) ¢ C3?(Q) and
satisfying the condition v =0 on S.
Therefore, we can replace the mixed problem (2.21) by the abstract initial-
value problem (2.1). Using the result of Theorem 2.1, we can obtain that
Theorem 2.8. For the solution of the mixed boundary value problem (2.21)
the following stability inequality is valid

oJax lult, s) llos @<

M Dax o) lleg @ + max 1405) les @ + max I f(Es) s @ |

where M is independent of 5, (¢, x), (s, z) and f(t, s, z). Here § = (B1,...,0n), Bk €
[0, 1].

Proof. The proof of Theorem 2.8 is based on the abstract Theorem 2.1, the
positivity of operator A* defined (2.21) in C () for any 0 < 5 < 1.

Third, we consider the initial-value problem on the range {0 < ¢,s < T, x €
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R™} for the 2m-th order multidimensional parabolic equation

%+%+ Z CLT(ZI?)%—F&U(L&J,’) :f(t,S7ZL'),

Az L. .oz
|r|=2m 1 "

0<t,s<T, 2,7 €R"|r|=ri +- - 41y,
(2.21)

u(t,0,2) = @(t,x),0 <t <T, z € R",

| w(0,5,2) =4(s,2),0<s <T, z €R",

where «,.(x), f(t, s, x), p(t, ) and (s, z)are given sufficiently smooth functions and
0 > 0 is the sufficiently large number .

Let us consider a differential operator with constant coefficients of the form

a""l“r-n“l’rn
B= ) by o
i Do e

acting on functions defined on the entire space R"™. Here r € R"™ is a vector with
nonnegative integer components, |r| = r; + ...+ 7, If ¢ (y) (y = (v1,...yn) € R")
is an infinitely differentiable function that decays at infinity together with all its

derivatives, then by means of the Fourier transformation one establishes the equality

Here the Fourier transform operator is defined by the rule

F(g) () = (2m) ™" / exp {—i (1,6} ¢ (4) dy.

Rn

(y7£) = ylgl + ...+ yngn

The function B (&) is called the symbol of the operator B and is given by

B(&) = Y b (i&)" .. (i&)™ .
[r|=2m
We will assume that the symbol

B = Y arle) ()" . (i€) 6 = (€1, &) € R”

[r|=2m
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of the differential operator of the form
al’"
o 2.22
| |Z2: o oy 22

acting on functions defined on the space R", satisfies the inequalities
0 < Mif¢P™ < (=1)"B"(€) < Mal¢™ < o0

for &€ # 0. The problem (2.23) has a unique smooth solution. This allows us to
reduce the problem (2.23) to the abstract initial-value problem (2.1) in a Banach
space £ = C*(R™) of all continuous bounded functions defined on R"satisfying a
Holder condition with the indicator p € (0,1) with a strongly positive operator
A* = B* + 41 defined by (2.24).

Theorem 2.9. Let a € (0, 5=). Then for the solution of the mixed boundary

value problem (2.23) the following stability inequality is valid

o HaX | u(t, ) lczma(rm

< mao T
<M Mnax | () [|cme(rny

+OI£lta%}§1 || w( ) ||02ma Rn) + HI%ET || f(t S) HCQma(Rn) y

where M is independent of «, p(t, x), ¥ (s, x) and f(t,s,x).

The proof of Theorem 2.9 is based on the abstract Theorem 2.1, the positivity
of operator A” defined (2.24) on R™.

Theorem 2.10. Let a € (0, 5= ). Then for the solution of the mixed problem

(2.23) the following coercive stability inequalities hold

orlu(t, s)
Oirtl%i( H Ut(t S)"—US(t S) H02ma (R™) +| |E2 Ogtlai(T H ar )W ”CQma (R™)
d"lp(t)
< - mao n
< M(a) ||_Z2 olgi}t(r Iar(x )8x§1 ... Oxrr lgame e
d"lp(s)
: |Z Jas || ar(2) 5w o llowma e

+0£I51?§T H f(t S) HCQma Rn):| 5
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where M () is independent of ¢(t,x), (s, z) and f(t,s,z).
Theorem 2.11. Let a € (0, 5= ). Then for the solution of the mixed problem

(2.22) the following coercive stability inequality hold

max || uy(t, s) ||czma(rry + max || us(t, s) [[coma(gn

0<t,s<T 0<t,s<T
d"lp(t)
<M(o) | Y Mnax | ar(z )m [c2ma (g
[r|=2m n
Ml (s)
25 160 oy + 3 o | a5 o
T m

+ guass | 9/(6) Nl + max, || filt,s) lommeqen

+O£n?§T H fs(t S) ||C2ma Rn):| 5

where M (a) and M;(«) are independent of ¢(t, x), 9 (s,z) and f(t,s,z).

The proofs of Theorem 2.10 and Theorem 2.11 are based on the abstract
Theorems 2.2, the positivity of operator A” defined by(no) in C*™*(R"™) and on the
theorem on the coercivity of elliptic operator A% in C?(R") and on the theorem on
the structure of the fractional spaces E,(A*, C(R")).

Theorem 2.12. Let a € (0, ﬁ) Then for the solution of the elliptic

equation
oy,
a(x ou=F(x),xr € R"
||22: (9 ozt .. Oxrn .. 0xTn + ()

the following coercive inequality holds

Alrlay

max H ar( ) r ||CQmo¢(Rn)§ M(Oé) || F “CQma(Rn),
OxTn

0<t,s<T oxi' ...
|r|=2m

here M(«) is independent of F.
Theorem 2.13. E,(A",C(R")) = C**(R") for all 0 < a < 5.



CHAPTER 3

WELL POSEDNESS OF FIRST ORDER OF ACCURACY
ROTHE DIFFERENCE SCHEME

Let us associate the initial boundary value problem for ultra parabolic equa-

tions(2.1) with the corresponding first order of accuracy difference scheme

thon ol MR MR | Ay = fon
freom = [ty Sm), tk = k7, Sy =m7, 1 <k,m <N, Nt =1, (3.1)
Uom = Um, 0 <m <N, upo=r, 0<k <N

Then, the following main theorems on stability estimates for the solution of difference

schemes (3.1) are established.

Theorem 3.1. Let 7 be a sufficiently small number. Then for the solution

of (3.1), we have the following stability inequality

max ||ugml| e
1<k,m<N

SM(OgglagNmellE+Og}€a<>§v|!sokHE+ max ||fk7m||E>,

1<k,;m<N
where M is independent of ¥y, @i, and fi .
Proof. Using (3.1), we get

Uk,m — Uk—1,m—1

+ Auk,m = .fk,m-
-
From that it follows
Ukm = Rug—1m—1 + TR fim, (3.2)

where R = (I 4+ TA)_I. By the mathematical induction, we will prove that

Uk,m = Rnukfn,mfn + Z TRn7j+1fk7n+jvmfn+j (33)

Jj=1

46
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is true for all positive integers n. It is obvious that for n = 1,2 formula (3.3) is true.

Assume that forn =1r

Ukm = Rruk—r,m—r + Z TRT_j_Flfk—T—l-jym—r—l-j (34)

j=1
is true. In formula (3.2), replacing k£ and m with k — r and m — r, respectively, we

have
Uk—rm—r = Ruk—r—l,m—r—l + TRfk—r,m—r- (35)

Then, using (3.4) and (3.5), we get

r
_ pr+l r+1 E r—j+1
Uk,m = R Uk—r—1,m—r—1 + TR fkfr,mfr + TR fkfrJrj,mfrJrj-

=1
From that it follows
r+1
_ pr+l r—7j+2
Ukm = R Ukg—r—1,m—r—1 + E TR™ fk—r—1+j,m—r—1+ja
J=1

is true for n = r + 1. So, formula (3.3) is proved. For m > k, replacing n with & in

formula (3.3), we obtain that

K
U = Bty + Y TR (3.6)

J=1

Using estimate (Ashyralyev and Sobolevskii, 1994)
IR g < M (3.7)

and triangle inequality, we get

k .
lwemlle < R espllVm—rlle + ZlT||RIHH||E—>E||fj,m—k+j||E
j:

mo 5l

<M [ max_ ||, || +
0<m<N 1<

for any k and m. For k > m, replacing n with m in formula (3.3) we get

Ukm = ngpkfm + Z TRmijJrlfkferjJ' (38)

j=1
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From estimate (3.7) and triangle inequality, it follows that

m .
lurmlle < |[B™|psEll@r-—mlle + ZlTHRm_”lHEHEkafmﬂ,j)HE
]:

<M A
< M) max llge] + | max [|fjm|

for any k and m. Thus, Theorem 3.1 is proved.

Theorem 3.2. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (3.1), we have the following almost coercive inequality

nax Bttt x| Aug
<k,m<N 1<k,m<N

<
< o1 (o 140z + s Ao

i {Ind, LAl pas ).

where M is independent of 7, ¥, ¢k, and fi .

Proof. Using the identities(3.6) and (3.8), we get
Uk,m = Rk?ﬂmfk + Vk,ma k< m,

Ukm = ngok—m + Vk,m; m S ]{Z, (39)

where

k
— E k—j+1
‘/;g7m = TR fj,m,kJrj, k S m,

j=1

Vin = > TR™ I fi_niiom < k. (3.10)

j=1

Let us estimate the norm of each term. Using the estimate (3.7), we get
|ARM k||

< ||[R*|| b | |[AUm—k| £ < Mogyfg\r | A ||, & < m,

AR o |1

< 1B lp-pllA¢e-m|lr < M max || Apy |5, m < k. (3.11)
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To estimate Vj,, we use the following estimate (Ashyralyev and Sobolevskii,

1994)
M
AR |pop < =
and we get
k .
[AVimlle < ZlT||ARk_]+1\|E—>E||fj,m—k+j|\E
=
k
_MZ: . 5, nym”m k<m,
[AVimlle < ZTHARm MUesell fr-mrislle
~
MZmH_JK HfgmHEa m < k.
Since

k k

1
E +§/ L:lnk,k:>1,
j:1k+1—j 1 k+1-—s

we have
[AVimlle < Mlnklg}géNHfj,mHE’
hence

IQ%MM%MM<MMQ%gmHﬁMM

Further, we have

k .
| AVl & < Z T AR eS| fim—itillE

k .
S;;wAmﬂﬂmM%§ﬁ§WﬁMEkgma

[ AVl < ZTHAR’” " el fimeiille

=1

m
m—j+1 . <
< Y TIARY T g max [\ fimlls m < K

Jj=1

(3.12)

(3.13)
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It remains to estimate the quantity

k ‘ k
Jo = Y TI|ARM Y gop = > 7| AR || g

J=1 J=1

I = 2 T|AR™ | gp = > 7||AR®|| gk

J=1 j=1
From the last identities it is clear that it suffices to estimate Jy. Using estimates

(3.7) and (3.12), we obtain

|AR® | < Mmin{ -, | Al p-rp}-
If ||A||E—>E > N, then

In<M Z <M [in||Allp-e | -

ST — fllAHEaE s
N

IN <MY | AllgweT < M||A|lg—e < M.
j=1

Finally, if ||A||g—r < N, then

[NIAIEL 5]

N
Jn <M > NAlp-pT + 2. o
j=1 [NlAllL 5] +1
<M (U flypr, %) = M (1A ).

Thus, in all three cases we have the estimate

which yields
max AVl < M1+ ] Allsg] | mas |l (3.15)

Combining the estimates (3.11),(3.13) and (3.15) we obtain the estimate

max HAuk mHE
1<k,m

< o1 (o 403z + o Ao

+ min {ln <, 14 |In HAHE%E’} 1<I]£Ia§Nka mH>
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Theorem 3.2 is proved.

Theorem 3.3. Let 7 be a sufficiently small number and v,,, pr € D(A).

Then for the solution of (3.1), we have the following almost coercive inequality

1<I]?a>§ ||M||E+ max ||w||
<k,m<N 1<k,m<N

< Ym— wm 1 Sem—Frm—1
< 0 (s A0+ g [t | e

+ max ||Apil|p + max |

| Pk —Pr—1 H
0<k<N 1<k,m<N T

fk,'mffkfl,m
+1§%}%}§NH T e+ 1<ri?a§N||fkm”E)

where M is independent of 7, ¥, @i, and fi .

Proof. Using the identity(3.6), we get

Uk, m—Uk—1,m — Rk‘fl wmfk_d]mfk#»l
T

_i_Rkifk—lwmik + TARfk’m

k—j fim—bai=Fimki14j
+>. 7 {R -

j=1

kathl_Rk:fj
T fimktj s R <

Using triangle inequality, we get

Uk m—Uk—1,m

T HE

< HRk71||E—>E ) Ym—k—Vm—k+1

T

E

+{[R*) oo 1A%kl + ITAR o o | o |

(3.16)

Jim—kti—Fjm—k+14j

k—1
e L .

k—1

> TARk_j+1fj,m—k+j

Jj=1

+ , k< m.

E
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Here,
k-1 A k-1 A
'21 TARF I fy ki = Zl(f — R)R" I f} it
= =
S L N
= > B fimnrs — 20 B fymk
j=1 i=1
k-1 4 k2 4
= > R fimitrs — B frm—isr — 2 R fitmoprjsr
j=1 j=1
= Rfi—1m-1+ R frm—is1 + kiQ 7 Ry Lyl
) 3 ]:2 T
Therefore,
= k—j+1 k
ZlTAR Al fj,mkarj S HR||E—>E ||fk*1,m71HE+ HR ||E—>E ||f1,m7k+1HE
7= E

Jit1m—k+i+1—Fim—k+j
T

k—2 -
—J
i L ~

(3.17)
Combining estimates (3.7), (3.16) and (3.17), we get
max Uk, m—Uk—1,m H S M |: max Hzpm_'(pm—l
1<k,m<N T E 1<m<N T E
(3.18)

fk,mffkfl,mfl
T

+ max A lp+ max || funlp + | max |

Using the identity (3.8), we get

U, m—Uk—1,m __ Rm Pk—m—Pk—1—m
T T

m
+ 3 Rt Se—mtj 7J_ck71+m+;,1’ m <k

Jj=1

Using the triangle inequality, we get

T ||E

'U«k,mf;l—lfkfl,m HE S ||Rm||E—>E H Pk—m —Pk—1—m

fr—mtjj—Th—14m+j,j
T

+ZT||Rm_j+1HE‘aE“ , m< k.

7j=1
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Applying the estimate (3.7), we get

Uk, m—Uk—1,m

.

1<k,m<N
(3.19)
< M | max ||90k—90k—1 H + max ‘ fk,m_fk—l,mH . m< k.
1<k<N T E " 1<km<nN T E
Using the identity (3.6), we get
Uk—1,m—Uk—1,m-1 __ PkVm—k—1—"PYm—k—2
T =R T
+ Z TRk‘*]#»l Jym—k+j T],mflkar]’ k S m.
j=1
Using the triangle inequality,we get
Uk—1,m—Uk—1,m—1 k Vm—k—1—Ym_k—2
ot | < | RY|, ||ttt |
u : Fim—iii—t; ,
+2T HRk_J—’—1||E~>E e | I A 12
j=1 E
Applying the estimate (3.7), we get
max ‘ Uk —1,m Uk—1,m—1
1<k,m<N T E
(3.20)
<M |: max me*'lpm—l . ‘ fem—fem—1 :| ,m < k.
1<m<N T E  1<k;m<N T E

Using the identity (3.8), we get

Uk—1,m —Uk—1,m—1 __ Rm—l Pk—m —Pk—m+1
T T

= BB o + TAR i

m—1 f f
m—j Jk—m+4j,j " Jk—m+144.j
+ 5 ) T {R =
j=

RM—j+17Rm—j
+ —fkfm+j,j} , m< k.

T

Using the triangle inequality, we get
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Uk —1,m—Uk—1,m—1

- < HRm—luE_}E HM

P

HIB | o [Ak—mll g + ITARI g g | femll 2

(3.21)
m—1 . f o f o
FE IR p | Bmmtas it
j=1 "
m—1 .
+ 2 NTAR I il m <k
j=1
Here,
m—1 . m—1 i
> TAR" T fi miji= > (I = R)R™ fi_myjj
i=1 =t
m—1 ) m—1 .
= R frmmjg — 20 B foomigy
=1 =1
m—1 . m—2 .
= R™ frmiji — R fremy11 — Do R focmijrijm
=1 =
m—2
= Rfe-1m-1+ R" fimmi1n + ., TR™ Foomtgg = feomigirget
, s T
j=1
Therefore,
m—1 11
'21 TAR™ I fimijill S NRlpsp [fimtm—tllg + 1B g g | frmmirllg
j= E

Th—m+ji+1—Fo—m+i,j
T

m—2 )
+ 2 TR lpp :
=1 E

(3.22)
Combining estimates (3.7), (3.21) and (3.22), we get
max Uk—1,m—Uk—1,m—1 < M |: max ||¥’k*%0k71 HE
1<k,m<N T E 1<m<N T
(3.23)

fk,mffkfl,mfl
T

y

From the estimates (3.18), (3.19), (3.20) and (3.23) we obtain the statement of the

+ max, Akl s+ Jnax o | frmll 5 + | Jnax

Theorem 3.3.
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Theorem 3.4. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (3.1), we have the following coercive inequality

Uk, m—Uk—1,m—1
1§II§}%}§NH T I + 1<Il?a§Nl|AukaEa

<M ( max | A s, + max [|Agg, +

—1 ma;
0<m 0<k<N a(l-a) 1<k, <N

|mam)

where M is independent of 7, ¥, @i, and fi .
Proof. It is very well known that, from the fact that the operators R, exp{-
AA} and A commute, it follows that (Ashyralyev and Sobolevskii, 1994)

1Bl gy s < 1Bl 5o (3.24)

Using the identity(3.9), the definition of norm of the space E, and estimate(3.24),

we obtain

IR AY i < B o A bl < M A il <o (3.25)

To estimate V}, in the norm of E, we use the following Cauchy-Riesz representation

k
formula for the operator A(A + A)~! >° ArRF-IHL:
i=1

)\aA(/\ + A>_1Vk

=L [ = T A(Z—TA) fj,m—k+j>

— 2mi (1+z)k I+ A4z

where G = {peiw,O <p<oo,0<0< g} . Then we can write

k

Alz—TA )
27”/; 1‘|‘Zk]+1)\7'—|-2 (2 =7 A) ST
G

Since z = pe*? with |0] < Z, from the strong positivity of A it follows that

7] 4G = 47 sl < M A+ A7 s

1 M
[AT+z| < AT+p°

Hence,
[AAA + A)" Vil

11—«

oo k
<M £ “d .
£y2::1 (14+2pcosf4p2) 5 ’\T+p Pl fimssle,




o6

Summing the geometric progression and using the estimate (3.7), we get

XA+ A) Vil

o k
<M[
0 j=

. 1 (TA)e
L ety oot Tt et e sl s, (3.26)

o)
M(6

>\T+p d/)Hme k'HHEa N ) ||fjm k-HHEa

O

Finally, using the triangle inequality and the last estimate and the estimates

(3.25), (3.26), we obtain the following estimate

uk,m_ukfl,mfl
% e LA

<M (Og}nagNHAz/JmHEa e ||fkm||Ea> ,

1 O‘)1<k <N
In a similar manner one can show that

Uk,m —Uk—1,m—1
P e gl Avenlle

< .
< (e 1A, + Ifele. )

a(l a)1<rl? <N
Theorem 3.4 is proved.

Theorem 3.5. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (3.1), we have the following coercive inequality

Uk, m—Uk—1,m Uk —1,m—Uk—1,m—1
1gr£%§]v“—f ||Ea+1§r,g}g>§N|l—T | £«

< Ym=Pm-1
< 01 (s A0 s, + | g |25t

Pk —Pk—1
—|—01<r}§ax e 1<rl§1a>§N|| el N 1<I1?a)ijv||fkm”E°‘ ’

fem—Tfr,m—1 fem—Jfk—1,m
+ max [kt 4 max | et ”Ea)’

where M is independent of 7, ¥, ¢k, and fi .



Proof. Using the identity (3.6), we get

Uk m—Uk—1,m __ Rk—l T/Jmfkfzpmfkﬁ»l
T T

+w¢m—k + TARfk,m

k—1
+S 7 {kaj Sim—tti—Fjm—kt145
T
j=1

Rk—j+17Rk—j
—|——T fj,mfk+j ,k} <m.

Using the triangle inequality, we get

Here,

d]mfk*wmfk«l»l

T —FEq T

Uk, m—Uk—1,m H < HRk’—lH
Ea B

Eq

+|BH| g, 1A% mill, + ITAR 5, [ frml s,

Jim—kti—Fim—kt1+j
T

k—1 ,
+ ZTHRk_J”EaﬁEa 5
J=1 @

k—1
> TARk?JJrlfj,m—k‘-‘rj

Jj=1

+ , k< m.

k—1 k—1

S TARF I i ey = D (I = R)RM I f iy

j=1 j=1

T
L

k-1
R fimiyy — 2 BRI

=1

<.
Il
—

k—1 k—2 4
=> Rk_ﬂfj,m—mj = R* frmin — 22 Rk_jfj+1’m—k+j+1
j=1 j=1

k-2
_ k k—j fim—kti—Fir1m—k+jt1
= Rfi—1m-1+ R fim—ps1 + TR - .

7j=2

57

(3.27)
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Therefore,

k—1

> TARFI o kg

Jj=1

< ||RHE—>E ka—l,m—lnEa + HRk”E%E ”fl,m—k—i—lHEa
Eq

Jit1,m—ktit1—Fiym—k+j
T

k-2
ol
+ JZ_:l T HR Ea—FEa

Eo
(3.28)
Combining estimates (3.7), (3.27) and (3.28), we get
max uk,m_uk—l,m‘ S M |: max me*d}'mfl
1<k,m<N T E, 1<m<N T Eq
(3.29)
feom—fr—1,m-1
s A0l s ol + s | Botizson ]| ],
Using the identity (3.8), we get
Uk, m—Uk—1,m — Rm@kfm_@kflfm
m
+ 3 PRIt fkferjyjffk*ler+j»j’ m < k.
=1 ! B
Using the triangle inequality, we get
Uk, m —Uk—1,m Pk—m —Pk—1—-m
: Tk : HEa S ||Rm||Ea_>Ea || - Tk - HEQ
+ L TIR T g, || Pt | <k
j=1 o
Applying the estimate (3.7), we get
max Uk, m—Uk—1,m ‘
1<k,m<N T E,
(3.30)
<M [max ||§9k_<Pk—1 H + max ’ fk,m*fkam‘ ] . m <k
1<k<N T Ea " 1<km<nN T E.,
Using the identity (3.6), we get
Uk—1,m ~Uk—1,m—1 __ k¥Ym—k—1—%m—k—
k—1 Tk 1 1 — R k 1T k—2

k
k—j+1 fim—k+i—fim—1—k+j
+ Z:ITR = ) k S m.
]:
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Using the triangle inequality,we get

Uk —1,mUk—1,m— k wm— — _wm— —
: T : : B, S ||R HEQ—>EQ : 17' = B,
k k—j+1 f k+i—/f k
— im—k+j—Jjm—1—k+j
L TR |||k <m
Applying the estimate (3.7), we get
max ‘ Uk —1,m Uk—1,m—1
1<k,m<N T Ea
(3.31)
1<m<N T E, 1<km<N T Ea
Using the identity (3.8), we get
Uk—1,m —Uk—1,m—1 __ —1Pk—m—Pk—m
k=1 Tk 1 1 — Rm k Tk +1
+Rm+wgpkfm + TARfk,m
+ mz_:l - {Rm—j Jk—majj—Sh—mt14jj
i=1 "
pRODT R fk—m+j,j} , m<k
Using the triangle inequality, we get
kal,m*:kfl,mfl ; < “Rm—lHEa_)Ea H‘Pk—m_fk—m+1 HEa
B 5o 5o [APk=mll g, + ITAR| g g | frmll g,
(3.32)

Jr—majj—Se—mi14jj
T

m—1 )
+ TR g, o,
]:

Eq

m—1 )
+ 2 WTAR T fy il s m < ke
7=1
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Here,
m—1 . m—1 .
> TAR™YI i = 2 (I = R)R™ fromij
j=1 Jj=1
m—1 ) m—1 -
= R fymmrgg — 20 B fimmagy
i=1 i=1
m—1 . m—2 .
= > R" 7 fimyjj — R frmmirn — D R fommijtigm
j=1 j=1
m—2
= Rfitm-1 + R fromara + 3 TRmI lombiilomtytan
j=1
Therefore,
m—1 11
'Zl TAR™ T fommii < ||R||Ea—>Ea ”f’f—lvm—l“Ea
]:
Eq

IR g el (3.33)
= i fr 1=k
Rm—i —m+j,j+1 " Jk—m+j.j .
+ ; 7| [PRR - .
Combining estimates (3.7), (3.32) and (3.33), we get
max ‘ Uk —1,m—Uk—1,m—1 S M |: max Hsﬂk—<ﬂk—1 HE
1<k,m<N T Eao 1<m<N T «
(3.34)

fk,mffkfl,mfl

4+ max ||A‘Pk||Ea+ max kam”EajL max ) -

1<k<N 1<k,m<N 1<k,;m<N

o)

From the estimates (3.29), (3.30), (3.31) and(3.34) we obtain the statement of the
Theorem 3.5.

Now, the applications of Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem
3.4 and Theorem 3.5 will be given. First, the mixed boundary value problem for
one dimensional ultra-parabolic equation (2.19) is considered. The discretization of
problem (2.19) is carried out in two steps. In the first step, let us define the grid

sets

0,1, ={z =2, :2,=nh, 0<n <M, Mh=1}.
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We introduce the Banach spaces Cj, = C[0,1],,CF = C?[0,1], of grid functions

©"(x) = {p(hymy, - - -, hymy,)} defined on [0, 1], equipped with the norms

I 6" o= max |6 (2]

[v"(z + h) — v"(z)]
" Wjo,, =1 " llerou, +  sup 5
0<a<z+h<1

To the differential operator A generated by problem (2.19) we assign the difference
operator A7 by the formula

Un+1 — 2un + Up—1

A (z) = { —a(z) . M+m%g
{ Tt

acting in the space of grid functions u"(z) = {u,}; satisfying conditions u? = uf,,

b — gt =t
With the help of Aj we arrive at the initial boundary-value problem

( Aul(t,s,x)

oul(t,s,x T
ot + ((;s ) +Ahuh(t787‘r) :fh<t787x)7

0<t,s<l, ze€l0,l],
(3.35)
u(0,s,2) = Y"(s,1), 0 <s < 1,u(t,0,2) =" (t, ),

\ 0<t <1, QTE[O,Z}h,

for an infinite system of ordinary differential equations. In the second step, we

replace problem (3.35) by difference scheme (3.1)

(

Ui TMom 4 peyh — fh(g) e 0]
- Wm = Jlm\T), i

fl?,m(a:) = fh(tka 8m7x)7tk = kT, Sm = MNT,
(3.36)

1<k,m<N, zel0l,

Uy = 00,0 <m < Noufly = o, 0 <k <N.

\

It is known that A? is a positive operator in C[0,1]; and C?[0,1],, (see[19]). Let us
give a number of the corollary of Theorems (3.1), (3.2), (3.3), (3.4) and (3.5)
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Theorem 3.6. For the solution of difference scheme (3.36), we have the

following stability inequality

s o, <1 (108w, + s ot o,

1<k,m<N

+ max uf,?,mncm,uh) ,

where M is independent of 7, ¢! ¢ and f,ﬁm.

m

The proof of Theorem 3.6 is based on the Theorem 3.1 and the positivity of

operator A} .

Theorem 3.7.  For the solution of difference scheme (3.36), we have the

following coercive stability inequalities

h _,h
max ||ukm uk_1,m—1||c[07l]h+ max ||h_2 {un+1

n n—1 1V
1<k,m<N T 1<km<N km Uy, + Uk,m }1 HC[Ovl]h

<M ( max_||h~2 {2t — 297 + 7/’;71}? et

0<m<N

—2 n+l n n—11N
Fomax 1072 {of™ = 20 + i e,

1 h
+1In errlgggNka,chm,l]h) >

where M is independent of 7, 9" ok, and fﬁm.

The proof of Theorem 3.7 is based on the Theorem 3.2 and the positivity of

operator A} .

Theorem 3.8.  For the solution of difference scheme (3.36), we have the
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following coercive stability inequalities

h _,h h _ah
max ||’lLk;,m Uk711m|’0[0 1}}1_’_ max ||Uk—1,m U}gfl,m—l

1<k,m<N T ' 1<k,m<N T HC[O’”h

<M ( max [|A72 gt — 207 + ¢ ey, + max || £E, |

0<m<N 1<k,m<N

h*wﬁq—1” + max ||fl?,m_f1?71,m||
1<meN T C[01] L<kam< N T C[0.1],

-2 n+l n n—11N
o lh {or™ =208 + @i} e,

+ max

fho—fh oh_ph
N L R e 1||C[o,u,b) |

0<k<N
where M is independent of 7, ¥ ot and f7, .

The proof of Theorem 3.7 is based on the Theorem 3.3 and the positivity of

operator Aj .

Secondly, the mixed boundary value problem for the multidimensional ultra-
parabolic equation (2.21) is considered. The discretization of problem (2.21) is

carried out in two steps. In the first step, let us define the grid sets

O =0N0,S,=0,N8S.

We introduce the Banach spaces Cj, = Ci, (), Cop = C% () of grid functions
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o"(x) = {p(hymy, - - -, hymy)} defined on Q, equipped with the norms

I ¢" o,y = max " (2)],
z€Qp
1" oz @n=Il ¢" lc@m

+ Sup |§0h($1,"',l’n)—()Oh(ﬂfl—i-hl,"',l’n—l—hn)‘
0<zp<zp+hi<l
1<k<n

x TT b Pk ald (1 — ap — hy )P
k=1

To the differential operator A generated by problem (2.20) we assign the difference

operator Aj by the formula

n

Aiuz - = Z Qy (x)(uh— )1'7'7j7‘

r=1
acting in the space of grid functions u”(z), satisfying the condition u"(x) = 0 for all
x €5y

With the help of A} we arrive at the initial boundary-value problem

( ul(t,s,z oul(t,s,x T
Qo) 000) | At 5,2) = fo(8, 5, ),

0<t,s<l, zey,
(3.37)

ul(0, 8, 2) = Yh(s,z), 0 <s < 1,ul(t,0,2) = (¢, 2),

\OStSLxEQh
for an infinite system of ordinary differential equations.

In the second step, we replace problem (3.37) by difference scheme (3.1)

4

h h
Uk m Yk—1,m—1 z, h _ fh
= A, = S (), € €

fl?m(x) = "y, smx), th = k7,8 =m7, 1 <k,m <N, z € ﬁh, , (3.38)

ug =t OSmSN,uZVOZQOZ,OSkSN
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It is known that A? is a positive operator in C(Qy) and CJ(Qy). Let us give
another corollary of the Theorems (3.1), (3.2) and (3.3).

Theorem 3.9. For the solution of difference scheme (3.42), we have the

following stability inequality

h ~
IS%}%);NHU’k,mHC(Qh)

hy - h _
< 01 (s 10l + o bl | nas Il )
where M is independent of 7, 9" ol and fﬁm.

The proof of Theorem 3.9 is based on the Theorem 3.1 and the positivity of

operator Aj .

Theorem 3.10. For the solution of difference scheme (3.36), we have the

following coercive stability inequalities

uz,m_u}lzfl,mfl - ~
1§I/£,1787L1}§N” T HC(Qh) + 1<r21ax< Zjl ”u(xrzr, Jr) k,mHC(Q")
< . o 3
Mln |h| <1£r71na<XN Z qu (Trxr, jr) m HC(Qh) + 01/<I}98<1}§V Z ” xrxrv Jr) k ”C(Qh))

+M1H T—‘,—\h\ maX ||fkm||C (Qn)

where M is independent of 7, 9" ok, and fﬁm.

The proof of Theorem 3.10 is based on the Theorem 3.2 and the positivity of

operator Aj .

Theorem 3.11.  For the solution of difference scheme (3.36), we have the
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following coercive stability inequalities

ho . h h _.h
Huk,m Uk—1,m ||uk—1,m Uk—1,m—1

max

L<kam< N p Hcr(ﬁh) + max

1<k,m<N T ”C(ﬁh)

h _ h
SM(lgnagNznwm o+ sl

’¢ ’lj)m 1 fkm fk 1,m
+ max = o, + max [ g,
+0r<r}g>§VZ " . No@,)
=Ty Choa
+1§%}%§NH+HC(Q” + oir}caé%vH—HC(Qh)

where M is independent of 7, 9" | ol and fl?m

The proof of Theorem 3.11 is based on the Theorem 3.3 and the positivity of
operator A} .

Third, the mixed boundary value problem for the multidimensional ultra-
parabolic equation (2.23) is considered. The discretization of problem (2.23) is
carried out in two steps. In the first step let us give the difference operator Aj by

the formula

> WEDyub + oul. (3.39)

2m<|r|<S

The coefficients are chosen in such a way that the operator A7 approximates in a

specified way the operator
olrl 5
2 @ (@) g g T
|r|=2m
We shall assume that for |{h| < 7 the symbol A(&h, h) of the operator AY — §

satisfies the inequalities

(—1)™A®(gh, h) > My|€]*™, |arg A%(ER, B)| < & < o < g (3.40)



With the help of A} we arrive at the boundary value problem

( uh (t,s,2 uh (t,s,x T
: gt”)_'_a ((’927)+Ahuh(y7x>:fh<tvsax)a

0<t,s<l,zeRy

ul(t,0,2) = o"(t,2),0 <t < 1,u"(0,s,2) = (s, x),

0<s<1l,zeRy
\

for an infinite system of ordinary differential equations.

In the second step we replace problem (3.41) by the difference scheme

( uh b
kom ™~ Yk—1,m—1 x,,h _ fh n
S Hhotmed g Azl = fh(x),x € RY,

fﬁm(x) = fM(tg, $mx), tr, = k7,8 =m7, 1 <k,m <N, z € R},

It is known that A? is a positive operator in C'(2,)and C%, (€2).

67

(3.41)

(3.42)



CHAPTER 4

SECOND ORDER OF DIFFERENCE SCHEMES

of accuracy difference scheme

Uk m—Uk—1,m Uk —1,m—Uk—1,m—1 1 .
—= + = + 3 AUk m + Uk—1m-1) = frm

Jem = f(te — 5, 8m — 5),tk = k7, s =m7, 1 <km< N, NT =1, (4.1)

uO,m:w’ﬂu OSmSNa Uk,0 = Pk, OSkSN

\

is constructed. The following main theorems on stability estimates for the solution
of difference scheme (4.1) is established.
Theorem 4.1. Let 7 be a sufficiently small number. Then for the solution of

(4.1), we have the following stability inequality

max || ugml| e
1<k.m<N

<
<M (O%VH%HE + max oullz + Krggg]vufk,mnE) ,

where M is independent of v, i, and fi .

Proof. Using (4.1), we get

Ukm — Uk—1,m—1

1
-A m —1,m—1) = m-
- + 5 Al + th-1m-1) = fi,

From that it follows
Ukm = Bug—1,m—1+ 7C frm. (4.2)
where B=(1 — =) (I + %)_1 and C=(I + %)_1 . By the mathematical induction,

we will prove that

Uk,m = Bnukfn,mfn + Z TBniijkfnJrjymfnfj (43)

Jj=1

68
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is true for all positive integers n. It is obvious that for n=1,2 formula (4.3) is true.

Assume that for n=s

Uk,m = Bsukfs,mfs + Z TBriijkfs+j7mfs+j (44)
j=1

is true. In formula (4.2), replacing k and m with k-s and m-s, respectively, we have
Uk—s,m—s = Bukfsfl,mfsfl + chkfs,mfs- (45)
Then, using (4.4) and (4.5), we get

s
i +1 Ss—1
Uk,m = B* Uk—s—1,m—s—1 + TRSka—s,m—s + E TR ]ka—s+j7m—s+j-

=1
From that it follows
s+1
_ s+1 s—ij+1
Ukm = B Uk —s—1,m—s—1 + E TB* ka—s—l—i—j,m—s—l—‘rja
=1

is true for n=s+1. So, formula (4.3) is proved. For m < k, replacing n with k-r in
formula (4.3), we obtain that

k—r
U’k’,m = Bk_rur7m_k+7« + Z TBk_T_jOfr+j7m_k+7-+j. (46)

j=1

Then using (3.6), we obtain that

T k
Uk = B¥ TR W o+ > TBYTRIIN i > T BN IO e (A7)

j=1 j=r+1

Using estimate (see[18])
|IB*"R"||pp < M and ||B¥C||gp < M (4.8)
and triangle inequality, we get

T .
lukmlle < B R || g pllbm—klle + 32 IR 7 | oo pll fm—rssl e
j=1

k .
+ > 7B IC| =l fim-rtille (4.9)

j=r+1

< .
<M ogqangmeHE + 1%%127?5”]6%%



For k > m, replacing n with m-r in formula (4.3) we get

m—r

k—r m—r—j
Ug,m = B Uk —mtr,r + E B ]ka—m+7"+j,r+j'
Jj=1

Then using(3.8), we obtain that

k
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g = B R0+ Y TBYTRTI i i+ Y 7B IC fromygge (4.10)

j=1 j=r+1

From estimate (4.8) and triangle inequality, it follows that

m .
[urmlle < [1B*"R||p=pller-mlle + 32 TR popll frmmi)ll e

J=1

k .
+ > 7B"C| sl fremiijlle
j=r+1

<
<M Juax ||g0kHE+ Jmax max, [ fjm|l 2

Combining the estimates (4.9) and (4.11) we get the Theorem 4.1.

(4.11)

Theorem 4.2. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (4.1), we have the following almost coercive inequality

u +u
max H k,m ;c 1,m—1
1<k,m<N 1<km

< o1 (o 40wl + g LAl

0<k<N

1<k,m<N

—i—mln{ln— 1+|lnHAHE_>E|} max ||fka>

where M is independent of 7, ¥, @i, and fi .

Proof. Using the identities(3.6) and (3.8), we get

%(uk,m + uk—l,m—l) = ARkQ;Dm—k + AWk,ma k < m,

vl

(Ukym + Uk—1,m—1) = AR Qp—gn + AWin, m <k,

e + max || AUpm + Up—1.m1) B
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where

k .
= 22 [T%Rk_J+1<fj,m—k+j + fj—l,m—k—l—j—l)]
‘7:

+75 R frmks1, B <m,
(4.12)
Wim = > [TAR™ I (fismijs + fromaj—1-1)]

i=2

+T%Rmfk7m+1’1, m S k.

To estimate Wy, we use the estimate (3.12) and triangle inequality, we get

AWk mllE < 75 (Z IARY Y gl fm—rs 2

k: .
+ 2 AR gl fi—vm—reille + HARkHE%EHfLkarlHE>

Jj=2

<M12k+1 ]1< HmeHE’ k<m,

AW mllp < 71 <§ |AR™ N g || fo—mssjll &

j=2

+ 3 JAR™ M go g fommej—1j-1ll 5 + ||ARm||E—>E||fk—m+1,1||E)

SMQZ

WKJ ||f]m||Ea m < k.

Since

k k
1 d
D r— s/ Y Ik k > 1,
we have
< ,
[AWellp < Mink, max [ fimlls,

hence

1
1<I£a§N||AkaHE < Min(— )1<Ii?a§zv||fkm”E' (4.13)
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Further, we have

k .
AWy mlle < 735 (ZQ AR g || fim—rvil £
‘]:

k .
+ > AR T sl fi—tm—tri—1lle + | ARY| s gl frim—k+1 ]l £
=2

k
< k—j+1 ) <
e L N R

m .
AWy mlle < 73 (ZQ |AR™ ) g || foemijll B
]:

m .
+ 3 JAR™ I gL el frmmej—1j—1llB + |AR™| g Bl fr—ma11] 2
i=2

m -
< Y TIAR™ T |psp max | fimle , m < k.
j=1 1 <N

Using the estimate (3.14) and triangle inequality, we get

AWk mlle < M[1+1In||Allpoe] max || fimlle- (4.14)

1<k,m<N

Combining estimates (3.11), (4.13) and (4.14) we obtain the Theorem 4.2.

Theorem 4.3. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (4.1), we have the following almost coercive inequality

max || “em—h=bm ) p 4+ max

|| Uk—1,m—Uk—1,m—1 H
1<k,m<N T 1<k,m<N T B

< Ym—¢m—1 Joym—f,m—1
< 0 (s A0+ g (St | e

Pk —Pk—1
+OISI}%>§VI|A%||E+1§I,§}2§N|I—T &

fem—Tr—1,m
+1§g}2§NH—T |z + 1<Hk}g§Nka,mHE) :

where M is independent of 7, ¥, ¢k, and fi .
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Proof. The proof of Theorem 4.3 is based on the formula (4.2), the following

formulas

k
Uk,m = Bkwm—k + ZTBk_jij,m—k+j)7 m > k7

J=1

Uk = B O + Z TB"IC frmijj)s k>m
j=1
and the estimate (4.8) .

Theorem 4.4. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (4.1), we have the following coercive inequality

Uk, —i—uk_l, 1 1
1Sf,§}g>§NH = 5 - HEa+1<f]§1aX H— (U + Uk—1,m—1) || B4

1
< —
<M (OglnaSXNHAmeEa o 1Agnlle, + T )K?%NufkaEa)
where M is independent of 7, ¥, ¢k, and fi .

Proof. To estimate Wy, in the norm of E,, we use the estimate (3.26), (3.7)

and triangle inequality, we get

MO
a(l — Oé) Hfj,mkaerEa : (415)

Finally, using the triangle inequality,the last estimate and the estimate (3.11),

we obtain the following estimate

Uk, m—Uk—1,m—1
1SI£31}§NH T lea + 1<I1?a}iN”AukaEa

<M ( max || At 5, +

—L1 _ ma
0<m 0‘(1 @) 1<k, <N

kamuEa) |

In a similar manner one can show that

Uk m—Uk—1,m—1
g e gy Al

< .
iy (+m>§v 1Al + ||fkmuEa)

—1 _ ma
0‘(1 @) 1<k, <N

Theorem 4.4 is proved.
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Theorem 4.5. Let 7 be a sufficiently small number and ,,, pr € D(A).

Then for the solution of (4.1), we have the following coercive inequality

Uk, m—Uk—1,m Uk—1,m—Uk—1,m—1
lgrmgNH—T | . +1§£2’§N”—T | .

< Ym=—¢m—1 Sroym—fkym—1
< o1 (s A0, + o 1220ty 4 et |,

+ max [[Agpl|g, + max |

| Pk —Pk—1 || B
0<k<N 1<k,m<N T @

fem—Tr—1,m
+, nax [ty + 1<I£%§N‘|fk,m”Ea> )

where M is independent of 7, ¥, @i, and fi .

Proof. The proof of Theorem 4.5 is based on the formula (4.2) and the
estimate (4.8) .

Now, the applications of Theorem (4.1), Theorem (4.2), Theorem (4.3), Theo-
rem (4.4) and Theorem (4.5) will be given. First, the mixed boundary value problem

(2.19) is considered. We replace problem (3.35) by difference scheme (4.1)

( uz,m_ullz—l,m—l lAl‘ h h _ fh O l
+ 2 h(uk,m + uk—l,m—l) - fk,m(x)7x € [ ) ]h

T

fl?,m(x) = fh(tk - %78m - %7x)7tk = ]{JT, Sm = T,

(4.16)
1<k,m<N, ze€l0,l],
\ u{)”’m =yh 0<m< N,ugO =l 0<k<N.
Let us give a series of these abstract theorems.
Theorem 4.6.  For the solution of difference scheme (4.16), we have the

following stability inequality

h h h
s e ltoay < 07 (o 16 etoa, + g ekt

h
+1<r£%§Nka,mHC[o,1]h) ;

where M is independent of 7, ¢! " and f,?m



The proof of Theorem 4.6 is based on the Theorem 4.1 and the positivity of

operator Aj .

Theorem 4.7. For the solution of difference scheme (4.16), we have the

following coercive stability inequalities

h h
u u
k, k—1,m—1
max || -m—tetmel

1<k,m<N T leto,us

_ 1N
+ anax 072 [{uptd = 2up, +

_ N
+ {uzi_im—l - 2u'lrcL—l,m—l + U’Z—%,m—l :|1 “0[071}}1

0<m<N

<M (rfln ( max_[|h=2 {yrt — 207 + ¢ o,

) n+l n n—11N
+Og}€a§>§vllh {ok 20 + 0y 1 ||C[0711h>

1 h
e o, )

where M is independent of 7, ¢! ¢ and f,ﬁm.

The proof of Theorem 4.7 is based on the Theorem 4.2 and the positivity of

operator Aj .

Theorem 4.8. For the solution of difference scheme (4.16), we have the

following coercive stability inequalities

h _,h h .k
max ”MHC[OH;L_'— max Hukfl,m Uk—1,m—1

) C’O,l
1<k,m<N T 1<k,m<N T I [0:1]n

-2 n+1 n n—11N h
<M (Og}nagN”h {ortt — 247 + Y1 oo, +1S%2§N}}fk’m}|

wh—yh Sem =S
= loe, +, g 1= oo,

—2 n+l n n—11N
Fomax 1072 {of™ = 20 + i e,

4+ max
1<k,m<N

T =F i =
=== llop., + max == 1“0[071}h>
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where M is independent of 7, 9" ol and fﬁm.

The proof of Theorem 4.8 is based on the Theorem 4.3 and the positivity of

operator A} .

Second, the mixed boundary value problem (2.21) is considered. We replace

problem (3.37) by difference scheme (4.1)

R
U

. h
Leym =kt mo1 + %A:ftz(ug,m + U’}klfl,mfl) - fﬁm(l‘% T € Qh’

T

f,f}m(a:) = "ty — 5. $m — 5,2), tp = kT, 8 = mT,

, (4.17)

lgk,mSN,zeﬁh,

=, 0<m < Noujy =9}, 0<k<N.

\

Theorem 4.9. For the solution of difference scheme (4.17), we have the

following stability inequality

h ~
i el

h _ h ~
< o1 (s 10l + g eblo, + s 2l )

where M is independent of 7, ¢! ¢ and f,?m

The proof of Theorem 4.9 is based on the Theorem 4.1 and the positivity of

operator A} .

Theorem 4.10. For the solution of difference scheme (4.17), we have the

following coercive stability inequalities

ho _,h
Huk,m Uk—1,m—1

\dnax  lle@

3, max 21 PR PR 12,3

<M (1gna<xN AL wllo@n +ma > Z L. k“C‘ﬁh))
+MIn —— r+\h\ max ka m”c Q)"



7

where M is independent of 7, 9" ol and fﬁm.

The proof of Theorem 4.10 is based on the Theorem 4.2 and the positivity of
operator A} .

Theorem 4.11. For the solution of difference scheme (4.17), we have the

following coercive stability inequalities

h _,h
”“k,m Uk—1,m

h h
“ Uk—1,m Yk—1,m—1
1<k,m<N T

HC(()h) +  max

1<k,m<N T ”C(ﬁh)

< M( max Z ||¢h -T)mHC@h) + max Hflg,ch(ﬁh)

1<m<N (xrr, j 1<k,m<N

—wh ~¥m-1 - = im
+1glna§XNH = HC(Qh)—i_lgrlg,lgz)ENH—Hc(Qh)
+01<I]].<;a<)§v Z ||SO($7“-737“ Jr) ||C (25)

fl?, 7fr}rl—1 _ Z_<p}k171 _
ﬂ;gggvll = lle@, +o%82’§v|| - lle@, )

where M is independent of 7, 9! ol and fl?m
The proof of Theorem 4.11 is based on the Theorem 4.3 and the positivity of

operator A} .

4.1 R-MODIFIED CRANK-NICHOLSON DIFFERENCE SCHEME

Finally, we consider the r-modified Crank-Nicholson difference scheme

4

Hem Sl 4 AU = frm , 1< k<71 or 1<m<r,

T

S holmol %(uk,m + Uk—1,m—-1) = Jeom » T+ 1< k,m <N,

T

freom = f(tes sm), tk = k7, Sy =m7, 1 <k,m <N, Nt =1, (4.18)

uOm:¢m7¢m:¢(sm)a 0§m§N7

Uko = Yk ok = p(te), 0 < k<N
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for the approximate solution of (2.1). Note that the modified Crank-Nicholson
difference schemes were firstly presented in (Ashyralyev, 1989) for the approximate
solution of the Cauchy problem for abstract parabolic equations with non-smooth

data

vi(t) + Av(t) = f(t), 0 < t < 1, v(0) = v (4.19)

in a Banach space with the strongly positive operator A. These difference schemes
were constructed with combination of the Crank-Nicholson difference scheme with
step 7 and the Rothe scheme with step 27!7 in the case with non-smooth data. By
the way, r-modified Crank-Nicholson difference schemes for r = 1,2, 3 have a smooth
property as the Rothe difference scheme and the same order of approximation as
the Crank-Nicholson difference schemes. Moreover, the modified Crank-Nicholson
difference schemes for various evolution partial differential equations have been stud-
ied in papers (Ashyralyev and Sirma, 2009), (Ashyralyev, 2008), (Ashyralyev and
Yildirim, 2011), (Ashyralyev, 2007) and (Ashyralyev et al., 2010).

The following stability estimates and almost coercive stability for the solution
of difference schemes (4.18) are obtained.

Theorem 4.12. Let 7 be a sufficiently small number. Then for the solution
of problem (4.18), we have the following stability inequalities

<
ol < M ( o e + ol + | s )

where M is independent of 7, ¥, ¢k, and fi .

Proof. For 1 < k,m <r, using the theorem (3.1) we obtain

fonle < 01 | s [ils + o lonlle + o Ufinlls| - (420

For r +1 < k,m < N, using the Theorem (4.1) we obtain

< . .
ol < 01 | Wolls + o ol + mox Linle] - (420

Combining the estimates (4.20) and (4.21) we get the statement of the The-

orem 4.12.

Theorem 4.13. Let 7 be a sufficiently small number and 1, op € D(A).
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Then for the solution of (4.18), we have the following almost coercive inequality

e [He=timnst g max || Augnlls
;MmN 1<km<r

A
+r+1r§nk%§zv||5(uk’m -1 e

<
< o1 (o 40z + o Ao

+m1n{ln— 1+|IHHA”E—>E|} max ||fka>

1<k,m<N

where M is independent of 7, ¥, ¢k, and fi .
The proof of the Theorem (4.13) is based on the Theorems (3.2) and (4.2)
Theorem 4.14. Let 7 be a sufficiently small number and ,,, o1 € D(A).

Then for the solution of (4.18), we have the following almost coercive inequality

1<Igla;}i ||uk:m :Jk lmHE+ max ||uk: lm_;l:tk 1,m— 1||
m<N 1<k,m<N

fk,mffk,mfl
===

< "/hn_'lpmfl
=M (Oglax |14%mll + 1<I1?a§N| e+ 1N

+ max ||Ag0k||E+ max |

| Pk Ph—1 |
0<k< 1<k,m<N T

Joom —fo—1.m
b It s ),

where M is independent of 7, ¥,, ¢k, and fi .
The proof of the Theorem (4.14) is based on the Theorems (3.3) and (4.3)
Theorem 4.15. Let 7 be a sufficiently small number and v,,, o, € D(A).

Then for the solution of (4.18), we have the following coercive inequality

Uk, m—Uk—1,m—1
1§%}%}§NH T Iz, +1<1£1ax 1At m | 20+

A
THISnk%SNIIE(uk,m + Up—1m1) || B,

<M (Oinax | A, || £, + Jmax HAgokHEa Y] a)l<rg1a)§Nka,mHEa> ,
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where M is independent of 7, ¥, ¢k, and fi .
The proof of Theorem 4.15 is based on the Theorems (3.4) and (4.4).

Theorem 4.16. Let 7 be a sufficiently small number and 1, or € D(A).

Then for the solution of (4.18), we have the following coercive inequality

Uk, m—Uk—1,m Uk —1,m~Uk—1,m—1
| Jpax || =t ||p, 4 max || Ste—stest]

< Ym—Pm—1 Jre,m—fle,m—1
< M( max | At || 2. +1<11?a§1v” —=| g, +1§I£7%)§NH—T | a

+ max ||Apk||g, + max ||

Pk —Pk—1 H
0<k<N 1<k,m<N T @

fk,mffkfl,m
e+ s il )

where M is independent of 7, ¥, ¢k, and fi .

The proof of Theorem 4.16 is based on the Theorems (3.5) and (4.5).

First, we consider the application of these theorems to problem (2.19). We
replace problem (3.7) by difference scheme (4.18)

,

'th U
bt Afu = e (@), 2 € (0,0, 1 < kym <,

h
Uk

—uh
km k—lm—1 + %Ai<uk,m + uk*l,mfl) = fl?,m(x)? LS [O’ l]h’

T

r+1<km<N,
(4.22)

f,f}m(a:) = "ty — 5. 8m — 5,2), tp = kT, 5 = mT,

1<km<N, zel0,

Uy =00, 0 <m < Noujg =@, 0 <k < N.

,m

It is known that A% is a positive operator in C[0,];, and C?[0, 1.

Theorem 4.17. For the solution of difference scheme (4.22), we have the
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following stability inequality

h h h
s ol leton, <1 (max 108, + o ot o,

h
+1<f,§’13n§N|!fk,mHC[o,1]h) :

where M is independent of 7, 9" ol and fﬁm.

The proof of Theorem 4.17 is based on the Theorem 4.11 and the positivity of

operator Aj .

Theorem 4.18. For the solution of difference scheme (4.22), we have the

following coercive stability inequalities

h h
u u
k,m k—1,m—1
1 H

1<k,m<N T ”C[O,l]h

_ N
+1<I£%§N||h ’ {UZJ;% — 2y, + Uzmlh llcro,1,

1 -2 +1 _1\N
+§1§Ig}3§Nllh [{u};m —2up,, +up )

n n n— N
+ {ukir%,m—l - 2uk:—l,m—l + uk—%,m—l 1 :| HC[0711h
— n n n— N
< o (g (g I 5 = 208+ 050 et

—2 nt+l _ n n—1 N
+0I§r}%)§v”h {Spk 2¢F + ¢ }1 ||C[0,1]h>

1 h
+1In mlgrg}%]vﬂfk,mllcw,uh) :

The proof of Theorem 4.18 is based on the Theorem 4.12 and the positivity of

operator A} .

Theorem 4.19. For the solution of difference scheme (4.22), we have the
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following coercive stability inequalities

h _,h h _,h
max ||’lLk;m ukil}mHC[O 1}h+ max ||uk71,m Uk—l,mfl

o1
1<k,m<N T ' 1<k,m<N T I [0:1]n

SM(OgnagNHh st = 20+ v o, + | max (17|

+ max ”1/)21*1021_1H + max ”flg,m_fl?fl,m”
1<m<N T Clo.1n 1<k,m<N T C10.1ln

—2 n+1l n n—11V
+Or§1}€a§>§vllh {ok 200 + i 1 llepan

+ max
1<km<N

O 2
1P e, + max f| == 1IIC[071}h)

where M is independent of 7, ¢! ©f and f,ﬁm.

The proof of Theorem 4.19 is based on the Theorem 4.13 and the positivity of

operator Aj .

Secondly, the mixed boundary value problem for the multidimensional ultra-
parabolic equation (2.21) is considered. We replace problem (3.9) by difference
scheme (4.18)

;

uh  _yh
k, k—1,m—1 h _ fh
e Afug o= fil (), € Q1< kym <,

uZ,m_uzfl,mfl + lAz(u _ h
- ;5 5 AR \UEk,m + ukfl,mfl) - fk,m(x)a

r e, r+1<km<N
(4.23)

f,f}m(:z:) = "tk — 5. 8m — 5, 2), tp = kT, 8 = mT,

1<km<N, €,

=i, 0<m < Noufly =, 0< k<N

\

It is known that A? is a positive operator in C'(,) and CP (%) .

Theorem 4.20. For the solution of difference scheme (4.23), we have the
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following stability inequality

h _
1;]225;]\,”%,771”0(%)

< h _ h ~
< o1 (o 10l + g ety + | s I Eullo,) )

where M is independent of 7, ¢! ©f and f,f}m

The proof of Theorem 4.20 is based on the Theorem 4.11 and the positivity of

operator Aj .

Theorem 4.21. For the solution of difference scheme (4.23), we have the

following coercive stability inequalities

U’Z,m_uz—l,m—l . ~
(Jpax | [|[=E—== = o,y + | ax Z ”“(MT, i k0@
h ~
+1<I}c1?nx<r Z [H (zrzr, jr) kym * u(irzr, Jr) kfl,m71||c(9h)]

< Mln & i < max Z Hq/,h . Hc@h + max Z Hgo(x i Hc Qh>

1<m<N (xrr, jr 0<E<N ..

+C'ln —— th max kamHCQh

where M is independent of 7, 9" ¢ and f,ﬁm.

The proof of Theorem 4.21 is based on the Theorem 4.12 and the positivity of

operator Aj .

Theorem 4.22. For the solution of difference scheme (4.23), we have the
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following coercive stability inequalities

h _.h
||C(§h)+ max ||uk71,m Uk _1,m—1

“Z _“271, ~
max || -m—kem | Jhax o - ||C(Qh)

1<k,m<N T

=M <1£na<XN 2 Hwhxm jr) m Ho(ﬁh) + 1<k <N kach ()
+1%a§N|r%|IC(@h) +. gg}ggNHM”cmh)
s, B o

N e A Y e

where M is independent of 7, 9! ol and f,gm.
The proof of Theorem 4.22 is based on the Theorem 4.13 and the positivity of

operator A} .



CHAPTER 5

NUMERICAL RESULTS

We consider the initial boundary value problem for one dimensional ultra

parabolic equation

( ou(s,t,x ou(s,t,x du(s,t,x

ft,s,2) =e Hsinmr, 0 < s,t <1, 0 <z <1,

w(0,t,x) =elsinmr, 0 <t <1, 0 <z <1, (5.1)

u(s,0,z) =e fsinmr, 0<s<1, 0<x <],

\ u(s,t,0) =u(s, t,m) =0, 0<s,t<1
and ultra-parabolic equation with Neumann condition

8u(gf,l’) + 8“(;,;,1‘) _ 82’11/8(;,;7-73) + 2u(t’ S, a’;) — f(t’ S, gj)’

f(t,s,x) =e ) cosma,0<s,t <1, 0<z<l,

uw(0,s,x) =e fcosmr, 0 <t <1, 0<z <1, (5.2)

u(t,0,z) =etcosmr, 0<s<1, 0<x <1,

\ Uz(8,1,0) = uz(s, t,m) =0, 0<s,t<1.
The exact solution of problem (5.1) is

—(t+s)

u(t,s,r)=e sin 7.
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and the exact solution of problem (5.2) is

u(t,s,z) = e ) cosma,

In the present chapter for the approximate solutions of the problem (5.1) and
(5.2), we will use the first and second orders of accuracy difference schemes. We
have the second order difference equations with respect to n with matrix coefficients.
To solve these difference equations, we have applied a procedure of modified Gauss
elimination method for difference equations with respect to n with matrix coeffi-
cients. The results of numerical experiments permit us to show that the second
order of accuracy difference scheme is more accurate compared with the first order

of accuracy difference scheme.

5.1 THE FIRST ORDER OF ACCURACY DIFFERENCE SCHEME

For the approximate solution of the problem (5.1), applying the Rothe differ-
ence scheme (3.1), we obtain

(  km__ k—1,m k—lm_ k—1m—1 wfm oy km o,k

m
Uy —U U — +1 -1 km _ rh
n Tn — n T”l — n h2 n + 2un — fk:,m7

fln = f(trs Smyn) = et sing, 1 <km<N, 1<n<M-—1,

ud™ = e Smging,, 0 <m <N, 0<n< M,

n

uft = et sing,, 0 < k<N, 0<n<M, (5:3)

n

Tp=nh, 1<n<M, Mh=mn
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for approximate solutions of initial boundary value problem (5.1). It can be written
in the matrix form
Atupii+Bu, +Cup =9, 1<n<M-—1,
(5.4)

— —
UQZO, ’LLM:O

Here
0 O 0 0
0 0 0
A=10 0 a 0 0 )
0 O 0 a 0
0 - a
L J (V12 (N41)2
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
B - )
0 b 0 c d 0 0
0 0 b 0 c d 0
0 0 --- --- b 0 --- ¢ d
L J (V12 (v41)2
0 O 0 0
0 0 0
C=10 0 a 0 0 ,
0 0 0 a 0
[ M
L J (V)2 (v41)2
where
1 1 1 1 1 2

t=——=,b=——c=——d=—-—+ -+ +2,
T 1T h?
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0,0
Pn

1,0
P

N,
“n

0,1
Pn

1,1
Pn
on=| i LB = (b s, ) = e ) sin g,

N1
2

0,N
Pn

1,N
“n

N,N
[ Pn” (N+1)2x1

and

L " (N+1)2x1

This type system was used by Samarskii and Nikolaev (Samarskii and Nikolaev,

1989) for difference equations. For the solution of matrix equation (5.4), we will use
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the modified Gauss elimination method. We seek a solution of the matrix equation

by the following form:

Up = Opt1Upt1 —+ ﬁn+1, n=M-— 1, Tty 2, 1, (55)

%
where uy; = 0,5 (j=1,--+, M —1) are (N +1)* x (N + 1) 2square matrices, 3,

(j=1,--,M—1)are (N+1)*x 1 coloumn matrices, o, (3, are zero matrices and

Opq1 = — (B + Can>_1 A7
(5.6)

Bui1 = (B+Cayn) ' (pn — CB) ,n=1,2,3,---(M —1).

For the approximate solution of the problem (5.2), again applying the Rothe

difference scheme (3.1), we obtain

( _ _ _ _ k,m k,m k,m
uﬁ,miuﬁ 1,m uﬁ 1”’”71[2 1,m—1 u® _2un “+u

n+1 n—1 k,m _ h
T - T - h2 + 2un o fkﬂ”’

fln = fths Smyn) = et cos w1 <k,m < N, 1<n< M —1,

udm =e S mcosz,, 0<m<N, 0<n<M,

n

ulb = e cosa,, 0 <k <N, 0<n<M, (5:)

km _ km km _ km
Uy =uy, Uy = Uy, 0<k,m <N,

tr=kr,8;, =m7, 0<km<N, Nt =1,

rp=nh, 0<n< M, Mh=rx

for approximate solutions of initial boundary value problem (5.9). It can be written
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in the matrix form (5.4). Here

0 0 0 0
0 0 0 0
A — 0 0 a ;
0 0 0 a 0
0 0 0 a
0 0 0 0O --- --- ¢
L 4 (N+1)2x(N+1)2
1 0 0 0 0
0 1 0 0 0
0 b c d
B = ,
0 0 b c d
0 0 b C d 0
L d (N+1)2x(N+1)2
0 0 0 0
0 0 0 0
C — 0 0 a ’
0 0 0 a 0
0 0 0 a
0 0 0 0O -+ --- qa
L 4 (N+1)2x(N+1)2
where
1
- he -~ = _—
a h27 7_’ C 7_7
1 2
d=—+4+ —<+ 2,
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0,0
n

1,0
P

N,
“n

0,1
n

1,1
Yn
Pn = e ) (ple,m = f(tka Smwxn) = e_(tk—’—sm) COS Ty »

N1
2

N,N
L Pn (N+1)2x1

and

L 4 (N+1)2x1

We seek a solution of the matrix equation by the same algorithm (5.5) and
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5.2 THE SECOND ORDER OF ACCURACY DIFFERENCE SCHEME

Applying the Crank-Nicholson difference scheme (4.1), we obtain the difference

scheme second order of accuracy in ¢ and s and second order of accuracy in x

k,m k—1,m k—1,m k—1,m—1
Un —Un — Un —Un

T T

1 uk:,m _zuk,m+uk,m i uk*l,mfl_2uk71,m71+uk71,m71 b1 1 h
n+1 n n—1 ,m n+1 n n—1 —1,m— P
= + 2un + 12 + Qun - fk,m’

2 h?

fln = flte Sm,wa) = e @ Dging, 1 <km <N, 1<n<M-—1,
ud™ =e*msing,, 0 <m <N, 0<n< M,
ub¥ = et sinz, 0 <E<N, 0<n<M,

u’g”:u’;f:o, 0<km<N,

tr=Fkr, 8, =m7, 1<km<N, Nt =1,

Ty, =nh, 1<n< M, Mh=mrx
(5.8)

for approximate solutions of initial boundary value problem (5.8). It can be written

the matrix form (5.4). Here,

0 0 0
0O O 0
A=1|a 0 a 0 0 ,
0 a 0 a 0
0 a 0 a
L J4 (N+1)2x(N+1)2



L o o 1 (N41)2x (N41)2

I cee e oo | P

where

! b 1+1+1 1—|—1+1
aQa = ——— = —— _— C = — JR—
2h?’ T h? ’ T ’

0,0
Pn

1,0
P

N0
Pn

0,1
Pn

1,1
P

— : km __ T T __—(t :
On = | : s e = f(te — 5, 8m — 5,Tn) =€ (ttsm) gin 1:,,.
N1
“n

0,N
Pn

1N
“n

N,N
B2

4 (N+1)2x1
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We seek a solution of the matrix equation by the same algorithm (5.5) and

(5.6).

Applying the modified Crank-Nicholson difference scheme (4.18), we obtain

(

k,m k—1,m—1 uk,m _2uk,m+uk,m
Uy —Up _ Ung n n—1 km _ rh
T h? +2un _fk,m71§k7m§T7
_ _ k,m k,m k,m
Uﬁ’m—u,’; 1,m—1 . un+172un +Un_1 + Zuk’m
- B2 n
k—1,m—1 k—1,m—1, k—1,m—1
u —2Uy, "

1
ot ookt = fh e 1 <kym < N,

Slm = fte =5, 8m — 5, an) = e Fsm"Dgin g,
1<km<N, 1<n<M-1,
udm =emging,, 0 <m< N, 0<n< M,

n

uk0 = et sing,, 0 <k <N, 0<n<M,
k,m k,m
uy =uy =0, 0<km<N,

tr=kr,80, =m7, 1 <km<N, Nt =1,

rp,=nh, 1<n<M, Mh=mn

for approximate solutions of initial boundary value problem (5.1). It can be written

in the matrix form (5.4). Here
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0
0 0
0o 0 0
0 0 a O
0 0 0 a O
0o 0 0 0 a O
C =
0 0 a O 0 a O
0 0 0 a O 0O a O
0o 0 0 0 a O 0 a O
0 0 a O 0 a O
0 0 0 a O 0 a O
|00 0 0 a O 0 a |

are (N +1)? x (N 4 1)? square matrices, where

1 2
a=-,b=—>c=-+ S +1ld=~+7+2
T T  h?

for the solution of matrix equation (5.4). We seek a solution of the matrix equation

by the same algorithm (5.5) and (5.6).

Applying again the modified Crank-Nicholson difference scheme (4.18), we

obtain the difference scheme second order of accuracy in ¢ and s and second order
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of accuracy in x

(

k,m

S 2up™ = i 1< kom <y

k,m k,m
un+172un +u

T B h?

k,m k—1,m—1
Un —Un

k, k, k,
e T e e + 2ukm
- 72 n
uk*l,mfl72uk71,m71+uk71,m71 h1 1 h
n _ _ _
_ n+1 = n—1 +2UTL )T :fk7m7r+1§k,m§N,

fl?,m = f(tk - %7 Sm — %,ZE”) = ei(thrSmiT) sin Ty,

1<km<N, 1<n<M-1,
(5.10)

ud™ = e *mcosx,, 0 <m< N, 0<n<M,

n

ub¥ = et cosz,, 0 < k<N, 0<n<M,

rp=nh, 1 <n< M, Mh=m

for approximate solutions of initial boundary value problem (5.2). It can be written

in the matrix form (5.4). Here

0 0 0 0
0 O 0 0
0 O a 5
0O 0 O a 0
0 0 O a
L 00 00 a ] (N+1)2x (N+1)2



Pn =

K2

o o o O

0N
Pn

1,N
P

N,N

0
1
b c
0 b
0 b
0 0
0
0
0 a
0 0
0 0
0 0 0
-1 -1
, 0= —
-

4 (N+1)2x1

0O 0 O

0O 0 0
d
c d

c d 0
b c d

4 (N+1)2x(N+1)2

0 O

0 O
a 0

a

a
d (N+1)2x(N+1)2

-1 1 2
—d=—+ =42
R R

s OB = f(tr, Sy Tn) = e~ (tetsm) cog

98
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and

L 4 (N+1)2x1

5.3 ERROR ANALYSIS

Errors computed by

KM
E ’ —

k,m
N max |u(tr, Sm, @n) — up™|

C1<km<Ni1<n<M—1

of the numerical solutions, where u(t, s, Z,,) represents the exact solution and u®™
represents the numerical solution at (tx, Sy, 2,,) and the results derived by difference

schemes are given in following tables.

Table 5.1 Comparison of the errors of different schemes for (5.1), here N=M.

Difference schemes N=10 | N=15| N=20| N =30
Difference scheme (5.3) 0.02810 | 0.02093 | 0.01440 | 0.01002
Difference scheme (5.8) 0.00051 | 0.00022 | 0.00012 | 0.00005
(5.9)
(5.9)

Difference scheme 11 0.02063 | 0.01025 | 0.00616 | 0.00292
=2 10.03277 | 0.01752 | 0.01094 | 0.00541

Difference scheme
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Table 5.2 Comparison of the errors of different schemes for (5.2), here N=M.

Difference schemes N=10| N=15| N=20| N =30
Difference scheme (5.7) 0.0646 | 0.0414 | 0.0363 | 0.0183
Difference scheme (5.11),r=0 | 0.0043 | 0.0022 | 0.0010 | 0.0003
Difference scheme (5.11),r=1 | 0.0574 | 0.0382 | 0.0251 | 0.0168

Thus, the results show that the second order of accuracy difference schemes
are more accurate comparing with the first order of accuracy difference scheme.
Moreover, modified Crank-Nicholson difference scheme is less accurate for greater r

values.



CHAPTER 6

MATLAB PROGRAMMING

6.1 MATLAB IMPLEMENTATION OF THE FIRST ORDER OF AC-
CURACY DIFFERENCE SCHEMES

6.1.1 Matlab Implementation for (5.1)

function uparabolafirst(N,M)

close; close;

taul=1/N; tau2=taul;

h=pi/M; a=-1/h? b = —1/(tau2);

¢ =-1/(taul); d =-c+2+(2/(h?));

N=N+1;
A=zeros(N*N,N*N);B=zeros(N*N,N*N);U=zeros(N*N,M+1);
alpha=zeros(N*N N*N);betha=zeros(N*N,N*N);
for i=1:N A(i,i)=0;end,;

for i=N+1:N*N A(i,i)=a; end;

for i=1:N-1 A(i*N+1,i*N+1)=0; end;

C=A,; for i=1:N B(i,i)= 1 ; end;

for ii=1:1:N-1 for i=ii*N+2:ii*N+N ;B(i,i-N-1)=b;
B(1+i*N, 1 -+ii*N)=1;B(1,i-1)=0;B(i,i)=d; end; end;
Phi=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

Phi(nn,n) =(exp(-(nn-1)*taul))* sin((n-1)*h);

end;
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for i=1:N-1

Phi(N+1+(i-1)*N,n) = (exp((-i)*tau2))* sin((n-1)*h);

end; end;

for n=1:1:M+1

for ii=1:N-1

for nnn=ii*N+2:ii*N+N
Phi(nnn,n)=(exp(((nnn-ii*N-1)*-taul)-+ii*-tau2))* sin((n-1)*h);
end; end; end;

for j=1:1:M

alpha(:,:,j4+1)=-inv(B+C*alpha(:,:,j))*A;
betha(:,j+1)=inv(B+C*alpha(:,:,j))*(Phi(:,j+1)-C*betha(:,j));
end;

for z = M:-1:2

U(:,z) = alpha(:,;,z)* U(:,z+1) + betha(:,z);

end;

es=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

es(nn,n) = (exp(-(nn-1)*taul))* sin((n-1)*h);

end;

for i=1:N-1

es(N+1+4(i-1)*Nn) = (exp((-i)*tau2))* sin((n-1)*h);

end; end

for n=1:1:M+1

for ii=1:N-1

for nnn=1i*N+2:1i*N+N
es(nnn,n)=(exp(((nnn-ii*N-1)*-taul)+ii*-tau2))* sin((n-1)*h);
end; end; end;

figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
surf(es) ; rotate3d ;axis tight;

titleCEXACT SOLUTION’); figure ;
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m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold; surf(U) ;
rotatedd ;axis tight;

"EXACT SOLUTION OF THIS PROBLEM’;
maxerror=max(max(abs(es-U)));
relativeerror=max(max(abs(es-U)))/max(max(abs(Phi)) );

cevap =[maxerror,relativeerror]
6.1.2 Matlab Implementation for (5.2)

function uparabolaneumann(N,M)

close; close;

taul=1/N; tau2=taul; h=pi/M; a=-1/h%*b = —1/(tau2);

¢ =-1/(taul); d = -c+2+(2/(h?)); N = N + 1;
A=zeros(N*N,N*N);B=zeros(N*N,N*N);U=zeros(N*N,M+1);
alpha=eye(N*N,N*N):betha=zeros(N*N,N*N);

for i=1:N A(i,i)=0; end;

for i=N+4+1:N*N A(i,i)=a; end;

for i=1:N-1 A(i*N+1,i*N+1)=0; end; C=A;

for i=1:N B(i,i)= 1 ; end;

for ii=1:1:N-1

for i=i*N+2:i*N+N : B(i,i-N-1)=b

B(1Hi*N, 1Hi*N)=1;B(1,i-1)=0:B(1,i)=d;

end; end;

B;
Phi=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

Phi(nn,n) =(exp(-(nn-1)*taul))* cos((n-1)*h); end;
for i=1:N-1

Phi(N+1+(i-1)*N,n) = (exp((-i)*tau2))* cos((n-1)*h);
end; end

for n=1:1:M-+1
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for ii=1:N-1

for nnn=1i*N+2:ii*N+N
Phi(nnn,n)=(exp(((nnn-ii*N-1)*-taul)-+ii*-tau2))* cos((n-1)*h);
end; end; end;

for j=1:1:M;

alpha(:,:,j4+1)=-inv(B+C*alpha(:,:,j))*A;
betha(:,j+1)=inv(B+C*alpha(:,:,j))*(Phi(:,j+1)-C*betha(:,j)); end;
for ii=1:N

for nnn=(ii-1)*N+1:ii*N
U(nnn,1)=exp(((nnn-(ii-1)*N-1)*-taul)+(ii-1)*-tau2);

end; end;

alpha(:,;,M+1);
U(:;,M+1)=inv(eye(N*N,N*N)-alpha(:,;,M+1))*betha(:,M+1);
for z = M:-1:1

U(:,z) = alpha(:,:,2)* U(:,z4+1) + betha(:,z); end;
es=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N es(nn,n) = (exp(-(nn-1)*taul))* cos((n-1)*h); end;
for i=1:N-1

es(N+1+(i-1)*Nn) = (exp((-i)*tau2))* cos((n-1)*h);

end; end;

for n=1:1:M+1

for ii=1:N-1

for nnn=1i*N+2:ii*N+N
es(nnn,n)=(exp(((nnn-ii*N-1)*-taul)+ii*-tau2))* cos((n-1)*h);
end; end; end;

figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
surf(es) ; rotate3d ;axis tight; titleCEXACT SOLUTION’);
figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
surf(U); rotate3d ;axis tight;

"EXACT SOLUTION OF THIS PROBLEM’;
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maxerror=max(max(abs(es-U)));
relativeerror=max(max(abs(es-U)))/max(max(abs(Phi)) );

cevap = [maxerror,relativeerror]

6.2 MATLAB IMPLEMENTATION OF CRANK-NICHOLSON DIFFER-
ENCE SCHEME

6.2.1 Matlab Implementation for (5.1)

function uparabolacrank(N,M)

close; close;

taul=1/N; tau2=taul; h=pi/M; aa=-1/(2*h?);al = 1/taul; a2 = 1/tau2;
b =(1/2)*(al-a2+1+(1/(h?))); bb = —al + 1 + (1/(h?));

¢ =(1/2)*(-al+a2+1+(1/(h?)));d = al + 1 + (1/(h?));

N=N+1;
A=zeros(N*N,N*N);:B=zeros(N*N,N*N);alpha=zeros(N*N ,N*N);
betha=zeros(N*N,N*N);U=zeros(N*N,M+1);

for i=1:N ; A(i,i)= 0 ; end;

for ii=1:1:N-1 for i=ii*N+2:1i*N+N ; A(i,i-(N+1))=aa; A(i,i-N)=0;
A(i,i-1)=0;A(i,i)=aa; end; end;

for i=1:N-1 A(i*N+1,i*N+1)=0; end;

C=A;

for i=1:N ; B(i,i)= 1 ; end;

for ii=1:1:N-1

for i=ii*N4+2:1i*N+N ;

B(i,i-(N+1))=bb; B(1,i-N)=0 ;B(1+ii*N,1+ii*N)=1;B(i,i-1)=0;B(i,i)=d;
end; end;

Phi=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

Phi(nn,n) = (exp(-(nn-1)*taul))* sin((n-1)*h); end;
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for i=1:N-1

Phi(N+1+(i-1)*N,n) = (exp((-i)*tau2))* sin((n-1)*h);

end; end;

for n=1:1:M+1

for ii=1:N-1

for nnn=ii*N+2:1i*N+N
Phi(nnn,n)=(exp(((nnn-ii*N-1)*-taul+taul/2)+ii*-tau2+tau2/2))* sin((n-1)*h);
end; end; end;

for j=1:1:M;

alpha(:,:,j4+1)= -inv(B4+C*alpha(:,:,j))*A;
betha(:,j+1)=inv(B+C*alpha(:,:,j))*(Phi(:,j+1)-C*betha(:,j));
end;

for z = M:-1:2

U(:,z) = alpha(:,:,z)* U(:,z2+1 ) + betha(:,z); end,;

"EXACT SOLUTION OF THIS PROBLEM’;
es=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

es(nn,n) = (exp(-(nn-1)*taul))* sin((n-1)*h);

end;

for i=1:N-1

es(N+1+4(i-1)*Nn) = (exp((-i)*tau2))* sin((n-1)*h);

end; end

for n=1:1:M+1

for ii=1:N-1

for nnn=1i*N+2:1i*N+N
es(nnn,n)=(exp(((nnn-ii*N-1)*-taul)+ii*-tau2))* sin((n-1)*h);
end; end; end;

figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
surf(es) ; rotate3d ;axis tight; titleCEXACT SOLUTION’);
figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
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surf(U) ; rotate3d ;axis tight; titleCFIRST ORDER’);
maxes=max(max(es)) ;

maxerror=max(max(abs(es-U)));
relativeerror=max(max((abs(es-U)))) /max(max(abs(U)) ); cevap =

[maxerror,relativeerror]

6.3 MATLAB IMPLEMENTATION OF MODIFIED CRANK-NICHOLSON
DIFFERENCE SCHEME

6.3.1 Matlab Implementation for (5.1)

function uparabolarmod(N,M,k)

close; close;

taul=1/N; tau2=taul; h=pi/M; a=-1/(2*(h?));

d = 1/(tau2)+2+(2/(h?));e = —1/(tau2) + 1 + (1/(h?));
f=1/(tau2)+1+(1/(h?));

N=N+1;
A=zeros(N*N,N*N);B=zeros(N*N,N*N);U=zeros(N*N,M+1);
alpha=zeros(N*N N*N):betha=zeros(N*N,N*N);

for i=1:N A(i,i)= 0 ; end,;

for ii=1:1:N-1

for i=11*N+2:1i*N+k ;
A(1,i-N-1)=0;A (1Hi*N, 1 +ii*N)=0;A (1,i) =a*2;end;

for i=ii*N4+k+1:ii*N+N ; A(i,i-N-1)=a ;A (1+ii*N,1+ii*N)=0;A(i,i)=a;
end; end;

C=A;

for i=1:N B(i,i)= 1 ; end; for ii=1:1:N-1

for i=i*N+2:11*N+k

B(i,i-N-1)=-1/(tau2) ;B(1+ii*N,1+ii*N)=1;B(i,i)=d; end;

for i=it*N-+k+ 1:ii*N+N ; B(i,i-N-1)=e :B(1+ii*N,1+ii*N)=1;B(i,i)=f;

end; end;
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Phi=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

Phi(nn,n) = (exp(-(nn-1)*taul))* sin((n-1)*h); end;
for i=1:N-1

Phi(N+1+4(i-1)*Nn) = (exp((-i)*tau2))* sin((n-1)*h);
end; end;

for n=1:1:M+1

for ii=1:N-1

for nnn=ii*N+2:ii*N+N
Phi(nnn,n)=(exp(((nnn-ii*N-1)*-taul+taul /2)+ii*-tau2+tau2/2))* sin((n-1)*h);
end; end; end;

for j=1:1:M;

alpha(:,:,j+1)= -inv(B+C*alpha(:,:,j))*A;
betha(:,j+1)=inv(B+C*alpha(:,:,j))*(Phi(:,j+1)- C*betha(:,j));
end;

for z = M:-1:2

U(:,z) = alpha(:,:,2)* U(:,z4+1 ) + betha(:,z);

end;

"EXACT SOLUTION OF THIS PROBLEM;
es=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

es(nn,n) = (exp(-(nn-1)*taul))* sin((n-1)*h);

end;

for i=1:N-1

es(N+1+4(i-1)*Nn) = (exp((-i)*tau2))* sin((n-1)*h);
end; end;

for n=1:1:M+1

for ii=1:N-1

for nnn=1i*N+2:ii*N+N
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es(nnn,n)=(exp(((nnn-ii*N-1)*-taul)+ii*-tau2))* sin((n-1)*h);
end; end; end;

figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold,;
surf(es) ; rotate3d ;axis tight; titleCEXACT SOLUTION’);
figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold,;
surf(U); rotate3d ;axis tight; titleCFIRST ORDER’);
maxes=max(max(es)) ;

maxerror=max(max(abs(es-U)));
relativeerror=max(max((abs(es-U))))/max(max(abs(U)) );

cevap = [maxerror,relativeerror]
6.3.2 Matlab Implementation for (5.2)

function uparabolarmod3(N,M. k)

close; close;

taul=1/N; tau2=taul; h=pi/M; a=-1/(2*(h?));

d = 1/(tau2)+9+(2/(h?));e = —1/(tau2) + 9/2 + (1/(h?));
f=1/(tau2)+9/24(1/(h?));

N=N+1;
A=zeros(N*N,N*N);B=zeros(N*N,N*N);U=zeros(N*N,M+1);
alpha=zeros(N*N N*N):betha=zeros(N*N,N*N);

for i=1:N A(i,i)= 0 ; end;

for ii=1:1:N-1

for i=1i*N+2:ii*N+k ; A(i,i-N-1)=0;
A(14ii*N,14ii*N)=0;A(i,i)=a*2; end,;

for i=ii*N4+k+1:ii*N+N ; A(1,i-N-1)=a ;A (1+ii*N,1+ii*N)=0;A(i,i)=a;
end; end;

C=A;

for i=1:N B(i,i)= 1 ; end; for ii=1:1:N-1

for i=1i*N+42:1i*N+k ; B(i,i-N-1)=-1/(tau2);

B(1+i*N, 1-Hii*N)=1;B(i,i)=d; end;

for i=ii*N+k+1:1*N+N ;



B(1,i-N-1)=e ;B(1+ii*N,1+ii*N)=1;B(1,i)=f;

end; end;

Phi=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

Phi(nn,n) =0; end;

for i=1:N-1

Phi(N+1+(i-1)*N,n) = 0;

end; end

for n=1:1:M+1

for ii=1:N-1

for nnn=1i*N+2:ii*N+N
Phi(nnn,n)=(sqrt((nnn-ii*N-1)*(taul-taul /2))
+sqrt(ii*(tau2-tau2/2)))*(3/2)*sqrt (((nnn-ii*N-1)
*(taul-taul/2))*(ii* (tau2-tau2/2)))*sin(3*(n-1)*h);
end; end; end;

for j=1:1:M;

alpha(:,:,j4+1)= -inv(B4+C*alpha(:,:,j))*A;
betha(:,j+1)=inv(B+C*alpha(:,:,j))*(Phi(:,j+1)- C*betha(:,j)); end
for z = M:-1:2

U(:,z) = alpha(:,:;,z)* U(:,z+1 ) + betha(:,z); end;
"EXACT SOLUTION OF THIS PROBLEM’;
es=zeros(N*N,M+1);

for n=1:1:M+1

for nn=1:N

es(nn,n) = 0; end;

for i=1:N-1 es(N+1+(i-1)*N,n) =0;

end; end

for n=1:1:M+1

for ii=1:N-1

for nnn=ii*N+2:1i*N+N
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es(nnn,n)=(((nnn-ii*N-1)*(taul-taul/2))
*((i)*(tau2-tau2/2)))(3/2) * sin(3 * (n — 1) * h);

end; end; end;

figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
surf(es) ; rotate3d ;axis tight; titleCEXACT SOLUTION");
figure ; m(1,1)=min(min(U))-0.01; m(2,2)=nan; surf(m); hold;
surf(U) ; rotate3d ;axis tight; title(FIRST ORDER’);
maxes=max(max(es)) ;

maxerror=max(max(abs(es-U)));
relativeerror=max(max((abs(es-U))))/max(max(abs(U)) );

cevap = [maxerror,relativeerror]



CHAPTER 7

CONCLUSION

This thesis is devoted to study the well-posedness of ultra-parabolic equations.

The following original results are obtained:

e The abstract theorem on the coercive stability estimate for the solution of
Neumann initial boundary value differential problem for the ultra-parabolic

equation in the Banach space is proved.

e The theorems on coercive stability estimates for the solution of initial bound-

ary for the ultra-parabolic equation are presented.

e The first and second orders of accuracy difference schemes for approximate
solutions of the initial boundary value problems for ultra-parabolic equations

are presented.

e Theorems on the stability estimates, almost coercive stability estimates and
coercive stability estimates for the solution of difference scheme for ultra-

parabolic equations are proved.

e The Matlab implementation of the first and second orders difference schemes

are presented.

e The theoretical statements for the solution of these difference schemes are

supported by the results of numerical examples.
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