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Abstract
In this thesis, we first examine transfer of particle entanglement and spin squeezing
between atomic and photonic subsystems in optical cavities coupled by two-photon
exchange. Each cavity contains a single atom, interacting with cavity photons with a
two-photon cascade transition. Particle entanglement is characterized by evaluating
optimal spin squeezing inequalities for the cases of initially separable and entangled
two-photon states. It is found that particle entanglement is first generated among
the photons in separate cavities and then transferred to the atoms. The underlying
mechanism is recognized as an intercavity two-axis twisting spin squeezing interaction,
induced by two-photon exchange, and its optimal combination with the intracavity
atom-photon coupling. Secondly, we investigate spin squeezing, quantum entangle-
ment, and second-order coherence in two coupled, driven, dissipative, nonlinear cav-
ities. Solving the quantum optical master equation of the system numerically in the
steady state, we calculate the zero-time delay second-order correlation function for
the coherent, genuine two-mode entanglement parameters, an optimal spin squeezing
inequality associated with particle entanglement, concurrence, quantum entropy, and
logarithmic negativity. We compare these quantum statistical properties for the cavi-
ties coupled with either single- or two-photon exchange. In the final part of the thesis,
we propose a quantum-electrodynamics scheme for implementing the discrete-time,
coined quantum walk with the walker corresponding to the phase degree of freedom
for a quasimagnon field realized in an ensemble of nitrogen-vacancy centers in dia-
mond. The coin is realized as a superconducting flux qubit. Our scheme improves
on an existing proposal for implementing quantum walks in cavity quantum electro-
dynamics by removing the cumbersome requirement of varying drive-pulse durations
according to mean quasiparticle number.
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Özet

Bu tezde ilk olarak, 2-foton değişimi ile birleştirilmiş optiksel kavitelerde, atom ve

foton alt sistemleri arasında ki parçacık dolanıklılığı ve spin sıkışması transferleri in-

celenmiştir. Her bir kavitede, kavite fotonları ile 2-foton basamak geçişleri aracılığı ile

etkileşen tek bir atom bulunur. Parçacık dolanıklılığı, ilk durumları ayrık ve dolanık

2-foton durumları için, optimal spin sıkışması eşitsizlikleri aracılığı ile incelenmiştir.

Parçacık dolanıklılığının ilk olarak ayrık kavitelerdeki fotonlar arasında oluştuğu ve

daha sonra atomlara aktarıldığı bulunmuştur. Temel fiziksel mekanizmanın 2-foton

ile indüklenen 2-eksen burulma spin sıkıştırma etkileşimi ile atom-foton etkileşim

gücünün optimal bir kombinasyonu olduğu anlaşılmıştır. İkinci olarak, iki tane bir-

leştirilmiş, sürülmüş, yitirgen ve doğrusal olmayan kavitelerde spin sıkışması, kuan-

tum dolanıklılık ve optiksel koherent incelenmiştir. İkinci-derece korelasyon parame-

tresi, iki-kip dolanıklılık parametreleri, bir optimal spin sıkışması eşitsizliği, uyuşum

parametresi, kuantum etropisi ve logaritmik negativite, kuantum optiksel master den-

klemi çözülerek durağan durumda incelenmiştir. Bu istatiksel nicelikler 1- ve 2-foton

değişimi durumları için birbirleri ile kıyaslanmıştır. Son olarak, süreksiz kuantum

yürüyüşleri için kuantum elektrodinamiksel bir uygulama önerilmiştir. Bu uygu-

lamada, yürüyücüler kusurlu elmaslarda ki Nitrojen-boşluk kümelerinin kipleri ile

betimlenirken, madeni parayı süperiletken akı kübiti temsil etmektedir. Önerimiz,

değişken sürücü-puls zaman aralıkları içermediğinden, varolan kuantum yürüyücü

modellerini geliştirmektedir.
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Chapter 1

Preliminaries

Here, we shall briefly discuss some fundamental topics which are most relevant for

the present thesis. We only provide the basic understandings on the subjects and

do not concern about the details. If it is necessary, we shall refer to the appropriate

references.

We start with the atom-field interactions in optical cavities and discuss both

the Rabi [1, 2] and the Jaynes-Cummings [3] models. We, then, proceed with the

superconducting (artificial) qubits (quantum bits). We finalise this chapter with the

discussions on (discrete time) quantum random walks.

1.1 Interaction of an atom with a single mode of light

Here, we shall first consider a semiclassical approach to the problem of an atom

interacting with a radiation field. We shall consider so-called the minimal coupling

Hamiltonian [4]

H =

1

2m

h
~p� e ~A(~r, t)

i2
+ eU(~r, t) + V (r), (1.1)

and make the dipole approximation. The quantum Rabi [1, 2] model which describes

the interaction of a two-level atom with a single mode of light will be obtained by

quantizing the electromagnetic field. We, then, finally make the rotating-wave ap-

proximation to obtain the Jaynes-Cummings model [3].
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Figure 1-1: A two-level atom with transition frequency !a interacting with a cavity
field with frequency !c.

1.1.1 Dipole approximation and the Rabi Model

We consider an electron bound by a potential V (r) to a nucleus at the position of ~r0.

We assume that the atom is completely immersed in a plane electromagnetic wave

described by a vector potential ~A(~r0 + ~r, t). Now, if ~k · ~r ⌧ 1, we can write

~A(~r0 + ~r, t) = A(t) exp
h
i~k · (~r0 + ~r)

i

= A(t) exp
h
i~k · ~r0

i
exp

h
i~k · ~r

i

= A(t) exp
h
i~k · ~r0

i
(1 + i~k · ~r + ...)

⇡ A(t) exp
h
i~k · ~r0

i

=

~A(~r0, t). (1.2)

The above approximation is called the dipole approximation and in the radiation

gauge U(~r, t) = 0, ~r · ~A = 0 the Schrödinger equation reads

i~@ (~r, t)
@t

=

⇢
� ~2

2m


~r� ie

~
~A(~r0, t)

�2
+ V (r)

�
 (~r, t), (1.3)

which can be further simplified to give [4]

i~ ˙�(~r, t) =
h
H0 � e~r · ~E(~r0, t)

i
�(~r, t). (1.4)
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Here, · refers to the partial derivative with respect to the time, H0 = p2/2m+ V (r),
~E = � ˙~A and we define  (~r, t) = exp

h
(ie/~) ~A(~r0, t) · ~r

i
�(~r, t).

We can now turn our attention to the quantum problem of a two-level atom

interacting with a cavity field as depicted in Fig. 3-1. In the dipole approximation,

the Hamiltonian of the system reads

H = Ha +Hf � e~r · ~E, (1.5)

where Ha and Hf are the free energies of the atom and the cavity field, respectively.

The free Hamiltonian Hf can be written as

Hf =

X

~k

~!k
c (a

†
~k
a~k +

1

2

), (1.6)

where a~k and a†~k are the annihilation and the creation operators of the corresponding

mode of the cavity field of frequency !k
c .

Now, let the states |ei and |gi be the excited and the ground states of the two-level

atom, respectively. We define the atomic transition operators as

�ij = |iihj|, i, j 2 {e, g} (1.7)

Since |eihe|+ |gihg| = 1 and Ha|ii = Ei|ii with i = e, g, we can write

Ha =

X

i

Ei�ii, (1.8)

e~r =

X

i,j

dij�ij, (1.9)

where dij = ehi|~r|ji is the matrix element of electric-dipole operator. In the dipole

approximation, the electric field operator can be written as

~E =

X

~k

✏̂~k�~k(a~k + a†~k), (1.10)
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where �~k = (~!k
c /2✏0V )

1/2 with V being the volume of the cavity. Thus, the Hamil-

tonian 1.5 can be written as

H =

X

~k

~!k
c a

†
~k
a~k +

X

i

Ei�ii + ~
X

i,j

X

~k

gij~k �ij(a~k + a†~k), (1.11)

where we define the atom-field coupling strength

gij~k = �
dij ✏̂~k�~k

~ . (1.12)

Now, let us define

�z = �ee � �gg,

�+ = �eg, (1.13)

�� = �ge,

with Ee � Eg = ~!a and g~k = geg~k = gge~k to obtain [4]

H =

X

~k

~!k
c a

†
~k
a~k +

1

2

~!a�z + ~
X

~k

g~k(�+ + ��)(a~k + a†~k). (1.14)

Thus, for a single mode of field interacting with a two-level atom, we obtain

H = ~!ca
†a+

1

2

~!a�z + ~g(�+ + ��)(a+ a†). (1.15)

This Hamiltonian is one of the most important building blocks of cavity quantum

electrodynamics (cQED) and known as the Rabi model [1, 2] of light-matter interac-

tions. Aside from some new attempts to solve the Rabi model analytically [5], the

full quantum spectrum of the Hamiltonian is still not known up to the date. Hence,

it is only logical to find some approximate models which follows from the Rabi model

as we are going to discuss in the next section.
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1.1.2 Rotating-wave approximation and the Jaynes-Cummings

model

The physical processes included in the Rabi model 1.15 can be summarized as follows:

• a�+: one photon is absorbed and the atom is excited

• a†��: one photon is emitted and the atom is de-excited

• a†�+: one photon is emitted and the atom is excited

• a��: one photon is absorbed and the atom is de-excited

The terms a�+ and a†�� are energy conserving and vary slowly in time for weak

coupling strengths. On the other hand, the terms a†�+ and a�� do not conserve the

energy. The approximation in which the latter energy non-conserving (and rapidly

oscillating) terms neglected is called the rotating-wave approximation (RWA). Hence,

in RWA and dipole approximations, we obtain a Hamiltonian of the form:

H = ~!ca
†a+

1

2

~!a�z + ~g(�+a+ ��a
†
). (1.16)

This is the celebrated Jaynes-Cummings (JC) model [3]. Unlike the full Rabi Hamil-

tonian, it can be solve analytically and constitutes the essence of many problems on

quantum optics in the literature. The eigen-spectrum of the JC model can be found

in any standard text book on quantum optics and will not be given here.

1.2 Superconducting qubits

A certain analogy can be made between the field modes of an optical cavity and

the vibrational modes of a coplanar waveguide resonator (CPW) [6]. It is, then, the

question of creating artificial two (or more) level systems which may simulate the real

atoms and can interact with the modes of a CPW resonator. Such systems are mostly

composed of Josephson junctions [7, 8] and called the superconducting qubits [6].
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They can be vary depending on their coupling to a given architecture, control mecha-

nisms and auxiliary ingredients that may be added to the specified architecture. Due

to its relevance, here, we only discuss a single type of a superconducting qubit called

the flux qubit. We start with a brief description of the Josephson junction [7] and

finalise with the coupling of atom (spins) to the superconducting qubits.

1.2.1 The Josephson junction

A Josephson junction [7] is formed by two superconducting electrodes separated by

an insulator as depicted in Fig. 3-2. The super-current across the superconducting

Figure 1-2: The Josephson junction.

electrodes obeys the (classical) equations of the form:

IJ = I0 sin↵, (1.17)

V =

�0

2⇡

@↵

@t
, (1.18)

where �0 = h/2e is the superconducting flux quantum and I0 is the critical current

of the junction. The superconducting phase difference and the voltage across the

junction are denoted by ↵ = �L � �R and V , respectively.
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If the insulating barrier is thick, the electrons can not get through. But, if the

insulating barrier is thin enough, electrons can tunnel through it and this phenomenon

is known as the Josephson tunneling.

1.2.2 The flux qubit

Here, we discuss one of the fundamental and well known artificial qubits called the flux

qubit. Let us consider a rf superconducting quantum interface device (SQUID) with

a loop with one junction as depicted in Fig. 3-3. In such an architecture, persistent

currents flow, while the magnetic fluxes are enclosed [8] .

Figure 1-3: A flux qubit formed by a loop with a single junction.

The phase difference  across the junction can be written in terms of the flux �

in the loop as
 

2⇡
=

�

�0
, (1.19)

where �0 is the flux quantum defined in the previous section. Now, if we apply an

external flux �x to bias the system, the Hamiltonian of the system reads [8]

H = �EJ cos


2⇡
�

�0

�
+

(�� �x)
2

2L
+

Q2

2CJ

. (1.20)

Here, L is the self-inductance of the loop, EJ is the Josephson energy, CJ is the

capacitance of the junction and Q = �i~@/@� is the conjugate charge.
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If the self-inductance is large such that

J =

EJ

(�

2
0/4⇡

2L)
> 1, (1.21)

and the external flux �x is tuned such that it is closed to �0/2, then the first two

terms of the Hamiltonian 1.20 behave as a double well potential [8] . The Hamiltonian

of the effective (two-level) model takes the form [8]

H = �1

2

[Bz�z +Bx�x] , (1.22)

where Bx is the tunnelling amplitude between the wells, Bz = 4⇡
p
6(J � 1)EJ(�x/�0�

1/2) is the bias and �i, i = x, z are the Pauli matrices.

1.2.3 Interaction of atoms with superconducting qubits

Superconducting qubits can be coupled with atoms (spins) directly or indirectly [6].

In the latter, the hybrid quantum circuit is formed by a CPW resonator that is cou-

pled with superconducting qubits and atoms, separately. Therefore, CPW resonator

bears the role of intermediatery coupler between artificial qubits and atoms. The

Hamiltonians of the artificial qubit-resonator and atom-resonator systems are in the

form of that of two independent JC models. In the case of more than one atom

coupled to the same mode of the resonator, the model is called the Tavis-Cummings

model that describes the collective coupling of atoms to the same resonator (field)

mode in the RWA and the dipole approximations.

Here, we are interested in hybrid systems where the superconducting qubits and

atoms are directly coupled to each other via electromagnetic fields. The dynamics

of a hybrid system composed of a single superconducting qubit directly coupled to a

single atom can be described by the Hamiltonian of the form [6]

H = ~!a�
+
a �

�
a + ~!scq�

+
scq�

�
scq + ~ga�scq(�

�
a �

+
scq + �+

a �
�
scq), (1.23)

where ga�scq is the coupling strength. The interaction term is active only for resonant
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or near resonant systems, i.e., |!a�!scq| ⌧ ga�scq, whereas it is negligible for systems

that are far detuned from each other, i.e., ||!a � !scq| � ga�scq.

1.3 Discrete time quantum random walks

A quantum random walk is the production of the random movement of a quantum

particle around a graph. Two kinds of quantum walks have considered as follows [9]:

• Continuous time quantum walks consists of a walker and a Hamiltonian oper-

ator which is applied for any times to the quantum state of the walker in the

Schrödinger picture.

• Discrete time quantum walks consists of a walker and a coin both are considered

as quantum mechanical systems. The composite system evolves by applying a

unitary evolution operator on walker and coin states in discrete time steps.

Quantum walks is a key tool for developing quantum algorithms which are essen-

tial for universal quantum computation (see Ref. [9] and references therein). As we

shall discuss in the last chapter of the present thesis, they may provide fast and se-

cure quantum information transfer between spatially separated parties due to their

property of the quadratic gain in the phase diffusion over that of a classical random

walk.

1.3.1 Quantum walk on a line

Let us consider a quantum particle (the walker) whose movement is confined in one

dimension. Here, the coin is represented by a qubit ( or a two-level system). We can

express the two levels of the qubit with the states as up | "i and down | #i. Now,

during each discrete step, we first apply the Hadamard operation

H =

1p
2

0

@ 1 1

1 �1

1

A , (1.24)
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which transforms, e.g., the down state | #i to a superposition state 1/
p
2(| "i+ | #i).

We, then, apply an operation on the walker such that it steps left if the qubit is

up and steps right if the qubit is down. The total evolution of the system can be

described by a unitary operator of the form [10]

UL = eip�zH, (1.25)

where p is the momentum operator of the walker and �z is the Pauli spin operator

which acts only on the coin. Thus, after k steps, the state of the system is given by

|�ki = (UL)
k|�0i, (1.26)

where |�0i is the initial state of the system.

1.3.2 Quantum walk on a circle

Here, the set up almost remains the same, only change is now the walker can move in

a two dimensional phase space. The algorithm of the quantum walk is the successive

application of a Hadamard operation and a rotation which changes the state of the

walker by an angle, say, � [11]. The rotation is conditioned on the state of the qubit

as before and the unitary evolution operator for this case reads

UC = ei(x
2+p2)�z�H, (1.27)

where H is the Hadamard operator given in Eq. 1.24 and x and p are the position

and momentum operators of the walker in the phase space, respectively. Thus, if

the initial state of the system is | 0i, after k steps the state of the system becomes

| ki = (UC)
2| 0i.
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Chapter 2

Transfer of spin squeezing and

particle entanglement between atoms

and photons in coupled cavities via

two-photon exchange

Recent investigations of quantum tunneling dynamics of two bosonic particles in pho-

tonic [12] and atomic [13] settings reveal their rich dynamical features, not available

to typical single particle tunneling situation. In the case of ultracold atoms in optical

lattices, pairwise tunneling yields rich quantum phase diagrams [14]. It is proposed

that two-boson tunneling can be realized by coupling molecular states to atomic ones.

Similar scenario was considered before for spin squeezing [15, 16] and entanglement

generation. Entanglement properties of two-photon exchange coupled cavities was

analyzed in detail for the cases of two and four dimensional Hilbert space systems.

These results could set the pathway towards massively correlated multiphoton nonlin-

ear quantum optical systems [17, 18], which are rapidly developing modern subjects

nowadays. The motivation of interest to such systems is their promise in quantum

switching, quantum communication and computation and quantum phase transition

applications.

25



Motivated by the link between the two-particle tunneling in atomic systems and

spin squeezing, as well as its generation schemes based upon quantum state transfer

between optical and atomic systems [19, 20, 21, 22, 23, 24], our aim is to investigate

similar spin squeezing route to particle entanglement in two-photon exchange coupled

optical cavity system. Previous studies investigate entanglement in the whole atom-

photon Hilbert space in two and four dimensions [12]. Our objective is to examine

spin squeezing within photon and atom subsystems and to consider possible transfer

of the particle entanglement between the two subsystems.

Here, we reveal the inherit two-axis twisting spin squeezing interaction nature

of two-photon exchange interaction. The non-local interaction between the cavi-

ties induces spin-squeezing in the photon subsystem. Induced spin-squeezing in the

photon subsystem is then transferred to the atomic subsystem by the local atom-

photon coupling within each cavity. We consider the cases of initially entangled and

non-entangled photons. Spin squeezing is witnessed by the optimal spin squeezing

inequalities [25].

2.1 Spin Squeezing and Particle Entanglement

Spin squeezing [26] can be defined in terms of Heisenberg uncertainty. Such a defi-

nition is subjective to choice of coordinate system. Alternative definition, that takes

into account quantum correlations between individual atomic spins, is given by Kita-

gawa and Ueda [15] in the form

⇠ =
�J?p
J/2

(2.1)

where J? is the angular momentum component in the direction of the unit vector

~n along which �~n · ~J is minimized and J/2 is the total variance of each individual

spin-1/2. If ⇠ < 1 the system is said to be spin squeezed.

Another spin squeezing criteria, which combines spin squeezing with particle en-
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tanglement, is given by [16]

⇠2e =

N(�Jn1)
2

hJn2i2 + hJn3i2
� 1 (2.2)

where N is the number of particles in the system, Jn = ~n · ~J and the ~ns are mutually

orthogonal unit vectors. The condition ⇠2e < 1 witnesses not only spin squeezing but

also the particle entanglement. Particle entanglement happens in the first quanti-

zation and hence is fundamentally different than so called mode entanglement that

occurs in second quantization [27, 28, 29].

On the other hand, there exist states for which spin squeezing parameter given in

Ineq. 2.2 cannot be used to analyze quantum entanglement [30]. Alternatively, one

may use the following inequalities since it has been shown that [25] violation of any

of them implies entanglement:

hJ2
xi+ hJ2

y i+ hJ2
z i  N(N + 2)

4

(2.3a)

(�Jx)
2
+ (�Jy)

2
+ (�Jz)

2 � N

2

(2.3b)

hJ2
k i+ hJ2

l i �
N

2

 (N � 1)(�Jm)
2 (2.3c)

(N � 1)[(�Jk)
2
+ (�Jl)

2
] � hJ2

mi+
N(N � 2)

4

(2.3d)

where i, j, k take all the possible permutations of x, y, z. These inequalities are called

optimal spin squeezing inequalities. The Ineq. 2.3c is equivalent to the Ineq. 2.2 for

a system of many particles which has a maximal spin in some direction [31] and they

can be related to the positivity of concurrence [32]. Very recently, these inequalities

generalized for qudits with arbitrary spin [33].

Entanglement is considered as quantum information resource, and hence it is de-

sirable to be able transfer entanglement between distant nodes in a quantum network

[19, 20]. In the following section we shall review the two-photon hopping model and

argue that it can serve as an efficient tool for establishing particle entanglement be-

tween distant atoms via transfer of entanglement from photon subsystem to atom
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subsystem.

2.2 The Model

We consider a system of two spatially separated optical cavities, each containing a

single atom, that is interacting with the cavity field by two-photon transitions. The

cavities are coupled to each other with two-photon exchange. The Hamiltonian of the

system is written by [12, 34, 35, 36]

H = H(1) �H
(1)
0 +H(2) �H

(2)
0 + ~⇣(a†21 a22 + a†22 a21), (2.4)

where

H(i)
= ~!a†iai + ~!(�(i)

ee � �(i)
gg ) + ~µ�(i)

ee (2.5)

+ ~⌘�(i)
gg + ~�(�(i)

eg a
2
i + �(i)

ge a
†2
i ),

and

H
(i)
0 = ~!(a†iai + �(i)

ee )� �(i)
gg + (Eg + Ee)/2, (2.6)

with Eg, Ee being the energies of the ground and exited states, respectively. The

last term in the Eq. 3.1 is the two-photon exchange interaction between the cavities,

characterized by the hopping rate ⇣. The parameters µ, ⌘ and � are the free energies

of the subsystems and the two-photon transition rate written in the convention of

Ref. [37], �(i)
kl = |ki(i)(i)hl| are the atomic transition operators, k and l denotes either

ground (g) or exited (e) states of the atom and i = 1, 2 labels the cavities. Here, the

hopping rate ⇣, time t and the eigenfrequencies !is will be scaled by the free energy

� in numerical calculations. Therefore, in all figures where ⇣  1 corresponds to the

local interaction dominant regimes, while ⇣ > 1 corresponds to the hopping dominant

regimes.
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The spin components for a system of two level atoms defined by [23]

Sx =

1

2

(�eg + �ge)

Sy =

�i

2

(�eg � �ge) (2.7)

Sz =

1

2

(�ee � �gg).

Since we are interested in two coupled cavities each has one atom, we define the spin

components of the atoms for this configuration as follows

Sx = S(1)
x ⌦ 1

(2)
+ 1

(1) ⌦ S(2)
x

Sy = S(1)
y ⌦ 1

(2)
+ 1

(1) ⌦ S(2)
y (2.8)

Sz = S(1)
z ⌦ 1

(2)
+ 1

(1) ⌦ S(2)
z

where the superscripts (1) and (2) are label the first and second cavities, respectively.

Likewise, we can consider pseudo-spin operators for the coupled cavity field such

that

Lx ⌘ 1

2

(a†1a2 + a†2a1),

Ly ⌘ �i

2

(a†1a2 � a†2a1), (2.9)

Lz ⌘ 1

2

(a†1a1 � a†2a2).

They satisfy the SU(2) spin algebra [L↵, L�] = ✏↵��L�. Here ↵, �, � 2 {x, y, z}

and ✏↵�� is the Levi-Civita density. In terms of L+ ⌘ Lx + iLy = a†1a2 and L� ⌘

Lx � iLy = a†2a1, it is straightforward to rewrite two-photon hopping interaction

Hamiltonian Hp = ~⇣(a†21 a22 + a†22 a21) as

Hp = ~⇣(L2
+ + L2

�) = 2~⇣(L2
x � L2

y). (2.10)

This is nothing but the two-axis twisting Hamiltonian which squeezes the spin states

by twisting them about the two axes [15]. Clearly neither spin squeezing nor associ-
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ated particle entanglement can be achieved via one photon hopping in coupled-cavity

systems, as the coupling term would be a mere rotation operation generated by Lx,

though it would produce mode entanglement.

It should be noted that in collective spin systems, i.e., systems in which all spins

mutually interact, Eq. 2.10 is known as the Lipkin-Meshkov-Glick (LMG) Hamil-

tonian whose entanglement dynamics and exact properties in the thermodynamical

limit have been carefully analyzed in Ref. [38, 39, 40]. Alternatively, the two-photon

hopping can also be seen as a special case of more general nonlinear quantum opti-

cal Karassiov-Klimov models [41]. Following the Lie-algebraic approach, two-photon

hopping term can be recognized by a Jordan-Schwinger map as the difference of rais-

ing and lowering operators of the Higgs algebra [42]. In the view of background

field method in the Fokker-Plank formalism [43], we then expect that fluctuations of

(Higgs or deformed) effective photon spin operators drive fluctuations of collective

atomic spin operators coupled to two-photon transition operators. Fluctuations of

two- photon transition operators can be further linked to the quadrature variances.

We would then intuitively expect that reduction of spin noise from photon subsystem

could be transferred to the atomic subsystem through reduction of quadrature noise.

We shall numerically investigate these intuitive expectations for some initial cases in

the following section.

2.3 Squeezing and Entanglement Transfer

In this section we investigate the transfer of spin squeezing and particle entanglement

between distant cavities. To do that, we shall obtain the optimal spin squeezing

inequalities for the atomic and photonic systems separately, analyze their variations

in time and compare them with each other.

For a given initial state | (0)i, restricted to two-photon manifold, the time-
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dependent state vector | (t)i may be written as

| (t)i = A(t)|g, 2i1|g, 0i2 +B(t)|g, 0i1|g, 2i2

+ C(t)|g, 0i1|e, 0i2 +D(t)|e, 0i1|g, 0i2. (2.11)

The general solution of the time-dependent Schrödinger equation i~@t| (t)i = H| (t)i

in the two-dimensional submanifold of the Hilbert space is [12]

| (t)i = (A1e
�i!1t

+ A2e
�i!2t

)|�1i+ (A3e
�i!3t

+ A4

e�i!4t
)|�2i+ (↵1A1e

�i!1t
+ ↵2A2e

�i!2t
)|�3i

(↵3A3e
�i!3t

+ ↵4A4e
�i!4t

)|�4i (2.12)

where ↵i =
p
2/2(!i� 0.5), !is are the eigenfrequencies described explicitly in [12] as

well as Ais and

|�1i =

1p
2

(|g, 2i1|g, 0i2 + |g, 0i1|g, 2i2) (2.13a)

|�2i =

1p
2

(|g, 2i1|g, 0i2 � |g, 0i1|g, 2i2) (2.13b)

|�3i =

1p
2

(|e, 0i1|g, 0i2 + |g, 0i1|e, 0i2) (2.13c)

|�4i =

1p
2

(|e, 0i1|g, 0i2 � |g, 0i1|e, 0i2). (2.13d)

The states in Eq. 2.13 are mutually orthogonal and entangled. Since, this solution

allows for Rabi oscillations, one can transfer entanglement between the symmetric

(|�1i and |�3i) and antisymmetric (|�2i and |�4i) states separately [12].

2.3.1 Initially Entangled Photons

Let us first start with a state which is initially entangled

| (0)i = 1p
2

(|g, 2i1|g, 0i2 + |g, 0i1|g, 2i2). (2.14)
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Then, at time t, we have

| (t)i = A1(e
�i!1t

+ ↵2
1e

�i!2t
)|�1i

+ ↵1A1(e
�i!1t � e�i!2t

)|�3i (2.15)

with A1 + ↵2
1A1 = 1. For atom-photon system the density operator, ⇢12ap(t), becomes

⇢12ap(t) = |A|2|�1ih�1|+ AB⇤|�1ih�3|

+ BA⇤|�3ih�1|+ |B|2|�3ih�3| (2.16)

where

|A|2 = A2
1[1 + 2↵2

1 cos (�12t) + ↵4
1] (2.17a)

AB⇤
= ↵1A

2
1[1� ↵2

1 + ↵2
1e

i�12t � e�i�12t
] (2.17b)

|B|2 = 2↵2
1A

2
1[1� cos(�12t)] (2.17c)

and �12 = !1 � !2. To obtain reduced density operators ⇢12a (t) and ⇢12p (t) for atomic

and photonic systems respectively we take partial traces as

⇢12a (t) = Trp⇢
12
ap(t) = |A|2|gi11hg|⌦ |gi22hg|

+

|B|2

2

(|ei11he|⌦ |gi22hg|+ |ei11hg|⌦ |gi22he|

+ |gi11he|⌦ |ei22hg|+ |gi11hg|⌦ |ei22he|) (2.18)

and

⇢12p (t) = Tra⇢
12
ap(t) =

|A|2

2

(|2, 0ih2, 0|+ |2, 0ih0, 2|

+ |0, 2ih2, 0|+ |0, 2ih0, 2|) + |B|2|0, 0ih0, 0|. (2.19)

Ineq. 2.3d gives the following inequalities for atomic and photonic subsystems,

respectively:

Ineqa ⌘ 4� 5|A|2  0, (2.20)
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Figure 2-1: Variation of spin squeezing in atomic (left) and photonic (right) sub-
systems, with respect to time and hopping constant. ⇣ is scaled by � and ⇣  1

corresponds to the local interaction dominant regimes, while ⇣ > 1 corresponds to
the hopping dominant regimes. Spin squeezing is characterized positive values in
both figures. At t = 0, Ineqa = �1 and Ineqp = 1. All the parameters plotted are
dimensionless as explained in the text.

Ineqp ⌘ |A|2  0, (2.21)

where we take k = x, l = z, m = y in Ineq. 2.20 and k = z, l = y and m = x in Ineq.

2.21. Violation of these inequalities imply spin squeezing (and particle entanglement)

in the corresponding systems and as it can be easily seen from the Fig.3-1, indeed

this is the case. Initially we have non-entangled atoms and entangled photons. As

time goes on, atomic system becomes entangled which induced by the photons, i.e.,

we have entanglement and spin squeezing transfer. Transfers occur periodically in

the local-interaction regime (⇣ < 1). In the hopping dominant regime, atoms are not

entangled or spin squeezed, while the photons are. As should be expected, almost

pure two-photon entanglement regimes occur more frequent and in broader intervals

with the increase of two-photon hopping rate.
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2.3.2 Initially Non-Entangled State

We next consider initially a non-entangled state of the form

| (0)i = |g, 2i1|g, 0i2 (2.22)

which evolves in time as

| (t)i = A1(e
�i!1t

+ ↵2
1e

�i!2t
)|�1i

+ ↵1A1(e
�i!1t � e�i!2t

)|�3i

+ A3(e
�i!3t

+ ↵2
3e

�i!4t
)|�2i

+ ↵3A3(e
�i!3t � e�i!4t

)|�4i. (2.23)

The density operator, ⇢12ap, for this case then reads

⇢12ap(t) = |A|2|�1ih�1|+ AB⇤|�1ih�3|+ AC⇤|�1ih�2|+ AD⇤|�1ih�4|

+ BA⇤|�3ih�1|+ |B|2|�3ih�3|+BC⇤|�3ih�2|+BD⇤|�3ih�4|

+ CA⇤|�2ih�1|+ CB⇤|�2ih�3|+ |C|2|�2ih�2|+ CD⇤|�2ih�4|

+ DA⇤|�4ih�1|+DB⇤|�4ih�3|+DC⇤|�4ih�2|+ |D|2|�4ih�4| (2.24)

where

AC⇤
= A1A3[e

i(!3�!1)t
+ ↵2

3e
i(!4�!1)t

+ ↵2
1e

i(!3�!2)t
+ ↵2

1↵
2
3e

i(!4�!2)t
] (2.25a)

AD⇤
= ↵3A1A3[e

i(!3�!1)t � ei(!4�!1)t
+ ↵2

1(e
i(!3�!2)t � ei(!4�!2)t

)] (2.25b)

BC⇤
= ↵1A1A3[e

i(!3�!1)t � ei(!3�!2)t
+ ↵2

3(e
i(!4�!1)t � ei(!4�!3)t

)] (2.25c)

BD⇤
= ↵1↵3A1A3[e

i(!3�!1)t
+ ei(!4�!2)t � ei(!4�!1)t � ei(!3�!2)t

] (2.25d)

CD⇤
= ↵3A

2
3[1� ei(!4�!3)t

+ ↵2
3(e

i(!3�!4)t � 1)] (2.25e)

|C|2 = A2
3[1 + 2↵2

3 cos[(!3 � !4)t] + ↵4
3] (2.25f)

|D|2 = 2↵2
3A

2
3[1� cos[(!3 � !4)t]] (2.25g)
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with A1(1 + ↵2
1) = A3(1 + ↵2

3) = 1/
p
2 and |A|2, |B|2, AB⇤ are given in Eq. 2.17.

The reduced density operators are given by

⇢12a (t) = (|A|2 + |C|2)|gi11hg|⌦ |gi22hg|+ 1

2

⇥
(|B|2 + |D|2 +BD⇤

+ DB⇤
)|ei11he|⌦ |gi22hg|+ (|B|2 � |D|2 � BD⇤

+DB⇤
)|ei11hg|⌦ |gi22he|

+ (|B|2 � |D|2 +BD⇤ �DB⇤
)|gi11he|⌦ |ei22hg|

+ (|B|2 + |D|2 � BD⇤ �DB⇤
)|gi11hg|⌦ |ei22he|

⇤
(2.26)

⇢12p (t) =

1

2

⇥
(|A|2 + AC⇤

+ CA⇤
)|2, 0ih2, 0|+ (|A|2 � AC⇤

+ CA⇤
)|2, 0ih0, 2|

+ (|A|2 + AC⇤ � CA⇤
)|0, 2ih2, 0|+ (|A|2 � AC⇤ � CA⇤

)|0, 2ih0, 2|
⇤

+ (2|B|2 + |D|2)|0, 0ih0, 0|. (2.27)

Then, Ineq. 2.3d gives

Ineqa ⌘ 3|B|2 � |D|2 � 2(|B|2 + |D|2)2 � 0, (2.28)

for atomic system and Ineq. 2.3b gives

Ineqp ⌘ 2|A|2 � 1 � 0, (2.29)

for photonic system, where we take k = x, l = z and m = y. As in the initially

entangled case, violation of these inequalities imply spin squeezing (and particle en-

tanglement) in the corresponding systems. Fig.3-2 shows that initially unentangled

photons quickly get entangled and this is transferred to the atomic subsystem similar

to Fig. 3-1. The Fig. 3-2 verifies the periodical nature of the transfers, by anchoring

a hopping constant and observing the time evolutions. In terms of particle entangle-

ment, then atomic system becomes more correlated at the expense of the correlation

of the field particles and vice versa.

Dynamics of correlations can be further interpreted by investigating the quadra-
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tures of the photonic subsystems. Local interaction of the photon-atom subsystems

are of two-photon transition types and thus we expect quadrature correlations directly

influence the atomic spin noise.

The quadrature operators for the field are defined as

X1 =
1

2

(a† + a), (2.30a)

X2 =
i

2

(a† � a). (2.30b)

Using the reduced density operators acting on the photonic subsystems, it can be

readily shown that:

(�X1)
2
= (�X2)

2
=

1

4

+

1

2

|A|2, (2.31a)

(�X1)
2
= (�X2)

2
=

7

8

|A|2+1

4

(AC⇤
+ CA⇤

+ |D|2)

+

1

2

|B|2, (2.31b)

for initially entangled and initially non-entangled states respectively. As we see

from the Fig.3-3, for initially entangled state (left) we have ideally squeezed states at

darker regions where the product of the variances of the quadratures is equal to 0.25

(since (�X1)
2
= (�X2)

2). The behaviour of the quadratures is very similar to that

of spin squeezing inequalities for initially entangled field (see Fig.3-1).

In the case that the state is initially non-entangled, situation is even more reveal-

ing. We see from the Fig. 3-3 (right) that initially there is no quadrature squeezing.

But at later times we observe such correlations; especially at the darker regions we

have (�X1)
2
= (�X2)

2  1/4. Thus, in the light of above observations about

quadratures, we conclude that (i) photon subsystem corresponds to effectively a spin

system that is, under two-axis twisting interaction, squeezed, and particle entangled

(ii) atoms do not directly interact with this effective spin system, but couple to the

field by two-photon transitions that can be linked to quadrature squeezing. (iii) Shar-

ing the quadrature squeezed particle entangled photons, the atoms build up sufficient
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Figure 2-2: Variations of the spin squeezing in atomic (left) and photonic (right)
subsystems with respect to time and hopping constant. Both inequalities are vio-
lated, therefore we have both spin squeezed and entangled systems. Spin squeezing
is characterized negative values in both figures. At t = 0, both inequalities are equal
to zero. All the parameters plotted are dimensionless as explained in the text.

noise reduction in particular directions to become spin squeezed and hence get particle

entangled.

2.3.3 Physical Implementation

In Fig. 3-4, we illustrate a general scheme of possible realizations of the model

[12, 37, 44]. The scheme depicts two identical coupled resonators, with cavity mode

frequecies !. Each resonator contains a three-level atom that interacts with the

cavity mode in cascade formation. The detuning is given by � = E1 � E2 + ~! =

E3 � E2 � ~! where E1,2,3 are the energies of the corresponding levels of the atoms

[37]. One of the three-levels, the state |2i, is eliminated via a unitary transformation

[12, 34, 35, 36]. The quantum states |1i and |3i correspond respectively to the |gi

and |ei we have used in the earlier sections in the text. The cavities are coupled

via a Kerr-type nonlinear dielectric medium that allows for two-photon interactions.

It is proposed that this scheme can be implemented with superconducting circuit

QED technology [44]. The proposal is based upon an extension of single photon
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Figure 2-4: Two identical cavities, with cavity frequecies !, coupled via two-photon
exchange which is governed by a nonlinear Kerr medium. Each cavity contains a
three level atom in cascade formation.

scattering and hopping in a system of two coupled superconducting transmission

line resonators (TLRs). Two-photon hopping is suggested to be realized by using a

nonlinear intermediate medium to couple the resonators [44]. The nonlinear dielectric
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causes Kerr-type interactions [18] among the TLR photons. It is further proposed that

[12] effective two-level system with two-photon transitions coupled to the resonators

can be realized by using transmon qubits coupled to the resonators at their microwave

field antinodes [45]. Circuit QED architectures with multi-level solid-state qubits are

considered as promising systems to perform quantum information transfer operations

[46]. Quantum state transfer in similar set ups, but without two-photon hopping, in

circuit QED has experimentally demonstrated [47].

The model parameters µ, ⌘ and � are all in the order of the qubit-resonator cou-

pling as can be seen from their expressions given in the appendix. � determines the

time and energy scale that are used in reporting our results. The critical condition

to observe the reported transfer of spin squeezing is then to make sure the qubit-

resonator coupling is sufficiently strong relative to the decoherence rate due to solid

state qubit dephasing and cavity losses. This seems to be plausible considering the re-

cent progress towards ultrastrong coupling [48] and deep strong coupling [49] regimes

of circuit QED. The hopping rate ⇣ is used in the text as a control parameter in our

calculations, so that we present our results in terms of the relative strength of g and

⇣. In other words spin squeezing is discussed as a function of relative strength of local

on cavity interaction of the qubit with respect to non-local inter-cavity coupling.

The initial states considered in the text can be realized within such circuit QED

set ups, similar to that in Ref. [50], where the authors have proposed a system,

composed of a superconducting phase qubit coupled to a microwave resonator, that

may be used for the controlled generation of multi-photon Fock states. Finally the

observation of the squeezing can be performed by using similar methods developed

for second order correlation function measurement [51].

2.4 Appendix

We give expressions for the parameters µ, ⌘ and � which respectively specify the

effective free energies of the subsystems and the effective two-photon transition rate

in an effective two-level system. They are generated by a unitary transformation
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method applied to a three-level atom in cascade formation [37]. Such a relation adds

the model Hamiltonian, given in Eqn. 3.1, intensity-dependent Stark-shift terms [37]

so that they are depending on the photon number through the parameter N defined

below. Following the convention of the Ref. [37], these parameters are given by:

~� =

g12g23{[�2
+ 4~2(g̃212 + g̃223)]

1/2 ��}
2(g̃212 + g̃223)

, (2.32a)

~µ =

�g̃212
2(g̃212 + g̃223)

+

(g̃212 + 2g̃223)[�
2
+ 4~2(g̃212 + g̃223)]

1/2

2(g̃212 + g̃223)
, (2.32b)

~⌘ =

�g̃223
2(g̃212 + g̃223)

+

(2g̃212 + g̃223)[�
2
+ 4~2(g̃212 + g̃223)]

1/2

2(g̃212 + g̃223)
, (2.32c)

where g12 and g23 are the coupling constants for the cavity and the corresponding

transitions of the atomic levels (see Fig. 3-4), g̃212 = g212N , g̃223 = g223(N � 1) with

N = ha†ai+ h�33i � h�11i+ 1 is a constant of motion [12, 37] and � is the detuning.

Here, for the clearity of equations, we did not label the parameters to distinguish

cavities since they are taken to be identical.
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Chapter 3

Spin squeezing, entanglement and

coherence in two driven, dissipative,

nonlinear cavities coupled with single

and two-photon exchange

Multiphoton processes in quantum optical systems have been intensely studied [17, 18]

due to their central role in modern applications such as quantum switching [52],

quantum communication and computation [53]. They are also used for fundamental

explorations of phase transitions in coupled nonlinear cavity or superconducting (SC)

circuit quantum electrodynamics (QED) systems [54, 55, 56, 57, 58, 59, 60, 61, 62,

63, 64, 65, 66, 67, 68].

An earlier study of two nonlinear cavities coupled with single-photon exchange [69]

revealed a curious interplay between coherence and localization of the photons. It

is concluded that photons are coherent and delocalized over the cavities when the

tunneling exchange is stronger than the nonlinearity. In the opposite case of weaker

tunneling, photons are localized in each cavity and antibunched [70] .

In this chapter, we address the question if such an interplay can go across to

quantum correlations as well. We specifically ask how such mutual influences between
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localization, coherence and quantum entanglement [71] change under two-photon ex-

change [72, 73, 74] as well as under strong drive conditions [75, 76]. Realization of

two-photon exchange coupling was proposed for circuit QED systems [44, 77, 78, 79,

80, 81].

Profound relations between different definitions of spin squeezing and entangle-

ment have already been explored in detail [26, 82, 83, 84, 85]. Using Lipkin-Meshkov-

Glick (LMG) Model [86], interplay of quantum correlations in squeezing and entan-

glement in finite quantum systems was discussed quite recently [82]. Entanglement

dynamics and exact properties of LMG model in the thermodynamical limit have

been carefully analyzed in Refs. [38, 39, 40]. Two photon exchange coupled cavities

can also be described by the LMG model [73].

We calculate and compare the zero time delay second order quantum coherence

function [4], an optimal spin squeezing inequality associated with particle entangle-

ment [25], l-concurrence [87], genuine mode entanglement parameters [88, 89] and

the von Neumann entanglement entropy [53]. Mode entanglement occurs in the sec-

ond quantization description of the system; and hence it is fundamentally differ-

ent from the particle entanglement, which happens in the first quantization descrip-

tion [27, 90, 29]. Some possible realizations and experiments to detect multiparticle

entanglement via optimal spin squeezing inequalities can be found in Refs. [91, 92, 93].

Motivation for our purpose is to comprehend the relation between coherence and

distinct quantum correlations and use this relation as a guide to develop viable strate-

gies for practical realization of quantum entanglement in networks of coupled non-

linear cavities [94, 95]. These networks share characteristic models identical with

ultracold atoms in optical lattices [96, 97, 98, 99, 100, 101] and quantum phase tran-

sitions of light [67] exhibit similar properties to those atomic systems [102]. Novel

behaviors could emerge under strong drive and with strong local and nonlocal nonlin-

earities in optical systems. Distinct entanglement types under nonlocal nonlinearities

and strong drive conditions and their relation to coherence are not discussed with

sufficient detail in the literature. Filling these gaps could be significant for practical

realization of distinct quantum entanglements in photonic cavity networks for differ-
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ent simulations and applications, as well as for illuminating novel quantum phases in

such systems.

3.1 The Model System

We consider a system of two identical nonlinear cavities, labeled with i = 1, 2, coupled

either by single or two photon exchange interactions. Both cavities are driven by

a coherent pump at rate F at the laser frequency !L. The corresponding model

Hamiltonians in a frame rotating at !L can be written as

ˆH(1)
=

X

i=1,2

(Uˆb†i
ˆb†i
ˆbiˆbi + Fˆb†i + F ⇤

ˆbi)

+ J(ˆb†1
ˆb2 +ˆb†2

ˆb1), (3.1)

ˆH(2)
=

X

i=1,2

(Uˆb†i
ˆb†i
ˆbiˆbi + Fˆb†i + F ⇤

ˆbi)

+ J(ˆb2†1
ˆb22 +

ˆb2†2
ˆb21), (3.2)

where U is the nonlinearity parameter and J is the photon exchange coefficient. Here

we denote the model with single and two photon exchange coupling as ˆH(1) and ˆH(2),

respectively. These models describe generic two-site Kerr-Hubbard type interactions

that may be realized in settings other than coupled cavities, for example in ultracold

atoms [96, 97, 98, 99, 100]. Two photon exchange term appears in dipolar spinor Bose-

Einstein condensates as well [101]. Annihilation (creation) operator for the cavity

photons with frequency !i is denoted by ˆbi (ˆb†i ). We take !i = !L. Transformation of

the Hamiltonians to the frame rotating at !L removes the explicit time dependence

of the drive terms and cancels the !ib
†
ibi terms.

Let us re-express the model Hamiltonians using the pseudo-spin operators of the
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cavity fields,

ˆJx ⌘ 1

2

(

ˆb†1
ˆb2 +ˆb†2

ˆb1),

ˆJy ⌘ �i

2

(

ˆb†1
ˆb2 � ˆb†2

ˆb1), (3.3)

ˆJz ⌘ 1

2

(

ˆb†1
ˆb1 � ˆb†2

ˆb2).

They satisfy the SU(2) spin algebra [

ˆJ↵, ˆJ�] = ✏↵�� ˆJ�. Here ↵, �, � 2 {x, y, z} and

✏↵�� is the Levi-Civita density. We obtain

ˆH(1)
= U ˆJ2

z + 2J ˆJx +
X

i=1,2

(Fˆb†i + F ⇤
ˆbi), (3.4)

ˆH(2)
= U ˆJ2

z + 2J( ˆJ2
x � ˆJ2

y ) +

X

i=1,2

(Fˆb†i + F ⇤
ˆbi). (3.5)

While the tunneling term is a mere rotation operator in the case of single photon ex-

change, it is a generator of spin squeezing that redistributes the spin fluctuations by

twisting them about the two axis [15] in the case of two photon exchange. The non-

linear term always acts as a generator of spin squeezing by twisting the fluctuations

around a single (z) axis. Spin squeezing is associated with multi-particle entangle-

ment. Another type of entanglement can be found between the cavity modes. This

mode entanglement is enforced by the mode coupling character of the tunneling terms.

Drive term brings coherence into the system.

In the next section we define the measures of quantum correlations to calcu-

late spin squeezing, entanglement and coherence properties of these models. All the

measures are closely related to the spin noise and hence strong interplay between

coherence, squeezing and types of entanglement is expected.

3.2 Results and Discussions

To investigate the quantum dynamics of our model systems under dissipation, we

assume that the coupling of the cavity photons and the reservoir photons is weak;
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Figure 3-1: Dependence of (a) g(2)(0), (b) ⇣ (c) CI for F/ = 0.1 and (d) g(2)(0),
(e) ⇣ (f) CI for F/ = 1 with respect to dimensionless J/ and U/ in two-site KH
system with single-photon exchange. ⇣ and CI are multiplied by 10

3 in the case of
F/ = 0.1 for visibility.

and the correlation time of the reservoir photons is negligibly short. Under these

so called Born and Markov conditions, the dynamics of the open systems can be

determined by solving the master equations

ˆ⇢̇(j) = �i[ ˆH(j), ⇢̂(j)] +
X

i=1,2

iD[x]⇢̂(j), (3.6)

for both single (j = 1) and two photon (j = 2) exchange cases. Here, ⇢̂(j) is the

density operator for the corresponding case; i are the photon loss rates out of the

cavities. D[x]⇢̂(j) = [2x̂⇢̂(j)x̂0 � x̂0x̂⇢̂(j) � ⇢̂(j)x̂0x̂]/2 are the Liouvillian superoperators

in the Lindblad form. We assume i ⌘  and coherent pump amplitude F is taken

to be real. Nonlinearity in our model Hamiltonians is assumed due to a Kerr type

nonlinear material in the cavities and thus we can use the bare dissipation rates of the

cavities in our treatment. Our generic models could effectively describe other systems
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such as those of circuit QED in dispersive regime [103] or exciton-polariton systems

of coupled cavity QED [69]. In such cases, canonical transformations used to obtain

the effective models apply to the Lindblad noise terms and dressed dissipation rates

must be used [69, 103].

We solve the master equation for the steady state density operator using the

QuTiP: Quantum Toolbox in Python software [104]. The master equation is solved

by taking N1 = N2 = 4 for the Fock space dimensions of each cavity field. When we

increase the Fock space dimension up to 8 and remake our calculations, we find that

the results remain unchanged. We consider two cases distinguished by the action

of weak F/ = 0.1 and strong pump F/ = 1. We take /2⇡ = 0.4 MHz. The

parameters we use in the simulations are within the ranges accessible in present

circuit QED systems [105, 106].

Numerically computed steady state density operator is used for calculation of sec-

ond order coherence, spin squeezing, concurrence and mode entanglement parameters.

Zero-time delay second order quantum coherence function is defined by [4]

g(2)(0) =

tr(

ˆb†ˆb†ˆbˆb⇢̂)

[tr(

ˆb†ˆb⇢̂)]2
, (3.7)

= 1 +

h(�n̂)2i � hn̂i
hn̂i2 , (3.8)

Here n̂ =

ˆb†ˆb, �n̂ = n̂�hn̂i; and we use ⇢ instead of ⇢(j) for notational simplicity. We

evaluate g(2)(0) for ˆb =

ˆbi. Both cavity photons have identical coherence functions

due to exchange symmetry of our models under b1 $ b2. g(2)(0) < 1 implies sub-

Poissonian statistics of photons, while g(2)(0) > 1 implies super-Poissonian statistics.

Coherent photons are recognized by g(2)(0) = 1. Sub-Poissonian statistics is a vio-

lation of the Cauchy-Schwartz inequality obeyed by classical light; and hence it is a

profound manifestation of quantum light.

Spin squeezing is witnessed by the inequality [25]

h ˆJ2
k i+ h ˆJ2

l i �
N

2

 (N � 1)(�

ˆJm)
2, (3.9)
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where k, l,m take all the possible permutations of x, y, z. Inequality given in Eq. (3.9)

is one of the four optimal spin squeezing inequalities introduced in Ref. [25] with N

being the total number of particles in the system. Violation of it implies spin squeezing

and particle entanglement and its relation to the positivity of the concurrence can

be found in Ref. [107]. We rewrite the optimal spin squeezing inequality given in

Eq. (3.9) with k = x, l = z and m = y as

⇣ ⌘ h ˆJ2
xi+ h ˆJ2

z i �
N

2

� (N � 1)(�

ˆJy)
2  0. (3.10)

The positive values of ⇣ indicate spin squeezing and multi-particle entanglement in the

first quantization description. As we have an open system, N = h ˆNi = hn̂1i + hn̂2i,

with ˆN = n̂1 + n̂2 and n̂i =
ˆb†i
ˆbi, is not conserved and varies in time.
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Figure 3-2: Dependence of (a) �1, (b) �2 (c) S(⇢1) for F/ = 0.1 (d) EN(⇢) and (e)
�1, (f) �2 (g) S(⇢1) (h) EN(⇢) for F/ = 1 with respect to dimensionless J/ and U/
in two-site KH system with single-photon exchange. �1 and �2 are multiplied by 10

5,
S(⇢1) is multiplied by 10

4, and EN(⇢) is multiplied by 10

3 in the case of F/ = 0.1
for visibility.

In addition, we analyze pairwise particle entanglement through so called I-concurrence [87]

given as

CI =

q
2(1� tr⇢2i ), (3.11)
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where ⇢i with i = 1, 2 is the reduced density operator of the subsystem under consid-

eration. CI = 0 for product states and nonzero for entangled states. The maximum

value of CI cannot exceed Cmax
I =

p
2(1� 1/N) where N = 4 is the Hilbert space

dimension of the subsystem. For our case it is found to be Cmax
I

⇠
=

1.225.

We investigate the entanglement in the second quantized description in terms of

the genuine two-mode entanglement parameters �1 and �2 given by [88, 89]

�1 = |hˆb†1ˆb2i|2 � hn̂1n̂2i, (3.12)

�2 = |hˆb1ˆb2i|2 � hn̂1ihn̂2i, (3.13)

where n̂i =
ˆb†i
ˆbi with i = 1, 2. Positivity of the parameters �1 and �2 indicates mode

entanglement. Positivity of the �1 and �2 is an only sufficient condition. On the other

hand, their usability for the investigation of modal entanglement has recently been

established [108].

The von Neumann entropy for the reduced density operator ⇢i with i = 1, 2 is

given by [53]

S(⇢i) = �tr⇢i ln ⇢i. (3.14)

The maximum value of the entropy is given by S(⇢i)
max

= lnN = ln 4

⇠
=

1.386. Its

nonzero values detect the entanglement and is a measure for bipartite entanglement.

I-Concurrence and von Neumann entropy are reliable to characterize pairwise

and bipartite entanglement in pure states. Steady states of our models may not

be pure under strongly nonlinearity and strong drive. We calculate the impurity

parameter I = 1 � Tr(⇢2) and report the plots of logarithmic negativity EN(⇢),

which is applicable to mixed state bipartite entanglement. It is defined as [109]

EN(⇢) = log2 ||⇢T1 ||1, (3.15)

where ⇢T1 is the partial transpose with respect to the first subsystem i = 1 and

||⇢T1 ||1 is the trace norm of ⇢T1 . Nonlinearity in our system and large Hilbert space

dimensions make the calculation of other mixed state entanglement measures, which
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are convenient for Gaussian states or states of finite dimensions, too difficult while

EN(⇢) is a computable and non-convex entanglement monotone [110].
J

/κ

U/κ

 

 

10
−1

10
0

10
1

10
−1

10
0

10
1

0.0008 0.3 0.5 0.79

(a)
J

/κ

U/κ

 

 

10
−1

10
0

10
1

10
−1

10
0

10
1

4.854 4.89 4.93 4.968

(b)

J
/κ

U/κ

 

 

10
−1

10
0

10
1

10
−1

10
0

10
1

0.009 0.012 0.016 0.019

(c)

J
/κ

U/κ

 

 

10
−1

10
0

10
1

10
−1

10
0

10
1

0.005 0.3 0.6 0.9

(d)

J
/κ

U/κ

 

 

10
−1

10
0

10
1

10
−1

10
0

10
1

0.021 0.05 0.08 0.115

(e)
J

/κ

U/κ

 

 

10
−1

10
0

10
1

10
−1

10
0

10
1

0.495 0.55 0.65 0.71

(f)

Figure 3-3: Dependence of (a) g(2)(0), (b) ⇣ (c) CI for F/ = 0.1 and (d) g(2)(0),
(e) ⇣ (f) CI for F/ = 1 with respect to dimensionless J/ and U/ in two-site KH
system with two-photon exchange. ⇣ is multiplied by 10

3 in the case of F/ = 0.1 for
visibility.

An intuitive link between coherence, particle and mode entanglements can be

formed by considering that coherence function is a relative measure of number fluc-

tuations which carries information on deviation from Poisson statistics. One can

establish an analogy between the number operator n̂ and the z-component of the

angular momentum operator ˆJz using n̂1 =

ˆN/2 +

ˆJz. The coherence function is

influenced by squeezing the spin noise around the z axis. Under stringent conditions

spin squeezing implies particle entanglement. Particle like behavior, enforced by the

sub-Poissonian statistics can be associated with spin squeezing type pairwise nonlin-

ear interactions. In that case coherence and spin squeezing interplay can be further

extended to multiparticle entanglement. Similarly �1 and �2 can be expressed in

terms of spin fluctuations and thus would be influenced by the coherence and spin
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squeezing in the system.

Above heuristic arguments motivates the existence of an interplay between coher-

ence, particle and mode entanglement. Let us now analyze specific cases numerically.

We will first consider the single photon exchange case, then proceed to two photon

exchange case in the following subsections.

3.2.1 Single-Photon Exchange

In Fig. 3-1(a), Fig. 3-1(b) and Fig. 3-1(c) we plot second order coherence, spin squeez-

ing and concurrence parameters as functions of nonlinearity and photon exchange

coefficients in the case of weak drive with F/2⇡ = 0.04 MHz, respectively. Fig. 3-1(a)

reproduces the result in Ref. [69]. Second order coherence varies over the range of

0.00183  g(2)(0)  1.011. Coherent delocalization of cavity photons happens for

J/ > 1 and J > U , which corresponds to the Poissonian statistics indicated by

g(2)(0) ⇠ 1. Strong sub-Poissonian localization regime with g(2)(0) ⇠ 0 lies in the

region of U/ > 1 and J/ < 1.

Fig. 3-1(b) shows that spin squeezing always present in the system for the ranges

of 0.1 < U/, J/ < 10. Pairwise nonlinearity measured by U in the driven system

is strong enough for the survival of multiparticle entanglement in the steady state.

It is easier to violate spin squeezing inequality in the region of J/ < 1, where sub-

Poissonian and hence particle like behavior is more significant. This is intuitively

expected as the delocalizing photon hopping makes particle entanglement more diffi-

cult, while nonlinear interaction favors particle correlations.

Fig. 3-1(c) shows that the pairwise entanglement characterized with concurrence

is in agreement with the spin squeezing. It reaches its maximal value in the strong

Sub-Poissonian regimes, where particle entanglement is maximal.

Fig. 3-1(d), Fig. 3-1(e) and Fig. 3-1(f) depict quantum coherence, spin squeez-

ing and concurrence for the case of strong drive of F/2⇡ = 0.4 MHz, respectively.

Coherent effects of the drive is harmful for the particle like character and the range

of g(2)(0) is shifted away from 0 and becomes 0.00486  g(2)(0)  1.0321. Stronger

nonlinearity is needed for sub-Poissonian statistics and thus the region is narrowed in
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the U/ axis relative to that in Fig. 3-1(a). Multiparticle and pairwise entanglement

becomes harder to establish relative to weak drive case. The maximum values of ⇣

and CI reduce about an order of magnitude when the coherent drive is increased an

order of magnitude. Spin squeezing and concurrence are almost absent in the super-

Poissonian region. Mode entanglement parameter �1 behavior with J and U , shown
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Figure 3-4: Dependence of (a) �1, (b) �2 (c) S(⇢1) for F/ = 0.1 and (d) �1, (e) �2 (f)
S(⇢1) for F/ = 1 with respect to dimensionless J/ and U/ in two-site KH system
with two-photon exchange. �1 and �2 are multiplied by 10

5, S(⇢1) is multiplied by
10

4, and EN(⇢) is multiplied by 10

3 in the case of F/ = 0.1 for visibility.

in Fig. 3-2(a), is opposite to that of spin squeezing and concurrence. Localization

of photons in the cavities favor pairwise particle entanglement; while wave like be-

havior associated with coherent delocalization by the photon exchange favors mode

correlations. The behavior of the parameter �2, shown in the Fig. 3-2(b), indicates

that the mode entanglement occurs in the nonlocal regimes with strong nonlinearity.

Fig. 3-2(e) and Fig. 3-2(f) show the mode entanglement parameters for the case of

strong drive of F/2⇡ = 0.4 MHz. Here, mode correlations become harder to establish

and regions where the modes are entangled are shifted towards higher J/ values.

Fig. 3-2(c) and Fig. 3-2(g) show the dependence of the von Neumann entropy for

weak F/2⇡ = 0.04 MHz and strong F/2⇡ = 0.4 MHz drive conditions, respectively.

Bipartite entanglement almost absent in the hopping dominant regimes, whereas the
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entropy reaches its maximal value in nonlinearity dominant regimes.

Fig. 3-2(d) and Fig. 3-2(h) show the behavior of logarithmic negativity EN(⇢).

The impurity parameter for the weak drive case is calculated to be in the range

I ⇠ 0 � 10

�4 while it becomes I ⇠ 0 � 0.36 for the strong drive case. We do not

plot I as it behaves as g(2). In the single photon exchange model, steady state is

more pure in regions with greater Poissonian character. Only under strong drive and

strong nonlinearity, where I ⇠ 0.2� 0.36, characterization of the entanglement with

CI and S(⇢1) can be ambiguous. In this case existence of entanglement is confirmed

by EN .

Behaviors of the genuine mode entanglement parameters �1 and �2 along with

the von Neumann entropy give a complete description of mode correlations. First,

occurrence of two-mode correlations in the sub-Poissonian regions is typical for two-

squeezed light beams mixed with a beam splitter. Here, this happens simultaneously,

not sequentially. Second, the von Neumann entropy covers the whole region which

covered separately by the mode-entanglement parameters. Bipartite entanglement is

distributed over sub-Poissonian regimes.

We stressed out that the single photon exchange model gives clearly distinct roles

to the interactions. Nonlinearity is localizing and a single-axis twisting spin squeezing

type of interaction. Photon hopping is delocalizing and a mode correlating interaction.

Two photon hopping however has particle and delocalizing character. It is delocalizing

due to photon exchange effect, but also establishes pairwise correlations by a two axis

twisting interaction. We will point out emergence of distinct relation between second

order coherence and entanglement in the following subsection.

3.2.2 Two-Photon Exchange

In Fig. 3-3 and Fig. 3-4, we show our results for two-photon exchange interaction.

Fig. 3-3(a), Fig. 3-3(b) and Fig. 3-3(c) depict quantum coherence, spin squeezing

and concurrence for F/2⇡ = 0.04 MHz, respectively. In contrast to single photon

exchange, there is no Poissonian or super-Poissonian region in Fig. 3-3(a) and g(2)(0)

varies in the range of 0.00723  g(2)(0)  0.7944. The sub-Poissonian statistics is
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strong in both delocalizing photon hopping and local cavity nonlinearity dominated

regimes. Relatively weak one occurs in J/, U/ < 1 region where coherent drive is

comparable to these local and nonlocal pairwise interactions.

In the two photon exchange case, analogous to LMG model, there are both single

axis and two axis twisting routes to spin squeezing. When J/ > 1 the former

becomes the major route leading to spin squeezing; while when U/ > 1 the latter

becomes the main interaction causing spin squeezing. Accordingly strong violation of

spin squeezing occurs over the entire domain of J/, U/. Similar level of violation

can only be found in the narrow strip of weak J/ in Fig. 3-1(b). The uniformity of

the pairwise entanglement witness parameter with U which is present in Fig. 3-1(b)

is no longer present in Fig. 3-3(b). Variation of spin squeezing and sub-Poissonian

statistics strength with hopping and nonlinearity becomes identical for the case of

two photon exchange. As in the single-photon interaction case, concurrence is in

complete agreement with spin squeezing. In both nonlinearity and hopping dominated

regimes pairwise particle correlations show identical statistical character. Particle

entanglement is maximized for J/ & 1 and U/ & 1.

Fig. 3-3(d), Fig. 3-3(e) and Fig. 3-3(f) show quantum coherence, spin squeezing

and concurrence for F/2⇡ = 0.4 MHz, respectively. Strong drive helps to bring

coherence into the system and now the maximum g(2)(0) ⇠ 1. The separation of two

strong sub-Poissonian regions by a weak one around the line J = U becomes more

visible. Strong drive works against spin squeezing that reaches its maximum value

around J/ ⇠ 0.5 > U/. Concurrence is maximized around similar J/ values as

spin squeezing with relatively strong nonlinearity.

In Fig. 3-4, we plot the mode entanglement and entropy parameters for the two-

photon exchange interaction. Being only sufficient, values of the parameters �1 and

�2 within our parameter regimes make the discussions on mode entanglement incon-

clusive [108].

Fig. 3-4(c) shows the von Neumann entropy for the case of F/2⇡ = 0.04 MHz.

Bipartite entanglement is strong in both local and nonlocal interaction regimes. In

the case of strong pump, shown in Fig. 3-4(f), it is maximized in the diagonal which
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separates two weaker regimes. This diagonal corresponds to the weaker multiparticle

but stronger pairwise entanglement situations depicted in Fig. 3-3(e) and Fig. 3-3(f),

respectively.

Fig. 3-4(d) and Fig. 3-4(h) show the behavior of logarithmic negativity EN(⇢).

The impurity parameter for the weak drive case is calculated to be in the range

I ⇠ 10

�5�10

�4 while it becomes I ⇠ 0.22�0.39 for the strong drive case. We do not

plot I as it behaves as g(2). In the two-photon exchange model, similar to the single

photon exchange case, steady state is more pure in regions with greater Poissonian

character. In contrast to single photon exchange case however, mixed state region

with I ⇠ 0.2 � 0.36 is not limited to strong nonlinearity but extends over the entire

region under strong drive and hence characterization of the entanglement with CI

and S(⇢1) can be ambiguous. In this case existence of entanglement is confirmed by

EN .

Two-photon exchange between weakly driven identical nonlinear cavities make the

photons strongly antibunched for any J and U , except for weak J and U quadrant

where photons have weaker sub-Poissonian character. Single photon exchange can

only generate antibunched photons for J < U and coherent photons for J > U [69].

A strong drive is most influential to enhance the coherence regime for two photon

hopping case when J ⇠ U .

Our analysis reveals viable routes to entanglement realization in our models. Co-

herence serves as a map to search for most advantageous J and U domains for practi-

cal establishment of entanglement. Under weak drive, antibunched photons in single

photon exchange violate the product state conditions 3� 5 orders of magnitude more

strongly than the super-Poisson ones. Two-photon exchange yields almost uniform

violation with similar but maximum quantum noise levels. This points out one cru-

cial advantage of two photon exchange over the single photon exchange for practical

realization of entanglement. There are both single and two-axis twisting spin squeez-

ing routes to entanglement in two-photon exchange which leads to almost uniform

and strong satisfaction of particle, pairwise and mode entanglement conditions over

the entire J, U domain. There is another surprising and appealing advantage in the
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two-photon exchange under strong drive. Entanglement emerges most easily in weak

nonlinearity and weak hopping region and with photons of relatively weak sub-Poisson

character.

For both single and two-photon exchange, multi-particle entanglement is harder

to establish relative to pairwise and mode entanglements, which are at similar levels

of quantum noise. Quantum fluctuations could be too low to detect in experiments

for all types of entanglements under weak drive. Strong drive remedy this situation

and increases quantum fluctuations 1 � 2 orders of magnitude more in steady state.

Strong drive also leads to mixed state entanglement, albeit with weak mixedness,

in the sub-Poisson regime of single photon exchange or everywhere in two-photon

exchange.
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Chapter 4

Discrete time quantum walk with

nitrogen-vacancy centers in diamond

coupled to a superconducting flux

qubit

Spin ensembles that are coupled to quantum electrodynamics (QED) systems and

solid-state qubits are promising hybrid architectures [111] for quantum memories [112]

and for distributed quantum networking [113]. Nitrogen-vacancy (NV) centers in

diamond are outstanding among the solid-state spin ensembles [114] due to their long

spin relaxation and dephasing times, scalability [115] and existence of well-established

techniques for their manipulation [116, 117, 118]. NV center quantum memory has

recently been demonstrated [119].

Quantum memories require fast and reliable quantum state transfer, which is

closely related to the quantum walk (QW) problem [120, 121, 122]. In particular, the

discrete time QW (DTQW) [123, 124, 121, 125] has been highlighted for universal

quantum computation [126] and for quantum state transfer [127]. NV centers that

are coupled to superconducting transmission line resonators are considered before for

continuous-time QW [128]. Here we propose a scheme for implementing DTQW with
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NV centers.

Our scheme is based upon the proposals for DTQW in phase space introduced for

cavity QED (CQED) [129, 130, 11] and circuit QED (cirQED) [131]. Like some other

intriguing proposals [132, 133, 134], QWs in CQED and cirQED schemes have not

been demonstrated yet; despite some successful realizations in different systems [135,

136, 137, 138, 139, 140]. Our procedure could lead to the first solid-state realization

of the proposed DTQW in phase space.

We consider an NV center ensemble coupled to a superconducting flux qubit [141],

which plays the role of the coin in DTQW. Weak excitations of NV centers can be

described in terms of bosonic quasiparticles. We take into account all the crystal-

lographic classes of the NV centers so that the single mode coupled to the qubit

becomes an effective privileged mode, which is a particular superposition of all the

modes corresponding to the quasiparticle excitations in four different NV center crys-

tallographic classes. We derive an exact bilinear spin-boson model that reduces to

Jaynes-Cummings model (JCM), same with that in CQED or cirQED settings, under

parametric approximation.

We employ the similar but improved DTQW scheme proposed for JCM to our

case, by removing the cumbersome requirement of varying drive-pulse durations. This

allows for the direct realization of DTQW with regular time steps and simplifies the

implementation in all indirect-coin-flip cavity QED realizations of QW including our

full solid-state proposal.

4.1 Model System

4.1.1 NV center ensemble Hamiltonian

A theoretical model of NV centers in diamond can be developed based on the six-

electron description of the 3A electron spin triplet ground state of NV� [142, 143]. The

hyperfine (⇠ 2 MHz for 14N), quadrupole (⇠ 5 MHz for 14N), and strain (< 10 MHz)

interactions are negligible [144] relative to zero-field splitting ⇠ 2.88 GHz. Similar
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conclusion is applicable to 13C as well [145]. The Hamiltonian of a single NV center

in the absence of external electric and magnetic fields can be written as [146, 147]

H =

˜ST
˜D ˜S, (4.1)

where ˜S is the spin-1 matrix and ˜D is the zero-field splitting matrix. The NV center

Hamiltonian in the principal axes of the molecular body frame becomes diagonal so

that

H = D


S2
z �

1

3

S(S + 1)

�
, (4.2)

where S = 1 and D/2⇡ ⇡ 2.88 GHz [148]. By taking the quantization axis z as

the alignment of the NV center, the Hamiltonian can be expressed in the spin basis

|S,mi ⌘ |mi as

H = D
X

m=±1,0

m2|mihm|, (4.3)

where we dropped the constant term.

There are four possible quantization axes in the NV center, which are all equiva-

lent. We need to take them into account when we consider an ensemble of NV centers.

Let us denote these axes by f = 1, . . . , 4 and introduce collective operators, which

are analogs of Hubbard operators for strongly correlated electron systems [149], such

that

Xmn
f =

NfX

j=1

|mi(f)j hn|(f)j . (4.4)

Here, | mifj is the spin state of the j-th NV center aligned along the crystallographic

(molecular) axis-f which is taken as the quantization axis. Nf denote the number

of NV centers aligned along the quantization axis f . The Hamiltonian for the NV
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center ensemble becomes

HNV = D
X

mf

m2Xmm
f . (4.5)

4.1.2 Flux qubit Hamiltonian

A flux qubit consists of three or more superconducting Josephson junctions, one of

which is smaller than the others [150, 151]. The phase quantization condition for

the superconducting wave functions around the qubit loop reduces the system to a

two-dimensional phase space, where the qubit can be effectively considered as a two-

particle system subject to a double-well potential [152]. A two-level approximation

can be made to the band structure of the potential by assuming that the external flux

is in the vicinity of half of the flux quantum, where the two lowest bands are closest to

each other. A small overlap of the wave functions of the two levels opens the qubit gap

�q, which can be tuned [153, 154, 155] by replacing the smallest Josephson junction

with two parallel junctions, a DC-SQUID. On the basis of the two counter-rotating

persistent currents in the qubit loop, the qubit Hamiltonian can be written as

Hq =
1

2

(�q�x + ✏q�z) , (4.6)

where ✏q is the magnetic energy bias of the qubit that contributes away from the

symmetry point, when there is a net persistent current in the qubit loop.

Pauli spin operators �x,y,z can be conveniently transformed from the bare current

basis to the dressed current basis by U = exp (�i✓�y) with ✓ = arctan (�q/✏q). The

Hamiltonian becomes

Hq =
!q

2

�z, (4.7)

with the qubit frequency !q =

q
(�

2
q + ✏2q)/2.
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4.1.3 Flux qubit-NV ensemble coupling

We assume the same conditions as in a recent experiment [156], wherein the flux

qubit was coupled to the NV center ensemble located at the top of the central region

of the flux qubit loop. The dimensions of the ensemble are sufficiently small for the

spatial variations in the magnetic field over the ensemble to be ignored. In such a

case, the magnetic fields generated by the supercurrents are expected to interact with

the ensemble homogeneously. In the persistent current basis the electronic Zeeman

interaction is given by

Hint =
X

↵=x,y,z

gf↵S
↵
f �z, (4.8)

where S↵
f are the total spin-1 operators for the NV ensemble that are related to the

generators of the SU(3). Nuclear Zeeman interaction is three orders of magnitude

smaller and neglected. Here, ↵ denotes the coordinate in the molecular body frame;

and �z is associated with the magnetic field in the persistent current basis.

The electronic Zeeman interaction is diagonal in the molecular body frame. The

symmetry axes h111i = [11

¯

1], [111], [1¯11], [¯111], shown in Fig. 4-1, which correspond

to four crystalographic classes f = 1, 2, 3, 4, respectively, are taken to be the z axes

of the molecular body frames. The coupling strengths gf↵ = 2geµBBf↵, where ge is

the electronic Landé g factor, µB is the Bohr magneton and Bf↵ is the ↵-component

of the magnetic field acting in the molecular frame of the crystallographic class f ,

can be adjusted by the orientation of the diamond sample. In a typical experimental

setting [156], the crystal axis [001] is parallel to the magnetic field. The crystal surface

(001) is perpendicular to the magnetic field and placed on top of the flux qubit.

If we take the [001] direction as the crystal lab frame z axis, then the Zeeman

interaction coefficients become proportional to the direction cosines of the lab and

body frame z axes. The angle between the f = 1 and f = 2 axes and the angle

between the f = 3 and f = 4 axes are the same in the diamond unit cell. The

magnetic field axis bisects them and thus the magnetic field makes the same angle of

54.7� with the every body frame z axes. The molecular body frames are chosen such
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Figure 4-1: Four equivalent crystallographic groups of the NV centers. Symmetry
axes h111i make the same angle with the magnetic field parallel to the axis directed
along [001]. The blue spheres along the sides of the cube represent the C atoms; the
white sphere at the center represents the vacancy; the red spheres along the h111i
axes represent the N atoms. We use the short hand notation f = 1, 2, 3, 4 for the axes
[11

¯

1], [111], [1¯11], [¯111], respectively.

that the y axes are perpendicular to the magnetic field and the x axes make an angle

of 35.3� with the magnetic field. This makes gf↵ = g↵ the same for all crystallographic

classes f and gz, associated with the smaller direction cosine, becomes smaller relative

to gx while gy = 0 [141, 156]. These lead to the reduced interaction of the form

Hint =
P

f �z[gx(X
�0
f +X+0

f + H.c.)

+gz(X
++
f �X��

f )], (4.9)
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where H.c. stands for Hermitian conjugate. Here we replaced the collective spin

operator by the analogs of the Hubbard operators introduced in Eq. (4.4) such that

Sf
x = X�0

f +X+0
f +X0�

f +X0+
f and Sf

z = X++
f �X��

f .

We shall proceed under the assumptions of weak excitations and a large number of

spins in the ensemble. Experiments can achieve coupling of N ⇠ 3.1⇥10

7 NV centers

directly above the flux qubit [156]. This number is sufficiently large for our weak-

excitation conditions. We consider about 5�10 excitations in our simulations. Under

these conditions, operators Xmn
f can be conveniently related to bosonic operators xfm

such that

Xmn
f = x†

fmxfn, (4.10)

in terms of which the corresponding terms in the Hamiltonian H = HNV +Hq +Hint

becomes

HNV = D
X

mf

m2x†
fmxfm, (4.11)

Hint =

X

f

g�z(x
†
f�xf0 + x†

f+xf0 + H.c.), (4.12)

where we neglected gz(x
†
f+xf+ � x†

f�xf�) and redefined gx := g in Eq. (4.12). The

operators xfm play the role of Schwinger bosons of SU(Nf ) subject to the constaint
P

mhx
†
fmxfmi = Nf [157, 158, 159]. Schwinger bilinear boson representation of the

Hubbard operators preserve their algebra. The algebraic relations are summarized in

Appendix 4.3.1.

The quasiparticles of NV center excitations are analogous to quantum particles

associated with the spin waves, and hence, we call them quasimagnons. We introduce

quasimagnon operators as follows: xf+ ⌘ af , xf� ⌘ bf , and proceed by replacing

xf0 !
p

Nf which is analogous to the parametric pump approximation in quantum

optics [160]. Parametric approximation has quite a wide range of validity, which is

especially enhanced for initially coherent states [161]. To the first order the error is

as large as the of the square root of the mean quasimagnon number. Fractional error,
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relative to the mean number of quasimagnons, is about the size of relative fluctuation

which is negligible in our case
p
N/N ⇠ 0.01. The change from the algebra preserving

Schwinger bosons to quasimagnons by the parametric aproximation is equivalent to

deforming the Holstein-Primakoff map under group contraction by large total spin

approximation [162].

We consider initially coherent spin ensembles for our quantum walk procedure

as well, which could make our procedure potentially applicable for higher number

of excitations, or equivalently for smaller number of NV centers coupled to the flux

qubit. A systematic study of how tolerant our procedure to smaller number of NV

centers however needs further examinations without parametric approximation, which

is beyond the scope of our present investigations.

The Hamiltonian of the NV centers then reduces to

HNV =

X

f

D(a†faf + b†fbf ). (4.13)

We interpret the presence of two quasimagnon operators by associating them with

quasispin waves with two possible polarizations. The final Hamiltonian is then an

eight-mode model, in which there are four quasimagnon modes, each with two different

polarization degrees of freedom.

By employing the rotating wave approximation for g ⌧ D,!q, transforming to

the dressed current basis at the qubit symmetry point, and using the quasimagnon

picture, we can express the interaction as

Hint =
X

f

[⌘f (�+(af + bf ) + ��(a
†
f + b†f )], (4.14)

with ⌘f = g
p

Nf being the collective coupling strengths for the quasimagnons and

flux qubit system. Here �± = �x ± i�y are the Pauli spin ladder operators.

This Hamiltonian can be simplified by distinguishing sets of “coupled modes"

and “uncoupled modes," analogous to Morris-Shore transformations [163], which are

combinations of quasimagnon modes such that they are respectively interacting and
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noninteracting with the flux qubit. We list these modes in Appendix 4.3.2. Eventually,

only a single effective privileged mode becomes coupled to the qubit. The annihilation

operator of that mode is given by

c =
1p
2N

X

f

p
Nf (af + bf ). (4.15)

The interaction Hamiltonian is then simplified to the usual Jaynes-Cummings model,

though the single privileged (bright) mode is actually a spesific superposition of all

the quasimagnon modes,

Hint = ⌘(�+c+ ��c
†
), (4.16)

where the collective spin-qubit coupling strength is ⌘ =

p
2Ng. We ignore the ef-

fects of inhomogenous broadening and spatial inhomogeneity here and provide a brief

discussion in Appendix 4.3.3.

4.1.4 Quantum walk Hamiltonian

We introduce an additional term that represents the driving field on the diamond

sample

Hd = ✏(t)(cei!dt
+ c†e�i!dt

), (4.17)

where !d is the drive frequency and ✏(t) is the time-dependent amplitude of the drive

pulse. Consistent with our spatial homogenity of the interaction assumption, the drive

field is coupled with the quasimagnon mode defined in Eq. (4.15). We assume that

the drive is of square-wave form with pulse duration tH and amplitude ✏0. The total

Hamiltonian of the qubit ensemble becomes the Jaynes-Cummings model Hamiltonian

such that

H =

!q

2

�z +Dc†c+ ⌘(�+c+ ��c
†
) +Hd(t). (4.18)
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This Hamiltonian is the same as that proposed for a QW in cirQED, although in

our case, the role played by the microwave photons is assumed by the quasimagnons.

Here, the qubit-NV center ensemble coupling ⌘ is about ⌘/2⇡ ⇠ 70 MHz [156]. In

contrast to spontaneous decay and the dephasing of the qubit, the qubit-NV center

ensemble interaction is in the strong-coupling regime. By employing a rotating frame

transformation HR = U †H 0U � ⇤ with U = exp (�i⇤t), where we take ⇤ = !d(c
†c+

�z/2), the Hamiltonian can be written in the form

H = ��cc†c� �d
�z
2

+ ⌘(c†�� + c�+) + ✏(c+ c†). (4.19)

Here, �d = !d � !q and �c = !d �D are introduced.

The detuning between the qubit and the NV center ensemble is � = �d � �c =

D�!q, which can be adjusted by !q to satisfy �� ⌘ so that the Fröchlich canonical

transformation [164, 165, 166] H 0
= exp (�S)H exp (S), with the transformation

operator

S =

⌘

�

(��c
† � �+c), (4.20)

can be applied to obtain an effective Hamiltonian

Heff = �c†c�z +
⌦R

2

�x + ✏(c+ c†)� �cc
†c� �d

2

�z

+

�

2

(12 + �z) , (4.21)

where 12 is the 2⇥ 2 unit matrix; and the parameters

� =

⌘2

�

, ⌦R =

2⌘✏(t)

�

(4.22)

are associated with the conditional rotational shift and the Hadamard coin terms

in the Hamiltonian. The Hadamard coin term only operates when the pulse is

on, whereas the shift operation is constantly active. The conditional shift operator
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R(�) := exp (i�c†c�z) rotates the phase states

|�i = 1p
M

M�1X

n=0

e

in� |ni , (4.23)

on the phase space such that R(�) |�i |�iz = |�+ ��i |�iz. The rotation can be

clockwise or counterclockwise depending on the state of the qubit |� = ±1iz. Here

|ni are the Fock states in an Hilbert space of dimension M . The conditional rotation

is restricted to a cycle whose radius is determined by the mean quasimagnon number

hnci = hc†ci and the phase space coordinates correspond to the mean quadratures

hc + c†i/2 and h(c � c†)i/2i. The effect of the conditional rotation operator on a

coherent state |↵i is similar; it translates the phase ✓↵ of the coherence parameter

↵ = |↵| exp (i✓↵) to ✓↵ ± �.

We note that in the QW proposal for cirQED, the parameter ⌦R is found to depend

on !d by the relation ⌦R = 2⌘✏(t)/�c. The dependence of ⌦R on the drive frequency

results in a QW with varying step sizes in time, and complicated pre-adjustments

in pulse duration are therefore required. Here, we do not have a drive-frequency-

dependent coin operation and we have a fixed step size as well as fixed pulse duration.

This makes the implementation of the QW more straightforward. In contrast to our

approach described here, a displaced frame transformation relative to the resonator

field was previously used in the cirQED model of a bit-flip gate [167], in addition to

the Fröchlich transformation. This lead to vanishingly small cavity photon numbers

and negligible ac Stark shifts. In our approach, we do not use a displaced frame,

which allows for the presence of a larger number of quasimagnons.

4.2 Results and Discussion

The dynamics of the effective Hamiltonian is subject to decoherence processes. By

denoting the qubit dephasing rate as ��, the qubit relaxation rate as �1, and the decay

of the NV center excitations as �, we can write the quantum master equation of the

system, under the Markovian and Born-Markov approximations, which are suitable
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for our weakly coupled system [168], as

⇢̇ = �i[H, ⇢] + �D[c]⇢+ �1D[��]⇢+
��
2

D[�z]⇢. (4.24)

Decoherence processes associated with an operator x = c, ��, �z are described by the

Liouvillian superoperators D[x]⇢ = (2x⇢x† � x†x⇢ � ⇢x†x)/2 in Lindblad form. We

introduced the effective Hamiltonian to illustrate the underlying QW dynamics, but

obtain quantitative results from the Hamiltonian of the system given in Eq. (4.19).

We do not simulate the effective Hamiltonian to avoid further approximations.

The effective Hamiltonian only serves to interpret and design the dynamics of the

system.

We solve the master equation using the QuTip package [169] in python software.

The initial condition is considered to be

| (0)i = |↵i(|gi+ i|ei)/
p
2, (4.25)

where the quasimagnons are in a coherent state with amplitude ↵ and the qubit is

in a superposition of its ground and excited states. It is assumed that excitations

of the NV center ensemble is initially prepared in a coherent state. We consider

a Fock space of quasimagnons with the dimension 17, which is sufficiently large to

accommodate the selected ↵ = 3 in the numerical analysis. A classical magnetic field

pulse can be used to prepare the quasimagnon coherent state analogous to the typical

driven oscillator case [170], as for large number of NV centers the atomic coherent

states converges to the bosonic coherent states [171]. The modes to be included in

the initial coherent state could be selected by external bias magnetic fields. The

initial coherent superposition of the flux qubit levels can be generated by a resonant

magnetic pulse of area ⇡.

Most of the parameters we use in our simulations can be taken as the same values

with those used in the original circuit QED and cavity QED proposals [131, 11] except

�1,�, D and ✏0. Flux qubit has a wide range of tunability and we set its gap frequency

as !q/2⇡ = 7 GHz [151]. Recently developed flux qubits can have dephasing times in
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the order of few microseconds [172] and we set ��/2⇡ = 0.31 MHz. Recent experiments

allow for direct coupling between the flux qubits and the NV centers with strengths

of about ⇠ 70 MHz [156]. Number of NV centers and the flux qubit size can be used

to control the strength of the coupling, which is taken here as ⌘/2⇡ = 100 MHz.
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Figure 4-2: (a) Time (t) dependence of the mean number of quasimagnons hnci and
(b) of the qubit-level populations Pe,g for the initial state | (0)i = |↵ = 3i(|gi +
i|ei)/

p
2. hnci fluctuates in time, mainly when the pulse is on (coin toss). Regular

intervals of the pulse in (b) indicate the regular discrete time steps of the QW. The
parameters used in our simulations are !q/2⇡ = 7 GHz, D/2⇡ = 2.87 GHz, ⌘/2⇡ =

100 MHz, ✏0/2⇡ = 1 GHz, �1/2⇡ = 0.02 MHz, ��/2⇡ = 0.31 MHz, and �/2⇡ = 0.1
MHz. The repetition rate of the driving pulsed laser is taken as !p = �d, with d = 16

being the number of sites on the cycle of a QW.

As our improved procedure is general and applicable to previous circuit QED or

cavity QED settings [131, 11], we shall first use the original values �1/2⇡ = 0.02 MHz

and ✏0/2⇡ = 1 GHz for comparison of our improved procedure with the original ones

in Refs. [131, 11]. The minor difference of no consequence is that we use D/2⇡ = 2.87

GHz [148] for the zero-field splitting between the | m = 0i and | m = ±1i ground

state spin triplet levels of the NV center. This corresponds to cavity or transmission

line mode frequency, which is taken as 5 MHz in Refs. [131, 11].

Following the comparison, we present the results for the actual flux qubit and

NV ensemble parameters. Relaxation rate of the flux qubit is of the same order with

its dephasing rate so that we set �1/2⇡ = 0.31 MHz [172]. Longitudinal relaxation

time T1 of the NV center electron spin is in the order of few milliseconds at room
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temperature [143] and gets longer by reducing the temperature. The dephasing time

of the spin T2 is in the order of 0.3� 2 ms and gets longer by increasing the purity of

the diamond sample isotropically [173]. In the case of quasimagnons, the decoherence

rate � would be collectively enhanced, similar to the collectively enhanced coupling

strength. For N = 3.1 ⇥ 10

7 and T2 = 2 ms, we find �/2⇡ = 2.78 which is larger

than the circuit QED and cavity QED cases where �/2⇡ = 0.1 MHz [131, 11]. To

compensate it we take larger drive strength ✏0/2⇡ = 10 GHz.

Relative to the decoherence [174] and dephasing [175] of the qubit, as well as to

the relaxation of the NV centers, the system is in the strong-coupling regime, though

still not in the ultrastrong-coupling regime, which would challenge the validity of

rotating wave and Born-Markov approximations.

The repetition rate of the driving pulsed laser is taken to be !p = �d, with d = 16

being the number of sites on the cycle of a QW. This yields the duration of each time

step of the QW as tp = 2⇡/!p. This time covers the pulse duration of tH = ⇡/(
p
2⌦R0)

with ⌦R0 := 2⇡✏0/� as well as the time between pulses. Hadamard coin operation

induced by the pulse can be described by the Hamiltonian

Hcoin =

⌦R

2

(�x + �z), (4.26)

if we take the operation time as tH ; and if we decouple the quasi-magnon dynamics

from the qubit dynamics. For that aim, let us drop the constant term (�/2)12 and

rewrite the effective QW Hamiltonian in Eq. (4.21) as

Heff = Hcoin + (�c†c� n̄)�z � �cc
†c+ ✏(c+ c†), (4.27)

under the condition of

�n̄� �d
2

+

�

2

=

⌦R

2

. (4.28)
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This condition can be satisfied by taking the pulse frequency to be

!d = (2n̄+ 1)�+ !q � ⌦R, (4.29)

where n̄ = |↵|2 is the initial number of quasi-magnons. ✏0 is the amplitude of the

square pulse. If the number fluctuations are sufficiently small, then the dynamics of

the quasi-magnons are uncoupled from the qubit degrees of freedom, whose evolution

would be a faithful representation of that of an ideal Hadamard coin. Quantitatively,

if we denote the number fluctuations by �n, the condition of validity can be expressed

as ��n ⌧ ⌦R/2 or �n ⌧ ✏0/⌘, which becomes �n ⌧ 10 � 100 for our parameters.

Our simulations indicate that number fluctuations remain in the order of few quasi-

magnons; and thus the coin operation can be simulated. In contrast to the cirQED and

CQED QW proposals, we do not change !d by changing n̄ at every step. Furthermore,

the pulse duration, and hence, the time steps, are fixed in our approach. These two

differences allow for simpler implementation as well as for direct interpretation in

terms of DTQW with regular time steps.

We first examine the behavior of the number of quasimagnons, hnci = hc†ci, and

the qubit excited and ground level populations, which are respectively defined to be

Pe = (1+h�zi)/2, and Pg = (1�h�zi)/2. Their time evolutions are shown in Fig. 4-2.

The initial number of quasimagnons is nc(0) = 9. Fig. 4-2(a) indicates that during the

course of dynamics mean number of quasimagnons fluctuates because of the drive and

dissipation. Relatively Strong fluctuations in the mean quasimagnon number occur

mainly when the pulse is on, or when the Hadamard coin is tossed. When the pulse

is off, a conditional phase shift operation characterized by the parameter � is set into

action. During this rotational QW step in quasimagnon phase space, fluctuations of

the hnci are much smaller. The dynamics of the coin, or the populations of the qubit

levels, can be followed by the Fig. 4-2(b). We have marked the regions during which

the pulse is on. The dynamics and exchanges between the upper and lower level

populations reveal that the qubit evolves in close correlation with the simulation of

a pure Hadamard coin. Exchanges only occur when the pulse is on, or at the end of
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the coin toss.
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Figure 4-3: Time (t) dependence of the Holevo standard deviation measure �H in the
system for the initial state | (0)i = |↵ = 3i(|gi + i|ei)/

p
2. Its decrease beyond the

seventh step is due to the cyclic wrapping-up effect in terms of the definition of the
Holevo measure; it does not represent the actual behavior of the QW. The parameters
are the same as Fig. 4-2.

QW in the quasimagnon phase space needs to be characterized by examination of

the dispersion of the angular variable �. For cyclic variables the variance is conve-

niently determined by the Holevo standard deviation which is defined as [176]

�H =

q
|hei�i|�2 � 1, (4.30)

where

��hei�i
��
=

����
Z ⇡

�⇡

d�P (�)ei�
���� (4.31)

is the sharpness of the phase distribution. Sharpness is bounded between 0, for spiked

distribution at the mean phase, and 1, for a flat distribution. It can be interpreted as

the success or fidelity of the phase distribution to estimate the mean phase [177, 178].

Here we take the mean phase as 0 and choose the domain as [�⇡, ⇡]. The phase
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distribution P (�) is determined from the reduced density matrix of the quasimagnons

⇢m by using

P (�) = lim

M!1
h� | ⇢m | �i, (4.32)

where the phase states |�i in an M -dimensional Fock space are defined in Eq. (4.23).

The quasimagnon reduced density matrix is calculated by, ⇢m = Trq(⇢), taking the

trace over the qubit degrees of freedom of the density matrix of the system ⇢, which

is found by solving Eq. (4.24). If the phase variance (��)2 = h�2i � h�i2 is small

((��)2 ⌧ 1) then �H becomes equivalent to the ��. In contrast to localized distri-

butions, Holevo variance is infinitely large for flat distributions with zero sharpness.

In our case, this situation corresponds to large phase diffusion due to decoherence in

the system. We examine the Wigner function evolution to determine the number of

steps for which the Holevo measure can be used for reliable information on the phase

variance.

Fig. 4-3 shows that �H increases in an almost smooth manner during the condi-

tional phase shifts, whereas during the coin toss operation, it shows rapid oscillations.

At the eighth step, more than half of the cycle is covered by the Wigner function (see

Fig. 4-6). The Holevo measure becomes unsuitable for describing the second order

phase variance beyond this point. Similar behavior is encountered in the cirQED QW

proposal [11]. To check whether the phase variance is faster than that of the classical

random walk, we employ a linear fit analysis for the first 7 steps using MATLAB.

The result is shown in Fig. 4-4. The upper panel in Fig. 4-4 reveals that there is

a linear relation between the number of regular time steps and the logarithm of the

Holevo standard deviation. The slope is determined to be ⇠0.96 ± 0.11, where 0.11

is the linear-regression standard deviation. This result is close enough to the ballistic

case to declare it to be ballistic given that phase diffusion due to decoherence and

wrapping due to periodicity of phase have occured. In the case of the classical random

walk, the slope would be 0.5.

The observation of further QW signatures is to be expected, similar to earlier
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Figure 4-4: A linear fit to the Holevo measure �H in Fig. 4-3. A logarithmic scale
is used for both axes. The initial starting point in time is taken as zero and not
used on the logarithmic scale. The slope of the line is calculated as ⇠0.96, which is
in the ballistic regime and higher than the corresponding value of 0.5 for a classical
random walk. The parameters are the same as Fig. 4-2, except that the time t here
is dimensionless, scaled by 1µs.

studies on the same Hamiltonian for similar parameters. For example, the phase

distributions at the end of the first four steps are reported in Ref. [11]. Interpretation

of the phase distribution is not trivial because of the effects of the pump field. It

is found that as the pump intensity grows, the distribution becomes asymmetrically

skewed in one direction. Moreover, some peaks become narrower. We present the

phase distribution in Fig. 4-5. We used M = 256 phase states in our numerical

calculations. Phase distribution is skewed counterclockwise because of the pumping

field, consistent with the observations reported in Ref. [11]. Because the walk occurs

on a circle, the left and the right boundaries � = ±⇡ in Fig. 4-5 are the same. The

initial phase distribution of the QW starts at an angular location of � = 0. The

spread of the distribution is quadratically enhanced, relative to that of a classical

random walk.

Wigner functions at the end of the first eight steps are shown in Fig. 4-6. The

spread along the angular direction as the QW progress is accompanied by the increas-
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ing deformation along the radial direction due to the number fluctuations. QW splits

into other circles at different mean number of quasimagnons and dephasing occurs.

Holevo measure increases beyond 1 as the distribution gets more and more flat due

to significant contribution of the phase diffusion after 7 steps. Thus we did not use

the Holevo measure to characterize the QW for more than 7 steps.
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Figure 4-5: The phase distribution P = P (�) as a function of the angular variable
� of the quasimagnon phase space is shown at the end of the (a) first, (b) second,
(c) third, and the (d) fourth steps of the QW. The initial phase distribution, wherein
the QW starts at � = 0, is not shown. The parameters are the same as Fig. 4-2. �
is in radians.

We now examine the effect of decoherence rate of presently available NV cen-

ter ensembles with �/2⇡ = 2.78 MHz [173] which is about 10 times larger than the

photons in cirQED and CQED QW proposals. To compensate faster loss of quasi-
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Figure 4-6: The Wigner function at the end of the first eight steps of the QW.
The parameters are the same as Fig. 4-2. Real and imaginary parts of the coherent
state parameter in the quasimagnon phase space are denoted by x and p, respectively.
The initial Wigner function, which is a Gaussian centered at (x = 3, p = 0), is not
shown. The radius of the circle of the QW is determined by the square root of the
mean number of the quasimagnons. Phase diffusion along the angular direction is
accompanied by the ripples along the radial direction due to the number fluctuations
as the QW progress.
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Figure 4-7: Time (t) dependence of the mean quasimagnon number hnci under
the same conditions as in Fig. 4-2 but for the case of �/2⇡ = 2.78 MHz and drive
✏0/2⇡ = 10 GHz.
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magnons, we take 10 times stronger drive with ✏0/2⇡ = 10 GHz in the simulations,

which is found to be sufficient enough to stabilize the circular trajectory of quantum

walkers in the phase space by maintaining hnci ⇠ 6 as can be seen in Fig. 4-7. For

this drive strength, the drive duration becomes 10 times shorter, due to the relation

tH ⇠ 1/⌦R ⇠ 1/✏0. The spikes in the figure correspond to the times when the drive

is on or the action of coin toss. The Holevo standard deviation shown in the Fig. 4-8.

In this case phase diffusion becomes significant after four steps. When we determine

the linear fit in logarithmic scale we find the similar behavior as in Fig. 4-4 with

the slope 0.98 ± 0.42, where 0.42 is the linear-regression standard deviation for the

first four steps. Such a few number of steps yields large linear-regression standard

deviation error in the slope. The slope is nevertheless close enough to be declared

to be ballistic, given that phase diffusion due to significantly large decoherence and

wrapping due to periodicity of phase have occured.
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Figure 4-8: Time (t) dependence of the Holevo standard deviation measure �H under
the same conditions as in Fig. 4-3 but for the case of �/2⇡ = 2.78 MHz and drive
✏0/2⇡ = 10 GHz.
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4.3 Appendix

4.3.1 Hubbard, Schwinger and Quasimagnon Operators

Here we summarize the algebraic properties and relations among the Hubbard opera-

tors, bilinear Schwinger boson forms and the quasimagnon operators. For notational

simplicity we drop the NV center crystallographic class index f . Let us introduce

the Gell-mann isotopic spin representation of SU(3) [179] in terms of the Hubbard

operators,

V� =

X0�
p
N

, U� =

X0+

p
N

, T� = X�+, (4.33)

V3 =

X�� �X00

2N
, U3 =

X++ �X00

2N
, (4.34)

T3 =

X++ �X��

2

, (4.35)

with V+ = V †
�, U+ = U †

� and T+ = T †
�. Each U, V, T spin-1/2 subgroup obeys SU(2)

algebra, [J�, J+] = �2J3, [J3, J±] = ±J± with J = U, V, T ; but they are all correlated

according to the full set of commutation relations of the Lie algebra of SU(3).

SU(3) commutation relations can be obtained using the Hubbard operator algebra

[Xmn, Xm0n0
] = �m0nX

mn0 � �mn0Xm0n, (4.36)

which is preserved under the bilinear Schwinger map Xmn
= x†

mxn. We associate the

collective spin Hubbard operators introduced for the NV center spin ensemble with

the Schwinger map subject to weak excitation condition relative to large N so that

x†
0x0 ⇡ N � 1. In particular the U and V spins become decoupled

[V�, U+] = �T+

N
⇡ 0, (4.37)

and contracted into Weyl-Heisenberg algebra according to

[V�, V+] = �2V3 ⇡ 1. (4.38)
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The bosonization of the U and V spins in terms of the quasimagnon operators

V� =

X0�
p
N

=

x†
0x�p
N

⇡ x� ⌘ b, (4.39)

U� =

X0+

p
N

=

x†
0x+p
N

⇡ x+ ⌘ a, (4.40)

physically means that the particle label counting the individual (NV center) spins

in the collective spin has lost its meaning for weak excitations in a large ensemble.

This allows for quasimagnon description of weak excitations and spin liquid inter-

pretation of NV center ensemble. Mathematicaly this construction is equivalent to

contraction of SU(3) into the semidirect product SU(2)

¯⌦h2 of T spin algebra, which

remains unaffected by the bosonization condition, and quasimagnon Weyl-Heisenberg

algebra [180].

4.3.2 Coupled and Uncoupled Quasimagnon Modes with a

Flux Qubit

Two quasimagnon modes corresponding to two quasispin waves with different polar-

izations are nearly degenerate. This allows for decoupling a combination of them

from the flux qubit. The annihilation operators for the coupled and uncoupled modes

are cf = (af + bf )/
p
2 and df = (af � bf )/

p
2, respectively. These are also nearly de-

generate, whereby subsequent decouplings are possible. New annihilation operators,

given by

c12 =

1p
N1 +N2

(

p
N1c1 +

p
N2c2),

d12 =

1p
N1 +N2

(

p
N2c1 �

p
N1c2),

c34 =

1p
N3 +N4

(

p
N3c3 +

p
N4c4),

d34 =

1p
N3 +N4

(

p
N4c3 �

p
N3c4),

(4.41)

79



are defined to decouple d12 and d34 from the qubit.

When the procedure is applied once more, it leads to the coupling of the qubit to

a mode described by the annihilation operator

c =

p
N1 +N2c12 +

p
N3 +N4c34p

N

=

1p
2N

(

X

f

p
Nf (af + bf ), (4.42)

with N =

P
f Nf as the total number of NV� centers. The uncoupled mode is given

by

d =

p
N3 +N4c12 �

p
N1 +N2c34p

N
. (4.43)

4.3.3 Inhomogeneous Coupling and Broadening of NV Centers

Our model was developed under the assumptions of spatially homogeneous coupling of

the NV center ensemble to the flux qubit and absence of inhomogeneous broadening.

Here we consider the more general case of spatial inhomogeneity for which the model

Hamiltonian H = HNV +Hq +Hint should be generalized for the position dependent

zero field splitting Di and spatially inhomogeneous coupling gi.

The NV center ensemble Hamiltonian becomes

HNV =

4X

f=1

NfX

i=1

X

m=0,±1

Dim
2Xmm

fi , (4.44)

where the Hubbard operators for each NV is defined to be

Xmm
fi =| mi(f)i hm |(f)i . (4.45)

For the single NV center the weak excitation condition can be used for introducing

bilinear Schwinger map Xmn
fi = x†

fimxfin with xfi0 ⇡ 1. Using the notation xfi+ ⌘ afi
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and xfi� ⌘ bfi, we write the Hint as

Hint =
X

fi

gi[�+(afi + bfi) + H.c.]. (4.46)

Introducing cfi = (afi + bfi)/
p
2 and dropping the uncoupled mode dfi = (afi �

bfi)/
p
2, the Hamiltonian becomes a spin-boson model

H =

!q

2

+

X

fi

Dic
†
ficfi + gi(�+cfi + H.c.). (4.47)

We can now identify the bosonic collective mode that is coupled to the flux qubit

as

c =
1

G

X

f

Gfcf , (4.48)

where

Gf =

s
2

X

i

g2i , G =

sX

f

G2
f , (4.49)

and

cf =

1

Gf

X

i

gi(afi + bfi). (4.50)

This shows that quasimagnon picture can be used in the presence of spatially depen-

dent coupling; albeit the quasimagnon mode would be subject to dephasing effect of

the inhomogeneous broadening.

The coupling Hint = G(�+c + H.c.) of the flux qubit and the quasimagnon mode

leads to a qubit-polariton energy gap. This gap can protect the quasimagnon against

dephasing if it is sufficiently strong. A more intriguing proposal would be to exploit a

particular inhomogeneous coupling density profile ⇢(!) to optimize linewidth reduc-

tion [181]. This method has been suggested for cavity-spin ensemble coupling [181],
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where it has been shown that a Gaussian coupling density profile reduce the polariton

linewidth to a limit independent of inhomogeneous linewidth. In general, it has been

found that the coupling density should fall off as 1/!3 or faster for the manifestation

of the polariton gap induced line narrowing.

Another challenge for the experimental implementation of our model in the pres-

ence of spatial inhomogeneity would be to drive the exact quasimagnon mode. For

spatially homogeneous case this mode is always accessed by the drive. If the drive

field spatial profile can be adjusted to match with the magnetic field profile of the

flux qubit that couples to the NV center ensemble, then the quasimagnon mode in

the spatial inhomogenity case can be driven as well.
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Chapter 5

Concluding Remarks

In this thesis, we first examined a system of cavities, coupled with two-photon ex-

change interaction, from the perspective of dynamical transfer of particle entangle-

ment between photonic and atomic subsystems. We considered ideal evolution of

initially entangled and unentangled states without dissipation and used exact analyt-

ical solutions of the model system. Secondly, we addressed the quantum correlations

in the stationary solutions of the master equation of a system of nonlinear coupled

cavities by taking into account the open system conditions under drive and dissi-

pation. Here, the subtle relations between delocalization and localization and the

quantum coherence were examined from the point of view of quantum correlations.

Lastly, we proposed a fully solid-state implementation of a DTQW of NV centers

in diamond coupled to a flux qubit. The QW takes place in the phase space of the

quasimagnon field by indirectly flipping the flux-qubit coin. The proposed scheme

is an improved version of the one originally developed for cirQED and cavity QED

systems. In our method, the time steps are of fixed duration and no alteration of the

pulse is required. This improved method is applicable to general cirQED and cavity

QED QW scenarios.

Further studies may focused on merging these investigations all together. Our

proposal for discrete-time quantum walks still suffers from phase diffusion and wrap-

ping effects due to the decoherence and the periodicity of the phase, respectively.

Therefore, the problem becomes finding a way to reduce quantum fluctuations in the
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phase space of the quantum walker. To this end, we may consider nonlinear terms

which can be added to the system Hamiltonian systematically to create squeezing.

Alternatively, we may also consider initially (phase and amplitude) squeezed states

of the quantum walker with keeping the Hamiltonian untouched. While the former

may squeeze the quantum state of the walker in ever step during the time evolution,

the latter, in particular the phase squeezed states, may also effectively reduce the

fluctuations and increase the number of steps of the walker significantly.

We may extend our work to the case of two- or more quantum correlated walkers on

the same cycle as well as on the same line. The walkers can share a single coin or each

can have its own. In the latter case, by letting the walkers totally or partially swap

the coins after each flip, quantum entanglement between position and coin degrees of

freedom can be formed. More interestingly, such swapping of coins induces quantum

correlations to the subsystem of the walkers that do not directly interact with each

other. Unlike to the case of the classical random walk, where the state of the coin is

insignificant for the dynamics of the walkers, here, we may able to examine the effects

of the quantum correlations on the dynamics of the system.

Finally, simulation of DTQW on coupled cycles can be considered as well by letting

the walker hop between two or more cycles. Distribution of the quantum states of the

walker between different optical paths will lead to the path entanglement, a concept

which is particularly important for quantum computation. Moreover, we can compare

single walker path entangled case with the multi-walker correlated case and try to

determine or model a system for quantum random walks which is more efficient and

relatively easy to implement with the current CQED or cirQED technologies.
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