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ABSTRACT

IMPROVING THE ERROR FLOOR PERFORMANCE OF
LDPC CODES

Low-density parity-check codes (LDPC) have become one of the most popular
error-correcting code families in recent years due to their high error correction per-
formance and easy implementation. They became one of the biggest candidates to
become a standard in the next-generation wireless communication systems. In partic-
ular, quasi-cyclic (QC)-LDPC codes have been chosen as the standard codes for 5G
mobile broadband. However, at high signal-to-noise ratio values, the error-correcting
performance of LDPC codes decreases due to harmful structures called trapping sets.
Designing an LDPC code with few or no harmful structures is one of the popular topics
in recent years. In this thesis, firstly, an adaptive linear decoder is designed that can
decode LDPC codes with high error-correcting performance. Then, simulated anneal-
ing algorithms are proposed to reduce the number of cycles and trapping sets. Finally,
new QC-LDPC codes have been designed with the proposed algorithm. In terms of
trapping sets distribution, the best short-length QC-LDPC code constructions in the

literature have been achieved.
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OZET

LDPC KODLARININ HATA ZEMINI PERFORMANSINI
GELISTIRMEK

Diigiik-yogunluklu eslik-denetim kodlar1 (LDPC) yiiksek hata diizeltme perfor-
manslar1 ve uygulamasinin kolay olmasi nedeniyle son yillarda en ¢ok kullanilan hata
diizelten kod ailelerinden biri olmusgtur. Yeni nesil kablosuz iletigim sistemlerinde stan-
dart olabilecek en biiyiik adaylardan biri haline geldi. Ozellikle, QC-LDPC kodlar
5G mobil genig bant i¢in standart kodlar olarak secilmistir. Bununla birlikte, yiiksek
sinyal-guriiltii oran1 degerlerinde, tuzak kiimeleri ad1 verilen zararh yapilardan dolay1
hata diizeltme performansi azalmaktadir. Bu zararh yapilarin olmadig1 veya az sayida
oldugu bir LDPC kod tasarlamak son yillardaki popiiler konulardan biridir. Bu tezde
ilk 6nce LDPC kodlarini daha iyi ¢ozebilecek bir adaptive linear decoder tasarlanmigtir.
Daha sonra, cevrim ve tuzak kiimesi sayisini azaltan benzetimli tavlama algoritmalar
onerilmigtir. Son olarak ise QC-LDPC kodlar 6nerilen algoritma ile tasarlanmigtir.
Trapping sets dagilimi bakimindan literatiirdeki en iyi kisa uzunluklu QC-LDPC kod-

lar1 tretilmistir.
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1. INTRODUCTION

1.1. Overview

Nowadays, there is a great need for reliable and efficient digital data transfer
and storage. This demand is increasing day by day with the establishment of high
speed and large scale networks. To meet this requirement, it is necessary to check
the errors that may occur while transferring data. In this way, data can be reliably
recovered. Communication systems transmit data from one point to another over the
air or wireline. The reliability of the data received by the destination largely depends on
the channel and the surrounding noise. Shannon has shown that reliable transmission
can be done with his proposed coding theory [1]. In this theorem, it is shown that if
the data rate is less than the channel capacity and the code length goes to infinite, all
errors in the received data can be corrected. These developments raised the issue of

channel coding.

Channel coding is a process that corrects bit and frame errors in digital com-
munication systems. Channel coding is performed both at the transmitter and at the
receiver. In the transmitter part, channel artificial information, named as redundant
bits, are added to actual information in order to ensure that no information was lost
during the data transmission. Channel coding enables the detection and correction of
errors in the received information. The basic elements of channel coding are given in
Figure 1.1. In the encoder part, a code-word, v, is created by adding redundant bits to
the message vector, u, to be sent. The code-word is distorted as it passes through the
channel and reaches the receiver as a code-vector, r. At the decoder, the information
vector, u, is estimated by using the code-vector and the information of the appropriate

operations in the encoder.

To date, many error control coding applications have been developed to encode

and decode the sent data and received data, respectively. The decoding time, error
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Figure 1.1. Basic Elements of Channel Coding

correction capability, and implementation complexity of each error control codes are
different. Reed-Solomon (RS) codes, turbo codes, and low-density parity-check codes

are some important channel coding works [2-4].

1.2. LDPC Codes

Low-density parity-check (LDPC) codes are one of the most popular channel
codes used today due to their high error-correcting performance. It was shown that
LDPC codes, when decoded with iterative decoding, achieve high error rate perfor-
mance, which is very close to the Shannon limit [5]. LDPC codes were first discovered
by Gallagher in 1962 [4]. Nobody paid much attention to LDPC codes for about 20
years. Then, in 1981, Tanner expounded the LDPC codes from a graphical point of
view [6]. Subsequently, no significant studies were conducted on it until 1999. In
1999, it was rediscovered by [7]. In particular, it was demonstrated that long LDPC
codes approached Shannon limits with iterative decoding based belief propagation de-
coders [8-10]. These discoveries have made LDPC codes a strong candidate for the
standards of many communication and digital storage systems. Today, LDPC codes
are used in many standards, especially in 5G, and are seen as an important research
topic [11,12]. Many different versions of LDPC codes are being employed nowadays.
In particular, quasi-cyclic LDPC codes (QC-LDPC) have very simple encoder designs,
and they are one of the strongest candidate for next-generation wireless communication

system standards.



The design of the LDPC code differs for each system to be used. For example,
storage systems require a higher code rate (8/9 and higher) [13]. In addition, QC-
LDPC codes are preferred by storage systems, since their very large scale integration
(VLSI) implementation cost is low [14,15]. QC-LDPC codes with code lengths 16200
and 64800 are accepted as a standard for digital video broadcasting (DVB) version-
2. Apart from these, LDPC codes are used for other communication systems such as

optical communications, wireless broadband, Gigabit Ethernet [16,17].

LDPC codes belong to the linear code family. In the encoder part of LDPC codes,
the message vector to be sent is multiplied by the generator matrix, G, as given in

Equation (1.1) to create the code-word, v.

uG =v mod(2) (1.1)

The code-vector, r, a corrupted version of v, is decoded with the help of a parity-check

matrix, H, that satisfies the Equation (1.2).

vHT =0  mod(2). (1.2)

The decoding part of an LDPC code could be achieved in many ways. There are
many different hard-decision and soft-decision methods, such as majority-logic decod-
ing, bit-flipping decoding, a posteriori probability decoding, and iterative decoding
based on belief propagation. Although decoders based on a posteriori probability de-
coding method have high error-correcting performance, they require high complexity.
Decoders based on the iterative decoding method require less complexity but provide
good error-correcting performance comparing to the posteriori probability decoding
method. Therefore, iterative decoding based belief propagation decoders are the most

preferred decoder algorithms today.

Maximum-likelihood (ML) decoding, which maximizes the likelihood function of

received vector given the code symbols, provides the best error performance. The out-



put vector of MLi decoders are named as ML code-word. However, its implementation
for decoding long codes is not feasible. Therefore, alternatively, linear decoders have
been proposed. Linear programming (LP) decoder was first developed in 2005 by Feld-
man, Wainwright, and Karger [18]. Their LP decoder has the ML certificate property;
whenever it outputs a code-word, it is guaranteed to be the ML code-word. When
the LP decoder finds a vector with fractional values, it is assumed that the decoding
ends incorrectly. In the studies carried out in the following years to advance the LP
decoder, they followed a similar path of the original LP decoder proposed by [18].
When the LP decoder outputs a vector with fractional values as a solution, the con-
straints that make this solution infeasible, called as valid constraints, is added to the
LP model. With additive constraints, LP decoder finds another solution. This process
continues until a vector with integer values is found as a feasible solution [19-23]. The
error-correcting performance of these decoders that are named as adaptive linear pro-
gramming (ALP) decoders, has begun to approach the error-correcting performance of
ML decoders with added constraints. The principles of the ALP decoders introduced
in the literature are basically similar. The parts in which these studies are different
appear in the methods of finding valid constraints. Although adaptive linear decoders
have better error-correcting performance, they require high complexity. This is the

price to be paid for better error performance.

For the iterative decoding based on belief propagation algorithms, the selection
of the H matrix directly affects the performance of the decoder. The performance
of the decoder is determined by the structure of the bipartite graph representation
of the parity-check matrix. Due to the presence of some harmful structures in the
bipartite graph, LDPC codes encounter error floor problems at the high signal-to-noise
ratio (SNR) region despite their high error-correcting performance capacity. These
structures are named as trapping sets (TS) [24]. When the distribution of trapping
sets is known, error floor performance could be estimated using importance sampling
[24-26]. Designing a parity-check matrix with a bipartite graph that contains a small
number of trapping sets is one of the most important research topics in recent times.

It is noted that the cycles in the bipartite graph, also named as the Tanner graph,



consist of the trapping sets [24]. It is not feasible to get rid of the cycles completely
for a finite graph. However, removing the small cycles of the Tanner graph allows
the designer to get rid of some small trapping sets that cause error floor problem.
Therefore, the size of the smallest cycle in the graph, also named as the girth, is an
important parameter for the construction of LDPC codes. While constructing LDPC
codes, many studies have aimed to reduce the number of cycles in the Tanner graph
and tried to increase the size of the smallest cycle in the Tanner graph. One of the first
algorithms proposed with this idea, named as the progressive edge growth algorithm
(PEG), constructs the graph in an iterative way that maximizes the cycle size in each
iteration [27]. In the following years, new algorithms similar to the PEG algorithm
have been proposed [28-31]. An improved PEG algorithm given in [29] tries to reduce
the number of cycles with the smallest cycle size. [28] and [30] select edges according
to their connectivity of the cycle with the rest of the graph in each step. [31] avoids
trapping sets in the graph by evaluating certain properties of the cycles introduced in

each edge placement.

After QC-LDPC codes have become so popular, many works have been published
to design QC-LDPC codes. In 2015, one of the first studies of them proposed a PEG-
like algorithm that does not include (5,3) TSs and tries to minimize the number of
(6,4) TSs [32]. However, because of its complexity, it generates only small-length QC-
LDPC codes. The pioneers focus on the construction QC-LDPC codes with a certain
girth value instead of the construction of QC-LPDC codes with an optimized trapping
set distribution. The main reason that the trapping sets optimization increases the
complexity of algorithms significantly. In 2016, [33] exhaustively searched for QC-
LDPC codes with a given degree distribution and girth. To achieve this task in a
feasible time, [33] prunes the search space by removing many codes that are isomorphic.
Many of the pruning techniques to reduced the size of search space were proposed in the
following years [34-36]. On the other hand, new techniques have been developed to find
the TS distribution of QC-LDPC codes, [37-40]. Since these suggested algorithms have
reduced the complexity of trapping sets optimization, it paves the way for constructing

QC-LDPC codes with trapping sets optimized. In 2018, [41] suggested a PEG-like



algorithm that controls the cycle structures and constructs QC-LDPC codes that do
not include some dominant trapping sets. In 2019, [42] has managed to generate
QC-LDPC codes with the smallest base matrices that provide a certain trapping set
distribution. In 2020, [43] eliminated some dominant trapping sets with the help of

search algorithms.

1.3. Contribution of The Thesis

In this thesis, at the first step, adaptive linear programming decoders are designed
to improve the error-correcting performance of LDPC codes. Then, LDPC codes with
high error-correcting performance are designed using simulated annealing (SA) based

algorithms.

In the first part, two new adaptive linear decoder algorithms have been pro-
posed. Of these, the suggested heuristic adaptive linear programming (HALP) decoder
finds the valid constraints in a shorter time compared to existing adaptive linear pro-
gramming decoders. However, its error-correcting performance is not as good as the
performance of the most recent decoders. Although the proposed adaptive linear de-
coder algorithms do not have a better code solution than the recent studies in the
literature, they could be used with current decoders in a hybrid system, since their

decoding time is shorter than other decoders.

In the second part, research was directed to find LDPC codes with the smallest
cycle. LDPC codes with a much better cycle distribution are generated. Although our
generated codes have the best cycle distributions among modern codes, the desired gain
in the bit error rate (BER) and frame error rate (FER) could not be achieved, because
these codes still have some of the dominant trapping sets. In particular, QC-LDPC
codes that are constructed in recent works such as [40,42] have better error-correcting

performance.



In the last part, LDPC codes with better frame error rate performance are tried
to be found. For this goal, the design of QC-LDPC codes, which are one of the
most popular codes of the last period, has been examined. First of all, dominant
trapping sets were determined by importance sampling, and QC-LDPC codes that did
not contain these sets were found by a simulated annealing based algorithm. QC-LDPC
codes with the best trapping set distribution and best error-correcting performance in
modern codes were found and presented in this thesis. In addition to that, the best

results in the literature have been accomplished for the problem of finding the smallest

QC-LDPC codes with a certain TS distribution.

1.4. Thesis Outline

Fundamentals of LDPC codes are given in Chapter 2. The decoding methods to
decode LDPC codes are explained as well. Moreover, errors encountered in decoder
algorithms are demonstrated and the reason behind these errors is explained in detail.

The effects of these errors on code performance are illustrated.

In Chapter 3, the proposed adaptive linear decoder algorithms are introduced.
The decoding time and error-correcting performance of the proposed decoders are com-

pared with other studies.

In Chapter 4, the best known LDPC code design algorithms are mentioned, and
the PEG-based simulated annealing algorithm and RandPEG based simulated anneal-
ing algorithm developed in the thesis is explained. In the last part of this chapter, the
performance of the proposed LDPC codes has been compared with the popular LDPC

codes.

In Chapter 5, studies on the construction of QC-LDPC codes, one of the most
popular codes of recent years, are given. Significant works in the literature are given
in the first part of the chapter. Then, the proposed simulated annealing algorithm is
explained in detail. QC-LDPC codes produced by the simulated annealing algorithm



are given in the last parts of the chapter. Their error-correcting performance and

trapping set distribution is compared with the most recent works.

In Chapter 6, thesis studies are summarized and concluded. New ideas are sug-

gested for future studies.



2. LDPC Codes

2.1. Introduction of the LDPC Codes

Definition 1. A (5,6 )-reqular LDPC code is the null space of a parity-check matriz
H, where rows consist of 5 1’s, columns consist of d 1’s, and most importantly both [
and 0 are very small in comparison with the number of the columns and rows in H.
If the columns or the rows in H have different weights, then the corresponding LDPC

code is called irreqular.

An (n,k) LDPC code can be represented in terms of a bipartite graph, G (also
called the Tanner graph), with two sets of nodes: n variable nodes, V' = {vy,...,v,},
and m = n — k check nodes, C' = {c,...,¢,} [6]. Variable nodes correspond to code
symbols (columns in H) and check nodes correspond to parity-check equations (rows in
H). An edge connects a variable node to a check node if and only if the corresponding
code symbol participates in the corresponding parity check node. The nodes connected
to the i-th variable (j-th check) node are referred to as its neighbors and denoted as
N(v;) (N(c;)). The degree of a node, therefore, is given as |N(v;)| or |N(¢;)| . d.
and d, denote the degree of check nodes and variable nodes, respectively. The induced
subgraph of subset + C V, G,, is a bipartite graph containing x, N(z) and their
corresponding edges. For the induced graph G, the set of the check nodes in N(z)
with even degree are represented as E(z), and the set of the check nodes in N(z) with

odd degree are represented as O(z).

Example 2. The Tanner graph of an (8,3) LDPC code with parity-check matriz H is

represented in Figure 2.1. The filled circles represent the variable nodes and the empty
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Figure 2.1. The Tanner Graph of an (8,3) LDPC Code.

squares represent the check nodes. The corresponding parity-check matrix is given by

01001001
10110000
H={11000011 (2.1)
10110100
00101011

For example, the first row of H shows the connection of first check node, ¢y, to the
variable nodes. When the i'" element of the first row is 1, then there is a connection

between ¢, and v;. Therefore, there are edges between ¢y and vq, vs, vg.

QC-LDPC codes belong to the family of LDPC codes. The distinguishing feature
of QC-LDPC codes from other LDPC codes is that their pariy-check matrix consists
of shifted identity matrices. Thanks to this, the code-words in the encoder part can

be produced in a short time with shift registers that consume little energy. The parity



11

check matrix of QC-LDPC codes, H, is constructed from identity matrices as

[(po,o) [(Po,l) I(po,dcq)
](p1,0) ](po,l) I(p1,dc—1)

](Pdu—Lo) ](pdv—m) I(pdv—l,dc—1>

where I(p; ;) is the L x L identity matrix whose elements in each row are cyclically
shifted to the left by p;;. The parity check matrix of QC-LDPC codes can be also

presented by a permutation shift matrix P and a lifting degree L,

DPo,o Po,1 Po,d.—1
P10 Po,1 e Dide—1
P = (2.3)
| Pd,-1,0 Pdy—1,1 -+ Pdy—1,d.—1|

A quasi-cyclic code is a linear code for which cyclically shifting a code-word a
fixed number, p, results in another code-word. If p value is 1, the quasi-cyclic code is a
cyclic code. This feature enables the encoding and decoding parts of cyclic codes to be
designed with a simple shift register and logic circuits. Although it does not provide full
cyclic symmetry, codes with partial cyclic structure have become popular nowadays. In

particular, it will be one of the basics of the next-generation communication systems.
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Table 2.1. The Code-words List

Index Code-word

1 000000000
111100110
110111100
100110111
001011010
011010001
010001011
101101101

o || | O k= | W | N

Example 3. A (9,3) quasi-cyclic code which is generated by a generator matriz, G is

given as

111100110
G=|1111001T10]|: (2.4)
100110111

The code-words that are generated by G given in Equation (2.4) are presented
in Table 2.1. For instance, if the second code-word (111100110) is shifted three symbol
positions to the right, another code-word (110111100) is generated. However, if the
second code-word is shifted one or two to the right, another code-word isn’t obtained.
Therefore, the shifting constraint of this QC-LDPC code is 3. The encoder of the code

is given in Figure 2.2.

Let u = (ug, u1,us) be the information vector that will be encoded. In the first

state, the content of the register will be (ug,u1,u2) and the output terminal of shift
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Figure 2.2. An Encoding Circuit for the Quasi-Cyclic Code.

register will be as

vy = Uy, (2.5)
vy = U + Uy, (2.6)
Vs = ug + Uy + Uy, (2.7)

After the register is shifted once, the content of the register will be (usg, ug, u1). There-

fore, the output terminal will be as

v = uy, (2.8)
v = Uy + Uy, (2.9)
V2 = ug + Uy + Uug. (2.10)

After the register is shifted once again, the content of the register will be (uq,us, up).
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Therefore, the output terminal will be as

vy = o, (2.11)
vp = U + Uy, (2.12)
vE = Uy + Uy + ug. (2.13)

The encoding will be completed after the second shift. The code-word generated by
this shift register will be as

— (2,1 ,0 2 1 0 2 1 0
v = (Ug, Vg, Vg, U1, Uy, U, Vg, Vg, Ug).- (2.14)

Equation (2.14) can also be written as

(2 0,2 0,2 1
v = (Vg Up, Uy, U, Ut, Uy, Vs, Vg, Us). (2.15)

The code-word given in Equation (2.15) has systematic form. It consists of three blocks

with one information bit and two redundant bits.

2.2. Decoding of the LDPC Codes

2.2.1. Message-passing Decoders

Thanks to the sparse structure of LDPC codes, it is possible to get close to
the performance of optimal decoding by using iterative decoding algorithms based
on message-passing algorithms. The main significant feature of a message-passing al-
gorithm is that check and variable nodes exchange messages with their neighboring
variable and check nodes. In the first iteration, the received vector is directly trans-
mitted to the check nodes as an incoming message, ¢; j, since there are no messages
from the check nodes yet. After that, check nodes compute outgoing messages, o;;,
depending on the incoming messages and local code constraints, and send messages to

their neighboring variable nodes.
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For an LDPC code with a cycle free Tanner graph G, iterative decoding can have
the same performance as maximum likelihood decoding. The estimated code symbol

1u; with maximum-likelihood can be written as

u; = arg mazx P(r | u;), i=1,2,...,n, (2.16)
uiE{O,l}
P i) P(u;
u; = arg max (x| us) Plu ) (2.17)

u;€{0,1} P(uz)

Applying Bayes’ rule and using the fact that P(u;) is constant, we obtain

w— P(r,u;), 2.18
pr=orgdgiias (r, u;) (2.18)
U; = arg max P(r,u), (2.19)

u;€{0,1} uec

U; = arg max P(r | u)P(u), (2.20)
u;€{0,1} uec

P = j2 _ 2.21
u arguzvgg)ﬁ}uec (r|u) (2.:21)

Equation (2.21) can be written as

U; = arg uﬂgg){}z 1170 w), (2.22)
U uee =1

since the channel is assumed to be memoryless. Evaluations from Equation (2.16) to
Equation (2.22) show that the maximum likelihood symbol decision can be written as
the sum-product equation. The most common message-passing algorithm, the belief
propagation (BP), also known as the sum-product algorithm (SPA), is derived from
Equation (2.22). When the Tanner graph of an LDPC code is cycle free, SPA has the
same performance as that of the maximum likelihood decoding algorithm. However,
all finite-length LDPC codes have cycles in their Tanner graph, which decrease the

performance of SPA decoding. These cycles also lead to several problematic structures



16

that devastate the performance of SPA decoding.

Sum-Product Algorithm There are 4 steps in the sum-product (belief propa-

gation) algorithm:

1.Initialization Each variable node is initialized with the received vector (r). For

each check node, their value is initialized to zero. The initial log likelihood ratio (LLR)

is calculated for each variable node as

LLR(v;) =In {H} (2.23)

When the channel is additive white Gaussian noise (AWGN) channel, Equation (2.23)

can be written as
LLR(v;) = 2r; /0. (2.24)

Messages are exchanged between connected check nodes and variable nodes in each

iteration. For the first step, incoming and outgoing messages are initialized to zero.

2.Check node Update The log likelihood ratio and the outgoing message from the

check nodes to variables are computed in this step. LLR for the each check node, ¢;,

is computed using the incoming message, ¢; ;, from variable nodes, v;, as
The outgoing message (€2; ;) from the check nodes to variable nodes is given by

Qi,j — Qtanh_l elnLLR(ci)—lntanhcpi’j/Q (225)

3.Variable-node update The outgoing message from the variable nodes to check

nodes and the log-likelihood ratio is computed in this part. LLR for each variable node,
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v;, is updated using the incoming message, €; ;, from check nodes, c;, as

LLR(v;) = LLR(vi) + Y Qi (2.26)

Ve; EN (v;)

The outgoing message from the variable nodes to check nodes is computed simply as

pij = LLR(v;) — Qi ;. (2.27)

4.Hard-Decision The hard-decision is done using the value of LLR(v;). If LLR(v;) <
0, then the decoded bit 0; = 0, and if LLR(v;) > 0, then ¢; = 1.

vHT = 0. (2.28)

When the Equation (2.28) is satisfied, then the algorithm is halted. The ¢ gives
the estimation of the code-word. If the Equation (2.28) is not satisfied, then the process
goes back to Step 2. If the algorithm doesn’t find a code-word in a maximum iteration

number that is defined by the user, then it outputs the failure.

2.2.2. Linear Programming Decoders

It is difficult to examine the behavior of message-passing decoders due to the
cycles in the Tanner graph. They also do not have the maximume-likelihood certificate
property. Jon Feldman proposed an alternative decoder with ML certificate property
in 2005, [18]. When this decoder completes the decoding process, it generates an ML

code-word or a non-integer pseudo code-word.
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The ML decoder for an LDPC code can be expressed as

minimize 7' v (2.29)

constraints: v € ¢ (2.30)

v presents the cost vector of the objective function. The convex hull of code-words
belonging to ¢ code creates the code-word polytope. The code-word polytope is defined

as

poly(¢) = {Z Ao Ay > 0,) A, = 1} : (2.31)

veE( veE(

. The fact that the corner points of the code-word polytope generate all code-words
belonging to the ¢ code allows the linear programming to be used for the decoding.
The best solution of the linear programming will be a corner point of the code-word
polytope. Therefore, ML decoder can be defined by linear programming. If we denote
each point in the code-word polytope with the vector 1, the components of the vector
can be expressed by ¢; = > A,v;. Linear programming optimization method can find

ML code-word on the code-word polytope as

minimize Z Vit (2.32)
i=1
constraints: 1 € poly(() (2.33)

The biggest problem with this linear programming model is that the number of code-
words is usually too high for codes used in practice. Expressing the code-word polytope
with linear constraints is not usually possible due to a large number of constraints. As
an alternative solution, Feldman proposed a relaxed polytope, [18]. The local polytope,
which is a convex envelope of local code-words, can be constructed for each check node.
Due to the definition of LDPC codes, local code-words will be small in size and few in
number. As a result, it is possible to show local polytopes with a few linear constraints.

Feldman produced a polytope called the basic polytope at the intersection of local
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Figure 2.3. A local Polytope

polytopes. Since the code-words are located at the intersection of local code-words,
the basic polytope will cover all of the code-words. The local polytope for a three-
neighbor check node is given in Figure 2.3. The local polytope for a check node can be
created by banning single-weight vectors that do not generate local code-words. These

banned vectors are defined as

Sui— Y 0 <IS] -1 VS C N(ey),|S|odd. (2.34)

v €S v, €(N(c;)\S)

S represents the set of all single-weighted vectors belonging to a check node, and the
N(.) operator shows the set containing neighbors of a given node. Constraint 2.34 can

also be shown as

g=> (l—v)+ > v>1 (2.35)

v; €S v; €(N(c;)\S)

for each odd vector. Let poly((;) will be the local polytope of the i. check node. Then,
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the LP decoder is defined as

minimize Z VjV; (2.36)
j=1
constraints: v € poly(¢1) N poly(Ca)... N poly(G) (2.37)

The basic polytope is a relaxed polytope, including the convex envelope of code-words.
The corners of the basic polytope contain code-words as well as pseudo code-words with
fractional numbers. For this reason, a linear programming module, which is using the
basic polytope, gives the same result as the ML decoder when it finds a solution that is
containing only integer variables. On the other hand, if the result contains a fractional
number, the LP decoder assumes that it has reached an incorrect result (named as
pseudo-codeword). To sum up, the LP decoder using the basic polytope does not have
the ML decoder performance but has the ML certificate property. The LP decoder
that uses only the basic polytope will be named as the standard LP decoder for the
rest of the thesis.

When the standard LP decoder finds a fractional solution, a constraint that
makes this solution an infeasible solution can be searched. By eliminating fractional
solutions, the error-correcting performance of the standard LP decoder can be increased
and converged to the error-correcting performance of ML decoders. This type of LP

decoder is called an adaptive linear programming decoder.

An ALP decoder, which requires more complexity than the standard LP decoder,
but has better error-correcting performance than the standard LP decoder, was de-
signed in [19]. In [19], it was aimed to obtain redundant parity check equations by
summing fractional check nodes that can create a cycle in the Tanner graph. However,
there was no guarantee that the redundant parity check node obtained at the end of
this process could make the active solution to become an infeasible solution. It has
been shown by the same authors that the parity check equations that can make the

fractional outcome an infeasible solution must meet some conditions [20,21,44,45]. [20]
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reduces the constraint numbers to define the polytope with a separation algorithm.
A technique that improves the error-correcting performance of standard LP decoders
by performing basic line-column operations on the parity control matrix is proposed

in [21]. After [21], a similar approach applied with the generator matrix G in [45].

2.3. Failures of LDPC Codes

As mentioned early, cycles decrease the performance of the decoding algorithms.
An example of a cycle is given in Figure 2.4. In this figure, v, v5, and v; consist of
a cycle with size 6. When these three variable nodes in the error state, the decoding
algorithm will most probably fail. Every check node connected to these variable nodes
(v9, vs, and v7) has exactly two variable nodes from this set, and when there is an error
in these three variables, the two erroneous messages coming to the check nodes can

hide the harmful effect of each other.

Since all finite-length LDPC codes have cycles in their Tanner graph, one way
to decrease this kind of decoding failure is to increase the size of cycles in the Tanner
graph. Therefore, when constructing an LDPC code, it is necessary to create it so as to
maximize the smallest cycle size in the Tanner graph. In graph theory, the minimum
size of cycles is named as girth. Therefore, a good LDPC code should have a high
girth value. However, at some point, it is sometimes impossible to increase girth value
in the graph. In this circumstance, it is also desired to have few cycles that have girth

size.

Another important property of the Tanner graph of an LDPC code is its cycle’s
approximate cycle extrinsic message degree (ACE) [28,30]. ACE is the measure of
connectivity for a cycle to the rest of the graph through its symbol nodes. For example,
in Figure 2.4, given cycle has no connectivity to the rest of the graph, since v,, v5, and
vy have only two edges which all of them are belong to the cycle. Therefore, its ACE
value is zero. If the ACE value is so small, then the iterative decoding algorithm

couldn’t change the values of variable nodes belongs to the cycle. As a result of that,
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Figure 2.4. A Cycle Example

the decoding algorithm will fail. For regular LDPC codes, the cycles of the same size

will have the same ACE values.

It has been shown that trapping sets created by the cycles are the main reason for
the decrease of the error correction performance caused by the cycles and their ACE

values [24].

Definition 4. x C V is an (a,b) trapping set if |x| = a and |O(z)| = b.

An (a,b) trapping set with small values for both of the parameters has the po-
tential to harm the decoding performance, since a small value of a makes it more likely
to observe such an error structure at the channel output and a small value of b makes
it more likely for a decoder to get stuck during the decoding iterations. A special class

of trapping sets are called elementary trapping sets and are defined as

Definition 5. An (a,b) elementary trapping set x is an (a,b) trapping set such that
IN(cj)| =1, Ve; € O(z) and |N(cj)| =2, Ve, € E(x).

Among the trapping sets, it was proven that elementary trapping sets (ETS) cause
the main negative contribution to the error floor performance, [24,26,46-48]. These

are the trapping sets whose induced subgraph only contains check nodes of degree one
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C: C Cs Ca Cs

Figure 2.5. The Tanner Graph of a (3,1) TS

or two. It was also shown that smaller size of error-prone structures are more dominant
than bigger ones in the error floor region because of the fact that the probability of
occurrence for small error structures is higher [24]. Therefore, it is fair to say that the
most harmful trapping sets are the elementary trapping sets with a small number of a
and b. A (3,1) ETS example is given in Figure 2.5. The subgraph induced by the set
of vy, v3, and vg creates a (3,1) TS, since all check nodes except for ¢; has even number
of variable nodes from these set. Moreover, this set is also an elementary TS since the
degree of the check nodes in the subgraph is at most two. Another example of a TS is

given in Figure 2.6. The variable nodes vy, vy, v3,v4 and vs consist of a (5,3) ETS.

Definition 6. An elementary trapping sets is a leafless elementary trapping set (LETS)

such that each the variable node is connected to at least two satisfied check nodes.

Although trapping sets and elementary trapping sets vaguely describe the po-
tential damage they could cause to the decoding process, they are mostly conceptual
structures. A subclass of them, called absorbing sets, provide us with a more realistic

definition [49].

Definition 7. An absorbing set (AS) is a trapping set such that all the variable nodes
that take part in the AS are connected to more satisfied check nodes than unsatisfied

ones.
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Figure 2.6. The Tanner Graph of a (5,3) ETS

An AS is called fully absorbing, when all variable nodes in the graph, both within
the induced graph and elsewhere, have more satisfied neighboring check nodes than un-
satisfied ones. Finally, similar to the trapping set definitions, an AS is called elementary
if the induced graph only has check nodes of weights 1 and 2. The following two ex-
amples demonstrate the conditions for the decoder to stop processing when an AS is

encountered.

Example 8. z = {vy,v3} is an AS for the Tanner graph in Figure 2.7, since both v,
and vy have less odd degree neighbors in their induced subgraph, c3 or cs, than their
remaining neighbors, co and cy. On the one hand, it is not a fully absorbing set (FAS),
because vg has two odd neighbors, cs and cs, from G, and only one neighbor, c1, from
G’.. On the other hand, it is an elementary absorbing set (EAS) owning to fact that

every check node in G, has degree two.

Example 9. = = {vy,vs3,v3} in Figure 2.8 is an FAS, since it is an AS and every

variable node in G', has less neighbors from O(x) than their remaining neighbors.
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Figure 2.7. The Tanner graph of an absorbing set.
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Figure 2.8. The Tanner graph of a fully absorbing set.
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2.4. TS Enumeration of LDPC Codes

Knowing the positions and numbers of the dominant trapping sets in the Tanner
graph of an LDPC code provides important benefits in many ways. First, the error floor
performance of an LDPC code can be found using these dominant trapping sets [24-26).
Also, the information on the dominant T'Ss can be used in the decoder part. It has
been observed that some changes made in the decoder according to the TS distribution
increase the error floor performance [50]. In addition, knowing the TS distribution can
enable the design of LDPC codes with high error floor performance. In [51], it is shown
that some known dominant TS of the base matrix can be removed by replacing the

edges of the two base matrices.

Although knowing trapping sets distribution has all these benefits, it is not easy
to find dominant T'Ss. Finding trapping sets and stopping sets and determining the TS
with the smallest size has been shown to be NP-hard [52], [53]. Efficient algorithms were
developed in early studies to find small TSs [37,54-56]. However, they failed to find TS
of large-scale LDPC codes. In 2014, Mehdi Karimi and Amir H. Banihashemi showed
that TSs can be found more efficiently by inputting small TSs in their algorithms,
[37]. By defining a relationship between TSs, which they call layered superset (LSS)
property, they quickly and accurately provided the presence of TS’s LDPC codes.

The layered superset relationship between an ETS and one of its subsets is defined

in [57] as

Definition 10. Consider an (a,b) elementary trapping set S in G. Let' Y C S be an
ETS in G of size x < a. We can say that S is a layered superset of Y if there exists a
nested sequence of ETSs: Y = S c SO ¢ .. c 82 = S such that S € G has

size a + 1 for 1=0,..., z-a.

Definition 10 implies that if S is a layered superset of Y, then we can reach S
from Y by recursively expanding trapping sets. In [37], it was shown that if S is an

elementary trapping set of size a in G, then for each elementary trapping set S’ € 7§
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Figure 2.9. ETSs Example

the variable node in S”\ S is only connected to unsatisfied check nodes of S. Therefore,

expansion of elementary trapping sets are done over only unsatisfied check nodes of S.

Example 11. An example of a Tanner graph of an LDPC code is given in Figure
2.9. Let subsets S = {vy,v9,v3, 04, 5,06} and Vi = {vy,v9,v3}. S and Vi are (6,6) and
(3,6)ETSs, respectively. However, we can not say that S is an LSS of Vi, since it is not
possible add vs or vg while creating a new trapping set. However, S is an LSS of Vo =

{vs, vy, v5,v6} with the following nested sequence of ETSs: Vo C {vy,v3,v4,v5,06} C S.

The pseudocode of expansion of an E'TS S is given in Figure 2.10. The complexity
of this algorithm to expand an (a,b) ETS is O(bd.). Any cycle in a Tanner graph is
an ETS, and enumeration of short cycles is not a hard task [58]. Therefore, for the
expansion of ETSs, it could start with small cycles. With the algorithm given in
Figure 2.11, starting from a short cycle, we can enumerate all ETSs up to size t.
In [37] and [57], it was shown that most of the ETS can be enumerated with Figure
2.11. Before this algorithm is adapted to the suggested algorithms in this work, it
has been applied to the Tanner code (155,64) given in [59] to show that the algorithm



28

Require elementary trapping set, S.
0 — NEWSET;
Generate O(S) and E(S) as the set of unsatisfied check nodes and satisfied
check nodes of S, respectively;
Generate V5(S) as the set of variable nodes which have at least two connections
with the check nodes in O(S) and have no connection with the check nodes in
E(S);
for each element v in V5(S) do

SUv — 5

NEWSETUS" — NEWSET;
end for

Output NEWSET.

Figure 2.10. Expansion of an ETS S of Size a to ETSs of Size a + 1.

Require G, L;,, k.
Li,=85€ Ly, |S|=ifori=2,..t;
for : =2 to k do

for all S e L., do
NEWSET=0neExpansion(S);
Li,,UNEWSET — Litl;

end for

end for

U..ULFk

out"*

Output L, = L?

out

Figure 2.11. Expansion of Input ETSs to ETSs of Size up to t.
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Table 2.2. Elementary Trapping Sets of Tanner (155,64) Code

ETS Class | LSS g | LSS g+2 | LSS g+4 | LSS g+6 | Total Multiplicity
(4,4) 465 465
(5,3) 155 155
(5,5) 3720 3720
(6,4) 930 930
(6,6) 22630 22630
(7,3) 930 930
(7,5) 8835 7440 16275
(7,7) 140430 140430
(8,2) 465 465
(8,4) 5115 5580
(9,3) 1860 1860
(10,2) 465 930 1395

works correctly. Since the girth of Tanner code, g, is 8, cycles with size 8, 10, 12, and
14 (9,9 + 2,9 + 4,9 + 6) are used as input the algorithm. The total multiplicity of
the ETS of Tanner Code is listed in Table 2.4. These numbers are the same as given

in [57].

2.5. Importance Sampling

Density evolution is used to estimate the performance of block codes [60]. How-
ever, due to the error floor problem that LDPC codes have, they make mistakes in
estimating the performance of LDPC codes. Different importance sampling (IS) ap-
proaches have been developed to determine the error floor performance since Monte
Carlo simulation at high SNR values is also not achieved in a feasible time [24-26].
In addition to that, with the help of IS methods, the contribution of each TS class to
the error floor can be estimated. Thus, the dominant TS can be determined with IS
methods. To determine dominant trapping sets, the slightly modified version of the

algorithms given in [37] and [57] are applied in this thesis.
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In general, a two-pronged attack for determining the error floor is used. In the
first step, the dominant trapping sets are searched via different methods such as biased
cycles, exhaustive search, expanding trapping sets method. In the previous section,
expanding trapping sets methods were explained in detail. In the second step, IS is
applied to only one trapping set from each class and the total FER of the code is
estimated by adding the FER contribution of each trapping class.

A classic Monte Carlo simulation generates a lot of independent channel realiza-
tions, and records the output of each trial. Let’s assume that there are N independent
channel realizations, then the output of each trial can be shown as Bernoulli random

variable,

1, if the decoder fails at trial i,
Z; = (2.38)

0, otherwise.

These Bernoulli indicator variables then yield the naive Monte Carlo estimate as

pMc =+ Z Zi. (2.39)

The goal of importance sampling is to modify the original density such that infrequent
errors become more likely. For a Gaussian density, it is sufficient to shift the mean as

shown in Figure 2.12. The shift value of the mean is presented as A for the rest of the

paper.

If we draw samples according to biasing density fy;.s instead of the original den-

sity, the importance sampling estimator is computed as

N
1
Prs = 3¢ ; Ziwi(y, ), (2.40)
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Figure 2.12. Example of Error Floor Estimation

where w;, reweighting function, is defined as

wi(y, /\) r fbias(y) ) (2‘41)

B foriginal(y)
When fy.s is employed, the decoder converges the trapping sets. When we assume
that an the additive white Gaussian noise (AWGN) channel using binary phase-shift
keying (BPSK) modulation is used, the importance sampling re-weighting function for

trapping set with K variable nodes is computed as

o207 S (=14 x)?

1 K
e 202 Zj:1(yj—1)2

w(y,\) =

(2.42)

If we assume that all one’s code-word is sent to the decoder, and noise with distribution

frias 1s added to only variable nodes of that trapping sets, Equation (2.42) can be
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written as

o7 DI (-1

w(A) = g TR (2.43)
W) = e 507 Zim1 ), (2.44)
W) = e 207, (2.45)

Let’s assume that e7 denote the set of inputs that give rise to a failure on a trapping

set T'. Then,
FER=_ Pr{er} (2.46)
T

When we use a biasing input, Equation (2.46) can be written as

FER = / Prier | Nyw(N)dA, (2.47)
> o
FER = / Pr{er | \}e 222 dA. (2.48)

2
To compute FER, we need to determine the function Pr{er | )\}6_%. The func-

tion is expected to decay quickly as A moves away from the maximum. Therefore,
the integral is largely depend on \’'s that are near the maximum. The first part of
integral, Pr{er | A} is estimated using a Monte Carlo simulation. The second part is

analytically computed easily.

Figure 2.13 shows the summary of the error floor evaluation of an (8,2) trapping
set in the Tanner graph at 6.5dB. The curve labeled ”Simulated Frame Error Rate”
indicates the probability of an otherwise random input failing on the given trapping
set as a function of s. The curve labeled ”Input Prob Rate” shows the probability of
biased input. The curve named ”Contributed Fail Rate” gives the product of these
two curves. The total failure rate on (8,2) trapping sets is given as the integral of

”Contributed Fail Rate” with respect to biased value (A). For each TS given in Table
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Figure 2.13. Example of Biasing Densities

2.2, importance sampling is applied. For the 5.5 dB SNR point, the contribution of
each TS is presented in Table 2.3. The failure rate shows the average contribution
of one TS to the error floor. Its multiplication with the total number gives the total
contribution for that TS class. As it can be seen in Table 2.3, (7,3) TS and (8,2) TS
are the most dominant trapping sets for this LDPC code.

For each dB level, the total contribution of each dominant trapping sets as given in
Table 2.3 can be estimated with importance sampling. Thanks to this, we can estimate
the error-correcting capacity of LDPC codes based on its trapping sets distribution. Bit
error rate (BER) performance estimation for (155,64) Tanner code is given in Figure
2.14. Importance sampling and Monte Carlo simulation give similar results in the

region where trapping sets are dominant.
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Table 2.3. The Contribution of Elementary Trapping Sets to Error Floor

TS Class | Number of Trapping Sets | Failure Rate | Total Contribution
TS(4,4) 465 1.01e-12 4.7e-10
TS(5,3) 155 6.59e-11 1.02e-08
TS(5,5) 3720 -

TS(6,4) 930 6.62e-13 6.16e-10
TS(6,6) 22630 - -
TS(7,3) 930 1.35-10 1.25e-07
TS(7,5) 7440 - -
TS(7,7) 140430 - -
TS(8,2) 465 3.28e-10 1.52e-07
TS(8,4) 5580 2.54e-13 1.42e-09
TS(9,3) 1860 2.83e-12 5.27e-09
TS(10,2) 1395 1.41e-11 1.96e-08
Total Rate 3.16e-07
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3. Adaptive Linear Decoding Algorithms

In this thesis, the LP decoder is defined in a similar way to the LP decoder
proposed in the [18] study so that the nodes that create cycles can be found more
efficiently. Redundant parity check equations, which are proven to produce valid con-
straints, were efficiently found with the proposed integer programming model and a

heuristic method in this work.
3.1. Integer Adaptive Linear Decoder (IALP)

When a redundant parity check node is produced, one of the odd-weighted vectors
belonging to the check node should not satisfy the constraint in Equation (3.1) to create

a valid constraint.

gi=> (l-z)+ Y a;>1. (3.1)

z;€8 2, €(N(e)\9)

Lemma 3.1. A lower bound of the smallest value that g; can take for any check node
can be found in a simple way. When all variable nodes greater than 0.5 belong to the
S set and all variable nodes less than 0.5 do not belong to the S set, a lower bound is

found. If the S set is odd, the result is the smallest value of g;

Proof: When the value of the z; is greater than 0.5, 1 — x; will be less than x;. In
this case, x; must belong to the S set according to Equation (3.1) in order to minimize
the value of g;. When the value of z; is less than 0.5, z; will be less than 1 — x;. Under

these conditions, the z; must belong to the N(c;) \ S set to minimize g;. O

Lemma 3.1 indicates that the lower bound of any check node can be found by only
knowing the values of the variable nodes adjacent to the check node. Furthermore, if
the number of variable nodes that have a value greater than 0.5 is odd, then this lower

limit is equal to the smallest value g(x) can take. With these in mind, an optimization
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model has been developed that looks for a ¢; check node with the smallest g;(x) value

that is less than 1.

The proposed integer optimization model can be explained using a small example.

Let’s assume that the standard LP decoder finds a vector with fractional values as

x=1[09 1 012 ... 0 0.60] (3.2)

In the light of Lemma 3.1, we can find the contribution of each variable node, z;, to

the lower bound of the function g;(x) as

Fi=05—|(zi—05)], i=1,2 .,n (3.3)

When z; is greater than 0.5, then z; = 1 — x; will be active, and z; will belong to odd

set. In this example, the contribution vector will be

X=1[01 0 012 ... 0 0.40]. (3.4)

A z vector indicating the position of variables nodes that are greater than 0.5 is defined

as

z=[1 10 ... 0 1]. (3.5)

When z; belongs to the odd set, then z; takes 1; otherwise, z; is equal to zero. In the

light of these parameters, an integer programming model has been developed as
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minimize Zwi@ (3.6)
i=1

constraints: ZajHj,i +w; =2k i=1,2,...,n. (3.7)
j=1

Zwizi +1=2n, (3.8)
i=1

» a;>2 (3.9)
j=1

kin € Z, (3.10)

Wi, O € {O, 1} (311)

To produce redundant check nodes, some rows of the H are summed. The param-
eter ; determines that the j row will be active or passive for the summation. If a;
becomes 1, it indicates that the j** check node will be one of the check nodes that will
be summed to generated new redundant check node. The w; parameter is used to show
that whether the i** variable node is in the neighbor of the generated redundant check
node or not. With the help of constraint in Equation (3.7), the rows of H matrix are
summed, and the variable nodes that are in the neighbor of the generated redundant
check nodes are determined. With Equation (3.8), it is ensured that the number of
variable nodes belonging to the set S is an odd number. Constraint in Equation (3.9)

forces that at least two check nodes are summed to generate the redundant check node.

When the IP model is employed, it is not necessarily required to find the optimum
solution. When a feasible solution with the objective function value that is less than 1,
we know that it can generate a valid constraint for the current LP model. Therefore, the
algorithm is terminated when the objective value is less than 1. If the valid constraint
is added to the current LP, a better solution could be found with the LP model.

According to that, the whole algorithm is given in Figure 3.1.
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Require Parity-check matrix (H), received vector (r), time threshold (¢,,4z)-
Use the standard LP decoder, and obtain a solution vector, x;
Produce the contribution vector, x, as X = 0.5 — |(x — 0.5)];
while The solution isn’t integer do

Generate a valid constraint using the IALP model;

Add the valid constraint to the last LP model;

Solve the problem, and obtain new solution, x;

Produce the contribution vector, X;

if Time limit is exceeded then

break while

end if
end while
Output the maximum-likelihood code-word is found or a lower bound was found

due to the time limit.

Figure 3.1. TALP Decoder.

3.2. Heuristic Adaptive Linear Decoder (HALP)

For the redundant check node to be a valid constraint, the collected check nodes
must contain at least one cycle [19]. However, it is a tricky problem to find all of
these cycles. In addition to that, there is no guarantee that the redundant check node,
which will be obtained by summing the check nodes from the cycle, generates a valid
constraint. Therefore, the right cycles should be found to produce a valid constraint.
In the heuristic adaptive linear decoder (HALP) proposed in this thesis, check nodes
are redefined using auxiliary variables so as not to change the structure of the basic
polytope. Cycles were found quickly and efficiently with the new definition. It has
also been proven that the resulting redundant node can create a valid constraint under
certain conditions. For a check node, ¢, that has degree 6, let’s assume that its

representation is given as

[v1 + v + v3 + V4 + U5 + V6], = 0. (3.12)
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Figure 3.2. Representation of Check Nodes with Auxiliary Variables

The linear sum of the ¢; check node can be represented as in Figure 3.2 using
auxiliary variables (a1, ag, as, ay). Since all computation is done in binary, (3.12) can

be represented by four equations as given in

[v1 +v2 + a1, = 0, (3.13)
la1 + v3 + as], = 0, (3.14)
las + v4 + asl, = 0, (3.15)
[as + v5 + vg|, = 0. (3.16)

As a result of these operations, it is shown that instead of a check node with degree of

6, 4 different check nodes with degree of 3 can be used.

Lemma 3.2. While the number of constraints forming the basic polytopes can be ex-
pressed exponentially proportional to the check node degree, d., for the standard LP
decoder, the basic polytope produced using auxiliary variables can be expressed with the

number of constraints that is linearly proportional to d. value.

Proof: 1t is necessary to prohibit all odd vectors to define the local polytope of

a check node. Therefore, exactly 2%~ constraints are required. On the other hand,



41

instead of using one check node, d. — 2 check nodes with degree 3 can be used. In
this case, 237! = 4 constraints are required for each check node. Since (d. — 2) check
nodes are created in total, the local polytope of the check node can be displayed with
(4 x (d. — 2)) constraints using this method. O

Defining the basic polytope by auxiliary variables will not only reduce the number
of constraints but will also make it easier to find the redundant check nodes that pro-
duce valid inequalities. The local polytope of Equation (3.13) is defined by constraints

given as

v vy 2> ay, (3.17)
U1+ ay > v, (3.18)
Vg +ay 2 vy, (3.19)
v+ V9 +a; < 2. (3.20)

Lemma 3.3. When the standard LP decoder decodes the basic polytope identified using
auxiliary variables, the result vector may contain fractional values. In this case, all
check-equations will have three variable nodes in their neighbor, and they will belong to

one of three different classes

(1) The class of OF (0-fractional)

The set of the check nodes that don’t contain fractional variable nodes, but they contain

only integer variable nodes.

(2) The class of 2F (2-fractional)

The set of the check nodes containing two fractional variables nodes and one integer

variable node.

(3) The class of 3F (3-fractional)

The set of the check nodes containing only three fractional variables nodes.
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Proof: 1t is sufficient to demonstrate that any check node does not contain one
fractional variable node and 2 integer variables node. The optimum solution of the
linear programming method should be a corner point of the basic polytope. In this case,
the optimum point corresponds to the intersection of at least two surfaces. Without
loss of generality, we can use the local polytope of Equation (3.13). So at least 2 of
the constraints indicated by Equations (3.17), (3.18), (3.19) and (3.20), needs to be
provided with the equality. Therefore, the sum of the value of two variable nodes
belonging to a check node must equal the value of the third variable node of this check
node. The sum of two integers will be an integer, and the sum of the one integer and
one fractional number will be fractional. Therefore, it is not possible for only one of

the variable nodes to be fractional.l]

Constructing the polytope with the auxiliary variables not only reduces the num-
ber of constraints but also ensures that the value of the variable nodes in the solution
founded by LP decoder is formed in accordance with some certain rules. To show these

rules, the local polytope of Equation (3.13) will be used.

Lemma 3.4. If the value of the integer variable of a check node from the class 2F is

0, the values of the other two fractional variables are equal.

Proof: 1f a; is accepted as 0 without losing generality for Equation (3.13), Equa-

tion (3.18) and Equation (3.19) ensures that values of v; and vy are equal. O

Lemma 3.5. If the value of the integer variable of a check node belonging to class 2F

is 1, the sum of the other two fractional variables is 1.

Proof: 1f a; is accepted as 1 without losing generality for Equation (3.13), Equa-

tion (3.17) and Equation (3.20) ensures that the sum of v; and vy are one. [

Lemma 3.6. The sum of the values of two fractional variables of a check node of the

3F class is equal to the value of the other variable.
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Proof: At least 2 of the constraints indicated by Equations (3.17), (3.18), (3.19)
and (3.20), needs to be provided with the equality. Therefore, the sum of the value of
two variables belonging to a check node must equal the value of the third variable of

this check node.

After adding check nodes to create a redundant check node, the number of frac-
tional variables connected to the redundant check node can be controlled. This au-
thority over the number of fractional variables gives some significant advantages to find

valid constraints.

3.2.1. Cycles generated with check equations only from 2F class

The redundant check node obtained from the sum of the two check nodes of the 2F
class will belong to the 2F class if they have one common fractional variable. The check
node of class 2F adjacent to each other with fractional variables can easily be found
on the Tanner graph (O(1)). If these check nodes consist of a cycle, the redundant
check node, ¢cqundant, that is created by summing these check nodes in binary won’t
consist of any variable node with fractional value as given in Figure 3.3. The filled
circles present the variable node with a fractional value. These variable nodes will be
removed when all check nodes from the cycle are added in binary. If the number of
the variable nodes from N (¢ equndant) With value 1 is odd, then a S set is created such
that the value g; will be zero. Therefore, a strong valid constraint is generated with

the local polytope of ¢ cqundant-

3.2.2. Cycles with one check equations from the 3F class

Cycles consisting of check nodes from 2F and containing one check node from
the 3F class will have only one fractional variable if the check nodes are added in
binary. Figure 3.4 shows that every fractional variable will be removed except for the
one variable node. Therefore, a redundant check node,c,cqugant, Will be created such

that it consists of only one fractional variable node
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Figure 3.3. Example of a Cycle Contains Only Check Nodes From 2F Class
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Figure 3.4. Example of a Cycle Contains One Check Node From the 3F Class
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Lemma 3.7. If a redundant check node, ¢requndant, contains only one fractional vari-

able, T, then its local polytope generates a valid constraint.

Proof: There are two case:

(1) Let’s assume that there are odd number of integral neighbors of the redundant
check node with value 1. Then if the set S is constructed with only the variables with

value 1,

Zl‘jES CC]'E(N(Ci)\S)

will be satisfied.

(2) Let’s assume that there are even number of integral neighbors of the redundant
check node with value 1. Then if the set S is constructed with only the variables with

value 1 and z,

gi=> (-z)+ > azj=1-4 (3.22)

z;€8 2;€(N(ei)\S)

will be satisfied.

For both cases, the value of ¢; less than 1. Therefore, there must be a valid

constraint.
3.2.3. Cycles with two check node from the 3F class

The check node, which is the sum of the cycles that contain two check nodes from

the 3F class, will contain only two fractional decision variables.

Lemma 3.8. If a redundant check node contains two variable fractional nodes and

their sum s different from 1, or the values of the variables are not equal, the local
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polytope of the check node does not contain the last solution that the LP decoder has

found. Therefore, it generates a valid constraint.

Proof: In order to minimize the g; value given in Constraint 2.35, it can be
assumed that decision variables with a value of 1 belong to the set S, and the decision
variables with a value of 0 belong to the set (N (¢;)\S. In this case, the integer variables
do not contribute to g;. Therefore, except for fractional variables, the value of g; will
be zero. The remaining fractional variables should be added to sets such that the odd-
weight set must be odd. The remaining two fractional decision variables (assuming v;

and vy) can be in 3 different states:

1) v; < 0.5 and vy < 0.5. If set S has an odd number of elements, these two
variables will be not included in the odd-weight set (S) and g; would be less than 1. If
the S set has an even number of elements, one of the variables must belong to the S set.
Without lost of generality, suppose v > vo. If v; belongs to the S set, g; =1 — v + v
will be satisfied. Then, the only condition for g; to be equal or greater than 1 will be

V1 = Va.

2) v1 > 0.5 and v, < 0.5. If the S set has an odd number of elements, these two
decision variables must be included in either the S set or the other set. If the closest
one to the value of 0.5 is added to the set to which it will contribute more (let’s assume

that vy is the closest one), the constraint will be

gi=0—v)+(1—wv) =1+ (0.5—wvy) — (vy —0.5). (3.23)

g; will be less than 1 because vy is closer to 0.5 than v;. If the values of two fractional
decision variable are at the same distance from 0.5, g; takes the value of 1. v; —a =

vo +a = 0.5, then v; + vy = 1.
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3) v1 > 0.5 and v, > 0.5. If set S has an odd number of elements, these two

variables will be included in the odd weight set (.5),

g=01-v)+(1—wv)=2—v1 — v (3.24)

will be satisfied. Since the sum of v; and vy is greater than 1, g; will be less than 1. If
the S set has an even number of elements, one of the variables must belong to the S set.
Without lost of generality, suppose v > vo. If v; belongs to the S set, g; =1 — v + v
will be satisfied. Then, the only condition for g; to be equal or greater than 1 will be

V1 = Va.

As shown in the examples above, it appears that the number of check nodes of
the 3F class in the cycles directly affects the difficulty of finding valid inequality. The
heuristic adaptive linear programmer decoder intuitively searches the cycle with the
minimum number of nodes of the 3F class and finds valid inequalities in a short time

with this method.

The proposed HALP decoder is given in Figure 3.5. In the IALP decoder, finding
the valid constraints could take a long time due to the integer programming opti-
mization method. With HALP decoder, valid constraints were found very quickly. To
observe the time performance of the HALP decoder, the time performance of the ACG-
ALP decoder given in [21], and TALP decoder were compared. Tanner code (155.64),
based on Tanner’s pseudo-matrices, commonly used for simulations, was used [61]. To
compare the time performance of the decoders, different vectors were produced on the
AWGN channel with 1.8 dB signal to noise ratio (SNR), and the change of the mean
objective function values of LP models over time is given in Figure 3.6. As can be ob-
served from Figure 3.6, the HALP decoder has increased the objective function value
of the LP model faster than other decoders. However, after some point, the HALP
decoder cannot increase the objective function value of the LP model. Therefore, error
performance is expected to be lower, especially compared to the ACG-ALP decoder.

To compare the frame error rate performance of decoders, (155,64) Tanner code is
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Require Parity-check matrix (H), received vector (r), time threshold (¢,4z)-
Redefine the parity-check matrix using auxiliary variables;
Use the standard LP decoder, and obtain a solution;
while The solution isn’t integer do
Search cycles that there are exactly y check nodes from 3F class;
if Cycles generates a redundant check node that has valid constraint then
Add the valid constraint to the base polytope;
Solve the problem, and obtain new solution;
else
Increase y value and go to STEP 4;
end if
if Time limit is exceeded then
break while
end if
end while

Output The maximum-likelihood code-word is found or a lower bound was found

due to the time limit.

Figure 3.5. HALP Decoder.
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used. Figure 3.7 gives error-correcting performance graphs for different SNR values
of decoders. Although HALP decoder has worse error performance than ACG-ALP
decoder, it has been shown that it finds the valid constraints much faster than other
algorithms in early steps. However, it becomes difficult to find valid constraints after
some steps. Therefore, it is aimed that the HALP decoder should work with other
decoders to find valid constraints instead of working as a single decoder. The proposed

ALP decoders were published in [22] and [23].
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4. Design of LDPC Codes

In this section, two different simulated annealing algorithms are proposed to
construct regular LDPC codes. Proposed progressive edge growth based simulated
annealing algorithm and RandPEG-noTS53 based simulated annealing algorithm are
explained in detail. Before explaining the developed algorithm, the PEG algorithm
and its advanced version, Rand-PEG algorithm, are briefly mentioned. After that, the
RandPEG-noTS53 algorithm which focuses directly on reducing trapping sets numbers

is described.
4.1. Progressive Edge Growth Algorithm

Over the past few decades, many algorithms have been employed to design LDPC
codes. Progressive edge growth algorithm is one of the first proposed algorithms [27].
PEG algorithm constructs the Tanner graph step by step. When determining the first
edge of a variable node, the PEG algorithm selects the check node with the lowest
degree in the graph so far. When determining the second and subsequent candidate
edges, the cycles that can be created by the candidate edges are considered. The set
of check nodes that are the farthest from the variable node is determined by using a
breadth-first search (BFS) algorithm. A sub-graph spreading from variable node v; is
given in Figure 4.1. One of the check nodes from the set that consists of the farthest
check nodes is selected and connected to the variable node. After the Tanner graph is
updated by establishing the best-choice edge, the placement procedure is repeated for
the remaining edges. Selecting the farthest check nodes provides the largest possible

cycle.

For a given variable node v;, its neighbor within depth [, Nf)j, is defined as the
set of consisting of all check nodes reached by a tree spreading from variable node v;

! is defined as C'\ N, If vy s

’L}j7

within depth /. The complementary set of Nqﬂj, N

connected to check nodes belong to Nf)]_, the shortest cycle passing through this new
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Figure 4.1. A Subgraph of a Variable Node v;: Depth-1 Tree

edge is guaranteed to be no shorter than 2(14+2). PEG algorithm uses these results,
and tries to build LDPC codes that have girth 2(I + 2). PEG algorithm suggested
in [27] is presented in Figure 4.2. The check node selection procedure from vaj causes
different results. Although girth value doesn’t change with various selection procedure,
the number of cycles with girth size changes significantly. In the following years, many

PEG-bases algorithms have been suggested [28,29, 62, 63].
4.2. Randomized Progressive Edge Growth Algorithm

Randomized progressive edge growth algorithm is slightly updated version of PEG
algorithm, [64]. Instead of spanning to the maximal possible depth, it spans the tree
only up to a certain depth, l,,4.. This depth is determined by the user at the beginning
of the algorithm.

When the construction tree is spanned up to the depth [,,,., the candidate check

node that will be connected to the active variable node is determined as
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Require Size of H matrix (m X n), degree distribution
for j=0ton—1do
for k=0tod,; —1do
if £k =0 then
Create edge (c;,V;) and assign to E} ;; Ep; is the first edge connected to
v; and ¢; is the check node that has the lowest check node degree under
the current graph setting.
else
Expand a subgraph from v; up to depth 1 under the current graph setting

such that the cardinality of NA stops increasing but is less less than m,

J

or Névj is not empty set but N,ﬁfjl is empty, then edge(c;, v;) assign to EfJ,
where Ef,j is the k.th edge incident to v;, and ¢; is a check node picked
from the set Nf)’j having the lowest check node degree;

end if

end for

end for

Output H matrix

Figure 4.2. Progressive Edge Growth (PEG) Algorithm.
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(i)- If there are candidates at depth [,,4,, then remove all the candidates that are

not exactly at the depth [. If there is no candidate, decrease l,,,4,.

(ii)- The number of cycles that would be created for each candidate is computed.

The candidates that creates the minimum number of cycles are found.

(iii)- The lowest degree of the candidates that creates the minimum number of
cycles is computed. Then, the check node with the lowest degree that creates the

minimum number of cycles is selected.

With this method, [64] decreased the multiplicity of the girth, i.e the number of

cycles with the length equal to the girth.

4.3. PEG Based Simulated Annealing Algorithm

PEG algorithms generate a completed graph, which is locally optimized in terms
of cycle size. If the d edges are removed from the completed graph, and then it is filled
with the PEG algorithm, a solution which is only d edges different from the initial
solution is found. If the removed edges are selected from the cycles with the girth size,
the new solution could have less number of the multiplicity of the girth. However,
this method cannot be guaranteed to give better results. However, with a probabilistic

technique, this method can approach the global optimum.

Simulated Annealing algorithm is a probabilistic technique that seeks the global
optimum solution of a problem. Instead of techniques such as hill-climbing, gradient
descent, it is preferred for problems where the global optimum results are much more
valuable than the local optimum results. The simulated annealing algorithm was used
for the first time in 1983 by Kirkpatrick, Gelatt Jr. and Vecchi for the traveling sales-
man problem [65]. The name of annealing comes from a technique involving heating
and controlled cooling of a material to increase the size of the crystals and reduce

their imperfections. As the solution set is discovered, the decrease in the possibility
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of accepting worse solutions is interpreted as cooling. Accepting worse solutions is the
basic idea of the simulated annealing algorithm. With this method, the algorithm can

be extracted from the local optimum point.

The general working principle of simulated annealing algorithms is given in Figure
4.3. In each step, the algorithm randomly selects a solution close to the previous
solution and measures its quality. It accepts the new solution as the current solution or
does not change the current solution. It decides these states according to the objection
function value and the current temperature value. If the new solution is better than
the current solution, it is accepted as the current solution. On the other hand, a
worse solution is accepted or rejected according to the acceptance probability function
calculated based on the current temperature value. By reducing the temperature value
in each iteration, the probability of acceptance of worse solutions decreases over time.
For the acceptance probability function, Metropolis’ criterion based on Boltzman’s

probability is applied. The acceptance probability is determined with

P(A) = e AB/T), (4.1)

where AFE is the difference between objective function value of the current solution and

candidate solution, ¢ is Boltzmann’s constant, and 7" is the temperature, respectively.

For the rate of convergence of the simulated annealing algorithm, the generation
mechanisms of candidate solutions and the distance between the candidate solution
and current solution should be determined properly. Otherwise, the algorithm could
get stuck at a local optimum point. The distance is defined as the number of edges that
will be replaced and is represented as d. To generate the neighbors, firstly d edges are
removed from the bipartite graph. After that, the PEG algorithm fulfills the bipartite
graph. The edges that will be removed are chosen according to their contributions to
the objective value. For the PEG based simulated annealing algorithm, the objection

function is determined as the total number of cycles with girth size.
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To avoid getting stuck at a local optimum point, the distance should be large
enough that the algorithm should jump to another region. However, if the distance is
too large, convergence to a global optimum becomes impossible. Therefore, the proper

distance between neighbors should be defined.

The proposed simulated annealing PEG algorithm to construct LDPC codes is
given in Figure 4.4. Firstly, a parity-check matrix is produced with the PEG algorithm.
In step 2, this generated matrix is assigned to the current active matrix as H{" It
is also registered as the best matrix H®**. In step 3, the cost function value of the
generated matrix is calculated. This calculation is taken as the number of cycles that
have the size of girth value in this algorithm. In step 5, a certain amount of edges that
cause cycles in the size of girth value are removed. The number of edges to be removed
is controlled with D and p variable. While p is taken very close to 1, D variable is taken
as approximately ten percent of total edges. After removing the cycle-causing edges
from the active matrix, new edges are again constructed using the PEG algorithm, and
the cost value of the new matrix is calculated. In step 8, the cost values of the previous
matrix and the newly produced matrix are compared. If there is an improvement of
the objective value, the generated matrix is assigned as the active matrix for the next
iteration. If a matrix with a worse objection function value has been produced, the
new solution is either accepted or rejected at a certain probability using Equation (4.1).
The current temperature 7' determines the acceptance of the worse solutions. As this
temperature decreases over time, the algorithm will reject worse solutions more often.
Therefore, while every solution is accepted with a higher probability in the first steps
of the algorithm, only solutions that have better objective value are accepted in the
last steps. In step 20, the active matrix is compared to the best solution so far, and if

it has better results, it is assigned as the best matrix.

Different versions of the algorithm given in Figure 4.4 have been tried to get the
best results from the proposed algorithm. For this goal, a regular LDPC code with
(155,64) code length is designed. In one version of the algorithm, only candidates that

showed improvement in their objective value were accepted as new candidates. In the
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Require degree distribution d.., d,, objective function g(x), max iteration number
M, initial temperature T', and code size n, neighbor distance D, cooling factor 7,
distance coefficient p.
Generate H™al matrix by using PEG algorithm;
Hinitial _  ppeand. - frbest..
g(Hmitaly — min.cost;
for i =1to M do
Remove exactly D x 0.1 x n edges from H" matrix;
Fill H¢ond with PEG algorithm, and assign it to H*™P;
Compute the cost g(H*™?);
if g(H"™r) < g(H"?) then
Htemp _y Feand..
else
Compute P(A) using Equation (4.1);
Generate an output 7 from a uniform R.V. over [0,1];
if r < P(A) then

Htemp N Hcand. .

i+l 3
else
Hymd — Hep
Go to STEP 4;
end if
end if
Tita=n Tj;
D =D x p;

if g(Hf"%) < min.cost then
Hgand. - Hbest.
g(H ) — min.cost;

end if

end for

Output Hb*

Figure 4.4. PEG Based Simulated Annealing Algorithm
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other version, all candidates were accepted as new candidates. A comparison of these
two approaches is given in Figure 4.5. When only candidates that improve objective
value are selected, the algorithm is blocked at a local best point as expected. When

any candidate is accepted, the cycle number with the girth size decreases dramatically.

In the Figure 4.6, the effect of the cooling factor is given. It is observed that
the algorithm gives better results without cooling. The reason for that PEG algorithm
gives the best local optimum result. When harmful edges are removed, PEG fills the
graph such that it generally improves the previous cycle distribution. Figure 4.7 shows
the benefit of changing the number of edges to be removed in an adaptive way. It
appears that choosing neighbors with decreasing distance rather than a fixed distance
to the active solution gives better results. The small distance boosts the benefit of the
PEG algorithm. In addition, after the algorithm is completed, resetting the settings
and restarting the algorithm improves the objective value, since the PEG algorithm

has some randomness. In the Figure 4.8, it is observed that the objective value is



60

155 (3,5) LDPC Code
500 \

480 & l m— Accept Everthing |

460 =® = Temperaure 0.98 7

== == Temperature 0.99 .

| :

[
1
| Y

I~
o
o

o
N
o

-

Cycle Numbers
.
o
o

340

320 -

300 1 1 1
0 50 100 150 200

Iteration Number

Figure 4.6. SA-Temperature Change

further improved when algorithm is restarted every 80 iterations.

Rand-PEG algorithm can also be used instead of the PEG algorithm that is
employed in Figure 4.4. The Rand-PEG based simulated annealing algorithm gives
better results because the Rand-PEG algorithm can build better matrices than the PEG
algorithm in terms of the cycle distribution. The cycle numbers of Tanner graphs, which
are generated by the PEG algorithm, the RandPEG algorithm, the Tanner code, the
PEG based simulated annealing, and RandPEG based simulated annealing algorithms
are given in Table 4.1. A Family of circulant-based quasi-cyclic LDPC codes, namely
Tanner code [61] is one of the best codes with length 155. Its girth value is 8 and the
multiplicity of cycles with length equal the girth is only 465. As seen in Table 4.1, the
Rand-PEG based simulated annealing algorithm, and PEG based simulated annealing
algorithm have constructed (155,64) LDPC code with the same girth value, but with a
fewer multiplicity of cycles with girth size. For (504,252) LDPC codes, improved PEG
algorithm in [64] has a girth value 8, and has a girth multiplicity of 452, whereas our
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Table 4.1. Girth Number

Code Structure Size and Degree Distribution
155(3,5) | 504(3,6) | 1008(3,6)
PEG 501 808 167
Rand-PEG 464 452 31
Tanner Code 465 - -
PEG Based Simulated Annealing Algorithm 402 368 42
Rand-PEG Based Simulated Annealing Algorithm 325 238 0

suggested algorithms have girth multiplicity of 238 and 368. The superior performance
of the simulated annealing algorithms increases when LDPC code with length 1008 is
employed. While other algorithms have a girth value 8, Rand-PEG based simulated
annealing algorithm removes all cycles with size 8, and the generated LDPC code has

a girth value 10.

Cycle performance does not mean that the performance in the error floor directly
improves. For the improvement, it is necessary to look at the distribution of the
trapping set. To analyze the performance of the simulated annealing algorithms, the
ETS list of designed LDPC codes is generated by using the ETS expansion algorithm
given in Figure 2.11. Since the girth of Tanner code, g, is 8, cycles with size 8, 10, 12,
and 14 (9,9 +2,9+ 4,9+ 6) are used as input the algorithm. The total multiplicity of
ETS of the constructed LDPC code is listed in Table 4.2.

ETSs distribution of (155,64) Tanner code and LDPC codes generated by PEG
algorithm, Rand-PEG algorithm, PEG based SA algorithm, and Rand-PEG based SA
algorithm is given in Table 4.3. When those codes are compared, it is clear to see
that the simulated annealing algorithms not only improve the cycle distribution but
also trapping sets distribution of the given algorithm. However, the error-correcting
performance of the generated LDPC code should reflect this success. In the Table 2.3,
the contribution of each ETS to the error floor in 5.5. dB SNR region is given for the

(155,64) Tanner code. The Table 2.3 shows that the dominant trapping sets for Tanner
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Table 4.2. Elementary Trapping Sets of (155,64) LDPC Code Obtained by Simulated

Annealing Algorithm

ETS Class | LSS g | LSS g+2 | LSS g+4 | LSS g+6 | Total Multiplicity
(4,4) 325 325
(5,3) 4 4
(5,5) 4518 4518
(6,4) 584 584
(6,6) 22995 22995
(7,3) 89 89
(7,5) 12030 7611 19631
(7,7) 146274 146274
(8,2) 16 16
(8,4) 3453 3453
(9,3) 704 704
(10,2) 80 1 81
Table 4.3. List of Elementary Trapping Sets
PEG Rand-PEG
ETS PEG Rand-PEG
Tanner Code Based SA | Based SA
Class Algorithm | Algorithm
Algorithm | Algorithm
(4,4) 465 576 464 402 325
(5,3) 155 31 18 11 4
(6,4) 930 1456 1160 1014 584
(7,3) 930 208 154 123 89
(8,2) 465 22 16 16 16
(8,4) 5580 4252 3811 1736 3453
(9,3) 1860 899 817 749 704
(10,2) 1395 89 85 83 81
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Code are (7,3) ETS, (8,2) ETS, and (10,2) ETS. For the (8,2) ETS’s distribution,
there is no improvement. Also, the improvement of (10,2)ETS’s distribution is bare.
Therefore, the gain for error-correcting performance isn’t expected so large. The bit
error rate performance of LDPC codes given in the Table 4.3 is presented in Figure
4.9. Decreasing the dominant trapping sets number doesn’t change the performance

overall. For a significant gain, the dominant trapping sets should be removed totally.

4.4. RandPEG-noTS53 Algorithm

RandPEG-noTS53 Algorithm has been proposed by [32]. Using the RandPEG
Algorithm given in Section 4.2, they try to detect and avoid the trapping sets. Their
main focus on the (5,3) ETSs, and (6,4) ETSs. Firstly, they explain how trapping sets
can be detected in the computation tree that is used in the PEG algorithm. After that,
they include new criteria when selecting the edges in the RandPEG algorithm, so that
(5,3) ETSs are completely removed and the number of (6,4) ETSs is minimized.

The cycles are easily estimated in-depth [ when constructing the LDPC codes
with the PEG algorithm. On the other hand, detecting the trapping sets is a tedious
process. Therefore, [32] provides a characterization to detect (5,3) ETSs and (6,4)
ETSs when constructing the subgraph (see Section 4.1). [32] shows that there is only
one type of topology for (5,3) ETSs. This topology is given in Figure 4.10. [32] provides
that there are exactly two different topologies for (6,4) ETSs. The topologies of (6,4)
ETSs are given in Figure 4.11. When expanding the depth-/ tree, different copies of the
same check can appear at different levels of the subgraph. This check node is named
as cé., where 7 is the level of the j. copy of the check node. The topologies of (5,3) ETSs
and (6,4)ETSs provides the following theorems:

Theorem 4.1. When expanding the depth-l tree of a variable node v;, a (5,3) ETS is
detected if and only if there is a check node such that it has two copies as c¢| and c} with
the same parent, and and the path v;, ...,c] and the path v;,...,c5 have three common

variable nodes.
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Vi V2

Figure 4.10. The Tanner Graph of a (5,3) ETS

Proof: See Appendix B

Theorem 4.2. When expanding the depth-l tree of a variable node v;, a (6,4) ETS with
the topology given in Figure 4.11(a) is detected if and only if one of two case occurs:
1) There is a check node which has two copies as | and ci' with the same parent, and
the path v;, ...,cl and the path v;, ..., ci' have four common variable nodes.

2) There is a check node which has two different copies at the level 7, and their paths

have two common variable nodes.

Proof: See Appendix C.

Theorem 4.3. When expanding the depth-l tree of a variable node v;, a (6,4) ETS with
the topology given in Figure 4.11(b) is detected if and only if one of two case occurs:
1) There is a check node which has two copies as c¢] and c¢3 with the same parent, and
the path v, ...,cl and the path v;, ..., ) have three common variable node.

2) There is a check node which has two different copies at the level 9, and their paths

have four common variable nodes.

Proof: See Appendix C.
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Figure 4.11. The Tanner Graph of a (6,4) ETS

When the construction tree is spanned up to the depth-1,,.., the candidate check
node that will be connected to the active variable node is determined with rules of Ran-
domized PEG algorithm [64], and the additional rules of RandPEG-noT'S53 algorithm

as

(i) Remove all check nodes that appear at least once in the depth-3 tree. It will

prevent the algorithm from creating cycles with size less than 8.

(ii) Remove all check nodes that create (5,3) ETSs. Then, select the check node

that creates the minimum number of (6,4) ETSs.

The RandPEG-noTS53 algorithm doesn’t decrease the number of (6,4) ETSs
only, it also decreases the number of (7,3)ETSs, and (8,2)ETSs, since (6,4) ETS is a
layered superset of (7,3) ETSs, and (8,2) ETSs. (see Definition 10)

4.5. RandPEG-noTS53 Based Simulated Annealing Algorithm
RandPEG-noTS53 based simulated annealing algorithm is similar to the PEG

based simulated annealing algorithm. The main differences come from the definition

of the objective function. Instead of minimizing the number of cycles with girth size,
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the number of (6,4)ETSs and their successors’ sets ((7,3) ETSs and (8,2) ETSs) is

minimized. The objective function is defined as

minimize f(l‘) = Wg4Ne4 + Wr3N73 + WeaNgo (42)

where w;; is the weight variable of (i,j) ETS and n;; is the total number of (i,j) ETSs.
The values of weight variables are chosen according to their error floor contribution.
Their contribution is calculated under importance sampling, [24], [26]. In this manner,

their value is defined as

Wep << Wrg << Ws2, (43)

The edges that will be removed are chosen according to their contributions to the
objective value. For instance, if an edge exists in k different (8,2) ETSs, then its con-
tribution will be wgs X k. The most harmful d number of edges is removed from G. To
avoid getting stuck at a local optimum point, the distance should be large enough that
the algorithm should jump to another region. However, if the distance is too large,
convergence to a global optimum becomes impossible. Similar to the PEG based simu-
lated annealing algorithm, an adaptive distance schedule is used for the algorithm. The
generation of the neighbor candidates should be executed in a short time such that the
total iteration number of simulated annealing algorithms will be high enough to gener-
ate better results. Therefore, it needs to enumerate cycles and trapping sets in a short
time. Therefore, the enumerating algorithm presented in Figure 2.11 is used. Table 2.2
shows that to find the (5,3) ETS, (6,4) ETS, (7,3) ETS, and (8,2) ETS, cycles with size
g and g + 2 will be sufficient. Moreover, RandPEG-noTS53 enumerates (6,4) ETSs to
for each candidate check node in each step of construction, and it takes so long time.
Therefore, applying a simulated annealing algorithm directly to RandPEG-noTS53
isn’t efficient. For this reason, the RandPEG-noTS53 algorithm is slightly modified.
In the edge construction process, (6,4) ETSs aren’t enumerated. Only (5,3) ETSs are
taken into account. As a result of that, when the original RandPEG-noTS53 completed
one iteration, the simulated RandPEG-noTS53 algorithm had already completed 100
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iterations.

The RandPEG-noTS53 based simulated annealing algorithm is presented in Fig-
ure 4.12. In the first step, the Tanner graph of the initial LDPC code is generated
with the RandPEG-noTS53 algorithm. In step 2, the cycles with size of ¢ and g + 2
in the graph are detected. After that, (6,4) ETSs, (7,3) ETSs, and (8,2) ETSs are
enumerated with the algorithm given in Figure 2.11. Then, using the Equation (4.2),
the cost of each edge of the graph is computed. In step 10, the edges that have the
highest cost is removed from the graph. Then, in step 9, the graph is reconstructed
with the RandPEG-noT'S53 algorithm again. Then, the total cost of the current graph
is computed in Step 10. If the generated active graph has less dominant trapping sets
than the previous one has, it is assigned as the next candidate graph. Otherwise, the
acceptance probability is computed with Equation (4.1). If the solution is accepted,
it is assigned as the next candidate graph. Otherwise, the algorithm tries to find an-
other solution. In Step 21 and 22, the parameter of cooling and neighbor distance is
updated. Whenever the candidate graph has the best objective value until that time,
it is registered as the best graph.

Enumerating cycles for long-LDPC codes are not possible due to high complexity.
Therefore, the RandPEG-noT'S53 based simulated annealing algorithm is only applied
for (155,64) regular LDPC codes. The contribution of each ETS class in the 6 dB region
is computed with importance sampling, [24]. The distribution of ETSs of LPDC codes
and the contribution of ETSs to the error floor is presented in Table 4.4. As given
in Table 4.4, the most dominant ETSs are (7,3 )ETSs and (8,2) ETSs. RandPEG-
NoTS53 based simulated annealing algorithm creates cycles, (4,4) ETSs, more than
the Rand-PEG based simulated annealing algorithm and RandPEG-noTS53 algorithm.
However, it decreases the dominant trapping sets number. In particular, the number
of (8,2) ETSs decreases to only 2. Therefore, it is expected that RandPEG-NoTS53

based simulated annealing algorithm show some improvements in the error floor region.
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Require d., d,, D, T, g(x), M, p, n
Generate Gl with RandPEG-noTS53 Algorithm:;
Ginitial _y - Geand. - Gbest..
g(Giitialy s min.cost;
for i =1to M do
Find cycles with size g and g + 2 in G$**¢ | and assign to Liy;
Find ETSs using algorithm given in Figure 2.11;
Evaluate the cost of each edge in G¢*"¢ with Equation (4.2);
Remove the most harmful d number of edges from G§*"¢;
Fill G¢*"d with RandPEG-noTS53 algorithm, and assign it to G*™P;
Compute the cost g(G*™P) ;
if g(G™mP) < g(G$"™9) then
g(Gem) < g(Gemd)
else
Compute P(A) using Equation (4.1);
Generate an output r from a uniform R.V. over [0,1];
if r < P(A) then
Grem — G
else
Gyt — Gt
Go to STEP 4;
end if
end if
Tiv1i=nT;
D=Dxp
if g(H{*"4) < min.cost then
Geand. _y Gest
g(Gs™d) — min.cost
end if

end for

Figure 4.12. RandPEG-noTS53 Based Simulated Annealing Algorithm



Table 4.4. ETS’s Distribution of LDPC Codes

RandPEG
Error Floor | Rand-PEG | RandPEG
NoTS53
ETS Class | Contribution | Based SA NoTS53
Based SA
in 6 dB SNR | Algorithm | Algorithm
Algorithm
(4,4) 2.1e-13 325 453 497
(5,3) 4.8e-12 4 0 0
(6,4) 3.6e-13 584 1183 1248
(7,3) 1.7e-11 &9 135 96
(8,2) 5.8e-11 16 12 2
(8,4) 6.4e-14 3453 4948 5139
(9,3) 4.3e-13 704 965 901
(10,2) 2.51e-12 81 112 99
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To compare the BER performance of LDPC codes given in Table 4.4, BPSK over
AWGN channel with belief propagation for 50 iterative number have been employed.
The BER performance for (155,64)LDPC codes is given in Figure 4.13. When Figure
4.9 is analyzed, the impact of simulated annealing doesn’t recognize. On the other
hand, its contribution to the original RandPEG-noTS53 algorithm is clear in Figure
4.13. In the error floor region (6dB for this size), the RandPEG-noTS53 algorithm
based simulated annealing algorithm shows its improvements. The reason for that,
RandPEG-noTS53 algorithm directly tries to decrease the dominant trapping sets.
On the other hand, enumerating the ETSs increases complexity. Therefore, because
of its complexity issue, the RandPEG-noTS53 algorithm based simulated annealing
algorithm couldn’t be employed for longer LDPC codes.
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5. On the Construction of QC-LDPC Codes

As mentioned early in the thesis, QC-LDPC codes are the code family of LDPC
codes that its parity check matrix has a special form. Its parity check matrix is con-

structed from the shifted identity matrices with size L as given in Equation (5.1).

I(poyo) I(pop) - 1(pod.—1)
[(pl,o) I(pl),l) I(pl,dc—l)

[(pdvq,o) [(Pdrm) [(pdvq,dcq)

PEG algorithm and its advanced versions can also be used to construct QC-LDPC
codes. When the location of an edge from the identity matrix is established, other edges
are automatically connected according to the identity matrix. Let’s assume that the

h variable is connected to the

first variable is connected to the j** check node, then 7*
[ + 4]i" check node. Because of the symmetrical structure, all of the other variables
in the identity matrix will have the same local girth value. When the PEG algorithm
and its advanced versions are applied to QC-LDPC codes, only the RandPEG-noTS53

algorithm generates better results. The reason for that can be that finding trapping

sets are much easier for the QC-LDPC codes.

Firstly, the simulated annealing algorithms given in Figure 4.4 and Figure 4.12
is applied to generate QC-LDPC codes. However, they cannot improve the objective
value and doesn’t converge to global optimum solution as Figure 2.4. The example
of an objective value change is given in Figure 5.1. For any two solutions, there is a

distance at least the block size L. Therefore, the closest neighbor is L distance away
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Figure 5.1. Objective Value Change

from the active solution. Therefore, the direction of the simulated annealing algorithm
doesn’t change, since the value of L is not a small number in general. As a result of

that different approaches should be taken.

The structure of QC-LDPC codes provides some tools which makes the construc-
tion of QC-DLPC codes easier. As a result of that, a lot of works focus on these tools
such as [41,42,66]. The most important facilitation of QC-LDPC codes is finding its

cycles. [67] proved that a cycle of length k exists in the Tanner graph if and only if

T
L

(piz,jz - piz+1,jz) =0 mod L, (5'2)

Iy
=

where iy, = i, i # 1141, Ji 7 Ji+1 1S satisfied.
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5.1. Simulated Annealing Algorithm

Definition 12. A permutation shift matriz PS is a neighbor of the permutation shift
matriz PT if and only if the girth of the QC-LDPC code generated by P° is greater
than or equal to the girth of the QC-LDPC code generated by PT, and there is exactly

one pfj € P% such that
P #pi; mod L, (5.3)

where i=1,2, ....ds, j=1,2,...,d. and p]; € P".

Definition 13. A set that consists of permutation shift matrices is the neighbor set of
the permutation shift matriz PT if and only if every permutation shift matriz in the
set is a neighbor of the permutation shift matriz PT. This set will be represented as

N(PT) in the rest of the thesis.

It is trivial to find the neighbor set of a permutation shift matrix by using Equa-
tion (5.2) and Definition 12. There are exactly L x d. x ds candidate permutation
shift matrices that could be neighbors of a permutation shift matrix, and they can be

checked whether they provide the equality in Equation (5.2) or not in polynomial time.

For short-length QC-LDPC codes, [37] and [38] show that all (a,b) ETS can
be found with a simple search algorithm. In this work, Algorithm 1 given in [37] is
adopted to find the ETSs. Instead of counting all ETSs, only one variable node is
selected from each block, and the cycles and ETSs to which it is connected to are
counted. Then, the results are multiplied with L to take into account the multiplicity
that is caused by the quasi-cyclic structure. Therefore, it is sufficient to examine
exactly d. variable nodes. The disadvantage of this approach is that it causes the ETS
distribution to be found roughly instead of exactly, because some of ETSs with the same
isomorphic structures are counted multiple times. The advantage is that iteration time
is considerably shortened. In the last iteration, however, the ETS distribution of the

resulting matrix is exhaustively determined by Algorithm 1 given in [37].
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Require Permutation shift matrix P! objective function g(z), max. iteration
number M;
pinitial _y peand.
for i =0 to M do
Generate N (Pcnd);
Computes the cost g(P?) for V P* € N(Pcnd);
Find the P/ € N(P*"?) with the minimum cost;
pi —s peand,
end for

Output Pend-

Figure 5.2. Hill-Climbing Algorithm

Using a hill-climbing algorithm given in Figure 5.2, it is possible to improve
the ETS distribution of the initially given permutation shift matrix. For line 5 of the

algorithm, we can select the candidate permutation shift matrix in three different ways:

(1) Best gain: selecting the one with minimum cost,

(2) Uniform distribution: selecting with equal probability among the ones whose

cost value is less than the cost value of the current candidate,

(3) Gain distribution: selecting with a normalized probability according to their

gains in the objective function.

These algorithms are likely to get stuck in a locally optimal point regardless of
the selection policy. On the other hand, a simulated annealing algorithm can help
converge to a globally optimal solution. According to the gain in the objective value,
a new solution is accepted or not in the simulated annealing algorithm. If there is a
positive contribution, the new solution is accepted. Otherwise, Metropolis’ criterion

based on Boltzman’s probability is applied. The acceptance probability is determined
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with

P(A) = e AE/KT) (5.4)

where AFE is the difference between objective function value of the current solution and

candidate solution, k is Boltzmann’s constant, and 7" is the temperature, respectively.

A geometric cooling rule is employed in this work. The update rule is defined as

Tiya =nT; (5.5)

where 7 is the temperature constant that is smaller than 1 but close to 1. The initial

temperature is chosen as a big number to accept every solution in the early iterations.

The proposed simulated annealing algorithm is given in Figure 5.3. Decision vari-
ables and decision weights of the objective function are critical to the error-correcting
performance of the QC-LDPC code generated by the simulated annealing algorithm.
The number of the dominant ETS in the Tanner graph is used as the main decision
variables in this work. For an (a,b) ETS class, the number of ETS that are present
in the Tanner graph is represented as n,;,. Objective weights are chosen in proportion
to the contribution of the ETS class to the error floor. The weight vector with three

different decision weights are determined, w=[w; wy ws], according to following rules:

e The coefficients of the decision variables are determined as w; for the ETS classes
(S1) that do not exist in the Tanner graph of the permutation shift matrix
(Pinitialy taken as input for the simulated annealing algorithm. By selecting w,
value too large, the creation of non-existent ETS in the Tanner graph of P™itial

is prevented.

e The coefficient of wy is used for the ETS classes (S3) which are required to be

completely removed in Tanner graph of P™#! The number of w, is chosen to be
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Require Permutation shift matrix Pl objective function, g(x), max. itera-
tion number M, initial temperature 7.
pinitial _, peand. - phest.
g(Pmitialy s min,.cost
for i =0 to M do
Generate N (Pcnd:)
Randomly select a permutation shift matrix P7 from N (Pend")
Compute the cost g(P?)
if g(P7) < g(P“"%) then
Pi _y peand.
else
Compute P(A) using Equation (4.1);
Generate an output 7 from a uniform R.V. over [0,1];
if r < P(A) then
pi _y peand.
else
Go to STEP 5
end if
end if
Tivi=nT;
if g(Pe) < min.cost then
peand. _y phest
(P — min.cost
end if

end for

Output Pt

Figure 5.3. Simulated Annealing Algorithm for QC-LDPC Codes
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much smaller than w; and greater than ws. During the iterations of the simulated
annealing algorithm, the ETS in this class are allowed to occur sometimes, but

has been targeted to be destroyed at the end of the algorithm.

e For the ETSs classes (S3), whose numbers in the Tanner graph are desired to be

reduced, ws coefficients are used.

In this manner, the objective function of the simulated annealing algorithm is given as

Z WiNap + Z WoNap + Z W3Ngp- (5.6)

(a b)eS1 (a b €52 (a,b)eS3

In Figure 5.4, the performance of hill-climbing algorithms and simulated anneal-

ing are compared. The average change of objective functions for 20 different examples
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Table 5.1. ETS of LDPC Codes within the Range of a < 10 and b < 3

ETS | Tanner | RandPEG-noTS(5,3) | Py
(5.3) | 155 . :
(7.3) | 930 62 ;
(8,2) | 465 : ;
(9,3) | 1860 496 155
(10,2) | 1395 31 ;

are illustrated in this example. The hill-climbing algorithms improve the objective
value quickly in early iterations. However, they get stuck in local optimal points after
a few iterations. On the other hand, the simulated annealing algorithm can escape out
of local minimal points. As a result, the simulated annealing algorithm can converge

to better solutions compared to hill-climbing algorithms as expected.

In this section, four examples will be presented to analyze the performance of
the proposed method. All simulation results are based on the sum-product message-
passing decoding algorithm with the maximum number of iterations equal to 100. For

each SNR point, fifty frame errors are counted.

Example 14. A reqular QC-LDPC code with ds=3, d.=5 and L=31 is constructed. Pa-
rameters of the simulated annealing algorithm are taken as T=1000, A=0.99, S1={(6,2)},
So={(5,3),(8,2),(10,2)}, S3={(7,3),(9,3)}, w=/10° 10* 10°]. To generate the input
permutation shift matriz, progressive edge algorithm (PEG) given in [27] is used. Ac-

cording to these settings, the permutation shift matriz, Py, is generated as

15 29 17 18 12
P=1|6 21 14 20 2. (5.7)
23 23 4 13 22

The ETS distributions of QC-LDPC' codes constructed by Tanner Codes in [61],
RandPEG no(5,3) Algorithm in [32], and Py are given in Table 5.1. The results in this
table show that the QC-LDPC code generated by the permutation shift matrixz Py avoids
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Table 5.2. ETS of LDPC Codes within the Range of a < 12 and b < 3

ETS | C; | Py | C | Pj
(9,3) | 246 | - | 252 | 126
(11,3) | 1230 | 656 | 2142 | 1197
(12,2) | 123 | - | 63 -

almost every (a,b) elementary trapping set that satisfies a < 10 and b < 3, except for
a few (9,3) ETS.

Figure 5.5 shows the FER performance of several regular LDPC codes listed
in Table 5.1 for BSPK modulation over the additive white Gaussian noise (AWGN)
channel. It can be seen clearly that the suggested QC-LDPC codes have better FER
performance compared to the existing QC-LDPC codes in the high SNR region, since

P, permutation shift matrix doesn’t have dominant trapping sets.

Example 15. A regular QC-LDPC' code with ds=3, d.=5 and L=41 is constructed.
Parameters of the simulated annealing algorithm are taken as T'=10000, A\=0.8, S1=

{(5,3),(6,2),(7,3),(8,2),(10,2)}, So={(12,2)}, S3={(9,3), (11, 3)}, w=/10° 10* 10°/.
For the input permutation shift matriz, the matriz Cy given in [41] is used. According

to these settings, the permutation shift matrix, Py, is constructed as

0 27 0 16 6
P,=128 26 5 22 20| . (5.8)
11 11 4 9 16

The ETS distributions of QC-LDPC' codes constructed by the permutation shift
matriz Cy, given in [41], and permutation shift matriz Py are presented in Table 5.2.
The statistics in this table show that the QC-LDPC code generated by Py avoids every
(a,b) trapping set that satisfies a < 12 and b < 2.

Example 16. A regular QC-LDPC' code with ds=3, d.=6 and L=63 is constructed.
Parameters of the simulated annealing algorithm are taken as T'=10000, A\=0.95, S1=
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{(5,3),(6,2),(7,3),(8,2), (10,2)}, S2={(12,2)}, S3={(9,3), (11,3)}, w=/10° 10" 10°].
For the input permutation shift matriz, the matriz Cy given in [41] is used. According

to these settings, the permutation shift matrix, P3, is constructed as

00 1 0 1 0
Py=10 20 8 33 29 59]. (5.9)
0 9 26 24 32 58

As in Example 15, ETSs that satisfy a < 12 and b < 2 are completely removed

from the Tanner graph of the proposed permutation shift matriz P3. The ETS list of
the suggested QC-LDPC' codes is given in the Table 5.2.

Figure 5.6 shows the FER performance of several reqular LDPC' codes listed in
Table 5.2 BPSK modulation over AWGN channel. It can be seen clearly that the sug-
gested QC-LDPC codes have better FER performance compared to the QC-LDPC codes
generated in [41] in the high SNR region.

Example 17. In this example, we improve the lifting degree of the codes with the fully-
connected 3x5, 3x 0, and 3x 10 base graphs given in [41] and [42]. In these studies,
the goal is to construct QC-LDPC' codes that do not contain leafless ETSs (LETSs)
satisfying the conditions a < 8, b < 3 with the smallest possible lifting degree. [41] found
the codes with lifting degrees 41, 61, and 181, for the three base graphs, respectively. [42]
improved these values as 27, 41, and 165, respectively. In this work, QQC-LDPC' codes
with minimum lifting values 24, 39, and 152 are found by the proposed algorithm.

Permutation matrices with the minimam lifting degrees of these codes are obtained as

11 16 3 13 20
Pi= (11 2 19 12 17|, (5.10)
3 16 0 16 13
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Table 5.3. Time Performance of the Simulated Annealing Algorithm
P1 (P2 | P3 P4 |P5 | P6

Max. Size of Counted Cycles | 14 16 |16 |10 12 112

Iteration Number 1000 | 200 | 50 147 | 262 | 47
Time 3h 23h | 75h | 0.1h | 9h | 25h

33 5 32 30 29 22
Ps=115 14 1 33 10 34|, (5.11)
23 4 38 0 15 6

131 2 70 65 80 101 116 14 116 10
Ps= 141 87 119 119 68 73 54 48 4 133]. (5.12)
3 12 150 147 11 5 33 114 27 133

Except for the cooling factor X\, the parameters of the simulated annealing algo-
rithm are taken for these three base graphs asT = 100, S1={(6,2)}, S2={(5,3), (8,2)},
Ss={(7,3)}, w=/10% 10! 10°/. X values are taken as 0.9, 0.9, and 0.8, respectively. To
generate the input permutation shift matrices, PEG algorithm s used for each base

graph.

Although trapping sets are defined by [24] for the binary symmetrical channel
(BSC) and AWGN channels, the produced QC-LDPC has also been tried on different
channels. Tests were carried out on the Rician fading channel, which is suitable for
urban areas. The ratio between the power in the direct path and the power in the
other scattered paths, K, is accepted as 1 for the simulations. Figure 5.7 presents the
FER performance comparison of QC-LDPC given in Example 14 with other QC-LDPC

codes. As Figure 5.7 shows there is a significant dB gain. However, this gain decreases
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in smaller values of K.

Although it is an offline task to produce a permutation matrix, the construction
time of the permutation matrices given in the examples is presented in Table 5.3 to
demonstrate the complexity of the proposed algorithm. The algorithm ran on a desktop
computer with 2GHz CPU and 46 GB RAM. The selected parameters of the simulated
annealing algorithm determine the construction times of the P, P, and P3 matrices.
The algorithm continues even if it achieves the best result in a certain iteration. On
the other hand, for the construction of the P, P5, and Fs matrices, the algorithm
is terminated when the objective function value is 0, i.e., when the desired target is

reached.

In Table 5.3, it is observed that although Fs matrix code length is 1520, it is
constructed faster than P3 matrix. The reason for this is that cycles with the maximum
length of 12 are sufficient to find TSs satisfying a < 8, b < 3, and cycles with the

maximum length of 16 are required to find (12,2)TSs.

Cycle counting is the most time and memory consuming part of the algorithm.
However, in practice it is quite manageable for small-size cycles. Therefore, QC-LDPC
codes without small-size T'Ss can be generated with the suggested algorithm even for
large d. and L values, whereas the generation of large QC-LDPC codes with relatively
large-sized T'Ss optimized is not possible. However, since small T'Ss are more dominant,
the proposed algorithm can be used for the construction of large QC-LDPC codes as
well. Moreover, the recent works have been providing news cycle and trapping sets
enumeration algorithms, which make the proposed simulated annealing algorithm to
work in a shorter time. The proposed QC-LDPC codes in this section were published
in [68].
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6. CONCLUSIONS

LDPC codes are one of the most popular codes used for error correction in recent
years. In particular, QC-LDPC codes are widely used in the next-generation communi-
cation systems, since hardware implementation of QC-LDPC codes is easy. Therefore,

in this thesis, the construction and decoding of LDPC codes are mainly studied.

The belief propagation algorithm is commonly used in practice for decoding
LDPC codes. However, studies on linear programming decoders were also conducted
in the literature, since it has ML certificate. In this thesis, two different adaptive lin-
ear programming decoders are developed; integer adaptive linear decoder and heuristic
adaptive linear decoder. IALP decoder achieves high performance when sufficient time
is given. However, it does not achieve the desired performance during a realistic de-
coding period. The HALP decoder works very fast, but it does not exceed certain
decoding performance. On the other hand, HALP decoder can work with other ALP
decoders because of its fast process. The solution HALP decoder found can be given

as an input for the other ALP decoders.

The main subjects of the thesis are the construction of LDPC codes. In the first
stage of the thesis, it was studied on the setup of cycle-optimized LDPC codes. The
proposed simulated annealing algorithm in the thesis tries to destroy the small cycles
of the LDPC code given as an input. However, despite the improvement of the cycle
distribution, the desired improvement in error correction could not be demonstrated.
Therefore, a simulated annealing algorithm has been developed using the RandPEG-
noTS53 algorithm, which tries to reduce the number of some trapping sets types.
Although this algorithm improves error-correcting performance, the desired level could

not be reached because it requires high complexity.

In the last stage of the thesis, the design of the QC-LDPC codes, which became

very popular in recent years, was studied. Cycle and TS search is much easier in
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QC-LDPC codes compared to other codes due to its structure. For this reason, a
slightly different algorithm has been proposed than simulated annealing algorithms
that produce standard LPDC codes. In the proposed algorithm, it tries to create a
Tanner graph by attacking trappings sets that are dominant for the QC-LDPC codes in
that desired size. For this purpose, trapping sets enumeration and importance sampling
algorithms in the literature are also employed. The complexity of algorithms with minor
changes is reduced significantly. Thanks to all this, a suitable simulated annealing
algorithm has been developed to generate QC-LDPC codes that avoid small trapping
sets. Among the modern algorithms, the simulated annealing algorithm generates the
best QC-LDPC codes in terms of the distribution of the trapping set. Some dominant
trappings are completely removed from the Tanner graph by the suggested algorithm.
Moreover, Monte Carlo simulations clearly show that proposed QC-LDPC codes are
superior to existing designs for QC-LDPC codes.

Since ETSs are the most dominant TSs, code optimizations are made according
to ETSs distribution. Elementary sets of AS, FAS, LETS are also optimized, since they
are the sub-class of ETSs. On the one hand, proposed algorithms could be extended
easily for all trapping sets. On the other hand, the gain won’t be so significant due
to the fact that ETSs are the main cause of the error floor, and the complexity of the

algorithms will be so high because of the enumeration of trapping sets.

6.0.1. Future Works

Intensive works on QC-LDPC codes still continues. Notably, finding the cycle
and trapping sets of QC-LPDC codes in the Tanner graph becomes easier thanks to
the latest proposed algorithms. This facilitation will make it easier for the simulated
annealing algorithm to achieve better results even for slong-length QC-LDPC codes. If
the simulated annealing algorithm, which has already achieved one of the best results
for short-length, can also construct large-length QC-LDPC codes, it will be one of the

standard-setting algorithms.
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Besides the simulated annealing algorithms, there are other search algorithm
that do not get stuck at a local point. The tabu search algorithm is a strong candidate
algorithm to replace the simulated annealing algorithm for the construction of LPDC
codes. The functionality of tabu search algorithm has been proven for the travelling
salesman problem. A tabu search based algorithm can be used to construct LPDC

codes if the tabu list, the list of the forbidden neighbors, is well-defined.

The message-passing algorithm is the standard decoding algorithm for most of
the wireless communication systems. A small change of message passing algorithm can
contribute the tackle with trapping sets for QC-LDPC codes. When the code-word
is right-shifted with value p, another code-word is generated for QC-LDPC codes.
Therefore, the received vector can be shifted in a way that the resulting trapping sets
of the received vector can be removed. After decoding, the estimated vector can be
left-shifted to reach the original estimated vector. For the efficiency of this algorithm,

the Tanner graph of the QC-LDPC code should be designed properly.

The adaptive linear programming decoders are given in Chapter 3 have not the
best error-correcting performance comparing to other adaptive linear programming
decoders. The suggested HALP decoder works fine at the first steps of decoding.
However, after some point, it couldn’t find valid constraints to improve the decoding.
If the reason for that can be enlightened, the HALP decoder can be the best linear
decoder in the literature. Therefore, future work should be done to find the reason for

getting stuck.

Obtained codes in this thesis have been tested using two-channel modes and one
modulation (AWGN and Rician channel, and BPSK). These codes could be applied to

other channels and modulations.
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APPENDIX A: Maximum Likelihood Ratio

For a transmitted code-word x € ( and received vector r, the maximum-likelihood

code-word is

x = argmazP(r | x). (A1)
x€e(C
If channel is memoryless, (A.1) becomes
(A.2)

rgmaxHP ri | x;).

X€C i

If a constant variable, independent of x, is added to equation, the result does not

change.

X = argmin (Z InP(r; | 0) ZlnP(ri | xz)> . (A.5)
i=1

x€¢ =1

= argmin (Zln :Z||:S ) (A.6)

x€eC



The trick is that the summation of
| 0)
S gt
P(r; | x;)
is 0 if z; = 0 and it is equal to

2B e =)

i=1

if z; = 1. Therefore, Equation (A.6) can be written as

N . - P(ry |z = 0))
X = argmin E | In=—/—-F—-—-+=11.
x€( (il ( P(TZ ‘ x; = 1)

The coefficients of the maximum-likelihood objective function is then

il T =0
2T e —
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(A7)

(A.9)

(A.10)
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APPENDIX B: PROOF THEOREM 4.1

As given in Figure 4.10, the (5,3) ETS has only one topology structure. It is
composed by three cycles with size 8. Let’s assume that there is a candidate check
node ¢; in depth [; and ls when constructing the spreading tree with PEG algorithm
from a variable,v,,.;. The copies of the check node,c;, will be presented as cﬁl and 022.
When the root variable, v, is connected to c;, at least two cycles with size g; and g»,
where g1 = [; + 1, and go = I + 1 is created. The set of variables existing on the path
from ¢! and ¢ to the root is presented as Pv(c') and Pv(C?), respectively. Moreover,
Definition 5 emphasizes that all check nodes must have two neighbours if it consists of
a elementary trapping sets. Therefore, ¢! and ¢! must have the same parent in the
tree. As a result of that, an extra cycle will be constructed when v,,., is connected to

C;.

(1) Let’s assume that [; # 7, then g; # 8. Therefore, if the root is connected to
¢;, there will be no cycle with size 8. It is same for the ¢/?. Since (5,3) ETS is composed
by three cycle, [y = 7 and [, = 7 must be satisfied.

(2) When I, = 7 and I, = 7, there are two different paths as v,ee, ..., ¢, and

Vroots -, €2, Two cycle with size 8 will be created in any circumstance. The third cycle
with size 8 is created only if these two path has three common variable nodes. If n
presents the common variable node between Pv(c') and Pv(C?), the size of third cycle

will be g =7T+7+4+6 —4n =20 — 4n. g will be 8, if only if n = 3.
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APPENDIX C: PROOF THEOREM 4.2 and 4.3

The proof of Theorem 4.2 and 4.2 are almost identical. Therefore, only the proof

of Theorem 4.2 will be given.

As given in Figure 4.11, the (6,4) ETS has two topology structure. For the
topology given Figure 4.11(a), it is composed by two cycles with size 8 and a cycle
with size 12. Let’s assume that there is a candidate check node ¢; in depth [; and [,
when constructing the spreading tree with PEG algorithm from a variable,v,,,;. The
copies of the check node,c;, will be presented as c!! and ¢f*>. When the root variable,
Uroot, 18 connected to ¢;, at least two cycles with size g; and g9, where ¢y = [ + 1,
and g, = I, + 1 is created. The set of variables existing on the path from ¢!* and '
to the root is presented as Pv(c') and Puv(C?), respectively. Moreover, Definition 5
emphasizes that all check nodes must have two neighbours if it consists of a elementary
trapping sets. Therefore, ¢!* and ¢ must have the same parent in the tree. As a result

of that, an extra cycle will be constructed when v,,, is connected to c¢;.

(1) Let’s assume that I; = 7 and I, = 11, Since g; = 8 and g = 12, a cycle with
size 8 should be created as an extra. If n presents the common variable node between
Pu(c) and Pv(C?), the size of third cycle will be ¢ = 7+ 11 + 6 — 4n = 24 — 4n.
Therefore, g will be 8, if only if n = 4.

(2) Let’s assume that I; = 7 and I, = 7. Since g; = 8 and ¢g» = 8, a cycle with
size 12 should be created as an extra. If n presents the common variable node between
Pu(c!) and Pv(C?), the size of third cycle will be ¢ = 7+ 7 + 6 — 4n = 20 — 4n.
Therefore, g will be 12, if only if n = 2.



