MARMARA UNIVERSITY

INSTITUTE FOR GRADUATE STUDIES
IN PURE AND APPLIED SCIENCES

BALANCING OF 3-RPR PLANAR PARALLEL
ROBOTS PASSING THROUGH SINGULAR
CONFIGURATIONS

CEM SUULKER

MASTER THESIS

Department of Mechanical Engineering

Thesis Supervisor
Assoc. Prof. Dr. Mustafa OZDEMIR

ISTANBUL, 2018




MARMARA UNIVERSITY

INSTITUTE FOR GRADUATE STUDIES
IN PURE AND APPLIED SCIENCES

BALANCING OF 3-RPR PLANAR PARALLEL
ROBOTS PASSING THROUGH SINGULAR
CONFIGURATIONS

CEM SUULKER

(524616018)

MASTER THESIS

Department of Mechanical Engineering

Thesis Supervisor

Assoc. Prof. Dr. Mustafa OZDEMIR

ISTANBUL, 2018




MARMARA UNIVERSITY
INSTITUTE FOR GRADUATE STUDIES
IN PURE AND APPLIED SCIENCES

Cem SUULKER, a Master of Science student of Marmara University Institute for
Graduate Studies in Pure and Applied Sciences, defended his thesis entitled
“BALANCING OF 3-RPR PLANAR PARALLEL ROBOTS PASSING THROUGH
SINGULAR CONFIGURATIONS”, on September 18, 2018 and has been found to be
satisfactory by the jury members.

Jury Members
Assoc. Prof. Dr. Mustafa OZDEMIR (Advisor)

MBIMATA UDIVETSIY ~.vvvroeeeeeoeoeoeoooeoeoeooeoeooeoeoeooeoeoeoooeoeoeoee (SIGN) /T4 Bzdomin

Prof. Dr. Biilent EKICI (Jury Member)

Marniara UmiVersity . v it s it ssisssessastynse

Assist.Prof. Dr. Hatice MERCAN (Jury Member)

Yildiz Technical UNIVETSItY .....oooveueeeceeeeeeeeeeeeeeeeeeeeeeeeee oo (SIGN) *\fﬂ%\% ;
APPROVAL

Marmara University Institute for Graduate Studies in Pure and Appliéd Sciences
Executive Committee approves that Cem SUULKER be granted the degree of Master of
Science in Department of Mechanical Engineering oneo€ . 0. 5018 . (Resolution no:
2018(25-02.).

Director of the Institute
Prof. Dr. Billent EKICI

A
&




ACKNOWLEDGMENT

| would like to thank to Assoc. Prof. Dr. Mustafa OZDEMIR for his precious advices
and encouragement through this thesis. | also want to thank to my family for their
support.



TABLE OF CONTENTS

ACKNOWLEDGMENT ...ttt ettt I
OZET oottt iv
ABSTRACT ettt et e e b e naree s Y
SYIMBOLS ..ttt et e et e e e e et e e e e vi
LIST OF FIGURES ...ttt Xl
LIST OF TABLES. ... ..ottt et a e e nnb e e e Xiii
1. INTRODUCTION ...ttt ettt e e e e e anees 1
1.1.  Aimand Scope O the TheSIS.......ccciiiiiiii e 3
1.2, OUutling OF the THESIS .....ccueiiiieiii e 4
2. KINEMATIC AND DYNAMIC ANALYSIS OF THE ROBOT .......ccccvveeiiiiinenns 5
2.1, KiINEMALIC ANAIYSIS....c.viiiiiiiieiie et 6
2.2, DYNAMIC ANAIYSIS.....vvieiiiie it et et e e see e a e stte e et e e st a e e sra e e e snaaeesnneeeannes 11
3. APPLICATION OF THE BALANCING METHOD........ccccccoiiiiiieiiiiiee e 23
3.1. Dynamic Equations of Motion of the Balanced Robot............c..cccccveevvveennn. 23
3.2.  Derivation of the Balance Design EQUAtiON .............cccoveeiiveeiiinee e ciie e 27
3.3.  Consistent Positions of Counterweights ...........ccccoveviiveciiie e 31
4. NUMERICAL EXAMPLE ... 37
4.1. Generating a Trajectory that Passes Through a Singular Point...................... 37
4.2. Inverse Dynamics of the Unbalanced RoObOt..............ccooeeviiiiiieciiicc e, 39
4.3. Inverse Dynamics of the Balanced RobOt............cccccooveiiiii i, 40
5. COMPARISON OF DIFFERENT BALANCING ALTERNATIVES................. 43
5.1. Examination of the r versus mc Relation............cccocoviiiiiiiiic 43
5.2.  Examination of the 6 versus Ic Relation.............cccccooiiiieiic i, 45
5.3.  Examination of the r versus 0 Relation .........ccccccoeviiiiiiiiiiiiiiiiiinicee e 48
5.4.  Examination of the r versus lc Relation ...........ccccooviiiiiiiiiiiee, 51



5.5.  Examination of the mc versus & Relation ........uvveveeeeeeeeeee e

5.6. Examination of the mc versus lc Relation...........ooeeeieeieeee e

6. CONCLUSION ..ottt

REFERENCES



OZET

TEKIiL KONUMLARDAN GECEN 3-RPR DUZLEMSEL PARALEL ROBOTLARIN
DENGELENMESI

Paralel robotlar, seri muadillerine kiyasla birtakim tstiinliiklere sahiptir, ve bu nedenle
sanayide yaygin bir sekilde kullanilirlar. Bu robotlara 6zgii Tip Il tekillik problemi
literatiirde genis Olglide c¢alisilmistir. Genel itibariyla gereken eyleyici kuvvetleri bu
tekil konfigurasyonlar civarinda sonsuza iraksar, ve robotun kontrol edilebilirligi
kaybolur. Tekilliklere kars1 giirbiiz dengeleme yontemi Tip Il tekilliklerden gegmek i¢in
gelistirilen en son metotlardan biridir. Literatiirdeki hareket planlama yontemleri istenen
herhangi bir yoriingeyi takip etmede yardimci olamaz, ancak tekilliklere karsi giirbiiz
dengeleme yontemi ile biitiin yoriingeler gergeklenebilir. Bu tezde, tekilliklere karsi
giirbiiz dengeleme yontemi, her bir bacaga birer tane sabitlenmek suretiyle, {ic karsi
agirhik kullanarak 3-RPR diizlemsel paralel robotlara uygulanmistir. Denge tasarim
denklemi ¢ikarilmis ve karsi agirliklarin uygun konumlar1 analiz edilmistir. Bu
kapsamda iki teorem ve iki sonug teoremi verilmis ve ispatlanmistir. Teorik olarak elde
edilen sonuglar sayisal orneklerle de dogrulanmistir. Bu amagla farkli dengeleme
senaryolar1 incelenip biribiryle karsilastirilmistir. Dengeleme parametrelerinin robotun
performanst iizerindeki etkisi, eyleyici kuvvetlerinin azaltilmasma dayanan bir

performans indeksini baz alarak tartigilmustur.



ABSTRACT

BALANCING OF 3-RPR PLANAR PARALLEL ROBOTS PASSING THROUGH
SINGULAR CONFIGURATIONS

Parallel robots offer a number of superiorities over their serial counterparts, and for this
reason they are widely used in industry. Type Il singularity problem that is
characteristic to these robots has been studied extensively in the literature. In general,
the required actuator forces grow unboundedly around these singular configurations,
and controllability of the robot is lost around them. The singularity robust balancing
method is one of the recent methods that has been developed for crossing Type Il
singularities. Motion planning methods in the literature cannot help to track an
arbitrarily desired trajectory; however, by using this recent method, every trajectory is
realizable. In this thesis, the singularity robust balancing method is applied to 3-RPR
planar parallel robots by using three counterweights, each being fixed to one separate
leg. The balance design equation is obtained and suitable loci of counterweights are
analyzed. Two theorems and two corollaries are given and proved within this context.
The theoretical findings are also validated through numerical examples. Different
balancing scenarios are considered and compared for this purpose. The effects of
balancing parameters on the performance of the robot are discussed by considering a

performance index that is based on decreasing the actuator efforts.



SYMBOLS

a, : Distance between the base joints of the manipulator (i =1,2x,2y).
A : Right-hand side coefficient matrix of the dynamics equations.

A :i’thbase joint of the manipulator (i=1:---,3).

A : Submatrix of Aas constructed in Equation (3.30).

b, : Dimensions associated with the moving platform (i=1.---,3).

B : Connection point of the i’th leg to the moving platform (i=1.--,3).
C, : Coefficients to be evaluated at the singularity (i =1---,5XX,

YoV Yo Yo Yar 2, 2).-

C, : cos(6)

c. :cos(6+a)

c. :cos(6+p)

c, :cos(6-6)

¢, :cos(6-6-a)

¢ :cos(6-6,-p)

e . Euler’s number.

F : Vector of generalized actuator forces.

F : Force applied by the i’th linear actuator (i=1:--,3).
g : Gravitational acceleration.

Vi



9i

ci

: Mass center distance of the i’th moving link (i=1,--,7).
: Mass center of the i’th moving link (i=1,--,7).

: Mass center of the i’th counterweight (i =1,---,3).

: Right-hand side vector of velocity-level kinematic relations in Equation (2.20).
: Time derivative of matrix h.

V-1

: Centroidal mass moment of inertia of the i’th moving link (i=1,--,7).

: Centroidal mass moment of inertia of each of identical and identically located

counterweights.

: Centroidal mass moment of inertia of the i’th counterweight (i =1,--,3).

: Jacobian matrix constructed as in Equation (2.21).

: Jacobian matrix of the constraint equations.

: Jacobian matrix of the task equations.

: Time derivative of Jacobian matrix.

. i’th row, j’th column element of matrix J (i =1-,7,] =1,---,7).

: Total Kinetic energy of the robot.

: Lagrangian function.

: Mass of the i’th moving link (i=1,---,7).

: Mass of each of identical and identically located counterweights.

vii



ci

: Mass of the i’th counterweight (i =1,--,3).
: Generalized inertia matrix.
: ’th row, j’th column element of matrix M (i=1,---,7, j=1---,7).

. Vector of the Coriolis, centrifugal and gravity forces in the dynamic equations

of the robot.

: i’th element of vector N (i =1,---,7).

: End-point of the robot.
: Performance index given by Equation (5.1).

: Vector of generalized coordinates.
. First time derivative of vector q.

: Second time derivative of vector q.

: Position vector of the mass center of the i’th counterweight (i =1,---,3).
: AG, (i=1---,3)

: Position vector of the mass center of the i’th moving link (i=1,---,7).
:ith row of A matrix (i=1--,4).

: sin(6)

:sin(0 +a)

2 sin(6, + )

: sin(6,-6,)

viii



:sin(6,-6,-a)
:sin(6, -0, - B)
: Time parametrizing function of the path.

: End time of the task.

: The coordinate as shown in Figure 2.1.

- Initial position of the end-point in the x—direction.

: Position of the end-point in the X—direction.

. X coordinate of the singular point in the numerical example.
: The coordinate as shown in Figure 3.2.

: Trajectory along X —axis.

: Vector of task variables.

: Time derivative of vector X.

. Left-hand side vector of the dynamic equations of the balanced robot.
: Subvector of W as constructed in Equation (3.33).

: i’th element of vector W™ (i=1,--,4).

: Total potential energy of the robot.

: Velocity of the mass center of the i’th counterweight (i =1,---,3).

: Velocity of point G, (i=1:--,7).

: The coordinate as shown in Figure 2.1.



Yo

Ye

Ys

- Initial position of the end-point in the y—direction.

: Position of the end-point in the y—direction.

.y coordinate of the singular point in the numerical example.

: The coordinate as shown in Figure 3.2.

: Trajectory along y —axis.

: Constant terms used while obtaining the trajectory in the numerical example.

: Angle shown in Figure 2.1.

: Angle shown in Figure 2.1.

: Angle shown in Figure 2.1.

: Angular position of each of identical and identically located counterweights.
: Angle shown in Figure 3.1 (i=1,--,3).

: Constant used in Equation (3.45).

: Angle between the linear path and the X—axis in the numerical example

(Figure 4.1).

: Vector of Lagrange multipliers.

: i’th Lagrange multiplier (i =1,---,4).

: Combined vector of the actuator forces and Lagrange multipliers.
: Angular joint variables shown in Figure 2.1 (i=1,---,4).

: First time derivative of 6, (i=1,--,4).

: Second time derivative of 6, (i=1,--,4).
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AL

AV

A

: First time derivative of & (i=1,--,3).
: Second time derivative of & (i=1,--,3).

: Vector that contains the terms due to the counterweights in the dynamic

equations of balanced robot.

: 1’th element of A vector (i =1,~-~,7).

: Additional kinetic energy stored by the counterweights.

: Additional terms appearing in the Lagrangian function due to the

counterweights.

- Additional potential energy stored by the counterweights.

: Radius of the circle described in Theorem 1.

: Generalized force associated with the generalized coordinate ¢; (i=1:--,7).
: Determinant of matrix A .

: Absolute value of F (i=1,---,3).

Xi
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1. INTRODUCTION

Parallel robots are more and more preferred than serial ones because of their higher
acceleration ability, precision, rigidity, and payload-carrying capability [1-4]. However,
their main drawback is that there is singularity problem. There are three types of
singularities for parallel robots. Type | singularities are often encountered at the
workspace boundaries [5]; therefore, it can be said that they are not critical. Type 1l
singularities are characteristically seen only in parallel manipulators due to their closed-
loop architecture [5]. They occur within the workspace and highly decrease the
controllability around them [6,7]. A Type Il singularity happens when a Type | and a
Type Il singularity occurs simultaneously but this third kind of singularity can be

eliminated by a proper kinematic design of the structure [8].

Thus researches on singularities of parallel manipulators have been mainly about
overcoming the problems related to Type Il singularities. There are several methods
proposed to deal with them. One of these is the singularity free path planning [9]. This
method is about avoiding singular configurations while planning the path of the motion.
One drawback of this method is that usable workspace of the robot decreases. Another
method to overcome the problem is the introduction of redundant actuators [10,11].
Since the use of redundant actuators increases the total cost of the system, there have
been developed relatively less expensive methods. Sacrificing the control of a degree of
freedom of the robot [12] is another method that is worth mentioning. However the use
of this method decreases the controlled degrees of freedom of the manipulator while

passing through the singular positions.

A more preferable recent solution for problems caused by Type Il singularities is to pass
through the singular points by satisfying certain conditions, namely, “the consistency
conditions” [13,14]. These conditions were also further studied for their physical
meaning [15,16]. Recently, Ozdemir proved that consistency of the dynamic model at a
Type Il singular configuration is necessary but not sufficient to pass through that

configuration [17]. The additional conditions were also derived by him [17].



Other than these, Ozdemir studied on different methods that can be alternatively used
for satisfying the consistency of the dynamic model. These are the singularity robust
balancing method [18], which will be used in this thesis, and the singularity consistent
payload placement technique [19,20]. Both of these techniques can be used to follow
inconsistent trajectories. Singularity robust balancing method is to pass through an
inconsistent trajectory by using balancing elements, like counterweights, elastic
elements, and dampers. Singularity consistent payload placement method requires to
place the payload on the end-effector platform so that the dynamic equations are
consistent at the singularity.

Other than the aforementioned papers, some other recent studies on singularities of
parallel manipulators are as follows: Karimi et al. [21] worked on avoiding singularities
of 3-RPR parallel manipulator by using dimensional synthesis and self-
reconfigurability. Li et al. [22] focused on elimination of type Il singularities of 3T1R
mechanism by using actuation redundancy. Liu et al. [23] concentrated on singularity-
free path-planning of a 3-RRR robot by switching between working modes. Kaloorazi et
al. [24] worked on singularity free workspace of 3-RPR and 6-UPS manipulators, and
Liu et al. [25] on that of 4-RRR redundant manipulators. In a different context,
Ozdemir and Ider [26] proposed a switching controller for passing through singular

points.

Balancing which is also within the scope of this thesis has been mainly studied under
two headings: static balancing and dynamic balancing. Other than these two types,
singularity robust balancing method [18] can be considered as a third type of balancing
method. Static balancing of parallel manipulators has been a considerable research field
in the last decade [27,28]. The main purpose of static balancing is to overcome the
effects of link weights and reducing the needed driving torques (or forces).
Counterweight and elastic element methods are the two ways to statically balance a
parallel manipulator. Counterweight method basically relies on the placement of
counterweights such that the center of mass of the moving system is kept stationary
along the gravity direction [29]. Elastic element method keeps the potential energy of

the system constant by properly using springs [30]. These methods were studied for



different parallel manipulators in the literature [31-35]. Also, these two methods can be
used together [36].

The main goal of dynamic balancing is to compensate shaking forces and shaking
moments. Three widely used dynamic balancing methods are use of counter-mass and
counter-rotation [37-40], use of four-bars [41,42] and counter mechanisms [43], and
generation of optimal trajectories [44,45]. One drawback of counter-mass counter-
rotation method is that it increases total mass and total inertia of the system [46-48].
Balancing a four-bar mechanism is easier than balancing a complex mechanism so
dynamically balanced four-bar mechanisms can be used in order to balance complex
systems. However, this method may further increase the overall complexity of the
mechanism. It is worth to mention at this point that a dynamically balanced system is
also statically balanced but not vice versa [49]. For more details about dynamic
balancing, readers are referred to References [50] and [51].

Even though the singularity problem and balancing methods are still active research
subjects, singularity robust balancing concept is a very recent technique proposed by
Ozdemir [18] in 2016. With this new concept, inconsistent trajectories can be passed
through. This study aims to further study this recently proposed method of singularity
robust balancing [18] by focusing on a planar parallel manipulator. The mostly used
three degrees of freedom planar parallel mechanisms have 3-RPR [52-55], 3-RRR [56-
59], or 3-PRR [60-63] structures. These manipulators are still under extensive research
[64-68].

1.1. Aim and Scope of the Thesis

The aim of this thesis is to analyze the singularity robust balancing of 3-RPR planar
parallel robots. In order to achieve this goal, first its balance design equation is derived.
Then, by studying it analytically, two theorems and two corollaries are proposed and
proved. Finally, different balancing alternatives are discussed by considering a

performance index.



1.2. Outline of the Thesis

Chapter 2 presents kinematic and dynamic analyses of a 3-RPR mechanism. Dynamic
equations are obtained by using the Lagrangian method, and type Il singular

configurations are determined.

Chapter 3 applies the singularity robust balancing method to the mechanism. Again
Lagrangian method is used, and the singularity robust balance design equation is
derived. Then by using this equation, possible counterweight loci are obtained. Two

theorems and two corollaries are stated and proved in this regard.

In chapter 4, a numerical example is considered. A task which requires crossing a Type
Il singularity is prescribed. Without balancing, the mechanism cannot track the
prescribed trajectory since the necessary actuator inputs are unbounded in the vicinity of
the singularity. But, after balancing is applied to the mechanism, it can follow the
trajectory since the required actuator forces remain bounded in the neighborhood of the

singularity.

Then, in chapter 5, in order to get better insights, different balancing alternatives are
compared by considering a performance index. Finally, chapter 6 summarizes the

findings and gives conclusions.



2. KINEMATIC AND DYNAMIC ANALYSIS OF THE ROBOT

In this work, a 3-RPR mechanism will be considered. Figure 2.1 shows a 3-RPR planar
parallel robot. The manipulator is driven by three linear actuators. Thus, the active joint

variables are AB =&, AB,=¢&,, AB;=¢&. The actuator forces associated with

&, ¢&,and &, are shown by F, F,andF; , respectively.

Figure 2.1 A 3-RPR manipulator

The mass center of link k is located at point G, , and it has a mass m, and a centroidal
moment of inertia I, (k=1---,7). Table 2.1 gives the centroid locations of the moving

links of the robot. The dimensions associated with the moving platform are BB, =h,,

B,B, sz, BlP:b3.



Table 2.1 Mass center locations of the moving links

Mass center distance Symbol
AG, o)
BG, 9,
AG, 9s
B,G, d,
AG; 9s
B,G, Js
BG; g;

Point A is the origin of the fixed coordinate system xy.The gravity acceleration g is
taken to be along the negative y—direction. In the formulations the cosine and sine
functions are shown by ¢ and s, respectively, whereas their argument angles are
denoted as subscripts. These subscripts are as follows: i denotes the angle &, i' the
angle 6 +a, i" the angle € + 3, ij the angle 6 —6,, ij' the angle 6 -6, —a, ij" the

angle 6, -6, — B where i, j=1,2,3,4 (see also the Symbols section of the thesis).

2.1. Kinematic Analysis

There are two closed loops of this system. Loop closure equations can be written by

disconnecting and reconnecting joints B, and B,. First loop is chosen as

A —B, —B, —A, —A and the corresponding equation is written as follows:

AB +BB, =AA +AB, (2.1)
£e +be’ =3, + &e” (2.2)

It is possible to decompose Equation (2.2) into its real and imaginary components.

Imaginary part is given as y coordinate and real part is given as X coordinate.



Real : &c +be, =a +&,C, (2.3)

Imaginary:  &s, +bs, =&, (2.4)

Second loop closure equation is written as follows by considering the loop

A-B-B-A-A:

AB, +BB, = AA + AB, (2.5)
& +h,e" ") =a, +ia,, +£e™ (2.6)

It is also possible to decompose Equation (2.6) into its real and imaginary parts in the
same manner as done before for Equation (2.2):

Real : &c +bc, =a, +&¢C, (2.7)
Imaginary:  &s, +b,s,. =a,, +&s, (2.8)
Define

a=[6, & 6 & 6 & 6] (2.9)

By differentiating Equations (2.3), (2.4) and (2.7), (2.8) one can obtain velocity level

loop closure equations as follows:

J.g=0 (2.10)

_5151 G 5252 —C, 0

0

Gt S =60 S 0 0 b1C4 (2.11)
C
S



Position vector of the end-point P can be written as follows:
AP=AB, +BP (2.12)

Let x, and y, be the x and y coordinates of the end-point, respectively. Then,

Equation (2.12) can be rewritten in complex form as:

Xp +1Yp = gleigl +b3ei(94+y) (2.13)

By separating real and imaginary parts of Equation (2.13), and noting that 6, =6,

position level task equations can be obtained as follows:

Xp = &G +biC,. (2.14)
Yp = &S T8, (2.15)
0, =0, (2.16)

Velocity of the end-point P can be obtained by differentiating Equations (2.14)-(2.16):

J.g=X (2.17)
where
-&s, ¢ 0 0 0 0 —bs,
J;={ &c s, 0 0 0O O bgc, (2.18)
0O 0 0O0O0OO 1
and
X= [XP Yo 6, ]T (2.19)

By following [13,14], one can combine Equations (2.10) and (2.17) as:



Jg=h (2.20)

where
J= J. 2.21
b (2.21)
and
0
h :[X} (2.22)

In order to obtain the acceleration level kinematic relations, one can simply differentiate
Equation (2.20).

Jg+Jg=h (2.23)

Equation (2.23) can be solved for g as follows:

§=J"(-Jg+h) (2.24)
where
‘J:ll ‘]12 ‘jl3 ‘J14 O 0 ‘]:17
‘]'21 ‘J22 ‘]23 ‘]24 O 0 ‘J'27
‘J31 0 O O ‘]35 ‘]36 ‘J37
J= J41 0 0 0 ‘]45 ‘]46 j47 (2'25)
‘]51 0 O 0 0 ‘J57
J, O 0 0 0 0o J,
i 0 0 0 0 0 |
Elements of J are as follows:
jn = ‘j31 = j51 = _5131 _51‘9.1(:1 (2.26)



‘j21 = J41 = j61 = éélcl _519151 (2-27)

J,=J,=0s, (2.28)
J,, =3, =—6,c, (2.29)
J.=&5,+&05, (2.30)
Jp =—£,C, +£,0,5, (2.31)
J = &5, + &0, (2.32)
Js=—EC,+ &0, (2.33)
Jis =68, (2.34)
Je = -0, (2.35)
J, =-béoc, (2.36)
J,, =-b6,s, (2.37)
J,; =-bé,c, (2.38)
J; =-b0,s, (2.39)
Js; =-bé,c,. (2.40)
Je = 06,8, (2.41)

As apparent from Equation (2.24), singularities arise when

|J| = _616253 =0 (2-42)

10



These singularities are of Type | [13, 14]. They correspond to cases where the length of
any of the legs of the robot becomes zero. Such a case is not physically possible, so
Type | and Type 111 singularities are not taken into account in this study.

2.2. Dynamic Analysis

The Lagrangian method will be used to formulate the dynamics of the robot. General
form of the Lagrangian equations can be written as below:

z'i:i i L (2.43)
dt g, ) oq

where 7, stands for the generalized actuator force or torque at the joint whose joint

variable is g, , and L is the Lagrangian given by
L=K-V (2.44)
Here, K and V are the total kinetic and potential energies of the system, respectively.

In order to obtain the Lagrangian, one can start by writing the position vector of mass

center of each moving link in complex form:

Is, = 9,C +19,5, (2.45)
rs, =(&-9,)c+i(&-09,)s (2.46)
I, = 05C, +195S, (2.47)
rs, =(&-9,)¢,+i(&-9,)s, (2.48)
Is, = 0sC; +105S; (2.49)
ro, =(&—096)Cs +i(& — 95 ) S (2.50)
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Is, =&C +9,Cp + i (5151 + 9734') (2.51)

Differentiating Equations (2.45)-(2.51), one can obtain mass center velocities. These

velocities will be needed to find the kinetic energy of each link.

Vs, =—6,9;s, +i6,9,¢, (2.52)
Vs, =66 —(&-0,)08, +i (éls1 +(& - gz)élcl) (2.53)
Ve, =—6,0;8, +i6,0,C, (2.54)
Vo, =66, —(&-0,)0,5,+i(&s, +(&,-9,) 0,6, ) (2.55)
Ve, =—6,0:5, +i6,9,C, (2.56)
Vo, =& —(&—05) 08, +1 (&8, +(& — 0) 0,6 (2.57)
Vo, =& —0&s,— 0,05, +i(&s, + 6,46 +0,9.¢, ) (2.58)

In order to obtain the kinetic energy of each link, the squares of the magnitudes of the

above velocity vectors should be found. They are obtained as follows:

Ve =679; (2.59)
VE =& +(E-0,) & (2.60)
Ve =059; (2.61)
VE =& +(&,-9,) 6 (2.62)
Ve =059¢ (2.63)

12



=& +(&-9,) 6 (264)
= 512 + 6-’12512 + 6)42972 + 25‘19‘4 9754 + 291945197014' (2-65)
Then the Lagrangian function for the open-tree system is written as:

1, ., 1
6797 + —|92+ m(ei HE-0,) &)+ 5|295+5m30§g§
1. . . : 1 ., 1
+E|3922+Em4(522+(§z _94) 0;)+§|4€; +§m56’295 I 02

1 . 1.
g +(e o a) i -

+§ m7 (512 + 912512 + 942972 + 2§194g7814' + 291945197(:14')

1 '2
+5 10 ~mgg,s, ~m,g (&-9,)s.—my09,5, —-m,9 (&, —9,)S, — M09S,
_meg (53 - ge)ss - m7g ((flsl + g7S4')

In the following part, the equations of motion will be derived for the open-tree system.

The equation of motion associated with ¢, =&, can be obtained step by step as follows:

drat) g (2.67)

dt\ 06, ) 06,

8(9 =m (51‘9 97Cus 61045197314')_ m,9g,¢, —m,g (é:l -0, )Cl - m7g§1C1 (2-68)

aL . 2 . . 2 . 2 . .

g =m6,9; + 1,6, +m,06, (651 - gz) +m, (‘9151 + 0465197C14')+ 1,6, (2.69)
1

d( oL --
a(a_é)ljzel(mlglz 1+ +m, (51_92)2 +m7§12)

+2m291§'1 (‘:1 -0, ) + m7§'1 (2‘9151 + 9497C14' ) + é4m7§197cl4' (2-70)
m, (‘91 - 6"4)(‘9‘45197314')
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[9'1 (m1g12 + Il + Iz + mz (é:l - 92)2 + m7§12)+ 2m26’1§1 (51 - gz)"' 2m7§.16.’1§1
+é4m7§197cl4' + m7éf§197514' +m,gg,¢, +m,g (51 - gz)cl + m7g§1C1 =0

(2.71)

Equation of motion associated with g, =¢ is derived by using the Lagrangian method

below.

dfo) o _¢ (2.72)

dt\ 0& ) og

L me 2+ 6,0 2.73

% =m, 0 (951 -9, ) +m, (91 G+ 91‘9497C14')_ m,gs, —m,gs, (2.73)
1

oL ; . .

—z =M+, (‘51 + ‘9497314') (2.74)

)

d( oL .. .. . . .

—|l == =& (mz +m, ) +6,m, 9,8, +m, (91 _94)9497(:14' (2.75)

dt| 8&

51 (mz +m; ) + é4m7 9754 — m794297cl4' - mzélz (51 -0 ) - m7‘912§1 +M,gs, (2.76)

+m,gs, = K

Equation of motion associated with ¢, =6, is obtained below.

afe) a_g o

dt\ a6, ) a6,

oL

—~5 = ~M;9g,C, —M,g (52 - g4)cz (2.78)

06,

oL : . . :

pr m,6,92 + 1,6, +m,6, (& -9,) +1,6, (2.79)
2

d( oL . ..

E[G_HZJ = ‘92 <m39§ + |3 + |4 +m, (52 -0, )2>+ 2m4‘92§2 (§2 - 94) (2-80)
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92 (msg§ + |3 + |4 + m4 (52 - 94)2)"' 2m46)2§2 (52 - g4)+ msggscz

+m,g (982 _94)C2 =0

Equation of motion associated with ¢, =&, can be derived as:

d
dt

|

oL

0%,

The derivation of equation of motion associated with ¢, =&, is given below.

a
dt

|

oL

0" —M;99sC; — M (& — 95 ) C,

oL

06,

4
dt

|

a
9%,

oL

a0,

L
06,

}@ig
0,

~r m49'22 (52 - 94)_ m,gs,

L
00,

m59.3952 + |593 + m693 (63 - 96)2 + |693

j=é3(m5952+ I.+ 1, +mg (53_96)2)+2m693§.3(§3_g6)
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(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)



é3 (m5g52 + Is + |6 +Mmg (53 — 0 )2)+ stgséés (53 - 96)+ M;3QsCs

(2.91)

+Me9 (53 - ge)c3 =0
Equation of motion associated with ¢, =&, can be determined as:

dra) o ¢ (2.92)
dt\ o0&, ) 90&,

oL :

— =m0, (& —9)—mygs, (2.93)
0%,

oL .

52 = (2.94)
d( oL =

| = =Em 2.95
dt [agj M (2:95)
Emy —my07 (£, — g5 )+ M,gs, = F, (2.96)
Finally, equation of motion associated with g, =6, is obtained as follows:

dra) g (2.97)
dt\ 06, ) 06,

oL . .

89 =m (‘99 §197 14' 516’497014')_ m,gg,C,. (2-98)
oL

5(9 =m (9 97 +§197514 +9§lg7 14' )+ | 9 (2.99)
d( oL -

o [ ) j b,(mog; +1,)+m, (&9, +(8,-6,) 49,0, 2100

+9’1§197C14' + 6}15197(:14' + (94 o 91)0.1‘5197514')
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é4 (m7 972 +1; ) +m, (6‘8‘197314' + 6’15197(:14' + 29‘15197%4' - 6}125197514' ) +m,9g,¢c, =0 (2.101)

Equations of motion of this manipulator are coupled. For the purpose of finding the
forward or inverse dynamics solution, these equations can be better expressed in matrix

form. The equations of motion of the open-tree system can be expressed in matrix form

as follows:
Mg+N=F (2.102)
where
M, 0 O 0 0 0 M,]|
0 M, O 0 0 0 M,
0 0 M, O 0 0 0
M=| O 0 0O M, O 0 0 (2.103)
0 0 0 0 Mg O 0
0 0 0 0 0 M, O
‘M, M, 0 0 0 0 M, |
_Nl_
N2
N3
N=|N, (2.104)
N5
N6
_N7_
and
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-
Il
o ,J1 o0 o, T o

The elements of M and N appearing above are given as:
M11 = 1912 + Il + |2 +m, (51 - 92)2 + m76812
M, =m,59,C,

Nl = 2m291‘§1 (51 B gz ) + 2m7§191§1 + m7942§197314' + mlgglcl + ng (Cfl - gz )C1
+M;9&,C

M,,=m,+m,

M,, =m.g,S,,

N, =-m,079,¢,,. —m,67 (& —0,)—m,62& +m,gs, +m, gs,
My =myg2+ 1, +1,+m, (& -9,)

N, =2m,6,&, (&, - 9,)+Mm,99.¢, +m,g (& - 9,)C,

M, =m,

N, =-m,&7 (& —g,)+m,gs,

2
Mss :m5g52 + |5+ |6+m6(§3_g6)

18

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)



N5 = stésés (653 — 0 ) +M;gg,C; + Mg (53 - 96)03 (2.117)

Mgs =M (2.118)
Ne =-Mg65 (& — gg ) + My S, (2.119)
M7 =m,&9,C (2.120)
M, =m,g,s,, (2.121)
M, =m,g7 +1, (2.122)
N, =m, g, (264¢,, —60&s,, +9c, ) (2.123)

The equations of motion of the closed-loop mechanism can then be written as:

Mg+N=F+J/A (2.124)

where A=[4 4, 4 /14]T is the vector of Lagrange multipliers.

By following [13,14], the right-hand side of Equation (2.124) can be rearranged as:

Ap=F+J]A (2.125)
where
000 -GS 4G —GiS; (o) |
1 00 ¢ S, C, S,
0 0 0 &s, -4, 0 0
A=01 0 -c, -5 0 0 (2.126)
000 O 0 &Sy, —&,C,
001 O 0 —C, —S,
10 0 0 -bs, Dbc, -bs, bgc,
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and

(2.127)

=
Il
LN u}) I\)A) »}) (:n N-I-I »—‘-n

Following References [13, 14], it can be noticed that Type Il singularities occur when
|A| = 16,63 (b1513542 + b2512534") =0 (2.128)

Since it is not physically possible for &,&,,&;to be zero as mentioned before, one can

conclude that a Type Il singularity is encountered when:
BS13S,, +10,8,8- =0 (2.129)

The required linear actuator forces and Lagrangian multipliers are found by using the

following equation.
p=A"(Mj+N) (2.130)

Expanding Equation (2.130) leads to:

1 . .
F = W(ézfs (b1C13342 + b2012334")(M1191 + M1794 + Nl)

—G1625s (b1524331 + b2521334"“) ( M 2251 +M 276;4 + Nz) ) (2.131)
+183 (b1343 + b2§.34")(M 3.3.62 + Ns) +615 (b1542 + b2324")(M5563 + Ns)
—$162835 (M 16+ M8 + M0, + N, ))
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1 . .. .
Fz = w<_§2§3b2534" (Mllel + M1794 + Nl) - 514:3 (b1313C24 + b2(:12534" )(Masez + Na)

66085 (0815850 + 0,885 ) (Masd + N, ) = 655058, (Mol + N ) (2.132)
+8,6,8:53 ( M.,0, + M5 + M0, + N, ))

Fa = ﬁ(_éngablsu (Mllél + M17é4 + Nl)_ élé:SblSAl (Msaéz + Ns)

—G1% (b1C13542 +D,5,,Cy- ) ( M5, + Ny ) (2.133)
~£:8:65 (0.53:8,, +1,8,:85,.) ( M 66?3 + N, )
—G152835x ( M:6 + Mo, & + M6, + N, ))

Hence as shown in Equations (2.131)-(2.133) the required actuator forces tend to

infinity when |A| becomes zero.
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3. APPLICATION OF THE BALANCING METHOD

In this chapter, the singularity robust balancing method [18] will be applied to the robot.
Figure 3.1 shows a balanced 3-RPR mechanism with three counterweights.

Counterweights are placed close to the base in order to decrease their inertial loads.

Figure 3.1 A balanced 3-RPR mechanism

Three counterweights with masses m,,m.,,m, and centroidal moments of inertia

I, 1.,, 1, are considered in this study. The mass center location of each counterweight

isgivenby L =AG,, ,=AG,,, ,=AG,.

3.1. Dynamic Equations of Motion of the Balanced Robot

In order to determine the additional terms that will appear in the dynamic equations due
to the counterweights, one can start by writing position vectors of their mass centers in

complex forms as follows:

r, =r,cos(6,+3,)+rsin(6,+3,)i 3.1)

r, =1,C08(8,+5,)+r,sin(6,+3,)i (3.2)

23



Iy =1,C08(6,+3;)+1,5iN (6, +3,)i (3.3)

By differentiating Equations (3.1)-(3.3), velocities of the centers of masses of the
counterweights can be obtained. By obtaining these velocities, the change in the Kinetic

energy of the system caused by the counterweights can be found.

V,, =—16,sin(6, +6,)+1.60,cos(6, +35,)i (3.4)
V,, =—1,0,sin (6, + 8, )+ 1,6, cos (6, + 5, )i (3.5)
Vi, =—1,0,5in(6, +3,) + 1,0,c08(6, + 5, (3.6)

By using Equations (3.4)-(3.6), one can obtain the squares of the velocities of

counterweight mass centers:

Vi =6 (3.7)
Ve =6r; (38)
V= 932 ry (3.9)

The change in the Lagrangian can be expressed as:
AL = AK — AV (3.10)

Here, AK represents the change in the Kinetic energy of the system due to the

counterweights.
AK = MGGt 4210 M0 421,02 4 2 m i 2 10 (311)

The change in the potential energy of the system, AV, can be expressed as:

AV = gmr,sin (6, + 6, )+ gm,,r, sin (6, + 8, )+ gm,r, sin (6, + 6, ) (3.12)
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Substituting Equations (3.11) and (3.12) into Equation (3.10) gives:

1 1 1 1

AL = E mclélzrf +% |c1912 + E mczézz rz2 + E |c2‘9‘22 + E mcsész r32 + L

a Ic36.32
2 (3.13)
—gm,, 1, Sin (6, + 6, ) — gm, 1, sin (6, + 8, ) — gm;r, sin (6, + 6;)

The additional terms in the equation of motion associated with g, = &, can then be found

as described below.

Let
d(oAL | OAL
= = |- (3.14)
dt\ 06, | ag,
Then,
AL
2 =—gm,r,cos(6,+6,) (3.15)
00,
AL : :
aa_é = mc191r12 +1.6; (3.16)
1
d aAL -~ 2
E( % ]=5rl(mclr1 +1y) (3.17)
Thus,
A, =6, (myr? +1,)+gmyr cos(6, +4,) (3.18)

The additional terms to be added to equation of motion associated with g, =6, can be

found as shown below.

AL
2 =—gm,,r, cos (6, +6,) (3.19)
00,
OAL . .
892 = mc2‘92r22 + |0292 (3.20)
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d aAL ~ 2
E(ae‘z J:az(mczr2 +1g,) (3.21)
_dfoaL) oAL
° dtl 66, ) o6, (3.22)

=6, (mczrz2 + I02)+ gm,r, cos(6, +6,)

Lastly, the additional terms that will be added to equation of motion associated with

g; = &, is obtained below.

AL
29 =—Qgm,,r, cos(6; +5,) (3.23)
3
OAL : :
20 =M, 0,17 + 156, (3.24)
d({oAL )| .
a[ags ]:93(mcsr32+lc3) (3.25)
d (8ALJ_ OAL
° dtl a6, | 06, (3.26)

=0, (Mt +1.5)+ gMegr, cos (6, +5,)
The dynamic equations of the balanced mechanism can then be expressed as:
M+N+A=Ap (3.27)
where A is given by
A=[A, A, A, A, Ay A, AT (3.28)

Recall that A,,A; and A, are already obtained in Equations (3.18), (3.22) and (3.26),

respectively.
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Since AL includes neither &,¢&,,&,,6,, nor their derivatives, A, =A, =A;=A,=0.

Hence,

6, (Mt + 1y )+ gmyr, cos(6,+5,)
0

0, (Mt +1,,)+gme,r, cos(6, +3,)

A= 0 (3.29)

G, Mty + 15 )+ gmgr, cos (6, + 6, )
0
0

3.2. Derivation of the Balance Design Equation

First of all, rank deficiency of matrix A at a singular configuration should be
determined. Let v be the rank deficiency of matrix A at the singular position. If
q
dt’
some high order conditions should be satisfied [17]. Recall that matrix A is already
found in Equation (2.126).

|A| =0 then, in addition to the satisfaction of the consistency conditions [13,14],

It is obvious that rows 2, 4 and 6 of matrix A can never be linearly dependent with its
other rows, so it will be sufficient to study the linear dependency relation among the

rows of the below submatrix of A at the singularity:

-G8 &6 —&S &G
* 98252 _é:zcz 0 0
o0 &s &g
_b154 b1C4 _b254“ b2C4"

A (3.30)

Let the rank of A” be 3 so, it is rank deficient by one at a Type I singularity. Suppose

further that the following relation exists among its rows at this singularity:

CR,+C,R,+C,R,+C,R, =0 (3.31)
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where R, denotes the i *th row of the A" matrix and C, are coefficients that are not all

zero (i=1--,4).

In this thesis, E|A| is assumed to be nonzero at the singular position, so satisfying the

consistency condition will be enough for passing through the singular configuration in a
stable fashion [17]. Left-hand side of Equation (3.27) can be rewritten as:

W=Mg+N+A (3.32)

Similar to the partitioning of A as described above, only the first, third, fifth and
seventh elements of the vector W will be considered since these rows correspond to the
unactuated joint variables [18]. Let the W’ vector be a 4x1 vector that only consists of

these elements of vector W, i.e.,

%
=
M, O 0O 0 0 0 M, i N, A,
.0 0 Mgz 0 0 0 0 || [N |A
W = - A I N (3.33)
0 0 0O 0 M, O O (| N, A
M, M, 0 0 0 0 M, ‘f’:” N, A,
S
_é4_
Let it be rewritten in a more compact form as follows:
Wl*
w=| (3.34)
W3
W,
where

28



Wl* = ‘942.51.97m7514' + 91 (mclr12 + Icl)+ 01 ( I, +1, + 912m1 + §12m7 +m, (é:l -0, )2)
+26, (&m, +m, (51 -9, )) +m,,,g cos (8, +6,)+g,mgc, +&m,gc, (3.35)
+ngcl(§1 - 92)+§3§197m7014'

Wz* :652(mc2r22 + Icz)"'és(ls"' l, +932m3+m4 (652 _94)2)+mc2rzg COS(52 +92)

Ay (3.36)
+202§2m4 (62 - 94)+ 9;m;gc, +m,gc, (52 - 94)

W3* = 93.(mc3r32 + IC3)+$;|.(I5 + |6 + 952m5 + m6 (53 - g6 )2)+ mcSrsg COS(53 +83) (337)
+26’353”"6 (953 - ge)"’ 95m59C3 + megcs (4:3 - ge)
W4* = 623 (g72m7 + |7)+ g7m7 (_9.12661514' + 26}1‘5:1(:14‘ + gc4.)+ é2g7m7314' + éléglg?m7c14' (3-38)

Thus, the balance design equation to be satisfied for the singular configuration can be

written as:
CW, +CW, +CW, +CW, =0 (3.39)

There are 12 independent parameters in balance design Equation (3.39). For simplifying

the problem, the counterweights will be assumed to be applied such that

m,=m,=m,=m (3.40)
L=hL=L=r (3.41)
I =1,=1,=1, (3.42)
0,=6,=0,=0 (3.43)

Then the balance design Equation (3.39) reduces to:
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(m.r?+1.)(C+C,0, +Cy4,)
+(m,rg)(C,cos(5+86,)+C,cos(5+86,)+C,cos(5+6;))

+C, (941.29Z197m7314' + ‘91 ( L+ 1, +g/m + &'m, +m, (51 -0 )2)

+291§1 (§1m7 + mz (51 - gz )) + glmlgcl + §1m7 gc1 + mz gcl (‘51 - gz ) + ‘535197m7c14')

+C, (‘93 ( ly+1,+9;m; +m, (52 -0, )2)"‘ 20,&,m, (é:z - 94)"‘ g;MsQc, (3.44)
+m,gc, (é:z - 94))

+C, (51 ( I +1g+ gszms +my (53 - 96)2)+ 29’353'“6 (fs - ge)"’ 9sM59C,

+MgJCs (é:s - ge))

+C, ('fs (g72m7 + |7)+ g,m; (_6}12&514' + 29151014' + gc4.)+ ézg7m7514'

+9‘1‘§197m7c14') =0

By rearranging trigonometric expressions,

(m.r?+1.)(Cé+C,0, +C4,)

+(m,rg)(Cssin(5+¢))

+C, (éj§197m7314' + ‘91 ( I +1, + glzml + §12m7 +m, (51 -0, )2)

+291§1 (§1m7 + mz (51 F gz )) + glmlgcl + §1m7 gC1 + mz gC1 (é:l - gz ) + 535197m7c14')

+C2 (‘93 ( |3 + |4 y g32m3 + m4 (écz - 94)2)"‘ 292§2m4 (§2 - 94)"' gsmagcz (3.45)
+m,gc, (é:z - 94))

+C, (51 ( ls + I+ gemg +m, (fs - 96)2)+ 293§3m6 (fs - ga)"’ 95M5gC,

+MqgC; (& — )

+C, (983 (g72m7 + |7)+ g,m, (_6}12631514' + 26.151014' + gC4')+ ézg7m7314'

+9‘1§197m7c14') =0

where

gmatmz| G2 TR @
and

C, =(C6, +C,C, +Cic, ) +(Cis, +C5, +Cis, ) (3.47)

In more compact form:
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Cx(mcr2+IC)+CymCrsin(5+¢5)+CZ =0 (3.48)

where

C,=C6H +C,0,+Ch, (3.49)
C, =C,sin(5+¢) (3.50)
and

C,=C, (éjglg7m7su. +6, ( L+ 1, +g7m +&m, +m, (& - g, )2)
1204 (&m, +m, (& -9,))+ 8mgc, + EM,gc, +m,gc, (& - g, )+ E&g,mic,,. )
+C, (653 ( L+ 1, +g5m, +m, (& - g4)2)+ 20,&,m, (&, —g,)+9,m,gc,
+m,ac, (&,-9,)) (3.51)
+C, (cfl( s+ 1+ 92mg +m, (& — ge)z)+ 20,6,m; (& — g5 ) + 9sMygc,
+MggCy (53 - 96))
+C, (53 (g?m7 +1, ) +g,m, (—0'1251514. +26,Ec, + gc4.)+ 6,9,m.s,,.
+6,£,9,m,C,, )

3.3. Consistent Positions of Counterweights

In this section possible counterweight locations will be determined. In order to do that,

balance design Equation (3.48) will be examined.

Theorem 1: Consider a 3-RPR planar parallel robot as shown in Figure 2.1. Let the
manipulator be balanced for crossing a Type Il singular configuration using three
identical counterweights, each being fixed identically to one separate leg as shown in

Figure 3.1. Let further A be rank-deficient by one at this configuration. Suppose also

that %|A| # 0 at the singularity time. Then, for a given desired motion, the consistent

loci of each counterweight on the associated leg describe a circle centered at x'=C, ,

. . C, | : :
y'=C,, and having a radius of  |C,+ m“—m—° where AX'y' is the coordinate

C C
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system that is attached to that leg as shown in Figure 3.2, x'=rcos(5), y'=rsin(5),

C,,=-C,sin(¢)/(2C,),  C,,=-C,cos(¢)/(2C,),  C,=Cl/(4C})  and

z

c,=-C,/C,.

Figure 3.2 x'— and y'— axes where i=1,2,3
Proof: In order to prove this theorem, Equation (3.48) should be rearranged as,

er2+Cyrsin(5+¢)+%+%=O (3.52)

c c

Expanding the trigonometric term in Equation (3.52) leads to;

C,r?+C,rcos(6)+C,rsin(5)+C,/m +C,1 /m =0 (3.53)
where

C, =C,sin(¢) (3.54)
and

C,, =C, cos(¢) (3.55)

Equation (3.53) is the equation of a circle. In order to see this, recall that x'= rcos(é) ,

y'=rsin (5) (see Figure 3.2). Then,
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C,(x?+y?)+Cx+C,y"+C,/m +C,1 /m =0 (3.56)

2 2 2 2
X|2_ _& Xl+ & +yl2_ _Cyz yl+ Cyz — Cyl + C)’Z
C. 2C. C. oc. ) “l2c. ) Tlac,

(3.57)
&
CXmC mC
. . . . C, |
x?-2C  x+Cl,+y*?-2C ,y+C;, =C/,+C;, + ml - (3.58)
where
C, .
Cys =—5a-=-C,sin(¢)/(2C,) (3.59)
C,
C,e == =-C, cos(¢)/(2C,) (3.60)
and
C,
Ca=-¢" (3.61)
Then,
. 2 : 2 C, |
(x=Cys) +(y-C,) =C,+ o (3.62)
where
cz+c%, (c, Y
C,=Cl+Cj=— i 2 = ZCVX (3.63)
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Equation (3.62) is the equation of a circle centered at x'=C_; , y'=C,, and having a

: C, |
radius of [C,, +—21——2.
mC mC

Corollary 1: For a singularity robust balancing to be possible, the following inequality

should hold at the singularity.

C,(mr?+1,)+C,
c,m.r

‘31 (3.64)

Proof: In order to prove this theorem, Equation (3.48) can be rearranged as:

C,(mr®+1,)+C

: 3.65
C,mr (3.65)

sin(6+¢)=—

Since absolute value of the sine function can’t be higher than 1, satisfying the balance

design equation is not possible outside the given interval stated in the corollary.

Corollary 2: For a singularity robust balancing to be possible, the following inequality

should hold at the singularity.

C I
C + x1 "¢ > 0 366
z1 m m ( )

C C

Proof: In Theorem 1, the radius of the circle that describes consistent positions of each

of identical and identically located counterweights is given as

’ C |
=[C, +>x_—¢ 3.67
P 21 m. m ( )

In order to have a non-zero real radius, the inequality (3.66) should be satisfied.
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Theorem 2: Under the conditions of Theorem 1, consistent loci of different
counterweights on each leg describe concentric circles for a given desired motion as
long as the conditions of Corollary 1 and Corollary 2 are satisfied.

Proof: The center of the circle of interest is located at x'=C , and y'=C,,. Since C ,
and C, expressions do not contain any counterweight parameter, center locations will

be the same for consistent locations of different counterweights. However their radii are
functions of counterweight mass and mass moment of inertia as given in Equation
(3.67).

Note that similar conclusions were previously drawn by Ozdemir [19,20] for proper

payload locations of planar parallel robots passing through Type 1l singularities.
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4. NUMERICAL EXAMPLE

Throughout the rest of the thesis, the numerical values provided in Table 4.1 are used

for the robot parameters.

Table 4.1 Numerical values of the robot parameters

Parameter Value Parameter Value Parameter Value
a, 1m m, to m, 0.05 kg 7/6
a,, 0.5m m, 0.1 kg Yij 7/3
a,, im I, to I 10™* kg'm? /4 7/9
by, b, 0.2m I, 3x107* kg'm?
b, 0.1m g, to g 0.5m
g, J3/2m

4.1. Generating a Trajectory that Passes Through a Singular Point

Figure 4.1 shows the considered path.

Figure 4.1 The path considered

Trajectories along x and y axes can be written as:

X(t) =X, +s(t)cos(y)
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y(t) =y, +s(t)sin(y) (4.2)

where t denotes time, x, =0.7767 m, y, =0.6686 m,  =45°, and the total length of

the path is 0.02 m. The total duration of the task is t; =10 s.

The task requirements considered while generating the trajectory s(t) are given in

Table 4.2.

Table 4.2 Trajectory requirements

Initial Conditions Final Conditions
s(t=0)=0 s(t=t,)=0.02
$(t=0)=0 s(t=t,)=0
5(t=0)=0 s(t=t,)=0

The above requirements can be satisfied by using a fifth order polynomial for S(t).

S(t) =zt + 2,t* + z,° + 7,t* + 2t + 7, (4.3)
where

z,=0 (4.4)
z,=0 (4.5)
z,=0 (4.6)
z,=0.2x10" 4.7)
z, =—0.3x10™ (4.8)
z. =1.2x10°° (4.9)
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Figure 4.2 shows the y versus x curve.

0.684 T T T T T T T

T

0.682

0.68 -

T

0.678

y (m)

0.676 -

0.674 -

T

0.672

0.67 -

0.668 1 1 1 1 1 1 1
0.776 0.778 0.78 0.782 0.784 0.786 0.788 0.79 0.792

x (m)
Figure 4.2 y versus x curve.

The end-point of the robot crosses a singular point with x, =0.7838 m, y, =0.6756 mat

t =5 s while this trajectory is realized.

4.2. Inverse Dynamics of the Unbalanced Robot

It can be seen that the required actuator forces for the robot to follow the prescribed
trajectory grow unbounded near t = 5 s which is the singularity time. Hence the desired

trajectory cannot be achieved by the unbalanced manipulator.

Actuator forces (N)
o

-5

Time (s)

Figure 4.3 Required forces for the unbalanced system to realize the prescribed

trajectory
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4.3. Inverse Dynamics of the Balanced Robot

When the values of the model parameters and joint variables at the singularity are

substituted, A matrix becomes:

—0.6842 0.6842 -0.6842 0.6842

. | 0.6000 0.1344 0 0
) 0  -0.2008 0.3478

0.0842 0.1814 -0.1150 0.1636

(4.10)

Rank of A" is 3 so, it is rank deficient by one. The following relation holds at the

singularity.
CR,+CR,+CR,+C,R, =0 (4.11)

where C, =-0.1941, C, =—0.3617, C, =0.0886, C, =1.

For the considered trajectory, E|A| is nonzero at the singularity time (see Figure 4.4)

so satisfying the consistency condition will be sufficient for passing through the

singular configuration in a stable fashion [17].

det(A)

Figure 4.4 |A| versus time graph while the robot is following the given trajectory.
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W is calculated at the singularity as:

| 1.0068+2.4760(m K2 +1,,)x10% +9.81m,r; cos(0.7854+5, ) |
.| -0.0659+0.3364(m,,r; +1,,)x10™* +9.81m,,r, c0s(1.7912+5, )

0.1706 —-0.4359(m,,17 + 15 )x10™* +9.81m,,r;, c0s (5.7596 + 3, )
0.84620

(4.12)

It follows from Equation (3.39) that the balance design equation for this particular case

is:

0.6897 —0.4806 (M1’ + 1, )x10* ~1.9041m,1, c0s(0.7854+ 5,
~0.1217(mg,r; + 1, )x10~* —3.5483m,1, c0s (1.7912+5,) (4.13)
~0.0386(m,,ry + 15 )x10™* —0.8692m,,1, €05 (5.7596+ 5 ) = 0

or, if the counterweights are applied such that Equations (3.40)-(3.43) are satisfied, then

it reduces to

0.6897 — 0.1603(mcr2 +1, ) x107* +5.2464mrsin (0.03467 +5) =0 (4.14)

There are 4 different counterweight parameters in the above equation, and hence 6

different binary combinations of them can be examined. According to Equation (4.14),
one balancing scenario can be selected as 6=57/4, I, =5x10"°, m_, =0.3596, r=0.5.

The required actuator forces remain finite and continuous for this balanced robot, as

shown in Figure 4.5.
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2t =Py
_________________________________ ==F,

o
T

Actuator forces (N)
N

4F
B6F
_8 A L A A
0 2 4 6 8 10
Time (s)

Figure 4.5 Required forces for the balanced system to follow the given trajectory.

In the following chapter, different balancing alternatives will be analyzed in more detail.
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5. COMPARISON OF DIFFERENT BALANCING ALTERNATIVES

In order to compare different balancing alternatives, a measure that determines the

effectiveness of the applied balancing is needed. This performance index is chosen as:
S
PI=]. ;|Fi|dt (5.1)

In Equation (5.1) Pl stands for the performance index. For reducing the actuator

efforts, the value of this index should be kept as low as possible.

5.1. Examination of the r versus m. Relation

By examining the r versus m_ graph (Figure 5.1) one can conclude that the mass
moments of inertia of the counterweights do not lead to dramatic changes in the suitable
values of m, and r for realizing the prescribed task. The reason of this is that the
coefficient of 1. is in the order of 10 in Equation (4.14), but of course, effect of I,

can differ for different values of robot parameters or for different trajectories.

—1,=5x10"° kg.m? o=r
2100280 - = -1 =10x10"® kg.m? 6=r
----- 1.=15x10"° kg.m? 9=
B
=2,159274}
2,159272
1,753746 1,753748 1,75375
m, (kg)

Figure 5.1 r vs. m, for different I values
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In the following analyses, I_ is taken as 5x10°kg.m’ unless otherwise stated.

The curves that show the suitable r and m_ values for different & values are plotted in

Figure 5.2.

=m

== =§=3n/2

Figure 5.2 r vs. m_ for different & values

Table 5.1 shows numerically calculated performance indices for some points seen in
Figure 5.2:

44



Table 5.1 Performance indices for some points selected on Figure 5.2.

Case o (rad) r (m) m, (kg) | Performance
Index

1.1 4 0.9465 2117.3
1.2 3 1.2622 2101.2
1.3 V4 1.9460 1.9460 2084.3
1.4 1.2624 3 2073.3
1.5 0.9468 4 2068.2
1.6 2 0.06577 65.0411
1.7 3_7z 0.75 0.1754 64.8214
1.8 2 0.3627 |  0.3627 64.7533
1.9 0.1754 0.75 64.7204
1.10 0.06577 2 64.7011

Table 5.1 suggests that for a given ¢, the performance index does not change

dramatically along each of these r versus m, curves. It is also interesting to note that

the value of the m.r product does not change substantially along each of the curves

seen in Figure 5.2.

Another result that can be deduced from Table 5.1 is that performance index can change

greatly for different values of ¢&. Performance index values for 5=z are
. : 3 . :
approximately 30 times larger than 5=77[, and this result shows that selection of

counterweight locations is quite critical for the performance of the robot.

5.2. Examination of the 8 versus I. Relation

m, and r are not seen alone in the balance design Equation (4.14), they are seen in

mor’and m.r terms. Coefficient of the m.r? term is pretty small when compared to

those of the other terms as discussed in the previous section. Thus, the suitable values of
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o and | do not change dramatically for different m, and r values as long as the value

of the m_r product is kept the same.

3,15949 | ' "~ {|—m_=10kg,r=0.25m
- --m_=5kg, r=0.5m
3,159489
3,159488
>
3,159487 t
3,159486

1,856075 1,856077 1,856079
IC (kg.m2)

Figure 5.3 o vs. | for different m, and r values such that m_r is kept fixed

For this reason, the grouped parameter m.r will be used in the following analyses.

Figure 5.4a. and Figure 5.4b. show & curves for different m.r values. As clearly seen,
there are two solutions for & for a given m.r value. Reason of this is that in Theorem
1, it is proven that possible loci of counterweights for a given m, and |, describe a

circle. To find the o values that correspond to a given m_, |, and r value, the problem

can be solved geometrically by intersecting the consistent counterweight loci circle with

another circle that is centered at A and having a radius of r. In this particular case,
these two circles intersect each other at two different points, so, there are two different

solutions for & for the same m_r value.
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3.8} ) ) ' ) 1|--=-= mc=0.25 kg,r=1m
----------- m_=0.5kg,r=1m
36} -- -mc=2.5 kg,r=1m
——m =5kg,r=1m
C
< 34}
2r T
3 3

Figure 5.4a First solution for ¢ against |, for different m, values

—— mc=0.25 kg,r=1m

B.2 P o e o o Jeans m_=0.5kg,r=1m
- -mc=2.5 kg,r=1m

6.1 f _
—mC—S kg,r=1m

6 L

597t

58t

5T

0 0.2 0.4 0.6

Figure 5.4b Second solution for ¢ against |, for different m_ values
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Table 5.2 Performance indices for some points selected on Figure 5.4a and Figure 5.4b

Case m,r (kg.m) S (rad) I, (kg.mz) Performance Index
2.1 0.25 3.6607 157.5
2.2 (mc =0.25,r :1) 5.6948 96.5
2.3 0.5 3.3730 301.6
24 | (m =05r=1) 5.9825 209.9

5x107
2.5 2.5 3.1595 1375.2
2.6 (mc =251 :1) 6.1959 1268.4
2.7 5 3.1332 2713.3
2.8 (mC =57T= 1) 6.2222 2586.1

By examining cases 2.5, 2.7 and 2.6, 2.8 the relation between m.r and the performance
index is nearly linear for the interval m.r >2.5 (kg.m) . Reason of this is that & does
not change dramatically in this interval and the coefficient of m.r? is significantly less

in absolute sense than that of m_r in the balance design equation (4.14), as previously

mentioned.

5.3. Examination of the r versus 8 Relation

First consistent counterweight positions are analyzed on the x'y'— coordinate system.

When the aforementioned numerical values are substituted into Equation (3.62) and |

is chosen as 5x107% kg.m?, it is found that the consistent positions of counterweights

are given by
(x'-0.5674)" +(y'~16.3544)" = 267.7866 +4.3026 / m, (5.2)

Figure 5.5 shows the loci of counterweights of different masses that satisfy the balance

design equation (4.14).
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Figure 5.5 Consistent counterweight locations for different m_ values

Even though shapes in Figure 5.5 seem like parallel lines, they are concentric circles as
proved in Theorem 2. These circles are so large that they look like parallel lines in this

narrow range.

The curves of suitable r versus & values for different m_values are plotted in Figure

5.6.

6t ' ' i ' i i | - m =5 kg
........... m =10kg
-=--m =15k
5} g
——m =20 kg
4+
B
= ar
2\-
1-
0 1 2 3 4 5 6
0 (rad)

Figure 5.6 r vs. ¢ for different m, values
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In order to satisfy Equation (4.14), the sine function should have negative values for this
numerical example. In this scenario, m_r? value is not dominant so, this fact limits the
values of & to 3.1069<6 <6.2485. It can be seen from Figure 5.6 that the balance
design equation (4.14) can’t be satisfied for almost the first half of the range 0<6 <27
(Figure 5.6).

Table 5.3 Performance indices for some points selected on Figure 5.6

Case mc(kg) r (m) m.r (kg.m) Py (rad) Performance Index
3.1 0.0264 0.1320 4.7685 63.2669
3.2 0.2124 1.0620 3.2310 603.4330
3.3 5 0.0623 0.3115 3.5426 193.5239
3.4 0.0342 0.1710 3.9852 101.5680
3.5 0.0291 0.1455 4.2321 77.8724
3.6 0.0132 0.1320 4.7685 63.2647
3.7 0.0149 0.1490 5.1623 52.2365
3.8 10 0.0167 0.1670 5.3455 52.0731
3.9 0.0272 0.2720 5.7432 106.9053
3.10 0.1092 1.0920 6.1278 530.3200

Examining Table 5.3 leads to the conclusion that, around 6§=7 and &=2x, the
performance index attains its highest values (case 3.2 and case 3.10), which is not
desirable, and around the midpoint of this range, it has significantly lower values (cases
3.6-3.8).

Cases 3.1 and 3.6 verify the previously found result that for the same m_r values, the

performance index does not change dramatically. Generally, the performance index

increases with increasing m_r values. However, there is an exception to this (see cases

3.6 and 3.7).
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5.4. Examination of the r versus I Relation

Family of r versus I curves for different m_and & values are plotted in Figure 5.7.

1 ——m =5 kg,0=7
- - -m =5 kg,6=37/2
0.8t i mC=15 kg,($=ﬂ
..... m_=15 kg,0=37/2
0.6
=
0.4}
0.2}
lizmzzszzossoseccecsscocooconoocd
0 0.2 0.4 0.6 0.8 1
| (kg.m?)

Figure 5.7 r vs. | for different m, and & pairs
By examining Figure 5.7, it is once again seen that effect of change of mass

moment of inertia is not significant in the balance design equation for the selected

values in the analysis.
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Table 5.4 Performance indices for some points selected on Figure 5.7

Case m, (kg) o (rad) r (m) Performance Index
4.1 T 0.7575 2065.2
4.2 5 37 0.0263 64.6942

2

4.3 T 0.2525 2057.0

4.4 15 3_7z 0.00877 64.6911
2

Table 5.4 supports the previous conclusions. For cases 4.1 and 4.3 or 4.2 and 4.4, the
m.r values are nearly the same and as a result of this, their performance indices are

close to each other.

5.5. Examination of the m. versus 8 Relation

m, versus ¢ curves for different r values are given below.

S — = r=0.25m
........... r=0.5m
===r=0.75m

| —r=1m
4F

=)

2=

3 -
EO
2 3
1 -
0 L
0 1 2 3 . v 6

0 (rad)

Figure 5.8 m_vs. § for different r values
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Figure 5.8 shows a similar trend to that of Figure 5.6. Reason of this is that, m_r term is

dominant compared to m_r? term in the balance design equation (4.14).

Table 5.5 Performance indices for some points selected on Figure 5.8

Case r (m) mc(kg) m.r (kg.m) Py (rad) Performance
Index

5.1 0.5027 0.5027 3.3715 303.1426
5.2 0.4000 0.4000 3.4417 245.8448
5.3 1 0.1324 0.1324 4.7972 62.6597
5.4 0.1545 0.1545 5.2314 50.1548
55 0.6809 0.6809 6.0542 308.1490
5.6 0.6701 0.5026 3.3715 302.0530
5.7 0.5334 0.4000 3.4417 244.9572
5.8 0.75 0.1765 0.1324 4.7972 62.5933
5.9 0.2061 0.1546 5.2314 50.0359
5.10 0.9079 0.6809 6.0542 308.8991
5.11 1.0052 0.5026 3.3715 301.5082
5.12 0.8001 0.4000 3.4417 2445133
5.13 0.5 0.2648 0.1324 4.7972 62.7565
5.14 0.3091 0.1546 5.2314 50.1284
5.15 1.3619 0.6809 6.0542 309.5506
5.16 2.0105 0.5026 3.3715 302.5569
5.17 1.6002 0.4000 3.4417 245.4182
5.18 0.25 0.5296 0.1324 4.7972 62.5599
5.19 0.6182 0.1546 5.2314 49.9764
5.20 2.71237 0,6809 6.0542 309.6491

Examining Table 5.5 leads the following conclusions: For the cases with the same m.r

value, the performance indices are nearly the same (see cases 5.1, 5.6, 5.11 and 5.16).

Again the performance index increases as the m_r value increases. An exception to this

is encountered when cases 5.3 and 5.4 are compared. Another observation is that when
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o= or §=2r,the performance index gains significantly high values (see cases 5.1,

5.2, 5.5). In between these values, the performance index takes significantly smaller

values (see cases 5.3, 5.4).

5.6. Examination of the m. versus I. Relation

For completeness of the work, m, versus |_ graph is also given in Figure 5.9.

0B = ==r=0.5m,j=5n/4
----- r=0.5 m,§=3n/2
—r=0.5m,0=7x/4
0.5 m= =1 m,6=57/4
—=tr=1m,=3n/2
04t w—=1m,0=7 /4
e
= 0.3F
e
0'2 -- _— — — — — _— — — — — — —
01r
0

0O 01 02 03 04 05 06
I (kg.m?)

Figure 5.9 m_ vs. | for different r and o pairs

As discussed previously, the value of 1. does not have a significant effect on the

suitable m_ values for a given r and 6.
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Table 5.6 Performance indices for some points selected on Figure 5.9

Case r (m) o (rad) mc(kg) Performance Index
6.1 57 0.359 109.1109
4
6.2 67 0.263 64.7774
4
0.5
6.3 r 0.385 67.2269
4
6.4 S5t 0.180 109.4718
4
6.5 67 0.132 64.8653
4
1
6.6 r 0.193 67.1356
4

Table 5.6 also supports the previous conclusions. Examining cases 6.1 and 6.4 suggests

that the performance index does not change dramatically for the same & value and that

the suitable m_r values are nearly the same for the same & value.
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6. CONCLUSION

There are numerous approaches for singularity crossing problem of parallel robots [9-
16]. But only singularity robust balancing [18] and singularity consistent payload

placement [19] methods enables to pass through inconsistent trajectories.

In this thesis, different scenarios are analyzed by applying singularity robust balancing
method to 3-RPR manipulators. In this manner, first of all, kinematic and dynamic
analyses of the mechanism are performed. Then three counterweights are introduced,
and the balance design equation is obtained. With using this equation, suitable
counterweight loci are determined. Two theorems and two corollaries are proposed
within this context. Then, a numerical case study is conducted and different balancing
scenarios are compared according to a performance index that takes into account the

actuator forces.

For the considered numerical example, it is seen that the effect of the mass moments of
inertia of the counterweights is negligible compared to those of the other balancing
parameters. There are no solutions for some certain values of ¢ , and performance
index does not change dramatically once & is kept fixed. Moreover, when & =z or
o = 2z performance index gains significantly high values. Almost at the middle of this
interval, the performance index attains its lowest value. Also, in order to have a
solution, & should be within the interval 3.1069<¢ <6.2485. Therefore, & shall be

considered as one of the main factors that affect the performance index.

Furthermore, in the balance design equation (4.14), the numerical value of the

coefficient of the term including m_r? is quite small. Because of this reason, the effect
of this term is negligible and, instead of treating m. and r variables separately they can
be treated as a single parameter m.r. Even though there are some exceptions, it is
observed that as m_r increases, performance index increases. Hence, it can be said that

the m_r parameter is another main factor that affects the performance index.
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Finally, it can be seen that the performance index changes in a wide range depending on
the selected counterweight parameters. Due to this reason, choice of the numerical
values for the counterweight parameters is critical. It is worth to mention that the
conclusions drawn above for the numerical case study will differ for different
manipulator parameters and for a different trajectory. However, any case can be
analyzed in the same manner by using the derived general balance design equation
(3.48) and the proposed theorems here.

As a future work, counterweights, elastic elements and dampers can be applied together
to further decrease the performance index while using the singularity robust balancing
method on the 3-RPR mechanism.
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