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ABSTRACT

DYNAMIC IMPLICATIONS OF PROSPECT UTILITY IN AN
OVERLAPPING GENERATIONS MODEL

AHMET USTA
M.A. in Economics
Supervisor: Asst. Prof. Dr. Cagr1 Saglam
September, 2014

This thesis studies an overlapping generations model in the presence of prospect the-
ory which has scarcely been addressed in macroeconomic growth models. The set
up in this thesis provides us a unique steady state with global convergence and mul-
tiple steady states with local convergence. The presence of prospect preferences in
the utility form leads to the multiplicity even under convex technology. Numerical
analysis supports us that cross country income divergence can also be explained by a

mechanism in which preference component is altered.

Keywords: Prospect utility, Overlapping generations, Threshold dynamics.
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OZET

BEKLENTI KURAM1 FAYDA FONKSIYONUNUN ARD1S1K
KUSAKLAR MODELI UZERINE DINAMIK ETKILERI

AHMET USTA
Iktisat Boliimii, Yiiksek Lisans
Tez Yoneticisi: Yard. Dog¢. Dr. Cagr1 Saglam
Eyliil, 2014

Bu tez, makro iktisadi biiylime modellerinde nadir kullanilan beklenti kurami fayda
fonksiyonunun varligiyla ardisik kusaklar modelini calismaktadir. Bu tez icinde ki
kurgu bize bir tane kararli durum noktasi ile global yakinsama ve birden fazla kararl
durum noktasi ile lokal yakinsama saglamaktadir. Fayda fonksiyonu i¢indeki beklenti
kuramut tercihlerinin varli§1 konveks teknoloji altinda bile ¢esitlilik dogurur. Nimerik
analizler tlkeler arasindaki gelir ayriminin tercih bilesenin degis aciklanabildigi bir

mekanizmay1 desteklemektedir.

Anahtar sozciikler: Beklenti kurami fayda fonksiyonu, Ardisik kusaklar, Esik dinamik-

leri.

v



ACKNOWLEDGEMENTS

I owe very special thank to Professor Cagr1 Saglam for his priceless support during

this process.

I am also grateful to Professors Emin Karag6zoglu and Burcu Afyonoglu Fazlioglu

as examining committee members, who provided useful comments and suggestions.

Finally, I would like to thank Kerim Keskin and Onursal Bagirgan for their help

during the writing stage.



TABLE OF CONTENTS

ABSTRACT . . . . . . iii
OZET . . . . e iv
ACKNOWLEDGEMENTS . . . . . . ... ... ... . . v
TABLE OF CONTENTS . . . . .. . ... .. . . vi
LISTOF FIGURES . . . . . . . . . e vii
CHAPTER 1: INTRODUCTION . . ... ... ... ... .. ... .... 1
CHAPTER2: THEMODEL . . . . . ... ... ... ... ..... 5
CHAPTER 3: NUMERICAL ANALYSIS . . . . .. ... ... .. ..... 12
CHAPTER 4: CONCLUSION . . . . ... . ... .. . 17
BIBLIOGRAPHY . . . . . . . . .. 19

Vi



3.1
3.2
33
34

LIST OF FIGURES

Figure 1 . . . . . . . . . e 14
Figure2 . . . . . . . 14
Figure 3 . . . . . . .. 16
Figure 4 . . . . . . . 16

vii



CHAPTER 1

INTRODUCTION

The classical optimal growth models deem convex technology as the assurance of
monotonic convergence of capital stocks to a unique steady state. Nevertheless, this
model structure cannot be used to apprehend why different development patterns ex-
ist in the long term. To explain divergence in growth paths, models in which market
frictions available that affect the technology can cause increasing returns have been
presented. Optimal paths determined by Dechert and Nishimura (1983) and Mitra and
Ray (1984) prove the existence of critical dynamics that lead poverty and development
traps in models with convex-concave technology. In such models, the initial level of
capital stocks turn out to be decisive in directing an economy converges to a higher or

a lower steady state.

Studies which deliver multiple steady states concentrate on the technology com-
ponent leaving the preference component essentially unaltered and they concentrate on
convex regimes. This thesis advocates another mechanism, prospect utility to explain
different long term development patterns among countries by showing the existence of

multiple steady states with convex technology.



Prospect theory is introduced by Kahneman and Tversky (1979) as an alternative
representation of preferences instead of expected utility theory; which is considered to
be the standard model of individual decision making. They motivate their ideas by us-
ing their experimental evidence. In these experiments, they observe that people some-
times violate some of the expected utility theory axioms, especially independence of
irrelevant alternatives. The importance of prospect theory is its descriptive ability be-
cause it is successful in predicting the decision makers’ behavior consistently. Prospect
theory is counted as one of the most influential theories for behavioral decisions under

risk; therefore, this paper relies on this theory.

The prospect theory is suggested as a modification of classical expected utility

mainly in the following two points:

1. Prospect theory builds on the situation that agents value their prospects in
gains and losses relative to a reference point whereas the expected utility theory de-
termines the final wealth. Boulding (1981) emphasizes the importance of reference
dependence: “...the perception of potential threats to survival may be much more im-
portant in determining behavior than the perceptions of potential profits, so that profit
maximization is not really the driving force: it is fear of loss rather than hope of gain

that limits our behavior.”

2. Prospect utility incorporates a kink at a reference point which shaped the

utility function is convex in losses and concave in gains.

This thesis focuses on these two features to add an alternative explanation to cross
country income divergence. It is now worth observing the development patterns of a

country which has prospect preference.

The prospect theory has been actively employed in many fields such as; in finance,
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Barberis and Huang (2008) show that how pricing of financial securities change in ac-
cordance to probability weighting parameter; in insurance, Sydnor (2010) concludes
that most agents have over insurance on risky choices; in industrial organization, Heid-
hues and Koszegi (2008) states that firms differentiate prices in case of customers have
prospect theory preferences. In financial economics literature, Li and Yang (2013)
build a general equilibrium model to investigate the effects of prospect theory for
the disposition effect, asset prices and trading volume. Moreover, Koszegi and Rabin
(2009) and Foellmi, Rosenblatt-Wisch and Schenk-Hoppe (2011) study consumption-
saving decisions under prospect utility in an optimal growth model in presence of habit
formation. Nevertheless, none of these studies determine the dynamic implications of

prospect utility in growth theory, specifically, in an overlapping generations economy.

In this thesis, we adapt a two-period overlapping generations model to include
such a preference structure which is embodied with prospect theory to analyze the
equilibrium dynamics. To observe the dynamics, the representative young household’s
maximization problem at period ¢ is first solved then the saving locus is obtained and
pass to the long run dynamics. Based on the policy function which links the capital
stock at time ¢ and ¢ 4 1, this thesis provides a model that can explain why some
countries encounter development trap. The thesis, even under a convex technology,
could explain persistent cross country income differences in a standard two-period

overlapping generations model in which prospect theory is augmented.

The key reason of our results is that the importance of reference dependence in
a manner that the solution of representative young household’s maximization prob-
lem which has prospect utility. Incorporating such an hypothesis on preferences,
our model supports unique optimal steady state with global convergence and multi-

ple steady states with local convergence. The presence of prospect preferences in the



utility leads to the multiplicity even under a convex technology. This thesis also an-
alyzes how initial level of capital stock behave in response to a change in preference

parameters.

This thesis is organized as follows: In part 2, model of the economy is specified
and saving locus of representative young household is derived. In part 3, analysis of
dynamics under convex technology and implications of benchmark parametrization are

presented. Part 4 includes summary of findings and conclusion.



CHAPTER 2

THE MODEL

We consider an economy with two period overlapping generations, one young house-
hold and one old household. Each household is alive for two periods and at each point
in time these two generations overlap. When young, each household is endowed with
one unit of labor, which are inelastically supplied to the labor market. In return for their
supplied labor, they earn a wage rate of w;. This amount of income is allocated into
current consumption, ¢;, and savings, s;. The budget constraint of the representative

young agent born at period ,

Ct+8t:wt

When he gets old at time ¢+ 1, in his second period of life, the agent gets retired. At
this time, they owe their income to their savings made at time ¢. Not only the savings
but also the return to savings,[?, ,, are entirely consumed in period 2 because old

agents do not care about happenings after their death. So, in second period of life, the



income of an old agent is Ry, ,s;, where Ry, ; = (1 + r;;1) and budget constraint is

e o e
dt+1 = Ry 15t

In our model, agents value their prospects in terms of gains and losses based on a

reference point. Households are more averse to losses than gains.

With this in mind, our model displays an implementation of prospect theory in the
utility function of a representative young household born at period ¢. To see the effects

of prospect preference by ¢, representative young agents solves the following problem

maxu (co) + B[(1 =) u(dyy) + ov (dypy — )] (0.1)
subject to
Cct + 8¢ = wy (02)
i1 = Ry s (0.3)
Ct Z 0, d?—&-l Z O,St Z 0. (04)

The theory suggests that loss aversion at the kink of the value function is more
relevant than the degree of curvature away from the kink. For easiness, we make

v(diy1 — ¢;) linear over both gains and losses.

We define a piecewise-linear prospect utility function to identify the asymmetry



between gains and losses
v (At) = {At ’Lf At Z 07AA,§ Zf At < O,

where Ay = d;1 — ¢, and A > 1 captures the loss aversion.

The utility function is not differentiable at the kink;however, it has to be continu-
ously differentiable for the entire region of gains and losses. To obtain differentiability,
we should modify the utility function in a way that the loss aversion coefficient, A, and
the utility part form an entity. Hence, constructing loss aversion coefficient as a switch-
ing function is needed. Considering the assumption of the loss aversion coefficient in
piecewise-linear form, A should be greater than 1 to weigh losses more than the gains
and equal to 1 to weigh gains more than losses. Hence, its value should switch when-
ever as close as possible to the reference point. With this regard, such a switching

function for A\ can be defined as

. Y
Q8) =1+ s

where 2(A) € [1,v + 1] and p is a parameter which indicates speed of switching. As
the vale of 1 increases, the speed of switching around zero increases as well. The value
range of the loss aversion coefficient A is in direct proportion to . For our model,
function Q2(A) provides us to have a smooth function to express the loss aversion coef-
ficient A\. Now, to obtain a twice continuously differentiable utility function with a sim-
ilar shape to our previously expressed piecewise-linear utility function, we substitute
above switching function for our loss aversion coefficient, A, in the piecewise-linear

function. Then, we have



Y
A=A (1+—--—
U( t) t( + 1—|—eXp“At>

Then, the maximization problem of the representative young agent turns out to be

max u (wy—s)+B(1—¢)u (Rf+13t) +

B0 ((Ripy +1) 50— wy) (1 + y ) (0.5)

14 exp“(RfH“)St—“W

Assuming that the felicity function is in logarithmic form, taking derivative of
young household’s objective function with respect to s; and setting it equal to 0 ends

up with

- : +B(l_¢)+ﬁ¢(R§+l+1) <1+ : )St#wt>+

Wy — St St 1+ expﬂ(RerlJrl

Ky (Rerl + 1) expM(R§+1+1>St—uwt

(1 + eXp“(RfHH)Sf_“w’f)Z

B ((Rfyy +1) ¢ — wy) =0 (0.6)

Dividing both sides by S(Rg, ; + 1) and rearranging the above equation gives us



1—
(Rt+1 + 1) St 14+ eXpu(RtHH)St—uwt
1 n ¢M7(<R§+1) (wt — St) eXpM(Rf+1+1)St—th (0 7)
8 (R??-H) (wt B St) (1 4 eXpu(Rf+1+1)st—uwt)2 '

At period ¢, representative firm maximizes its profits by choosing the labor input

paid at a wage rate of w, and capital output paid at a return to stock R;:

Ht = H}/&XF (Kt) Lt) - tht - Rth
T

In this economy, at any period of time firms are assumed to have a Cobb-Douglas

type of production function with capital share of output, «, and productivity, A,

F (K, L)) = AKL® (0.8)

As the production function is homogeneous of degree one, it can also be expressed

in its intensive form by denoting k;, = f—:, as follows:

/ (kft) = Ak? 0.9)

Moreover, since all agents are price takers, two factors of production are paid their

respective marginal product:



we = f (k) = kef (k) = A(1—a) &} (0.10)

R, = f (k)= Aaky™! (0.11)

The capital accumulation rule transforms savings of representative young agent at

period ¢ into productive capital for period ¢ + 1:

Kt+1 =1 = s

In this economy, agents behave rationally and future rates of return are perfectly

forecasted. Therefore, the equilibrium with perfect foresight:

Ry =Ry = f/ (K1) (0.12)

Fip1 = s (0.13)
After characterizing the equilibrium in this economy with perfect foresight, and

defining + = (R+ 1) (w — s) in the saving function gives us the following steady

state equation:

10



L d=9) 1 al (aﬁuw exph®

- 1)=0 (0.14
r+w B(R+1)(Rw—1x) 1+exp \ 1+ exphs > (0.14)

In order to tackle with this equation and to find out the number of steady states we

now resort to numerical analysis.

11



CHAPTER 3

NUMERICAL ANALYSIS

We have obtained the required equation (0.14) in previous part to observe the long run
dynamic implications of prospect theory on the optimal path. In this model, one period
amounts to 40 years and we assume that one year discount factor 3 is around 0.98!,
capital share of output « is taken 0.332, ~y is interval of the loss aversion coefficient and
it is not constant. A higher value of v leads to a higher value for the range of the loss
aversion coefficient. p is switching speed around the reference point. As p gets higher,
switching around zero gets faster. Lastly, ¢ is in between zero (no prospect utility) and

one (prospect utility).?
Case 1. ¢ = 0 (without prospect utility)

We are analyzing the dynamics of the economy as if preference structure has no

prospect.

See David de La Croix and Michel (2002)

2See Barro and Sala-i Martin (1995)
3See R.Rosenblatt-Wisch (2008)

12



If there is only one steady state solution, k£°; optimal policy function shows that no
matter initial level of capital stock, %y is lower or higher than the steady state, it will
sooner or later converges to the steady state level. This means that this steady state is

globally asymptotically stable.

To see the dynamic implications numerically, we consider the following set of

fairly standard parameterization (also see Figure 3.1):

=098 a=0337y=10; p=2; ¢ =0; A=10

We have now a unique solution for the steady state. To have a better understanding
for this analysis, we can use following policy function as a representative (see Figure

3.2):

The only solution for the steady state value of capital, £* = 5.64049. With this
scenario, we cannot explain cross country income differences because no matter how
much initial capital stock is available in the economy, it will finally converges to the

unique steady state which is globally asymptotically stable.
Case 2. ¢ € (0, 1] (with prospect utility)
Now, we are assuming that preference structure has prospect.
If there are three steady state solutions, k;, k., kn;

_>
i) if ko < k,, then sequence of optimal capital stock, k£ converge to k; which is

locally asymptotically stable.

%
ii)if ko > k,,, then sequence of optimal capital stock, k£ converge to k; which is

13



Without prospect
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Figure 3.1: Figure 1
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Figure 3.2: Figure 2
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locally asymptotically stable.

iii) k,, is unstable and indeed it is the critical (threshold) level of capital stock
below which optimal path leads to k;, development trap, and above which optimal path

converges to the high steady state k.

We have now prospect in our numerical analysis with the following parameter val-

ues (also see Figure 3.3):

£=098"a=033y=10;u=2;6=0.984 =10

Again, a representative policy function is helpful for a better understanding of dy-

namics (see Figure 3.4):

The exact three solutions for the steady state values are k; = 7.61835,k,, =

8.38707, and kj;, = 15.6047.

For those countries with an initial level of capital stock lower than k,, the sequence
of optimal capital stock converges to k;, and in this situation k; is development trap.
On the other side, those countries with an initial level of capital stock higher than
k., converges to kj,. Both k; and kj, are locally asymptotically stable and under these
circumstances, the model exhibits multiplicity of optimal steady states with local con-

vergence even under a convex technology.

15



With prospect
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Figure 3.4: Figure 4
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CHAPTER 4

CONCLUSION

In discrete time models, following papers by Clark (1971) ;Majumdar and Mitra (1982)
and Dechert and Nishimura (1983) and in continuous time Skiba (1978) and Askenazy
and Le Van (1999) considers the role of critical value in determining the dynamics of
developing patterns. While these models rely on technology to obtain multiplicity, our
model achieve multiple steady states and exhibits traps even under convex technology

with only a change in preference structure.

In this thesis, we present the dynamic implications of prospect utility in a standard
two-period overlapping generations model. Based on the numerical parametrization,
the model constructed in this thesis is successful to answer whether different devel-
opment patterns can be achieved due to a change in preference structure of a repre-
sentative young household. Since the model includes capital accumulation we can
reflect the saving decision of the representative agent to whole economy. While avail-
able literature in explaining cross country income differences devoted their analysis to
technology component leaving the preference structure unaltered and reach multiplic-

ity, our set up considers an alteration in preferences also delivers local convergence

17



and multiplicity even leaving the technology be convex. Indeed, it also shows that
there is an unstable critical stock of capital below which optimal path converges to
development trap and above which optimal path converges to high steady state level.
As such, even with convex technology, standard two-period overlapping generations
set-up augmented with prospect utility could explain persistent cross country income

differences.
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