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ABSTRACT

VARIATIONAL STUDY OF INTERACTING
SU-SCHRIEFFER-HEEGER MODEL

Lugman Saleem
M.S. in Physics
Advisor: Balazs Hetényi
September 2018

The interacting Su-Schrieffer-Heeger model with nearest neighbor interaction in
one dimension at half-filling is studied. To obtain ground state wave function, the
Baeriswyl variational wave function is extended to account for alternating hopping
parameters. The ground state energy is numerically calculated and compared
with exact diagonalization calculations, finding excellent agreement. Full phase
diagram of the model is constructed which shows three different phases. When all
hopping parameters are same the ideal metal-insulator phase transition is found
at finite interaction, somewhat less than the exact results. The conducting phase
is a Fermi sea. The phase transitions found are first order. With alternating
hopping parameters the small interaction phase is the ground state of the Su-
Schrieffer-Heeger model and the large interactions phase is an insulator. The
phase transition has been visualized by constructing the parent Hamiltonian of
the ground state wave function and tracing out the curves of the Brillouin zone.
The polarization distribution is reconstructed from its cumulants on two different
paths taken in the parametric space of interaction and hopping parameter. The
first path is taken as it crosses the metallic phase line while the other path makes
a semi-ellipse avoiding the metallic line. In the former case, the distribution is
centered at one site and discontinuously jumps to the next site after crossing the
metallic phase line, while in latter case distribution walks smoothly from one site
to the next. These results suggest that interaction breaks the chiral symmetry of
the Su-Schrieffer-Heeger model, in the same way as on-site potential breaks it in
Rice-Mele model.

Keywords: Phase transition, lattice models, variational techniques, many-body
condensed matter approximation, Baeriswyl wave function, electric polarization,
Berry phase.
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OZET

ETKILESEN SU-SCHRIEFFER-HEEGER MODELIN
VARYASYONEL CALISMAS

Lugman Saleem
Fizik, Yiiksek Lisans
Tez Danigmani: Balazs Hetényi
Eylil 2018

Bir boyutta, yar1 doldurulmug, en yakin komsu etkilesimini goéz ontinde bu-
lunduran, etkilesen Su-Schrieffer-Heeger modeli ¢alisildi. Temel durum dalga
fonksiyonunu elde etmek icin, Baeriswyl varyasyonel dalga fonksiyonu degisen
sicrayls parametrelerini ifade etmek icin genellestirildi. Temel durum enerjisi
sayisal olarak hesaplandi ve gercek diyagonalizasyon hesaplar ile kiyaslandi;
sonucunda son derece iyi eslesme bulundu. Ug farkl fazi gosteren bahsi gecen
modelin tam faz diyagrami yapildi. Tim sicrayis parametleri ayni oldugunda,
sonlu etkilegsimde ideal metal-yalitkan faz gecisi bulundu ve bu deger ,bir sekilde
. kesin sonuctan daha az bulundu. Iletken faz Fermi denizidir. Bulunan faz
gecigleri birinci derecedendir. Degigen si¢rayig parametreli dar ve genig etkilesim
fazlar1 sirasiyla Su-Schrieffer-Heeger modelin temel durumu ve yalitkandir. Faz
gecisi temel dalga fonksiyonunun benzer Hamiltoniant kullanilarak ve Brillouin
alanindaki egriler bulunarak gorsellestirildi. Polarizasyon dagilimi ,¢izgilerin etk-
ilesimin parametrik uzayinda ve si¢rayis parametresinde oldugu, iki farkli ¢izginin
kiimiilatifi alimarak yeniden yapildi. Ilk cizgi metalik faz cizgisini kesecek sekilde
alinirken ikinci ¢izgi ise eliptik bir giizergaha sahip olacak ve metalik ¢izgiden uzak
duracak gekilde secildi. Bu durumlarin ilkinde dagilim bir konumum merkezine
yerlesti, ve stireksiz bir gekilde, metalik faz ¢izgisini kestikten sonra, bir sonraki
konuma si¢gradi; durumlardan ikincisinde, dagilim bir konumdan 6tekine yavas
ve sakin bir gekilde yiiriidii. Bu sonuglar gosteriyor ki etkilesim Su Schrieffer-
Heeger modelin Chiral simetrisini bozmaktadir, aym sekilde, konum iizerindeki
potensitel, Rice-Mele modelin simetrisini bozmaktadadir.

Anahtar sozcikler: Faz gegisi, orgli modeli, varyasyonel teknikler, coklu parcacik
yogun madde fizigi, Baeriswyl dalga fonksiyonu, elektriksel polarizasyon, Berry

fazi.
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Chapter 1

Introduction

For a long time, Landau theory has been used to describe all phases of matter.
Physicists believed that all phases of matter can be explained by symmetries of
the ground-state of the system. But in 1975, the discovery of the integer quantum
Hall effect made it clear that not all possible phases of matter can be explained
using Landau theory. A new type of phases was introduced named “Topological
phase of matter”. Since then this field has been one of the most active areas of
research. Recent efforts have been mainly focused on understanding the effect of
interaction between the particles on the topology of the system. The Kane-Mele-
Hubbard (KMH) model [1] has received considerable attention in this regard,
both analytically [2, 3] and numerically [4, 5].

In this thesis, we first study the spinless Su-Schrieffer-Heeger (SSH) [6] model
on a one-dimensional half-filled lattice with nearest neighbor interaction using a
variational wave function. The SSH model was first introduced in 1979 to study
solitons in polyacetylene. It is a one-dimensional lattice model with alternating
nearest-neighbor hopping. Despite its simplicity, this model exhibit very inter-
esting physics: topological character, charge fractionalization [7, 8]. It has two
different phases, one has trivial topology while the other has non-trivial topolog-
ical protected conducting edge states on the ends of the chain. Although this
model has received a lot of attention there is still a need to study the effect of

interaction on this model.



Variational wave functions are very important in condensed-matter physics, for
example, Yosida, BCS and Gutzwiller variational wave functions [9, 10] are used
to study the Kondo model [11], superconductivity and the Hubbard model[12]
respectively. The bosonic version of Gutzwiller wave function (GWF) was used
to study the dynamics in the Bose-Hubbard model [13]. Also, the Gutzwiller
approximation is used to study fermionic version of the Hubbard model for its
time evaluation[9, 10]. Moreover, the variational wave functions have been merged
with computational methods like Monte Carlo to evaluate the system with a large
number of parameters [14, 15]. A well-chosen value of variational parameters for
this kind of wave functions can provide vital information of complex many-body
systems.

The standard way to construct the GWF is to take a completely delocalized
state and apply an interaction depended operator on it which projects out the
states that are not favorable for the interaction (i.e. doubly occupied states for
spinful fermionic systems and states with the nearest neighbor (NN) filled sites
for spinless fermionic systems with only NN interaction). There is a completely
opposite approach to construct variational wave functions; the Baeriswyl wave
function (BWF). BWF starts from the fully localized state on which kinetic en-
ergy dependent operator is applied which promotes the effect of particle’ hopping
between sites. In both above-mentioned wave functions, applied projectors de-
pend upon the variational parameter i.e. strength of projectors is the variational
parameter.

We extend BWF to account for alternating hopping in the SSH model, calculate
ground-state energies for different parameters and compare them with exact di-
agonalization (ED) calculations, finding excellent agreement. We calculate the
phase diagram of the full interacting SSH model which is outstandingly similar
to the phase diagram of the KMH model. The phase transitions we found are
first order. The phase diagram was quite interesting because for the interacting
system we found a metal-insulator transition at V' = 1.3365. . ., which is less than
the exact solution result (V' = 2 ). When hopping between all NN sites become
homogeneous we get a conducting phase (a Fermi sea in this variational approach)
for small interactions, for large interactions we get a correlated insulator which

has charge density wave (CDW) ordering. With alternating hopping, we get an



SSH ground-state for small interactions but an increase in interaction pushes the
system toward a CDW ordered insulator. Also, to visualize the phase transition
we construct the parent Hamiltonian of the BWF and calculate curves traced out
by k-vector across the Brillouin zone.

We then study the polarization distribution of interacting SSH model. Usually,
in any analysis of topological behavior, the Berry phase [16] is the starting point.
The Berry phase is a phase which is picked up by any state when it is circled in
a parametric space of the system. This phase arises due to the geometry of the
space. When the ground-state of the condensed matter system is circled across
the Brillouin zone, this phase is known as the Zak phase [17]. The polarization
of a crystalline system is directly related the Zak phase. The Zak phase can also
be taken as the first term in a series of gauge invariant cumulants[18,; 19, 20].
The second term is the variance in the center of mass of the electronic charge
distribution. The third cumulant, also known as the skewness of the distribution,
is related to the second-order nonlinear optical response.

We calculate cumulants and reconstruct the distribution using the first three cu-
mulants. We take two paths in the parametric space of the system, both connect
two different topological states. The first path that is taken at the constant
value of interaction, it crosses the metallic phase line, the second path makes
a semi-ellipse in space avoiding metallic phase line. On the first path, mean of
distribution remains constant on x = —0.5 until the metallic phase line is crossed,
after that distribution is suddenly shifted to a new point x = +0.5 and remains
there for the rest of the path. This sudden jump shows that one unit of charge is
pumped suddenly from one site to the next [21]. In contrast to the first path, on
the second path the mean of the polarization changes smoothly from x = —0.5
to z = +0.5.

To analyze these results, we compare them with a well-known topological model,
the Rice-Mele (RM) model [22], which is defined as the SSH model plus alternat-
ing on-site potential. The SSH model has the chiral symmetry which gives rise to
symmetry protected topological phases separated by the topological non-trivial
point. The on-site potential breaks this chiral symmetry. We again take two
paths in the parametric space of the RM model, both connecting two distinct

topological states and construct distribution. On the first path, chiral symmetry



is always respected while on the second path symmetries are relaxed. We find

that polarization distribution changes exactly in the same manner.

The rest of the thesis is organized as follows. In chapter 2 SSH, RM and
interacting SSH models are discussed. In chapter 3 ED calculations, BWF and
the ground-state energy of the BWF are derived. Chapter 4 addresses the Zak
phase, the modern theory of polarization, cumulants and reconstruction of the
probability distribution. We present our results in chapter 5 and finish thesis

with a comprehensive conclusion in chapter 6.



Chapter 2

Model

To study the effect of interaction on polarization we need to take a model which
has non-zero polarization without interaction. We take a well celebrated topolog-
ical model, Su-Schrieffer-Heeger (SSH), which has very interesting properties in
view of topological insulators. In this chapter, we will start from the discussion of
the simple SSH model in different formalisms which will be followed by its study
with and without on-site potential and at the end we will introduce the nearest

neighbor (NN) interaction on it.

2.1 The Su-Schrieffer-Heeger model

The SSH model was first introduced by W. P. Su et. al. in 1979 to describe
solitons in polyacetylene [6]. In recent times, it attracted attention of many
researchers because of its interesting topological properties, non-trivial edge states
and fractional charge [23, 24, 8, 7, 25, 26]. We consider spinless fermions on a
one-dimensional (1D) lattice with alternating hopping strengths at half-filling.
This staggered hopping in SSH is found naturally in various condensed matter

systems, this is also known as a Peierls instability[27]. The lattice Hamiltonian,



Figure 2.1: (a) Schematic of SSH model. ¢ is average hopping and ¢ is deviation
of hopping. Solid circles show filled sites while open represent empty sites., (b)
Schematic of SSH model written in J and J’ parameters

in second quantization [28], can be written as follow

L
1
Hy= Hssy = —— Z t—i— d(— cTan + h.c. (2.1)

[\')

where ¢/ (¢;) creates (annihilates) a particle on site 4, L is the total number of sites
in the chain, ¢ is the average hopping strength, ¢ is the deviation of the hopping
strength between NN sites i.e. between even (odd) bond hopping strength is
t+d(t—0) and h.c. is the Hermitian conjugate. A schematic is shown in Figure.
2.1(a).

Creation and annihilation operators obey the following anti-commutation re-

lations that make system obey Pauli’s principle automatically:

{C}L, Cj} = 51‘,]' (22&)
{cl,cl} =0 (2.2b)
{ci,c;} =0 (2.2c)



here {X,Y} = XY + YX. In second quantization |0) is considered as the

fermionic vacuum. Creation and annihilation operators act as following;:

chl0) = |n)

Cnln) = 10)
cn)0) = cl|n) =0

To easily diagonalize (2.1), one can introduce new set of basis [¢;, d;] and write

Hamiltonian as following
Hy = —JZ cd, —J Z dl cpy1 + h.c. (2.3)
n=1 n=1

Where df (d,,) is creates (annihilates) particle on site n and

J=(t+0)/2 (2.42)
J = (t—6)/2 (2.4b)

This is depicted in Figure. 2.1(b). It is easier to diagonalize Hy to find ground-
state energy and wave function by converting (2.3) into Fourier space and using
the Bloch theorem [29]. The Fourier transformation of the creation(annihilation)

operator can be written as
1
Cp = N Z exp(—ikn)cy (2.5a)
k
1
= 7I Z exp(ikn)cl (2.5b)
k

Here, k is wave vector. When J = J', the lattice is periodic with a unit-cell of one
site per cell so k is well defined in region (—m, 7). For J # J’, due to the Peierls
instability periodicity become two sites per unit-cell which makes the k£ vector
defined in region (—m/2,7/2). The spacing between k points is 27w /L and 7/L
for J = J" and J # J' case respectively. L is always even in these calculations.

The following important identity can be derived from (2.5)[29]

% S expli(k — K)n] = e (2.6)



Performing the Fourier transformation on the first term of (2.3) gives

_J% Z Z ek ) g JZ % Z (R of g

n o kK kK n

= — JZ el dy (2.7)
k

Where in the second step we have used (2.6). Similarly, the second term of (2.3)
yield following

—J’Zexp(ik)d,tck (2.8)
k
Complete Hamiltonian in Fourier space become

Hy = Z [— Je™ — Je*] chdy, + Z [— Je ™ — J'eik}dzck
K k

. 0 —Jetk — Je7k | | ¢
— |t T
HO |:ck dk] [_Je—ik _ Jleik 0 ] [dlj <29)

Now we have to find eigenstates and eigenvalues of a 2-by-2 matrix for ground-
state energy and wave function. Using the Pauli matrix, this two-level system

can be represented as
Hy =h(k) - 0 = hyo, + hyo, + h.o, (2.10)

Here o; are Pauli matrices and

hy = —(J + J') cos(k) (2.11a)
hy = —(J — J')sin(k) (2.11b)
h, =0 (2.11c)

Eigenstates of any system written in (2.10) form are [30]

|E+>=[fjs?9/2) ]; \E_>=[f;“<9/2) ] 212
e "?sin(60/2) e "% cos(0/2)

Here |E_) is ground-state and 6 and ¢ are defined as [30]

h i¢ _ hy +ihy (2.13)

(k)| NGET

cosf =



Ih(k)| being magnitude of Hy i.e. [h(k)| = /A2 + h? + hZ. By putting (2.11) in
(2.13), we get

0=m/2  ¢=tan" [(‘] — /) Sin(k)}

(J + J") cos(k)
Hence we have successfully found the ground-state wave function of the simple

SSH model.

(2.14)

2.1.1 Few properties of SSH model

The SSH model has chiral symmetry and it is metallic when J = J' (0 = 0) and
insulator otherwise [30]. The energy dispersion relation of SSH model can be
derived from (2.10)

E(k) = W2+ W2+ 12 = /(T + T costk+ (J — sk (2.15)

For different values of J and J’ dispersion relation is plotted in Figure. 2.2. It
can be seen that a gap closes at one point and then it re-opens. For J > J' and
J < J', dispersion plots are the same but they have different topology i.e. the Zak
phase, which is equal to first cumulant of itself, [17] changes from —7/2 to /2.
Details of Zak phase are given in Chapter 4 and calculated cumulants are given
in Chapter 5. Pseudo-spin representation of vector Hy is also shown in Figure.
2.2. Different spin direction indicates different distinct topologies separated by

topological phase transition point J = J' or § = 0.

In the next section, we will study the SSH model with an on-site potential.

2.2 The SSH model with on-site potential

The SSH model with alternating on-site potential is known as the Rice-Mele (RM)
model [22], this alternating on-site potential breaks the chiral symmetry of the

SSH model [30]. The On-site potential can be written in second quantized form

9
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Figure 2.2: Energy dispersion plots of SSH model for different values of J and
J.(a)J=1,J'=0,(b) J=1,J'=05,(c) J=1,J =1,(d) J=0.5,J =
and (e) J = 0,J = 1. For each case, pseudo-spin representation of Hy vector is
also plotted on h, and h, plane.
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Figure 2.3: Schematic of the SSH model with on-site potential

as follows
=A Z che, — did,) (2.16)

Where A is the strength of on-site potential. This model is depicted in Figure.2.3.

In Fourier space Ha become

Hp = AZZ et [ehop — dldy] = A [eher — dfdi] (2.17)

kk" n k

Total Hamiltonian of RM is H,,,_si. = Hy + Ha

. A A —Jett — Je k| | e
on—site — [Ck dki| ik ' ik
—Je —J'e —A dk

f{on—site = h,0, + hyo-y + h.o, (218)

10



with h, and h, given by 2.11 and h, = A. The ground-state wave function is
given by 2.12 with ¢ given by (2.14) and

(2.19)

. | Jett + J'e~tk|
f = tan { A

Now the Zak phase can vary between —m and 7 for different values of A [20].

2.3 The SSH model with NN interaction

The NN repulsive interaction V' means that there will be extra V energy if two

NN sites are occupied. It can be written in second quantized form as follows
L
Hipp =V finfing (2.20)
n=1

Where 7,, = cl ¢, is density operator which measures number of particle at site
n. This model is depicted in Figure.2.4. Total Hamiltonian for interacting SSH
model is sum of (2.1) and (2.20) i.e.

H = Hy+ Hjpy (2.21)

For the interacting SSH it is convenient to use (2.1) as the definition of the SSH

model. The Fourier transform of the first term of (2.1) is
L Z e *ele
2 K
k
and for second term, note that Fourier transform of (—1)

n o kk k

n g eiwn

As it is non-zero only when k' = k + w. So, in Fourier space (2.1) become

. t i 0 i
Hy=—3 Xk:e kel + 3 Xk:e bel ey + hic. (2.22)

11



Figure 2.4: Schematic of interacting SSH model

To make this Hamiltonian Hermitian we can change limits of k from (—m, 7) to
(—m/2,7/2) ie.

w/2

~ t 0 t
Hy = Z [— e 5¢ —ik Tc + 3¢ ’kczckﬂ — 56 (H”)CLHCHW
k=—m/2
(5
Z k)cher, — e k)cl,tﬂc;ﬁ7r +ip(k)el cpin — ip(/{;)chﬁck} (2.23)
k

Where €(k) = — cos(k) and p(k) = —dsin(k) and ¢ = 1. The Fourier transform
of (2.20) can be performed as following

it ” o
H,,; = § § zkn ik'n zk (n+1) ik (n+1)CT CleL”CkIH
n k k/ k// k//l
AR NN AW W]
== Z Z n(k—k' kK" —k") (k" —k )CLCk:’CL/Ck”’
n k k/ k// k:///

This is non-zero only when k — k' + k" — k" =0or k— k' =k" — k' =q¢q

3 1% .
Hint — Z Z e_ZqCLCk/CL,,Ck///

k. k,/ k/l k///

=—— Z Ck+quCk/ Crr (2.24)
Ly K q
Now, we cannot diagonalize (2.21) using Bloch states because of H;,;. However,
there are other methods to solve these types of Hamiltonians i.e. ED [31], the
Bethe Ansatz (BA) [32], Density matrix renormalization group (DMRG) [33],
Monte Carlo methods [34], Variational wave functions [9, 10, 13, 35] etc.

12



Chapter 3

Methods

In this chapter ED for interacting SSH model will be discussed. Unfortunately,
ED cannot be performed for a large system size because the requirement of com-
puter memory increases exponentially with system size. To overcome this prob-
lem, a variational wave function will be derived. In quantum mechanics, the
variational wave function is a trial wave function which gives an approximation
to the ground-state energy and its wave function. At the end of this chapter,

exact terms for variational energy will also be calculated.

3.1 Exact diagonalization for the interacting

SSH

For simplicity a system of 4 sites with periodic boundary conditions will be dis-
cussed. The main purpose is to find the ground-state energy. It is done by the
representing Hamiltonian in the computer using matrices and finding its eigen-
values. The smallest eigenvalue is the ground-state energy. Ingredients for ED

are

13



no. | algebraic | picture | binary | decimal
1 | cdefjoy [ Oomm | joo11) 3)
2 | deijoy | OmOm | |0101) 15)
3 | dejoy | OmmO | |o110) 6)
4 | cehjoy | moom | j1001) | |9)
5 | ddijoy | mOmO | |1010) | [10)
6 | clcljoy | mmOO | 1100y | [12)

Table 3.1: Representation of basis in the computer for four sites at half-filling.
Blank (filled) square show empty (occupied) sites. Binary digits can be converted
into decimal digits to easily denote and use in computer programs

1. Hilbert space, basis representation
2. Hamiltonian Matrix

3. Linear Algebra packages i.e. LAPACK for finding eigenvalues

All basis states of Hilbert space have to be represented in the language of the
computer. The easiest way is to represent it by binary digits i.e. 1 represents
a filled site while 0 shows empty site. For 4 sites at half-filling, a basis set is
given in Table 3.1. Using simple quantum mechanics, we can write Hamiltonian

in matrix form as
Ho=(s|Ho|r) (3.1)

where |i) are basis vectors. Hamiltonian Hy of interacting SSH model in second

quantization is given by (2.21). For L = 4

0 t—6 0 t+6] |
t—o6 0 t+o6 O Co
0 t+6 0 t—96] |c3
t+6 0 t—o6 O Cy

(3.2)
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Explicitly writing (3.1) gives
(3|Ho[3)  (3|Hol5)  (3|Hol6)  (3|Hol9)  (3[Ho|10)  (3[Ho[12)
(5|Ho[3)  (5|Hol5)  (5|Hol6)  (5|Hol9)  (5|Hol10)  (5[Ho[12)
Hy— - (6|Ho[3) ~ (6|Hol5)  (6|Ho|6)  (6|Ho|9)  (6]Hol10)  (6]Ho|12)
(O1Ho[3)  (9[Ho[5)  (9Hol6)  (9|Hol9)  (9[Ho[10)  (9]Ho[12)
(10[Ho[3) (10|Ho|5) (10]Ho|6) (10[Ho|9) (10[Ho[10) (10[Ho|12)
| (12[Ho[3)  (12|Ho|5) (12|Ho|6) (12[Ho|9) (12|Ho|10) (12|Ho[12)]
(3.3)
after putting (3.2) in (3.3) and solving the terms
[0 —t-5 0 0 t+6 0 |
—t—0 0 —t+06 —t+9 0 t+9
H, = 0 —t+0 0 0 —t+0 t+906 (3.4)
0 8 0 0 0 —t+6 t+46
t+9 0 —t+0 —t+9 0 —t—0
0 t+90 0 0 —t—90 0

The matrix of the interacting term is a diagonal matrix with non-zero values only

if both NN sites are occupied. So total Hamiltonian of ED for 4 sites become

V —t—9 0 0 t+0 0
—t—9 0 —t+90 —t+90 0 t+9
H, = 0 —t+0 V 0 —t+0 t+90 (3.5)
0 —t+0 0 V —t+06 t+0
t+46 0 —t+06 —t+46 0 —t—0
0 t+90 0 0 —t—9 V

To find ground-state energy we have to find eigenvalues of above matrix using
either MATLAB’s eig(), eigs() function or LAPACK in FORTRAN. ED is a
powerful tool to find the ground-state energy of many-body systems even though
it has a strong system size limitation. The total number of basis vectors in Hilbert
space increase exponentially with system size. Number of basis vectors with L
site and N particles are given by m For 10 and 20 sites at half-filling,
dimensions of Hy matrix are 252 x 252 and 184756 x 184756 respectively. This
increase in the size of Hy matrix makes ED impossible to be performed on large

system sizes.

15



3.2 Variational principle of quantum mechanics

Let |a) be the complete orthonormal set of eigenstates of Hamiltonian H with
eigen-energies F, < F,;; where a = 0,1,2,... Any state |¢) of system can be

shown in the form

(@) = Y cala) (3.6)

where ¢, are coefficients of linear combination. The expectation value of energy

is given as

_ (¢|H|9)
E(¢) = ol (3.7)

Ea a 2

this fulfills the condition that E(¢) provides with upper bound of ground-state
energy Eyi.e. E(¢) > Ep.

In the context of the variational scheme, we take a trial wave function |¢;) which

(3.8)

depends on one or more than one variational parameters (o;) and has desired
symmetries. We find values of these variational parameters such that the energy

of the system is minimum i.e.

OE(¢1)
00@

this gives the best approximation of ground-state energy and wave function for

=0 (3.9)

the system.

It is difficult to say how close a variational wave function gives results to the exact
ground-state. Sometimes ground-state energy is very close to exact results but
corresponding wave function doesn’t explain system truly. This can be because
of degenerate energy states. An example can be the spinful Hubbard model with
a large value of interaction V. Almost all states with large interaction have no

doubly occupied sites which makes their energy equal. [36]
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3.3 The Baeriswyl variational wave function

The Baeriswyl variational wave function (BWF) was first introduced by D.
Baeriswyl in 1987 as a counterpart of the Gutzwiller wave funtion (GWF). The
GWF explains very famous Mott-insulator transition but it fails at large value of
the interaction V' where BWF gives an excellent approximation.

Recipe of BWEF:

The derivation of the BWF |¢p) starts from writing the state of the system in
V' — oo limit (1)) and then applying variational parameter dependent kinetic

energy operator on it i.e.

¥B) = Np exp(—aHin) 1o (3.10)

where Np is overall normalization factor and « is variational parameter. This
operator promotes the hopping effect in the system.
For simplicity, we will first construct a BWF for simple spinless Hubbard model in

1D at half-filling and then follow the same procedure for interacting SSH model.

3.3.1 BWF for Hubbard model

The Hamiltonian of 1D spinless fermionic Hubbard model is given as

L L
t %
H = H]ﬂn + Hint = —5 TLX:I CILCn_i_l + E nz; nnnn+1 + h.C. (311)
In Fourier space (3.11) becomes

Hyin = Ze(/{)c};ck (3.12a)

k
Hy = Vv Z e(q)ch . enel, e (3.12b)

) T = k+q~~~k'—q
k) 7q

where €(k) = —cos(k) and t = 1 is taken. As system is at half-filling in V' — oo
limit there will be a CDW i.e. particle on every second site as shown in Figure.

3.1. ) has a simple form in this case as follows
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°
o)
°
o)
°

Figure 3.1: Charge density wave for a half-filled system. Blank (filled) circle show
empty (occupied) sites and a is lattice constant.

) = I %@L el o)l0) (3.13)

keRBZ
where the product goes on reduced Brillouin zone (RBZ), () = 7/a is ordering
wave vector, a is lattice constant which is taken as one and |0) is a fermionic
vacuum. After applying operator exp(—aHj;,) on (3.13) one can get BWF as

following
[wp) = 1] Nelexp(—ac(k))e] + exp(—ae(k +m)cf,,)][0)
keRBZ

and normalization factor can be find by (¥5|tp) = 1. The final form of the wave

function is

B exp(—&e(k}))c;rf + eXp(Oéﬁ(@)CLn
[¥p) = kelplz 2 cosh[2cve (k)] 0

In Ref.[35] BWF was derived for 2D spinless Hubbard model. The above derived

wave function is the exact counterpart of that wave function in 1D. This wave

(3.14)

function gives a very good approximation of the ground-state energy as well as

the wave function [35].

3.3.2 The BWF for the interacting SSH model

The Hamiltonian of the SSH is given by (2.23). Using Pauli matrices it can be

written as

- ; ; (k) ip(k) Ck
Ho—; 4 d [_ip(k) _e(k)] [ ] (3.15)



|1hso) is given in (3.13) but now we cannot simply apply exp(—a.Hj) on this state

because Hy is not diagonalized in [cL, Cp,4) basis. To overcome this problem there

are two ways

1. Diagonalize Hy into some new basis let’s say [ﬁ,i, fy,i]

2. Decompose exponential operator into even and odd terms

If we follow the first way and derive a wave function we will end up with 16 terms
to be solved for the interaction part which will make this problem even more
complicated. However, the second way can make this problem easier to solve.

Using the Pauli matrices, we can write (3.15) as

H= Z(hx% + hyoy + hyo) (3.16)
k

where h, = 0, h, = €(k) and h, = —p(k) and o; are Pauli matrices. We can

define a term h(k) as
h(k) = \/h% + h2 + h? (3.17)

And operator exp(—aHy) can be expanded as
-  (—aHo)"
eXp(—OéHo) = Z T
= [(Calo)’]” S o [(maHo)T”
EE N A —aHy) R Y 1
2 ! +;( oHo) =5 ) (3.18)
Note that HZ is

F[Q =H, Hy = (hyoy + hyoy + hyos) - (hyoy + hyoy + hyoy)
H§ = h2 + bl + h2 = h(k)® (3.19)

we have used 07 = Iy, 0,0, 4 0,0, = 0, ] where i = x,y, z while z,y, z are taken
in a cycle and I is 2-by-2 identity matrix. Put (3.19) in (3.18)
= ah )" = [ah(k)])*™ -
exp( aHO I, —« ————Hp
S,
sinh|ah (k)| ~
ah(h)]
h(k)

n=

exp(—aHy) = coshlah (k)| I, — (3.20)
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in matrix form it can be written as

(_ f{ ) B COSh[Ozh(/{;)] - €<k) sinhh[?kf;(k)} —Zp(k‘) sinhh[?k};(k)]
exXp{—auig) = L sinh[ah (k)] hlah(k k sinh[ah (k)]
ip(k) h(k) cosh[ah(k)] + €(k) 0

(3.21)

|1hoo) from (3.13) can also be written in matrix form

o) = ] IL ] 0) (3.22)

keRBZ
Now, application of exp(—aHy) on |15) has become a simple multiplication. So,
|1 B) becomes
om) = T 2| Pl + Ptk mcl. | o) (3:23)
ke RBZ
where P(k) = [cosh[ah(k)] — e(k)% zp(k)smh[’()‘kh)( ) | and Np can be cal-
culated using the normalization condition

= Z<¢B|¢B>

= Z oy [P*(k)e + P*(k + 7)cpin] [P(K)ch + P(k + 7)ck,]|0)
N2
= TB<OI [|P(E)[Pexcl + P(k)P(k + m)exchy . + P*(k + ) P(k)cgync)
k

+ |P(k + 7r)|20k+7r02+7r] |0) (3.24)

Using {¢;, c;r} = 0, ; and the Wick’s theorem [37] only the first and the last term

will give non-zero results. After simplification, Np can be written as follows

V2

Np = 3.25
b Zk: /2 cosh2ah(k)] (3.25)
Putting (3.25) in (3.23) gives final form of wave function
omh = TT [\l + xtb + w0 (3.20
keRBZ

where

[ coshlah (k)] — e(]g)smhh[f(xk’;(k)] _ zp(k:)%]

/2 cosh[2ah(k)]

In the next section, we will derive exact expectation values for kinetic and inter-

x(k) =

action energy.
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3.4 Ground-state energy of BWF

The variational ground-state energy is found by minimizing it with respect to

variational parameter a i.e. Ey = ming(1p|H|5). Hy can be written as

Hy=>)_ [e(k) [cher — ¢}y nChin] +ip(k) [cherin — CL”CIJ} (3.27)
P

and its expectation values (Hp) is derived as

(Ho) = Z [(Ol [x* (K)cx + X (k + 7)crn] {e(k) [cher — chyrChin]

+ip(k) [czckﬂ — cL+ﬂck} } [X(k)cz + x(k+ W)CLJHJ |0>} (3.28)

again, applying Wicks theorem will give only four combinations which have non-

zero values

() =Y [e<k>[|x<k>|2 etk £ M + i) [ (R x4 ) — +w>x<k>}]

(3.29)

To solve expectation values of [:I,-nt we have to decouple k and & momenta. We
can use the Hartree-Fock decoupling [38] which, in second quantization formalism,

is written as following

Hing) =-7 E Ck+quCk/ ck/>

kk’

——Z {C,ﬁq <cL,,qck,>—<cL+qck,><cL,,qck> (3.30)

k,k',q

the first term in above equation is known as Hartree decoupling while the second
is called Fock decoupling. Hartree decoupling basically deals with interactions
when two particles with momenta k and k + ¢ scatter from each other and come
back to their original positions after scattering. Fock decoupling takes care of
interactions when two particles exchange their positions after scattering. This
behavior is depicted in Figure. 3.2. To find expectation values, all we need to do
now is to choose the value of ¢ such that k and k' are decoupled. Usually, only

q = 0 terms give non-zero expectation values but as the system under study is at
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a) b) E
Figure 3.2: Feynman diagrams of Hartree and Fock interactions. a) Hartree

decoupling: after interaction particle come back to its initial position. b) Fock
decoupling: particles exchange positions with each-other after the interaction.

half-filling so Fermi wave vector is nested i.e. after k = 7 Fermi surface repeats
itself. It means that there are two types of non-zero expectation values one at
q =k —k =0 and other is at ¢ = k' — k = w. Usually, the first one is known
as normal expectation values and the second is known as anomalous expectation

values.

With ¢ = 0 Hartree term (HT) gives

HT,_o = _%6(0) (Z<c,1ck>>2

k

as chk = ny is density operator and summation over k£ makes it number of total

particles in system which are L/2 so

VI VL

HT withg=m

HT, o = =) ([ chyrenl] [ el cce)] )

k k'

([ teh ] [t

k k'
Z <CL+7er >
k

where we have put k = k + 7 in second step. Following the same procedure that

=<

2

y
-~ (3.32)

we followed for deriving expectation values of Hy we can evaluate (3.32) as

2

HT,_, = —%‘ g X (k + m)x (k) (3.33)
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With ¢ = k' — k, Fock term (FT) is

V
FTy—o = 7 ( Z e(k' — k)<clz+k’—kck/><CL—k’—kck>>

2
_ %(;;e(k’ — B)(chew) (chex) ) _ (%:e (o) )2
Fmﬂ:—%(Ejd@mww)Q (334)

k
Similarly, FT with ¢ = 7 give

v

Fly=r = L ( Z e(k" =k + ) (el pnCrr) <CL/—k'+k—7er>)
kk

2

FTp, = —% > etk (k +m)x(k)

k
Putting results of Eq. (3.31), (3.33), (3.34) and (3.35) in (3.30) we get total

interaction energy as following

VL v[ ZX b+ )y

(i) = — =
> elk)x*(k +m)x(k)

k

(3.35)

+(Zﬂwwwﬁ2

k

+ 2} (3.36)

Solving these terms numerically in this form takes a lot of time and it’s not
possible to take the derivative of absolute terms numerically. So, we have to
simplify them. For purpose of simplicity let’s solve |x(k)[?, |x(k+7)[%, x* (k) x(k+
m) and x*(k + m)x (k) separately

(k) * = X" (k)x (k)

_ 1 sinh[ah(k)] sinh[ah(k)]

~ 2cosh[2ah (k)] C().Sh[ah(k” N e(k)w —ip( )W
cosh[ah(k)] — e(k )% H-p(k)smhh[?kf;(k)]

_ 1 k)

-2 E tanh[2ah (k)] (3.37)

where €2(k) + p*(k) = h?(k). Similarly, |x(k + 7)|? can also be calculated as
(b +m)[ = x"(k+ m)x(k + )

1 elk) .
=3 + 0 sinh[2ah (k)] (3.38)
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where we used h(k + m) = h(k). x*(k)x(k + 7) and x*(k + 7m)x(k) are

(R)x(k +7) = QCOSM;M i ;2((1;)) tanh[20h (k)] (3.39)

_ 1 | iplk)
2 cosh[2ah(k)] = 2h(k)

X (k+m)x(k) tanh[2ah (k)] (3.40)

Putting (3.37), (3.38), (3.39) and (3.40) in (3.29) we will get the final form of

expectation value of Hy as

(Hy) = Z [— 6;((:3 tanh[2ah (k)] + zlpfél;) tanh[Zah(k)]}

(Ho) = — > h(k) tanh[20h(k)] (3.41)

Similarly, (3.36) will become

2

VLV 1 ip(k)
Hint) = == = I[ zk: D cosh2ah(R)] | 2n(k) Anb2ak(k)]

e(k) (k)
* (T ~ 2n(k)
ie(k)p(k)

+ on(k) tanh[2ah(k)]

tanh[Zah(k)])2 +

2} (3.42)

Total ground-state energy is sum of (3.41) and (3.42) while « is chosen such that
energy is minimum. If we put 6 = 0 in the above derived expressions for energy,

we can retrieve energy expressions for the Hubbard model which were calculated
in Ref.[35].

3.5 Parent Hamiltonian of Baeriswyl wave func-

tion

A two-state effective parent Hamiltonian in k-space can be a great help to visu-
alize phase transition and to check if the derived wave function is correct or not.

This is done by plotting the curves traced out by h(k) vector when k is swiped
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through the Brillouin zone. To construct parent Hamiltonian of BWF, consider

that the Hamiltonian is given as

cos sin 0j,e?*
Hp = £(k) " g (3.43)
sin @re™ " — cos Oy,
and its ground-state wave function 7 is
sin % ¢kt
O e (3.44)
— cos e

where ( is some arbitrary phase. To completely define Hp we need to evaluate
Ok, ¢or and (k). Comparing (3.45) with (3.26)

0, 4
X(k) A gewkelﬂ; X(k) = — COS Eel (3.45)

We can solve these equations for 8, and ¢y

¢ = tan ! (%); 0, = 2tan ! (%S?) (3.46)

where Q = x(k)/x(k+m) and x(7) is given by (3.26). To find £(k) one can assume
that total energy E is equal to ), £(k). Here total energy is sum of (3.41) and
(3.42) except for the constant V' L/4 i.e.

E =Y ¢k) = =3 h(k) tanh[2ah(k)] - % SIS ) (3.47)

where fi is given by (3.40), fy is €(k) times (3.37) and f3 is €(k) times (3.40).
The above equation gives &(k)

£(k) = —h(h) tanh(2ab()] - T YIRS AW] (348)

Sum of £(k) over all k points in Brillouin zone is equal to total energy F.
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Chapter 4

Polarization and Cumulants of
the Zak phase

In this chapter, we will calculate the cumulants of polarization probability dis-
tribution for interacting SSH model and reconstruct the distribution. For this
purpose, we will discuss the modern theory of polarization which is based on the

Zak phase (a type of geometrical phases).

4.1 Geometric phase in quantum mechanics

In classical and quantum physics, the geometrical phase is the phase difference
acquired by the system when it adiabatically makes a cycle in the parametric
space. Shown in Figure. 4.1, a set of vectors is being parallelly transported
on the surface of the sphere in a closed path. At the end of the path, vectors
have acquired an extra phase of /2 degrees, this extra phase is known as the
geometrical phase. It was first generalized by M. V. Berry in 1984, hence it’s
also known as Berry phase[16]. Geometrical phase plays a very crucial rule in the
understanding of many quantum phenomena e.g. Aharonov-Bohm (AB) effect,

spin-orbit coupling and quantum Hall effect. A classical example of a geometrical
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Figure 4.1: Schematic of geometrical phase. Vectors starting from solid black
point, when parallel transported in a cycle, acquired an extra phase of 7/2 due
to the geometry of the sphere.

phase is Foucault pendulum which seems to change the plane of rotation, by a

very small angle, every day due to rotation of the earth.

In quantum mechanics, this phase was first calculated by Zak for 1D solids.
So, Berry phase in solids is known as the Zak phase. Electrons are in energy
bands and when an external electrical field is applied, they begin to move. When
electrons make a complete cycle, they acquire an extra phase, known as Zak

phase. Berry phase has three properties:

1. It’s purely geometric
2. It’s always real

3. A phase factor is associated with all the paths that can be taken

Consider a half-spin in the magnetic field which is depending on time. Its Hamil-

tonian can be written as

—

H=-B()-S (4.1)

suppose ground-state is |n(t)) such that Hn(t)) = Eo|n(t)) and S.a|n(t)) =
1/2|n(t)). We want to evolve system in time. First suppose that B = B is not
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changing with time and we evolve system in time from ¢t = 0 to t = 7. If Bn
is constant then at ¢ = 0 ground state is |n(0)) and at some time ¢ = 7 ground

state is |n(7)) = |n(0)). Evolving system gives

e[ [ at] o) = w0 exp [Fa7] i)
_ exp(%iEoT) (4.2)

which is a very well known dynamical phase shift. Now, if we take adiabatically
changing B such that B = B - n(t) and assume that this change is so slow that

ground-state does not change and again we evolve system fromt =0tot =7

(n(r)| exp {%@ /0 THdt} n(0)) = (n(r)| exp [% /0 ' —]§-§dt] In(0))

by dividing total time T into N small intervals of At, it is easy to show that

Wﬂwﬂ#ézMMmme%%WMW@>

with

on =i [ dtln(®)loiin(t) (1.3
This extra phase ¢ is known as Berry phase. In this example we evolved system
w.r.t time, in general one can take any parameter in which system can be evolved.

In solids, electrons are evolved in momentum vector k. So, Berry phase in solids

(also known as Zak phase) is written as
o =1 [ dE((1)|36In(1) (4.4)
Obviously, ¢.a is gauge dependent. By transforming
In(k)) = eX® k)
$:ai become
&Mzg/%kmmmmm»mmnm
:@M—/M@nm=¢m—xw@»+num> (4.5)
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So, Zak phase is gauge dependent but if we take a cyclic evolution of the system
such that x(k(T)) = x(k(0)) then Zak phase can be considered as gauge in-

dependent, in other words

V(k(0)) = X(k(T)) = 2n(integer) (4.6)

Therefore, we can say that the Zak phase can change only by multiple of 27 under
gauge transformation but it can never be eliminated. And on a closed path, it’s

gauge independent.

4.1.1 Wannier functions and Zak phase

To describe bulk properties of crystalline solids we take non-interacting approxi-
mation in which sum of one-particle Hamiltonians makes the Hamiltonian of the

complete system i.e.

= (P
H = 2 <2m - U(ri)) (4.7)
where first term is kinetic energy and second is potential of ¢ — th particle. N is
total number of particles and U(r) is periodic under Ry, lattice vector i.e. U(r; +
R,) = U(r;). Solution of N particles can be obtained by solving Schrédinger
equation

Hii(r) = Eithi(r) (4.8)
Where H;,1;(r) and E; are Hamiltonian, eigenstate and eigenvalue of i — th

particle. Because bulk is translational invariant so ground state of Hamiltonian

is given by Bloch theorem

Yi(r + Rn) = ey (r) (4.9)

where k is the wave vector which is taken as discrete points in the Brillouin zone.

Above equation can also be written as
Ure(r) = e®Tuy (1) (4.10)

where uy(r) has the periodicity of lattice. Using (4.10), (4.8) can be written as

(p + hk)?

o~ T U ) | tnkl(r) = Enjetine(r) (4.11)
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Bloch functions are a fully delocalized basis. They are periodic under reciprocal
space vector G and their Fourier transformation gives localized Wanniar functions
W, (j). In 1D

1 -
Wa(j) = —= D e (k) (4.12)
R
Wannier functions obey following orthonormality relation
[ W) = 6o (4.13)
Center of j — th Wannier function, r,(j) is defined by

rn(g) = W ()P Wa(5)) (4.14)

where 7 is position operator. Bloch functions [, (k)) are decomposed as

[¥n(F)) = k) © |un(k)) (4.15)

for SSH model n = 1,2 is conduction and valance bands respectively and |u, (k))

are eigenstates. |k) can be Fourier transformed as
| X

k) = Vi lz; el |1) (4.16)

by applying 7 on |W,,(j)) we get
. . 1 —ijk ilk
FWali)) =7 ge ! ;e D) @ |un(k))

1 —ij im
=¥ Ze JkZme Flm) @ |un(k))
k m

1 [ g ,
— dke* Z me™*|m) @ |u, (k))

2 Jo
2

. T 27
_ i i(m—j)k |1 / i(m—j)k
) dk@k;e |m)®|un(k:)>+j[27r : dk;e

Im) @ |un(k)>} + %/0 ﬂdkzei(m—j)k|m> ® Oklun(k))

(4.17)
where in third step we have taken the thermodynamic limit N — oo = k —
continuous. The first term in above equation is zero because of the periodicity
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and the term in the bracket is a definition of Wannier function

FWa()) = JIWa(3) +ime / "k ) ® B fun(h))

2m
WalDIAW(0) =3+ 5 [ G110l (.19
Using (4.4)
i) =5+ %2 (4.19)

This equation gives the center of 7 — th Wannier function in n — th band and
shows that all the centers of Wannier functions are equally spaced. We have
successfully connected ¢, with Wannier functions, now we can derive a relation

between the polarization of material and Wannier functions.

4.2 Polarization in terms of the Zak phase

The most advanced theory of polarization before the modern theory of polar-
ization was Clasusius-Mossoti (CM) theory [39]. The main idea of CM was to
schematize the solid as the arrangement of separated and independent units, as
shown in Figure. 4.2. But this kind of charge distribution only found in ex-
treme ionic materials. In covalent materials, charge is so much delocalized that
it’s not possible to define a well separated and independent unit cell. Keeping
in mind that macroscopic polarization is defined as “electric dipole moment per

unit volume”, there are few methods to define polarization in classical mechanics

le.
1.
1
Poomp = —/ drrp(r) (4.20)
V:samp samp

2.

P ! / drrp(r) = — 3 (4.21)

cell = —— rrp(r) = T :
. ‘/cell cell p ‘/cell i q
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Figure 4.2: Polarized NaCl ionic crystal structure, represented within Clausius-
Mossoti theory. Small circles are cations and big circles are anions. The shaded
region is the electronic charge distribution and dashed line shows the boundary
of the unit cell. The arrow at the right is showing the direction of polarization.

V- Priero(r) = —p(x) (4.22)

Where p(r) is volume charge density, V' is volume, ¢ is charge and r; is position
of ©+ — th charge. We will see that all these three methods fail to completely
define bulk polarization. Polarization is only a bulk phenomenon but in the first
method, the integral cannot distinguish between surface and bulk contributions of
charge. For example, if we have a cube of dimension L x L x L and prepared such
that charge on left surface is +0 and on right is —o. This will change the charge
density and hence polarization of system, even though there were no changes in
the bulk of the material. Thus, the first way of defining bulk polarization is not a
good definition. To see shortcomings of the second definition, we will discuss an
example. Suppose we have a 1D chain of alternating charged particles as shown
in Figure. 4.3. There are two choices of a unit cell. Consider left edge of unit cell
is at © = 0 and charge of anion(cation) is —1(+1). Polarization in the left unit
cell is

1,—a 3 1
Prepr =Y qiay = E(Ta + Za) =3 (4.23)

By using the same steps, we can calculate that the polarization of right unit

cell is —1/2 which is in contradiction with the polarization of left unit cell.

32



®© ! 0 © @ 0 ! O O ' © Q-

Figure 4.3: 1D chain of alternating charged particles with the distance between
two anions a. The dashed rectangular indicate unit cells.

There are many other ways to define a unit cell which can give polarizations
- —5/2,-3/2,-1/2,1/2,3/2,5/2---. Notice that polarization is changing by
a unit. This unit is called quanta of polarization. Hence, the second definition
of polarization is not a unique way to define polarization. The third definition of
polarization is also not unique as one can add any term with zero divergence i.e.
V.-P=V-(P+C) where C is any constant.

4.2.1 Polarization as an adiabatic flow of current

As all classical ways to define polarization have failed, we need to build a new
definition of polarization by taking quantum aspects into account. Before that,
we should note that experimentally we actually do not need the absolute value of

polarization but the change in polarization. For example, pyroelectric coefficient

dP,
I, = — 4.24
drT ( )
defined as derivative with respect to temperature T', permittivity
dP,
g = —— 4.25
Xas = (4.25)
defined as derivative with respect to field, eg and piezoelectric tensor
0P,
afd — 4.26
Tass = 5o (4.26)

defined as derivative with respect to strain, €gs[40].
To build the theory which can calculate the change in polarization, we can start
by taking an example of piezoelectricity, in which systems have a non-zero value of

polarization when external strain is applied, Figure. 4.4. Suppose in unstrained
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t t

Figure 4.4: Piezoelectric effect in a system on which strain is applied along the
piezoelectric axis. (a) The charge is induced on the surface of the crystal due to
strain and (4.20) can be used to calculate polarization but surface charges cannot
be distinguished in integral. (b) An external capacitor is used to short the circuit
and polarization can be calculated using charge flow.

system polarization was zero and when strain is applied charge build on the sides
of the system, a situation in (a), on which (4.20) can be used to calculate polariza-
tion but this way of calculation cannot untangle surface and bulk contribution to
the integral. In (b), the situation of the modern theory of polarization is depicted
and showing that piezoelectricity is only a bulk effect [40]. While the strain is
applied, an electric charge flows through the system and can be measured care-
fully. Now, the polarization is not only calculated in the final state. In fact,
the time dependence of (b) is a very essential feature, no matter how slow it is.
Fundamental relation from electrodynamics is “change in polarization P is equal

to current density j(¢) flowing through the system” i.e.

L0 (4.27)

If the change is adiabatic, (4.27) can be solved for change is polarization

AP = P(At) — P(0) = / - j(t)dt (4.28)



One can see that even for a perfectly adiabatically change (At goes to infinity
and j(t) goes to zero) above integral remains finite. It is worth to note that mea-
suring charge flow is much easier than dipole measurement, hence the situation
given in Figure. 4.4 (b) is a more efficient way to represent actual polarization
than (a). Similarly, ferroelectric polarization can be easily represented using the
adiabatic flow of currents [40]. Therefore, we conclude that induced macroscopic
polarization can be understood in term of adiabatic charge flow in the system.
So, the basic concept of modern theory of polarization is (4.28). We can change
adiabatic time to general dimensionless parameter A where A can change between
0 (initial system) and 1 (final system).

L dP
AP = d\— 4.2
/0 = (4.20)

Generally, the initial (final) system means the state of the system before (after)

application of some adiabatic change.

4.2.2 Zak phase theory of polarization

In this subsection, there will be a discussion of continues and discrete formalism

that connects polarization with the Zak phase.

4.2.2.1 Continuous Fourier-space formalism

Consider a many-body crystalline system with periodic boundary conditions and
vanishing electric field for all value of A\. The eigenstate of such system is a Bloch

state |1nx) and obey Schrédinger equation i.e.

2

2m
where F,y is eigenvalue, p is momentum and V' is potential. Equivalently, above
equation can be written as

(p + hk)?

Hklunk> = Enk|unk>7 Hk = om

+V (4.31)
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with wu,; has the periodicity of lattice. All terms given above depend upon pa-
rameter A\ but for simplicity, we are suppressing A in notations and will use it in
the last expression. Using elementary perturbation theory, we can find current
density [41, 42]

B ze)\ Z/ 1/1nk|3kH|1/Jmk><¢mk|3AH|1/fnk>

In = 3 o 2
men nk mk)

+ c.c. (4.32)

where c.c. is complex conjugate, e is charge of electron, m is mass and A =d\ /dt.
Note that oH = p/m, O\H = 0,V and

(W) = (o] Br, H] )
= % [Emk<unk|ak|umk> - Enk<unk|ak|u7nk>]
= —%(Emk — Epx) [k | Ok [ttmxc) | (4.33)

also

<¢mk\3AVWnk> = <umk|[a)\:H]|unk>
= Epx (Umk |Ox [tnk) — Epk (Wi |Ox | Unk)

= (Enx — Emxk) [<unk|a)\|umk>] (4.34)
using (4.33) and (4.34) in (4.32), we get

—ie\

In = (27T )3 Z /dk Unic| O [thmic) (Umic | Ox |Unic) + c.c. (4.35)

m#n

letting adiabatic parameter to be time i.e. t — A, A=1

. dP, ¢
In = dt - (271‘)3 mz#:n/dk<u”k|ak|umk><umk|8>\|unk> + c.c.

dPn —1e

dt = (277')3 /dk<akunk|a)\unk> + c.c. (436)

This is the contribution to the change of polarization due to n—th particle. Total

change in polarization can be summed up over N number of particles i.e.

dP —ie
ap= [ G 3Z/dk/ IOt Onid) + e (4.37)
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Using partial integration, the above equation become

—ie

Ok g/dk[ - /01 AN (Ui | Orc[tnic) — /01 dA8k<unk]8A|unk>] (4.38)

Last term will be zero because u,y is periodic in k-space

AP =

AP = (27‘_)3 ;/dk(unk\8k|unk> .
AP =P(1) — P(0) (4.39)
with
_ e ¥ CS PRy
PO) = g Do [ kluilond) (4.0

note we used notations for A\ dependence of states that we had suppressed from

the beginning. Using (4.4) we get final form of polarization

N
e
P=— 9 Z o (4.41)
n=1

where €2 is the volume of the unit cell and ¢7,, is the Zak phase of n — th band.
Of course, this polarization is only for electrons in the systems, total polarization

is the sum of electronic polarization and ionic polarization.

4.2.2.2 Formalism in discrete space

In computational calculation, we cannot use (4.41) as it is. We have to convert
integral over k into discrete grid of k— points. For purpose of simplicity, let’s
take case of 1D where P, = e¢?,,/2m with ¢.. given by (4.4). Integral over k

can be discretized as

k;

AS Uy prar R Ung + Opunidk, (Tylor series), so

<un,k’un,k+dk> ~ 1 + <un,k’akunk’>dk

In[(tn g |[Un pt-dk)] = (Unk|Optink)dk (4.43)
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putting (4.43) in (4.42)
/ (| Ot i) = > 10ttt o) et (4.44)
k;
kj = 2mj/Na, where N is total number of points on grid, j =0,1,2,...N —1, a
is lattice constant and dk = 27 /Na. So, Zak phase of n — th band become

Zak =-9 Z 1n<unkj |unk’j+1>

J

=

¢Zak = _% <un,kj |un,k]-+1> (445)

J

I
o

4.2.2.3 Quanta of polarization

As polarization of one band is given by

(&
P=—
Q¢zak

and ¢.q; is only defined as the modulo of 27, which translates that if we had
chosen some other branch on which adiabatic change of system was taken then

polarization could be

pP— %[gbmk + 2m]

~ eR

P-p4+ 2" 4.4
+ S (1.46)

where m is an integer and R is lattice vector. The last term in (4.46) is known

as quantum of polarization.

Summing up everything so far, we have found the polarization given by (4.41)
which is only well-defined modulo eR/€2. And the change in polarization during
an adiabatic process is given by (4.29). Whole theory can be written as

AP := (P(1) = P(0)) modulo % (4.47)
Actual mean of above equation is that AP is equal to P(1) — P(0) + eR/S2 for

any lattice vector R.
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4.3 Polarization probability distribution and

cumulants

The cumulant function is the Laplace transformation of the probability distribu-
tion function and shows connectedness of n variables with each other. In statistics
and probability theory, cumulants (C,,) of any distribution are alternative of mo-
ments from which complete distribution can be reconstructed. Moments and
cumulants are related quantities, if one knows the expression for cumulants then
moments can be calculated. Cumulants are defined by a cumulant generating
function. The first cumulant gives information about the mean of the distri-
bution, second gives variance. Third and fourth cumulant give information on
asymmetric and kurtosis of distribution respectively.

As described in last section polarization is directly connected with the Zak phase.
To calculate the probability distribution of polarization, we find cumulants asso-
ciated with the Zak phase. And to calculate cumulants we start off by comparing

product term of (4.45) with a cumulant generating function

00 N-1
exp (ALZ Ak ) HO Un,k; |u nk]ﬂ
j=

n=1

zAk
Ak Z

N-1
H unk |u” kjt1 :|
7=0
N-1
- Z In [<u”:kj |un1kj+l>] (448)

J

note that

2

Ak
|Un,kj+1> = ’un,k> + (9k\un,k)A/<: + a]3|un7k>T 4+

Ak?
(nftin 1) = T+ Ak + 9+ (4.49)

where 7; = (up, 1|0%|un ). Expanding In into its series, using (4.49) in (4.48) and

comparing like powers of Ak, we can find cumulants. First four cumulants are
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given below

Cy=—i / dky, (4.50a)
Cy=— / L (4.50b)
Cy = @'/dk[% — 3vom1 + 298] (4.50c¢)
Cy = / dk[ys — 373 — 4ysm1 + 129773 — 677 (4.50d)

where we have taken limit Ak — 0, N — co. Above given C; are gauge depended,
as shown in 4.6. To make cumulants gauge independed, we can write them as
M -
C; = —GC; (4.51)

or

Where M is the number of sites in a unit cell. Simply, one can write ~; for wave-
function given in form [, (az} + by)|0) as a*dia + b*dib. If Wannier centers are
spread in a way that they are only localized within one unit cell, then cumulants
derived above can be taken as cumulants of Wannier centers [20]. The interacting
SSH model we are studying is a lattice model i.e. the Wannier centers are totally
localized on a specific site, this makes the above derived C;s cumulants of Wannier
centers of SSH model.

Generating full probability distribution from only a few known cumulants is still
a question in the study. However, there are many approximations and general
distribution functions that can be used to approximate a distribution with only
a few of its cumulants (or moments) known. One of the most reliable methods
for reconstruction of distribution is maximum entropy method (MEM)[43, 44].
In MEM one maximizes the entropy of the system under constrained provided by
the moments. There are some general distribution functions which can construct
probability with only a few leading cumulants or moment. For example, general
gamma and beta distribution functions can construct probability with first four
cumulants. However, gamma distribution supports only x = (0, c0) and beta only
support « = [0,1]. This limitation makes both these distributions ill-suited for
probability reconstruction of polarization for the SSH model because SSH model
has “mean” on negative x (see chapter 5). There is Gaussian (normal) distribution

which needs only the first two cumulants to reconstruction probability. One can
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add skewness (third cumulant) to Gaussian distribution to get “skewed normal
distribution”. To construct full distribution, we have to know and use all of its
cumulants or moments which is not possible. So, in this thesis, we used only first
three cumulants to reconstruction probability distribution using a skewed normal

distribution function. The skewed normal distribution function is defined as

P(z) = %¢($;§)®<a(x;€>) (4.52)

. 1 2 . 1 i
(i) = me P O(i) = 5 <1 + erf(ﬁ)>

Note that here P is probability not polarization, = is random variable and erf is

with

error function. a, ¢ and w are parameters of distribution. Mean (m), variance(v)

and skewness(s) are given in terms of these parameters as

m=E&+ wé\/g (4.53a)
s

v = w? (1 — 2—52) (4.53b)

(e

1-n_ (02’
2 (1—262/m)3/2 (4.53¢)

S =

here 6 = \/ﬁW Note that here § and « are not being used in context of SSH

model. They are being used for a probability distribution function. One can

find correct parameters (a, & and w) by numerically solving above equations for

chosen m, v and s.
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Chapter 5

Results

BWF gives a very good approximation of ground-state energy for interacting SSH
model. Comparison of BWF’s total energy with ED calculations and minimiza-
tion parameter is given in Figure. 5.1 for § = 0,£0.3,+0.5 and +0.7. This
comparison gets little worse when 0 is increased (decreased) from 0 to 1(—1).
However, in extreme limits of V', value of energy is always exact. In limit V' — oo,
energy goes to zero because of large repulsion between particles. In limit V' — 0,
energy is exactly equal to the energy of the non-interacting SSH model.

For all values of 9, there is a finite a that minimize the ground-state energy. But
for each o, there is a V; on which this minimum become local minimum, with
a = oo as global minimum, see Figure. 5.2 and 5.3 for different 6 and V. It
means that in this variational approximation, there is a first order phase transi-
tion. For equal hopping between sites i.e. § = 0 (simple t-V model), there is a
metal-insulator transition occurring at V' = 1.3365. .., rather than V' = 2 which
is the result of exact solution. This is interesting because BWF is known for
producing only insulating states but in this calculation a first-order transition is
found. Note that only the GWF can produce metallic states but in our calcula-
tion we get this with BWF. The BWF was known to produce metallic states only

—aHo projects out all high kinetic energy states.

in limit o — oo when projector e
But we find a metallic state at finite value of «

Phase diagram of interacting SSH is shown in Figure. 5.4(a). A and B are SSH
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Figure 5.1: Comparison of energy per particle calculated by BWF (Black solid
line) with ED calculations (Blue dashed-dotted line). Inset shows value of « that
minimize the energy for chosen value of § and V. In this calculation ¢ is taken 1:
(a) 0 =0, (b) 0 =£0.3, (¢) 6 = £0.5, (d) § = +0.7

phases (Hartree-Fock approximation) and C' is a CDW ordered insulating phase.
When all hoping parameters are equal, there is a conducting phase (a Fermi sea
in this calculation) for the small value of interaction (dotted-dashed line in phase
diagram). And a correlated insulating phase with CDW ordering is found for the
large value of interaction (Region C'). For finite value of §, with small interaction,
there is an SSH ground-state (Region A and B) and when interaction is increased
systems goes toward CDW state with non-zero skewness (third cumulant). Value

of V' at which phase transition occur is different for each §, as shown in phase

diagram.
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Figure 5.2: Presence of metastable states in system for: (a) 0 =0 at V' = 1.280,
(b) 6 = +03at V =1.670, (c) 6 = +0.5 at V = 1.950, (d) § = +0.7 at V = 2.185
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Figure 5.3: Values of V and respective «,,;, at which system is in metastable
state (dotted line) and stable state (solid line). Black, blue, orange and red lines
are for 6 = 0,£0.3, 0.5 and +0.7 respectively.

To begin with the analysis of polarization distribution, we first take V = 0 case
(simple SSH model) and check if BWF produces correct cumulants. Compari-
son of cumulants calculated using exact wave function (2.12) with BWF (3.27) is
shown in Figure. 5.4(b). It shows that BWF gives an excellent approximation of
ground-state. First cumulant is 1/2(—1/2) for § > 0(d < 0). Second and fourth
cumulants are finite for finite values of ¢ and at 6 = 0 all cumulants, except for
the first which becomes zero, diverge to infinity. The third cumulant is zero for
finite 0 which shows that probability distribution is nearly a normal distribution
(as in this thesis we used only first three cumulants for construction of probability
distribution).
3D plots of the first four cumulants in parametric space of § and V' are given in
Figures. 5.5. First cumulant (which is equal to first moment) varies between 1/2
and —1/2. It shows that “mean” of probability is between these values. There
is sharp discontinuity for V' < 1.3365... which indicates the metallic behavior.
It also suggests that non-trivial point (6 = 0) of simple SSH model has become
a line due to interaction. For a finite §, the second cumulant decreases with
increasing interaction which shows that increasing interaction makes probability

distribution more localized around the mean. The third cumulant is zero for the
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Figure 5.4: (a) Phase diagram of interacting SSH model. A and B are SSH
states and C'is CDW ordering insulating state. Dotted-dashed line is a Fermi

sea (metal), (b) Comparison of cumulants calculated by exact wave function with
BWEF at V = 0.

A and B phases and becomes positive (negative) for ¢ > 0(d < 0) in C' phase. It
shows that the probability distribution is skewed toward the center of the cell.

Cumulants for 6 = 0,0.3,0.5 and 0.7 are shown in Figure. 5.6. Respective proba-
bility distribution calculated by only the first three cumulants is given in Figure.
5.7. The same kind of relationship is found for other values of s. It shows that
for each 0 when interaction increase, distribution become more localized around
zero (center of the unit cell). It’s because with increasing interaction, first and

second cumulant move toward zero.

To study effect of interaction on distribution, we take two paths which connect
two distinct topological phases separated by topological non-trivial line. Both
paths are taken at non-zero value of V. Path-I is taken at constant V = 1 form
0 =1tod = —1. And path-II is taken from 6 =1 and V =1 to § = —1 and
V' = 1 making an eclipse in parameter space of § and V', as shown in Figure.
5.8(a). This eclipse follows equation 6 = cos(¢),V =1+ 4sin(¢) and ¢ is taken
between 0 and . Cumulants calculated on both paths are given in Figure. 5.8(b)
and 5.8(c) respectively. The probability distribution constructed on both paths

is shown in Figure. 5.9.
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Figure 5.5: 3D plots of four cumulants and moments. (a) First cumulant, (b)
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Figure 5.6: First four cumulants as function of V' for (a) 6 = 0, (b) 6 = 0.3, (c)
= 0.5, (d) 6 = 0.7
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Figure 5.8: (a) Two different paths in parameter space of V' and 4, (b) First four
cumulants on path-I, (¢) First four cumulants on path-II.

Figure 5.9: Probability distribution on: (a) Path-I, (b) Path-11I.
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On path-I mean of the probability distribution remain fixed for both § < 0
and § > 0 cases. With increase of |§| distribution become more localized. It
first builds up on z = —0.5 and its magnitude decreases with increasing ¢ from
—1to 0. At 6 = 0 probability is a flat line at zero. This state we take as fully
delocalized (conducting) state. Further increasing § build up the probability at
other point x = +0.5. This sudden jump of distribution shows transportation of
one unit of charge from one site to the next. In contrast to this sudden jump
of distribution from one site to the next on path-I, on path-II it moves slowly
from one site to the next because of interaction. It first builds on x = —0.5 with
a small magnitude and moves toward zero on which, due to maximum strength
of interaction, its magnitude become highest. It ends up on z = +0.5 with a
symmetric distribution.

It is instructive to calculate polarization distribution of RM model and compare
it with distribution of interacting SSH model. One can calculate cumulants of
RM model using wave function given by (2.12), (2.14) and (2.19). Take a semi-
circular path (C) in the parametric space of § and A where A is on-site potential,
Figure. 5.10(a). On-site potential breaks the chiral symmetry of SSH model. On
this semi-circular path distribution moves slowly form one site to next due to A
as calculated in Ref. [20]. Distribution is shown in Figure. 5.10(b). It is easy
to conclude that interaction has the same effect on SSH model’s distribution as
on-site potential i.e. it also breaks chiral symmetry. One difference that can be
seen between two is that topological non-trivial point of RM become a line in
interacting SSH.

By using parent Hamiltonian of interacting SSH model one can trace out the
Brillouin zone curves to visualize phase transition. Parent Hamiltonian, given by
(3.43), (3.46) and (3.48), can be written as Hp(k) = h(k) - ¢ where o are Pauli
matrices and h(k) is 3D vector which traces out closed curve in 3D space of h,, h,
and h,. Curves traced out on path-/ and II are shown in Figure. 5.11. At ¢ =0
(full dimerized limit) d(k) makes a circle of unit radius and at ¢ = 7/2 (metallic
phase) it’s a straight line on y-axis in (hy, h,) plane rather than a curve. In be-
tween these values of ¢, curves resemble to an eclipse which become thinner as ¢
increase. Note that on path-I curves are similar to pseudo-spin vector shown in

Figure. 2.2 which shows that system acts like simple SSH phase on this path. On
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(a) (b)

Figure 5.10: (a) A semi-circular path taken in parametric space of § and A,
(b) Approximate probability distribution of RM model on different point of the
semi-circular path.

1
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<0
-05
-1

-1 05 0 05

h‘l/
(a)

Figure 5.11: Brillouin zone curves traced out by vector h(k) on: (a) Path-I, (b)
Path-11.

path-1I h, is non-zero which causes the straight line to move above the (h,, h.)

plane. It means that on this path there is no gap-closure due to interaction.
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Chapter 6

Conclusion

We studied interacting SSH model by extending the variational Baeriswyl wave
function to take inhomogeneous hopping between sites into account, numerically
calculated phase diagram of the system and studied the polarization probability
distribution as a function of interaction. There were three phases found using
this variational approximation: SSH, metallic and insulating phase. Phase dia-
gram was quite interesting because for the interacting system we found a metal-
insulator transition at V' = 1.3365..., which is less than exact solution’s result
(V = 2 ). The phase transition we found was first-order. We also inverted
Baeriswyl wave function to get effective parent Hamiltonian. By tracing out the
curves of h(k) vector when k is swiped through Brillouin zone, we visualized
phase transition on two different paths.

Study of polarization distribution further explains the effect of interaction on the
phase diagram of the model. We calculated the first three cumulants of polariza-
tion from which we reconstructed probability distribution using a skewed normal
distribution function. It is informative to compare this interacting SSH model’s
distribution with the distribution of the RM model, which is the SSH model
with on-site alternating potential. RM model has a topological non-trivial point
(point on which gap closure occurs) at § = A = 0, where § is deviation of hopping
strength and A is on-site potential. When interaction is added in SSH model this
topological non-trivial point become a line from V' = 0 to V = 1.3365.... We
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reconstruct probability distribution on two different paths in parametric space of
0 and V. Both paths connect two different topological states. One path crosses
the gap closure line and other path makes an eclipse in space avoiding gap closure
line. On the first path, when gap closure line is crossed, distribution changes dis-
continuously. On the second path, distribution travels slowly from one point to
next. This traveling behavior of distribution is also found in the RM model. One
can say that turning on the interaction on SSH model gives a symmetry broken
state similar to RM ground-state in which symmetry is broken due to alternating
on-site potential. One difference that is found between RM and interacting SSH
state is that gap closure point of the RM model become a line in interacting SSH

model.
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