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Abstract

Neural networks are growing at exponential rates. It is becoming more resource in-
tensive and time consuming to train and deploy more sophisticated models. In order
to alleviate this issue, many model compression methods have been developed. These
methods make model development both faster and cheaper. Two such methods are
quantization and pruning. Unfortunately, most quantization and pruning methods re-
main theoretical without system support. This thesis introduces a high-performance
library with quantized and sparse kernels to speed up neural network finetuning. Our
library provides efficient versions of the backpropagation algorithm for linear and con-
volutional modules. Our algorithms apply to unstructured sparsity and implement
8-bit integer quantization kernels for forward and backward passes. Models trained us-
ing our framework provide up to 2x-4x speed ups while halving the memory allocation
with acceptable accuracy loss.
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Chapter 1

Introduction

Over the past decade, machine learning models started to solve increasingly more complex,
human-like tasks, making them a very hot research topic. However, this increased utility
usually came with an increased model size as well [24].

An early convolutional neural network, LeNet-5, used to classify handwritten digits had
around 1M parameters [36]. Fast-forward to 2012, the model that won the ImageNet com-
petition had around 60M parameters [34]. More recently, large language model GPT-3
released in 2020 had 175B parameters [4]. In only three years, its successor GPT-4 was
already around an order of magnitude bigger with 1.76T parameters [49]. This exponential
growth in model sizes makes model training, deployment, and inference a very resource-
intensive and time-consuming endeavor. Therefore, there has been a renewed interest in
model compression methods such as quantization and pruning to accelerate model train-
ing and inference, and to reduce the resource requirements to make it accessible to a wider
range of hardware. However, most of the quantization and pruning methods introduced
so far remain theoretical with little system support.

Quantization methods introduced are usually either simulations which do not actually
improve performance [7, 65] or are intended for inference only [21] which ignores a large
part of the model life cycle, the training. Similarly, pruning methods usually lack system
support as well, as most of the pruning methods induce unstructured sparsity which is
difficult to use to improve performance [47].

1.1 Contributions

This thesis introduces a high-performance parallel, SIMD library for neural network fine-
tuning on commodity CPUs. Our contributions are:

1. SIMD implementations of SAWB [8, 9] and Dithered [65] quantization methods.

2. 8-bit integer quantization implementation of Dithered quantization which is a floating
point quantization scheme.

3. Extension of the sparse training library SparseProp [47] with quantization support.

4. Parallel, SIMD linear and convolution kernels for quantized, sparse forward and back-
ward propagations on commodity CPU.

We focus on image classification tasks to test our library. We achieve around 3x and 4x
speed up in forward and backward propagations with respect to dense PyTorch models
using 90% sparse, 8-bit quantized models. Compared to SparseProp, our quantized, sparse
models achieve around 1.1x and 1.2x speed up during forward and backward propagations
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1.2. Related Work

at 90% sparsity. Our library maintains on average 96.5% of the dense model accuracy for
the tested datasets.

We focused on finetuning tasks on commodity CPUs as it highlights the benefits of model
compression methods, namely training neural networks on resource constraint environ-
ments. Even though training and inference are still faster on GPUs, it is not always reason-
able to expect users to have access to specialized hardware like that. Moreover, pruning and
quantization methods improved such that models trained using such methods can provide
competitive speeds on CPU against models running on GPU [15]. Similarly, while training
from scratch can lead to better accuracy results, it is not always feasible for various reasons
such as the cost of training a model or difficulty of collecting or accessing data. Therefore,
finetuning using pre-trained models highlights an important use case for quantization and
pruning.

1.2 Related Work

Quantization There have been many quantization schemes developed over the years. As
it is not possible to go over every development in quantization, we refer the interested
users to [41, 21]. In this thesis, we implement two quantization methods, SAWB [9] and
Dithered quantization [65].

SAWB is a symmetric integer quantization function. It quantizes tensors based on the best
fit of various probability distributions to predict the distribution of intermediate outputs
which reduce quantization noise. We explain the details of this quantization method and
how we implement it using SIMD instructions in subsection 3.1.2.

Dithered quantization is a floating point quantization method. It uses the standard devi-
ation of the input tensors to quantize them. Depending on how you choose quantization
related hyperparameters, it induces unstructured sparsity in the quantized tensors. Owing
to the floating point quantization, it does not have a way of controlling the number of bits
used in quantized values like most integer quantization methods do. We discuss dithered
quantization in more depth in subsection 3.1.3.

ZipML [69] quantization framework used to quantize activations, weights, and gradients
during neural network training. It uses a double sampling technique to unbias the quan-
tized tensors which is essential to successful gradient quantization. It only works for linear
models.

Clover [58] is a quantized linear algebra framework that offers a variety of quantization
options ranging from 16-bit quantization to 4-bit quantization to perform popular linear
algebra operations such as dot product and matrix-vector multiplications quickly. It uses a
rather small, fixed quantization granularity to minimize the quantization error.

SparseProp SparseProp [47] is a high-performance parallel, SIMD library for sparse neu-
ral network training. It supports both training from scratch and finetuning. It implements
high-performance kernels for linear and convolutional layers of neural networks. It uses a
compressed sparse fiber (CSF) format, which is an extension of the compressed sparse row
format for high dimensional tensors, to represent the unstructured sparsity of the weights.

HiCOO Hierarchical Coordinate (HiCOO) [39] is a sparse storage format for high dimen-
sional tensors with unstructured sparsity. It combines CSF and COO formats to create a
mode-agnostic sparse format. This allows it to perform sparse computations by arranging
and accessing dimensions in any orientation without penalty. We talk more about HiCOO
in 2.3.
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Chapter 2

Background

In this chapter, we introduce the theoretical foundations that are essential to understanding
our library described in Chapter 3. We start by describing definitions and concepts related
to backpropagation algorithm and transfer learning. As the paper’s main focus is not
machine learning or neural networks, we do not go into much detail. Then, we introduce
concepts of quantization. Next, we look into pruning in neural networks and sparse tensor
representations.

2.1 Backpropagation and Transfer Learning

Training of neural networks is done through an algorithm called backpropagation. The
backpropagation algorithm consists of two steps, forward and backward steps. For the
descriptions of forward and backward propagation we use the definitions in [1] and the
notations from [30].

2.1.1 Forward Pass

Forward propagation, also known as inference, passes a batch of inputs through the neural
network. The final output will be computed through a cascade of computations across the
network layers using the newest weights [1]. The network can be optimized for accuracy
by comparing this output against the expected output of the training data by using a loss
function. A loss function can be defined as a function that maps a value or an event to a
real number which can be used to penalize the said event for the incorrect predictions of
the model [25]. The output of the loss function will be later used in the backward pass to
optimize the model.

Now, we define the forward pass more formally. Imagine a neural network with L layers.
We define the input layer (denoted with superscript 0) as

v(0) = [x, 1], (2.1)

where x is the input data and 1 represents the bias node. The parameters of each layer l
are denoted by W(l). We define an activation function ϕ which introduces non-linearity
into the network to capture and learn complex relationships. The activation function can
be various functions such as identity, sigmoid, tanh, rectified linear unit (ReLU), etc. The
pre-activation values of layer l are denoted by z(l). Then, the activated values of layer l
are denoted as v(l). Then for each layer l = 1 : L− 1 we can define the pre-activation and
activation values as
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2.1. Backpropagation and Transfer Learning

zl = f (W(l), v(l−1)) and v(l) = [ϕ(zl), 1], (2.2)

where f(.,.) represents the matrix-matrix multiplication for fully connected layers and con-
volution operation for convolutional layers. The final layer is usually a fully connected
layer, so we have for layer L we have

y = W(L)v(L−1) (2.3)

y can be used for regression and classification tasks for inference.

2.1.2 Backward Pass

As we mentioned, in the backward pass we compute the gradients of a loss function ` with
respect to weights to optimize the parameters. The phase is called the backward pass as
we compute the gradients starting from the last layer until we reach the first layer [54].
Computing the gradients this way offers computational benefits as we can use the next
layers’ gradients to compute the current layer’s gradient. Backward pass can be considered
dynamic programming as we compute the gradients of upper layers to compute the current
layer’s gradient.

Now we describe backward pass more formally. Assume we have neural network NN(x, W)
where W = {W(i)}L

i=1. Then for the loss `(x, y, W) we compute the gradients with respect
to W(i).

For the final layer L we have

Error term: δ(L) = ∇NN`,

Gradient:∇W(L)` = δ(L)v(L−1)T.
(2.4)

For hidden layers l = L− 1 : −1 : 1 we have

Error term: δ(l) = ϕ′(z(l))� (W(l+1)Tδ(l+1)),

Gradient:∇W(l)` = δ(l)v(l−1)T.
(2.5)

Later, the gradients ∇W(l)` are applied to weights using optimization methods, usually
gradient descent methods such as Adaptive Moment Estimation (Adam) [29] or Stochastic
Gradient Descent (SGD) [53], to reduce loss ` and increase accuracy.

2.1.3 Transfer Learning

As the primary objective of the thesis is developing quantized sparse kernels for transfer
learning, we find it imperative to at least mention what transfer learning is. This subsection
introduces transfer learning, describes why it is needed and formally defines it. As the pri-
mary focus of the thesis isn’t on transfer learning, however, we will not discuss it in depth.
Interested readers can refer to [50, 64]. The definitions and notations in this subsection are
taken from [50, 64].

Transfer learning is a method to train new models using a pre-trained model trained on
a similar domain. As neural networks get larger and more complex, working on more
complex tasks, they require more data. Unfortunately, data is not always readily available.
This might be because data is expensive, rare, or difficult to collect [64]. Therefore, there is

4



2.2. Quantization

a lot of merit in reusing already trained models that might be trained on a different target
dataset but similar in the type of problems it aims to solve.

To formally define transfer learning, we denote the notations introduced in [50]. Denote
a domain as D = {X , P(X)} where X is a feature set and P(X) is a marginal probability
distribution with X = {x1, x2, ..., xn} ∈ X . n is the number of feature vectors in X and X is
the set of all possible feature vectors. Next, we define a task T for a given domain D. A
task is composed of two parts, a label space Y and a predictive function f(.) learned from
pairs of feature vectors and labels {xi, yi} where xi ∈ X and yi ∈ Y . So, a task is defined
as T = {Y , f (.)}. Now, we define source and target domain, Ds and Dt.

Ds = {(xS1, yS1), (xS2, yS2), ..., (xSn, ySn)},
Dt = {(xT1, yT1), (xT2, yT2), ..., (xTn, yTn)}

(2.6)

Here, xSi and xTi are the ith data instances of the source and target domains. Similarly, ySi
and yTi are their corresponding labels. We denote the source and target tasks as Ts and
Tt respectively. The source and target predictive functions are denoted as fs(.) and ft(.)
respectively.

We now formally define transfer learning. For a source domain Ds and its task Ts, a target
domain Dt and its task Tt, transfer learning hopes to improve the target predictive function
ft(.) in Ds by using the related information in Ds and Ts where Ds 6= Dt and Ts 6= Tt [50].

2.2 Quantization

Quantization is defined as the process of approximating a continuous signal into a set
of discrete symbols or integers [41]. Historically, it has been used in mathematics and
signal processing to map large continuous domains to smaller, often finite, discrete ones
[21] for approximations and digitalizing continuous variables. More recently, however,
quantization has become a topic of machine learning research for neural network inference
and training because of its computational implications. For our purposes, we can view
quantization as reducing the bit precision of floating point numbers to decrease power and
bandwidth usage to improve performance. As the topic of quantization is a vast one, we
will only touch on concepts relevant to our work. Interested readers can refer to [21] and
[41] for an in-depth survey of quantization methods. Unless stated otherwise, we use the
definitions from [21, 41] in this section.

For neural network training, generally, 32-bit floating point numbers (FP32) have been used
for most of its history [41]. However, 32 bits usually have more precision than needed for
many networks. Starting in the 2010s, quantization has become a more and more important
part of machine learning research when it was shown that 8-bit integer quantization (INT8)
can be used to speed up inference without degrading accuracy [60]. With this in mind, we
can now more formally introduce the problem statement quantization tries to solve.

Problem Statement For simplicity, in our problem statement we will focus on supervised
learning, however, the problem statement can easily be extended to other types of learning
tasks. For a neural network NN with L layers, assume it has a set of learnable parameters
θ = {θ1, θ2, ..., θL}. The objective of supervised learning is to minimize an empirical risk
minimization function of the following form:

L(θ) =
1
N

N

∑
i

l(xi, yi, θ). (2.7)
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2.2. Quantization

-128 127

Unquantized FP32 values

Quantized INT8 values
0

0

z

Figure 2.1: Visualization of the quantization function in equation 2.8. (α, β) represents the range of values that
can be quantized without clipping. Z represents the value the zero point will take after quantization. The figure is
modeled after Figure 3.1 in [63].

Here, we have N samples {x1, x2..., xN} and their corresponding labels {y1,y2, ...,yN}. l(., ., .)
is a loss function such as Mean Squared Error (MSE) or Cross Entropy loss. For the ith layer
denote hi as the input hidden activations, ai as the output hidden activations, ghi as the
input gradients, and gai as the output gradients. If a network is trained with FP32 preci-
sion, then naturally its parameters θ are stored in single precision floating point numbers.
The objective of the quantization process is to reduce the precision of θ, h, a, gh, and ga
to reduce the power and bandwidth consumption to increase inference and training per-
formance without decreasing the model accuracy. The precision reduction is done through
quantization functions.

Quantization Function A quantization function Q : R→ Z is a function that takes higher
bit precision floating point numbers and returns an output with lower bit precision. In
practice, the lower-bit outputs are represented with integer variables, i.e. INT8, due to a
lack of hardware support and standardization for low-bit precision floating point numbers.
However, in theory, there are a variety of lower-bit floating representations [45, 48], i.e. 8-bit
floating point numbers (FP8), and corresponding quantization functions [7, 65].

INT8 and similar integer quantization functions usually have the following form:

Q(r) = Int(r/S)− Z (2.8)

Here, S is a floating point scale and Z is an integer zero point. Int(.) function converts
its floating point arguments into integer representations. It can be a variety of functions
like floor, ceiling, round-to-nearest, or truncate. It is important to notice that, in order to
enforce a certain bit precision, it might be necessary to clip the quantization output. For
example, to ensure r is quantized into a signed integer using an INT8 quantization function
with Z = 0 we have to ensure the quantized value is in the range [-128,127]. We visualize
the quantization function in Figure 2.1.

This type of quantization function is also referred to as a uniform quantization function
as the quantization levels are spread uniformly within the quantized value range. How-
ever, there are alternative quantization functions with more dynamic ranges to cover larger
value ranges to better represent the inputs like [7]. However, as non-uniform quantization
functions are out of the scope of this thesis, we will not discuss them any further.

Dequantization Function Dequantization function is the inverse operation of the quanti-
zation function. It is used to recover an approximate floating point representation from the
quantized representation. We can denote the dequantization function in the following way:

r̃ = DQ(Q(r) + Z) (2.9)
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2.2. Quantization

It is important to notice that a floating point number r is not equal to DQ(Q(r)) because of
the rounding errors. This discrepancy is a major source of noise in neural network training
and therefore, has implications for model accuracy. We call this the quantization error or
noise.

Symmetric/Asymmetric Quantization Quantization functions where the zero point Z is
selected to be equal to 0 are called symmetric quantization functions. Conversely, quanti-
zation functions where Z is not 0 are called asymmetric. Symmetric quantization functions
can be preferable over asymmetric quantization functions due to their simplicity and re-
duced computational cost which is why in section 3.1 we will use symmetric quantization
functions to implement quantization in our library. Asymmetric quantization functions are
preferable when the range of values a floating point number r can take could be asymmetric
and skewed.

Choosing Quantization Scaling Factor Choosing an appropriate way to compute the
quantization scale is perhaps one of the most essential aspects of designing quantization
functions. Quantization scales effectively divide a finite range of values into partitions so
that floating point numbers can be mapped to one of those partitions. A common way of
choosing the scaling factor for integer quantization is the following:

S =
β− α

2b − 1
(2.10)

Here, [α, β] represents the clipping range which is used to clip real values r. b denotes the
bit width of the quantized value. Choosing α and β has important effects on the accuracy
of the model and quantization error. A simple way to choose them is to set α to rmin and
set β to rmax where rmin and rmax are the minimum and maximum values the quantization
inputs can take. This approach works well for asymmetric quantization. For symmetric
quantization the alternative is setting −α = β = max(|rmin|, |rmax|). Unfortunately, neither
of these approaches are without their problems. Imagine a scenario where there are outliers
on either extreme. Then setting the clipping bounds to the maximum or minimum will lead
to a skew in the quantized values, pushing together real values that are far away from the
extremes. To address this issue, α and β can be chosen using percentiles, i.e. choose xth

percentile for α, choose 100− xth percentile for β etc. Alternatively, using quality measures
like KL divergence and MSE between real values and quantized values is also possible.

Quantization Granularity An important aspect to determine for quantization is to decide
the quantization granularity. As we mentioned previously, scaling factors of quantization
functions partition finite ranges so that real values can be mapped into these partitions. As
the scaling factor is usually determined by the properties of the input values, skews, and
outliers can have significant effects on the error. Imagine an input tensor where most of
the values are grouped around a real value r and you have one outlier that is much larger
or smaller than r. Then, the scaling factor computed from this outlier will map most of the
values to the same partitions. During dequantization, values mapped into the same parti-
tions will be assigned the same values, possibly leading to a larger quantization noise than
it would have had if the outlier was not present. In addition to the heuristics mentioned
above, using different granularities for quantization functions can help us choose better
scaling factors. We can group the input values in different granularities and quantize them
separately to compute more representative scaling factors that induce lower quantization
error. In most cases, the quantization error should be no worse than using a single group.
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2.2. Quantization

There are various approaches to choosing quantization granularity. For convolutional neu-
ral networks, one possible approach is to quantize weights layer by layer [32]. One can look
at the statistical properties of all filters of a convolutional layer, i.e. choose minimum and
maximum values across all filters, etc., and use the same scaling factor for all of the filters.

Alternatively, a more fine-grained approach is computing a separate scaling factor and
quantizing each channel of a convolutional layer separately. A more extreme approach
would be to perform sub-channelwise quantization where we quantize any group of pa-
rameters. A similar approach to sub-channelwise quantization can be seen in [58] where
the authors quantize consecutive fixed-size blocks of input values. Sub-channelwise quan-
tization and similar quantization methods offer a trade-off, however. Depending on the
size of the groups, maintaining multiple scaling factors is complex and adds overheads in
terms of computation and space.

Stochastic Quantization Usually, quantization functions are deterministic. The Int(.)
function in equation 2.8 uses a deterministic rounding scheme like round-to-nearest. Some
quantization functions, however, prefer to use stochastic rounding schemes [7, 65]. The gen-
eral idea behind using stochastic quantization functions has been to achieve larger weight
updates and allow neural networks to explore more in hopes of converging to a better
accuracy.

Stochastic rounding schemes are also particularly useful for gradient quantization during
backpropagation. It can be proven that stochastic rounding schemes have zero bias and
quantized gradients are an unbiased approximation of unquantized gradients.

Theorem 2.1 Stochastic Rounding schemes are unbiased.

Theorem 2.2 Stochastic gradient quantization produces an unbiased approximation of unquantized
gradients.

Stochastic quantization increases MSE relative to deterministic quantization functions like
round-to-nearest (RDN). Also, there isn’t a guarantee of unbiasedness of quantized acti-
vations and weights due to the non-linearity of activation functions. Therefore, stochastic
quantization is more likely to degrade accuracy if used in forward passes [7].

Theorem 2.3 The round-to-nearest rounding scheme has a lower mean squared error (MSE) than
stochastic quantization.

For the proofs of the theorems, see Appendix A.

Quantization Aware Training (QAT) Quantizing a trained model might perturb the trained
weights such that the model might move away from its converged point. In order to achieve
good accuracy it might be necessary to finetune the model. In general, this can be done
in various ways such as Quantization Aware Training [46], Post-Training Quantization [46]
or Zero Shot Quantization [5]. QAT retrains the model and requires access to training
and validation datasets. In PTQ, quantization is applied to the trained model, therefore
it is faster yet less accurate than QAT. ZSQ performs quantization without any access to
training or validation datasets which makes it useful for Machine Learning as a Service
platforms where users might not want to share their datasets. The method that is relevant
to this thesis is QAT. QAT is an algorithm used to reduce the quantization noise. It models
the quantization source during the training [46]. Therefore, as we mentioned, it requires
access to training data and labels to retrain the model to be robust against quantization
noise.
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QAT is usually slow and resource-intensive as it might be necessary to retrain the model for
many epochs before reaching the previous convergence accuracy. The forward and back-
ward passes are performed on the quantized model. Then, after each backpropagation, the
model parameters are requantized. It is important to store the parameters as floating point
tensors as quantization functions are effectively step functions and therefore gradients will
usually be zero. The quantization function can usually be approximated by using methods
like Straight Through Estimator (STE) which essentially ignores the rounding function and
replaces it with the identity function [3].

2.3 Pruning

In this section, we introduce neural network pruning, a compression method applied to
neural networks to reduce memory size and bandwidth. Pruning, also known as spar-
sification, is the process of removing unnecessary parameters to reduce resource usage
and speed up neural networks which help with deploying neural networks on constrained
environments like embedded platforms and improving performance.

Since most neural networks are overparameterized, it is possible to eliminate significant
amounts of the parameters without decreasing the accuracy too much [59]. In convolutional
neural networks, for example, it is possible to eliminate around 70 to 95% of the parameters
[19]. Neural network pruning can have vastly different granularities. We can either prune
individual parameters or entire rows, columns, filters, and even layers. The first type
of pruning is usually described as an unstructured pruning method while the rest are
described as structured pruning [41] which we discuss next.

Neural networks can be pruned by either removing weights which are zero or close to
being zero or replicated [41].

Unstructured Pruning Unstructured pruning is the removal of less important weights
wherever they might be without showing any regard for their connections. Somewhat
random removal of the weights means that pruned weights need to use sparse matrix and
tensor representations as there is no guarantee that non-zero values would be grouped
together. Sparse representations usually require extra information such as the indices of
the non-zero values to be stored explicitly. This can require significant additional space if
the sparsity of the parameters is not high.

As it is unlikely that parameters are packed densely, operations involving the sparse pa-
rameters are likely to be memory bound which can limit performance gains even though
the number of computations might have decreased considerably. Unstructured sparsity
also limits the use of SIMD operations. Therefore, unstructured pruning is usually useful
at high amounts of sparsity as we would perform significantly less computations which
would make up for the lack of SIMD instructions and lower arithmetic intensity.

Structured Pruning Structured pruning removes structured parts of the parameters rang-
ing from entire rows, columns, filters, and layers. In other words, in structured pruning
instead of storing individual non-zero elements, contiguous blocks of parameters are kept
while rest of the parameters are pruned. This allows efficient execution on hardware opti-
mized for dense computations [26].

Some examples of structured pruning involve Layer Pruning [20, 56] where entire Trans-
former blocks can be dropped to compress models. It has been suggested that around half
of the layers can be dropped for 2x speed up [66]. Other examples include Head Prun-
ing [62, 44] and Feed-Forward Neural Network (FNN) Pruning [52, 6] where individual
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attention and feed-forward layers are pruned completely. Head Pruning has been shown
to achieve a speed-up of up to 1.4x [40].

Apart from these coarse-grained structured pruning methods, there are also more fine-
grained pruning methods like block pruning [35, 68]. In block pruning, parameters are
divided into fixed-size blocks. Parameters in the same blocks are pruned together. Block-
pruned parameters can use sparse representations similar to parameters pruned using
unstructured pruning methods. However, they usually suffer less memory overhead, as
instead of maintaining the positions of each non-zero parameter, we just have to maintain
the positions of non-zero blocks. Additionally, block pruning is also more likely to be more
computationally efficient than its unstructured counterparts as the parameters are densely
packed which could enable the use of algorithms with higher arithmetic intensity as well
as the use of SIMD instructions. However, it proved to be difficult to optimize models with
block sparsity [67].

Sparse Representations As we mentioned previously, sparse tensors pruned using un-
structured pruning or block pruning require special sparse representations. While most
structured pruning methods maintain the general shape and structure of the parameters
by removing entire structures like full columns or rows, unstructured pruning can remove
any parameter. Here, by removing, we mean zeroing the parameter values. Because ze-
roes and non-zeroes are not intertwined, in structured pruning, we can easily exclude
the pruned parameters without affecting the non-zero values. In unstructured pruning,
however, we cannot simply remove the structure that contains the pruned parameters, i.e.
remove a pruned filter without removing non-zero parameters. This is why unstructured
pruning requires special representations to track the positions of all non-zero parameters.

For two-dimensional matrices, there have been a considerable amount of sparse representa-
tions developed both for unstructured and structured matrices. Unstructured sparse matrix
representations include Dictionary of Keys (DoK) [18], List of Lists (LoL), Coordinate List
(COO) [2], Compressed Sparse Row (CSR) [55] and Compressed Sparse Column (CSC) [55].
Dictionary of Keys, as its name suggests, is a dictionary that maps the (row, column) pair
to its respective non-zero value. As the primary storage is a map, it might be difficult to
iterate over the non-zero values in sorted order. To address this issue, one could use COO
which is essentially DoK where tuples with three entries (row, column, value) are stored,
usually, in sorted order. Alternatively, LoL stores one list per row where the list entries are
(column, value) pairs, usually sorted by column. CSR and CSC are arguably the most used
sparse matrix representations along with COO. CSR maintains three lists. One list stores
the non-zero values in sorted order where the elements are sorted by their (row, column)
values. The second list stores the respective column value of the non-zero element. There
is a one-to-one correspondence between the elements of the value list and the column list.
Finally, the third list stores (# of rows + 1) elements where the ith element indicates the start
of the ith row in the column and value lists. CSC representation is almost identical to CSR,
however, this time the row list corresponds to the exact row of the non-zero values whereas
the column list indicates the start of the ith column in the row and value lists.

Tensors are, in effect, generalizations of matrices. Therefore, sparse tensor representa-
tions are generally generalizations of sparse matrix representations. The generalization
of CSR/CSC format is called compressed sparse fiber (CSF) representation [57]. CSF repre-
sentation is a hierarchical sparse format that can be used to represent tensors with arbitrary
amounts of dimensions/modes. Similar to CSR/CSC, CSF maintains arrays to address the
start location of non-zero values in the next dimension. Visually speaking, CSF essentially
forms a tree. Each level represents a dimension. Each non-zero value is a path from the root
to its corresponding leaf [39]. Owing to its hierarchical, tree-like structure, accessing and
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Figure 2.2: Visual representation of a three-dimensional sparse tensor using COO, CSF, and F-COO formats. The
figure is modeled after Figure 2 in [39].

traversing non-zero elements in an order different from the hierarchy might incur some
performance costs. One might overcome this issue by storing the same sparse tensor in
different orientations of the dimensions, however, as the number of dimensions increases,
this strategy becomes more costly than it is worth.

There are also COO inspired sparse format generalizations for tensors. Two such formats
are flagged COO (F-COO) [42] and hierarchical COO (HiCOO) [39]. F-COO stores the
indices of dimensions that would be required by arithmetic operations. All the other di-
mensions that will not be used are replaced by two 1-bit flags, bit-flag (bf) and start-flag
(sf). On a high level, these flags are used to indicate whether changes in computations
occurred which led to a use in the previously unused dimensions. Figure 2.2 shows the
visualizations of the COO, CSF, and F-COO formats.

HiCOO format, depicted in Figure 2.3, is like a combination of CSF and COO. Tensors
are divided into fixed-sized blocks. For an N-dimensional tensor, it uses N variables to
index the blocks and another N variables to index the position of elements within the
blocks. Additionally, it stores pointers to the beginning of each block. Only the non-
zero values of the tensors are stored. Blocking enables more compact storage of the non-
zero elements, as we can use fewer bits to store the element and block indices, compared
to full tensor. Additionally, because HiCOO is modeled after COO format, it does not
make any assumptions about the orientations of the dimensions (mode generic). Thus,
accessing/traversing the non-zero elements in any arbitrary dimension orientations has the
performance. However, HiCOO has a limitation where it expects the blocks to be ”cubical”,
that is, each block dimension should have the same size.

Pruning Methods Because of their computational benefits, a renewed interest in prun-
ing led to the development of a variety of pruning methods. For model training, there
were already methods that implicitly pruned unnecessary parameters. Using variational
dropout or L0 regularization, for example, either removed the neurons in their entirety or
effectively zeroed parameters already. More recently, sparsification frameworks like Neural
Magic’s SparseML [15] have incorporated pruning methods like Gradual Magnitude Prun-
ing (GMP) [23, 24, 70] and Alternative Compress/DeCompress (AC/DC) Pruning [51] to
achieve 90-95% sparsity with minimal accuracy loss.
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Figure 2.3: The conversion from COO to HiCOO format. HiCOO uses blocks of size 2x2x2 (B=2). The sparse
tensor in this figure is the same one in Figure 2.2. The figure is modeled after Figure 3 in [39].

The main idea behind GMP is to select a threshold and prune all parameters that have
an absolute value less than the threshold. The base algorithm introduced in [24] follows
three stages. The first step is to train a neural network to learn its ”important” connections.
The second step is to remove the ”unimportant” connections using a threshold like we have
mentioned. Finally, the model is retrained with the pruned parameters to improve accuracy.
These three steps are repeated multiple times during training. During model retraining in
the final step, it is better to use the parameters that were not pruned in the second step
instead of reinitializing new parameters. Other caveats include using L2 regularization
instead of L1 and adjusting the number of neurons dropped during training due to dropout
to account for the connections and neurons already pruned. L2 regularization produces
better results after training [24].

AC/DC pruning effectively trains two networks. During training, it switches back and
forth between dense and sparse model training phases. AC/DC pruning uses a standard
training loop one would use to train regular NNs. The first few epochs are used as a warm-
up to train a dense model. After that, the training loop alternates between sparse and
dense phases for a fixed number of epochs. During the sparse phases, all the parameters
except the top k (in absolute value) are pruned for a hyperparameter k. A mask is used to
ensure the pruned weights remain zeroed for the rest of the sparse phase. During dense
phases, the mask is set to a tensor of all ones.
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Chapter 3

Quantization and Sparse Kernel
Implementations

In this chapter, we discuss the implementation details of high-performance, quantized,
sparse kernels used in the forward and backward passes of the backpropagation algorithm.
We start our chapter by introducing the quantization techniques we used in the forward
and backward passes. Then, we move on to the implementations of forward and backward
passes for sparse weight tensors in linear and convolutional layers. Here, we also discuss
the data models we used for sparse linear and convolutional weights. Finally, we introduce
multi-threaded implementations of all of the kernels for improved performance.

3.1 Quantization Kernels

In this section, we discuss the quantized data representation and describe the implementa-
tions of the quantization techniques we used: Statistics aware weight binning (SAWB) [8, 9]
and dithered quantization [65]. The former is a symmetric, deterministic, integer quanti-
zation method that we use during the forward passes. The latter is a stochastic integer
quantization method, originally designed as a floating point quantization method, we use
during the backward passes.

3.1.1 Quantized Representation

Our library implements INT8 quantization functions. Hardware support for low-precision
floating point numbers is not widespread. As of writing this, AVX instructions can only
support 16-bit half-precision floating point representations [14]. There is currently no IEEE
standard for floating point numbers with less than 16 bits [27]. To the best of our knowl-
edge, the current support for FP8 data types is for GPUs only. In 2022, NVIDIA, AMD,
and Intel jointly published a whitepaper for FP8 formats [45]. In the same year, NVIDIA
released the H100 Tensor Core GPU [12] and its 40 series GPUs [11] which are capable of
supporting F8 data types.

We assume the quantization inputs to be 32-bit floating point numbers. In return, the
quantization functions output 8-bit signed integer tensors and floating point scales. Scales
are later used for dequantization where we revert 8-bit integers back into 32-bit floating
point numbers. 32-bit floating point numbers are initially quantized into 32-bit integer
numbers which can be represented with only 8 bits. We then pack the 32-bit integers
directly in 8-bit tensors.

During the quantization and dequantization processes, it is important to efficiently pack
32-bit integers into 8-bit tensors and unpack 8-bit integers into 32-bit tensors. In our library,
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Figure 3.1: Step-by-step visualization of the packing process. Every array represents a 256-bit integer vector.

we use packing and unpacking routines introduced in [58].

Packing The packing procedure works on unpacked, 32-bit quantized integer vectors and
outputs packed, 8-bit quantized integer vectors. The procedure starts by shifting each
unpacked integer element by 24 bits to the left. Since all of our quantized values are stored
in the 8 least significant bits, this operation eliminates all of the excess sign bits.

Next, we perform a logical right shift to move the integers into the desired positions. As
it can be seen from Figure 3.1 our procedure packs 32 integers into a single 256-bit vector.
Therefore, we first combine vectors 0 & 1 and vectors 2 & 3 with each other using a bitwise
or operation. With this operation, we have combined two 8-bit integers in 32 bit slots. These
two integers are 8 elements apart from each other in the consecutive vectors.

Then, we permute the two combined vectors to obtain two more vectors. The first vector
contains the concatenation of the lower halves of the previous two vectors. Conversely,
the second vector contains the upper halves. In the penultimate step, we shuffle the lower
and upper half vectors, such that we place groups of 4 consecutive elements in the correct
positions. Finally, we combine the shuffled halves with a bitwise or operation to obtain a
single packed vector. Appendix B shows the pseudocode for the packing algorithm.

Unpacking The unpacking process is the inverse operation of the packing process. The
unpacking routine follows the same operations as the packing routine in the reverse order
to convert a 256-bit vector filled with 32 8-bit packed integers into 4 256-bit vectors with 8
32-bit unpacked integers.

Figure 3.2 shows how we unpack quantized vectors step-by-step. We start unpacking by
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Figure 3.2: Step-by-step visualization of the unpacking process. Every array represents a 256-bit integer vector.

creating an auxiliary vector where we permute the original vector to switch the positions of
the lower half with the upper half. Next, we perform two shuffle operations on the original
and auxiliary vectors respectively.

In the final state of the packed 256-bit vector, we want to store the elements such that
each consecutive group of four integers is eight positions apart. Therefore, the first shuffle
creates a vector where we place the lower halves of the four consecutive elements. Similarly,
the second shuffle creates a vector with the upper halves placed in the correct positions. The
rest of the positions are filled with zeros. After shuffling, we combine these two vectors
with a logical or operation.

Finally, we first perform a logical shift to the left and then an arithmetic shift to the right
to obtain 4 256-bit unpacked vectors.

3.1.2 SAWB Quantization

SAWB quantization is the first of the two quantization techniques we have implemented for
our library. As mentioned at the beginning of the chapter, it is a deterministic, symmetric
integer quantization technique first introduced in [8, 9]. We use it during the forward
passes in neural networks. To achieve high performance, the algorithm is implemented
using SIMD instructions.

Rounding schemes have an important effect on the accuracy of the trained model. It can be
proven that round-to-nearest (RDN) rounding has better mean-squared-error (MSE) than
stochastic rounding [7]. Therefore, it is better to use deterministic rounding schemes as
opposed to stochastic ones. Stochastic rounding is normally unbiased (Appendix A), how-
ever, due to non-linearity of the loss and activation functions it still introduces bias in the
forward passes as well, worsening the quantization error [7].

Quantization The quantization algorithm is straightforward. It takes the tensor to be
quantized A, the value range for the quantized array Qu & Ql , and two hyperparameters
c1 & c2 as inputs. It outputs the quantized array QA and a scaling factor.
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We first compute the scaling factor according to the following equations

clip = c1 ×
√

E(A2)− c2 × (E(|A|)) (3.1)

scale = 2× clip
Qu −Ql

(3.2)

where E(|A|) & E(A2) denote the first and second moments of tensor A. Algorithm 1 shows
the pseudocode for SIMD implementation of the scale.

Algorithm 1 Algorithm to compute SAWB scale
Input: A, Qu, Ql , c1, c2
Output: scale

1: vacc sq mean← vbcast(0)
2: vacc abs mean← vbcast(0)
3: N ← n
4: for i← 0 to size(A)− 15 with i += 16 do
5: valA ← vload(A)i
6: val absA ← vand(valA, vbroadcast(0x7FFFFFFFU))
7: vacc sq mean← vfmadd(valA, valA, vacc sq mean)
8: vacc abs mean← vadd(val absA, vacc abs mean)
9: end for

10: acc sq mean← vhadd(vacc sq mean)/size(A)
11: acc abs mean← vhadd(vacc abs mean)/size(A)
12: clip← c1 ×

√
acc sq mean− c2 × (acc abs mean)

13: scale← 2× clip
Qu−Ql

14: return scale

SAWB is a quantization technique originally designed to quantize the weights in neural
networks. During the computation of the scale, it uses the first moment E(|A|) of the input
A to obtain a representative value of the input. It uses the second moment E(A2) of the
input to capture the shape of the distribution of the input [9]. The shapes of the distribution
for weights change during the training process when the backward pass happens. We want
to find a scale that minimizes the quantization error for a large variety of distributions in
order to account for the change in weight distributions during training. In [9], the authors
consider six distributions: Gaussian, uniform, Laplace, logistic, triangle, and von Mises.
They plot

√
E(A2)/E(|A|) against scale/E(|A|) using the six distributions and compute

the linear regression of the optimal scales for these distributions to compute the coefficients
c1 & c2.

After computing the scale, we use it to compute the quantized output QA. The values are
quantized according to the formula:

QA = RDN(min(max(Ql ,
A

scale
), Qu)), (3.3)

where we ensure the quantized values are within the range [Ql , Qu] and they are determin-
istically rounded to the nearest integer. By choosing Ql & Qu accordingly, we can control
how many bits are needed for the quantized integers. As we implement 8-bit quantization
techniques, we choose Ql to be -128 & Qu to be 127.

Algorithm 2 shows the pseudocode for the full SAWB quantization process. We compute
the quantized output in two passes. The first pass computes the scale. The second pass
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quantizes the input using the scale. We assume the input tensor is contiguous and ad-
dressed by a 1D pointer. The quantization loop is unrolled once to iterate over 32 consec-
utive elements of A since our packing algorithm packs 32 unpacked integers. To quantize
input, we first compute the reciprocal of the scale and then multiply the input with the re-
ciprocal. This is because multiplication operation is more efficient than division operation.
Then we clip the resulting number, so it is in the interval [Ql , Qu]. Finally, we round the
values to the nearest integer.

Algorithm 2 SAWB Quantization
Input: A, Qu, Ql , c1, c2
Output: QA

1: scale← compute scale(A, Qu, Ql , c1, c2)
2: vrcp scale← vbcast(1.0/scale)
3: vlower bound← vbcast(Ql)
4: vupper bound← vbcast(Qu)
5: for i← 0 to size(A)− 31 with i += 32 do
6: val fA0 ← vload(A)i
7: val fA1 ← vload(A)i+16
8: val fA0 ← vmul(val fA0, vrcp scale)
9: val fA1 ← vmul(val fA1, vrcp scale)

10: val fA0 ← vmin(vmax(val fA0, vlower bound), vupper bound)
11: val fA1 ← vmin(vmax(val fA1, vlower bound), vupper bound)
12: val iA0 ← vcvtps epi32(val fA0)
13: val iA1 ← vcvtps epi32(val fA1)
14: vpacked← pack32(val iA0, val iA1)
15: vstore(QAi, vpacked)
16: end for
17: return QA

Dequantization Dequantization is the inverse of the quantization process. Therefore, in
order to recover the dequantized array Adq, the approximation to the original input, we
reverse our operations from the quantization process. The dequantization formula for the
ith element of the quantized tensor is as follows:

Adq[i] = scale×QA[i], (3.4)

We simply multiply the quantized value with the scale. However, in order to get to that
stage, we first need to do some preprocessing. Algorithm 3 shows the pseudocode for
dequantizing 32 elements in QA.

We first unpack the quantized integers. Next, we convert them into floating-point numbers.
Finally, we multiply the unpacked floats with the scale to obtain the dequantized values.

3.1.3 Dithered Quantization

Dithered quantization, also known as non-subtractive dithered quantization, is the second
of the two quantization techniques we implemented for our library. Unlike SAWB quanti-
zation, dithered quantization is a stochastic quantization technique. It can be shown that
unbiased stochastic quantization functions can be used to compute unbiased estimators of
the actual gradients which helps us reduce quantization error (Appendix A). Therefore, we
use dithered quantization to quantize gradients in the backpropagation algorithm.
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Algorithm 3 SAWB Dequantization
Input: A, i, vscale

1: q vvals← vload(A)i
2: unpacked 0, unpacked 1, unpacked 2, unpacked 3← unpack32(q vvals)
3: u q vals 0← vcvtepi32 ps(unpacked 0)
4: u q vals 1← vcvtepi32 ps(unpacked 1)
5: u q vals 2← vcvtepi32 ps(unpacked 2)
6: u q vals 3← vcvtepi32 ps(unpacked 3)
7: dq vals 0← vmul(vscale, u q vals 0)
8: dq vals 1← vmul(vscale, u q vals 1)
9: dq vals 2← vmul(vscale, u q vals 2)

10: dq vals 3← vmul(vscale, u q vals 3)

Dithered quantization was originally designed as a floating point quantization technique,
meaning that, unlike SAWB, it outputs low bit-width floating point numbers after the quan-
tization process. As we have mentioned previously, there is no standard or widespread
hardware support for floating point numbers with less than 16 bits [27]. Since our library
implements INT8 quantization kernels, we had to adjust our dithered quantization im-
plementation to account for that limitation. The definition for the dithered quantization
function is defined in [65] as

QA = Q∆(A + v),

= ∆
⌊

A + v
∆

+
1
2

⌋
.

(3.5)

Here, A ∈ R is our input and v ∼ U(−∆
2 , ∆

2 ) is uniform noise in the open interval (−∆
2 , ∆

2 ).
∆ is the scaling factor. Since, we implement INT8 quantization functions, in our implemen-
tation, the floor function is part of the quantization function. Multiplying the floored value
with the scaling factor results in dequantizing the quantized tensors. We clip the floored
value to ensure the quantized values fit in 8-bit integers. In the original paper, the authors
choose ∆ = sσ where s ∈ R is the scaling factor and σ is the standard deviation, so, we
choose ∆ to be equal to that too.

Random Number Generation. Before we move on to the quantization and the dequanti-
zation processes, we first want to discuss the random number generation process in our
library. Random number generation is pivotal to achieving good accuracy as it enables us
to implement unbiased quantization functions.

Our library initially used PyTorch to generate uniform random noise, however, in order to
achieve better performance, we later switched to AVX512 implementation of xorshift128+
[38]. As the name might imply, xorshift128+ is a random number generator (RNG) in
the family of XORShift RNGs [43]. It generates sequences of 128 bit random numbers. It
doesn’t have very strong statistical properties, however, it is easy to parallelize.

The algorithm is simple. We start with a 128-bit randomly generated seed split into two
64-bit variables (uint64 t). Since we want to fill 512-bit vectors, we initialize two uint64 t
vectors of size 8. Each element in the vector is initialized to be 264 next() calls apart in order
to avoid overlapping randomly generated segments in the 512-bit arrays. We use a special
jump function to compute 264 steps ahead.

Algorithm 4 shows the implementation of next(). We use a vectorized version of algorithm
4 and previous value of the random numbers to generate new random values.
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3.1. Quantization Kernels

Algorithm 4 Xorshift128+ Generate Next Random Value
Input: seed 0, seed 1
Output: rnd 0, rnd 1

1: tmp seed 1← seed 0
2: tmp seed 0← seed 1
3: rnd 0← tmp seed 0
4: tmp seed 1← tmp seed 1⊕ (tmp seed 1� 23)
5: rnd 1← tmp seed 1⊕ tmp seed 0⊕

(tmp seed 1� 18)⊕ (tmp seed 0� 5)
6: return rnd 0, rnd 1

Instead of calling the next() function 264 times, we efficiently compute the non-overlapping
random segments using algorithm 5. As you can see, only 128 calls to next() is sufficient.

Algorithm 5 Jump Algorithm
Input: seed 0, seed 1
Output: out 0, out 1

1: JUMP[2]← {0x8a5cd789635d2d f f , 0x121 f d2155c472 f 96}
2: out 0← 0
3: out 1← 0
4: for i← 0 to (sizeof(JUMP)/sizeof(∗JUMP)) with i++ do
5: for b← 0 to 64 with b++ do
6: if JUMP[i]&1ULL� b then
7: out 0← out 0⊕ seed 0
8: out 1← out 1⊕ seed 1
9: end if

10: seed 0, seed 1← next(seed 0, seed 1)
11: end for
12: end for
13: return out 0, out 1

Finally, algorithm 6 shows how we initialize the initial state for AVX512 vectors using the
jump algorithm.

Algorithm 6 Xorshift128+ Init Algorithm
Input: seed 0, seed 1
Output: key 0, key 1

1: S0[8]← {seed 0}
2: S1[8]← {seed 1}
3: for i← 1 to 8 with i++ do
4: S0[i + 1], S1[i + 1]← jump(∗(S0 + i), ∗(S1 + i))
5: end for
6: vstore(S0, key 0)
7: vstore(S1, key 1)
8: return key 0, key 1

As mentioned before, while xorshift128+ RNG is not statistically robust, i.e. it fails statis-
tical tests such as Big Crush [37], we found that training accuracy did not degrade with
respect to PyTorch’s RNGs while increasing performance, which was sufficient enough to
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3.1. Quantization Kernels

justify our choice.

Quantization To quantize input tensors, we first compute the quantization scale similarly
to SAWB quantization. Recall that our quantization scale ∆ = sσ requires two values.
The first one is s ∈ R, the scaling factor. The second one is the standard deviation. The
scaling factor is a hyperparameter chosen by us. Unlike SAWB, dithered quantization does
not have a deterministic way of specifying the quantization intervals, that is, we can not
precisely control the number of bits the quantized integers will have without clipping. We
observed that, as s becomes smaller, the range of the quantization interval increases, which
makes sense as s is part of the denominator in equation 3.5. However, as the range grows
it will eventually not fit in 8-bit integers. We found that using s = 0.5 increased the bit
width the most while minimizing clipped values during training, thus achieving lower
quantization error.

The naive way of computing the standard deviation requires us to pass over the data twice,
increasing the data transfers from memory and thus lowering the benefits of quantization.
To compute the standard deviation efficiently we rearrange the formula as

σ =

√
1
N
×∑(xi − µ)2 =

√
∑(xi)2

N
− µ2. (3.6)

After this rearrangement, it is easy to see that we can compute the standard deviation in
a single pass by computing the sum of squares and the mean of the input. Algorithm 7
shows the AVX implementation of the computations for the quantization scale.

Algorithm 7 Compute Dithered Quantization Scale Algorithm
Input: A, scaling f actor
Output: scale

1: v acc sq sum← vbcast(0)
2: v acc mean← vbcast(0)
3: for i← 0 to size(A) - 15 with i += 16 do
4: val vec← vload(A)i
5: v acc sq sum← vfmadd(val vec, val vec, v acc sq sum)
6: v acc mean← vadd(val vec, v acc mean)
7: end for
8: sq sum← vhadd(v acc sq sum)
9: mean← vhadd(v acc mean)/size(A)

10: scale← scaling f actor×
√
(sq sum/size(A))−mean2

11: return scale

After computing the scale, we can easily quantize the values using the scale and the random
noise we generate through the xorshift128+ RNG. We can quantize the input as state in
equation 3.5. Algorithm 8 shows the SIMD implementation of the dithered quantization
process. We first generate the scale using algorithm 7. Then, for each input vector, we
create random noise using the vectorized version of algorithm 4. We add the random noise
to input vectors to ensure the unbiasedness of quantized gradients. We divide this value
by the scale and add a constant of 0.5. Finally, we take the floor of the quantized value to
convert the values into 8-bit integers and pack them.

Dequantization The dequantization process in dithered quantization is identical to the
dequantization process in SAWB quantization. For dequantization, the only information
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Algorithm 8 Dithered Quantization
Input: A, scaling f actor, seed 0, seed 1
Output: QA

1: scale← computeScale(A, scaling f actor)
2: vrcpscale← vbcast(1.0/scale)
3: for i← 0 to size(A)− 31 with i+ = 32 do
4: val fA0 ← vload(A)i
5: val fA1 ← vload(A)i+16
6: rnd xor0 ← next rnd(seed 0, seed 1) . Compute random noise
7: rnd i80 ← vand(rnd xor0, vbroadcast(0x7 f 7 f 7 f 7 f ))
8: rnd i81 ← vslli(rnd i80, 8)
9: rnd f 80 ← vcvtepi32 ps(rnd i80)

10: rnd f 81 ← vcvtepi32 ps(rnd i81)
11: rnd scaled0 ← vfmsub(rnd f 80, vbcast(2−31), vbcast(0.5)) . Rescale
12: rnd scaled1 ← vfmsub(rnd f 81, vbcast(2−31), vbcast(0.5))
13: val fA0 ← vfmadd(vscale, rnd scaled0, val fA0) . Add random noise
14: val fA1 ← vfmadd(vscale, rnd scaled1, val fA1)
15: val fA0 ← vfmadd(val fA0, vrcpscale, vbcast(0.5))
16: val fA1 ← vfmadd(val fA1, vrcpscale, vbcast(0.5))
17: val iA0 ← vcvtps epi32(vfloor(val fA0))
18: val iA1 ← vcvtps epi32(vfloor(val fA1))
19: vpacked← pack32(val iA0, val iA1)
20: vstore(QAi, vpacked)
21: end for
22: return QA

we need is the scale ∆ we computed during quantization. To dequantize, we backtrack our
computations during quantization by first unpacking the packed 8-bit integers, then multi-
plying the unpacked 32-bit integers with the scale. After that, we can store the dequantized
values in floating point tensors.

3.1.4 Quantization Granularity

Quantization granularity refers to breaking down the quantization input into smaller sub-
sets and quantizing the subsets separately. The idea is to reduce the quantization noise by
introducing an increased number of quantization scales. These scales are more representa-
tive of the subset they belong to. Ideally, in the worst-case scenario, the overall quantization
noise is no worse than the case where there is only a single group.

In our library, we only use a single group. We haven’t noticed any meaningful accuracy
gain during training when we introduced grouping. Moreover, the quantization techniques
we use have special edge cases where grouping becomes complicated. For example, when
all the elements in the group have the same value, dithered quantization fails because the
scale becomes zero. However, addressing these types of edge cases introduced performance
overhead, so, we decided not to use multiple groups.

3.2 Sparse Propagation Kernels

In this section, we discuss the sparse representation of weights in the linear and convolu-
tional layers of sparse neural networks. Furthermore, we describe fast vectorized imple-
mentations of the forward and backward passes of these layers for quantized activations,
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a 0 0 0
0 b 0 0
c 0 d 0
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 −→
Wrow : 0 1 2 4 7

Wcol : 0 1 0 2 0 2 3

Wval : a b c d e f g

Figure 3.3: CSR representation of a sparse matrix

gradients, and sparse weights. Our representations and algorithms are intended to exploit
the unstructured sparsity of models to achieve performance improvements and reduce
training time. Most of the work in this section builds on top of [47] to speed up model
training by quantizing sparse models.

3.2.1 Sparse Data Model for Linear Layers

Our library uses the compressed sparse row (CSR) format to represent sparse weights W
in linear layers. Sparse representation uses three arrays, Wrow, Wcol , Wval to hold all of the
nonzero values. Wval stores the nonzero values in the matrix. Wcol stores the corresponding
column of the nonzero value. Wrow has number of rows + 1 entries. It encodes the starting
position of the i-th row in the Wcol and Wval arrays. In our implementation we use a third-
party library, SciPy [61], to convert sparse matrices into CSR format. Fig. 3.3 shows an
example of the CSR format of a sparse matrix.

3.2.2 Sparse Data Model for Convolutional Layers

In section 2.3 we discussed a variety of sparse formats for multi-dimensional tensors. To
represent sparse weights in convolutional layers, we use a representation similar to CSR,
introduced in [47]. For this layer, we maintain 5 arrays, Woc, Wic, Wx, Wy & Wval . Wval holds
the quantized, non-zero values of the sparse convolutional weights. Similar to Wcol in linear
layers, Wx and Wy hold the exact position of the weight in its respective filter. Woc & Wic
are analogous to Wrow in sparse matrices. Woc has (no. of output channels + 1) elements.
Woc encodes the starting position of the ith output channel in Wic array. Wic has ((no. of
input channels + 1) × no. of output channels) elements. Wic together with Woc encodes the
start of a specific channel in the Wx, Wy & Wval arrays using the following equation:

start index inclusive = Woc[oc] + Wic[(IC + 1) ∗ oc + ic]
end index exclusive = Woc[oc] + Wic[(IC + 1) ∗ oc + ic + 1]

(3.7)

Fig. 3.4 shows an example of the CSR-like format for sparse convolutional weights.

3.2.3 Linear Forward Propagation

The forward pass of fully connected layers is a general matrix-matrix multiplication (GeMM)
algorithm. Let QA be the quantized activation tensor with scale sA and QW be the quan-
tized weights with scale sW . Then, the output O of the layer f can be written as follows:

O = f (QA; QW) = sA.sW .QAQW (3.8)

In the dense version, the input QA has dimensions B × M, weights QW have dimensions
M × N and the output O has dimensions B × N where B is the batch size.
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Figure 3.4: CSR-like representation of sparse weights in convolutional layers. Dense weight has the dimensions
(OC, IC, X, Y) = (3, 2, 2, 3). Dots represent zeros. The figure is inspired by figures in [47].

Since the quantized weights are also sparse, we use the CSR representation introduced in
subsection 3.2.1 to compute the layer output. Thus, we implement Sparse Matrix-Matrix
Multiplication to compute equation 3.8 in algorithm 9. In the innermost loop, we iterate
over dimension B of input to ensure we can use vectorized instructions even when the
width of the network is small or sparsity is very high. However, this requires us to use
relatively large batch sizes of 64 or more. Before we call the forward algorithm, we take the
transpose of the activation to have streaming access over the elements of QA.

Algorithm 9 Quantized Sparse Forward Algorithm for Linear Layers
1: for i← 0 to N with i++ do
2: for j←W idx N[i] to W idx N[i + 1] with j++ do
3: w mul qa scale vec← vbroadcast(Wval [j] ∗ sW ∗ sA)
4: for b← 0 to B - 63 with b += 64 do
5: o0 ← vload(O + i ∗ B + b)
6: ... . Repeat for the next 48 elements
7: qap ← vload(QA + W idx M[j] ∗ B + b)
8: qaup0, qaup1, qxup2, qaup3 ← unpack64(qap)
9: a0 ← vcvtepi32 ps(qaup0)

10: ... . Repeat for the next 48 elements
11: o0 ← vfmadd(w mul qa scale vec, a0, o0)
12: ... . Repeat for the next 48 elements
13: vstore(O, o0)
14: ... . Repeat for the next 48 elements
15: end for
16: end for
17: end for

3.2.4 Linear Backward Propagation

During the backpropagation of fully connected layers, we need to compute two gradients:
∂L/∂A and ∂L/∂W where L is the loss, A is the activation and W is the weight.

Computation of these gradients is shown through the equations 3.9:

23



3.2. Sparse Propagation Kernels

∂L
∂A

= so.sw
∂L
∂O

QT
W ,

∂L
∂W

= sa.soQT
A

∂L
∂O

.
(3.9)

All of the tensors in the right-hand side are quantized inputs and sa, so, sw are their cor-
responding scaling factors. ∂L

∂O is the quantized output gradient from the next layer. As
the weights are sparse, the first equation represents a Sparse Matrix-Matrix multiplication,
whereas the second one represents a Sampled Dense-Dense Matrix Multiplication. Simi-
lar to the forward algorithm, we use the transpose of the input tensors QA & ∂L

∂O to have
streaming access over the activation, gradient output, and gradient input tensors.

Algorithm 10 Quantized Sparse Backward Algorithm for Linear Layers
1: for i← 0 to N with i++ do
2: for j←W idx N[i] to W idx N[i + 1] with j++ do
3: w mul O scale vec← vbroadcast(Wval [j] ∗ sw ∗ so)
4: a mul O scale vec← vbroadcast(sa ∗ so)
5: acc v← vbroadcast(0)
6: for b← 0 to B - 63 with b += 64 do
7: da0 ← vload(dLdA + W idx M[j] ∗ B + b)
8: ... . Repeat for the next 48 elements
9: qap0 ← vload(QA + W idx M[j] ∗ B + b)

10: qdop0 ← vload(dLdO + i ∗ B + b)
11: qdoup0, qdoup1, qdoup2, qdoup3 ← unpack64(qdop0)
12: do0 ← vcvtepi32 ps(qdoup0)
13: ... . Repeat for the next 48 elements
14: s0 ← vfmadd(w mul O scale vec, do0, da0)
15: ... . Repeat for the next 48 elements
16: acc v← vdpbusdepi32(acc v, qap0, qdop0)
17: vstore(dLdA + W idx M[j] ∗ B + b, s0)
18: ... . Repeat for the next 48 elements
19: end for
20: dLdW val[j]← vhadd(vmul(a mul O scale vec, vcvtepi32 ps(acc v)))
21: end for
22: end for

In the inner loop, we use the AVX512 VNNI instruction set to efficiently compute weight
gradient updates using quantized, packed integer values of the activations and the output
gradients. The vdpbusdepi32(src, a, b) instruction computes the value

dst[i] = src[i] + a.byte[4 ∗ i] ∗ b.byte[4 ∗ i]
+a.byte[4 ∗ i + 1] ∗ b.byte[4 ∗ i + 1]
+a.byte[4 ∗ i + 2] ∗ b.byte[4 ∗ i + 2]
+a.byte[4 ∗ i + 3] ∗ b.byte[4 ∗ i + 3].

(3.10)

While it is efficient to use this instruction as it operates on 8-bit integer values, it is not
very straightforward to use because of its limitations. The instruction assumes a is an
unsigned vector. Therefore, we need to do some preprocessing in algorithm 10 before we
can use it. First, we extract the signs of the elements of both a and b. Then, we compute
the signs of the elementwise multiplication, take the absolute value of a and elementwise
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Convolution Dimension Definitions
IC Input Channel Count
OC Output Channel Count
K Kernel Size
M Input Width
N Input Height

OM Output Width
ON Output Height

B Batch Size

Table 3.1: Symbols used to denote the dimensions of tensors in convolutional layers.

multiply the extracted signs with b. Alternatively, we could have used multiple fused
multiply-add instructions instead and reduced them to a single vector. However, combined
with unpacking and converting the quantized values into floats, using fused multiply-add
operations become more expensive.

3.2.5 Convolutional Forward Propagation

For the forward algorithm of sparse convolutional layers, we implement a Sparse Tensor-
Tensor convolution operation. Table 3.1 defines the symbols used to define the dimensions
of tensors in the convolutional layers.

Input tensor A has dimensions B × IC × M × N and the weight W has the dimensions
OC× IC× K× K. Output O of convolution has dimensions B×OC×OM×ON. Output
dimensions OM and ON can be written as

OM =

⌈
M + 2 ∗ padding− K + 1

stride

⌉
,

ON =

⌈
N + 2 ∗ padding− K + 1

stride

⌉
.

(3.11)

Here, padding denotes the size of the zero pads around the input and stride denotes the
number of rows and columns skipped per slide.

For all b ∈ [0, B), oc ∈ [0, OC), p ∈ [0, OM) & q ∈ [0, ON) the output tensor O becomes

O[b, oc, p, q] =
IC−1

∑
ic=0

K−1

∑
i=0

K−1

∑
j=0

sW .sA.QW [oc, ic, i, j]

.QA[b, ic, p + i ∗ stride, q + j ∗ stride].

(3.12)

Algorithm 11 shows our implementation of quantized, sparse forward pass for convolu-
tional layers. Since weights are sparse, we can skip computations where QW [oc, ic, i, j] are
pruned which is what we do in our sparse convolution implementation. In our library we
only support convolutional layers where stride is equal to either 1 or 2. For simplicity, we
have shown the algorithm where stride is equal to 1. However, we can easily extend this
algorithm to stride 2 by properly computing the bounds for p and q dimensions for O &
QA tensors and incrementing the p and q indices of QA by 2 instead of 1.

The forward algorithm for convolutional layers is similar to the forward algorithm for fully
connected layers introduced in subsection 3.2.3. To enable the use of SIMD instructions,
again we placed the batch dimension B in the last position. However, as inputs and weights
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for convolutional layers can’t be transposed as in fully connected layers, we permute the
input tensors such that their shapes become (IC, M, N, B).

Algorithm 11 Quantized Sparse Forward Algorithm for Conv. Layers
1: for oc← 0 to OC with oc++ do
2: for ic← 0 to IC with ic++ do
3: ic start←W idx OC[oc] + W idx IC[(IC + 1) ∗ oc + ic]
4: ic end←W idx OC[oc] + W idx IC[(IC + 1) ∗ oc + ic + 1]
5: for si← ic start to ic end with si++ do
6: w mul a scale vec← vbroadcast(Wval [si] ∗ sa ∗ sw)
7: ps ← max(padding−Wx[si], 0)
8: pe ← min(padding−Wx[si] + M, OM)
9: qs ← max(padding−Wy[si], 0)

10: qe ← min(padding−Wy[si] + N, ON)
11: for p← ps to pe with p++ do
12: for q← qs to qe with q++ do
13: for b← 0 to B - 63 with b+=64 do
14: o0 ← vload(O)b,oc,p,q
15: ... . Repeat for the next 48 elements
16: qap ← vload(QA)b,ic,p,q
17: qaup0, qaup1, qaup2, qaup3 ← unpack64(qap)
18: a0 ← cvtepi32 ps(qaup0)
19: ... . Repeat for the next 48 elements
20: s0 ← vfmadd(w mul a scale vec, a0)
21: vstore(O, s0)b,oc,p,q
22: ... . Repeat for the next 48 elements
23: end for
24: end for
25: end for
26: end for
27: end for
28: end for

3.2.6 Convolutional Backward Propagation

During the backward pass of dense convolutional layers, we compute the quantized dense
partial gradients ∂L/∂A and ∂L/∂W as shown in equation 3.13. For simplicity, we only
consider the case where padding equals 0 but in our implementation we generalize the
equations to any padding.

The equations are valid for the following constraints: ∀b ∈ [0, B), ∀oc ∈ [0, OC), ∀ic ∈
[0, IC), ∀m ∈ [0, M), ∀n ∈ [0, N), ∀i ∈ [0, K) & ∀j ∈ [0, K)

∂L
∂A

[b, ic, m, n] =
OC−1

∑
oc=0

m

∑
p=ps

n

∑
q=qs

sO.sW
∂L
∂O

[b, oc, p, q]

.QW [oc, ic, m− p, n− q],

∂L
∂W

[oc, ic, i, j] =
B−1

∑
b=0

M−K

∑
p=0

N−K

∑
q=0

sO.sA
∂L
∂O

[b, oc, p, q]

.QA[b, ic, p + i ∗ stride, q + j ∗ stride].

(3.13)
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Similar to forward pass, since weight QW is sparse, we can skip the computations of gra-
dients where QW [oc, ic, m− p, n− q] and QW [oc, ic, i, j] are pruned for ∂L/∂A and ∂L/∂W
respectively.

Algorithm 12 shows our implementation of the quantized sparse backward pass for convo-
lutional layers. The loop structure is similar to Algorithm 11 whereas the actual computa-
tions are almost identical to Algorithm 10.

Algorithm 12 Quantized Sparse Backward Algorithm for Conv. Layers
1: for ic← 0 to IC with ic++ do
2: for oc← 0 to OC with oc++ do
3: ic start←W idx OC[oc] + W idx IC[(IC + 1) ∗ oc + ic]
4: ic end←W idx OC[oc] + W idx IC[(IC + 1) ∗ oc + ic + 1]
5: for si← ic start to ic end with si++ do
6: w mul O scale vec← vbroadcast(Wval [si] ∗ sW ∗ sO)
7: a mul O scale vec← vbroadcast(sA ∗ sO))
8: acc v← vbroadcast(0)
9: ps ← max(padding−Wx[si], 0)

10: pe ← min(padding−Wx[si] + M, OM)
11: qs ← max(padding−Wy[si], 0)
12: qe ← min(padding−Wy[si] + N, ON)
13: for p← ps to pe with p++ do
14: for q← qs to qe with q++ do
15: dap ← vload(dLdA)ic,p,q,k
16: ... . Repeat for the next 48 elements
17: qdop ← vload(dLdO)oc,p,q,k
18: qap ← vload(QA)ic,p,q,k
19: qdoup0, qdoup1, qdoup2, qdoup3 ← unpack64(qdop)
20: do0 ← vcvtepi32 ps(qdoup0)
21: ... . Repeat for the next 48 elements
22: s0 ← vfmadd(w mul O scale vec, do0, dap)
23: ... . Repeat for the next 48 elements
24: acc v← vdpbusdepi32(acc v, qap, qdop)
25: vstore(dLdA, s0)ic,p,q,k
26: end for
27: end for
28: dLdW val[j]← vhadd(vmul(a mul O scale vec, vcvtepi32 ps(acc v)))
29: end for
30: end for
31: end for

For better performance, we again permute the batch layer to be in the final index and
use AVX512 VNNI instructions to efficiently compute weight gradients. The preprocessing
required to correctly compute accumulated dLdW val[j] value is identical to the preprocess-
ing in subsection 3.2.4.

3.3 Multi-threaded Implementation

In sections 3.1 and 3.2 we have discussed the SIMD implementations of quantization func-
tions as well as forward and backward algorithms for fully connected and convolutional
layers. In order to further improve the performance we have implemented multi-threaded
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versions of each kernel we have discussed so far. For completeness, in this chapter we will
briefly discuss the multi-threaded implementations of our kernels.

3.3.1 Multi-threaded Quantization Kernels

Both the SAWB and Dithered quantization kernels have similar structure. In both of the
kernels, we first compute the quantization scales according to algorithms 1 and 7 for SAWB
and Dithered quantization respectively.

It is straightforward to see that both scale computation algorithms are embarrassingly par-
allel. We simply need to divide the loops across different threads and accumulate the
results in different variables, one variable per thread.

To avoid repetition we will only show the parallel implementation of SAWB algorithms,
however, it is straightforward to extend this to Dithered quantization algorithms as well.

Algorithm 13 displays the parallel version of algorithm 1. We have two new major steps.
The first one is creating one accumulator per thread for each of the accumulator variables.
The second step is reducing these accumulators into a single variable. The rest of the
algorithm works exactly the same. The only caveat is, the scale computation loop is split
amongst the available threads.

Algorithm 13 Multi-threaded Scale Computation for SAWB Quantization
1: vacc sq mean← array[thread count]
2: vacc abs mean← array[thread count]
3: for i← 0 to thread count with i ++ do . Step 1
4: vacc sq mean[i]← vbroadcast(0)
5: vacc abs mean[i]← vbroadcast(0)
6: end for
7: #parallel for
8: for i← 0 to size(A)− 16 with i+ = 16 do
9: tid← get thread id()

10: valA ← vload(A)i
11: val absA ← vand(valA, vbroadcast(0x7FFFFFFFU))
12: vacc sq mean[tid]← vfmadd(valA, valA, vacc sq mean[tid])
13: vacc abs mean[tid]← vadd(val absA, vacc abs mean[tid])
14: end for
15: acc sq mean vec← vbroadcast(0)
16: acc abs mean vec← vbroadcast(0)
17: for thread← 0 to thread count with thread ++ do . Step 2
18: acc sq mean vec← vadd(acc sq mean vec, vacc sq mean[thread])
19: acc abs mean vec← vadd(acc abs mean vec, vacc abs mean[thread])
20: end for

Multi-threaded implementation of quantization is even more straightforward than comput-
ing the scale. Quantization functions for both SAWB and Dithered quantization are also
embarrassingly parallel. Splitting loop iterations between threads is enough to compute
the quantized values efficiently.

The multi-threaded Dithered quantization algorithm slightly deviates from single-threaded
implementation. Remember we mentioned that Dithered quantization is a stochastic quan-
tization method. In order to generate random numbers for the noise, we initialized two
AVX512 vectors of seeds and then used these seeds to create a sequence of vectorized ran-
dom numbers. In order to avoid race conditions and contention on the seeds we need to
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use a similar idea to what we have done in algorithm 13. Each thread needs its own pair
of randomized AVX512 seed pairs. Algorithm 14 shows how we initialize the seeds using
algorithm 6.

Algorithm 14 Multi-threaded Xorshift128+ Init Algorithm
1: avx512 random key1 perthread← array(thread count)
2: avx512 random key2 perthread← array(thread count)
3: for thread← 0 to thread count with thread++ do
4: avx512 random key1 perthread[i], avx512 random key2 perthread[i]←
5: avx512 xorshift128plus init(
6: get random uint64(),
7: get random uint64()
8: )
9: end for

We then use these seeds to create unique sequences of random values in the multi-threaded
version of algorithm 8. As quantization functions are also embarrassingly parallel, all of
the algorithm except random number generation in dithered quantization stays the same.
Algorithm 15 shows the modified parts of algorithm 8.

Algorithm 15 Multi-threaded Dithered Quantization
1: ...
2: #parallel for
3: for i← 0 to size(A)− 31 with i+ = 32 do
4: ...
5: tid← get thread id()
6: rnd xor0 ← next rnd( . Compute random noise
7: avx512 random key1 perthread[tid],
8: avx512 random key2 perthread[tid]
9: )

10: ...
11: end for
12: ...

3.3.2 Multi-threaded Propagation Kernels

As we have mentioned before, both the fully connected and convolutional layers have very
similar loop structures because of the sparse representation of the weights. Multi-threaded
implementations of the forward propagation for both of the layers are embarrassingly par-
allel. We simply need to split the outermost loops of algorithms 9 and 11 between the
threads.

Multi-threaded implementations of the backward algorithms require a little more care, how-
ever. Remember, for both algorithms 10 and 12, computing the output gradients is a sparse
tensor- tensor operation whereas computing the weight gradients is a sampled dense-dense
tensor operation because of the sparsity of the weights. The same weight gradients can be
updated through multiple loop iterations, creating a dependency between loops. Therefore,
we need to have accumulators across threads and then reduce them to a single value.

In order to avoid being too repetitive, we will only show the pseudocode for multi-threaded
convolutional backward propagation. However, the rest of the multi- threaded algorithms
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are very similar. Algorithm 16 shows the modified parts of algorithm 12.

Algorithm 16 Multi-threaded Backward Algorithm for Conv. Layers
1: #parallel for reduction(+:dLdW val[nnz]) . Elementwise reduction
2: for ic← 0 to IC with ic++ do
3: for oc← 0 to OC with oc++ do
4: ...
5: for si← ic start to ic end with si++ do
6: ...
7: for p← ps to pe with p++ do
8: for q← qs to qe with q++ do
9: ...

10: end for
11: end for
12: dLdW val[j]← vhadd(...) . One copy per thread
13: end for
14: end for
15: end for

Each thread has its own copy of sparse weights dLdW val which are reduced into a single
array when we exit the parallel section. The reduction function is summation.
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Chapter 4

Evaluation

In this chapter, we evaluate the performance of the kernels described in chapter 3. We eval-
uate our kernels on three axes; finetuning accuracy, speed, and memory. In our evaluation,
we compare our kernels against both the PyTorch and SparseProp [47] implementations.
Before we dive into our evaluation, we introduce the execution environment we used to
finetune models and collect experiment measurements.

The correctness of our implementations has been tested by comparing the outputs of quan-
tized, sparse kernels against the outputs of dense linear and convolutional modules in
PyTorch. To compute quantization error, we compute the mean-squared error (MSE) with
respect to dense layer outputs and divide MSE by the square of two-norm of the dense
outputs:

error =
1
N ∑N

i=1(outqi − targeti)
2

||target||22
(4.1)

Experimental Setup. We conducted our experiments using an Intel R© CoreTM i7- 1068NG7
processor, which uses the Icelake architecture. It has a base frequency of 2.3 GHz. The
cache sizes for L1, L2 and L3 caches are 80KiB (32 KiB I + 48 KiB D), 512KiB and 8MiB
(shared), respectively. L1 and L2 caches are 8-way associative, and L3 cache is 16-way as-
sociative. The maximum memory bandwidth is 58.3GB/s [10]. We turn off the Intel Turbo
Boost technology throughout the timing performance experiments. The C++ library is com-
piled using clang version 14.0.3. SIMD implementations of our kernels use AVX512 instruc-
tions. For multi-threaded implementations, we used OpenMP version 16.0.5. The compiler
flags we used are: -std=c++17 -march=icelake-client -mprefer-vector-width=512 -O3

-ffast-math -fno-finite-math-only -Xclang -fopenmp.

The experiment code was written using Python version 3.9.17. To measure the execution
time of forward and backward passes, we use the time module in Python. To track memory
allocations, we use the PyTorch profiler [16] and for memory transfers, we simulate the data
transfers from memory to the L3 cache using counters and hooks we implemented.

PyTorch Modules. Our quantized, sparse kernels are integrated into PyTorch modules to
facilitate their use in our experiments and other applications. We convert our C++ library
into a Python wheel using the Pybind11 library [28]. We use version 2.10.4 for our Pybind11
library.

For our end-to-end experiments, we use pre-trained and sparsified models in SparseZoo
[15] accessible by sparseml library version 1.5.0.
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Figure 4.1: Top-1 validation accuracy of dense and quantized, 90% sparse ResNet50 models pre-trained on the
ImageNet dataset.

4.1 Accuracy

As we have discussed previously, the quantization process introduces noise during dequan-
tization and subsequent computations. On top of that, sparse tensor computations also
introduce some noise. Therefore, in this section, we look into the effects of quantization on
model finetuning accuracy for image classification tasks.

We analyze the accuracy drop during quantized finetuning for 90% uniformly pruned
ResNet50 model. The model is pre-trained on ImageNet dataset. The model is pruned
using AC/DC pruning [51]. The dense torchvision ResNet50 model trained on ImageNet
has 76.15% Top-1 accuracy [17] whereas the dense pruned model has a Top-1 accuracy
of 76.1% [13]. Figure 4.1 shows the finetuning performance of torchvision and quantized
sparse model over five datasets. The models are finetuned for 15 epochs on CPU. The
accuracy drop for the tested datasets is not significant. The average drop is 3.3% and the
maximum drop is 6.1% for CIFAR100 dataset.

While the results in 4.1 are good, they do not paint the full picture. Inherent limitations
of dithered quantization, the quantization scheme we use for gradient computations, have
negative effects for more complex image classification tasks. As we have mentioned in
subsection 3.1.3, Dithered quantization doesn’t have a precise way of specifying the value
range and controlling the bit counts in quantized values. Using a larger scaling factor
reduces the bit count, however, in the process, it increases the sparsity of the quantized
values as well. Increased sparsity has negative effects on accuracy. On the other hand,
smaller scaling factors result in quantized values that are denser and use more bits. If
the quantized values exceed 8-bit bounds, we have to clip them. Clipping these values
introduces more bias as the count of quantized values with more than 8 bits increases. This
prevents convergence in more complicated datasets we have tested like Caltech256 [22] and
Stanford Cars [31].
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Figure 4.2: Runtimes of single-threaded forward and backward propagations of dense, sparse and quantized, sparse
linear modules. Inputs have dimensions (B, M) = (902, 768). The module weights have dimensions (M, N) =
(768, 3072)

4.2 Timing Performance

In this section, we analyze the speed improvement from using quantized, sparse mod-
ules against dense modules implemented in PyTorch and sparse modules implemented in
SparseProp. We split the analysis of our quantized, sparse modules into two parts. In
the first part, we analyze the time it takes to complete forward and backward passes for
individual linear and convolutional modules. In the second part, we analyze the time it
takes to complete the forward and backward passes during finetuning. In order to do that,
we look at a case study of the ResNet50 model.

4.2.1 Module Timing Performance

In this subsection, we analyze the performance of quantized, sparse linear, and convolu-
tional modules against their dense and sparse counterparts. In particular, we measure the
runtime of forward and backward passes as a function of sparsity. We also look into the ef-
fects of multi-threading in the modules. For multi-threaded implementations, all modules
use 8 threads.

Linear layers. We evaluate the performance of the linear layers by using input and weight
tensors with dimensions (B, M) = (902, 768) and (M, N) = (768, 3072) respectively. For
reference, the size of the tensors is larger than the capacity of the L3 cache of our system
when the tensors are dense. In Figure 4.2, we show the runtimes of the single-threaded
linear modules for forward and backward passes. For the forward pass, neither the sparse
nor quantized, sparse module is faster than the dense module when the sparsity is at 80%.
At 80% sparsity, the runtime of the forward pass for the quantized, sparse module is equal
to the runtime of the dense module. The sparse module is around 2x slower. At 99%
sparsity, the sparse and quantized, sparse modules are around 6x faster than the dense
module.

For the backward pass, at 80% sparsity, the dense module is again faster than both of the
sparse modules. The dense module is around 2.4x and 1.5x faster than the sparse and
quantized, sparse modules when sparsity is 80%. Quantized, sparse module catches up to
dense module at around 89% sparsity. Whereas the sparse module catches up to the dense
module at around 94% sparsity. At 99% sparsity, both the sparse and quantized, sparse
modules are around 2.6x faster than the dense modules. Remember that during training,
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Figure 4.3: Runtimes of multi-threaded forward and backward propagations of dense, sparse and quantized, sparse
linear modules. Inputs have dimensions (B, M) = (902, 768). The module weights have dimensions (M, N) =
(768, 3072). Thread number is 8.

before the forward and backward propagations, we requantize the updated weights and
quantize the new activations and gradients. The size of the activations and gradient tensors
stay the same even when the sparsity of the weights increases. In single-threaded imple-
mentations, sparse modules are consistently slower than the quantized, sparse modules. As
the sparsity of the weights increases, the cost of quantization of the activations, gradients,
and weights increases relative to the cost of sparse forward and backward propagations.
Therefore, the runtimes converge.

In Figure 4.3, we show the runtime comparison of the forward and backward passes for
multi-threaded implementations of dense, sparse and quantized, sparse linear modules.
The input and weight dimensions stay the same as in the single-threaded scenario. By
the 80% sparsity mark, sparse and quantized, sparse modules are significantly faster than
the dense module for both the forward and backward propagations. During the forward
pass, at 80% sparsity, the sparse module is around 2x faster than the dense module. For
the quantized, sparse module the speedup is around 3x. At 99% sparsity, both sparse and
quantized, sparse modules are 7.5x faster than the dense module.

For backward passes, the situation is similar. By the 80% sparsity mark, the sparse linear
module is around 1.16x faster, and the quantized, sparse linear module is around 1.4x faster.
At 99% sparsity, both modules are around 3.5x faster than the dense module.

As we mentioned in section 3.3, the quantization functions are embarrassingly parallel.
Therefore, they are easy to parallelize and benefit greatly from multi-threading as it can be
seen from the Figures 4.2 and 4.3. Similar to the single-threaded case, the runtimes of the
sparse and quantized, sparse modules converge as sparsity increases.

Convolutional layers. Similar to linear layers, for convolutional layers we also analyze
both the single-threaded and multi-threaded implementations. Unlike linear layers, we
have two different versions of convolutional layers for sparse and quantized, sparse imple-
mentations. While we were describing the implementations of the convolutional kernels in
subsections 3.2.5 and 3.2.6 we mentioned that the input tensors for the convolutional layers
were permuted such that batch index B was in the last position. In order to analyze the
effects of this decision, we measure the runtimes of sparse and quantized, sparse modules
against their counterparts where the inputs are not permuted. For the sparse modules,
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Figure 4.4: Runtimes of single-threaded forward and backward propagations of dense, sparse and quantized, sparse
convolutional modules. Sparse and quantized, sparse implementations are compared against their counterparts
vectorized over the ON dimension where the inputs are not permuted. Inputs have dimensions (B, IC, M, N) =
(64, 128, 8, 8). The module weights have dimensions (IC, OC, K, K) = (128, 256, 3, 3). Stride is 1. Padding is 0.

we call these counterparts SparseConvOverON and for the quantized, sparse modules, QS-
parseConvOverON. OverON suffix signifies that the non-permuted versions are vectorized
over the dimension ON in the innermost loop. To emphasize the speed differences between
implementations, we use log plots.

For the single-threaded scenario, the input tensors have dimensions (B, IC, M, N) = (64,
128, 8, 8) and the dense weights have dimensions (IC, OC, K, K) = (128, 256, 3, 3). The
forward and backward timing results draw similar pictures to their linear counterparts.
At 80% sparsity, the dense convolutional forward operation is around 2.5x faster than the
sparse module’s forward pass. Quantized, sparse forward pass has the same runtime as
its dense counterpart. Both modules vectorized over ON are significantly slower than the
dense module. Dense module is around 15.5x faster than the sparse module vectorized over
ON for the forward pass at 80% sparsity. This number is slightly better for the quantized,
sparse module where the dense module is around 12x faster. The sparse module breaks
even with the dense module at around 92% sparsity. Sparse and quantized, sparse modules
vectorized over ON only break even when the sparsity is around 99%. At 99% sparsity, both
the sparse and quantized, sparse modules are around 6.6x faster than the dense module.

For the backward pass, at 80% sparsity, no module is faster than the dense module. The
dense module is 3.5x and 1.38x faster than the sparse and quantized, sparse modules re-
spectively. For the modules vectorized over ON, the dense module is around 15.4x and
11.5x faster compared to the sparse and quantized, sparse modules respectively. The sparse
module breaks even with the dense module at 95% sparsity whereas this number is around
87% for the quantized, sparse module. Modules vectorized over ON do not break even with
the dense module until 99% sparsity. At 99% sparsity, speedups are 2.8x for sparse and
quantized, sparse modules.

Similar to linear modules, quantized, sparse implementations are consistently faster than
their sparse counterparts when there is only a single thread. Implementations vectorized
over ON consistently perform poorer than their permuted counterparts. That is because
when the M and N dimensions of the inputs (M = 8, N = 8) are small relative to vector
sizes, it is more unlikely that the vectorized code sections will be executed due to a lack
of contiguous non-zero elements. Therefore, permuting the batch index B into the last
position and iterating over that allows us to use SIMD instructions more efficiently when
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Figure 4.5: Runtimes of multi-threaded forward and backward propagations of dense, sparse and quantized, sparse
convolutional modules. In figures 4.5a and 4.5b inputs have dimensions (B, IC, M, N) = (64, 128, 8, 8), and the
module weights have dimensions (IC, OC, K, K) = (128, 256, 3, 3). In figures 4.5c and 4.5d inputs have dimensions
(B, IC, M, N) = (64, 128, 122, 122) and the module weights have dimensions (IC, OC, K, K) = (128, 256, 3, 3).
Stride is 1. Padding is 0.

B is large enough, i.e. 32, 64 etc.

In the multi-threaded setting, we consider two cases. In the first case, the input size is the
same as in the single-threaded case where input tensors have dimensions (B, IC, M, N) =
(64, 128, 8, 8). In the second case, the input tensors have dimensions (B, IC, M, N) = (64,
128, 122, 122). Weight tensors have the same dimensions as in the single-threaded scenario
where the dimensions are (IC, OC, K, K) = (128, 256, 3, 3) for both cases. We use larger
input tensors to showcase the runtime performance of kernels vectorized over ON. Even
though we only use the permuted kernels in our quantized implementation, sparse and
quantized, sparse implementations vectorized over ON have performance advantages for
large M and N dimensions.

Figures 4.5a and 4.5b show the multi-threaded runtimes of the convolutional kernels when
the input dimensions are (B, IC, M, N) = (64, 128, 8, 8). The results are quite similar to the
single-threaded runtime results in Figures 4.4a and 4.4b as expected. In both the forward
and backward propagations, the quantized, sparse modules are consistently faster than
their sparse counterparts for all sparsities tested. Table 4.1 shows the speedups achieved
against the dense implementations from the sparse and quantized, sparse implementations
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Forward Speedups Backward Speedups

Module
Sparsity

80% 85% 90% 95% 99% 80% 85% 90% 95% 99%

Sparse 1.75x 2.3x 3x 5.25x 10.5x 0.96x 1.2x 1.56x 2.5x 4.15x
Q. Sparse 3.5x 4.2x 5.25x 7x 10.5x 1.9x 2.3x 2.8x 3.1x 4.2x

Sparse over ON 0.26x 0.34x 0.5x 0.91x 3.5x 0.25x 0.3x 0.42x 0.76x 2.1x
Q. Sparse over ON 0.33x 0.43x 0.64x 1.16x 4.2x 0.29x 0.37x 0.52x 0.89x 2.5x

Table 4.1: Speedups for sparse and quantized, sparse convolutional modules with respect to dense PyTorch modules
with input tensor dimensions (B, IC, M, N) = (64, 128, 8, 8)

Forward Speedups Backward Speedups

Module
Sparsity

80% 85% 90% 95% 99% 80% 85% 90% 95% 99%

Sparse 0.61x 0.81x 1.2x 2.3x 8.95x 0.45x 0.59x 0.84x 1.49x 3.91x
Q. Sparse 0.81x 1.1x 1.6x 3x 10.4x 0.7x 0.9x 1.28x 2.1x 4.4x

Sparse over ON 1.05x 1.39x 2.02x 3.82x 13.7x 0.9x 1.16x 1.61x 2.62x 5.52x
Q. Sparse over ON 2.1x 2.7x 3.9x 6.9x 19.5x 1.7x 2.1x 2.73x 3.93x 6.18x

Table 4.2: Speedups for sparse and quantized, sparse convolutional modules with respect to dense PyTorch modules
with input tensor dimensions (B, IC, M, N) = (64, 128, 122, 122)

for various sparsities. Both the sparse and quantized, sparse modules are faster than the
dense module by 80% sparsity mark for both propagations. Even though quantized, sparse
implementation is faster than the sparse implementation at lower sparsities, as sparsity in-
creases the benefits of quantization diminish, and quantization overhead increases. Thus,
at 99% sparsity, the sparse module catches up to the quantized, sparse module for both the
forward and backward propagation. The modules vectorized over ON fail to utilize vec-
torization effectively, therefore, they don’t even match dense PyTorch module until 95%+
sparsity.

Figures 4.5c and 4.5d plot the runtime of the dense, sparse, and quantized, sparse modules
where the input tensor dimensions are (B, IC, M, N) = (64, 128, 122, 122). The figures show
that convolutional kernels vectorized over ON become considerably faster when the M and
N dimensions become larger. Table 4.2 shows the speedups of the sparse and quantized,
sparse modules. We can see that modules vectorized over ON are almost twice as fast
compared to their permuted counterparts when the M and N dimensions grow. Increasing
these two dimensions allows us to use vectorized instructions better while avoiding per-
mutation overheads, leading to significant performance gains. At 99% sparsity, quantized,
sparse implementation vectorized over ON is around 19x and 6x faster than the dense
module for forward and backward propagations respectively. Compared to the sparse
implementation vectorized over ON, the quantized counterpart is around 1.35x and 1.12x
faster for the forward and backward propagations respectively.

4.2.2 End-to-end Timing Performance

In the previous subsection, we focused on the timing performance of individual modules.
While the analysis gives us useful insights with regards to the speedup of quantized, sparse
module with respect to unquantized dense and sparse modules, we will not use these
modules in isolation. In this subsection, we analyze the speedup achieved by the quantized,
sparse kernels in the overall finetuning process. Similar to section 4.1, in order to perform
our analysis, we will focus on the case study of finetuning a ResNet50 model using the
CIFAR-10 dataset [33]. Sparse models are 90% uniformly pruned using AC/DC pruning
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Figure 4.6: Finetuning speedup comparison of sparse and quantized, sparse ResNet50 with respect to the dense
PyTorch model. We consider the speedups achieved during the end-to-end forward and backward passes, the
speedup achieved in processing a minibatch of 64 CIFAR-10 images, and the speedups of forward and backward
passes where we only consider the time spent in the convolutional and linear layers.

[51].

During our end-to-end timing analysis, we focus on five aspects. Figure 4.6 shows the
speedups achieved by the sparse and quantized, sparse ResNet50 during the finetuning
process with respect to the dense PyTorch model. We analyze the speedups of end-to-end
forward and backward passes, the speedup achieved during the processing of a minibatch
of size 64, and the speedup of only convolutional and linear layers during the forward and
backward passes. The end-to-end speedup for forward pass is 1.6x and 1.7x for sparse
and quantized, sparse models. Backward passes achieve slightly better speedups of 2.2x
for sparse models and 2.4x for quantized, sparse models. Minibatch speedups are similar
to end-to-end backward pass with 2.25x for sparse and 2.4x for quantized, sparse mod-
els. For the speedups in only convolutional and linear layers, the sparse model achieves
2.37x speedup whereas the quantized, sparse model achieves 2.66x speedup. For back-
ward pass, this number is around 4x and 4.67x for sparse and quantized, sparse models
respectively. For both the sparse and quantized, sparse model finetuning, the speedups
in convolutional and linear modules are significantly higher than the overall speedups in
end-to-end forward and backward propagations and minibatch processing which indicates
costly overheads outside of the convolutional and linear layers.

In end-to-end setting quantized, sparse model achieves around 1.12x and 1.16x speedup
during the forward and backward passes respectively against the sparse model. This
speedup is more moderate compared to the speedup 90% sparse, quantized module achieved
against the 90% sparse module in subsection 4.2.1. The most likely reason for this modest
speedup is because the weight tensors are smaller in ResNet50 compared to the weights
we used in the previous subsection. This means that the benefits of quantization are less
pronounced because the weights are smaller. We can also see this effect in the previous sub-
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section where the speedup of quantized, sparse modules with respect to sparse modules
decreases as the sparsity of the modules increases.

4.3 Memory Usage

As we mentioned previously, the primary objective of quantization is to decrease the data
transfers in memory bottlenecked programs to achieve performance increases. Therefore,
in this section of our evaluation, we turn our focus to memory operations performed in
our library. We split our analysis into two parts. The first one is analyzing the mem-
ory allocated during the forward and backward passes of the quantized, sparse modules
against dense and sparse modules. Secondly, we analyze the data transferred from mem-
ory to the L3 cache during the finetuning process. For these experiments, the modules are
multi-threaded and use 8 threads.

4.3.1 Memory Allocation

In this subsection, we analyze the amount of memory allocated during the forward and
backward propagations. We further split our analysis into two. First, we measure the
memory allocated in individual linear and convolutional layers. Then we measure the
end-to-end memory allocation in the ResNet50 model. As we mentioned previously in the
experiment setup at the beginning of the chapter, we use the PyTorch profiler to measure
the memory allocation of the modules. It is important to notice that the PyTorch profiler
measures the net memory allocation of code segments. This means that the memory allo-
cation indicates the total memory that still remains allocated when we exit the scope of the
measured code segment.

Module Memory Allocation Figure 4.7 shows the memory allocated during the forward
and backward passes of linear and convolutional modules. We start our analysis by turn-
ing our attention to Figure 4.7a which shows the memory allocated during the forward
and backward propagations of linear layers. The input tensors for linear modules have
dimensions (B, M) = (128, 512). Weights of the linear modules have dimensions (N, M) =
(256, 512). Sparse and quantized, sparse modules are both 90% sparse. The weights of the
quantized module are 8-bit quantized.

During the forward pass of the linear modules, the dense module allocated 16KB, the
sparse module allocated 48KB, and the quantized, sparse module allocated 24KB of space.
Both the sparse and quantized, sparse modules require more space during the linear for-
ward pass. We presume this is because, in order to decrease random memory accesses
during the computations, we take the transpose of the input tensors. To avoid segmen-
tation faults we need to convert transposed tensors into contiguous ones which requires
extra space. We use these tensors in the proceeding computations as well. What is surpris-
ing, however, is the discrepancy between the memory allocations of sparse and quantized,
sparse modules. We allocate extra space to quantize the inputs in the quantized modules
but sparse modules still allocate twice as much space. A potential explanation is that we
save the transposed input tensor for the backward pass which increases the net memory
allocation. In the quantized module, this tensor occupies 75% less space compared to the
sparse module due to quantization.

In the backward pass of linear modules, we have a different situation. The dense module
allocates 96KB, the sparse and quantized, sparse modules allocate 38KB of space. The
memory allocations in the sparse and quantized, sparse modules are identical, therefore, it
is expected that the space allocated is equal. In the backward pass, we allocate space for
the input and weight gradients. Even though, the sparse and quantized, sparse modules
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Figure 4.7: Memory allocations of linear and convolutional modules during the forward and backward passes. The
inputs to linear modules have dimensions (B, M) = (128, 512). Linear weights have dimensions (N, M) = (256,
512). Input tensors to convolutional layers have dimensions (B, IC, M, N) = (64, 128, 8, 8). The convolutional
weights have dimensions (OC, IC, K, K) = (256, 128, 3, 3). Stride is 1. Padding is 0. Sparse modules have 90%
sparsity.

have the same transpose and contiguous space overheads, since the weight tensors are 90%
sparse, they save considerable amounts of space for the weight gradients compared to the
dense module.

Figure 4.7b shows the memory allocated during the forward and backward passes of con-
volutional layers. The input tensors of the convolutional layers have dimensions (B, IC, M,
N) = (64, 128, 8, 8). The convolutional weights have dimensions (OC, IC, K, K) = (256,
128, 3, 3). During the forward pass, the dense module allocates 281KB, sparse and quan-
tized, sparse modules allocate 531KB and 343KB respectively, sparse and quantized, sparse
modules vectorized over ON allocate 281KB and 343KB respectively. The sparse module
allocates the most amount of space because it permutes the input tensor and uses the per-
muted tensor for the subsequent computations. The quantized modules also allocate space
for the permuted input tensors, however, as these modules also quantize the input tensor,
the space allocation is around 64% of the sparse module. The sparse module vectorized
over ON has the same space allocation as the dense module as it doesn’t permute the input
tensors and only allocates space for the output tensor. Since the output tensor is dense
and unquantized, the net memory allocation in the sparse module vectorized over ON is
exactly equal to the space allocation in the dense module.

For the backward pass, the dense module allocates 141KB, and the rest of the modules
allocate 263KB. Similar to linear modules, it makes sense that the sparse modules allocate
the same amount of space as they all need to allocate the same space for the dense in-
put tensor gradients and the sparse weight gradients. What is confusing, however, is that
the dense module allocates significantly less memory during the backpropagation. This is
unexpected and in fact, contradictory to our measurements in the next segment. Weight
gradients of the dense module should occupy 10x more space and therefore, should proba-
bly allocate more space during the backward pass.

End-to-end Memory Allocation Figure 4.8 shows the memory allocated during a single
forward and backward pass of the ResNet50 model. The input to the model has dimensions
(B, IC, M, N) = (64, 3, 32, 32). Similar to the previous segment, the sparse models have
90% sparsity. During the forward pass of convolutional layers, the dense model allocates
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Figure 4.8: Memory allocated during the forward and backward passes of a ResNet50 model. The model has 10
output classes. Input tensors have dimensions (B, IC, M, N) = (64, 3, 32, 32). Sparse models are 90% sparse.

6.92MB, the sparse model allocates 12MB and the quantized, sparse model allocates 8MB
of space. In the backward pass of the convolutional layers the dense, sparse, and quantized,
sparse models allocate 17.73MB, 7.66MB, and 7.66MB respectively. These results look very
similar to the memory allocation results of linear modules in Figure 4.7a instead of the
results of the convolutional modules in Figure 4.7b. Sparse convolutional layers use around
0.4x of the space used in the dense layers during the backward pass, presumably because of
the sparsity of the weights. This ratio (space allocated to sparse models vs space allocated
to dense model) of space allocated is actually equal to the ratio of the space allocated in
the linear modules in the previous segment.

During the end-to-end forward pass of the ResNet50 model, the dense model allocates
16.7MB, the sparse model allocates 19.4MB and the quantized, sparse model allocates
14.8MB of space. Even though the sparse and quantized, sparse models allocate more
space during the forward pass of the convolutional layers, they manage to amortize the to-
tal space allocated in the end-to-end forward pass. The sparse model uses 1.16x (compared
to the dense model) more space in the end-to-end forward pass as opposed to 1.73x space
used in the convolutional layers. Similarly, compared to the dense model, the quantized,
sparse model uses 0.88x space as opposed to the 1.15x space used in the convolutional
layers.

As we have mentioned in the previous segment, the memory allocation of the convolutional
layers during the backward pass is contradictory to the measurements we have in Figure
4.8. The measurements we have for this scenario make more sense, however, as we expect
to allocate significantly less space in the sparse backward passes due to the sparsity of the
weights. We find it surprising that the quantized model allocates less space in the end-to-
end forward pass even though this is not the case in the forward pass of the convolutional
layers. In the convolutional layers, sparse and quantized, sparse modules should allocate
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Figure 4.9: Total simulated data transfers from memory to L3 cache during the forward and backward passes of
a ResNet50 model. The model has 10 output classes. The input tensors have dimensions (B, IC, M, N) = (64, 3,
32, 32).

more space due to permutation. The space allocation in the other hidden layers, however,
should be equal to the space allocated in the dense module. Therefore, it is unexpected,
and rather implausible, for the quantized, sparse model to allocate less space in the overall
end-to- end forward pass compared to the dense module.

4.3.2 Data Transfers

In this subsection, we analyze the amount of data transferred from the main memory to
L3 cache. In order to measure the data transfers from memory to cache, we simulate data
transfers that take place in the forward and backward propagations during the finetuning
of a quantized, 90% sparse ResNet50 model using our own Python hooks and counters.
The model takes input tensors of dimensions (B, IC, M, N) = (64, 3, 32, 32) and has 10
output classes. In this subsection, to simplify the analysis, in our counters we assume that
every memory access is a cache miss. While unrealistic, it is not totally impossible since
the sparsity of the models is high and the size of the input and output tensors is large.
Therefore, the results presented in this subsection are for the worst-case scenario and an
overestimation of the actual amount of data transferred from memory to cache.

Figure 4.9 shows the simulated amount of data transferred from memory to the L3 cache
during the convolutional forward and backward propagations. During the end-to-end
forward pass, the convolutional layers of the sparse ResNet50 are projected to transfer a
total of 4.2GB of data. In contrast, the quantized model transfers around 3.1GB of data, a
reduction of 27%. The end-to-end backward pass of the sparse convolutional layer transfers
around 5.6GB of data while the quantized model transfers around 3.6GB of data, a 36%
reduction. During the forward passes, our library quantizes both the activations and the
sparse weights. The convolutional outputs remain unquantized until the next layer. In the
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backward pass, in addition to these tensors, we also quantize the output gradients while
the sparse weight gradients and the input gradients remain unquantized.

Both models perform roughly the same amount of floating point operations during the
forward and backward passes, 1.7 billion flops for the forward pass and 3.9 billion for the
backward pass. Therefore, on a low estimate, convolutional layers of the quantized model
perform around 35% more flops per byte transferred for the forward propagation while
they perform around 55% more flops per byte transferred for the backward propagations.
Based on our flop and memory transfer estimates, we expect both the sparse and quantized,
sparse implementations to be still in the memory bound region. However, the operational
intensity of the models suggests that both models are far away from the performance upper
bound. This highlights the difficulty of optimizing operations with unstructured sparsity.
Even though the memory transfer is reduced considerably, we are still far from effectively
utilizing the underlying hardware.
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Chapter 5

Conclusion

In this thesis, we introduced a high-performance library for quantized, sparse finetuning of
neural networks. We built on top of an existing sparse training framework, SparseProp, to
extend it with quantization support. We implemented parallel, SIMD versions of two quan-
tization methods, SAWB and Dithered quantization, to quantize weights, activations, and
gradients in neural networks. We implemented a novel INT8 version of Dithered quantiza-
tion which is actually an FP8 quantization method. We integrated our high-performance
kernels into linear and convolutional modules in PyTorch to facilitate their use during
finetuning.

In the linear and convolutional layers of ResNet50, using our framework, 90% sparse, quan-
tized models achieved around 2.66x speed up during the forward pass and 4.67x speed up
during the backward pass compared to dense PyTorch models. Compared to models using
SparseProp modules, we achieved around 1.1x and 1.2x speed up in the forward and back-
ward passes respectively. We managed to maintain around 96.5% of the dense finetuning
accuracy while reducing the total training time and memory allocation in convolutional
layers by more than half. We reduced the total data transfers from memory to L3 cache
by 30-35%. Even though we use 8-bit quantization methods on activations, weights, and
gradients, we did not achieve around the 4x speed up as expected from 8-bit quantization
because of the cost of requantizing the tensors.

Future Work While testing our framework, we only focused on image classification tasks
using ResNet architecture. In the future, it is possible to extend the framework to other
architectures like BERT and other tasks such as text classification.

Moreover, the effectiveness of our quantization framework suffered due to the inherent
limitations of Dithered quantization. Due to its floating point quantization origins, dithered
quantization does not compute a scale that allows it to adjust the number of bits in the
quantized values. Extending the framework with an unbiased integer quantization method
with adjustable bit width would be worthwhile.

Additionally, for convolutional layers different quantization granularities can be explored.
In our early work, we looked into fixed size quantization blocks similar to the ones used
in [58]. We abandoned that idea, as there wasn’t a noticeable increase in the validation
accuracy of the models we tested. However, one can look at quantization granularities like
filter-wise quantization to reduce quantization error further.
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Appendix A

Stochastic/Deterministic Quantization

The proofs in this section are taken from [7]. They are used to introduce stochastic quanti-
zation in section 2.2 and justify our choice of gradient quantization functions in subsection
3.1.3.

Theorem A.1 Stochastic Rounding schemes are unbiased.

Proof Assume we have a real number denoted by x. x is quantized into a bin with lower
bound l(x) and upper bound u(x). Then, stochastic rounding can be defined as:

SR(x) =

{
l(x) w.p. p(x) = 1 - x−l(x)

u(x)−l(x)

u(x) w.p. p(x) = x−l(x)
u(x)−l(x)

(A.1)

The expected rounding value can be written as:

E[SR(x)] = l(x).p(x) + u(x).(1− p(x)) = x (A.2)

The expectation is over the randomness of SR. Then we can write bias as:

Bias[SR(x)] = E[SR(x)− x] = E[SR(x)]− x = 0 (A.3)

Therefore, SR(x) is an unbiased rounding scheme. �

Theorem A.2 Round-to-nearest (RDN) rounding scheme has lower mean squared error (MSE)
than stochastic quantization.

Proof The variance of SR can be written as:

Var[SR(x)] = (l(x)− E[SR(x)]2.p(x)

+(u(x)− E[SR(x)])2.(1− p(x))
= (x− l(x)).(u(x)− x)

(A.4)

Last equality can be obtained by substituting SR[x] and p(x).

The bias of RDN can be written as:

Bias[RDN(x)] = min(x− l(x), u(x)− x) (A.5)

The variance of RDN is equal to 0 as it is a deterministic scheme.
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MSE for a rounding scheme R(x) can be written as:

MSE[R(x)] = E[R(x)− x]2 = Var[R(x)] + Bias2[R(x)] (A.6)

Then, we get the following distortion:

MSE =

{
[min(x− l(x), u(x)− x)]2 for RDN(x)
(x− l(x)).(u(x)− x) for SR(x)

(A.7)

Since min(a, b)2 ≤ a.b then we have:

MSE(SR(x)) ≥ MSE(RDN(x)) (A.8)
�

Theorem A.3 Stochastic gradient quantization produces unbiased approximation of unquantized
gradients.

Proof Denote the pre-activation and activation values of layer l of an L layer neural network
as zl and al respectively. C denotes the cost function of the neural network. δl denotes the
derivative of the loss with respect to inputs and outputs. From the chain rule we have:

δl ,
dC
dzl

=
dal

dzl
...

daL

dzL

dC
daL

(A.9)

Then, we can define the derivative of loss recursively ∀l < L

δl ,
dal

dzl

dzl+1

dal
δl+1 (A.10)

Denote quantization function as Q(.) and quantized derivatives of layer l as δ
q
l . Then we

have

δ
q
l , Q(

dal

dzl

dzl+1

dal
δ

q
l+1) (A.11)

Let us assume Q(.) is a stochastic quantization function where E[Q(x)] = x. Then we have

Eδ
q
l = EQ(

dal

dzl

dzl+1

dal
δ

q
l+1)

(1)
= E[E[Q(

dal

dzl

dzl+1

dal
δ

q
l+1)|δ

q
l+1]]

(2)
= E[

dal

dzl

dzl+1

dal
δ

q
l+1]

(3)
=

dal

dzl

dzl+1

dal
Eδ

q
l+1 =

dal

dzl

dzl+1

dal
δl+1

(A.12)

Here we used the following properties:

1. Law of total expectation

2. E[Q(x)] = x

3. Linearity of backpropagation

Denote the gradient of weights in layer l as ∇Wl C = δlaT
l−1. Then the quantized gradient is

denoted as ∇Wl Cq = δ
q
l aT

l−1. From equation A.12, we can prove that the quantized gradient
is an unbiased estimator:

E[∇Wl Cq] = E[δq
l aT

l−1] = E[δq
l ]a

T
l−1 = δlaT

l−1 = ∇Wl C (A.13)
�
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Appendix B

Packing/Unpacking Algorithms

Here, we share the pseudocode for the packing and unpacking algorithms introduced in
subsection 3.1.1.

Algorithm 17 Pack32
Input: vecq0, vecq1
Output: vpacked

1: vec loq0 ← vcastsi512 si256(vecq0) . Split 512-bit vectors into two 256-bit vectors
2: vec hiq0 ← vextracti32x8 epi32(vecq0)
3: vec loq1 ← vcastsi512 si256(vecq1)
4: vec hiq1 ← vextracti32x8 epi32(vecq1)
5: le f t0 ← vslli(vec loq0, 24)
6: le f t1 ← vslli(vec hiq0, 24)
7: le f t2 ← vslli(vec loq1, 24)
8: le f t3 ← vslli(vec hiq1, 24)
9: right0 ← vsrli(vec loq0, 24)

10: right1 ← vsrli(vec hiq0, 16)
11: right2 ← vsrli(vec loq1, 24)
12: right3 ← vsrli(vec hiq1, 16)
13: packed01 ← vor(right0, right1) . Combine shifted halves
14: packed23 ← vor(right2, right3)
15: interleave lo ← vpermute(packed01, 0x20)
16: interleave hi← vpermute(packed23, 0x31)
17: shu f f le lo ← vshuffle epi8(interleavelo, shu f f le lo mask)
18: shu f f le hi← vshuffle epi8(interleave hi, shu f f le hi mask)
19: vpacked← vor(shu f f le lo, shu f f le hi)
20: return vpacked

In algorithm 17, shu f f le lo mask and shu f f le hi mask are special masks which are used to
shuffle 8-bit integers into the right locations in the vectors. They are defined as
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shu f f le lo mask = vset epi8(
0, 4, 8, 12, 2, 6, 10, 14,
1, 5, 9, 13, 3, 7, 11, 15,
0, 4, 8, 12, 2, 6, 10, 14,
1, 5, 9, 13, 3, 7, 11, 15

),
shu f f le hi mask = vset epi8(

2, 6, 10, 14, 0, 4, 8, 12,
3, 7, 11, 15, 1, 5, 9, 13,
2, 6, 10, 14, 0, 4, 8, 12,
3, 7, 11, 15, 1, 5, 9, 13

).

(B.1)

Algorithm 18 Unpack32
Input: vpacked
Output: vecq0, vecq1, vecq2, vecq3

1: v switched← vpermute(vpacked, vpacked, 0x21)
2: v hal f0 ← vshuffle epi8(vpacked, restore lo mask)
3: v hal f1 ← vshuffle epi8(v switched, restore hi mask)
4: v f ull ← vor(v hal f0, v hal f1)
5: le f t0 ← vslli(v f ull, 24)
6: le f t1 ← vslli(v f ull, 16)
7: le f t2 ← vslli(v f ull, 8)
8: le f t3 ← vslli(v f ull, 0)
9: vecq0 ← vsrai(le f t0, 24)

10: vecq1 ← vsrai(le f t1, 24)
11: vecq2 ← vsrai(le f t2, 24)
12: vecq3 ← vsrai(le f t3, 24)
13: return vecq0, vecq1, vecq2, vecq3

Similar to packing algorithm, unpacking algorithm uses special masks, restore lo mask and
restore hi mask, to shuffle 8-bit integers in a specific order, so, the fully unpacked vectors
will be in the correct order. We define these masks as
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restore lo mask = vset epi8(
0, 8,−128,−128, 1, 9,−128,−128,
2, 10,−128,−128, 3, 11,−128,−128,
− 128,−128, 4, 12,−128,−128, 5, 13,
− 128,−128, 6, 14,−128,−128, 7, 15

),
restore hi mask = vset epi8(

− 128,−128, 0, 8,−128,−128, 1, 9,
− 128,−128, 2, 10,−128,−128, 3, 11,
4, 12,−128,−128, 5, 13,−128,−128,
6, 14,−128,−128, 7, 15,−128,−128

).

(B.2)
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