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Abstract

Physical human-robot interaction (pHRI) is an emerging field that includes ap-
plications in manufacturing, rehabilitation, and AR/VR technologies. The goal
of pHRI is to design interfaces with a focus on safety, minimizing the risks of
injuries during human-robot interactions, without compromising system perfor-
mance. However, there is an inherent trade-off between the safety and performance

of robots in these applications.

This study explores stability robustness and rendering fidelity trade-offs of hap-
tic interfaces under admittance control. Our analysis is based on series elastic
actuation (SEA) under the basic admittance control (BAC) and covers other
admittance-controlled kinesthetic haptic interfaces as a special case when the sen-

sor stiffness is set high.

To analyze stability robustness, we derive necessary and sufficient conditions for
the passivity of the admittance-controlled SEA while rendering various fundamen-
tal components, such as masses, springs, dampers, and their combinations. The
performance of these renderings is analyzed by deriving passive physical equiva-
lents of the corresponding closed-loop systems. Passive physical equivalents allow
us to examine how different controller structures and plant/controller parameters
affect the performance of a closed-loop system. We can also identify parasitic
effects, study low/high frequency behaviors, and compare the rendering perfor-
mance of different closed-loop systems with each other, through passive physical

equivalents.



Our results indicate that the stability robustness is increased as the force sensor
becomes more compliant. Moreover, utilization of a softer force sensor enables
better inertia compensation while rendering a virtual mass, at the expense of a
more limited performance bandwidth. Furthermore, a softer force sensor also en-
ables parasitic damping effects to be kept lower while rendering a virtual stiffness,
at the expense of lower upper bounds on passively renderable stiffness levels. SEA
is better suited for improved inertia compensation and high fidelity rendering of

low impedances are required.

We provide a comprehensive set of guidelines for rendering virtual environments
with admittance controlled kinesthetic haptic interfaces. First, when a virtual
mass is rendered, adding an appropriate amount of virtual damping to the model
is recommended, as such damping enlarges passivity bounds. On the other hand,
the addition of such damping adversely affects the rendering fidelity. Second, to
achieve renderings with low parasitic damping, it is recommended to select a com-
pliant force sensor. However, a compliant force sensor will introduce a limit to
the maximum passively achievable stiffness. Thirdly, the admittance controller is
suggested for high-impedance virtual environments, such as mass-damping render-
ings since passivity does not impose an upper bound on these environments, while
velocity-sourced impedance control (VSIC) is recommended for low-impedance
virtual environments, such as spring or free space renderings. Finally, we show
that passive inertia compensation via feedforward controller terms is not possi-
ble under realistic bandwidth limitations, while feedforward terms can improve

rendering performance at low frequencies.

Our theoretical findings are also experimentally verified; passivity bounds are con-
firmed through coupled stability experiments with relevant most destabilizing en-
vironments while rendering performance is characterized by exciting the closed

loop systems with an ideal motion source.

Overall, this study provides a rigorous analysis of stability robustness and ren-
dering fidelity trade-offs involved in kinesthetic haptic interfaces operating under
admittance control, including SEA. Moreover, our results have direct consequences
for more complex control approaches, such as VSIC, as admittance control con-
stitutes a fundamental component within such architectures. Our guidelines can
help the researchers implement passive virtual environment renderings with high
fidelity, design more capable haptic interfaces for admittance control, and better

understand the limitations of their interaction controllers.
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Ozet

Fiziksel insan-robot etkilesimi (fIRE), iiretim, robot destekli rehabilitasyon ve
artirilmig/sanal gergeklik uygulamalarinda yogun kullanilan bir teknolojidir. fIRE’-
nin amaci, sistem performansindan taviz vermeden, insan-robot etkilegimleri sirasin-
da giivenli araytizler tasarlamaktir. Ancak, bu tiir uygulamalarin giivenligi ile

performansi arasinda kaginilmaz bir 6diinlesim mevcuttur.

Bu ¢aligma, admitans kontrolii altindaki dokunsal arayiizlerin kararhlik giirbtizligii
ve dokunsal alg1 performansi arasindaki odiinlesmeleri kegfetmeyi amaglamaktadir.
Temel admitans kontrolii (TAC) altinda seri elastik eyleme (SEE) temelli ana-
lizimiz, admitans kontrolii altindaki diger kinestetik dokunsal arayiizleri, sensor

sertliginin yiiksek oldugu ozel bir durum olarak kapsar.

Kararhilik giirbiizliigini analiz etmek igin, admitans kontroli altindaki SEEnin
pasif olabilmesi icin gerekli ve yeterli kogullar tiretilmistir. Bu sistemlerin per-
formansini analiz etmek iginse, kapali dongii sistemlere kargilik gelen, kiitleler,
yaylar, sontimleyiciler ve bunlarin kombinasyonlarindan olusturan, pasif fiziksel
gerceklegimler tiiretilmistir. Pasif fiziksel gerceklesimler araciligiyla, farkl kont-
rolcli yapilarimin ve sistem/kontrolcii parametrelerinin kapali dongii sistemlerin
performansina etkileri incelenmistir. Ayrica pasif fiziksel gerceklegimler araciligiyla,
parazitik etkiler tamimlanmig, farkl kapali dongii sistemlerinin dokunsal alg1 per-

formansi karsilagtirilmig ve diigiik /yiiksek frekans davramslar: incelenmistir.

Sonuclarimiz, kuvvet sensoriiniin esnekligi arttikga kararlilik giirbiizliigiiniin arttigi-

n1 gostermektedir. Ayrica, daha yumusak bir kuvvet sensoriiniin kullanilmasi,



sanal bir kiitle olugturulurken daha etkin atalet telafisine imkan vermektedir; an-
cak bu sonucglar daha sinirli bir performans bant genisliginde gecerlidir. Ayrica,
daha esnek bir kuvvet sensorii, sanal yay olugturulurken parazitik soniimleme et-
kilerinin daha diigiik tutulmasini saglar; ancak pasif olarak geri-beslenebilen yay
sertligi seviyelerindeki iist sinir1 azaltir. Bu nedenle, tasarimi geregi esnek bir
kuvvet sensoriine sahip olan SEE, etkin atalet telafisi ve diisiik empedanslarin

yiiksek kaliteli geri-beslemesi igin onerilmektedir.

Admitans kontrollii kinestetik dokunsal araytizlerle sanal ortamlarin olugturulmasi-
na yonelik kapsamli oneriler sunuyoruz. Ilk olarak, sanal kiitle olusturulurken,
modelde uygun miktarda sanal soniimlemenin eklenmesini 6neriyor ve bu tiir bir
sontimlemenin modele eklenmesinin pasiflik sinirlarin1 genisletirken dokunsal alg:
yaratma performansim olumsuz yonde etkiledigini gosteriyoruz. Ikinci olarak,
diigik parazitik soniimleme ile gerceklestirilmis dokunsal algilar elde etmek igin
yumusak bir kuvvet sensorii se¢ilmesini 6neriyoruz. Ancak, yumusak bir kuvvet
sensoriiniin, maksimum pasif olarak gerceklestirilebilir sertlige bir sinirlama ge-
tirecegini de not ediyoruz. Uciincii olarak, pasiflik sartlarmi saglama konusunda
daha avantajhi olduklar: i¢in kiitleme ve soniimleme gibi yliksek empedansa sahip
sanal ortamlar i¢cin admitans kontrolciisiiniin, bosluk ve yay gibi diigiik empedansh
sanal ortamlar i¢inse hiz kaynakli empedans kontrolciisiiniin (HKEK) kullanilmasim
Oneriyoruz. Son olarak, gercek¢i bant genisligi sinirlamalar: altinda, ileri beslemeli
denetleyici terimleri araciligiyla pasif atalet telafisinin miimkiin olmadigini, ancak
ileri besleme sayesinde diigiik frekanslarda goriintiileme performansinin arttirilabile-

cegini gosteriyoruz.

Teorik bulgularimizi deneysel olarak da test ediyor ve pasiflik sinirlarini en kararsiz-
lagtiric1 ortamlarla baglagik kararlilik deneyleri araciligiyla, dokunsal alg1 yaratma

performansini ise kapali dongii sistemi karakterize ederek dogruluyoruz.

Bu calisma kapsaminda, admitans kontrolii altinda galigan kinestetik dokunsal
arayiizlerde kararlilik glirbiizliigii ve goriintiileme dogrulugu arasindaki odiinlegimler
kapsamli bir sekilde incelenmig ve sanal ortamlarin olugturulmasina yonelik oneriler
sunulmustur. Admitans kontrolii, HKEK gibi daha karmasik kontrol mimarilerinin
temel bir bilegenini olugturdugu i¢in, sonuglarimiz bu tiir kontrolciiler i¢in de genel-
lenebilir niteliktedir. Bu c¢aligma kapsaminda sunulan oneriler, aragtirmacilarin,
admitans kontrolii altinda ¢aligan daha etkin dokunsal arayiizler tasarlamalarina,
pasif sanal ortam gortintiilerini yiiksek dogrulukla elde etmelerine ve etkilegim kon-

trolciilerinin kisitlamalarin1 daha iyi anlamalarina yardimei olabilecek niteliktedir.
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Chapter 1

Introduction

Physical Human-Robot Interaction (pHRI) stands at the forefront of technologi-
cal advancement, finding applications in diverse fields such as manufacturing, re-
habilitation, and augmented/virtual reality (AR/VR) technologies. The primary
objective of pHRI is to develop interfaces that prioritize safety, aiming to minimize
the potential risks of injuries during human-robot interactions while maintaining
optimal system performance. Yet, a fundamental challenge arises as there exists
an inherent trade-off between ensuring the safety of these interactions and opti-
mizing the performance of robots across various applications. Ensuring precise
control of impedance at the interaction port is essential for safely engaging with
arbitrary environments [I]. Moreover, achieving optimal performance in interac-
tion controllers is constrained by the challenge of achieving coupled stability, as

discussed by Newman [2].

Various robotic applications utilize open-loop force control methods. In open-
loop force control, the relation between end-effector torques and motor torques is
straightforward. The mapping requires that system dynamics are well-designed
and known. There are optimization methods to achieve optimal designs with
high transparency [3]. Moreover, good mechanical design requires high stiffness,
low inertia, and passive back driviability to achieve ultimate performance which

brings design challenges to the system.



In contrast, closed-loop force control methods are employed as an alternative to
compensate for parasitic effects arising from the system’s dynamics. Yet, the
inclusion of a force sensor for closed-loop force control introduces stability and
performance limitations. To measure interaction forces, the sensor must be placed
at the interaction port, resulting in compliance in the link between the end-effector
and actuator, leading to non-collocation issues. The non-collocation of the sensor
and actuator imposes upper bounds on a closed-loop system’s performance, neces-
sitating careful tuning of controllers to have a balance between stability robustness

and system performance [2), 4].

Stiff force sensors impose strict upper bounds on controller gains due to non-
collocation, limiting the system’s ability to respond rapidly and accurately while
maintaining robustness. To address this trade-off, an intentional introduction of a
compliant element to the end-effector is proposed [5, [6]. Howard initially suggests
a method that involves drive compliance, decoupling actuators from the joint and
controlling each with separate loops [5]. This concept is later extended and termed

Series Elastic Actuation (SEA) by Williamson and Pratt [6].

SEA has been demonstrated to enhance motor performance by safeguarding the
motor from parasitic effects, courtesy of the spring’s filter-like behavior. Addi-
tionally, the compliance of the force sensor relaxes stability bounds, contributing
to increased robustness and rendering performance. SEA is a cost-effective al-
ternative to traditional force sensors, requiring the end-effector to be equipped
with position encoders to measure deflections. However, it is essential to consider
that the spring, acting as a low-pass filter, reduces force control bandwidth. Fur-
thermore, the introduction of SEA adds complexity to the physical system and

presents mechanical design challenges.

Various control structures are employed to address the robots engaging in physical
interactions with their environments. The concept of impedance control, initially
introduced by Hogan [7], emphasizes that controlling force or position alone is
insufficient and proposes the control of the relationship between the conjugate

variables. The dual of impedance control, commonly known as admittance control,



finds application in manipulators [2, [8]. While impedance control generates forces
based on velocity input and desired environmental conditions, admittance control

produces desired motion based on measured interaction forces.

Notably, impedance-controlled haptic interfaces excel in rendering low inertia but
face challenges when dealing with stiff environments. In contrast, admittance
control enables the rendering of high inertia but encounters difficulties in rendering
low impedances [9]. This trade-off between impedance and admittance control
characteristics is crucial in choosing the appropriate control paradigm for specific
applications. Moreover, there exist high-performance haptic devices that leverage
the admittance control paradigm, such as the Haptic Master and Cobotic Hand

Controller [0} [11].

This study explores stability robustness and rendering fidelity trade-offs of hap-
tic interfaces under admittance control. Our analysis is based on series elastic
actuation (SEA) under the basic admittance control (BAC) and covers other
admittance-controlled kinesthetic haptic interfaces as a special case when the sen-

sor stiffness is set high.

To assess stability robustness, our analysis focuses on deriving necessary and suffi-
cient conditions for the passivity of the admittance-controlled Series Elastic Actu-
ation (SEA) while rendering of fundamental components—such as masses, springs,
dampers, and their combinations—based on [12], 13 [14]. The performance eval-
uation of these renderings involves creating passive physical equivalents of the
corresponding closed-loop systems, as outlined in [I5]. These equivalents serve as
valuable tools for us to understand the impact of different controller structures

and plant /controller parameters on closed-loop system performance.

Through the passive physical equivalents, we gain insights into how various factors
influence system behavior. This approach allows us to uncover parasitic effects,
explore low-high frequency behaviors, and conduct a comparison of the rendering
performance across different closed-loop systems. The performance comparison is

further strengthened by employing effective impedance analysis techniques, where



the system dynamics are decomposed into mechanical primitives [16]. This exam-
ination provides a comprehensive understanding of between the controller design,
system parameters, and the resulting stability and performance characteristics in

admittance-controlled SEAs.

We present a comprehensive set of guidelines for effectively rendering virtual envi-
ronments using kinesthetic haptic interfaces with admittance control. Firstly, we
examine different pure virtual environment and compare them with the combina-
tions. Secondly, we analyze how force sensor stiffness affects rendering performance
and coupled stability of the system. Thirdly, we discuss advantages of admittance

controller over VSIC.

Lastly, we demonstrate that passive inertia compensation through feedforward
controller terms is not feasible under realistic bandwidth limitations. However, it
is highlighted that feedforward terms can enhance rendering performance, partic-
ularly at low frequencies. These guidelines provide a nuanced approach to opti-
mizing the performance of admittance-controlled kinesthetic haptic interfaces in

rendering diverse virtual environments.



1.1 Contributions

This thesis systematically analyzes the trade-off between stability robustness and
rendering fidelity in haptic interfaces operating under admittance control, with
a particular focus on Series Elastic Actuation (SEAs). Additionally, it covers
other admittance-controlled devices as a special case, particularly when the sensor

stiffness is set to high values.

The analysis of stability robustness involves passivity analysis, establishing the
effects of various system and controller parameters on coupled stability. To com-
prehend the impact of these parameters on performance, we derive passive physical
equivalents of closed-loop systems, providing valuable insights into the intricate
trade-offs involved. Furthermore, effective impedance analysis is done in order to

better understand these insights.

The theoretical findings presented in this study are validated through experimen-
tal verification. Passivity bounds are confirmed via coupled stability experiments,
exposing the haptic interfaces to the most destabilizing environments. Simul-
taneously, rendering performance is characterized by subjecting the closed-loop

systems to ideal motion sources.

Our contributions can be listed as follows:

e We rigorously study the necessary and sufficient conditions for SEA under
basic admittance controller (BAC) during haptic rendering of linear virtual
environments, including mass, mass-damping, damping, spring, and Voigt-

model rendering.

e We derive passive physical equivalents of closed-loop systems during haptic
rendering linear virtual environments and conduct a comprehensive discus-
sion on the performance of each controller. Through the passive physical
equivalents, we establish the effects of system and controller parameters on

rendering performance.



We further elaborate on rendering performance through passive physical
equivalents by determining the effective impedance of the closed-loop system

at low, intermediate, and high frequencies.

We show that force sensor compliance increases stability robustness while

passivity is not affected.

We prove that a softer force sensor enables a better compensation of the in-

ertia, while virtual mass can rendered at the expense of a limited bandwidth.

We highlight the inherent challenges in achieving pure spring rendering due
to parasitic damping introduced by causality and advocate for the use of the

Voigt-model, since it offers a more accurate representation.

We show that force sensor stiffness adds parasitic damping to pure spring
and Voigt-model renderings, while its effects can be compensated by reducing

the sensor stiffness at the cost of passively rendering softer environments.

We reveal that the addition of an appropriate amount of virtual damping to
virtual mass rendering enlarges the passivity bounds while simultaneously

constraining mass rendering bandwidth.

We investigate the effects of feedforward controllers on inertia compensation
when rendering pure mass with SEA under the BAC. We show that when
bandwidth limitations are introduced, inertia compensation is not feasible,
while the feedforward control terms may improve rendering performance at

low frequencies.

Compared to VSIC, we recommend the admittance controller for high impedance
virtual environments, such as mass-damping renderings, since passivity does

not impose upper bounds on passively renderable environments.

We verify our theoretical findings on passivity bounds and characterize hap-
tic rendering performance through systematic simulations and physical ex-

periments on a single-axis haptic interface driven by SEA.



Our analysis contributes to a thorough understanding of stability robustness-
rendering fidelity trade-offs inherent in kinesthetic haptic interfaces operating
under admittance control, including SEA. Furthermore, the implications of our re-
sults extend to more complex control approaches, such as velocity-sourced impedance
control (VSIC), as admittance control constitutes a fundamental component of
such controller architectures. The guidelines derived from our study are aimed at
assisting researchers in implementing passive virtual environment renderings with
high fidelity, designing more capable haptic interfaces for admittance control, and

gaining deeper insights into the limitations of their interaction controllers.



1.2 Outline

Chapter 2 provides a comprehensive overview of prior studies in admittance con-
trol. It details effective impedance analysis and passive physical equivalents, ex-

ploring their impact on system passivity and haptic rendering performance.

Chapter 3 lays down the theoretical foundation crucial to this study, covering
passivity theorems and themodel of SEA under BAC. A detailed derivation of the
passive physical equivalent of a closed-loop system is demonstrated, along with

discussions on effective impedance formulation.

Chapter 4 establishes necessary and sufficient conditions for ensuring passivity
in admittance-controlled SEAs when rendering fundamental mechanical compo-
nents, such as masses, springs, dampers, and their combinations. Derivations of
their passive physical equivalents are presented, along with discussions on pas-
sivity conditions, feasibility of realizations, and analyses of the effects of system

parameters on haptic rendering fidelity.

Chapter 5 expands the discussion on haptic rendering performance by presenting

the effective impedance analysis for various controller structures.

Chapter 6 presents experimental validation of the theoretical findings for haptic
rendering of SEAs under BAC, specifically when rendering mechanical primitives

like masses, springs, dampers, and their combinations.

Chapter 7 explores the effects of feedforward controllers on mass rendering pas-

sivity limits of SEAs under BAC.

Chapter 8 summarizes the results and establishes design guidelines in three cate-
gories, covering the combination of virtual elements, the compliance of the force
sensor, and providing a comparison between impedance and admittance control

for haptic rendering.

Chapter 9 concludes the study with a comprehensive summary and discusses future

research directions.



Chapter 2

Related Work

2.1 Haptic Rendering with Admittance Control

Newman’s discussion of mechanical admittance, focusing on fast motion responses
to interaction forces [2], investigates the impact of unmodeled dynamics on passiv-
ity. The study introduces the Natural Admittance Control (NAC) design method
to address model uncertainty and enhance stability robustness. This innovative
approach permits higher controller gains to offset parasitic dynamics, thereby im-
proving overall performance. The approach suggests underestimating the damping
and overestimating the inertia to ensure passivity. In addition to this, the paper
proposes an innovative approach to instrument the system with a mechanical fil-
ter in the form of a parallel spring-damper. As with any causal controller, the
effectiveness at low frequencies remains constrained by the physical system’s lim-

itations at high frequencies [2, [17].

Addressing performance challenges in industrial applications, Schimmels, and Peshkin
discuss issues related to admittance control [I8]. They show that contact friction
degrades positional accuracy of the manipulator, leading to misalignment in as-
sembly tasks. The examination of NAC passivity is extended in [19], emphasizing

the impact of sensor-induced filtering on both passivity. It has been shown that
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the mismatch between the dynamics between force and velocity sensor may cause

non-passive behavior.

It is asserted that force feedback significantly enhances the force bandwidth of hap-
tic devices [20]. Moreover, closed-loop control on force, as employed in impedance
controllers, is found to outperform position-based loops in admittance controllers.
As discussed in [9], admittance/impedance controllers outperform each other in
various haptic rendering applications in terms of stability robustness. Impedance
or admittance type haptic interfaces are known to perform better while rendering
virtual environments (VEs) that are close to their plant dynamics. For instance,
impedance type devices are generally better at rendering VEs with low impedance
levels, while admittance type devices are generally better at rendering VEs with
high impedance levels. Admittance-controlled devices are prone to problems where
they interact with stiff real surfaces or render VEs with low inertia. Moreover, it is
important to note the sensitivity of admittance control to drive-train backlash and
internal flexibility in the device. Despite its limitations, various haptic applications

continue to leverage the simplicity of the admittance control structure |21, 22 23].

Recent studies have focused on passivity analysis on the admittance control for
physical human-robot interaction (pHRI) [24], 25, 26]. Keemink et al. present a
comprehensive analysis of admittance control in interactions with humans, offering
guidelines to enhance system performance while maintaining coupled stability [24].
They provide general design guidelines on the effects of feed-forward control, force
signal filtering, post-sensor inertia compensation, motion loop bandwidth, and
internal robot flexibility. Additionally, Horibe et al. merge the admittance control
structure with Series Elastic Actuation (SEA), exploring trade-offs between the
controller and compliance while accounting for excess passivity arising from human
biomechanics [26]. They show that SEA allows for much “free-er” space than
typical admittance-type devices, but this behavior comes at the expense of less

stiff VEs.
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Mechanical primitives such as mass, spring, and dampers are fundamental compo-
nents to construct virtual environments under haptic rendering. Mass and damp-
ings are considered to be high-impedance environments while springs and free
spaces are referred as low-impedance environments. Admittance control is pre-
ferred for rendering high impedances while impedance control is preferred when
low impedances are desired [27] [28]. Low impedance requires high admittance
gains in the controller which can lead to instability in admittance control. Simi-
larly, high impedance rendering is achieved through higher impedance gain in the
implementation where a similar stability problem arises. Moreover, control strat-
egy is also determined to ensure the causality of implementations. Casual mass
rendering requires filters to be introduced to ensure causality under impedance

control, while spring rendering necessitates such filters under admittance control.

Keemink et al. studied the rendering of all the pure element renderings and their
combinations in [24]. They concluded that the addition of virtual damping im-
proves mass rendering which allows for integral motion gain to be employed and
enables rendering lower inertias. However, in this work, spring rendering is imple-
mented in a non-causal fashion, making the validity of the results questionable.
Moreover, while they analyze the effects of feedforward terms on inertia compen-
sation under admittance control, their analysis does not include the compliance
of the force sensor and their results cannot be generalized to devices with compli-
ant force sensors. Another study [25], presents spring rendering under admittance
control with SEA and compares it with other existing force controller structures
in terms of passivity. They conclude that acceleration feedback in such structures
improves both stability and accuracy. One issue is that their controllers are not
causal and which are not feasible in real-time applications. While their main focus
is impedance control, in this thesis we extend their analysis on admittance control

to different virtual environments.

Rendering masses lower than end-effector mass is not possible passively and causes
stability issues under admittance control as discussed in [2]. This issue was further
studied and limitations on inertia compensation of end-effector established as [,

2, I7]. The challenge is inherited due to non-collocation as presented in [29].
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However, SEA allows one to model the system without the end-effector inertia.
Hence, within the limitations as given these studies, it can increase the passively

renderable region of pure mass rendering.

On the other hand, free space and spring rendering under impedance control struc-
ture (VSIC) with both SEA and SDEA are extensively studied [30] 31, B2]. Nec-
essary and sufficient conditions for pure spring rendering and free space rendering
are established in [30]. This study is further extended by addition for physical
damping to SEA and converting it to SDEA for same virtual environments [32].
Moreover, it includes combination of virtual damping and virtual stiffness namely
Voigt-model. The effects of low-pass filtering on rendering performance and pas-
sivity of pure springs and free-space is presented in [31] as an extension to these
studies. The influence of filters is intrinsic in implementations due to their presence
in sensors and actuators, despite not being explicitly modeled in the environment.
In [31], Kenanoglu et. al systematically addresses the effects of filters on these

aspects.

Admittance control implementation is a special case of VSIC when the desired
virtual environment is set to be the free space. Hence, results in the literature
for free space renderings with VSIC under SEA apply to admittance-controlled
devices with SEA.

2.2 Performance of Haptic Rendering

To evaluate the performance of closed-loop systems, we use two different methods:

passive physical equivalents and effective impedances.

2.2.1 Passive Physical Equivalents

Colgate and Hogan highlight the importance of passive physical equivalents analy-
sis in clarifying the instabilities and limitations inherent in force-controlled robots

during interactions with the environment [I5]. They present the fundamental
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constraints faced by robots employing force feedback controllers, particularly in
scenarios involving non-colocated sensors and actuators. Various studies have em-
ployed passive physical equivalents within diverse haptic rendering structures to

examine the system’s behavior under distinct controller configurations [31], 32].

In the mechanical domain, each component finds a counterpart in the electrical
domain, facilitating analysis through a force-current analogy wherein force corre-
sponds to current, and velocities correspond to voltages. Similar to the approach in
[32], this thesis emphasizes fundamental passive mechanical elements like springs,
dampers, and inerters [33] for constructing realizations. The incorporation of the
inerter term in the mechanical domain addresses the absence of a storage element
in the force-current analogy [34]. This methodology not only allows for the repre-
sentation of controlled systems through a simplified depiction of inerters, springs,
and dampers but also facilitates the derivation of minimal realizations of transfer

functions for mechanical systems using network synthesis methods [35], 36].

2.2.2 Effective Impedances

Coupled stability is crucial for ensuring safe interactions with humans, but it
also imposes limitations on system performance. Nevertheless, achieving optimal
performance in physical human-robot interaction (pHRI) applications is essen-
tial to provide a natural user experience. In the study by [16], they distinguish
the rendered dynamics as a force-velocity relationship, referred to as mechani-
cal impedance. Furthermore, their characterization decomposes the system into
mechanical primitives such as inertia, damping, and springs, named as charac-
terized dynamics. The perceived dynamics are ultimately determined through
psychophysical experiments involving humans, considering not only interaction

forces but also visual cues and physical experiences with the haptic display.

Similar to Bode and Nyquist analysis, we employ the effective impedance method

presented in [I6] to break down system dynamics into mechanical primitives across
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different frequencies. Therefore, it is crucial to illustrate what is happening at the

end-effector, in addition to understanding the rendered dynamics.

It is noteworthy that effective impedances enhance our analysis through pas-
sive physical equivalents by providing numerical results, wherein each system/-
controller parameter influences the characterized dynamics across the frequency

spectrum.



Chapter 3

Preliminaries

This section concentrates on the theoretical background necessary for compre-

hending the analysis presented in this thesis.

3.1 Passivity of an LTI System

Colgate claims an LTI n-port system is stable when it is coupled to any arbitrary
passive environment if the system’s driving point impedance of a passive system
[12]. In this study, we are interested in 1-port systems and according to Colgate

and Hogan, the passivity of a 1-port LTI system is defined as in Theorem |3.1

Theorem 3.1 (12,[13,14]). A one-port LTI system, which has a rational impedance
transfer function Z(s) with real coefficients, is passive if and only if the following
conditions are satisfied,

1. Z(s) has no poles in the right half plane, and

2. Re{Z(jw)} >0 for all w € (—o0,0), and

3. Any poles of Z(s) on the imaginary axis are simple with positive and real

residues.

15
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Moreover, we present the following Lemmas to utilize them to derive nec-

essary and sufficient conditions from the impedance transfer functions.

Lemma 3.2. A fourth-degree characteristic polynomial of a system is defined as
p(s) = Zizo an,s™. Then, the system is stable if & := ajasaz — apas — aza? > 0

[30].

Lemma 3.3. A third-degree characteristic polynomial of a system is defined as
p(s) = 320 _,ans™. Then, p(s) has no roots in the close right half plane iff az >
0,a2 > 0,a9 > 0 and ayas — agag > 0. If these inequalities are strictly greater than

zero, the system will not have any imaginary poles.

Lemma 3.4. A transfer function H(s) = ZZZ(SS)) has positive real parts for all

w € (—00,00), where s = jw, if and only if test polynomial R(jw) = Re{num(jw)x*

den(—jw)} >0

Lemma 3.5. A quadratic polynomial defined as p(x) = Zi:o apx™, p(x) >0 for
all x > 0 if and only if ay > 0, ag > 0, a1 > —2\/apas.

3.2 Description of an LTI Model of SEA

Fig. shows an uncontrolled SEA plant model. The system’s reflected inertia
and damping are denoted as .J,,, and B,,, respectively. The end-effector and actu-
ator side are decoupled with a compliant element, SEA, where the stiffness of the
element is denoted by K;. We assume that Hooke’s Law applies to the compliant
element and enables us to measure interaction torques at the end-effector simply
by measuring the deflection between the actuator and the end-effector. In addi-
tion to these, Z.,; models the impedance at the end-effector when it is coupled to
any environment. As a final note, torques of the actuator and applied torques to
the system by a human user are denoted as 7, and 7.,4, respectively. We assume
humans do not deliberately try to destabilize or harm the system during physical

interactions.
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FIGURE 3.1: SEA Plant Model

The block diagram of a close-loop controlled plant is given in Fig. where thick
lines in the diagram denote physical signals. A; and C,, are desired admittance
of the virtual environment and inner motion controller, respectively. w, is the
reference trajectory given to the system. However, for simplicity, it is taken as
w, = 0 in our analysis. Similarly, w,, and w.,q represent motor and end-effector
velocities, respectively. Since, Hooke’s Law applicable interaction forces can be
calculated as Tseq = Kf (01, — Oena). Moreover, Tyq = Tp+ + 7, Where 7,» represents
active component and 73, represents the passive component applied by human user.

Active components are assumed to be independent of the system states. And, we

define the driving point impedance transfer function as Z,,; = — s

Wend

Finally, we list a set of assumptions to simplify our analysis:

e We are interested in the LTI model of the SEA plant under BAC. Hence,
we ignore non-linear effects such as stiction, friction, backlash, and motor

saturation.

e Position/Velocity measurements of the actuator and the end-effector are

available with insignificant time delay.

e FElectrical dynamics of the actuator are neglected.
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e All plant parameters are taken to be positive.

SEA Plant

Admittance Controller Motion Controller

uLUWUOLINULT

F1cURE 3.2: Block Diagram of SEA under BAC

3.3 Passive Physical Equivalents

3.3.1 Pure Mass Rendering with P Motion Controller with
SEA under BAC

In this part, we present necessary and sufficient conditions of Pure Mass Rendering

with P Motion controller with SEA under BAC defined in Eqn. (4.2) where motion

controller is set to G, and desired admittance given as Ay = 57 1L 'We decompose

ref S

to system into mechanical primitives to establish a example of constructing passive

physical equivalents.

JmeMrefSQ—i-aKerefS

o _ , 3.1
mass(s) JmMref 83+06Mref52+Kf MrefS+Gme ( )

where a = B,, + G,,. According to Theorem , Eqn. (3.2) constitutes the

necessary and sufficient condition for passivity for the system defined in Eqn.

E2).

G I

< Mooy (3.2)



19

Similarly, rendered dynamics at the end-effector can be expressed as low-frequency

behavior of the system as M,;,. = Mé—f Further more, Eqn. (3.2)) presents a lower

bound on rendered inertia as it is written below:

Jm S Mvir (33)

3.3.1.1 Derivation of Passive Physical Equivalent of Pure Mass Ren-

dering

In this part, we explicitly show each step to achieve realization of Pure Mass

Rendering.

Mass Rendering - P Motion Controller

oh [ | o

FIGURE 3.3: Passive Physical Equivalent for Mass Rendering with P Motion
Controller with SEA under BAC

First, we extract low-frequency and high-frequency behavior of the system as de-

noted M,; and K respectively.
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I K¢ M,y 2+« Ky Meys

zk = : 3.4
maSS(S) Im ]\/fm'/’ $3 4+« Mref 82+ Kf Mref s+ G, Kf ( )
I Ky Myepaos + K¢ M,os o?
7. = ZP -1 M’uir —1\—1 — m A f ref f ref
1 (( mass) ( S) ) JmMrefOéSZ+Mrefa25+Kf(Mrefa_Gme)
(3.5)

Eqn. (3.5) shows the intermediate step when the low-frequency behavior is ex-
tracted from the system as their reciprocal are taken, they will appear as series in

the realization with K.

Kf . JmM,«efOéS—f-MrefOéz

Zy=((Z1)7" = ( " ) My — Gry Iy,

(3.6)

Moreover, Eqn. (3.6)) shows the resulting impedance after physical filter is ex-
tracted. Notice that, remaining impedance transfer function has the same struc-

ture as parallel mass-damping pair as shown in (3.7)).

Jm ]\/’[Te/ (0% Mref 6(2

Ly = :
? ]\/[ref(l_Gm Jma o Mrefa_Gm Jm

(3.7)

Eqn. (3.7) cannot be further decomposed in terms of mechanical primitives. Thus,
passive physical equivalent analysis is done at this step and depicted in Fig. .3

Final components are given in Eqn ({3.8])-(3.9).

T Mo
P m ref
- 3.8
D1 (5) Myeyo— G Jmat (38)
M,.r o
P _ ref
(%) = Myesa— G Jm (39)
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3.4 Effective Impedance Analysis

Colonnese et al. presented the method to analyze the performance of haptic dis-
plays by deconstructing the closed-loop impedances into effective impedances [16].
The decomposition enables us to evaluate the performance of our system in the
frequency domain similar to Bode and Nyquist plots but in terms of mechani-
cal primitives such as mass, spring, and damper. For derived output impedance

function, Z,.(s), effective impedances are defined as follows:

Eff. Integral FB : EIF (w) = w?*Re {Z(jw)} —270° <6 < —90°
Eff. Stiffness : ES(w) = wIlm ™ {Z(jw)} —180° <60 <0°
Eff. Damping : ED(w) = Re™{Z(jw)} —90° <0 <90°
Eff. Mass : EM(w) = w™ 'Im™{Z(jw)} 0° <6 < 180°

Eff. Jerk FB : EJF(w) = w?Re {Z(jw)} 90° <0 < 270°

In our analysis, we are only interested in effective mass, damping and stiffness.
Effective Jerk and Integral FB (feedback) are not considered. Moreover, our find-
ings on the performance of the controller through passive physical equivalents are

strengthened by this analysis as presented in Section [5]

3.5 Stability of Inner Motion Control Loop

The stability of inner motion loop is important to have robust experience while
rendering virtual environments. Thus, we discuss motion control affects on the

stability of inner loop.

Remark 3.6. The closed-loop motion control system, depicted in Figure [3.4] is

characterized by the following transfer function:
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Win _ Gms+ 1y
Wr I 82+ (B +G) s+ I,

H(s) = (3.10)
From Eqn. , the stability of the inner motion loop is contingent upon two
conditions: I,, > 0 and B,, + G,, > 0. However, it does not restrict the value
of G,,. Notably, selecting a negative value for GG,, places the system’s zero in the
right-half plane (RHP), thus categorizing the system as a non-minimum phase,
as per the established definition. In this scenario, the motor exhibits motion in
the opposite direction for a finite duration before eventually tracking the reference
input. This behavior is suboptimal from a performance standpoint. As a result,

to ensure desirable system performance, we impose the constraint that G,, > 0.

Wr \1 ( 1 Wm

FIGURE 3.4: Closed loop motion (PI) controlled system



Chapter 4

Passivity Analysis and Physical
Equivalents of SEA under BAC

In our analysis, output impedance seen from the environment port is defined as

Zout(8) = S = = For all of our analysis, all physical system parameters are

taken to be positive.

TABLE 4.1: System Parameters for Simulations

Parameters Value Unit
I 5.21 x 10~* kg-m?
B 1.11 x 1072 | N-m-s/rad
Ky 252 N-m/rad
Gear Ratio 1:38

Gm 0.0576 N-m-s/rad
I, 1 N-m/rad

4.1 Pure Mass Rendering

The admittance controller allows us to render pure mass without requiring any
acceleration signal. Impedance transfer function for mass rendering, A; = 1/M,¢s

under PI motion controller given as follows,

23
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Pl () JmeMTefS?’—l—OéMrefoSQ+[meMref8
s) =

= 4.1
mass Jm]MTBfS4 -+ OéMrefS?’ + A/Wmfs2 —+ GmeS —+ [me ( )

where 8 = I, + K.

To establish necessary and sufficient conditions for the passivity of the system

described in Eqn. (4.1)), it is required to show all conditions in Theorem are

satisfied.

Proof.

1.

Z(s) has no poles in the right half plane: when we apply Routh-Hurwitz
stability criterion on Eqn. (4.1) and using Lemma , it is guaranteed that
system has no roots on the open right half plane when the conditions below

are satisfied.

(i) ImMyer > 0

(i) « >0
(111> Gmi—iglq S M'ref

. Gm?2JIm K
(iv) “Im a2+Gmfaﬁ < My

(v) I, >0

Re{Z(jw)} > 0 for all w € (—o0,00): From Eqn. (4.1)), test polyno-
mial is derived as R(jw) = aow? + a;w*. According to Lemma [3.5 the
condition is satisfied if and only if a9 = —B,, I,, Kfc M,y > 0 and a; =
KJ% M,et (B Myes — Gy Iy + G Myep) > 0. After simplifications, know-
ing that both M,.; and K is positive, following conditions are imposed for

passivity:

(vi) Bplpn <0

(vii) Gmdn < M, .,

Notice that, condition (i) implies /,, < 0 since B, > 0.
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3. Any poles of Z(s) on the imaginary axis are simple with positive and real
residues: Setting I, = 0 and selecting G,,, > 0, Remark [3.6] makes stability
conditions strictly greater than zero except condition (iii). When, M,.; =
G Jm/a, we have imaginary poles on s12 = +j \/m

(viti) Res Z(s) = lim (s — s1) Z(s) = 2L >0

5—S1 2

Our results cover the passivity bounds presented in [24]. Passive mass rendering
is achievable when all of these conditions are simultaneously satisfied. However,
when [, < 0, it violates the uncoupled stability in the inner motion controller
loop, although it is necessary to satisfy condition (vi). As a result, this analysis
simplifies mass rendering with a P motion controller by setting I,, = 0. The

system reduces to the following when I,, = 0,

ZP il JmeMrefSQ—f—OéKerefS (42)
M o Moy 83 4+ o Moy 82 + (K Myeg) s + G, Kt ‘

The set of necessary and sufficient conditions for this system reduces to condi-
tions (i), (ii), (vii) and (viii). The last condition is automatically satisfied since
the physical system parameters are positive. The first condition ensures positive
mass rendering (M,.; > 0), while the second condition requires v > 0 and it is
automatically satisfied since physical damping is positive and G,,, selected positive
according to Remark . Condition (vii) establishes a lower bound on M,..¢. This
lower bound can be rewritten as in Eqn. (4.3 and it imposes a condition on G,,.
Since, both M,.r and « are non-negative by stability conditions (i) and (ii), Eqn.
implies G, to be positive. Furthermore, when G,, — oo, J,, < M,.¢, which
implies that it is not possible to render masses lower than the actual mass present

in the system using any causal controllers [17].

> Jn (4.3)
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4.1.1 Passive Physical Equivalent

A passive physical equivalent of the system described in Eqn. (4.1)) is presented
in Table [£.2h. The parameters of this realization are provided below:

rr Mref<BmMref - Gme + GmMref) + [mMref

fim = (Jm - Mref)2 Bm
ppi_ Mreg® My (BnGim = In(Jm = Miey))
e Jm - Mref B%

For a passive realization to be feasible, all components must be non-negative.
Table clearly indicates that the damping component requires 7, < 0 to be
non-negative. On the other hand, ¢I’? requires I,, > 0. It’s important to note that
M, s cannot be lower than J,,, even with the best controllers, as discussed earlier.
Thus, J,, — M,y < 0 always holds, making ¢}.2 < 0 given that /,,, < 0 and G,, is
non-negative. This result supports our analysis that passive mass rendering is not

possible with a PI motion controller.

We simplify the system defined in Eqn. (4.1) by setting I,, = 0 to enable mass
rendering with a P controller. The passive physical equivalent is provided in Table

[4.2b. Similarly, the parameters are given below:

CP _ Mref 042
b Mref o — Gme
G I’
bfm - Jm + ==
Mref a — Gm Jm
This simpler system’s realization requires Mé;f, ¢l . and b’ to be non-negative.

The first component is feasible when M,.;/G,, > 0 since a > 0 is required for
stability as mentioned in Remark [3.6l Therefore, by applying the same remark
and selecting a non-negative G,,, it is sufficient to have M,.; > 0. The last two
components are always positive if the inequality M,.; o — G, J,, > 0 is satisfied

by having M,.; positive, which is a strict version of passivity condition (vii).
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4.1.2 Passivity vs. Feasibility of Physical Realization

Since the PI motion controller does not allow us to render mass passively, in this
part we only discuss mass rendering with the P motion controller. As discussed
earlier, Condition (i), (ii) and (vii) establishes necessary and sufficient conditions
of passivity of mass rendering with the P motion controller. The first inerter

component covers conditions (i) and (ii) while introducing an additional sufficient

P

1m imposes the same lower bound as condi-

condition where G,, > 0. Moreover, ¢
tion (vii). Thus, this realization introduces sufficient conditions for passivity which

are strict versions of necessary and sufficient conditions derived in this section.

4.1.3 Haptic Rendering Performance

Table presents the passive physical equivalent of mass rendering with P mo-
tion controller and the virtual environment appears as series to physical spring,
K. Lower branches introduce parasitic components to the system. In the parallel
mass-damper pair, bl and ¢l . the damping term will be dominant in the low
frequencies. Thus, the overall low-frequency behavior of the system is defined in
Eqn. can be interpreted as mass-spring-damper connected in series. Ren-
dered mass at the end-effector described in Eqn. (4.4]) and it is combined with the
passivity condition (vii). This equation clearly shows that any mass lower than

the system’s mass cannot be passively rendered.

M,er
My = G—f > (4.4)
m
Another interpretation of this passivity condition (vii) is that if we re-write the
equations in terms of time constants. The left side of the inequality in Eqn. (4.5) is
the time constant of the controlled plant where the right side is the time constant

of our controllers. Our haptic rendering performance is limited by the dynamics of

the plant by imposing a constraint on the controllers to be slower than the physical
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system. In other words, if the system is slower than the controller it would not be

able to catch up.

Jm Mref
o<
a — G,

(4.5)

M, is felt by the user at the end-effector. However, if ¢l gets larger it limits our
mass rendering performance since parasitic damping will be felt at the interaction
port. This happens in two cases: first when lower masses rendered, i.e. M;. = J,,,

or motion controller gain increased, G,, — 00.

The compliant force sensor, SEA, does not have any effect on the passivity bounds
of mass rendering. However, its effects appear in performance. Compliance of the
sensor limits mass rendering bandwidth significantly as it is seen in Fig. [.1]
One should prefer stiff sensors or traditional force sensors over SEA and avoid

compliance at the end-effector to passively render mass for a larger bandwidth.

Bode Diagram
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FIGURE 4.1: SEA Stiffness’ Effects on Mass Rendering Bandwidth
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4.2 Pure Mass Rendering with Lead/Lag Mo-

tion Controller

Since PI motion controller does not allow us to render pure mass passively we

change inner-motion loop controller represented in Fig. , Cn = G, ?—oj;f
where 7 and wy € R to show the transition between P to PI controller.
Impedance transfer function in Eqn. (4.1)) becomes Z'¢ad ~1ag(g) =

Jm Kf Mref 83 + (CY + Jm Wf) Kf Mref 82 + (CYT]) KfM,«efa}f S (4 6)

I Myep s* + (a0 + T ws) My 83 +no s? +n1 s+ G Kpnwy

where ng = M, (K¢ + Bpws + Gmnwy) and ny = K¢ (G, + Myepwy).
Proof.

1. Z(s) has no poles in the right half plane: Using Lemma gives following

stability conditions,

(i) JmMyer >0
(i) (a4 Jpws) Myep >0
(ili) GnKfnws >0
(iV) Emasstead—tag = Cmy K + oy K >0
where ¢,,, = (]\Lef2 (GuAMepwy) (atTmwp) =T Myer (GrAMyep wy)?)

and ¢, = (Mref2 (G + Myefwy) (Bpws + Grnws) (o + Jpws) —
Gm Mref2 nwy (Oé + Jm Wf)Q).

2. Re{Z(jw)} > 0 for all w € (—o00,00): According to Eqn. (4.6]), the test
polynomial can be expressed as R(jw) = agw? + a;w?*. This function can be
further interpreted as R(jw) = (ap + a1w?) - w?. The condition is satisfied if

and only if both ag > 0 and a; > 0, as per Lemma [3.5|

Gm Jmn B Gm (n—1)
<V> Bm+Gmn + wf (Bm+Gmn) S MT@f
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(Vl) Gm Jm S Mref

«

3. Any poles of Z(s) on the imaginary axis are simple with positive and real
residues: our system only has no root on the imaginary axis when the sta-

bility conditions given are satisfied.

The stability conditions (i) and (ili) necessitate the selection of both M,.; and
G, as non-negative. Additionally, by definition, 7 and w; are positive. Therefore,
stability conditions (i) to (iii) are automatically satisfied when M, .; and G, are

chosen as non-negative.

To simplify £, asstead—tag (K ) further, one can expand it and eliminate positive com-
mon factors, resulting in minimal versions of ¢,,, and ¢,,,. Applying Lemma
reduces these two coefficients to conditions (v) and (vi), thus satisfying the positive

realness conditions, which also implies the satisfaction of condition (iv).

Depending on the value of 7, conditions (v) and (vi) represent more relaxed or

conservative versions of each other. We will examine three specific cases as follows:

Case 1: First, selecting n € (0, 1) results in the second term in condition (v) be-
ing negative, as all other parameters are positive either by requirement
or physical system parameters. The first term is similar to condition

(vi) and presents a smaller lower bound than condition (vi). By multi-

plying both sides of condition (vi), we obtain G’("a‘)]’;" > BGm+‘]G’" "n, which
always holds. In addition, we are subtracting a certain amount from
the right side of the equation. Thus, in this case, condition (vi) is

conservative and valid.
Case 2: Setting 77 = 1 encompasses the previous results presented in Section [£.1]

Case 3: The final case is when n € (1, 00). The analysis from Case 1 can also be
applied here. Now, the second term in condition (v) becomes positive,

and the effect of 1 on the first term makes it larger. Thus, condition
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(v) provides a larger lower bound compared to condition (vi), and it is

more conservative and valid.
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4.2.1 Passive Physical Equivalent

System in Eqn. (4.6) can be represented with the realization given in Table .
Notice that, it has the same structure with mass rendering (PI) realization in Table
[4.2h. Physical spring appears as series connected to rendered mass. Knowing

that n and w; are positive by definition, feasibility of inertia component requires

M'ref (Gm 77+B"l)

G > 0. Other components are described below:

lead—lag MT@f wr (Bm + Gm 77)2

“im —wa—Bme(n—l)
bleadflag o Jm Mref (Bm + Gm 77)
1m o A
lead—lag — Gm Mref 1/) (Bm o Gm 7]>2 (1 - 7])
& A (wy A= By G (n = 1))
bleadflag o Gm Mref 1/} (Bm il Gm 7]>2 (1 ™ 7])
2m A2 (wfA— B, G, (n — 1))

where A = By, Mooy — Gy Jiun) + Gy Moy and ¢ = By, Mooy (o0 + Moy wy) —
By o (G + Myepwy) + Grunwy (S, — Mref)2.

Feasibility of realization in Table .2, all components must be non-negative and
when non-negativeness of M,.; and G, imposed on these components following

conditions must be met:

G JImn B Gy (n—1)

M,.r > 4.7
G I

Myef > —F— 4.8

! By +Gnn (48)

The denominator of the first two components imposes Eqn. —, respec-
tively. Controller parameter, 7, changes which condition is more conservative. If
n € (0,1) Eqn. is more conservative and when 1 € (1,00) Eqn. is
more conservative. Hence, satisfying the conservative one makes other conditions

automatically satisfied.
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v(1—=n)=0 (4.9)

The last two components require a term in Eqn. to be non-negative. Based
on the controller we have, lead or lag, sign requirement of v changes. First,
selecting n € (0,1) yields ¢ to be non-negative. Setting n = 1 automatically
satisfies the condition in Eqn. (4.9)). The final case is when 1 € (1, 00) requires 1)

to be non-positive.

(B — By Jpywy — 2 Gy Sy wy)
(B wy + G nwy)
G I’ NWs — B G Jim
(Bmwy + G nwy)

w<Mref) = MT6f2 + Mref

(4.10)

1 has form of a quadratic polynomial, a Mref2 + b M,e¢ + ¢, when it is written in
terms of M,.;. First, let us examine the polynomial in terms of its roots, A; 2, by

checking Ay, = 0* —4ac

Ay =B, (a? = J,wr (2B, — J,,w
" ( 5 ( £) (411)
—2Gn Jnwy (2n—1))

(Bu + Gy — T wy)?
4Gm Jm Wy

n—1< (4.12)
(M,es) is guaranteed to have real roots when Eqn. is satisfied. Note
that, the right side of the inequality is a positive number when the feasibility
requirement of other components is imposed. Thus, it is only possible to exceed
the upper bound when 7 > 1 and violate the inequality. In that case, ¥ (M) will
not have any real roots and it will be always positive since it is a positive monic
polynomial. This makes the realization unfeasible, since Case 3, where n > 1,

requires non-negative . Hence, for all the cases above we need to have A, > 0

and satisfy Eqn. (4.12)).
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Finally, we examine three different cases to define feasible ranges for the realiza-

tion:

Case a: \j2 >0

(@) M,y € [0, ] U [Ag, 00) defines feasible region for lead, n € (0, 1),
controller.

(b) M,er € [A1, Ao] defines feasible region for lag, n € (1, 00), controller.
Case b: A\ <0and Ay >0

(a) M,er € [0, Ao] defines feasible region for lead, n € (0,1), controller.

(b) M,es € [A2, 00) defines feasible region for lag, n € (1, 00), controller.
Case c: A3 <0

(a) M,.r € [0,00) defines feasible region for lead, n € (0, 1), controller.

(b) No feasible region for lag controller, since 1 is always positive for

this case when M,.r > 0.

4.2.2 Passivity vs. Feasibility of Physical Realization

lead—lag
1m

Inerter component, ¢ , covers passivity condition (v) as given in Eqn. 1}
On the other hand, the first damping component gives a relaxed version of con-
dition (vi) which is a sufficient condition for passivity. In addition these, Eqn.
(4.9) gives another sufficient condition. Notice that, the sign of (1 —n) is a choice
based on whether lead or lag controller is implemented. Thus, v must be checked
as discussed above. Lastly, the non-negativeness of M,.s and G, is a requirement
for passivity and these conditions result in necessary and sufficient conditions of
passivity in the realization. Moreover, Eqn. introduces an additional suf-
ficient condition for passivity. It must be satisfied for feasibility, and it sets an

upper bound on how much lag the controller can introduce. There is no such limit

on lead due to this condition.
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4.2.3 Haptic Rendering Performance

Table shows additional components compared to the one in due to chang-
ing controller to lead/lag. Now, rendered mass at the end-effector has become as
defined in Eqn. and we have two more parasitic components series mass-
damper parallel to previous ones. However, the low-frequency behaviour of the
system has not changed since ¢:®*""9 will be the dominant term in low frequencies
at the lower branch. Similar to the previous case, mass rendering with P motion

controller, when minimum mass is tried to be rendered passively this damping

term becomes larger. Thus, it limits the fidelity of mass rendering.

B
My, = =" +1) M, 4.13
(Gmn+ ) ! (4.13)

Now we examine the effects of having lead or lag in the system. First, we add
lead to the system by setting 1 € (0, 1). This results in heavier systems compared
to having lag since the term in Eqn. G'%mn becomes larger and larger for
same M,.r. Moreover, having lead does not change the passivity condition on
M,c¢. Thus, one cannot compensate for this effect by reducing M, .. In addition
to these, having lead degrades mass rendering fidelity and the system converges
to damping rendering at mid-band as it is shown in Fig. On the contrary, the
same figure shows having lag increases bandwidth with a cost. The lag controller
increases the lower bound on M, while reducing M,;,. For more lag, M,;, = M,.¢
but for heavier M,.;. This increases tracking performance for virtual environment

reference by introducing more conservative regions for passivity.

One final thing is that, similar to Eqn. (4.5 passivity condition for the lag con-
troller can be rewritten as Eqn. (4.14). It is clear that the time constant of the
controlled plant is now summed with an additional offset and that introduces a

lower bound on controller time constant bigger than the system’s.

By, +Gnn  (Bn+Gmn) win — Gun

(4.14)
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The analysis indicates that the presence of lead in the system does not contribute
to effectively achieving passive rendering of pure mass; instead, it results in a sub-
stantial degradation of performance. The introduction of a lag controller presents
a trade-off between passivity and performance, as it enhances the fidelity of hap-
tic rendering at the expense of compromising passivity. Fig. 4.2 as n increases
mass rendering bandwidth increases. On the contrary, adding lead or lag limits
passivity limits compared to Pure Mass Rendering with P motion controller as
ME > J,, shown in Eqn. . Moreover, Fig. shows adding lead or lag to

the system cannot render masses lower than system’s mass, J,,.

Bode Diagram
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FIGURE 4.2: n effects on Mass Rendering Bandwidth

In addition to parameters in Table M,e; = 0.05 [kg m?] and w; = 400 [rad/s]

for the simulation in Fig. 4.2
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(b) Passively Renderable M, ;, with Lag Controller

FIGURE 4.3: Passively Renderable M,;,. Regions for Mass Rendering with Lead-
/Lag Controller with SEA under BAC
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4.3 Pure Damping Rendering

This section focuses on the investigation of Pure Damping Rendering under BAC
with SEA, employing a PI motion controller. We initiate our analysis by defining
the desired virtual environment as A; = 1/B,.y, characterized by the impedance
transfer function ZX1 . (s) =

damping

JmBrefoS2+OéBrefoS—|—Bref]me

4.15
JmBrefsg—i—(IBreng—f-(BrefB—l—Gme)S—i—]me ( )

Proof.

1. Z(s) has no poles in the right half plane: Using Lemma gives following

stability conditions,

(1) JmBrer >0
(i) @ Byes >0
(iii) I K; >0

(iv) Byoy > X4 InJn—Gna

=B @

2. Re{Z(jw)} > 0 for all w € (—o00,00): Based on Eqn. (4.15)), we derive the
test polynomial as R(jw) = agw? + a;w?. This function can be interpreted
as R(jw) = (ap + ayw?) - w?. Using Lemma we obtain the conditions
ao = Byes IZ, KJ% > 0 and a; = By K]% (G2, + Befa+ By Gy — Iy J) > 0.
After simplification, removing B,.; and K; as common factors since they

are both positive, we have the following conditions:

(V) Bres I, >0

3 O‘(Bre +Gm)
(vi) I, < ===~

m

3. Any poles of Z(s) on the imaginary axis are simple with positive and real
residues: our system only has no root on the imaginary axis when the sta-

bility conditions given are satisfied.
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Stability conditions (i) and (iii) constrain our controller gains to be positive. Thus,
we cannot render negative damping with BAC to compensate for the damping
apparent in the system. Stability condition (iv) is a relaxed version of the positive
realness condition (vi), as % € (0,1) for SEA and I, is non-negative. It also
encompasses the latter condition when K; — oo. Introducing SEA to the system
relaxes the stability conditions but does not affect the passivity conditions. The
positive realness condition (vi) is more conservative, and satisfying it is necessary
and sufficient to passively render pure damping with positive controller gains.

Moreover, satisfying the condition makes stability conditions strictly greater than

zero. According to Lemma [3.5] the system will not have any imaginary poles.

Moreover, this condition presents a trade-off between I,,, and B,.;. One can select
a more damped system to achieve better low-frequency behavior by increasing
B, and relaxing the upper bound on I,,,. However, increasing damping in the

system will significantly increase energy dissipation.

Finally, damping rendering under BAC corresponds to null rendering with a P
(torque) - PI (motion) controller under VSIC. Thus, when the substitution G; =

1/B,.y is made, our results match those presented in [32].

4.3.1 Passive Physical Equivalent

A passive physical equivalent of the system described in Eqn. (4.15) is presented
in Table [£.2d. The parameters of this realization are provided below:

CPI = _Bref (Bref — Bm) . BT@f Iy, I,
1d Byes + Gy, (Bref + Gm)?
bPI BT‘@f Jm _ Bref (Bref - Bm)

1 Bref + Gm Im
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To ensure a feasible passive physical equivalent, all components need to be non-
negative. Since K is a physical system parameter, it is always positive. Addition-
ally, the virtual pure damping in the system is represented as B,.f, and it must

be non-negative.

Ensuring that B,y > 0 leaves us with the requirement that B,.; + G,, > 0 to
make the inerter term positive. The other components, ¢/} and bf', introduce

more complex conditions for feasibility. Removing the common factor of B,.s

gives the following Eqn. (4.16)-(4.17) for the inerter and damper, respectively.

Ly ((Bref — Bm) (Bref + G) + I i) (Breg + Gm) <0 (4.16)

((Bres — Bum) (Bres + Gm) =+ I Jm) (Breg + Gim)® < 0 (4.17)

Eqn. (4.17)) introduces the upper bound on I, and it is required to have a feasible
damper component in the realization. This term also appears in Eqn. (4.16)), and
since (Byes + Gy) > 0 is also required for feasibility of ¢f/, it implies I, > 0 for

the inerter component to be positive.

> I, (4.18)

4.3.2 Passivity vs. Feasibility of Physical Realization

Feasibility of the realization covers sufficient conditions for passive damping ren-
dering. First of all, selecting B,.s as positive is a more conservative version of
the passivity condition (i). Similarly, I, must be positive for feasibility, which is
a strict version of the passivity condition (iii). In addition, the realization pro-
vides another upper bound on [, as given in Eqn. . Since it is evident that
a > By, — B¢y, the inequality in Eqn. always holds, and when Eqn. (4.18))

is satisfied, and passivity condition (vi) is automatically met.
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o (Bref + Gm) > (Bm - Bref) (Bref + Gm)

I 41
I = 7 > tm (4.19)

Lastly, Byet + G, should be non-negative to have a non-negative upper bound

e

7 is always positive. On the other hand,

on I, in passivity condition (vi) since
the realization requires this term to be positive for feasibility. Thus, ensuring
B,cf + G, to be positive is necessary for this realization, and it is sufficient for

passivity.

4.3.3 Haptic Rendering Performance

Pure damping rendering with PI motion controller acts like parallel mass-damper
pair series to physical spring as it is shown in Table [£.2d. Right most branch will

introduce parasitic inerter, b1/, at low frequencies and it will be added up with

B7'ef JIm

the term m

. This parasitic inerter does not affect damping rendering signif-
icantly at low frequencies since B,;, = B,.s is dominant in that region. Passivity
condition (vi) can be expressed in terms of B,;. as in Eqn. , since it clearly
shows a lower bound on passively renderable damping. Integral controller gain,
I,,,, can be increased to further increase the performance of damping rendering by
lowering the effects of parasitic inerter as seen in Eqn. (4.20)). This relation also
appears in passivity conditions as well. However, due to passivity I,, is limited by
B,cf. Thus, haptic rendering performance can be compromised to achieve better
low-frequency performance by increasing I,,,. Moreover, B,.s can be set lower val-
ues than B,, even though negative environment reference is not allowed. It makes
damping compensation possible. Simulated results can confirm this, Fig[4.4] shows
the frequency response of the system described in Eqn. and lower frequency
response magnitude is significantly lower than the system’s damping. In addition

to system parameters, B,.; = 0.1 [Nm s / rad], G,, = 0.05 [Nm s / rad] and

I, =2 [Nm/rad] are set to controllers.

Bref (Bm - Bref)
Iy,

(4.20)

btotal =
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Bode Diagram
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FIGURE 4.4: Damping compensation with PI motion controller

Passivity condition (vi) presents a trade-off between controller gains and system
dynamics as in Eqn. . Similar to mass rendering, it requires the controller
to be slower than the system. Notice that the proportional gain of the motion
controller, GG,,,, can be further increased to relax upper-bound on I,,,. However, it
reduces the haptic rendering fidelity of pure damping as in Fig. for B,.y = 0.05
[Nm s / rad] and I,,, = 1 [Nm/rad].

ﬁ < Bref+Gm
a T I,

(4.21)
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Bode Diagram

—_
o

T

(@]
T

o
T

G, = 0.0576 [Nms/rad]
—--G,, = 0.288 [Nms/rad]
—G,, =2.88 [Nms/rad]

Magnitude (dB)
&

N
o
T

1 |

45 T T — T T T — T

_90 L L PR S S| L i PR S S i
10° 10’ 102 103
Frequency (rad/s)

FIGURE 4.5: Proportional Motion Controller Effect on Haptic Rendering Fi-
delity of Damping Rendering with PI Motion Controller

I I,
!

— G < By (4.22)

Finally, we present the passively renderable pure damping region according to
Eqn. (4.22)) with different integral motion controller gains in Fig. |4.6| where G,
is set to 0.0576 [Nm s / rad].
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FIGURE 4.6: Passively Renderable Region for Damping Rendering with PI
Motion Controller

4.4 Mass-Damping Rendering

In this section, we examine the combination of the previous two virtual elements

and our desired virtual environment becomes A; = with PI motion

1
Mref $+Bref

controller, system’s impedance transfer function derived as Z!.. jomping(5) =

JmeMrefS?’-i-ngKfSQ-i-(Brefa+ImMref)KfS+BrefIme

4.23
I Mycp $* 4+ n9 83 + (Breg o+ B Myep) s> +ng s+ Ly, Ky (4.23)

where, ny = (Byef Jm + @ Myey) and, ng = (Byey B+ G, K).

Proof.
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1. Z(s) has no poles in the right half plane: Analytical conditions for stability
of fourth-order system is given in [30]. Applying those solutions to our
system yields the following conditions on stability,

(1) JmMper >0
(i) me >0
(iii) I, >0
(iv) &ma = n3na (Brep o+ Myep ) — Ly Ky no® — Jyy Myepng® > 0

2. Re{Z(jw)} > 0 for all w: From Eqn. (4.1)), test polynomial is derived as
R(jw) = ag + a;w* + asw*. Using Lemma [3.5]

(iv) Byep I K2>0

(V1> G S Mref

a

(VH> BrefOC (Bref + Gm) - Im(JmBref + BmMref) > -2 |[m‘ \/Z

where A = \/Bref Myep (e Myer — Gy Jin)-

3. Any poles of Z(s) on the imaginary axis are simple with positive and real
residues: our system only has no root on the imaginary axis when the sta-

bility conditions given are satisfied.

Conditions (i), (iii), and (iv) dictate the non-negativeness of M,cs, I,,, and By,
respectively. Notice that the additional virtual damping (B,.s) to the system
relaxes the condition on I,,, and it is not required to have I,,, < 0 for passivity, in

contrast to condition (vi) presented in Section

In addition to these, knowing a > 0 according to Remark [3.6] condition (ii)
always holds. Another point to consider is that the lower bound on M,.; remains
unchanged, and it is the same as in the previous mass rendering analysis presented

in this article. Any addition of virtual elements does not change the lower bound on
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M,..s. Furthermore, the same condition is discussed in Section and it imposes

positivity of G,,.

All parameters are required to be positive for passivity, as explained above. Se-
lecting all parameters as positive is sufficient for stability, and condition (iv) will

always be satisfied. Thus, there will be no roots on the imaginary axis.

Condition (vil) presents a trade-off between I, and B,.; — M,.s similar to the
ones presented in Section and Since, condition (iii) requires non-negative
I,,, for stability we can remove the absolute value from I,,, in condition (vii) and

re-write the equation as follows,

Bre o Bres +Gm) _ 7 (4.24)

Im Bref + B, Mref -2 \/7
Eqn. (4.24]) covers condition (vi) in Section when M,.¢ is set to 0. Increasing
B, .5 gives a higher upper bound on I,,, as discussed in Section . However, it is

not trivial to comment on the effect of M,.s directly from this equation.

Let’s consider the case where a M,y = G, J,. In this scenario, A — 0, and

Eqn. (4.24)) becomes a sufficient condition given below:

@ Breg (Breg +Gm) (4.25)
Im Bref + Mref By,

Based on Eqn. (4.25)), increasing M,.; will lead to a lower upper bound on I,,,.
Therefore, while increasing B,.; improves the system’s performance by relaxing

the upper bound on I, higher values of M, result in the opposite effect.
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4.4.1 Passive Physical Equivalent

The passive physical equivalent of mass-damping rendering, as defined by Eqn. ,
is presented in Table [£.2e. The physical filter appears as a series in the virtual
rendered environment with parameters M,.r and B,.¢. It is a requirement for
the virtual environment parameters to be non-negative for the feasibility of the

realization. The other components are listed below:

B're Im
k’ﬁéd = :
71
PI I Mref
blmd =
Y2
Bre Bre + Gm + [m Mre Bre Im -
Pl — £ (Breg ) f_Bref+ f " 2
g1 71
pr _ Bmlnye — (B &+ Ly Jm)n1
Comd = 2
7
an(Bref -+ Oé) — Jm M'ref(Bm + Oé)
i 2
V2
2md gi! 2 7%
By Ine?
+ B dma®
M

where v = Bref — Bm and Yo = Mref - Jm

The first two components impose simple conditions for feasibility, which require
the virtual mass and damper to be greater than the physical inertia and damping
in the system, i.e., M,y > J,, and B,.; > B,,. Imposing constraints from the first

two components on ¢l!, results in the following upper bound on M,.;.

Bref Im Jm - Bref 712 + Bref ’Yl(Bref + Gm)
By I,

Mref < (426)

The damping term, ¢} ., is feasible when Eqn. (4.27) is satisfied. Although it is

not easy to interpret this condition analytically, numeric solutions can be utilized

to find feasible samples.
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Yot dy = dy <0 (4.27)

where dy = 1 (Bm o+ Ly, Ji) — B Iyye and dy = Jp (a2 — Bref Ju + By Miey).

The last component gives the following equation for feasibility, and it is enough to
satisfy the numerator using the fact that both ;o are positive from the first two

constraints.

(B2 — 1) (I Vi — a1ye + Inv3)

0< 3
Y172

(4.28)

4.4.2 Passivity vs. Feasibility of Physical Realization

First of all, non-negativity M,.; and B,.s a necessary and sufficient conditions for
passivity and they are also required for the feasibility of the realization. More-
over, y; and 7, give more conservative versions of passivity conditions (vi) and
(vii). Even though passivity analysis does not give any upper bound on M,.f, the
feasibility of the realization gives one a sufficient condition for passivity as given

in the Eqn. (4.26]).

4.4.3 Haptic Rendering Performance

Virtual environment change with the addition of virtual damping appears parallel
to rendered mass series to physical spring in Table [4.2k. This change results in
additional spring at lower branches compared to pure mass rendering realizations

in Table [£.2h-c. The dominant term coming from branches below is the spring

PI

term, kg,

in lower frequencies. The spring converges to I, when B,.; > B,,.
The main benefit of the addition of virtual damping to the environment is to
have I,, in the motion controller and it appears as a parasitic spring series to the
rendered impedances. It improves the low-frequency behaviour of the system since

motion controllers without an integral term are subjected to drift. However, the

low-frequency behaviour of our system changes from mass to damping with this
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addition. Rendered mass becomes Eqn. compared to pure mass rendering
given in Eqn. (4.4) while rendered damping stayed the same compared to pure
damping rendering Eqn. (4.30). Furthermore, Eqn. tells us that if more
damping is added than the systems’, e.g. B,.y > B,,, mass compensation can
be done since M,; — 0. On the contrary, if damping compensation is done, e.g.
B,.; < By, more mass must be added to the system by increasing M,.; to satisfy
M, > 0. Mass compensation is further strengthened by having SEA at the
system since B, f2 /K term helps us to compensate for more mass at the expense

of reducing haptic rendering fidelity.

Bref2 Bref (Bref - Bm)
K, I,

Byir = Bie (4.30)

Mvir = Mref - (429)

We further examine a sufficient version of the passivity condition (vii) given in Eqn.
by re-writing as in Eqn. . The right-hand side of the inequality is the
same as the previous analysis in the sections above and defines the time constant
of the controlled plant. Now, the time constant of the damping controller in Eqn.
(4.21) with additional terms coming from mass rendering. It presents a trade-
off between damping rendering and mass rendering as we discussed above. The
damping controller should be slower than a mass controller and the gap between

them is increased when damping compensation is done due to a factor of B,,/By.

Bref +Gm N Mref Bm > ﬁ
I, o B'r'ef e

(4.31)

Damping and mass compensation trade-off is visualized in Fig. when M,y is set
to the minimum value, % For simplicity of the simulation, tranmission ratio

is taken as 1, G, = 0.0864 [Nm s / rad] and I,,, = 0.05 [Nm/rad] are set to

controllers.



50

= Passivity Bound for M,
[ ]Passively Renderable MB
— =Passivity Bound for B,;,

2
IVlvir kg m"]

0 0.005 0.01 0.015
B . [Nm s/ rad]
VviIr
5 %103 (b)
18l = Passivity Bound for M,;,
[ ]Passively Renderable MB
er — =Passivity Bound for B,;,
14+

121

0.8

2
Mvir kg m"]

04 - | | | | | | | | | -

1
0 Il Il Il Il Il Il Il Il Il
0 0.1 02 03 04 05 06 07 08 09 1

B.. [Nms/rad] x10°°
vir

FIGURE 4.7: Passively Renderable Regions for Mass-Damping Rendering with
PI Motion Controller
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MB plot in Fig. [f.7h clearly shows that increasing B, results in lower rendered
mass. In addition to this, passivity does not allow fully compensate for the damp-
ing as seen in Fig. . Moreover, Eqn. analytically shows the peak point
of the curve. Hence, we can see that as Ky — 0, the peak converges to lower levels

of Bref-

B, K;

e (4.32)

4.5 Pure Spring Rendering

When desired virtual environment changed to Ay = s/K,.s, impedance transfer

~ PI _
function becomes Z_ ., .(s) =

JmKrefoSQ—}—OéKTefoS—i—]mKrefo

4.33
JmKrefSB—f-(OéKref—i—Gme)SQ—f—(5Kref+Ime)S ( )

Note that, for the causal implementation of spring rendering, velocity sensors can
be utilized to calculate the time rate of change of end-effector forces since SEA

acts like a force sensor.
Proof.

1. Z(s) has no poles in the right half plane: Using Lemma gives following
stability conditions,
(1) JmEper >0
(i) as, = a Ky + G Ky >0
(ili) as,(L Kyep + I Kp+ Kyey Kp) >0
2. Re{Z(jw)} > 0 for all w € (—o0,00): The test polynomial is derived from

Eqn. (4.33) as R(jw) = aow? + a;w*. This function can be interpreted
as R(jw) = (ap + aw?) - w?  According to Lemma [3.5 the condition is
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satisfied if and only if ag = K,ef KJ% (B Iy + B Kief + Gy Kpep) > 0 and
a1 = G I Krep K]% > 0, given that the system parameters are positive,
I, > 0 as per Remark , and K.y > 0. This reduces the conditions to the

following;:

(IV) Bm (Im + Kref) + Gm Kref Z 0

(v) Gp >0

3. Any poles of Z(s) on the imaginary axis are simple with positive and real

residues: our system only has one root on the imaginary axis where s = 0.

I, Koot K
(vi) ResZ(s) =1lim sZ(s) ff

=3 >0
5s—0 ImKref+ Kf([m +Kref)

Stability and positive realness dictate K,.; > 0 and G, > 0, respectively. Accord-
ing to Remark I, > 0 for inner-motion loop stability. In addition to these,
the residue condition of Theorem for spring rendering is equivalent to the
impedance of I,,, Ky and K,y connected in series as springs. Stability conditions
(ii) and (iii) show that the stability conditions in [24] for pure spring rendering
are relaxed by additional positive terms introduced by K. The conditions listed
above present necessary and sufficient conditions for the passivity of pure spring
rendering. It is required to select all parameters as non-negative and it is enough

to satisfy all the conditions.
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4.5.1 Passive Physical Equivalent

The system described in Eqn. (4.33)) is presented in Table . It is evident to say
that Ky, K,¢f and I,,, should be non-negative for feasibility. Parallel components

to these springs are listed below,

k,PI _ Kf2 (Im + Kref)

Y Ly Koep + Ly Ky + Kpop K
PI _ Kf2 (O‘ Kref2 + B Im Kref)
B I Kyep 4 In K + Koy Ki)?

Czpl _ Kref Kf2 ¢
’ (I + Krep) (I Kpep + Ly Kg + Kyep Ky)?
be . Korey Kf2 ¢

Gm ([m Kref + Im Kf + Kref Kf)2

where ¢ = Gy (G Kreg + B (I + Kyef)) = Jim (In + Korep)®

The first two components are always non-negative, since spring constants are re-
quired to be non-negative from parallel springs in the realization. The last two

components impose the following conditions for feasibility,

$»<0 (4.34)

¢
— < 4.
o = 0 (4.35)
To satisfy both of the Eqn. (4.34])-(4.35)), ¢ should be non-positive and G,,, should
be non-negative. This realization is only feasible in the range of where ¢ is non-
positive. It can be thought of as a second-order polynomial in terms of I,,, + K¢

and the feasible region is covered when the polynomial is non-positive.
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TABLE 4.2: Passive physical equivalents for SEA under BAC
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4.5.2 Passivity vs. Feasibility of Physical Realization

First of all, the parallel spring introduces the requirement of non-negativeness for
spring constants K,.¢, Ky, and I,,,. Physical system stiffness is inherently positive,
while the stability condition of passivity requires K,.r and I,, to be non-negative.
Additionally, in line with condition (v), the realization requires non-negativeness

on G, to satisfy Eqn. (4.35]).

Eqn. (4.34) defines an upper bound on condition (iv), which can be expressed in

the following form:

Jm (Im + Kref)2
Gm

(Bm ([m + Kref) + Gm Kref) < (436)

Eqn. (4.36) introduces a sufficient condition for passivity, which must be satisfied

for the feasibility of the realization.

4.5.3 Haptic Rendering Performance

Spring rendering with PI motion controller consists of two parallel branches of
passive elements compared to other systems as seen in Table[4.2f. The first branch
is the rendered virtual environment while the second branch introduces parasitic
damping ¢! in the low-frequency region. Rendered stiffness, K, defined as in

Eqn. (4.37) and, clearly shows series of connections of springs.

Ly Kyor Ky

Km’r =
(I Krep + Ky Iy + Ky Kiep)

(4.37)

Even, we do not have any upper limits on controller gains this structure limits
rendered stiffness at the end-effector. Increasing controller gains further does not
change the rendered stiffness since it converges to the softest spring as seen in Fig.
4.8 For this case, it is limited by Ky to show that if stiff springs are desired to be
rendered it is crucial to have a stiff SEA at the plant. Hence, compliant sensors

will degrade performance in stiff virtual environments.
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FIGURE 4.8: Effects of Controller Gains on Virtual Stifness

Furthermore, we set the reference virtual environment as pure spring but as seen
in the realization parasitic damping, cI’?, appears parallel to rendered stiffness,
Kyir, in the low frequencies. The effect of this damping is detailed in Section [5.3]
However, it is evident to see ¢! increases with stiffer SEA since K;” is a factor
in the term. It results in a trade-off since stiff environment rendering requires a
stiff force sensor which adds more damping to the system. Integral gain on motion
controller can compensate for this effect. In the limit as I,, — oo, ¢I'! converges
to 0. Since high integral gains cause wind-up problems it is not feasible to have
very large I,,,. Moreover, the system will act like a pure spring for large I,,, but it

is prone to unwanted oscillations for such cases.

Since parasitic damping appears parallel to K,;., the system actually renders a
Voigt-Model. Moreover, to preserve causality desired admittance should be se-
lected as Ay = m Furthermore, this actually represents the same de-

sired admittance as Voigt-Model. Filtered spring to Voigt-Model mapping can be
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done as in Eqn. (4.38)), while B,.; = K,.s/w; and reference stiffness stays as it is.

it — i - i (4.38)
KrefS+Krefwf (Kref/wf)3+Kref BrefS+Kref

4.6 Voigt-Model Rendering

Adding virtual damping to the virtual environment changes desired admittance to

Ay = . Impedance transfer function becomes Z(s) =

S
Bref 5+Kref

Bref JmeS3 + (BrefoOé—f— JmKrefo)S2 +n4s+ImKTefo
Bref I s+ (Bref o + Ji Kreg) 83 4+ 15 82 + (I Kyep+ K (I +Krey)) s

(4.39)

where ny, = Bref 1, Kf + OzKref Kf and ny = Brefﬁ + KrefOé + G, Kf.
Proof.

1. Z(s) has no poles in the right half plane: Using Lemma [3.2| gives following

stability conditions,

(i) JuByes = 0
(11) Aymy = O-/Bref + Jm Kref >0

(111> fvm = QGymgy (Brefﬁ + aKref + Gm Kf) - Bref Jm (Im Kref + Im Kf +
Kief Kf) >0

2. Re{Z(jw)} > 0 for all w € (—o0,00): The test polynomial is derived from
Eqn. as R(jw) = aow? + ajw?. This function can be interpreted
as R(jw) = (ag + aw?) - w?  According to Lemma [3.5 the condition is
satisfied if and only if ap = K7 (Inn (Bres Im + B Kyef) + Kpef” @) > 0 and
a1 = K} (Breg (Breg + Gm) & = Iy Joy Breg + Jm Ky Gi). Dividing both
sides by K]% gives the following conditions:

<1V> Bref [m Jm < Gm Jm Kref + Bref (Bref + Gm) Q
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(V) ]m (Bref Im + Bm Kref) + Kref2 a Z 0

3. Any poles of Z(s) on the imaginary axis are simple with positive and real

residues: our system only has one root on the imaginary axis where s = 0.

ImKre K
(vi) Res Z(s) = lim sZ(s) 5y

= >0
5—0 ImKref—f- Kf([m +Kref)

Conditions (i) and (vi) are identical to those presented in the first section, as de-
tailed in Section [4.3] and the sixth condition, outlined in Section [4.5] also requires
that the controller gains be positive. Consequently, conditions (ii) and (v) are

automatically satisfied.

You can expand the terms in condition (iii) and express them as a polynomial
involving the system parameter Ky, which is known to be positive. The condi-
tion then takes the form &,,,(Ky) = cymy, K5 + Com, > 0, where ¢y, = (Byes +
Gm)(Brefs @+ JmKref)—Brefdm(Im+Krep) and cymy, = (0, Breg+JmKrer)(BrefIm+
a, Kpep).

The first coefficient, c,,,, can be further simplified to —ByerlpJm + Grdm Krer +
Byef(Bref+Gy) o, and the second coefficient, ¢,,,, can be simplified to «, (BrefQIm‘i‘
JmKTef2 + BrefKrep, ). It’s important to note that c,,, is always positive, as all
the parameters involved are positive. Additionally, ¢,,,, is equivalent to condition
(iv), which must be positive to ensure passivity. When both coefficients are posi-
tive, &um (K ) is always positive, thus satisfying condition (iv) guarantees &,,, > 0.
Moreover, condition (iv) is a relaxed version of condition (vi) presented in Section
4.3l This becomes evident when K,.; is set to 0 in condition (iv) during VM
rendering. This condition implies that adding a virtual spring to the system re-
laxes the upper bound on I, and enhances the low-frequency performance of the
system. In Table 2 of [24], the VM passivity condition is given as c,m, = ¢, + ¢,

where ¢, = I, <

m+Bret), . . .
W and ¢ = K,y > 0. This contradicts our analysis, as

condition (iv) includes a factor of J,,, G,, in its expression for K,.;.
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4.6.1 Passive Physical Equivalent

The passive physical equivalent of VM rendering, as defined by Eqn. (4.39), is
presented in Table .2, Similar to the spring rendering realization in Table [4.2,
controllers appear as a series spring to the physical spring. The other components

are listed below:

R - Kf2 3
o g Koyep + Iy K+ Ko K
PI KfQ d3 3

k vm T
’ (Breg + Gom)* (I Kreg + I Ky + Koy Kp)?
Kj% 7{?(05 Bref (Bref + Gm) - Jm(Im Bref y Kref Gm))

PI
tom (Bres + Gm)?(Im K ey + I K + Krep Kyp)?
C;,Im = 2 Kf2 P 2
(Bref + Gm) (]m Kref + Im Kf + Kref Kf)
P Bref Jme2732

V (Bref + Gm) (Kref 5 + [m Kf>2

where Y3 = 1Im + K’refa d3 = (Bref ]m - Gm Kref) (Jm 732 - K'ref (Bref + Gm) o+
Im (Bref - Bm) (BTEf + Gm))

Since all the spring constants are required to be non-negative for feasibility, this

PI
2vm

PI

lum is squared,

also implies that ki, and v3 will be non-negative. Every term in ¢
leaving d3 > 0 to ensure the entire term is non-negative. The term d3 is non-
negative when two of the multipliers have the same sign and the following condi-

tions must be met:

(Bref ]m - Gm Kref) § 0 (440)

(Jm V32 - (B'ref + Gm) (Kref o+ Im (Bm - Bref)) § 0 (441)
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Similarly, given that dz and 43 must be non-negative by requirement, k2! will be

positive when (B,..s + Gm)3 — (Byef + Gn) > 0. The inerter term in the real-

Bref
Bref"!‘Gm

PI

ization, b5, ., requires to be non-negative for feasibility. Since positivity

of Byer + Gy, is imposed by other components, this term only introduces a new

Pl

condition which requires B,.; to be non-negative. Finally, c¢;,,,

is non-negative

when the following equation is satisfied:

Bref (Bref —f- Gm) o — Jm (Im Bref — Kref Gm) 2 O (442)

Notice that this equation can be rewritten in the form of a passivity condition

(iv).

4.6.2 Passivity vs. Feasibility of Physical Realization

Similar to the passive physical equivalent of pure spring rendering, the realization
of VM rendering has the same spring structure which covers non-negativeness

of Kyep, I, and K; as necessary and sufficient condition of passivity. Non-

PI
2um

PI

negativeness of by, ~covers condition (i) which is B,ef > 0. Moreover, cj,,, is

guaranteed to be non-negative when passivity condition (iv) is satisfied.

In addition to these necessary and sufficient conditions, Eqn. (4.40)-(4.41) and
B,y + Gy, > 0 introduce sufficient conditions for passivity where they must be

met to have feasible realization.

4.6.3 Haptic Rendering Performance

Addition of virtual damping parallel to pure spring does not change rendered
stiffness at the end-effector as seen in Table and K ;. stays the same as in
Eqn. (4.37). Moreover, rendered damping appears in the sub-branches series to

k'L Rendered damping, B,;,, defined in Eqn. (4.43)) is equivalent to combination

lom*
of efI and cll . Since the damping term is dominant when the spring-damping
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pair is connected in series. Hence, right most branch will introduce only ¢} in the
low frequencies. One other thing, B,;. has two parts one part is directly affected
by reference virtual damping, B,.s, and there is an independent part consisting of
system parameters and controller gains. The second part appears in pure spring
rendering as well and it is the same term as ¢}/ given in Table . This limits
minimum passively rendered damping for us since negative reference is not allowed
to compensate for this parasitic offset. These additional terms are due to the force
sensor as discussed in Section (4.5
I,> K¢?

Byir = 2Bref+
(I Kyep + Iy Ky + Kyep Ky)

Kf* (0 Kye® + By Ly Kyey)
(In Ko + Ly K+ Kpop Ky)°

(4.43)

The change in the virtual environment from pure spring to Voigt-model introduces
advantages over haptic performance by compromising the passivity of the system.
Passivity condition (iv) of Voigt-model rendering, puts a lower bound on K,.s
and an upper bound on I,,. These bounds limits rendered stiffness, K,;., at
the end-effector since these terms are springs connected in series. One will limit
how soft your reference admittance must be while the other limits how stiff your
motion controller can be. The advantage is that it have control over damping
in the system through B,.;. Thus, unwanted oscillations while rendering soft
springs can be compensated by adding more damping to the system virtually.
This presents a trade-off between performance and spring rendering performance

in the Voigt-model rendering.

On the other side, same passivity condition is relaxed by having a virtual spring
compared to pure damping rendering. Relaxed upper bound on I, can be used
to improve the performance of the system without adding more damping to the
system. Similarly, it also relaxes condition on B,.; as lower virtual damping
references are allowed due to the addition of this virtual spring. However, now the

virtual damping is only felt at mid-band and

We can express passivity condition (iv) as given in the Eqn. (4.44)). Notice that,
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now the mechanical time constant of the controlled plant is multiplied by a factor
of (1— %) and compared with the time constant of the damping controller.
The factor can be interpreted as a distance between the stiffness of the virtual
environment and versus stiffness of the motion controller. As we render similar
or more stiffer environments than the motion controller, the passivity condition

is satisfied. Hence, if we render softer environments we have to compromise from

the performance by selecting slower controllers.

Bref +Gm Jm Kref/B'ref
—_— > — (1 - — 4.44
I, T« < I /Go (444)
K. vsB .
vir vir

N
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FIGURE 4.9: K/B Plot for VM Rendering with SEA under BAC

Lastly, we analyze K,;. and B,;. with respect to each other where passivity condi-
tion (iv) is imposed to those to show passively renderable K/B range. We search
a parameter space where both I,,, and K,.; swept through 0 to 500 [Nm/rad] and

Bies from 0 to 5 [Nm s/rad] which satisfy passivity condition (iv) as it would give
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valid solutions for our K/B plot. G,, is set as 0.0576 [Nm s/rad] and the transmis-
sion ratio is taken as 1 and Ky as 50 [Nm/rad] for simplicity. Other parameters
are used as given in Table As it is seen in Fig. K, will saturate around
the softest spring and stiff springs cannot be rendered passively as B,;. increases.

Thus, stiff springs require less or no damping in the system.



Chapter 5

Effective Impedance Analysis

5.1 Pure Mass Rendering

G, introduces additional damping into the system, evident in the representation
as ¢l in Table , and substantiated by the effective damping analysis presented
in Fig. [5.1]
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FIGURE 5.1: Proportional Motion Controller Gain Effect on Effective Damping
while Pure Mass Rendering

64
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5.2 Pure Damping Rendering

The passivity region is constrained by the integral motion gain, necessitating larger
values of B,.; with increasing levels of I,,, as evidenced in Eqn. . Further-
more, increasing I,, proves beneficial for system performance, as it diminishes the
impact of parasitic inertia that appears parallel to rendered damping in Table

, as defined in Eqn. (4.20)). The influence of I,,, on effective inertia is depicted
in Fig. 5.2

0.04F —-&.5.\ T T -
S —-==I,, = 0.1 [Nm/rad]
.
0.035 N - = I, = 0.2 [Nm/rad] -
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o 003f \ il
€ \
(@] Y
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FIGURE 5.2: Integral Motion Controller Gain Effect on Effective Inertia while
Pure Damping Rendering

5.3 Pure Spring Rendering

The analysis of effective impedance has revealed the effects of parasitic damping
in the low-frequency range, attributed to force sensor compliance, as illustrated
in Fig. (5.3). This parasitic damping is also evident in the form of I’/ and runs
in parallel with Kvir in Table [£.2f. It is evident that the impact intensifies with
increased sensor compliance, thereby imposing constraints on achieving stiff spring

rendering.
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Furthermore, this analysis substantiates our earlier discussion that achieving Pure
Spring Rendering is unattainable. Instead, the Voigt-Model gives as a more accu-
rate representation in haptic rendering analysis, as defined in the mapping given

in Eqn. (4.38).
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FIGURE 5.3: Force Sensor Stiffness Effect on Effective Damping while Pure
Spring Rendering

5.4 Voigt-Model Rendering

Eqn. (4.43)) illustrates the rendered damping at low frequencies, as previously
discussed. Additionally, the terms 7 and c&! collectively contribute to the ren-
dered damping, denoted as B,;.. The parasitic component of damping within B,
can be compensated by increasing I,,, as visualized in Fig. However, it is
important to note that an increase in [, leads to reduced passivity regions con-

cerning B,; and limits the passively renderable of K/B pairs to those resembling

stiff springs with minimal virtual damping as in Fig. [£.9

This limitation on passivity can be improved by raising the reference stiffness

Ky, although this comes at the expense of compromising the quality of damping
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rendering. Opting for stiffer spring references causes the desired admittance to

converge more towards a pure spring response, thereby allowing parasitic damping

to persist.
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Chapter 6

Experimental Validation

In this section, we present the experimental validation of our theoretical analysis,
focusing on both the passivity bounds and haptic rendering fidelity within various
virtual environments for a Series Elastic Actuation (SEA) under the Basic Admit-
tance Controller (BAC). For our experiments, we utilize a single degree of freedom

SEA brake pedal based on the design proposed in [37], with certain modifications.

The system is actuated by a brushless DC motor equipped with a Hall-effect
sensor, operating at 1 kHz and controlled using the EPOS/Beckhoff framework
via EtherCAT channels. To enhance the power output of the motor, we introduce
a gearbox and capstan transmission with transmission ratios of 1:10 and 1:3.95,
respectively. Compliance at the end-effector is achieved through cross-flexures
implemented after the transmission unit. This cross-flexure is instrumented with
a linear encoder to measure deflections at the spring, enabling the estimation of

interaction forces and torques at the end-effector.

TABLE 6.1: Parameter Mapping for Experiments

Parameters | Effective Parameter
I Joff = Jm - 1°

B,, Beg = B,, - n*°

Ky Keg = Ky

Gm Geg = Gy, - 1°

1, ILg=1, -n?

Ad Aeﬁ‘ = Ad n
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6.1 Identification of System Parameters

The SEA brake pedal system is initially configured following the specifications
outlined in [37]. However, to ensure the precision of our experiments, we employ
system identification methods to accurately determine plant parameters. Utilizing
a PI motion controller, as illustrated in Fig. [3.4] with predefined motion controller
gains (G, = 0.0576 [Nm s/rad] and I,,, = 1 [Nm /rad]), enables us to leverage the
System Identification Toolbox in MATLAB. Given the known closed-loop transfer
function described in Eqn. and the motion controller gains, we employ

grey-box modeling methods to deduce system parameters.

In our initial experiment, a chirp signal with unit magnitude and a frequency
range of 0.01 to 10 Hz is applied as a reference to capture both the low and
high-level dynamics of the plant. The resulting output data is recorded and fitted
using transfer function identification methods. The identified plant parameters

are presented in Table [6.2] with an R? value of 95%.

For stiffness characterization, predetermined torques/forces are applied at the end-
effector when w,, = 0, and deflections are measured by a linear encoder and
recorded. The linear spring stiffness is determined to be 252 [Nm/rad] with an R?
value of 99%.

It is essential to note that, for both system identification and experimental valida-
tion, the parameter mapping given in must be applied through the transmission
ratio.

TABLE 6.2: Identified System Parameters

Parameters Value Unit
Im 5.21 x 10~ kg-m?
By, 1.11 x 1072 | N-m-s/rad
Ky 252 N-m/rad
Gear Ratio 1:38.1




70

6.2 Validation of Passivity Bounds

We conduct a series of experiments to validate the passivity bounds outlined in
Section 4] via coupled stability experiments. The passivity bounds are verified by
assessing coupled stability within the system following externally applied impacts
to excite the system across various frequency ranges. Each haptic rendering sce-
nario is associated with its most challenging environment, specifically the most
destabilizing conditions, as proposed in [12]. This approach is adopted to demon-
strate that the system remains passive even under the most adverse circumstances.
In mass rendering, the end-effector is coupled to a highly stiff spring to replicate
the worst-case environment, while in spring rendering, the addition of physical
mass to the end-effector is necessary. Coupled stability is considered violated
when indicators such as chatter, escalating oscillations, or unbounded outputs are
observed. Conversely, the absence of movement, the presence of decaying oscilla-
tions, or the fading out of chatter during a series of impacts indicates that coupled

stability is not violated.

6.2.1 Pure Mass Rendering - P Motion Controller

Initially, a series of experiments are conducted to validate the passivity bounds

presented in Section [4.1] for the system defined in Eqn. (4.2), denoted as Z2 . (s).
Given that the system is reduced to a P motion controller, the necessary and
sufficient condition for the passivity of pure mass rendering with SEA under BAC
is governed by condition (vii). As discussed previously, this condition entails a
trade-off between the passivity region and bandwidth. As depicted in Fig. [6.1],
an increase in the motion controller gain (G,,) results of a higher passivity bound
on M,.s, thereby reducing the region for passivity. The dashed curve represents
the passivity bound on M,.r, with empty circles denoting instances where coupled
stability is observed, and crosses representing points where coupled stability is

not observed. In Fig. [6.Ih, the same set of experiments is presented using a
different definition. By defining the rendered mass in Eqn. (4.4), we illustrate
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that, even with an improved controller, we cannot change the passively renderable
minimum mass, which corresponds to the system’s inertia, J,,. The experiments
exhibit errors of 8% and 6.8% for instances where coupled stability is observed and
not observed, respectively. These errors arise from unmodeled effects within the
system, including non-linearities, compliance of rigid bodies, and dissipation due
to friction. However, our experimental results align with the theoretical analysis

conducted, affirming the agreement between theory and practical observations.
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FIGURE 6.1: Coupled Stability Experiments for Pure Mass Rendering with P
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6.2.2 Pure Damping Rendering - PI Motion Controller

The discussion in Sectionfor the system defined with Zj7 . (s) in Eqn. (4.15)
concludes that passivity condition (vi) is the only necessary and sufficient condi-
tion, besides selecting I, as non-negative due to condition (iii). As mentioned
earlier, this presents a trade-off between the performance of the system at lower
frequencies and haptic rendering fidelity. Since B,y is equivalent to the rendered
damping, B,;, it is necessary to add more damping to the virtual environment to
improve performance. This establishes a linear relationship between two parame-

ters, as evident in the condition. A set of experiments is conducted to verify this

relationship between motion controller gain and the desired virtual environment.

The experimental verification of this relationship yields an average error of 5.4%
for instances where coupled stability is observed and 1.6% for instances where it
is not observed. Fig. illustrates the experiment instances where G, is set
to 0.025 [Nm s/rad]. The dashed curve represents the passivity bound on I,
with empty circles denoting instances where coupled stability is not violated, and
crosses representing points where coupled stability is violated. The reason for
setting motion controller gain so low is to maintain a high bandwidth of damping
rendering, as demonstrated by their inversely proportional relationship in Fig. [4.5]
After the transmission effective parameters are still high due to mapping in Table

[6.1 Once more, our results confirm the theoretical analysis done in Section [£.3]
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FIGURE 6.2: Coupled Stability Experiments for Pure Damping Rendering with
PI Motion Controller

6.2.3 Pure Spring Rendering - PI Motion Controller

As discussed in Section it is necessary and sufficient to have positive controller
gains to ensure the passivity of pure spring rendering. Thus, we do not provide
any experiments to verify this. The reason is that negative controller gains may
harm the physical system we have. We provide performance experiments for pure

spring rendering such as stiffness characterization and haptic rendering fidelity.

6.2.4 Mass-Damping Rendering - PI Motion Controller

In this series of experiments, we demonstrate the effectiveness of adding virtual
damping to the desired admittance, enabling us to use of integral gain in the
motion controller. Passivity condition (vii) is experimentally verified for two dif-

ferent parameters, as depicted in [6.4h-b. The experiments are conducted under
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the worst-case scenario, where the minimum mass reference for the system is given
by My = Jnbn with G,, set to 0.0864 [Nm s/rad]. It’s important to note that,

for experimental purposes, one can adjust this reference within a 10% range of

the bound, as rendering minimum mass proves to be challenging for admittance

controllers.
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FIGURE 6.3: Experimental Verification of M/B Plot

As illustrated in Fig. [6.4h, a nearly linear relationship exists between I,, and
B,.s, as expressed in Eqn. , given that B,.s has a relative order of 1 in the
inequality. For this relation, the experiments show a 7.38% error when coupled
stability is observed and a 6.58% error when coupled stability is not observed.
Another set of experiments validates the quadratic relationship between G,, and
I,,, as described in Eqn. (4.24). Similarly, experiments for this relation exhibit
a 6.8% error when coupled stability is observed and an 8.2% error when coupled

stability is not observed.
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As a final note, we map the data obtained from the initial set of experiments
(depicted in Fig. [6.4h) to Eqn. (4.29)-(4.30) to generate the M/B plot, as shown
in Fig. It’s crucial to highlight that the violation of passivity bound (vii)
specified in Eqn. (4.24]) is also reflected in the rendered inertia. Thus, without
the need for additional experiments, we demonstrate that compensating for more

mass inevitably leads to a violation of passivity.
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6.2.5 Voigt-model Rendering - PI Motion Controller

In this section, we present a series of experiments to validate the passivity con-
ditions for the Voigt-model rendering with a PI motion controller. The Voigt-
model, defined by Z{} ,(s) in Eqn. (4.39), introduces a relaxation of passivity
condition (iv) compared to the condition for pure damping rendering, as given in
Eqn. . This relaxation occurs through the addition of a virtual spring to
the virtual environment, resulting in a higher upper bound on the integral motion

gain.

As depicted in Fig. we set Byer to 0.05 [Nm s/rad] in the experiments. The
results show an average error of 3.2% when coupled stability is observed and 7.2%
when coupled stability is not observed. These errors provide insights into the
system’s behavior under different conditions and highlight the practical challenges
associated with maintaining coupled stability. It is important to note that the
introduced virtual spring in the Voigt-model rendering allows for a more flexible
adjustment of integral motion gain, offering a higher upper bound for optimal

system performance.

These experiments not only validate the theoretical relaxation of passivity con-
ditions but also affirm the trade-off between stability and performance in Voigt-

model rendering.



79

6 T T T T T T T T
= =Passivity Bound
> r x Coupled Stability is not observed| |
5t o Coupled Stability is observed J
-
— x -
O 45f _ - 1
= “ o
& 4 % - J
pd x -
— o
_E35F x O’ i
% -
3 P L4 l
®
-
_0
25F 1
2 1 1 1 1 1 1 1 1
1 15 2 25 3 35 4 45 5

Kre]c [Nm s/rad]

FIGURE 6.5: Coupled Stability Experiments for Voigt-model Rendering with
PI Motion Controller



80

6.3 Validation of Haptic Rendering Fidelity

In this set of experiments, we have demonstrated the capability to render de-
sired virtual environments within specific frequency ranges, particularly for lower
frequencies. The bandwidth limitations observed are inherent to the physical dy-
namics of the system and may vary from one system to another. However, it is
important to note that these variations do not alter the highlighted results pre-

sented in the analysis section.

Experiments assessing haptic rendering fidelity involve coupling the system to
another brushless DC motor. The controllers of the second motor are fine-tuned
when it is linked to the SEA brake pedal through the EPOS framework. No high-
level controllers are implemented beyond the tuned low-level motion controllers
of the system. This decision is made to avoid introducing additional dynamics
through high-level controllers, aiming to mimic an ideal motion source input for

the interaction port of the SEA brake pedal.

6.3.1 Pure Damping Rendering - PI Motion Controller

We validate the haptic rendering fidelity of Pure Damping Rendering with a SEA
under BAC, as illustrated in Fig. Samples are collected within the frequency
range [1.5 26] rad/s for nine different instances, yielding an average error of 3.7%.
For the experimentation, we render B,; = 3.81 [Nm s/rad|, equivalent to 11.61
in dB scale. The figure also indicates that this rendered damping is significantly
lower than the system’s inherent damping, B,, = 16.11 [Nm s/rad], which is 24.15
in dB. Hence, we experimentally verify the damping compensation discussed in
Section [4.3] and illustrated in Fig. [£.4] Controller gains are set to G,,, = 0.05 [Nm
s/rad] and I, = 2 [Nm/rad] during the experiment.
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FIGURE 6.6: Haptic Rendering Experiments for Pure Damping Rendering PI
Motion Controller

6.3.2 Mass-Damping Rendering - PI Motion Controller

We verify the haptic rendering fidelity of Mass-Damping Rendering with a SEA
under BAC, as depicted in Fig. [6.7 The objective is to illustrate that at low
frequencies, damping is rendered, and there is a midband transition to mass ren-
dering. We sample the system at eight different frequencies ranging from [0.1 6]
rad/s, achieving an average error of 8.6%. The rendered virtual mass and damp-
ing values during the experiment are M,;,. = 0.77 [kg m?| and B,;, = 0.381 [Nm
s/rad], respectively, while the controllers are set to G, = 0.0864 [Nm s/rad] and
I, = 0.05 [Nm / rad]. Due to the inherent dynamics of the system, we could
not experiment at higher frequencies due to the transition to the physical dynam-
ics of the system from the virtual environment. At these frequencies, the system

resonates at its natural frequency.
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FIGURE 6.7: Haptic Rendering Experiments for Mass-Damping Rendering PI
Motion Controller

6.3.3 Pure Spring Rendering - P Position Controller

In this set of experiments, we conduct stiffness characterization experiments for
Pure Spring Rendering with a position-level controller for a SEA under BAC. Ini-
tially, due to the causality violation introduced by A; = s/K,.r for Pure Spring
Rendering, a position-level controller is implemented at the inner loop. However,
with the end-effector equipped with a velocity sensor, the time rate of change of
torques/forces becomes available, allowing the implementation of Ay = 1/K,.;.
The free s term is transferred to the previous signal 7., in Fig. and is con-
verted to Tse,. It’s worth noting that the proportional gain in the position level is
equivalent to the integral gain in the motion level, and for consistency, we maintain

the notation as implemented in the motion level.

Predetermined forces and torques are applied to the end-effector, and the deflec-
tions in the SEA element are measured. These measurements, combined with the
position change in the motor, result in scattered points fitted into lines, as shown

in Fig. [6.8] Two different springs, K,; = 142.8 [Nm/rad] and K,; = 53.15
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[Nm/rad], are rendered (solid and dashed lines, respectively). The system is sam-
pled for seven different forces, and the results yield an R? value of 0.95. This

experiment confirms our ability to render the stiffness values proposed in Section

4.5
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FIGURE 6.8: Stiffness Characterization Experiments for Pure Spring Rendering
P Position Controller

6.3.4 Voigt-model Rendering - PI Motion Controller

Finally, we present haptic rendering fidelity experiments for Voigt-model with a
PI Motion Controller for a SEA under BAC. This aims to showcase both the
damping and spring rendering performance of the system. As anticipated, the
system behaves like a pure spring at low frequencies and converges to rendered

damping at the mid-band.

Fig. illustrates our results, where the system is sampled at fourteen different
frequencies ranging from [1 32] rad/s, resulting in a 6.2% average error for these
points. We render K,;, = 26.7 [Nm/rad] and B,;, = 3.2 [Nm s/rad]|. The controller
gains are set to B,y = 0.1 [Nm s/rad], K.y = 0.8 [Nm /rad], G,, = 0.0576 [Nm
s/rad], and I, = 1 [Nm /rad].
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Chapter 7

Inertia Compensation with

Feed-Forward Control Action

Admittance Controller Motion Controller

Wm

JUUWUOLINVUL

Ficure 7.1: BAC block diagram with feed-forward controllers

In this section, we examine the effects of feed-forward controllers on the passivity
and performance of mass rendering. Hart and Niemeyer [17] have proven that no
causal controllers can compensate for the mass present in the system. Keemink
et al. have presented that the system’s inertia can be compensated for when
controllers are selected as Gyr > 0 and Crr = pugrs + By [24]. Here, Gy; is a
positive proportional gain on force feedback, while ps; and ;s represent mass
and damping compensation factors. However, it’s important to note that this

implementation is not causal and does not contradict the results in [I7]. We
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extend their analysis by addressing causality and the bandwidth limitations of

controllers.

First, we look at the case where causal differentiator is used in Cy; and the con-

troller becomes:

SWf
s+ wy

Crr = gy + Byy (7.1)

7.1 Causality of Differentiation

1

Desired admittance, Ay, is kept as Mo s

and for simplicity we take motion con-
troller, C,, = G,,, as proportional controller. Impedance transfer function seen

from the end-effector becomes Z} .. ;/(s) =

JmeMTefS3+ (Oé+mef) KerefSQ—i‘OéKerefoS
I My st + (o + Jmwy) Myep $3 +ngs2+nrs+ (G + Brr) Krwy

(7.2)

where
ng = (Kp(1+ Gyp) + awyp) Myeyandng = Ky (Bpp + G + pippwp + Myepwy (14 Gyp)).

The rendered mass at the end-effector is derived as follows, from the low-frequency

behavior of the system in Eqn. (7.2):

MrefOé

My = ———— 7.3
Gt By (7.3)

Necessary and sufficient conditions for the system described in Eqn. (7.2)) are
derived according to Theorem [3.1] The conditions regarding the rendered mass,
M., are argued and presented. Theorem [3.1]2 yields the following conditions on
Mvir:
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Jm Hyp &
— < M, (7.4)
Grr+ 1 (G +Brp) (Gyp+ 1)
Im KWy < (7.5>

+ ~ Mvi?“
Gir+1 (G +Bsp) (Gyp+ 1)

Eqn. imposes a smaller lower condition on M,;, compared to Eqn. (7.5]).
Thus, it is not possible to passively render mass according to Eqn. . Notice
that the more conservative condition appears as opposed to the other one due to
the modelled cut-off frequency of the causal differentiator. Hence, it is not possible

to capture this effect when non-causal controllers are used to compensate for Pure

Mass Rendering with SEA under BAC.

However, as the equation shows, for large values of G, the rendered mass at the
end-effector is allowed to be lower than .J,,,, as opposed to Eqn. (4.4) in Pure Mass
Rendering with a P Motion Controller. To achieve a smaller lower bound on M,

than J,,, Gy should satisfy Eqn. (7.6):

Kyp W < Gyy (7.6)

The equation also shows that when the causal differentiator cut-off frequency is
large, the feedforward cancellation term should be increased as well. Since we have
shown that mass and damping compensation terms do not help to compensate for
the mass, we solely examine the effects of the feedforward force cancellation term

G ¢y when bandwidth limitation is imposed in the following section.
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7.2 Feed-Forward Force Cancellation under Band-

width Limitations

Now, we set Uty = 0 and examine the effects of Gy when it is band-limited.

Equation (7.7)) defines the band-limited version of G:

wr

Gl = Gy (7.7)

! S+ wy

Impedance transfer function seen from the end-effector now becomes Z%,,,.._;; (s) =

I Ky Myey $° + Kp Myep (0 + Jpwy) $* + Kp My awy s
I Myep s* + Myep (0 + Jpwy) 83+ Moy (Kp + awy) 2 +ngs + G, Ky wy

(7.8)
where ng = Kf (Gm -+ Mmf Wy (fo + 1))
Rendered mass, M,;., becomes Eqn. (7.9).
Mref (0%
Mvir — 79
= (7.9

As in the previous section, we derive necessary and sufficient conditions for the
system defined in Equation ((7.8)) according to Theorem . The second condition

of passivity imposes the following conditions on the rendered mass, M,;,:

Im,
< Mvir 7.10
fo +1 = ( )
JmOé S Mm’r (Oé—fo mef) (711)

Oé—fomef§O (7.12)
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First, we examine the second condition given in Equation (7.11]). There are two

possible cases based on the factor of M, in the Eqn. (7.12). Let the factor in
Eqn. (7.12)) be positive; then Eqn. (7.11)) can be rewritten as follows:

Im
_ImY < M (7.13)
a—G=G ff me f
The lower bound derived in Eqn. (7.13)) presents a more conservative bound than
Eqn. and it is higher than .J,,. Thus, in this case, mass compensation with

Gy is not possible. The other case, when the factor is negative and the bound in

Eqn. (7.11]) becomes a higher bound as given in Eqn. ([7.14]).

I
— > My (7.14)
a—G=G ff me]r
Note that now the term given in Eqn. ([7.12)) is negative for the sake of analysis
and due to this, the higher bound of M,; is negative. However, negative mass
rendering is not possible since there is no such thing as negative mass. Hence, our

analysis concludes that when Gy is modeled with bandwidth limitations, it is not

possible to compensate for the system inertia.

Several studies have demonstrated that non-causal implementations of feed-forward
controllers can effectively achieve inertia compensation [24], [38]. However, our
analysis extends these findings by incorporating considerations of causality and
bandwidth limitations into the controller. Our study reveals that, with the real-
istic constraints of causality and bandwidth limitations, passive compensation for

inertia while rendering pure mass is unattainable.



Chapter 8

Guidelines for High-Fidelity

Haptic Rendering

8.1 Combinations of Virtual Elements

In this section, we discuss our results in terms of combinations of virtual elements

to achieve better performance while preserving passivity.

Mass Rendering:

— Mass-Damping: The introduction of virtual damping to the mass en-
ables the implementation of a PI controller, in contrast to Pure Mass
Rendering where a PI motion controller is unsuitable for passive ren-
dering of pure mass. This change results in improved lower-frequency
behavior of the system. Furthermore, the analysis of Pure Mass Ren-
dering has revealed that the minimum renderable mass is constrained
by J,,. With the addition of virtual damping, mass compensation be-
comes feasible. As discussed in Section [4.4] introducing more damping
to the system compensates for additional mass, albeit at the cost of in-
creased system damping and greater energy dissipation. Additionally,

an increase in added damping imposes limits on mass rendering fidelity.
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— Mass-Spring: This study does not present Mass-Spring rendering. It
is important to note that rendering Mass-Spring (in parallel) passively

with SEA under BAC is not achievable.

Damping Rendering:

— Mass-Damping: Introducing virtual mass to damping does not al-
ter the rendered damping, B,;.. The damping behavior of the system
is felt primarily at low frequencies, transitioning to mass during the
midband before converging to the high-frequency dynamics inherent in
the physical properties of the system, namely SEA. It’s crucial to note
that even with the minimum mass added to the system, it establishes a
more conservative bound on [,,, compared to pure damping rendering,
as illustrated in Equation . From this perspective, we can simi-
larly assert that damping compensation is constrained by the addition
of mass, compared to the bound in Equation , since the same

equation provides a lower bound on B,,.

— Voigt-model: Another option is to introduce a virtual spring to pure
damping, as outlined in Section .6 This modification shifts the sys-
tem’s low-frequency behavior to that of a spring, transitioning to damp-
ing in the midband before converging to SEA at high frequencies. This
alteration may lead to unwanted oscillations due to the spring-like be-
havior, necessitating high damping rendering for compensation. Addi-
tionally, controlling the rendered damping becomes challenging due to
additional terms in B, (Equation (4.43))) originating from controllers
that act like springs, such as I, and K,.r. One advantage of hav-
ing a virtual spring is the relaxed passivity condition on [,,, resulting
in improved low-frequency behavior. However, achieving this requires
higher K,.s values, resulting in stiffer rendered springs. While a stiff
spring is rendered with the Voigt-model, it restricts rendering high val-

ues of By, as depicted in Figure[4.9) On the other hand, rendering low
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amounts of damping (i.e., damping compensation) necessitates render-
ing stiff springs, limiting the damping rendering fidelity of the system.
Therefore, if the goal is to render lower ranges of damping, one should
prefer Pure Damping Rendering. Similarly, if higher ranges of damping

are desired Voigt-model is a better option with improved performance.

Spring Rendering:

— Voigt-model: Finally, let’s consider the addition of virtual damping to
pure spring rendering. When we compare the passivity conditions with
Pure Spring, we observe that both I,,, and K,.; are now bounded due
to this modification as in Eqn. . Specifically, I,,, limits the ren-
dering of stiff springs, while K. restricts the rendering of soft springs,
each having an upper and lower bound, respectively (note that these
bounds do not apply in pure spring rendering). Additionally, the fi-
delity of rendering soft springs is constrained by the introduction of
virtual damping because it necessitates a higher amount of damping to
maintain passivity, thus limiting the fidelity of spring rendering. The
Voigt-model effectively compensates for unwanted oscillations arising
from rendered compliance. Therefore, introducing a slight amount of
virtual damping is beneficial when rendering stiff springs. Conversely,
Pure Spring Rendering is preferred when the desired stiffness is low, as
the addition of high amounts of virtual damping limits the fidelity of

spring rendering to preserve passivity.
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8.2 Force Sensor Stiffness

In this section, we consider the SEA as a model of a force sensor instrumented
at the end-effector, with K denoting the sensor stiffness. We explore how sensor
compliance influences the passivity and performance of the system under different
haptic rendering environments. Stability conditions under passivity analysis for
pure elements indicate that sensor compliance relaxes stability. However, positive
realness conditions are more conservative and remain unchanged due to SEA.
Thus, we conclude that sensor compliance relaxes stability conditions without
affecting passivity. Furthermore, the force sensor functions as a mechanical low-
pass filter at the end-effector. The stiffness of the sensor directly influences the
filtering capabilities of the spring. It is advisable to opt for softer force sensors to

ensure a robust interaction in the presence of high-frequency noise.

Mass Rendering: The force sensor model allows us to examine its effects on

haptic rendering fidelity. As depicted in Fig. [4.1], it significantly limits the band-
width when softer sensors are preferred. Rendering mass with compliant sensors
is not reasonable. To achieve the best performance in terms of fidelity, one should

instrument the system with stiff springs, i.e., traditional force sensors.

Damping Rendering: Softer force sensors increase the stable region for Pure

Damping Rendering. However, softer sensors inherently limit the bandwidth of the
system due to the addition of compliance at the end-effector. In terms of damping
rendering fidelity, it is not directly limited by sensor stiffness, Ky, introducing

design challenges to the physical system.

Mass-Damping Rendering: In addition to the two previous discussions, one

significant advantage of a softer force sensor is to allow more compensation of
mass with the same amount of added virtual damping. As seen in M,;., Eqn.
(4.29), as Ky — 0, the compensation due to B,.s increases. However, as the
sensor gets softer, it limits the bandwidth, as discussed in the Mass Rendering

section.
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Spring Rendering: The force sensor appears in series with virtual springs in K,

as seen in the realization Table and limits the passively renderable region.
Even though there is no upper bound on rendered stiffness according to passivity,
the series of springs limits K, = K even with the stiffest controllers. To achieve
stiff environments in Spring Rendering, it is crucial to have a stiff force sensor,
albeit at the cost of added damping due to sensor stiffness. As shown in effective
impedance analysis, Pure Spring Rendering has damping felt at the end-effector,
which is proportional to sensor stiffness. The trade-off between a damped system

due to a stiff force sensor allows users to render stiff environments.

Voigt-model Rendering: Similar to spring rendering, force sensor compliance

adds damping to Voigt-model Rendering, appearing in B, as seen in Eqn. (4.43)).
On the other hand, softer sensors allow us to render lower levels of damping
compared to Pure Damping rendering, since Ky — 0 makes B,;, — 0 as well.
To compensate for the system’s damping while rendering Voigt-model, one should
instrument the system with a compliant force sensor. However, the system will be
subjected to bandwidth limitations and unwanted oscillations due to compliance

at the end-effector.
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8.3 Impedance versus Admittance Control

Implementing non-causal controllers in real-time applications poses feasibility chal-
lenges. To maintain causality, it is essential to employ filters or causal versions
of differentiators during the implementation process. However, the incorporation
of filters introduces time delays to the system, subsequently compromising the
quality of interaction with human users. Additionally, depending on the controller
type, be it admittance or impedance, certain virtual environments necessitate the

use of filters to preserve causality.

In the context of spring rendering with admittance control, achieving causality
becomes complex since the desired admittance is expressed as A; = KLf Filtering
the desired admittance for causality transforms it into a Voigt model, as depicted
in Eqn. . Consequently, achieving pure spring rendering under admittance

control with causal controllers becomes unattainable based on this analysis.

Similarly, mass rendering with impedance control demands a causal differentiator,
given that the desired impedance is expressed as Zg = M, ., s. Furthermore, in
impedance-based approaches, the velocity signal at the end-effector needs to be
measured. FEven in cases where it is not explicitly modeled, this measurement

introduces a filter to the system, further complicating the implementation.

First, we can directly say that the need of a filter in impedance control for mass
rendering (causality) and damping rendering (filter to measure velocity of the end-
effector) degrades performance compared to admittance control. Moreover, these
constraints impose upper-bounds on passively renderable M,;,. and B,;. which do
not apply to admittance control. Thus, it is beneficial to use admittance control

to render high impedances.

On the other hand, pure spring rendering is not possible due to causality issues in
admittance control. And, it converges to Voigt-model as a filter modeled in the
analysis. Thus, it makes impedance control a more preferable choice for spring

rendering.
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Lastly, null-space rendering requires Z; = 0 and Ay = oco. Hence, it is not feasible

to render null space with an admittance control in real-time applications.

Overall, admittance control is recommended for high impedances while impedance

control is better suited for low impedances.
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8.4 Generalization to Other Controller Architec-

tures

In our study, we analyzed the admittance control structure with SEA. However, our
results not only establish the capabilities and limitations of SEA under admittance
control but also cover regular admittance-controlled devices when the force sensor

stiffness is high.

It is important to note that as the force sensor stiffness increases, the validity of
the rigid robot model diminishes since non-collocation effects will be observed.
As Eppinger [29] has shown, unmodeled dynamics between the actuator and the
sensor introduce challenges to preserving the stability of the system under force
control. Moreover, this non-collocation imposes limits on force controller gains, in
our case, on the reference admittances. This limitation can be discussed for all
the haptic rendering analyzed in Chapter 4l As reference admittances are force
controller gains in our analyzed system, all the reference admittances will now
have upper limits. Since reference admittances are mapped directly to desired

admittances, namely Z,;, as derived in Chapter [, will also be limited.

Firstly, it is important to note that mass rendering is constrained by a minimum
value for M,.y, dictated by the passivity considerations, whether in the case of
pure mass rendering or when combined with virtual damping. Conversely, there is
not an upper limit imposed on the reference admittance theoretically (under the
assumption of collocated control), allowing for the rendering of high impedances
by scaling up the reference to achieve the desired admittance. However, if the
model features non-collocation, M,.; will have an upper limit as Eppinger [29]
discusses. This constraint will limit passively renderable M, ;g as M,qs is directly

mapped to M, as in Eqn. (4.4), (4.13) and (4.29). Same discussion applies to
Bref and sz‘r'

Stiffness rendering presents a different scenario compared to mass and damping

rendering. Even if K,.; does not have an upper limit, K,; has an upper limit
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imposed by the softest spring in the system due to its inherent structure given in

Eqn. (4.37). We do not see such a limitation for M, and/or By

Non-collocation introduces a limitation on K,.; by imposing an upper bound due
to the internal compliance of the robot, influencing both the rendered stiffness and
the passivity bounds on the controller gains. This limitation is not observed in our
analysis, since SEA introduces high compliance that dominates the first vibration

mode of the system.

TABLE 8.1: Admittance Control and VSIC Mapping

VSIC (Null) | Admittance Control Equivalent | Parameter Mapping
b - P, I, Pure Damping - P, I,,, P, — B,if
I - P, 1, Pure Mass - P, I,,, I, — Mief
D,- P, I, Pure Spring - P, I,, D, — K:ef

Admittance-controlled SEA is a special case of SEA under VSIC. Free space ren-
dering with SEA under VSIC has the identical structure with the controller pre-
sented in Fig. While the inner motion loop acts exactly same in the both
structures, it is important to note the parameter mapping between these two is as
in Table [8.1] In this table, the first column illustrates the controller structure of
VSIC force controller and motion controller, respectively, while the second column
corresponds to the haptic rendering with the admittance controller. Notably, the
force/torque controller of VSIC shapes the virtual environment that is rendered

in admittance control. Consequently, our study holds significant implications for

the analysis of SEA under VSIC.



Chapter 9

Conclusion

We have presented a comprehensive analysis of the stability robustness and trade-
offs in haptic rendering fidelity of Series Elastic Actuation (SEAs) under Basic
Admittance Controller (BAC). Our results involves other kinesthetic haptic inter-
faces operating under admittance control, particularly as a special case when the
sensor stiffness is set to high. We derived necessary and sufficient conditions for
SEA passivity when rendering various virtual environments, analyzing the haptic
rendering performance of closed-loop systems through passive physical equivalents
and effective impedance analysis. Our study presents parasitic effects, examines
low-high frequency behaviors, and compares the rendering performance of differ-
ent closed-loop systems using passive physical equivalents, building upon existing

literature [19, 25| [30], 32].

Our findings highlight that reducing force sensor stiffness increases stability ro-
bustness in haptic rendering. However, passivity is not compromised by this
adjustment. Softer force sensors enhance inertia compensation but limit band-
width during mass rendering. Conversely, stiff force sensors relax the upper bound
on rendered stiffness while introducing parasitic damping. We demonstrate the
feasibility of damping compensation with SEA under BAC, even without a neg-
ative reference and with a lower bound on rendered damping due to passivity
constraints. Introducing a virtual spring to pure damping (Voigt-model) relaxes
passivity conditions on controller gains while enhancing performance, though it

99
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constrains passively renderable damping. Similarly, the Voigt-model provides a
more accurate representation while rendering stiffness with BAC, as pure spring
rendering is unattainable. Combining an appropriate amount of virtual damp-
ing with inertia allows better inertia compensation while limiting mass rendering

bandwidth.

In passivity analysis, we emphasize that the controlled plant time constant imposes
constraints on passivity, highlighting the importance of precise control for optimal

performance and a larger passivity region.

Lastly, we demonstrate that achieving passive inertia compensation via feedfor-
ward controller terms is impractical under realistic bandwidth limitations. How-

ever, these terms can enhance rendering performance at low frequencies.

Our theoretical findings are rigorously validated through systematic simulations
and experiments, confirming passivity bounds through coupled stability experi-
ments in relevant destabilizing environments. Rendering performance is charac-

terized by exciting closed-loop systems with an ideal motion source.

In summary, our study provides a thorough analysis of stability robustness and ren-
dering fidelity trade-offs in kinesthetic haptic interfaces, particularly under admit-
tance control, including SEA. Furthermore, our results have broader implications
for more complex control approaches, such as VSIC, as admittance control forms
a fundamental component in such architectures. Our guidelines offer valuable in-
sights for researchers aiming to implement passive virtual environment renderings
with high fidelity, design advanced haptic interfaces for admittance control, and

gain a deeper understanding of the limitations of their interaction controllers.

For future studies, the non-collocation and transmission ratio between the actuator
and the end-effector can be modeled to examine their effects on both passivity and
haptic rendering performance. Moreover, we ignore the bandwidth limitations
that we have on controllers and actuators. These non-modeled dynamics might
have significant effects on both passivity and haptic rendering performance of

admittance controlled devices.
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