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ABSTRACT

Refugee Resettlement: an Impossibility Result
M. Emin Birkan
Master of Arts in Economics
February 1, 2024

Many countries hosting refugees has no particular method of settling them. In
most of these countries there are cities with a large concentration of refugees. We
propose two Pareto efficient and strategyproof mechanisms to resettle refugees
among cities. These mechanisms always yield results where the number of refugees
does not increase in over concentrated cities. Further, we compare the success of
these mechanisms on reducing the concentration of refugees on particular cities.
None of these mechanisms always performs better than the other one, their suc-
cess depends on the problem we consider. This observation is persistent even un-
der a restrictive assumption. Furthermore, we show that there is no Pareto effi-
cient and strategyproof mechanism that always performs weakly better than both
of the mechanisms we offer. For a mechanism, minimizing the concentration of

refugees on some cities is not compatible with being Pareto efficient and strate-

gyproof.
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OZETCE

Miilteci Yerlestirme Mekanizmalarinin Bir Yetersizligi Uzerine
M. Emin Birkan
Ekonomi, Yiksek Lisans
1 Subat 2024

Pek cok iilke halihazirda agirladigi miiltecilerin ikamet ettikleri sehirlerde degisikliklerin
nasil yapilacagini diizenleyen bir method belirlememigtir. Miilteci agirlayan onemli
sayida tilkede miilteci yogunlugu bazi sehirlerde yogunlagmig durumda. Biz bu
makalede miiltecilerin ikamet ettikleri sehirlerin degistirilmesi icin takip edilebile-

cek iki tane Pareto optimal ve strategyproof mekanizma oneriyoruz. Bu mekaniz-
malarin her ikisi de miiltecilerin yogunlastig1 sehirlerdeki miilteci sayisinin art-

masina izin vermiyor. Bu makalede ayrica, onerdigimiz mekanizmalarin sehirlerdeki
yogunlugun azaltilmasi agisindan performanslarini degerlendiriyoruz. Hangi mekaniz-
manin digerinden daha iyi sonug verecegi tizerinde caligilan probleme gore degisiyor.

Bu 6zellik miiltecilerin tercihleri hakkinda yaptigimiz kisitlayici bir varsayim altinda
dahi degigsmiyor. Son olarak hem strategyproof hem Pareto optimal olan, ve 6nerdigimiz
iki mekanizmadan da hicbir problem i¢in daha kotii bir sonu¢ vermeyen bir mekaniz-

manin var olmadigini gosteriyoruz.
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Chapter 1

INTRODUCTION

By the first half of 2021, the number of refugees in the world has reached 20.8
million. Some countries such as Colombia, Turkey and Germany host more than
one million refugees. In some of the countries hosting refugees, the lack of central
planning leads to over concentration of refugees to certain cities. This concentra-
tion both worsens the living conditions of refugees and creates problems for na-
tives.

Turkey is an example for these countries. There are currently 3.6 million regis-
tered Syrian refugees in Turkey. In some major cities in the south-eastern and
southern regions of country, the percentage of Syrian refugees to the total popu-
lation is above 20%, whereas in the twenty least-concentrated cities this percent-
age is below 0.5%. The local congestion leads to poverty and insufficient infras-
tructure in over concentrated cities. The inadequacy of refugees’ access to social
services is another negative aspect of over concentration. For example, the educa-
tion enrollment rate among school-aged children is only 27% for Syrian refugees in
Turkey.On the other hand, in the cities of low concentration, the refugees’ access
to social services is far from being a problem.

Another concern is the integration of refugees to the labor force. When there is

a massive migration, an extensive infrastructure for social services such as educa-
tion, health and housing is needed. Further, introducing large number of refugees
into the workforce may effect unemployment and wages of natives. In the exam-
ple of Turkey, Syrian refugees have great difficulties in meeting even their basic

needs, since market mechanisms and market selection have failed, leading to both
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regional and sectoral congestion. Thus, central planning is urgent. In this paper,
we propose several mechanisms for resettlement of refugees in cities. Our main
motivation is to find a mechanism that improves population distribution imbal-

alces.
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Chapter 2

MODEL

Let C = {c1, ¢a, .., ¢, } be a finite set of cities and for each city ¢ € C, I. the set of
agents residing in c. Let Z = J .. .. BEach agent i € T has (strict) preferences
over C. Let R = (R;);er denote a preference profile. Each city ¢; has a quota g;.
Let ¢ = (q)!=7. A refugee allocation problem is a list (C, (I.)ccc, g, R). Since
C, (I.)cec and q are all fixed, we can identify a problem by just referring to the
preference profile of agents, R.

Given a problem R, a matching is a mapping 1 : Z — C. Note that a prob-
lem itself identifies a matching. We refer this initial matching as the status-quo
and denote it by pg. Let M be the set of all matchings and let R be the set of
all preference profiles. A mechanism p : R — M is a step by step proce-
dure that assigns a matching for each problem. A city c is overpopulated if

|I.| > g., underpopulated if |I.| < ¢., and balanced if |I.| = g.. The set

of agents in city ¢; after Step k is denoted by I(’j;. At Step k + 1, acity ¢ € C

is overpopulated at Step k-1 if |Ifl| > ¢.. A city ¢, € C is underpopu-
lated at Step k41 if |Ifl| < .. A city ¢ € C is balanced at Step k+1

if ][fl| = ¢.. A city ¢ is an overpopulated city with room at Step k+1

if ¢; is an overpopulated city so that [IF] < |I.|. A city ¢ is an balanced city
with room at Step k+1 if ¢; is a balanced city so that [I}| < |I|. In gen-
eral, there is no ambiguity about the step we consider, so we generally refer an
overpopulated, underpopulated, and balanced city at a particular step just as currently overpopula

currently underpopulated, and currently balanced.
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Chapter 3

CHAIN MECHANISMS

When each city points to a unique agent and any agent points to her most pre-
ferred city, a set of cycles and chains occurs. The existing mechanisms for similar
problems rely on executions of those cycles and chains. In the refugee allocation
problem, only the execution of a chain decreases the number of refugees in an
overpopulated city and increases the number of refugees in an underpopulated
city. But, execution of a cycle does not change the population of cities. While
mechanisms such as Top Trading Cycles and Chains mechanism® for similar prob-
lems precede execution of cycles, we propose a mechanism that prioritizes execu-
tion of chains over execution of cycles in order to improve population distribution
imbalances across cities.

A chain-prioritized mechanism:

Let f be a strict priority ordering of cities and for each city ¢; € C, let g; be a
strict priority ordering of agents in I,.

At the beginning of the mechanism, we recursively define the set Ag as follows:

e c € A} if either for each i € I, for each ¢’ # ¢, ¢P;c’ and c is either overpopulated
or balanced, or for each i € I, for each ¢ # ¢, ¢P;c/, and for all i € T agent i

prefers her own city to ¢, and ¢ is underpopulated.

e For each k > 2, ¢ € Ak if ¢ is not underpopulated and for each i € I, ¢ P;c,

implies ¢ € Al for some [ < k.

o Ao = Uil Ap

'Roth, A., Sonmez, T., and Unver, U.(2004).” Kidney Exchange”, Quarterly Journal of Eco-
nomics
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Only the cities that are not in Ay are included in the algorithm. Each city points
to highest priority agent that currently resides in that city. We call an agent pointed
by a city as an active agent and each active agent points to her most preferred

available city. At the end of Step n, we define the set A, as above.

e c € Al if either for each i € I, for each ¢ # ¢, ¢P;c’ and c is either currently overpopulated
or currently balanced, or for each i € I, for each ¢ # ¢, ¢P;c/, and for each

1 € 7 agent ¢ prefers her own city to ¢, and c is currently underpopulated.

e For each k > 2, ¢ € Ak if ¢ is not currently underpopulated and for each i
€ I, dPic, implies ¢ € Al for some [ < k.
e A, = U?:Vﬁ

A cycle (¢, iy, cy, 5, ..., ¢l il ) is an ordered list of cities and agents such that

il
city ¢} points to agent i}, agent ¢} points to ¢, -, city ¢, points to agent i/ and
agent i/, points to city ¢;. A chain (c,d), ¢, 1, ...,c,, 1,0 _1,¢,), is an ordered

list of cities and agents such that the city ¢| points to agent 4|, agent i} points
to c4,- -+, agent i/ | points to city ¢, where ¢, is either an underpopulated city,
or an overpopulated city with room, or a balanced city with room. Given a chain
/ -/ /

A c), ¢y is the tail or last city of the chain, and ¢, is the

/ -/ / -/
(cy, 1, iy, . C L Ch

head or first city of the chain. The execution of a cycle or a chain is moving all

the agents in that cycle or chain to the city they point. If chain (¢},d, ¢, 5, ...,c,, 1,4 . 1,¢c.)
is executed, then we say that agent i} is the agent who moves last at the execution

and agent i, _, is the agent who moves first at the execution.

Chain Selection Rules

1. Minimal Chain Selection Rule: Given the relevant priority order at a
given step, choose the highest priority city among all cities that are tail of

some chain and execute the minimal (shortest) chain ending with that city.

2. Maximal Chain Selection Rule: Given the relevant priority order at a
given step, choose the highest priority city among all cities that are tail of

some chain and execute the maximal (longest) chain ending with that city.
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Generalized Top Trading Chains and Cycles Mechanism (gTTCh)

Step 0: Choose and fix a chain selection rule.

Step 1 Define f; as follows: For any two cities ¢ and ¢, if both cities are overpopulated
cfic if and only if ¢f¢’; if both cities are underpopulated or balanced again cfic if

and only if cfc’; if ¢ is overpopulated and ¢ is underpopulated or balanced, cfc';

and if ¢ is underpopulated or balanced and ¢ is overpopulated, ¢ fic. fi is the prior-

ity ordering among cities at Step 1.

e If there are cycles that only contains overpopulated or balanced cities, then
select these cycles and execute them. Remove the cities in A; and agents

currently assigned to them. Update the set of active agents.
— If all cities are removed, the algorithm terminates.
— Otherwise, proceed to Step 2
e If there is no cycle of overpopulated or balanced cities;

— Execute the appropriate chain using the chain selection rule. Remove
the cities in A; and agents assigned currently assigned to them. Update

the set of active agents.
x If all cities are removed, the algorithm terminates.
x Otherwise, proceed to step 2

Step k

Define f; as follows: For any two cities ¢ and ¢/, if both cities are currently overpopulated

at Step k, cfic if and only if cfc’; if both cities are currently underpopulated or

currently balanced, again cfyc if and only if ¢fc; if ¢ is currently overpopulated

and ¢ is currently underpopulated or currently balanced, cfic; and if ¢ is currently underpopulate
or currently balanced and ¢ is currently overpopulated, ¢ frc. fi. is the priority or-

dering among cities at Step k.

e If there are cycles that only contains currently overpopulated or currently balanced

cities, then select these cycles and execute them. Remove the cities in Ay,
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and agents currently assigned to them. Update the set of active agents.
— If all cities are removed, the algorithm terminates.
— Otherwise, proceed to Step k + 1

e If there is no cycle that only contains currently overpopulated or currently balanced
cities;
— Execute the appropriate chain using the chain selection rule. Remove

the cities in A, and agents currently assigned to them. Update the set

of active agents.
x If all cities are removed, the algorithm terminates.

*x Otherwise, proceed to step k + 1

Lemma 1. Let (R;, R_;) and (R}, R_;) be two problems and fix the priority or-
derings among agents and cities. If agent i moves only in one of the problems,

set Step k as the step that agent i moves in that problem. If agent i moves in both
problems, let m and n be the steps that agent © moves to another city in the al-
gorithm for (R;, R_;) and (R;, R_;), respectively, and set k = min{m,n}. In the
gTTChC algorithm, the first k — 1 executions, priority orderings fi,...,frs1, and
the sets Ay, ..., Ax_1 are the same for both (R;, R_;) and (R}, R_;).

Proof. Note that for a given problem (C, (I.).cc, ¢, R), the second step of the al-
gorithm is equivalent to the first step of the algorithm for the (reduced) prob-
lem (C\ A, (I )eecras, @, R') where R’ is the preference profile of the agents

n UCZEC\A1 (¢1,) over C \ A; and assuming the priority ordering among cities, f,
and priority ordering among agents within a city are same in these two problems.
Thus, it is enough to prove the result only for the first step of two arbitrary prob-
lems (R;, R—;) and (R}, R_;) so that k > 1 (for case k = 1 the result trivially
holds.). Let k > 1. Suppose the execution(s) in the first step of algorithm are dif-

ferent for these two problems. There are two cases:

1. Cycle(s) that contains only overpopulated or balanced cities are executed in
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the first step of the ¢T'TCh for (R}, R_;).

e A chain is executed in the first step of the ¢7TTCh for (R;, R—;): This
implies there is no cycle that contains only overpopulated or balanced
cities at the beginning of the algorithm. If any executed cycle in the
first step of the ¢gTTCh for (R}, R_;) doesn’t contain agent 7, in the
gTTCh for (R;, R_;), any agent/city in that cycle points to the same
city /agent and this cycle would also be formed in the first step of the
gTTCh for (R;, R_;). But, as we explained, this is impossible. Thus,
the cycle executed in the first step of the ¢7'TCh for (R}, R_;) contains
agent ¢. But this contradicts with £ > 1.

e Cycle(s) that contains only overpopulated or balanced cities are executed
in the first step of the ¢gTTCh for (R;, R—;): There is a cycle that con-
tains only overpopulated or balanced cities so that it is formed in the
first step of the ¢TTCh for one of the problems, but not in the other
one. But, such a cycle contains agent ¢ since otherwise any agent/city
in that cycle would point to same city/agent in both of the problems
and same cycle would be formed in both problems. This means that
agent i moves in the first step of the ¢TTCh for one of the problems,

which is impossible as £ > 1.
2. A chain is executed in the first step of the ¢TTCh for (R}, R_;):

e A chain is executed in first step of the ¢7T'TCh for (R;, R_;): This im-
plies that the two executed chains are different in two problems. If any
of these chains contains agent ¢ then we obtain a contradiction with
k > 1. Suppose this is not the case and consider the chain that is ex-
ecuted in the first step of the ¢7T'Ch for (R}, R_;). This chain is also
exists in the same step of the mechanism for other problem since any
agent /city in this chain points to the same city/agent in the first step
of the gTTCh for other problem. Similarly, the chain executed in the
first step of the ¢gTTCh for (R;, R_;) also exists in the first step of the
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gTTCh for (R;, R_;). But, since the executed chains are different, this
leads to a contradiction as the chain selection rule would consistently
select the same chain among these two chains when both of them are

present.

e Cycle(s) gTTCh cities are executed in the first step of the ¢TTCh for
(R;, R_;): Any cycle ¢TTCh such that it is formed in the first step
of the gT'TCh for (R;, R_;) and doesn’t contain agent ¢ would also be
formed in the first step of the ¢gTTCh for (R}, R_;). Thus, we deduce
that a cycle that contains agent i is executed in the first step of (R;, R_;),

which contradicts with & > 1.

Thus, the execution(s) in the first step of the gTTChC are the same for these two

problems. Thus, f, and the set A; are also same in both problems. m

Theorem 1. The gTTCh with the minimal chain selection rule is strategyproof.

Proof. Suppose that the ¢gTT'Ch using the minimal chain selection rule is not strat-
egyproof. Then, there exists an agent, say agent i, such that if she submits her
preferences as R, instead of her true preferences R; whereas the other refugees
preferences, R_;, remain the same she settles in a better city. First of all, ob-
serve that agent ¢ has to move to another city in the ¢7'T'Ch for (R}, R_;). By

the following argument, this observation implies that agent ¢ moves also in the
gTTCh for (R;, R_;). By Lemma 1, in both problems, all the available cities and
the priority orderings are the same at the step that agent ¢ moves in the ¢gTTCh
for (R}, R_;), say Step k. If agent ¢ doesn’t move to any city in the ¢TTCh for
(R;, R_;), then at Step k, she is pointing to another city since there is at least one
available city and agent i prefers this city to her city. If, for (R, R_;), a cycle that
contains only currently overpopulated or currently balanced cities is executed at
the k’th step of the ¢gTTCh, then at Step k of the gTTCh for (R;, R_;), there ex-
ists a sequence of overpopulated or balanced cities and agents, which points to each

other, starting with the city that agent i is placed in the ¢TT'Ch for (R, R_;), and
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ending at agent ¢. This sequence exists in the following steps of algorithm until
agent ¢ is placed. Thus, agent ¢ should be placed to the same or to a better city
as a result of the gTTCh also in problem (R;, R_;), which is a contradiction. If, on
the other hand, a chain is executed at the k’th step of the ¢TTCh for (R}, R_;),
then the part of this chain up to agent ¢ also exists in the k’'th step of the ¢TTCh
for (R;, R_;), and also agent i points to some city. Thus, agent i is either con-
tained in a cycle that contains only currently overpopulated or currently balanced
cities or in a chain at Step k of the gTTChC for (R;, R_;). If agent ¢ contained

in a cycle that contains only currently overpopulated or currently balanced cities,
then she moves in Step k. If agent ¢ is contained in a chain, then there is no cy-
cle that contains only currently overpopulated or currently balanced cities at Step
k of the gTTCh for (R;, R_;), since otherwise that cycle would also be formed in
the same step of the gTTChC for (R;, R_;). Furthermore, the minimal chain that
contains agent ¢ and all the chains that doesn’t contain agent ¢ are the same at
Step k of the ¢gTT'Ch for both problems. This implies a contradiction as the chain
selection rule identifies the same chain on both problems, and so agent ¢ moves in
both problems. Thus, we can consider only the cases that agent ¢ moves in both

problems.

Let m and n be the steps that agent i is placed in (R;, R_;) and (R}, R_;) respec-
tively and set k& = min{m,n}. By Lemma 1, K = n < m, since otherwise, in
(R;, R_;), after the first & — 1 steps, agent 7 moves to her best available city, which

contradicts with our assumption. For (R;, R_;), there are three cases:

Agent i is contained in a cycle that contains only currently overpopulated
or currently balanced cities after first k—1 steps of the gTTCh for (R;, R_;):
After the first k& — 1 steps, agent i points to her most preferred city in (R;, R_;),

and the cycle that she is contained is executed at Step k of the ¢gTTCH for (R;, R—;).

This contradicts with k£ < m.

Agent i is related with (but not contained in) a cycle that contains only
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currently overpopulated or currently balanced cities after first £ — 1
steps of the gTTCh for (R;, R_;): By Lemma 1, the cycle that agent i is re-
lated exists in both problems after the first & — 1 steps of the ¢T'T'Ch. Thus,
agent ¢ should be contained in a cycle that contains only currently overpopulated
or currently balanced cities after Step k — 1 of the gTTCh for (R}, R_;). This is
only possible if in (R;, R_;), after first k — 1 steps of the gTTChC, there exists a
sequence of currently overpopulated or currently balanced cities and agents that,
each city in that sequence points to the active agent of the next city, it starts with
the city that agent i is placed in the ¢TTCh for (R}, R_;) and ends with agent 7.
Again by Lemma 1, this sequence also exists in (R;, R_;) after the first k—1 execu-
tions. Note that any active agent will remain active in the cities of this sequence
and thus, this sequence will persist in (R;, R_;) unless agent i is placed in the
gTTCh. Thus, in the following steps of the ¢TTCh for (R;, R_;), agent i can al-
ways form a cycle that contains only currently overpopulated or currently balanced
cities cities by pointing to the first city in this sequence. But, since agent i is placed
to another city in the ¢TTCh for (R;, R_;), agent i prefers this city to the city
that agent i is placed in the ¢TTCh for problem (R}, R_;) with respect to her true

preferences. This is a contradiction.

Agent ¢ is contained in a chain after first £ — 1 steps of the gTTCh for

(R;, R_;): There are two subcases:

e There exists a cycle that contains only currently overpopulated or currently balanced
cities which doesn’t contain agent ¢ after the first £ — 1 steps of the ¢TTCh
for (R;, R_;): By Lemma 1, this cycle also exists after the first & — 1 steps
of the gTTCh for (R}, R_;). But, since agent i is placed at k’th step of the
gTTCh for (R}, R_;), this requires the existence of a different cycle that con-
tains only currently overpopulated or currently balanced cities which contains
the city of agent i in the k’th step of the ¢TT'Ch for (R, R_;). As in the pre-
vious case, this implies a sequence which contains only currently overpopulated
or currently balanced cities so that will persist until agent ¢ settled in the

gTTCh for (R;, R_;). Thus, the outcome of the ¢TTChC for (R;, R_;) is at
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least as good as the outcome of the ¢TT'Ch for (R}, R_;). This is a contra-

diction.

o After the first k& — 1 steps in the ¢gT'TCh for (R;, R_;), there is another chain
that doesn’t contain agent ¢ and is executed at Step k: By Lemma 1, this
chain is also exists in Step k of the g7T'Ch for (R}, R_;). If this chain is
executed at the k’'th step of the gT'TCh for (R;, R_;) we get a contradic-
tion with k& = n. If not, then either a cycle that contains only currently
overpopulated or currently balanced cities which contains agent ¢ or another
chain that contains agent i is executed at Step k of the ¢T'TCh for (R}, R_;).
The former leads to a contradiction as in the previous cases. If the latter is
true, then denote the cities that are the tails of executed chains at Step k
of the gT'TCh for (R;, R_;) and (R}, R_;) by ¢, and ¢, respectively. Note
that both chains exist at Step k of the ¢TTCh for (R}, R_;) and since the
chain starting with ¢, is executed, either we have ¢, fyc;, or these cities are
the same. Indeed, these cities cannot be the same since in this case, the fact
that minimal chain starting with ¢;, contains agent 7+ would imply that the
part of this chain until the city of agent ¢ contains no underpopulated city
or overpopulated (or balanced) city with room. But, Lemma 1 implies that
this part of the chain also exists at the k’th step of the ¢gTTCh for (R;, R—;),
which implies that any chain starting with ¢;, in that problem contains agent
. This is impossible since the minimal chain starting ¢;, at k'th step of the
gTTCh for (R;, R_;) doesn’t contain agent 7. Thus, we conclude ¢, f.c;, .

The part of the chain that is executed at the k’'th step of the ¢TT'Ch for

(R, R_;) up to agent i also exists at the k’th step of the ¢TTCh for (R;, R_;),
and agent ¢ points to some city. But then, either there exists a chain start-
ing with ¢;, or agent ¢ is contained in or related with a cycle that contains
only currently overpopulated or currently balanced cities at Step k of the
gTTCh for (R;, R_;). Both imply to a contradiction since in this step of the
gTTCh for (R;, R_;), the chain starting with ¢;, is executed.

Thus, the ¢7'T'Ch with the minimal chain selection rule is strategyproof. m
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Chapter 4

CYCLE MECHANISMS

Generalized Top Trading Cycles and Chains Mechanism (gTTC)

Step 0: Choose and fix a chain selection rule.

Step 1 Define f; as follows: For any two cities ¢ and ¢, if both cities are overpopulated
cfic if and only if cf¢’; if both cities are underpopulated or balanced again cfic if

and only if c¢fc; if ¢ is overpopulated and ¢ is underpopulated or balanced, cfc;

and if ¢ is underpopulated or balanced and ¢ is overpopulated, ¢ fic. f1 is the prior-

ity ordering among cities at Step 1.

e If there are any cycles, execute them. Remove the cities in A; and agents

currently assigned to them. Update the set of active agents.
— If all cities are removed, the algorithm terminates.
— Otherwise, proceed to Step 2
e If there is no cycle;

— Execute the appropriate chain using the chain selection rule. Remove
the cities in A; and agents currently assigned to them. Update the set

of active agents.
x If all cities are removed, the algorithm terminates.
x Otherwise, proceed to step 2

Step k
Define f; as follows: For any two cities ¢ and ¢’, if both cities are currently overpopulated
at Step k, cfic if and only if cfc; if both cities are currently underpopulated or

currently balanced, again cfrpc if and only if cfc; if ¢ is currently overpopulated
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and  is currently underpopulated or currently balanced, cfic; and if ¢ is currently underpopulate
or currently balanced and ¢ is currently overpopulated, ¢ frc. fi is the priority or-

dering among cities at Step k.

e If there are any cycles, execute them. Remove the cities in A; and agents

currently assigned to them. Update the set of active agents.
— If all cities are removed, the algorithm terminates.
— Otherwise, proceed to Step k + 1

e If there is no cycle;

— Execute the appropriate chain using the chain selection rule. Remove
the cities in A, and agents currently assigned to them. Update the set

of active agents.

x If all cities are removed, the algorithm terminates.

x Otherwise, proceed to Step k + 1
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Chapter 5

AN IMPOSSIBILITY RESULT

In this chapter, first we compare the performance of the two mechanisms on re-
ducing the concentration of refugees in different problems. We see that which
mechanism performs better depends on the particular problem. Second, we see
that this result doesn’t change even under a restrictive assumption on agents’
preferences. Lastly, we show that there is no strategyproof and Pareto Optimal
mechanism that always perform weakly better than the two mechanisms we de-

fined. We begin the chapter by defining some necessary concepts.

A matching p improves distribution if ) max{min{|/.|—q., |I.|—|u(c)|},0} >

0. We say that p is weakly better than /Llceif > max{min{|l.| — q., |I.| —

ln(e)]}, 03 > > max{min{|/.|—q., |IC|—|u’(c)|C}€,C0}. We call the sum > max{min{|/.|—
ey | 1e] — | u(c)|}c,€8} as the improvement number of . Lastly, mechacnei(ém p is

weakly better than mechanism v if for each problem the resulting matching of

the mechanism p is weakly better than the resulting matching of the mechanism v

for every problem.

Example 1.
C = {c1,09,¢c3,¢4,05, cg}. There are two agents in each city, and for each j €
{1,2,3,4,5,6}, I., = {ij,i7}. For each j € {1,2,3,5,6} ¢; = 1,and ¢4 = 3.

For each c;, the 2]1 has higher priority than z? The priority ordering among cities

is ¢y feafesfesfegfes. The preferences of agents are as follows:

’L'%SCQ>-01>-03>-C4>—C5>—66

2101 = Cy = C3 = Cy = C5 > Cg
i3 03 = Cy =) = Cq > C5 > Co

Z'%ZC2>03>01>C4>C5>06
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I3 :Cq > C3 > Cl = Cy > C5 > Cg

151 C3 = Cqg > C1 > Cg > C5 > Cg

1y C5 > Cqy > C1 > Cg > C3 > Cg

13:C4 = C5 > C1 > Cy = C3 = Cg

I5:Ce = C5 > C1 = Cg = C3 = C4

U5 1 C5 = Cg = Cl = Cy = C3 = C4

g 1 C3 = Cg = Cl = Cg = C4 > Cs

i2:C6 = C3 = CL = Co = Cy = C3

Generalized Top Trading Cycles and Chains Mechanism (gTTC) on Ex-
ample 1:

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 The only cycle is (3,43, ¢4, i}, c5, 12, g, ig). This cycle is executed at Step
1. Then, A; = {¢1, o, €3, ¢4, C5,C6}-

All cities are removed and the algorithm terminates.

Generalized Top Trading Chains and Cycles Mechanism (gTTCh) on
Example 1:

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 There is a chain starting with the highest priority city: (ci,1}, 2,13, 3,13, ¢4).
It is also the minimal chain starting with ¢;. This chain is executed at Step 1.
Then, Ay = {c1, ¢, c3,¢4,C5, 6}

All cities are removed and the algorithm terminates.

In terms of reducing population distribution imbalances, the gTTCh performs
better than the gTTC in Example 1: The populations of the cities remained un-
changed at the resulting matching of the gT'TC whereas the population of ¢;
has reduced to its allowed level and population of ¢4 has increased by one at the
resulting matching of the gTTCh. We next present an example in which the
gTTC performs better.

Example 2.
C = (¢1,¢9,¢3,¢4,05, cg). There are two agents in each city, and for each j €

{1,2,3,4,5,6} I, = {i},i3}. Foreach j € {2,3,5,6} ¢; = 1,1 = 3and ¢, = 3.

J
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For each city c; z} has higher priority than ij The priority ordering among cities
is cofcsfesfegfeafer. The preferences of agents are as follows:

1] 1 Cy = CL > C3 > Cq > C5 > Cg

2101 = Cy = C3 = Cy = C5 > Cg

131 C3 = Cg ™ C1 = Cq > C5 = Cg

i2:Cy = C3 = Cp = Cy > C5 > Cg

13:C4 = C3 7= ClL > Cy > C5 7> Cg

i3:c3 > Cy =€l = Co = Cy = Cg

1y C5 = Cqy > C1 > Cg > C3 > Cg

15 :Cq = C5 = C1 > Cg > C3 > Cg

151 Ce > C5 > C1 = Cg = C3 > C4

15 :Cy = C5 > Cg = C1 = C3 = C2

lg 1 C3 = Ce = Cl = Cy = Cq ™ Cs

U 1 C6 ™ C3 = Cl = Cg = C4 > Cs

Generalized Top Trading Cycles and Chains Mechanism (gTTC) on Ex-
ample 2:

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 The only cycle is (c3,143, ¢4, 1}, 5, 12, 6, ig). This cycle is executed at Step
1. Then, A; = {¢1, 2, ¢3,¢6}-

Step 2 There are no cycles and the only chain is (cs, 4%, ¢4). This chain is exe-
cuted in Step 2. Then Ay = {¢1, o, 3, ¢4, C5, 6}

All cities are removed and the algorithm terminates.

Generalized Top Trading Chains and Cycles Mechanism (gTTCh) on
Example 2:

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 There is a chain starting with the highest priority city, (co, %3, c3, 74, ¢q). It
is also the minimal chain starting with cy. This chain is executed at Step 1. Then,
Ay = {es, ¢4, 05,06}, and ¢4 becomes an overpopulated city and ¢ becomes an
overpopulated city with room.

Step 2 The only chain is (¢, 1, cy). This chain is executed at Step 2. Then, Ay =

{Cla C2, C3, C4, Cs, 06}'
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All cities are removed and the algorithm terminates.

In terms of reducing population distribution imbalances the gTTC performs bet-
ter in this example: Population at the overpopulated cities has remained unchanged
at the resulting matching of the gT'TCh, only the population of ¢; has decreased
by one and the population of ¢; has increased by one. On the other hand, at the
resulting matching of the gT'TC mechanism, the population of the overpopulated
city ¢5 has reduced to its allowed level and population of underpopulated city ¢4
has increased by one.

These examples demonstrate that the success of the mechanism on improving pop-
ulation distribution imbalances depends not only the prioritized executions but
also the preferences of the lower priority agents in the cities and preferences of
agents who not move at the step of execution. At a given step, improving the pop-
ulation distribution imbalances is only possible with the execution of a chain. But,
executing a chain instead of a cycle might also be harmful. Even if the execution
of a chain improves the distribution at first, this effect might be eliniminated in
the following steps as this execution by allowing for an agent to move from an
underpopulated city to an overpopulated city. Moreover, by increasing the pop-
ulation of an underpopulated city, the execution of this chain instead of a cycle
may prevent the execution of another chain as in Example 2. Under the follow-
ing assumption, this is not a concern since the execution of a chain cannot prevent

execution of another chain by increasing the population of an underpopulated city.

Assumption 1. Let (C, (I.)cec, q, R) be a problem, for any underpopulated city c,

the number of agents who prefer city ¢ to their own city, is less than q. — |I.|.

Although the aforementioned concern is eliminated, the gTTC mechanism is still
can still perform better than the gT'TCh mechanism in some problems. Exam-
ple 3 below illustrates such a case. Furthermore, there is no strategyproof, indi-
vidually rational and Pareto efficient mechanism that is weakly better than both
gTTC and gTTCh. We conclude our discussion by proving this result in Theo-

rem 2.

Example 3.
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C = {c1,¢a,¢3,¢q}. There is only one agent in each city, and for every city ¢; we
denote the agent in that city as ¢;. ¢1 = ¢ = 1, and ¢3 = ¢4 = 3. The priority
ordering among cities is ¢q fco fez fey. The preferences of agents are as follows:
11:Cy > C3 > C1 > C4

19 :1Cq4 > Cy > C1 > C3

13:C3 > CL > Co > C4

14 :Co = C1 > C4 > C3

Generalized Top Trading Cycles and Chains Mechanism (gTTC) on Ex-
ample 3:

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 The only cycle is (co, 49, c4,14). This cycle is executed at Step 1. Then,

Ay = {co, 4}

Step 2 The agent who wants to move is i1, The chain (¢q, 41, c3) s executed. Then,
Ay = {cy,c0,c3,¢4}

All cities are removed and the algorithm terminates.

Generalized Top Trading Chains and Cycles Mechanism (gTTCh) on
Example 3:

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 The minimal chain starting with the highest priority city is (¢y, 1, ¢2, 92, 4.
This chain is executed. Then, A; = {¢g, ¢3}, and ¢; becomes an underpopulated
city with room.

Step 2 The only agent who wants to move is i4. Thus, the chain (¢4, 4, ¢1) is exe-
cuted. Then, Ay = {c1, 2, c3, ¢4}

All cities are removed and the algorithm terminates.

In Example 3, for each underpopulated city ¢, there is only one agent who prefers
city ¢ to their own city. Furthermore, in both of underpopulated cities, there are
room for two more agents. Therefore, Example 3 satisfies the Assumption 1. How-
ever, in the Cycle-mechanism agent ¢; moves to c3 and the improvement number is
1, whereas in the Chain-mechanism the improvement number is 0.gTTC performs

better than gTTCh.
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Now we will present the proof for the impossibility of existence of an individually
rational, Pareto efficient and strategyproof mechanism that is weakly better than
both gTTC and gTTCh. This impossibility re is also true for problems satisfy-

ing Assumption 1

Theorem 2. There is no individually rational, Pareto efficient and strategyproof
mechanism that is weakly better than both gTTC and gTTCh, even under As-

sumption 1.

Proof. Assume that there exists an individually rational, Pareto efficient and strat-
egyproof mechanism ¢ such that ¢ = gTTC and ¢ = gTTCh. Let C = {c1,cs, 3,4}
with quota levels ¢y = ¢ = 1, and ¢3 = ¢4 = 3. We will consider three differ-

ent problems that differ only by preferences of the agents. In all of the problems,
there is only one agent in each city. We denote the agent in city ¢; in problem

k as Zf The three problems can therefore be characterized by the preferences of

agents, Ry, Ry, and R3, which we define as follows:

Ry Ry Rs
1. -2 . i3 .
1] :Ca > C3 > Cl >~ C4 1] :Ca > C > C3 >~ C4 1] :Ca > C1 > C3 >~ C4
1. -2 ;3.
g i1 Cq4 7= Cy > C1 7~ C3 19 :C4 7= Cog > C1 >~ C3 19 :C4 7= Cog > C1 >~ C3
1. -2, 3.
13 1C3 7~ C1 > Co = C4 13 1C3 7~ C1 > Co = C4 13 1C3 7~ C1 > Co = Cq
.1, -2, 3.
Z4.CQ>-01>-C4>-C3 Z4.Cg>-01>-04>-03 Z4.CQ>‘C4>-01>-03

Note that in all of these problems, Assumption 1 is satisfied. Now, let’s apply
gTTC and gTTCh on these problems:
Generalized Top Trading Cycles and Chains Mechanism (¢TTC) on Ry :

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 The only cycle is (ca, 43, cq,45). This cycle is executed at Step 1. Then,
Ay = {cg, e}

Step 2 The agent who wants to move is i}, The chain (cy, 4], c3) s executed. Then,
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Ay ={c1,co, 03,04}

All cities are removed and the algorithm terminates.

Generalized Top Trading Chains and Cycles Mechanism (¢gTTCh) on Ry :

Step 0 Ay = () and use the minimal chain selection rule.

Step 1 The minimal chain starting with the highest priority city is (cy, 1, ca, 3, ¢4.
This chain is executed. Then, A; = {¢g, ¢3}, and ¢; becomes an underpopulated
city with room.

Step 2 The only agent who wants to move is 7. Thus, the chain (c4,4},¢1) is exe-
cuted. Then, Ay = {c1, 2, c3, ¢4}

All cities are removed and the algorithm terminates.

Note that in R;, gTTC has an improvement number of 1, whereas gTTCh has

an improvement number of 0.

Generalized Top Trading Cycles and Chains Mechanism (¢gTTC) on Ry :

Step 0 Ay = c3 and use the minimal chain selection rule.

Step 1 The only cycle is (ca, %3, ¢y, 7). This cycle is executed at Step 1. Then,

Ay = {1, o, c3,¢4}. All cities are removed and the algorithm terminates.
Generalized Top Trading Chains and Cycles Mechanism (gTTCh) on Ry :

Step 0 Ay = {c3} and use the minimal chain selection rule.

Step 1 The minimal chain starting with the highest priority city is (cy, 2, ¢a, 3, ¢4.
This chain is executed. Then, A; = {¢g,¢3}, and ¢; becomes an underpopulated
city with room.

Step 2 The only agent who wants to move is i3. Thus, the chain (cy,i3,¢;) is exe-
cuted. Then, Ay = {c1, 2, c3, ¢4}

All cities are removed and the algorithm terminates.

Generalized Top Trading Cycles and Chains Mechanism (¢TTC) on Rs :

Step 0 Ayg = {c3} and use the minimal chain selection rule.

Step 1 The only cycle is (o, 143, cs,43). This cycle is executed at Step 1. Then,
Ay ={c1,co,c5,¢4}

All cities are removed and the algorithm terminates.
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Generalized Top Trading Chains and Cycles Mechanism (¢TTCh) on Rs :

Step 0 Ayp = {c3} and use the minimal chain selection rule.

Step 1 The minimal chain starting with the highest priority city is (cy, 73, c2, 73, ¢4).
This chain is executed. Then, A; = {c1, co, c3, ¢4}

All cities are removed and the algorithm terminates.

Thus, in Rs3, the improvement number of gTTCh is 1.

We know that in R, the improvement number of gTTC is 1. Furthermore, if ¢
places i1 to city ¢y in Ry, ¢ would have an improvement number that is less than
1, as i} would move to ¢; due to Pareto efficiency, and overpopulated cities would
remain overpopulated. Thus, ¢ places i} to city cs.

In Ry, i% has to stay in city ¢ if ¢ is implemented: Due to individual rationality,
the only other option is i? moves to c¢y. This is not possible as it would imply that
in Ry, i} can misrepresent her preferences to move ¢y, which contradicts with ¢
being strategyproof. Thus, if ¢ is implemented, only the agents i3 and 2 moves

in Ry: Each of them has to be placed to other one’s city, as required by Pareto
efficiency.

In Rs, 73 has to move to ¢y if ¢ is implemented, since otherwise i3 can misrepre-
sent her preferences to move ¢y as i3 in Ry. Given that 73 moves to ¢y in Rg, 73
moves to ¢4 as required by Pareto efficiency. There is no other possibility of move,
as only agent who wants to move is i}, but ¢, is overpopulated. Therefore, the im-

provement number of ¢ in R3 is 0. However, we know that the improvement num-

ber of gTTCh is 1 in R3. Which contradicts with ¢ > gTTCh.
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Chapter 6

CONCLUSION

In this paper, we defined two strategyproof and Pareto efficient mechanisms. Al-
though in any step an improvement in the concentration of agents in some cities
is only possible via execution of a chain, the mechanism that prioritizes execution
of chains doesn’t necessarily performs better than the mechanism that prioritizes
execution of cycles. This result is persistent even under the Assumption 1 that we

assumed on agents’ preferences.

Furthermore, with the last theorem, we prove that there is no strategyproof and
Pareto efficient mechanism that performs weakly better than any of the two mech-
anisms we defined. This result implies that among all strategyproof and Pareto
efficient mechanisms, there is no particular mechanism that performs better than
all other such mechanisms for every problem. It is still an interesting question
whether a mechanism can perform better than another mechanism in most of the

problems. Our result doesn’t rule out such a possibility.
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