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ABSTRACT

MAMEDOV TYPE M-SINGULAR INTEGRAL OPERATORS AND
THEIR CONVERGENCE PROPERTIES

YAVUZ, Aysenur
M.Sc., Department of Mathematics
Supervisor: Assist. Prof. Dr. Ismail Ugur TIRYAKI

February 2014, 76 pages

This thesis is a survey on some approximation properties of Mamedov type m-
singular integral operators in the approximation theory. One of the fundamental
problems of analysis is to approximate a given function f in some sense or other
by functions having certain properties, and generally, by functions which have
‘better’ properties than f. It is to be expected that the better behaved functions
are to be constructed from the given f by some smoothing operation on f itself.

This thesis consists of five chapters. The first chapter is devoted to the in-
troduction. The second chapter contains concepts, definitions and also some
important theorems, which we need further studies and calculations. In the third
chapter, we give some definitions and properties about the modulus of continu-
ity and we give informations Approximation problem. In the fourth chapter, we
study m-singular integral operators and m-th modulus of smoothness, we prove
theorems about the rate of convergence of m-singular integral operator on (p, m)-

Lebesgue point and (u, p, m)-Lebesgue point.

iii



Finally in the last chapter we study Mellin type nonlinear m-singular integral

operators and its pointwise convergence.

Keywords: Approximate identity, Modulus of continuity, Singular integral op-

erator, m-singular Integral, m-Modulus of smoothness.
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OZET

MAMEDOV TIPLI M-SINGULER INTEGRAL OPERATORLER VE
ONLARIN YAKINSAKLIK OZELLIKLERI

YAVUZ, Aysenur
Yiiksek lisans, Matematik Bolumii

Tez Yoneticisi: Yard.Dog¢. Dr. Ismail Ugur TIRYAKI

February 2014, 76 sayfa

Bu tez, Mamedov tipli m-singiiler integral operatorlerin yaklagim ozellikleri
lizerine yapilan bir ¢aligmadir. Analizin temel problemlerinden biri f gibi baz
kot ozelliklere sahip bir fonksiyona, daha iyi 6zellikleri olan bagka bir fonksiyonla
yaklagmaktir.

Bu tez beg boliimden olugmaktadir. Birinci kisim girig boliimiine ayrilmigtir.
Tkinci boliim calismaya kaynak olusturacak kavramlar, tammlar ve ayrica ileriki
calismalar ve hesaplamalar icin gerekli olan baz teoremler icermektedir. Ugiincii
boliimde pozitif ¢ekirdekli operatorlerle ilgili bazi bilgiler, siireklilik modiili ile
ilgili tanimlar ve bu tanimlara ait bazi o6zellikler ve yaklagim problemi hakkinda
bilgi verilmistir. Dordiincii boliimde m-singular integral kavrami tanitilarak m-
yinci diizglinliitk modiilii tanimi ve bu tanima dair bazi teoremler ispatlanmigtir.
Bu boliimiin sonunda ise (p, m)-Lebesgue ve (u, p, m)-Lebesgue noktalar: tanimlar:
yapilmig ve bu noktalardaki m-singiiler integralin yaklagim teoremleri ispatlanmigtir.

Son boliimde m-singular integral yapisin1 Mellin tipli nonlinear m-singular in-



tegral operatorde incelenmistir. Carpimsal grup tizerinde Lebesgue noktasi tanimi

verilip noktasal yakinsakligi incelenmistir.

Anahtar Kelimeler: Pozitif ¢ekirdekli integral operatorler, Siireklilik modiilii,

Lebesgue noktasi, m-singiiler integral, m-yinci diizgiinliik modiilii.
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CHAPTER 1

INTRODUCTION

One of the fundamental problems of analysis is to approximate a given func-
tion f in some sense or other by functions having certain properties and generally,
by functions which have ”better” properties than f. Approximation Theory is
that area of analysis which, at its cone, is concerned with the ability to approxi-
mate functions by simpler and more easily calculated functions.

This theory takes its origin from at 19th century. At the beginning of the
century the functions were viewed by the formulas, such as series, or as a solutions
of differential equations. However largely as a consequence of the claims Fourier
and result of Dirichlet and the modern concept of a function by its properties
were introduced.

The birth of Approximation Theory becomes an unavailable development
after a new definitions of the functions. It is in the theory of Fourier series that we
find some of the first result of the approximation theory. This include conditions
as a functions that ensure the pointwise convergence and uniform convergence of
its Fourier Series.

The first question we ask in Approximation Theory concerns the possibility
of approximation. Is the given family of functions from which we plan to approx-
imate dense in the set of functions we wish to approximate? The Weierstrass
Approximation Theorems spawned numerous generalization which were applied
to other families of functions. They also led to the development of two general
methods for determining the density. These are Stone-Weierstrass (S.W.) The-

orem generalizing the Weierstrass Theorem to the normed space. Especially in
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S.W. Theorem the normed space must be compact. A different and more modern
approach to density theorem is due to Functional Analysis.

Suppose that a given function f can be shown that the limit of set of functions
©n(x) at the point which has good properties at z. Namely,

lim ¢, (o) = f(0)

n—o0

be as described above. In this case the series of ¢, () approximates or converges
to f.

The second fundamental problem of the approaching theorem is finding the
rate of approach to the problem.

lim ¢, (z0) = f(x0)

n—o0

while n — oo, then the series () = (f(x9) — ¢n(x0)) is a zero sequence. If we

find an another zero sequence (3, with «,, = o(/3,,), then one has

f(z0) — wnlz0) = 0(Bn).

This Landau representation shows that the f(x¢) — ¢,(x0) is approaches to zero
more rapidly than (,, when n — oo.

In calculus we consider the real line R and real-valued functions on R ( or on
a subset of R ). Obviously, any such function is a mapping of its domain into R.
In functional analysis we consider more genaral spaces, such as metric spaces and
normed spaces, and mappings of these spaces. In the case of vector spaces and,
in particular, normed spaces, a mapping is called an operator.

Throughout this thesis we will consider the m-singular integral operator. Sup-



pose that the m-th finite difference of f(z) with the step ¢
AP f(x) = zm: (—1)m_k " flx+kt) , meN.
k
In 1963 Mamedov defined a generalization of the linear integral operators by using
m-th finite difference operator as

(L)) = 7 [Z 0 () ok k)

k=1

K, (t)dt, n=12,..

where m > 1, called Mamedov type m-singular integral operators.



CHAPTER 2
PRELIMINARIES

In this chapter, we give some necessary definitions and theorems, which is

used in this thesis.

2.1 Some Definitions

Definition 2.1. If A is a subset of the topological space X and if z is a point of X,
we say that z is a limit point (or accumulation point) of A if every neighborhood
of = intersects A in some point other than x itself. Said differently, z is a limit
point of A if it belongs to the closure of A — {x}. The point  may lie in A or

not; for this definition it does not matter.

Definition 2.2. We say that f(z) approaches the limit L as x approaches a, and
we write

lim f(z) =L

T—a

if the following condition is satisfied:

For every number £ > 0 there exists a number § > 0, depending on &, such that

O0<|z—al<d implies |f(z)—L|<e.

Definition 2.3. Suppose {f,}, n = 1,2,3,.., is a sequence of functions defined
on set E, and suppose that the sequence of numbers {f,, (z)} converges for every

r € E. We shall say that {f,} converges to f pointwise on E, that is,

lim f, (z) = f () , (xeF).



Definition 2.4. We say that a sequence of functions {f,}, n = 1,2,3, .., con-
verges uniformly on E to a function f if for every € > 0 there is an integer N

such that n > N implies
|fo(z) = f(2)] <e

forall x € .

Definition 2.5. The sequence f,, uniformly converge to f on A < Ve > 0 dnyg

such that n > ng and Vo € A, |f,(z) — f(z)| <e.

Definition 2.6. (Cf[a,b]). As aset X we take the set of all real- valued functions
x,y,- -+ which are functions of an independent real variable ¢t and are defined and

continuous on a given closed interval J = [a,b]. Choosing the metric defined by

d(z,y) = max|z(t) — y(1)],

where maz denotes the mazimum, a metric space is denoted by C|a, b].

Definition 2.7. A map T : X — Y between two vector spaces is called an

operator.

Definition 2.8. A linear operator 7' is an operator such that

e The domain D(T") of T is a vector space and the range R(7T') lies in a vector

space over the same field,

e for each x,y € D(T') and scalar «,

Tx+y)=Tx+Ty

and

T(azx) = aTz.



Definition 2.9. (Integral Operator). We can define an integral operator 71" :
C10,1] — C10,1] by

1
y=Tx, where y(t) = / x(t)k(t, 7)dr.
0

Here k is a given function which is called the kernel of T" and is assumed to be
continuous on the closed square G = J x J in the t7 — plane, where J = [0, 1].

This operator is linear.
Definition 2.10. (Modulus of Continuity) Let f € C'[a,b] and 6 > 0 be given.

Then modulus of continuity of f is given by;

w(f;0) = sup [f (8) = f (@)

[t—z|<6 , t,z€[a,b]

Definition 2.11. (L;[a,b] Space). Li[a,b] is the set of functions which are

Lebesgue integrable to the first power of the period [a,b]. For f € L;|a, b

Hﬂhz/lﬂmﬁ-

(Butzer and Nessel, 1971)

Definition 2.12. (L,[a,b] Space). Ly[a,b] is the set of functions which are

Lebesgue integrable to the p' power of [a,b]. For f € L,|a,b]

Hﬂu:{Lﬂﬂmwﬁué

(Butzer and Nessel, 1971)

Definition 2.13. (L,(—oc0,00) Space). L, is the set of functions which are

Lebesgue integrable to the p power over R, for 1 < p < oo, and essentially



bounded (bounded almost everywhere) on R if p = co. For f € L,(—00,00)

Hﬂuz{[:uuWﬁ}{

if 1 <p< oo andin case p=o00

[ flloc = esssup |f(2)].
z€R

(Butzer and Nessel, 1971)

Definition 2.14. (Holder Inequality). Let f € L,, 1 < p < oo, and g € L.
Then fg € Ly and [[fg|ly < |[fl|llglls- Namely;

Jol= (i) ()"

Definition 2.15. (Minkowsky Inequality). Let f,g € X(R). Then (f + g) €
X(R) and

I1f +gllx®) < [I1fllx® + 9]l x®)-

If p is such that 1 < p < oo, the conjugate number ¢ is defined through % + % =1

incase l <p<oo;qg=oif,p=1,and g =1if p = oc0.

Definition 2.16. (Generalized Minkowsky Inequality). Let f(z,y) be defined

and measurable on R?. If || f(z,y)||xr) € L1, then

H |ty

Definition 2.17. (X (R) Space). X(R) always denotes one of the spaces C' or

s/|uwwm®@.
X(R)

—00

L, 1<p<oo. For f,g € X(R) we write f(x) = g(z) (a.e.) if equality holds
for all z € X(R) in case X(R) = C, and almost everywhere in case X(R) = L,,

1 <p<oo,ie,if ||f—g||=0. In this event we also write f = ¢g in X(R).



Definition 2.18. (Lipschitz condition) A finite function f(x) defined on [a, b] is
said to satisfy a Lipschitz condition if there exists a constant K such that for any

two points = and y in [a, b],

[f () = f ()] < Kz -y

holds true.
(Natanson, Volume I, 1964)

Definition 2.19. A finite function f (x) is defined on [a, b], is said to satisfy a
Holder condition if there exists a constant K such that for any two points z and
y in [a,b] ,

1f (@)= f)] < K. |z =yl

where 0 < o < 1 . Then the functions satisfying Holder condition define the

following set of functions ;

Lipwa = {f :[a,0] = R,|f (z) — f (y)| < K. |z —y["},

for all z,y € [a,b] and 0 < < 1.



CHAPTER 3
SINGULAR INTEGRAL OPERATORS

In this chapter we will define singular integral and its properties.Also we will

give some examples of singular integral .

Definition 3.1. Let X and Y be function space and L be a rule

L : X—=Y

)

f—=(Lf)
where (Lf) is defined as
(Lf)(z) = g(z).
Let X be a function space and f; fo € X , a; and ay are scalars, if

(Layfi + aafa)(z) = ar(Lfi)(z) + az(Lfa) ()

is satisfied that L is called linear operator. If there exists a positive function on
Y for all positive function on X, then L is called positive linear integral operator.

Linear integral operator is defined as

b
(Lf)(x) = / SO (. 1)t

Let X be function space and f be a function on the same space, A is the set

of indices )\g is a limit point of this set.



We consider the integral

b
L)) = [ 1oK@ (3.1)

for A € A on z € (a,b). By substituting f to different function from X space,
find new f(z) functions. Therefore equation (3.1 ) defines an integral operator.
Interval (a,b) can be bounded or unbounded. K,(x;t) is a function that it is
defined on (a,b) x (a,b) and properties are defined before.

This function is kernel of operator. If K,(z;t) is a positive function, then
operator (3.1) is called positive integral operator.

If t =ty point

lim K)(tg;z) =
Jim A(to; ) = o0

yields that (3.1) is called singular integral family.
When A is natural number set and Ay = 0o , (3.1) is called the sequence of

singular integral operator.

Definition 3.2. (Kernel) A kernel is a function ¢, (t,z) which (n = 1,2,3,...)
defined in the square (a <t < b,a < z < b) and such that;

0
lim [ ¢, (t,z)dt =1

n—o0

B

provided where, a < < x < § < b. It is self-evident that ¢, (¢, z) is assumed
differentiable with respect to t for every fixed x.

And also note that; an integral of the form;

10



where ¢, (t, ) is a kernel, is called a singular integral.

(Natanson Volume II, 1960)

Definition 3.3. Let f € Xy, and {K) ()} be a kernel. Then we call an expres-

sion of the form
1 K
B (i) = (P4 o) 2) = o [ £ @ =) Ko () du

a (periodic) singular integral (or convolution integral). We say that the singular

integral is positive, continuous if the corresponding kernel is positive, continuous.

( Butzer and Nessel 1971 )

In general, a singular integral may be written in the form

o, (z) = /f(t) K, (z,t)dt

where K, (z,t) is the "kernel”, defined for a <z < b, a <t < b, which has the

property that for functions f (z) of a certain class and in a certain sense, ®,, (z)
converges to f (x) as n — oo.

There are lots of singular integral which has positive kernel. Some of them
will be given as example in the next part.

First example of singular integral is Fejér intgeral. Now we will show some

properties of Fejér integral.

Fejér Integral

Let f be a 27 periodic function. the equation

Snf(x) = % + Z(ak cos kx + by sin k)
k=1

11



is partial sum of Fourier Series.

And using Fourier coefficients as

1 ™

ap = %/f(t)cosktdt , k=0,12..

b = — ﬂf(t)'ktdt k=0,1,2

EE oo sin : =0,1,2...

we find
1 [ sin(n+d)(t—
snf(x)z—/f(t)sm(n 22_( Vgt m—o0.12.

s 2sin S*

2

—Tr

Fejér find the Cesaro mean of the sum as

:Sof(a:)+51f(x)+ ..... - n_lf(a:)'

onf ()

This mean equal to the integral

™

anf<x):/ 1 [Sing(t—x)rdt.

2nm | sing(t — z)

—T

This integral is Fejér integral.

Then

Fult) = —— {

- onm’

sin %t} 2

sin %t

is Fejér Kernel. Fejér Kernel is nonnegative even function.
Properties of Fejér Kernel
i)F,(t) >0

i) F, (t) = Fy(—t)

12



+m
iii) [ Fn(t)dt =1
iv) where ¢t # 0

13

1 [sinfn+1]%7?
lim F,(t) = lim [ - I3
n—-+00 n—+oo 1 + 1 s 5
- in [n + 1] A
 sin?l i 2
1 1
< — 5 ¢ Hm
sin® £ n—4oon + 1
= 0
As a result
lim F,(t)=0
n—-+0o00
Let t =0
lim F,(0) = lim [lim Fn(t)}
n——+oo n—-+oo Lt—0
1 [sin[n+1]% 2_1. 1 [sin[n+1]3 ? n+1
t=0n+ 1 sin £ T son+ 1 sin & n+1
By using
. sin % ) sin % 2
lim —= =1 = lim ; =1
t—=0 = t—0 =
2 2
and
1 i 177
mﬁmh+]:1:hmFmM+]]_L
t—0 n-+1 t—0 n+1
Also
t t 12
lim —2 _1¢hm{24 =1
t—0 sIn = t—0 | SIn 3
1 sinn—{—l12 n—{—li2
lim [ t]2 : | ]? = lim[n + 1]
t—0n + 1 sin 5 n+1] 5 t—0
= n—+1.



We get

lim F,(0) = +o0
N—+o0

v)For each fixed 0 < § <7

lim F,(z)dz = 0.
n—-+oo
o<z<m

For each 6 < x < 7 we have

1 1
0< F,(x) <
(v) < n+151n2g
We taking integral right hand side
. ) 1 1
lim F.(z)dr < lim —5dr
n—+o0 n—+oo n + 1sin 3
6<z<m o<z<m
1 1
= hﬂl —————ﬁ—gﬁnQ(W——é)
n—+oo 1+ 1 sin” g
=0
As a result
lim F,(z)dz = 0.
n—-+00
6<a<m

Poisson Integral
The polar coordinate form of the Laplace Operator is given by

? 10 106
A Fo—

o2 ror | r2oee

14



and similarly
Pu  10u 1 0%u

A _ — e —— —_— =
Y or2  ror  r20062 0

is called Laplace Equation for x = rcosf, y = rsinf. By using this equation we
write

1—r?

1 s
= — 1 2
u(r,9) 27 /f(t)l — 2rcos(t — 0) + r2dt << (3:2)

This is the solution of Dirichlet problem on unit circle. The equation (3.2) is
called Poisson integral.

Let
1 1—r?
211 —2rcos(d) + 12

P, (0)
The above function P,(f) is known as Poisson Kernel.
Properties of Poisson Kernel
i)P.(f) > 0 is nonnegative

ii)P,(8) = P,(—0) is even as a function of 6

iii)
21 21 1 9
—r
P.(0)df = do =1
/ +(0) /1—2rcos€+r2
0 0

Indeed; if we choose u(x) = 1then we reach the result

iv)Where 6 # 0

lim P(6) = lim - — =" 0
im P.(0) = lim — =
r—1 r—=1 211 — 2r cos§ + r?
And where 6 =0
) 1 1—1r2
llil%PT(&)_llgl%%l—QTCOse-i-?Q_+OO

15



Abel-Poisson Integral

Laplace Operator is given as

0? 0?
A=—+ —
0x? + oy?
and equation
Pu  u
Au=—+—=—==0
YT a2 + 0y?

is called Laplace equation. Dirichlet problem is finding the u function which
satisfied Laplace equation and satisfied u(z,0) = f(z).

The function

€ o 1
fe(x) = %é f(t).mdt, e>0 (3.3)

is solution of the dirichlet problem on the upper half plane.

Let
1

9
Ae) =2

A.(x) is known as the Abel-Poisson kernel and (3.3) is called Abel-Poisson inte-

gral.
Properties of Abel-Poisson Kernel
i)A.(x) is nonnegative
ii)A.(x) = A.(—xz) is even kernel

iii)

16



iv)where x # 0
€ 1

g Acle) = Iy e =0
where x=0
1

lim A.(0) = lim = — = fo0.

e—0 e=0Tm €
Gauss-Weierstrass Integral
Let f be a given function

u(z,0) = f(z)

holds as initial condition

(593)
ul, t) = 2\/—/f e

Also satisfy heat equation

ou_ o
ot Ox?

If we write A = 3v/t and u(z,t) = uy(x).
Then one has

uy(z) = A / FOeNED qe x> 0.

T

denote this integral is called Gauss-Weierstrass integral.

is known as Gauss-Weierstrass kernel. It is clear that Gauss-Weierstrass kernel

is nonnegative even function.

17



3.1 Approximation Problem

Generally we investigate the approximation problem to a function f by func-
tions which have better properties than f .

Suppose that a given function f can be shown that the limit of sequence ¢, (x)
at the point xy, Namely

lim ¢ (z0) = f(zo) = lim [pn(z0) — f(20)] =0

n—+oo n—+00

This convergence is the first problem in analysis.The second problem is to find
the rate of the convergence.
Let us consider «a,, = ¢, (x9) — f(xo) . Then a,, — 0 so it is a zero sequence.

If we find a new zero sequence (f3,) and

m =0 = 0<a, <5,

n—oo n

In this case the rate of the convergence of «, is greater than the rate of

convergence (3,

lim 2% = (a € R)

n—oQ n

In this case they have same rate.
. (079
lim —=0=0<p3,<a,

n—oo n

(B,) is faster than (ay,) .
Definition 3.4. Let

i || fo(2) = f(2)||, = K [ fn(z) = f(2)|l, = O(an)

n—-+4o0o

18



then the rate of convergence of f,,(z) to f(x) in the norm is equal to the rate

of convergence of «,, to zero

If

i Mala) = F@,

n—-+4o0o (079

=0,

then one can say that || f,(x) — f(z)|| is faster than «,, and we write

[fn(2) = f(@)]] = o(ewm).

It

we write

an = o (|| falx) = f(@)]l,)

This kind of representations or the symbols (o, O) are called Landau symbols.
In general we can define the comparin zero sequence by the following method.

Such kind of zero sequence can be considered as 7 Modulus of Continuity ”.

3.2 Modulus of Continuity

Definition 3.5. Let [a, b] be a bounded or unbounded interval and f be a bounded

function on this interval where § > 0

weap) (f30) = sup [f(z +1t) — f(z)]

1] <o

is modulus of continuity of function f. wc. is a nonnegative and monotone

increasing function with respect to 9.

19



Also f is continuous function and [a, b] is a closed interval
li ab(f30)=0 3.4
Jm wegay (f59) (3.4)

really f is continuous on [a, b] then f is also uniformly continuous on this interval.

That is Ve > 0 and Vz,t € [a, b] such that where |z —t| < n

[f(x) = f(B)] <e (3-5)

this yields.
If we choose 0 > 0 and ¢ < 7, then equation (3.5) again holds. And this shows
that equation (3.4) is true.

Equality (3.4) is the most important property of modulus of continuity at
Cla,b].

Definition 3.6. For f € X5, the modulus of continuity is defined by for § > 0
by ;
w(f;0) = sup [f(.h) = (),

|h|<é

If Xo =CJ[—m, 7], then

w(f;6) = sup | max_|f(z+h) - f(2)]| = 26

[t|<6 z€|—7,7]

Definition 3.7. The modulus of continuity of f € L, is shown wy (f;d) and
0 > 0 defined as

B =

+oo
wr,(f;0) = sup /\f(x+h)—f(x)\pdx 1 <p<oo (3.6)
|h|<é -
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wr, is a monotone increasing with respect to ¢ and nonnegative function. Also

it holds for f € L,(—o0,+00)

limwg, (f;6) =0 (3.7)
0—0

Theorem 3.1. Let f € L,

i)wg, (f;ad) < awp, (f;0) where a € N
ii) Let A > 0 be an arbitrary number wy, (f;A0) < (A4 1)wg, (f;9)

Proof.

i)Point out the formulation of modulus of continuity (3.6)

wy, (f;ad) = sup /|f (x+h) — f(x)]" dz

|h|<a5

let h = ay

hSA

wr,(fiad) = sup | [ |+ ay) ~ f@) ds

ly|<é

= sup /\f(x—i—ay)—f($+(a—1)y)+f($+(a_1)y)

ly|<é
—f(z+(a—=2)y) + f(x + (a = 2)y)

e fl@+y) - f@) do)r
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That is
+00 D
wr,(f;ad) = sup / dx
ly|<o -

T
< sup (/Zf($+ky)f($+(k1)y)pdﬂf)

if we say o + (k — 1)y = z, then

1, (fad) < sup (/Zf z+y) — f(2)| dZ)

Sl

m

Z (z+ ky) — f(z+ (k—1)y)

k=

3 =

B =

this proves (i).

ii)If we use the property of A < [[A|] + 1 in addition, wy, is a monotone

increasing function. then

w (f; A0) < w (f; ([IA] + 1) 0)

holds.

use [|A|] + 1 is an integer and [|A|]] < A

w (f; \0)

IN

w (f; (A + 1))
(1A + Dw (f;0)
A+1Dw(f;0).

IA

IN

Lemma:Let f € Xy,
i) w(f;0) is monotone increasing with respect to J (6 > 0)

i) w(f; M) < (1+ X w(f;0) for each A > 0
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iii)
lim w (f;0) = 0.

6—0+

Theorem 3.2. Let L, be an operator and L, be defined as

+o00
Lof@) = [ (o~ K. (0
and for all n, K,(t) > 0.
+o00o
/ K,(t)dt =1

where f € L, satisfies

wr, (Lnf;6) < wp,(f;6).

Prooflf f € L,, K, € Lithen L, f € L, .if we use generalized Minkowsky

inequality

1
P

+00
wi, (Lof:8) = sup /|Lnf(x+h)—Lnf(x)|pdx
miss \ J

= |§zl\1§% &4 _éf((x%—h)—t)Kn(t)dt—_lf(m—t)Kn(t)dt d:v)

+o0| +oo p P
- d 4 (G ) ) = f (& — 1) K (1) da:)

using by generalized Minkowsky inequality

sup ( / / (0 +h) =) = f (z = O] Ku(t)dt dx)

Ih|<s

— OO o0
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SIS

—+00

< s 4 4|f<<sc+h>—t)—f<:c—t>v’<f<n<t>>pdx dt
_ iﬁg_/ Z|f((:c+h)—t)—f(x—t)\pda: Ko (t)dt

1
P

_ Sup/ /|f(x+h)—f(x)\pdx Ko (1)t

|h|<é

= wLp(f§5)-

This completes the proof.

We can define the modulus of continuity for f € X (R) as follows

w(f:6) = sup [sup [+ h) — f(@)

|h|<é LzeR
or

w(f;9) = sup /|fa:~|—h f(z)|dx

|h|<5

Definition 3.8. Let p be a parameter ranging over some set A which is either
an interval (a,b) , —00 < a < b < 400 or the set Nyand py be one of the point

(a,b) or 400

A set of functions {K,(z)} will be called a periodic kernel.
if K, € Ly, for each p € A and

+7
/Kp(x)dx =27
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We call the kernel {K,(z)} bounded if K, € L3S continuous if K, € Cy, is
absolutely continuous if K, € Cy, for each p € A.

A kernel is said to be even if K,(z) = K,(—z) , positive K,(x) > 0 for each
p € A.

Instead of this condition
—+7
/ K,(z)dx =27

One can use the following general condition

+m
lim [ K,(z)dx =27

P—P0
—T

Definition 3.9. A kernel {K,(x)} is called an (periodic) Approximate identity

if with some constant M > 0, ||[K,||, <M (p € A)

lim / K, (u)| du = 0 (3.8)

P—7P0

We call an approximate identity even, positive, bounded or continuous if the

kernel is even, bounded, continuous or positive.

Instead of (3.8), we can consider the following condition

lim [ sup \Kp(u)\] -

P20 | §<|ul<m

If the kernel is positive, then we can assume that M = 1.
M =1 is not special choice. This is a choice without loos of the generality.

If M # 1, then we can normalize it.
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Theorem 3.3. Let f € (Layy or Cop) and {K,(z)} be a kernel, then we call the

expression of the form
1
(1,) (@) = (F K@) = 5 [ Flo = ) fu)d

a (periodic) Singular Integral (or convolution integral).

Theorem 3.4. If the kernel function of convolution integral is an approximate
identity,
1 f) (@)lx,, < Nl - 11 x,,

for every f € Xop = (Lax, Cop).

Proof.Let Xy, = Lo,

1 +m| +7 1 +7 +7
o [ | re -k de < o [ [ 15 = o) 5] duds
1 +m +m
= - [ 11 [ 1@ 0| doda
T
< Ml Nl
Let X27|- = Cgﬂ
+7 tm
n[lax} /f(a:—u)Kp(u)du < r?ax]/|f(x—u)HKp(u)\du
xe|—m,T xe|—m,mT
+m
< max max |f(z —u)|du
x€[—m,m] z€[—m,7]
< Kl - 1 e,
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Theorem 3.5. If the kernel of the convolution (singular) integral is an approxi-

mate identity, then for every f € Xo,
lim 11,f = fllx,, =0.
Proof.
LT
LN =1 = o [ fe— 0k - f

- %/f(x —u)K,(u)du — f(l’)%/KP(U)du

+7
)y [ Ko~ f@

= o [ e =0~ S K ()
+f(2) %/Kp(u)dul}
18 = Flay, = [ |5 [ 1@ =) = @) K fu)du
+f(x) %/Kﬁ,(u)dull dx
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+m +m

If = fllx,, < //Ifm—u ()| | K, (u)| dudz

—T =T

+m +7
+/|f<x>| %/Kp(u)du—l i

= h+1

We see that 1o — 0 as p — pg, because Kp is approximate identity

+m +m
1
]2:/|f(x)| %/Kp(u)du—l dz = 0

as p— pPo
-
I - //Ifw—u ()] K ()| dodu
_ %71 /|fac—u ()] dz | du
= o (/ /"> |K,(u [/fxu )|dx] du
—i—%/][(p /|fx—u ()| dz | du
s
§2M.% 5<|J<W | K, (u)| du +%Z(5Kp [/f T —u) )dx] du

By using K, is approximate identity

/ K ()] du = 0

s<ul<r

and using the continuity of f at the point x.
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One has w(f, ) is modulus of continuity
[f(z —u) = f(z)] <e

We get

+6 +7
2M.% / K (u)] du +%/|Kp(u)\ /]f(x—u)—f(:c)|da: du— 0
= —

I<|u| <

as p — po then finally

L —0

Then

lim ||I,f — =0
pg}gloH of = fllx,.

The proof is completed.

Note.Given f € C,,, a convolution integral of type

+7
(f * K,) (2) = / F(@ — w) K (u)du

will be called a singular integral. If the kernel functions satisfy the conditions of
the approximate identity, they usually have the familiar bell-shaped graph. The
area under the curve y = K,(u) is equal to 27. The peak at u = 0 becomes higher

and narrower in such a way taht the curve near u = 0 ones out equal to 2.

+6 +9
/f(a: —u)K,(u)du ~ f(x) /Kp(u)du = f(x)
_5 -0

Since f(z — w) is then near to f(z) (f being continuous), (f * K,) (x) is roughly
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equal to

f(zx) ](;Kp(u)du

which tends to f(x) as p — po.

Definition 3.10. Let p be a positive parameter tending to infinity. A set of
functions { K,(z)} will be called a kernel or a kernel on the real line if K,(x) € L;

for each p > 0 and

+/00Kp(x)da: =2r

A kernel {K,(z)} will be said to be real, bounded, continuous, or absolutely con-
tinuous. If K,(z) is real, bounded, continuous, or absolutely continuous function

of x for each p > 0.

Definition 3.11. For f € R the convolution integral

defines a singular integral generated by the kernel { K,(x)}. The singular integral

is said to be positive or continuous if the kernel is positive or continuous.

Definition 3.12. A kernel {K,(z)} is called approximate identity if there is a
constant M > 0 with

155,11, < M

and

lim |K,(u)|du =0

p—+00
0<6<]ul

we can also write the last condition as;

lim [ sup \Kp(u)]] = 0.

P00 1 0<6<ul
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Proposition.Let f € R and {K,(z)} be a kernel for each p > 0, (I,f) (z) €

ol x @y < I FI Nl xmy

hence

I,: X (R) = X (R).

Theorem 3.6. If {K,(x)} is an approzimate identity, then
plgrolo o f — f“X(R) =0

holds true for every f € R.

Proof.Let X (R) = L; (R) we start with

) +00 400
(1) (@)~ f(@) = Eé f(:c—u>Kp(U)du——f(w>_£ K (u)d

+o0
_ % / @ —u) — f(@)] K,p(u)du

+0o0 +00
||Ipf—f||1=/ \/% [f(z —u) — f(2)] K,(u)du| dz
1 +00 400
1, 11, < ¢—2—W£ é F@—w) = F(@)] K, (w)| duda

Applying the generalized Minkowsky inequality to the righthand-side of the last
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inequality, it yields

“+o00 400

= [ [ 1@ =)= @) 15, )] dude

—00 —00

—+00 400

—= [ [ 1= s@IIK ]

_ #7M|Kp<u>| 7w|f(x—U)—f(x)ldx

IN

[e.9]

+00
1
- = / K (1) Q @ =) — [()] de

jglu—&'-é 400
= [ K1) Q @ —u) — f(x)|da
= L+

since f € Ly (R) then there exists a number K with || f||, < K.

Hence

0<I <2K.—— / | K,(u)| du

So

p—00

lim I, =0

p—+00

because of modulus of continuity.
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3.3 Characteristic Points for f € L1and f € L,

Let f € Ly, we define

Then

This implies that

z+h z+h

}lblirll]h/f _hm /f t)dt — f

z+h z+h

llllg(l) /f t)dt — f /dt

z+h

;lfi%h/ dt =0
h
lim )= f@)dt = 0
hlgcl)h I a
0

A point x € R is called a D-point of the function f € L;(R) (D stands for

differentiability).
If f € Li(R) and
hm /|fx+t (x)]dt =0

then the point x is called the Lebesgue point (L-point ) of f € Ly (R).
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Now we will show that almost all points of f € L;(R) are the L-point of f

We set ,
156+ = f@)] du

0

S

¢ (z;h) =

Since f € Ly, (x;h) € Ly, Indeed,;

+o0 h

1
lell,, = — [ |f(z+u) - f(z)|du|dzx
Il
1 h +oo
= 7 |f(z 4 u) — f(z)|dz | du.
S
Since
1/h +/°°
1@~ f@lde | du<2)if], < +oo
ho /
one has

h 400
lells, < = / (“?54 f<x+u>f<as>da:) i

= wr, (fa 6)

lell, = wi, (f;0)

6lir(r)1+w(f;(5) =0= }ILI_%HSO(% Mg, =0.

This shows that for almost all x points

lim @ (a3 h) =0

Almost all points of f € L;(R) are the L-points of f.
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Theorem 3.7. Let f € Li(—o0,+00) and K, (t) be a monotone decreasing and

nonnegative even kernel on [0,00) and JrfOOKn(t)dt = 1. Also for arbitrary o > 0,
+o0 - +o00

Vo >0 and A, = [ tK,(t)dt, K,(0) = 0(A2), [ K,(t)dt =o( AY). And then

at the point x whz';;osatisﬁes '

h

/|f(x—|—t) — f(z)|dt = o(ho‘ﬂ)

0

we have

[(Lnf) (x) = f(z)] = o(A7)

for singular integral operatorL,,

Proof.Ve > 0, 96 > 0 such that h < §

h

&/uu+w—f@nﬁs€mﬂ

0

Let define a function F

where t < a,

F(t) < et

/uu+w—funmmwt: (/+/)f@+ﬂf@)KﬁMt

= L+ 1

)
h:/mwww
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I = / @t t) — F(0)] Ku(t)dt
1)

Apply to integration by parts

< 26K, (8) + ¢ [ t“THd(—K, (1))

o\%

Again using integration by parts

1)
I < "MK, (0) +¢ (ta“Kn(t) I +/Kn(t)(a + 1)t“dt>
0

é
L <ela+1) (/ Kn(t)t“dt)

Let p = é and use Hélder’s inequality

d

K,(t)tedt = | [, (1)) et
[reoen =]

0

(Ka(1)' ™ (Ku(t)t)" dt

( JACAO dt) ( JACIONE dt)

I
o — .

IA
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= /(S Kn(t)dt> B ( /6 tKn(t)dt)a
< +/OoK’n(f)dt) B (+/ootKn(t)dt> a

— OO

Therefore

I < e(a + 1)AC. (3.9)

The other part,

I, < /|f 1) Kt dt+/yf ) Kot
_ /|f )] Kn(t)dt + |z |/K
< /|f dt + | |/K

= Ku8) 11, + @] [ Katt)at

Iy < K (0) 1 fll, + 1 ()] / K, (t)dt (3.10)
6

by the equations (3.9) and (3.10)

[e%¢) +oo

/ @) — F(@)] Ku(D)dt < e(a+ DAL + K, (0) /1], + ()] / K, (t)dt

1 0
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Every terms of inequality are divided by A%

+o00
Ko@) 17l | O] O
Ag Ao

(Lo f) (x) = f ()]
AL

<ela+1)+

This equation is true for Ve > 0

Therefore

L () (@) = £ (@)

n—00 A%

=0.

Definition 3.13. If f € L, and the equation

P

h
lim %/]f(x—l—t)—f(xﬂpdt — 0
0

h—0

is true for x point, then x point is called p-Lebesgue point of f.
Let f € L,(—o00,+00), almost all = points are p-Lebesgue point of f

P

W) = | 5 [10+0) - fap

U, (x; h) is nonnegative function and

h

/U@+O—f@Wﬁ

0

(\Ilp($§ h))p =

> =

L,-norm of function ¥, (x;h) is
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+o0

lesml, = | [ 5 /\fx+t fla)p

+o0 p

= //|f 1) - f) dt

by using generalized Minkowsky inequality

1
|wz ;)| <E/ /Ifx+t ()P do

And then

P

sup /|f:v+t (@) de | = wp (f:h)

t<h
0< ||\IJ§(:1:; h)Hp <wr,(f;h)
lim wg, (f;h) = 0= lim | W2(z; )], =0

for almost all

WP (e ) —
}lg%ll’p(x,h) 0

That is almost all  points is p-Lebesgue points of f.

39

dx

dx

dt

D=

B =



CHAPTER 4
M -SINGULAR OPERATORS AND THEIR
APPROXIMATION PROPERTIES

4.1 m-Singular Integral

Let

AP () = i ot (P ek men,

0

is the m-th finite difference of f(x) with the step ¢t. In 1963 Mamedov defined
a generalization of the linear integral operators by using m-th finite difference

operator as

(La'f)(x) = 7 [

—00

m

S -1 () ok ke

k=1

K, (t)dt, n=12.. (41)

where m > 1, called m-singular integral operators.

Theorem 4.1. Let f € C(—o00,4+00) and K, (t) is the kernel of m-singular
integral operator. Then, L™ f define an operator from C(—o0, +00) to C(—o00, +00)

and for every n € N

||anf||(C(—oo,+oo) S ||f||(C(—oo,+oo) )

holds true.
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Proof .We will find the norm of (L™ f)(z). When f € C(—o00, +0c0)

(L) = ]O [ij(—l)“ ()0 )
(@) = ]o [i(—n’“ ()1 ot k)| 01t

(VAN
—

‘(—1)’“1( (7:) \f (z + kt)| K, (t) dt

IN
—

(Z) |f (z + kt)| K (t) dt

IN

2"~ 1)  sup \f(:z:+kt)\/Kn(t)dt

te(—o0,+00)
(L @) < (2" = Dl lle-oo o0 -1
Taking the supremum of both sides of the last inequality over x € (—o0, +00).

Then one has

sup (L' )(@)] < 2" = D [[flle(-ooo0) -

2€(—00,+00)

We get

||anf||([:(—oo,+oo) S ||f||(C(—oo,+oo)

and so L)' : C(—o00,+00) = C(—00, +00).

Theorem 4.2. Let f € Lyi(—o0,+00) and K, (t) is the kernel of m-singular inte-

gral operator. Then, L™ defines an operator from Li(—o0, +00) into Li(—o0, +00)
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and for every n € N

||L?f||L1(—oo,+oo) S ||f||L1(—OO7+OO)’

holds true.

Proof.Now we use the definition of the norm of L f on L,

K, (t)dt| dz

1Ll = 707[

—~

IN
—
—

—1)"! (Z) fz+ k-t)‘ K, (t) dtdx

(~1)*!

IN
—
—

(7,?) \f (x + kt)| K,, (t) dadt

IA
—
=
—
WE
VR
= 3

) |f (z + kt)| dadt

(Z‘) 7|f(a:+k:t)|dx dt

+oo
= "D, [ Kale)a

IN

[Ew|>

k=1

= @ =Dl 1

We get
L3 fllp, < I,
and so L : Ly (—o0, +00) — Ly (—00, 4+00).
This completes the proof.
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Theorem 4.3. Let f € L,(—o00,+00) and K, (t) is the kernel of m-singular inte-

gral operator. Then, L defines an operator from L,(—00,400) to L,(—00,+00)
and for every n € N

1L Pl —o0oe) S Il (—s0,400) 5

holds true.

Proof .Now we use the definition of the norm of L f on L,

too| oo p
L3 fll, = / / [Z(—l)’” (TZ)f(x—i—kt) K, (t)dt| dz
o0 oo LE=1
+00 0o m p =
< / / > (=t (Z)f (x4 kt)| K, (t)"dtdx
o —oco | k=1
Applying the Holder-Minkowsky inequality, then we get
+o00o oo p %
Lo fllp, < / / > (=t (Z)f(a: +kt)| | K, (t)dtds
—o0 oo k=1

@ = 17| fll, 1.

IN

We get
1L fll, < A1,

and so L : L, (—o0, +00) — L, (—00, +00).
This completes the proof.
There are lots of example of m-singular integral. Gauss-Weierstrass m-singular

integral, Abel-Poisson m-singular integral are some of them.
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4.2 Properties of m-Singular Integral

Proposition 4.1. . Let Alf(z) = f(x +1t) — f(x) and A" = ALAT7 f(2).
Then

AP () = f (1) (Z)f (o + K1)

Proof We will use induction method for m

i)Ifm=1,

B @)= 30 (0 () 4 k) = —f(a) + a4

k=0

is true.

ii) Assume that equation is true for m.

iii) Show that equation is true for m + 1.

APT) = AT S) = O [Z(—n’” () s ko)

e (?)f(;+ (k41— 3 (- (Z’j)f(xm)
k=0 k=0
- m () k) fj () k)
- m( yr et [ (M) - ()] e mn = et () s e
= : (—1)mF+ (m; 1) @+ kt) — g (1) <k)f (z + kt)
- Emj 0t () 1wk
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- mZH (—1)m k! (m; 1) f(z+kt)

_ {zm: (=1)mk+1 (?)f (x4 kt) — (=1)™* (?)f(x)
w0 ok (o100}
_ Zm: (—1)m* (Z) fx+ kt)

= Sy (M e+ o () s

= 3 (i (m,j 1) f(x + kt).

Therefore equation is true for m + 1. Also for Vm € N is true.

Proposition 4.2. .For allm € N

i)

ii)

Let we consider the equation (4.1) we can write new form of equation (4.1).
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Assume that f K, (t)dt = 1 and by using (proposition 4.1 and 4.2)

K, (t)dt

e - = [ i (Tg)fx+k‘t K (1)t — ()
_ Z ’é (T]:)f (z + kt) Kn(t)dt
= (=1)m+- 2’6_4 % < )f(x+kt)
= e [ A K o d

it yields. Then we will use this new form of equation.

Definition 4.1.

wm(fa 5)C[a,b] = sup |A17€nf(x)| ) o> 07 YOS [CL7 b]

[t|<d
is called m-modulus of smoothness of f € C[a, b] function.

Definition 4.2.

W (5 = sup
It|<6

/ AT f())? das]

is called m—modulus of smoothness of f € L,(—o00,4+00) function.

Proposition 4.3. Let f € Cla,b] for V6 >0
1) ne N7 wm(f, 5)(:[11,17] < nmwm(fa 5)@[&,1)]

11))\ > O, wm(f7 Aé)@[a,b] < (1 + A)mwm(fa 5)@[(1,17]‘
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Proof:

i) Let
n—1 n—1 n—1
Apfle)y=> > ... DAkt A +kmt).  (4.2)
k1=0 k2=0 km=0

If m = 1, we see that righthand-side is

iAtf(aH—klt) = [flx+t)— flx)]++......... + [f(x +nt) — f(x+nt —1)]
= [le+nt) = f(z)
= Apf(x)

suppose equation (4.2) is true for some m. Then

n—1 n—1 n—1
AT )= S AWAT @Akt A + Et))
k1=0 k=0 km=0

Using the identity (4.2) for m = 1, which is the case we just proved, we see that
(4.2) is true for m + 1 as well. Thus (4.2) is proved by induction on m. Part (i)

follows easily from (4.2)

if we use

n—1 n—1 n—1
Amfla)=>Y"> ... DAV (kb + kmt)
k1=0 k=0 km=0
then

n—1 n—1 n—1

wa(f;0) < DD DAV (kb + kpt) + €
k1=0 ko=0 km=0

IA

n"w,, (f;9) + €.

So (i) is proved.
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From the properties of supremum Ve > 0, 3t € [a,b,] > |t| < 0.
wm(f;0) < AR (@) + €
ii) Wy, (f; 0)cpa,p) is monotone increasing with respect to ¢ and using by A < [A]+1
Win(f50) < win(f; ([A] + 1)0)cfay

is true.

([A\] + 1) is an integer and from (i)
win (f;20) < w(f; ([A] +1)0) < ([A] + 1) wm(f50) < (A + 1) wm(f;0)

Therefore

Wi (f5 A0)cfap) < (A + 1) w0 (f;56)clay-

This proposition is true for m—modulus of smoothness of f € L, functions.
Theorem 4.4. Let f € L,(—00,00). Then

lim w, (f50)1, =0
holds true.

Proof.

From m-th difference
AP f(x) = AT f(x + 1) — AP f(x)

equality exist and
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(AT @) < AT+ 0]+ AT ()]

B =
=

IN

+oo
sup / A7 f(2)]” da

e t)<8 t1<8

and then

3=

1
p

—+o0 —+o0
up ([ apsis@) e | <2op | [ 187500

[t|<o [t]<8

That is

Wint1(f310)r, < 2wn(f;0)Ly

continuing like this

W1 (f30)1, < 2w (f;60)L, < 22wm,1(f;5)Lp < ... < 2™wy(f;90)L,

yields.
On the other hand 1-th modulus of smoothness is equal to modulus of conti-
nuity

W1 (f; 5>Lp < 2Mw(f; 5>Lp

from equation (3.7)

(lslgéwm(f; 8)r, =0

The proof is completed.If f is uniformly continuous , then theorem is true

for f € Cla,b)].
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Theorem 4.5. Let K, (t) be a nonnegative and even kernel ,satisfying

and f € Cla,b] , (—oo < a < b < 400) such that

“+o00

5 = / K (£)dt

—00

for L™

n

1Ly f — f||<c[a,b] < 32" w(f50n)

inequality holds.

Proof. If we consider Definition 4.1, then

—+00

L2 =1l = | [ Ars@) K @ d

IN

o
/ A ()| K, (1) dt.

From Proposition 4.3 (ii)

W (f, ﬂén) < <1 + ?)mwm(f, On)

We will use the property on equation (4.3)

g

ln@-s@i < [ (1+5) wnsm.oa

—0o0

“+oo

= wn(f;0,) / (H’%)mKn(t)dt

—00
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“+oo
m (. ™
2 wm(f,én)/ (1+a) K, (t)dt

IA

+oo +o00
= M (f100) /Kn(t)dt+5im/\z|mf<n (1) dt

+oo
2
= (6 4 [T KL @t
" 0

+oo
m—+1

= 2"wn(f0,) + = (f:50) / tmE, (t) dt

n
0

= 3.2"wn(f;6,).
By taking supremum of two side the equation

sup [(Ly'f) (z) = f(@)[ = sup 3.2%wn,(f;0n)

z€[a,b] z€[a,b]

We get

HL?f - f“(C[a,b} < 3-2mwm(f; 5n)<C[a,b]-

Theorem 4.6. Let K, (t) be a positive kernel with

+0o0
/ K,(t)dt = 1.

If f € Ly, then
wm(anf7 5)Lp S wm(fa 5)Lp

holds true.

o1



Proof. From the definition of m-modulus of smoothness

Wi (L3 f30) L, = sup (/ AT (L f) () dx)

|h|<é
o0

B =

And using the equation

m

A (Laf) (@) = 3 (-1 (1) () o+ )

We get

(Lo f) (x4 kh) = 70[%(1)“ (Z?)f(erkthkt) K, (t)dt

AP (Lof) () = m (—1)7 (Z’j) Ym[kff<1>kl(k)f<x+<t+h>k> Ko ()t
- 223(—1)’“ () 7 li 0 () (e | Ko
_— 70[?( )" (Z)f(an(tJrh)k) K, (t)dt

hSA

wn(Lof:8)s, = sup (/T 7 3 ()t s mm K0t

p
dx)

AN
=w
=
\%—

(_\
\8
3
N
> 3
N———
kﬁ
]

_l’_

i~

_l’_

=
=

=

e~
=

o

N———
|
=y
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1
+oo [e’¢) D P

. /m
— iug_é _4 %(k>f(x+(t+h)k) de | K, (t)dt
+o00 1 m p %
m
_ iuﬁsé &4 ;(k)f(a:+(t+h)k) da
Let z+k=u
—+o00 oo} m P %
m
W (L f30)r, < iugé 4 ;<k>f(u+hk:) du

This completes te proof.

Definition 4.3. Let f € L,(—o00,+00) (p > 1)

hSA

m m p
}ngéh—m /|A + A" f(x)|"dt] =0
x point is called (p, m)-Lebesgue point of f function.

Theorem 4.7. Let f € L,(—o0,+00) , K,(t) be nonnegative even, monotone
+oo
decreasing kernel on [0,00) and [ K,(t)dt =1 . Also , arbitrary o > 0

—0o0

An = [NORL(0)dt, Kn(5) = o(An), [ Kn(t)dt = o(Ay) for

0
N, =m+ a — 1, Then x points which

h
m m p _
}lg%hm /|A +A™] f(z)["dt =0
0
holds, we have
i [ ) = f@)l
n—o00 An
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for operator L.

Proof.Since K,,(t) be an even kernel
(L™ f)(x / [[A7 + A™] f(2)] K, (t) dt
0
for p > 1 and zl) + é = 1, using the Holder’s inequality

(L) @) = f@)] < [ [[AF + A% f(@)] K, (8)7 K, (t)rdt

1

: (7[AT+A’“J f(x)|pKn(t)dt)p (/DOOKn(t)dt>p
_ ;(/A’uam 0’ K ()d)

Sl

SR

or

25 (L7 f)(x) — f(x)] < / [AF + A™] f(2) [ K, (1) de

Let F be defined as

t

F(t) = / [Ar + A™] f(2)] d¢
dF(t) = |[A7+ A" f(2)|"dt

From the hypothesis

h
h—>0 hmta / Am * Am x>‘pdt = 0.
0

o4



In view of the definition of the function F', one has

IfVe>0,30 >0 >h <dthen F(h) < eh™te

25 (L7 f)(a) - ()] < (/ /) A7+ A7 F(@)]” K (1) dt

= L+ 1D

5

I = / K, (1) dF (1)

0

By integration by parts

1)
I, = K,(t)F(t)[3 +/F(t)dKn (t)

= K, (0) F(9) +/F(t)d(—Kn (1))
and then 5

I <ed™ K, () +a/tm+“d(—Kn (1))

0

again using integration by parts

é
I; < €5m+aKn (5) + € _tm+aKn<t) ‘g —i—/Kn(t)(m + Oz)thra*ldt
0

SO

I <e(m+a) /Kn Bt ldt = e(m + a)A,,.
0
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If we point out integral I
|A7 f(z) + AT f(2) [P <22 (JA7 f(2) P + [A™, f(2)]7)

from the inequality

IQZ/
é
/

p

(7]?) [f (z + Et) + f (x — kt)]| K, (t)dt

p

) [f (x+kt)+ f(x—kt)—2f(x)]| K,(t)dt

¥
ﬂ‘
/
> 3

VAN
cn\
—N—
~
3
|
—_
s

< M, ()11, + Mol fla /K
where M; = (27 — 1)"*" | and M, = 2°

25 (L)) — f(2)] < elm+ a)An + My Ko (8) [I£I], + Mo | F( /K

If two sides of the inequality is divided by A, and 2%
— I _ M 1 _ M
€—€(m+0&),M1—T,17M2_—2

2P 2P

M;, W[ K,
(La @) —J@I ., ME O, |f ()] f
A, = A, An
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or

Example.
Let K,(t) be Fejer-type kernel and ¢(t) be a nonnegative function
Also,

i) even function on (—oo, +00)

ii) monotone decreasing on [0, o)
+oo

iii) [ ¢(t)dt =1

o

iv) qn, = [tV¢(t)dt < oo (where Ny =m+a—1>a>0)

Theorem.4.7 holds true for Fejer-type kernel K, (t).

K, (t) is non-negative on [0, 00) and monotone decreasing even kernel because

of properties of Fejer-type kernel.

Also
+oo +o0o +oo
/Kn(t)dt: /nqﬁ(nt)dtz /d)(u)du:l

In addition ¢(¢) is monotone decreasing function.

U
tNa-i-l

/ o()tdt > (u) / Nedt = (u) G It

2

u
2

uNa—f—l 2Na+1 -1

N,+1  2Natl

= o(u)

uNett < C/qb(t)tN“dt

where
(N, + 1) oNatl _q

¢ = ONa+1

o7



Then

n" " (nd) = o (né)" "

5Na+l

¢(nd)

nd
C
< s / ()N dt
né

2

On the other hand

o0 u

A, = / tNe I, (H)dt = / tNeng(nt)dt

0 5
TN
u «
= /nNaqb(u)du
0
P 1 Na d qNa
TLNO‘ Uu ¢<U’> U = TLNa

Ko(t) _ ng(nd)  nl(nd)

ATL ,ZNT%L qNa
c no
TaNaT / tNeg(t)dL.

N[>

As n — oo ,right side of the last inequality converges to 0

Ko (1)

n

= 0.

lim
n—oo

That is
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Now, we will show that

5/ K,(dt = / né(nt)dt = Z o(t)dt

)

_ 7th¢@> "

{Ne

nd
oo

1
g /tNaqs(t)dt.

nd

Asn— oo [ K,(t)dt =o(A,)
5

In conclusion,

Let f € L,(—00,400) and K,,(t) be a Fejer-type kernel function. Assume that

the nonnegative kernel function ¢(t) satisfies (i)-(iv). For Fejer-type m-singular

integral N
(@nf) /LZ: ( > (x + kt) | ng(nt)dt

the following equality holds true

(@nf) (x) = f(x)] = o(n™™),

at the point x which satisfies

h—>0 hmto

h
/ [[A7 -+ A™] ()| dt = 0.
0
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Indeed;

A — Nq — Nq
. / N K (1)t / N (nt)dt
0 0
IS N,
= /ZNaqb(u)du
0
1 o
- / o (u)du

0

Integral on the right side of inequality is convergent by (iv)

o

A, = ! /uN“ng(u)du% L =n N,

nNa
0

If K,(t) considered as the Abel-Poisson Kernel, then

(e} o

1 1 1
A, = [ tNA,)dt = Ve — dt
/ ®) nNe / T 1+ t2

0 0

where 0 < N, < 1, integral is convergent.

If K,(t) Gauss-Weierstrass Kernel, then

[ale
A, tNe W, (¢ L
/ DR / T \/_
0

0

where N, > 0, integral is convergent.

Let f € L,(—o00,+00) and let = be a point satisfying

h
1 m m
fim s [ 1187+ A7) @) =0

0
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Abel-Poisson m-singular integral defined as

a,(t)dt

(Auf) () = 70 li 0 () o

k=1

where 0 < N, < 1, the following equation holds true.

(Anf) () = f(x)] = o(n™ "),

that is
(A (@)~ ()

n—00 ’)’LNC“

=0.

f € Ly(—o00,+00) and at the point = which satisfies

h
/ |[A + A7 f(2)|Pdt =0

lim
h—0 hmta
o0

W) /[f; (M) s

for Gauss-Weierstrass m-singular integral where N, > 0, following equation holds

wy(t)dt

true
[(Waf) (z) = f(z)] = o(n™"%),
that is
i (D@ = JE

Let f € L,(—o0,+00) , uu(h) absolutely continuous function

P

lim —— / [[AY + A™] f(2)|Pdt ] =0
h—0 M

x is called (u, p, m)-Lebesgue point of f

61



Theorem 4.8. .Let K, (t) be nonnegative on [0,00) monotone decreasing even

“+o0o
kernel and [ K,(t)dt = 1 . Also, let p be absolutely continuous function and

satisfying

and

for arbitraray 6 > 0. As n — oo ,right side of inequality converges to 0
/Kn(t)dt — o(An()) (n— 00).
5

Then at every (u, p,m)-Lebesgue point of f function, we have

f(=)]

o D@

— =0.
n—ro0 A, (:“)

Proof.Let

t

PO = [ [a7+ A £l d¢

0

be defined as a function
m m p
dF(t) = |[A7 + A™] f(z)|" dt

x is (u, p, m)-Lebesgue point of f .

>
hSAS
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by using the function F'(t), one can write
) 1
lim —F(h) =0

h—0 ,u(h)

I[fVe>0,30 >0 3 h <{then F(h) <eu(h)

25 (L7 ) () — <(/ /)zW+Am | @) K, () dt = I + I

using by integration by parts for integral I

And then

h§€MmKM®+€/u@dPKMW

using by integration by parts again

I < 5/u(t)Kn(t)dt

For I,

I, < MyK, (8) |1, + Mo f(x /K

We can write My = (27 — 1)P™" M, = 2°

5L f) () V<6/K (t)dt+ ML, (8) 1], +My |f(a /K
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The proof is completed.
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CHAPTER 5
MELLIN TYPE NONLINEAR M-SINGULAR
INTEGRAL OPERATOR

Bardaro, Vinti and Karsli studied on pointwise convergence of Mellin type
nonlinear m-singular integral operators.

Mellin type nonlinear m-singular integral operator of the form :

(T f) ( /KA <z§: ( )f(xzk)> %

1

where x > 0, m € N with kernel satisfying some suitable singularity assumptions.

Here A is a non-empty set of indices with topology and \g is accumulation point
of A in this topology.
Bardaro and Mantellini investigated the pointwise convergence of families of

nonlinear Mellin type convulation operators, defined as
_ dt
9= [ Kl s )T
0

where w > 0, s > 0 at Lebesgue points. These operators are examples of op-
erators with homogenous kernel with degree 0 with respect to the multiplicative
topological group R*.

As a continuation of this , recently Bardaro, Karsli, and Vinti obtained point-
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wise convergence for the family of operators of the form
i \dz
(Taf) ( / F(2) Ly (2,2) &
z
0

where Ly : RT x R™ — R and z > 0,A > 0
Ly is a family of kernels satisfying a general property of homogeneity on the
kernels Ly. Very recently the same authors also obtained similar results for its

nonlinear counterpart.

The aim of this paper is to give pointwise convergence results for a family of

Mellin type nonlinear m-singular integral operators of the form

) = 7}@ (z, kf; (—1) (Z?)f (M)) % (5.1)

where K : RT x R — R is a family of kernels satisfying a (L, ¢) —Lipschitz

condition of type
[K\(s,u) — Ka(s,v)| < La(s)e (Ju —v))

where ¢ : Rf — R{ is continuous and concave with ¢(0) = 0 and ¢(u) > 0 for
u>0
(L) sen is a family of functions satisfying suitable assumptions.

The function L, defined by the Lipschitz condition, we will use the following

notations: -
dz
AL/\ L)\( ) >
0
and .
dz
A= [ LT
R+\Us



for any § > 1 and Us = [3,6] € U(1).
We will put
Ar, (Us) = Ax(Us),

for any Us € U(1).

Now we will give folowing definitions.

Definition 5.1. We will say that (K}),., € K is singular if

AEN

i) supAy =A<
AEA

ii) For every z € R™ and u € R, we have

, I dz
,\li,n;\lo /K,\(z,u)?—u =0
0

iii) For everyUs € U(1), we have
A)\(Ug) — 0,

as A — Ag.
Moreover we assume that
iv) For any 6 > 1,

lim sup [Ly(2)]=0
A= 0 2eR+\Us

v)There exists §y > 1 such that L, (z) is non-decreasing on (+,1| and non-
)

increasing on [1,dy) as a function of z, for each A € A.

Definition 5.2. We will say that a point x € RT is a m-Lebesgue point of the

integrable function g, if

67



1 z
lim /
2—1 log z

1

k=0
if m = 1 then m-Lebesgue point reduce to the Lebesgue point.as considered for

the multiplicative group.

Let we will define my

As it is well known, we have

m
mo = )
m
2
if m is even and
mo = )
m—+1

if m is odd.

Lemma 5.1. Let ¢ € U. Then if v € RT is a m-Lebesque point of the integrable

function g we have

j v ( fj 0 () @)

1

> ) _ o(flogz]) as z—1. (5.3)
z

Proof. In order to prove the lemma we will show the following two statements:
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)dz =o(logz]) as z— 1T

d
)—Z =o(logz]) as z—1"
z

Since v is concave, by a Jensen type inequality, one has z < 1 and z > 1,

respectively,
L m
oz [ (S (D)) £
Lim
< 0| / St ()| S
and

loézl/¢<
s v lo;z/z

1

bl
(= I
|
=
i
El
VR
& 3
~~
Na}
—
)
W
Bl
SN—"

k=0

Hence by continuity of ¢ and ¥(0) = 0, we reach the desired result.

5.1 Pointwise Convergence

The following theorem gives a pointwise approximation of the integral opera-

tors (5.1 ) to the functionf at m-Lebesgue points of f.

Theorem 5.1. Let ¢ € W. Suppose that (K)),., € K is singular kernel satisfy-
ing a (L,)— Lipschitz condition (i) and (v). Let Dom(Ty) N Lu'(RT) and such
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that

Y omgl|f| € Lu*(R").Then at every point for which (5.2) holds, we have

lim (73" f) (x) = f(x)] = 0

)\—>)\0

Proof. From the definition of the integral (5.1) and singularity condition (ii), we

write

(T ) (@) - f(z)] = / K, (

k=1

=30 () (mzk)> R o

< 07 K (Z,lf;(—n’“‘l (C’j)f (xz’“)) K f )|
+ ]OK,\ (z, f (x)) d—; — f(z)

Let 1 < § < g be fixed and put Us = [%, 5}
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Firstly we consider I;(x, \).

Li(z,\) = {/+ }szw(
1 RH\Us

)

= /LA(Z’)¢<
+ / LA(Z)@D(

R+\Us

= ]1,1<$7 A) + ]1,2(% A)

,é (~D)F! (T,’j) f (x2*)

m

S (7)) )

k=1

Since 0 > 1, according to condition (v), we split 1 1(z, A) as follows:

B ) = / + / L) ( >0 (3)r 6 ) -
- / + / L2 ( R I (Y FIE
- {/+ 6}@( oo (3) e ) =
= [1il(:l:,1)\) + I 10(z, N)
Let
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According to (5.3) we can assume that 6 > 1 is such that
|F(2)] <elogz (5.5)

for every z € (1,4].

we now estimate [y 11(x, \) and 1 12(x, A)

)

1171’2(1',)\) = /L)\<Z)'¢ (

1

§5<—Um‘k(f)f(xf)

k=0

dz
z
from (5.4), we can rewrite I 1 2(x, A) as
5
[I112(x,\)| = /LA(z)dF(z) :
1

Integration by parts gives

)
Lo, V)] = ﬂ&h@—/F@ﬂM@ (5.6)

1)
SIHMM@—/W@MFMML

According to condition (iv) when z € [1,0), d [—Lx(z)] is positive. Thus we can

apply (5.5) to the right hand side of the inequality (5.6) Hence we get

1)
1 o(2, \)] < elog 5Ly(6) + = / log 2d [~ L (2)] .
1

Using by integration by parts again, we obtain

0

d

hasle | <2 [ 13 E 6.)
1
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Using the same arguments and taking into consideration the function

G<z>/1w( )%y

for z € (0,1), we obtain

> cum (1) )

k=0

B e [ 1) E (5.8)

=

As to the [15(x, A), since ¢ is non-decreasing and subadditive, we obtain the

following inequality

s/w<

RT\Us

(r@) [ L)~

z
R+\Us

<m sup [La(2)][[¥ omo[flll g @e) + ¢ (1f (2))Ar(Us) (5.9)

ZER+\U5

Collecting the estimates (5.7), (5.8) and (5.9), we have

< 2E€ER+\Us

(T3 F) () = ()] < 8/LA(2)%+m sup  [La(2)] |9 © mo [ f]] £z

SN AT +| [ K e f () F = fa)

in view of the condition (i-iv) tends to zero as A — A,.
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Thus the proof of the theorem is completed.
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