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CLASSICAL YANG-BAXTER EQUATION
FROM DUALITY COVARIANT FORMULATION OF STRING THEORY

SUMMARY

The aim of the thesis is to study the homogeneous Yang-Baxter (YB) deformation
proposed in the physics literature for a generic Green-Schwarz sigma model from
a geometric point of view. It has been shown that these kind of deformations
are generated by a certain kind of non-constant O(d,d) transformation, called β

transformation, which acts as solution generating transformations in string theory. We
study the construction of such an O(d,d) transformation from a bi-vector field related
to the Poisson structure on the manifold. It is a well-known fact that there is a Lie
algebroid structure on the cotangent bundle of the manifold when there is a Poisson
structure on the manifold. Moreover, this Lie algebroid structure is compatible with
the standard Lie algebroid structure on the tangent bundle, so that there is a Courant
algebroid structure on the direct sum of the tangent and cotangent bundle (called
the generalized tangent bundle) of the manifold. We also study Courant algebroid
structures in order to understand and to generalize the transformation and the YB
deformation.

Given a Lie algebra with a non-degenerate inner product, if there exists an
endomorphism R, which satisfies the classical Yang-Baxter equation (CYBE), then
the direct sum of the Lie algebra and its dual has a natural Drinfel’d structure.
Such an endomorphism can be extended to the tangent bundle of the integral Lie
group by the help of the adjoint action. In this way, an automorphism called the
dressed R-matrix can be constructed, which satisfies the CYBE since the adjoint
action is an automorphism of the Lie bracket. It is possible to build a Poisson
bi-vector field on the manifold from the dressed R-matrix. It can be shown that the
Schouten-Nijenhuis bracket of the bi-vector field with itself vanishes following directly
from the fact that the dressed R-matrix satisfies CYBE. The Lie algebroid structure
on the cotangent bundle induced from the Poisson structure is compatible with the
standard Lie algebroid structure on the tangent bundle. Then the tangent and cotangent
bundles with the stated Lie algebroid structures form a Lie bialgebroid, which is
an example of a triangular Lie bialgebroid. The Drinfel’d double of the resulting
triangular Lie bialgebroid is a Courant algebroid with transversal Dirac structures.
This geometrical structure plays a prominent role in the solution generating mechanism
stated above.

The dynamical fields in the universal sector of the low energy effection action of string
theory are the Riemannian metric, a 2-form field called the B-field and a scalar field
called the dilaton field. The first two of these fields become the constituents of the
generalized metric, which is a tensor on the generalized tangent bundle T M ⊕ T ∗M
that transforms naturally under O(d,d). There is a O(d,d) covariant version of string
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theory, called Double Field Theory (DFT), which is written in terms of the generalized
metric and the generalized dilaton field. DFT provides a suitable framework to
demonstrate the fact that YB deformation preserves the solutions of string theory.
From a geometric point of view, the existence of a generalized metric is equivalent
to the existence of a subbundle of the generalized tangent bundle on which the inner
product is positive definite.

If one starts with a generalized metric of a specific form that solves the field equations
of DFT in the limit in which it reduces to the field equations of supergravity and
transforms it with the O(d,d) matrix generating the YB deformation, the resulting
generalized metric also solves the field equations of DFT in the same limit. In
the physics literature, the proof of this is based on comparing the "fluxes" before
and after the transformation and showing that these fluxes do not change. From a
geometrical point of view the fluxes are just the "structure functions" of the Courant
algebroid structure on the generalized tangent bundle, when a specific basis is chosen
for the sections of tangent and cotangent bundles. In order to understand this "flux
preservation" principle from a geometrical point of view, we also study the axioms
defining a Courant algebraid in local coordinates. We also work out in detail the case
where the anchor of the Courant algebroid is determined by a bi-vector field associated
by the YB deformation.
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SİCİM KURAMININ DUALİTE KOVARYANT FORMÜLASYONUNDAN
KLASİK YANG-BAXTER DENKLEMİ

ÖZET

Tezin amacı, fizik literatüründe Green-Schwarz sigma modeli için önerilen homojen
Yang-Baxter deformasyonunu geometrik açıdan incelemektir. Bu tür deformasyon-
ların, β dönüşümü adı verilen ve sicim teorisinde çözüm üreten dönüşümler olarak
görev yapan belirli bir tür sabit olmayan O(d,d) dönüşümü tarafından üretildiği
gösterilmiştir. Manifold üzerindeki Poisson yapısına bağlı iki-vektör alanından
böyle bir O(d,d) dönüşümünün inşasını inceliyoruz. Manifold üzerinde bir Poisson
yapısı varken manifoldun kotanjant lif demetinde bir Lie cebiroid yapısının olduğu
iyi bilinen bir gerçektir. Ayrıca, bu Lie cebiroid yapısı, tanjant lif demetindeki
standart Lie cebiroid yapısıyla uyumludur, böylece manifoldun tanjant ve kotanjant lif
demetinin (genelleştirilmiş tanjant lif demeti olarak adlandırılır) doğrudan toplamında
bir Courant cebiroid yapısı bulunur. Dönüşümü ve Yang-Baxter deformasyonunu
anlamak ve genelleştirmek için Courant cebiroid yapıları üzerinde çalışıyoruz.

Dejenere olmayan bir iç çarpımı olan bir Lie cebiri verildiğinde, klasik Yang-Baxter
denklemini sağlayan bir R endomorfizması varsa, Lie cebiri ile onun dual cebirinin
doğrudan toplamı doğal bir Drinfel’d yapısına sahiptir. Böyle bir yapı, Manin
üçlüsü adı verilen geometrik bir yapının da özel bir örneğini oluşturmaktadır.
R-matrisinden ve iç çarpımdan yararlanarak Lie cebir üzerinde bir iki-vektör
oluşturmak mümükündür. Bunun yöntemi, Lie cebir üzerindeki, antisimetrik R-matrisi
tarafından tanımlanan dejenere olmayan, en azından Frobenius bir alt cebirde, bir
iki-form alanını kullanarak tersinden bir iki-vektör alanı inşa etmektir. Böyle
bir R endomorfizması, adjoint eyleminin yardımıyla integral Lie grubunun tanjant
lif demetine genişletilebilir. Bu şekilde, adjoint eyleminin Lie parantezinin bir
otomorfizması olması nedeniyle klasik Yang-Baxter denklemini sağlayan giydirilmiş
R-matrisi (Rg) denilen bir otomorfizma inşa edilebilir. Giydirilmiş R-matrisinden
manifold üzerinde bir Poisson iki-vektör alanı oluşturmak mümkündür. Bunun
yöntemi, önceden inşa edilen iki-vektör alanını kullanmak ve tüm manifolda
genişletmektir. Giydirilmiş R-matrisi klasik Yang-Baxter denklemini sağladığı için
ondan elde edilen iki-vektör alanının da kendisiyle Schouten-Nijenhuis parantezi sıfır
olur. Bu sebeple, bu bir Poisson iki-vektör alanıdır. Poisson yapısının kotanjant lif
demeti üzerinde belirlediği Lie cebiroid yapısı, tanjant lif demeti üzerindeki standart
Lie cebiroid yapısıyla uyumludur. Bu sayede, tanjant ve kotanjant lif demetleri
belirtilen Lie cebiroid yapılarıyla birlikte bir üçgensel iki-cebiroid yapısı oluşturur.
Bu Lie iki-cebiroid’inin Drinfel’d ikilisi, üzerinde transversal Dirac yapıları olan,
bir Courant cebiroididir. Bu geometrik yapı yukarıda belirtilen çözüm üretme
mekanizmasında önemli bir rol oynamaktadır.
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Sicim teorisinin düşük enerjilerdeki efektif alan teorisinin eyleminin evrensel
sektöründeki dinamik alanlar; Riemannian metriği, B alanı adı verilen iki-form alanı
ve dilaton alanı adı verilen skaler bir alandır. Bu alanlardan ilk ikisi, O(d,d) altında
doğal olarak dönüşen T M ⊕ T ∗M genelleştirilmiş tanjant lif demeti üzerindeki bir
tensör olan genelleştirilmiş metriğin bileşenleridir. Sicim teorisinin, genelleştirilmiş
metrik ve genelleştirilmiş dilaton alanı cinsinden yazılmış, Çift Alan Teorisi adı verilen
bir O(d,d) kovaryant bir versiyonu vardır. Yang-Baxter deformasyonunun sicim
teorisinin çözümlerini koruduğunu göstermek için Çift Alan Teorisi uygun bir çerçeve
sunar. Geometrik açıdan; genelleştirilmiş metriğin varlığı, iç çarpımın pozitif definit
olduğu genelleştirilmiş tanjant lif demetinin bir alt lif demetinin varlığına eşdeğerdir.

Çift Alan Teorisi alan denklemlerini süper kütle çekim alan denklemlerine indirgendiği
limitte çözen aşağıdaki gibi özel bir formda olan genelleştirilmiş metrik ile
başladığımızı varsayalım.

H MN = (U−1)M
AĤ AB(U−1)N

B.

Yukarıda verilen denklemde U−1 matrisleri O(d,d)’nin elemanları olup, bu
şekilde olan genelleştirilmiş metriğe Yang-Baxter deformasyonunu üreten O(d,d)
dönüşümünü uyguladığımızı varsayalım. Buradan elde edilen yeni genelleştirilmiş
metrik de aşağıdaki formda olacaktır.

H̃ MN = (Ũ−1)M
AĤ AB(Ũ−1)N

B.

Yukarıda verilen denklemdeki Ũ−1 matrisleri de O(d,d)’nin elemanları olup, önceki
genelleştirilmiş metrik olan H ’i kullanılarak üretilen yeni genelleştirilmiş metrik H̃
da Çift Alan Teorisi’nin, yine aynı limitte, alan denklemlerinin çözümü olacaktır. Fizik
literatüründe bunun ispatı, dönüşümden önceki ve sonraki "akıların" karşılaştırılması
ve bu akıların değişmediğinin gösterilmesine dayanmaktadır. Bu sebeple tezde
gösterilmiştir ki özel olarak seçilen U−1 ve Ũ−1 matrislerinin akılarının hesaplandığı
her iki durumda da f -akısı Lie cebirinin yapı sabitlerine eşit çıkmaktadır ve
Q−,H−,R−akıları ise sıfır çıkmaktadır. Burada önemli rol oynayan kısım; Ũ−1

matrisinin yapısında giydirilmiş R-matrisinden üretilen Poisson iki-vektör alanının
olması ve giydirilmiş R-matrisinin de klasik Yang-Baxter denklemini sağlıyor
olmasıdır (R-matrisi klasik Yang-Baxter denklemini sağladığı durumda geçerlidir).
Bu sebeple R-akısı sıfırlanmıştır. Diğer taraftan, giydirilmiş R-matrisinin özelliklerini
kullanarak Q-akısı sıfırlanmıştır. H-akısı ise; matrisin formu sebebiyle otomatik olarak
sıfırlanmaktadır.

Sonuç olarak, dönüşümden önceki ve sonraki akıların korunması prensibi sayesinde
elde edilen yeni genelleştirilmiş metrik de aynı limitte alan denklemlerinin çözümü
olacaktır. Buradan Riemannian metrik ile B-alanı çözümlerinin elde edilmesi de
mümkün olmaktadır.

Geometrik açıdan, akılar; tanjant ve kotanjant lif demetleri için özel bir çerçeve
seçildiğinde genelleştirilmiş tanjant lif demeti üzerindeki Courant cebiroid yapısının
"yapı fonksiyonlarıdır". Bu "akı korunması" ilkesini geometrik açıdan anlamak için,
Courant cebiroidini tanımlayan aksiyomları lokal koordinatlarda inceledik. Ayrıca
Courant cebiroidinin çapasının Yang-Baxter deformasyonuyla ilişkili bir iki-vektör
alanı tarafından belirlendiği durumu da ayrıntılı olarak inceledik.
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E vektör lif demetinin Courant cebiroid yapısına sahip olabilmesi için üzerindeki
yapıların; iç çarpımın, parantezin ve çapanın (ρ), sağlaması gereken beş şart olduğu
literatürde gösterilmiştir. (Daha sonradan gösterilmiştir ki bu şartların bazıları
diğerlerinden çıkmaktadır.) Çapa denilen geometrik yapı; E’den aldığı kesitleri tanjant
lif demetine taşımaktadır. İlerleyen kısımda anlatılacağı üzere; Courant cebiroid
yapısındaki çapa, çalışmalarımızda önemli bir rol oynamaktadır.

E = R ⊕ R∗ formunda yazılabilen bir vektör lif demeti olduğunu varsayalım.
Çalışmalarımızda kullandığımız yapı genelleştirilmiş tanjant lif demeti, E = T M ⊕
T ∗M, olduğu için tam olarak bu formdaki bir yapıya karşılık gelmektedir. Vektör
lif demetinin bu şekildeki özel formunda; iç çarpımı, çapayı, parantezi ve
türev operatörünü değişmeyen bir baz sistemine göre lokal koordinatlarda yazmak
mümkündür. Bu durumda, vektör lif demetinin kesitleri üzerindeki parantezden yapı
fonksiyonları TLIJ gelmektedir. Bu durum, Lie cebir elemanları üzerindeki parantezden
yapı sabitlerinin gelmesinin genelleştirilmiş hali olarak düşünülebilir.

Courant cebiroidinin üzerindeki geometrik yapıların lokal koordinatlardaki ifadeleri
kullanıldığında; vektör lif demetinin Courant cebiroid olabilmesi için sağlaması
gereken beş adet aksiyom; çapanın ve yapı fonksiyonlarının sağlaması gereken aşağıda
verilen üç tane lokal şarta denk gelmektedir.
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Yukarıda verilen şartlar, sırasıyla, güçlü kısıt, akıların tanımı ve akıların sağlaması
gereken koşullardır. Bunun yanı sıra, fizik literatüründe son koşula Bianchi özdeşliği
denmektedir. Tezde gösterilmiştir ki; güçlü kısıtlama altında Çift Alan Teorisi
eyleminin ayar değişmezliği gibi fiziksel prensipler tarafından Çift Alan Teorisi
akılarına uygulanan koşullar tam olarak bu şartlara denk gelmektedir.

Yukarıdaki çalışmalarımızın yanı sıra, Courant cebiroidin kotanjant lif demetindeki
kesitlerini tanjant lif demetindeki kesitlere götüren çapanın bileşenlerinin Yang-Baxter
deformasyonuyla ilişkili bir iki-vektör alanı (Poisson iki-vektör alanı) tarafından
belirlendiği durum incelenmiştir. Bu standart olmayan Courant cebiroidi için lokal
koordinatlarda yukarıda verilen üç koşul; akıların tanımlarını ve sağlaması gereken
denklemleri vermiştir. Örneğin, R-akısı; klasik Yang-baxter denkleminin sağlanması
ve çapanın bileşeninin Poisson iki-vektör alanı olması sebebiyle sıfırlanmıştır. R-akısı
ile birlikte diğer akılar da Ũ−1 matrisinin akıları ile aynı gelmektedir ki bu beklenen
bir durumdur. Bunun sebebi; bu matrislerin akılarını bulmak için kullanılan O(d,d)
matrisinin de Poisson iki-vektör alanını içermesidir.

Son olarak, Yang-Baxter deformasyonunu Courant cebiroid lisanında, tüm çalış-
malarımızı birleştirecek şekilde, inceledik. E = T M ⊕ T ∗M üzerinde tanımlanan
genelleştirilmiş metriğin yukarıda verilen özel formda nasıl seçilebileceği ve eski
genelleştirilmiş metrikten yeni olanının nasıl inşa edilebileceği gösterilmiştir. Çözüm
yaratan O(d,d) dönüşümünün; dönüşümden önceki ve sonraki akıları koruduğu
gerçeği önceden gösterilmişti. Bunun yanı sıra, bu dönüşüm bir Courant cebiroid
otomorfizması olmakla birlikte parantezi korumamaktadır. Ancak her iki durumdaki

xxi



parantez yapısında akıların dışında gelen terimler grup manifoldunun koordinatlarına
bağlı değildir. Dolayısıyla bu tür terimler, çözüm üretme mekanizmasında bir rol
oynamamaktadır.
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1. INTRODUCTION

Usual geometric structures in Riemannian geometry are defined on the tangent bundle

T M of a smooth manifold M. The sections of the tangent bundle are vector fields and

there is a natural Lie bracket on these sections. Riemannian geometry is the underlying

geometrical structure for Einstein’s general theory of relativity. String theory can be

regarded as a generalization of general relativity and it has a richer symmetry structure.

It turns out that to describe this richer symmetry structure, it is more useful to work on

the generalized tangent bundle T M ⊕T ∗M where T ∗M is the cotangent bundle of M.

There is also a natural Lie bracket on the sections of T M⊕T ∗M called the (standard)

Courant bracket. The vector bundle T M⊕T ∗M with the standard Courant bracket, the

natural inner product between the tangent and cotangent bundle and the anchor as the

projection to the tangent bundle is the prototypical Courant algebroid. The Courant

algebroid structure was originally introduced by Zhang-Ju Liu, Alan Weinstein and

Ping Xu in their investigation of doubles of Lie bialgebroids in 1997 in [1]. Lie

algebroids are the natural generalizations of Lie algebras. Precisely, Lie algebroid

is a vector bundle together with a Lie bracket on its space of sections and a vector

bundle morphism from the vector bundle to the tangent bundle called the anchor. A Lie

bialgebroid, which is a natural generalizations of a Lie bialgebra, is a pair of dual Lie

algebroids (L,L∗) that satisfy certain compatibility conditions. We will particularly be

interested in triangular Lie bialgebroids which are constructed by the help of a bundle

map from L∗ to L, that can also be regarded as an element of ∧2L. The definitions of

Lie algebroids, Lie bialgebroids and Courant algebroids can be found in the Section 3.

Recently, a new physical theory called double field theory (DFT) has been constructed,

which takes into account some of these stringy symmetries. If the manifold on which

the strings propagates has non-contractible cycles, the string can wrap itself, creating

a winding state that does not exist in point particle field theories. DFT is defined

on a doubled space where the usual coordinates conjugate to momentum modes are

1



supplemented with dual coordinates that are conjugate to winding modes. T-duality

is a stringy symmetry which interchanges momentum and winding modes and DFT

action is a reformulation of low energy effective action of string theory which makes

this duality symmetry manifest. The gauge symmetries of DFT is governed by the

C-bracket, which can be thought as a generalized version of the Courant bracket. The

DFT action is consistent only when a certain constraint, called the strong constrained

is imposed, which means that the physical theory depends on half of the doubled

coordinates only. In this limit, the C-bracket reduces to the Courant bracket and

the relevant geometric structures required to describe the dynamics of DFT fields are

defined on the generalized tangent bundle T M ⊕ T ∗M. It is possible to express the

action of DFT in terms of some quantities, called "fluxes" in the physics literature.

From a geometrical point of view, the fluxes are just the "structure functions" of the

Courant algebroid structure on the generalized tangent bundle, when a a specific basis

is chosen for the sections of tangent and cotangent bundles. The conditions imposed

by the axioms defining a Courant algebroid on the structure functions are equivalent to

the conditions imposed on DFT fluxes by physical principles like the gauge invariance

of the DFT action, under the strong constraint. This fact can be followed from the

Propositions 6.2.3 and 6.2.4. One of the purposes of this thesis is to explore the fluxes

in the language of Courant algebroids.

In order to understand the dynamics of the string, one should have the action written

for the maps from a two-dimensional surface, which is called a two-dimensional sigma

model, to 10-dimensional one which is called a target space. TsT transformations,

Yang-Baxter (YB) deformations, and λ deformations are well-known examples. The

development of a fundamental understanding of integrable two-dimensional field

theories, their relationship to generalized worldsheet dualities, and their potential for

generalizing the AdS/CFT correspondence to nonmaximally supersymmetric cases

while maintaining integrability are the main driving forces behind their research. A

deformation on the worldsheet of a string that is described by the sigma model.

We shall concentrate on a specific category of deformations that is a member of

the YB class of homogeneous deformations. Such deformations of the AdS5 × S5

string was first studied in [2]. The relation between TsT transformations and
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homogeneous YB deformations was also studied in the papers [3]- [4]. When a

linear operator R, whose definitions and properties can be found in the Section 5.1

in detail, acts on the Lie algebra g of isometries of an integrable sigma model,

homogeneous deformations are produced. If R is anti-symmetric and satisfies the

classical Yang-Baxter equation (CYBE), integrability is preserved. The fact that YB

deformation is a solution-generating transformation has been shown in various papers

by embedding it in DFT. The key idea in the proof is that the DFT fluxes are kept

invariant under this transformation. This is where the significance of examining the

fluxes in the thesis comes from. Many anti-symmetric solutions are admissible by the

CYBE, and each of these will produce a distinct deformed target-space background

for the string sigma-model. When the R-matrix is unimodular, these backgrounds are

supergravity solutions [5], [6], [7].

Algebraically, YB deformation is closely related with Drinfel’d doubles. Therefore,

the Drinfel’d double structure plays a prominent role in generating solutions in

supergravity with isometry group G with a Lie algebra g. We have employed the

Drinfel’d double structure, which is in an algebra setting, in our article [8]. For

the remaining part of the thesis, we have attempted to comprehend the geometric

structures that underlying this technique which can be used to generate solutions. A

Drinfel’d double is a particular case of Lie bialgebroid, when the base manifold is a

point. Indeed, the suitable framework to describe YB deformation will be the case of

a special Lie bialgebroid that is the triangular Lie bialgebroid as we have mentioned

earlier. In order to define a triangular Lie bialgebroid, one needs a bi-vector field. We

will show in the Subsection 5.2 how this bi-vector field is constructed, with the help

of Cartan-Killing metric, in terms of the R-matrix and dressed R-matrix which satisfy

the CYBE, in detail. The existence of such a triangular Lie bialgebroid allows us

to determine that there is a corresponding Courant algebroid with transversal Dirac

structures. We will compute the fluxes associated with the relevant matrices and

discuss about how this relates to the DFT principle of flux preservation. Furthermore,

we will show how this fact results in a transformation-generating solution. Details

about these concepts can be found below.
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A fixed, constant R-matrix associated with the background isometries satisfying the

CYBE is used to generate the dressed R-matrix, which is then extended via the adjoint

action to the whole group manifold. Whenever the R-matrix fulfills CYBE, so does the

dressed R-matrix. Such a matrix will be advantageous in a variety of ways. One is that

the dressed R-matrix and Cartan-Killing metric can be utilized to produce a bi-vector

field on the manifold. As can be seen from the Proposition 5.2.6, this constructed

bi-vector field is actually a Poisson bi-vector field since its Schouten-Nijenhuis (SN)

bracket with itself vanishes. On the other hand, the tangent and cotangent bundles

of this manifold together form a Lie bialgebroid structure, since there exists a Lie

algebroid structure on the cotangent bundle attached to each Poisson manifold, as

shown in Subsection 3.1.4. Lie bialgebroids are the name given to this type of Lie

bialgebroid construction. Additionally, it will be seen in the Subsection 3.3.5 that

there is a one-to-one correspondence between Courant algebroids with transversal

Dirac structures, which are transversal subbundles of a Courant algebroid that are

maximally isotropic and integrable (involutive), and (triangular) Lie bialgebroids. So,

this fact leads us to conclude that the structure above gives rise to a Courant algebroid

structure on the sum of these Lie algebroids constructed. We will be interested in a

special type of a Courant algebroid which is decomposed as E = T M ⊕T ∗M. For a

given Riemannian metric g and a two-form B on a manifold M, positive and negative

definite subbundles which are subbundles of T M⊕T ∗M of a Courant algebroid can be

constructed. Then, the endomomorphism τ : T M ⊕T ∗M → T M ⊕T ∗M with τ2 = 1

can be built. It will be seen that the pair (g,B) defines a unique metric which will be

called a generalized metric, denoted by H , on a Courant algebroid.

New supergravity solutions relating to (integrable) deformations of string sigma

models can be produced using the duality covariant formulations of string theory.

Our goal in the thesis is to study the homogeneous YB deformation proposed in the

physics literature for a generic Green-Schwarz sigma model in terms of a geometric

point of view. We will demonstrate that these kind of deformations are generated by a

certain kind of non-constant O(d,d) transformation which acts as a transformation on

a Courant algebroid, called β transformation (3.46) that acts as solution generating

transformations in string theory. We study the construction of such an O(d,d)
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transformation from the bi-vector field related to the Poisson structure on the manifold.

This bi-vector field on the group manifold is constructed from the dressed R-matrix

and the Cartan-Killing form κ , as explained previously. As we will demonstrate in the

Subsection 3.3.2, a bi-vector field β can be regarded as a map from T ∗M to T M. Then,

it can be extended naturally to an orthogonal map on the generalized tangent bundle

T M⊕T ∗M. The orthogonal map on the generalized tangent bundle T M⊕T ∗M indeed

preserves the natural metric on the generalized tangent bundle which can be found in

the Subsection 3.3.2. This constructed O(d,d) matrix, which represents this particular

type of β transformation that generates new solutions, will be referred as YB matrix

and denoted by TY B (6.65). Viewing YB deformation as an O(d,d) transformation

in the target space is quite useful. First of all, it makes the calculations considerably

simpler. Another advantage is that it gives a natural embedding of YB deformation,

that is the deformation of R-matrices which satisfy CYBE, in DFT.

Precisely, let us consider a Riemannian metric g and a B-field, which are the

supergravity frame solutions. The generalized metric H MN (6.20) on a Courant

algebroid T M⊕T ∗M constructed from these g and B will solve the DFT field equations

(6.34). As we will discuss in Subsections 6.2.2, 6.3 and 6.4, the specific form of a

generalized metric will be assumed for our purposes that is (6.35):

H MN(x,Y ) = (U−1)M
A(Y )Ĥ AB(x)(U−1)N

B(Y ),

where the twist matrix (U−1)M
A = LM

A as in (6.36). Then, Ĥ satisfies the deformed

field equations (6.37). Finding a different twist matrix with the same Ĥ that satisfies

the field equations (6.34) is our aim. The method we use involves calculating the fluxes

FABC associated with the twist matrices U−1 = L given in (6.36) and the new twist

matrix Ũ−1 = TY B given in (6.65). The first matrix L contains only the components

of the left invariant vector fields of the group manifold whereas the second matrix

TY B contains the components of the constructed bi-vector field, Poisson tensor, as

explained above. The calculation of the fluxes of these matrices yields the same result

that is a geometric flux which is the only non-vanishing flux. Geometric flux gives

nothing but the structure constants of the Lie algebra of the isometry group. This result

follows from the fact that the dressed R-matrix satisfies the CYBE and also from the

properties of the components of the left invariant vector fields and the dressed R-matrix.
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Furthermore, the expressions of these fluxes which will be given in the Subsection

6.2.4, are identical to the conditions on fluxes that are needed to establish a Courant

algebroid for special anchors which can be found in the Subsection 4.4.3. From the

Theorem 6.3.1, we will conclude that this special kind of a β transformation generates

a new generalized metric H̃ which solves the DFT equations. Subsequently, as can be

observed in the Subsection 6.3, the transformed B-field and the transformed metric can

be obtained from the symmetric and anti-symmetric parts of the background matrix,

which are once more the supergravity frame’s solutions. As a result, the principle of

flux preservation implies that the constructed non-constant O(d,d) transformation is

a solution generating transformation. Therefore, the characteristics of the R-matrix

and the supergravity deformations are directly correlated. Since it makes it possible

to discover more solutions by employing suitable twist matrices that yield the same

fluxes in DFT, this method can be viewed of as a solution-generating instrument in

supergravity.

Additionally, in the last part of the thesis, the previously studied algebroid structures,

the generalized metric on the Courant algebroid T M ⊕ T ∗M, β transformations,

R-matrices, flux calculations associated with the twist matrices and the flux

preservation mechanism will be merged. In other words, we will demonstrate and

interpret YB deformation in the language of Courant algebroids.

The outline of the thesis can be explained as follows.

First, Lie algebra cohomology will be briefly discussed in Section 2 in order to better

understand one of the criteria of Lie bialgebras that is the compatibility condition

provided by cocycles. The double of Lie bialgebras (Drinfel’d doubles), Manin triples,

the definition and characteristics of R-matrices and CYBE will be provided later. Since

the features of R-matrices will be examined in the Section 5 in detail, in this section

these will be introduced briefly.

Section 3 will introduce Lie algebroids and (triangular) Lie bialgebroids. Poisson

manifolds and calculus on Lie algebroids will be presented first. It will be

demonstrated that there is a Lie algebroid structure on the cotangent bundle of the

provided Poisson manifold. Additionally, a Courant algebroid structure which is a
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generalization of the concept of a Drinfel’d double, often known as the double of a

Lie bialgebroid, will be introduced together with its properties and symmetries. It

will be seen that there is a one-to-one correspondence between Courant algebroids

with transversal Dirac structures and (triangular) Lie bialgebroids and hereby Dirac

structures will be also introduced. Last but not least, the generalized metric, which

contains two-form as well as a Riemannian metric, on Courant algebroids will be

defined for further studies that are in the Subsection 6.3.

Section 4 is devoted to find the local expressions of the notions that were introduced

previously for our purposes.

Section 5 covers the properties of R-matrix as endomorphisms on a Lie algebra g with a

semi-simple Lie group G in detail. The definition and the features of dressed R-matrix

constructed from R-matrix will be introduced in order to work on the group manifold

associated with the isometries of the background by using the adjoint action. We

shall be able to construct a bi-vector on the Lie algebra g using the non-degenerate

Cartan-Killing form on g, which allows us to identify g and the dual vector space

g∗. We can create a Lie algebra structure in the dual vector space with the aid of

this bi-vector. It will be seen that the dressed R-matrix constructs a bi-vector field β

on the manifold, which will be constructed in the Subsection 5.2, and that whenever

the dressed R-matrix satisfies the CYBE, SN bracket of the bi-vector field with itself

vanishes, resulting in a Poisson structure. Since there exists a natural Lie algebroid

structure on the cotangent bundle to attached to each Poisson manifold, these tangent

and cotangent bundles construct together a Lie bialgebroid. Furthermore, there exists

a Courant algebroid structure since there is a one-to-one correspondence between

(triangular) Lie bialgebroids and Courant algebroids with transversal Dirac structures.

Some parts of this Section are based on the paper named "Yang–Baxter deformation

as an O(d,d) transformation” written by my advisor Prof. Dr. Aybike Çatal-Özer and

Seçil Tunalı-Çırak [8].

In the Section 6, following a brief review of DFT, it will be examined why the

development of the O(d,d) matrix, which contains the components of the bi-vector

field β , leads to the discovery of new supergravity solutions. In order to achieve this,
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we introduce firstly DFT fields and action in the Subsection 6.2. Then the fluxes

associated with the general twist matrix will be also examined in order to calculate

the fluxes associated with the twist matrices L and TY B in the next Subsection 6.2.4.

Additionally, in this part of the thesis, it will be provided that the axioms of the fluxes

in DFT when the strong constraint is imposed actually correspond to the conditions

imposed by the axioms defining a Courant algebroid on the structure functions. This

fact can be followed from the Propositions 6.2.3 and 6.2.4. Subsection 6.3 will

provide the justifications for why the new generalized metric constructed with the

transformation TY B satisfies the field equations of supergravity. Additionally, in the last

part of the thesis, we will demonstrate and interpret YB deformation in the language

of Courant algebroids.

In the last part of the thesis, Appendix will be given that covers some of the proofs of

Theorems, Propositions, Lemmas, and Examples in detail.
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2. LIE BIALGEBRA, DRINFEL’D DOUBLE, R-MATRICES AND CYBE

We will require a few definitions from the theory of Lie algebra cohomology in order

to define the definition and properties of a Lie bialgebra. We will start by giving the

necessary definitions first. After that some related concepts such as a Drinfel’d double

that is a double of a Lie bialgebra and a Manin triple will be also given for our purposes.

Last but not least, the definition and the properties of the R-matrices will be given

briefly.

2.1 Lie Algebra Cohomology

Let g represent a Lie algebra over the field of real numbers. We say that g acts on M

when M is the vector space of a representation p of g [9], [10]. Frequently, we express

(p(X))(a) as X ·a when X ∈ g and a ∈ M.

Since we will be using this representation for our studies, the adjoint representation

will now be introduced.

Example 2.1.1. [9], [10] Any Lie algebra g acts on itself by the adjoint representation,

which is ad : X ∈ g 7→ adX ∈ End g, defined by adX(Y ) = [X ,Y ] for Y ∈ g.

For the general case; the following formula shows how g acts on any tensor product of

g with itself.

Definition 2.1.1. [9], [10] For decomposable elements, Y1 ⊗ ·· ·⊗Yp in ⊗pg = g⊗

·· ·⊗g (p times),

X · (Y1 ⊗·· ·⊗Yp) = ad(p)
X (Y1 ⊗·· ·⊗Yp)

= adXY1 ⊗Y2 ⊗·· ·⊗Yp +Y1 ⊗adXY2 ⊗Y3 ⊗·· ·⊗Yp + · · ·

+Y1 ⊗Y2 ⊗·· ·⊗Yp−1 ⊗adXYp.
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Let us give now the result of the above formula for p = 2 since we will usually deal

with this situation in our calculations.

ad(2)
X (Y1 ⊗Y2) = adXY1 ⊗Y2 +Y1 ⊗adXY2 = [X ,Y1]⊗Y2 +Y1 ⊗ [X ,Y2].

Since 1 and 2-cocycles appear in the definition of a Lie bialgebra and these are related

to objects as cochains and coboundaries, their definitions will be given now.

Definition 2.1.2. [9], [10] For each non-negative integer k, the vector space of

skew-symmetric k-linear mappings on g with values in M, where M is the vector space

of a representation of g, is called the space of k-cochains on g with values in M.

A 1-cochain on g with values in M is a linear map from g to M, and a 0-cochain on g

with values in M is an element of M [9], [10].

Definition 2.1.3. [9], [10] The coboundary of a k-cochain u on g with values in M is

the (k+1)-cochain, δu, with values in M defined by

δu(X0,X1, . . . ,Xk) = ∑
k
i=0(−1)iXi ·

(
u
(
X0, . . . , X̂i, . . . ,Xk

))
+∑i< j(−1)i+ ju([Xi,X j],X0, . . . , X̂i, . . . , X̂ j, . . . ,Xk),

for X0,X1, . . . ,Xk ∈ g, where X̂i indicates that the element Xi is omitted.

In the calculations, the cases k = 0 or k = 1 will arise so that from the above formula,

we obtain the followings for these two cases.

Definition 2.1.4. [9], [10] The coboundaries of a k-cochain u on g with values in M

are

δu(X) = X ·u, for k = 0, u ∈ M ,X ∈ g,and
δu(X ,Y ) = X ·u(Y )−Y ·u(X)−u([X ,Y ]) for k = 1, u : g → M, X ,Y ∈ g.

From this definition, we have δ (δu) = 0 for any 0-cochain u on g with values in

M [9], [10].

In fact, for X ,Y ∈ g [9], [10],

(δ (δu))(X ,Y ) = X · (Y ·u)−Y · (X ·u)− [X ,Y ] ·u,

and this expression vanishes identically because X 7→ p(X) is a representation of g in

M, i.e., [X ,Y ] ·u = X · (Y ·u)−Y · (X ·u).
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Proposition 2.1.1. [9], [10] The property δ (δu) = 0 is valid for any k-cochain u,k ≥

0.

Definition 2.1.5. [9], [10] A k-cochain u is called a k-cocycle if δu= 0. A k-cochain u

(k ≥ 1) is called a k-coboundary if there exists a (k−1)-cochain, v , such that u = δv.

Remark 2.1.1. [9], [10] The 0-cocycles of g with values in M are the invariant

elements in M, i.e., the elements u ∈ M such that X ·u = 0, for each X ∈ g.

Now that we have enough tools, we can give the description and characteristics of a

Lie bialgebra.

2.2 Lie Bialgebra

Now, let g be a Lie algebra and γ be a linear map from g to g⊗ g. We will denote
tγ : g∗⊗g∗ → g∗ as the transpose of this map. In comparison with the beginning of the

Section 2.1, we employ the representation ad(2) here, and the representation space is

M = g⊗g.

Definition 2.2.1. [9], [10] A Lie bialgebra is a Lie algebra g with a linear map

γ : g → g⊗g such that

(i) tγ : g∗⊗g∗ → g∗ defines a Lie bracket on g∗, i.e., is a skew-symmetric bilinear map

on g∗ satisfying the Jacobi Identity, and

(ii) γ is a 1-cocycle on g with values in g⊗ g, where g acts on g⊗ g by the adjoint

representation ad(2).

Lemma 2.2.1. Condition (ii) corresponds to the 2-cochain δγ to be vanished, i.e., for

X ,Y ∈ g, (
ii′
)

ad(2)
X (γ(Y ))−ad(2)

Y (γ(X))− γ([X ,Y ]) = 0. (2.1)

The above Lemma is a straight forward result of the Definitions 2.1.4 and 2.1.5.

Proposition 2.2.1. [9], [10] If (g,γ) is a Lie bialgebra, and µ is the Lie bracket of

g, then (g∗, t µ) is a Lie bialgebra, where tγ is the Lie bracket of g∗ and µ : g⊗g → g

the skew-symmetric bilinear mapping on g defining the Lie bracket of g, i.e., [X ,Y ] =

µ(X ⊗Y ).
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By definition (g∗, t µ) is called the dual of Lie bialgebra (g,γ) [9], [10]. As such, every

Lie bialgebra has a dual Lie bialgebra, the dual of which is the Lie bialgebra.

2.3 The Double of a Lie Bialgebra and Manin Triples

Let us define the ad-invariance of a scalar product first since it will come up in the next

definition.

Definition 2.3.1. [9], [10] A scalar product (· | ·) on a Lie algebra g with bracket [·, ·],

is called invariant if, for any X ,Y,Z ∈ g,

([X ,Y ] | Z) = (X | [Y,Z]).

Proposition 2.3.1. [9], [10] Let (g,γ) be a Lie bialgebra with dual (g∗, t µ). There

exists a unique Lie algebra structure on the vector space g⊕g∗ such that g and g∗ are

Lie subalgebras and that the natural scalar product on g⊕ g∗ is invariant, which is

defined as

(X | Y ) = 0, (ξ | η) = 0, (X | ξ ) = ⟨ξ ,X⟩, for X ,Y ∈ g, ξ ,η ∈ g∗.

The bracket [·, ·]d with the following formulas
[X ,Y ]d = [X ,Y ]
[X ,ξ ]d =−ad∗

ξ
X +ad∗

X ξ

[ξ ,η ]d = [ξ ,η ]g∗,

defines a Lie algebra structure on g⊕ g∗. In above, ad∗
X = −t (adX) that is X ∈ g 7→

ad∗
X ∈ End g∗ is a representation of g in g∗. Also, [ξ ,η ]g∗ =

tγ(ξ ⊗η) = adξ η , where

⟨adξ η ,X⟩=−⟨η ,ad∗
ξ

X⟩. That is ξ ∈ g∗ 7→ ad∗
ξ
∈ End g is the coadjoint representation

of g∗.

Definition 2.3.2. [9], [10] When g is a Lie bialgebra, g⊕ g∗ equipped with the Lie

bracket [·, ·]d defined by the triple above is called the double (Drinfel’d double) of g,

and denoted by g ▷◁ g∗ or d.

[9], [10] Note that d = g ▷◁ g∗ is also the double of g∗. In the Lie algebra d, the

subspaces g and g∗ are complementary Lie subalgebras, and both are isotropic, i.e.,

the scalar product vanishes on g and on g∗.
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It will be seen that for any Lie bialgebra g, (d,g,g∗) is an example of a Manin triple,

defined as follows:

Definition 2.3.3. [9], [10] A Manin triple is a triple (ϑ ,a,b), where ϑ is a Lie

algebra with an invariant, non-degenerate, symmetric bilinear form, and a and b are

complementary isotropic Lie subalgebras.

[9], [10] In the finite-dimensional case, we can demonstrate that, in contrast to the

previously provided definition; a has a Lie bialgebra structure when (ϑ ,a,b) is a Manin

triple. Since a and b play symmetric roles, b also has a Lie bialgebra structure. Also,

the Lie bialgebra b can be identified with the dual of the Lie bialgebra a. Let (· | ·) be

the given scalar product on ϑ . To m ∈ b we associate the 1-form i(m) on a defined by

i(m)(n) = (n | m) where n ∈ a. The linear map m 7→ i(m) from b to a∗ is injective. In

fact, if i(m) = 0, then (n | m) = 0 for all n ∈ a, and then for all n ∈ ϑ since b is isotropic

and ϑ = a⊕b. We obtain m = 0 from the non-degeneracy of the scalar product. We

see then that b is isomorphic to a∗ by dimensions. Therefore, the Lie bracket on b

defines a Lie bracket on a∗. To see that it defines a Lie bialgebra structure on a, we use

the Jacobi Identity in ϑ , and the invariance of the scalar product. Therefore, we have

Theorem 2.3.1. [9], [10] There is a one-to-one correspondence between

finite-dimensional Lie bialgebras and finite-dimensional Manin triples.

2.4 R-matrices

In this Subsection, we will examine a linear map R from g to g, where g is a Lie

algebra, which defines R-bracket that will be important in our studies. By the help

of this new bracket, modified and classical YB equations will be introduced and the

latter will be the fundamental basis for our work in the Chapter 5. The R-matrix, an

endomorphism R that satisfies the modified YB equation, defines a second Lie algebra

structure as this new R-bracket on g, as will be illustrated in that Chapter. In fact, we

will be working with the semi-simple Lie groups G with Lie algebras g, and by using

the non-degenerate Cartan-Killing form on g, we will be able to identify g and the dual

vector space g∗. Then, a bi-vector will be constructed on the Lie algebra g, which will

enable us to build a Lie algebra structure in the dual vector space and this fact will
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yield a Drinfel’d double structure. More features of R-matrices will be examined in

the Chapter 5.

Definition 2.4.1. [9], [10] The skew-symmetric bilinear form ⟨R,R⟩ on g, where R is

a linear map from g to g, with values in g defined by

⟨R,R⟩(X ,Y ) = [RX ,RY ]−R([RX ,Y ]+ [X ,RY ])+ [X ,Y ].

for X ,Y ∈ g, and, more generally, we define ⟨R,R⟩k, by

⟨R,R⟩k(X ,Y ) = [RX ,RY ]−R([RX ,Y ]+ [X ,RY ])+ k2[X ,Y ], (2.2)

where k is any scalar.

Definition 2.4.2. [9], [10] Condition

⟨R,R⟩k = 0

is called modified Yang-Baxter equation (MYBE) with coefficient k2.

Definition 2.4.3. [9], [10] An endomorphism R of g satisfying ⟨R,R⟩k = 0 for some

scalar k is called a classical R-matrix, or simply an R-matrix.

Remark 2.4.1. For our purposes, the R-matrix with k = 0 will be studied and the

equation (2.2) for k = 0 becomes

[RX ,RY ]−R([RX ,Y ]+ [X ,RY ]) = 0, (2.3)

which is called classical (or homogeneous) Yang-Baxter equation (CYBE), whenever

R is the R-matrix.

Proposition 2.4.1. [9], [10] The equation (2.3) is a sufficient condition for the bracket

[·, ·]R to satisfy the Jacobi Identity, where

[X ,Y ]R = [RX ,Y ]+ [X ,RY ]. (2.4)
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Proof: In order to show this fact, Jacobiator of the bracket [·, ·]R will be examined such

that

J = [X , [Y,Z]R]R +[Y, [Z,X ]R]R +[Z, [X ,Y ]R]R

= [RX , [Y,Z]R]+ [X ,R[Y,Z]R]+ [RY, [Z,X ]R]+ [Y,R[Z,X ]R]

+ [RZ, [X ,Y ]R]+ [Z,R[X ,Y ]R]

= [RX , [RY,Z]]+ [RX , [Y,RZ]]+ [X ,R[Y,Z]R]+ [RY, [RZ,X ]]

+ [RY, [Z,RX ]]+ [Y,R[Z,X ]R]

+ [RZ, [RX ,Y ]]+ [RZ, [X ,RY ]]+ [Z,R[X ,Y ]R]

= [RY, [RZ,X ]]+ [RZ, [X ,RY ]]+ [X ,R[Y,Z]R]+ c.p.

=−[RZ, [X ,RY ]]− [X , [RY,RZ]]+ [RZ, [X ,RY ]]+ [X ,R[Y,Z]R]+ c.p.

= [X ,R[Y,Z]R − [RY,RZ]]+ c.p.,

where we have used the Jacobi Identity of the Lie bracket in the fifth equality. So, if

the condition (2.3) is satisfied, then the above equation (Jacobiator of the bracket [, ]R)

indeed vanishes.■

[9], [10] Consequently, a second Lie algebra structure [·, ·]R on g is defined by any

R-matrix on g. A Lie algebra with a R-matrix is therefore referred to as a double Lie

algebra. This definition should not be confused with the definition of a Lie bialgebra

given in Subsection 2.3.

Since R-matrices will be examined in Chapter 5 in detail, this brief introduction of

these has been given for now.

2.4.1 Classification of R-matrices

In the thesis, we will study skew-symmetric R-matrices for our purposes. These

skew-symmetric solutions for CYBE on a finite-dimensional Lie algebra g correspond

exactly to quasi-Frobenius subalgebras of g, which we shall define shortly. The

R-matrix acts as a non-degenerate operator on such a subalgebra.
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Let us write the R-matrix as

R =
1
2

ri jbi ∧b j, (2.5)

where, bi and b j are the generators of the quasi-Frobenius subalgebra.

Definition 2.4.4. [7] Unimodularity condition for the R-matrix is

RB
A f A

BC = 0. (2.6)

Definition 2.4.5. [7] Abelian R-matrices are the ones for which [bi,b j] = 0, ∀i, j while

non-abelian ones have [bi,b j] ̸= 0 for some i, j.

Proposition 2.4.2. [7] The unimodularity condition (2.6) takes the following form

when R is an anti-symmetric matrix and satisfies CYBE.

ri j[bi,b j] = 0.

The first important fact, due to Stolin [11], [12], is that there is a one-to-one

correspondence between constant solutions of the CYBE for a Lie algebra g and

quasi-Frobenius (or symplectic) subalgebras h ⊂ g (see also [13]).

Definition 2.4.6. [7] A Lie algebra is quasi-Frobenius if it has a non-degenerate

2-cocycle ω , i.e. ω(X ,Y ) = −ω(Y,X), ω([X ,Y ],Z)+ω([Z,X ],Y )+ω([Y,Z],X) =

0, ∀X ,Y,Z ∈ h. It is Frobenius if ω is a coboundary, i.e. ω(X ,Y ) = f ([X ,Y ]) for

some linear function f .

For the definition of a 2-cocyle, see the Definition 2.1.5.

If R is a solution to the CYBE for g, then there is a subalgebra h on which R is

non-degenerate. This fact will be important in Subsection 5.2 for constructing a

bi-vector field from the R-matrix. This subalgebra is necessarily quasi-Frobenius,

and writing R in the form (2.5) the 2-cocycle is the inverse of the R-matrix, i.e.

ω(bi,b j) = (r−1)i j. The converse is also true, i.e. if h ⊂ g is quasi-Frobenius then the

inverse of the 2-cocycle ω gives a solution to the CYBE. Therefore, finding solutions

to the CYBE for a given g reduces to finding all quasi-Frobenius subalgebras of g.

16



3. LIE ALGEBROID, LIE BIALGEBROID AND COURANT ALGEBROID

In Chapter 5, dressed R-matrix, Rg, will be constructed from the R-matrix, and it will

be demonstrated that the components of the dressed R-matrix produce a bi-vector field

β whose SN bracket vanishes with itself whenever Rg satisfies the CYBE given in

(5.9). Therefore, β defines a Poisson structure on the group manifold. Additionally, it

will be demonstrated how this fact results in a Poisson structure, a natural Lie algebroid

structure on the cotangent bundle of a Poisson manifold, and how they combine to form

a Lie bialgebroid. Since these ideas come up in our research, our aim in this Chapter

is to introduce these notions and investigate their features. In addition, a Courant

algebroid, which has been constructed for finding the double of a Lie bialgebroid, will

be investigated since it is a generalization of the concept of a Drinfel’d double and is

one of the key structures in the thesis.

3.1 Lie Algebroid and Poisson Manifold

3.1.1 Lie algebroid

A Lie algebroid was first defined by J. Pradines in 1967 in [14] and explored in depth

by K. Mackenzie in [15]. This can be thought of as a structure that is a generalized

version of a Lie algebra, such that it carries the sections of a vector bundle to the

tangent bundle with the help of the smooth bundle map called anchor that induces a

Lie algebra homomorphism and satisfies a Leibniz rule given below.

Definition 3.1.1. [16] A Lie algebroid is a vector bundle A on a smooth manifold

M, equipped with a Lie bracket [·, ·] on Γ(A) (smooth sections of A) and a smooth

bundle map ρ : A → T M, called the anchor. The anchor must induce a Lie algebra

homomorphism ρ : Γ(A)→ Γ(T M) (smooth sections of the tangent bundle T M), i.e.,

1) ρ([X ,Y ]) = [ρ(X),ρ(Y )], (3.1)
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and the following Leibniz Rule must be satisfied

2) [X , fY ] = f [X ,Y ]+ (ρ(X) f )Y, (3.2)

∀X ,Y ∈ Γ(A) and ∀ f ∈C∞(M) denotes the smooth functions on the manifold M.

Corollary 3.1.1. First condition above is a fundamental property of Lie algebroids,

and is often given as a condition as above in many sources. However, it is a

consequence of the second condition together with the Jacobi Identitiy, as it has been

noted by J.C. Herz, Y. Kosmann-Schwarzbach, F. Magri and J. Grabowski among

others (see [17], [18], [19], [20]). (Proof can be found in Appendix in Proof A.1.)

There is another structure called a pre-Lie algebroid which is a vector bundle with

anti-symmetric and bilinear bracket instead of the Lie bracket equipped with the above

conditions. Therefore, this structure eliminates the Jacobi condition that is the sections

of a vector bundle do not have to satisfy the Jacobi Identity.

3.1.2 Calculus on Lie algebroids

The definitions and some properties on Lie algebroids will be provided now in order

to achieve calculations on these structures. These can be thought as a generalization

of the notions such as the exterior derivative, the Lie derivative, the interior product,

the SN bracket and some relations between them to arbitrary Lie algebroids of the

standard calculus of differential forms and multi-vector fields.

Let us consider a Lie algebroid A on base M with anchor ρ : A → T M. The notation

Γ(∧kA) will stand for the smooth sections of kth exterior power bundle of a Lie

algebroid A whereas Γ(∧kA∗) is for for the smooth sections of kth exterior power

bundle of a Lie algebroid A∗, where k ≥ 0. For k ≥ 0, we identify, the k-th exterior

power bundle on M, ∧k (A∗) with Altk(A,M×R) where Altk(A,M×R) denotes the set

of k-multi-linear alternating forms on A. For more details of these notions, one may

follow [15].
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Definition 3.1.2. [21] The exterior derivative, or Lie algebroid co-boundary, d :

Γ(∧kA∗)→ Γ(∧k+1A∗) is defined by

dφ (X1, . . . ,Xk+1) =
k+1

∑
i=1

(−1)i+1
ρ(Xi)(φ(X1, . . . , X̂i, . . . ,Xk+1))

+∑
i< j

(−1)i+ j
φ([Xi,X j],X1, . . . , X̂i, . . . , X̂ j, . . . ,Xk+1),

for φ ∈ Γ(∧kA∗),Xi ∈ Γ(A),1 ⩽ i ⩽ k+ 1 and X̂i, X̂ j are for the omitted terms. Here,

the bracket [Xi,X j] is the Lie algebroid bracket on the sections of A.

The exterior derivative for k = 0 and k = 1 on Lie algebroids can be found below.

Lemma 3.1.1. For k = 0 in the above definition, that is for the exterior derivative of a

0-form, which is a function f ∈C∞(M) on a Lie algebroid, we have

d f (X) = ρ(X)( f ). (3.3)

Lemma 3.1.2. For k = 1 in the above definition, that is for the exterior derivative of a

1-form φ ∈ Γ(A∗), we obtain

dφ(X1,X2) = ρ(X1)φ(X2)−ρ(X2)φ(X1)−φ [X1,X2]. (3.4)

Definition 3.1.3. [21] For X ∈ Γ(A) and k ⩾ 0, the Lie derivative LX : Γ(∧kA∗) →

Γ(∧kA∗) is defined by

LX(φ)(Y1, . . . ,Yk) = ρ(X)(φ(Y1, . . . ,Yk))−
k

∑
i=1

φ(Y1, . . . , [X ,Yi], . . . ,Yk), (3.5)

for φ ∈ Γ(∧kA∗) and Y1, . . . ,Yk ∈ Γ(A).

Definition 3.1.4. [21] The contraction, or interior multiplication, iX : Γ(∧k+1A∗)→

Γ(∧kA∗) is defined by

iX(φ)(Y1, . . . ,Yk) = φ (X ,Y1, . . . ,Yk) ,

for φ ∈ Γ(∧k+1A∗) and Y1, . . . ,Yk ∈ Γ(A).

These operators satisfy the following analogues of the standard calculus of differential

forms [21];

d(φ ∧ψ) = dφ ∧ψ +(−1)k
φ ∧dψ, (3.6)
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d2 = 0, (3.7)

L[X ,Y ]SN
= LX ◦LY −LY ◦LX , (3.8)

i[X ,Y ]SN
= LX ◦ iY − iY ◦LX , (3.9)

LX = d ◦ iX + iX ◦d, (3.10)

LX( f φ) = f LX(φ)+ρ(X)( f )φ , (3.11)

L f X(φ) = f LX(φ)+d f ∧ iX(φ), (3.12)

where X ,Y ∈ Γ(A), f ∈ C∞(M), φ ∈ Γ(∧kA∗), ψ ∈ Γ(∧mA∗). Note that in (3.12),

d f ∈ Γ(∧1A∗) refers to the Lie algebroid coboundary.

The Definition of the (generalized) SN Bracket and its Properties:

The bracket, which is called SN bracket, of the multi-vector fields on a smooth

manifold will be presented now. Because of its structure, this bracket is an extension

of a Lie bracket of vector fields. SN bracket can be also extended for the multi-sections

of a Lie algebroid which will be used later in Section 3 and its definition will be given

next.

Let Γ(T M) =
⊕n

j=0∧ j(M),(∧0 = C∞(M),n = dimM), be the contravariant exterior

algebra of skew-symmetric contravariant tensor fields (multi-vectors) over M. The Lie

bracket of vector fields on M may be uniquely extended to an R-bilinear bracket on

Γ(T M), the SN bracket, in such way that Γ(T M) becomes a graded superalgebra. The

SN bracket [22], [23] is a bilinear mapping ∧p(M)×∧q(M)→∧p+q−1(M).

Definition 3.1.5. [24] Let X1, . . . ,Xp,Y1, . . . ,Yq be vector fields over M. Then

[X1∧. . .∧Xp,Y1∧. . .∧Yq]SN =∑(−1)i+ jX1∧. . . X̂ j . . .∧Xp∧[X j,Yi]∧Y1∧. . .Ŷi . . .∧Yq,

(3.13)

where [·, ·]SN is the SN bracket and X̂ stands for the omission of X.

The above definition can be generalized to the context of Lie algebroids as follows

which has actually the same form of (3.13).
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Definition 3.1.6. [16] (Generalized) SN bracket,

[·, ·]SN : Γ(∧kA)×Γ(∧mA)→ Γ(∧k+m−1A),

on the sections X1 ∧ . . .∧Xp ∈ Γ(∧pA), Y1 ∧ . . .∧Yq ∈ Γ(∧qA) of a Lie algebroid A is

defined as follows

[X1 ∧ . . .∧Xp,Y1 ∧ . . .∧Yq]SN = Σi, j(−1)i+ j[Xi,Yj]∧X1 ∧ . . .∧ X̂i∧

. . .∧Xp ∧Y1 ∧ . . .∧ Ŷj ∧ . . .∧Yq. (3.14)

Some of the features of the SN bracket will be stated now since these arise in our

studies.

Corollary 3.1.2. For X ∈ Γ(A) and f ∈ C∞(M), the SN bracket reduces to the

followings [15]:

LX( f ) = [X , f ] =−[ f ,X ] = ρ(X) f . (3.15)

Also, we have [25]

LX(Y ) = [X ,Y ]SN, (3.16)

where X ∈ Γ(A) and Y ∈ Γ(∧qA). This property is also true when X ∈ Γ(∧pA).

Corollary 3.1.3. The SN bracket satisfies [25]

[ f X ,gY ]SN = f g[X ,Y ]SN +gX ∧ [ f ,Y ]SN +(−1)degree of X f [g,X ]SN ∧Y, (3.17)

for all X ∈ Γ(∧pA) and Y ∈ Γ(∧qA). Here, [ f ,Y ]SN =−ρ(Y ) f and [g,X ]SN =−ρ(X)g

from (3.15). (Proof can be found in Appendix in Proof A.2.)

Corollary 3.1.4. The SN bracket yields for Y ∈ Γ(∧qA) [26]

[ f ,Y1 ∧·· ·∧Yn]SN =
n

∑
i=1

(−1)iYi( f )Y1 ∧·· ·∧ Ŷi ∧·· ·∧Yn. (3.18)
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For Y ∈ Γ(∧2A), the above equation yields the following.

[ f ,Y1 ∧Y2]SN =−Y1( f )Y2 +Y2( f )Y1,

or by using (3.15)

[ f ,Y1 ∧Y2]SN =−ρ(Y1)( f )Y2 +ρ(Y2)( f )Y1. (3.19)

Examples of Lie Algebroids

Examples 3.1.1. 1) Every Lie algebra is a Lie algebroid over the one point manifold

such that the anchor is ρ = 0 and A = g is a vector space with a bracket that has to

fulfill Jacobi Identity.

2) With the identity map acting as its anchor, the tangent bundle is a Lie algebroid

in and of itself. A Lie algebra can be thought of as a generalization of the tangent

bundle.

3) Every bundle of Lie algebras over a smooth manifold defines a Lie algebroid where

the Lie bracket is defined pointwise and the anchor map is equal to zero.

4) Given a Poisson manifold (M,Π), which will be defined in the next Subsection,

there exists a natural Lie algebroid structure on its cotangent bundle together with an

anchor induced by the Poisson bi-vector and the induced Lie bracket on the sections of

this cotangent bundle.

Remark 3.1.1. The last example above will be examined in the Subsection 3.1.4 in

detail since this result is important for our studies. Also, the Poisson manifolds not

only set an example for Lie algebroids but also form a Lie bialgebroid structure on

T ∗M⊕T M (see the Proposition 3.1.4) whose definition will be given in the Subsection

3.2. Last but not least, we will see that the SN bracket of a Poisson bi-vector Π with

itself vanishes and this fact will be also important for us in the future.
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Considering all these features, Poisson manifolds have an importance in our studies so

that the next Subsection will be devoted to this notion and to some properties of this

structure. We will start with the definition of a Poisson structure.

3.1.3 Poisson structure

Let M be a smooth manifold of finite dimension m. We denote by C∞(M) the algebra

of smooth real-valued functions on M. The trivial Lie algebroid structure A = T M will

be used in this case.

Definition 3.1.7. [27] A Poisson structure on M is an R-bilinear map

{·, ·}M : C∞(M)×C∞(M)→C∞(M),

called the Poisson bracket (we will drop the M below the bracket for short), which

satisfies the following conditions:

1){ f ,g}=−{g, f} ,

2) { f ,{g,h}}+{g,{h, f}}+{h,{ f ,g}}= 0,

3){ f g,h}= f {g,h}+{ f ,h}g,

for all f ,g,h ∈C∞(M). The pair (M,{·, ·}) is called a Poisson manifold.

R-bilinearity, the skew-symmetry property (1) and the Jacobi Identity (2) together

mean that {,} is a Lie bracket on C∞(M), making the space of smooth functions into

a Lie algebra. Property (3), the Leibniz identity, means that, for all f ∈ C∞(M), the

operator { f , ·} is a derivation of the algebra of smooth functions in C∞(M).

Example 3.1.1. One can define a trivial Poisson structure on any manifold by setting

all functions f and g in C∞ to { f ,g}= 0.

Example 3.1.2. On R2n with linear coordinates
(
q1, . . . ,qn, p1, . . . , pn

)
the formula:

{ f ,g} :=
n

∑
i=1

(
∂ f
∂ pi

∂g
∂qi −

∂ f
∂qi

∂g
∂ pi

)
.

defines a Poisson bracket, called the canonical Poisson bracket on R2n.
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Definition 3.1.8. [28] A 2-vector field (bi-vector field) Π, such that the bracket

{ f ,g} := Π( f ,g) = ⟨Π,d f ∧ dg⟩ is a Poisson bracket, is called a Poisson tensor, or

also a Poisson structure. The corresponding Poisson bracket is often denoted by [·, ·]π .

If the Poisson tensor Π is a Ck-smooth 2-vector field, then we say that we have a

Ck-smooth Poisson structure, and so on.

Proposition 3.1.1. In a local system of coordinates (x1, . . . ,xn) we have

Π = ∑
i< j

Πi j
∂

∂xi
∧ ∂

∂x j
=

1
2 ∑

i, j
Πi j

∂

∂xi
∧ ∂

∂x j
,

where Πi j = ⟨Π,dxi ∧dx j⟩= {xi,x j}, and

{ f ,g}=

〈
∑
i< j

{xi,x j}
∂

∂xi
∧ ∂

∂x j
,∑

i, j

∂ f
∂xi

∂g
∂x j

dxi ∧dx j

〉
= ∑

i, j
Πi j

∂ f
∂xi

∂g
∂x j

.

Lemma 3.1.3. [28] For any C1-smooth 2-vector field Π, one can associate to it a

3-vector field Λ defined by

Λ( f ,g,h) = {{ f ,g},h}+{{g,h}, f}+{{h, f},g},

where {k, l} denotes ⟨Π,dk∧dl⟩ (i.e., the bracket of Π ).

Proposition 3.1.2. Direct calculations in local coordinates show that

Λ( f ,g,h) = ∑
i jk

(
∑
s

∂Πi j

∂xs
Πsk + c.p.

)
∂ f
∂xi

∂g
∂x j

∂h
∂xk

,

where c.p. stands for the cyclic permutations of Πi j depending on i, j,k. (Proof can be

found in ( A.1).)

Alternatively,

Λ = ∑
i< j<k

(
∑
s

∂Πi j

∂xs
Πsk + c.p.

)
∂

∂xi
∧ ∂

∂x j
∧ ∂

∂xk
.

It is evident that the requirement that Λ = 0 is equivalent to the Jacobi Identity for Π.

So, we obtain:

Proposition 3.1.3. [28] A 2-vector field Π = ∑i< j Πi j
∂

∂xi
∧ ∂

∂x j
expressed in terms of

a given system of coordinates (x1, . . . ,xn) is a Poisson tensor if and only if it satisfies

the following system of equations:

∂Πi j

∂xs
Πsk + c.p. = 0 (∀i, j,k). (3.20)

(Proof can be found in Appendix in Proof A.3.)
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The preceding proposition has the noticeable conclusion that the components of the

bi-vector field must fulfill a requirement for a 2-vector field to be a Poisson structure.

The important result will be given now that the Jacobi Identity (2) for the Poisson

bracket given in 3.1.7, which corresponds to (3.20) as shown above, is equivalent to

the vanishing of the SN bracket of the bi-vector field with itself that is [Π,Π]SN = 0.

Lemma 3.1.4. Let β be a bi-vector field on a manifold M. Then the SN bracket of β

with itself is given by [29]

[β ,β ]SN = [β il(∂lβ
jk)+β

jl(∂lβ
ki)+2β

kl(∂lβ
i j)]∂i ∧∂ j ∧∂k,

by writing β = β i j∂i ∧∂ j. Here, the SN bracket is as given in (3.13).

The equivalent condition for [β ,β ]SN = 0 is as follows.

β
il(∂lβ

jk)+β
jl(∂lβ

ki)+β
kl(∂lβ

i j) = 0 . (3.21)

Then β defines a Poisson structure on M with the following identity since it has the

same form with (3.20). (Proof can be found in Appendix in Proof A.4.)

For a Poisson tensor, we will use Π in further studies.

Example 3.1.3. [28] Let V be a finite-dimensional vector space over R. When two

linear functions have a Poisson bracket that is also a linear function, we have a linear

Poisson structure on V . The components of the corresponding Poisson tensor are

equivalently linear functions in local coordinates. The operation ( f ,g) 7→ { f ,g} in this

instance, restricted to linear functions, results in an operation [·, ·] : V ∗×V ∗ −→ V ∗,

a Lie algebra structure on V ∗, where V ∗ is the dual linear space of V .

On the other hand, a linear Poisson structure on V is determined by any Lie algebra

structure on V ∗. Consider a finite-dimensional Lie algebra, denoted as (g, [·, ·]). The

element of g corresponding to each linear function f : g∗ −→ R is denoted by f̃ . For
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each α in g∗, we put { f ,g}(α) = (α, [ f̃ , g̃]) if f and g are two linear functions on

g∗. {xi,x j} = ∑ci j
kxk is obtained if we select a set of basis vectors as e1, . . . ,en of g,

with [ei,e j] = ∑ci j
kek. Here, xl is the function that satisfies x̃l = el . From the Jacobi

Identity for [·, ·], we can take (x1, . . . ,xn) as a linear system of coordinates on g∗. This

means that the functions Πi j = {xi,x j} verify the Equation (3.20).

A Poisson structure on g∗ is thus obtained. The following formula can be used to define

this Poisson structure intrinsically:

{ f ,g}(α) = ⟨α, [d f (α),dg(α)]⟩,

where d f (α) and dg(α) are thought as elements of g from the identification (g∗)∗ = g.

Finite-dimensional linear Poisson structures and finite-dimensional Lie algebras are

therefore naturally bijective. Even Lie algebras can be studied by considering them to

be linear Poisson structures (see, e.g., [30]).

As we have promised in the Remark 3.1.1, the following Subsection is devoted to the

fact that there exists a natural Lie algebroid structure on the cotangent bundle of a given

Poisson manifold. This structure will be used in the Proposition 3.1.4 in order to show

that there is a Lie bialgebroid structure on the direct sum of the tangent and cotangent

bundles with the induced Poisson structure and also in the Lemma 5.2.1 where we will

have a bi-vector field constructed by using an R-matrix that satisfies the SN bracket to

be vanished and becomes a Poisson tensor.

3.1.4 Lie algebroid structure on the cotangent bundle of a Poisson manifold

Example 3.1.4. ( [28], Example 8.1.12) As an important example (which was

discovered by Dazord and Sondaz [31]) for a Lie algebroid, it can be given that

attached to each Poisson manifold (M,Π), there is a natural Lie algebroid structure(
T ∗M, [·, ·]∗,Λ♯

)
, on the cotangent bundle of M, where Λ♯ : T ∗M → T M is the anchor

map of Π, ⟨Λ♯α,β ⟩= Π(α,β ),∀α,β ∈ Γ(A∗), and whose Lie bracket is defined by the
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Koszul bracket:

[α,β ]∗ = LΛ♯αβ −LΛ♯β α −d(Π(α,β )) (3.22)

= iΛ♯αdβ − iΛ♯β dα +d(Π(α,β )).(
T ∗M, [·, ·]∗,Λ♯

)
, is called the cotangent algebroid of (M,Π).

(Proof can be found in Appendix in Proof A.5.)

This bracket on 1-forms of a Poisson manifold was first discovered by Magri, Franco

and Morosi [32].

Proposition 3.1.4. [21], [33] A Poisson manifold (M,Π) gives naturally rise to a

Lie bialgebroid, whose definition will be given in the next Subsection, on T M with the

commutator bracket of tangent vector fields and T ∗M with the Lie bracket induced by

the Poisson structure. (Proof can be found in Appendix in Proof A.6.)

It has been seen that for a given Poisson manifold (M,{·, ·}), which is determined

by a Poisson bi-vector Π, the cotangent bundle of M carries a natural Lie algebroid

structure. That is on differential 1-forms, which are sections of T ∗M, the bracket

(3.22) can be defined. On the other hand, for a given Lie algebroid
(
T ∗M, [·, ·]∗,Λ♯

)
on

the cotangent bundle T ∗M, there exists a Poisson bracket {·, ·} on M such that Π = Λ♯ :

T ∗M → T M if and only if some conditions are satisfied. These are the followings: Λ♯

must be skew-symmetric and if α,β ∈ Γ(A∗) are closed then [α,β ]∗ must be closed.

These facts can be followed from [34] in detail.

3.2 Lie Bialgebroid

Lie bialgebroids were introduced and studied by Kirill C. H. Mackenzie and Ping Xu

in [21] in 1994. These structures are the straightforward extension of the concept of Lie

bialgebras. While two compatible Lie algebras (g,g∗) (where g∗ is a dual vector space

of g) constructs a Lie bialgebra, Lie bialgebroids are constructed by two Lie algebroids

(A,A∗) (where A∗ is the dual vector bundle of A) which satisfy again a compatibility

condition given below.

Remark 3.2.1. Just as the Lie algebroid (bracket) structure on A induces an exterior

derivative (d) on A∗ given in Subsection 3.1.2, the bracket introduced below ([·, ·]∗)
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on A∗ induces also an exterior derivative on A and it will be denoted by call it d∗.

The compatibility condition will be the condition that d∗ must be the derivation of the

bracket on the sections of A which is given below in (3.24) and this condition will be

used in our calculations later.

Definition 3.2.1. Let A be a Lie algebroid and suppose its dual bundle A∗ also has

the structure of a Lie algebroid. Then (A,A∗) is a Lie bialgebroid if the Lie algebroid

derivative d : Γ(A∗)→ Γ(∧2A∗) is a derivation of the SN bracket on Γ(A∗), in the sense

that [16]

d[ξ ,η ]∗ = [dξ ,η ]∗+[ξ ,dη ]∗, (3.23)

or d∗ must be the derivation of the bracket on the sections of A, that is [21]

d∗[X ,Y ]SN = [X ,d∗Y ]SN +[d∗X ,Y ]SN

= LX d∗Y −LY d∗X , (3.24)

where d∗ : Γ(A)→ Γ(∧2A) is the induced differential operator.

3.2.1 Exact and triangular Lie bialgebroids

Any given Lie algebroid A can be associated with a dual vector bundle A∗. We will

be interested in whether this dual vector bundle is also equipped with a Lie algebroid

structure. As will be demonstrated, if there exists a bundle map Λ♯ : A∗ → A with

Λ ∈ Γ(∧2A), then the condition (3.26) to be satisfied to have a Lie algebroid structure

on the dual vector bundle A∗. Then, Lie algebroids A and A∗ together construct a Lie

bialgebroid (A,A∗) since the compatibility condition between A and A∗, given in (3.24),

automatically holds. This Lie bialgebroid is called an exact Lie bialgebroid, but we

shall work on a special case of this condition and it defines a triangular Lie bialgebroid.

All these notions have been studied in [35] and they will be verified in detail now since

these works will help in the future calculations.

Remark 3.2.2. In our calculations below, we will see how the Lie bialgebroid structure

is constructed under a condition using the bundle map Λ♯. Lie bialgebroids constructed
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in this way are called exact or triangular Lie bialgebroids whose definitions can be

seen in the Definition 3.2.3. We will be interested in the triangular Lie bialgebroids, as

mentioned above, later in Subsection 4.3.

Let A be a Lie algebroid with anchor ρ , and Λ a section of Γ(∧2A) (sometimes Λ

will be called a bi-section). Let us denote the bundle map Λ♯ : A∗ → A defined by

Λ♯(ξ )(η) = Λ(ξ ,η) for all ξ ,η ∈ Γ(A∗). By the help of this map, let us introduce a

new bracket on Γ(A∗) by [35]

[ξ ,η ]∗ = LΛ♯ξ η −LΛ♯ηξ −d[Λ(ξ ,η)] , (3.25)

where [·, ·]∗ : Γ(∧2A∗)→ Γ(A∗).

Remark 3.2.3. Note that the construction of a Lie bialgebroid will be done by using

the bundle map Λ♯ : A∗ → A defined by Λ♯(ξ )(η) = Λ(ξ ,η) for all ξ ,η ∈ Γ(A∗) and

introducing a new bracket on the smooth sections of the dual vector bundle A∗, given

in (3.25) together with the induced differential operator d∗ : Γ(A) → Γ(∧2A) which

will be given by d∗X = [Λ,X ]SN (see the Proposition 3.2.1). This construction can be

thought as a generalization of the idea given in Example 3.1.4. In that example, we had

an anchor instead of Λ♯ such that Λ♯ : T ∗M → T M, and we had a Poisson bi-vector

Π instead of Λ, and new bracket on the smooth sections of the cotangent bundle T ∗M

given in (3.22) which has the same form as above.

Definition 3.2.2. Let ρ∗ be the composition ρ ◦Λ♯ : A∗ → T M, where T M is the tangent

bundle on the manifold M.

Theorem 3.2.1. ( [35], Theorem 2.1) A∗ with the bracket and anchor ρ∗ defined above

becomes a Lie algebroid if and only if

LX [Λ,Λ]SN = 0, for all X ∈ Γ(A), (3.26)

where [Λ,Λ]♯ is the map A∗∧A∗ → A defined by

⟨[Λ,Λ]♯(ξ1,ξ2),ξ3⟩= [Λ,Λ]SN(ξ1,ξ2,ξ3), (3.27)
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and [Λ,Λ]SN ∈ Γ(∧3A) is the SN bracket of Λ with itself. (Proof of this Theorem will

be given after the Remark and the following Lemmas.)

Remark 3.2.4. In order to have a Lie algebroid structure on the dual vector bundle,

one more condition has been put forward in the first place in the above Theorem in [35]

such that

ρ ◦ [Λ,Λ]♯ = 0. (3.28)

However, they discovered in [36] later that the condition (3.26) implies the above

condition.

In order to prove the Theorem 3.2.1, the following Lemmas will be used so that these

will be given now. Proofs of each can be found in Appendix.

Lemma 3.2.1. ( [35], Lemma 2.2) For any ξ1 and ξ2 ∈ Γ(A∗),

Λ
♯[ξ1,ξ2]− [Λ♯

ξ1,Λ
♯
ξ2] =

1
2
[Λ,Λ]♯(ξ1,ξ2). (3.29)

(Proof can be found in Appendix in Proof A.7.)

Lemma 3.2.2. ( [35], Lemma 2.3) For any X ∈ Γ(A) and ξi ∈ Γ(A∗), i = 1,2,3, we

have

(LX [Λ,Λ]SN)(ξ1,ξ2,ξ3) =
{
⟨LX([Λ,Λ]

♯(ξ1,ξ2)),ξ3⟩+ c.p.
}

−2LX([Λ,Λ]SN(ξ1,ξ2,ξ3)).

(Proof can be found in Appendix in Proof A.8.)

Lemma 3.2.3. ( [35], Lemma 2.4)

J(ξ1,ξ2,ξ3) =

{
1
2
L[Λ,Λ]♯(ξ1,ξ2)

ξ3 + c.p.
}
−d([Λ,Λ]SN(ξ1,ξ2,ξ3)), (3.30)

where the Jacobiator is given by

J(ξ1,ξ2,ξ3) = [[ξ1,ξ2],ξ3]+ c.p., (3.31)

for any ξ1,ξ2,ξ3 ∈ Γ(A∗). (Proof can be found in Appendix in Proof A.9.)
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Proof of the Theorem 3.2.1: In order to prove the the condition (3.26) in this Theorem,

Lemma 3.2.3 will be used such that

⟨J(ξ1,ξ2,ξ3),X⟩=
{

1
2
⟨L[Λ,Λ]♯(ξ1,ξ2)

ξ3,X⟩+ c.p
}
−LX([Λ,Λ]SN(ξ1,ξ2,ξ3))

=

{
1
2
L[Λ,Λ]♯(ξ1,ξ2)

⟨ξ3,X⟩− 1
2
⟨ξ3,L[Λ,Λ]♯(ξ1,ξ2)

X⟩+ c.p
}

−LX([Λ,Λ]SN(ξ1,ξ2,ξ3))

=

{
−1

2
⟨ξ3,L[Λ,Λ]♯(ξ1,ξ2)

X⟩+ c.p
}
−LX([Λ,Λ]SN(ξ1,ξ2,ξ3))

=

{
1
2
⟨LX([Λ,Λ]

♯(ξ1,ξ2)),ξ3⟩+ c.p
}
−LX([Λ,Λ]SN(ξ1,ξ2,ξ3))

=
1
2
(LX([Λ,Λ]SN))(ξ1,ξ2,ξ3),

where we have also used ⟨d f ,X⟩ = LX f in the first line and the Leibniz Rule of

LX in the second line, and L[Λ,Λ]♯(ξ1,ξ2)
⟨ξ3,X⟩ = ρ([Λ,Λ]♯(ξ1,ξ2))⟨ξ3,X⟩ = 0 from

(3.28) in the third line, and the last line follows from Lemma 3.2.2. Therefore,

⟨J(ξ1,ξ2,ξ3),X⟩ = 0, which is non-degenerate, if and only if LX([Λ,Λ]SN) = 0 for

all X ∈ Γ(A) which is the condition (3.26) and this ends the proof of Theorem 3.2.1. ■

Proposition 3.2.1. [35] If the condition in Theorem 3.2.1 holds so that A∗ becomes

a Lie algebroid. The induced differential operator d∗ : Γ(A) → Γ(∧2A) is given

by d∗X = [Λ,X ]SN for any X ∈ Γ(A) and Λ is a section of Γ(∧2A). Then the

compatibility condition between A and A∗, which is (3.24) is satisfied automatically,

namely, d∗[X ,Y ] = LX d∗Y −LY d∗X. This leads a Lie bialgebroid structure (A,A∗).

Proof: We should firstly prove the fact that d∗X = [Λ,X ]SN which as follows:
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For any φ ,ψ ∈ Γ(A∗), we have 1001[21]

(d∗X)(φ ,ψ) = ρ∗(φ)(X .ψ)−ρ∗(ψ)(X .φ)−X [φ ,ψ]

= ρ(Λ♯
φ)(X .ψ)−ρ(Λ♯

ψ)(X .φ)−X(LΛ♯φ ψ −LΛ♯ψφ −d(Λ(φ ,ψ)))

= LΛ♯φ (X .ψ)−LΛ♯ψ(X .φ)−X .LΛ♯φ ψ +X .LΛ♯ψφ +X .d(Λ(φ ,ψ))

= (LΛ♯φ X).ψ − (LΛ♯ψX).φ +ρ(X)(Λ(φ ,ψ))

=−LX(Λ
♯
φ).ψ +LX(Λ

♯
ψ).φ +LX(Λ(φ ,ψ))

=−⟨LX(Λ
♯
φ),ψ⟩+ ⟨LX(Λ

♯
ψ),φ⟩+LX(Λ(φ ,ψ))

=−LX⟨Λ♯
φ ,ψ⟩+ ⟨Λ♯

φ ,LX ψ⟩+LX⟨Λ♯
ψ,φ⟩−⟨Λ♯

ψ,LX φ⟩+LX(Λ(φ ,ψ))

= Λ(φ ,LX ψ)+LX(Λ(ψ,φ))−Λ(ψ,LX φ)

= Λ(LX(φ ,ψ))+LX(Λ(ψ,φ))

= (LX Λ)(ψ,φ)

= [Λ,X ]SN(φ ,ψ), (3.32)

where the first equality follows from the definition in 1001[37]. So, the above result

gives that (d∗X)(φ ,ψ) = [Λ,X ]SN(φ ,ψ) for all φ ,ψ ∈ Γ(A∗). Then it yields d∗X =

[Λ,X ]SN. Therefore,

d∗[X ,Y ] = [Λ, [X ,Y ]]SN

= [Λ,LXY ]SN

= LX [Λ,Y ]SN − [LX Λ,Y ]SN

= LX d∗Y −LY d∗X .■ (3.33)

Therefore, these lead (A,A∗) to be a Lie bialgebroid if the requirement of Theorem

3.2.1 is satisfied. Then,

Definition 3.2.3. [35] If the condition in Theorem 3.2.1 holds, then (A,A∗) is called

an exact Lie bialgebroid and Λ is called an r-matrix. If the condition is changed with

the requirement [Λ,Λ]SN = 0, then it is called a triangular Lie bialgebroid.

3.3 Courant Algebroid
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Courant algebroid was originally introduced by Zhang-Ju Liu, Alan Weinstein and

Ping Xu in their investigation of doubles of Lie bialgebroids in 1997 in [1]. Liu,

Weinstein and Xu named it after Courant, who had implicitly devised earlier in 1990,

in [38], the standard prototype of Courant algebroid through his discovery of a skew

symmetric bracket on T M⊕T ∗M, called Courant bracket today, which fails to satisfy

the Jacobi Identity. Both this standard example and the double of a Lie bialgebra are

special instances of Courant algebroids which will be shown later.

Definition 3.3.1. A Courant algebroid is a vector bundle E equipped with a

non-degenerate symmetric bilinear form ⟨·, ·⟩ as well as a skew-symmetric bracket [·, ·]

on Γ(E), and with a smooth bundle map ρ : E → T called the anchor. This induces a

natural differential operator D : C∞(M)→ Γ(E) via the definition ⟨D f ,A⟩ = 1
2ρ(A) f

for all f ∈C∞(M) and A ∈ Γ(E). These structures must be compatible in the following

sense: [16]

C1) ρ([A,B]) = [ρ(A),ρ(B)], ∀A,B ∈ Γ(E),

C2) Jac(A,B,C) = D(Ni j(A,B,C)), ∀A,B,C ∈ Γ(E),

C3) [A, f B] = f [A,B]+ (ρ(A) f )B−⟨A,B⟩D f , ∀A,B ∈ Γ(E), f ∈C∞(M),

C4) ρ ◦D = 0, i.e., ⟨D f ,Dg⟩= 0, ∀ f ,g ∈C∞(M),

C5) ρ(A)⟨B,C⟩= ⟨[A,B]+D⟨A,B⟩,C⟩+ ⟨B, [A,C]+D⟨A,C⟩⟩, ∀A,B,C ∈ Γ(E),
(3.34)

where the Jacobiator Jac(A,B,C) = [[A,B],C] + c.p., and the Nijenhuis operator

defined by

Ni j(A,B,C) =
1
3
(⟨[A,B],C⟩+ ⟨[B,C],A⟩+ ⟨[C,A],B⟩).

The last condition (C5) above can be thought as a generalization of the metric

invariance in a Lie algebra.

Theorem 3.3.1. [39] Let D : C∞(M) → Γ(E) be the map given by the composition

of the dual map ρ∗ of ρ and the usual differential d, D = 1
2β−1ρ∗d, β being the

isomorphism between E and E∗ given by the bilinear form (βA)(ξ ) = ⟨A,ξ ⟩ and it
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is equivalent to ⟨D f ,A⟩ = 1
2ρ(A) f ,∀A ∈ ΓE,∀ f ∈ C∞(M). Then, the conditions [C3]

and [C4] and the property of D, i.e., D = 1
2β−1ρ∗d, follow from [C1], [C5] and the

Leibniz Rule for D that is D( f g) = f D(g)+ gD( f ) for all f ,g ∈ C∞(M). (Proof can

be followed from [39] in detail.)

Example 3.3.1. (Standard Courant Algebroid: E = T M ⊕T ∗M) [38] If we take the

usual Lie bracket on the sections of T M that is [·, ·]s with the anchor ρs : T M⊕T ∗M →

T M such that ρs(X +ξ ) = X, then it constructs a Lie algebroid structure itself. On the

other hand, taking zero bracket on the sections of T ∗M together with the anchor ρ∗= 0,

the cotangent bundle has also a Lie algebroid structure. These together constructs a

Lie bialgebroid structure since the compatibility condition in (3.23) or (3.24) holds

automatically. Therefore, it can be constructed a Courant algebroid structure on T M⊕

T ∗M which will be given in the Theorem 3.3.4. The bracket on the sections of T M ⊕

T ∗M is called the standard Courant bracket and is given by

[X +ξ ,Y +η ]s = [X ,Y ]+LX η −LY ξ +
1
2

d(iY ξ − iX η), (3.35)

and the standard inner product is

⟨X +ξ ,Y +η⟩s =
1
2
(ξ (Y )+η(X)). (3.36)

This special case of a Courant algebroid will be investigated in the Example 4.4.1 in

detail.

Note that in above, we have the followings: [ξ ,η ]∗ = 0, LξY = ρ∗(ξ )Y = 0, and

d∗(iξY ) = 0.

Alternative Definition of a Courant Algebroid in terms of a Dorfman Bracket

It has been proven in [40] and [37] that the definition of a Courant algebroid can

be given in terms of a Dorfman bracket, which is not necessarily skew-symmetric

operation, and which is a binary operation defined by

A◦B = [A,B]+D⟨A,B⟩, (3.37)

and two definitions are equivalent. Without giving the proof of this fact now, the

expressions in order to have a Courant algebroid structure will be examined in local
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coordinates in Section 4.4, which are (4.37), and it will be verified that these yield the

same axioms as expected.

Notice that according to this definition, the Courant bracket is the anti-symmetrization

of the Dorfman bracket such that

1
2
(A◦B−B◦A) =

1
2
([A,B]+D⟨A,B⟩− [B,A]+D⟨B,A⟩)

= [A,B],

since [·, ·] is a skew-symmetric bracket and ⟨·, ·⟩ is a symmetric bilinear form.

Definition 3.3.2. [37] A Courant algebroid is a vector bundle E → M together with

a non-degenerate symmetric bilinear form ⟨·, ·⟩E on the bundle, a bilinear operation

”◦” on Γ(E), and a bundle map ρ : E → T M satisfying the following properties:

1. A◦ (B◦C) = (A◦B)◦C+B◦ (A◦C) , ∀A,B,C ∈ Γ(E);

2. ρ (A◦B) = [ρ (A) ,ρ (B)] , ∀A,B ∈ Γ(E);

3. A◦ ( f B) = f (A◦B)+(ρ (A) f )B, ∀A,B ∈ Γ(E), f ∈C∞(M);

4. A◦A = D⟨A,A⟩, ∀A ∈ Γ(E);

5. ρ(A)⟨B,C⟩= ⟨A◦B,C⟩+ ⟨B,A◦C⟩ , ∀A,B,C ∈ Γ(E),

where D : C∞(M)→ Γ(E) via the definition ⟨D f ,A⟩= 1
2ρ(A) f for all f ∈C∞(M) and

A ∈ Γ(E) as in the usual definition of a Courant algebroid.

Remark 3.3.1. In the notation of [37], the coefficient of the equality (4.) has been

taken as 1
2 . Instead of that, we will take as 1. Also, it will be taken as 1

2 in the definition

of D instead of 1 in order to be consistent with the usual definition.

Theorem 3.3.2. [1] Let (L,L∗) be a pair of Lie algebroids in duality, with anchors

a,a∗ and exterior derivatives d,d∗, respectively. Then, the followings can be defined

on E = L⊕L∗:

⟨X +ξ ,Y +η⟩L⊕L∗ =
1
2
(iY ξ + iX η) =

1
2
(ξ (Y )+η(X)), (3.38)

[(X +ξ )◦ (Y +η)]L⊕L∗ = ([X ,Y ]+LξY − iηd∗X)+([ξ ,η ]+LX η − iY dξ ), (3.39)
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ρnew(X +ξ ) = ρL(X)+ρ∗(ξ ), (3.40)

D = d +d∗. (3.41)

If (L,L∗) is a Lie bialgebroid, then (L⊕L∗,⟨·, ·⟩L⊕L∗,◦,ρnew) is a Courant algebroid.

The above proposition was given in terms of the Dorfman bracket and the similar one

will be given also in Theorem 3.3.4 in terms of the Courant bracket. Additionally, the

above result will be proven by using the Courant bracket in Subsection 3.3.5 in local

coordinates.

Example 3.3.2. The Dorfman bracket defined in (3.39) reduces to the following

bracket on E = T M⊕T ∗M, which can be called standard Dorfman bracket, equipped

with T M has an anchor a and the Lie bracket [·, ·] and with T ∗M has an anchor a∗ = 0,

and the zero bracket.

[(X +ξ )◦ (Y +η)]s = [X ,Y ]+LX η − iY dξ . (3.42)

In above, we have the followings: [ξ ,η ]∗ = 0, LξY = a∗(ξ )Y = 0, and iηd∗X = 0.

We will be working on Courant algebroids of the special type called the exact Courant

algebroids. P. Ševera in [40] showed that every exact Courant algebroid is isomorphic

to an H-twisted version of T M⊕T ∗M for some closed three form H on the manifold M.

This fact and the symmetries of exact Courant algebroids, and the Courant algebroids

with transversal Dirac structures will be important for our studies. It will be seen

that there is a one-to-one relation between Lie bialgebroids and Courant algebroids

with transversal Dirac structures. So, these objects will be introduced in the following

Subsections.

3.3.1 Exact Courant algebroid

If E →M is a Courant algebroid with anchor map ρ then ρ ◦ρ t = 0 from the conditions

(C1) and (C5) in (3.34), that is

0 → T ∗M
ρt

→ E
ρ

⇄
σ

T M → 0, (3.43)

is a chain complex.
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Definition 3.3.3. [41] A Courant algebroid E → M is exact if (3.43) is an exact

sequence.

The simplest example of an exact Courant algebroid can be given as the standard

Courant algebroid, that is every exact Courant algebroid is locally standard which can

be seen below.

Our goal is to verify that exact Courant algebroids over M are classified by closed

three-forms on the manifold which is known as Ševera’s classification [40]. If E is an

exact Courant algebroid then there is a Lagrangian subbundle L ⊂ E (i.e. L⊥ = L) such

that ρ|L : L → T M is an isomorphism. If L is a subbundle in this way, then [41]

H(X ,Y )(Z) := ⟨[σ(X),σ(Y )],σ(Z)⟩,

where X ,Y,Z ∈ T M, defines a closed 3-form H on the manifold. Let us take H(X ,Y ) =

σ∗[σX ,σY ] where σ∗ : E → T ∗M and show that H is C∞-linear and skew in X ,Y such

that

H(X , fY ) = f σ
∗[σX ,σY ]+σ

∗(X( f )σY ) = f σ
∗[σX ,σY ],

and

H( f X ,Y ) = σ∗[ f σX ,σY ] = f H(X ,Y )−σ∗((Y f )σX)+2⟨σX ,σY ⟩d f = f H(X ,Y ).

Furthermore,

[σX ,σY ]+ [σY,σX ] = ρ
td⟨σX ,σY ⟩.

Secondly, H(X ,Y )(Z) is totally symmetic in X ,Y,Z as below:

H(X ,Y )(Z) = ⟨[σX ,σY ],σZ⟩= X⟨σY,σZ⟩−⟨σY, [σX ,σZ]⟩.

So, we have [σX ,σY ] = [X ,Y ]− iY iX H for a closed 3-form H on the manifold.

If we use σ ⊕ρ t in order to identify E with T M ⊕T ∗M then its anchor ρ and pairing

⟨·, ·⟩ are as in the standard Courant algebroid and the bracket which is called H-twisted

standard Courant bracket, is

[X +ξ ,Y +η ] = [X ,Y ]+LX η −LY ξ +
1
2

d(iY ξ − iX η)+ iY iX H, (3.44)
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which was actually the bracket (3.35) without the last term.

On the other hand, for any closed three-form H the above bracket makes T M ⊕T ∗M

to an exact Courant algebroid. If σ is changed by a two-form τ on the manifold, then

H will be replaced by H +dτ . Therefore,

Theorem 3.3.3. [40] [41] Exact Courant algebroids over M are classified by closed

three-forms on the manifold with the bracket given by (3.44).

The above result will be investigated later in terms of Courant algebroids for special

anchors, namely in Proposition 4.4.3, in local coordinates and the same result will be

found in there, as expected.

It will be seen in the next Subsection that the orthogonal automorphisms of exact

Courant algebroids are only diffeomorphisms and closed three-forms.

3.3.2 Symmetries of an exact Courant algebroid

It is known that the symmetries of the Lie bracket are only the diffeormorphisms and

its proof can be found in [16] in detail. At this point, a natural question can be asked

as to whether the Courant bracket possesses extra symmetries. However, our interest

will be on the symmetries of an exact Courant algebroid.

We will firstly examine the symmetries of the standard Courant algebroid which is E =

T M⊕T ∗M over a manifold M. From the definition of its bracket given in (3.35), one

can find out that it is invariant under diffeomorphisms. Also, it has an extra symmetry

called B-field transformation defined below.

Definition 3.3.4. [16] Let B be a smooth two-form such that B : T M → T ∗M by

interior product X 7→ iX B. Then the invertible bundle map given by exponentiating B

as

eB =

(
1 0
B 1

)
, (3.45)

that is eB : X +ξ 7→ X +ξ + iX B, is orthogonal since B∗ =−B implies that (eB)∗eB = I.
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Let us show that it is an orthogonal transformation, namely it preserves the inner

product, such that

⟨eB(X +ξ ),eB(Y +η)⟩= ⟨X +ξ + iX B,Y +η + iY B⟩= iY ξ + iX η = ⟨X +ξ ,Y +η⟩,

since iX(iY B) =−iY (iX B) for all B : T M → T ∗M.

Proposition 3.3.1. ( [16], Proposition 3.23) The map eB is an automorphism of the

standard Courant bracket (3.35) if and only if B is closed, i.e. dB = 0.

Proof: Let X +ξ , Y +η ∈C∞(T M⊕T ∗M) and let B be a smooth two-form. Then

[eB(X +ξ ),eB(Y +η)]T⊕T ∗ = [X +ξ + iX B,Y +η + iY B]T⊕T ∗

= [X +ξ ,Y +η ]T⊕T ∗ +[X , iY B]T⊕T ∗ +[iX B,Y ]T⊕T ∗

= [X +ξ ,Y +η ]T⊕T ∗ +LX(iY B)− 1
2

d(iX(iY B))

− iY d(iX B)−d(iY (iX B))+
1
2

d(iY (iX B))

= [X +ξ ,Y +η ]T⊕T ∗ +LX(iY B)− iY d(iX B)

= [X +ξ ,Y +η ]T⊕T ∗ +[LX , iY ]B+ iY iX(dB)

= [X +ξ ,Y +η ]T⊕T ∗ + i[X ,Y ]B+ iY iX(dB)

= eB([X +ξ ,Y +η ]T⊕T ∗)+ iY iX(dB),

where we have used the definition of the standard Courant bracket given in (3.35),

iX(iY B) = −iY (iX B) for all B, and the Cartan formula with other properties of the Lie

derivative and interior product. This proves that eB is an automorphism of the standard

Courant bracket if and only if iY iX(dB) = 0 for all X ,Y , which holds precisely when

dB = 0. ■

It is straightforward to note that, from the above calculation, eB is also an

automorphism of the H-twisted standard Courant bracket (3.44) if dB = 0 again,

which can also be seen in [16] in Proposition 3.42. Another result can be followed

from [16] that this bracket defines a Courant algebroid structure on T M⊕T ∗M (using

the same inner product and anchor) if and only if dH = 0.
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One can wonder now that whether B-field transformations and diffeomorphisms are

the only orthogonal automorphisms of the standard Courant bracket or not.

Proposition 3.3.2. ( [16], Proposition 3.24) Let ( f ,F) be an orthogonal

automorphism of the direct sum T ⊕T ∗ for a smooth manifold M. Suppose also that

F preserves the standard Courant bracket. Hence, F must be the composition of a

diffeomorphism of M and a B-field transformation. (Proof can be followed from [16].)

Another orthogonal transformation called β transformation which is not an

automorphism of the standard Courant bracket will be introduced now for further

studies.

Definition 3.3.5. Let β : T ∗M → T M, which is skew-symmetric and then it can be

assumed as a bi-vector field. Hence, the orthogonal transformation on T ⊕T ∗ given

as follows [16]

eβ =

(
1 β

0 1

)
, (3.46)

which is sending X + ξ 7→ X + ξ + iξ β . This transformation will be called a

β -transform.

Let us show that it is an orthogonal transformation, namely it preserves the inner

product, such that

⟨eβ (X +ξ ),eβ (Y +η)⟩= ⟨X +ξ + iξ β ,Y +η + iηβ ⟩= iY ξ + iX η = ⟨X +ξ ,Y +η⟩.

(3.47)

Although β transformations are not automorphisms of a standard Courant bracket,

they will be important in our studies later in such a way that these will be orthogonal

automorphisms of Courant algebroids as one can see in Subsection 6.2.3. Also, it will

be seen that β takes T ∗ to an integrable Dirac structure which will be defined in the

next part (see the Example 3.3.4).

3.3.3 Isomorphism of Courant Algebroids

Definition 3.3.6. [42] Let (E,ρ,⟨·, ·⟩E , [·, ·]E) and (Ẽ,ρẼ ,⟨·, ·⟩Ẽ , [·, ·]Ẽ) be two

Courant algebroids over the same base manifold M. Let F ∈ Hom(E, Ẽ) (which
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denotes the set of vector bundle morphisms from E to Ẽ over an identity map on

the base space) be a morphism of the underlying vector bundles. We say that F is

a morphism of Courant algebroids, if it preserves all involved structures, that is

ρ = ρẼ ◦F, ⟨U,V ⟩E = ⟨F(U),F(V )⟩Ẽ , F([U,V ]E) = [F(U),F(V )]Ẽ ,

for all U,V ∈ Γ(E). If F is invertible, it is called an isomorphism of Courant

algebroids. As usual in linear algebra, the inverse F−1 of a Courant algebroid

morphism is automatically a Courant algebroid morphism. When E = Ẽ, the Courant

algebroid isomorphism becomes Courant algebroid automorphism.

After defining Dirac structures, our next aim is to present the fact that there exists

a one-to-one correspondence between Lie bialgebroids and Courant algebroids with

transversal Dirac structures.

3.3.4 Dirac structures of a Courant algebroid

Definition 3.3.7. [1] Let E be a Courant algebroid. A subbundle L of E is called

isotropic if it is isotropic under the symmetric bilinear form ⟨·, ·⟩. It is called integrable

if Γ(L) is closed under the bracket [·, ·]. A Dirac structure, or Dirac subbundle, is a

subbundle L which is maximally isotropic and integrable (involutive).

Proposition 3.3.3. [1] Suppose that L is an integrable isotropic subbundle of a

Courant algebroid (E, [, ],⟨,⟩,ρ). Then (L, [, ],ρL) is a Lie algebroid.

Example 3.3.3. [16] Since the tangent bundle T M is maximally isotropic and

involutive (the standard Courant bracket (3.35) vanishes on T M), it establishes a Dirac

structure. Any closed 2-form on the manifold M can be applied to this fundamental

Dirac structure to produce another involutive maximal isotropic structure. In fact, the

maximal subspace that is isotropic

eω(T M) = {X + iX ω : X ∈ T M},

is involutive if and only if dω = 0 (see the Proposition 3.3.1). A Dirac structure can

therefore be used to characterize the geometry defined by a closed 2-form.

41



Likewise,

Example 3.3.4. [16] The cotangent bundle T ∗M defines a Dirac structure since it is

maximally isotropic and involutive (the standard Courant bracket (3.35) vanishes on

T ∗M). Using this fundamental Dirac structure, we can apply a bi-vector field β on the

manifold and obtain the following.

Lβ = eβ (T ∗M) = {ξ + iξ β : ξ ∈ T ∗M}. (3.48)

It suffices to check the involutivity of sections of the form ξ + iξ β where ξ = d f for

f ∈ C∞(M) due to the fact that Nij|Lβ
is tensorial. The bi-vector field β determines a

bracket on functions as follows.

{ f ,g}= β (d f ,dg).

Then, we have

Nij(d f + id f β ,dg+ idgβ ,dh+ idhβ ) = {{ f ,g},h}+{{g,h}, f}+{{h, f},g},

demonstrating that Nij|Lβ
= 0 if and only if [β ,β ]SN = 0, that is, the bracket {·, ·}

satisfies the Jacobi identity, i.e., β is a Poisson structure. Here, we observe that

although β is not a symmetry of the Courant bracket, it does lead to an integrable

Dirac structure for T ∗M.

3.3.5 One-to-one correspondence between Lie bialgebroids and Courant

algebroids with transversal Dirac structures

The Courant algebroids can be built by Lie bialgebroids through a generalization of

the Drinfel’d double construction which has been mentioned in the Theorem 3.3.2 in

terms of a Dorfman bracket and more details can be found in [1]. Additionally, an

inner product and bracket on the sections of L⊕ L∗ can be defined for a given Lie

bialgebroid (L,L∗), converting this bundle into a Courant algebroid and both L,L∗ into

Dirac structures in this Courant algebroid. It has been also demonstrated that L′ = L∗

can be found using the inner product given any two transversal Dirac structures L,L′

in a Courant algebroid, and (L,L∗) is a Lie bialgebroid. With regard to this one-to-one

correspondence, the following theorems apply.
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In the following Theorem, we shall regard X ,Y as sections of a bundle L and ξ ,η as

sections of the dual bundle L∗, where (L,L∗) forms a Lie bialgebroid, and the following

bracket (3.50) on the sections of L⊕L∗ becomes the key element in making L⊕L∗ into

a Courant algebroid.

Theorem 3.3.4. ( [16], Theorem 3.35) Let (L,L∗) be a Lie bialgebroid. The following

inner product ⟨·, ·⟩ can be defined on the bundle L⊕L∗:

⟨X +α,Y +β ⟩L⊕L∗ =
1
2
(α(Y )+β (X)). (3.49)

We also define the following skew-symmetric bracket operation on Γ(L⊕L∗):

[X +ξ ,Y +η ]L⊕L∗ = [X ,Y ]L +LX η −LY ξ +
1
2

d(iY ξ − iX η)

+ [ξ ,η ]L∗ +LξY −LηX − 1
2

d∗(iξY − iηX). (3.50)

If ρ , ρ∗ are the anchors for L,L∗, we define the bundle map

ρnew = ρ +ρ∗ : L⊕L∗ → T. (3.51)

With these definitions, the structure (L ⊕ L∗, [·, ·]L⊕L∗,⟨·, ·⟩L⊕L∗,ρnew) is a Courant

algebroid. The operator D: C∞(M)→ Γ(L⊕L∗) clearly becomes

D = d +d∗, (3.52)

where d : C∞(M)→ Γ(L∗) and d∗ : C∞(M)→ Γ(L) are the usual differential operators

associated with Lie algebroids.

Remark 3.3.2. Notice that the (general) Courant bracket in (3.50) is more symmetric

than the standard Courant bracket in (3.35), as it treats the sections of L and L∗ (which

are the one-forms and vector fields, respectively, in a standard Courant algebroid)

completely in a symmetric way.

Theorem 3.3.5. ( [16], Theorem 3.36) Let (E, [·, ·]E ,⟨·, ·⟩E ,ρE) be a Courant

algebroid, and let L,L′ < E be Dirac sub-bundles transverse to each other, i.e.,
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E = L⊕ L′. Then L′ = L∗ using the inner product, and (L,L′) is a Lie bialgebroid.

Applying the construction in the previous theorem to (L,L′), we recover the original

Courant algebroid structure on E.

Comprehensive proof of this one-to-one correspondence between Lie bialgebroids

and Courant algebroids with transversal Dirac structures can be followed from [1].

We shall prove the Theorem 3.3.4 for triangular Lie bialgebroids in local coordinates

in the Subsection 4.4.2.

[16] As with T M⊕T ∗M in the Examples given in 3.3.3 and 3.3.4, given a splitting of

a Courant algebroid which has such Dirac subbundles L,L∗ such that E = L⊕L∗ into

a Lie bialgebroid, we could try to construct new Dirac structures as graphs of elements

in ∧2L or ∧2L∗. Let ε ∈ ∧2L∗, and without losing generality, consider the maximal

isotropic subbundle as

Lε = {A+ iAε : A ∈ L},

The last main result of [1] is the condition for the involutivity of the almost Dirac

structure Lε , which is a subbundle that satisfies only maximal isotropic condition:

Theorem 3.3.6. [1] The almost Dirac structure Lε , for ε ∈ ∧2L∗, is integrable if and

only if ε satisfies the generalized Maurer-Cartan equation

d∗ε +
1
2
[ε,ε] = 0.

Here d∗ : Γ(∧kL∗)→ Γ(∧k+1L∗) and [·, ·] is the Lie algebroid bracket on L∗.

If one has a Poisson bi-vector β that is [β ,β ]SN = 0, then the above equation vanishes

identically that means the almost Dirac structure Lε , for ε ∈ ∧2L∗, is integrable. So it

yields a Dirac structure.

The definition of the generalized metric on an exact Courant algebroid will be

introduced now since this notion will be important in further studies in the Chapter

6.

3.3.6 Definition of a generalized metric on a Courant algebroid T M⊕T ∗M
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For a given Riemannian metric g and a two-form B on a manifold M, positive and

negative definite subbundles S+ and S− which are subsets of T M⊕T ∗M of a Courant

algebroid E can be constructed, respectively. After the construction of the subbundles

S+ and S−, the endomorphism τ : T M⊕T ∗M → T M⊕T ∗M with τ2 = 1 can be defined

and it will be seen that the pair (g,B) defines a unique metric which will be called a

generalized metric denoted by H on a Courant algebroid.

Let us define S+ ⊂ E = T M ⊕T ∗M be the positive definite subbundle (rank n) such

that

S+ = {X +g♯X : X ∈ T M
}
⊂ T M⊕T ∗M,

where Riemannian map g♯ is defined as [43]

g♯ : T M → T ∗M,

X 7→ ξ ,

where ξ (Y ) = (g♯X)(Y ) = g(X ,Y ) which is the positive definite inner product

⟨X + α,Y + β ⟩ = 1
2(α(Y ) + β (X)), where X ,Y ∈ T M and α,β ∈ T ∗M, restricted

to S+, say ⟨·, ·⟩|S+ . The map g♯ shall hereafter be referred to as g in order to avoid

confusion.

Also, S− be the negative definite subbundle S− ⊂ T M ⊕ T ∗M (rank n) of a Courant

algebroid T M⊕T ∗M with respect to the nondegenerate inner product (3.36) and S− is

to be the orthogonal complement, namely S− = S⊥+ such that

S− = {X −gX : X ∈ T M} ⊂ T M⊕T ∗M.

Here −g(X ,Y ) can be defined as the negative definite inner product on T M ⊕ T ∗M

restricted to S−, say ⟨·, ·⟩|S− .

Therefore, we obtain T M⊕T ∗M = S+⊕S−.

Proposition 3.3.4. [16] S± are the ±1-eigenbundles of the endomorphism

υ =

(
0 g−1

g 0

)
,

with υ2 = 1 acting on T M⊕T ∗M.
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Assuming that g and g−1 are maps in the above Proposition such that g : T M → T ∗M

and g−1 : T ∗M → T M, respectively.

Proof: Let X +ξ ∈ S+, then the following shows that it is +1-eigenbundle of G.(
0 g−1

g 0

)(
X
ξ

)
= 1 ·

(
X
ξ

)
,

then g−1ξ = X and gX = ξ .

Similarly, let X +ξ ∈ S−, then we can show it is −1-eigenbundle of υ :(
0 g−1

g 0

)(
X
ξ

)
= (−1) ·

(
X
ξ

)
,

then g−1ξ =−X and gX =−ξ . ■

By applying the orthogonal transformation eB, which was given in (3.45), to υ , we

obtain the following [16].

τ = eB
υe−B =

(
1 0
B 1

)(
0 g−1

g 0

)(
1 0
−B 1

)
=

(
−g−1B g−1

g−Bg−1B Bg−1

)
,

(3.53)

where τ is an endomorphism such as

τ : T M⊕T ∗M → T M⊕T ∗M,

with τ2 = 1. In above, a two-form B is assumed to be a map such that B : T M → T ∗M.

Therefore, we have B±g : T M → T ∗M which will be used below.

Similar to the case of υ , we can choose a positive definite subbundle S̃+ ⊂ T M⊕T ∗M

and the orthogonal complement S̃− as the negative definite subbundle to have S̃+⊕

S̃− ⊂ T M⊕T ∗M. These subbundles can be defined as follows.

S̃+ = {X +(B+g)X : X ∈ T M} ⊂ T M⊕T ∗M, (3.54)

and

S̃− = {X +(B−g)X : X ∈ T M} ⊂ T M⊕T ∗M. (3.55)
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Proposition 3.3.5. [44] S̃± defined in (3.54) and (3.55), respectively, are the

±1-eigenbundles of the endomorphism τ with τ2 = 1 acting on T M⊕T ∗M.

Proof: We will show firstly that S̃+ is +1-eigenbundle of τ and has elements of the

form (X ,(g+B)X). Let X +g ∈ S̃+, then(
−g−1B g−1

g−Bg−1B Bg−1

)(
X
ξ

)
= 1.

(
X
ξ

)
,

and so that ξ = (B+g)X .

Similarly, it will be shown that S̃− is −1-eigenbundle of τ and has elements of the form

(X ,(B−g)X). Let X +g ∈ S̃−, then(
−g−1B g−1

g−Bg−1B Bg−1

)(
X
ξ

)
= (−1) ·

(
X
ξ

)
,

and then ξ = (B−g)X , which completes the proof. ■

Proposition 3.3.6. The subbundles S̃+ and S̃− defined in (3.54) and (3.55),

respectively, are orthogonal subbundles.

Proof:

⟨X +(B+g)X ,Y +(B−g)Y ⟩= ⟨X ,(B−g)Y ⟩+ ⟨(B+g)X ,Y ⟩

= ⟨X ,BY ⟩−⟨X ,gY ⟩+ ⟨BX ,Y ⟩+ ⟨gX ,Y ⟩

= 0.■

Definition 3.3.8. [16] Let the splitting T M ⊕T ∗M = S̃+⊕ S̃− exists. A generalized

metric H is defined as a positive definite metric on T M⊕T ∗M and

H = ⟨·, ·⟩|S̃+ − ⟨·, ·⟩|S̃− . (3.56)

The above definition of a generalized metric on T M ⊕T ∗M makes it possible to take

inner product of the elements projected onto S̃+ and S̃−, leading a positive definite

inner product. This process is distinct from using the standard inner product in a

Courant algebroid.
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An equivalent definitions of a generalized metric is as follows. The equivalence of the

above and the below definitions can be seen in the Proposition 6.2.2.

Definition 3.3.9. Let E be a vector bundle with a fiber-wise metric ⟨·, ·⟩. A generalized

Riemannian metric is an automorphism τ ∈ Aut(E), such that τ2 = 1, and the formula

[42]

H (A,B) := ⟨A,τ(B)⟩, (3.57)

for all A,B ∈ Γ(E), defines a positive definite fiber-wise metric H on E.

Definition 3.3.10. Let H be a positive definite fiber-wise metric on E. We say that

H is a generalized metric if the induced isomorphism H ∈ Hom(E,E∗) defines a

map orthogonal with respect to the fiber-wise metric g = ⟨·, ·⟩ on E and the fiber-wise

metric g−1 on E∗: [42]

g(A,B) = g−1(H (A),H (B)), (3.58)

for all A,B ∈ Γ(E).

Let O(E) ⊆ Aut(E) denote the group of orthogonal automorphisms with respect to

⟨·, ·⟩, that is every O ∈O(E) satisfies ⟨O(A),O (B)⟩= ⟨A,B⟩ for all A,B∈ Γ(E). There

is a natural action of O(E) on the space of generalized metrics, that is if we set [42]

H̃ (A,B) = H (O(A),O (B)) , (3.59)

for all A,B ∈ Γ(E). Other quantities transform accordingly, namely τ̃ = O−1τO and

S̃± = O−1 (S±). Then H̃ , τ̃ and S̃+ again define a generalized metric.

Proposition 3.3.7. [42] Let E = T M⊕T ∗M and ⟨·, ·⟩ be the fiber-wise metric defined

by (3.49). Let H be a generalized metric on E. Then H defines a unique pair

(g,B), where g > 0 is a Riemannian metric on M and B is a two-form on the manifold.

Conversely, any pair (g,B) defines a unique generalized metric.
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4. LOCAL EXPRESSIONS AND PROPERTIES OF DRINFEL’D DOUBLES
AND ALGEBROIDS

This chapter is devoted to finding and interpreting the expressions in local coordinates

of the concepts given in the previous Chapters since the resulting local expressions of

these notions will be useful for our studies in the next Chapters.

4.1 Properties of the Drinfel’d Double in Local Coordinates

Proposition 4.1.1. The Drinfel’d double of a Lie algebra g defined in the Definition

2.3.2 can be written in local coordinates as follows. Let Ta,T b be fixed bases for the

two compatible Lie algebras g,g∗, respectively, then

[Ta,Tb] = fab
cTc, [Ta,T b] = Qa

bcTc − fac
bT c, [T a,T b] = Qc

abT c,

where fab
c are the structure constants of the Lie algebra g, and Qa

bc are the structure

constants of the dual Lie algebra g∗. The proof of the fact that the structure constants

of the second bracket result in terms of fab
c and Qc

ab can be followed from the proof

of the Example 4.4.5.

The Jacobi identity for the Lie algebra on g⊕g∗ means that

f j
ab f i

jd + fbd
j f ja

i + fda
j f jb

i = 0,

fd j
iQa

jb + f ja
bQd

i j + fad
jQ j

ib + f i
jaQ jb

d + f b
d jQ

i j
a = 0,

and

Q j
idQb

ja +Q j
daQb

ji +Q j
aiQb

jd = 0,

where the first equality is the Jacobi Identity for g, the second one is for the

compatibility condition between g and g∗, and the last one is for the Jacobi Identity for

g∗. (The proof can be found in the proof of the Example 4.4.5.)
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4.2 Properties of the Lie Algebroid in Local Coordinates

The definition of the Lie algebroid has been given in the Subsection 3.1.1. Here, the

local expressions will be examined and the properties given in the Subsection 3.1.2

will be used throughout the following parts.

Let M be a differentiable, n-dimensional manifold and (T M,πM,M) its tangent

bundle. Recall that a Lie algebroid over the manifold M, is the triple (A, [·, ·],ρ) where

π : A → M is a vector bundle of rank m over M, whose C∞(M)-module of sections

Γ(A) is equipped with a Lie algebra structure [·, ·] and the anchor ρ : A → T M is a

vector bundle map, which satisfies the conditions given in the Definition 3.1.1.

If we take the local coordinates (X i) on an open U ⊂ M, a local basis {Sa} of sections

of A. The local functions ρ i
a(X), and Lab

c(X) on M defined by [45]

ρ(Sa) = ρ
i
a

∂

∂X i , (4.1)

and

[Sa,Sb] = Lab
cSc, (4.2)

where Lab
c are called the structure functions of the bracket of the elements of Γ(A),

and i = (1, . . .n) and a,b,c = (1, . . .m).

In the following Proposition, the Definition 3.1.1 will be written in local coordinates,

by using the above Definition, such that the first condition will be obtained from (3.1)

and the latter will be obtained from the Jacobi identity.

Proposition 4.2.1. The local functions defined above are called structure functions

and they satisfy the structure equations given below.

From the first property given in (3.1), we have

ρ
j

a
∂ρ i

b
∂X j −ρ

j
b

∂ρ i
a

∂X j = ρ
i
cLab

c , (4.3)

and from the Jacobi identity of the Lie bracket on Γ(A), we obtain

ρ
m
a

∂Lbc
d

∂Xm +ρ
m
b

∂Lca
d

∂Xm +ρ
m
c

∂Lab
d

∂Xm +Lae
dLbc

e +Lbe
dLca

e +Lce
dLab

e = 0 . (4.4)
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Their proofs can be found in Appendix in A.10.

Remark 4.2.1. In the rest of the thesis, we will sometimes express (4.4) in the following

way: (
ρ

i
a

∂Lbc
d

∂X i +Lae
dLbc

e

)
+ c.p. = 0 . (4.5)

The structure functions of the bracket of sections of a Lie algebroid defined above can

be thought as a generalization of the structure constants of the Lie bracket of vector

fields of a Lie algebra given in Proposition 4.1.1.

Calculus on Lie Algebroids in Local Coordinates

Our goal is to express the notions given in the Subsections 3.1.2 and 3.2.1 in local

coordinates, since these will be used in further studies.

Let A be a Lie algebroid on a smooth manifold M with the dual vector bundle A∗. Let

X = ψaSa, and θ = θaSa be the smooth sections of A and A∗. Let [Sa,Sb] = L c
abSc

as defined above in (4.2). There is a natural inner product between A and A∗ and we

choose the basis such that

⟨Sa,Sb⟩= δa
b, (4.6)

is satisfied.

Then, we assume that there exists a Lie bracket on the dual vector bundle A∗, whose

sections satisfy the above equality, in the following way:

[Sa,Sb] = L̃ab
c Sc, (4.7)

where L̃ab
c are the structure functions of the bracket of the elements of Γ(A∗).

Additionally, ρ : A → T M is an anchor with local functions ρ i
a on M whereas ρ∗ : A∗ →

T M is a dual anchor with local functions ρ ia
∗ on M which are

ρ∗(Sa) = ρ
ia
∗

∂

∂X i , (4.8)

and d : Γ(A∗)→ Γ(2A∗) whereas d∗ : Γ(A)→ Γ(2A), and f ∈C∞(M).
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Remark 4.2.2. Our focus in the following Subsection will be on formulating the

requirements for a dual Lie algebroid structure, for a given Lie algebroid A, in local

coordinates such that (A,A∗) becomes a triangular Lie bialgebroid as in the Subsection

3.2.1. Here, the Λ♯ which is defined in the Definition 3.2.2 as ρ ◦ Λ♯ = ρ∗, will

be utilized where Λ♯ : A∗ → A. The following results in local coordinates from this

formula.

(ρ ◦Λ
♯)Sa = ρ∗(Sa)

⇒ρ ◦ (ΛabSb) = ρ
ia
∗

∂

∂X i

⇒Λ
ab

ρ
i
b

∂

∂X i = ρ
ia
∗

∂

∂X i

⇒Λ
ab

ρ
i
b = ρ

ia
∗ . (4.9)

Using all the given above and the rules already given, we find the following equalities

in local coordinates.

From (3.3):

d f (Sa) = ρ(Sa)( f ) = ρ
i
a

∂ f
∂X i ,

and so that

d f =
∂ f
∂X i ρ

i
aSa, (4.10)

and similarly

d∗ f =
∂ f
∂X i ρ

ia
∗ Sa. (4.11)

From (3.4) and (4.6):

dSa(Sb,Sc) = ρ(Sb)Sa(Sc)−ρ(Sc)Sa(Sb)−Sa[Sb,Sc]

=−SaLbc
eSe,

=−1
2

Lbc
a,

and hence

dSa =−1
2

Lbc
aSb ∧Sc, (4.12)

and similarly

d∗Sa =−1
2

L̃bc
aSb ∧Sc. (4.13)
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Therefore,

dθ = d(θaSa) = (dθa)∧Sa +θa ∧ (dSa)

=
∂θa

∂X i ρ
i
bSb ∧Sa +θa ∧

(
−1

2
Lbc

aSb ∧Sc
)

=
∂θa

∂X i ρ
i
bSb ∧Sa − 1

2
Lbc

a
θaSb ∧Sc

=

(
∂θa

∂X i ρ
i
b −

1
2

θcLba
c
)

Sb ∧Sa, (4.14)

where d : Γ(A∗)→ Γ(2A∗), and

d∗X = d∗(ψaSa) = (d∗ψ
a)∧Sa +ψ

a ∧ (d∗Sa)

=
∂ψa

∂X i ρ
ib
∗ Sb ∧Sa +ψ

a ∧
(
−1

2
L̃bc

aSb ∧Sc

)
=

(
∂ψa

∂X i ρ
ib
∗ − 1

2
ψ

cL̃ba
c

)
Sb ∧Sa, (4.15)

where d∗ : Γ(A)→ Γ(2A).

Also, we will use (3.12), (4.6), Cartan’s formula, (4.14), (4.10), the equality iX(β ∧

γ) = (iX β )∧ γ + (−1)pβ ∧ (iX γ) for X ∈ Γ(A), β ∈ (pA∗), and γ ∈ (qA∗) for the

following first equality. Then, together with some of the previous properties, (4.15)

and (4.11) will be used in order to obtain the second equality below.

LX(θ) = LψaSa(θbSb)

=

(
ψ

a ∂θb

∂X i ρ
i
a +θ

a ∂ψa

∂X i ρ
i
b +θdψ

aLba
d
)

Sb, (4.16)

and

Lθ (X) = LθaSa(ψbSb)

=

(
θa

∂ψb

∂X i ρ
ia
∗ +ψ

a ∂θa

∂X i ρ
ib
∗ +θaψ

dL̃ba
d

)
Sb. (4.17)

The special cases are

LSaSb =−Lad
bSd, (4.18)
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and

LSbSa =−L̃bd
aSd. (4.19)

4.3 Properties of Triangular Lie Bialgebroid in Local Coordinates

It has been seen in the Subsection 3.2.1 that if the condition given in Theorem

3.2.1 is satisfied for a given Lie algebroid A with a new bracket (3.25) on the

sections of the dual vector bundle A∗ derived from the bi-section Λ, then there

exists also a Lie algebroid structure on the dual vector bundle. Additionally, it has

been verified that they define together a Lie bialgebroid since induced differential

operator is d∗X = [Λ,X ]SN and automatically satisfies the compatibility condition

d∗[X ,Y ] = LX d∗Y −LY d∗X which was given in (3.24) (see the Proposition 3.2.1).

In this Subsection, our goal is to determine the local expressions of these conditions

that must be satisfied in terms of the new bracket and the dual vector bundle to be a

Lie algebroid since these will be helpful for our studies.

As it was stated in the Remark 3.2.2, a special case of Lie bialgebroids will be studied

here which are triangular Lie bialgebroids that are constructed by Λ ∈ Γ(2A).

Proposition 4.3.1. The new bracket given in (3.25), which is

[ξ ,η ]∗ = LΛ♯ξ η −LΛ♯ηξ −d[Λ(ξ ,η)],

reads in local coordinates

L̃ab
d = Lid

a
Λ

bi −Lid
b
Λ

ai +
∂Λab

∂X i ρ
i
d . (4.20)
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Proof: Let ξ = Sa and η = Sb, then we have

L̃ab
dSd = [Sa,Sb]∗

= LΛ♯SaSb −LΛ♯SbSa −d[Λ(Sa,Sb)]

= LΛacScS
b −LΛbcSc

Sa −d⟨Λ♯Sa,Sb⟩

= Λ
acLScS

b +(dΛ
ac)∧ (iScS

b)−Λ
bcLScS

a − (dΛ
bc)∧ (iScS

a)−d⟨ΛacSc,Sb⟩

=−Λ
acLcd

bSd +
∂Λac

∂X i ρ
i
dSd ∧δ

b
c +Λ

bcLcd
aSd − ∂Λbc

∂X i ρ
i
dSd ∧δ

a
c −d(Λac

δ
b

c)

=−Λ
acLcd

bSd +
∂Λab

∂X i ρ
i
dSd +Λ

bcLcd
aSd − ∂Λba

∂X i ρ
i
dSd − ∂Λab

∂X i ρ
i
cSc

=

(
−Λ

acLcd
b +Λ

bcLcd
a +

∂Λab

∂X i ρ
i
d

)
Sd,

where we have used the fact Λ♯Sa = ΛacSc in the third line and (3.12) in the fourth line,

and this result gives

L̃ab
d = Lcd

a
Λ

bc −Lcd
b
Λ

ac +
∂Λab

∂X i ρ
i
d.■

Therefore, we have derived a formula for the structure functions of the dual Lie

algebroid in terms of the structure functions of the associated Lie algebroid and the

components of the bi-section Λ.

Lemma 4.3.1. When the the components of Λ are constants and anchors are trivial

ones (zero), then the equation (4.20) reduces to the equation below:

L̃ab
d = Lcd

a
Λ

bc −Lcd
b
Λ

ac , (4.21)

Here, Lid
a and L̃ab

d are structure constants.

In order to check that there is also a Lie algebroid structure on the dual vector bundle

A∗, one must verify the conditions given in the Proposition 4.2.1 hold in terms of an

anchor ρ∗ : A∗ → T M and structure functions of the new bracket, L̃ab
d , of A∗.

Proposition 4.3.2. The first condition in terms of the Lie algebroid A∗ of the

Proposition 4.2.1, namely,

ρ
ia
∗

∂ρ
jb
∗

∂X i −ρ
ib
∗

∂ρ
ja
∗

∂X i = L̃ab
iρ

ji
∗ , (4.22)
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is satisfied if and only if the following equation holds:

Λ
ak

Λ
biLki

e +Λ
bk

Λ
eiLki

a +Λ
ek

Λ
aiLki

b +Λ
ak

ρ
i
k
∂Λbe

∂X i +Λ
bk

ρ
i
k
∂Λea

∂X i +Λ
ek

ρ
i
k
∂Λab

∂X i = 0 .

(4.23)

The equation [Λ,Λ]SN = 0, is also equivalent to the condition above in local

coordinates. (Proof can be found in Appendix in Proof A.11.)

Note that in the above condition in local expression includes the derivatives of the

bi-sections together with the anchors and bi-sections.

Lemma 4.3.2. The equation [Λ,Λ]SN = 0 which is equivalent to the condition (4.23)

above reduces to the following when the components of Λ are constants.

Λ
ai

Λ
bkLik

e +Λ
bk

Λ
eiLki

a +Λ
ei

Λ
akLik

b = 0. (4.24)

Here, Lik
e are structure constants.

Proposition 4.3.3. The second condition in terms of the Lie algebroid A∗ of the

Proposition 4.2.1, namely,

ρ
ia
∗

∂ L̃bc
e

∂X i +ρ
ib
∗

∂ L̃ca
e

∂X i +ρ
ic
∗

∂ L̃ab
e

∂X i + L̃ai
eL̃bc

i + L̃bi
eL̃ca

i + L̃ci
eL̃ab

i = 0 , (4.25)

is satisfied if and only if LX [Λ,Λ]SN = 0.

However, we will assume that [Λ,Λ]SN = 0 (to be a triangular Lie bialgebroid) is

satisfied for the above condition which is equivalent to (4.23). (Proof can be found in

Appendix in Proof A.12.)

The above fact is also an equivalent local condition for the new bracket [·, ·]∗ to satisfy

the Jacobi identity.

It has been verified in the Proposition 3.2.1 that the compatibility condition between

A and A∗ is satisfied since the induced differential operator is d∗X = [Λ,X ]SN and

then they together define a Lie bialgebroid structure. Our goal is to analyze the local

expression for the compatibility condition between A and A∗ in terms of their structure

functions which will be important in the following parts of the thesis.
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Proposition 4.3.4. For X = Sδ ,Y = Sω ∈ Γ(A), the compatibility condition (3.24),

which is d∗[X ,Y ] = LX d∗Y −LY d∗X, reads in local coordinates as follows.

ρ
ib
∗

∂Lcd
e

∂X i −ρ
ie
∗

∂Lcd
b

∂X i +ρ
i
d

∂ L̃c
eb

∂X i −ρ
i
c
∂ L̃d

eb

∂X i +Lcd
iL̃i

eb

−Lci
bL̃d

ei +Lci
eL̃d

bi −Ldi
bL̃c

ie +Ldi
eL̃c

ib = 0. (4.26)

(Proof can be found in Appendix in Proof A.13.)

If Lcd
e and L̃c

eb are taken to be structure constants on a Lie algebra in above equation,

then it yields the compatibility condition in Drinfel’d double which was given in the

Proposition 4.1.1 as a second condition. Also, both of these structure constants must

satisfy the Jacobi identities which are the same as the first and the third conditions

in that Proposition. Therefore, a triangular Lie bialgebroid constructed above yields

a Drinfel’d double structure when the structure functions are taken to be structure

constants.

Remark 4.3.1. As a special case, if we take A = T M and when the local basis of

sections are chosen to be coordinate basis then the structure functions Lcd
e vanish

since Sa = ∂a. Also, Λac will be the components of the bi-vector field and the anchors

ρ i
c will be the identity map, then the equation (4.23) reduces to

Λ
ai ∂Λbe

∂X i +Λ
bi ∂Λea

∂X i +Λ
ei ∂Λab

∂X i = 0,

which yields that Λai is a Poisson tensor from the Lemma 3.1.4 in (3.21).

4.4 Properties of the Courant Algebroid in Local Coordinates

The definition of the Courant algebroid has been given in the Definition 3.3.1. In

this part of the thesis, our goal is to examine the local expressions correspond to the

conditions of a Courant algebroid given in that definition. Let E → M be a Courant

algebroid. If the dimension of the base manifold M is d, we will assume that the vector

bundle will have rank 2d and the inner product will be of signature (d,d). In this case,

it will be enough to regard that the vector bundle E is of this form: E = R⊕R∗. The

Courant algebroids constructed in this form are called split Courant algebroids [46].

So, we will assume that R and R∗ do not have to be involutive subbundles of E.
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For the sections of E, let us introduce a local basis for the sections Γ(R⊕R∗) as SI

where I = (1, . . . ,2d) such that SI = (Si,Si) where Si and Si are local basis for Γ(R)

and Γ(R∗), respectively with i = (1, . . . ,d), such that [47]

⟨SI,SJ⟩= 1
2

η
IJ, (4.27)

where

η =

(
0 1d

1d 0

)
(4.28)

is O(d,d) metric and I,J are two-dimensional indices, and the Courant bracket is given

by

[SI,SJ] = η
IK

η
JLTKLMSM, (4.29)

where TKLM is a generalized three-form.

Remark 4.4.1. The generalized three-form TKLM are the structure functions of the

introduced bracket and it is anti-symmetric in all its indices and multilinear (trilinear).

Proof:

We use the last condition in the Definition 3.3.1 of a Courant algebroid (C5) in order

to show this fact.

0 = ⟨[SI,SJ],SK⟩+ ⟨SJ, [SI,SK]⟩ (4.30)

= ⟨η IN
η

JLTNLMSM,SK⟩+ ⟨SJ,η IN
η

KLTNLMSM⟩

=
1
2

η
IN

η
JLTNLMη

MK +
1
2

η
IN

η
KLTNLMη

JM

=
1
2

η
IN

η
JL

η
MK(TNLM +TNML)

=⇒ TNLM =−TNML,

which means that it is skew-symmetric in last two indices.

58



Directly from the definition, we also obtain the following:

[SJ,SI] = η
JK

η
ILTKLMSM =−[SI,SJ] =−η

IK
η

JLTKLMSM

=⇒ η
JL

η
IKTLKMSM =−η

IK
η

JLTKLMSM

=⇒ η
IK

η
JL(TLKM +TKLM)SM = 0

=⇒ TLKM =−TKLM,

so it is anti-symmetric in first two indices and trilinearity follows from again the above

property (4.30) together with the anti-symmetry of TKLM shown above, as follows. For

a smooth function f :

⟨[SI,SJ], f SK⟩=−⟨SJ, [SI, f SK]⟩

=⇒ ⟨ f [SI,SJ],SK⟩=−⟨[SI, f SK],SJ⟩,

and by expanding the LHS, we obtain

⟨ f [SI,SJ],SK⟩= 1
2

f η
IN

η
JLTNLMη

KM

=−1
2

f η
IN

η
KLTNLMη

JM

=−⟨ f [SI,SK],SJ⟩,

which completes the proof. ■

Some Local Expressions of the Notions in a Courant Algebroid

Since ρ : E = R⊕R∗ → T M is an anchor map, we have

ρ : SI = (Si,Si)→ X I = (X i,Xi), (4.31)

where X I ∈ Γ(T M). That is [47]

ρ(Si) = X i = Xki
∂k, where Xki := ρ

ki
∗ ,

ρ(Si) = Xi = Xk
i∂k, where Xk

i := ρ
k

i,

where we use the Einstein summation notation and it will be used in the next

calculations as well. Then,

ρ(Si) f = ρ
ki
∗ ∂k f , (4.32)
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ρ(Si) f = ρ
k

i∂k f , (4.33)

for all f ∈C∞(M), or these equalities can be written in a compact way as follows.

ρ(SI) f = η
IJ

ρ
k
J ∂k f , (4.34)

where the components of the η matrix decompose as η i
j = δ i

j, η
j

i = δ
j

i , and the other

terms vanish.

Also, we have the differential operator D : C∞(M) → Γ(E) and this yields in local

coordinates as follows.

⟨D f ,A⟩= ⟨(DI f SI),AJSJ⟩

= (DI f )AJ⟨SI,SJ⟩

=
1
2
(DI f )AJη

IJ,

where we have expanded D f = (DI f )SI and A = AJSJ ∈ Γ(E). On the other hand,

1
2

ρ(A) f =
1
2

ρ(AISI) f

=
1
2

AIρ(SI) f

=
1
2

AIη
IJ

ρ
k
J ∂k f ,

where we have used ρ is C∞-linear in the second line and (4.34) in the last line. Since

⟨D f ,A⟩= 1
2ρ(A) f as defined in the Definition 3.3.1, we obtain

DI f = ρ
k
I ∂k f , (4.35)

which gives, from D f = (DI f )SI ,

D f = ρ
k
I (∂k f )SI = ρ

k
i(∂k f )Si +ρ

ki
∗ (∂k f )Si. (4.36)

The above equation stands for the local expression of D f = d f +d∗ f given in (3.52),

where d : C∞(M)→ Γ(R∗) and d∗ : C∞(M)→ Γ(R).

Theorem 4.4.1. [47], [48] The axioms of a Courant algebroid given in the Definition

3.3.1 can be written as the following three independent properties in local coordinates
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using the local expressions given above and the Leibniz rule (C3) in the Definition.

∗η
IJ

ρ
i
Iρ

j
J = ρ

i
kρ

jk
∗ +ρ

ik
∗ ρ

j
k = 0,

∗ρ
i
I∂iρ

j
J −ρ

i
J∂iρ

j
I −η

KL
ρ

j
KTLIJ = 0,

∗4ρ
i
[L∂iTIJK]+3η

MNTM[IJTKL]N = 0.

(4.37)

(Proof can be found in Appendix in Proof A.14.)

Note that the anchors ρ i
I in the second and the third conditions will be expanded as in

the first equation which will be seen in future calculations in detail.

In the above Theorem (see the Proof), we have seen that five abstract axioms given

in the Definition of a Courant algebroid correspond to only three local conditions.

This fact comes from the followings: The Jacobiator identity, which is given as

C2) Jac(A,B,C) = D(Ni j(A,B,C)) in (3.34), yields to all these three local conditions

with the help of the Leibniz Rule C3) [A, f B] = f [A,B] + (ρ(A) f )B − ⟨A,B⟩D f .

Besides, the other axioms C4) ρ ◦ D = 0, i.e., ⟨D f ,Dg⟩ = 0 and C1) ρ([A,B]) =

[ρ(A),ρ(B)] coincides with the above first and second local conditions, respectively.

The left property which is C5) ρ(A)⟨B,C⟩ = ⟨[A,B] + D⟨A,B⟩,C⟩ + ⟨B, [A,C] +

D⟨A,C⟩⟩ is satisfied automatically.

Theorem 4.4.2. The properties of the Courant algebroid in terms of a Dorfman bracket

given in (3.37) correspond to the three independent axioms in local coordinates same

with (4.37), as expected. (Proof can be found in Appendix in Proof A.15.)

Remark 4.4.2. One of the aim of the thesis is to demonstrate a close relationship

between the DFT fluxes and the structure functions TKLM in the bracket (4.29) in the

local basis of a Courant algebroid which will be provided in Subsection 6.2.3. Namely,

the conditions imposed by the axioms defining a Courant algebroid on the structure

functions are equivalent to the conditions imposed on DFT fluxes by physical principles

when the strong constraint, which will be introduced in (6.7) and (6.8), is imposed.

This fact can be seen in the Propositions 6.2.3 and 6.2.4. These structure functions

TKLM are called fluxes in physics literature and it can be identified with the four types

of fluxes such as fi j
k (f-flux), Hi jk (H-flux), Qi j

k (Q-flux) and Ri jk (R-flux) (since TKLM
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is totally anti-symmetric (see the Remark 4.4.1), only these type of fluxes arise) [49].

First two are called geometric and the rest are called non-geometric fluxes [50].

Remark 4.4.3. We will investigate the axioms in (4.37) for the anchor ρ i
J = (ρ i

j,ρ
i j
∗ ),

one by one since these results will be used in our studies.

The first axiom can be written as follows.

η
IJ

ρ
i
Iρ

j
J = 0

=⇒ η
a
bρ

i
aρ

jb
∗ +η

b
a ρ

ia
∗ ρ

j
b = 0

=⇒ ρ
i
aρ

ja
∗ +ρ

ia
∗ ρ

j
a = 0, (4.38)

where we have used (4.28) in the last line.

In the following two axioms, we will use the fact that TKLM is totally anti-symmetric

from the Remark 4.4.1.

The second axiom become the following.

ρ
i
I∂iρ

j
J −ρ

i
J∂iρ

j
I −η

KL
ρ

j
KTLIJ = 0

=⇒ ρ
i
a∂iρ

j
b −ρ

i
b∂iρ

j
a −η

c
dρ

j
cT d

ab −η
d

c ρ
jc
∗ Tdab

+ρ
ia
∗ ∂iρ

jb
∗ −ρ

ib
∗ ∂iρ

ja
∗ −η

c
dρ

j
cT dab −η

d
c ρ

jc
∗ T ab

d

+ρ
ia
∗ ∂iρ

j
b −ρ

i
b∂iρ

ja
∗ −η

c
dρ

j
cT da

b −η
d

c ρ
jc
∗ T a

d b

+ρ
i
a∂iρ

jb
∗ −ρ

ib
∗ ∂iρ

j
a −η

c
dρ

j
cT d

a
b −η

d
c ρ

jc
∗ T b

da = 0

=⇒ ρ
i
a∂iρ

j
b −ρ

i
b∂iρ

j
a −ρ

j
d f d

ab −ρ
jd
∗ Hdab

+ρ
ia
∗ ∂iρ

jb
∗ −ρ

ib
∗ ∂iρ

ja
∗ −ρ

j
dRdab −ρ

jd
∗ Q ab

d

+ρ
ia
∗ ∂iρ

j
b −ρ

i
b∂iρ

ja
∗ −ρ

j
dQ da

b +ρ
jd
∗ f a

db

+ρ
i
a∂iρ

jb
∗ −ρ

ib
∗ ∂iρ

j
a +ρ

j
dQ db

a −ρ
jd
∗ f b

da = 0. (4.39)
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Lastly, the third condition can be expressed as follows.

4ρ
i
[L∂iTIJK]+3η

MNTM[IJTKL]N = 0

=⇒ ρ
i
L

∂TIJK

∂X i −ρ
i
I
∂TJKL

∂X i +ρ
i
J

∂TKLI

∂X i −ρ
i
K

∂TLIJ

∂X i (4.40)

+η
MN(TMIJTKLN +TMIKTLJN +TMILTJKN) = 0

=⇒ ρ
i
d∂iHabc −ρ

i
a∂iHbcd +ρ

i
b∂iHcda −ρ

i
c∂iHdab +ρ

id
∗ ∂iRabc −ρ

ia
∗ ∂iRbcd +ρ

ib
∗ ∂iRcda

−ρ
ic
∗ ∂iRdab +ρ

i
d∂iRabc −ρ

ia
∗ ∂iQ bc

d −ρ
ib
∗ ∂iQ ca

d −ρ
ic
∗ ∂iQ ab

d +ρ
id
∗ ∂iQ bc

a −ρ
i
a∂iRbcd

+ρ
ib
∗ ∂iQ cd

a +ρ
ic
∗ ∂iQ db

a −ρ
id
∗ ∂iQ ac

b −ρ
ia
∗ ∂iQ cd

b +ρ
i
b∂iRcda −ρ

ic
∗ ∂iQ da

b +ρ
id
∗ ∂iQ ab

c

+ρ
ia
∗ ∂iQ bd

c +ρ
ib
∗ ∂iQ da

c −ρ
i
c∂iRdab +ρ

i
d∂iQ bc

a −ρ
i
a∂iQ bc

d +ρ
ib
∗ ∂i f c

da −ρ
ic
∗ ∂i f b

da

−ρ
i
d∂iQ ac

b +ρ
ia
∗ ∂i f c

bd −ρ
i
b∂iQ ca

d +ρ
ic
∗ ∂i f a

db +ρ
i
d∂iQ ab

c −ρ
ia
∗ ∂i f b

cd +ρ
ib
∗ ∂i f a

cd

−ρ
i
c∂iQ ab

d +ρ
id
∗ ∂i f c

ab −ρ
i
a∂iQ cd

b +ρ
i
b∂iQ cd

a −ρ
ic
∗ ∂i f d

ab +ρ
id
∗ ∂i f a

bc −ρ
ia
∗ ∂i f d

bc

+ρ
i
b∂iQ da

c −ρ
i
c∂iQ da

b −ρ
id
∗ ∂i f b

ac +ρ
i
a∂iQ bd

c −ρ
ib
∗ ∂i f d

ca +ρ
i
c∂iQ db

a +ρ
i
d∂i f c

ab

+ρ
i
a∂i f c

bd +ρ
i
b∂i f c

da −ρ
ic
∗ ∂iHdab +ρ

id
∗ ∂iHabc −ρ

i
a∂i f d

bc −ρ
i
b∂i f d

ca −ρ
i
c∂i f d

ab

+ρ
i
d∂i f a

bc −ρ
ia
∗ ∂iHbcd +ρ

i
b∂i f a

cd +ρ
i
c∂i f a

db −ρ
i
d∂i f b

ac −ρ
i
a∂i f b

cd +ρ
ib
∗ ∂iHcda

−ρ
i
c∂i f b

da +Hmab f m
cd +Hmac f m

db +Hmad f m
bc + f m

ab Hcdm + f m
ac Hdbm + f m

ad Hbcm

+Q ab
m Rcdm +Q ac

m Rdbm +Q ad
m Rbcm +RmabQ cd

m +RmacQ db
m +RmadQ bc

m

−Q ab
m Q cm

d +Q ac
m Q bm

d − f a
md Rbcm +Rmab f c

dm −Rmac f b
dm +Q ma

d Q bc
m

+ f b
ma Rcdm + f c

ma Rdbm + f d
ma Rbcm −Q mb

a Q cd
m −Q mc

a Q db
m −Q md

a Q bc
m

− f a
mb Rcdm −Q ac

m Q dm
b +Q ad

m Q cm
b +Q ma

b Q cd
m +Rmac f d

bm −Rmad f c
bm

+Q ab
m Q dm

c − f a
mc Rdbm −Q ad

m Q bm
c −Rmab f d

cm +Q ma
c Q db

m +Rmad f b
cm

− f b
ma Q cm

d + f c
ma Q bm

d +HmadRbcm −Q mb
a f c

dm +Q mc
a f b

dm + f m
ad Q bc

m

+ f a
mb Q cm

d +Q ac
m f m

db − f a
md Q cm

b +Q ma
b f c

dm +RmacHdbm −Q ma
d f c

bm

+Q ab
m f m

cd − f a
mc Q bm

d + f a
md Q bm

c +RmabHcdm −Q ma
c f b

dm +Q ma
d f b

cm

+HmabRcdm − f c
ma Q dm

b + f d
ma Q cm

b + f m
ab Q cd

m −Q mc
a f d

bm +Q md
a f c

bm

− f a
mb Q dm

c + f a
mc Q dm

b +Q ad
m f m

bc −Q ma
b f d

cm +Q ma
c f d

bm +RmadHbcm

+ f b
ma Q dm

c +HmacRdbm − f d
ma Q bm

c +Q mb
a f d

cm + f m
ac Q db

m −Q md
a f b

cm

−HmabQ cm
d + f c

ma f m
db +HmadQ cm

b + f m
ab f c

dm −Q mc
a Hdbm − f m

ad f c
bm

+HmabQ dm
c −HmacQ dm

b + f d
ma f m

bc − f m
ab f d

cm + f m
ac f d

bm −Q md
a Hbcm

− f a
mb f m

cd − f a
mc f m

db − f a
md f m

bc +Q ma
b Hcdm +Q ma

c Hdbm +Q ma
d Hbcm

+ f b
ma f m

cd +HmacQ bm
d −HmadQ bm

c −Q mb
a Hcdm − f m

ac f b
dm + f m

ad f b
cm .
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We will list the terms one by one according to the position of the indices in the last

equation above in order to find the conditions on the fluxes.

Examining the terms whose all indices are lowered yields the following condition.

ρ
i
a∂iHbcd −ρ

i
b∂iHcda +ρ

i
c∂iHdab −ρ

i
d∂iHabc −Hmab f m

cd +Hmbc f m
da

−Hmcd f m
ab +Hmda f m

bc +Hmac f m
db +Hmdb f m

ac = 0. (4.41)

The terms whose only one index is raised, which is d, give rise to the following

condition. The other terms in a,b,c yield the same condition.

ρ
i
a∂i f d

bc +ρ
i
b∂i f d

ca +ρ
i
c∂i f d

ab −ρ
id
∗ ∂iHabc + f m

ab f d
cm + f m

bc f d
am

+ f m
ca f d

bm −Q dm
a Hbcm −Q dm

b Hcam −Q dm
c Habm = 0. (4.42)

Now the terms whose two indices are raised, which are c,d, gives the following

condition. When the other indices raised, these yield the same condition.

ρ
i
a∂iQ cd

b −ρ
i
b∂iQ cd

a +ρ
ic
∗ ∂i f d

ab −ρ
id
∗ ∂i f c

ab − f m
ab Q cd

m −HabmRmcd

+Q mc
a f d

bm −Q mc
b f d

am −Q md
a f c

bm +Q md
b f c

am = 0. (4.43)

The terms whose three indices are raised, which are a,b,c, yield the following

condition. The terms in other raised indices yield the same condition.

ρ
ia
∗ ∂iQ bc

d +ρ
ib
∗ ∂iQ ca

d +ρ
ic
∗ ∂iQ ab

d −ρ
i
d∂iRabc +Q ab

m Q cm
d +Q bc

m Q am
d

+Q ca
m Q bm

d − f a
dm Rbcm − f b

dm Rcam − f c
dm Rabm = 0. (4.44)

Lastly, examining the terms whose all indices are raised yields the following condition.

ρ
ia
∗ ∂iRbcd −ρ

ib
∗ ∂iRcda +ρ

ic
∗ ∂iRdab −ρ

id
∗ ∂iRabc −RmabQ cd

m +RmbcQ da
m

−RmcdQ ab
m +RmdaQ bc

m +RdbmQ ac
m +RmacQ db

m = 0. (4.45)

These conditions on fluxes are actually the Bianchi identities of DFT fluxes as will be

discussed in the Proposition 6.2.3.
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Remark 4.4.4. If the vector bundle E in a Courant algebroid has the subbundles R and

R∗ which are taken to be also involutive as well as maximally isotropic and transversal,

these become transversal Dirac subbundles of the vector bundle E and it has been seen

in the Theorem 3.3.5 that these together construct a Lie bialgebroid. If R is taken to be

an involutive subbundle of E, then from (4.29) we obtain the following for Si which is

a local basis for Γ(R).

[Si,S j] = ηi
l
η j

mTlm
kSk = Ti j

kSk = fi j
kSk.

Also, Hi jk = 0 as required by the assumption of involutivity of R.

Similarly, if R∗ is taken to be an involutive subbundle of E, (4.29) yields the following

for Si which is a local basis for Γ(R∗).

[Si,S j] = η
i
lη

j
mT lm

kSk = T i j
kSk = Qi j

kSk = Qk
i jSk,

since TKLM is anti-symmetric in all indices which can be seen in the Remark 4.4.1.

Also, Ri jk = 0 as required by the assumption of involutivity of R∗.

For the mixed terms, we have

[Si,S j] = ηi
l
η

j
mTl

m
kSk +ηi

l
η

j
mTl

mkSk =− f ′ik
jSk +Q′

i
jkSk,

and similarly

[S j,Si] = f ′ik
jSk −Q′

i
jkSk =−[Si,S j].

By using (C5) in the Definition 3.3.1, we will show that the metric compatibility

condition imposes that f ′ik
j = fik

j and Q′
i

jk = Qi
jk as follows.

0 = ⟨[Si,S j],Sk⟩+ ⟨S j, [Si,Sk]⟩

=⇒ 0 = ⟨− f ′im
jSm +Q′

i
jmSm,Sk⟩+ ⟨S j, fik

mSm⟩

=⇒ 0 =− f ′im
j
η

m
k +Q′

i
jm

ηmk + fik
m

η
j
m

=⇒ f ′ik
j = fik

j,
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and

0 = ⟨[Si,S j],Sk⟩+ ⟨S j, [Si,Sk]⟩

=⇒ 0 = ⟨Qm
i jSm,Sk⟩+ ⟨S j, f ′km

iSm −Q′
k

imSm⟩

=⇒ 0 = Qm
i j

η
m

k + f ′km
i
η

jm −Q′
k

im
η

j
m

=⇒ Q′
k

i j = Qk
i j.

Note that in the Subsection 4.3, which have explored the properties of triangular Lie

bialgebroids in local coordinates, we have encountered only f - and Q-fluxes.

In the following Subsection, the sections of a Courant algebroid will be considered

generally which means the fluxes will be considered as H ̸= 0 and R ̸= 0.

4.4.1 Courant bracket in local coordinates

Our aim now is to express the (general) Courant bracket in terms of local coordinates

and to see also the relation of this expression with the standard Courant bracket in local

coordinates.

Proposition 4.4.1. The Courant bracket in local coordinates reads [51]

[A,B] =
[

ρ
l
J
(
AJ

∂lBK −BJ
∂lAK

)
− 1

2
ρ

l
K
(
AJ

∂lBJ −BJ
∂lAJ

)]
SK +ALBMTLMKSK,

(4.46)

where A = AISI and B = BJSJ are the elements of Γ(E).

Proof:

The following property and its proof will be given firstly.

Lemma 4.4.1.

[ f A,gB] = f g[A,B]+ f (ρ(A)g)B−g(ρ(B) f )A+ ⟨A,B⟩(gD f − f Dg), (4.47)

where A,B are only the local bases of Γ(E) here.

Proof of the Lemma 4.4.1:

By using the condition (C3) in the definition of a Courant algebroid given in 3.3.1, we

obtain
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[ f A,gB] = g[ f A,B]+ (ρ( f A)g)B−⟨ f A,B⟩Dg

=−g[B, f A]+ ( f ρ(A)g)B− f ⟨A,B⟩Dg

=−g{ f [B,A]+ (ρ(B) f )A−⟨B,A⟩D f}+( f ρ(A)g)B− f ⟨A,B⟩Dg

= f g[A,B]−g(ρ(B) f )A+g⟨A,B⟩D f +( f ρ(A)g)B− f ⟨A,B⟩Dg

= f g[A,B]+ ( f ρ(A)g)B−g(ρ(B) f )A+ ⟨A,B⟩(gD f − f Dg),

where we have used that Courant bracket is skew-symmetric in the second equality. □

Now, the expansion of the Courant bracket in local coordinates using (4.47) gives the

following.

[AISI,BJSJ] = AIBJ[SI,SJ]+AI(ρ(SI)BJ)SJ −BJ(ρ(SJ)AI)SI

+ ⟨SI,SJ⟩[BJD(AI)−AID(BJ)]

= AIBJη
IK

η
JLTKLMSM +AIη

IK
ρ

i
K(∂iBJ)SJ −BJη

JK
ρ

i
K(∂iAI)SI

+
1
2

η
IJBJρ

i
K(∂iAI)SK − 1

2
η

IJAIρ
i
K(∂iBJ)SK

=

[
ρ

l
J
(
AJ

∂lBK −BJ
∂lAK

)
− 1

2
ρ

l
K
(
AJ

∂lBJ −BJ
∂lAJ

)]
SK +ALBMTLMKSK,

where we have used (4.29), (4.34), (4.27) and (4.36) in the second equality. ■

The (general) Courant bracket in local coordinates given in (4.46) can be expanded as

follows for the decomposed anchor ρ i
J = (ρ i

j,ρ
i j
∗ ) and SK = (Sk,Sk).

[A,B] =
[

ρ
l
J
(
AJ

∂lBK −BJ
∂lAK

)
− 1

2
ρ

l
K
(
AJ

∂lBJ −BJ
∂lAJ

)]
SK +ALBMTLMKSK

= ρ
l
jA

j(∂lBk)Sk +ρ
l
jA

j(∂lBk)Sk +ρ
l j
∗ A j(∂lBk)Sk +ρ

l j
∗ A j(∂lBk)Sk −ρ

l
jB

j(∂lAk)Sk

−ρ
l
jB

j(∂lAk)Sk −ρ
l j
∗ B j(∂lAk)Sk −ρ

l j
∗ B j(∂lAk)Sk −

1
2

ρ
l
kA j(∂lB j)Sk

− 1
2

ρ
l
kA j(∂lB j)Sk − 1

2
ρ

lk
∗ A j(∂lB j)Sk −

1
2

ρ
lk
∗ A j(∂lB j)Sk +

1
2

ρ
l
kB j(∂lA j)Sk

+
1
2

ρ
l
kB j(∂lA j)Sk +

1
2

ρ
lk
∗ B j(∂lA j)Sk +

1
2

ρ
lk
∗ B j(∂lA j)Sk +ALBMTLMKSK,

(4.48)

where the last term is left the same.
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The (general) Courant bracket given in (4.46) can be also written as follows for the

anchors ρ i
J = (ρ i

j,ρ
i j
∗ ) and for A = AV + AF ∈ Γ(E) with AV ∈ Γ(T M) and AF ∈

Γ(T ∗M) and B = BV +BF ∈ Γ(E) with BV ∈ Γ(T M) and BF ∈ Γ(T ∗M) [51].

[A,B] = [AV ,BV ]+LAV BF −LBV AF − 1
2

d (iAV BF − iBV AF)

+ [AF ,BF ]+LAF BV −LBF AV +
1
2

d∗ (iAV BF − iBV AF)+T (A,B), (4.49)

which has been introduced in (3.50) in terms of the direct sum of Lie algebroids (L,L∗)

(which was actually a Lie bialgebroid structure). In above, T (A,B) := AiB jT i jkSk +

AiB jTi jkSk, and

[AV ,BV ] = (ρ l
jA

j
∂lBk −ρ

l
jB

j
∂lAk +AiB jT k

i j )Sk, (4.50)

LAV BF = (ρ l
jA

j
∂lBk +ρ

l
kB j∂lA j +A jBiTk j

i)Sk, (4.51)

d(iAV BF) = (ρ l
kA j

∂lB j +ρ
l
kB j∂lA j)Sk, (4.52)

[AF ,BF ] = (ρ
l j
∗ Al∂ jBk −ρ

l j
∗ Bl∂ jAk +AiB jT

ji
k )Sk, (4.53)

LAF BV = (ρ
l j
∗ A j∂lBk +ρ

lk
∗ B j

∂lA j +A jBiT k j
i )Sk, (4.54)

d∗(iAV BF) = (ρ lk
∗ B j∂lA j +ρ

lk
∗ A j

∂lB j)Sk. (4.55)

These operators have been given in the Subsection 4.2 in calculus on Lie algebroids.

Also, the bracket on 1-forms in (4.53) has been introduced in (3.22) which is the

Koszul bracket. Note that the derivatives of the Poisson bi-vector tensor are hidden in

the Q-fluxes. This bracket can be followed from the Proposition 4.4.2 in detail.

Note that by substituting these defined operators in (4.49), we obtain

the Courant bracket’s expanded version given in (4.48) if and only if

T (A,B) := AiB jT i jkSk +AiB jTi jkSk.

Also note that (4.50) can be found from (4.47) for A = AiSi and B = B jS j in that

equation since [Si,S j] = 0 and ⟨Si,S j⟩ = 0. Similarly, (4.53) can be found also from

(4.47) for A = AiSi and B = B jS j in that equation since [Si,S j] = 0 and ⟨Si,S j⟩ = 0.

Additionally, (4.51) and (4.54) are the same as (4.16) for Tk j
i = Lk j

i and (4.17) for

T k j
i = L̃k j

i, respectively, as expected. The other operators will behave in the same way
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with the previous ones which have not been written in local coordinates.

The following examples of a Courant algebroid will be important for further studies.

Example 4.4.1. The special case of a Courant algebroid can be given by the standard

Courant algebroid which is firstly demonstrated in the Example 3.3.1. Standard

Courant algebroid consists of the anchor ρ : E → T M which is the projection to the

tangent bundle, the metric which is induced by the natural pairing between T M and

T ∗M, and the map D : C∞(M) → Γ(E) that is given by D f = d f where d is the

exterior differential operator on the tangent bundle of the manifold. In that case, we

have ρ i
J = (δ i

j,0) and by substituting this together with SK = (∂k,dxk) in (4.50) -

(4.55), the bracket (4.49) reads [51]

[A,B]s =(Al
∂lBk −Bl

∂lAk)∂k +

(
Al

∂lBk −Bl
∂lAk −

1
2

Al
∂kBl +

1
2

Bl
∂kAl

−1
2

Al∂kBl +
1
2

Bl∂kAl +AlBmHlmk

)
dxk, (4.56)

which is called H-twisted Courant bracket and introduced in (3.44).

Note that only H-flux arises in the above equality. The reason of this fact will be given

in the Proposition 4.4.3.

Example 4.4.2. If we take the Lie bracket on the sections of T M as zero bracket

and zero anchor (trivial ones), then it constructs a Lie algebroid structure. On the

other hand, if we take the bracket on the sections of T ∗M as the Koszul bracket

together with the non-standard anchor on T ∗M as the Poisson bi-vector field, then

this constructs a Lie algebroid structure from the Example 3.1.4. These structures

satisfy the compatibility condition given in (3.23) or (3.24) automatically. Therefore,

there exists a Lie bialgebroid structure. On the direct sum of these structures, it can be

constructed a Courant algebroid from the Theorem 3.3.4.
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In order to find the bracket on T M⊕T ∗M, we will use the operators (4.50) - (4.55) for

the anchor ρ i
J = (0,Πi j) and SK = (∂k,dxk). Then (4.49) turns into the following.

[A,B]k =
(

Π
l jA j∂lBk +

1
2

Π
lkB j

∂lA j −Π
l jB j∂lAk − 1

2
Π

lkA j
∂lB j +

1
2

Π
lkB j∂lA j

−1
2

Π
lkA j∂lB j

)
∂k +Π

l j(Al∂ jBk −Bl∂ jAk)dxk +AiB jQ
ji

k dxk

+A jBiQ k j
i ∂k −B jAiQ k j

i ∂k +AiB jRi jk
∂k.

In above example, the fluxes H and f are taken to be zero which will be proved

in the Lemma 4.4.2. Also, the Q- flux can be written as Qi
jk = ∂iΠ

jk from this Lemma.

Proposition 4.4.2. The bracket on 1-forms in (4.53) gives the following for ρ i
J =

(0,Πi j) and SK = (∂k,dxk).

[AF ,BF ]k = Π
i j(Ai∂ jBm −Bi∂ jAm)dxm +A jBi(∂mΠ

ji)dxm, (4.57)

which is the same expression with the Koszul bracket given in (3.22).

Proof: The Koszul bracket (3.22) can be expanded in local bases as follows.

[Aidxi,B jdx j]∗ = B j[Aidxi,dx j]∗+LΛ♯(Aidxi)(B jdx j)

=−B j

(
Ai[dx j,dxi]∗+LΛ♯(dx j)(Aidxi)

)
+B jLΛ♯(Aidxi)(dx j)+ρ(Λ♯(Aidxi))(B j)dx j

=−B j

(
Ai(LΛ♯(dx j)(dxi)−LΛ♯(dxi)(dx j)−d(Π(dx j,dxi))+LΛ♯(dx j)(Aidxi)

)
+B jAiLΛ♯(dxi)(dx j)+AiΠ

ik(∂kB j)dx j

= AiB j∂kΠ
jidxk −B jΠ

jk(∂kAi)dxi +AiΠ
ik(∂kB j)dx j,

where we have used the Leibniz rule for the Koszul bracket in the first line, Leibniz

rule again and (3.11) in the second line, (3.22) and (3.12) in the third line, and (3.10),

(3.7) in the last one. This result ends the proof. ■

Example 4.4.3. If we take the usual Lie bracket on the sections of T M and the identity

anchor on T M, it constructs a Lie algebroid structure as we discussed before. There

also exists a Lie algebroid structure on T ∗M equipped with the Koszul bracket on

the sections of T ∗M and the non-standard anchor on T ∗M as the Poisson bi-vector
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field which was also discussed before. These together constructs a triangular Lie

bialgebroid structure which is demonstrated generally in the Subsection 3.2.1 in

detail. Therefore, a Courant algebroid structure can be constructed on the direct sum

of these structures from the Theorem 3.3.4.

In order to determine the bracket on T M ⊕ T ∗M, we will use the operators (4.50) -

(4.55) for the anchor ρ i
J = (δ i

j,Π
i j) and SK = (∂k,dxk). Then (4.49) becomes

[A,B]T M⊕T ∗M = (Al
∂lBk −Bl

∂lAk +Π
l jA j∂lBk +

1
2

Π
lkB j

∂lA j −Π
l jB j∂lAk

− 1
2

Π
lkA j

∂lB j +
1
2

Π
lkB j∂lA j − 1

2
Π

lkA j∂lB j)∂k +(Al
∂lBk +

1
2

B j∂kA j

−Bl
∂lAk −

1
2

A j∂kB j − 1
2

A j
∂kB j +

1
2

B j
∂kA j +Π

l jAl∂ jBk −Π
l jBl∂ jAk)dxk

+AiB jQ
i j

k dxk +A jBiQ k j
i ∂k −B jAiQ k j

i ∂k,

where the fluxes H, f and R are taken as zero from the Lemma 4.4.3. Also, the Q-

flux can be written as Qi
jk = ∂iΠ

jk from this Lemma. Note that the derivatives of the

Poisson bi-vector field are only contained in the fluxes, specifically in Q-fluxes.

Above example demonstrates the Courant algebroid bracket on the direct sum of

the tangent and cotangent bundles. Although the tangent bundle is taken to be as

usual with the identity anchor and the standard Lie bracket, the cotangent bundle is

not taken to be trivial. Instead, the bracket on the sections of cotangent bundle is a

Koszul bracket in this case. So these together yield the above non-standard Courant

bracket on T M ⊕T ∗M. This case will play a prominent role in further studies, in the

Subsection6.4, in such a way that this Courant algebroid structure is the algebroid

structure underlying the solution generating mechanism.

We will now investigate Courant algebroids in local coordinates under some particular

conditions.

Example 4.4.4. A Courant algebroid over M = {pt}, a point, is just a quadratic Lie

algebra, i.e. a Lie algebra g with an invariant non-degenerate symmetric bilinear form.
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Proof: Since the base manifold is a point, the anchor is the trivial one that is ρ = 0 and

that gives D f = 0. Also, one has the structure constants, instead of structure functions,

of the Lie algebra. Therefore, the conditions of being a Courant algebroid, which are

given in the Definition 3.3.1 turn into the followings.

(C1) and (C4) is satisfied identically. Also, (C2) become the following for the elements

Si of the manifold.

Jac(Si,S j,Sk) = [[Si,S j],Sk]+ [[S j,Sk],Si]+ [[Sk,Si],S j] = 0

=⇒ ( fi j
m fmk

l + f jk
m fmi

l + fki
m fm j

l)Sl = 0,

which gives

fi j
m fmk

l + f jk
m fmi

l + fki
m fm j

l = 0, (4.58)

for every Sl ∈ M, which is one of the conditions for L to be a Lie algebra. Besides,

(C3) becomes [Si, f S j] = f [Si,S j]. Lastly, (C5) becomes

0 = ⟨[Si,S j],Sk⟩+ ⟨S j, [Si,Sk]⟩,

which is a condition for being an invariant inner product.

As a result, a Courant algebroid over a point is just a quadratic Lie algebra. ■

Example 4.4.5. Let E = L⊕ L∗ as in the Theorem 3.3.5. If the base manifold of E

is a point, then the conditions on structure constants (see the Remark 4.4.4) become

exactly the same conditions for a Manin triple structure (see the Proposition 4.1.1).

Proof: Let us assume that L,L∗ are transversal Dirac subbundles in a Courant

algebroid. Then one could use the definitions in local coordinates given in Subsection

4.4. Since base manifold is a point, we will have again structure constants instead of

structure functions. One needs to work on the Courant bracket before looking at the

requirements for being a Courant algebroid as stated in the Definition 3.3.1.

The brackets on the sections of L,L∗ for the elements Si,Si, respectively, will be the

same as discussed in the Remark 4.4.4 such that
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[Si,S j] = fi j
kSk,

[Si,S j] = Qk
i jSk,

[Si,S j] =− fik
jSk +Qi

jkSk =−[S j,Si].

Here, fi j
k and Qk

i j are now the structure constants of the Lie algebra and its dual Lie

algebra, respectively, since we take the base manifold as a point.

Now is the time to look at each condition of a Courant algebroid given in the Definition

3.3.1 in local coordinates individually. Firstly, (C1) and (C4) is satisfied identically.

Also, (C2) yields the same result found in (4.58) which is one of the conditions for L

to be a Lie algebra.

Similary,

Jac(Si,S j,Sk) = (Qm
i jQl

mk +Qm
jkQl

mi +Qm
kiQl

m j)Sl = 0,

which gives

Qm
i jQl

mk +Qm
jkQl

mi +Qm
kiQl

m j = 0,

which is one of the conditions for L∗ to be a Lie algebra.

From the mixed sections, we obtain

Jac(Si,S j,Sk) = [[Si,S j],Sk]+ [[S j,Sk],Si]+ [[Sk,Si],S j] = 0

=⇒ [ f jm
iSm −Q j

imSm,Sk]+ [ f jk
mSm,Si]+ [− fkm

iSm +Qk
imSm,S j] = 0

=⇒− f jm
i[Sm,Sk]+Q j

im[Sm,Sk]− f jk
m[Sm,Si]+ fkm

i[Sm,S j]−Qk
im[Sm,S j] = 0

=⇒− f jm
i( fkl

mSl −Qk
mlSl)+Q j

im fmk
lSl − f jk

m(− fml
iSl +Qm

ilSl)

+ fkm
i( f jl

mSl −Q j
mlSl)−Qk

im fm j
lSl = 0

=⇒ (− f i
jm f m

kl + f jk
m fml

i + fkm
i f jl

m)Sl

+( f jm
iQk

ml +Q j
im fmk

l − f jk
mQm

il − f i
kmQml

j −Qim
k f l

m j)Sl = 0 (4.59)

then we get (4.58) which is the Jacobi Identity for L.
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Also, we obtain

f jm
iQk

ml +Q j
im fmk

l − f jk
mQm

il − f i
kmQml

j −Qim
k f l

m j = 0,

which is the compatibility condition between L and L∗ given in Proposition 4.1.1 and

this yields a Lie bialgebra structure (L,L∗). Note that we have used the condition

(C3), which becomes [A, f B] = [ f A,B] = f [A,B], in above calculations. Also note that

the other combinations of the sections will give similar kind of results. (In some of

them, we have Jacobi Identity for L∗ together with the compatibility condition again.)

As a result, when the base manifold is taken a point and if there exist transversal Dirac

structures in a Courant algebroid, then there is a Drinfel’d double structure and so a

Manin triple structure. ■

4.4.2 Triangular Lie bialgebroid yields a Courant algebroid with transversal

Dirac structures in local coordinates

The correspondence between (general) Lie bialgebroids and Courant algebroids with

transversal Dirac structures has been given in the Theorems 3.3.4 and 3.3.5. Our aim

in this part of the thesis is to verify that for a given triangular Lie bialgebroid, which is

firstly introduced in Subsection 3.2.1 and whose local expressions have been given in

Subsection 4.3, the axioms to be a Courant algebroid with transversal Dirac structures

are satisfied in local coordinates.

The Subsection 4.2 that covers Lie algebroid’s local expressions will be used in this

part.

Theorem 4.4.3. Let us assume that there is a triangular Lie bialgebroid structure

(A ⊕ A∗, [·, ·]A⊕A∗,⟨·, ·⟩A⊕A∗,ρA⊕A∗), which is constructed by using the bundle map

Λ♯ : A∗ → A defined by Λ♯(ξ )(η) = Λ(ξ ,η) for all ξ ,η ∈ Γ(A∗) satisfying some

conditions given in the Subsection 3.2.1. Also, let us have a new bracket on the

smooth sections of the dual vector bundle A∗ given in (3.25) together with the induced

differential operator d∗ : Γ(A) → Γ(2A) that is d∗X = [Λ,X ]SN. Then, this structure

yields a Courant algebroid with transversal Dirac structures. In other words, the three
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local properties given in (4.37) are satisfied in terms of this structure of a triangular

Lie bialgebroid.

Proof: Let E = A⊕A∗ where (A,A∗) is a triangular Lie bialgebroid. Then we assume

the followings: A is a Lie algebroid that satisfies (4.1), (4.2), (4.3) and (4.5) or (4.4)

and A∗ is a Lie algebroid that satisfies (4.8), (4.7), (4.22) and (4.25). Besides, there

is a natural inner product between these Lie algebroids given in (4.6) and they fulfill

(4.16) and (4.17). The compatibility condition between A and A∗ given in (4.26) is

also satisfied. By using the bundle map, which satisfies (4.9), we assume also that the

introduced new bracket on the smooth sections of the dual vector bundle A∗ satisfies

(4.20). We define the following skew-symmetric bracket operation on Γ(A⊕A∗) as

given in (3.50):

[Sa +Sa,Sb +Sb]A⊕A∗ = [Sa,Sb]A +LSaSb −LSbSa +
1
2

d(iSbSa − iSaSb)

+ [Sa,Sb]A∗ +LSaSb −LSbSa −
1
2

d∗(iSaSb − iSbSa),

where Sa,Sb ∈ Γ(A) and Sa,Sb ∈ Γ(A∗). Therefore,

[Sa,Sb]A⊕A∗ = [Sa,Sb]A = Lab
cSc, (4.60)

and

[Sa,Sb]A⊕A∗ = [Sa,Sb]A∗ = L̃ab
cSc. (4.61)

For the mixed terms, we have

[Sa,Sb]A⊕A∗ = LSaSb −LSbSa (4.62)

=−Lac
bSc + L̃bc

aSc,

and

[Sa,Sb]A⊕A∗ =−LSbSa +LSaSb (4.63)

= Lbc
aSc − L̃ac

bSc.

Since TKLM are the structure functions of the Courant bracket (4.29), we need to

comprehend the relation between these and the structure functions L and L̃ of Lie

algebroids A and A∗, respectively. Hereby,

[Sa,Sb] = TabcSc +Tab
cSc,
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which gives from (4.60): Tab
c = Lab

c and Tabc = 0, and

[Sa,Sb] = T abcSc +T ab
cSc,

which gives from (4.61): T ab
c = L̃ab

c and T abc = 0, and

[Sa,Sb] = Ta
b

cSc +Ta
bcSc,

which gives from (4.62): Ta
b

c =−Lac
bSc and Ta

bc = L̃bc
a, and

[Sa,Sb] = T a
bcSc +T a

b
cSc,

which gives from (4.63): T a
bc = Lbc

a and T a
b

c = −L̃ac
b. In above calculations, we

have used the facts ηab = ηab = 0 and these will be used in the next calculations

together with the above results.

We are ready now to prove that the axioms to be a Courant algebroid given in (4.37)

are satisfied in terms of this triangular Lie bialgebroid structure one by one. Note that

since the structure functions satisfy Tabc = T abc = 0, which means that the fluxes H

and R vanish, then we have transversal Dirac structures from the Remark 4.4.4.

1) We would like to show now the first axiom given in (4.37): η IJρ i
Iρ

j
J = 0 is satisfied

by the constructed triangular Lie bialgebroid. For this purpose, we will use (4.38) and

obtain the following.

η
IJ

ρ
i
Iρ

j
J = η

a
bρ

i
aρ

jb
∗ +η

b
a ρ

ia
∗ ρ

j
b

= ρ
i
aΛ

ac
ρ

j
c +ρ

i
cΛ

ac
ρ

j
a

= 0,

where we have used the facts: (4.9) and Λac is skew-symmetric. Hence, it has been

proven that the first condition for being a Courant algebroid is satisfied in terms of the

constructed triangular Lie bialgebroid (A,A∗).

2) Our next goal is to prove that the second axiom in (4.37), that is

ρ
i
I∂iρ

j
J −ρ

i
J∂iρ

j
I −η

KL
ρ

j
KTLIJ = 0,
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holds for this triangular Lie bialgebroid. From (4.39), we have

ρ
i
I∂iρ

j
J −ρ

i
J∂iρ

j
I −η

KL
ρ

j
KTLIJ

= ρ
i
a∂iρ

j
b −ρ

i
b∂iρ

j
a −ρ

j
dL d

ab +ρ
ia
∗ ∂iρ

jb
∗ −ρ

ib
∗ ∂iρ

ja
∗ −ρ

jd
∗ L̃ab

d

+Λ
ac

ρ
i
c∂iρ

j
b −ρ

i
b(∂iΛ

ac)ρ j
c −ρ

i
b(∂iρ

j
c)Λ

ac −ρ
j
dL̃da

b +Λ
dc

ρ
j
cL a

db

+ρ
i
a(∂iΛ

bc)ρ j
c +ρ

i
a(∂iρ

j
c)Λ

bc −Λ
bc

ρ
i
c∂iρ

j
a +ρ

j
dL̃db

a −Λ
dc

ρ
j
cL b

da

= Λ
ac

ρ
i
c∂iρ

j
b −ρ

i
b(∂iΛ

ac)ρ j
c −ρ

i
b(∂iρ

j
c)Λ

ac −ρ
j
dL̃da

b +Λ
dc

ρ
j
cL a

db

+ρ
i
a(∂iΛ

bc)ρ j
c +ρ

i
a(∂iρ

j
c)Λ

bc −Λ
bc

ρ
i
c∂iρ

j
a +ρ

j
dL̃db

a −Λ
dc

ρ
j
cL b

da

= Λ
ac

ρ
i
c∂iρ

j
b −ρ

i
b(∂iΛ

ac)ρ j
c −ρ

i
b(∂iρ

j
c)Λ

ac −ρ
j
dL d

cb Λ
ac +ρ

j
dL a

cb Λ
dc

−ρ
j
d(∂iΛ

da)ρ i
b +Λ

dc
ρ

j
cL a

db +ρ
i
a(∂iΛ

bc)ρ j
c +ρ

i
a(∂iρ

j
c)Λ

bc −Λ
bc

ρ
i
c∂iρ

j
a

+ρ
j
dL d

ca Λ
bc −ρ

j
dL b

ca Λ
dc +ρ

j
d(∂iΛ

db)ρ i
a −Λ

dc
ρ

j
cL b

da

=−ρ
i
b(∂iΛ

ac)ρ j
c +ρ

j
dL a

cb Λ
dc −ρ

j
d(∂iΛ

da)ρ i
b +Λ

dc
ρ

j
cL a

db +ρ
i
a(∂iΛ

bc)ρ j
c

−ρ
j
dL b

ca Λ
dc +ρ

j
d(∂iΛ

db)ρ i
a −Λ

dc
ρ

j
cL b

da

= 0,

where we have used (4.9) in the second equality, (4.3) and (4.22) in the third equality,

due to the facts that A and A∗ are Lie algebroids. Also, (4.20) has been used in the

fourth equality and (4.3) has been used in the fifth equality. Lastly, it has been used

that Λca is skew-symmetric in the last equality and the terms cancelled each other

identically.

Therefore, it has been proven that the second condition for being a Courant algebroid

is satisfied in terms of the constructed Lie bialgebroid (A,A∗).

3) Finally, the last equality (4.37) should be satisfied by the constructed Lie bialgebroid

which is 4ρ i
[L∂iTIJK]+ 3ηMNTM[IJTKL]N = 0. When only K is raised, the LHS of this

equation yields to the following from (4.42).

ρ
i
a

∂Lbc
d

∂X i +ρ
i
b

∂Lca
d

∂X i +ρ
i
c
∂Lab

d

∂X i +Leb
dLac

e +Lbc
eLae

d −Lba
eLce

d

= 0,
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where (4.4) has been applied since A is a Lie algebroid.

Raising L and I at the same time, we have from the equation (4.43):

η
MN(T b

M cT a
d N +T b

M dT a
cN +T ba

M TcdN)

= ρ
ia
∗

∂L b
cd

∂X i −ρ
ib
∗

∂L a
cd

∂X i +ρ
i
c
∂ L̃ab

d
∂X i −ρ

i
d

∂ L̃ab
c

∂X i

−L b
ec L̃ae

d +L b
ed L̃ae

c + L̃ba
eL e

cd − L̃eb
cL a

de + L̃eb
dL a

ce

= 0,

where we have used (4.26) in the last equality since the compatibility condition is

satisfied between A and A∗.

By raising LIJ, one could obtain the following equation from (4.44).

ρ
ia
∗

∂ L̃bc
d

∂X i +ρ
ib
∗

∂ L̃ca
d

∂X i +ρ
ic
∗

∂ L̃ab
d

∂X i + L̃bc
eL̃ae

d − L̃ba
eL̃ce

d + L̃eb
dL̃ac

e

= ρ
ia
∗

∂ L̃bc
d

∂X i +ρ
ib
∗

∂ L̃ca
d

∂X i +ρ
ic
∗

∂ L̃ab
d

∂X i + L̃ae
dL̃bc

e + L̃be
dL̃ca

e + L̃ce
dL̃ab

e

= 0,

where we have used the fact (4.25) in the last line since A∗ is a Lie algebroid.

When the all indices are raised or lowered as in (4.45) and (4.41), respectively, we

have identically zero since T bcd = Tbcd = 0.

Consequently, the last condition in (4.37) of the Courant algebroid in local coordinates

is satisfied by the constructed triangular Lie bialgebroid (A,A∗) and it completes the

proof of the fact that the structure (A⊕A∗, [·, ·]A⊕A∗,⟨·, ·⟩,ρ), where ρ i
J = (ρ i

a,ρ
ia
∗ ), is

a Courant algebroid with transversal Dirac structures. ■

4.4.3 Courant algebroids for some special anchors in local coordinates

According to the local conditions of a Courant algebroid that are stated in (4.37), the

axioms that must be satisfied by a Courant algebroid for some special anchors will be
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examined in this Subsection and can be followed in Propositions below. The setting

will be taken as the same with the Subsection 4.4 and so that our consideration will be

on the vector bundle E in such a way that E = R⊕R∗ along with the anchors in the

form of ρ i
J = (ρ i

a,ρ
ia
∗ ). The last special anchor, that is the most general one among

them, is important for our upcoming goals.

The second condition in (4.37) can be thought as the definition of fluxes in terms of

anchors and other fluxes (sometimes they vanish as in the first example) whereas the

third condition known as Bianchi identity in physics literature, is the requirement that

fluxes must satisfy. These notions will be examined in Subsection 6.2.3 in detail.

Proposition 4.4.3. If the anchor is taken as ρ i
J = (δ i

j,0) such that ρ i
j = δ i

j and ρ
i j
∗ = 0

in a Courant algebroid (which gives a standard Courant algebroid, see the Example

4.4.1), the three equations in (4.37) take the following forms [51].

The first condition (4.38) is satisfied identically.

The second condition (4.39): f j
ab +R jab +Q ja

b −Q jb
a = 0 which implies R = f =

Q = 0.

The third condition (4.40) for f = R = Q = 0 gives (which can be also seen directly

from (4.41)):

∂aHbcd −∂bHcda +∂cHdab −∂dHabc = 0, (4.64)

or dH = 0.

Note that the second condition yields vanishing fluxes except H-flux in above theorem.

Also, the third condition yields the Bianchi identities that H-flux must obey leading to

the H-twisted standard Courant algebroid.

The bi-vector field β will be introduced in the Propositions and Lemmas that follow,

where β is some (2,0)-tensor as β ∈ Γ(T M ⊗T M) with associated bundle map β ♯ :

T ∗M → T M, induced by the canonical dual pairing between the tangent and cotangent

bundles, in a Courant algebroid which consistently produces a non-standard Courant

algebroid.
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Proposition 4.4.4. If the anchor is taken as ρ i
J = (0,β i j) such that ρ i

j = 0 and

ρ
i j
∗ = β i j, then the three equations in (4.37) become the followings [51].

The first condition (4.38) is again satisfied identically.

From the second condition (4.39), we have

β
jdHdab = 0,

β
jdQ ab

d = β
ia(∂iβ

jb)−β
ib(∂iβ

ja), (4.65)

and

β
jd f b

da = 0.

These results lead to the conditions H = f = 0 and β jdQ ab
d = β ia(∂iβ

jb)−β ib(∂iβ
ja).

The second requirement above does not restrict R-flux as it does not occur and the

other fluxes do not have to be zero. Besides, R-flux does not even appear in the

second condition however it arises in the third condition which stands for the Bianchi

identities. These identities can be easily seen from (4.41)-(4.45) for H = f = 0 for

ρ i
J = (0,β i j).

Lemma 4.4.2. When β = Π is a non-degenerate Poisson tensor, that is the SN bracket

with itself vanishes, [Π,Π]SN = 0 given in (3.21) in local coordinates, then a Courant

algebroid for ρ i
J = (0,Πi j) is obtained as Hi jk = fi j

k = 0 and, Qi
jk = ∂iΠ

jk from (4.65).

The third condition stands for an additional requirement for β = Π.

Proposition 4.4.5. If the anchor taken to be ρ i
J = (δ i

j,β
i j) such that ρ i

j = δ i
j and

ρ
i j
∗ = β i j, then it gives a non-standard Courant algebroid again and the three

equations in (4.37) yield the following [51].

The first condition (4.38) is satisfied when β i j = −β ji, which means β is

skew-symmetric.
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From the second condition (4.39), we obtain

fab
j +β

jdHdab = 0,

R jab +β
jdQd

ab = β
ia(∂iβ

jb)−β
ib(∂iβ

ja),

Qa
jb = β

jd fda
b −∂aβ

jb.

The skew-symmetry of the Q-flux may be observed by writing the second condition as

follows, which can be achieved by applying the first equality mentioned above.

Qa
jb = β

ji
β

kbHkia −∂aβ
jb.

In above Theorem, we can see from the results of the second condition, once more

the fluxes do not have to be zero. Besides, all of the fluxes appears now for the

second condition to be vanished. It is evident that the third condition, which represents

the Bianchi identities, gives rise to further conditions which can be found from

(4.41)-(4.45) for ρ i
J = (δ i

j,β
i j).

Lemma 4.4.3. When β = Π is a non-degenerate Poisson tensor and H = 0 (that yields

f = 0), then a Courant algebroid for ρ i
J = (δ i

j,Π
i j) is obtained as

Π
ji =−Π

i j,

since Poisson tensor is skew-symmetric, it is expected. Also,

Qa
jb = ∂aΠ

b j.

The above result together with the fact that Π is a non-degenerate Poisson tensor and

so it satisfies [Π,Π]SN = 0 given in (3.21), give the following.

R jab = 0.

Also, the third condition again stands for an additional requirement for β = Π.

The following case will be especially important for us as explained below and note

that it is kind of a generalization of the previous case with taking δ i
j as the anchor ρ i

j.

As a result, it produces a different, non-standard Courant algebroid that is also more

inclusive.
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Proposition 4.4.6. If the anchor is taken to be ρ i
J = (ai

j,a
i
kβ k j) where ρ i

j = ai
j and

ρ
i j
∗ = ai

kβ k j, i.e., the most general case in comparison to the earlier cases, then the

three equations in (4.37) take the following forms.

The first condition (4.38) is satisfied again when β i j =−β ji.

The second condition (4.39) yields

ai
c∂ia

j
b −ai

b∂ia j
c −a j

i f i
cb −a j

i β
ikHkcb = 0,

ai
kβ

kc
∂ia

j
b −ai

bβ
kc

∂ia
j
k −ai

ba j
k∂iβ

kc −a j
iQ

ic
b +a j

kβ
ki f c

ib = 0,

ai
kβ

kc
β

lb
∂ia

j
l −ai

kβ
kb

β
lc

∂ia
j
l +ai

ka j
l β

kc
∂iβ

lb−ai
ka j

l β
kb

∂iβ
lc−a j

iR
icb−a j

kβ
kiQ cb

i = 0.

These conditions on structure functions in a Courant algebroid will be essential when

we compare with constraints in DFT fluxes in the Subsection 6.2.3, and these can be

expressed as follows.

f m
cb = am

j ai
c∂ia

j
b −am

j ai
b∂ia j

c −β
miHicb, (4.66)

=Ccb
m −β

miHicb,

where we have defined am
j ai

c∂ia
j
b −am

j ai
b∂ia

j
c =Ccb

m. Also,

Q mc
b = β

icC m
ib +β

miC c
ib −ai

b∂iβ
mc +β

jc
β

miHi jb, (4.67)

Rmcb = β
ic

β
jbC m

i j −β
mi

β
jbC c

ji −β
mi

β
c jC b

ji +ai
jβ

jc
∂iβ

mb

−ai
jβ

jb
∂iβ

mc +ai
jβ

m j
∂iβ

cb +2β
jc

β
kb

β
miHi jk. (4.68)

In above Theorem, we can see from the results of the second condition, once more the

fluxes do not have to be zero. Besides, all of the fluxes appears now for the second

condition to be vanished. The other conditions arise from the third condition which

stands for the Bianchi identities which can be checked from (4.41)-(4.45) for ρ i
J =

(ai
j,a

i
kβ k j).

Remark 4.4.5. If H = 0 will be imposed in the above axioms (4.66), (4.67), and

(4.68), respectively, we obtain the followings.

f m
cb =Ccb

m, (4.69)
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Q mc
b = β

icC m
ib +β

miC c
ib −ai

b∂iβ
mc, (4.70)

Rmcb = β
ic

β
jbC m

i j −β
im

β
jbC c

i j +β
im

β
jcC b

i j +ai
jβ

jc
∂iβ

mb−ai
jβ

jb
∂iβ

mc+ai
jβ

m j
∂iβ

cb.

(4.71)

Lemma 4.4.4. When H = 0 and β = Π is a non-degenerate Poisson tensor, the anchor

becomes ρ i
J = (ai

j,a
i
kΠk j). This case will produce again R = 0 as in the Lemma 4.4.3

and this result gives [Π,Π]SN = 0, as expected.

The following section covers the properties of R-matrix on a Lie algebra g of a

semi-simple Lie group G in detail. Some parts of this discussion have already been

introduced in the Section 2. The definition and the features of dressed R-matrix Rg

constructed from R-matrix will be introduced in order to work on the group manifold

associated with the isometries of the background by using the adjoint action. Firstly,

it will be seen that for a given R-matrix which is an endomorphism on a Lie algebra

g, one can construct a bi-vector associated with it by the help of the non-degenerate

Cartan-Killing form on g. This enables us to identify g and the dual vector space g∗

and one can create a Lie algebra structure in the dual vector space with the aid of

this bi-vector. Then one can construct a bi-vector field which is defined on the whole

manifold. This bi-vector field constructed from the dressed R-matrix defines a Poisson

structure whenever the dressed R-matrix satisfies the CYBE. This result leads to the

fact that there is actually a Courant algebroid structure.
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5. DRESSED R-MATRIX AND THE CONSTRUCTION OF BI-VECTOR
FIELD

In this part of the thesis, we will assume that we have the R-matrix on the group

manifold together with the non-degenerate and Ad-invariant Cartan-Killing metric.

By using these notions, it will be demonstrated that we can construct a bi-vector

field, which is the components of the dressed R-matrix that is built from the R-matrix.

Here, we will use the endomorphism R on a Lie algebra g that was first introduced

in Subsection 2.4. When the dressed R-matrix satisfies the CYBE, then it will be

seen that the SN bracket of this constructed bi-vector field with itself vanishes. This

result will give rise to the fact that this bi-vector field defines a Poisson structure

on the group manifold. We have seen in Subsection 3.1.4 that there is a natural Lie

algebroid structure on the cotangent bundle of a Poisson manifold, and the tangent and

cotangent bundles together construct a Lie bialgebroid. It has been seen in Examples

3.3.3 and 3.3.4 that the tangent and cotangent bundles are transversal Dirac structures,

respectively. Additionally, there exists a natural Courant algebroid structure with these

transversal Dirac structures since there is a one-to-one correspondence between these

structures, as stated in Subsection 3.3.5. Therefore, we will be able to verify that the

above picture actually represents a Courant algebroid structure.

As a preparation for these computations, we need to present more properties of the

R-matrices and the related algebraic structures in this Chapter. These studies are based

on the paper named "Yang–Baxter deformation as an O(d,d) transformation” written

by my advisor Prof. Dr. Aybike Çatal-Özer and Seçil Tunalı-Çırak [8].

Our index conventions will be as follows and will be used in the following Subsections.

A : Doubled coordinates such that A = (µ ,
µ),
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B : Doubled coordinates; B = (α ,
α), where

µ = (i,m), µ = 1, · · · ,10; i = 1, · · · ,d, d = dimG,
α = (I,a), α = 1, · · · ,10; I = 1, · · · ,d,

where we are using µ indices for the coordinate basis and α indices for the arbitrary

basis or for the choice of the left-invariant (or right-invariant) one-forms as basis in our

situation.

5.1 Properties of the R-matrix and the CYBE

The definition and the properties of the R-matrices have been given in the Subsections

2.4 and 2.4.1 together with the MYBE and the CYBE. In this part of the thesis, these

notions will be examined in detail. In this Subsection, additional R-matrix features

will be offered and examined with regard to a fixed basis. These characteristics will

be essential for use in current studies as well as comparisons with past research.

Our approach will depend on the classical skew-symmetric R-matrices which are

endomorphisms on g such that they satisfy CYBE.

Let g be the Lie algebra of a semi-simple Lie group G. Let R be an endomorphism on

g.

Definition 5.1.1. [9], [10] The CYBE for the operator R is the following:

[RX ,RY ]−R([RX ,Y ]+ [X ,RY ]) = 0 , ∀X ,Y ∈ g,

which has been stated in Remark 2.4.1.

If the R endomorphism satisfies the CYBE, then it is an R-matrix which can be seen in

the Definition 2.4.3. The components of the corresponding R-matrix with respect to a

fixed basis TI of g will be denoted by RI
J . Then, R-matrix with respect to that basis is

given by [9], [10]

RX = (RX)ITI = RI
JXJTI, (5.1)

where X ∈ g.
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Then, the equation (2.3) can be expressed in local coordinates as follows.

RI
JRK

LC M
IK −RI

JRM
KC K

IL −RI
LRM

KC K
JI = 0, (5.2)

where C K
IJ are the structure constants of the Lie algebra g with respect to the basis TI .

Proof: Let X = TI and Y = TJ for fixed bases TI,TJ ∈ g in the equation (2.3), then

[RTI,RTJ]−R([RTI,TJ]+ [TI,RTJ]) = 0

⇒ [RK
I TK,RL

JTL]−R([RK
I TK,TJ]+ [TI,RK

JTK]) = 0

⇒ RK
I RL

JC M
KL TM −R(RK

I C M
KJ TM +RK

JC M
IK TM) = 0

⇒ RK
I RL

JC M
KL TM −RK

I C M
KJ RN

MTN −RK
JC M

IK RN
MTN = 0

⇒ (RK
I RL

JC M
KL −RK

IR
M
LC L

KJ −RK
JRM

LC L
IK )TM = 0,

where we have used that R(TI) = RK
ITK in the second and in the fourth lines, and the

fact that R operator is linear has been used in the third line. The above equation gives

the desired result for a fixed basis TM in a Lie algebra. ■

Definition 5.1.2. [9], [10] Let R be a linear map from g to g. R-bracket of X ,Y ∈ g is

defined by

[X ,Y ]R = [RX ,Y ]+ [X ,RY ] ,

which has been firstly introduced in the Proposition 2.4.1.

[9], [10] The bracket [·, ·]R has been previously shown to satisfy the Jacobi Identity

when (2.3) is fulfilled. As a result, any R-matrix on g defines a second Lie algebra

structure [·, ·]R on g from the Proposition 2.4.1. Therefore, using the new bracket [·, ·]R
above and the same underlying vector space as that of g, a new Lie algebra gR is

constructed.

Proposition 5.1.1. [8] The structure constants of a Lie algebra g, which are C L
KJ , can

be used to compute the structure constants C̃ L
IJ of gR with regard to the basis TI as

follows.

C̃ L
IJ = RK

IC
L

KJ −RK
JC L

KI =−C̃ L
JI . (5.3)
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Proof: The equation (2.4) for X = TI and Y = TJ , where TI,TJ ∈ g are fixed bases, turns

into the following:

[TI,TJ]R = [RTI,TJ]+ [TI,RTJ]

=⇒ C̃ L
IJ TL = [RL

ITL,TJ]+ [TI,RL
JTL]

=⇒ C̃ L
IJ TL = (RL

IC
M

LJ +RL
JC M

IL )TM

=⇒ C̃ L
IJ = RK

IC
L

KJ +RK
JC L

IK ,

where we have used that R(TI) = RL
ITL in the second line, and the fact that R operator

is linear has been used in the third line. So, the proof has been completed for a fixed

basis TL. ■

We focus on Lie algebras that admit non-degenerate and ad-invariant inner products.

This category of Lie algebras includes particular cases such as semi-simple Lie

algebras with ad-invariant and non-degenerate Cartan-Killing forms. The Lie algebras

we study do not necessarily have to be semi-simple. Any Lie algebra with a

non-degenerate inner product is also suitable for our formulation.

Construction of a Bi-vector from R-matrix:

Using the non-degenerate Cartan-Killing form on g, which enables us to identify

g and the dual vector space g∗, our aim is to build a bi-vector on the Lie algebra

g. It has been generally discussed in Subsections 3.1.4 and 3.2.1 that with the help

of a bi-vector, one can build a Lie algebra structure in the dual vector space. A

non-degenerate 2-form on g will initially be introduced in order to construct such a

bi-vector.

Let ω be a non-degenerate 2-form on the Lie algebra defined by

κ(RX ,Y ) = ω(X ,Y ), X ,Y ∈ g, (5.4)

where κ is the non-degenerate Cartan-Killing form on g defined as B(X ,Y ) = tr(adX ◦

adY ). When the above equation is written in a fixed bases X = TI and Y = TJ , where
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TI,TJ ∈ g, we obtain

ωIJ = RL
IκLJ. (5.5)

Since the skew-symmetry condition of R implies that ω(X ,Y ) = ⟨RX ,Y ⟩ =

−⟨X ,RY ⟩ = −⟨RY,X⟩ = −(Y,X), then ω mentioned above is in fact a 2-form on the

Lie algebra. Furthermore, it is non-degenerate, at least on the Frobenius subalgebra,

a subalgebra of g (see the Definition 2.4.6 and the information below it). On this

subalgebra, there exists an inverse of this two-form and so that one can define a

bi-vector β0 ∈ ∧2g on the Lie algebra g such that

β0(κX ,κY ) = ω(X ,Y ), (5.6)

where κ : g → g∗. In order to express this bi-vector on g in local coordinates, we will

firstly investigate the identification between g and g∗ by using the non-degenerate

Cartan-Killing form κ on g.

The inverse metric κ−1 will induce a map from g∗ to g and the components of κ−1 will

be shown by κ IJ . Let TJ ∈ g and T̃ I ∈ g∗ such that T̃ I(TJ) = δ I
J . Since κ(TI)(TJ) = κIJ ,

we obtain κ(TI) = κILT̃ L. Similarly, κ−1(T̃ I)(T̃ J) = κ IJ .

We define an endomorphism R̃ on g∗ such that R̃κ = κR which can be written in local

coordinates as

R̃κ(TI) = κR(TI)

⇒ R̃(κILT̃ L) = κ(RL
ITL)

⇒ κILR̃(T̃ L) = κLJRL
IT̃

J,

then

R̃(T̃ L) = RM
I κ

IL
κMJT̃ J. (5.7)
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Therefore, the bi-vector on g can be written in local coordinates as follows.

(β0)
LN = β0(T̃ L, T̃ N) = κ

−1(R̃(T̃ L), T̃ N)

= κ
−1(RM

I κ
IL

κMJT̃ J, T̃ N)

= RM
I κ

IL
κMJκ

JN

= RN
Iκ

IL := RLN . (5.8)

Here, we have used κJMκNM = δ J
N and we have chosen bases such that the

components of κ are constants. Now it can be seen that (5.6) holds with the above

definitions.

If R is taken to be skew-symmetric with respect to κ , then RIJ =−RJI .

Proof: When the operator R is skew-symmetric, we have ⟨RX ,Y ⟩ = ⟨X ,R∗Y ⟩ =

−⟨X ,RY ⟩, where R∗ stands for the transpose of the matrix R, since its entries are real

numbers only. Since, it is true also for the dual elements with R̃, let us expand this

equality with respect to fixed bases T̃ I and T̃ J of g∗ as follows.

⟨R̃T̃ I, T̃ J⟩=−⟨T̃ I, R̃T̃ J⟩

⇒ ⟨RM
Lκ

LI
κMN T̃ N , T̃ J⟩=−⟨T̃ I,RM

Lκ
LJ

κMN T̃ M⟩

⇒ RM
Lκ

LI
κMNκ

NJ =−RM
Lκ

LJ
κMNκ

IN

⇒ RJ
Lκ

LI =−RI
Lκ

LJ

⇒ RIJ =−RJI,

where we have used (5.7) in the second line and (5.8) in the last line. ■

Proposition 5.1.2. [8] With respect to the fixed basis TI , the CYBE reads in local

coordinates the following equation by using (5.2):

RLIRMJC K
LM +RLJRMKC I

LM +RLKRMIC J
LM = 0 (CYBE in local), (5.9)

where C K
IJ are the structure constants of the Lie algebra g with respect to the basis TI .

Also, all indices are raised and lowered by the Killing form κ .
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Proof: By multiplying (5.2) by κJPκLQ, we obtain

RPIRQKCIK
M −RPIRM

KCI
QK −RQIRM

KCP
I
K = 0

⇒ RPIRQKCIK
M −RPIRKMCI

Q
K −RQIRKMCP

IK = 0

⇒ RIPRKQCIK
M +RIMRKPCIK

Q +RIQRKMCIK
P = 0,

where we have used the fact that RM
KCI

QK = RKMCI
Q

K together with that

CIJK = C L
IJ κLK are totally anti-symmetric in all of its indices (see the Lemma

1.0.1 with its Proof in Appendix), and R is skew-symmetric with respect to κ , and this

completes the proof. ■

We have used the endomorphism R in order to construct a new Lie algebra structure

on g in the preceding part and after that the bi-vector has been built by using κ in

(5.8). The fact that the bi-vector satisfies the CYBE (5.9) gives that it is the same

expression with the (4.24). Therefore, (4.23) can be thought as a generalized CYBE in

local coordinates on the triangular Lie bialgebroids. We have seen in the Section 4.3

that for a given bi-section in triangular Lie bialgebroids, a dual Lie algebroid structure

on the dual vector bundle can be constructed. Therefore, we can use this fact in order

to construct a Lie algebra structure on the dual vector space by using the bi-vector.

Moreover, the structure constants of this dual Lie algebra C̃IJ
L can be written in terms

of the structure constants of the associated Lie algebra and the components of the

R-matrix as follows from (4.21). So, (4.20) stands for the general expression on the

triangular Lie bialgebroids.

Lemma 5.1.1. [8] The structure constants C̃IJ
L of the dual Lie algebra g∗R of the Lie

algebra gR can be calculated as follows.

C̃IJ
L =C J

KL RIK −C I
KL RJK . (5.10)

In the following part of the thesis, dressed R-matrix will be introduced in order to

move this picture to the whole group manifold associated with the isometries of

the background by using the adjoint action. With the help of this matrix and the
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Cartan-Killing form κ , a bi-vector field will be constructed on the group manifold.

As we have discussed in the Subsection 3.3.2, a bi-vector field β can be regarded as

a map from T ∗M to T M. Then, it can be extended naturally to an orthogonal map on

the generalized tangent bundle T M ⊕ T ∗M. The orthogonal map on the generalized

tangent bundle T M ⊕ T ∗M indeed preserves the natural metric on the generalized

tangent bundle as stated in the Subsection 3.3.2. The components of the bi-vector

field will be used in order to construct such an O(d,d) matrix. It will be seen that this

bi-vector field actually defines a Poisson structure since the dressed R-matrix satisfies

the CYBE when the R-matrix does. This constructed O(d,d) matrix which represents

this particular type of β transformation will be referred as YB matrix and denoted by

TY B (6.65).

It will be demonstrated after that this transformation is actually a solution-generating

transformation of a string theory. This fact will be seen from the preservation of

the fluxes associated with the related matrices: L and TY B which can be followed

from the Subsection 6.2.4. The generalized metric in terms of the twist matrix L

satisfies the field equations of 10-dimensional supergravity which can be found in the

Subsection 6.2.2. Together with the flux preservation this fact yields that the O(d,d)

transformation, constructed from the bi-vector field and left invariant vector fields,

acts as a solution generating transformation in string theory which can be seen in the

Subsection 6.3.

5.2 The Dressed R-matrix

Definition 5.2.1. The dressed R-matrix is defined as [52]

Rg = Adg−1 R Adg, (5.11)

where g is the Lie algebra of the isometry group G.

Proposition 5.2.1. ( [8], and references there) The dressed R-matrix also satisfies the

CYBE (whenever R does).

Proof: Our goal is to prove that Rg defined above satisfies the CYBE given in (2.3)

whenever R-matrix does. The LHS of that equation become the following expression
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for all X ,Y ∈ g where g = TeG is a Lie algebra associated with the semi-simple Lie

group G.

[RgX ,RgY ]−Rg([RgX ,Y ]+ [X ,RgY ])

= [Adg−1 R AdgX ,Adg−1 R AdgY ]− (Adg−1 R Adg)([Adg−1 R AdgX ,Y ]+ [X ,Adg−1 R AdgY ])

= Adg−1([R AdgX ,R AdgY ]− R Adg([Adg−1 R AdgX ,Adg−1AdgY ]

+ [Adg−1AdgX ,Adg−1 R AdgY ]))

= Adg−1
(
[R X̃ ,R Ỹ ]− R ([R X̃ ,Ỹ ]+ [X̃ ,R Ỹ ])

)
,

where X̃ = AdgX and Ỹ = AdgY are elements of g and we have used the facts that

[Adg−1X ,Adg−1Y ] = Adg−1[X ,Y ] since Adg is a Lie algebra homomorphism in the third

and the fourth lines and (Adg−1)−1 = Adg in the third line. The above expression

vanishes due to the fact that R-matrix satisfies CYBE that is (2.3). ■

Before revealing the useful equality of the dressed R-operator, which is (5.20), let us

first present some essential definitions.

The right invariant vector fields kI:

kI = k µ

I ∂µ , (5.12)

where ∂µ = ∂

∂X µ where X µ = (X1, · · · ,Xd) are a set of local coordinates on G and d is

the dimension of G, which satisfies

[kI,kJ] =−C K
IJ kK.

These are Killing vector fields for the left invariant metric on g.

The left invariant vector fields lI:

lI = l µ

I ∂µ , (5.13)

and we have

[lI, lJ] =C K
IJ lK.
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The left invariant one-form lI:

lI = lI
µdθ

µ , (5.14)

generated by kI and θ µ = (θ1, · · · ,θd) are a set of local coordinates on the manifold

M. The Maurer-Cartan one-form σ , which is the unique g-valued one-form on G, is

defined by

σ = σ
ITI = lI

µdθ
µTI, (5.15)

where TI are elements of g ∈ TeG. It also satisfies the following property:

dσ
I =

1
2

CJK
I
σ

J ∧σ
K. (5.16)

The right invariant one-form kI:

kI = kI
µdθ

µ . (5.17)

The components of the above notions satisfy the followings.

lI
µ lI

η = δµ
η , (5.18)

kI
µk η

I = δµ
η . (5.19)

Proposition 5.2.2. ( [8], and references there) The dressed R-operator satisfies

RIJ
g = KI

NRNLKL
J, (5.20)

where

KI
N = kI

µ lN
µ ,

where kI
µ , lN

µ are the components of the right invariant one-form and the left invariant

vector field given in (5.17) and (5.13), respectively, and

KL
J = kL

µ lJ
µ , (5.21)

where kL
µ , lJ

µ are the components of the right invariant vector fields and the left

invariant one-forms given in (5.12) and (5.14), respectively.

In order to prove the Proposition above, the following Proposition with its proof will

be given first.
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Proposition 5.2.3. [6]

(Adg−1)J
I = KJ

I , (5.22)

which follows directly from the well-known relation

(Adg−1)σ = r ∗
g σ , (5.23)

where the RHS corresponds to the pull-back of the Maurer-Cartan form under the right

translation rg.

In the following calculations, (·)∗ will denote the push-forward.

Proof: The proof of the equality (5.22) is follow from the evaluation of (5.23) at TeG

as follows.

(r ∗
g σ)e(TJ) = (Adg−1)σe(TJ) = (Adg−1)(TJ) = (Adg−1)I

J(TI),

and the LHS gives

(r ∗
g σ)e(TJ) = σg(e)(rg∗TJ) = σg(rg∗TJ)

= (lI
µdθ

µTI)(k
µ

J ∂µ)

= lI
µkµ

J TI.

Then we obtain (Adg−1)I
J = lI

µkµ

J which completes the proof. ■.

Now, we are ready to prove the Proposition 5.2.2.

Proof of the Proposition 5.2.2: The dressed R-operator in (5.11) can be written as

(Rg)
I
L = KI

JRJ
KK̃K

L , (5.24)

where K̃I
J = (Adg)

I
J .

Raising the indices of the LHS of (5.24) with the Cartan-Killing metric κLM, we have

(Rg)
IM = (Rg)

I
Lκ

LM = KI
JRJ

KK̃K
L κ

LM

= KI
JRJ

K(K̃
−1)M

L κ
LK

= KI
JRJLKM

L , (5.25)
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where we have used K̃ = K−1 in the last line, which follows from Adg−1 = Ad−1
g . Also,

we have used that the Cartan-Killing metric is Ad-invariant in the second line, that is,

Adg is orthogonal with respect to κ , or in other words

K̃K
L κ

LMK̃R
M = κ

RK,

and this implies that

K̃K
L κ

LM = (K̃−1)M
L κ

LK.■

The functions KI
J are the foundation of the dressed R-matrix’s coordinate dependency.

In terms of the structure constants, we can formulate expressions of the type ∂LKI
J as

follows since we will face in our subsequent research.

Proposition 5.2.4. [8]

li
L∂iKJ

I = ∂LKI
J =−C I

PL KP
J or ∂LKI

J =C I
LP KP

J . (5.26)

Proof:

In order to prove the above result, first note that the functions KJ
I are equal to ikI σ

J .

ikI σ
J = ⟨σ J,kI⟩= ⟨lJ

idθ
i,k µ

I ∂ µ⟩= k i
I lJ

i = KJ
I , (5.27)

where we have used (5.12) and (5.21). Since kI are the right-invariant vector fields

in (5.12) and σ I are the left-invariant one-forms, we have the following fact by using

(5.16):

LkI σ
J = dikI σ

J + ikI dσ
J = dikI σ

J + ikI

(
1
2

C J
MNσ

M ∧σ
N
)
= 0,

then by using (5.27):

dKJ
I +

1
2

C J
MN(ikI σ

M)∧σ
N − 1

2
C J

MNσ
M ∧ (ikI σ

N) = 0

⇒ dKJ
I +C J

MNKM
I σ

N = 0

⇒ ∂iKJ
I +C J

MNKM
I lN

i = 0.

Multiplication of both sides of the above equation by li
L gives

li
L∂iKJ

I = ∂LKI
J =−C J

ML KM
I ,
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where we have used (5.18). ■

Another result we will use in the Subsection 6.2.4 is the following one.

Proposition 5.2.5. [8]

C K
IJ =−li

I(∂il
j
J)l

K
j + li

J(∂il
j
I)l

K
j. (5.28)

Proof: We will use the following equality, which has been also used in the above proof,

and then the proof is straightforward.

dσ
I =

1
2

C I
JK σ

J ∧σ
K

⇒ d(lI
idθ

i) =
1
2

C I
JK (lJ

idθ
i ∧ lK

jdθ
j)

⇒ 1
2
(∂ jlI

i −∂ilI
j)dθ

j ∧dθ
i =

1
2

C I
JK lJ

jl
K
i dθ

j ∧dθ
i,

so that

C K
IJ =−li

I(∂il
j
J)l

K
j + li

J(∂il
j
I)l

K
j, (5.29)

where we have used (∂ jlI
i)l

i
K =−(∂ jli

K)l
I
i■.

Construction of a Bi-vector Field from the Dressed R-matrix:

Our goal is to extend the bi-vector constructed in (5.8) to the whole group manifold

and to have a bi-vector field by using the dressed R-matrix Rg and Cartan-Killing form

κ . Let us define

β = (rg)∗β0.
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Then expanding in local basis and using the properties of the left and right translations,

pull-back and the adjoint action, we obtain the following.

β (lI
g, l

J
g) = (rg)∗β0(lI

g, l
J
g) = β0

(
(rg)

∗lI
g,(rg)

∗lJ
g
)

= β0

(
(rg)

∗(lg−1)∗T̃ I,(rg)
∗(lg−1)∗T̃ J

)
= β0

(
(Adg−1)∗T̃ I,(Adg−1)∗T̃ J

)
= (Adg−1)∗β0(T̃ I, T̃ J)

= (Adg−1)I
K(Adg−1)J

Lβ
KL
0

= KI
MKJ

LRML := β
IJ, (5.30)

which is actually the dressed R-matrix in local coordinates given in (5.25).

Therefore, we have

β = KI
MKJ

LRMLlI ∧ lJ. (5.31)

As for the components of the bi-vector field β in the coordinate basis we have

β = ki
MlI

i k j
LlJ

j R
MLlI ∧ lJ

= ki
Mk j

LRML
∂i ∧∂ j

= β
i j

∂i ∧∂ j. (5.32)

So, we have seen that the components of the bi-vector field in the coordinate basis

given by

β
i j = ki

Mk j
LRML. (5.33)

Proposition 5.2.6. [8] The bi-vector field β given in (5.31) satisfies [β ,β ]SN = 0

whenever the R-matrix satisfies the CYBE given in (5.9). Therefore, β defines a Poisson

structure on the group manifold from the Lemma 3.1.4 equipped with (3.21).

Proof: Our aim is to prove that [β ,β ]SN = 0 is satisfied by the bi-vector field (5.31).

The equation [β ,β ]SN = 0 corresponds to the following expression.

β
ID

β
JBC M

IJ −β
IM

β
JBC D

IJ +β
IM

β
JDC B

IJ +li
Jβ

JD
∂iβ

MB−li
Jβ

JB
∂iβ

MD+li
Jβ

MJ
∂iβ

DB = 0.
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The LHS of the above equation yields

β
DI

β
LJC M

DL −β
DM

β
LJC I

DL +β
DM

β
LIC J

DL

+ li
Lβ

LI
∂iβ

MJ − li
Lβ

LJ
∂iβ

MI + li
Lβ

ML
∂iβ

IJ

= β
DI

β
LJC M

DL +β
DJ

β
LMC I

DL +β
DM

β
LIC J

DL

+ li
LKL

NKI
T RNT

∂i(KM
P KJ

S RPS)− li
LKL

NKJ
T RNT

∂i(KM
P KI

SRPS)+ li
LKM

N KL
T RNT

∂i(KI
PKJ

S RPS)

= β
DI

β
LJC M

DL +β
DJ

β
LMC I

DL +β
DM

β
LIC J

DL

+ li
LKL

NKI
T RNT KJ

S RPS
∂iKM

P + li
LKL

NKI
T RNT KM

P RPS
∂iKJ

S − li
LKL

NKJ
T RNT KI

SRPS
∂iKM

P

− li
LKL

NKJ
T RNT KM

P RPS
∂iKI

S + li
LKM

N KL
T RNT KJ

S RPS
∂iKI

P + li
LKM

N KL
T RNT KI

PRPS
∂iKJ

S

= β
DI

β
LJC M

DL +β
DJ

β
LMC I

DL +β
DM

β
LIC J

DL

−KL
NKI

T RNT KJ
S RPSC M

DL KD
P −KL

NKI
T RNT KM

P RPSC J
DLKD

S +KL
NKJ

T RNT KI
SRPSC M

DL KD
P

+KL
NKJ

T RNT KM
P RPSC I

DLKD
S −KM

N KL
T RNT KJ

S RPSC I
DLKD

P −KM
N KL

T RNT KI
PRPSC J

DLKD
S

= 3(β DI
β

LJC M
DL +β

DJ
β

LMC I
DL +β

DM
β

LIC J
DL) = 0,

where we have used (5.26) in the fourth equality and the dressed R-matrix satisfies the

CYBE (5.9), see the Proposition 5.2.1. This completes the proof with R= [β ,β ]SN = 0.

■

Lemma 5.2.1. From the Proposition 3.1.4, there exists a Lie algebroid structure on

the cotangent bundle of this Poisson manifold which together yield a Lie bialgebroid

structure on T M and T ∗M where M is the group manifold. (T M is itself a Lie

algebroid with the Lie bracket, see the second one in Examples 3.1.1.) Furthermore,

there exists a Courant algebroid structure since there is a one-to-one correspondence

between (triangular) Lie bialgebroids and Courant algebroids with transversal Dirac

structures, as stated in Subsection 3.3.5.
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6. DUALITY COVARIANT FORMULATION OF STRING THEORY

String theory is a promising candidate to unify quantum mechanics and Einstein’s

general theory of relativity (GR). Riemannian geometry is the right mathematical

framework to describe GR, and the structure of the theory is largely dictated by

diffeomorphism invariance. String theory is endowed by additional symmetries

besides diffeomorphisms. The theory called double field theory (DFT) has been

constructed by Hull and Zwiebach that takes into account some of these stringy

symmetries.

[8] DFT is a field theory defined on a doubled space, which implements the O(d,d)

T-duality symmetry of string theory as a manifest symmetry. In addition to the

standard space-time coordinates, the doubled space also includes dual coordinates,

which are associated with the winding excitations of closed strings on backgrounds

with non-trivial cycles. The space-time and dual coordinates XM = (xm, x̃m) transform

as a vector under the T-duality group O(d,d). In DFT, the semi-Riemannian

metric and the B-field are encoded in the generalized metric H defined in (3.3.9).

A generalized tensor field is defined according to how they transform under

generalized diffeomorphisms of DFT. Infinitesimal transformations under generalized

diffeomorphisms are generated by the generalized Lie derivative, which defines the

D-bracket that generalizes the Lie bracket. Anti-symmetrization of the D-bracket

gives the C-bracket. For further details see [53] and [54]. In investigation of the

geometric features of the DFT, the generalized versions of the Courant algebroids that

are DFT algebroids have been studied in literature. However, our consideration will

be on the Courant algebroids since the strong constraint should be imposed in DFT

which is explained below.
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[8] In its current formulation, DFT is a consistent field theory only when a certain

constraint, called the strong constraint is satisfied. When the strong constraint is

satisfied generalized tensor fields become sections of the direct sum of the tangent

and the cotangent bundle, generalized diffeomorphisms reduce to the semi-direct

product of space-time diffeomorphisms and B-field gauge transformations, and the

C-bracket becomes the standard Courant bracket which is defined in (3.35). Also,

when the strong constraint is imposed, conditions on the DFT fluxes arising from the

consistency requirement of the physical theory are the same as the conditions on the

structure functions of the associated Courant algebroid determined by the axioms, as

discussed in the Propositions 6.2.3 and 6.2.4.

[8] A trivial solution of the strong constraint occurs when all the fields and gauge

parameters in the theory are independent of the winding type coordinates. Such fields

are said to belong to the supergravity frame and it can be shown that the DFT action

reduces to the standard supergravity action in the supergravity frame. This makes

DFT a good framework to study solutions of supergravity.

The associated matrix with the specific non-constant O(d,d) transformation will

be called YB matrix: TY B (6.65) which is constructed from the bi-vector field β ,

demonstrated in the Subsection 5.2, together with the isometry components will

act as a solution-generating transformation in DFT. This fact will be seen from the

calculation of the fluxes associated with the matrices L and TY B which gives exactly

the same results in terms of the conditions on fluxes from the properties of β which

can be followed from the Subsection 6.2.4. This fact stands for the preservation of

the fluxes and transformation associated with the YB matrix then acts as a solution

generating transformation in string theory. The Subsection 6.3 describes how the

new string theory solutions result from this O(d,d) transformation which is described

briefly as follows. It has been seen earlier that this bi-vector field is actually a Poisson

tensor and it defines not only a triangular Lie bialgebroid structure but also a Courant

algebroid structure with transversal Dirac structures. We have demonstrated in the

Subsection 3.3.6 that for a given Riemannian metric and two-form, one can construct
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a generalized metric defined in (3.57) on an exact Courant algebroid. By using β -

transformation generated by the dressed R-matrix, a new generalized metric can be

constructed, which contains the new Riemannian metric and the two-form field that

are again solutions for the supergravity equations. Since the fluxes are preserved,

these geometric structures are still solutions. Namely, fluxes associated with the YB

matrix and the conditions must be satisfied by the structure functions in a Courant

algebroid T M⊕T ∗M with a Poisson bi-vector are exactly the same.

We will start by introducing some features of the DFT briefly.

6.1 A Brief Review of Double Field Theory

In this part of the thesis; after presenting basic geometric ingredients in DFT such

as doubled coordinates and the constraint, we will focus on some of the important

mathematical structures arising in this theory. More precisely, the notions such as

C-bracket and the relation with the standard Courant bracket, D-bracket and the

generalized Lie derivative, will be examined. These mathematical structures are

important for determining the symmetries and the gauge algebra of DFT and these

will be used in further Subsections.

Let us give firstly basic geometric ingredients of DFT of NS-NS sector. The

terminology comes from physics and we will be using the same terminology without

giving any details about the physical meaning. The basic symmetry group that defines

the DFT of the NS-NS sector is O(d,d) and the DFT of the NS-NS sector will be

studied throughout the thesis.

Doubled Coordinates

As it was stated in above, the most important idea in DFT is to double coordinates and

the idea is as follows. Closed string theory with the target space geometries contains

two different sets of momenta. On the one hand, there are the standard momenta
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canonically conjugate to the center of mass coordinates of the string and on the other

hand, there is the possibility of a string winding around compact directions, resulting

in winding degrees of freedom. Therefore, these together set up both types of the

coordinates: the standard momentum (x) as well as the resulting coordinates conjugate

to winding which give a second set of coordinates referred to as winding coordinates

(x̃). The physical fields depend on both sets of coordinates.

Remark 6.1.1. [55] In DFT, it is the coordinates that are doubled and ‘double fields’

refer to fields which depend on both sets of coordinates. Therefore, we also refer to

double functions, double vector fields, double forms, etc.

Under O(d,d) transformations, x and x̃ transform as vectors such that [56](
x̃
x

)
→ h

(
x̃
x

)
, (6.1)

where

h =

(
a b
c d

)
. (6.2)

Here, h is 2d ×2d invertible matrix belonging to the O(d,d) group.

Previously, the notions that we have studied have no dependence to the dual

coordinates x̃ and hence these are indeed the generalizations of the previous ideas.

Definition of C- and D-brackets and Their Properties

The bracket which determines the gauge algebra of DFT is the C-bracket. It will be

seen that C-bracket reduces to the standard Courant bracket when the strong constraint

(the trivial solution of it), which is (6.8), imposed.

Definition 6.1.1. The C-bracket of the doubled sections is defined by [57]

[Σ1,Σ2]
M
C = Σ

M
12 =

(
Σ

N
1 ∂NΣ

M
2 − 1

2
Σ

N
1 ∂

M
Σ2N

)
− c.p., (6.3)
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where Σ is the pair consisting of

Σ
M =

(
Σm

Σm

)
, (6.4)

and ∂ M (generalized derivative) is the pair consisting of

∂
M =

(
∂i

∂̃ i

)
, (6.5)

both depending on doubled coordinates (x, x̃).

Constraint

Definition 6.1.2. In DFT, all fields and gauge parameters should satisfy the conditions

called weak constraint and strong constraint [56]:

∂M∂
MA = 0, (6.6)

and

∂MA∂
MB = 0, (6.7)

respectively.

Lemma 6.1.1. The trivial solution of these constraints is

∂̃
i(. . .) = 0. (6.8)

Proposition 6.1.1. When the strong constraint (the trivial solution of it), which is (6.8),

is imposed, the C-bracket reduces to the standard Courant bracket given in (3.35).

Proof: Let us start with the equation (6.3) which has an upper index as

([Σ1,Σ2]C)
i = ξ

j
1 ∂ jξ

i
2 + ξ̃1 j∂̃

j
ξ

i
2 −ξ

j
2 ∂ jξ

i
1 − ξ̃2 j∂̃

j
ξ

i
1

− 1
2

ξ
j

1 ∂̃
i
ξ̃2 j −

1
2

ξ̃1 j∂̃
i
ξ

j
2 +

1
2

ξ
j

2 ∂̃
i
ξ̃1 j +

1
2

ξ̃2 j∂̃
i
ξ

j
1 , (6.9)

where Σ = ξ + ξ̃ .

Applying the strong constraint (the trivial solution of it) (6.8) (∂̃ i(. . .) = 0) in above

equation yields
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([Σ1,Σ2]C)
i = ξ

j
1 ∂ jξ

i
2 −ξ

j
2 ∂ jξ

i
1 =

(
Lξ1

ξ2
)i
= ([ξ1,ξ2])

i , (6.10)

which is actually a Lie bracket.

If we consider the lower index, we get

([Σ1,Σ2]C)i = ξ
j

1 ∂ jξ̃2i + ξ̃1 j∂̃
j
ξ̃2i −ξ

j
2 ∂ jξ̃1i − ξ̃2 j∂̃

j
ξ̃1i

− 1
2

ξ
j

1 ∂iξ̃2 j −
1
2

ξ̃1 j∂iξ
j

2 +
1
2

ξ
j

2 ∂iξ̃1 j +
1
2

ξ̃2 j∂iξ
j

1 . (6.11)

After applying the strong constraint (the trivial solution of it) given in (6.8), we obtain

([Σ1,Σ2]C)i = ξ
j

1 ∂ jξ̃2i −
1
2
(ξ

j
1 ∂iξ̃2 j − ξ̃2 j∂iξ

j
1 )− (1 ↔ 2)

= ξ
j

1 ∂ jξ̃2i −
1
2
{∂i(ξ

j
1 ξ̃2 j)−2ξ̃2 j∂iξ

j
1}− (1 ↔ 2)

= ξ
j

1 ∂ jξ̃2i + ξ̃2 j∂iξ
j

1 −
1
2

∂i(ξ
j

1 ξ̃2 j)− (1 ↔ 2)

=

(
Lξ1

ξ̃2 −
1
2

d(iξ1
ξ̃2)

)
i
− (1 ↔ 2). (6.12)

Adding (6.10) and (6.12) up gives

[Σ1,Σ2]C = [ξ1,ξ2]+

{
Lξ1

ξ̃2 −
1
2

d(iξ1
ξ̃2)− (1 ↔ 2)

}
. (6.13)

For Σ1 = A+α and Σ2 = B+β elements of T ⊕T ∗,

[A+α,B+β ]C = [A,B]+LAβ − 1
2

d(iAβ )−LBα +
1
2

d(iBα)

= [A,B]+LAβ −LBα − 1
2

d(iAβ − iBα)

= [A+α,B+β ]T⊕T∗, (6.14)

which is indeed the standard Courant bracket given in (3.35). ■

D-bracket is defined from the C-bracket such that its skew-symmetrization gives the

C-bracket:

[Σ1,Σ2]C =
1
2
([Σ1,Σ2]D − [Σ2,Σ1]D), (6.15)
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and the generalized Lie derivative of generalized vectors can be defined from the

D-bracket, since it reduces to a Dorfman bracket under strong constraint which satisfies

the Jacobi identity, that is

[Σ1,Σ2]D = LΣ1Σ2. (6.16)

Proposition 6.1.2. D-bracket defined in (6.15) reduces to the standard Dorfman

bracket given in (3.42) by using (6.18).

Definition 6.1.3. Local coordinates of the action of the generalized Lie derivative LΣ

is as follows [55].

LΣφ = Σ
M

∂Mφ , (6.17)

(LΣV )M = Σ
K

∂KVM +(∂MΣ
K −∂

K
ΣM)VK, (6.18)

respectively. In above, φ is a doubled function on the base manifold and V is a doubled

vector field.

6.2 DFT Fields and Action

6.2.1 DFT fields

The fundamental fields in the low energy effective action of the universal sector of

string theory are the semi-Riemannian metric g and the 2-form field B. The main

element of the DFT utilized to write the action, introduced in the Definitions 3.3.8 and

3.3.9, is the generalized metric which is called the DFT field. This metric consists of

the Riemannian metric g and the two-form B of the manifold required to represent the

string theory. For a chosen basis of sections for T M and T ∗M, the generalized metric

is expressed in the literature by the following form.

H =

(
Hi j H j

i
H i

j H i j

)
=

(
gi j −BingnkBk j Bikgk j

−gikBk j gi j

)
∈ O(d,d), (6.19)

or it can be written independently of local coordinates as follows.

H =

(
g−Bg−1B Bg−1

−g−1B g−1

)
∈ O(d,d). (6.20)

Here, we assume the Riemannian metric g, the inverse of g and B-field as maps in such

a way that g : T M → T ∗M, g−1 : T ∗M → T M and B : T M → T ∗M, respectively, as in

the Subsection 3.3.6.
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Proposition 6.2.1. The local form of the generalized metric given in (6.19) is actually

the same with the generalized metric on a Courant algebroid given in (3.56).

Proof: Our first aim is to find the local expressions of the generalized metric H

defined in (3.56). Given any A = X +η ∈ T M⊕T ∗M, where X ∈ T M and η ∈ T ∗M,

there exist elements A+ ∈ S̃+ and A− ∈ S̃− such that

A = A++A−.

Therefore, we have seen that T M⊕T ∗M = S̃+⊕ S̃−.

Let us call A+ = P+A and A− = P−A. Let

2A+ = X +Y +(B+g)(X +Y ),

2A− = X −Y +(B−g)(X −Y ),

then

A++A− = X +B(X)+g(Y )

= X +η

= A,

where we have chosen Y as an element of T M such that g(Y ) = η −B(X) which gives

us Y = g−1(η)− g−1B(X) ∈ T M. Note that B(X) + g(Y ) is indeed an element of

T ∗M.

If we take A = ei = ∂i which is the local basis of T M, then X = ei and η = 0, and so

that Y =−g−1B(ei). Therefore,

ei+ := P+(ei) =
1
2
[ei −g−1B(ei)+g(ei)−Bg−1B(ei)], (6.21)

ei− := P−(ei) =
1
2
[ei +g−1B(ei)−g(ei)+Bg−1B(ei)]. (6.22)

Here, note that ei,g−1B(ei) ∈ T M while g(ei),Bg−1B(ei) ∈ T ∗M.
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Now, let us take A = ei = dxi which is the local basis of T ∗M, then X = 0 and η = ei,

and so that Y = g−1(ei). Hence,

ei
+ = P+(ei) =

1
2
[g−1(ei)+ ei +Bg−1(ei)], (6.23)

ei
− = P−(ei) =

1
2
[−g−1(ei)+ ei −Bg−1(ei)]. (6.24)

Here, note that g−1(ei) ∈ T M while ei,Bg−1(ei) ∈ T ∗M.

The local expressions of the terms in the above equations and the related ones will be

used so that these will be given now.

g(ei) = ginen, where gin = g(ei,en),

g−1(ei) = ginen,

B(ei) = Binen, where Bin = B(ei,en),

g−1B(ei) = Bikgknen,

Bg−1(ei) = ginBnkek,

g(e j,g−1B(ei)) = g(e j,Bikgknen) = Bikgkng jn = Bi j,

Bg−1B(ei) = BnmBikgknem,

iei[Bg−1B(e j)] = BniB jkgkn = ie j [Bg−1B(ei)],

i[g−1B(ei)]
[Bg−1B(e j)] = BimgmpBnpB jkgkn =−i[g−1B(e j)]

[Bg−1B(ei)],

g(e j,g−1B(ei)) = Bi j =−g(ei,g−1B(e j)).

We are ready to calculate now H (ei,e j) = Hi j, H (ei,e j) = H i j, H (ei,e j) = Hi
j

and H (ei,e j) = H i
j, respectively, by using the Definition (3.56), (6.21), (6.22),

(6.23), (6.24) and the above rules.

Hi j = H (ei,e j) = ⟨P+(ei),P+(e j)⟩−⟨P−(ei),P−(e j)⟩

=
1
4
(⟨ei −g−1B(ei)+g(ei)−Bg−1B(ei),e j −g−1B(e j)+g(e j)−Bg−1B(e j)⟩

−⟨ei +g−1B(ei)−g(ei)+Bg−1B(ei),e j +g−1B(e j)−g(e j)+Bg−1B(e j)⟩)

= gi j +BinB jkgkn, (6.25)
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H i j = H (ei,e j) = ⟨P+(ei),P+(e j)⟩−⟨P−(ei),P−(e j)⟩

=
1
4
(⟨g−1(ei)+ ei +Bg−1(ei),g−1(e j)+ e j +Bg−1(e j)⟩

−⟨−g−1(ei)+ ei −Bg−1(ei),−g−1(e j)+ e j −Bg−1(e j)⟩)

= gi j, (6.26)

Hi
j = H (ei,e j) = ⟨P+(ei),P+(e j)⟩−⟨P−(ei),P−(e j)⟩

=
1
4
(⟨ei −g−1B(ei)+g(ei)−Bg−1B(ei),g−1(e j)+ e j +Bg−1(e j)⟩

−⟨ei +g−1B(ei)−g(ei)+Bg−1B(ei),−g−1(e j)+ e j −Bg−1(e j)⟩)

=−Bikgk j, (6.27)

and lastly,

H i
j = H (ei,e j) =−B jkgki = gikBk j. (6.28)

By using the results (6.25), (6.26), (6.27), and (6.28), we obtain the local form of the

generalized metric in the basis ∂i and dxi as follows.

H =

(
Hi j Hi

j

H i
j H i j

)
=

(
gi j −BingknBk j −Bikgk j

gikBk j gi j

)
, (6.29)

which completes the proof. ■

The equivalency of the following definitions has been provided in Subsection 3.3.6

without any supporting evidence. For our purposes, it is now time to prove in local

coordinates.

Proposition 6.2.2. The Definitions 3.3.8 and 3.3.9 are equivalent definitions.

Proof: It has been given in the Proposition 3.3.5 that the subbundles S̃± defined in

(3.54) and (3.55), respectively, are the ±1-eigenbundles of the endomorphism τ , which

is as defined in (3.53), with τ2 = 1 acting on T M⊕T ∗M. By using these facts, we have

τ(P+(ei)) = P+(ei),

and

τ(P−(ei)) =−P−(ei).
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Therefore,

⟨ei,τ(e j)⟩= ⟨P+(ei)+P−(ei),τ(P+(e j)+P−(e j))⟩

= ⟨P+(ei)+P−(ei),P+(e j)−P−(e j)⟩

= ⟨P+(ei),P+(e j)⟩−⟨P−(ei),P−(e j)⟩

= H (ei,e j), (6.30)

where we have used the fact that the subbundles S̃+ and S̃− are orthogonal (see the

Proposition 3.3.6) in the third line and this completes the proof. ■

Also, it can be easily shown that τ
p
j = η piHi j by using the equality (6.30).

6.2.2 Action

The DFT action is the following [58] (and see references in there):∫
LNS−NSdxdx̃, (6.31)

where the Lagrangian of the NS-NS sector is defined by

LNS−NS = e−2dR(H ,d). (6.32)

Here, the term R(H ,d) is the generalized Ricci scalar and its explicit form is as

follows:

R(H ,d) =4H MN
∂M∂Nd −∂M∂NH MN −4H MN

∂Md∂Nd +4∂MH MN
∂Nd

+
1
8
H MN

∂MH KL
∂NHKL −

1
2
H MN

∂MH KL
∂KHNL. (6.33)

The field equations of 10-dimensional supergravity obtained by varying the DFT action

with respect to the generalized dilaton field d is [58]

R = 0, (6.34)

where R is as in (6.33). We will be working with generalized metrics which satisfy the

field equations above. If the generalized metric depends on the space-time coordinates

only so that we are in the supergravity frame, the associated Riemannian metric g,
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the B-field, and the dilaton field d, which together construct (6.19), will solve the

supergravity equations.

Our consideration will be on the solutions such that H can be written in the following

separated form [58]

H MN(x,Y ) = (U−1)M
A(Y )Ĥ AB(x)(U−1)N

B(Y ), (6.35)

where the matrix U−1(Y ) is usually called a twist matrix that is an element of O(d,d)

and (x,Y ) are DFT coordinates which are a set of coordinates that to not mixed up.

x and Y are referred to as internal and external coordinates, respectively. In our case,

the group manifold’s coordinates are Y coordinates, and the other coordinates are x

coordinates. Additionally, Ĥ AB(x) will generally be assumed to be constant. The

explanation for this choice will be provided in Subsection 6.4.

An example for this situation is when g and B-field in the generalized metric H admits

isometries. Here, the twist matrix, which is an O(d,d) matrix as in (6.2), takes the form

U−1 = L =

(
lt 0
0 l−1

)
, (6.36)

which will be used again in the Subsection 6.2.4. In the above equation l’s are the

components of the left invariant one-forms, see the Subsection 5.2 for further details.

If the action of the isometry group has no fixed points and is transitive, then [58]

ds2 = gi jdθ
idθ

j

= gαβ σ
α

σ
β ,

where θ i, i = 1, · · · ,d, are the coordinates for the isometry group G and σα ,

α = 1, · · · ,dimG, are the left invariant one-forms σα = lα
i dθ i on G defined by the

Maurer-Cartan form. Here, gi j are independent of the coordinates θ and are constants.

All the θ dependence is inside of σα and σβ .

Another example is when G is a Poisson Lie group. In this case, it can be shown that

the generalized tangent bundle T G⊕T ∗G can be trivialized to the direct product bundle
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G×d where d is the natural Drinfel’d double structure on g⊕g∗. Then, if H AB is the

tensor corresponding to the generalized metric in G×d (which is just G×h, where h

is a maximally isotropic subalgebra), its image under the isomorphism to T G⊕T ∗G

will be just of the form (6.35) where

U−1 =

(
lt 0

l−1Π l−1

)
,

where Π is the Poisson bi-vector field corresponding to the Poisson Lie group structure

on G.

If the generalized metric in the form of (6.35) satisfies the field equations given in

(6.34), then Ĥ satisfies [58]

Rdef = 0, (6.37)

where the deformed Ricci scalar is given by

R → Rdef = R+RF , (6.38)

with

RF =− 1
2

FA
BCĤ BDĤ CE

∂
′
DĤAE − 1

12
FA

BCFD
EFĤADĤ BEĤ CF

− 1
4

FA
BCFB

ADĤ CD −2ηA∂
′
BĤ AB +4ηAĤ AB

∂
′
Bd −ηAηBĤ AB, (6.39)

where ∂
′
D = (U−1)M

D∂M.

Recall that the theory is in the supergravity frame when the strong constraint given

in (6.8) is satisfied because for this solution of the constraint, (6.32) reduces to the

standard NS-NS action for the massless fields of string theory [58]. On the other

hand, the theory described by the action (6.38) is called gauged double field theory

(GDFT) and it reduces to the action of gauged supergravity in the supergravity frame.

The GDFT action is a deformation of the DFT action determined by the fluxes FABC.

Recall that the notion of flux was introduced in Remark 4.4.2 as structure functions

of a Courant algebroid in local coordinates. These two seemingly unrelated notions

of flux are in fact the same, as will be demonstrated in the next subsection in the
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Propositions 6.2.3 and 6.2.4.

It will be investigated in the following Subsection that the calculation of the fluxes

associated with the matrix L, which is given in (6.36), yields only non-vanishing

flux as f -flux which is just the structure constants of the Lie algebra of the isometry

group G. Also, the fluxes associated with the TY B matrix will yield the same results.

This result means that the YB transformation is a flux preservation transformation

and it leads a new generalized metric H̃ constructs a solution of the DFT. Therefore,

the transformation associated with the YB matrix acts as a solution generating

transformation in DFT. These results will be discussed in the Subsection 6.3 in detail.

We would like to first present the DFT fluxes in order to obtain all of these conclusions.

6.2.3 Fluxes in DFT

The geometric flux and non-geometric flux can be unified into a single O(d,d) tensor

known as the covariant flux.

Definition 6.2.1. The covariant flux is defined in terms of the C-bracket of the

generalized components of an O(d,d) transformation on T M⊕T ∗M as follows [50].

FABC = [EA,EB]
M
C ECM, (6.40)

where the C-bracket is defined as in (6.3), and where twist matrix E =U−1 is given by

E =

(
at at B

a β a + a β B

)
,

where a is a diffeomorphism on T M which also induces a diffeomorphism on T ∗M, B

is a smooth two-form such that B : T M → T ∗M and β is an anti-symmetric bi-vector

field such that β : T ∗M → T M, which have been introduced in the Subsection 3.3.2.

The twist matrix can be written in terms of a chosen coordinate basis as follows.

EL
M =

(
E i

l Eli
E li E l

i

)
=

(
a i

l a k
l Bki

al
kβ ki al

i +al
kβ kpBpi

)
. (6.41)

Remark 6.2.1. In the physics literature, EL
M = ⟨E(∂M),∂ L⟩ is called the generalized

vielbein. This is because when E acts on the coordinates basis ∂ M = (∂i,dxi), it yields

114



a new non-coordinate basis for the sections of the generalized tangent bundle as given

below.

If B-field is taken to be zero, then(
a i

l 0
al

kβ ki al
i

)(
∂i

dxi

)
=

(
a i

l ∂i
al

kβ ki∂i +al
idxi

)
, (6.42)

where the new non-coordinate basis (el,el) is

el = a i
l ∂i, (6.43)

and

el = al
kβ

ki
∂i +al

idxi, (6.44)

which will be used in the Subsection 6.4.

By using (6.3), the equation (6.40) becomes

FABC =EN
A ∂NEB

MECM − 1
2

EAN∂
MEN

B ECM −EN
B ∂NEA

MECM

+
1
2

EBN∂
MEN

A ECM. (6.45)

Defining ΩABC such that [50]

ΩABC = EA
N(∂NEB

M)ECM, (6.46)

where EN
A is an O(d,d) matrix, the covariant flux becomes

FABC = ΩABC − 1
2

ΩCBA −ΩBAC +
1
2

ΩCAB.

We have EBM = ηMNEN
B , where ηMN is the matrix given in (4.28). Since ηMN is an

O(d,d) invariant metric and EA
M are O(d,d) matrices, we have

ηAB = EA
MEBM = EA

M
ηMNEN

B ,

and its derivative ∂NηAB = 0. Then, ΩABC is anti-symmetric in the last two indices

such that

ΩABC = EA
N(∂NEB

M)ECM =−EA
N(∂NECM)EB

M

=−EA
N(∂N(ηMKEK

C ))EB
M

=−EA
N

∂NEC
KEBK

=−ΩACB. (6.47)
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Hence, the covariant flux can be rewritten as [50]

FABC = ΩABC − 1
2

ΩCBA −ΩBAC +
1
2

ΩCAB,

= ΩABC +ΩBCA +ΩCAB,

= 3Ω[ABC], (6.48)

which is totally anti-symmetric and these elements are corresponding to the fluxes

Habc, f a
bc,Qa

bc, and Rabc as we mentioned before in the Remark 4.4.2 and these

notations will be used in the following results.

Note that by using the properties above, (6.46) can be written as follows and this

equality will be used in the next Subsection.

ΩABC =−EN
A∂NEM

B(E
−1)D

MηCD. (6.49)

It can be demonstrated that the fact (6.48) gives rise to the fluxes associated with

generalized twist matrix (6.41) should meet the following conditions [50], [59].

Habc = 3
(

∇[aBbc]−Bd[a∇̃
dBbc]

)
,

fab
c = 2Γ[ab]

c + ∇̃
cBab +2Γ

mc
[aBb]m +β

cmHmab,

Qc
ab = 2Γ

[ab]
c +∂cβ

ab +Bcm∂̃
m

β
ab +2 fmc

[a
β

b]m −Hmncβ
ma

β
nb,

Rabc = 3
(

β
[am

∇mβ
bc]+ ∇̃

[a
β

bc]+Bmn∇̃
n
β
[ab

β
c]m +β

[am
β

bn
∇̃

c]Bmn

)
+β

am
β

bn
β

clHmnl,

(6.50)

which stand for the definitions of the fluxes associated with that matrix and in above

equations we have

Bcb = ac
iab

jBi j, β cb = ac
iab

jβ
i j,

Γcb
d = ac

i∂iab
jad

j , Γcb
d = ac

i∂̃
iab

ja
j
d,

∇aBbc = ∂aBbc −Γab
dBdc −Γac

dBbd, ∇̃aBbc = ∂̃ aBbc +Γad
bBdc +Γad

cBbd,

∇aβ bc = ∂aβ bc +Γad
bβ dc +Γad

cβ bd, ∇̃aβ bc = ∂̃ aβ bc −Γab
dβ dc −Γac

dβ bd,

where ∂i = ai
j∂ j and ∂̃ i = ai

j∂̃
j. Also, the coefficients as 3, 2, etc., comes from the

antisymmetrization.
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When the dual coordinates have been taken to be zero, in other words under the strong

constraint, the definition of the fluxes in (6.50) takes the following forms.

Habc = 3∇[aBbc],

fab
c = 2Γ[ab]

c +β
cmHmab,

Qc
ab = ∂cβ

ab +2 fmc
[a

β
b]m −Hmncβ

ma
β

nb,

Rabc = 3β
[am

∇mβ
bc]+β

am
β

bn
β

clHmnl,

(6.51)

Proposition 6.2.3. These definition of the fluxes in DFT under the strong constraint

are exactly the same with the equalities of the structure functions that have been

found from the second axiom in (4.37) to be a Courant algebroid in local coordinates

for the anchor ρ i
J = (ρ i

j,ρ
i j
∗ ) = (ai

j,a
i
kβ k j). Precisely, the above definitions of fluxes

correspond to (4.66), (4.67) and (4.68), respectively.

Also, the definition of the fluxes in the DFT in (6.51) become the followings for the

assumption Bbc = 0.

Habc = 0,

fbc
d = 2(ai

[b∂ia
j
c]a

d
j ),

Qc
ab = ∂cβ

ab +2 fcm
[a

β
mb],

Rabc = 3(β [am
∂mβ

bc]+ f [amnβ
bm

β
c]n).

These are also the same equalities as we found in Courant algebroid’s axioms in local

coordinates for the anchor ρ i
J = (ai

j,a
i
kβ k j) which have been found in (4.69), (4.70),

and (4.71) where H-flux is taken to be zero.

[59] Also, the following conditions must be satisfied in terms of fluxes associated with

that matrix and these conditions are the Bianchi identities as we mentioned earlier.

D[aHbcd]−
3
2

He[ab fcd]
e = Zabcd

3D[a fbc]
d −DdHabc +3 f[ab

e fc]e
d −3Q[a

deHbc]e = Zabc
d

2D[aQb]
cd +2D [c fab

d]− fab
eQe

cd −HabeRecd +4Q[a
e[c fb]e

d] = Zab
cd

3D [aQd
bc]−DdRabc +3Qe

[abQd
c]e −3 fde

[aRbc]e = Zabc
d

D [aRbcd]− 3
2

Re[abQe
cd] = Zabcd,

(6.52)
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where DA = ρ M
A ∂M and ZABCD are terms which become zero when the strong

constraint is imposed. Also, the coefficients as 3
2 , 3, etc., comes from the

antisymmetrization. Although the precise form of these terms does not interest

us, people who are interested can find further information together with the index

notations at [59].

When the dual coordinates have been taken to be zero, the above identities take the

following forms.

D[aHbcd]−
3
2

He[ab fcd]
e = 0,

3D[a fbc]
d −DdHabc +3 f[ab

e fc]e
d −3Q[a

deHbc]e = 0,

2D[aQb]
cd +2D [c fab

d]− fab
eQe

cd −HabeRecd +4Q[a
e[c fb]e

d] = 0,

3D [aQd
bc]−DdRabc +3Qe

[abQd
c]e −3 fde

[aRbc]e = 0,

D [aRbcd]− 3
2

Re[abQe
cd] = 0,

where DA = ρ i
A ∂i.

Proposition 6.2.4. These Bianchi identities in DFT under the strong constraint are

exactly the same with the conditions on the structure functions that have been found

from the third axiom in (4.37) to be a Courant algebroid in local coordinates for the

anchor ρ i
J = (ρ i

j,ρ
i j
∗ ). Precisely, the above identities correspond to (4.41), (4.42),

(4.43), (4.44) and (4.45), respectively, when ρ i
J = (ρ i

j,ρ
i j
∗ ) = (ai

j,a
i
kβ k j).

As a result, when the strong constraint is imposed in the definition and in the Bianchi

identities of the fluxes that fluxes in the DFT must satisfy are the same as the

conditions that structure functions must follow to be a Courant algebroid structure

for a general anchor. This demonstrates that the fluxes determining the deformation

of DFT to GDFT are just the structure functions of the Courant algebroid on which

the theory is defined, with respect to the coordinate basis for the generalized tangent

bundle.

It is now time to explore the fluxes associated with the related matrices and to

determine that these fluxes are the same which fact will be used in the Section 6.3.
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6.2.4 YB Matrix as a Twist Matrix

In this section we will calculate the fluxes associated with the twist matrix L given in

(6.36) and the matrix TY B. It will be demonstrated that these fluxes produce identical

results, indicating that the flux preservation principle is hold for the fluxes associated

with these matrices. The index convention can be found in the beginning of the

Subsection 5. In the following computations, we take the coordinates on which the

twist matrices depend on the standard coordinates and not the dual ones so that ∂̃ i = 0

will be taken.

Theorem 6.2.1. ( [58], and references there) Fluxes associated with the twist matrix

U−1 = L in the form of (6.2), which is given in (6.36), which can be written in local

coordinates

(U−1)A
B = LA

B =

(
L a

i Lia
Lia Li

a

)
=

(
l a
i 0
0 li

a

)
, (6.53)

are

f c
ab =C c

ab ,

and

Rabc = Habc = Q bc
a = 0 .

Proof: The inverse matrix of L can be found as

(LA
B)

−1 =

(
L i

a Lai
Lai La

i

)
=

(
l i
a 0
0 la

i

)
.

The formula (6.49) for the fluxes becomes

ΩABC =−EM
A(∂MEF

B)(E
−1)D

FηCD

=−Eα
A(∂αEF

B)(E
−1)D

FηCD

=−EI
A(∂IEJ

B)(E
−1)D

JηCD. (6.54)

Here, we have utilized the facts that the twist matrix L does not depend on the winding

type coordinates in the second line, and that it only depends on the coordinates along

the isometry directions in the third line, where the indices I that label the isometry

directions are located.
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When we expand the indices I,J,D in (6.54), this reduces to the following result and it

will produces some formulas which will be used in the calculation of the fluxes.

ΩABC =−E i
A(∂iE

j
B)(E

−1)d
jηCd −E i

A(∂iE
j
B)(E

−1)d jη
d

C

−E i
A(∂iE jB)(E−1)d j

ηCd −E i
A(∂iE jB)(E−1)

j
d η

d
C ,

from which we obtain the followings.

Ωabc = −E i
a(∂iE

j
b)(E

−1)c j −E i
a(∂iE jb)(E−1) j

c , (6.55)

Ω
c

ab = −E i
a(∂iE

j
b)(E

−1)c
j −E i

a(∂iE jb)(E−1)c j, (6.56)

Ω
bc

a = −E i
a(∂iE jb)(E−1)c

j −E i
a(∂iE j

b)(E−1)c j, (6.57)

Ω
ab

c = −E ia(∂iE jb)(E−1)c j −E ia(∂iE j
b)(E−1)c

j, (6.58)

Ω
a
bc = −E ia(∂iE

j
b)(E

−1)c j −E ia(∂iE jb)(E−1)c
j, (6.59)

Ω
abc = −E ia(∂iE jb)(E−1)c

j −E ia(∂iE j
b)(E−1)c j, (6.60)

due to the components of the η matrix given in (4.28). Note that Ωa
b

c = −Ω b
ac and

similarly Ωa c
b =−Ωac

b since it is anti-symmetric in last two indices as shown in (6.47).

Let us calculate the fluxes associated with the L matrix now. We will have E =U−1 = L

in (6.54) in this case and η matrix is of the form (4.28).

Firstly, the f -flux is obtained from (6.48), (6.56) and (6.59) as follows.

f c
ab = Ω

c
ab −Ω

c
ba +Ω

c
ab (6.61)

=−li
a(∂il

j
b)l

c
j + li

b(∂il j
a)l

c
j

=C c
ab ,

where we have used (5.29) in the last line.

In order to calculate R-flux associated with the L matrix, we will use again (6.48) and

also (6.60), then

Rabc = Ω
abc +Ω

bca +Ω
cab (6.62)

= 0.
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Similarly, the H-flux associated with the L matrix will be calculated as follows from

(6.48) and (6.55).

Habc = Ωabc +Ωbca +Ωcab (6.63)

= 0.

Lastly, the Q-flux associated with the L matrix is obtained by using (6.48), (6.57), and

(6.58) as follows.

Q bc
a = Ω

bc
a +Ω

bc
a −Ω

cb
a (6.64)

= 0.■

Note that these results of the fluxes are exactly the same with the expressions of fluxes

for β = 0 in the Remark 4.4.5, which have been found from the conditions on fluxes

to be a Courant algebroid for a special anchor.

Now the fluxes associated with the matrix TY B, which will be called as the YB matrix,

will be calculated and it will be shown that these fluxes completely match the results

found above. This fact is crucial for our studies.

Theorem 6.2.2. [8] The twist matrix is the YB matrix in this case which is denoted by

Ũ−1 = TY B and is of the form (6.2):

Ũ−1 = TY B = (eβ )T L =

(
1 0
β 1

)(
lt 0
0 l−1

)
=

(
lt 0

ltβ l−1

)
, (6.65)

where β stands for the constructed bi-vector field from the R-matrix which is (5.31)

with the components (5.30) and L matrix is (6.53), or it has the following form in local

coordinates,

(Ũ−1)A
B = (TY B)

A
B =

(
Ũ a

i Ũia

Ũ ia Ũ i
a

)
=

(
l a
i 0

li
jβ

ja li
a

)
.

Fluxes associated with the YB matrix are

f c
ab =C c

ab ,

and

Rabc = Habc = Q bc
a = 0 ,
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where R-flux vanishes whenever R-matrix (and hence by the dressed R-matrix) satisfies

the CYBE that is given in (5.9).

We will have E = Ũ−1 = TY B in this case in (6.54) and η matrix is of the form (4.28)

for the calculation of the fluxes.

Please take note that the indices above were used in Subsection 5.2 for the group

manifold. To avoid misunderstanding with doubled indices, we shall utilize the same

in this section and the sections that are connected to it.

Proof: The inverse matrix of Ũ−1 can be found as

ŨA
B =

(
Ũ i

a Ũai

Ũai Ũa
i

)
=

(
l i
a 0

−β a jl i
j la

i

)
.

Let us calculate the fluxes associated with this matrix now. Firstly, the f -flux is

obtained from (6.48), (6.56), (6.59) and (6.61) as follows.

f c
ab =−li

a(∂il
j
b)l

c
j + li

b(∂il j
a)l

c
j

=C c
ab ,

where we have used (5.29) in the last line. Note that this result is the same with (4.69),

as expected.

In order to calculate R-flux associated with the Ũ−1 matrix, we will use again (6.48),

(6.60) and also (6.62), then

Rabc =−li
kβ

ka(∂il
j
l)β

lblc
j + li

kβ
ka(∂il b

j )β
cll j

l − li
kβ

kb(∂il
j
l)β

lcla
j + li

kβ
kb(∂il c

j )β
all j

l

− li
kβ

kc(∂il
j
l)β

lalb
j + li

kβ
kc(∂il a

j )β
bll j

l − li
kβ

ka(∂iβ
cb)− li

kβ
kb(∂iβ

ac)− li
kβ

kc(∂iβ
ba)

= β
al

β
kbC c

kl −β
kc

β
laC b

lk +β
bl

β
kcC a

kl − li
kβ

ka(∂iβ
cb)− li

kβ
kb(∂iβ

ac)− li
kβ

kc(∂iβ
ba)

(6.66)

= 0,

from the fact that [β ,β ]SN = 0 which can be followed from the equation (4.71) being

zero that is β is a Poisson bi-vector field as demonstrated in the Proposition 5.2.6

whenever the R-matrix (and hence the bi-vector field β ) satisfies the CYBE 5.9. Note

122



that the equation (6.66) is the same with (4.71) for ai
j = li

j, as expected.

The H-flux associated with the Ũ−1 matrix will be calculated as follows from (6.48),

(6.55) and (6.63).

Habc = 0.

Lastly, the Q-flux associated with the Ũ−1 matrix is obtained by using (6.48), (6.57),

(6.58), and (6.64) as follows.

Q bc
a =−li

a(∂il
j
k)β

kblc
j − li

k(∂il c
j )β

kbl j
a + li

a(∂il b
j )β

ckl j
k + li

k(∂il b
j )β

kcl j
a − li

a(∂iβ
cb)

=−β
kbC c

ka −β
ckC b

ka − li
a(∂iβ

cb) (6.67)

=−β
kbC c

ka −β
ckC b

ka − li
a(∂i(Kc

pRpnKb
n))

=−β
kbC c

ka −β
ckC b

ka − li
aRpnKb

n(∂iKc
p)− li

aRpnKc
p(∂iKb

n)

=−β
kbC c

ka −β
ckC b

ka +C c
pa K p

nRntKb
t +C b

pa K p
tR

ntKc
t

=−β
kbC c

ka −β
ckC b

ka +β
pbC c

pa +β
cpC b

pa

= 0,

where we have used (5.30) in the third line and (5.26) in the fifth line. ■

Note that the equation (6.67) is the same result with (4.70) for ai
j = li

j, as expected.

Consequently, the fluxes associated with the matrices U−1 = L and Ũ−1 = TY B are

identical. Given that the fluxes are preserved in such a way that the L matrix only

generates non-vanishing flux as f -flux, which is nothing but the structure constants.

This ensures that the transformation generated by TY B is a solution generating

transformation, as will be discussed in the following subsection in detail.

6.3 New Solutions of String Theory from O(d,d) Transformation

In this section, we will start with a known solution of the universal sector of

supergravity containing the Riemannian metric g and the B-field. We assume that the

isometry group is G and the B-field is also invariant under G. The relevant Courant

algebroid is then T G⊕ T ∗G. We will assume that there is an R-matrix on the Lie

algebra of the isometry group G, which satisfies the CYBE. In this case, the bi-vector
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field on the group manifold can be constructed from the dressed R-matrix as we have

discussed in the Subsection 5.2. Once we have a bi-vector field, we can construct the

TY B matrix given in (6.65). We will obtain a new generalized metric when we act this

O(d,d) transformation to the old generalized metric. This yields a new Riemannian

metric g̃ and B̃ field which are again supergravity solutions. Let us discuss why this is

the case in detail.

Let us assume that we have a generalized metric H which satisfies (6.34). Therefore,

it is a solution of the DFT. Also, suppose that g and B-field in the generalized metric

H admits isometries and the isometry algebra is determined by the Lie group G. So

H can be written of the following form as discussed in (6.35).

H MN(x,Y ) = (U−1)M
A(Y )Ĥ AB(x)(U−1)N

B(Y ),

and the RHS satisfies (6.34) since H MN(x,Y ) does. The deformed form of R, which

is (6.38), then vanishes, that is Rdef = R +RF = 0 where R is written in terms of

Ĥ only and RF contains Ĥ together with the fluxes associated with the twist matrix

U−1 and d.

The solution generating mechanism relies on the following question: Is it possible to

discover a new generalized metric in the form of (6.35) that contains another twist

matrix with the same Ĥ which once again satisfies the field equations (6.34)?

For this purpose, let H̃ be the new generalized metric of the following form which has

the same form (6.35). (Construction of such a new generalized metric by utilizing the

old one will be provided in the Subsection 6.4.)

H̃MN(x,Ỹ ) = (Ũ−1)M
A(Ỹ )Ĥ AB(x)(Ũ−1)N

B(Ỹ ). (6.68)

In order to conclude that this new generalized metric is a solution of a string in DFT,

one needs to check that the equation (6.34) is satisfied or not. Its deformed form (6.38)

will contain Ĥ as well as the fluxes associated with the Ũ−1. If the fluxes associated

with the Ũ−1 are the same with the fluxes associated with the matrix U−1, then it is
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also a solution since it solves the equation (6.34). We have the following Theorem with

its proof for this fact.

Theorem 6.3.1. Let

H (x,Y ) =U−1(Y )Ĥ (x)(U t)−1(Y ),

and

H̃ (x,Ỹ ) = Ũ−1(Ỹ )Ĥ (x)(Ũ t)−1(Ỹ ),

which have been introduced before. Assume that U−1(Y ) and Ũ−1(Ỹ ) generate the

same constant fluxes. Then, H (x,Y ) satisfies the DFT equations if and only if H̃ (x,Ỹ )

satisfies the DFT equations.

Proof: It is known that the generalized metric H of the form (6.35) satisfies (6.34)

that is

R[H ] = 0.

Then, Ĥ satisfies (6.37) which is

RU−1

def [Ĥ ] = 0.

Our goal is to conclude that the new generalized metric satisfies the field equations that

is R[H̃ ] = 0. We have

RU−1

def [Ĥ ] = RŨ−1

def [Ĥ ],

since the fluxes associated with the twist matrices U−1 and Ũ−1 are assumed to be the

same. Another reason for the above equation to be satisfied is the following fact and

this completes the proof.

U and Ũ appear in (U−1)M
D∂M = ∂

′
D and (Ũ−1)M

D∂M = ∂̃
′
D, respectively. These are

acting on Ĥ and d in (6.39) and (U−1)M
D = δ M

D when acting on fields depending

only on x. In other words, ∂
′
= ∂̃

′
= ∂ when acting on H (x) and d(x) because these

fields depend only on x. ■

Note that

H̃ (x,Ỹ ) = ψ(Ỹ )H (x,Ỹ )ψ t(Ỹ ),

where we define

ψ(Ỹ ) = Ũ−1(Ỹ )U(Ỹ ).
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Also note that according to this definition,

Ũ−1(Ỹ ) = ψ(Ỹ )U−1(Ỹ ).

We will now start by choosing another twist matrix as Ũ−1 = TY B, which contains

the elements of the left-invariant vector fields and the components of the constructed

bi-vector field from the dressed R-matrix which can be seen in (6.65). The twist matrix

U−1 = L, provided in (6.36), yields only non-vanishing flux as a geometric flux, which

is equivalent to the structure constants of the isometry group’s Lie algebra. New twist

matrix gives exactly the same result, which has been shown in Subsection 6.2.4. So

the flux preservation principle associated with these twist matrices holds. Therefore,

the condition in the Theorem 6.3.1 holds which leads that the generated generalized

metric H̃ from new twist matrix Ũ−1 = TY B satisfies the DFT equations that is

R[H̃ ] = 0. This new generalized metric yields a new Riemannian metric g̃ and B̃

field which are again supergravity solutions as discussed below. So it will be inferred

that the transformation generated by TY B is a solution generating transformation.

Let us define E = g+B which is the background matrix [60]. If we write T , which will

be taken as the transformation associated with the YB matrix (6.65), as in the equation

(6.2) [56]:

T =

(
a b
c d

)
∈ O(d,d),

then, it is known that the action of O(d,d) on the background matrix is by fractional

linear transformations [56]:

E → Ẽ = T.E = (aE +b)(cE +d)−1 =

(
a b
c d

)
E. (6.69)

By using T ηT t = η and T tηT = η , where η is an also O(d,d) matrix given in (4.28),

we obtain

atc+ cta = 0, btd +dtb = 0, atd + ctb = I.

T can be embedded in O(D,D,R) as follows [60].

T̂ =

(
â b̂
ĉ d̂

)
,
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where â, b̂, ĉ, d̂ are D×D matrices defined below

â =

(
a 0
0 I

)
, b̂ =

(
b 0
0 0

)
, ĉ =

(
c 0
0 0

)
, d̂ =

(
d 0
0 I

)
. (6.70)

The action of the O(D,D) matrix T̂ on the background matrix E is defined as below

[60]:

Ẽ
(

g̃, B̃
)
= T̂ ·E(g,B)≡ (âE + b̂)(ĉE + d̂)−1,

which is the new background matrix.

Ẽ includes the transformed metric and the transformed B-field which are symmetric

and antisymmetric parts of Ẽ, respectively, given in the Definition 3.3.9. These are

g̃ =
Ẽ + Ẽt

2
,

and

B̃ =
Ẽ − Ẽt

2
,

respectively.

The equation (6.69) is equivalent to

Ẽ = T ẼT t .

So, it has been shown that g̃ and B̃ are also satisfy the field equations of 10-dimensional

supergravity by using the flux preservation principle.

6.4 YB Deformation in the Language of Courant Algebroids

We will demonstrate and interpret YB deformation, introduced in the Subsections 6.2

and 6.3, in the language of Courant algebroids. All the geometric structures that have

been previously explored will be integrated in this way.

Let us assume that we have a bi-invariant metric G on the group manifold. Let ea(g) =

lg∗(Ta) where Ta ∈ g and lg∗ : TeM → TgM. Let ea = li
a∂i with i = 1, · · · ,d where d is

the dimension of the group manifold. Therefore, we have

G(ea,eb) = G(lg∗(Ta), lg∗(Tb)) = G(Ta,Tb) = Gab = constant.
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It is a well known fact that any diffeomorphism Φ : M → M defines an automorphism

[61]

TΦ : T M⊕T ∗M → T M⊕T ∗M,

by taking the sum of the tangent and cotangent maps. Here, TM is for the generalized

tangent bundle: T M⊕T ∗M. This automorphism preserves the Courant bracket.

Let us define now the following transformation:

T lg : g⊕g∗ → TgM⊕T ∗
g M

(Ta, T̃ a) 7→ (lg∗(Ta), l∗g−1(T̃ a)),

where l∗g : T ∗
g M → T ∗

e M and l∗g−1 : T ∗
e M → T ∗

g M.

Consider now the Courant algebroid E = T G⊕ T ∗G where G is a semi-simple Lie

group G with the Lie algebra g and let R be a non-degenerate R-matrix on g as

introduced in the Subsection 5.1. Let g,B defined on G from which we can construct

the generalized metric H (6.20).

Matrix of the transformation T lg given above will be the twist matrix L in our case.

Then the generalized metric H becomes to the following if it is bi-invariant under the

action of T lg.

H AB = H (eA,eB)

= H (T lg(T A),T lg(T B))

= H (T A,T B)

= Ĥ AB = constant

=⇒H (eA,eB) = Ĥ AB = constant, (6.71)

where eA = (U−1)A
M∂ M, ∂ M = (∂I,∂

I) together with the twist matrix (U−1)A
M = LA

M

given in (6.36), (6.53), and T A = (Ta, T̃ a).
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Remark 6.4.1. The above ansatz means that H MN =H (∂ M,∂ N) is of the form (6.35)

with eM = (U−1)M
A∂ A. This fact can be seen immediately as follows.

H (eA,eB) = H ((U−1)A
M∂

M,(U−1)B
N∂

N)

= (U−1)A
MH (∂ M,∂ N)((U t)−1)B

N

=⇒ H MN = (U−1)M
AH (eA,eB)(U−1)N

B

=⇒ H MN = (U−1)M
AĤ AB(U−1)N

B,

where we have used (6.71) in the last line.

We define the new generalized metric on the generalized tangent bundle E = T G⊕T ∗G

as

H̃ (FU,FV ) = H (U,V ), (6.72)

where F = eβ and β is the bi-vector field constructed in the Subsection 5.2,

and U,V are the sections on E. Note that β -transform given in (3.46) acts on

the sections of the generalized tangent bundle and the generalized metric is a

tensor again defined on T ⊕ T ∗. This transform will act on the generalized metric

and it transforms the Riemannian metric and B-field encoded in the generalized metric.

Our first goal is to demonstrate that the generalized metric H̃ defined in (6.72) is

indeed a generalized metric on the generalized tangent bundle E. Since H is a

generalized metric, we can write it as H (U,V ) = ⟨U,τ(V )⟩ for the smooth sections

U,V on E from the Definition (3.57). Here, τ ∈ Aut(E), such that τ2 = 1 which is

defined in (3.53). We define the following operator on Aut(E).

τ̃ := F ◦ τ ◦F−1 : E → E, (6.73)

which immediately satisfies τ̃2 = 1. Our claim is to prove that there exists such an

automorphism τ̃ which satisfies

H̃ (U,V ) = ⟨U, τ̃(V )⟩,
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together with τ2 = 1. In order to show this fact, let us write (6.73) in the RHS of the

above equation:

⟨U, τ̃(V )⟩= ⟨U,(F ◦ τ ◦F−1)(V )⟩

= ⟨F−1(U),τ ◦F−1(V )⟩

= H (F−1(U),F−1(V ))

= H̃ (U,V ),

where we have used the fact that F = eβ is an orthogonal transformation, which can

be seen from (3.47), in the second equality, H (U,V ) = ⟨U,τ(V )⟩ in the third one,

and (6.72) in the last one.

Also, let us assume that the subbundles S̃± defined in (3.54) and (3.55), respectively,

are the ±1-eigenbundles of the endomorphism τ . Then, from the proof of the

Proposition 6.2.2, we have

τ(P+(ei)) = P+(ei),

and

τ(P−(ei)) =−P−(ei).

Therefore, we can find the followings.

τ̃(F(P+(ei))) = (F ◦ τ ◦F−1)(F(P+(ei))) = F(τ(P+(ei))) = F(P+(ei)),

and

τ̃(F(P−(ei))) = (F ◦ τ ◦F−1)(F(P−(ei))) = F(τ(P−(ei))) =−F(P−(ei)),

which yields that the subbundles F(S′+) and F(S′−) are the ±1-eigenbundles,

respectively, of the endomorphism τ̃ on E.

The result (6.72) leads us to the following fact.

H̃ (F(eA),F(eB)) = H (eA,eB) = Ĥ AB.

So if ẽA = F(eA) and ẽB = F(eB) be fixed bases of T G⊕T ∗G, then

H̃ (ẽA, ẽB) = Ĥ AB.

130



In other words, for the twist matrices (Ũ−1)A
M of the form (6.65), we have

H̃ ((Ũ−1)A
M∂

M,(Ũ−1)B
N∂

N) = Ĥ AB

=⇒ (Ũ−1)A
MH̃ (∂ M,∂ N)((Ũ t)−1)B

N = Ĥ AB

=⇒ H̃ MN = (Ũ−1)M
AĤ AB(Ũ−1)N

B (6.74)

=⇒ H̃ MN = (eβ L)M
AĤ AB(eβ L)N

B = (TY B)
M

AĤ AB(TY B)
N

B.

Note that (6.74) is in the form of (6.68).

Now the results from physics say that H̃ will also be a solution if

[ẽA, ẽB] = FAB
CẽC,

if

[eA,eB] = FAB
CeC,

where the bracket is the standard Courant bracket on T G⊕T ∗G. This follows directly

from the fact that the DFT fluxes are computed from the C-bracket as was given in

(6.40) and the C-bracket reduces to the standard Courant bracket in the supergravity

frame which was given in the Proposition 6.1.1. In other words we need:

F [F−1(ẽA),F−1(ẽB)] = [ẽA, ẽB]. (6.75)

If F were a Courant algebroid automorphism (see the Definition 3.3.6) preserving the

standard Courant bracket, (6.75) would be automatic. However, we know that the only

such bracket preserving automorphisms are the ones induced from diffeomorphisms

and B-transformations with closed 2-form B (see the Proposition 3.3.2). F is a β -

transformation and as such, it does not preserve the bracket. In order to understand

how F changes the bracket let us refer to our discussion in the Subsection 4.4.1 and

the equations (4.50)-(4.55).

For the standard Courant bracket the anchor is the projection: ρ(X +η) = X , where

X ∈ T M and η ∈ T ∗M (see Example 3.3.1). Recall that in the notation of Subsection

4.4 we have from (4.32) and (4.33):

ρ(eA) = ρ
Ak

∂k.
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Note that we use here eA instead of the notation SA in there. Then for the frame eA =

LA
K∂ K which corresponds to (6.42) for β = 0, we have the followings from (6.43) and

(6.44):

ρ(ei) = ρ(l k
i ∂k) = l k

i ∂k,

ρ(ei) = ρ(li
kdxk) = 0.

Then ρ k
i = l k

i and ρ ik
∗ = 0 and we are in the case of the Proposition 4.4.6 with β = 0

and a j
i = l j

i . On the other hand, for the frame ẽA = F(eA) = ((eβ )T L)A
K∂ K , where

(eβ )T L = TY B as in (6.65), which corresponds to (6.42) for non-vanishing β , we have

the followings from (6.43) and (6.44):

ρ(ẽi) = l k
i ∂k = ρ̃

k
i ∂k,

ρ(ẽi) = l i
j β

jk
∂k = ρ̃

ik
∗ ∂k,

where β is the bi-vector field we constructed from the dressed R-matrix in the

Subsection 5.2. So, we are again in the case of the Proposition 4.4.6, this time with

non-vanishing β . Although the fluxes computed in the two case are the same due to

the properties of the bi-vector field, the corresponding brackets are different as can

be checked directly from (4.50)-(4.55). However, the different parts are the terms

involving derivatives of the form l i
j β jk∂k. As we discussed in the proof of the Theorem

6.3.1, the fields in the physical theory (Ĥ ) do not depend on the coordinates of the

group manifold, so such terms do not play a role in the gauged double field theory

action.

So we see here that the main role of the YB deformation relies on two features:

Existence of eA, g and B such that H can be written as in (6.71), and existence of

an orthogonal map F preserving the flux part of the Courant bracket. We hope that

describing the YB deformation in this geometrical setup makes it possible to generalize

it to other solution generating transformations.
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7. CONCLUSION

In this thesis, we studied the homogeneous YB deformation proposed in [6] for generic

GS sigma models and showed that the deformation in the target space is generated

by a non-constant O(d,d) transformation. The associated matrix, which we call

the YB matrix, is determined by an R-matrix satisfying the CYBE. The coordinate

dependence comes from extending this fixed R-matrix to a dressed R-matrix on the

whole group manifold (of the isometry group) by the adjoint action. Since the adjoint

action is an automorphism of the Lie bracket, the resulting dressed R-matrix also

satisfies the CYBE, whenever the initial R-matrix does. This shows that the bi-Killing

ansazt employed in the physics literature [62], [63], [64], arises naturally from this

construction with the adjoint action.

In addition to making computations easier, our geometrical approach provides us

the option of generalizing the solution generating process. We have viewed the YB

deformation as the generalized diffeomorphism on the generalized tangent bundle

of the isometry group of the solution. Namely, the O(d,d) transformation acts as a

transformation on a Courant algebroid and is determined by the bi-vector field related

to the Poisson structure on the base manifold. We have thoroughly examined the

process of the construction of this bi-vector field. It is a well-known fact that there is a

Lie algebroid structure on the cotangent bundle of the manifold when there is a Poisson

structure on the manifold. Additionally, this Lie algebroid structure is compatible

with the standard Lie algebroid structure on the tangent bundle, so that there is a

Courant algebroid structure on the direct sum of the generalized tangent bundle of

the manifold. Because of all these reasons, we have also studied Courant algebroid

structures in detail, in order to understand and to generalize the transformation and the

YB deformation.

If a generalized metric of a certain form solves the DFT field equations in the limit

where it reduces to the supergravity field equations, and is transformed with the
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O(d,d) matrix producing the YB deformation, then the resulting generalized metric

also solves the DFT field equations in the same limit. This fact is demonstrated in

the literature on physics by demonstrating the preservation of the "fluxes" associated

with the generalized metric before and after the transformation. When a particular

basis is used for the sections of tangent and cotangent bundles, the fluxes are simply

the "structure functions" of the Courant algebroid structure on the generalized tangent

bundle. To gain a geometric understanding of this "flux preservation" principle, we

have also examined the axioms that define a Courant algebraid in local coordinates.

We have also thoroughly examined the situation in which a bi-vector field linked to the

YB deformation determines the anchor of the Courant algebroid. The details of these

concepts are as follows.

We have started by establishing an endomorphism R on a Lie algebra with

a non-degenerate Cartan-Killing metric which satisfies CYBE, and we then

demonstrated that the sum of the Lie algebra and its dual has a natural Drinfel’d

structure. In order to have a β -transformation, one needs to have a bi-vector field

and it is constructed from the components of the dressed R-matrix in our case. The

dressed R-matrix is constructed by extending R-matrix to the whole group manifold

of the isometry group G with the adjoint action. This constructed dressed R-matrix

also satisfies CYBE, whenever the initial R-matrix does, since the adjoint action is an

automorphism of the Lie bracket. It has been shown that the bi-vector field that built

from the dressed R-matrix has a vanishing SN bracket with itself since the R-matrix

satisfies CYBE and hence determines a Poisson structure. This yields a triangular

Lie bialgebroid structure since there exists a Lie algebroid structure on the cotangent

bundle of a Poisson manifold. Additionally, there exists a Courant algebroid structure

on the direct sum of these Lie algebroids due to the fact that there is a one-to-one

correspondence between (triangular) Lie bialgebroids and Courant algebroids with

transversal Dirac structures. Since these geometric structures, namely Lie algebroids,

Lie bialgebroids, Poisson structures, Courant algebroids, and others, have arisen in our

studies, we have examined their definitions, features, local expressions as well as the

connections between them in detail.
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A Riemannian metric g and a B-field on the manifold M, which are taken to be

solutions of the supergravity frame, yield a generalized metric on the generalized

tangent bundle T M ⊕ T ∗M. Applying the constructed β -transformation to the

generalized metric gives a new generalized metric parameterized by the transformed

Riemannian metric and the transformed B-field. We have demonstrated that

this transformation can be understood as a different splitting of the generalized

tangent bundle to Dirac subbundles. After the transformation, the tangent bundle

remains intact, whereas the cotangent bundle is transformed to its graph under the

β -transformation. The resulting subbundle is still a Dirac subbundle since the

β -transformation preserves the inner product, leaving it maximally isotropic, and it

is involutive since the R-flux vanishes, giving rise to the vanishing of the SN bracket.

Therefore, one still has the structure of a Courant algebroid on the direct sum of these

Dirac subbundles.

It has been seen that previously discussed geometric structures as algebroid structures,

the generalized metric on the Courant algebroid T M ⊕ T ∗M, β transformations,

R-matrices and flux calculations associated with the twist matrices can be merged in

the YB deformation in the language of Courant algebroids. Precisely, for a given

Riemannian metric and B-field taken as the solutions in supergravity, the generalized

metric on a Courant algebroid constructed from these satisfies the DFT field equations.

The generalized metric can be defined in the form of (6.71) by using isometries of the

group manifold. By utilizing this form of the generalized metric and the bi-vector

field β constructed from the R-matrix, one can define a new generalize metric which

does again solve the field equations of the supergravity frame. In order to obtain this

result, the law of the flux preservation must be satisfied in terms of the associated

twist matrices in the forms (6.53) and (6.65). Also, the expressions of the fluxes

associated with these twist matrices are actually the same with the conditions on the

structure functions of the Courant algebroid. Also, this preservation corresponds to

the β transformation to be an orthogonal transformation of the Courant bracket. It has

been also demonstrated that the axioms of the fluxes in DFT when the strong constraint

is imposed actually correspond to the conditions imposed by the axioms defining a

Courant algebroid on the structure functions.
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With this geometrical method, we expect to advance the knowledge on the interesting

relationship between the CYBE and supergravity. We hope that understanding the

underlying geometrical structure might yield new solution generating transformations

for supergravity.
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APPENDIX A : Proofs

Proof A.1. By the Jacobi Identity and the Leibniz Rule, we obtain

0 =[[X ,Y ], f Z]+ [[Y, f Z],X ]+ [[ f Z,X ],Y ]
= f [[X ,Y ],Z]+ (ρ[X ,Y ]( f ))Z
+ f [[Y,Z],X ]− (ρX( f ))[Y,Z]+ (ρY ( f ))[Z,X ]− (ρX(ρY ( f )))Z
+ f [[Z,X ],Y ]− (ρY ( f ))[Z,X ]− (ρX( f ))[Z,Y ]+ (ρY (ρX( f )))Z

=((ρ[X ,Y ]− [ρX ,ρY ])( f ))Z.

Since this is true for any X ,Y,Z ∈ Γ(A) and function f , one concludes that ρ[X ,Y ] =
[ρX ,ρY ]. ■

Proof A.2. For X ∈ Γ(∧2A) and Y ∈ Γ(∧2A), the LHS of the equation (3.17) gives

[ f (X1 ∧X2),g(Y1 ∧Y2)]SN = [ f X1,gY1]∧X2 ∧Y2 − [ f X1,Y2]∧X2 ∧ (gY1)

− [X2,gY1]∧ ( f X1)∧Y2 +[X2,Y2]∧ ( f X1)∧ (gY1)

= f g[X1,Y1]∧X2 ∧Y2 −g(ρ(Y1) f )X1 ∧X2 ∧Y2 + f (ρ(X1)g)Y1 ∧X2 ∧Y2

+ f g[Y2,X1]∧X2 ∧Y1 +g(ρ(Y2) f )X1 ∧X2 ∧Y1 − f g[X2,Y1]∧X1 ∧Y2

− f (ρ(X2)g)Y1 ∧X1 ∧Y2 + f g[X2,Y2]∧X1 ∧Y1

= f g[X1 ∧X2,Y1 ∧Y2]SN +gX1 ∧X2 ∧ [ f ,Y1 ∧Y2]SN + f [g,X1 ∧X2]SN ∧Y1 ∧Y2,

where we have used (3.14) in the first equality, (3.2) in the second equality, and (3.19)
in the last equality. The above result is the same with the RHS and it completes the
proof since it can be generalized to X ∈ Γ(∧pA) and Y ∈ Γ(∧qA). ■

Proof A.3. Let a bi-vector field Π is a Poisson tensor. So, it is skew-symmetric and
satisfies Leibniz Rule. In order to prove (3.20), Jacobiator should vanish and it will be
expanded in local coordinates such as

J = { f ,{g,h}}+{g,{h, f}}+{h,{ f ,g}}= 0

=⇒{ f ,Πi j(∂ig)(∂ jh)}+{g,Πi j(∂ih)(∂ j f )}+{h,Πi j(∂i f )(∂ jg)}= 0

=⇒ Π
i j{ f ,(∂ig)(∂ jh)}+{ f ,Πi j}(∂ig)(∂ jh)+Π

i j{g,(∂ih)(∂ j f )}
+{g,Πi j}(∂ih)(∂ j f )+Π

i j{h,(∂i f )(∂ jg)}+{h,Πi j}(∂i f )(∂ jg) = 0

=⇒ Π
i j(∂ig){ f ,(∂ jh)}+Π

i j{ f ,(∂ig)}(∂ jh)+{ f ,Πi j}(∂ig)(∂ jh)

+Π
i j(∂ih){g,(∂ j f )}+Π

i j{g,(∂ih)}(∂ j f )+{g,Πi j}(∂ih)(∂ j f )

+Π
i j(∂i f ){h,(∂ jg)}+Π

i j{h,(∂i f )}(∂ jg)+{h,Πi j}(∂i f )(∂ jg) = 0

=⇒ Π
i j(∂ig)Πkl(∂k f )(∂l∂ jh)+Π

i j
Π

kl(∂k f )(∂l∂ig)(∂ jh)+Π
kl(∂k f )(∂lΠ

i j)(∂ig)(∂ jh)

+Π
i j(∂ih)Πkl(∂kg)(∂l∂ j f )+Π

i j
Π

kl(∂kg)(∂l∂ih)(∂ j f )+Π
kl(∂kg)(∂lΠ

i j)(∂ih)(∂ j f )

+Π
i j(∂i f )Πkl(∂kh)(∂l∂ jg)+Π

i j
Π

kl(∂kh)(∂l∂i f )(∂ jg)+Π
kl(∂kh)(∂lΠ

i j)(∂i f )(∂ jg) = 0,
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where we have used the Leibniz Rule (third property) of a Poisson bracket twice. The
following terms in the above result vanish from the anti-symmetry property of Πi j:

1 + 5 = Π
i j(∂ig)Πkl(∂k f )(∂l∂ jh)+Π

lk
Π

i j(∂ig)(∂ j∂lh)(∂k f ) = 0,

2 + 7 = Π
i j

Π
kl(∂k f )(∂l∂ig)(∂ jh)+Π

kl(∂k f )Π ji(∂ jh)(∂i∂lg) = 0,

and

4 + 8 = Π
i j(∂ih)Πkl(∂kg)(∂l∂ j f )+Π

lk
Π

i j(∂ih)(∂ j∂l f )(∂kg) = 0.

Therefore, we obtain

[Πkl(∂lΠ
i j)+Π

il(∂lΠ
jk)+Π

jl(∂lΠ
ki)](∂k f )(∂ig)(∂ jh) = 0. ( A.1)

For (∂k f )(∂ig)(∂ jh) ̸= 0, it yields

Π
kl(∂lΠ

i j)+Π
il(∂lΠ

jk)+Π
jl(∂lΠ

ki) = 0

=⇒ Π
lk(∂lΠ

i j)+Π
li(∂lΠ

jk)+Π
l j(∂lΠ

ki) = 0

=⇒ Π
li(∂lΠ

jk)+Π
l j(∂lΠ

ki)+Π
lk(∂lΠ

i j) = 0, ( A.2)

or
m

∑
l=1

(
Π

li ∂Π jk

∂xl
+Π

l j ∂Πki

∂xl
+Π

lk ∂Πi j

∂xl

)
= ∑

l

∂Πi j

∂xl
Π

lk + c.p. = 0. ( A.3)

The another side of the proof is trivial since the above condition gives rise to the
Jacobiator to be vanished and 2-vector field Π becomes a Poisson tensor. ■

Proof A.4. Let β = β i j∂i ∧∂ j, then

[β ,β ]SN = [β i j
∂i ∧∂ j,β

kl
∂k ∧∂l]SN

= β
i j

β
kl[∂i ∧∂ j,∂k ∧∂l]SN +β

kl
∂i ∧∂ j ∧ [β i j,∂k ∧∂l]SN +β

i j[β kl,∂i ∧∂ j]SN ∧∂k ∧∂l

= β
i j

β
kl([∂i,∂k]∧∂ j ∧∂l − [∂i,∂l]∧∂ j ∧∂k − [∂ j,∂k]∧∂i ∧∂l +[∂ j,∂l]∧∂i ∧∂k)

+β
kl

∂i ∧∂ j ∧ [−(∂kβ
i j)∂l +(∂lβ

i j)∂k]+β
i j[−(∂iβ

kl)∂ j +(∂ jβ
kl)∂i]∧∂k ∧∂l

=−β
kl(∂kβ

i j)∂i ∧∂ j ∧∂l +β
kl(∂lβ

i j)∂i ∧∂ j ∧∂k −β
i j(∂iβ

kl)∂ j ∧∂k ∧∂l

+β
i j(∂ jβ

kl)∂i ∧∂k ∧∂l

=−β
lk(∂lβ

i j)∂i ∧∂ j ∧∂k +β
kl(∂lβ

i j)∂i ∧∂ j ∧∂k −β
l j(∂lβ

ki)∂ j ∧∂k ∧∂i

+β
il(∂lβ

k j)∂i ∧∂k ∧∂ j

= [−β
lk(∂lβ

i j)+β
kl(∂lβ

i j)−β
l j(∂lβ

ki)−β
il(∂lβ

k j)]∂i ∧∂ j ∧∂k

= [β il(∂lβ
jk)+β

jl(∂lβ
ki)+2β

kl(∂lβ
i j)]∂i ∧∂ j ∧∂k,

where (3.17) and (3.18) have been used in the second and third equalities, respectively.
Also, the fact [∂i,∂k] = 0 has been used in the fourth equality.
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For the SN bracket of a bi-vector field with itself above to be vanished, the expansion
in terms of cyclic terms must be vanished as follows.

[β ,β ]SN = 0

=⇒ β
il(∂lβ

jk)+β
jl(∂lβ

ki)+2β
kl(∂lβ

i j)+β
jl(∂lβ

ki)+β
kl(∂lβ

i j)+2β
il(∂lβ

jk)

+β
kl(∂lβ

i j)+β
il(∂lβ

jk)+2β
jl(∂lβ

ki) = 0

=⇒ 4[β il(∂lβ
jk)+β

jl(∂lβ
ki)+β

kl(∂lβ
i j)] = 0

=⇒ β
il(∂lβ

jk)+β
jl(∂lβ

ki)+β
kl(∂lβ

i j) = 0,

which is exactly the same equation with ( A.2) for β instead of Π. So, the SN bracket
of a bi-vector field with itself in local coordinates coincides with the Jacobi Identity for
a Poisson bracket where the coefficients are bi-vector fields, in local coordinates. ■

Proof A.5.

[α,β ]∗ = Lραβ −Lρβ α −d(Π(α,β ))

= iραdβ +diραβ − iρβ dα −diρβ α −d(Π(α,β ))

= iραdβ +d(⟨ρα,β ⟩)− iρβ dα −d(⟨ρβ ,α⟩)−d(Π(α,β ))

= iραdβ +d(Π(α,β ))− iρβ dα −d(Π(β ,α))−d(Π(α,β )) ( A.4)

= iραdβ − iρβ dα +d(Π(α,β )),

since Π is skew-symmetric.

The Leibniz Rule is immediately satisfied by this bracket [28]:

[α, f β ]∗ = iραd( f β )− iρ( f β )dα +d(Π(α, f β ))

= iρα( f dβ +d f ∧β )− f iρβ dα +d( f Π(α,β ))

= f iραdβ + iρα(d f ∧β )− f iρβ dα + f d(Π(α,β ))+Π(α,β )d f

= f iραdβ + iρα(d f ∧β )− f iρβ dα + f ([α,β ]∗− iραdβ + iρβ dα)+Π(α,β )d f

= iρα(d f ∧β )+ f [α,β ]∗+Π(α,β )d f
= (iραd f )∧β −d f (iραβ )+ f [α,β ]+ (iραβ )d f
= (iραd f )∧β + f [α,β ]∗

= f [α,β ]∗+((ρα)( f ))β .

[28] Let’s confirm that the Jacobi Identity is satisfied by this bracket. By definition,
[d f ,dg] = d{ f ,g} and so on if α = d f , β = dg, γ = dh are exact 1-forms.
Consequently, the Jacobi Identity for the triple (d f ,dg,dh) follows from the Jacobi
Identity for the triple ( f ,g,h) with regard to the Poisson bracket. The Leibniz Rule can
be applied to reduce to the case of exact 1-forms from more general 1-forms. ■

Proof A.6. We have to show that the compatibility condition d[α,β ]π =
[dα,β ]π +[α,dβ ]π , which is (3.23), holds for all α,β ∈ Ω1(M).
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The formula is trivial for exact forms. For the general case we have to check that both
sides gain the same terms when multiplying a form with a smooth function.

d [d f ,g1dg2]π = d(g1[d f ,dg2]π +ρ(d f )(g1)dg2)

= dg1 ∧ [d f ,dg2]π +d (ρ(d f )(g1)dg2)

= dg1 ∧ [d f ,dg2]π +d(⟨π,d f ∧dg1⟩dg2)

= dg1 ∧ [d f ,dg2]π +d⟨π,d f ∧dg1⟩∧dg2

= dg1 ∧ [d f ,dg2]π +d{ f ,g1}∧dg2

= dg1 ∧ [d f ,dg2]π +[d f ,dg1]π ∧dg2

= [d f ,d (g1dg2)]π +
[
d2 f ,g1dg2

]
π
.

The same formula holds for the first argument of the bracket due to skew-symmetry.■

Proof A.7. For any ξ1,ξ2,ξ3 ∈ Γ(A∗), we have (see the equation (2.31) in [65]):

[Λ,Λ]SN(ξ1,ξ2,ξ3) = 2⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩+ c.p. ( A.5)

By using (3.27), the above equation can be written as〈
1
2
[Λ,Λ]♯(ξ1,ξ2),ξ3

〉
= ⟨Λ♯LΛ♯ξ1

ξ2,ξ3⟩+ c.p. ( A.6)

The LHS of this equation should be the following with respect to the Lemma 3.2.1 and
the bracket in (3.25):

⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩−⟨Λ♯LΛ♯ξ2

ξ1,ξ3⟩−⟨Λ♯d[Λ(ξ1,ξ2)],ξ3⟩−⟨LΛ♯ξ1
Λ
♯
ξ2,ξ3⟩, ( A.7)

here we used [Λ♯ξ1,Λ
♯ξ2] = LΛ♯ξ1

Λ♯ξ2 since it is a Lie bracket.
We now expand the RHS of ( A.6) and obtain the above expression. The RHS is then

⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩+ ⟨Λ♯LΛ♯ξ2

ξ3,ξ1⟩+ ⟨Λ♯LΛ♯ξ3
ξ1,ξ2⟩

= ⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩−⟨LΛ♯ξ2

ξ3,Λ
♯
ξ1⟩−⟨LΛ♯ξ3

ξ1,Λ
♯
ξ2⟩−⟨Λ♯LΛ♯ξ2

ξ1,ξ3⟩−⟨LΛ♯ξ2
ξ1,Λ

♯
ξ3⟩

= ⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩−⟨Λ♯LΛ♯ξ2

ξ1,ξ3⟩−LΛ♯ξ3
⟨ξ1,Λ

♯
ξ2⟩−⟨LΛ♯ξ1

Λ
♯
ξ2,ξ3⟩

= ⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩−⟨Λ♯LΛ♯ξ2

ξ1,ξ3⟩−⟨d(⟨ξ1,Λ
♯
ξ2⟩),Λ♯

ξ3⟩−⟨LΛ♯ξ1
Λ
♯
ξ2,ξ3⟩

= ⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩−⟨Λ♯LΛ♯ξ2

ξ1,ξ3⟩−⟨Λ♯d[Λ(ξ1,ξ2)],ξ3⟩−⟨LΛ♯ξ1
Λ
♯
ξ2,ξ3⟩,

where we have added and subtracted ⟨Λ♯LΛ♯ξ2
ξ1,ξ3⟩ in the second line and used

Leibniz Rule to obtain the third line, and we have used the fact LX f = a(X) f = ⟨d f ,X⟩
for the fourth line. Since the LHS and the RHS equals, it ends the proof of the Lemma.■

Proof A.8.

LX([Λ,Λ]SN(ξ1,ξ2,ξ3)) = (LX [Λ,Λ]SN)(ξ1,ξ2,ξ3)+{[Λ,Λ]SN(ξ1,ξ2,LX ξ3)+ c.p.}

= (LX [Λ,Λ]SN)(ξ1,ξ2,ξ3)+
{
⟨[Λ,Λ]♯(ξ1,ξ2),LX ξ3⟩+ c.p.

}
= (LX [Λ,Λ]SN)(ξ1,ξ2,ξ3)+3LX(⟨[Λ,Λ]♯(ξ1,ξ2),ξ3⟩)−

{
⟨LX([Λ,Λ]

♯(ξ1,ξ2)),ξ3⟩+ c.p.
}

= (LX [Λ,Λ]SN)(ξ1,ξ2,ξ3)+3LX([Λ,Λ]SN(ξ1,ξ2,ξ3))−
{
⟨LX([Λ,Λ]

♯(ξ1,ξ2)),ξ3⟩+ c.p.
}
,
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where we used the Leibniz Rule of LX in the first and the third line. Therefore, we
obtain

(LX [Λ,Λ]SN)(ξ1,ξ2,ξ3)=
{
⟨LX([Λ,Λ]

♯(ξ1,ξ2)),ξ3⟩+ c.p.
}
−2LX([Λ,Λ]SN(ξ1,ξ2,ξ3)).■

( A.8)

Proof A.9. We start from the definition of the Jacobiator;

J(ξ1,ξ2,ξ3) = [[ξ1,ξ2],ξ3]+ c.p.

=
{

LΛ♯[ξ1,ξ2]
ξ3 −LΛ♯ξ3

[ξ1,ξ2]−d[Λ([ξ1,ξ2],ξ3)]
}
+ c.p.

=
{

LΛ♯[ξ1,ξ2]
ξ3 −LΛ♯ξ3

[ξ1,ξ2]−d⟨Λ♯[ξ1,ξ2],ξ3⟩
}
+ c.p.

= {1
2

L[Λ,Λ]♯(ξ1,ξ2)
ξ3 +L[Λ♯ξ1,Λ♯ξ2]

ξ3 −LΛ♯ξ3
[ξ1,ξ2]

− 1
2

d([Λ,Λ]SN(ξ1,ξ2,ξ3))−d[⟨[Λ♯
ξ1,Λ

♯
ξ2],ξ3⟩]}+ c.p.

=

{
1
2

L[Λ,Λ]♯(ξ1,ξ2)
ξ3 −

1
2

d([Λ,Λ]SN(ξ1,ξ2,ξ3))

}
+ c.p.

+
{

L[Λ♯ξ1,Λ♯ξ2]
ξ3 −LΛ♯ξ3

[ξ1,ξ2]−d⟨[Λ♯
ξ1,Λ

♯
ξ2],ξ3⟩

}
+ c.p.

= I1 + I2,

where we have used (3.25) for the second line and Lemma 3.2.1 for the fourth line. Let
us try to simplify I2 now.{

L[Λ♯ξ1,Λ♯ξ2]
ξ3 −LΛ♯ξ3

[ξ1,ξ2]−d⟨[Λ♯
ξ1,Λ

♯
ξ2],ξ3⟩

}
+ c.p.

= {L[Λ♯ξ1,Λ♯ξ2]
ξ3 −LΛ♯ξ3

(LΛ♯ξ1
ξ2)+LΛ♯ξ3

(LΛ♯ξ2
ξ1)−d(LΛ♯ξ3

⟨ξ1,Λ
♯
ξ2⟩)

−d⟨[Λ♯
ξ1,Λ

♯
ξ2],ξ3⟩}+ c.p.,

where we have used (3.25). By expanding cyclic permutations for the first three terms
in the above equation, we get{

L[Λ♯ξ1,Λ♯ξ2]
ξ3 −LΛ♯ξ3

(LΛ♯ξ1
ξ2)+LΛ♯ξ3

(LΛ♯ξ2
ξ1)
}
+ c.p.

= L[Λ♯ξ1,Λ♯ξ2]
ξ3 +L[Λ♯ξ2,Λ♯ξ3]

ξ1 +L[Λ♯ξ3,Λ♯ξ1]
ξ2

−LΛ♯ξ3
(LΛ♯ξ1

ξ2)−LΛ♯ξ1
(LΛ♯ξ2

ξ3)−LΛ♯ξ2
(LΛ♯ξ3

ξ1)

+LΛ♯ξ3
(LΛ♯ξ2

ξ1)+LΛ♯ξ2
(LΛ♯ξ1

ξ3)+LΛ♯ξ1
(LΛ♯ξ3

ξ2).

However, the above equation becomes zero from L[X ,Y ] = LX ◦LY −LY ◦LX . Then,

I2 =−d
{

LΛ♯ξ3
⟨ξ1,Λ

♯
ξ2⟩+ ⟨[Λ♯

ξ1,Λ
♯
ξ2],ξ3⟩

}
+ c.p.

=−d
{

LΛ♯ξ3
⟨ξ1,Λ

♯
ξ2⟩+LΛ♯ξ1

⟨ξ2,Λ
♯
ξ3⟩+LΛ♯ξ2

⟨ξ3,Λ
♯
ξ1⟩

+ ⟨[Λ♯
ξ1,Λ

♯
ξ2],ξ3⟩+ ⟨[Λ♯

ξ2,Λ
♯
ξ3],ξ1⟩+ ⟨[Λ♯

ξ3,Λ
♯
ξ1],ξ2⟩

}
=−d{⟨LΛ♯ξ3

ξ1,Λ
♯
ξ2⟩+ ⟨ξ1,LΛ♯ξ3

Λ
♯
ξ2⟩+ ⟨LΛ♯ξ1

ξ2,Λ
♯
ξ3⟩+ ⟨ξ2,LΛ♯ξ1

Λ
♯
ξ3⟩

+ ⟨LΛ♯ξ2
ξ3,Λ

♯
ξ1⟩+ ⟨ξ3,LΛ♯ξ2

Λ
♯
ξ1⟩+ ⟨LΛ♯ξ1

Λ
♯
ξ2,ξ3⟩

+ ⟨LΛ♯ξ2
Λ
♯
ξ3,ξ1⟩+ ⟨LΛ♯ξ3

Λ
♯
ξ1,ξ2⟩},
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where we have used the Leibniz Rule of LX in the last equality. If we use the property
LXY = −LY X for the last three terms in the above equation and after simplifications,
we obtain

I2 =−d
{
⟨LΛ♯ξ3

ξ1,Λ
♯
ξ2⟩+ ⟨LΛ♯ξ1

ξ2,Λ
♯
ξ3⟩+ ⟨LΛ♯ξ2

ξ3,Λ
♯
ξ1⟩
}

=−d⟨LΛ♯ξ1
ξ2,Λ

♯
ξ3⟩+ c.p.

= d⟨Λ♯LΛ♯ξ1
ξ2,ξ3⟩+ c.p.

=
1
2

d[Λ,Λ]SN(ξ1,ξ2,ξ3)

=
1
2

d⟨[Λ,Λ]♯(ξ1,ξ2),ξ3⟩,

where the fourth equality follows from ( A.5). So, the Jacobiator becomes

J(ξ1,ξ2,ξ3) =

{
1
2

L[Λ,Λ]♯(ξ1,ξ2)
ξ3 + c.p

}
+

{
−1

2
d([Λ,Λ]SN(ξ1,ξ2,ξ3))+ c.p.

}
+

1
2

d⟨[Λ,Λ]♯(ξ1,ξ2),ξ3⟩

=

{
1
2

L[Λ,Λ]♯(ξ1,ξ2)
ξ3 + c.p

}
− 1

2
d⟨[Λ,Λ]♯(ξ2,ξ3),ξ1⟩−

1
2

d⟨[Λ,Λ]♯(ξ3,ξ1),ξ2⟩

=

{
1
2

L[Λ,Λ]♯(ξ1,ξ2)
ξ3 + c.p

}
− 1

2
d([Λ,Λ]SN(ξ2,ξ3,ξ1))−

1
2

d([Λ,Λ]SN(ξ3,ξ1,ξ2))

=

{
1
2

L[Λ,Λ]♯(ξ1,ξ2)
ξ3 + c.p

}
−d([Λ,Λ]SN(ξ1,ξ2,ξ3)).■

Proof A.10. Since ρ is a Lie algebra homomorphism, this gives us the first property in
local coordinates such as [48]

[ρ(Sa),ρ(Sb)] = ρ([Sa,Sb])

⇒
[

ρ
i
a

∂

∂X i ,ρ
j

b
∂

∂X j

]
= ρ(Lc

abSc)

⇒

(
ρ

i
a

∂ρ
j

b
∂X i −ρ

i
b

∂ρ
j

a

∂X i

)
∂

∂X j = Lc
abρ

k
c

∂

∂Xk

⇒ρ
m
a

∂ρ i
b

∂Xm −ρ
m
b

∂ρ i
a

∂Xm = Lc
abρ

i
c.□
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The second property follows from the Jacobi Identity: [[Sa,Sb],Sc] + [[Sb,Sc],Sa] +
[[Sc,Sa],Sb] = 0 because of A being a Lie algebroid. In local coordinates, it yields

[Ld
abSd,Sc]+ [Ld

bcSd,Sa]+ [Ld
caSd,Sb] = 0

⇒ [Sc,Ld
abSd]+ [Sa,Ld

bcSd]+ [Sb,Ld
caSd] = 0

⇒ Ld
ab[Sc,Sd]+ (ρ(Sc)Ld

ab)Sd +Ld
bc[Sa,Sd]+ (ρ(Sa)Ld

bc)Sd

+Ld
ca[Sb,Sd]+ (ρ(Sb)Ld

ca)Sd = 0

⇒ Ld
abLm

cdSm +ρ
m
c

∂Ld
ab

∂Xm Sd +Ld
bcLm

adSm +ρ
m
a

∂Ld
bc

∂Xm Sd +Ld
caLm

bdSm +ρ
m
b

∂Ld
ca

∂Xm Sd = 0

⇒

(
ρ

m
a

∂Ld
bc

∂Xm +ρ
m
b

∂Ld
ca

∂Xm +ρ
m
c

∂Ld
ab

∂Xm +Ld
aeLe

bc +Ld
beLe

ca +Ld
ceLe

ab

)
Sd = 0

⇒ ρ
m
a

∂Ld
bc

∂Xm +ρ
m
b

∂Ld
ca

∂Xm +ρ
m
c

∂Ld
ab

∂Xm +Ld
aeLe

bc +Ld
beLe

ca +Ld
ceLe

ab = 0,

where we have used the property (3.2) of a Lie algebroid in the third line. Or, it can be
written as (

ρ
i
α

∂Lδ

βγ

∂X i +Lδ
αηLη

βγ

)
+ c.p. = 0, ( A.9)

and this completes the proof of (4.5). ■

Proof A.11. Let us write the condition:

ρ
ia
∗

∂ρ
jb
∗

∂X i −ρ
ib
∗

∂ρ
ja
∗

∂X i = L̃ab
cρ

jc
∗

⇒ Λ
ac

ρ
i
c
∂ (Λbdρ

j
d)

∂X i −Λ
bc

ρ
i
c
∂ (Λadρ

j
d)

∂X i =

(
Λ

bdLdc
a −Λ

adLdc
b +

∂Λab

∂X i ρ
i
c

)
Λ

ce
ρ

j
e

⇒
(

Λ
ac

ρ
i
cρ

j
d

∂Λbd

∂X i +Λ
ac

ρ
i
cΛ

bd ∂ρ
j

d
∂X i −Λ

bc
ρ

i
cρ

j
d

∂Λad

∂X i −Λ
bc

ρ
i
cΛ

ad ∂ρ
j

d
∂X i −Λ

bdLdc
a
Λ

ce
ρ

j
e

+Λ
adLdc

b
Λ

ce
ρ

j
e −

∂Λab

∂X i ρ
i
cΛ

ce
ρ

j
e

)
= 0

⇒
(

Λ
ac

Λ
bd

ρ
j

e Lcd
e +Λ

ac
ρ

i
cρ

j
d

∂Λbd

∂X i −Λ
bc

ρ
i
cρ

j
d

∂Λad

∂X i −Λ
bdLdc

a
Λ

ce
ρ

j
e +Λ

adLdc
b
Λ

ce
ρ

j
e

− ∂Λab

∂X i ρ
i
cΛ

ce
ρ

j
e

)
= 0

⇒ ρ
j

e

(
Λ

ac
Λ

bdLcd
e −Λ

bd
Λ

ceLdc
a +Λ

ad
Λ

ceLdc
b +Λ

ac
ρ

i
c
∂Λbe

∂X i −Λ
bc

ρ
i
c
∂Λae

∂X i −Λ
ce

ρ
i
c
∂Λab

∂X i

)
( A.10)

= 0,

where we have used the identity ρ ia
∗ = Λabρ i

b (from (4.9)) and (4.20) in the second
line, and (4.3), because of A being a Lie algebroid, in the fifth line.
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If the condition:

Λ
ac

Λ
bdLcd

e+Λ
bd

Λ
ecLdc

a+Λ
ec

Λ
adLcd

b+Λ
ac

ρ
i
c
∂Λbe

∂X i +Λ
bc

ρ
i
c
∂Λea

∂X i +Λ
ec

ρ
i
c
∂Λab

∂X i = 0.

is satisfied for ρ
j

e ̸= 0, then the result ( A.10) vanishes. □

Our next goal is to prove that [Λ,Λ]SN = 0 is equivalent to the condition (4.23).
Let Λ = 1

2Λαβ Sα ∧Sβ , then

[Λ,Λ]SN =

[
1
2

Λ
αβ Sα ∧Sβ ,

1
2

Λ
γδ Sγ ∧Sδ

]
SN

=
1
4

Λ
αβ

Λ
γδ [Sα ∧Sβ ,Sγ ∧Sδ ]SN +

1
2

Λ
γδ Sα ∧Sβ ∧

[
1
2

Λ
αβ ,Sγ ∧Sδ

]
SN

+
1
2

Λ
αβ

[
1
2

Λ
γδ ,Sα ∧Sβ

]
SN

∧Sγ ∧Sδ

=
1
4

Λ
αβ

Λ
γδ ([Sα ,Sγ ]∧Sβ ∧Sδ − [Sα ,Sδ ]∧Sβ ∧Sγ − [Sβ ,Sγ ]∧Sα ∧Sδ

+[Sβ ,Sδ ]∧Sα ∧Sγ)

+
1
2

Λ
γδ Sα ∧Sβ ∧

{
−ρ(Sγ)

(
1
2

Λ
αβ

)
Sδ +ρ(Sδ )

(
1
2

Λ
αβ

)
Sγ

}
+

1
2

Λ
αβ

{
−ρ(Sα)

(
1
2

Λ
γδ

)
Sβ +ρ(Sβ )

(
1
2

Λ
γδ

)
Sα

}
∧Sγ ∧Sδ

=
1
4

Λ
αβ

Λ
γδ (Lε

αγSε ∧Sβ ∧Sδ −Lε

αδ
Sε ∧Sβ ∧Sγ −Lε

βγ
Sε ∧Sα ∧Sδ +Lε

βδ
Sε ∧Sα ∧Sγ)

+
1
2

Λ
γδ Sα ∧Sβ ∧

−ρ
i
γ

∂

(
1
2Λαβ

)
∂X i Sδ +ρ

i
δ

∂

(
1
2Λαβ

)
∂X i Sγ


+

1
2

Λ
αβ

−ρ
i
α

∂

(
1
2Λγδ

)
∂X i Sβ +ρ

i
β

∂

(
1
2Λγδ

)
∂X i Sα

∧Sγ ∧Sδ

=
1
4

Λ
αβ

Λ
γδ Lε

αγSε ∧Sβ ∧Sδ −
1
4

Λ
αβ

Λ
γδ Lε

αδ
Sε ∧Sβ ∧Sγ

− 1
4

Λ
αβ

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ +

1
4

Λ
αβ

Λ
γδ Lε

βδ
Sε ∧Sα ∧Sγ

− 1
4

Λ
γδ

ρ
i
γ

∂Λαβ

∂X i Sα ∧Sβ ∧Sδ +
1
4

Λ
γδ

ρ
i
δ

∂Λαβ

∂X i Sα ∧Sβ ∧Sγ

− 1
4

Λ
αβ

ρ
i
α

∂Λγδ

∂X i Sβ ∧Sγ ∧Sδ +
1
4

Λ
αβ

ρ
i
β

∂Λγδ

∂X i Sα ∧Sγ ∧Sδ ,

where we have used (3.17) in the second line, the definition of the SN bracket (3.14) in
the third line and (3.19) in the fourth and fifth lines, (4.2) in the sixth line and (4.1) in
the seventh and eighth lines. We will now write all the terms in form of Sε ∧Sα ∧Sδ in
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the above equality. Let us look at one by one;

1 (α ↔ β ) =
1
4

Λ
βα

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ

2 (α ↔ β ,γ ↔ δ ) =−1
4

Λ
βα

Λ
δγLε

βγ
Sε ∧Sα ∧Sδ =

1
4

Λ
βα

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ

3 =−1
4

Λ
αβ

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ =

1
4

Λ
βα

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ

4 (γ ↔ δ ) =
1
4

Λ
αβ

Λ
δγLε

βγ
Sε ∧Sα ∧Sδ =

1
4

Λ
βα

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ ,

where we have used the property Λαβ =−Λβα because Λ ∈ Γ(∧2A). So, the addition
of these first four terms gives that

1 + 2 + 3 + 4 = Λ
βα

Λ
γδ Lε

βγ
Sε ∧Sα ∧Sδ . ( A.11)

We will focus on the last four terms now;

5 (β → ε) =−1
4

Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sα ∧Sε ∧Sδ =
1
4

Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sε ∧Sα ∧Sδ

6 (β → ε,γ ↔ δ ) =
1
4

Λ
δγ

ρ
i
γ

∂Λαε

∂X i Sα ∧Sε ∧Sδ =
1
4

Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sε ∧Sα ∧Sδ

7 (α ↔ γ,β → δ ,δ → ε) =−1
4

Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sδ ∧Sα ∧Sε =
1
4

Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sε ∧Sα ∧Sδ

8 (γ → ε,α ↔ δ ,β → γ) =
1
4

Λ
δγ

ρ
i
γ

∂Λεα

∂X i Sδ ∧Sε ∧Sα =
1
4

Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sε ∧Sα ∧Sδ .

Therefore, the addition of these terms yields

5 + 6 + 7 + 8 = Λ
γδ

ρ
i
γ

∂Λαε

∂X i Sε ∧Sα ∧Sδ . ( A.12)

After all, we find that

[Λ,Λ]SN =

(
Λ

βα
Λ

γδ Lε

βγ
+Λ

γδ
ρ

i
γ

∂Λαε

∂X i

)
Sε ∧Sα ∧Sδ , ( A.13)

or

[Λ,Λ]SN =

(
Λ

αβ
ρ

i
β

∂Λεδ

∂X i +Λ
αβ

Λ
γδ Lε

βγ

)
Sε ∧Sδ ∧Sα , ( A.14)

which is an element of Γ(∧3A), as expected. Whether the above equation vanishes or
not, one needs to write down its expansion which is as below.

Λ
αβ

Λ
γδ Lε

βγ
+Λ

δβ
Λ

γεLα

βγ
+Λ

εβ
Λ

γαLδ

βγ
+Λ

αβ
ρ

i
β

∂Λεδ

∂X i +Λ
εβ

ρ
i
β

∂Λδα

∂X i +Λ
δβ

ρ
i
β

∂Λαε

∂X i

=−Λ
αβ

Λ
δγLε

βγ
−Λ

δβ
Λ

εγLα

βγ
−Λ

εβ
Λ

αγLδ

βγ
−Λ

αβ
ρ

i
β

∂Λδε

∂X i

−Λ
δβ

ρ
i
β

∂Λεα

∂X i −Λ
εβ

ρ
i
β

∂Λαδ

∂X i

=−
(

Λ
αβ

Λ
δγLε

βγ
+Λ

δβ
Λ

εγLα

βγ
+Λ

εβ
Λ

αγLδ

βγ
+Λ

αβ
ρ

i
β

∂Λδε

∂X i

+Λ
δβ

ρ
i
β

∂Λεα

∂X i +Λ
εβ

ρ
i
β

∂Λαδ

∂X i

)
,

( A.15)
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which yields the local expression of [Λ,Λ]SN and if the condition (4.23) is correct then
it indeed vanishes. ■

Proof A.12. Let us expand the LHS of the condition:

L̃ab
dL̃dc

e + L̃bc
dL̃da

e + L̃ca
dL̃db

e −ρ
ic
∗

∂ L̃ab
e

∂X i −ρ
ia
∗

∂ L̃bc
e

∂X i −ρ
ib
∗

∂ L̃ca
e

∂X i

=

(
Λ

bmLmd
a −Λ

amLmd
b +

∂Λab

∂X i ρ
i
d

)(
Λ

c f L f e
d −Λ

d f L f e
c +

∂Λdc

∂X j ρ
j

e

)
+

(
Λ

cmLmd
b −Λ

bmLmd
c +

∂Λbc

∂X i ρ
i
d

)(
Λ

a f L f e
d −Λ

d f L f e
a +

∂Λda

∂X j ρ
j

e

)
+

(
Λ

amLmd
c −Λ

cmLmd
a +

∂Λca

∂X i ρ
i
d

)(
Λ

b f L f e
d −Λ

d f L f e
b +

∂Λdb

∂X j ρ
j

e

)
−Λ

c f
ρ

i
f

∂

∂X i

(
Λ

bmLme
a −Λ

amLme
b +

∂Λab

∂X j ρ
j

e

)
−Λ

a f
ρ

i
f

∂

∂X i

(
Λ

cmLme
b −Λ

bmLme
c +

∂Λbc

∂X j ρ
j

e

)
−Λ

b f
ρ

i
f

∂

∂X i

(
Λ

amLme
c −Λ

cmLme
a +

∂Λca

∂X j ρ
j

e

)
= Λ

bmLmd
a
Λ

c f L f e
d −Λ

bmLmd
a
Λ

d f L f e
c +Λ

bmLmd
a ∂Λdc

∂X j ρ
j

e −Λ
amLmd

b
Λ

c f L f e
d

+Λ
amLmd

b
Λ

d f L f e
c −Λ

amLmd
b ∂Λdc

∂X j ρ
j

e +
∂Λab

∂X i ρ
i
dΛ

c f L f e
d − ∂Λab

∂X i ρ
i
dΛ

d f L f e
c

+
∂Λab

∂X i ρ
i
d

∂Λdc

∂X j ρ
j

e +Λ
cmLmd

b
Λ

a f L f e
d −Λ

cmLmd
b
Λ

d f L f e
a +Λ

cmLmd
b ∂Λda

∂X j ρ
j

e

−Λ
bmLmd

c
Λ

a f L f e
d +Λ

bmLmd
c
Λ

d f L f e
a −Λ

bmLmd
c ∂Λda

∂X j ρ
j

e +
∂Λbc

∂X i ρ
i
dΛ

a f L d
f e

− ∂Λbc

∂X i ρ
i
dΛ

d f L a
f e +

∂Λbc

∂X i ρ
i
d

∂Λda

∂X j ρ
j

e +Λ
amL c

md Λ
b f L d

f e −Λ
amL c

md Λ
d f L b

f e

+Λ
amL c

md
∂Λdb

∂X j ρ
j

e −Λ
cmL a

md Λ
b f L d

f e +Λ
cmL a

md Λ
d f L b

f e −Λ
cmL a

md
∂Λdb

∂X j ρ
j

e

+
∂Λca

∂X i ρ
i
dΛ

b f L d
f e − ∂Λca

∂X i ρ
i
dΛ

d f L b
f e +

∂Λca

∂X i ρ
i
d

∂Λdb

∂X j ρ
j

e −Λ
c f

ρ
i
f
∂Λbm

∂X i L a
me

−Λ
c f

ρ
i
f Λ

bm ∂L a
me

∂X i +Λ
c f

ρ
i
f
∂Λam

∂X i L b
me +Λ

c f
ρ

i
f Λ

am ∂L b
me

∂X i −Λ
c f

ρ
i
f

∂ 2Λab

∂X i∂X j ρ
j

e

−Λ
c f

ρ
i
f
∂Λab

∂X j
∂ρ

j
e

∂X i −Λ
a f

ρ
i
f
∂Λcm

∂X i L b
me −Λ

a f
ρ

i
f Λ

cm ∂L b
me

∂X i +Λ
a f

ρ
i
f
∂Λbm

∂X i L c
me

+Λ
a f

ρ
i
f Λ

bm ∂L c
me

∂X i −Λ
a f

ρ
i
f

∂ 2Λbc

∂X i∂X j ρ
j

e −Λ
a f

ρ
i
f
∂Λbc

∂X j
∂ρ

j
e

∂X i −Λ
b f

ρ
i
f
∂Λam

∂X i L c
me

−Λ
b f

ρ
i
f Λ

am ∂L c
me

∂X i +Λ
b f

ρ
i
f
∂Λcm

∂X i L a
me +Λ

b f
ρ

i
f Λ

cm ∂L a
me

∂X i −Λ
b f

ρ
i
f

∂ 2Λca

∂X i∂X j ρ
j

e

−Λ
b f

ρ
i
f
∂Λca

∂X j
∂ρ

j
e

∂X i . ( A.16)
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By using (4.4) (since A is a Lie algebroid) for the above result, we obtain the followings

1 + 22 + 29 + 43 =−Λ
bm

Λ
c f

(
L a

md L d
e f +L a

f d L d
me +ρ

i
f
∂L a

me
∂X i +ρ

i
m

∂L a
e f

∂X i

)

= Λ
bm

Λ
c f

(
ρ

i
e
∂L a

f m

∂X i +L a
ed L d

f m

)
,

31 + 35 + 4 + 10 = Λ
am

Λ
c f

(
ρ

i
f
∂L b

me
∂X i +ρ

i
m

∂L b
e f

∂X i +L b
md L d

e f +L b
f d L d

me

)

=−Λ
am

Λ
c f

(
ρ

i
e
∂L b

f m

∂X i +L b
ed L d

f m

)
,

37 + 41 + 13 + 19 =−Λ
am

Λ
b f

(
ρ

i
f
∂L c

me
∂X i +ρ

i
m

∂L c
e f

∂X i +L c
f d L d

me +L c
md L d

e f

)

= Λ
am

Λ
b f

(
ρ

i
e
∂L c

f m

∂X i +L c
ed L d

f m

)
.

Therefore, the result ( A.16) becomes

= Λ
bm

Λ
c f

ρ
i
e
∂L a

f m

∂X i +Λ
bm

Λ
c f L a

ed L d
f m −Λ

am
Λ

c f
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i
e
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f m
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amLmd
b ∂Λdc
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Λ
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i
dΛ
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i
d

∂Λda

∂X j ρ
j

e

−Λ
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md Λ
d f L b

f e +Λ
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∂Λdb

∂X j ρ
j

e +Λ
cmL a

md Λ
d f L b

f e −Λ
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∂X j ρ
j

e

+
∂Λca
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i
dΛ

b f L d
f e − ∂Λca
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i
dΛ

d f L b
f e +

∂Λca
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i
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∂Λdb

∂X j ρ
j

e −Λ
c f

ρ
i
f
∂Λbm

∂X i L a
me
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c f

ρ
i
f
∂Λam
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ρ

i
f
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∂X i∂X j ρ
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c f
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i
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∂ρ

j
e
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ρ
i
f
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me
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ρ
i
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me −Λ

a f
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i
f
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j
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a f

ρ
i
f
∂Λbc

∂X j
∂ρ

j
e

∂X i −Λ
b f

ρ
i
f
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∂X i L c
me
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b f
ρ

i
f

∂ 2Λca

∂X i∂X j ρ
j
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b f

ρ
i
f
∂Λca

∂X j
∂ρ

j
e

∂X i ,

and if the condition (4.23) is correct then it indeed vanishes. ■
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Proof A.13. From d∗[X ,Y ]−LX d∗Y +LY d∗X = 0, we obtain for local bases;

d∗[Sδ ,Sω ]−LSδ
d∗(Sω)+LSω

d∗(Sδ ) = 0

=⇒ d∗(Lδω

αSα)−LSδ

(
−1

2
L̃αβ

ωSα ∧Sβ

)
+LSω

(
−1

2
L̃αβ

δ
Sα ∧Sβ

)
= 0

=⇒
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∂L
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α

∂X γ
ρ
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2
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η
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1
2
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ωLSδ
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ω
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2
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δ
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=⇒
(
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α
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2
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2
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1
2

ρ
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δ
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ω

∂X i Sα ∧Sβ

− 1
2

L̃αβ

δ
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2
ρ

i
ω
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δ
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=⇒
(
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2
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δ
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From the anti-symmetrization, we obtain
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Whence, the compatibility condition in local coordinates yields

ρ
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156



Proof A.14. Our goal is to obtain the following facts, respectively.

(1) All these conditions will arise from the Jacobiator identity which is given
as C2) Jac(A,B,C) = D(Ni j(A,B,C)) in (3.34) with the help of the Leibniz Rule
C3) [A, f B] = f [A,B]+ (ρ(A) f )B−⟨A,B⟩D f .
(2) The other properties such as C4) ρ ◦ D = 0, i.e., ⟨D f ,Dg⟩ = 0 and
C1) ρ([A,B]) = [ρ(A),ρ(B)] will coincide with the above first and second conditions,
respectively.
(3) The left property which is C5) ρ(A)⟨B,C⟩ = ⟨[A,B] + D⟨A,B⟩,C⟩+ ⟨B, [A,C] +
D⟨A,C⟩⟩ will be satisfied automatically.

For the proof of (1):
The first term of the LHS of the condition

Jac(A,B,C) = D(Ni j(A,B,C)),

which is
[[A,B],C]+ [[B,C],A]+ [[C,A],B],
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can be expanded in a local basis as follows.

[[AIeI,BJeJ],CNeN ]

= [AIBJ[eI,eJ]+AI(ρ(eI)BJ)eJ −BJ(ρ(eJ)AI)eI + ⟨eI,eJ⟩(BJD(AI)−AID(BJ)),CNeN ]

= [(AIBJη
IK

η
JLTKLM +AIη

IK
ρ

i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)+

1
2

η
IJBJρ

i
M(∂iAI)

− 1
2

η
IJAIρ

i
M(∂iBJ))eM,CNeN ]

= AIBJη
IK

η
JLTKLMCNη

MP
η

NSTPST eT +AIη
IK

ρ
i
K(∂iBM)CNη

MP
η

NSTPST eT

−BJη
JK

ρ
i
K(∂iAM)CNη

MP
η

NSTPST eT +
1
2

η
IJBJρ

i
M(∂iAI)CNη

MP
η

NSTPST eT

− 1
2

AICNη
IJ

η
MP

η
NSTPST ρ

i
M(∂iBJ)eT +AIBJη

IK
η

JL
η

MPTKLMρ
l
P(∂lCN)eN

+AIη
IK

η
MP

ρ
i
Kρ

l
P(∂iBM)(∂lCN)eN −BJη

JK
η

MP
ρ

i
Kρ

l
P(∂iAM)(∂lCN)eN

+
1
2

BJη
IJ

η
MP

ρ
i
Mρ

l
P(∂iAI)(∂lCN)eN − 1

2
AIη

IJ
η

MP
ρ

i
Mρ

l
P(∂iBJ)(∂lCN)eN

−BJCNη
IK

η
JL

η
NPTKLMρ

l
P(∂lAI)eM −AICNη

IK
η

JL
η

NPTKLMρ
l
P(∂lBJ)eM

−AIBJCNη
IK

η
JL

η
NP

ρ
l
P(∂lTKLM)eM −CNη

IK
η

NP
ρ

i
Kρ

l
P(∂lAI)(∂iBM)eM

−AICNη
IK

η
NP

ρ
l
P(∂lρ

i
K)(∂iBM)eM −AICNη

IK
η

NP
ρ

i
Kρ

l
P(∂l∂iBM)eM

+CNη
JK

η
NP

ρ
i
Kρ

l
P(∂lBJ)(∂iAM)eM +BJCNη

JK
η

NP
ρ

l
P(∂lρ

i
K)(∂iAM)eM

+BJCNη
JK

η
NP

ρ
i
Kρ

l
P(∂l∂iAM)eM − 1

2
CNη

IJ
η

NP
ρ

i
Mρ

l
P(∂lBJ)(∂iAI)eM

− 1
2

BJCNη
IJ

η
NP

ρ
l
P(∂lρ

i
M)(∂iAI)eM − 1

2
BJCNη

IJ
η

NP
ρ

i
Mρ

l
P(∂l∂iAI)eM

+
1
2

CNη
IJ

η
NP

ρ
i
Mρ

l
P(∂lAI)(∂iBJ)eM +

1
2

AICNη
IJ

η
NP

ρ
l
P(∂lρ

i
M)(∂iBJ)eM

+
1
2

AICNη
IJ

η
NP

ρ
i
Mρ

l
P(∂l∂iBJ)eM +

1
2

BJCNη
IK

η
JL

η
MNTKLMρ

l
P(∂lAI)eP

+
1
2

AICNη
IK

η
JL

η
MNTKLMρ

l
P(∂lBJ)eP +

1
2

AIBJCNη
IK

η
JL

η
MN

ρ
l
P(∂lTKLM)eP

+
1
2

CNη
IK

η
MN

ρ
l
Pρ

i
K(∂lAI)(∂iBM)eP +

1
2

AICNη
IK

η
MN

ρ
l
P(∂lρ

i
K)(∂iBM)eP

+
1
2

AICNη
IK

η
MN

ρ
l
Pρ

i
K(∂l∂iBM)eP − 1

2
CNη

JK
η

MN
ρ

l
Pρ

i
K(∂lBJ)(∂iAM)eP

− 1
2

BJCNη
JK

η
MN

ρ
l
P(∂lρ

i
K)(∂iAM)eP − 1

2
BJCNη

JK
η

MN
ρ

l
Pρ

i
K(∂l∂iAM)eP

+
1
4

CNη
IJ

η
MN

ρ
l
Pρ

i
M(∂lBJ)(∂iAI)eP +

1
4

BJCNη
IJ

η
MN

ρ
l
P(∂lρ

i
M)(∂iAI)eP

+
1
4

BJCNη
IJ

η
MN

ρ
l
Pρ

i
M(∂l∂iAI)eP − 1

4
CNη

IJ
η

MN
ρ

l
Pρ

i
M(∂lAI)(∂iBJ)eP

− 1
4

AICNη
IJ

η
MN

ρ
l
P(∂lρ

i
M)(∂iBJ)eP − 1

4
AICNη

IJ
η

MN
ρ

l
Pρ

i
M(∂l∂iBJ)eP

− 1
2

AIBJη
IK

η
JL

η
MNTKLMρ

l
P(∂lCN)eP − 1

2
AIη

IK
η

MN
ρ

l
Pρ

i
K(∂iBM)(∂lCN)eP

+
1
2

BJη
JK

η
MN

ρ
i
Kρ

l
P(∂lCN)(∂iAM)eP − 1

4
BJη

IJ
η

MN
ρ

i
Mρ

l
P(∂iAI)(∂lCN)eP

+
1
4

AIη
IJ

η
MN

ρ
l
Pρ

i
M(∂iBJ)(∂lCN)eP, ( A.17)
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where we have used (4.47) in the first and the third equalities, and the formulas (4.29),
(4.34), (4.27) and (4.36) were used in the second and the last equalities. Expansion of
the second and the third (cyclic) terms at the LHS can be found similarly.

On the other hand, the first term at the RHS of the condition: Jac(A,B,C) =
1
3D(⟨[A,B],C⟩+ ⟨[B,C],A⟩+ ⟨[C,A],B⟩) can be expanded in such a way that

1
3

D⟨[AIeI,BJeJ],CNeN⟩

=
1
3

D
〈[

AIBJη
IK

η
JLTKLM +AIη

IK
ρ

i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)+

1
2

η
IJBJρ

i
M(∂iAI)

− 1
2

η
IJAIρ

i
M(∂iBJ)

]
eM,CNeN

〉
=

1
3

D
[
AIBJCNη

IK
η

JLTKLM +AICNη
IK

ρ
i
K(∂iBM)−BJCNη

JK
ρ

i
K(∂iAM)

+
1
2

η
IJBJCNρ

i
M(∂iAI)−

1
2

η
IJAICNρ

i
M(∂iBJ)

]
⟨eM,eN⟩

=
1
6

η
MN

η
IK

η
JLD(AIBJCNTKLM)+

1
6

η
MN

η
IKD[AICNρ

i
K(∂iBM)]

− 1
6

η
MN

η
JKD[BJCNρ

i
K(∂iAM)]+

1
12

η
IJ

η
MND[BJCNρ

i
M(∂iAI)]

− 1
12

η
IJ

η
MND[AICNρ

i
M(∂iBJ)]

=
1
6

BJCNTKLMη
MN

η
IK

η
JL

ρ
l
P(∂lAI)eP +

1
6

AICNTKLMη
MN

η
IK

η
JL

ρ
l
P(∂lBJ)eP

+
1
6

AIBJTKLMη
MN

η
IK

η
JL

ρ
l
P(∂lCN)eP +

1
6

AIBJCNη
MN

η
IK

η
JL

ρ
l
P(∂lTKLM)eP

+
1
6

CNρ
i
K(∂iBM)ηMN

η
IK

ρ
l
P(∂lAI)eP +

1
6

AIρ
i
K(∂iBM)ηMN

η
IK

ρ
l
P(∂lCN)eP

+
1
6

AICN(∂iBM)ηMN
η

IK
ρ

l
P(∂lρ

i
K)e

P +
1
6

AICNρ
i
Kη

MN
η

IK
ρ

l
P(∂l∂iBM)eP

− 1
6

CNρ
i
K(∂iAM)ηMN

η
JK

ρ
l
P(∂lBJ)eP − 1

6
BJρ

i
K(∂iAM)ηMN

η
JK

ρ
l
P(∂lCN)eP

− 1
6

BJCN(∂iAM)ηMN
η

JK
ρ

l
P(∂lρ

i
K)e

P − 1
6

BJCNρ
i
Kη

MN
η

JK
ρ

l
P(∂l∂iAM)eP

+
1

12
CNρ

i
M(∂iAI)η

IJ
η

MN
ρ

l
P(∂lBJ)eP +

1
12

BJρ
i
M(∂iAI)η

IJ
η

MN
ρ

l
P(∂lCN)eP

+
1

12
BJCN(∂iAI)η

IJ
η

MN
ρ

l
P(∂lρ

i
M)eP +

1
12

BJCNρ
i
Mη

IJ
η

MN
ρ

l
P(∂l∂iAI)eP

− 1
12

CNρ
i
M(∂iBJ)η

IJ
η

MN
ρ

l
P(∂lAI)eP − 1

12
AIρ

i
M(∂iBJ)η

IJ
η

MN
ρ

l
P(∂lCN)eP

− 1
12

AICN(∂iBJ)η
IJ

η
MN

ρ
l
P(∂lρ

i
M)eP − 1

12
AICNρ

i
Mη

IJ
η

MN
ρ

l
P(∂l∂iBJ)eP, ( A.18)

where the formulas (4.47), (4.27) and (4.36) were used in the first, in the third and
in the fourth equalities, respectively. Expansion of the second and the third (cyclic)
terms at the RHS can be found similarly.
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Making equal LHS and RHS and after some challenging simplifications (the facts that
η is symmetric and the three-form is anti-symmetric in all indices, and component
functions (AI,BJ,CN) are smooth, were used generally), the remaining terms can be
found as

0 = AIBJCNη
IK

η
JL

η
MP

η
NSTKLMTPST eT +

1
2

BJCNη
IJ

η
MP

η
NSTPST ρ

i
M(∂iAI)eT

− 1
2

AICNη
IJ

η
MP

η
NSTPST ρ

i
M(∂iBJ)eT +AIBJη

IK
η

JL
η

MPTKLMρ
l
P(∂lCN)eN

+
1
2

BJη
IJ

η
MP

ρ
i
Mρ

l
P(∂iAI)(∂lCN)eN − 1

2
AIη

IJ
η

MP
ρ

i
Mρ

l
P(∂iBJ)(∂lCN)eN

−AIBJCNη
IK

η
JL

η
NP

ρ
l
P(∂lTKLM)eM −AICNη

IK
η

NP
ρ

l
P(∂lρ

i
K)(∂iBM)eM

+BJCNη
JK

η
NP

ρ
l
P(∂lρ

i
K)(∂iAM)eM − 1

2
BJCNη

IJ
η

NP
ρ

l
P(∂lρ

i
M)(∂iAI)eM

+
1
2

AICNη
IJ

η
NP

ρ
l
P(∂lρ

i
M)(∂iBJ)eM − 1

2
BJCNη

JK
η

MN
ρ

l
P(∂lρ

i
K)(∂iAM)eP

+
1
2

BJCNη
IJ

η
MN

ρ
l
P(∂lρ

i
M)(∂iAI)eP +AIBJCNη

JL
η

NMTLMKη
KP

η
IV TPV ReR

+
1
2

AIη
JNCNρ

i
K(∂iBJ)η

KP
η

IV TPV ReR − 1
2

AIη
JNBJρ

i
K(∂iCN)η

KP
η

IV TPV ReR

+BJCNη
JL

η
NMTLMKη

KS
ρ

l
SN(∂lAI)eI +

1
2

η
JNCNρ

i
K(∂iBJ)η

KS
ρ

l
SN(∂lAI)eI

− 1
2

η
JNBJρ

i
K(∂iCN)η

KS
ρ

l
SN(∂lAI)eI −AIη

IS
ρ

l
SN(∂lTLMK)BJCNη

JL
η

NMeK

−AIη
IS

ρ
l
SN(∂lρ

i
M)BJη

JM(∂iCK)eK +AIη
IS

ρ
l
SN(∂lρ

i
M)CNη

NM(∂iBK)eK

− 1
2

AIη
IS

ρ
l
SN(∂lρ

i
K)η

JNCN(∂iBJ)eK +
1
2

AIη
IS

ρ
l
SN(∂lρ

i
K)η

JNBJ(∂iCN)eK

+η
KIAIρ

l
SN(∂lTLMK)BJCNη

JL
η

NMeS +
1
2

η
KIAIρ

l
SN(∂lρ

i
M)BJη

JM(∂iCK)eS

− 1
2

η
KIAIρ

l
SN(∂lρ

i
M)CNη

NM(∂iBK)eS +
1
2

η
KIAIρ

l
SN(∂lρ

i
K)η

JNCN(∂iBJ)eS

− 1
2

η
KIAIρ

l
SN(∂lρ

i
K)η

JNBJ(∂iCN)eS +BJCNAIη
NL

η
IMTLMKη

KP
η

JV TPV ReR

+
1
2

BJη
NIAIρ

i
K(∂iCN)η

KP
η

JV TPV ReR − 1
2

BJη
NICNρ

i
K(∂iAI)η

KP
η

JV TPV ReR

+CNAIη
NL

η
IMTLMKη

KS
ρ

l
SN(∂lBJ)eJ +

1
2

η
NIAIρ

i
K(∂iCN)η

KS
ρ

l
SN(∂lBJ)eJ

− 1
2

η
NICNρ

i
K(∂iAI)η

KS
ρ

l
SN(∂lBJ)eJ −BJη

JS
ρ

l
SN(∂lTLMK)CNAIη

NL
η

IMeK

−BJη
JS

ρ
l
SN(∂lρ

i
M)CNη

NM(∂iAK)eK +BJη
JS

ρ
l
SN(∂lρ

i
M)AIη

IM(∂iCK)eK

− 1
2

BJη
JS

ρ
l
SN(∂lρ

i
K)η

NIAI(∂iCN)eK +
1
2

BJη
JS

ρ
l
SN(∂lρ

i
K)η

NICN(∂iAI)eK. ( A.19)

If the following conditions are satisfied, then the above equation indeed vanishes,
namely when

η
IJ

ρ
i
Iρ

j
J = 0

is satisfied, then
5 + 6 + 19 + 20 + 36 + 37 = 0,
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and if
ρ

i
I∂iρ

j
J −ρ

i
J∂iρ

j
I −η

KL
ρ

j
KTLIJ = 0

is satisfied, then

9 + 17 + 37 = 0

8 + 22 + 33 = 0

4 + 21 + 38 = 0

3 + 11 + 27 = 0

2 + 10 + 13 = 0

16 + 24 + 29 = 0

15 + 23 + 28 = 0

12 + 32 + 40 = 0

26 + 31 + 39 = 0,

and when

4ρ
i
[L∂iTIJK]+3η

MNTM[IJTKL]N = 0 ⇔ ρ
i
L

∂TIJK

∂X i −ρ
i
I
∂TJKL

∂X i +ρ
i
J

∂TKLI

∂X i −ρ
i
K

∂TLIJ

∂X i

+η
MN(TMIJTKLN +TMIKTLJN +TMILTJKN) = 0

is satisfied, then

1 + 7 + 14 + 20 + 25 + 30 + 36 = 0.

From which it could be concluded that the five properties of being a Courant algebroid
indeed reduces to the three independent conditions in local coordinates which are
given in (4.37). □

For the proof of (2):
Another property of Courant algebroid is ⟨D f ,Dg⟩ = 0. One can write this property
in local coordinates such that

⟨D f ,Dg⟩= ⟨ρ i
I(∂i f )eI,ρ

j
J (∂ jg)eJ⟩

=
1
2

η
IJ

ρ
i
I(∂i f )ρ j

J (∂ jg) ( A.20)

= 0,

for all smooth functions f and g.

If the first condition in (4.37):
η

IJ
ρ

i
Iρ

j
J = 0, ( A.21)
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is satisfied then the equation ( A.20) indeed vanishes.

The violation of this property can be thought as a strong constraint because then it
yields η IJ(∂I f )(∂Jg) = 0.

The first property of Courant algebroid is ρ([A,B]) = [ρ(A),ρ(B)] in (3.34). The LHS
in local coordinates can be found as

ρ([A,B]) f = ρ([AIeI,BJeJ]) f

= ρ(AIBJ[eI,eJ]+AI(ρ(eI)BJ)eJ −BJ(ρ(eJ)AI)eI + ⟨eI,eJ⟩(BJD(AI)−AID(BJ)) f

= ρ(AIBJη
IK

η
JSTKSM +AIη

IK
ρ

i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)+

1
2

η
IJBJρ

i
M(∂iAI)

− 1
2

η
IJAIρ

i
M(∂iBJ))eM f

= (AIBJη
IK

η
JSTKSM +AIη

IK
ρ

i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)+

1
2

η
IJBJρ

i
M(∂iAI)

− 1
2

η
IJAIρ

i
M(∂iBJ))ρ(eM) f

= (AIBJη
IK

η
JSTKSM +AIη

IK
ρ

i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)+

1
2

η
IJBJρ

i
M(∂iAI)

− 1
2

η
IJAIρ

i
M(∂iBJ))η

ML
ρ

n
L∂n f

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f ,

( A.22)

where we have used [ f A,gB] = f g[A,B] + f (ρ(A)g)B− g(ρ(B) f )A+ ⟨A,B⟩(gD f −
f Dg) (see Lemma 4.4.1) in the second equality and the last two terms are cancelled
from ( A.21) in the fifth equality. Also, the RHS in local coordinates can be written as

[ρ(A),ρ(B)] f = [ρ(AIeI),ρ(BJeJ)] f
= [AIρ(eI),BJρ(eJ)] f
= [AIη

IJ
ρ

i
J∂i,BJη

JK
ρ

n
K∂n] f

=
{

AIη
IJ

ρ
i
J∂i(BNη

NK
ρ

n
K)−BJη

JK
ρ

i
K∂i(AIη

IN
ρ

n
N)
}
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=
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AIη
IJ

ρ
i
J(∂iBN)η
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ρ

n
K +AIη

IJ
ρ

i
JBNη

NK(∂iρ
n
K)

− BJη
JK

ρ
i
K(∂iAI)η

IN
ρ

n
N −BJη

JK
ρ

i
KAIη

IN(∂iρ
n
N)
}

∂n f

=
{

AIη
IK

ρ
i
K(∂iBM)ηML

ρ
n
L +AIη

IN
ρ

i
NBJη

JK(∂iρ
n
K)

− BJη
JK

ρ
i
K(∂iAM)ηML

ρ
n
L −BJη

JK
ρ

i
KAIη

IN(∂iρ
n
N)
}

∂n f

=
{

AIη
IK

ρ
i
K(∂iBM)ηML

ρ
n
L +AIBJη

IN
η

JK(ρ i
N∂iρ

n
K −ρ

i
K∂iρ

n
N)

− BJη
JK

ρ
i
K(∂iAM)ηML

ρ
n
L
}

∂n f , ( A.23)

where we have used the fact [X i∂i,Y n∂n] f = (X i∂iY n − Y i∂iXn)∂n f in the fourth
equality because [ρ(A),ρ(B)] is the usual Lie bracket.
Since the left and right hand sides should be the same for all smooth functions f , we
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obtain the following

AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L

= AIη
IK

ρ
i
K(∂iBM)ηML

ρ
n
L +AIBJη

IN
η

JK(ρ i
N∂iρ

n
K −ρ

i
K∂iρ

n
N)

−BJη
JK

ρ
i
K(∂iAM)ηML

ρ
n
L,

which means
TNKMη

ML
ρ

n
L = ρ

i
N∂iρ

n
K −ρ

i
K∂iρ

n
N , ( A.24)

or
ρ

i
I∂iρ

j
J −ρ

i
J∂iρ

j
I +η

KL
ρ

j
KTJIL = 0. ( A.25)

The above result can be also written as

ρ
i
I∂iρ

j
J −ρ

i
J∂iρ

j
I −η

KL
ρ

j
KTLIJ = 0, ( A.26)

by the antisymmetry property of the three form: TJIL =−TLIJ which can be seen from
(4.29). Hence, this property coincides with the second property in (4.37). □

For the proof of (3):
The last property ρ(A)⟨B,C⟩ = ⟨[A,B] +D⟨A,B⟩,C⟩+ ⟨B, [A,C] +D⟨A,C⟩⟩ in (3.34)
is satisfied automatically. In order to prove that we will expand the LHS and the RHS
one by one. The LHS yields the following in local coordinates;

ρ(A)⟨B,C⟩= ρ(AIeI)⟨BJeJ,CKeK⟩

=
1
2

η
JKAIη

IM
ρ

i
M∂i(BJCK)

=
1
2

CKη
JKAIη

IM
ρ

i
M(∂iBJ)+

1
2

BJη
JKAIη

IM
ρ

i
M(∂iCK),

where we have used (4.27) in the second equality.
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The RHS gives

⟨[A,B]+D⟨A,B⟩,C⟩+ ⟨B, [A,C]+D⟨A,C⟩⟩= ⟨[AIeI,BJeJ]+D⟨AIeI,BJeJ⟩,CKeK⟩
+ ⟨BJeJ, [AIeI,CKeK]+D⟨AIeI,CKeK⟩⟩

= ⟨AIBJη
IN

η
JLTNLMeM +AIη

IM
ρ

i
M(∂iBJ)eJ −BJη

JM
ρ

i
M(∂iAI)eI +

1
2

η
IJ(BJρ

i
M(∂iAI)eM

−AIρ
i
M(∂iBJ)eM)+

1
2

η
IJD(AIBJ),CKeK⟩+ ⟨BJeJ,AICKη

IL
η

KMTLMNeN

+AIη
IN

ρ
i
N(∂iCK)eK −CKη

KM
ρ

i
M(∂iAI)eI +

1
2

η
IK(CKρ

i
M(∂iAI)eM −AIρ

i
M(∂iCK)eM)

+
1
2

η
IKD(AICK)⟩

=
1
2

AIBJη
IN

η
JLTNLMCKη

MK +
1
2

AIη
IM

ρ
i
M(∂iBJ)CKη

JK − 1
2

BJη
JM

ρ
i
M(∂iAI)CKη

IK

+
1
4

η
IJBJρ

i
M(∂iAI)CKη

MK − 1
4

η
IJAIρ

i
M(∂iBJ)CKη

MK +
1
4

η
IJ

ρ
i
M(∂iAI)BJCKη

MK

+
1
4

η
IJ

ρ
i
M(∂iBJ)AICKη

MK +
1
2

BJAICKη
IL

η
KMTLMNη

JN +
1
2

BJAIη
IN

ρ
i
N(∂iCK)η

JK

− 1
2

BJCKη
KM

ρ
i
M(∂iAI)η

JI +
1
4

BJη
IKCKρ

i
M(∂iAI)η

JM − 1
4

BJη
IKAIρ

i
M(∂iCK)η

JM

+
1
4

BJη
IK

ρ
i
M(∂iAI)CKη

JM +
1
4

BJη
IK

ρ
i
M(∂iCK)AIη

JM

=
1
2

AIη
IM

ρ
i
M(∂iBJ)CKη

JK +
1
2

BJAIη
IN

ρ
i
N(∂iCK)η

JK,

where (4.47) and (4.27) were used in the second equality, and (4.27) and (4.36) were
used in the third equality. Therefore, it can be seen that the LHS and RHS equals and
this completes the proof.□

Consequently, the five requirements of a Courant algebroid indeed reduce to the three
independent conditions in local coordinates. ■

Proof A.15. Our goal is to show this fact from the conditions one by one. We will use
the same notions in local coordinates as in the usual case.
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♦ Firstly, the LHS of the property (2.), which is ρ (A◦B) = [ρ (A) ,ρ (B)], in local
coordinates becomes

ρ (A◦B) f = ρ ([A,B]+D⟨A,B⟩) f
= ρ([A,B]) f +ρ(D⟨A,B⟩) f

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+ρ

(
D
(

1
2

AIBJη
IJ
))

f

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+
1
2

η
IJ

ρ(D(AI)BJ) f +
1
2

η
IJ

ρ(D(BJ)AI) f

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+
1
2

η
IJ

ρ(ρ i
K(∂iAI)BJeK) f +

1
2

η
IJ

ρ(ρ i
K(∂iBJ)AIeK) f

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+
1
2

η
IJ

ρ
i
K(∂iAI)BJρ(eK) f +

1
2

η
IJ

ρ
i
K(∂iBJ)AIρ(eK) f

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+
1
2

η
IJ

η
KL

ρ
i
Kρ

j
LBJ(∂iAI)(∂ j f )+

1
2

η
IJ

η
KL

ρ
i
Kρ

j
LAI(∂iBJ)(∂ j f )

= (AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+
1
2

η
IJ

η
KL

ρ
i
Kρ

j
L(∂ j f )(BJ(∂iAI)+AI(∂iBJ)),

where we have used the definition of the Dorfman bracket (3.37) in the first equality
and the result of the first term in the third equality in local coordinates has been
written directly from ( A.22).

The RHS of the property (2.) can be written directly from ( A.23);

[ρ (A) ,ρ (B)] f =
{

AIη
IK

ρ
i
K(∂iBM)ηML

ρ
n
L +AIBJη

IN
η

JK(ρ i
N∂iρ

n
K −ρ

i
K∂iρ

n
N)

− BJη
JK

ρ
i
K(∂iAM)ηML

ρ
n
L
}

∂n f .

Since the LHS and the RHS should be the same, one can obtain

(AIBJη
IN

η
JKTNKMη

ML
ρ

n
L +AIη

IK
ρ

i
K(∂iBM)ηML

ρ
n
L −BJη

JK
ρ

i
K(∂iAM)ηML

ρ
n
L)∂n f

+
1
2

η
IJ

η
KL

ρ
i
Kρ

j
L(∂ j f )(BJ(∂iAI)+AI(∂iBJ))

= (AIη
IK

ρ
i
K(∂iBM)ηML

ρ
n
L +AIBJη

IN
η

JK(ρ i
N∂iρ

n
K −ρ

i
K∂iρ

n
N)

−BJη
JK

ρ
i
K(∂iAM)ηML

ρ
n
L)∂n f .

If the first two conditions of (4.37) are satisfied then the above result is indeed
satisfied such that the term 1

2η IJηKLρ i
Kρ

j
L(∂ j f )(BJ(∂iAI)+AI(∂iBJ)) vanishes due to

the second axiom in (4.37) and the other terms will be equal due to the first axiom in
(4.37).
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♦ Secondly, it will be shown that (3.) property, which is A ◦ ( f B) = f (A◦B) +
(ρ (A) f )B, is identically satisfied when the local expressions are used. The LHS and
the RHS will be expanded at the same time as there will be direct simplifications.

A◦ ( f B) = f (A◦B)+(ρ (A) f )B
⇒ [A, f B]+D⟨A, f B⟩= f [A,B]+ f D⟨A,B⟩+(ρ (A) f )B
⇒ f [A,B]+ (ρ (A) f )B−⟨A,B⟩D f +D⟨A, f B⟩= f [A,B]+ f D⟨A,B⟩+(ρ (A) f )B
⇒−⟨A,B⟩D f +D⟨A, f B⟩= f D⟨A,B⟩.

When the local expressions are used, the above equality yields

⇒−1
2

η
IJAIBJρ

i
K(∂i f )eK +

1
2

η
IJD(AI f BJ) =

1
2

η
IJ f D(AIBJ)

⇒−1
2

η
IJAIBJρ

i
K(∂i f )eK +

1
2

η
IJ f BJD(AI)+

1
2

η
IJAIBJD( f )+

1
2

η
IJAI f D(BJ)

=
1
2

η
IJ f BJD(AI)+

1
2

η
IJ f AID(BJ),

which is identically equal since D( f ) = ρ i
K(∂i f )eK .

♦ From the property (4.), one could obtain the rule about the Dorfman bracket in terms
of the three-form as in the Lie bracket. It will be considered generally such that

A◦B = [A,B]+D⟨A,B⟩
⇒ (AIeI)◦ (BJeJ) = {AIBJη

IK
η

JLTKLM +AIη
IK

ρ
i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)

+
1
2

η
IJBJρ

i
M(∂iAI)−

1
2

η
IJAIρ

i
M(∂iBJ)}eM +

1
2

η
IJD(AIBJ)

⇒ (AIeI)◦ (BJeJ) = (AIBJη
IK

η
JLTKLM +AIη

IK
ρ

i
K(∂iBM)−BJη

JK
ρ

i
K(∂iAM)

+
1
2

η
IJBJρ

i
M(∂iAI)−

1
2

η
IJAIρ

i
M(∂iBJ))eM +

1
2

η
IJBJρ

i
M(∂iAI)eM +

1
2

η
IJAIρ

i
M(∂iBJ)eM

⇒ (AIeI)◦ (BJeJ) = (AIBJη
IK

η
JLTKLM +AIη

IK
ρ

i
K(∂iBM)

−BJη
JK

ρ
i
K(∂iAM)+η

IJBJρ
i
M(∂iAI))eM.

In above, we have substituted directly the equality [A,B] in local coordinates which
was found in the beginning of the result ( A.17).

♦ Finally, it will be shown that the last property (5.), which is ρ(A)⟨B,C⟩ =
⟨A◦B,C⟩+ ⟨B,A◦C⟩, will be automatically satisfied when the local expressions are
used. The LHS of this property yields in local coordinates the following:

ρ(A)⟨B,C⟩= 1
2

ρ(AIeI)(BJCKη
JK)

=
1
2

η
JKAIρ(eI)(BJCK)

=
1
2

η
JKAIη

IL
ρ

i
L∂i(BJCK)

=
1
2

η
JKAIη

IL
ρ

i
LCK(∂iBJ)+

1
2

η
JKAIη

IL
ρ

i
LBJ(∂iCK),
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and the RHS of this property can be found as

⟨A◦B,C⟩+ ⟨B,A◦C⟩= ⟨[A,B]+D⟨A,B⟩,C⟩+ ⟨B, [A,C]+D⟨A,C⟩⟩
=
〈(

AIBJη
IN

η
JLTNLM +AIη

IN
ρ

i
N(∂iBM)−BJη

JN
ρ

i
N(∂iAM)+η

IJBJρ
i
M(∂iAI)

)
eM,CKeK〉

+
〈
BJeJ,

(
AICKη

IL
η

KMTLMN +AIη
IL

ρ
i
L(∂iCN)−CKη

KL
ρ

i
L(∂iAN)+η

IKCKρ
i
N(∂iAI)

)
eN〉

=
1
2

η
MKCKAIBJη

IN
η

JLTNLM +
1
2

η
MKCKAIη

IN
ρ

i
N(∂iBM)− 1

2
η

MKCKBJη
JN

ρ
i
N(∂iAM)

+
1
2

η
MKCKη

IJBJρ
i
M(∂iAI)+

1
2

η
JNBJAICKη

IL
η

KMTLMN +
1
2

η
JNBJAIη

IL
ρ

i
L(∂iCN)

− 1
2

η
JNBJCKη

KL
ρ

i
L(∂iAN)+

1
2

η
JNBJη

IKCKρ
i
N(∂iAI)

=
1
2

η
JKAIη

IL
ρ

i
LCK(∂iBJ)+

1
2

η
JKAIη

IL
ρ

i
LBJ(∂iCK),

where the local expression of [A,B]+D⟨A,B⟩ and [A,C]+D⟨A,C⟩ in second equality
have been substituted directly from the previous calculation’s (4.) result.

The equality of the LHS and the RHS of this property ends the proof. (The proof of the
property (1.) is left since the similar calculations will be done as in the above proofs.)
■

Proof A.16. Our goal is to prove the following Lemma.

Lemma 1.0.1. CIJK are totally anti-symmetric in all of its indices.

We need the following Lemma first with its proof.

Lemma: For all A,X ∈ g,

(ad(XI))KJ =C K
IJ ,

where ad(A)X = [A,X ].

Proof:

ad(XI)XJ = ∑
K
(ad(XI))KJXK

=⇒ [XI,XJ] = ∑
K
(ad(XI))KJXK

=⇒ ∑
K

C K
IJ XK = ∑

K
(ad(XI))KJXK

=⇒C K
IJ = (ad(XI))KJ.□
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By using the Lemma above and the Jacobi Identity that the structure constants of the
Lie algebra obey, one obtains

[ad(XK),ad(XI)]MJ = ∑
L
((ad(XK))ML(ad(XI))LJ − (ad(XI))ML(ad(XK))LJ)

= ∑
L

(
C M

KL C L
IJ −C M

IL C L
KJ
)

= ∑
L

(
C M

KL C L
IJ +C M

IL C L
JK
)

= ∑
L

(
−C M

JL C L
KI
)
,

thus

[ad(XK),ad(XL)]IJ = ∑
M

C I
MJ C M

KL

=⇒ [ad(XK),ad(XL)]IJ = ∑
M

C M
KL ad(XM)IJ.

With the help of this adjoint representation, the invariant bilinear form (the
non-degenerate Cartan-Killing form) can be defined on any Lie algebra and this form
is to be

B(XL,XK) = κLK = tr(ad(XL)◦ad(XK))

= tr∑
M
(ad(XL))NM(ad(XK))MI

= tr∑
M

C N
LM C M

KI

= ∑
M,N

C N
LM C M

KN .

Therefore, we have κLK =C N
LM C M

KN . By using this equality, CIJK can be written as

CIJK =C L
IJ κLK

=C L
IJ C N

LM C M
KN

=−C N
ML C L

IJ C M
KN

= (C N
IL C L

JM +C N
JL C L

MI )C M
KN

=C N
IL C L

JM C M
KN +C N

LJ C L
MI C M

NK ,

where we have used the fact that the structure constants of the Lie algebra do satisfy
the Jacobi Identity in the fourth line. By using the above result, it can be seen from the
following calculation that CIJK is anti-symmetric;

CIKJ =C N
IL C L

KM C M
JN +C N

LK C L
MI C M

NJ

=C L
IM C M

KN C N
JL +C M

NK C N
LI C L

MJ

=−C L
MI C M

NK C N
LJ −C M

KN C N
IL C L

JM

=−CIJK.

Proofs for other indices can be done similarly.■
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