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Abstract

A}

This thesis combines the fheory of ergodic H? spaces, singular integral operators and the
theory of Banach space-valued operators to establish ;a, new method to study the inequalities
for the operators induced by an ergodic, measure preserving transformation. This method
also indicates the close connection between the classical theory of H? spaces and ergodic
HP spaces. By means o% this connection a one sided analog of a result of B. Davis [21]
for martingale square function is proven for ergodic square function, and it is shown that
one can prove the sﬁme result for a largé class of operators in ergodic theory by the ame
method. As a corollary it is shown that one can find the integrability condition for the
same class of operators analog to a result of D. S. Ornstein [40] for the ergodic maximal
function. Furthermore, it is shown that one can extend the problems of classical H? spaces
to the ergodic H? spaces, and as an application of this extension a number of inequalities
in ergodic theory are proven for a large class of operators. Finally, it is shown in various
perspectives that one can study the vector-valued inequalities in ergodic theory as ir; classicél
harmbnic analysis. To study these inequalitjes some methods are introduced, and by means
of these methods a large class of operators in ergodic theory is discussed extensively and

various types of vector-valued inequalities are proven.
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Introduction

The behavior of some maximal functions play an interesting role in anaiysis. It is interesting
to understand the behavior of an L, function for which some maximal function is still in
L,. Here we consider the spaces of such functions called the H? spaces. These spaces are
of interest in harmonic analysis, in the theory of complex functions and also in martingale
theory. In many cases ifk ‘the related maximal function behaves well, then because of the
atomic decomposition of an HP function it is much easier to work with a function in H?
rather than a function in L,. R. Coifman and G. Weiss [19] studied the space ergodic H 1
which they deﬁned as the space of functions in 'L;(X) whose ergodic Hilbert transform is
" in Ly(X). They proved that H' can be chara,ctérized in terms of maximal functions and
that the dual of H' can be identified with the space of functions of ergodic bounded mean
oscillation (EBMO). Later R. Caballero and A. de la Torre [13] found thﬁt these spaces can
also be characterized in terms of atoms as in the classical theory of H? spaces. We borrow éhe
background materials mbstly from their work. We show that these spaces and the classical

HP spaces are closely related, and present a new method of study for the behavior of operators

in ergodic theory. We use our method to investigate some inequalities for certain operators.

When studying L, norm inequalities there are a lot of interpolation theorems available for




1 < p < oo. Unfortunately, this is not the case for p = 1. For this reason it requires a
completely different framework to discover the integrability of operators. Our method shows
that this kind of problems can be studied when we work in ergodic H'(X) spaces. For this
reason we reduce the problem to the behavior of some maximal functions, or we can simply
work with an ergodic atom if needed. At the same time we introduce the close connection
with the classical HP theory. Also, we try to present almost all the proofs in detail for
cdmpleteness. We first present the background materials from ergodic theoff, and next we
present some known results about atomic characterization of the ergodic H? spaces, and
finally we move to our main discussion and study the connection with the classical case and
the behaviors of operafors. Later, we prove that vector-valued inequalities can be studied in
ergodic theory. We first show that our method can be extended to study these inequalities,
then we show that one can also study these inequalities by means of the Calder6n-Zygmund

decomposition on Z. Many other problems in the area still remain open, of course.




Chapter 1°

The Fundamentals of Ergodic Theory

We will include this chapter as a preparation for our further discussion, therefore we will
only state a theorem without giving a detailed proof if it is a well known result, and will
refer the readers to a suitable reference for its proof.
Let us start with some basic definitions:

Let (X, 8,m) be a non-atomic, complete probability space, that is a set X together with a
o-algebra B of measurable subsets of X and a countably additive non-negative set function
m on S such that m(X) = 1 and such that 3 contains all subsets of sets of measure 0.
We say that the sets E and F' are equal if .they agree up to a set of measure zero. The
transformation 7 : X — X is invertible if there is a measurable transformation o : X — X,
such that 70(E) = or(E) = E. In this case, o is unique and is denoted by 771, Let
7 : X — X be a one-to-one onto map such that 7 and 77! are both measurable. Then 7is
called a measure-preserving transformation (abbreviated m.p.t.) if m(r'E) = m(E) forall

E € (8, and the systems (X, 8, m,T) are the main objects of study in ergodic theory. A set



E is called invariant if 7(E) = E ; if the only invariant sets are X and ¢, then 7 is called

ergodic.

1.1 Mean Ergodic Theorems

The following ergodic theorems can be found in K. Petersen [43] in which one can also find

a good selection of references concerning the well-known results in ergodic ‘theory.

Theorem'1.1. (Mean Ergodic Theorem (von Neumann 1932)) Let (X, 3, m) be a o-finite
measure space, T : X = X a measure-preserving transformation, and f € Ly(X,3,m). Then
there is a function f € Ly(X, B, m) for which

n—1 ‘
IN jort—f
n

k=0

-

= 0.
2

lim
n—o00

Note that the m.p.t. 7: X — X determines a linear operator U : Ly — Ly according to

(Uf)(z) = f(rz). U is an isometry, since

WUFIE = / Uf (@) dm = / \frz) P dm = | £II5

U is also invertible (U™1f(z) = f(r~'z)), and hence U is a unitary operator (its adjoint
equals its inverse). U = U; is called the unitdry operator induced by 7. Then we have the

following more general theorem than Theorem 1.1.

Theorem 1.2. (Mean Ergodic Theorem in Hilbert Space) Let U be a linear contraction on
a Hilbert space H ( so that |[Uf|| < ||f|| forall f € H), let M ={f € H:Uf = f} (so M

is a closed linear subspace of H ), and l(.at‘P : H = M be the projection of H onto M. Then



for each f € H,
n—1
1
LU
™ =0
converges in H to Pf.

Proof. Let N denote the closed linear span of {g — Ug : g € H}; we claim that N and M

are orthogonal complementary subspaces of H. It suffices to show that
Nt={h€ H:<hn>=0forallne N}
Let h € N*; then < h,g—Ug>=0forall g € H, so

0=<hg>—<hUg>
=< h,g>—<U*h,g>

=< h—-U"h,g >
for all g € H, and hence h = U*h. We wish to show that Uh = h. Now

HUh—MP:<Uh—MUh;h>
= ||[UA|>~ < h,Uh > — < Uh,h > +||A||?
_ = |UR|]>~ < U*h,h > — < h,U*h > +||h|]?
< |Al?- < h,h > — < h,h > +||A|)?

=0.

Therefore Uh = h, so h € M. We conclude that N* C M.

Conversely, if h € M, then Uh = h and hence U*h = h by the same argument applied to



U* which is also a contraction since

I fI* =1 < U* £, U f > |
=|<UUf,f>|
< UT £
< [lU* £IHLAAI-

Therefore, for any g € H,
<h,g-Ug>=<h,g>—-<hUg>
—<h—U'h,g >
=0,

so h € N+. Consequently Nt = M.

We will next show that if f € N then

]_n_l, .
w2 Ut

k=0

converges to zero. First, if f = g — Ug for some g € H, then

1 n—1
=Y Urf==(9—U"9),
k=0
S0
13 2, .
|23 0] < Zat o
n =0 n

If f € N, then there is a sequence {g;} in H such that f; = g; — Ug; converges to f. Then

ln}:_lka }_nz—kaf.
nk=0 nk=0 ‘

S ‘

1 n—-1"°
LS o - )
k=0

"
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for each i. Given € > 0, choose i so that

: 1
17 -5l < 36 .
and choose n so that

n-—1
M
n

k=0

then

1
—e+ e—e

Now if f € H is arbitrary, there is a unique fo € N such that f = fo + Pf. Then

n—1 ’
1
| S Ut - Pf” - \ S0k + P - Pf”
n
k=0 k—-o
== Z Ukfoll =0
M=o
Thus the proof is complete. O

Theorem 1.3. (Mean Ergodic Theorem in Banach Space) Let Y be a Banach space and
7:Y = Y a continuous linear map satisfying |7%|| < M for all k = 1,2,... for some
constant M. Let y € Y. Then the following statements are equivalent:

(1) { > ko lrkyin=1,2,. } converges with respect to the norm on Y.

(i) {1355, Yrhyin=1,2,. ..} has a weak cluster point.

(iii) 7 has a fized point in the weakly closed convez hull of {r*y:k=0,1,2,...} (i.e. the

intersection of all the weakly closed convez sets containing {r*y : k = 0,1,2,...}).

Proof. (1) => (ii): Clear.

(ii) = (iii): Abbreviating
* 1 n—1

k=0



e ey

suppose that a subnet A,_y converges weakly to §. then for any continuous linear functional

L

peYr,
<TY,¢>=<7,7¢>=lim< A, y, 7' >

=lim < 74, y,¢ >

=lim < A, y,¢ >

=<9,¢>
because

n+l,,
TAY — Apy = T———'i;ll——Ly — 0.

Thus 7§ = §. Of course §, being the weak limit of convex combinations of {r*y}, is in the

weakly closed convex hull of {r*y}.

(iii) = (i): Let § be the fixed point. Since

Ry =g+ ¥y -9 =g+ - 9),

we have

Any=§+ Anly — 9),
and it is enough to prove that A,(y —3§) = 0in Y. Now 7 is a weak limit of convex

combinations

b

Say = %Aia’r’.ya Aia 2 0, Z Aia = 1.
i=1 %

This implies that

Yy — Say = Z Aia(y — 'Ti'!/)



:Z)‘ia(I—T)(I+T+T2+...+7-i—1)y
€ range(I — 1),

so that y — 7 is in the weak closure of range(I — ), hence also in range(J —-1) (weak and
strong closure coincide for subspaces-see H. L. Royden [44], p.201). Now it is easy to show
that

An(y - g) — 0.

For, given € > 0, choose z € range(I — 7) with
lz— (-9l <e

Clearly, A,z — 0, since

(r—7

n

n+1)

A(I—7) =
Thus for large enough n,

1 An(y — DI < [14nz] + | Anlz — (¥ = D)

< €+ Me.

O

Remark 1 .4. “Weakly closed” can be replaced by “norm closed” in (iii) above, since in a
locally convex topological vector space a convex set is strongly closed if and only if it is

weakly closed (see H. L. Royden [44], p.206).

Lemma 1.5. (Kakutani-Rokhlin Lemma).Let 7 : X — X be an ergodic, measure-preserving
transformation on a non-atomic measure space (X, B, m), n a positive integers, and € > 0.

9




Then there is a measurable set A C X such that A,TA,...,m™ A are pairwise disjoint and

cover X up to a set of measure less than €.
We have the following question:

Problem 1.6. Let 7 : X — X be an ergodic, measure-preserving transformation on a non-
atomic measure space (X, 3, m), and € > 0. Let k be a positive integer, then it might be
interesting to determine those sequences (ny) of integers for which there is a measurable set
A C X such that T™ A, T™A, ..., 7™ A are pairwise disjoint and cover X up to a set of

measure less than e.

1.2 The Ergodic Maximal Function

We will now introduce and present some properties of the ergodic maximal function using
the approach of R. L. Jones [28], and also discuss the ergodic theorem of G. D. Birkhoff (4]

In ergodic theory we consider the ergodic maximal function, defined by

f*(@) = sup - Zlf(r z)l,

k'—O

which is the generalization of the Hardy-Littlewood maximal function Hp f on R™, given by

HLf(2) = sup oo / F @) dt,

e @
where @) denotes an arbitrary cube in R".

Later we will see that the functions Hz f and f* are closely related. If the function Hp f
has certain properties then one might éxpect to see the analog behavior for the function f*
under the corresponding assumptions. The origin of this transference argument comes from

10



the famous work of A. P. Calder6n [14] in which he proves the maximal ergodic theorem by

using the analogous behavior of the Hardy-Littlewood maximal function Hy,f.

Lemma 1.7. (The Kakutani Decomposition) If T is ergodic, invertible, and measure-preserving,

and X is a probability space, then given B, with m(B) > 0, there ezist disjoint sets

such that _
3=},
j=1
oo j—1 4
x=JUs,
j=11i=0

and 7(B?) = B,-"Jr1 unless i =j — 1.

Theorem 1.8. (The Calderén-Zygmund Decomposition) Given f in Li(R*), f > 0 and
A > || fll1, there ezists a collection of non-overlapping cubes {Qn}3, such that

(i) for a.e. z & ;2 Qn, flz) <X,

(ii) there erist c,, ca, independent of f, A and Qn, such that

ad < L f(z)dz < e
Iin Qn

1

The following decomposition, using f* is similar to one given by Calderén-Zygmund using

H.f.

Theorem 1.9. Given f in Li(X), f >0, and A > ||f||1, there ezists a collection of disjoint
sets {Cr}32, such that

(i) for a.e. z & UpeyCn,y f(z) < A0

(ii) for each n, A < ot Jo, f(2) dm(z) < 2.

11



Proof. Let

B={zeX: f'(z) M_<_ A}

With this B, we form the Kakutani decomposition Lemma 1.7. Let

n—1 n—1
— n _ inn
a.=Us=Urs
=1 j=1

These C,, correspond to the cubes @, of the Calderén-Zygmund decomposition Theorem 1.8.
If £ ¢ U2, Cr, then z € B so that f*(z) < A, and, in particular, f(z) < A. The first
assertion is proved.

Now, if x € B?, then f*(z) < A. Since f > 0, this shows that

n-—1
Z f (Tk.’L') < nA.
k=1

Consequently,

1
& | f@dn@) = o Bg)z / f() dmiz)

— n—l)m B Z f(z) dm(z)

kBn
T* B

Z f(*z) dm(z)

0 k=1

- n——l)mB)_/
1

Andm(z) < 2.

<
h (n — 1)m(B§) Jgp
This proves the right-hand inequality in the second assertion of the theorem.

To prove the left-hand inequality let us replace f by g = f — A in order to make the

notation neater. Then

n-—-l
B = xeX su °z) <0
{ n>pn§_;g( }.

12



We need to show that

) A
g(x) dm(z) > 0,
m(C) Jo (z) dm(z)
or equivalently,
/ o(z) dmi(z) > 0.
Cn

It is sufficient to show

n—1

Zg(r"x) >0 fora.e. z € By,

k=1

since then

/C,. g(z) dm(z) = /Bn Sg('ka) dm(z) > 0.

0 k=1 .

By construction, we have the following two facts:

(1) For =z € B, we have.

> g(r*z) <0
k=0 .
for all n.
(2) For z ¢ B, there exists an integer ! = I(z) such that

l

Zg(rkz) >0,

k=0

and [ is the smallest such integer.

We first show that if z € B™_, (the top of column C,), then g(z) > 0. This follows from

the fact that 7(z) € B and hence
n
Zg(T"(rm)) <0 forall n>0.
k=0

If g(z) < 0, then we have
l I -1
Y g(r*a) = g(z) + Y g(r*z) = g(a) + Y _ g(r*(rz)) < 0.
k=0 k=1 k=0 ‘

13



This is a contradiction to the definition of I. So we must have g(z) > 0.

More generally, for any z in the column, we see, by a similar argument, that the sum
g(z) + g(rz) + - -+ g(r'7)

is positive, and T*(z) is in the column.
Let z € BY, then
!
Z g(t*z) > 0.
k=0
Since 7/(z) is in the column, it is either in the top or 7+ (z) is also in the column. If 7! (z)
is in the top, then we are done. Otherwise, sum from 7'+!(z). Continue until we reach the

top. We then have the desired result. ‘ O

The following version of the Calderén-Zygmund decomposition is also interesting in its
own nature, especially, when working on Z and transferring to the dynamical system it is

quite useful in many cases.
i

Theorem 1.10. (The Calderén-Zygmund decomposition on Z) Let f be a function in L(Z).
Let A > 0. Then we can write f =g +b wheﬁa g € 1,(Z), and
@) Nglle, < 1 £ e,
(2) llglleo < 22,
(3) b=, bi(x) where each b; satisfies:
(a) b; is supported on an interval B;,
(b) 3, bi(j) =0 for each i,
(c) 113%1 > jen; 10i(7)] £ 4A and'A < ﬁ > e [F @)
(d) BiNB; = ¢ fori#j.

14



Remark 1.11. Note that the above imply

1 1
> IBil < S\'Z'Ibi“h < X”f”u-

i

Also, if XA > || f||oo, then we take f = g and b= 0.

Proof. Find an interval I of length 2" with n so large that

|—}—|Z|f<j)| <A

jeI
and |f(j)] < A for j € I. Now divide I into two equal pieces, I; and I. Look at the average
of |f| over each of these pieces. If the average is more than A on any interval, keep that
interval. If the average is less than A then divide fhat interval into two equal intervals, and
repeat the procedure. The procedure ends with a collection of intervals, the average over
which is at least ), but because of the construction, the average is no more than 2A. Off the
selected intervals, the function is at ﬁiost A, since clearly any point where |f| is more than
A would be in some selected interval, possible an interval containing only the point itself.
Denote the selected intervals by By, Bs,.... Now define g(j) = f(j) for j not in any of the

selected intervals. For j in a selected interval B;, define

00) = 11 3 ).

- I z| reB;

Define b(j) = f(j)—g(j). From the construction each of the required properties follow easily,

with b; = bxap,. , O

Theorem 1.12. (The Maximal Ergodi¢ Theorem) If f € Li(X), f > 0, and A > [|f]1,

then

m{f* >3} < 3 / £(z) dm(z).

{r*>a}

15




Proof. By Theorem 1.9, we have

1
) Jo f(z)dm(z) = A

or
1
s/ f(@)dm(x) > m(Cy)

Since B = {f* < A}, we have

BC=GC,,={f*>A}.

n=2

Consequently, by summing over n, we get

m(f >0 =>om@) <35 [ 1) dm(@)

n=2 n=2
1 -
<3/ 1@im@
A J{g>n
as desired. O

Theorem 1.13. (The Ergodic Theorem (G. D. Birkhoff 1931)) Let (X, 8, m) be a probability
space, T: X =+ X a mpt and f € Li(X, B, m). Then

(1) limy_yo0 Ly f(r*z) = f(z) egists a.e.;

(2) f(rz) = f(2) a.e;

(3) f € Ly, and in fact || flls < [Iflls;

(4) if Ac B witht A=A, then [, fdm = [, fdm;

(5) L3 v Ts f(%) = f in Ly.

Remark 1.14. If X has finite measure, the same statements hold except that (4) and (5)
apply only to invariant sets of finite measure.

16
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Proof. (1) For each Ay, A2 € R with Ay < Ay, let

n-l n—1
= i inf & k . 1 k
Exipe = {x €X: h}gglfg;f(f T) <A <A < hﬁs;gp‘n;f(r :v)}.

We will show that m(Ej, »,) = 0 for each A;, As. Then the union over all rational A, A will
also have measure zero, and hence the limit exists a.e.
Now Ej, », is an invariant subset of {f* > Az}, so by considering 7 restricted to Ej, »,,

we see that the Maximal Ergodic Theorem implies that

/E;

1532

Fdm > dom(Baa,)-

Next we consider —f. Since if z € E), », there is an n > 1 with
1 n—1
=3 frtr) < N,
grrs :

we see that

Ez\l,)\z - {(_f)‘t > _‘Al}'

Hence, by the Maximal Ergodic Theorem,

/ _f dm > —Alm(Ez\l,)\z)’
EAI,A2 !

or

/ fdm S /\lm(EAMz).
Ej

1,22

Thus

/\2m(E,\l’,\2) S / fdm

EAI A2

S A]-Tn'('EAl )A2)

17



ﬁ_-—f—————

and, since A\; < Mg, this is i)ossible only if m(E, »,) = 0.
(2) It is clear that fr = f a..

(3) We use Fatou’s Lemma. Since

1 n—1 .
w2 AT
k=0

n—1
<=3t
k=0
We have |f| < |f], and thus
/|f|dm</|dem§liﬁihf/lglf(Tkx)|dm
- n—)oo' nk:O
=/|f|dm<oo.

(4) This is usually proved by means of the Maximal Ergodic Theorem as follows; we will
obtain this result as an immediate corollary of (5).
For each n=0,1,2,... and k =0,£1,42,..., let

k

Ang = {a:EA:Q; < flx) < k;l}.

The A, ; are invariant sets, and for each n we have

A=JAnk
k
Fix ¢ > 0, then f* > 5’%—eon Ap, S0

fdm > (ﬁn- — e) m(Ank)-
An,k 2

Similarly, (—f)* > —%tL on Apg, so

+1

| / ~fdm >~ (4.
An,k

18




Thus

(.21‘;_7‘ — 6) m(An k) < / fdm < k—tlm(An k)

and letting € — 0 gives

k k+1

é;m(An,k) S //;n,k fdm S Tm(An’k).
Since obviously

ke < [ Fam< E  m(An),

2n Ak 2n

we have that

/ fdm / fdm‘ < Lon(Any).
An,k An,k 2

Summing over k,

N
Afdm—/Afdm‘ < gm(4),

and the conclusion follows upon letting n — oo.

(5) For bounded functions the L; convergence would follow from the Bounded Convergence
Theorem. The general case an then be proved by approximating by bounded functions (which
are dense in L;) and using (3). There is no proi)lem in assuming that f > 0, since we may

write f = ft — f~ and deal with the two parts separately. If g is bounded and 0 < g < f,

-1 n—1
1« 1 1
n k=0 n k=0 1 n

By (3), the third term is less than or equal to ||g — f||1, which can be made arbitrarily small

then

n—-1

> gt -3
1

k=0

+ 15 = fllx-

by appropriate choice of g. Similarly, the first term is also less than or equal to If = gl
But once g is fixed, the second term approaches 0 as n — oo, by the Bounded Convergence
Theorem. This proves (5). (Notice that it is essential here that X have finite measure.)

19



One can also give an alternative proof of (4) by using (5) as follows

i [ an|=| [ (GE 7)o

1n~—1 . _
5/ E;fv' —f‘dm
1n-1

};Zka_f

k=0

- 0.
Li(A)

We will now present a result of D. S. Ornstein [40], but we first need a lemma.

Lemma 1.15. For A > ||f||;, we have
1 |
1 / f(z) dm(z) < 2m{f* > A}.
C Ay

Proof. Since we have that

UCn=1{5>x

n=2

and that the C, are disjoint, we get

i/()" f(z)dm(z) = .:/Uoo . f(z) dm(z)

n=2 n=2-'n

= / f(z) dm(z).
{f*>x}

By Theorem 1.9 and the above, we have

/{f*>A} f(z) dmiz) = f: /Cn f(z) dm(z)

n=2

<3 2m(Cy)

n=2

=2 m{f* > A}.
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Dividing by A, we have

1 *
H /{ ., J@dn(@) <2mir > )

Now the result follows by replacing {f* > A}, on the left side, by the smaller set, {f > A}. O
Now we can prove the following:

Theorem 1.16. (D. S. Ornstein 1971) For f € Li(X), f > 0, the mazimal function f* is

integrable if and only if flog* f is integrable, where

f(z)log" f(z) = f(z) logmax(f(z),1)-

Proof. By integrating the inequality of Lemma 1.15, we get

[ r@dmt) = [“mis > 2

0

I1£1lx 00
_—_/ m{f*>/\}d)\+/ m{f* > A}dA
0 |

1

1
L /II . /{ |, J@im@

—C+ / L[ tz)dmie) dr
1 22 Jigsa

(@)
=C’—{—%‘/Xf(:v)/1 %d)\dm(av)
>C+3 [ f(@)log* f(a) dm(a).

Thus we get the half of the Theorem.
To prd;re the other half, we use the Maximal Ergodic Theorem and a truncation argument.
We write
[ < Fxgsay + Axgr<nys
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and note

[ < (Fxgsa) + A

Consequently,

am{f* > 22} < dm{(fx(s>a)" > A}
< / Fx(r>x dm(z)
{(Fxge>ay)*>Aa}
< / f(z) dm(z).
{f>A}
So we have
Am{f* > 2\} S l/ f(z) dm(z).
AJirsn
If we integrate this inequality, we see that f* € L, if f belongs to Llog" L. O

Remark 1.17. Note that Theorem 1.16 requires the assumptionvthat m(X) < co. fm(X) =
0o, then D. S. Ornstein [40] has shown that f > 0 and [ f(z) dm(z) # 0 imply f* is not

integrable.

1.3 The Ergodic Hilbert Transform

The Hilbert Transform of a measurable function f, was defined as

R )
Hiw)=Jim 3, =
and studied extensively in M. Cotlar [20]. The prime denotes that the term with zero

denominator is omitted in the summation. As in the relation between the Hardy-Littlewood

maximal function and the ergodic maximal function, it was also proven in A. P. Calderén [14]

22



by transferring from the behavior of the classical Hilbert transform that H f is of weak type
(p,p) for 1 < p < o0, and of strong type (p,p) for 1 < p < co. We will now present a proof
of K. Petersen [42] for the a.e. existence of the ergodic Hilbert transform Hf. The proof
will follow from a number of lemmas, and the first one of them is the following lemma of G.

Boole [6] and L. H. Loomis [32] which will play the main role in our discussion.

Lemma 1.18. Let 1,0z, ...,8, > 0 and g(s) = Y11, ;5. Then

1 n
m{s:g(s) > A} =m{s:g(s) < -A} = 3 ;ai’
where m denotes the Lebesgue measure on R.

Proof. Since g(t;—) = —oo, g(t;+) = oo and ¢'(s) < 0 for all s, there are precisely n points
m; such that g(m;) = A\, and t; < m — i < ti41, ¢ = 1,...,n — 1, t,,my. The set where

g(s) > A thus consists of the intervals (¢;, m;) and has total length

Zn:(mi —t) = imi - zn:ti- (1)

But the numbers m; are the roots of the equation

n
a;
Zs_lti =

=1

whose cross-multiplied form is

En:ai [H(s = ti)] = ’\ilj(s —t;),

i=1 j#i

or

As™ — [)\th+2a,~]s"_l+--’=0,
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so that

Zmi=2ti+§2ai. (2)
=1 i=1 i=1

The first part of the lemma follows from (1) and (2); the proof for g(s) < —A is almost

identical. O

Lemma 1.19. There is a constant C such that if {ar} € l; and A > 0, then

[o o]
ZI Qi
1

t=—00

>A} g% > ail.

t=—00

#{keZ:

Proof. By treating the positive and negative ones separately, we may assume that all the a;

are positive. We will count
o0
" Qg+i
Ay=1k: — > A
SECPVESL

a similar method will apply to

o0

I Q4
'A:v{k: > i* <—,\}.

t=—00

Choose a finite set A C A,, and choose N so’large that A C [~N, N] and, for each k €

A, Z'f;_N 2 > X Then

L
roa
g"(s):z i__zs>)‘
i=—N

for s = k € A, and hence gi(s) > A for s € [k, k + 1), because gi(s) > 0. If we let

glo)= Y

i=—N

and

Ok

hk(s)
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then g = gi + hi, so that for each k € A

(k,k+1) C {s:gk(s) > A} C {s : g(s) > %} u {s :hi(s) < ——%}

Therefore, we get

3k
S
I
3
~—~
-
=
w
+
N
~

yg@y>%}+§:m{sn%@y<—%}

keA

IA
3
N

IA

I
~|& >[8

as desired. . O

Lemma 1.20. There is a constant C such that if {ax} € l; and A > 0, then

Z; aki+i > )\} < —f— E |a;l-

i=—n 1=—00

#{kGZ:Sup

n>1

Proof. We assume as before that all the a; are positive and drop the absolute value signs.

Let

AC {k:sup Z’ ak;i > /\}

n>1 ;=
=T i=-n

be closed and bounded. For each k € A there is an interval of integers Iy = [k — ng, k + 1]

such that
Dt
icl; =
Let
! Qa OOI a. a.
_ i _ i — i
gk(s)_z i-—S’ g(s) Z i—s’ hk(s) Zi—s
i€l i=—00 L 1°3
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If k € A, then gg(k) > ), so that either g(k) > 3 or hx(k) < —3. In the first case (k € Ay),
by Lemma 1.19, k falls into a single (independent of k) set of measure no more than £||all;.
To deal with the left over k’s (k € A,), replace {I} by a disjoint subfamily which still covers
at least % of A,, by at each stage selecting an interval of maximal disjoint from the previously

chosen ones. Find N such that

|J I c[-N,N]
k€A,
and
~ A
hi(k) < —3 for all k € A,,
where

)= Y za_s

i€{~N,..,N}-I

Then also hx(s) < —2 on (k — ng, k), so that we find

BA = #A + #4,

C
< llafl +6 > m

k€A

< Zlall +6m(k€A2 { (o) < “})
< S hall +6m(k€,h ( iN_ s<=qfuae> %}))

N

59||a||1+6m{ Zz_s<——}+6§: {s gk(s) > %}

k€A2
4C
< Flall + 2 Nalh+6 3 3

k€EA2 i€l

< —||a||1
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Lemma 1.21. Let (X, 3,m) be a measure space, 7 : X = X an invertible measure-preserving

transformation and f € Ly(X, 8, m). Then

T"T
Hf(z) = hm Z f( )
* k=—n
ezists a.e. Furthermore, if {1y : —0o <t < oo} is a one-parameter measure-preserving flow

on X, then

lim —————f (Ttx) dt
=0+ Jecpcize 1

erists a.e., for each f € Li(X, B, m).

Proof. By considering ft and f~ separately, we may assume that f > 0. Fix N; we will

>} < il

show that

Z f(Tx)

where C is a constant independent of f, A, and N.

m{:p : sup
1<n<N

For fixed z and K, let a; = f(r*z) and

a, if|k] <K+N,
K __
K _

a

0, if|k|]>K+N,

so that {aX} € ;. For each j € Z, let

n n K
! a’k : ! ak :
Gj(z) = sup E —321 and Gf(z)= sup . E ek )
1<n<N | (7=, k 1<nsN | (=2 k
Then
K K
P Okyj , Okty — Qpyj
Gj(z) = sup p :
1<n<N | (2,
n K
! Gktj — gy
< Gf(z) + sup E ——,
1<n<N k——n k
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so that G;(z) < Gf () for |j| < K.
Now let E = {z : Go(z) > A}, so that {z : G;(z) > A\} = 777E. Let E = {(z,j) :
G¥(z) > A}. Then, if # continues to denote the counting measure on Z,
mx #(B) = [ #i: G(2) > A}

C <~ | k
S/Xj\—Z|aj|dm

Jj=~00
c X
< / ~ ) lojldm
x A ~(K+N)
C
< 5 [2(K + N) + 1]l £,
and also
K
mx #(EB) > > m{z:Gf(z)> A}
j=-K
K
> Z m{z : Gj(z) > A}
j=—K
K €
= Z m(t77E)
j=—K
= (2K + 1)m(E).
Thus, we have B
C2(K+N)+1
< —
m(B) < 3= I

and now let K — oo to get the desired result.
A similar argument can be used to establish the continuous-parameter part of the theo-

rem; alternatively, one may consider time ¢ maps and approximate. O
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Chapter 2

Ergodic HP Spaces

In this chapter we will discuss some properties of .ergodic H?’ spaces based on the charac-
terization by ergodic atoms analog to the classical case. Most of the materials that will be
presented here can be found in R. Caballero and A. de la Torre [13]. Later it will also be
clear in our main discussion that these spaces and the classical HP spaces are closely related.

We will always assume in our discussions that (X, 8, m) is a non-atomic probability space

and 7 : X = X is an invertible, measure-preserving, ergodic transformation.

2.1 Ergodic Rectangles and Atoms

In this section we will present the generalizatioﬁ of a real atom to ergodic theory, and will

also discuss some properties of the ergodic rectangles.
Definition 2.1. Let B C X be a set of positive measure such that for some k > 1 we have
rBNmB=¢, i#j, 0<4,j<k-1.
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Then the set

k-1
R= U B
i=0

will be called an ergodic rectangle with base B and length k.

Although the decomposition theorem that we will present after the following lemma is
not a well-known result, in some cases it provides a good method to study the behavior of

operators in ergodic theory, for instance see F. J. Martin-Reyes [33].

Lemma 2.2. Let (X‘, B,m) be a o-finite measure space and let T : X — X be a measure
preserving transformation. Then, for every measurable set Y C X there ezists a’ countable
family {B; € Z*} of measurable sets such that

(a) Y = U2, Bi.

(b) BiNB; = ¢ if i # j.

(c) T 'B;NB; = ¢ ifi > 1.

(d) 77'A = A for every subset A C By.
Proof. Let assume that m(Y") < oo. Let B; = ¢ and let us choose by induction sets B; with

i > 1. Suppose that By, B,,..., B, n > 1 have been chosen. We define
Vol = {BEﬂ:BCY, m(B) >0, BN (LHJBi) = ¢, Bﬂ'r‘lB-——-cﬁ}.
i=1
If Y41 = ¢ we choose B,,; = ¢; otherwise we choose a set By 1 € Y41 such that
sup{m(B) : B € Ya11} < 2m(Bpn+1).

Finally, let Bp=Y — U2, Bi. It is evident that {B;}2, satisfies (a)-(c). In order to prove
that By satisfies (d) we observe that in the choice of the sets B; we have one of the following

situations:
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(1) Ymo = ¢ for some my > 2,
(ii) ym # ¢ for every m > 2.
Assume we are in case (i). Let A be any measurable subset of By. It is clear that

(4-rhn(U By=¢

and

(A—71ANTHA-714) = ¢.

Then m(A — 771A) = 0 by (i) and since T preserves the measure m and m(A) < oo we get
that A = 771A.
We now assume that v,, # ¢ for every m > 2. The first thing we notice is that
limm(B;) = 0 since
im(B,-) = m(O B;) =m(Y) < oo.
i=1 i=1
Let A be any measurable subset of By and let D = A — 77'A. If m(D) > 0, then there
exists ng > 2 such that 0 < 3m(B,,) < m(D) and then 3m(B,,) < sup{m(B) : B € ¥n,}
since D € 7,,. That contradicts the choice of B,,. Hence m(D) = 0 and consequently
771(A) = A. This finishes the proof when m(Y) < oo.
Now let Y be a measurable subset of X. Since X is o-finite we have that
0 ‘
Y=|JY YaNYn=4¢if n#m and m(Y;) < co.
n=0
For each Y, we have, by what we have already shown,

o0
Y. ={JBr

=0
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T

where {B}'}2, is a sequence with the properties (b)-(d) in our Lemma. Then we get the
decomposition if .
o0
By=|J B}
=0
and the countable family {BP : i > 1, n € Z*} is obtained after renumbering the collection
{Bj}?il- : O
Theorem 2.3. Let (X, 3,m) be a o-finite measure space, and let Y be a measurable set of

X and k be a nonnegative integer. Then, there erists a countable family {B; : i € Z*} of

sets of finite measure such that

(i) Y = Uf.i.o B;.

(i) BiNBj=¢ ifi;é?'.

(iii) For every i, B; is the base of an ergodic rectangle of length 1+ s(i) with 0 < 5(3) <k
and such that if s(i) < k, then 79 A = A for every measurable set A C B;.

(iv) Consequently, for every measurable set A C B;,
k s(3) » ' k
Z Xria < C(i) z Xria = C(i)XU;g‘))TjA <2 Xria
j=0 3=0 j=0

where C(3) is the least integer not smaller than (k + 1)(1 + s(é) "

" Proof. We shall begin by assuming that m(Y) is finite. If k£ = 0 there is nothing to prove.
So, let k be a positive integer. For every h, 1 < h < k, let {B;s}2; be the sequence given

by Lemma 2.2 for the set Y and the transformation 7. Then

Y = ﬁ (GBi,h) = UBt,

h=1 =0 teJ

where J is the set of the mappings from {1,... & into Z* and B; = [\,c; B:- It is clear
that the collection {B, : t € J} is countable, disjoint family of sets of finite measure. On
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the other hand, if {h :‘t(h) = 0} = ¢ we have that B; is the base of a rectangle of length
k+1. If {h:t(h) =0} # @, it is clear that B; is the base of a rectangle of length s(t) +1,
where s(t) + 1 = min{h : t(h) = 0} (observe that s(t) < k)). In such a case we get that
780+ 4 = A for any A C B, since B is a subset of By s()+1- Once these properties have

been established we easily deduce (iv).

Now let Y be any measurable subset of X. Since X is o-finite, we get that

Y=|JY YanY —m=¢ifn#mand m(Y,) < cc.

n=0
For every Y, we consider the decomposition Y, = |J;2, BP given in our Theorem in the case

of finite measure. It is evident that the family {B : i € Z*, n € Z*} satisfies the required

conditions. a

The following corollaries of Theorem 2.3 are the generalization of Lemma 2.2 in E. Atencia

and A. de la Torre [2].

Corollary 2.4. Let (X,,m) be a o-finite non-atomic measure space and T an ergodic,
invertible measure preserving transformation from X onto itself. Let Y be a subset of X.

Then for every nonnegative integer k the set Y can be written as a countable union of bases

of ergodic rectangles of length k + 1.

Proof. Let X = J;2, B; be the decomposition given by Theorem 2.3 for X and k. To prove
the corollary it will suffice to show that s(i) = k for every B; of positive measure. If s(i) < k,

the set AUTAU---UT*®A is invariant for every subset A of B;. Hence

m(AUTAU---UT*®A) =0
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or

m(X —AUTAU---UT*PA) =0.

However both conditions are impossible for a subset A of B; such that m(A) < (s(i) +

1)~'m(B;). Therefore s(i) = k if m(B;) > 0. a

Corollary 2.5. Let (X, 8,m) be a o-finite measure space with m(X) = oo and let T be
an ergodic, invertible measure preserving transformation from X onto itself. Let Y be a
measurable subset of X. Then for every nonnegative integer k the set Y can be written as a

countable union of bases of ergodic rectangles of length k + 1.
Proof. We follow the proof of Corollary 2.4 taking A = B;. Then, since m(B;) > 0 we have
m(X — B;U---Um9B)) = 0.

But this implies that m(X) < oo because m(B;) < oco. Consequently, s(¢) = k if m(B;) >

0. a

Definition 2.6. Let p,q be real numbers, 1/2 < p<1<qg< o, p<gq. A real-valued
function a is a (p,q) atom if either
(1) a is zero outside an ergodi‘c rectangle R = Uf;ol 7B and satisfies

(a) Z;:; a(riz) = O_for z € B,

(b) 4 32525 la(r7z)|? < m(R)~?, z € B, ¢ < o,

lalle < m(R)™7 if g = oo,
or |
(2) a € Ly(X), |lally < 1.
We will say that an atom is of type 1 if it satisfies (1) and of type 2 if it satisfies (2).
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The following definition will also be needed in our discussion:

Definition 2.7. We say that a function A : Z — R is a (p,q) atom in the integers if its

support is contained in an interval (I,1+1,...,l+k—1) and

(a) 22, A(n) =0,

(b) § Tio A+l < ke,
Proposition 2.8. (b) implies that
lally < m(R)O/D-0/9.

Proof. Since )

lally = [ lal*dz = [ laftds
X R

k—~1
= [a"dxz/ a(iz)|?dx
/Uj;W rdo= [ 3 latr')
k-1

= -1 a(tiz)|?dx m(R)~Y? dz
/B’“’“ S o )Idszk (Ry¥/?dz by (b)

Jj=0

= m(B)km(R)"Y? = m(R)m(R)~Y?

= m(R)\-9/?.

Hence, we have

lally < m(R)W/9-0/p)

as desired.

Definition 2.9. For p,q as before, HP? is the set of functions f that can be written as

f=zc,~ai
=1
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where a; are (p,q) atoms,
| x
> laifP < oo,
i=1

and the convergence is in the Ly-metric.

We introduce a metric in H?(X) by

dp,‘l(h’li h2) = |h1 - h2|p’q

where
oo 00
|Alpq = {infz lesf? < b = Z leslP < oo}
It is clear that HP*® Cc HP4 C HP" if r < q < 00, the inclusion being continuous.

We will later show that the converse also holds by using a characterization of the HP

spaces in terms of a maximal operator.

Remark 2.10. In analogy with the classical case, H!(X) can also be defined as those functions

in L,, whose ergodic Hilbert Transform is in L;. With the natural norm

I fllze = (£l + 1 fls

H'(X) becomes a Banach space and this norm and the norm defined before are equivalent

as can easily be seen by duality.

2.2 The Maximal Operator

Let ¥ € L1(Z) and f € L;(X). The convolution of f and v is defined as

(f *¥)(@) = Y _ f(r™z) Y(m).

meZ
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Obviously, we have

1 %%l < [Nl bl

Definition 2.11. Let ¢ be a nonnegative C*(R) function with support in (-1,1) and L > 0.

For f € Ly(X) we define

M(L, $)f(x) = sup |(f * ¢u)(r'z)|

e
and

M($)f(z) = Jim M(L,8)f(z)
where

salim) = 20(7), mez.
We also define
M(L)f(z) = sup M(L, ¢) f(z)(A(¢)) "

where the sup is taken over all C*® funciions with support in (—1,1) and where A(¢) is the

normalizing factor

A(8) = l|lloo + [|lloo-

Finally,

M(z) = lim M(L)f(z).

Remark 2.12. One can prove that M f(z) is dominated by the ergodic maximal operator,

and therefore M f(z) is of weak type (1,1) and bounded in any Lg, 1 < g.

We will next show that atoms behave well with respect to the maximal operator.
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Proposition 2.13. Let a be a (p,q) atom. Then Ma € L,, and ||Mal|, < C,

absolute constant.

Proof. When a is a type 2 atom we have

IMall, < [|Mall; < Cllallg

<C forg>1

since our space has measure one.
If ¢ = 1 we have

|Mall, < Cllall < ©

by Kolmogorov’s inequality.

If a be a type 1 atom, then we will use a transfer principle.

where C 1s an

Let A:Z — Ris a (p, q) atom with support in (,{+1,...,l+k —1). We will prove that

Y IMAm)P < C(p,q)

where C depends only on p and ¢ and M is the maximal operator defined above.

First of all, since M commutes with translations, we can assume that [ = 0. Now by

. Holder’s inequality we have

4k 1 4k p/q
> maemp < @+ 0)( gy 3 M)

m=-—4k m=—4k

00 r/q
< Clpq)(Bk+ 1)1-@/‘1’( )3 |A(m)|q)

m=—o00
< C(p, q)(8k + 1)/~ (1-(/2)

<C'(p,9).
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Let us now fix |m| > 4k , and let us fix n, L, ¢ and |i| < n < L. Then

k-1
(A% ga)(m+1) =D A(m+i = §)gn(j) = > AG)pa(m +i - )

-2 (i ((5) (%))

Now the sum is zero unless n > |m/4|, for if n < |m/4| then [i| < [m|/4, j < k < |m|/4, and

thus |m +1i — j| > |m| — |m/2| > n. Now by Mean Value Theorem we have

k-1
(A* 8a)m+9)] < 5 3 |AG)IA@)

and by Holder’s inequality we have

k-1 k—1 1/q
3 146)| < (Z |A(j)|q) pi-1/e
=0 =0 .
/ 1k—1 1/q /
11 . 1-1
— k(LSO IAG) e
3=0
Skk"l/”
_ §-0/p)

Combining this result with the previous inequality we see that

[(Ax ¢)(m+1)| < C_’:éﬂk?—(l/p)'

This means that

\MA(m)| < %kz—ﬂh’) if m| > 4k

and

> IMAMm)P < R Y -”-}55 <C' ifp>1/2

|m|>4k |m|>4k
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Now let a be a (p, q) atom with support in
k=1
R= U T'B

i=0
and let us consider the function a;(n) = a(7"z) for each z € X. Since the orbit of z enters
B infinitely many times, let us call y; the poirllts of the orbit that belong to B. Then
for each n a,(n) = a(r'y;) for some i, 0 < ! < k. It is then clear that we can write
as(n) = Y,z m(B) VP A; ;(n) where A;,(n) = m(B)YPa(r"z) are (p,q) atoms in the

integers with support in (l;,...,l; + k — 1) with y; = 7%z € B. Therefore for N > L > k
1 N

[ M@a@pds= [ 57 3T MDaxln)P da

=—N

N
N /x 2N1+ 1 n;NXi:'IM (L)ym(B)~Y? A; ,(n)[? dz.

Now the atoms A; ;, whose support does not cut the interval (—3N, 3N) do not contribute

anything to M (L) since it is easy to see that
M(L)A;z(n) =0 if n¢g (—3N,3N),

since k < L < N, we can thus restrict our attention to those atoms whose support is
contained in (—4N,4N).

Now we have

» 1 al ) —1/p b4
/X M (Late)F s < /X Y Y MEmB) AP da

n=—N suppA;E(—4N,4N)

Sar®T [ Y S M@

suppA;€(—4NAN) —o0

m(R)™! .
<
< 2N+1,/Xk Z Cdz

suppA;C(—4N4N)

_ m(R)™!
T 2N +1

/ k{number of A;'s with suppA; € (—4N,4N)}
X
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S /X .iN: xr(T'z) dz

2N +1 N

SN+1 .
N1 /XXR
8N +1
2N +1°

=C

=C
Letting N and L go to infinity, we are done. O

Remark 2.14. This proposition implies that if f € H?? then M f € L, and

[msr <o T .

This means that dny HP4 function has a maximal function in L,.

In the following we will show that one can also prove the special case of Proposition 2.13

using the Hilbert transform characterization of ergodic H! spaces as in Remark 2.10.

Proposition 2.15. Let a be a (1,00) atom. Then a is in H' and has norm less than an

absolute constant C.

Proof. We see by the definition of an atom that a is in Ly, and has norm less than 1. It is

enough then to study the L; norm of Ha.

Let the support of a be an ergodic rectangle R = Uf;ol 7'B. We observe that for fix z,

the function of n defined by

n — az(n) = a(t"z)m(B)

is of the form

az(n) = Z a;(n),

41




e
where each of the a;, is a discrete (1, 00) atom. We also observe that
Hay(n) = Ha(m"z)m(B),

where in one case H stands as the ergodic Hilbert transform in X, and in the other as the

Hilbert transform in the integers.

We fix now integers M > 2N > k. We have

S |Hya(rz)| < m—(lB—)Z S |Hyan),

jn|l<M i |n|l<M

where
N
r f(r*z)
H = —_
k=—N

Now if the support of a;, does not intersect (—2M,2M), then Hya;(n) = 0, for all n,
|n| < M. Therefore we can restrict our attention to those a;, whose support is contained in
(—3M,3M). On the other hand by using that the Hilbert transform on R is bounded in L,
and that for z away from the support of a real atom a, the Hilbert transform of a behaves
like i, one obtains that Ha is in L, and has norm less than an absolute constant. Using

exactly the same argument as for the real line one obtains

" |Ha(n)| < C

for an atom a on Z. Now combining this fact with the above observations, we get

Z |Hya(m"z)| < C—nﬁ{# of a; with support in (—3M,3M)}

|n|<M

1
SCW Z XR(TnIIJ).

Ini<3M
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Hence, we have

1 n
fX \Hya(z)| dz = /X T 3 VHva(r"e)| da

In|<M
1
<C / xr(™"z) dz
<3C.
Since N is arbitrarily large, we get the result as desired. O

We will next prove the converse of Proposition 2.13, namely if f is an L, function whose
maximal function M f is in L, then f is in HP*°,

We first need the following lemmas:

Lemma 2.16. Let O C X be a set of positive measure such that the subset of Z defined by
O® = {n € Z: ™z € O} does not contain an interval of finite length. Then O can be written

as a disjoint union of ergodic rectangles R; of length i.

Proof. One just defines R; = {z € O : [(OF) = i}, i.e. the set of points in O such that the
interval of O” that contains the origin has length i. It is clear that O = U2, R and that the
R; are pairwise disjoint. To see that R; is a rectangle one just observes that R; = U;;}, 7 B;,
where B; is the set of points z in O such that 7'z ¢ O, 79z € Oforj =1,2,...,i—1, and

Tz & O. O

Lemma 2.17. Let I be an interval in R of the form [a,b], a,b € Z. Then there erist a finite
number of C* functions {¥;(z)} such that

(1) 32;¥(x) =1 forz € I; supp¥; C [a—1/2,b+1/2],
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‘, @) 1% lo0 < Clsupp [, |

(3) d(supp¥;,R—1I) ~ |supp¥;|; I — [a—1,b+1],

(4) Y onez ¥i(n) > Clsupp ;).

This is just an updated version to the integers of a smooth partition of characteristic

function of an interval.

Proof. Let N =b—a. If N < 3, we do it with just one function since it is clear that one
can always construct a C* function identically 1 on [a, b] with support in [a — 1/2,b+1/2]
and satisfying (2), (3) and (4). |

If N > 3, we consider an interval I, = [a1,b;], a1, by € Z, by — a; = [N/3] and situated

in the middle of I. We take a C*™ function satisfying
Li(r)=1,z€;,,0<& <1,
supp&; C [a; — [N/6],b— 1+ [N/6]],
[11llec < 6/N.
From now on we consider only what is left on the right-hand side of I; and proceed on the

left side in the same way. Let J = [by, b]. We cut it in half, consider [by, b, +[|J]/2]] = [b1, bo]

and construct & such that 0 < & <1, & € C*™ and
supp &, C [by — |J1/4,b2 + |[J1/4], [1&2llo < 4/1J1,
&(z) =1, z € [by, by

One then repeats the process on [by, b] until one gets an interval [bg, b] of length less than 4,
in which we define &, as above, identically 1 on [by, b], with support in [bx — 1/2,b+1/2],

44




and ||&; 14/l < 2. Now it is clear that if we define

§i
U, =
’ Ej fj
we have the family of functions satisfying (1), (2), (3), and (4). 0

Now we are ready to prove the following result of R. Caballero and A. de la Torre [13].

Theorem 2.18. Let f be an L, function such that Mf is in L,. Then f can be written as

f(x) =3, ciai(z) where the a; are (p,00) atoms and
Y lal < ClMflg,
Proof. For each A > 0 consider the set
OAN={zeX: :Mf(a:) > A}

Let Ao = inf {A > 0: m(O) < 1}. If Ay # 0, we consider the sequence \y = 2¥)\g, k=0, 1,...

Let k # 0. Then m(O()\g)) < 1 and since 7 is ergodic we can use Lemma 2.16 and write

O(\) = J B

where the RF are disjoint rectangles of length ¢; we now write for k fixed

f= Z:fXRgc + f(1 = xo0)-

For each 1 fixed, we use Lemma 2.17 on the interval [0,1(:)] (I(i) + 1 =length of R;) and

we call {WF;} the corresponding partition of unity. Let B be the base of R¥ and write

En f(r"z) ‘I’f,j (n)
Zn ‘I’f,] (n)

mt;(r™z) =0 if 7™z ¢ RY.

mf;(r"z) = , T € Bf, m€[0,1(i)],
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Each \Ilf ; can be used to define a function on X, which we will call by the same name, as
Ui (r"z) = W¥;(n) for z € B, 0 < n < (i),

and zero otherwise. It is clear that Zj \Ilf i = XRE- Now for k fixed we may write

i

Z Z(f - mf,j) ‘I’f, + me,j ‘I’f] + f(1 = xoo) = bk + g&
J i,j
where
b= > (f—mf) ‘I’fw
i J
ge =Y _mE; WE 4 f(1 - xom,))-
t,J

Let (a—h, a+h) be the smallest interval containing the support of ¥ = \Ilf, jwitha, h € Z.
Let N be a fixed number (independent of f,1,7, k) such that (a — Nh,a + Nh) intersects
R —(—1,1(¢) + 1). Then let

¢(s) = Nh¥(a — sNh).

Now we see that

I¢llo < Nk, and [|¢'lloo < (NB)*[[¥'lc0 < Ch

and
(f * dnn)(m°x) = ; F(r*™"z) dya(n)
= }; f(r*") ¥(a—n)

= ; f(r"z) ¥(n).
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Remembering the definition of our maximal operator, we have
| f("z) ¥(n)| < CMf(r*'z) b

provided |l| < Nh. Now because of property (3) in Lemma 2.17 we choose ! such that

79+ (z) ¢ O(\) and by property (4)
mf; < CMf(z') withz' € X — O(\).

Therefore

mk < C/\k

] —

On the other hand, if £ ¢ O()) then
and we obtain
gk(x) S C)\k

Since we are assuming that M f € L,, it is clear that m(O(\;)) — 0 as Ay — oo, and

therefore, since by has support in O()x), we have
f(z) = lim g,
k—o00
and defining
bo(z) = f(z)

we have

flz)= Z(gk+1 —gk) = Z(b;c — bky1)-

k=0 k=0
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Now we observe that O(Ag41) C O(\¢) and therefore we have
REY c O(\) = RY;

so if we write

R;‘“ — U(R;_cﬂ N Rf)

]

we obtain R*! as a disjoint union of R}}" = RSN R¥, where each RE}! is a rectangle with

base Bff! = Bf*' N R, and length that of RE™. If we write

kE _ k \ gk
a;; = (f - mi,j) ‘I’i,j

then
bk = Z b,"k with bi,k = E a:-‘,j.
i J

Let us fix 7 and write

Aiv=b:r— N b
i,k bz,k Z 4, k+1 XR?"}'I’
J
the sum extended over all j such that Rf,;fl # ¢. From the above observation on the

decompositions of O(Ag+1) and O()) it is clear that
bk —besr = ) Aik = Grt1 — Gk

But since the A;; have disjoint supports for k fixed, it follows that for any z

|4ik(2)] = |gi+1(2) — gi(z)|

< Ck.

Also, from the definition of mf; it follows that

i-1
Za,-,j('rlx) =0, T € B:c

=0
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These last two observations imply that
/ii,lc = (C/\km(Rf)l/p)_lAi,k

is a (p, 00) atom for k = 1,2,...

For k = 0 we define Ay = by — b = g1 — go, which implies
|Ao(z)| £ Cy,

so that

Ag = (CXo) 4

is a (p, 00) atom of type 2 we may then write

”f = (b - bk+1)

k=0

= Chodo+ Y OMe(m(Rip) Y7 i

ik
where A, fL,k are (p,o0) atoms, while the sum of the p-th powers of the coeflicients is

dominated by

C»> Xm(ON)) =C )\"/ 1dz
Xk: Pm(O(\)) Ek: 3 .
A<M f(x)

= / > Mdz
X k=0
<c [ Mf@pd.
X
If A\ =0, we choose Ak = 2%, k € Z. then for each k, m(O()\)) < 1 and we may write as
above

f=be+ gk
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and

f@) =Y (g — 9@ = D (b — brs1)(2)-

k=—00 k=-o00

From this equality we proceed as in the case Ag # 0. _ a
Corollary 2.19. We have
HPYM =HP® ={feLy,: Mf € L,}.

Proof. By Theorem 2.18 we see that the set {f € L, : M f € L,} is contained in HP* C HP?

and the metric induced by M f is equivalent to that of H»> so the result follows. a

Combining Corollary 2.19 with Remark 2.12 and Remark 2.10, we also find the following

corollaries.

Corollary 2.20. For all 1 < p < 00, there is a constant C such that
1 fllze < CllS Ml
for all f € Ly(X).
Corollary 2.21. There is a constant C' such that
Il -+ I1HF 1l < ClF

for all f € Li(X). |

2.3 Dual Spaces

In this section we will show that the dual of H! is the space of functions of ergodic bounded
mean oscillation (EBMO), while the dual of H?(p < 1) is trivial.
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For p = 1 the result was first proved by R. Coifman and G. Weiss [19], while for p < 1,

in a different setting, P. Muhly [34] proved that (HP)* is trivial.
Definition 2.22. Let f be an integrable function and let
1 n—1 ) :
1#(@) = s = 3|5 (r's) - Tf (z)
- V=0

where v

T.7@) = =3 f(r's).

=0

A function is said to belong to EBMO iff f# is bounded, and EBMO norm is denoted by

I fllzsvio = 11 + 1/ # o

- Next we will show that any EBMO function is a linear functional in H!.

Proposition 2.23. Let f € EBMO. Then for any h € H' of the form h = Zfil Aigi,

<f,h>5ffh

satisfies

N
| < fih> | <[ fllesmo Y Il < IIf llesmo l|Afl -

=1

Therefore f induces a linear functional in H' with norm at most Il flleBMO-
Proof. 1t is enough to show that if ¢ is a (1, 00) atom, then

/s

< || flleBmo-

If a is a type 2 atom then

'/ms/msmmm
5

1



since ||a]loo < 1.

If a is a type 1 atom supported in the rectangle R = Uf;ol T*B, then

l/x f(z)a(z)| = l/Rf(x)’ a(z)| = '/Bga(ﬁx) f(r'z)

1=0

= '/Bga('rim? (f(r'z) — T f(z))

k-1 ) )
< [ Ylaea)istr's) - Tf @)

i=0

k-1 )
< km(R)"" / F Y 1f (') — Tuf ()

=0

< km(R)"'m(B)||f|leemo = || flleBmo-

It follows that EBMO C (H!')*. For p < 1 it is trivial that any constant produces a
continuous linear functional on H?.

Now let L be an element of (H?)*. Fix any ¢,1 < ¢ < cco. Then if h is in L,, we have
[IMhllg < CollRllq

and therefore

1/p
( thI”) < [Mhll, < CllAl,

and this means that L defines a linear functional in L,, and so it can be représented by a

function f in Ly C L;. Let now a be a (p,00) atom of type 1. Then

|<L,a>|='/fa < 1Ll
R
Let us now fix an ergodic rectangle R = (J*7) 7*B, and let us write, for any y € R,
k-1
1 . - .
T f(y) = -I;Zf('r‘x) wherez € B, y=172,0<j<k-—1.
=0
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We observe that

|f = Tuflleymy = sup

Hgxrlleo <1

/f ka’

VR(f—ka)g‘ = ‘/R(f"‘ka)(g—Tkg)

But

since

/(f Tif) g = /Z(f Tef) Teg (7'x),

=0

but Tig(r'z) is independent of i and

S (F ~ Tuf) ('z) = Tuf (&) — Taf (@) = 0

1=0

The same argument shows that

[ @) 6 -Tig) =0
R .

and therefore

l/R(f—ka)g!=Vf(g—Tkg)

It

Jre

< 2(km(B))'/?

where

g—Trg

&= Skm(B)) PP

which is a (p, 0o0) atom. Therefore

If = Tifllzury < 2m(R)MP|L|.
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This can be written as
5 |7 L3 1£0') - T @] < 2RO L
=0

Let now A C B, m(A) > 0. It is obvious that A is the base of the rectangle R = | Jf} 7' A

and so
1 1 k-1 . | )
m(A) /A £ 2 |f(r') = Tif| < 20|L)| m(B)W/P.
=0

Since A is arbitrary, this implies that for almost all z in B we have

k 1

_.Zlf(T z) —Tif| < 2”L“m(R)(1/p) ~1

i=0

If p = 1, this means that

k-1
1 .
£ () ~Tefl < 20Ll| ae.

i=0

If p < 1, by choosing small rectangles one gets

[f(T x) Tif| =0 a.e.,

7
I

I
o

1

i.e. f is constant on orbits, and since T is “ergodic, f is constant.
So we have shown that for p < 1, f must be constant, while for p = 1 we have f € EBMO

and

7% < 2)|Z].

Furthermore, since any function g such that ||g]|e < 1isa (1,00) atom, we have | [ fg| < ||L||

for any such g. Therefore || f||; < ||L|| and finally

£ lleemo = Fll + 1 #lleo < BIILI.
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2.4 Interpolation

In this section we will state and prove two interbolation theorems from R. Caballero and A.
de la Torre [13] between H?, 1/2 < p <1 and L,, ¢ > 1. For this we first need the following

definition:

Definition 2.24. Let T be a sublinear operator. We will say that T is of weak type (H?,p), p <
1 4f
miz (15 > 3 < (3) 1y

and we will say that T is of weak type (p,p), 1 <p if

miz: (15> 3 < (5) 17,
where M, N are constants and A > 0.

Theorem 2.25. Let T be a sublinear operator of weak type (HP*,p;) and (p2,p2) with1/2 <

p1 < py. Then T is bounded from HP into L,, py <p < 1.

Proof. 1t is enough to show that ||Tal|, < C for any (p, c0) atom.

If a is a type 1 atom with support in R = |J}—) 7°B, then it follows that
llallp, < M(R)(l/p2)-'(1/p)

and

(3 Z|a(m)|m) < m(R) M,

=0

which means that
b= m(R)/P)-U/mg
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is a (p1, p2) atom since
1 k-1 ) 1/p2
(i) < miwy .
i=0

Since HP»P? = HPH*® = HP! with equivalent norms it follows that a € H"* and
|alp, < m( R)(@/p)-(/PDP1 — R)\-(/P)
Therefore we know that

m{z : [Ta(z)| > A} < (%)p]abl < (MAl.)plm(R)l—(p—llp)

and
p2 M P2
m{z : |Ta(z)| > A} < (%) f|a|1’2 < (_)‘_2> m(R)-@/7),

From these two estimates one obtains a bound for ||Ta|/? in a usual way: we fix a number

D and write

Dm(R)~1/»
/ Tl = p / NIm{z : [Ta()| > A} dA +
0

+p / X-lmfz : [Ta(z)| > A} dA
Dm(R)~/»

Dm(R)~1/?
< / AP=L=PL Py ( R)\-1/P) d) +
0

+p / MEPm(R)}=®2/P) 4.
Dm(R)-1/»

Since p; < p < pa, the last expression is bounded by

f o MP'm(R) 1=(1/P)( Dmy( R)™Y/ryp-p1y

+p2-——p_ nglm(R)1~<m/v>(Dm(R)—l/P)P—m

=P pry L _mppre
p-m p2—p
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Taking D = (MZ2? M, ')/ #2-P1)  we obtain

1/p
p p _
|Tall, < ( + p) MiM;™

pP—p1 P2—
with
;P2 —p)
p(p2 — p1)

If a is a type 2 atom, then obviously a € HP* with |a|,, < 1 and a € Ly, with [laf|,, < 1,
and we may write
' D 00
/ (Tal? = p / Ximfz: |Ta| > A}dA+p f N-lm{z : [Ta| > A} dA
0 D
D 00
< p/ AP=1=P1 ppPL g ) +p/ AP=1=p2 prB2 )\
0 D
<P _mppreg P _pppees
R b 41 P2—Dp
Choosing D as before, we have the same bound for ||Ta|y, and this gives the desired result.

a
To prove the other interpolation theorem we will need a lemma but first a definition:

Definition 2.26. For p > 1, let us fiz py, 1 < po < p, and let us define the operator

Apo(f) = (| f[Pe) e

where

k—1
1 ,
g'(z) =sup > lg(r'z)].

1=0

Since p/po > 1, we have

[t = [ < Gy [ 157,
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which means that Ay, is a bounded operator in L,, and the set

OQ) = {2 : Ap(f)(z) > A}
has measure less than 1 if A > Cp/po || fl-

Lemma 2.27. Let f € L, and A > Cyp, || fllp- Then

O\ = {2 : A f(z) > A} = | J R;

where the R; are ergodic rectangles, pairwise disjoint, and for each = € B; (the base of R;)

we have

( S a)) "o

=0

Proof. Let us define
Bi={z€O)):7 s 0\, z € O(,\)', LTl e O, Pz ¢ OV},
and it follows that O(\) = | R; with R; = U’_O 7 B;. Finally

-Zlf(T )P < ST Z |f(r*z)[P°

=0 i=—1

< 2fP* (77 1)

S 2)\Po
since 771z ¢ O()). O

Theorem 2.28. Let T be a sublinear operator of weak type (H*,1) and (ps,ps), 1 < p2 < 0.
Then T is bounded in Ly, 1 < p < p,.

For py = 00, the result holds assuming that T is bounded in L.
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Proof. We will prove the theorem only in the case p, < 0o, since the other case is similar.

Let f be a function in L,, 1 < p < p;. We choose p;, 1 < py < p, and we consider the

operator A,,. For each A > Cp /|| fllp, by Lemma 2.27 we can write

O = {z: Ao f(z) > A} = J R,

For each y € R;, we define

(T;)(y) = Z f(r'z)

=0

where € Bj, y = 1'z,0 <1 < j — 1. We may then write

F=Y_(F—Tif)xr, + Y _(Tif)xr, + F(1 - xom) = br+ ga
3 7
where
b= (f — Tif)xn;-
j

Since

@) < ( S x)lm)l/m |

=0

<2,

we have for each j, and for each z € B;,

Gglf(f"w)—ij(T"w)l”)l/m 5 Zlf(m)l"°)l/m+lfl’,-f(z)|

1=0

< 4.

| Therefore the function

. |
aj = m(f —T;f)xr;
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. R . 1 1,
is a (1, po) atom supported in the rectangle R;. This means that we can write by as an H™P

function, since

by = Z 4 m(R;)a;
J
with norm bounded by 4\ Y m(R;) = 4Am(O())). Since H'# = H' with equivalent norms,

we have by € H' and |b|g: < CAm(O())). On the other hand, gy is in Ly, since

D= (Tif)xr; + F(1 = xom);

J

so if y € O(A) we have g»(y) = T} f(y) for some j, and then |g\(y)| < 2, while if y & O(}),
then

lox @) = 1f(W)] < (Apf)(y) < A

Let us consider a constant L larger than Cpp|| f|l,- Then we have

. .
/lelp SP/ N ln{z : |Tf(z)| > A} dA+
0 ‘
+P/°o N lm{z : |Tgr(z)| > A/2} dA+
L
+p/°° Ntz : |Tga(x)| > A/2} dA
L

=Il+Iz+I3.

Note that if f is in L, then

_f
11l

is a (1,p) atom, and therefore f belongs to H! with norm bounded by C||f|l,- Therefore

a

L
<Gy [ 2l dr = 0Ll
0
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On the other hand, since by € H' with norm bounded by CAm(O()\)) we get
I;; <G /Loo N2Am(0(N)) dA
<G /000 Nmdz s Ay f > A} dA
—c 1y < ca,, [t
=C'|| 115
In order to estimate I, we use the fact that T is of weak type (ps, p2), and we have

L < Cp/ )\”"”2'1/|g|"2 dx dA
L

=C, / ,\H’rl( / |g|P? dz + / |gl”* dx) dX
L o(\) X-0(A)

<, / " NP1 20 m(0(N) dA +

+C, / yo-p-1 / L£]P? dz d
L {Apo FSA}

<C- 2”2p/ N lm{z Ap;of > A}dA+
0
+C, / P / W1 do
Apof
<C-2r /(Apof)p dz + C'I—)—Z—)—;/ | FIP2(Apo )P P2 dx
” —
<(C-7+0c—L) / (Apof)P dz
Dp2—p
<cay, [Ipd
Choosing now L = 2C;/p, || f||p, we have obtained
[rmip <cisy
as desired.
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Chapter 3

Real and Ergodic Operators

This chapter can be considered as the body of the thesis since almost all of the main results
and the methods are included in this chapter. However, it is also clear from our presentation
that the irﬁportance of the other chapters can not be ignored. Actually, ﬁhey can be thought
of the complement of our main discussion. We. will here first focus on the study of certain
inequalities on R, and then we will extend our result to a general ergodic, measure preserving
dynamical system. One can see from our discussion that the method that we will present here
can be used to study the inequalites for a large class of operators in ergodic theory as well
as in harmonic analysis. The method of this chapter will also indicate the close connection
between the classical H? spaces and the ergodic H? spaces. It is a well known problem to
investigate if an operator maps H! to L, and this kind of problems have been studied by
many authors such as E. M. Stein, A. P. Calderén and J. L. Rubio de Francia in harmonic
analysis and also studied by D. L. Burkholder, R. Gundy and B. Davis in martingale theory.

Here we also show that the same problem can be studied in ergodic theory. Finally, we will
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show that one can study the vector-valued inequalities in ergodic theory. Note also that any

result of this chapter is a new result if it is not cited.

3.1 Singular Integral Operators

Let B be a Banach space and p < oo, and let f be a B-valued (strongly) measurable function

defined in R. Then the Bochner-Lebesgue space L%, = L% (R) is defined as

Ly = {5+ Ifllzg < oo},

where

Ifllzg, = ( /R @) dx) ”

When B is the scalar field, we simply write L, and || - ||,. We also define the space

W L% = weak — L%, as the space of all B-valued functions f such that
1
1flwzg =sup A(m{z € R: [|/@)ls > A" < oo.
>

When we replace Lebesgue measure by w(z) dz for some positive weight w in R we denote

the corresponding spaces by L;(w) and W L% (w). When p = oo, we write

L=(B) = {f : ||fllz(B) < oo},

where

| fll By = esssup || |

and the space of all compactly supported members of L§ will be denoted by L¥(B).
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For a locally integrable B-valued function f, we define the maximal functions

zel

1 1/r
Mrf($)=sup(m / Ilf(y)ll’édy) L 1<r<oo,

and
.
@) =sw 7 [ 150) = frlw

where I denotes an arbitrary interval in R and

1
fr = I—I—I/If(t) dt

which is an element of B.
Note that f# is the sharp maximal function in the classical case when B = R and
|- llz = |-, Mif is the Hardy-Littlewood maximal function and M f is the constant

function with value in || f||z=(5). We define the space
BMO(B) = {f € Lige5 : | fllmo®) = I #lloo < 00}

Remark 3.1. Given a B-valued function f, we obtain a nonnegative function || f||p defined
by

I£lla(2) = 1f ()5,

and it is also important to point out that

(If15)*(z) < 2f*#(z)

and

(I fll8)lIsmo < 2| flIBMo(B)-
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As usual a B-atom is a function a € L™ (B) supported in an interval I and such that

la@)||s < l—}—l /, o) dz = 0

and the space H5(R) is the space of functions in L} (R) such that

@) =D Nas(z); () €h,

where a; are B-atoms with |||z, =1inf)_; |As].

For simplicity, we will only consider (1,c0)-atoms, since this will be enough for our
discussion.
Remark 3.2. Let B € UMD. Then by Theorem 2.6 in J. L. Rubio de Francia et al [46] we

also have
Hp(R) = {f € Ly(R) : Hf € Lp(R)}
and
ey, ~ I Flley + HH fllzy,
where H f denotes the Hilbert transform of f on R.

We will consider here those kernels K (z) which are strongly measurable and defined in

R with the values in the space L(A, B) of all bounded linear operators from A to B, with

respect to the operator norm || - || = || - ||za,5)- We will also assume that || K(z)]| is locally

integrable away from the origin, and that one of the following conditions is satisfied:

Definition 3.3. Given 1 < r < oo, we say that K satisfies the condition (D,), and write

K € (D), if there ezists a sequence (cx) such that
Y o =D,(K)<oo
k=1
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and, forallk > 1 and y € R,

1/r
([ IKE-9-K@Irde) <als@.
Sk(lyh)

where

Sk(lyl) = {z : 2"|y| < |=| < 2**'[y|}.

When r = oo, this must be understood in the usual way, it is also easy to see that K € (D)
if

IK(e-1) - K@)l < O,

whenever |z| > 2|y|. Also, K € (D) is the Hormander condition

/ 1K (z — y) — K(@)|| dz < Di(K) < oo,
lal>2ly]
where D, (K) does not depend on y € R.

Definition 3.4. A linear operator T mapping A-valued functions into B-valued functions is

called a singular integral operator of convolution type if the following conditions are satisfied:

(i) T is a bounded operator from L%(R) to LL(R) for some q, 1 < ¢ < oo.

(ii) There exists a kernel K € (Dy) such that

7/() = [ Ko=) f)dy
- for every f € LY with compact support and for a.e. z & supp(f).

The proof of the following lemma can be found in J. L. Rubio de Francia et al [46].
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Lemma 3.5. Let T be a singular integral operator. Then T can be extended to an operator

defined in all L%, 1 <p<oo, and satisfying
(a) ”Tf“u;g < Gllflleg, 1<p<oo,
() ITfllwey, < Cllfllzy < Cllfllus,
©) IT£lly, < Cllfllay

- (d) ITfllsmosy < Cllfllzeay, f € LZ(A).

Remark 3.6. By a well known interpolation theorem it is clear that (c) and (d) together

imply (a) in Lemma 3.5.

3.2 Inequalities in Ergodic Theory

Fd
®

In this section we will study the inequalities in ergodic theory and harmonic analysis. We

will first need the following lemma.

Lemma 3.7. Now let us define the kernel operator K : R — I3(Z%) by
1 1
K(l‘) = -émX[o’zkﬂ](.'E) - EEX[O’zk](.'E) k= 1, 2,3, R
Then, K € (D,), i.e. K satisfies the Hormander condition.

Proof. We first need to evaluate K(z — y) — K(z) for |z| > 2|y|. Let us first consider the

case £ > 0, y > 0. We have

K(z —y) — K(2) = ®41(z,y) — e(z,9),
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.

where
1
Qp(z,y) = ok [X[0,2k1(37 ~y) — X[o,zk](x)]-
So it suffices to evaluate ®x(z,y) in the estimate to get the Hérmander condition. Since
T > 2y, we have
1
P (z,y) = [X[y,y+2'=](5'7) X[y,2%] ("7)] .
Now, if z € [y, y+2¥| N[y, 2¥], then obviously, ®;(z,y) = 0. But we have [y, 2¥] C [y, y +2*],
so we can assume that = € [y, y + 2*] — [y, 2¥]. Hence, we only need to consider the interval
[2*, y + 2F]. Thus, we get
1
‘I)k(fv y) ok X[2k,y+2'=](37)
Now, suppose that z < 0, y < 0, then we have y > z since |z| > 2|y|. In this case we
have ®x(r,y) = 0, since z & [y,y + 2¥] U [y, 2*]. Also, same is true for z < 0, y > 0 since
this implies that z < y. If z > 0, y < 0, then we have the same situation as in the first case.

Thus, we need only to evaluate

1
O (z, y) kX[zk y+2’=]($)

We have

1

1/2
2 X[2k Y+2%] (ZE) | ) dz

/ 181 (, ¥) l|iz+) dz ——/ (
>2y >2
<[ (=

/ Z 2kX[2'= +2%] dz

—yz '2730

Ms uMs

1/2
X[2k y+2k]) d(L'
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where prime denotes that the term in the summation is omitted when 2% < y. This shows

that K € (D;) as desired. O

Remark 8.8. The same method can easily be applied when the sequence (2*) is replaced with

a lacunary sequence (ny).

Remark 8.9. Let ¢p(z) = %X[o,n] (z), and n; < ng < ... be a sequence of positive integers.

Let us define
00 1/2
Srf = (Z |(¢ﬂk+1 - ¢"k) * fl2) .
k=1

By applying transfer principle to Theorem 4.6 in R. L. Jones et al [29], we see that there

exists a constant C, such that
1S fllp < Coll £l
for all f € Ly(R) , 1 < p < 0o, and for any increasing sequence (n;) of positive integers.
Now, let us define
7/) = [ K@) f5)du.
Then, by Lemma 3.7 and Remark 3.9 we see that T is an [,-valued singular integral operator,

and we have
o0 1/2
5@l = (3 Gss = dm) 1)
k=1
= SRf(x)
Also, we have by Remark 3.1 that

IS fllBMo < 2|IT fllBMO@a(z+)-

Combining our discussion with Lemma 3.5, we find the following theorem:
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Theorem 3.10. Let (ny) be a lacunary sequence. Then we have
(@) ISefllp < Clifllps 1<p <o,
(b) m{z : [Srf(z)| > A} < §Iflls,
(©) [ISfllr < Cllflla,  f € Li(R),
(d) [ISefllemo < Clifllo, f € LE(R).

Let now A, f = 132 | for* denote the usual average in ergodic theory, let n; <7, < ...

and

o0

1/2
Sf= ( > Ane f - An,,f|2) .

k=1

Then, by applying Calderén transfer principle to Theorem 3.10 we find the following

corollary with the same constants:
Corollary 3.11. Let (n;) be a lacunary sequence. Then we have
(a) I5flls < Cllfllpy 1<p<oo,
(b) m{z : |Sf(z)| > A} < SlIf ],
©) IS5l < Clifllm, f € Li(X),
(d) ISflleemo < Cllfllees  f € L2(X).

Now, our next result follows from Corollary 3.11 and Corollary 2.20.

Corollary 3.12. Let (ni) be a lacunary sequence and f € Ly(X). Then, there ezists a

constant C such that
1Sfll. < CllF* s

where f* denotes the ergodic mazimal function.
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We apply Theorem 1.16 to Corollary 3.12 to find the following result:

Corollary 3.13. Let (nx) be a lacunary sequence and f € Li(X), f > 0. Then Sf is

integrable if flog™ f is integrable, where

f(z)log" f(z) = f(z)logmax(f(z), 1).

Let now f € L;(R) and define

Nf(z) =sgp|¢nk * f(z)]

where (n;) is a sequence of integers and ¢,(z) = Lx(o.u(z).

It is clear that Nf can be viewed as a linear operator taking the real-valued function
f(z) into the lo(Z*)-valued function (@, * f(z)),. It is also quite simple to see that N f
is a bounded operator from L (R) to itself. On the other hand in order to show that its

kernel K(z) = (¢n,(z))52, € (D1), it is necessary and sufficient that

[ swlbna—1)-du@ldz<C @
lz|>2lyl &
for some constant C' which does not depend on y € R.

The condition (Z) is due to F. Zo [54].

Lemma 3.14. The kernel operator K(z) = (¢n, ()52, satisfies the condition (Z) when the

sequence (ng) is lacunary.

Proof. As in the proof of Lemma 3.7, it suffices to consider the case ¢ > 0, y > 0 and

evaluate

1
,,Tkx[ﬂk,y+nk] (z).
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Since the sequence (nj) is lacunary, a similar argument gives a constant C so that the

condition (Z) holds for the operator K. U
We find the following theorem as a consequence of Lemma 3.5 and Lemma 3.14.

Theorem 3.15. Let (ny) be a lacunary sequence. Then the following inequalities hold:
(@) INFll, < Cllfllp, 1<p<oo,
(b) m{z : [Nf(z)| > A} < $IIflls,
() INfll. < Cllflle,  f € Ly(R),

(@) INfllsmo < Clifllees  f € L (R).

Let (n) be a sequence of integers and f € L,(X). Define
| L
«(T) =sup — T'T)|.
@) =ow |3 sl
Then applying Calderén transfer principle to Theorem 3.15 we find the following result:

Corollary 3.16. Let (ng) be a lacunary sequence. Then the following inequalities hold:
(@) Ifulle < Clifllpy 1<p<oo, :
(b) m{z : |£.(z)| > A} < SlI£lls,
)
© Ifdly < Clifllm,  f € Lu(X),

() [I/+llemo < Cllflleo,  f € LX(X).

Let 2 < s and define

00 1/s
Vof = ( D 1 bners — bme) * fl-’) .
k=1
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We will apply our method to Vg f and investigate the analogous behaviors of the operator

00 1/s
Vf= (Z |Ank+1f - Ankfls) .
k=1 '

Let us define the kernel operator K : R — I,(Z") as

K(z) = (B * f(2))iLs,

where Ag(z) = @n,,,(z) — ¢n, (). It is known from R. L. Jones et al [29] that V f is a
bounded operator from L,(X) to Ly,(X), 1 < p < oo, for an increasing sequence (n;) of
positive integers, we see by transfer principle that Vg f is also bounded from L,(R) to L,(R),

1 < p < 00. Let us consider

Tf@) = [ K@-v)- 1@ d
Then we have
1T f()li,z+) = VrSf(z)

and

Ve fllBmo < 2||T fllBMog, z+)-

On the other hand, to see that T'f is an l,(Z*)-valued singular integral operator, it suffices
to show that K € (D;). But a similar method to the proof of Lemma 3.7 shows that this is

indeed true when the sequence (n;) is lacunary.

Let us apply our discussion to Lemma 3.5 to find the following theorem:

Theorem 3.17. Let (n;) be a lacunary sequence. Then we have

@) Ve fllp < Cliflly, 1<p<oo,
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(b) m{z : [Vef(2)| > A} < §IIf Il
(©) [IVeflly < Cllfllm, f € Li(R),

(d) IVrfllsmo < Clifllo, f € LE(R).
Now we apply transfer principle to Theorem 3.17 to find the following:

Corollary 3.18. Let (ng) be a lacunary sequence. Then we have
@) IV£llp < Clifllpy 1<p<oo,
(b) m{z : [V£(z)| > A} < §IIfll,
© IVfllL < Clifllar, fe Ll(X),

(@) IV fllemo < Cllflleos  f € L& (X)-

Remark 3.19. It is shown in R. L. Jones et al [29] that for any increasing sequence (1)
of positive integers the operator V f satisfies a weak type (1,1) and a strong type (p,p)
inequality for 1 < p < co. Here our method also proves those results in Corollary 3.18 (a)
and (b) in a different perspective when the sequence (n;) is lacunary. It might be interesting

if any of the above results holds for V f when s < 2.

Let M f denote the maximal operator in the characterization of ergodic H?(X). Then as

a consequence of our previous discussion we find the following corollary:

Corollary 3.20. Let (ni) be a lacunary sequence, and f € L1(X). Then there ezist some

constants C;, i = 1,...,4 such that

(a) ISfllx < CLlIM £,
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(b) [Ifellr < Col| M fl1,
| (©) IVFll < Csl|M Sy,
(@) IV £l < Call F*1ls-
Our next result shows the importance of lacunarity condition in our discussion.

Theorem 3.21. There ezists a B-valued convolution operator

Tf(z) = /K(w—y)-f(y) dy

such that |Tf||z maps Lo to BMO, and L, to L,, 1 < p < oo, but the kernel operator K

does not satisfy the Hormander condition.

Proof. Let us consider the kernel operator K : R — I3(Z") given by

K(:II) = (¢"k+l (.’B) - ¢nk(ﬂ7))i°=1,

where (n;) is an increasing sequence of positive integers. Now let us define

17w = [ Ka@-1)- 1)
Then we have as before
\T f (@) lizz+) = Srf(z)-

We see by applying transfer principle to Theorem 4.4 and Theorem 4.6 in R. L. Jones et

al [29] that
(a) lISrfllemo < Cillflloos  f € Loo(R),

(b) 1Srfllp < Callfll,, 1 <p <00,
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for some constants C; and C,. But the proof of Lemma 3.7 shows that lacunarity condition
on the sequence (n;) is needed for the kernel operator K to satisfy Hormander condition,

and this completes our proof. ‘ O

Remark 8.22. Tt is known by an interpolation theorem that if an operator ' maps H'(R)
to L1(R) and Lo (R) to BMO, then T maps Ly(R) to Ly(R), 1 < p < oco. This fact also
shows the impértance of Hérmander condition, and thus the importance of lacunarity in our
discussion.
Note also that in the proof of Theorem 3.21 the operator Sgf can be replaced with the
variation operator Vg f for s > 2 with the suitable modification on the construction of T f.
Let (ny) be an increasing sequence of positive integers, and consider the operator T'f in

Theorem 3.21, then it might be interesting to know if there exists a constant C such that

T fllemoz+) < Cliflloos  f € Loo(R).

Remark 3.23. Let us now consider the square function

00 1/2
51(a) = (X Menf (o) - AT@P)
k=1

Then it is easy to sée that .S f does not map H!(X) to L;(X). See for example the estimates
in R. L. Jones [28] about the relation between the square function Sf and the ergodic
maximal function f*.

Clearly, the proof of Theorem 3.21 shows that the square function\S f maps Lo, to BMO,
and L, to L,, 1 < p < oo. Thus, we see that Hormander condition does not hold for the

sequence (ny) = (k) since Sf does not map H! to L; in the sense of Theorem 3.21.
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Let (ck) € loo(Z) with ||ck||;, <1 and consider the kernel operator K : R — R defined as

K(z) =Y ck($nen (z) — 60, (2)).
k=1
Then we have the following lemma:

Lemma 3.24. Let (ni) be a lacunary sequence, then the kernel operator K satisfies the

Hérmander condition.

Proof. 1t suffices to show that for some constant C

/II>2I K@ —3) K@)z <

We need to evaluate K(x — y) — K(z) for |z| > 2|y|. Let us first consider the case = > 0,

y > 0. We have
K@ - 1) - K@ < S B (z,9) — Belo9)],
k=1
where
Bu(2,9) = - [Xona(@ = 1) ~ X (@)

So we only need to evaluate ®x(z,y) in the estimate to get the Hormander condition. Since

z > 2y, we have

1
Qk (l‘, y) = X[y1y+nk] (x) - X[yrnk] (x)] °

ol
Now, if z € [y, y + ng] N[y, nx], then we have ®(z,y) = 0. But we have [y, nx] C [y, ¥+ ni),
so we can assume that z € [y,y + ni] — [y, nx]. Hence, it suffices to consider the interval

[k, y + ng). Thus, we get

1
QIi:(xay) = ﬁ;X[nk,y-l-nk](x)‘

7
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Now, suppose that £ < 0, y < 0, then we have y > r since |z| > 2|y|. In this case we
have ®;(z,y) = 0, since z & [y, y +nk] U [y, ng]. Also, the same is true for z < 0, y > 0 since
this implies that z < y. If £ > 0, y < 0, then we have the same situation as in the first case.

Thus, it suffices to evaluate

o0 [o ¢}
1
Z Pi(z,y) = Z ;I—X[nk,y+nk]($)'

~ On the other hand, since "fl—f‘— > B > 1, there exists a constant C(3) such that

where prime denotes that the term in the summation is omitted when n; < y. Thus we have

— 1
[ K- -K@ls< 2 [ 3 ppgimale) do
z>2y x> oy 1%k

< Zki;ll ni,, /1; Xine p+ne)(T) AT
0
=2 ;’ ;ley
<2C(8),
and our proof is complete. O
—Let us now define the operator

71(0) = [ Ko=) f@)d,

where K is the kernel operator given in Lemma 3.24. Then it is clear that T'f is an R-valued

convolution operator, and that

ITf(z)llr = ITf(z)| = Grf(z),
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where

Grf(z) =

ch(¢nk+l - ¢nk) * f(.’l)) .
k=1

We also know that the operator Grf satisfies a strong type (2,2) inequality which can be
seen either by Cotlar’s lemma or by a Fourier transform argument. Therefore we see that

T* f is a singular integral operator of convolution type.

Thus we find the following result as an application of Lemma 3.5.

Theorem 3.25. Let (ng) be a lacunary sequence. Then we have
(a) IGrfll, < Cllfllp, 1<p<oo,
(b) m{z : |Grf(@)] > A} < Sl
(©) IGrfllr < Clifllmr, f € Li(R),

(d) IGrfllemo < Clifllwos  f € LT (R).

‘Let us define

Gf(z) =

D ck(Angy, F(@) — Anif (@)
k=1

Then we apply Calderén transfer principle to Theorem 3.25 to find the following:

Corollary 3.26. Let (nx) be a lacunary sequence. Then we have
(@) IGfll, < Clifllpy 1<p<oo,
(b) m{z : |Gf(2)| > A} < SIS Ih,
(©) Gl < Cllfllm, £ € Li(X),

(d) IGflleBmo < Cllfllw, f € LP(X),
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(e) IGfll < ClIMflly, [ € Ly(X),

() IGfllL < ClIf*lly,  f € Ln(X).

It might also be interesting to investigate the behavior of the maximal operator

G*f(z) =sup

04

> ce(Anyy, f (@) — An, f(2)))]-
k=1

In the following we will show that our method can also be used to study this type of
maximal operator.

Let us consider the kernel operator K : R — lo(Z*) defined as

K() = (Z (o ss(2) — o (a:)))

(o)
a=1

Then we have the following:

Lemma 3.27. Let (nx) be a lacunary sequence, then the kernel operator K satisfies the

Hérmander condition.

Proof. Since K is an loo(Z+)-valued kernel, we need to show that the condition (Z) holds for

K. To do this it suffices to show that for some constant C

/ sup |kq(z — y) — ko(z)|dz < C, )
lz|>2]y|

o4

where
ka(z) = ch(¢nk+l (z) — Pni(2))-
k=1

We also know as before that we only need to consider the function

. 1
(Dk (.’L', y) = ;;; X[nk Sw+ng] (.’C)
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in the summation for x > 0, y > 0.

Also, since iff > 3 > 1, there exists a constant C () such that

supzli < —Clﬂ—)

o« T Ng Yy

Then we have

[ 4

1
/ sup |ka(z — y) — ko(z)|dz < ZSUP/ Z E;X[nk,y+nk](x) dz

>2y @ T>2Y g

o, 1
< 2sup — [ Xfng, (z)dz
o kz:1 e Jx [ y+ni]

and this completes our proof. O
We now define the operator
T f(z) = /K(w —y) - f(y) dy,

where K is the kernel operator given in Lemma 3.27. Then it is clear that 7" f is an loo(ZY)-

valued convolution operator, and that
17" f(2) oo @) = GRS (@), ;

where

Gif(z) = 5up | > ch(bnyss — b) * F(2)|-
o k=1

We also know that the operator G&f satisfies a strong type (2,2) inequality. Therefore we

see that T* f is a singular integral operator of convolution type.

Now by Lemma 3.5 we find the following:
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Theorem 3.28. Let (ni) be a lacunary sequence. Then we have
(@) IGRfll, < Clifllps 1<p <00,
(b) m{z : |Gxf(2)] > A} < §IIfIls,
(©) IGRfll < Clifllm, f € Li(R),
(d) IGrfllemo < Clfllo, f € LZ(R).
Then we apply Calderén transfer principle to Theorem 3.28 to find the following:

Corollary 3.29. Let (n;) be a lacunary sequence. Then we have
(@) IG*fllp < Cllfllps 1 <p<o0,
(b) miz : 1G°F@)] > A} < €l
© 16l < Cllflls, £ € La(X),
(@ 1C* fllsmmio < Ol € LX),
© Gl < CIMFlh, £ € In(X),
© 1"l < Ol £ € La(X).

Remark 3.30. Tt is clear that in Corollary 3.13 the square function Sf can be replaced with

any of the above operators.

Let us define the maximal operator
A*f(z) = $Up [Angs (%) — Ana F(2)],
[41
it is then clear that we find this operator by applying transfer principle to

Agf(z) = sup [($nass — 8na) * f(2)].
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In this case our kernel operator K : R — I, (Zt) is given by
K(z) = (ka(2))ox,
where

ka(x) = ¢na+1 (.’L‘) - ¢ﬂa (.’D)

Then, the kernel operator K satisfies the condition (Z) as in our previous discussion. So
by this observation almost all the operators that we discussed before can be replaced with

Agrf and A*f in real and ergodic cases respectively. Thus, we have the following results:

Theorem 3.31. Let (ng) be a lacunary sequence. Then we have
(@) 18k fll, < Clifllp, 1< p<oo,
(b) m{z : [Axf(z)] > A} < §lIflh,
(©) A&l < Cllfllm, £ € Li(R),
(@) A& fllsMo < Cliflloos  f € LL(R).
Corollary 3.32. Let (n;) be a lacunary sequence. Then we have
(@) [A*fll, < Cllfllp, 1<p< oo, -
(b) m{z : |A*f(z)[ > A} < I £[l1,
©) 1a*fl. < Clifllm,  f € Lo(X),

(d) A flieemo < Clifllw, f € LE(X).
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3.3 Vector-valued Inequalities

Vector-valued inequalities had a lot of interest in harmonic analysis, and have been studied
by many authors. Of course, then it is reasonable to ask if one has these kind of inequalities
‘in ergodic theory. In this section we answer this question affirmatively. We first show that
an extension of our previous method is still available to study these kind of inequalities in
ergodic theory. Later we prove by working with ergodic square function Sf that one can
also use the Calderén-Zygmund decomposition on Z to investigate these inequalities without
lacunarity condition on the sequence (ng).

Let T be a singular integral operator, then as in J. L. Rubio de Francia et al [46] we can
define a new operator T mapping I,(A)-valued functions into I,(B)-valued functions, where

r is fixed, 1 < r < 00 as
T(fu far- s fip--) = (Tf1, Ty Ty )-
Then T is bounded from Lj 4y to Lj gy and the kernel associated to it is
K(z) = K(r) ® 14,

50 that

- K] = 1]l

and
D,(K) = D,(K).
Also, T is a new singular integral operator.

Let H denote the Hilbert transform on R, and let us combine our last observation with

Lemma 3.5 to find the following theorem:
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Theorem 3.33. Let (ng) be a lacunary sequence. Then the following inequalities hold, for

alll<r < oo,
(@) [[(Z5Swf)) "N, < Coll (515107, 1<p< 00,
(b) m{z : (5,(Sefi@))"" > A} < G [ (5@ do
© 1S5Sm0 Ny < Cell (S5 1510y + Col (S5 HE) s

(@ 1(Z582557) " Nlwo < CI(Z5 151 .o
Similarly we also have the following theorems:

Theorem 3.34. Let (ng) be a lacunary sequence, and 2 < s. Then the following inequalities

hold, for all 1 < r < 0o,
@ (S50, < Corl (1511, 1<p <00,
(b) m{z : (L;(Vfs@))" > A} < G [ (Z,15@)IN) do
© ()N, < (S L)L + Gl EHEYD) s
(@ [1(Z05)  Nspo < Cel (2514517 -

Theorem 3.35. Let (ny) be a lacunary sequence. Then the following inequalities hold, for

all1<r < oo,
a) | (Z;Grf)) ||, < Corll (15,0 1< < 00,
b) m{z : (5,(Gafi(@))"" > A} < E [ (Z;1@))" ds,
© (5G|, < Gl (S 1) M, + Gl (S, EE) s

@ (£ ) lano < Cell (S5 16517 |-
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Theorem 3.36. Let (ny) be a lacunary sequence. Then the following inequalities hold, for

all<r < oo,
a) [[(;Gaf)) I, < Corll(S51551) N,y 1 <P < 00,
(b) m{z : (S,Gas@))" > A} < G [ (Z;15@0) 7 da,
© (@)l < G ) [l + G EEY)
(@ (G llsaeo < Cell (515510 [

Theorem 3.37. Let (ni) be a lacunary sequence. Then the following inequalities hold, for

alll <r < oo,
@ (), < Corll (51517 N,y 1<p <00,
(b) m{z : (T,(N @) > A} < G [ (1517 de,
© (S, H) ", < G 150 N + Gl (S E ) s

@ (05 awo < G (S 151D o

Let now H denote the ergodic Hilbert transform, then we apply transfer principle to the

above results to find the following corollaries:

Corollary 3.38. Let (ni) be a lacunary sequence. Then the following inequalities hold, for

alll <r < oo,
@ (685N, < Corl(Z5151) 7N, 1<p <00,
b) m{z : (S,(85;@))"" > A} < § [ (Z; 1@ da,
© [(ZSHN N, < G 1) Ny + Gl (S, EHHD Y s
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@ 1(Z565)  Neso < G (Z5151) Y Nl

Corollary 3.39. Let (n;) be a lacunary sequence, and 2 < s. Then the following inequalities

hold, for all 1 < 1 < o0,
@ (S, 57N, < Cosll (S5 1551) ], 1 <P <00,
(b) m{z : (S;V @) > 2} <% [ (@) dz,
© (S, VH) T, < GISHHD YN + Gl (L)
@ N5 lemwo < eI (Z5165) 7 oo

Corollary 3.40. Let (n;) be a lacunary sequence. Then the following inequalities hold, for

alll <r < oo,
@ (G5 N, < Corll (516N, 1<p <o,
(b) m{z - (L;GHE)) > A} <% [ (T 15@)1) 7 dx,
© 1@ N, < G (SN, + Cll (S EHED) s
@ (G5 Nlapao < G (5155 |-

Corollary 3.41. Let (n;) be a lacunary sequence. Then the following inequalities hold, for

alll <r < oo,
@ (56 57N, < Corll (Z5151) M,y 1<p < o0,
(b) m{z : (TG (@) > A} < & [ (Z;1f@)1) de,
© (565" [l < Col (S5 15507, + Cell (5 E A7)

@ [[(Z56 1)) leamo < I (Z5 1) |-
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Corollary 3.42. Let (n;) be a lacunary sequence. Then the following inequalities hold, for ;

alll <r < oo,

@ ()N, < Corll (S5 16N, 1<p< o0,

b) m{z: (S, @) >0} <% [ (X,16@)0) 7 de,

O IS, 1L < IS 50 L + (S EE)
|| i) Nleao < Cel (251517 |-

Theorem 3.43. Let (n;) be a lacunary sequence. Then the following inequalities hold, for

alll < r < oo,
(@ (|50 N, < Corll (51510 7N, 1< <00,
(b) m{z : (,(Aafi@)) " > A} < & [ (5,15 de,
© (@) N, < IS5 N + Gl (S, EED) s
(@ [[(Z;A85)) " oo < Gl (515510 |-

Corollary 3.44. Let (n;) be a lacunary sequence. Then the following inequalities hold, for

alll <1 < o0,
) [|(Z5£)) 1, < Cor | (51510l 1<p <00,
b) m{z: (S,(8°f5@)7) > 2} <% (5, 14@)IN)" da,
© 1S5, < Gl (S5 1501 + SN (S, E D)

d) [|(Z58°5)) " Nlzpato < Cll (5 1551) .
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Remark 8.45. It might be interesting if any of the above vector-valued inequalities holds
without lacunarity condition. I conjecture that (c) might not hold for all increasing se-
quences. But one might consider this problem for (a), (b) and (d). It is also an interesting

problem if one can reverse the vector-valued inequalities.

In the following we will consider the above problems for ergodic square function Sf with

T =p.

Lemma 3.46. Let (ni) be a lacunary sequence with no non-trivial common divisor. Then

there exists a constant C such that

C < Z Iq’;nkﬂ (:L‘) - qgnk ('T)I2
k=1

Proof. The argument of the proof of Theorem 2.13 in R. L. Jones and J. Rosenblatt [30] can

be used to prove this result since

sin (ngy1z)  sin (ngx)
l Nk T nET '

|d;nk+1($) - ¢?nk (IE)I =

We now can prove the following result: -

Theorem 3.47. Let (n) be a lacunary sequence with no non-trivial common divisor. Then

there exists a constant C such that

J

11l < Ol 1l

for all f; € LY(R), j=1,2,...
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Proof. We use Plancherel Theorem and Lemma 3.46 to get
IR = [Sin@ra =Y [1na@rda=3 [1i@F
J J J J

<CY [ Y lonan(®) - @)1} da
i k=1

=C3 [ S o 1i@) - b i@ e
j k=1

—CY [ 3 s = b0 S o
J " k=1

- C/EZ '(¢nk+1 - ¢nk) * f1($)|2 dz

ji k=1
= )l (s (15
J
and this proves our theorem. O

Then we have the following result as a corollary of Theorem 3.47.

Corollary 3.48. Let (n;) be a lacunary sequence with no non-trivial common divisor. Then

there exists a constant C such that
1/2 1/2
11501, < Goll (3285
J J
for all f; € LY(X), § =1,2,...
The following lemma is Theorem 3.7 in R. L. Jones and J. Rosenblatt [30].

Lemma 3.49. Let (n;) be a lacunary sequence with no non-trivial common divisor. Then,

there exists a constant Cp such that

171l < CollSFllp

for all f € L)(X), 1 < p < oo.
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We can then prove the following more general form of Corollary 3.48.

Theorem 3.50. Let (n;) be a lacunary sequence with no non-trivial common divisor, and

1 < p < 0o. Then, there ezists a constant C, such that
I 152) ™1, < Gl (S5,
j j
for all fj € LY(X), i =1,2,...
Proof. By Lemma 3.49 we have
ISRl = [ S i@ de
j j
=¥ [15@rd
j
<63 [Ish@p i
j
=6, [ S Iss@pds
j
=G| (X 1s£7)1;
3
as desired. , O

We will next show that vector-valued strong type (p,p) inequalities might hold for our
variation operator V f without lacunarity condition on the sequence (n;). We will first need

the following remark:

Remark 8.51. Let 2 < s and consider the operator
oo 1/s
Vf = (Z |Am,+1f - Ankfls) .
k=1
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Then by the results of R. L. Jones et al [29] we know that for any increasing sequence (nk)

of positive integers there exists a constant Cj such that

IV £llp < Cpll £lp,

for all f € L,(X),1<p < co.

We now have the following theorem:

Theorem 3.52. Let (ni) be an increasing sequence of positive integers. Then there exists a

constant C, such that
I wsn) 1, < Gl 1R ], 1 <p<oo
; ;
forall fj € Ly(X), j =1,2,...
Proof. By using Remark 3.51 we find
(Zwsn k= [ Sy
; ;
=Y [Wr@y
5
<6, [I@rd
J
=6, [LIs@r i
;
=Gl 1591,
;
and this proves the result as desired. O

In particular, we have the following corollary:
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Corollary 3.53. Let (ny) be an increasing sequence of positive integers. Then there exists

a constant C, such that

I SH2) 1, < G 1#) ||, 1<p<oo,
J J

Jorall fie Ly(X),j=1,2,...

Remark 3.54. It might be interesting to investigate the vector-valued inequalities for all

1<r<oo.

The argument of our next result gives some insight to study the vector-valued weak type

inequalities without lacunarity condition.

Theorem 3.55. Let (n;) be an increasing sequence of positive integers, and 2 < r < oo.

Then there exists a constant C such that

J

. 1/1‘ C
m{a: : (Z (S£i(z)) ) > )\} < XZ ll£ill
j J
forall fj € L1(X), 3=1,2,...

Proof. To prove this result we will use the Calderén-Zygmund decomposition on Z, and

[ 34 \

transfer by Calderén transfer principle to the dynamical system. Let f; be a function in
l1(Z), and X > 0. Then we can write f; = g; + b; where g; € [,(Z),
(1) llgslles < M1Flless
@) llgslleo < 22,
(3) bj = X", bi(x) where each b} satisfies:
(a) b is supported on an interval B,
(b) 3=, b5(I) = 0 for each 4,
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(©) 137 Lieps 19501 < 43 and X < g Feps s, o
(d) BinBf = ¢ for i # k.

Note also that the above imply

i1 ; 1
Z lle < ‘)“Z “bj“h < X”fj“h-

Now let Bt denote an interval of length 5|B;| and with the same center as Bi. Let B; = U;B:,

and B = U;B;. Let | ¢ B. We have

Angnbs(0) = Angbs (O
(Zb’ (l)) An, (Zb;i(l)) 2

Z(Anm b5(1) = Anb;

Mz

Sb;(1)? =

=
||

1

I
8 WMa

Note that for any i for which the average includes all the points in B;., the average is 0
by (b). Thus for each fixed k, An,,,b%(l) — An,b}(l) is non-zero only if I +1 € B}, ie. at
least the average starts in B; The first possibility, starting in B;-, is excluded since [ ¢ Bj.
Hence for each fixed k and I, An,,,b%(l) — An,b5(1) # 0 for at most 2 values of i, an ending

value for A, b:(l) and an ending value for A,,k b%(1). Thus we know

Nk41”j

55,07 <233 MAne b (D) — AngB 0P

k=1 i
=2 ZSb;‘.(l)2.

Then we have

#{z : (Z (Sbj(l))r)l/r > ,\} < #{l : }: (Sb;())* > ,\2}

J

=#{, ¢ B,y (Sb0)" > ,\2} +
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{ B,>_ (Sb;1) >A2}
}:Z (Sb;(1))* + | Bl.

IgB J

We also have

% > Sbi(1)? < % D2 s

IgB lgBp i
< 22 DILLIOR
t I¢B’

Now let fix j, then we claim that for each ¢ we have

v Z Sbi(1)? < C|Bi.

1¢B;

We know that translation by an integer is measure preserving, thus we can assume,
without loss of generality, that B = [0, N — 1] where |B}| = N. Note that since we only
need to consider [ € I;’;:c, we do not need to consider [ € (—2N,3N), and since we are only
looking at forward averages, we only need to consider [ € (—oo, —2N]. To have a non-zero
value of A, ., J(l) we must reach the support of b’ Hence, we must havé ngy +1 2> 0.
Thus, ngy1 > |I|. But we might have n; +1 > 0 or ny + 1 < 0 for that particular value of k.
Let n(l) be the smallest integer such that n,q)+1 > |{|. Then nnq) +1 < 0 and so we have

arranged bi(l +7) =0 forallr = 1,...,npq).

Sb;(l)zz Z |Ank+1 J(l) Ankb;(l)|2§( Z |A"'°+1 J(l) Ankb;(l)l)

ng412>[l| ng41>[l|
> {(E-2)% Ly 2
< ( { (————) bl +7) + |b§-(l+r)l})
ne412l| Tetr T T+l Zpet

5( > (n—l-k—i>2|b’l+r)|+ y — % Ib’(l+r)|)

n
412l k41 N1l Me+1 S
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1 1 Nk ; Nkl .
<o ¥ (——n—)ZIJ—UH) v X = % |b(l+r)|)
ne+12>[l Tk k+ r=1 LT >|ll r=ni+1
(o] 1 1 N-1 Ng41
52( > (——H——)ZIb; |) +2(Z Y |b’l+r)]>
k=n(l)+1 k+1/ =0 a(l) r=ng+1
1 oo 1 Ng41 2
31 i(r) |) +2( e+
Mn()+1 N ; k%) Nn(l)+1 _nZH I
<321 N,\)2+32( N~ Zw(r )
Tn(1)+1 Na+1 N

1 2 1 2
<32 ( N A) + 32 ( N )\)
Nin(1)+1 Nn()+1

So we have

ZSb;-(l)2 Z 64(nn(z)+1 >2

i I<—2N
1¢B;

< ) 64 (%N,\)2

I<-2N

< 64N2)2 Z 1

2
I<—2N

< 64A2N
= 64)% B}|

and this proves our claim.

Now we use our claim to get

#{z:(Xj:(Sb,-<1))')1/'>*}s #i 5 (560)° -(3)}
ZZSb(l) )"+ 18|

th, J
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< S 3Y S SE() +1B)

i lgfz;i J
< CZZl Y+ |B]
C+ 1
Z ”f] |l1’
since we also have

Bl <SS 1B < 5 3 sl
i ot J

On the other hand we have

#{l : (Z (ng(l))') s %}

j

> (S ea0r)”
323 (S5 0)°

< G TS le0F
<SSl

<= 3 il

J

INA IN
Q >'|<3 X1 Q

A
1 Q

A
1 Q

Thus we have

#{li (Z (Sfj(l))r>1/r > /\} < %Z“fj“h-

j

Now we apply the Calderén transfer principle to get the desired result with the same constant.
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