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ABSTRACT

FORCED VIBRATION ANALYSIS OF GENERALLY LAMINATED
COMPOSITE BEAMS USING DOMAIN BOUNDARY ELEMENT
METHOD

Ahmed, Zubair
M.S., Department of Mechanical Engineering
Supervisor :  Prof. Dr. Serkan Dag

August 2018, 75 pages

Forced dynamic response of generally laminated composite beam is analyzed by
boundary element method. Static fundamental solutions are used as weight
functions in the weighted residual statements. The use of static fundamental
solutions gives rise to a new formulation named as Domain Boundary Element
Method. Displacement field of the generally laminated composite beam is written in
accordance with first order shear deformation theory and equations of motion are
derived using Hamilton’s principle. Developed formulation includes the Poisson’s
effect as well as influence of rotary inertia and shear deformation. Bending,
extensional and torsional response couplings, due to orthotropic nature of the
problem, are included in the formulation. Domain integrals, in the integral
formulation of the problem, are evaluated by discretizing the domain and using
interpolation functions. Houbolt method is used for solving the resulting system of



equations. Dynamic response, obtained via Houbolt method, is verified by
comparison with analytical solution available for an homogeneous isotropic
Timoshenko beam. Dynamic response of generally laminated composite beams is
studied under the action of time based excitations such as concentrated step,
harmonic, impulsive and uniformly distributed step loads. Influences of fiber angle
in each lamina and stacking arrangement on temporal variation of deflections and
longitudinal normal stress have been studied in parametric analyses. It has been
demonstrated that the developed technique is an accurate and effective alternative

for forced vibration analysis of generally laminated composites.

Keywords: Forced Vibration, Dynamic Analysis, Generally laminated composite
beam, Domain Boundary Element Method
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0z

KATMANLI KOMPOZIT KIRISLERIN SINIR ALAN ELEMANLARI
METODU YARDIMIYLA ZORLANMIS TITRESIM ANALIZI

Ahmed, Zubair
Yiiksek Lisans, Makina Miihendisligi Boliimii
Tez Yonetcisi :  Prof. Dr. Serkan Dag

Agustos 2018, 75 sayfa

Katmanli kompozit kirislerin zorlanmis dinamik analizleri sinir alan elemanlari
metodu ile yapilmistir. Statik temel c¢oziimler, agirliklandirilmis artik ifadesinde
agirlik fonksiyonlar1 olarak kullanilmistir. Statik temel ¢oziimlerin kullanimi yeni
bir hesaplama yontemi olan sinir alan elamanlari metodu adi verilen yeni bir
yontemin ortaya ¢ikmasini saglamistir. Katmanli kompozit kirislerin sehimleri
birinci mertebeden kayma deformasyonu teorisine ve Hamilton yoénteminden
tiretilen hareket denklemlerine uygun olarak ¢ikartilmistir. Gelistirilen formulasyon
donel atalet ve kayma deformasyonunun yaninda Poisson etkisini de igermektedir.
Egilme, uzama ve burulma cevaplarmin problemin ortotropik dogasi sonucu bir
araya gelmesi de hesaplamalara dahil edilmistir. Problemin integral
hesaplamalarinda  kullanilan alan integralleri ayriklagtirllmig alanlar ve

interpolasyon fonksiyonlarinin kullanimi ile elde edilmistir. Sistem denklemleri
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Houbolt metodu ile ¢oziilmistiir. Houbolt metodu yardimiyla elde edilen dinamik
sistem cevab1 homojen izotropik Timoshenko kirig teorisi i¢in gegerli olan analitik
coziimlerle karsilastirilarak dogrulanmistir. Katmanli kompozit kiriglerin dinamik
cevabi noktasal step, harmonik, impulsif ve yayili step yiikleri gibi zamana bagl
yiikler altinda incelenmistir. Her katmanin fiber agilarinin etkisi ve sehimlerdeki
gegici degisim ile eksenel normal gerilmeler parametrik analizlerle incelenmistir.
Sunulan bu yontem katmanli kompozitlerin  zorlanmis titresimlerinin

incelenmesinde dogru ve etkili bir alternatif olarak ortaya ¢ikmaktadir.

Anahtar Kelimeler: Zorlanmis Titresim, Dinamik Analiz, Katmanli Kompozit Kiris,

Sinir Alan Elemanlar1t Methodu
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CHAPTER 1

INTRODUCTION

1.1. Composites Overview

The term composite material refers to a class of materials, in which two or more
individual materials are combined in order to obtain a new material having different
characteristics from its constituents. Individual components are combined such that
they remain distinct in the final structure. Resulting structure has better performance
characteristics as compared to its constituents acting alone. The flexibility of being
engineered as per application requirement renders composite materials an attractive

choice in design of different mechanical and aerospace structures.

In aviation industry, composite materials have been used for manufacturing
secondary structures for many years but currently, due to advancement in composite
manufacturing and maintenance techniques, composites are also used for
manufacturing primary structure of aircrafts. They are preferred in automotive
industry because of their high strength to weight ratio, superior crash performance
and recyclability. Renewable energy sector, sports and marine industry are other

notable application areas of composites.

Composite structures mostly consist of basic structural elements such as beams,
plates, and shells. Beam is a one dimensional element i.e. one dimension is large as
compared to other two and is suitable for carrying bending loads. Laminated
composite beams (LCBs) are composed of different individual laminas glued
together. Material properties of a lamina are orthotropic in nature. Based on the
alignment of principal material axes with natural body axes, LCBs can be classified

into two categories. LCBs are termed as specially orthotropic if natural and



principal material axes are aligned. If principal material and natural body axes are

not coincident then they are termed as generally orthotropic.

Mechanics of composite materials is more involved as compared to isotropic
materials and accurate prediction of response under external forces is of
fundamental importance when designing a composite for a specific application.
Stacking sequence, thickness and orientation angle of fibers in each lamina have a
significant effect on the response to external excitations. Experimental
determination of response characteristics is unfeasible due to its high cost. In order
to save the time and cost associated with experimental testing and due to composite
materials’ involved mechanics, accurate and efficient numerical solution procedures

are required for optimized design of generally laminated composites.

1.2. Literature Survey

Boundary Element Method (BEM) encompasses a group of numerical techniques
where fundamental solutions, of governing equations of the problem, are employed
as weight functions. BEM has several variants for instance Domain BEM, Time
Domain BEM and Dual Reciprocity BEM etc. These variants arise due to difference
in type of fundamental solutions and techniques of evaluation of domain integrals in
the integral form of a given problem. The technique developed here for forced
vibration analysis of LCBs is Domain BEM (D-BEM). In this variant of BEM,
fundamental solutions are static in nature. By using these time independent
fundamental solutions in weighted residual statements, integral form of the
governing PDEs is obtained as a result. Houbolt method is used for approximation
of time derivatives of unknown primary variables. Use of static fundamental

solution results in decreased simulation time and enhanced stability characteristics

[1].

Numerous studies can be found in the literature regarding composite materials. The
survey presented here will focus on the application of D-BEM to various dynamic
analysis problems and analysis of generally laminated composite beams including
both free and forced vibrations. D-BEM has been employed for studying various

dynamic problems. In a study by Carrer et al. [1], homogeneous isotropic
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Timoshenko beam, having four types of classical boundary conditions, was
analyzed. They studied the dynamic response of transverse deflection under the
action of time dependent loads. Dynamic response obtained through D-BEM was
validated by comparing it with an analytical solution for a pinned-pinned beam. For
fixed-fixed and fixed-pinned cases, D-BEM solution was verified by comparison
with dynamic response obtained from Finite Difference Method (FDM). CPU time
comparison was carried out and D-BEM was shown to be computationally efficient

than FDM in case of point step, point harmonic and distributed step loads.

Eshraghi and Dag [2] developed D-BEM formulation for functionally graded
Timoshenko beams. Functionally Graded Material (FGM) beam was composed of
Aluminum and Silicon Carbide (SiC). Characteristic material properties were
function of the depth and Mori-Tanaka micromechanics model was used for the
calculation of Poisson’s ratio and Elastic modulus. Elastodynamics of fixed-fixed
and pinned-pinned configurations of FGM beam, subjected to time dependent loads,
was studied. Ceramic volume fraction was varied using a power function and its
effect on the time history results of longitudinal normal stress and transverse
deflection were analyzed.

Hatzigeorgiou and Beskos [3] proposed a D-BEM formulation for analyzing the
response of 3D elasto-plastic solids subjected to dynamic excitations. They used
steady state Kelvin fundamental solutions as weight functions and performed
discretization of the whole domain. Houbolt method was employed for evaluation
of time derivatives. A number of sample problems were analyzed and the accuracy
of developed method was demonstrated by comparison with established results in

the literature.

In a study of thin elastoplastic flexural plates under the action of lateral loads,
Providakis and Beskos [4] employed D-BEM for investigating the dynamic
response while keeping the boundary conditions arbitrary. Boundary and interior
region were discretized using Quadratic isoparametric elements. Numerical results
obtained from the method were compared to those found by Finite Element Method

for demonstration of accuracy. Soares Jr. et al. [5] demonstrated iterative coupling



of D-BEM with Time Domain Boundary Element Method (TD-BEM). Domain was
partitioned into two parts and problem was solved independently in each part. D-
BEM was used to model the nonlinear part of the problem and proposed scheme

was validated by solution of two example problems.

Two dimensional wave propagation problems in elastic media were studied by
Carrer et al. in [6] & [7]. Approximation of time derivatives was performed using
both Houbolt and Newmark methods. A comparison study was performed and
applicability of Newmark method to solution of D-BEM system of equations was
demonstrated. Mathematical formulation was developed for inclusion of non-
homogeneous initial conditions. In a study by Providakis [8], D-BEM was used for
analyzing dynamic response of elasto-plastic thick plates resting on a deformable
foundation. Winkler model was used for simulating the interaction between the
plate and boundary. Investigation of heat diffusion phenomena in homogeneous and
isotropic media, using D-BEM, was investigated by Pettres et al. [9]. Oyarzun et al.
[10] employed D-BEM for investigating the scalar wave equation problem and
introduced a new time marching technique, in which Green’s functions were

calculated explicitly.

Due to increasing demand and use of composite structures in various industries,
their dynamic response prediction has been the subject of intense research. Banerjee
and Williams [11] formulated a dynamic stiffness matrix method for analyzing the
free vibration problem of composite beams. In a study of free vibration problem of
composite and deep sandwich beams, Marur and Kant [12] employed higher order
beam theory and investigated the effect of boundary conditions on the natural
frequencies. Free vibration characteristics of generally laminated composite
Timoshenko beams, using dynamic FEM, were studied by Jun et al. [13]. Free
vibration problem of layered composite beam, having arbitrary layup
configurations, was studied by Teboub and Hajela [14] through symbolic
computations. Yildirim et al. [15] modeled generally laminated symmetric
composite beams according to Euler-Bernoulli and Timoshenko beam theories and
compared the in-plane natural frequencies obtained from both models. In a study of
layered beams, Chen et al. [16] proposed a new approach, for analyzing free

4



vibrations, based on the foundation of two dimensional elasticity. Jun et al. [17]
investigated the free vibration response of generally layered composite beam under
the action of axial point force. Their formulation was based on a higher order beam
theory and exact vibration analysis was carried out using dynamic stiffness method.
In a study of laminated beams by Shao et al. [18], formulation was based on higher
order shear deformation beam theory and method of reverberation ray matrix
(MRRM) was employed for investigating their free vibration characteristics. Yan et
al. [19] used Carrera Unified Formulation (CUF) to obtain an accurate 1d model for
analyzing free vibration characteristics of a pinned-pinned beam. Exact analytical
solutions were obtained as a result and commercial FEM codes were used to
validate the proposed method. Jafari-Talookolaei et al. [20] obtained analytical
solutions for natural frequencies and mode shapes of generally laminated composite
beams by using Lagrange multipliers method. Previously published results in the

literature were used for comparison to validate the analytical solutions.

In a research study by Calim [21], dynamic response of layered composite beams
having non-uniform cross-sections was analyzed. Analysis was performed in
Laplace domain and in order to obtain the dynamic stiffness matrix, complementary
functions method was used to numerically solve the equations. Both free and forced
vibration response was analyzed. Influence of non-uniformity, material anisotropy
and fiber angle was investigated in the parametric analysis. In a study regarding
non-linear vibration and damping analysis by Youzera et al. [22], Galerkin
technique was coupled with harmonic balance method for a pinned-pinned beam.
They calculated the damping parameters and performed forced vibration analysis of
laminated composite beam. In parametric analysis, they examined the effects of
change in material properties and geometry of LCB. In a study of thin-walled
LCBs, Machado and Cortinez [23] investigated their dynamic stability under the
action of transverse loading. They determined the resonance frequencies and
instability regions from Mathieu equation using Hsu’s procedure. Effects of fiber
angle, load height, beam dimensions and approximations to geometric non-linearity
on the results were analyzed. In a study of unsymmetric LCBs, Kadivar and

Mohebpour [24] studied their dynamic characteristics in response to moving



external excitation. They employed FEM, with each element having 24 degrees of
freedom, for studying the dynamic response and validated their approach by
comparing the response of an isotropic beam with analytical solution. They carried

out further analyses by varying the lay-up configuration and fiber angles of LCB.

Bahmyari et al. [25] used FEM for studying the dynamic response of inclined LCBs
under the action of moving distributed loads based on both Timoshenko beam
theory and Classical lamination theory (CLT). They used Newmark’s method for
solving the system of equations and studied the influence of layer stacking
sequence, distributed load length, fiber angle, inclination angle and mass on the
response of LCB. In a study involving LCB moving in axial direction, Li et al. [26]
investigated its time based non-linear response under the action of blast loads in
temperature dependent environment. They used large displacement theory and
Galerkin procedure for obtaining equilibrium and differential equations. Parametric
study was performed to analyze the influence of thermal environment, longitudinal
velocity and type of blast load on the response of LCB. Tao et al. [27] studied fiber
metal laminated beams’ non-linear dynamic response to moving excitations in
thermal environment. Equations of motion of the problem were based on Euler-
Bernoulli beam theory and VVon Karman geometric non-linear theory. Main focus of
their analysis was the observation of change in dynamic response with variation in
temperature, load velocity, material properties and geometric non-linearity. In a
study of composite Timoshenko beam having two layers, Hou and He [28]
employed differential quadrature method for performing its static and dynamic
analyses. Results obtained were validated by comparison with FEM. Further
comparison studies were carried out to show the superiority of developed scheme
over FEM in calculating natural frequencies and static response of LCB.

1.3. Objective & Approach

Main purpose of the undertaken study is to develop Domain Boundary Element
Method (D-BEM) formulation for forced vibration analysis of generally laminated
composite beams. Equations of motion of the problem are derived using first order

shear deformation theory. Steady-state fundamental solutions are found for the non-



homogeneous reduced form of governing equations, which are then used as weight
functions in the weighted residual statements. Evaluation of the weighted residual
statement results in integral form of the governing differential equations of the
problem. System of ordinary differential equations containing time derivatives is
obtained after employing discretization of the domain using quadratic cells and is

solved using Houbolt method.

Developed numerical procedure is validated by comparing its results with analytical
solutions available for a homogeneous isotropic beam. Dynamic response of
generally laminated composite beam is studied under harmonic, concentrated step,
uniformly distributed step and impulsive loads. Convergence studies are performed

for demonstrating the numerical accuracy of the developed procedure.

Intention of the undertaken endeavor is providing a new formulation for better

design and optimization studies of generally laminated composite beams.

1.4. General Outline

Constitutive equations of laminated composite beam and derivation of governing
equations of motion are described in chapter 2.

Chapter 3 focuses on the static fundamental solutions of all governing equations.
Stepwise procedure of Domain Boundary Element Method is also explained in this

chapter.

Chapter 4 includes the validation of results obtained from current numerical
technique by comparison with analytical solution. Parametric analyses, involving
different configurations of laminated composite beam, are also described in this

chapter.

Summary of findings in current study and future research directions are mentioned
in Chapter 5.






CHAPTER 2

GOVERNING EQUATIONS OF MOTION

Geometry of the generally laminated composite beam, having a rectangular cross-
section, analyzed in this study is shown in Fig. 1. Several unidirectional laminas are
joined together to form LCB with the assumption that bonding between all layers is
perfect. Hence there is no relative motion between any two layers. Length and
width of LCB are represented by L and b. h is the height of LCB and its value is
equal to sum of all individual layer thicknesses. x-z plane is used to study the
beam’s response to external excitations where X-axis is coincident with longitudinal

axis of the beam and z-axis is the transverse direction in which loads are applied.

le— b —>

e—=—

A q(x’t)

Figure 1: Generally laminated composite beam



2.1. Displacement Field

Deformation of the generally laminated composite beam is studied in accordance
with Timoshenko beam theory which leads to the following displacement field

u (X z,t) =u(x,t) +zy, (xt) (1a)
u,(x,z,t) =2y, (x.t) (1b)
u, (X,2,t) = w(x,t) (1c)

Displacements in the x-, y-, and z-directions are denoted by u, u, and u,.

y
Midplane’s longitudinal and transverse displacements are represented by u and w,

where w, and ¥, represent the rotations of normal to the midplane about x and y

axes, respectively.

2.2. Strain Displacement Relations

According to small strain theory, non-zero strains resulting from the current

displacement field are given as follows

gxx — a_U +7 % (23_)
OX OX
ow
—w 4+ 2b
Ve =Vxt o (2b)
oy,
Yy x (2c)

0

&y

, kK, and «x,, are defined as midplane strain in longitudinal direction, bending

curvature and twisting curvature respectively and given as

o ou
_ 3a
5= (32)
oy
=% 3b
= (30)
oy
S o (39
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2.3. LCB Constitutive Relations

For generally laminated composite beam, force and moment resultants are related to

curvatures and strains through the following equations [13, 20]

N, Au Bu B &l
M, t=|Bu Du D[, 4)
M,, Bis Dis Des Xy
and
Q. = Ast, (5)

where in-plane longitudinal force, bending moment, torsional moment and shear

force are represented by N,, M,, M and Q,, respectively. Stiffness constants in

Egs. (4) & (5) are given by [13, 29]

éll Ell Ele A; By By A, As By
Bu Du Dws|=|B; D, Dyg|-|B, Bg Dy
B Dis Des B Dis Dg By Bes Du ©)
1 T
Ay Ays By A, As By
T A As Bx| *|Bp Bg Dy
B, By Dy By Bes Du
o
Ass =k, | Qqdz (7
7

where A;, B; and D; (i, j = 1, 2, 6) are components of ABD matrix of composite
laminate. A; and D; represent the extensional and bending stiffness matrices

whereas the B; denote the bending-extension coupling. The matrix stiffness

constants and transverse shear stiffness Ass can be calculated as [20, 29]

A=>0(%-2.) (.i=1,2,6) (82

11



By =5 2.0y (2 -70) (,j=126) (8b)

D, = %iéﬁ-(z: ) (i,j=126) (8¢)
k=1
Bos =3 K. Qus(2, - 7,.) (8d)

In the above equations, superscript k indicates layer number and n is total number of
layers. Layer coordinates of the k™ lamina from the geometric midplane of LCB are

denoted by z, and z, ,. Figs. 2 and 3 show fiber angle in an individual lamina and

layer coordinates in LCB, respectively.

Figure 2: Fiber angle orientation

12



Figure 3: Layer coordinates

ks is the shear correction factor and is assumed to be constant [13, 20] with a value

of 5/6. Transformed material constants, for the k™ lamina, are denoted by C_)E and

are given as follows.

Q= Q1 €08* 0 +2(Q,, +2Qy )sin? @cos? & + Q,,sin* @ (9a)
Qy, =(Qy +Qy, —4Qg )sin” Ocos® 0+ Q,, (sin 6+ cos* 0) (9b)
Q, = Qusin*0+2(Q,, +2Q, )sin? Ocos? 6 + Q,, cos* @ (9¢)
Q, = (Q, —Qu, —2Q)sindcos® 6+ (Q,, — Q,, + 2Qq, )sin’® Hcos O (9d)
Q, = (Q,, —Qy, —2Qq)sin® Ocos O +(Q,, — Q,, +2Qy, )sinfcos’ & (%)
Qes = (Qu + Qs — 2Q,, — 2Qg, )sin” #cos” 0 + Qy, (sin* 0 + cos* ) (9f)
Q,; = G,,€0s? 0 +G,,sin’ 0 (99)

where @ is the fiber angle and Q;; (i, j = 1, 2, 6) in Eq. (9) are given as follows
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Q — (108.)

. 1- VoV
v,,E v, E

Q,=——2 _ a 10b

vl VigVar 1=V, (10b)
E

Qy=—" (10c)
21— VoV

Q66 = GlZ (10d)

Longitudinal normal stress for generally laminated composite beam can be
calculated as follows
N M

0 == 127 (11)

2.4. Hamilton Principle

Hamilton principle is employed for derivation of governing equations and boundary

conditions of the problem. It states that

5jz(K—u +W)dt =0 (12)

4
where Kinetic energy, strain energy and work done by external forces are denoted
by K, U and W respectively. Following are the expressions for kinetic energy, strain

energy and work done by external forces.

1L
U :EI{ngS+MxKx+Mxnyy+Qx27xz}bdx (13)
0
u 2 2 2
153 au ou ou
K== | 4 =2 | +| Z2 | todzd
ZH’){(&){@J{@J} ~ (4
2
L
W :.[q(x,t)wdx (15)
0

In order to apply the Hamilton principle, expressions of kinetic and strain energy

can be written in displacement form as follows
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— 5 B
] A17 +Bully, + By, + ==yl + Disy, v,
U= _ —
'([ D 2 A55 2 2
2 — Vyx +7(l/lx + W, +2l//x\N,x)

L
T =%£{|1(u2 FWP )+ 1 (177 + ] ) + 21,07,

where

N T

(|1’ Izv |3):

p(1.2,2% )bdz

N

By substituting Egs. (15-18) in Eq. (12), we get

1 (0% + W) + 1y (w2 +yl) + 21 u;//x}dx—

D66 2

7 y,x - (lr//f +W2x + ZWXWX)

0
B B 511 2 5
2} le 2 U + bul xl//xx+ 16U xl//yx 2 l//x,x+ 16Wy,xWx,x
0
[l
j xt wdx

0

Eq. (19) is cast into the following form after carrying out integration by parts.

—Li— Ly, + Auu +Buy,
— ou +
+ Bl6Wy XX

L

JI —I—Dlel//yXX A55(W —H//X)

40
7 +Deew XX+BlGU
{ Y . }81//y+

- LU+ Dul,VX o T BllU
Y
dxdt +- -

+ DlGl//X XX

—1,W+ A55 (Wu + W, )+q(x,t)}8w

15

dx

(16)

17

(18)

(19)



— — — L
Anuvx + Blll//xvx + Blel//y X}SU}
‘ 0

L

° =0 (20)

i
- :{Enuvx + 511@//)(1X + 5161//),')( } o l//XJ
:{Elauvx + 516(//X’X + Beel//y'x}S v, TO_

- :{355 (v, +w, )} SWI

Following are the equations of motion obtained from Eq. (20).

Aully, + Buy, , + B, o = LU+ 17, (21a)
Dty + Butll , + Disy, o — Ass(W, + 7, )= L, + 1,00 (21b)
Deslf o + Bisll o + Duaty , = |, (21c)
Ass(i,, +w,, )+q(xt)= 1w (21d)

By using Egs. (4) and (5), natural and essential boundary conditions obtained from

Eqg. (20) are given below.

u=0 or N, =0 (22a)
v,=0orM =0 (22b)
w,=00or M, =0 (22c)
w=0 orQ,=0 (22d)
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CHAPTER 3

D-BEM FORMULATION

In Boundary Element Method, fundamental solution of differential operator is
employed as weight function in weighted residual statement. Fundamental
solutions, employed here, are independent of time and are found using reduced non-
homogeneous forms of differential equations. Time derivative and coupled
quantities in the differential equations are discarded while deriving the static
fundamental solution. The steady-state nature of fundamental solutions eventuates

in Domain-Boundary element method.

3.1. Fundamental Solutions

In case of ordinary differential equation of n™ order, having constant coefficients,
fundamental solution satisfies the following relation

L[V'(x.&)]=6(x-¢) (23)

where &(x—¢) is Dirac delta function and differential operator L is given by

d n d n-1 d n-2 d
= v +a1dxn_1 +a, doerrieneans +a 71&4_3_ (24)

L
dx"2 "

In Eq. (23), V' (x,¢) is fundamental solution and is given as follows

V(x&)=H{x-)v(x¢) (25)
where H (x—¢) is the Heaviside unit step function and it is related to Dirac delta
as follows

d
™ H(x-¢&)]=6(x-¢) (26)

First derivative of fundamental solution, mentioned in Eq. (25) is given as

17



o’ =5(x=EWV(X,E)+ H(x= &V (x.£) 27)

dx

Let v(x,£)=0 at x=¢

av’ ,
:&_H(x—f)v(x,f) (28)
By taking derivative of Eq. (28), we have
O('jxvz =5(X=EWV (X&) + H (Xx=EW'(%,€) (29)

Let V((x,£)=0at x=¢

div'
dx?

H(x=¢)v"(x.$) (30)
Similarly, let v"™*(x,£) =0 at x = &, where “n-2" is the order of the derivative.

d"v 11
=gt ~Hx =V (x8) (3D)
By differentiating Eq. (31) with respect to x we get

dv’
dx"

Let V'™ (x,&)=1at x=¢&

S(Xx=EWV'H(X,E)+H(x=&E)V"(%,€) (32)

dv’
dx"
By expanding Eqg. (23) and using Egs. (24) to (33), following equations are

obtained.

S(x=&)+H(x=&))V"(x,¢) (33)

S(x=8)+ H (x= )V (x.£) +aH (x~ V™ (x.£) -

ceta  H(X=&)V (X&) +a,H(x=&)v(x,&)=5(x—9) (34)
= H(x=&)L[v(x£)]=0 (35)
= L[v(x,¢)]=0 (36)

Hence fundamental solution is given by
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V(% E)=H(x=&)V(x,E) (37)

where

L[v(x&)]=0 (38)
and for a differential operator of ™ order, we have
V(x=¢&)=V(x=&)=V"(x=¢&) = =V"?(x=¢)=0
(39)
Vit (x=¢)=1

3.1.1. Fundamental Solution of Equation 1

Following inhomogeneous form is used for finding the fundamental solution of Eq.
(21a):

42" (x,€) _5(x=¢) (40)

dx?

In Eq. (40) u*(x,g) is the fundamental solution. & represents the source point, x

represents the field point and 5(x - 5) represents the Dirac delta function. We have

u'(x,&)=H(x=&)u(x,¢) (41)

Following relation is obtained by differentiating Eq. (41) twice and using Eq. (39).
d’u’(x,&) L du(x¢) ~

= =H (x 5)—dxz +8(x—¢) (42)

Substitution of Eq. (42) in Eq. (40) results in

d’u(x,¢)

H(x=&)— 7 +o(x=¢&)=5(x-¢) (432)

= H(x—g)%zo (43b)

:dzu({?f)zo (43c)
dx

After integrating Eq. (43c) twice, we get
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u(x,¢)=Cx+C, (44)
Let u(x,&)=0at x=¢ & U'(x,&)=1at x=¢ . By applying these conditions, C;

and C, are found and Eq. (44) can be written as follows

u(x,&) =(x-¢) (45)
= (X, = (X~ £)H (x~2) (46)
Any constant multiple of a solution and addition of two solutions is also a solution
SO

(% 6) =(x=)H (x=¢) -3 (x¢) (@72)
:>u*(x,§)=(X_g){ZH(x—f)—l} (47b)
:u*(x,g):“;é' (47¢)

3.1.2. Fundamental Solution of Equation 2

In order to find the fundamental solution of Eq. (21b), following inhomogeneous

form is used.

d%w, (%.&)  As

s0s) R0y ()= 5(x-¢) ()
Let &:/1
Du
dzwj)gzx,cf)_M/:(X,g)zﬂx_é) (49)

In Eq. (49) v, (x.&) is the fundamental solution. ¢ represents the source point, x

represents the field point and 5(x - cf) represents the Dirac delta function. We have

i(%.8)=H (x- £, (1) (50)
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By differentiating Eq. (50) two times with respect to x and using Eq. (39) results in

Ay, (%&) o W (x8)
- dx? =H(x-=¢) dx?

Substitution of Egs. (50) & (51) in Eq. (49) gives

+5(x=¢) (51)

d’y, (x.£)

H(x-¢) e +6(x—&)—AH (X= &)y, (x.&)=6(x-¢&) (52a)
42w (x,

:H(x—é){%—wx(x@}ﬂ (52b)

:%—wx(x,g)w (520)

Let 7, =e™. Eq. (52c) implies

rle® —e™ =0=r=+J1 (53)

Solution to eq. (52c) can be written as

v, (X&) =Ce™ +Ce ™ (54)

Let y,(x,&)=0at x=¢ & w,(x,&)=1at x=¢, we have

Cce' +Ce V¥ =0 (55a)
cae™ +C\ae ' =1 (55b)

C, & C, are obtained as follows after the solution of Eqg. (55a) and Eq. (55b)

C =t (56a)
2 \/Zeﬁé
Com s (56b)
2 ﬁe Jag
Eq. (54) can be written as
v = % {em—:) _e—ﬁ(x—é)} (57)

By substituting Eq. (57) in Eq. (50), we get
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v (X&) = %{em‘ﬁ e I (x-¢) (58)

Any constant multiple of a solution and addition of two solutions is also a solution

SO

Vi(%E)= % {eﬁ(x’f)—e’ﬁ(x"f)}H(X— £)- ﬁ {emxﬁ:)_e—ﬁ(xﬂ:)} (59)
X 1 eﬁ(x—é)_e—ﬁ(x—é)

=i (08) =5 5 {2H (=5 (59b)

:>V/:(X,f):%sinh[ﬁ(x—‘f)]{ZH(x—é)—l} (59¢)

=y (%&)= ﬁsinh[\/ﬂ X—& |] (59d)

3.1.3. Fundamental Solution of Equation 3

Eqg. (60) is the non-homogeneous form utilized in calculating the fundamental
solution of Eq. (21c):

d’y, (%.$)
dx?

=5(x—¢) (60)
z//;(x,f) is the fundamental solution. & represents the source point, x represents the

field point and &(x—¢) represents the Dirac delta function. We have

vy (%€)=H(x=&)y, (x¢) (61)
Differentiating the above equation twice with respect to x and using Eqg. (39) results
in

d?y; (X, d? :

ZWZH“‘@W”(X‘@ (62)

X X

By substituting Eq. (62) in Eg. (60) we get
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d’y, (%)

H(x=¢)—g 7 +3(x=&)=6(x=<) (632)

= H (X—i)—d Wéizx’g) =0 (63b)

L nxd) (63¢)
dx

Integrating Eq. (63c) twice, results in

v, (x¢)=Cx+C, (64)
Let w,(x,&)=0at x=¢ & y)(x,&)=1at x=¢ . Solution of Eq. (64) for C; and

C,, gives the following

v, (x.8) =(x=¢) (65)
=y, (68 =(x=&)H (x-¢) (66)
Any constant multiple of a solution and addition of two solutions is also a solution
SO

V3 (%8)=(x=E)H (x=§)~5(x-¢) (672)
:w;(x,g):(xf){zH(x—g)—l} (67b)
:w;(x,g)zb‘j' (67¢)

3.1.4. Fundamental Solution of Equation 4

Eqg. (68) shows the non-homogeneous form used for finding the fundamental
solution of Eq. (21d):

d’w (x,&)
dx?

W*(x,cf ) is the fundamental solution. ¢ represents the source point, x represents the

=5(x—¢) (68)

field point and &(x —¢&) represents the Dirac delta function. We have
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W (x,&)=H (x=¢)w(x¢)

(69)

By differentiating Eq. (69) twice and using Eqg. (39), following equation is obtained

N d*w’(x,¢)

dx?

d’w(x,¢)

dx?

“H(x-¢)

d’w(x,&) .

dx?

d*w(x,&)
dx?

After integrating Eq. (71c) twice, we get

= =0

w(x,&)=Cx+C,

+8(x—¢)

Substitution of Eq. (70) in Eq. (68) gives the following

(70)

(71a)

(71b)

(71c)

(72)

Let w(x,£)=0at x=¢ & W(x,&)=1at x=¢ . Solving for C; and C, results in

W (x,&) =(x=¢)
W (x,&)=(x=&)H(x=¢&)

(73)

(74)

Any constant multiple of a solution and addition of two solutions is also a solution

W (1,8)=(x=£)H (x=&)~5(x=¢)
=i (x,6) =" o (- g)
:>W*(X,§):|X_§|

(75a)

(75b)

(75¢)



3.2. Weighted Residual Statement

Equations of motion of generally laminated composite beam are written as follows
in the weighted residual statement:

{Kﬂu,xx + Ell(//x,xx + Elel//y,xx - Ilu - IZWX }U*(X,f)dx = O (76&)

O e ™

{Blﬂ/lmx + EllU’XX + 5161//),’)0( — Ass (WX + I//X)— L, — |ZU}I//:(X,§)dX =0 (76b)

O e O

{BGGVIy,xx + Emu’XX + 516(//“)( - Ly, }l//; (X, §)dX =0 (76¢)

O e

{Z55(l//X’X+W )+q(xt) W } "(x,&)dx =0 (76d)
Application of integration by parts results in the following form of Eq. (76)

L L —

[ At (), (% &) dx == [{Basr, (1) + Baa, (3,0)} (U7, (%, £))x

0 0

Auu
[Anu (x.t) +Blel//yx(x t)+B“'r”xx(Xt)} (x 95)}:
[ A

(77a)
(x, 1) + Buay, (%,£) + Buy, () (U} (% g))}o
+T {1U0E) + Ly, (1) hu(x, €)dx
i . Ass -
I Dlll//x(xvt) {l//x,xx(x1 ‘f) - B_lll//x(xv 5)}dx =
[ {But, (x,0) + D, (%) + Dusy, , (x| w0, &) |
0 (77b)

[ {Bu, (1) + Busu(x,0)+ Dasw, (.0} (v, (%, ) |

~Ass[Wix i (x. &) - | {Buu(x,t) + Dusyy, (1)} (. £) )i

0
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+_T{IZU(x,t) 17, (%, 1) Jdx + jﬂssw(x,t)yxzx(x, &£)dx

0

j Desy, (X, (X, )X = j L, (X, Oy (%, E)lx

Bleu X, t + Deel//y X(X t)+ DlGl//x X(X t)}l//y(x f)}L

+]{ Doy, (x,0) + Busi(x,1)+ Dasyr, (60} (7, (,£)) |
-I.:{ Bisu(x,t) + Dlel//X(X t)}(l//y o (X0 f))

AssW(X, W, (x,£)dx = Ass[ w(x, W, (x, &) |

O ey ™

| Ass {x//x(x,t)+wx(x,t)}w*(x,§)}:

Assy, (G OW, (%, E)dx— [ {a(x,1) = Li(x, D)} (x, £)dx

0

O'—.v— r—|

By using Egs. (2b), (3), (4) and (5), following form of Eq. (77) is obtained:

Aut (X, 1)U’ (x, &) dx :‘[NX(X’t)U*(X’@I

O

[ {Busw, () + Bu, (x,1)} (U, (x, E))x

+

—— ot—r

{RllU(X, t)+ ElGl//y (x,t)+ gnl/lx (X, t)} (U; (X, 5))}:

+I {10 + 1,7, (DU’ (x, §)dx

[ Dy, (x.1) {WI,XX(X,ﬁ)—%WI(X,é)}dX=—[MX(X.t)l//I(X,§)]L

0

[ {Bu, (1) + Busu(x,0)+ Dasw, (.0} (v, %, ) |
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L

e[ WX (x,6) ] - {Bnu(x,t)+Bml//y(x,t)}(w;xx(x,g))dx

0

+ j {1,0(x,8) + 17, (x,8) dx + j AssW(x, )y (X, &)dx

0

[ Daay, (6,7, (6, E)dx == [ M, (6,075 (%,€) ]+ [ 17, (%, D (x, E)le
+f (D, () + Bsu(x,) + Duapr, (.0} (17, (. g))}: (78¢)

_j. {Emu (x,t)+ Blﬁl//x (X, t)} (‘//;,xx (x, 5)) dx

[ Assw(x, ()W}, (x, £)dx = [ Q,, (% W (x, &) | + s [ wi(x, W (%, &) |,
0 (78d)

L

+Jkﬂsswx(x,t)w’;(x, §)dx—j{q(x,t) — 1 W(x, )} w(x, &)dx

0

After using Egs. (40), (49), (60) and (68), governing integral equations of the

problem are written in the following form:

Bu Bis N L
u(f,t)+zwx(§,t)+zwy(s,t)=—[Nx(x,t)u (x9)],
+[{Kuu(x,t) + Buy, (x,1) + Busyr, (1) (U, (%, é))}: (79a)
+j{ 1LU(X, 1)+ 17, (X, )} (™ (x, £))dx
v, (£ +—u(§ 0 +%wy<§ 0 =-[M, 0w ED ]
{{wa(x,t) + Buu(x,t) + Bmy/y(x,t)}(w;x(x, 5))}: (79Db)

L

—Ass [ W(x, )y (x,g)]: = j ﬂ,{gnu(x,t) + Blel//y(x,t)}(l//: (x,&))dx

0
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+ Assw(x, ), (%, E)dx + [{1,006,8) + 17, (O} (%, £) ) ok

G0+ TEUED + S (D = M, (v 0D,
+[{5661//y (X,t) + Bisu(x,t) + Blet//X(X,t)}(w;,x(X, 5))}: (79c)
+ 137, (x Oy, (x,£)dx
W(E D) =—[ Qu (6 OW (x,8) ], + Ass [ WX, W, (x,8) |,
(79d)

+'|L-z\55yxx(x,t)w’;(x, §)dx—'|L.{q(x,t) — LW(x, )} w(x, &)dx

In order to evaluate the domain integrals in Eq. (79), whole domain is divided into

quadratic cells as shown in Fig. 4. Each cell has three nodes and number of nodes

N is related to number of cells via M =(N-1)/2. In j" cell, Q;=[x},x! ],

1< j <M; first, middle and last coordinate of j™ cell are represented by X; xzj and

xJ respectively.

Cell# 1 Cell# 2 ~
I () je Cell# 3(M-1) |« Cell M > Boundary Nodes: 1, N

G| e— — | —— i EEE —— ) — —)
1 2 3 4 5 lG(N-3)—s N2 N

|‘L_|

Domain Nodes: 2 to (N-1)

Figure 4: Discretization of domain

In order to approximate the value of a generic field variable @(xij,t) , at node i’

and time ‘7" in j™ cell, following equation is employed.

0 = ¢ (N)O(X/, 1) + 4] (X)O(X], 1) + ¢/ ()O(X], 1) (80)
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where ¢/ (x) are polynomial interpolation functions of second degree and are given

as follows

¢ (x) = (x- XZJZL(ZX %) (81a)

¢2j(x)=_(x—x1‘2]£x—x;) (81b)

8 (%) = (x- sz)rfzx_ %) (81¢)

and h, =x) —xJ =xJ —xJ is equal to half length of a cell.

Domain integral involving the load term, in Eq. (79d), will be evaluated depending

on type of the applied force. Governing equations in final form, after employing
domain discretization, are given in Eq. (82):

u(s, t)+ b y/X((f t) + Ew 1//y((§ t)—%[u(o,t)+u(0,t)]

B [, (0.0) 1 O+, (L]
1 _ (82a)
= 2Z\H[Nx(o,t)(cf) NX(L,t)(L f)]
’ % (x)[l u(xl ,t)+ |zl//x(X1 t)]
+Zju*(x,§) + 2‘(x)[lu(xJ )+I21/'/'X(x2’,t)} X
K +¢3’(x)[lu(xJ )+I21/'/'X(x3j,t)]
n €0+ 22u(en)+ 22y, () -2, 0 4y, (L0)]
Bus Dis (820)

[u (0,t)+u Lt]—

2D66 I:WX _H//X(L t):l
1

T [0 W (L)
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Zf Ly () () (X097, () 6 ()37, (x0.1) + 82 (), ()} o

W(f,t)—%[W(O,t)JrW(O,t)]

—ixfﬂssw*x(x’f){@j ()w, (X ) + 8 (), (Xt) + 8 (), (34,1

=Ly (82c)
0,000 Qu (LA Jax)w (x )
+§Xj Ilw*(x,f){¢lj (x)w(xft) + ¢ (x)w(xzJ ,t)+¢3j (x)w(xsj,t)}dx
v(e0+ Bruen + 2oy, )

2y (0)cosn[V2(£)]+ v (Lt)oosh [VE(L &)}

_Bu {u(o,t)cosh [V ()]+u(Lt)cosh| V(L - (’8)]}

D1

_ D {;,/y (0,t)cosh [\/I(fﬂ +y, (Lt)cosh [\/I(L - 5)]}

2Du

. Ass
2 Dll\/z

+§1,]3:/1§111//:(X,§){¢1" (X)u(x),t)+) (x)u(x3,t)+ g (X)u(xg,t)}dx

{w(0,t)sinn[VZ(&)]-w(L.t)sinh[ VZ(L-¢) ] (824)

+M ¥ " ¢1J(x)wy(xij,t)+¢2j(x)y/y(x2j,t) )
JZ_;;';XDM//X( 15) +¢3j(x)1//y(x3]'t) d
3 [, () ) () ()

1

2511\/2

(M, (0.t)sinh V(£)]- M, (La)sinh[ VE(L ~£) |
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J 8 (x)] 10 (4 1) + 17, (4.1
+;IJW:(X'5) ] ()] 1,0 (X t) + 17, (1) [
" x)[IZU(xé,t)+I3«/'f'x(x;,t)]

(
+¢3j (
3.3. Consolidated form of Equations

Matrix form of system of equations for boundary nodes i.e. & =(0,L), k=(LN),

and domain nodes i.e. & =(h,,2h,,3h,,...,(N-1)h,), k=(2,3,..,N-1), is given

as follows
H®® HY H 0 0 0 0 o],
X y u
HEL P, I, OHESPECHE, P, R0 PR R ||
bb bb bb X
HY, HY,. HY, 0 0 0 0 0 ||yt
0 P 0 HY® 0 Pov. 0 0 w'
H® Ho, H, 0 | He, HE, 0 u’
db db db db db db db dd dd dd dd dd d
wau + wau wawx wawy + wawy waw + waw wau + wau I wawy + wawy waw ‘I’;
Hoo o How  HY, 0 Huo  HUL ' o | ¥
0 iR 0 HE® 0 Piw, 0 I W
[G® 0o 0 0 | 0
0 G:)/tlwx 0 0 0
0 o Gy, O N® 0
o o 0 G2 ||M; s
G® 0 0 0 | |Mj 0
o G 0 o0 ||Q, 0
db
o o0 Gy, 0 (1
o o o G*]| f

S 0 0 sX SES, 0 0 b

wo Suy, w
s,sh, 0 0 s, sn 0 0|
0 o sy, 0 0 0 sy, 0 ||y

|0 0 0 Ss® 0 0 0 sl |w (83)
Sy S, 0 0 sy s¢ 0 0|
Sh, St 0 0 Siosy, 0 o ||
0 o sy, 0 0 o sy, O ‘1’5
W

0 0 o s® o 0 0 S|
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In the above system of equations, quantities related to boundary and domain nodes
are specified by the use of superscripts b and d. In the coefficient matrices
containing double superscripts, first one indicates the source or fixed point and
second indicates the field point. Different entries of coefficient matrices in Eq. (83)
are sub-matrices for e.g. P and S are sub-matrices and are produced by domain
integrals given in Appendix A. Qx;, My, My and Ny are transverse shear force,
twisting moment, bending moment and axial force respectively. Loading vector,
zero matrix and identity matrix are denoted by f, 0 and I. H and G sub-matrices are

given in Appendix B.

3.4. Load Vector

Load vector in Eq. (83) is evaluated depending on the type of the applied load. In
case of distributed load on LCB, load integral in Eq. (79d) gives the following

expression
622 +(L_§2)2
I g9 | Er(-g) (84)
4As5 |1 4 Ass :
§§—1+(L_§N—l)2

Load vector, in case of concentrated load at a point X=X, , is given as follows

|§2_Xp|

P [ —X P | I&=x%l
fb= _ p fd:— _ . p 85
2A55{Xp—|—} 2 Ass : (83)

|§N—1_Xp|

Time derivatives of unknown quantities in Eq. (83) are approximated via Houbolt
method [30]. In this method, temporal variation of a parameter is estimated from t =
th-2 to t = ty41 via cubic Lagrange interpolation. Based on this method, approximation

of first and second order derivatives can be performed as follows

. 1
yn+l = a{llyml _18yn + 9yn—l - 2yn—2} (86)
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.. 1
yn+l = A_tz {Zyn+1 _5yn + 4yn—1 - yn—2} (87)

Eq. (83) is implemented in MATLAB for revealing the dynamic response of LCB.
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CHAPTER 4

NUMERICAL RESULTS

5.1. Validation

In order to validate the numerical results obtained from D-BEM, undamped forced
vibration response of an homogeneous isotropic Timoshenko beam is compared to
analytical solutions, developed by Garcia et al. [31], for a simply supported
homogeneous isotropic beam. Following are the material and geometric properties

of the homogeneous isotropic beam.

Table 1: Properties of homogeneous Timoshenko beam

No. Property Value Units
1 E 50 [GPa]
2 G 20.833 [GPa]
3 Vv 0.2 -

4 p 2500 [kg/m®]
5 ks 5/6 -

6 L 200 [mm]
7 b 20 [mm]
8 h 16 [mm]
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Dynamic loads, used in comparison, are given as follows:

q=P3(x=x,)H(t) Point step force (88a)
q=P5(x-x, )sin(at) Point Harmonic force (88b)
q=0q,H (t) Uniformly Distributed Step force (88¢)
q=P5(x-x,)5(t) Impulse force (88d)

Variation of midpoint’s deflection w(L/2, t) and pinned-pinned boundary condition
are used for comparing D-BEM results with analytical solutions.
5.1.1. Analytical Solutions

For a simply supported homogeneous isotropic beam, following form of analytical

solutions is assumed by employing separation of variables technique [1].

wixt)= 3 wm(t)sin(?j (892)
v, (x.t)= i Q, (t)cos[?j (89b)

Following expression is found for W,, (t) [1, 31]

W, (t)—{,O'Qm (t){El (m—sz + ksGA]Qm (t)}ﬁm (90)
L

The term Q,,(t) is second order time derivative of Q, (t) which is dependent on
the type of dynamic load acting on the structure. For uniformly distributed step load
q=0q,H (t), itis given by:

4qL°

()= Eumy((s;_eé)[ei cos(8,t) ~ 57 cos(6,t) + (37~ ;) (91)

For concentrated step load q:Pé(x—xp)H(t), where X, is the point of

application, the expression for Q, (t) is as follows:
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mzx
2PL25in[ i

j [0; cos(S,t) -5 cos(@mt)+(5§ _5;)} (92)

L
El(mz)’(52-62)

In case of point harmonic force at X = X, and having a frequency ®=w,, the

Qu(t)=

expression for Q, (t) is given by:

w, [ sin(g,t)  sin(S,t) }
_2P(mr) | (0 =0n) [ On(@)—00) On(er=an) | (max,
Qm(t)_l_z[/f'] sin(e,t) [ L

G| (w2 -02) (et - o2)

] (93)

—+

For impulsive excitation at x = x, and t = 0, the expression for Q,(t) is

o, (t)= 2P(mr) {sin(@mt)_sinéémt)}sin(m;zpr[ 102J

L &2 (94)

m m

where
9m =40y~ ﬂm (953.)
On =~y + By (95b)
and

o, = ( ] (962)
i <2omonfss & i s 2 ()

B = (96b)

(i)

=~



5.1.2. D-BEM and Analytical solution comparison

5.1.2.1. Distributed Step Load

Comparison of results, obtained from D-BEM formulation, with analytical solution
is shown in Fig. 5. Discretization scheme, time step of the analysis and magnitude
of the uniformly distributed step load is given as follows

Table 2: Distributed step load analysis validation parameters

No.

Parameter

Value

1

Number of cells

16

Time Step

4(10®) [s]

Load Magnitude

5 [kN/m]

w(L/2) [mm]

Excellent agreement is observed between D-BEM and closed form solution,

0.7

0.6

0.5

0.4

0.3

0.2

0.1

1:

= Analytical
O D-BEM 7

t [ms]

Figure 5: Response Comparison in case of Distributed Step load

reflecting the high degree of accuracy achieved by D-BEM.
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5.1.2.2. Concentrated Step Load

Fig. 6 shows the comparison between the result obtained from D-BEM formulation
and analytical solution. Number of cells, time step of the analysis and magnitude of

the concentrated step load is given as follows

Table 3: Concentrated Step load analysis validation parameters

No. Parameter Value
1 Number of cells 16
2 Time Step 4(10”) [s]
3 Load Magnitude 0.5 [kN]
0.5 .
= Analytical
O D-BEM
04
T
£ 0.3 + *‘ +
$0.2 + +
0.1

t [ms]
Figure 6: Response comparison in case of Concentrated Step load

Perfect agreement is observed between the D-BEM and analytical solution,

indicating the high degree of accuracy achieved by D-BEM.
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5.1.2.3. Concentrated Harmonic Load

For harmonic load, comparison between the result obtained from D-BEM
formulation and analytical solution is shown in Fig. 7. Time step, number of cells,

frequency and magnitude of the harmonic load are given as follows

Table 4: Concentrated harmonic load analysis validation parameters

No. Parameter Value
1 Number of cells 16
2 Time Step 4(10”) [s]
3 Load Magnitude 1 [kN]
4 Load Frequency 500 [rad/s]
06 T T T
| | » Analytical
O D-BEM
0.4
—_ 0.2
£
E
& 06
N
d
2
-0.2
-0.4
_0.6 1 | | |
0 10 20 30 40 50
t [ms]

Figure 7: Response Comparison in case of Concentrated Harmonic load

Close agreement observed between the D-BEM and analytical solution indicates the

accuracy achieved by the developed technique.
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5.1.2.4. Impulsive Load

Fig. 8 shows the comparison of time variation of transverse deflection obtained via
D-BEM and analytical solution. Table 5 contains the values of analysis parameters

used for obtaining the dynamic response via D-BEM.

Table 5: Impulse load analysis validation parameters

No. Parameter Value
1 Number of cells 64
2 Time Step 1(10°) [s]
3 Load Magnitude 0.5 [N.s]
1.5 .
Analytical
" : ; { : ‘ % D-BEM
1 2 X y s
— 0.5
£
E
8 0
N
-05+
“1F I -
b | l
_1 .5 L 1 | 1
0 2 4 6 8 10

t [ms]
Figure 8: Response Comparison in case of Impulse load

Comparison indicates that results obtained from D-BEM are highly accurate.
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5.2. Convergence Study and Parametric Analyses

General geometry of LCB, examined in parametric analyses is shown in Fig. 1.
AS4/3501 graphite-epoxy is used as material for constituent laminas whose

orthotropic properties are given below:

Table 6: Material properties of AS4/3501 Graphite-Epoxy [20]

No. Property Value Units
1 E, 144.8 [GPa]
2 E,, 9.65 [GPa]
3 G, 4.14 [GPa]
4 Gy, 4.14 [GPa]
5 G, 3.45 [GPa]
6 Vi, 0.33 -

7 P 1389.23 [kg/m?]

Two different groups of LCBs are studied, which are named as LCB-1 and LCB-2.
Overall dimensions of both LCBs are same and, their length, width and total
thickness are equal to 200 mm, 20 mm and 16 mm respectively. Major difference
between the two LCBs is lamina thickness. A total of four laminas, having a
thickness of 4 mm each, are used in constructing LCB-1. On the other hand, LCB-2
contains eight laminas having same thickness of 2 mm. Each type is further sub-
divided into four configurations and a total of eight configurations are analyzed in
the parametric analyses. Different configurations of LCBs arise from variation in
orientation of fiber angle and stacking arrangement of laminas. Variation of
transverse deflection of midpoint and normal axial stress at midpoint of top surface
of all configurations, with time, are studied under the action of time based loads.

Results are compared, under same load conditions, to assess the performance of all

42



configurations. Details of the configurations of LCB-1 and LCB-2 examined in

parametric analyses are given in Table 7 and 8, respectively.

Table 7: LCB-1 Configurations

No. Configuration Sequence Notation
1 Cross-ply [0/90], CP1
2 Symmetric cross-ply [0/90], CP2
3 Symmetric Angle-ply [45/-45], AP1
4 Anti-symmetric Angle-ply [45/-45], AP2

Table 8: LCB-2 Configurations

No. Configuration Sequence Notation
1 Cross-ply [0/90], CP3
2 Symmetric cross-ply [0/90/0790], CP4
3 Symmetric Angle-ply [45/-45/45/-45] AP3
4 Anti-symmetric Angle-ply [45/-45], AP4

5.2.1. Convergence Analyses

In order to investigate the convergence characteristics of D-BEM, undamped
dynamic response of configuration CP2 is analyzed under the action of uniformly
distributed step load of magnitude go = 50 KN/m. Fig. 9 shows the response w(L/2,
t) of LCB-CP2 to time dependent load. M denotes the number of cells used for

discretization. Time step is specified as 10 s for all values of M.
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Figure 9: Convergence Study - Distributed Step load for CP2

Percentage difference (PD) values between deflection values, at certain points in
time, under different values of M are given in Table 9. PD values between two
consecutive cell counts, at same time, are used to check if the convergence is

established. It is calculated as follows:

|w(M =4)-w(M =2)|*100

PD = —
Iw(M =2)] ®7)
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Table 9: Convergence Study- Distributed Step load for CP2

M (Number of cells)

t [s]
1 2 4 8 16
0,005 w = 0,06 w=1,08 w = 0,36 w = 0,53 w =0,54
PD =1639 PD = 66,2 PD=46,6 PD=24
0,01 w=0,11 w =251 w=114 w=1,61 w=1,64
PD = 2196 PD =544 PD =409 | PD=1,97
0,015 w = 0,15 w=1,88 w=2,01 w=2,53 w = 2,56
PD =1120 PD =6,67 PD=263| PD=11
0,02 w =0,19 w = 0,35 w=206 w=27 w = 2,69
PD =816 PD =626 PD=48| PD=047
0,025 w=0,24 w = 0,54 w=2,67 w=2,07 w=2,01
PD =128 PD =395 PD=221| PD=31
0,03 w = 0,27 w=2,03 w=22 w = 1,06 w = 0,98
PD =640 PD =10,6 PD =523 | PD=17,57
0,035 w=0,31 w = 2,26 w=15 w=0,34 w = 0,30
PD =630 PD =334 PD=776| PD=115
0,04 w=0,3 w =0,92 w =0,76 w =0,32 w = 0,37
PD =166,7 PD =16,2 PD =56,9 | PD=13,7

It is shown in Fig. 9 and Table 9 that D-BEM results converge at M = 16.
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In the case of LCB-1-CP2 subjected to impulsive load of magnitude P = 0.5 N.s, it
has been shown in Fig. 10 and Table 10 that D-BEM establishes convergence when
the time step is equal to 10° s and number of cells is specified as 64.

w(L/2,t) [mm]

t [ms]

Figure 10: Convergence Study - Impulsive load for CP2
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Table 10: Convergence Study - Impulsive load for CP2

t[s]

M (Number of cells)

2 4 8 16 32 64

0,006 | w=143| w=-048| w=-0,89| w=-0,84 w=-0,87 w=-0,87
PD=133,7  PD=85,2| PD=5,6 | PD=3,17 | PD=0,09

0,01 w=0,04| w=-0,78 w=-12 w=-097 w=-09, w=-09
PD=2106 | PD=519 PD=19 | PD=1,62 | PD=0,10

0,015 w=-11| w=-093| w=-096 w=-09 w=-10 w=-1,0
PD= 15,2 PD=43 PD=21 PD=54| PD=0,3

0,02 w=0,19 w=-09 w=-054 w=-0,83 w=-0,87 w=-0,87
PD =584 | PD=41,7 PD=54 | PD=4,8 | PD=0,15

0,025 | w=0,75 w=-0,77 w=-0,08 w=-0,07 | w=-0,05| w=-0,05
PD=202 PD=888 PD=19 | PD=183| PD=3,8

0,03 w=-06| w=-048 w=040 w=0,79| w=0,77| w=0,77
PD=19,3 | PD=182,9 | PD=96,9  PD=2,7 PD=0,02

003% | w=-06 w=-009 w=089 w=101| w=095| w=0,95
PD=83,8 PD=1047 PD=12| PD=5,2| PD=0,16

0,04 w=097 w=032| w=117 w=09 w=098 w=0,99
PD=66,8 | PD=262,6 PD=17 | PD=2,43 | PD=0,33
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5.2.2. Parametric Analyses

In parametric analyses, undamped forced vibration response of LCB-1 and LCB-2
is studied. For step and harmonic loadings, 16 cells and a time step of 10™ s was
specified and for impulsive load, a time step of 10° s and 64 cells were used for
domain discretization in the parametric analyses. Load magnitude selection is based
on two main factors i.e. applicability of small strain theory and possibility of
application of loads in experimental setup. Maximum deflection and stress values,
experienced by the structure in parametric analyses, are observed to be in
accordance with the small strain theory. Secondly, the specified forces can be easily
applied to the structure in experimental setting by using a medium-force shaker
such as LDS V875LS by Briel and Kjaer.

5.2.2.1. Step Loading

Time variation of transverse displacement and longitudinal stress, of LCB-1’s
configurations, in response to uniformly distributed step load are shown in Fig. 11

and 12 respectively. Distributed load has a magnitude of go = 5 kN/m.

2.5 | .
——CP1
A 2N | —-ccp2 | 2N
21 J o\ f \V | = =ap1| /1 \\V
/ \ ! \ AP2 | /] \
T 155 / \ I \ ] \
E / \ I \ I \
= i \ |
N 1 | l ‘ l \
d \
3 0.5 3
\/\,
oV / \ / / \ /
_0.5 | | | |
0 1 2 3 4 5

t [ms]

Figure 11: Deflection response LCB-1: Distributed Step load qo = 5 KN/m
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Figure 12: Normal axial stress response LCB-1: Distributed Step load go =5 kN/m

Time history plots of deflection and axial stress, for four configurations of LCB-2
when subjected to distributed step load of magnitude qo = 5 kN/m, are shown in
Fig. 13 and 14 respectively.
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Harmonic response of transverse deflection in Figs. 11 and 13 is attributed to the
fact that structures vibrate with their first natural frequency when subjected to step
loads. Based on this, it can be inferred that angle-ply LCBs have lower first natural
frequency than cross-ply LCBs. Figs. 11 and 13 show that angle-ply configurations
of both LCBs undergo large deflections as compared to cross-ply configurations. By
comparing the stress results in Figs. 12 and 14, it can be seen that lowest stress
magnitudes are experienced by cross-ply configuration LCB-1-CP1. Stresses
generated in all other configurations, of both LCBs, are found to be close in
magnitude to each other and greater in magnitude than those calculated for CP1. It
can be deduced; from Figs. 11 and 13, that cross-ply configuration LCB-1-CP1 will
be better suited to the applications where maximum deflection is a constraint due to
its lowest deflection as compared to other configurations. It can also be inferred
from axial stress results, in Figs. 12 and 14, that CP1 configuration of LCB-1 will

be more resilient to failure as compared to other configurations of both LCBs.

Time response of transverse deflection of four configurations of both LCB-1 and
LCB-2, mentioned in Table 7 and 8, to concentrated step load is shown in Figs. 15
and 16 respectively. Magnitude of point step load used to excite the structure is P =
0.5 kN. Transverse deflection response, in case of this load, is cyclic in nature and
has constant amplitude. Smallest deflection is observed for CP1 configuration of
LCB-1, rendering it the best choice for applications requiring low maximum
deflection. Figs. 17 and 18 show the axial stress response, to concentrated step load
of magnitude 0.5 kN, of all configurations of LCB-1 and LCB-2 respectively. It can
be seen, in Figs. 17 and 18, that normal stress generated in CP1 has the lowest value

and hence will be less prone to failure as compared to other configurations.
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Figure 15: Deflection response LCB-1: Concentrated Step load P = 0.5 kN at x, =
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Figure 16: Deflection response LCB-2: Concentrated Step load P = 0.5 kN at x, =
L/2
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By comparing the deflection response of cross-ply configurations of LCB-1 i.e. CP1
and CP2 to each other, for instance in Fig. 15, influence of lamina lay-up or
stacking sequence can be observed. For example, by comparing the response of CP1
and CP2 it can be observed that they have different response to external force of
same magnitude despite having layers with same geometric dimensions and fiber
angle. The reason for this behavior is the stacking arrangement of laminas as this
affects the material response couplings when subjected to external force. CP1 and
CP2 are cross-ply configurations having two O and two 90 degree fiber angle
laminas. For both configurations there is no coupling in response between twist-
bending and twist-extension. But due to symmetric nature of lamina stacking, about
geometric midplane, in CP2, there is also no coupling in response between
extension and bending. This leads to different vibration frequency and amplitude
under distributed and point step loads of same magnitude. Similarly, the difference
in response of angle-ply configurations, in Fig. 15, is the aftermath of stacking
arrangement of laminas. For LCB-2, similar effect of stacking arrangement of
laminas can also be observed in Figs. 13 and 16.

5.2.2.2. Harmonic Load

Figs. 19 and 20 show the time variation plots of transverse deflection response, of
all configurations of LCB-1 and LCB-2, to concentrated harmonic excitation,
respectively. Magnitude and frequency of the applied load are P = 1.0 kN and w, =
500 rad/s. In the case of harmonic force, vibration frequency of a structure is the
same as the frequency of applied force. Therefore, in Figs. 19 and 20, all
configurations have same frequency of vibration. Due to the inclusion of free
vibration frequencies in the forced response, small perturbations can be observed in
Figs. 19 and 20. The difference in amplitude of vibration, under harmonic load,
follows the same trend as was observed under the action of step loads i.e. angle-ply
configurations experience larger deflections than cross-ply configurations of both
LCBs. Cross-ply configurations of both LCB-1 and LCB-2 are more stiff as
compared to angle-ply configurations and will be more suitable to applications

which require low deflections.
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Figs. 21 and 22 show the axial stress response of all configurations of LCB-1 and
LCB-2 respectively. It can be observed that normal stress values, of all
configurations, generally vary close to each other.

w(L/2,t) [mm]

0 10 20 30 40 50
t [ms]

Figure 19: Deflection response LCB-1: Harmonic load P = 1.0 kN and w, = 500
rad/s at x,= L/2
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Figure 20: Deflection response LCB-2: Harmonic load P = 1.0 kN and e, = 500
rad/s at x,= L/2
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Figure 21: Axial stress response LCB-1: Harmonic load P = 1.0 kN and w, = 500
rad/s at x,= L/2
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Figure 22: Axial stress response LCB-2: Harmonic load P = 1.0 kN and w, = 500
rad/s at x,= L/2

Differences in amplitude of vibration between CP1-CP2 and between AP1-AP2
configurations of LCB-1, shown in Fig. 19, are resulting from stacking arrangement
of laminas due to its influence on material response couplings. Similarly the
difference in the amplitude of vibration between cross-ply and between angle-ply
configurations of LCB-2 is also caused by difference in material response couplings

due to lamina stacking arrangement.

5.2.2.3. Impulsive Load

In case of impulsive load, deflection responses of various configurations of LCB-1
and LCB-2 are shown in Figs. 23 and 24 respectively. Magnitude of the applied
load is P = 0.025 N.s and is applied at t = 0. Figs. 23 and 24 show that variation of
deflection’s magnitude, with time, follows the same trend as observed in case of
harmonic and step loads i.e. cross-ply LCBs undergo small deflections as compared
to angle-ply LCBs. Effect of lamina stacking arrangement can also be observed
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under impulsive load. Difference in maximum amplitude of deflection and
dominant vibration period, in Fig. 23, between CP1 and CP2 is due to the difference
in response couplings resulting from the variation in lamina lay-up scheme.
Similarly in Fig. 23, AP1 and AP2 also shows the influence of lamina lay-up
scheme on the dynamic response of LCB. Difference in response between CP3-CP4

and between AP3-AP4, in Fig. 24, is also due to lamina stacking arrangement.

Non-smooth response in Figs. 23 and 24 is the aftermath of rich frequency content
of Impulsive load. Vibration of a structure consists of two phases when subjected to
impulsive load. Structure is under forced vibration in the first phase and it is of very
small duration which starts with the application of load and finishes with the load
removal. Second phase is the free vibration phase as shown in Figs. 23 and 24. Final
conditions of displacement and velocity at the end of forced vibration phase serve
as initial conditions for this phase. In this phase, fundamental natural frequency of
vibration is dominant. It can also be observed by comparing the dominant vibration
period of LCBs in Figs. 23 and 24 to deflection response plots in Figs. 11 and 13.
As structure vibrates with fundamental natural frequency under step loads, it can be
seen that the dominant frequency of vibration in Figs. 23 and 24 is approximately
the same as vibration frequency in Figs. 11 and 13. Deflection response in Figs. 23
and 24 is highly non-smooth, as compared to response under step loads, due to the
interaction between broad range of frequencies present in impulsive load and the
free vibration frequency.

Lowest deflection is observed for CP1 configuration as compared to all other
configurations of LCB-1 and LCB-2. Hence it will be the best choice, among the

available options, for applications where only small deflections are permitted.
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Figure 23: Deflection response LCB-1: Impulsive load P =0.025N -s at x,= L/2
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Figure 24: Deflection response LCB-2: Impulsive load P =0.025N -s at x,= L/2
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Time histories of longitudinal normal stress in all configurations of LCB-1 and
LCB-2 are shown in Figs. 25 and 26 respectively. In the case of impulsive load, it is
observed that cross-ply configurations of LCB-1 and LCB-2 experience much larger
stress values as compared to angle-ply LCBs. This is because of the fact that cross-
ply configurations undergo larger twisting, bending and extensional deformations
when subject to impulsive loads in comparison to step and harmonic loads. Angle-
ply configurations of both LCBs experience much lower stress values and are
deemed as the perfect choice for applications involving the impulsive excitations.
Time histories of longitudinal stress, in Figs. 25 and 26, have very high rate of
change as compared to transverse deflection. This is due to the high speed of

longitudinal stress waves as compared to flexural waves.

(L/2,h/2,1) [MPal]

O.XX

t [ms]

Figure 25: Longitudinal stress response LCB-1: Impulsive load P =0.025N -s at
=L/2
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CHAPTER 5

CONCLUDING REMARKS

D-BEM formulation for undamped forced vibration analysis of generally laminated
composite beams is presented. Displacement field of Timoshenko beam theory is
used to derive the governing equations of the problem. Material response couplings
between bending, extension, twist as well as Poisson’s effect and rotary inertia are
included in the formulation. Weighted residual statement contains static
fundamental solutions of the reduced non-homogeneous form of differential
equations as weight functions. Evaluation of the weighted residual statement
eventuates in the integral form of the governing equations. Domain integrals in
integral formulation are evaluated by dividing the domain into cells and second
degree polynomials are used as shape functions. Houbolt method is employed for

solving the system of equations obtained as a result of domain discretization.

Analytical solutions for pinned-pinned beam are used as benchmarks for validating
the results obtained from D-BEM. Convergence analysis is performed to find the
optimum number of cells and time step for calculation of accurate time histories. It
is demonstrated that a time step of 10® s and 16 cells suffice for the accurate
response calculation when LCB is subjected to step or harmonic loadings. For
accurate response under impulse load, 10° s is used as time step and domain is
divided into 64 cells.

Two simply supported LCBs, each having four different configurations, are
considered in parametric analyses. Influence of fiber angle and lamina stacking
sequence is investigated on the dynamic response of LCB. It was observed that

cross-ply configurations of LCB have higher fundamental vibration frequency as
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compared to angle-ply LCBs and angle-ply configurations tend to have larger
transverse displacements in all loading scenarios. It has been shown that variation in
lamina stacking sequence results in difference in dynamic response to excitation of
same type and magnitude. Stacking arrangement of laminas affects the material
response couplings between extension, twist and bending, leading to different

response characteristics under same excitation conditions.

It has also been observed that cross-ply configurations experience larger stress
values as compared to angle-ply LCBs when subjected to impulsive load. It can be
inferred that due to lower stresses in angle-ply configurations, they will be less
prone to failure in comparison to the cross-ply configurations under impulsive
loading of equal magnitude. In case of step and harmonic loads, magnitude of
normal stress variation with time, of all configurations is generally close to each

other.

The technique presented here offers a variety of options, i.e. number of plies,
lamina stacking arrangement, lamina fiber angle, individual lamina thickness and
materials for matrix and fibers, in the design of generally laminated composite
beam for a specific application. Accurate calculation of dynamic response of LCBs,
under time dependent external forces, is demonstrated. It can prove to be a
promising numerical technique in design and optimization analyses of generally
laminated composites due to its convergence, accuracy and stability characteristics.
Extension of this technique to forced vibration studies of generally laminated
composites involving damping could be an interesting area for future study.
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A. DOMAIN INTEGRALS

Following domain integrals are used for calculating entries of sub-matrices P and S.
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Integrals mentioned above result in different expressions depending on the position
of source node. With respect to a cell Q; = [xj , x;] , position of the source node can

be classified into the following three cases.
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2) é:k Exzj
3) & 2x

For & < xJ, evaluation of the integrals result in the following expressions
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Expressions obtained for &, > x;' are same in magnitude but opposite in sign to the

ones found for & <x/.
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B. SUBMATRICES G & H

Sub-matrices H and G containing the terms pertaining to boundary nodes are given

below.
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H and G sub-matrices containing the terms relevant to domain nodes but
independent from the domain integrals are given as follows
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