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CLASSICAL YANG-BAXTER EQUATION
FROM DUALITY COVARIANT FORMULATION OF STRING THEORY

SUMMARY

The aim of the thesis is to study the homogeneous Yang-Baxter (YB) deformation
proposed in the physics literature for a generic Green-Schwarz sigma model from
a geometric point of view. It has been shown that these kind of deformations
are generated by a certain kind of non-constant O(d,d) transformation, called f3
transformation, which acts as solution generating transformations in string theory. We
study the construction of such an O(d,d) transformation from a bi-vector field related
to the Poisson structure on the manifold. It is a well-known fact that there is a Lie
algebroid structure on the cotangent bundle of the manifold when there is a Poisson
structure on the manifold. Moreover, this Lie algebroid structure is compatible with
the standard Lie algebroid structure on the tangent bundle, so that there is a Courant
algebroid structure on the direct sum of the tangent and cotangent bundle (called
the generalized tangent bundle) of the manifold. We also study Courant algebroid
structures in order to understand and to generalize the transformation and the YB
deformation.

Given a Lie algebra with a non-degenerate inner product, if there exists an
endomorphism R, which satisfies the classical Yang-Baxter equation (CYBE), then
the direct sum of the Lie algebra and its dual has a natural Drinfel’d structure.
Such an endomorphism can be extended to the tangent bundle of the integral Lie
group by the help of the adjoint action. In this way, an automorphism called the
dressed R-matrix can be constructed, which satisfies the CYBE since the adjoint
action is an automorphism of the Lie bracket. It is possible to build a Poisson
bi-vector field on the manifold from the dressed R-matrix. It can be shown that the
Schouten-Nijenhuis bracket of the bi-vector field with itself vanishes following directly
from the fact that the dressed R-matrix satisfies CYBE. The Lie algebroid structure
on the cotangent bundle induced from the Poisson structure is compatible with the
standard Lie algebroid structure on the tangent bundle. Then the tangent and cotangent
bundles with the stated Lie algebroid structures form a Lie bialgebroid, which is
an example of a triangular Lie bialgebroid. The Drinfel’d double of the resulting
triangular Lie bialgebroid is a Courant algebroid with transversal Dirac structures.
This geometrical structure plays a prominent role in the solution generating mechanism
stated above.

The dynamical fields in the universal sector of the low energy effection action of string
theory are the Riemannian metric, a 2-form field called the B-field and a scalar field
called the dilaton field. The first two of these fields become the constituents of the
generalized metric, which is a tensor on the generalized tangent bundle TM & T*M
that transforms naturally under O(d,d). There is a O(d,d) covariant version of string
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theory, called Double Field Theory (DFT), which is written in terms of the generalized
metric and the generalized dilaton field. DFT provides a suitable framework to
demonstrate the fact that YB deformation preserves the solutions of string theory.
From a geometric point of view, the existence of a generalized metric is equivalent
to the existence of a subbundle of the generalized tangent bundle on which the inner
product is positive definite.

If one starts with a generalized metric of a specific form that solves the field equations
of DFT in the limit in which it reduces to the field equations of supergravity and
transforms it with the O(d,d) matrix generating the YB deformation, the resulting
generalized metric also solves the field equations of DFT in the same limit. In
the physics literature, the proof of this is based on comparing the "fluxes" before
and after the transformation and showing that these fluxes do not change. From a
geometrical point of view the fluxes are just the "structure functions" of the Courant
algebroid structure on the generalized tangent bundle, when a specific basis is chosen
for the sections of tangent and cotangent bundles. In order to understand this "flux
preservation" principle from a geometrical point of view, we also study the axioms
defining a Courant algebraid in local coordinates. We also work out in detail the case
where the anchor of the Courant algebroid is determined by a bi-vector field associated
by the YB deformation.
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SICIM KURAMININ DUALITE KOVARYANT FORMULASYONUNDAN
KLASIK YANG-BAXTER DENKLEMI

OZET

Tezin amaci, fizik literatiiriinde Green-Schwarz sigma modeli i¢in Onerilen homojen
Yang-Baxter deformasyonunu geometrik acidan incelemektir. Bu tiir deformasyon-
larin, B doniisimii adi verilen ve sicim teorisinde ¢oziim iireten dontisiimler olarak
gorev yapan belirli bir tiir sabit olmayan O(d,d) doniisiimii tarafindan iiretildigi
gosterilmigtir.  Manifold {izerindeki Poisson yapisina bagl iki-vektér alanindan
boyle bir O(d,d) doniistimiiniin ingasini inceliyoruz. Manifold iizerinde bir Poisson
yapist varken manifoldun kotanjant lif demetinde bir Lie cebiroid yapisinin oldugu
iyi bilinen bir gercektir. Ayrica, bu Lie cebiroid yapisi, tanjant lif demetindeki
standart Lie cebiroid yapisiyla uyumludur, boylece manifoldun tanjant ve kotanjant lif
demetinin (genellestirilmis tanjant lif demeti olarak adlandirilir) dogrudan toplaminda
bir Courant cebiroid yapis1 bulunur. Doniisiimii ve Yang-Baxter deformasyonunu
anlamak ve genellestirmek i¢in Courant cebiroid yapilar tizerinde ¢alistyoruz.

Dejenere olmayan bir i¢ ¢carpimi olan bir Lie cebiri verildiginde, klasik Yang-Baxter
denklemini saglayan bir R endomorfizmasi varsa, Lie cebiri ile onun dual cebirinin
dogrudan toplami dogal bir Drinfel’d yapisina sahiptir. Bdoyle bir yapi, Manin
ticliisi ad1 verilen geometrik bir yapmin da 6zel bir Ornegini olusturmaktadir.
R-matrisinden ve i¢ carpimdan yararlanarak Lie cebir lizerinde bir iki-vektor
olusturmak miimiikiindiir. Bunun yontemi, Lie cebir iizerindeki, antisimetrik R-matrisi
tarafindan tanimlanan dejenere olmayan, en azindan Frobenius bir alt cebirde, bir
iki-form alanim1 kullanarak tersinden bir iki-vektor alami insa etmektir. Boyle
bir R endomorfizmasi, adjoint eyleminin yardimiyla integral Lie grubunun tanjant
lif demetine genisletilebilir. Bu gsekilde, adjoint eyleminin Lie parantezinin bir
otomorfizmas1 olmas1 nedeniyle klasik Yang-Baxter denklemini saglayan giydirilmis
R-matrisi (Rg) denilen bir otomorfizma inga edilebilir. Giydirilmis R-matrisinden
manifold iizerinde bir Poisson iki-vektor alanit olusturmak miimkiindiir. ~Bunun
yontemi, Onceden insa edilen iki-vektor alanimi kullanmak ve tiim manifolda
genigletmektir. Giydirilmis R-matrisi klasik Yang-Baxter denklemini sagladig: icin
ondan elde edilen iki-vektor alaninin da kendisiyle Schouten-Nijenhuis parantezi sifir
olur. Bu sebeple, bu bir Poisson iki-vektor alanidir. Poisson yapisinin kotanjant lif
demeti iizerinde belirledigi Lie cebiroid yapisi, tanjant lif demeti {izerindeki standart
Lie cebiroid yapisiyla uyumludur. Bu sayede, tanjant ve kotanjant lif demetleri
belirtilen Lie cebiroid yapilariyla birlikte bir tiggensel iki-cebiroid yapisi olusturur.
Bu Lie iki-cebiroid’inin Drinfel’d ikilisi, iizerinde transversal Dirac yapilar1 olan,
bir Courant cebiroididir. Bu geometrik yap1 yukarida belirtilen ¢6ziim iiretme
mekanizmasinda énemli bir rol oynamaktadir.
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Sicim teorisinin diisiik enerjilerdeki efektif alan teorisinin eyleminin evrensel
sektoriindeki dinamik alanlar; Riemannian metrigi, B alan1 adi1 verilen iki-form alam
ve dilaton alani ad1 verilen skaler bir alandir. Bu alanlardan ilk ikisi, O(d,d) altinda
dogal olarak doniisen TM & T*M genellestirilmis tanjant lif demeti {izerindeki bir
tensor olan genellestirilmis metrigin bilesenleridir. Sicim teorisinin, genellestirilmis
metrik ve genellestirilmis dilaton alani cinsinden yazilmis, Cift Alan Teorisi ad1 verilen
bir O(d,d) kovaryant bir versiyonu vardir. Yang-Baxter deformasyonunun sicim
teorisinin ¢oziimlerini korudugunu gostermek icin Cift Alan Teorisi uygun bir cerceve
sunar. Geometrik acidan; genellestirilmis metrigin varligi, i¢ ¢arpimin pozitif definit
oldugu genellestirilmis tanjant lif demetinin bir alt lif demetinin varligina esdegerdir.

Cift Alan Teorisi alan denklemlerini siiper kiitle ¢cekim alan denklemlerine indirgendigi
limitte ¢ozen agsafidaki gibi 6zel bir formda olan genellestirilmis metrik ile
basladigimizi varsayalim.

%MN _ (U—1>MAJ?AB<U—1)NB'

Yukarida verilen denklemde U~! matrisleri O(d,d)nin elemanlari olup, bu
sekilde olan genellestirilmis metrige Yang-Baxter deformasyonunu iireten O(d,d)
doniistimiinii uyguladigimizi varsayalim. Buradan elde edilen yeni genellestirilmis
metrik de asagidaki formda olacaktir.

,%;/MN _ (ﬁfl)MAL%ZAB(ﬁfI)NB.

Yukarida verilen denklemdeki U ! matrisleri de O(d,d)’nin elemanlari olup, 6nceki
genellestirilmis metrik olan 7”1 kullanilarak tretilen yeni genellestirilmis metrik H
da Cift Alan Teorisi’nin, yine ayni limitte, alan denklemlerinin ¢6ziimii olacaktir. Fizik
literatiiriinde bunun ispati, doniisiimden 6nceki ve sonraki "akilarin" karsilastirilmasi
ve bu akilarin degismediginin gosterilmesine dayanmaktadir. Bu sebeple tezde
gosterilmistir ki 6zel olarak secilen U~! ve U~! matrislerinin akilarinin hesaplandig1
her iki durumda da f-akisi Lie cebirinin yap1 sabitlerine esit ¢ikmaktadir ve
Q—,H—,R—akilan ise sifir ¢ikmaktadir. Burada 6nemli rol oynayan kisim; U-!
matrisinin yapisinda giydirilmis R-matrisinden iiretilen Poisson iki-vektor alaninin
olmast ve giydirilmis R-matrisinin de klasik Yang-Baxter denklemini sagliyor
olmasidir (R-matrisi klasik Yang-Baxter denklemini sagladigi durumda gecerlidir).
Bu sebeple R-akis1 sifirlanmigtir. Diger taraftan, giydirilmis R-matrisinin 6zelliklerini
kullanarak Q-akis1 sifirlanmigtir. H-akisi ise; matrisin formu sebebiyle otomatik olarak
sifirlanmaktadir.

Sonug olarak, doniistimden 6nceki ve sonraki akilarin korunmasi prensibi sayesinde
elde edilen yeni genellestirilmis metrik de ayni limitte alan denklemlerinin ¢6ziimii
olacaktir. Buradan Riemannian metrik ile B-alam1 c¢oziimlerinin elde edilmesi de
miimkiin olmaktadir.

Geometrik agidan, akilar; tanjant ve kotanjant lif demetleri icin Ozel bir cerceve
secildiginde genellestirilmis tanjant lif demeti tizerindeki Courant cebiroid yapisinin
"yap1 fonksiyonlaridir". Bu "aki korunmasi" ilkesini geometrik ac¢idan anlamak igin,
Courant cebiroidini tamimlayan aksiyomlar1 lokal koordinatlarda inceledik. Ayrica
Courant cebiroidinin ¢apasmin Yang-Baxter deformasyonuyla iligkili bir iki-vektor
alani tarafindan belirlendigi durumu da ayrintili olarak inceledik.
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E vektor lif demetinin Courant cebiroid yapisina sahip olabilmesi i¢in iizerindeki
yapilarin; i¢ carpimin, parantezin ve ¢apanin (p), saglamasi gereken bes sart oldugu
literatiirde gosterilmigtir.  (Daha sonradan gosterilmistir ki bu sartlarin bazilari
digerlerinden ¢ikmaktadir.) Capa denilen geometrik yapi; £°den aldig1 kesitleri tanjant
lif demetine tagimaktadir. Ilerleyen kisimda anlatilacag: iizere; Courant cebiroid
yapisindaki ¢apa, calismalarimizda onemli bir rol oynamaktadir.

E = R ® R* formunda yazilabilen bir vektor lif demeti oldugunu varsayalim.
Calismalarimizda kullandigimiz yapir genellestirilmis tanjant lif demeti, £E = TM &
T*M, oldugu i¢in tam olarak bu formdaki bir yapiya karsilik gelmektedir. Vektor
lif demetinin bu sekildeki 6zel formunda; i¢c carpimi, capayi, parantezi ve
tiirev operatoriinii degismeyen bir baz sistemine gore lokal koordinatlarda yazmak
miimkiindiir. Bu durumda, vektor lif demetinin kesitleri iizerindeki parantezden yap1
fonksiyonlar1 7775 gelmektedir. Bu durum, Lie cebir elemanlari tizerindeki parantezden
yap1 sabitlerinin gelmesinin genellestirilmis hali olarak diisiiniilebilir.

Courant cebiroidinin tizerindeki geometrik yapilarin lokal koordinatlardaki ifadeleri
kullanildiginda; vektor lif demetinin Courant cebiroid olabilmesi i¢in saglamasi
gereken bes adet aksiyom; capanin ve yapi fonksiyonlarinin saglamasi gereken asagida
verilen {i¢ tane lokal sarta denk gelmektedir.

«n" pip] = pkpl“+ppii =0,
*p19ip; — P9ip] — 1" pg Ty =0,
* 4pra,~T,JK] + 371MNTM[11TKL}N =0.

Yukarida verilen sartlar, sirasiyla, giiclii kisit, akilarin tanimi ve akilarin saglamasi
gereken kosullardir. Bunun yani sira, fizik literatiiriinde son kosula Bianchi 6zdesligi
denmektedir. Tezde gosterilmistir ki; giiclii kisitlama altinda Cift Alan Teorisi
eyleminin ayar degismezligi gibi fiziksel prensipler tarafindan Cift Alan Teorisi
akilarina uygulanan kosullar tam olarak bu sartlara denk gelmektedir.

Yukaridaki caligmalarimizin yam sira, Courant cebiroidin kotanjant lif demetindeki
kesitlerini tanjant lif demetindeki kesitlere gotiiren ¢capanin bilesenlerinin Yang-Baxter
deformasyonuyla iligkili bir iki-vektor alani (Poisson iki-vektor alani) tarafindan
belirlendigi durum incelenmistir. Bu standart olmayan Courant cebiroidi i¢in lokal
koordinatlarda yukarida verilen ii¢ kosul; akilarin tanimlarini1 ve saglamasi1 gereken
denklemleri vermistir. Ornegin, R-akis1; klasik Yang-baxter denkleminin saglanmasi
ve capanin bileseninin Poisson iki-vektor alan1 olmasi sebebiyle sifirlanmistir. R-akisi
ile birlikte diger akilar da U~ matrisinin akilari ile aynm gelmektedir ki bu beklenen
bir durumdur. Bunun sebebi; bu matrislerin akilarini bulmak i¢in kullanilan O(d,d)
matrisinin de Poisson iki-vektor alanini icermesidir.

Son olarak, Yang-Baxter deformasyonunu Courant cebiroid lisaninda, tiim calis-
malarimizi birlestirecek sekilde, inceledik. E = TM & T*M {izerinde tanimlanan
genellestirilmis metrigin yukarida verilen 6zel formda nasil secilebilece8i ve eski
genellestirilmis metrikten yeni olaninin nasil insa edilebilecegi gosterilmistir. Coziim
yaratan O(d,d) doniisiimiiniin; doniisiimden Onceki ve sonraki akilari korudugu
gercegi Onceden gosterilmisti. Bunun yani sira, bu doniisiim bir Courant cebiroid
otomorfizmasi olmakla birlikte parantezi korumamaktadir. Ancak her iki durumdaki
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parantez yapisinda akilarin disinda gelen terimler grup manifoldunun koordinatlarina
bagh degildir. Dolayisiyla bu tiir terimler, ¢oziim iiretme mekanizmasinda bir rol
oynamamaktadir.
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1. INTRODUCTION

Usual geometric structures in Riemannian geometry are defined on the tangent bundle
TM of a smooth manifold M. The sections of the tangent bundle are vector fields and
there is a natural Lie bracket on these sections. Riemannian geometry is the underlying
geometrical structure for Einstein’s general theory of relativity. String theory can be
regarded as a generalization of general relativity and it has a richer symmetry structure.
It turns out that to describe this richer symmetry structure, it is more useful to work on
the generalized tangent bundle TM & T*M where T*M is the cotangent bundle of M.
There is also a natural Lie bracket on the sections of TM @& T*M called the (standard)
Courant bracket. The vector bundle TM @ T*M with the standard Courant bracket, the
natural inner product between the tangent and cotangent bundle and the anchor as the
projection to the tangent bundle is the prototypical Courant algebroid. The Courant
algebroid structure was originally introduced by Zhang-Ju Liu, Alan Weinstein and
Ping Xu in their investigation of doubles of Lie bialgebroids in 1997 in [1]]. Lie
algebroids are the natural generalizations of Lie algebras. Precisely, Lie algebroid
is a vector bundle together with a Lie bracket on its space of sections and a vector
bundle morphism from the vector bundle to the tangent bundle called the anchor. A Lie
bialgebroid, which is a natural generalizations of a Lie bialgebra, is a pair of dual Lie
algebroids (L, L") that satisfy certain compatibility conditions. We will particularly be
interested in triangular Lie bialgebroids which are constructed by the help of a bundle
map from L* to L, that can also be regarded as an element of A’L. The definitions of

Lie algebroids, Lie bialgebroids and Courant algebroids can be found in the Section 3]

Recently, a new physical theory called double field theory (DFT) has been constructed,
which takes into account some of these stringy symmetries. If the manifold on which
the strings propagates has non-contractible cycles, the string can wrap itself, creating
a winding state that does not exist in point particle field theories. DFT is defined

on a doubled space where the usual coordinates conjugate to momentum modes are



supplemented with dual coordinates that are conjugate to winding modes. T-duality
is a stringy symmetry which interchanges momentum and winding modes and DFT
action is a reformulation of low energy effective action of string theory which makes
this duality symmetry manifest. The gauge symmetries of DFT is governed by the
C-bracket, which can be thought as a generalized version of the Courant bracket. The
DFT action is consistent only when a certain constraint, called the strong constrained
is imposed, which means that the physical theory depends on half of the doubled
coordinates only. In this limit, the C-bracket reduces to the Courant bracket and
the relevant geometric structures required to describe the dynamics of DFT fields are
defined on the generalized tangent bundle TM & T*M. 1t is possible to express the
action of DFT in terms of some quantities, called "fluxes" in the physics literature.
From a geometrical point of view, the fluxes are just the "structure functions" of the
Courant algebroid structure on the generalized tangent bundle, when a a specific basis
is chosen for the sections of tangent and cotangent bundles. The conditions imposed
by the axioms defining a Courant algebroid on the structure functions are equivalent to
the conditions imposed on DFT fluxes by physical principles like the gauge invariance
of the DFT action, under the strong constraint. This fact can be followed from the

Propositions [6.2.3]and [6.2.4] One of the purposes of this thesis is to explore the fluxes

in the language of Courant algebroids.

In order to understand the dynamics of the string, one should have the action written
for the maps from a two-dimensional surface, which is called a two-dimensional sigma
model, to 10-dimensional one which is called a target space. TsT transformations,
Yang-Baxter (YB) deformations, and A deformations are well-known examples. The
development of a fundamental understanding of integrable two-dimensional field
theories, their relationship to generalized worldsheet dualities, and their potential for
generalizing the AdS/CFT correspondence to nonmaximally supersymmetric cases
while maintaining integrability are the main driving forces behind their research. A
deformation on the worldsheet of a string that is described by the sigma model.
We shall concentrate on a specific category of deformations that is a member of
the YB class of homogeneous deformations. Such deformations of the AdSs x S°

string was first studied in [2]. The relation between TsT transformations and



homogeneous YB deformations was also studied in the papers [3[]- [4]. When a
linear operator R, whose definitions and properties can be found in the Section [5.1]
in detail, acts on the Lie algebra g of isometries of an integrable sigma model,
homogeneous deformations are produced. If R is anti-symmetric and satisfies the
classical Yang-Baxter equation (CYBE), integrability is preserved. The fact that YB
deformation is a solution-generating transformation has been shown in various papers
by embedding it in DFT. The key idea in the proof is that the DFT fluxes are kept
invariant under this transformation. This is where the significance of examining the
fluxes in the thesis comes from. Many anti-symmetric solutions are admissible by the
CYBE, and each of these will produce a distinct deformed target-space background
for the string sigma-model. When the R-matrix is unimodular, these backgrounds are

supergravity solutions [5[], [6], [7].

Algebraically, YB deformation is closely related with Drinfel’d doubles. Therefore,
the Drinfel’d double structure plays a prominent role in generating solutions in
supergravity with isometry group G with a Lie algebra g. We have employed the
Drinfel’d double structure, which is in an algebra setting, in our article [8]. For
the remaining part of the thesis, we have attempted to comprehend the geometric
structures that underlying this technique which can be used to generate solutions. A
Drinfel’d double is a particular case of Lie bialgebroid, when the base manifold is a
point. Indeed, the suitable framework to describe YB deformation will be the case of
a special Lie bialgebroid that is the triangular Lie bialgebroid as we have mentioned
earlier. In order to define a triangular Lie bialgebroid, one needs a bi-vector field. We
will show in the Subsection [5.2] how this bi-vector field is constructed, with the help
of Cartan-Killing metric, in terms of the R-matrix and dressed R-matrix which satisfy
the CYBE, in detail. The existence of such a triangular Lie bialgebroid allows us
to determine that there is a corresponding Courant algebroid with transversal Dirac
structures. We will compute the fluxes associated with the relevant matrices and
discuss about how this relates to the DFT principle of flux preservation. Furthermore,
we will show how this fact results in a transformation-generating solution. Details

about these concepts can be found below.



A fixed, constant R-matrix associated with the background isometries satisfying the
CYBE is used to generate the dressed R-matrix, which is then extended via the adjoint
action to the whole group manifold. Whenever the R-matrix fulfills CYBE, so does the
dressed R-matrix. Such a matrix will be advantageous in a variety of ways. One is that
the dressed R-matrix and Cartan-Killing metric can be utilized to produce a bi-vector
field on the manifold. As can be seen from the Proposition this constructed
bi-vector field is actually a Poisson bi-vector field since its Schouten-Nijenhuis (SN)
bracket with itself vanishes. On the other hand, the tangent and cotangent bundles
of this manifold together form a Lie bialgebroid structure, since there exists a Lie
algebroid structure on the cotangent bundle attached to each Poisson manifold, as
shown in Subsection [3.1.4] Lie bialgebroids are the name given to this type of Lie
bialgebroid construction. Additionally, it will be seen in the Subsection @] that
there is a one-to-one correspondence between Courant algebroids with transversal
Dirac structures, which are transversal subbundles of a Courant algebroid that are
maximally isotropic and integrable (involutive), and (triangular) Lie bialgebroids. So,
this fact leads us to conclude that the structure above gives rise to a Courant algebroid
structure on the sum of these Lie algebroids constructed. We will be interested in a
special type of a Courant algebroid which is decomposed as E = TM & T*M. For a
given Riemannian metric g and a two-form B on a manifold M, positive and negative
definite subbundles which are subbundles of 7M & T*M of a Courant algebroid can be
constructed. Then, the endomomorphism 7 : TM & T*M — TM & T*M with =1
can be built. It will be seen that the pair (g,B) defines a unique metric which will be

called a generalized metric, denoted by .7, on a Courant algebroid.

New supergravity solutions relating to (integrable) deformations of string sigma
models can be produced using the duality covariant formulations of string theory.
Our goal in the thesis is to study the homogeneous YB deformation proposed in the
physics literature for a generic Green-Schwarz sigma model in terms of a geometric
point of view. We will demonstrate that these kind of deformations are generated by a
certain kind of non-constant O(d,d) transformation which acts as a transformation on
a Courant algebroid, called B transformation (3.46) that acts as solution generating

transformations in string theory. We study the construction of such an O(d,d)



transformation from the bi-vector field related to the Poisson structure on the manifold.
This bi-vector field on the group manifold is constructed from the dressed R-matrix
and the Cartan-Killing form x, as explained previously. As we will demonstrate in the
Subsection[3.3.2] a bi-vector field B can be regarded as a map from 7*M to TM. Then,
it can be extended naturally to an orthogonal map on the generalized tangent bundle
TM @®T*M. The orthogonal map on the generalized tangent bundle TM & T*M indeed
preserves the natural metric on the generalized tangent bundle which can be found in
the Subsection This constructed O(d,d) matrix, which represents this particular
type of B transformation that generates new solutions, will be referred as YB matrix
and denoted by Typ (6.65). Viewing YB deformation as an O(d,d) transformation
in the target space is quite useful. First of all, it makes the calculations considerably
simpler. Another advantage is that it gives a natural embedding of YB deformation,

that is the deformation of R-matrices which satisfy CYBE, in DFT.

Precisely, let us consider a Riemannian metric g and a B-field, which are the
supergravity frame solutions. The generalized metric MY (6.20) on a Courant
algebroid TM & T*M constructed from these g and B will solve the DFT field equations
(6.34). As we will discuss in Subsections and the specific form of a

generalized metric will be assumed for our purposes that is (6.35)):
AN (oY) = (UTA)AE )UTB(Y),

where the twist matrix (U =)™, = LM, as in (636). Then, . satisfies the deformed
field equations (6.37). Finding a different twist matrix with the same .7 that satisfies
the field equations is our aim. The method we use involves calculating the fluxes
Fypc associated with the twist matrices U~! = L given in (6.36) and the new twist
matrix U~! = Typ given in (6.63). The first matrix L contains only the components
of the left invariant vector fields of the group manifold whereas the second matrix
Typ contains the components of the constructed bi-vector field, Poisson tensor, as
explained above. The calculation of the fluxes of these matrices yields the same result
that is a geometric flux which is the only non-vanishing flux. Geometric flux gives
nothing but the structure constants of the Lie algebra of the isometry group. This result
follows from the fact that the dressed R-matrix satisfies the CYBE and also from the

properties of the components of the left invariant vector fields and the dressed R-matrix.



Furthermore, the expressions of these fluxes which will be given in the Subsection
[6.2.4] are identical to the conditions on fluxes that are needed to establish a Courant
algebroid for special anchors which can be found in the Subsection 4.4.3| From the
Theorem 6.3.1} we will conclude that this special kind of a 8 transformation generates
a new generalized metric 2 which solves the DFT equations. Subsequently, as can be
observed in the Subsection[6.3] the transformed B-field and the transformed metric can
be obtained from the symmetric and anti-symmetric parts of the background matrix,
which are once more the supergravity frame’s solutions. As a result, the principle of
flux preservation implies that the constructed non-constant O(d,d) transformation is
a solution generating transformation. Therefore, the characteristics of the R-matrix
and the supergravity deformations are directly correlated. Since it makes it possible
to discover more solutions by employing suitable twist matrices that yield the same
fluxes in DFT, this method can be viewed of as a solution-generating instrument in

supergravity.

Additionally, in the last part of the thesis, the previously studied algebroid structures,
the generalized metric on the Courant algebroid TM & T*M, B transformations,
R-matrices, flux calculations associated with the twist matrices and the flux
preservation mechanism will be merged. In other words, we will demonstrate and

interpret YB deformation in the language of Courant algebroids.
The outline of the thesis can be explained as follows.

First, Lie algebra cohomology will be briefly discussed in Section [2|in order to better
understand one of the criteria of Lie bialgebras that is the compatibility condition
provided by cocycles. The double of Lie bialgebras (Drinfel’d doubles), Manin triples,
the definition and characteristics of R-matrices and CYBE will be provided later. Since
the features of R-matrices will be examined in the Section [3]in detail, in this section

these will be introduced briefly.

Section [3] will introduce Lie algebroids and (triangular) Lie bialgebroids. Poisson
manifolds and calculus on Lie algebroids will be presented first. It will be
demonstrated that there is a Lie algebroid structure on the cotangent bundle of the

provided Poisson manifold. Additionally, a Courant algebroid structure which is a



generalization of the concept of a Drinfel’d double, often known as the double of a
Lie bialgebroid, will be introduced together with its properties and symmetries. It
will be seen that there is a one-to-one correspondence between Courant algebroids
with transversal Dirac structures and (triangular) Lie bialgebroids and hereby Dirac
structures will be also introduced. Last but not least, the generalized metric, which
contains two-form as well as a Riemannian metric, on Courant algebroids will be

defined for further studies that are in the Subsection

Section [] is devoted to find the local expressions of the notions that were introduced

previously for our purposes.

Section[5|covers the properties of R-matrix as endomorphisms on a Lie algebra g with a
semi-simple Lie group G in detail. The definition and the features of dressed R-matrix
constructed from R-matrix will be introduced in order to work on the group manifold
associated with the isometries of the background by using the adjoint action. We
shall be able to construct a bi-vector on the Lie algebra g using the non-degenerate
Cartan-Killing form on g, which allows us to identify g and the dual vector space
g*. We can create a Lie algebra structure in the dual vector space with the aid of
this bi-vector. It will be seen that the dressed R-matrix constructs a bi-vector field 3
on the manifold, which will be constructed in the Subsection and that whenever
the dressed R-matrix satisfies the CYBE, SN bracket of the bi-vector field with itself
vanishes, resulting in a Poisson structure. Since there exists a natural Lie algebroid
structure on the cotangent bundle to attached to each Poisson manifold, these tangent
and cotangent bundles construct together a Lie bialgebroid. Furthermore, there exists
a Courant algebroid structure since there is a one-to-one correspondence between
(triangular) Lie bialgebroids and Courant algebroids with transversal Dirac structures.
Some parts of this Section are based on the paper named "Yang-Baxter deformation
as an O(d,d) transformation” written by my advisor Prof. Dr. Aybike Catal-Ozer and
Secil Tunali-Cirak [8].

In the Section [6] following a brief review of DFT, it will be examined why the
development of the O(d,d) matrix, which contains the components of the bi-vector

field B, leads to the discovery of new supergravity solutions. In order to achieve this,



we introduce firstly DFT fields and action in the Subsection [6.2] Then the fluxes
associated with the general twist matrix will be also examined in order to calculate
the fluxes associated with the twist matrices L and Typ in the next Subsection
Additionally, in this part of the thesis, it will be provided that the axioms of the fluxes
in DFT when the strong constraint is imposed actually correspond to the conditions
imposed by the axioms defining a Courant algebroid on the structure functions. This

fact can be followed from the Propositions [6.2.3] and [6.2.4] Subsection [6.3] will

provide the justifications for why the new generalized metric constructed with the
transformation 7y p satisfies the field equations of supergravity. Additionally, in the last
part of the thesis, we will demonstrate and interpret YB deformation in the language

of Courant algebroids.

In the last part of the thesis, Appendix will be given that covers some of the proofs of

Theorems, Propositions, Lemmas, and Examples in detail.



2. LIE BIALGEBRA, DRINFEL’D DOUBLE, R-MATRICES AND CYBE

We will require a few definitions from the theory of Lie algebra cohomology in order
to define the definition and properties of a Lie bialgebra. We will start by giving the
necessary definitions first. After that some related concepts such as a Drinfel’d double
that is a double of a Lie bialgebra and a Manin triple will be also given for our purposes.
Last but not least, the definition and the properties of the R-matrices will be given

briefly.

2.1 Lie Algebra Cohomology

Let g represent a Lie algebra over the field of real numbers. We say that g acts on M
when M is the vector space of a representation p of g [9]], [10]]. Frequently, we express

(p(X))(a) asX-awhen X € ganda € M.

Since we will be using this representation for our studies, the adjoint representation

will now be introduced.

Example 2.1.1. /9], [|[0] Any Lie algebra g acts on itself by the adjoint representation,
which is ad : X € g — adx € End g, defined by adx (Y) = [X,Y] forY € g.

For the general case; the following formula shows how g acts on any tensor product of

g with itself.

Definition 2.1.1. /9], [|/0] For decomposable elements, Y| @ ---®Y), in RPg = g®
- ®g (p times),

X-(V1®--QY,) :ad)((p)(Y1®---®Yp)
=adxV1 L, ® - QY +Y1 ®adxh Y3® - @Yy + -+

+Y1®Y2®---®Yp_1®adXYp.



Let us give now the result of the above formula for p = 2 since we will usually deal

with this situation in our calculations.

adP (Y| ®Y2) = ady ¥, @ Vs + Y, @ady¥s = [X, 1] @ Y2 + ¥, ® X, Ya].

Since 1 and 2-cocycles appear in the definition of a Lie bialgebra and these are related

to objects as cochains and coboundaries, their definitions will be given now.

Definition 2.1.2. /9], [|I0] For each non-negative integer k, the vector space of
skew-symmetric k-linear mappings on g with values in M, where M is the vector space

of a representation of g, is called the space of k-cochains on g with values in M.

A 1-cochain on g with values in M is a linear map from g to M, and a 0-cochain on g

with values in M is an element of M [9], [10].

Definition 2.1.3. /9], [|/0] The coboundary of a k-cochain u on g with values in M is
the (k+ 1)-cochain, Su, with values in M defined by
Su (X0, X1, ... X)) = Lo o(=1)X; - (u (Xo,..A. Xy, Xe))

A

+Zi<j(_1)i+ju([Xi7Xj]7X07"'7Xi7"'7Xj>"'7Xk)7

for Xo,X1,..., Xy € g, where X; indicates that the element X; is omitted.
In the calculations, the cases k = 0 or kK = 1 will arise so that from the above formula,
we obtain the followings for these two cases.

Definition 2.1.4. /9], [10] The coboundaries of a k-cochain u on g with values in M

are

ou(X)=X-u, for k=0,ueM X € g,and
ouX,¥)=X-u¥)-Y u(X)—u([X,Y]) fork=1,u:g—M, XY €g.

From this definition, we have 8(du) = 0 for any 0-cochain u on g with values in

M [9], [10].
In fact, for X,Y € g [9], [10],
(3(81))(X,¥) =X+ (Y -u) =¥ - (X -u) — [X, Y] -,

and this expression vanishes identically because X — p(X) is a representation of g in

M,ie., [ X, Y] u=X-(Y-u)—Y-(X-u).

10



Proposition 2.1.1. /9], [10] The property 6(du) = 0 is valid for any k-cochain u,k >
0.

Definition 2.1.5. /9], [10] A k-cochain u is called a k-cocycle if Su = 0. A k-cochain u

(k> 1) is called a k-coboundary if there exists a (k— 1)-cochain, v, such that u = 8v.

Remark 2.1.1. /9], [10] The O-cocycles of g with values in M are the invariant

elements in M, i.e., the elements u € M such that X -u =0, for each X € g.

Now that we have enough tools, we can give the description and characteristics of a

Lie bialgebra.

2.2 Lie Bialgebra

Now, let g be a Lie algebra and y be a linear map from g to g ® g. We will denote
ty:g*®g" — g* as the transpose of this map. In comparison with the beginning of the
Section we employ the representation ad (2) here, and the representation space is
M=g®g.

Definition 2.2.1. /9], [I0] A Lie bialgebra is a Lie algebra g with a linear map
Y: g — g®g such that

(i)'y: g* ®g* — g* defines a Lie bracket on g*, i.e., is a skew-symmetric bilinear map
on g* satisfying the Jacobi Identity, and

(ii) v is a 1-cocycle on g with values in g ® g, where g acts on g ® g by the adjoint

representation ad 2),

Lemma 2.2.1. Condition (ii) corresponds to the 2-cochain 0% to be vanished, i.e., for
XY €g,
(i) ad) (y(V)) - adi? (y(X)) = ¥([X,Y]) =0. @.1)

The above Lemma is a straight forward result of the Definitions [2.1.4]and [2.1.5]

Proposition 2.2.1. /9], [[10] If (g,7) is a Lie bialgebra, and U is the Lie bracket of
g then (g*,'1L) is a Lie bialgebra, where 'y is the Lie bracket of g* and L : gRg — g
the skew-symmetric bilinear mapping on g defining the Lie bracket of g, i.e., [X,Y] =
HX®Y).

11



By definition (g*," ) is called the dual of Lie bialgebra (g,7¥) [9], [10]. As such, every
Lie bialgebra has a dual Lie bialgebra, the dual of which is the Lie bialgebra.

2.3 The Double of a Lie Bialgebra and Manin Triples

Let us define the ad-invariance of a scalar product first since it will come up in the next

definition.

Definition 2.3.1. [9], [10] A scalar product (- | -) on a Lie algebra g with bracket |-, -],

is called invariant if, for any X,Y,Z € g,
(X, Y]|2) = (X |r,Z]).

Proposition 2.3.1. 9], [10] Let (g,y) be a Lie bialgebra with dual (g*,"1t). There
exists a unique Lie algebra structure on the vector space g ® g* such that g and g* are

Lie subalgebras and that the natural scalar product on g ® g* is invariant, which is

defined as

(X|Y)=0, (§In) =0, (X[5)=(5,X), forX,Y€g, Eneg

The bracket [-, |, with the following formulas

[XvY]D - [XaY]
(X, Elo = —ad§X+ad§§
[éan]a = [57”]8*5

defines a Lie algebra structure on g ® g*. In above, ady; = —' (adx) that is X € g —
ady € End g* is a representation of g in g*. Also, [, Mg ="y(§ ®N) = adgmn, where
(aden,X) =—(n, ad%‘X). Thatis & € g* — ad%‘ € End g is the coadjoint representation
of g*.

Definition 2.3.2. /9], [10] When g is a Lie bialgebra, g ® g* equipped with the Lie

bracket [-,-|y defined by the triple above is called the double (Drinfel’d double) of g,
and denoted by g <1 g* or 0.

[9]], [10] Note that 0 = g < g* is also the double of g*. In the Lie algebra ?, the
subspaces g and g* are complementary Lie subalgebras, and both are isotropic, i.e.,

the scalar product vanishes on g and on g*.

12



It will be seen that for any Lie bialgebra g, (9,g,g") is an example of a Manin triple,

defined as follows:

Definition 2.3.3. /9], [I10] A Manin triple is a triple (¥,a,b), where ¥ is a Lie
algebra with an invariant, non-degenerate, symmetric bilinear form, and a and b are

complementary isotropic Lie subalgebras.

[9], [10] In the finite-dimensional case, we can demonstrate that, in contrast to the
previously provided definition; a has a Lie bialgebra structure when (9, a, b) is a Manin
triple. Since a and b play symmetric roles, b also has a Lie bialgebra structure. Also,
the Lie bialgebra b can be identified with the dual of the Lie bialgebra a. Let (- | ) be
the given scalar product on ©¥. To m € b we associate the 1-form i(m) on a defined by
i(m)(n) = (n | m) where n € a. The linear map m > i(m) from b to a* is injective. In
fact, if i(m) = 0, then (n | m) = 0 for all n € a, and then for all n € ¥ since b is isotropic
and ¥ = a@ b. We obtain m = 0 from the non-degeneracy of the scalar product. We
see then that b is isomorphic to a* by dimensions. Therefore, the Lie bracket on b
defines a Lie bracket on a*. To see that it defines a Lie bialgebra structure on a, we use

the Jacobi Identity in 13, and the invariance of the scalar product. Therefore, we have

Theorem 2.3.1. [9], [|[I0] There is a one-to-one correspondence between

finite-dimensional Lie bialgebras and finite-dimensional Manin triples.

2.4 R-matrices

In this Subsection, we will examine a linear map R from g to g, where g is a Lie
algebra, which defines R-bracket that will be important in our studies. By the help
of this new bracket, modified and classical YB equations will be introduced and the
latter will be the fundamental basis for our work in the Chapter E} The R-matrix, an
endomorphism R that satisfies the modified YB equation, defines a second Lie algebra
structure as this new R-bracket on g, as will be illustrated in that Chapter. In fact, we
will be working with the semi-simple Lie groups G with Lie algebras g, and by using
the non-degenerate Cartan-Killing form on g, we will be able to identify g and the dual
vector space g*. Then, a bi-vector will be constructed on the Lie algebra g, which will

enable us to build a Lie algebra structure in the dual vector space and this fact will

13



yield a Drinfel’d double structure. More features of R-matrices will be examined in

the Chapter [5

Definition 2.4.1. [9], [|[0] The skew-symmetric bilinear form (R,R) on g, where R is

a linear map from g to g, with values in g defined by
(R,R)(X,Y)=[RX,RY]|—R([RX,Y]+[X,RY]) + [X,Y].
for XY € g, and, more generally, we define (R,R), by
(R,R)(X,Y) = [RX,RY] — R([RX,Y]+ [X,RY]) + K*[X,Y], (2.2)
where k is any scalar.
Definition 2.4.2. /9], [|10] Condition
(R,R)k=0
is called modified Yang-Baxter equation (MYBE) with coefficient k?.

Definition 2.4.3. [9], [10] An endomorphism R of g satisfying (R,R); = 0 for some

scalar k is called a classical R-matrix, or simply an R-matrix.

Remark 2.4.1. For our purposes, the R-matrix with k = 0 will be studied and the
equation (2.2)) for k = 0 becomes

[RX,RY] —R([RX,Y] +[X,RY]) =0, (2.3)

which is called classical (or homogeneous) Yang-Baxter equation (CYBE), whenever

R is the R-matrix.

Proposition 2.4.1. [9], [10] The equation [2.3)) is a sufficient condition for the bracket

[-,-]r to satisfy the Jacobi Identity, where

[X,Y]r = [RX,Y] + [X,RY]. (2.4)

14



Proof: In order to show this fact, Jacobiator of the bracket [-, -]z will be examined such

that

J=[X,[V.Z|g]r +[Y,[Z.X]r]r + [Z,[X . Y]r]r
= [RX,[Y,Z|g| + [X,R[Y,Z]g] + [RY,[Z,X]|r] + [Y,R[Z,X]R]
+[RZ,[X,Y|r] +[Z,R[X,Y]R]
= [RX,[RY,Z]| + [RX,[Y,RZ]| + [X,R[Y,Z]r]| + [RY,[RZ,X]]
+ [RY,[Z,RX]| +[Y,R[Z,X]R]
+[RZ,[RX,Y ]|+ [RZ,[X,RY]|+[Z,R[X,Y]g]
= [RY,[RZ,X]] + [RZ,[X,RY]] + [X,R[Y, Z|g] + c.p.
= —[RZ,[X,RY]] — [X,[RY,RZ]] + [RZ, [X,RY]] + [X ,R[Y,Z]g] +c.p.

= [X,R[Y,Z|g — [RY,RZ]] + c.p.,

where we have used the Jacobi Identity of the Lie bracket in the fifth equality. So, if
the condition (2.3) is satisfied, then the above equation (Jacobiator of the bracket [,]g)

indeed vanishes.l

[9], [10] Consequently, a second Lie algebra structure [-,-]g on g is defined by any
R-matrix on g. A Lie algebra with a R-matrix is therefore referred to as a double Lie
algebra. This definition should not be confused with the definition of a Lie bialgebra

given in Subsection[2.3]

Since R-matrices will be examined in Chapter E] in detail, this brief introduction of

these has been given for now.

2.4.1 Classification of R-matrices

In the thesis, we will study skew-symmetric R-matrices for our purposes. These
skew-symmetric solutions for CYBE on a finite-dimensional Lie algebra g correspond
exactly to quasi-Frobenius subalgebras of g, which we shall define shortly. The

R-matrix acts as a non-degenerate operator on such a subalgebra.
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Let us write the R-matrix as

1 ..
R= b \by, 2.5)
where, b; and b; are the generators of the quasi-Frobenius subalgebra.

Definition 2.4.4. [7]] Unimodularity condition for the R-matrix is
REpf pc =0. (2.6)

Definition 2.4.5. [7] Abelian R-matrices are the ones for which [b;,b;] =0, Vi, j while

non-abelian ones have [b;,b;] # 0 for some i, j.

Proposition 2.4.2. [7] The unimodularity condition takes the following form

when R is an anti-symmetric matrix and satisfies CYBE.
r[b;,bj] = 0.

The first important fact, due to Stolin [I11]], [12], is that there is a one-to-one
correspondence between constant solutions of the CYBE for a Lie algebra g and

quasi-Frobenius (or symplectic) subalgebras 4 C g (see also [13]).

Definition 2.4.6. /7] A Lie algebra is quasi-Frobenius if it has a non-degenerate
2-cocycle o, i.e. ®(X,Y)=—-0(Y.X), o([X,Y],Z2)+0([Z,X],Y)+o([Y,Z],X) =
0, VX,Y,Z €< h. It is Frobenius if ® is a coboundary, i.e. ®(X,Y)= f([X,Y]) for

some linear function f.

For the definition of a 2-cocyle, see the Definition [2.1.5]

If R is a solution to the CYBE for g, then there is a subalgebra 4 on which R is
non-degenerate. This fact will be important in Subsection for constructing a
bi-vector field from the R-matrix. This subalgebra is necessarily quasi-Frobenius,
and writing R in the form (2.5) the 2-cocycle is the inverse of the R-matrix, i.e.
w(b;,bj) = (r 1) j- The converse is also true, i.e. if 4 C g is quasi-Frobenius then the
inverse of the 2-cocycle @ gives a solution to the CYBE. Therefore, finding solutions

to the CYBE for a given g reduces to finding all quasi-Frobenius subalgebras of g.
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3. LIE ALGEBROID, LIE BIALGEBROID AND COURANT ALGEBROID

In Chapter E], dressed R-matrix, R,, will be constructed from the R-matrix, and it will
be demonstrated that the components of the dressed R-matrix produce a bi-vector field
B whose SN bracket vanishes with itself whenever R, satisfies the CYBE given in
(5.9). Therefore, B defines a Poisson structure on the group manifold. Additionally, it
will be demonstrated how this fact results in a Poisson structure, a natural Lie algebroid
structure on the cotangent bundle of a Poisson manifold, and how they combine to form
a Lie bialgebroid. Since these ideas come up in our research, our aim in this Chapter
is to introduce these notions and investigate their features. In addition, a Courant
algebroid, which has been constructed for finding the double of a Lie bialgebroid, will
be investigated since it is a generalization of the concept of a Drinfel’d double and is

one of the key structures in the thesis.

3.1 Lie Algebroid and Poisson Manifold

3.1.1 Lie algebroid

A Lie algebroid was first defined by J. Pradines in 1967 in [[14]] and explored in depth
by K. Mackenzie in [15]. This can be thought of as a structure that is a generalized
version of a Lie algebra, such that it carries the sections of a vector bundle to the
tangent bundle with the help of the smooth bundle map called anchor that induces a

Lie algebra homomorphism and satisfies a Leibniz rule given below.

Definition 3.1.1. [/6] A Lie algebroid is a vector bundle A on a smooth manifold
M, equipped with a Lie bracket [-,-] on T'(A) (smooth sections of A) and a smooth
bundle map p : A — TM, called the anchor. The anchor must induce a Lie algebra

homomorphism p : T'(A) — T'(TM) (smooth sections of the tangent bundle TM), i.e.,

D p(1X,Y]) =[p(X),p(Y)], (3.1
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and the following Leibniz Rule must be satisfied

2) X, fY] = fIX,Y]+ (p(X)N)Y, (3.2)

VX.,Y €I'(A) and V' f € C*(M) denotes the smooth functions on the manifold M.

Corollary 3.1.1. First condition above is a fundamental property of Lie algebroids,
and is often given as a condition as above in many sources. However, it is a
consequence of the second condition together with the Jacobi Identitiy, as it has been
noted by J.C. Herz, Y. Kosmann-Schwarzbach, F. Magri and J. Grabowski among
others (see [I7], [18], [19], [20]). (Proof can be found in Appendix in Proof[A.1})

There is another structure called a pre-Lie algebroid which is a vector bundle with
anti-symmetric and bilinear bracket instead of the Lie bracket equipped with the above
conditions. Therefore, this structure eliminates the Jacobi condition that is the sections

of a vector bundle do not have to satisfy the Jacobi Identity.

3.1.2 Calculus on Lie algebroids

The definitions and some properties on Lie algebroids will be provided now in order
to achieve calculations on these structures. These can be thought as a generalization
of the notions such as the exterior derivative, the Lie derivative, the interior product,
the SN bracket and some relations between them to arbitrary Lie algebroids of the

standard calculus of differential forms and multi-vector fields.

Let us consider a Lie algebroid A on base M with anchor p : A — TM. The notation
['(A*A) will stand for the smooth sections of kth exterior power bundle of a Lie
algebroid A whereas I'(AKA*) is for for the smooth sections of kth exterior power
bundle of a Lie algebroid A*, where k > 0. For k > 0, we identify, the k-th exterior
power bundle on M, AF (A*) with Alt*(A, M x R) where Alt*(A, M x R) denotes the set
of k-multi-linear alternating forms on A. For more details of these notions, one may

follow [15]].
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Definition 3.1.2. [2/]] The exterior derivative, or Lie algebroid co-boundary, d :
[(AFA*) — T(AM1A%) is defined by

k1 R
do (X1,..., Xks1) = Z( D p(X) (01, Xiy . X))

+Z Z+J¢ XI7X] Xl; 75(\ "75(\]'7"'7Xk+1)7
i<j

for ¢ € T(AKA*),X; € T(A),1 <i<k+1and )?,-,)?j are for the omitted terms. Here,
the bracket [X;,X|] is the Lie algebroid bracket on the sections of A.
The exterior derivative for k = 0 and k = 1 on Lie algebroids can be found below.

Lemma 3.1.1. For k = 0 in the above definition, that is for the exterior derivative of a

0-form, which is a function f € C*(M) on a Lie algebroid, we have

df(X) = pX)(f)- (3.3)

Lemma 3.1.2. For k = 1 in the above definition, that is for the exterior derivative of a

I-form ¢ € T'(A*), we obtain

do(X1,X2) = p(X1)9(X2) — p(X2)9 (X1) — ¢[X1, X2]. (3.4)
Definition 3.1.3. /21 For X € T'(A) and k > 0, the Lie derivative Ly : T(N*A*) —

T'(A*A*) is defined by

k
gX((]))(Y],,Yk):p(X)(Qb Y17 7 Z‘P Y]7 7 7 ]5"'7Yk)5 (35)
i=1
for ¢ € T(AA*) and Yy,...,Y; € T(A).

Definition 3.1.4. [21|] The contraction, or interior multiplication, iy : T(A*T1A*) —

['(A*A*) is defined by
ix(0)(Y1,....Y,) = ¢ (X, Y1,....Y}),

for ¢ e T(ANH1A*) and vy,...,Y, € T(A).

These operators satisfy the following analogues of the standard calculus of differential

forms [21]];
d(¢ Ay) =do Ay +(=1)o ndy, (3.6)
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d> =0, (3.7

L y1y = Lo Ly — Ly o L, (3.9)
iix.)gy = Lx oy — iy 0 L, (3.9)
D =doiy +ixod, (3.10)
Zx(f9) = f%x(9) +p(X)(/)9, (3.11)
Lix(9) = f2x(9) +df Nix(9), (3.12)

where X,Y € T'(A), f € C*(M), ¢ € T(AFA*), y € T(A"A*). Note that in (3.12),
df € T(A'A*) refers to the Lie algebroid coboundary.

The Definition of the (generalized) SN Bracket and its Properties:

The bracket, which is called SN bracket, of the multi-vector fields on a smooth
manifold will be presented now. Because of its structure, this bracket is an extension
of a Lie bracket of vector fields. SN bracket can be also extended for the multi-sections
of a Lie algebroid which will be used later in Section 3] and its definition will be given

next.

Let [(TM) = @' N (M), (A® = C*(M),n = dimM), be the contravariant exterior
algebra of skew-symmetric contravariant tensor fields (multi-vectors) over M. The Lie
bracket of vector fields on M may be uniquely extended to an R-bilinear bracket on
['(TM), the SN bracket, in such way that I'(TM) becomes a graded superalgebra. The
SN bracket [22], [23] is a bilinear mapping AP (M) x AY(M) — APT4=1(M).

Definition 3.1.5. [24)] Let X;,...,X,,,Y1,...,Y, be vector fields over M. Then

XA AXp YA AY sy =Y (= D)TX ALK AXA X YAV ALY LAY,
(3.13)

where |-, -|sn is the SN bracket and X stands for the omission of X.

The above definition can be generalized to the context of Lie algebroids as follows

which has actually the same form of (3.13).
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Definition 3.1.6. [/6|] (Generalized) SN bracket,
[~, ']SN : F(/\kA) X F(/\mA) N F(/\ker*lA),

on the sections X1 \...NX, € T(APA), Y A\...NY, € I'(N1A) of a Lie algebroid A is
defined as follows

X1 A AXp YA LAY sy =T (— DT XL VIA XA L A KA

CAXpAYIA LAY LAY (3.14)

Some of the features of the SN bracket will be stated now since these arise in our

studies.

Corollary 3.1.2. For X € I'(A) and f € C*(M), the SN bracket reduces to the
Jfollowings [15]]:

Zx(f) = X, f1==1f.X] = p(X)f. (3.15)

Also, we have [25]]

2x(Y) = [X,Y]sw, (3.16)
where X € I'(A) and Y € I'(N9A). This property is also true when X € I'(APA).

Corollary 3.1.3. The SN bracket satisfies [25]]

[vagY]SN = fg[XaY]SN_'_gX/\ [f?Y]SN+ (_1>degree Ofo[g7X]SN/\Y7 (317)

forallX e T(APA) andY € T'(A1A). Here, [f,Y|sy=—p(Y)f and [g,X]syn=—p(X)g
from (3.15). (Proof can be found in Appendix in Proof]A.2])

Corollary 3.1.4. The SN bracket yields for Y € T'(N1A) [26]

[ YA AYgy = zn:(—l)"Yi(f)Yl A AT A AY. (3.18)
i=1
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For Y € I'(A%A), the above equation yields the following.

;i AYalsn = —Yi(f)+ (),
or by using (3.15)

[, Y1 ADlsn = —p(N) ()2 +p(Y2)(f)Y1. (3.19)

Examples of Lie Algebroids

Examples 3.1.1. 1) Every Lie algebra is a Lie algebroid over the one point manifold
such that the anchor is p = 0 and A = g is a vector space with a bracket that has to

Sfulfill Jacobi Identity.

2) With the identity map acting as its anchor, the tangent bundle is a Lie algebroid
in and of itself. A Lie algebra can be thought of as a generalization of the tangent

bundle.

3) Every bundle of Lie algebras over a smooth manifold defines a Lie algebroid where

the Lie bracket is defined pointwise and the anchor map is equal to zero.

4) Given a Poisson manifold (M,II), which will be defined in the next Subsection,
there exists a natural Lie algebroid structure on its cotangent bundle together with an
anchor induced by the Poisson bi-vector and the induced Lie bracket on the sections of

this cotangent bundle.

Remark 3.1.1. The last example above will be examined in the Subsection [3.1.4] in
detail since this result is important for our studies. Also, the Poisson manifolds not
only set an example for Lie algebroids but also form a Lie bialgebroid structure on
T*M @ TM (see the Proposition whose definition will be given in the Subsection
[3.2] Last but not least, we will see that the SN bracket of a Poisson bi-vector I1 with

itself vanishes and this fact will be also important for us in the future.
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Considering all these features, Poisson manifolds have an importance in our studies so
that the next Subsection will be devoted to this notion and to some properties of this

structure. We will start with the definition of a Poisson structure.

3.1.3 Poisson structure

Let M be a smooth manifold of finite dimension m. We denote by C*(M) the algebra
of smooth real-valued functions on M. The trivial Lie algebroid structure A = TM will

be used in this case.

Definition 3.1.7. [27] A Poisson structure on M is an R-bilinear map

{hm : €7 (M) x C*(M) — C*(M),

called the Poisson bracket (we will drop the M below the bracket for short), which

satisfies the following conditions:

1){fag} = _{gaf}a
2) {f,{g,h}}+{g,{h,f}}+{h,{f,g}}:O,
3){fg.n} = f{g.h}+{f.h}s

forall f,g,h € C*(M). The pair (M,{-,-}) is called a Poisson manifold.

R-bilinearity, the skew-symmetry property (1) and the Jacobi Identity (2) together
mean that {, } is a Lie bracket on C*(M), making the space of smooth functions into
a Lie algebra. Property (3), the Leibniz identity, means that, for all f € C*(M), the

operator {f,-} is a derivation of the algebra of smooth functions in C*(M).

Example 3.1.1. One can define a trivial Poisson structure on any manifold by setting

all functions f and g in C” to {f,g} = 0.

Example 3.1.2. On R>* with linear coordinates (ql, N7 0 2 P ,pn) the formula:

(ayim 3 (52950038,

i=1

defines a Poisson bracket, called the canonical Poisson bracket on R?",
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Definition 3.1.8. /28] A 2-vector field (bi-vector field) 11, such that the bracket
{f,g} =1(f,g) = (Il,df Ndg) is a Poisson bracket, is called a Poisson tensor, or
also a Poisson structure. The corresponding Poisson bracket is often denoted by [-,-|r.
If the Poisson tensor I1 is a CX-smooth 2-vector field, then we say that we have a

Ck-smooth Poisson structure, and so on.

Proposition 3.1.1. In a local system of coordinates (xi,...,x,) we have

0 0 1 0 0
= ZH”&X, 8xj - EZH”a_x,-Aa_xj’

1<j la]

where I1;; = (I1,dx; Ndx;j) = {x,',xj}, and

- df dg df dg
{f.gt= <Z:{xl,x]}a Zax, axjdx,/\dx]> ZHzIaxl ox;’

1<j
Lemma 3.1.3. /28] For any C'-smooth 2-vector field T1, one can associate to it a

3-vector field A defined by
A(f,gh) = {f 81,1} +{{g:h}, [} +{{h. [}, 8},
where {k,l} denotes (I1,dk Ndl) (i.e., the bracket of 1 ).

Proposition 3.1.2. Direct calculations in local coordinates show that

i 8f'8g dh
j 9] 98 oh
A(f,gh) —Z(Z I, ok tc p) 3; O, Oy

ijk

where c.p. stands for the cyclic permutations of I1;; depending on i, j, k. (Proof can be

Sfound in (A.1).)

Alternatively,
0 0

d
_ g AN —
A=) (Z . I'Isk—l-cp)g)Cl/\axj/\an.

i<j<k

It is evident that the requirement that A = 0 is equivalent to the Jacobi Identity for IT.

So, we obtain:

Proposition 3.1.3. [28] A 2-vector field IT1 =} ;11;; ax A a expressed in terms of
a given system of coordinates (x1,...,x,) is a Poisson tensor lf and only if it satisfies

the following system of equations:

oIl
ansk +ep.=0] (Vi jk). (3.20)

(Proof can be found in Appendix in Proof|A.3})
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The preceding proposition has the noticeable conclusion that the components of the

bi-vector field must fulfill a requirement for a 2-vector field to be a Poisson structure.

The important result will be given now that the Jacobi Identity (2) for the Poisson
bracket given in which corresponds to (3.20) as shown above, is equivalent to

the vanishing of the SN bracket of the bi-vector field with itself that is [IT,IT|sy = O.

Lemma 3.1.4. Let B be a bi-vector field on a manifold M. Then the SN bracket of B
with itself is given by [29]

[B.Blsn = [B"(9B7) + B (9, B*) + 2B (9,B"7))0; A 9 A O,

by writing B = B"9; A\ d;. Here, the SN bracket is as given in (3.13).

The equivalent condition for [B, Blsy = 0 is as follows.

B (9B*) + B (iB*) + BX (9,BY) = 0| (3.21)

Then B defines a Poisson structure on M with the following identity since it has the

same form with (3.20). (Proof can be found in Appendix in Proof|A.4])

For a Poisson tensor, we will use IT in further studies.

Example 3.1.3. [28] Let V be a finite-dimensional vector space over R. When two
linear functions have a Poisson bracket that is also a linear function, we have a linear
Poisson structure on V. The components of the corresponding Poisson tensor are
equivalently linear functions in local coordinates. The operation (f,g) — {f,g} in this
instance, restricted to linear functions, results in an operation |-,-] : V¥ x V¥ — V*,

a Lie algebra structure on V*, where V* is the dual linear space of V.

On the other hand, a linear Poisson structure on 'V is determined by any Lie algebra
structure on V*. Consider a finite-dimensional Lie algebra, denoted as (g,|-,-]). The

element of g corresponding to each linear function f : g* — R is denoted by f. For

25



each o in g*, we put {f, g} () = (o, [f,&]) if f and g are two linear functions on
g" {xi,xj} = Zcijkxk is obtained if we select a set of basis vectors as eq,...,e, of g,
with [ej,ej] = Y ¢; jkek. Here, x; is the function that satisfies X; = e;. From the Jacobi
Identity for [-,-], we can take (x1,...,x,) as a linear system of coordinates on g*. This

means that the functions I1;; = {x;,x;} verify the Equation (3.20).

A Poisson structure on g* is thus obtained. The following formula can be used to define

this Poisson structure intrinsically:

{f,8}() = (a, [df (ax),dg(ax)]),

where df(a) and dg(a) are thought as elements of g from the identification (g*)* = g.
Finite-dimensional linear Poisson structures and finite-dimensional Lie algebras are
therefore naturally bijective. Even Lie algebras can be studied by considering them to

be linear Poisson structures (see, e.g., [30]).

As we have promised in the Remark the following Subsection is devoted to the
fact that there exists a natural Lie algebroid structure on the cotangent bundle of a given
Poisson manifold. This structure will be used in the Proposition [3.1.4]in order to show
that there is a Lie bialgebroid structure on the direct sum of the tangent and cotangent
bundles with the induced Poisson structure and also in the Lemmal[5.2.1] where we will
have a bi-vector field constructed by using an R-matrix that satisfies the SN bracket to

be vanished and becomes a Poisson tensor.
3.1.4 Lie algebroid structure on the cotangent bundle of a Poisson manifold

Example 3.14. ( [28], Example 8.1.12) As an important example (which was
discovered by Dazord and Sondaz [31|]) for a Lie algebroid, it can be given that
attached to each Poisson manifold (M,I1), there is a natural Lie algebroid structure
(T*M7 [, -]*,Aﬁ), on the cotangent bundle of M, where A* : T*M — TM is the anchor
map of T1, (A, B) =T(a, B),Var, B € T(A*), and whose Lie bracket is defined by the
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Koszul bracket:

[Ot,ﬁ]* :gAﬁaﬁ_gAfﬁa_d(H(a7ﬁ)) (3.22)
= iyrdB — ixspda+d(TT(a, B)).

(T*M,[-,-].,A?), is called the cotangent algebroid of (M,I1).
(Proof can be found in Appendix in Proof[A.5])

This bracket on 1-forms of a Poisson manifold was first discovered by Magri, Franco

and Morosi [32]].

Proposition 3.1.4. [21|], [33] A Poisson manifold (M,I1) gives naturally rise to a
Lie bialgebroid, whose definition will be given in the next Subsection, on T M with the
commutator bracket of tangent vector fields and T*M with the Lie bracket induced by

the Poisson structure. (Proof can be found in Appendix in Proof|A.6])

It has been seen that for a given Poisson manifold (M, {-,-}), which is determined
by a Poisson bi-vector II, the cotangent bundle of M carries a natural Lie algebroid
structure. That is on differential 1-forms, which are sections of 7*M, the bracket
(322) can be defined. On the other hand, for a given Lie algebroid (T*M,[-,]., A?) on
the cotangent bundle T*M, there exists a Poisson bracket {-,-} on M such that IT= A :
T*M — TM if and only if some conditions are satisfied. These are the followings: A
must be skew-symmetric and if «, 8 € ['(A*) are closed then [, B]. must be closed.

These facts can be followed from [34] in detail.

3.2 Lie Bialgebroid

Lie bialgebroids were introduced and studied by Kirill C. H. Mackenzie and Ping Xu
in [21] in 1994. These structures are the straightforward extension of the concept of Lie
bialgebras. While two compatible Lie algebras (g,g") (where g* is a dual vector space
of g) constructs a Lie bialgebra, Lie bialgebroids are constructed by two Lie algebroids
(A,A*) (where A* is the dual vector bundle of A) which satisfy again a compatibility

condition given below.

Remark 3.2.1. Just as the Lie algebroid (bracket) structure on A induces an exterior

derivative (d) on A* given in Subsection the bracket introduced below ([-,-].)
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on A* induces also an exterior derivative on A and it will be denoted by call it d..
The compatibility condition will be the condition that d, must be the derivation of the
bracket on the sections of A which is given below in (3.24)) and this condition will be

used in our calculations later.

Definition 3.2.1. Let A be a Lie algebroid and suppose its dual bundle A* also has
the structure of a Lie algebroid. Then (A,A*) is a Lie bialgebroid if the Lie algebroid
derivative d :T(A*) — T'(A2A*) is a derivation of the SN bracket on T'(A*), in the sense
that [|16|]

d[gan]*: [d§7n]*+[§vdn]*7 (3.23)

or d, must be the derivation of the bracket on the sections of A, that is [21|]

d[X,Y sy = [X,dY]|sy+ [d X, Y ]sn

= %xd.Y — %d.X, (3.24)

where d,. : T(A) — T(A?A) is the induced differential operator.

3.2.1 Exact and triangular Lie bialgebroids

Any given Lie algebroid A can be associated with a dual vector bundle A*. We will
be interested in whether this dual vector bundle is also equipped with a Lie algebroid
structure. As will be demonstrated, if there exists a bundle map Al A* — A with
A € T(A%A), then the condition (3.26)) to be satisfied to have a Lie algebroid structure
on the dual vector bundle A*. Then, Lie algebroids A and A* together construct a Lie
bialgebroid (A,A*) since the compatibility condition between A and A*, given in (3.24),
automatically holds. This Lie bialgebroid is called an exact Lie bialgebroid, but we

shall work on a special case of this condition and it defines a triangular Lie bialgebroid.

All these notions have been studied in [35] and they will be verified in detail now since

these works will help in the future calculations.

Remark 3.2.2. In our calculations below, we will see how the Lie bialgebroid structure

is constructed under a condition using the bundle map A*. Lie bialgebroids constructed
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in this way are called exact or triangular Lie bialgebroids whose definitions can be
seen in the Definition[3.2.3] We will be interested in the triangular Lie bialgebroids, as

mentioned above, later in Subsection

Let A be a Lie algebroid with anchor p, and A a section of I'((A%A) (sometimes A
will be called a bi-section). Let us denote the bundle map A’ : A* — A defined by
AHEY(M) = A(E,n) for all £,m € T(A*). By the help of this map, let us introduce a
new bracket on I'(A*) by [35]]

€1 = Zpezl — L& —dIAE )] (3.25)

where [-, -], : T(A2A*) — T(A*).

Remark 3.2.3. Note that the construction of a Lie bialgebroid will be done by using
the bundle map A* : A* — A defined by A*(E)(n) = A(E,n) for all E,m € T(A*) and
introducing a new bracket on the smooth sections of the dual vector bundle A*, given
in (3.25)) together with the induced differential operator d, : T'(A) — T'(A*A) which
will be given by d.X = [A,X|sn (see the Proposition . This construction can be
thought as a generalization of the idea given in Example In that example, we had
an anchor instead of A* such that A* : T*M — TM, and we had a Poisson bi-vector
I1 instead of A, and new bracket on the smooth sections of the cotangent bundle T*M

given in (3.22) which has the same form as above.

Definition 3.2.2. Let p,. be the composition p o A*: A* — TM, where TM is the tangent
bundle on the manifold M.

Theorem 3.2.1. ( [35], Theorem 2.1) A* with the bracket and anchor p, defined above

becomes a Lie algebroid if and only if

LA ANsy=0, forall X € T(A), (3.26)

where [A,A)* is the map A* NA* — A defined by

(A A (E1,8), &) = (A Alsw (&1, 82, 3), (3.27)
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and [A,Alsy € T(A3A) is the SN bracket of A with itself. (Proof of this Theorem will

be given after the Remark and the following Lemmas.)

Remark 3.2.4. In order to have a Lie algebroid structure on the dual vector bundle,
one more condition has been put forward in the first place in the above Theorem in [35]]
such that

polAAf=0. (3.28)

However, they discovered in [36]] later that the condition (3.26) implies the above

condition.

In order to prove the Theorem [3.2.1] the following Lemmas will be used so that these

will be given now. Proofs of each can be found in Appendix.

Lemma 3.2.1. ( [35]], Lemma 2.2) For any & and &, € T'(A*),

A& ]~ MG, A = 5 A AT 6 (3.29)

(Proof can be found in Appendix in Proof[A.7})

Lemma 3.2.2. ( [35], Lemma 2.3) For any X € I'(A) and & € T(A*), i = 1,2,3, we

have

(LA Asw) (&1 &2, 8) = { (LA AT (81, 8)),6) +ep. |
—22x([A, Alsn(&1,82,83)).

(Proof can be found in Appendix in Proof[A.8})

Lemma 3.2.3. ( [35]], Lemma 2.4)

J(81,8,83) = {%»f[/\,/\}u(gl@)&a +C-p~} —d([AAlsn(&1,62,63)), (3.30)

where the Jacobiator is given by

J(&1,62,83) = [[61,82], &) +c.p., (3.31)

for any &1,&, & € T(A*). (Proof can be found in Appendix in Proof|A.9))
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Proof of the Theorem[3.2.1;: In order to prove the the condition in this Theorem,
Lemma [3.2.3] will be used such that
1
(81,62, 83),X) = {§<°%A,A]ﬁ(§],§2)§3vx> + C-p} — Zx (A, Alsn(&1,62,83))
2
— Zx (A Alsn(81,82,83))
1
= { ) <§37%A,A]ﬁ(§1,§2)x> + C.p} — Zx([A Alsn (&1, &2, 53))

1 1
- { "gﬁ/\vf\]ﬂ(ﬁlyéz)<§3vx> - 5(537%/\,,\}1(517&2)X> +C.p}

= {%wx([/\,/\]ﬁ(él,éz)),és) +c-p} —Zx((AAsn(81,62,63))

_ %%([A,A]SN))(&I,52,é3>,

where we have also used (df,X) = Zxf in the first line and the Leibniz Rule of
Zx in the second line, and £}, zpx(¢, &,1(83.X) = p([A,AJf(E1,E))(E,X) = 0 from
(3.28) in the third line, and the last line follows from Lemma [3.2.2] Therefore,
(J(&1,&2,&3),X) = 0, which is non-degenerate, if and only if Zx([A,Alsn) = 0 for
all X € I'(A) which is the condition (3.26)) and this ends the proof of Theorem |

Proposition 3.2.1. [35] If the condition in Theorem holds so that A* becomes
a Lie algebroid. The induced differential operator d, : T(A) — T'(A?A) is given
by d.X = [A,X|sy for any X € T'(A) and A is a section of T'(N*A). Then the
compatibility condition between A and A*, which is (3.24)) is satisfied automatically,
namely, d.[X,Y] = %xd.Y — Zyd.X. This leads a Lie bialgebroid structure (A,A*).

Proof: We should firstly prove the fact that d, X = [A, X|sn which as follows:
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For any ¢,y € I'(A*), we have 1001 [21]

(d:X)(9, ) = pe(9)(X.W) — (W) (X.0) — X [0, /]
= p(A'P)(X.y) — p(A'Y)(X.0) = X(Lpsg ¥ — Lazy§ —d(A(9, 1))
= Lpio(XW) = Loy (X.0) =X Lpepy Y+ X Lyiyy 0 + X.d(A(D, ¥))
= (Lp1pX)- W — (L2 X)-0 +p(X)(A(D, ¥))
= — L (A').y+ Ly (A'W).0 + Zx (A(9, W)
= — (L (A'9), ) + (L (A'W), 0) + ZLx (A(9, )
— — L (A", v) + (N, Zyy) + Lx (A, ) — (N'y, Lk 0) + Lk (A(9, ¥))
= A(9, Lxy) + Ly (A(v,9)) — AW, Zx )
=A(Zx (9, v)) + Zx(A(y,9))
= (A (v, 9)
= [A,X]sn(0, v), (3.32)

where the first equality follows from the definition in 1001]37|. So, the above result
gives that (d.X)(¢,v) = [A, X]|sn(0, y) for all ¢,y € ['(A*). Then it yields d. X =
[A, X]sn. Therefore,

d*[va] = [A7 [X7YHSN
= [A7$XY]SN
= Zx[A,Y]sn — [ZX A Y]sn

= Zxd.Y — Zd X M (3.33)

Therefore, these lead (A,A*) to be a Lie bialgebroid if the requirement of Theorem
[3.2.1]is satisfied. Then,

Definition 3.2.3. [35] If the condition in Theorem holds, then (A,A*) is called
an exact Lie bialgebroid and A is called an r-matrix. If the condition is changed with

the requirement [\, A|sy = O, then it is called a triangular Lie bialgebroid.

3.3 Courant Algebroid
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Courant algebroid was originally introduced by Zhang-Ju Liu, Alan Weinstein and
Ping Xu in their investigation of doubles of Lie bialgebroids in 1997 in [1]. Liu,
Weinstein and Xu named it after Courant, who had implicitly devised earlier in 1990,
in [38]], the standard prototype of Courant algebroid through his discovery of a skew
symmetric bracket on TM & T*M, called Courant bracket today, which fails to satisfy
the Jacobi Identity. Both this standard example and the double of a Lie bialgebra are

special instances of Courant algebroids which will be shown later.

Definition 3.3.1. A Courant algebroid is a vector bundle E equipped with a
non-degenerate symmetric bilinear form (-,-) as well as a skew-symmetric bracket |-, ]
on I'(E), and with a smooth bundle map p : E — T called the anchor. This induces a
natural differential operator D : C*(M) — I'(E) via the definition (Df,A) = %p(A)f
forall f € C*(M) and A € T'(E). These structures must be compatible in the following
sense: [|16]

C1) p([A,B]) = [p(A),p(B)], VA,BeI(E),

C2) Jac(A,B,C) = D(N;;(A,B,C)), VA,B,C €T(E),

C4

)p
)
C3) [A,fB] = fIA,B]+ (p(A)f)B— (A,B)Df, VA,BEI(E), feC"(M),
)poD=0,ie., (Df,Dg)=0, Vf,geC”(M),

)p

C5) p(A)(B,C) = (|[A,B]+D(A,B),C)+ (B,[A,C] +D(A,C)), VA,B,C€cT(E),

(3.34)

where the Jacobiator Jac(A,B,C) = [[A,B],C] + c.p., and the Nijenhuis operator
defined by

1
The last condition (C5) above can be thought as a generalization of the metric

invariance in a Lie algebra.

Theorem 3.3.1. [39] Let D : C*(M) — I'(E) be the map given by the composition
of the dual map ps of p and the usual differential d, D = %ﬁ_lp*d, B being the
isomorphism between E and E* given by the bilinear form (BA)(&) = (A,§) and it
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is equivalent to (Df,A) = %p(A)f, VA e TE,Nf € C*(M). Then, the conditions [C3]
and [C4| and the property of D, i.e., D = %B_lp*d, follow from [C1], [C5] and the
Leibniz Rule for D that is D(fg) = fD(g) + gD(f) for all f,g € C*(M). (Proof can
be followed from [39] in detail.)

Example 3.3.1. (Standard Courant Algebroid: E =TM & T*M) [38] If we take the
usual Lie bracket on the sections of TM that is [-, | with the anchor ps: TM & T*M —
TM such that ps(X +&) =X, then it constructs a Lie algebroid structure itself. On the
other hand, taking zero bracket on the sections of T*M together with the anchor p, =0,
the cotangent bundle has also a Lie algebroid structure. These together constructs a
Lie bialgebroid structure since the compatibility condition in or holds
automatically. Therefore, it can be constructed a Courant algebroid structure on TM &
T*M which will be given in the Theorem The bracket on the sections of TM &

T*M is called the standard Courant bracket and is given by
X+EY 4= (X Y]+ B~ B E+dE —ixn), (339
and the standard inner product is
X+ &Y +1), =5 (E() + (X)) (336

This special case of a Courant algebroid will be investigated in the Example in
detail.

Note that in above, we have the followings: [§,1]. =0, Z¢Y = p.(§)Y =0, and
di(igY) = 0.

Alternative Definition of a Courant Algebroid in terms of a Dorfman Bracket

It has been proven in [40] and [37] that the definition of a Courant algebroid can
be given in terms of a Dorfman bracket, which is not necessarily skew-symmetric

operation, and which is a binary operation defined by
AoB=[A,B]+D(A,B), (3.37)
and two definitions are equivalent. Without giving the proof of this fact now, the

expressions in order to have a Courant algebroid structure will be examined in local
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coordinates in Section 4.4 which are (4.37), and it will be verified that these yield the

same axioms as expected.

Notice that according to this definition, the Courant bracket is the anti-symmetrization

of the Dorfman bracket such that

%(AOB—BOA) _ %([A,B] +D(A,B) — [B,A]+ D(B,A))

= (A, 8],
since [-,-] is a skew-symmetric bracket and (-, -) is a symmetric bilinear form.

Definition 3.3.2. [37)] A Courant algebroid is a vector bundle E — M together with
a non-degenerate symmetric bilinear form (-,-)g on the bundle, a bilinear operation

» »

o” onT'(E), and a bundle map p : E — TM satisfying the following properties:

1.Ao(BoC)=(AoB)oC+Bo(AoC), VA,B,C €T(E);
2.p(AoB)=[p(A).p (B)], VA,BET(E);

3. Ao (fB) = f(AoB)+(p(A)f)B, VA,BET(E),f € C(M);
4. AcA=D(A,A), VA €T(E);

5. p(A) (B,C) = (AoB,C) + (B,AoC), VA,B,C € T(E),

where D : C*(M) — I'(E) via the definition (Df,A) = 3p(A)f for all f € C*(M) and

A € '(E) as in the usual definition of a Courant algebroid.

Remark 3.3.1. In the notation of [37], the coefficient of the equality (4.) has been
taken as % Instead of that, we will take as 1. Also, it will be taken as % in the definition

of D instead of 1 in order to be consistent with the usual definition.

Theorem 3.3.2. [|/] Let (L,L*) be a pair of Lie algebroids in duality, with anchors
a,a, and exterior derivatives d,d,, respectively. Then, the followings can be defined
onE=L&L":

X &Y 4 Mer = Sk +ixm) = M) +0(X)),  (38)

(X +8) o (Y +m)eors = (X, Y]+ LY —ind:X) + ([6,n] + Zxn —ivd§), (3.39)
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Prew(X +E) = pr(X) +p. (&), (3.40)
D=d+d,. (3.41)

If (L,L*) is a Lie bialgebroid, then (L® L*, (-, ) a1+, 9, Pnew) is a Courant algebroid.

The above proposition was given in terms of the Dorfman bracket and the similar one
will be given also in Theorem [3.3.4]in terms of the Courant bracket. Additionally, the
above result will be proven by using the Courant bracket in Subsection [3.3.5]in local

coordinates.

Example 3.3.2. The Dorfman bracket defined in (3.39) reduces to the following
bracket on E = TM ® T*M, which can be called standard Dorfman bracket, equipped
with TM has an anchor a and the Lie bracket |-, -] and with T*M has an anchor a,. = 0,

and the zero bracket.
(X +&E)o (Y +n)]s = [X,Y]+ LN —iydE. (3.42)

In above, we have the followings: [§,n]. =0, Z¢Y = a.(§)Y =0, and ind.X = 0.

We will be working on Courant algebroids of the special type called the exact Courant
algebroids. P. Severa in [40] showed that every exact Courant algebroid is isomorphic
to an H-twisted version of TM & T*M for some closed three form H on the manifold M.
This fact and the symmetries of exact Courant algebroids, and the Courant algebroids
with transversal Dirac structures will be important for our studies. It will be seen
that there is a one-to-one relation between Lie bialgebroids and Courant algebroids
with transversal Dirac structures. So, these objects will be introduced in the following

Subsections.

3.3.1 Exact Courant algebroid

If E — M is a Courant algebroid with anchor map p then p o p’ = 0 from the conditions
(C1) and (C5) in (3.34), that is
tp
0=T*MEBE=TM 0, (3.43)
(&)

is a chain complex.
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Definition 3.3.3. [41] A Courant algebroid E — M is exact if (3.43) is an exact

sequence.

The simplest example of an exact Courant algebroid can be given as the standard
Courant algebroid, that is every exact Courant algebroid is locally standard which can

be seen below.

Our goal is to verify that exact Courant algebroids over M are classified by closed
three-forms on the manifold which is known as Severa’s classification [40]. If E 1s an
exact Courant algebroid then there is a Lagrangian subbundle L C E (i.e. L+ = L) such

that p|r : L — TM is an isomorphism. If L is a subbundle in this way, then [41]
H(X,Y)(Z) = ([o(X),0(Y)],0(2)),

where X,Y,Z € TM, defines a closed 3-form H on the manifold. Let us take H(X,Y) =
o*[0X,0Y]| where 6* : E — T*M and show that H is C*-linear and skew in X,Y such
that

H(X,fY)= fo*[oX,oY]+0"(X(f)oY) = fo*[cX,0Y],

and
H(fX,Y)=o0"[foX,oY]=fH(X,Y)—o*((Yf)oX)+2(cX,oY)df =fH(X,Y).
Furthermore,

[0X,0Y]+ [0Y,0X] = p'd{cX,cY).
Secondly, H(X,Y)(Z) is totally symmetic in X,Y,Z as below:
H(X,Y)(Z)=([oX,0Y]|,0Z) = X(0cY,0Z) — (cY,[6X,0Z]).

So, we have [6X,0Y]| = [X,Y] —iyixH for a closed 3-form H on the manifold.

If we use 0 @ p’ in order to identify E with TM & T*M then its anchor p and pairing
(-,-) are as in the standard Courant algebroid and the bracket which is called H-twisted

standard Courant bracket, is

1
X+&E,Y+n]=[XY]+ 20— 4¢ +§d(iY§ —ixn) +iyixH, (3.44)
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which was actually the bracket (3.35)) without the last term.

On the other hand, for any closed three-form H the above bracket makes TM & T*M
to an exact Courant algebroid. If o is changed by a two-form 7 on the manifold, then

H will be replaced by H + dt. Therefore,

Theorem 3.3.3. [40] [41] Exact Courant algebroids over M are classified by closed
three-forms on the manifold with the bracket given by (3.44).

The above result will be investigated later in terms of Courant algebroids for special
anchors, namely in Proposition 4.4.3] in local coordinates and the same result will be

found in there, as expected.

It will be seen in the next Subsection that the orthogonal automorphisms of exact

Courant algebroids are only diffeomorphisms and closed three-forms.

3.3.2 Symmetries of an exact Courant algebroid

It is known that the symmetries of the Lie bracket are only the diffeormorphisms and
its proof can be found in [16] in detail. At this point, a natural question can be asked
as to whether the Courant bracket possesses extra symmetries. However, our interest

will be on the symmetries of an exact Courant algebroid.

We will firstly examine the symmetries of the standard Courant algebroid which is E =
TM @& T*M over a manifold M. From the definition of its bracket given in (3.35)), one
can find out that it is invariant under diffeomorphisms. Also, it has an extra symmetry

called B-field transformation defined below.

Definition 3.3.4. /16| Let B be a smooth two-form such that B : TM — T*M by

interior product X +— ixB. Then the invertible bundle map given by exponentiating B

eB:(; ?) (3.45)

that is €8 : X 4+ & s X +& 4 ixB, is orthogonal since B* = —B implies that (¢5)*e? =1.

as
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Let us show that it is an orthogonal transformation, namely it preserves the inner

product, such that
(X +E),(Y+1) = (X+E+ixB,Y +n+iyB) =ivE +ixn = (X +&,Y +1n),
since ix (iyB) = —iy(ixB) forall B: TM — T*M.

Proposition 3.3.1. ( [16], Proposition 3.23) The map €® is an automorphism of the
standard Courant bracket (3.33) if and only if B is closed, i.e. dB = 0.

Proof: Let X+ &, Y +1n € C*°(TM @ T*M) and let B be a smooth two-form. Then

[®(X+&),e5 (Y +M)|rar = [X+&+ixB,Y + 0 +iyBlrer
=[X+&,Y +Nlrar + [X,iyBlrer + [ixB,Y]rer+

= [X+&.Y +n]rar+ % (ivB) — %d(iX(iYB»

~iyd(ixB) —d(iy ixB)) + 5d(ir (ixB))

= [X+&,Y+n|ror-+ % (iyB) —iyd(ixB)
= [X+&,Y+Nror + [Zx,iy]|B+iyix(dB)
= [X+&,Y +n|rar +ix yB+iyix(dB)

=P (X +&,Y +n]rar) +ivix(dB),

where we have used the definition of the standard Courant bracket given in (3.35),
ix (iyB) = —iy(ixB) for all B, and the Cartan formula with other properties of the Lie
derivative and interior product. This proves that ? is an automorphism of the standard
Courant bracket if and only if iyix(dB) = 0 for all X,Y, which holds precisely when
dB=0.1

B is also an

It is straightforward to note that, from the above calculation, e
automorphism of the H-twisted standard Courant bracket (3.44) if dB = 0 again,
which can also be seen in [16]] in Proposition 3.42. Another result can be followed
from [|16] that this bracket defines a Courant algebroid structure on TM & T*M (using

the same inner product and anchor) if and only if dH = 0.
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One can wonder now that whether B-field transformations and diffeomorphisms are

the only orthogonal automorphisms of the standard Courant bracket or not.

Proposition 3.3.2. ( [16|], Proposition 3.24) Let (f,F) be an orthogonal
automorphism of the direct sum T & T* for a smooth manifold M. Suppose also that

F preserves the standard Courant bracket. Hence, F must be the composition of a

diffeomorphism of M and a B-field transformation. (Proof can be followed from [16]].)

Another orthogonal transformation called [ transformation which is not an
automorphism of the standard Courant bracket will be introduced now for further

studies.

Definition 3.3.5. Let B : T*M — TM, which is skew-symmetric and then it can be

assumed as a bi-vector field. Hence, the orthogonal transformation on T & T* given

as follows [16]
p_(1 B
e—(o 1), (3.46)

which is sending X +& — X +& +igB. This transformation will be called a

B-transform.

Let us show that it is an orthogonal transformation, namely it preserves the inner

product, such that

(P X&), P +m) = (X +E+ieB,Y +n+inB) =ivE +ixn = (X +EY+7).
3.47)

Although B transformations are not automorphisms of a standard Courant bracket,
they will be important in our studies later in such a way that these will be orthogonal
automorphisms of Courant algebroids as one can see in Subsection [6.2.3] Also, it will
be seen that 8 takes T* to an integrable Dirac structure which will be defined in the

next part (see the Example [3.3.4)).
3.3.3 Isomorphism of Courant Algebroids

Definition 3.3.6. [42] Let (E,p,(-,")r,[,-]g) and (E,pz ()5 [ ]5) be two
Courant algebroids over the same base manifold M. Let F € Hom(E ,E) (which

40



denotes the set of vector bundle morphisms from E to E over an identity map on
the base space) be a morphism of the underlying vector bundles. We say that F is

a morphism of Courant algebroids, if it preserves all involved structures, that is
p=pgoF, (UV)e=(F(U),F(V))g F(UV]g)=I[FU),FV)

for all U,V € T'(E). If F is invertible, it is called an isomorphism of Courant
algebroids. As usual in linear algebra, the inverse F~' of a Courant algebroid
morphism is automatically a Courant algebroid morphism. When E = E, the Courant

algebroid isomorphism becomes Courant algebroid automorphism.

After defining Dirac structures, our next aim is to present the fact that there exists
a one-to-one correspondence between Lie bialgebroids and Courant algebroids with

transversal Dirac structures.
3.3.4 Dirac structures of a Courant algebroid

Definition 3.3.7. [|/] Let E be a Courant algebroid. A subbundle L of E is called
isotropic if it is isotropic under the symmetric bilinear form (-,-). It is called integrable
if U(L) is closed under the bracket |-,-|. A Dirac structure, or Dirac subbundle, is a

subbundle L which is maximally isotropic and integrable (involutive).

Proposition 3.3.3. [/|] Suppose that L is an integrable isotropic subbundle of a
Courant algebroid (E,[,],(,),p). Then (L,|,],pr) is a Lie algebroid.

Example 3.3.3. [/6|]] Since the tangent bundle TM is maximally isotropic and
involutive (the standard Courant bracket (3.35)) vanishes on TM), it establishes a Dirac
structure. Any closed 2-form on the manifold M can be applied to this fundamental
Dirac structure to produce another involutive maximal isotropic structure. In fact, the

maximal subspace that is isotropic
e?(TM) ={X+ixw:X € TM},

is involutive if and only if do = 0 (see the Proposition . A Dirac structure can

therefore be used to characterize the geometry defined by a closed 2-form.
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Likewise,

Example 3.3.4. [16] The cotangent bundle T*M defines a Dirac structure since it is
maximally isotropic and involutive (the standard Courant bracket (3.35)) vanishes on
T*M). Using this fundamental Dirac structure, we can apply a bi-vector field 3 on the

manifold and obtain the following.
Lg=eP(T"M) = {E +igB: E € T"M}. (3.48)

It suffices to check the involutivity of sections of the form & + igﬁ where & = df for
[ € C*(M) due to the fact that Nyj|1; is tensorial. The bi-vector field 3 determines a

bracket on functions as follows.

{f,8} =B(df,dg).

Then, we have

Nij(df+idfﬁvdg+idgﬁadh+idhﬁ) = {{fag}vh}+{{gah}vf}+{{h7f}7g}7

demonstrating that Nij|, = 0 if and only if [B,Blsy = 0, that is, the bracket {-,-}
satisfies the Jacobi identity, i.e., B is a Poisson structure. Here, we observe that
although B is not a symmetry of the Courant bracket, it does lead to an integrable

Dirac structure for T*M.

3.3.5 One-to-one correspondence between Lie bialgebroids and Courant

algebroids with transversal Dirac structures

The Courant algebroids can be built by Lie bialgebroids through a generalization of
the Drinfel’d double construction which has been mentioned in the Theorem in
terms of a Dorfman bracket and more details can be found in [1]]. Additionally, an
inner product and bracket on the sections of L@ L* can be defined for a given Lie
bialgebroid (L,L*), converting this bundle into a Courant algebroid and both L, L* into
Dirac structures in this Courant algebroid. It has been also demonstrated that L' = L*
can be found using the inner product given any two transversal Dirac structures L, L’
in a Courant algebroid, and (L,L*) is a Lie bialgebroid. With regard to this one-to-one

correspondence, the following theorems apply.
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In the following Theorem, we shall regard X,Y as sections of a bundle L and &,n as
sections of the dual bundle L*, where (L, L*) forms a Lie bialgebroid, and the following
bracket (3.50) on the sections of L@ L* becomes the key element in making L& L* into

a Courant algebroid.

Theorem 3.3.4. ( [|[6|], Theorem 3.35) Let (L,L*) be a Lie bialgebroid. The following
inner product (-,-) can be defined on the bundle L & L*:

1
(X+o,Y+B)ror zi(a(Y)Jrﬁ(X)). (3.49)
We also define the following skew-symmetric bracket operation on I'(L® L*):

1
X +E. Y+ = [X, Y]+ %0 — L& +§d(iY§ —ixn)

1
8 i+ LY — LyX — Sdu(icY —inX). (3.50)

If p, p« are the anchors for L,L*, we define the bundle map

Prew =P +px : LOL* —T. (3.51)

With these definitions, the structure (L ® L*,[-,-|rar+, (,-)1eL*, Pnew) is a Courant

algebroid. The operator D: C*(M) — I'(L& L") clearly becomes

D=d+d., (3.52)
where d : C*(M) — T'(L*) and d,. : C* (M) — T'(L) are the usual differential operators

associated with Lie algebroids.

Remark 3.3.2. Notice that the (general) Courant bracket in (3.50) is more symmetric
than the standard Courant bracket in (3.35)), as it treats the sections of L and L* (which
are the one-forms and vector fields, respectively, in a standard Courant algebroid)

completely in a symmetric way.

Theorem 3.3.5. ( [|I6], Theorem 3.36) Let (E,|-,-|g,{-,")E,PE) be a Courant

algebroid, and let L,L' < E be Dirac sub-bundles transverse to each other, i.e.,
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E=L&L. Then L' = L* using the inner product, and (L,L') is a Lie bialgebroid.
Applying the construction in the previous theorem to (L,L"), we recover the original

Courant algebroid structure on E.

Comprehensive proof of this one-to-one correspondence between Lie bialgebroids
and Courant algebroids with transversal Dirac structures can be followed from []1].
We shall prove the Theorem [3.3.4] for triangular Lie bialgebroids in local coordinates
in the Subsection

[16] As with TM & T*M in the Examples given in(3.3.3|and|3.3.4} given a splitting of

a Courant algebroid which has such Dirac subbundles L,L* such that E = L& L* into
a Lie bialgebroid, we could try to construct new Dirac structures as graphs of elements
in A2L or A’L*. Let € € A’L*, and without losing generality, consider the maximal
isotropic subbundle as

Le={A+ise:AcL},

The last main result of [[1] is the condition for the involutivity of the almost Dirac

structure L¢, which is a subbundle that satisfies only maximal isotropic condition:

Theorem 3.3.6. [I|] The almost Dirac structure Lg, for € € N’ L*, is integrable if and

only if € satisfies the generalized Maurer-Cartan equation
1
d.e+ 5[8, gl =0.

Here d, : T(AKL*) — T(A¥FIL*) and [-, ] is the Lie algebroid bracket on L*.

If one has a Poisson bi-vector 3 that is [, B]sn = O, then the above equation vanishes
identically that means the almost Dirac structure L, for € € A2L*, is integrable. So it

yields a Dirac structure.

The definition of the generalized metric on an exact Courant algebroid will be

introduced now since this notion will be important in further studies in the Chapter

6l

3.3.6 Definition of a generalized metric on a Courant algebroid TM © T*M
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For a given Riemannian metric g and a two-form B on a manifold M, positive and
negative definite subbundles S and S_ which are subsets of TM & T*M of a Courant
algebroid E can be constructed, respectively. After the construction of the subbundles
S+ and S_, the endomorphism 7: TM & T*M — TM & T*M with 72 = 1 can be defined
and it will be seen that the pair (g, B) defines a unique metric which will be called a

generalized metric denoted by .77 on a Courant algebroid.

Let us define S, C E =TM @ T*M be the positive definite subbundle (rank ) such
that
S, ={X+g¢X:Xe TM} CTMOTM,

where Riemannian map g? is defined as [43]]
¢ TM = T*M,
X &,

where £(Y) = (g*X)(Y) = g(X,Y) which is the positive definite inner product
(X +0a,Y+B) = 3(a(Y) +B(X)), where X,Y € TM and @, € T*M, restricted
to S, say (-,-)|s,. The map g* shall hereafter be referred to as g in order to avoid

confusion.

Also, S_ be the negative definite subbundle S_ C TM & T*M (rank n) of a Courant
algebroid TM & T*M with respect to the nondegenerate inner product (3.36) and S_ is

to be the orthogonal complement, namely S_ = Si such that
S ={X—gX:XeETM} CTM®T*M.

Here —g(X,Y) can be defined as the negative definite inner product on TM ® T*M

restricted to S_, say (-,-)|s_.

Therefore, we obtain TM & T*M =S, & S_.

Proposition 3.3.4. [16] S+ are the +1-eigenbundles of the endomorphism

(0 g!
v_(g 0 )

with V> = 1 acting on TM & T*M.
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1

Assuming that g and g~ are maps in the above Proposition such that g : TM — T*M

1

and g~ : T*M — TM, respectively.

Proof: Let X + & € S, then the following shows that it is +1-eigenbundle of G.

(2% )(3)-(%)
then g~ '& =X and gX = &.

Similarly, let X + & € S_, then we can show it is —1-eigenbundle of v:

(3% )(E)-e0(F)

theng 'é = —XandgX =—-E.

By applying the orthogonal transformation €5, which was given in (3.43), to v, we

obtain the following [16].

. (10 0 g! 1 0\ [ -g¢g'B g
T=ee _(31 g 0 B 1) \g—Bg'B Bg' )

(3.53)

where 7 is an endomorphism such as
T:TM®T'M - TMET™*M,

with 72 = 1. In above, a two-form B is assumed to be a map such that B: TM — T*M.

Therefore, we have B+ g : TM — T*M which will be used below.

Similar to the case of v, we can choose a positive definite subbundle §+ CTMOT*M
and the orthogonal complement S_ as the negative definite subbundle to have S, @

S_ C TM @& T*M. These subbundles can be defined as follows.
S, ={X+B+gX:XcTM} CTMST*M, (3.54)
and

S ={X+B-gX:XETM} CTMOTM. (3.55)
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Proposition 3.3.5. [44] S. defined in (B.54) and (B.53), respectively, are the
+1-eigenbundles of the endomorphism © with ©> = 1 acting on TM & T*M.

Proof: We will show firstly that §, is +1-eigenbundle of 7 and has elements of the
form (X,(g+B)X). Let X + g € S, then

Cose 5 )(3) (%)

and so that § = (B+ g)X.

Similarly, it will be shown that §_ is —1-eigenbundle of 7 and has elements of the form

(X,(B—g)X). Let X +g € S, then
g !B ¢! X (1) X
g—Bg'B Bg' )\ ¢ &)
and then £ = (B — g)X, which completes the proof. B

Proposition 3.3.6. The subbundles S, and S_ defined in (3.54) and (3.53),

respectively, are orthogonal subbundles.

Proof:
(X+(B+g)X,Y+(B—g)Y)=(X,(B—g)Y)+((B+g)X.Y)
= (X,BY)—(X,gY)+ (BX,Y)+ (gX,Y)
=0.1

Definition 3.3.8. [16] Let the splitting TM & T*M = S & S_ exists. A generalized
metric F is defined as a positive definite metric on TM & T*M and

A= ()5, — ()5 (3.56)

The above definition of a generalized metric on TM & T*M makes it possible to take
inner product of the elements projected onto S, and S_, leading a positive definite
inner product. This process is distinct from using the standard inner product in a

Courant algebroid.
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An equivalent definitions of a generalized metric is as follows. The equivalence of the

above and the below definitions can be seen in the Proposition [6.2.2]

Definition 3.3.9. Let E be a vector bundle with a fiber-wise metric (-,-). A generalized
Riemannian metric is an automorphism T € Aut(E), such that 12 =1, and the Jormula
[42]

H (A,B) .= (A,7(B)), (3.57)

forall A,B € T'(E), defines a positive definite fiber-wise metric ¢ on E.

Definition 3.3.10. Let 77 be a positive definite fiber-wise metric on E. We say that
A is a generalized metric if the induced isomorphism 7 € Hom(E,E*) defines a
map orthogonal with respect to the fiber-wise metric g = (-,-) on E and the fiber-wise

metric g’1 on E*: [42]

g(A,B) =g~ (H#(A),(B)), (3.58)

forall A)B€T'(E).

Let O(E) C Aut(E) denote the group of orthogonal automorphisms with respect to
(-,-), thatis every & € O(E) satisfies (0'(A),0 (B)) = (A,B) forall A,B € T'(E). There

is a natural action of O(FE) on the space of generalized metrics, that is if we set [42]

A (AB) = (6(A),0(B)), (3.59)

for all A,B € I'(E). Other quantities transform accordingly, namely ¥ = ¢~ !'7& and

Si: =071 (S1). Then /7, % and S, again define a generalized metric.

Proposition 3.3.7. [42] Let E=TM & T*M and (-,-) be the fiber-wise metric defined
by (3.49). Let 7 be a generalized metric on E. Then ¢ defines a unique pair
(g,B), where g > 0 is a Riemannian metric on M and B is a two-form on the manifold.

Conversely, any pair (g, B) defines a unique generalized metric.
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4. LOCAL EXPRESSIONS AND PROPERTIES OF DRINFEL’D DOUBLES
AND ALGEBROIDS

This chapter is devoted to finding and interpreting the expressions in local coordinates
of the concepts given in the previous Chapters since the resulting local expressions of

these notions will be useful for our studies in the next Chapters.

4.1 Properties of the Drinfel’d Double in Local Coordinates

Proposition 4.1.1. The Drinfel’d double of a Lie algebra g defined in the Definition
can be written in local coordinates as follows. Let T,, T be fixed bases for the

two compatible Lie algebras g,g*, respectively, then
T0 o) = fuTer [T T") = QT — £,°T¢,  [T9.T" = Q. T°,

where f,,¢ are the structure constants of the Lie algebra g, and Qabc are the structure
constants of the dual Lie algebra g*. The proof of the fact that the structure constants

of the second bracket result in terms of f,“ and Qcab can be followed from the proof

of the Example

The Jacobi identity for the Lie algebra on g & g* means that
Sl Sia+ Tod' fid +Fad' Fip' =0,

Fai'Qd" + Fia"Qu” + fud’ Q) + F1aQY + 11,04 =0,
and
idy ja dapny ji aipy jd __
0,70, +0,7°0,” +0,79,’" =0,
where the first equality is the Jacobi Identity for g, the second ome is for the

compatibility condition between g and g*, and the last one is for the Jacobi Identity for
g*. (The proof can be found in the proof of the Example )
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4.2 Properties of the Lie Algebroid in Local Coordinates

The definition of the Lie algebroid has been given in the Subsection [3.1.1] Here, the
local expressions will be examined and the properties given in the Subsection [3.1.2]

will be used throughout the following parts.

Let M be a differentiable, n-dimensional manifold and (TM,my,M) its tangent
bundle. Recall that a Lie algebroid over the manifold M, is the triple (A, [-,-], p) where
7 : A — M is a vector bundle of rank m over M, whose C*(M)-module of sections
['(A) is equipped with a Lie algebra structure [-,-] and the anchor p : A — TM is a

vector bundle map, which satisfies the conditions given in the Definition [3.1.1]

If we take the local coordinates (X) on an open U C M, a local basis {S,} of sections

of A. The local functions p(X), and L_,(X) on M defined by [45]

;9
p(Sa):paW7 (41)

and
[Sa,Sp] = L Sk, “4.2)

where L, ¢ are called the structure functions of the bracket of the elements of I'(A),

andi= (1,...n) and a,b,c = (1,...m).

In the following Proposition, the Definition [3.1.1| will be written in local coordinates,
by using the above Definition, such that the first condition will be obtained from (3.1))

and the latter will be obtained from the Jacobi identity.

Proposition 4.2.1. The local functions defined above are called structure functions
and they satisfy the structure equations given below.

From the first property given in (3.1), we have

;9P _pl 9Pq
“9x; "boxi

and from the Jacobi identity of the Lie bracket on I'(A), we obtain

=plL,° | (4.3)

d
m aLbc
@ gxm

JL.,* oL ¢

ran +p£n axm

X +LaedLbce +Lbechae +Lced abe =0|. 4.4)

+pp'

P
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Their proofs can be found in Appendix in

Remark 4.2.1. In the rest of the thesis, we will sometimes express (&.4) in the following

way:

d

OL,.
(Pé,a—;’(‘,. +LaedLb;> +ep.=0| (4.5)

The structure functions of the bracket of sections of a Lie algebroid defined above can
be thought as a generalization of the structure constants of the Lie bracket of vector

fields of a Lie algebra given in Proposition [4.1.1]

Calculus on Lie Algebroids in Local Coordinates

Our goal is to express the notions given in the Subsections [3.1.2] and [3.2.1] in local

coordinates, since these will be used in further studies.

Let A be a Lie algebroid on a smooth manifold M with the dual vector bundle A*. Let
X = y“S,, and 6 = 6,5 be the smooth sections of A and A*. Let [S4,Sp]) = L5 S.
as defined above in (4.2)). There is a natural inner product between A and A* and we
choose the basis such that

(Sa,8") = 8,7, (4.6)
is satisfied.
Then, we assume that there exists a Lie bracket on the dual vector bundle A*, whose

sections satisfy the above equality, in the following way:
(87,87 = L°2S°, (4.7)

where L% . are the structure functions of the bracket of the elements of I'(A*).

Additionally, p : A — TM is an anchor with local functions p} on M whereas p, : A* —

TM is a dual anchor with local functions pi* on M which are

a\ __ Aia J

and d : T(A*) — I'(?A*) whereas d, : T'(A) = I'(?A), and f € C*(M).
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Remark 4.2.2. Our focus in the following Subsection will be on formulating the
requirements for a dual Lie algebroid structure, for a given Lie algebroid A, in local

coordinates such that (A,A*) becomes a triangular Lie bialgebroid as in the Subsection

Here, the A' which is defined in the Definition as p oAt = p,, will

be utilized where A': A* — A. The following results in local coordinates from this

formula.

(poAF)S* = pu(S5°)

a ia a
e .0
ab i _ Ala
APy oy =P ok
=A“p; = pl. (4.9)

Using all the given above and the rules already given, we find the following equalities

in local coordinates.

From (3.3):
i Of
df(Sa) = p(Sa)(f) = paﬁa
and so that
af
df = WpéS“, (4.10)
and similarly
of .
dif = a}];ipjf’Sa. (4.11)
From (3.4) and (4.06):
dS*(Sp,Sc) = p(Sp)S*(Se) — P (Sc)S(Sp) = S“[Sh, Se]
- —SaLbCeSe,
1
= _ELbca7
and hence
1
ds® = —ELbc“Sb ASE, (4.12)
and similarly
1~
d.S, = —ELbcaSb AS.. (4.13)
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Therefore,

do = d(@aS") = (d6,) AS“ + 6, A (dS%)

26, 1
= —xiPoS’ A"+ 0u (—EL,,C“S” A SC>
26, . 1
— axi' piSP NSt — ELbC“GaS” ASE
20, . 1
_ (_an P~ 20l )Sb/\S“, (4.14)

where d : T'(A*) — I'(?A*), and

dX = d.(YSs) = (d W) ASa+ W A (dsSy)

al//a Ir- bc
ale*Sb/\S +l//“/\<—§L Sb/\S)

(3‘1’“ ib 1

P =3 wa%) Sy A S, (4.15)

where d, : T'(A) — I'(*A).

Also, we will use (3.12)), (4.6), Cartan’s formula, {.14), (@.10), the equality ix (B A
Y) = (ixB) ANy+ (=1)PB A (ixy) for X € T'(A), B € (PA*), and y € (7A*) for the
following first equality. Then, together with some of the previous properties, (@.15])

and (@.11)) will be used in order to obtain the second equality below.

Zx(0) = Lyas, (05)

- (lllaﬁpa—*_e oXi pb+6d‘llaLba ) ) (416)

and

gg (X) = ggasa(l[/bSb)

oyt ~
= ( ,=——p 0,y ) S),. 4.17
< iy P 8X, by o,y d) b (4.17)
The special cases are

s SP =L, ,"s?, (4.18)

53



and

LSa=—L" 4. (4.19)

4.3 Properties of Triangular Lie Bialgebroid in Local Coordinates

It has been seen in the Subsection that if the condition given in Theorem
[3.2.1] is satisfied for a given Lie algebroid A with a new bracket (3.25) on the
sections of the dual vector bundle A* derived from the bi-section A, then there
exists also a Lie algebroid structure on the dual vector bundle. Additionally, it has
been verified that they define together a Lie bialgebroid since induced differential
operator is d.X = [A,X|sn and automatically satisfies the compatibility condition

d.[X,Y] = %xd.Y — Z%yd. X which was given in (3.24) (see the Proposition 3.2.1).

In this Subsection, our goal is to determine the local expressions of these conditions
that must be satisfied in terms of the new bracket and the dual vector bundle to be a

Lie algebroid since these will be helpful for our studies.

As it was stated in the Remark [3.2.7] a special case of Lie bialgebroids will be studied

here which are triangular Lie bialgebroids that are constructed by A € I'(?A).

Proposition 4.3.1. The new bracket given in (3.25)), which is

[5711]* = LA3§T] _LAﬂng _d[A(§7n>]7

reads in local coordinates

Tab a A bi b aai aAab i
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Proof: Let £ = S and 1 = S?, then we have
Lab Sd [Sa Sb]
= LpiseS” — LS — d[A(S",8")]
= Lpacs,S” — Lypes, S* — d(A*S, SP)

= A% L5 8P+ (dA) A (is,87) — AP Ly 8T — (dAP) A (i5,8) — d(A“S,., SP)

ac bc

— _AaCL bsd Sd 6bc AbcL an 5a _ Aac(sbc

cd + oX! pd A + oX! N ( )

aAa 8Aba ) aAab )
_ bod d b d d
- _Aachd ST+ JXi pdS +A chdaS oXi pcliS - oXi péSC
aAab )

= (_AaCLcdb +AbCLcda + oXi p;l) de

where we have used the fact A*S* = A“S.. in the third line and (3.12) in the fourth line,

and this result gives

ab

~ dA
b b b
La d — LcdaA G _Lcd A(lC + aXl

pam
Therefore, we have derived a formula for the structure functions of the dual Lie
algebroid in terms of the structure functions of the associated Lie algebroid and the

components of the bi-section A.

Lemma 4.3.1. When the the components of A are constants and anchors are trivial

ones (zero), then the equation (4.20) reduces to the equation below:

L, =L, A — L., A%, (4.21)

Here, L, ;" and b 4 are structure constants.

In order to check that there is also a Lie algebroid structure on the dual vector bundle
A*, one must verify the conditions given in the Proposition hold in terms of an

anchor p, : A* — TM and structure functions of the new bracket, Lab g0 Of A™.

Proposition 4.3.2. The first condition in terms of the Lie algebroid A* of the

Proposition namely,

ia ap* ib ap*

AT TP oy =L%pl| 4.22)
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is satisfied if and only if the following equation holds:

. . . - dAbe I DAY
AakAthkie +AbkAethia +AekAathib —f—Aakp;{ +Abkpllc 5 +Aekp/l< 5 -0l

dX!
(4.23)

The equation [A,Alsy = 0, is also equivalent to the condition above in local

coordinates. (Proof can be found in Appendix in Proof )

Note that in the above condition in local expression includes the derivatives of the

bi-sections together with the anchors and bi-sections.

Lemma 4.3.2. The equation [A,A|sy = 0 which is equivalent to the condition (4.23))

above reduces to the following when the components of A are constants.
AYAPRL ¢+ APRACL A+ AN, = 0. (4.24)
Here, L, are structure constants.

Proposition 4.3.3. The second condition in terms of the Lie algebroid A* of the
Proposition 4.2.1] namely,

. aZbce > aan

P gxi TP Gy

is satisfied if and only if x|\, Alsy = 0.

8Zab

Ry

~a4i b ~bi T Tci Tab
L TOTN 4 T T, =0 @29)

However, we will assume that [A,AJsy = 0 (to be a triangular Lie bialgebroid) is
satisfied for the above condition which is equivalent to (4.23). (Proof can be found in
Appendix in Proof[A.12])

The above fact is also an equivalent local condition for the new bracket [-, -], to satisfy

the Jacobi identity.

It has been verified in the Proposition [3.2.1] that the compatibility condition between
A and A* is satisfied since the induced differential operator is d,X = [A,X]sn and
then they together define a Lie bialgebroid structure. Our goal is to analyze the local
expression for the compatibility condition between A and A* in terms of their structure

functions which will be important in the following parts of the thesis.
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Proposition 4.3.4. For X = S5,Y = Sy € ['(A), the compatibility condition (3.24),
which is d([X,Y| = %xd.Y — %yd.X, reads in local coordinates as follows.
pib 8Lcde _pie aLcdb +pi aLceb _piaLdeb
oxi T ooxt TMdgxi TCogxi

+ Lcd lzleb

(Proof can be found in Appendix in Proof[A.13])

If L ;¢ and Zceb are taken to be structure constants on a Lie algebra in above equation,
then it yields the compatibility condition in Drinfel’d double which was given in the
Proposition [4.1.1] as a second condition. Also, both of these structure constants must
satisfy the Jacobi identities which are the same as the first and the third conditions
in that Proposition. Therefore, a triangular Lie bialgebroid constructed above yields
a Drinfel’d double structure when the structure functions are taken to be structure

constants.

Remark 4.3.1. As a special case, if we take A = TM and when the local basis of
sections are chosen to be coordinate basis then the structure functions L_,° vanish
since S, = d,. Also, A% will be the components of the bi-vector field and the anchors
pé will be the identity map, then the equation (4.23)) reduces to

.8Abe b.aAea .aAab
Yokt PN o T o =0

which yields that A“ is a Poisson tensor from the Lemma in (3.21).

A

4.4 Properties of the Courant Algebroid in Local Coordinates

The definition of the Courant algebroid has been given in the Definition 3.3.1] In
this part of the thesis, our goal is to examine the local expressions correspond to the
conditions of a Courant algebroid given in that definition. Let E — M be a Courant
algebroid. If the dimension of the base manifold M is d, we will assume that the vector
bundle will have rank 2d and the inner product will be of signature (d,d). In this case,
it will be enough to regard that the vector bundle E is of this form: £ = R® R*. The
Courant algebroids constructed in this form are called split Courant algebroids [46].

So, we will assume that R and R* do not have to be involutive subbundles of E.
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For the sections of E, let us introduce a local basis for the sections I'(R ® R*) as S’
where I = (1,...,2d) such that S = (S;,S5) where S; and S’ are local basis for I'(R)
and I'(R*), respectively with i = (1,...,d), such that [47]

1
(s',8") = 3", (4.27)

0o 14
n= ( o ) (4.28)

is O(d,d) metric and I,J are two-dimensional indices, and the Courant bracket is given

by

where

(8,87 = 0" 0" T mS™, (4.29)
where Tk is a generalized three-form.

Remark 4.4.1. The generalized three-form Tkpy are the structure functions of the

introduced bracket and it is anti-symmetric in all its indices and multilinear (trilinear).

Proof:
We use the last condition in the Definition [3.3.1] of a Courant algebroid (C5) in order

to show this fact.

0= ([s7,8],8%) + (7,57, sK]) (4.30)
— <TI1NTIJLTNLMSM75K> + <SJ, TIINTIKLTNLMSM>
1 1
_ E,nINnJLTNLMnMK_'_ ETIINTIKLTNLMTIJM

1
_ EnINn]LnMK(TNLM+ Tymz)

= Tnim = —Ivme,

which means that it is skew-symmetric in last two indices.
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Directly from the definition, we also obtain the following:

[SJ,SI] — nJKnILTKLMSM — _[5175.]] — _nIKnJLTKLMSM
— 07 ToknS” = —n" " T SY
— & (Tokm + Txen)SM =0

= Trxkm = —TkLm,

so it is anti-symmetric in first two indices and trilinearity follows from again the above
property (4.30) together with the anti-symmetry of Tk shown above, as follows. For

a smooth function f:

(S, 87], S%) = —(s7,18", £$X))
- <f[SI7SJ]>SK> = _<[SI7fSK]>S]>>

and by expanding the LHS, we obtain
1

1
_ _EntNnKLTNLMnJM

i <f[S17 SK] ) SJ>>

which completes the proof. l
Some Local Expressions of the Notions in a Courant Algebroid

Since p : E = R®R* — TM is an anchor map, we have
p:S=(s58) X =(X'X), (4.31)
where X! € I'(TM). That is [47]
p(SH) =X'=Xx¥0y, where X" .= pki,
p(Si) =X;= X0k, where X*; = pk,',

where we use the Einstein summation notation and it will be used in the next

calculations as well. Then,

p(SH)f = pYof, (4.32)
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p(Si)f = pLiocf, (4.33)
for all f € C*(M), or these equalities can be written in a compact way as follows.
p(S")f=n"pjocf, (4.34)

where the components of the 17 matrix decompose as 1 ; = 5}, nij = Sij , and the other

terms vanish.

Also, we have the differential operator D : C*(M) — I'(E) and this yields in local

coordinates as follows.

(DifS"),A;87)

—~

<Df7A> =

Dif)A;(S",S%)

(Dif)AM",

~—~

| =

where we have expanded Df = (D;f)S! and A = A;S’ € T'(E). On the other hand,

1 y 1 7
SPA)f=Zp(AS)f
1
= Ap(S")f

1
— EAInljp}cakf7

where we have used p is C™-linear in the second line and (4.34) in the last line. Since
(Df,A) = % p(A)f as defined in the Definition , we obtain

Dif = pfof, (4.35)
which gives, from Df = (D;f)S,
Df = pf(9if)S" = pXi(9f)S + P (9kf)S:. (4.36)

The above equation stands for the local expression of Df = d f 4 d. f given in (3.52),
where d : C*(M) — T'(R*) and d,. : C*(M) — I'(R).

Theorem 4.4.1. [47)], [48] The axioms of a Courant algebroid given in the Definition

3.3.1|can be written as the following three independent properties in local coordinates
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using the local expressions given above and the Leibniz rule (C3) in the Definition.
«n"pip] = p'up +ppli =0,
«pioip] — pioip] — " pfTiy =0, (4.37)
* 4p[iLaiTIJK] + 30"V Ty Ty = 0.

(Proof can be found in Appendix in Proof )

Note that the anchors p; in the second and the third conditions will be expanded as in

the first equation which will be seen in future calculations in detail.

In the above Theorem (see the Proof), we have seen that five abstract axioms given
in the Definition of a Courant algebroid correspond to only three local conditions.
This fact comes from the followings: The Jacobiator identity, which is given as
C2) Jac(A,B,C) = D(N;j(A,B,C)) in (3.34), yields to all these three local conditions
with the help of the Leibniz Rule C3) [A, fB] = f[A,B] + (p(A)f)B — (A,B)Df.
Besides, the other axioms C4) poD =0, i.e., (Df,Dg) =0 and C1) p([A,B]) =
[P(A),p(B)] coincides with the above first and second local conditions, respectively.
The left property which is C5) p(A)(B,C) = ([A,B] + D{(A,B),C) + (B,[A,C] +
D(A,C)) is satisfied automatically.

Theorem 4.4.2. The properties of the Courant algebroid in terms of a Dorfman bracket

given in (3.377)) correspond to the three independent axioms in local coordinates same

with @.37), as expected. (Proof can be found in Appendix in Proof[A.15])

Remark 4.4.2. One of the aim of the thesis is to demonstrate a close relationship
between the DFT fluxes and the structure functions Ty in the bracket (4.29) in the
local basis of a Courant algebroid which will be provided in Subsection[6.2.3} Namely,
the conditions imposed by the axioms defining a Courant algebroid on the structure
functions are equivalent to the conditions imposed on DFT fluxes by physical principles
when the strong constraint, which will be introduced in and (6.8)), is imposed.

This fact can be seen in the Propositions [6.2.3| and [6.2.4] These structure functions

Txrym are called fluxes in physics literature and it can be identified with the four types

of fluxes such as fl-jk (f-flux), H;j; (H-flux), Q' (Q-flux) and Rik (R-flux) (since Txrm
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is totally anti-symmetric (see the Remark[d.4.1)), only these type of fluxes arise) [49].

First two are called geometric and the rest are called non-geometric fluxes [50)].

Remark 4.4.3. We will investigate the axioms in for the anchor p'; = (p' s pl ),

one by one since these results will be used in our studies.

The first axiom can be written as follows.

n"pipj =0

= npipl’ +npip}, =0

— plpl*+pipl =0, (4.38)

where we have used (4.28)) in the last line.

In the following two axioms, we will use the fact that Ty is totally anti-symmetric

from the Remark4.4.1

The second axiom become the following.

pidip] — pioip] = p{ T =0

— PLOP} — PLOP YL~ NGPLT % — 0PI Taa

+piaipl” — plaplt —ngplT! — . pl T,

+pldip) — p'diplt =GPl T — 1. plT, ),

+pLoipl’ —plapl,—nGpiTd " =0 pl Ty, =0

= P3P, — Yool — Pl fup — PL Haa

+plapl’ - plapl — piRM —pliQ,

+piayp], — phdipl’ —pl0, “ + pl £,

+pLdipl” —pLaiph +ph0, © —pl'fy =0. (*-39)
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Lastly, the third condition can be expressed as follows.

4P[I.Lai Tysx) + 30 Ty Ty = 0

0Tyx 0Tk 90Tk 9Ty
— Py PGy FPI gy Pk gy
+ MM (T Teen + Tk Tean + Tur Tign) =0

+p (4.40)
= P0iHupe — PLOHpbca + PhOiHeda — PLOH b + P R — pl9:RP + pP o;R
—PicaiRdab +PéaiRabc _piaaiQd bc _pibgiQd ca _picaiQd ab ‘l‘PidaiQa bc —PéainCd
+pL 90 +piaiQ, ©" = pildiQ, “ —pldiQ) “ + pydiR — pifaiQy, Y+ p 0"
+019,0. "+ p00, ¥ — pLIRI™ + pi010, P — piaiQs P+ PP 0if 1 — PEIiS 1"
—PL0i0), “+ Pl f — PHOIO, “ + PLOif 1y  + PUOIO, P — PO+ POy
—PLdi0Qy P+ Pl0if ., — POy L+ PpdiQy = PLOif T + P i fre — PL i !
+pp0i0, 1 —pldiQ, 1 —pllaif,." +pi0iQ. " —pL i +Pi0iQu P+ P4if °
+Pi0ifoa” A+ PhOifaa” — PEOiHaap + PX OiHape — PaOifpe’ — Pi0ifea — PLOI 0

+ PL0i fre — PIOiHpca + PyOifoa” + PLO Ly — P10 fae” — Pi0ifoi” + P OiH a4

—0e0if 1"+ Humav foa™ + Huacf 3" + Hmad foe " + fup" Heam ~+ Fae " Haom + Fog" Hoem
+ Qm ab Rcdm + Qm ac Rdbm + Qm ad Rbcm + Rmab Qm cd + Rmac Qm db + Rmad Qm bc

0, ab 0,"+0, %0, bm £ Rbem 4 gmab £y.¢— Rmac fdmb +0,mQ. be

i fmab Redm £ RAbm | fmad Rbem _ 0, mb 0, cd 0,0, db 0, md 0, be

—f Redm _ 0, %0, dm | 0, ad 0, " +0, ™0, ed | pmac fbmd _ pmad fon

o, ab 0. dm _ £, Rdbm _ 0, ad 0. bm _ pmab fcmd +Q, Mg db | pmad fcmh

_ fmab 0, "+ f, 0, bm  p o Rbem 0, mb FCt0,me fdmb Y0, be

+/, mba Q, M+ O “f, dbm -/ mdaQb M+ 0 mef, dmc + R™Hgpm — Oy e, bmc

+ O fea™ = Fn" Qa " Snd' Qe "+ R Heam = Qe "™ S’ + Q" fem'”

+ R = frn Qp ™"+ Find" @y " + Lo O = Q™ Fom' + Q™ S

— F' Qe "+ Fu Dy M+ O e = Q" fon” + Qe ™ fin” + R Hye

t Fa Qe "+ HnaeR™™ = fu 0 ™"+ 0 ™ fon + Fae" Q™ = Q™ fen

- Hmade M+ fmacfdbm + Hmade o+ fab mfdmc - Qa mcHdbm - fadmfbmc

+ Hnas Qe " = HinacQy " + frna o™ = S Fom + Sae " Fom” = @ "™ Hoem

— Jo Sed" = S Sap" = fnd Soe" +Qp " Heam+ Qp " Hapm + Qy ™ Hpem

+ fmabfcdm +Hmach bm - madQc bm - Qa mbHCdm - fac mfdmb + fadmfcmb'
63



We will list the terms one by one according to the position of the indices in the last

equation above in order to find the conditions on the fluxes.

Examining the terms whose all indices are lowered yields the following condition.

PLOiHpeq — PhOiHeda + PLOH b — PLOiHabe — Homab fog™ + Hinbe f1a™"

- mcdfabm + Hmdafbc " +Hmacfdbm + Hmdbfac " =0. (441)

The terms whose only one index is raised, which is d, give rise to the following

condition. The other terms in a,b,c yield the same condition.

PL0ifoe® + Ph0ifea + PiOifn® — PLOHupe + fup ™ fom + Foe " Foumt”

+ Fod " Fom = Oy ™ Hpers — Qp " Heam — Qp " Hepm = 0. (4.42)

Now the terms whose two indices are raised, which are c,d, gives the following

condition. When the other indices raised, these yield the same condition.

p;alQb cd — pll)alQa 2 + picaifabd - pidaifabc - famem i . HamemCd

+ Qa mebmd . Qb meamd il Qa mdfbmc + Qb mdfamc —0. (443)

The terms whose three indices are raised, which are a,b,c, yield the following

condition. The terms in other raised indices yield the same condition.

piaaiQd bc +pibaiQd ca +Pic3iQd ab _p‘iial_Rabc +Qm ade cm Qm chd am
+ Qm ca Qd bm fdma Rbcm o fdmb Ream _ fdmc Rabm —0. (4.44)

Lastly, examining the terms whose all indices are raised yields the following condition.

cd +Rmch da

m

piaaincd . pibaiRcda _i_picaiRdab _ pid&iRabc _RmabQ

m

_Rmchm ab +Rmdan bc +Rdmem ac +Rmach db _ 0. (445)

These conditions on fluxes are actually the Bianchi identities of DFT fluxes as will be

discussed in the Proposition [6.2.3]
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Remark 4.4.4. If the vector bundle E in a Courant algebroid has the subbundles R and
R* which are taken to be also involutive as well as maximally isotropic and transversal,
these become transversal Dirac subbundles of the vector bundle E and it has been seen
in the Theorem[3.3.5|that these together construct a Lie bialgebroid. If R is taken to be
an involutive subbundle of E, then from [#.29)) we obtain the following for S; which is
a local basis for T'(R).

1Si,S;] = nilnjmTlmkSk = Tiijk = fiijk'

Also, H;jix = 0 as required by the assumption of involutivity of R.

Similarly, if R* is taken to be an involutive subbundle of E, (4.29) yields the following
for S' which is a local basis for T(R*).

', 8] = '/ W TSt = T4 S* = QY S* = 0,V sF,

since Tgrm is anti-symmetric in all indices which can be seen in the Remark

Also, RU* = 0 as required by the assumption of involutivity of R*.

For the mixed terms, we have
[Si, 8] = ' TSt 0 T S = — £/ SK + QRS
and similarly
[87,81] = fi! " — Q7S = —[5i, 8.

By using (C5) in the Definition we will show that the metric compatibility
condition imposes that f},) = f,/ and Q}/* = Q./* as follows.

0 = ([Si,S'],Sk) + (S7, [Si, Sk])

= 0= (i " + Qi7" S, Si) + (7, £ Sm)

= 0=/ 1"k + Q" Nt + [ M m

. .
= ful = fu;
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and
0= <[Si75j]vsk> + <Sjv [Sivsk]>
= 0=1(0,,"S",5) + (S, fi'S" — O, Sm)
— (0= Qmijnmk ‘|‘f/£minjm . Q;cimnjm
Note that in the Subsection [4.3] which have explored the properties of triangular Lie

bialgebroids in local coordinates, we have encountered only f- and Q-fluxes.

In the following Subsection, the sections of a Courant algebroid will be considered

generally which means the fluxes will be considered as H # 0 and R # 0.

4.4.1 Courant bracket in local coordinates

Our aim now is to express the (general) Courant bracket in terms of local coordinates
and to see also the relation of this expression with the standard Courant bracket in local

coordinates.
Proposition 4.4.1. The Courant bracket in local coordinates reads [51|]

1
[A,B] = | p} (A’0,Bx — B’ 9)Ak) — 3 px (A’0,B; —B’9A)) | S* + ALBM Ty i SK,
(4.46)
where A = A;S" and B = B;S’ are the elements of T'(E).

Proof:

The following property and its proof will be given firstly.

Lemma 4.4.1.
[fA,8B] = fglA,B] + f(p(A)g)B—g(p(B)f)A+(A,B)(gDf — fDg),  (4.47)

where A, B are only the local bases of T'(E) here.

Proof of the Lemma4.4. 1k
By using the condition (C3) in the definition of a Courant algebroid given in[3.3.1] we

obtain
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[fA,8B] = g[fA,B] + (p(fA)g)B — (fA,B)Dg
—g[B, fA]+(fp(A)g)B— f(A,B)Dg
= —g{/[B,Al+(p(B)f)A—(B,A)Df} + (fp(A)g)B— f(A,B)Dg
= f8[A,B] —¢(p(B)f)A+g(A,B)Df + (fp(A)g)B — f(A,B)Dg
)

)
= f8lA,B] + (fp(A)g)B—g(p(B)f)A+(A,B)(¢Df — fDg),

where we have used that Courant bracket is skew-symmetric in the second equality. []

Now, the expansion of the Courant bracket in local coordinates using gives the

following.

[A;ST,B;S'] = A1By[S!, 8]+ A1(p(S)B;)S’ — By (p(S))A[)S!
+ (ST, 87\ [B;D(A;) — A;D(By)]
= ABN" 0" T S” + A" pg (9:iB;)S” — Byn'* pi (9iA)) S
+ %TI”BJP}}(@'AI)SK - %TTIJAIP}}(aiBJ)SK

1
= |pj (A79,Bx — B’ 9Ax) — EP}< (A’0B; —B'9iA;) | S +A"BY TLk ",

where we have used (@.29), (4.34), (4.27) and in the second equality. ll

The (general) Courant bracket in local coordinates given in (4.46) can be expanded as
follows for the decomposed anchor p'y = (p/, p/) and SK = (S, S%).
[A,B] = |p} (A’9,Bx — B’ 9)Ak) — %p,l{ (A’9,B;—B’9A;) | SX + A*BM Ty pi S*
= p!AT(9,By)S* + plAT (9,B)Sy + plA;(9Br)S* + pl A (8B )Si — plB (91AL) Sk
— piBI(91AF) S — i/ Bj(9)AL)S* — pi/B;(9A%) Sy — %PlﬁAj(alBj)Sk
- Ep,ﬁA j(9B))S* — —plkAJ(alB Sk — p”‘A (O1B7)Sk+ %p,ﬁBf(a,A i)sk

1 ; .
+5PiB(AAT)S" + 5 JPEBIAA)S+ 5 SPEB(OAT) S+ ATBY Toanie S,
(4.48)

where the last term is left the same.
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The (general) Courant bracket given in (#.46) can be also written as follows for the
anchors p; = (pi,p/) and for A = Ay +Ap € T(E) with Ay € T(TM) and Ap €
[(T*M) and B= By + Br € I'(E) with By € I'(TM) and Br € T'(T*M) [51].

L .
[A,B] = [Av,Bv] +$AVBF _gBVAF — Ed (lAVBF — lBVAF>

I . .
—+ [AF,BF] "‘D%AFBV _XBFAV + Ed* (lAVBF — lBVAF) + T(A7B), (449)

which has been introduced in (3.50) in terms of the direct sum of Lie algebroids (L, L")
(which was actually a Lie bialgebroid structure). In above, T(A,B) := A;B jTiijk +
A'BIT; .S, and

[Av,By] = (p}A’9,B"* — piB/9,A* + A'BT,; ¥, (4.50)
Za,Br = (piA/ OBy + piB;0|A’ + A'BT; ;)S*, (4.51)
d(ia,BF) = (piA’d;B; + p}B;d,A7)SF, (4.52)
[AF,Br| = (pijAlajBk — PijBlajAk +A;B;T, sk, (4.53)
Za,By = (pYA;0,B" + p*BI9IA; + A;B'T, M), (4.54)
d.(ia, Br) = (p*B;0,A7 + p'k A1 9,B))S;. (4.55)

These operators have been given in the Subsection 4.2]in calculus on Lie algebroids.
Also, the bracket on 1-forms in (4.53)) has been introduced in (3.22) which is the
Koszul bracket. Note that the derivatives of the Poisson bi-vector tensor are hidden in

the Q-fluxes. This bracket can be followed from the Proposition 4.4.2|in detail.

Note that by substituting these defined operators in (@.49), we obtain
the Courant bracket’s expanded version given in (#.48) if and only if
T(A,B):=A;B;T"/kS; +A'B/T;j;.S*.

Also note that #30) can be found from for A = A'S; and B = B/S; in that
equation since [S;,S;] = 0 and (S;,S;) = 0. Similarly, #.53) can be found also from
for A = A;S" and B = B;S/ in that equation since [$',S/] = 0 and (S%,$/) = 0.
Additionally, @#5T) and (@.54) are the same as @.16) for 7, ;' = L' and for

T, =X, respectively, as expected. The other operators will behave in the same way
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with the previous ones which have not been written in local coordinates.

The following examples of a Courant algebroid will be important for further studies.

Example 4.4.1. The special case of a Courant algebroid can be given by the standard
Courant algebroid which is firstly demonstrated in the Example 3.3.1} Standard
Courant algebroid consists of the anchor p : E — TM which is the projection to the
tangent bundle, the metric which is induced by the natural pairing between TM and
T*M, and the map D : C*(M) — I'(E) that is given by Df = df where d is the
exterior differential operator on the tangent bundle of the manifold. In that case, we
have p'y = (5},0) and by substituting this together with S = (0y,dx*) in @#30) -
(4.53), the bracket (4.49)) reads [51)]

1 1
[A, B =(A'0,B" — B'9,A%) 9 + (Al 0B, — Bl ojA, — 5A’ B + EBZ A,
1 1
—5A18kBl o EB,akAl +AleHlmk) dx*, (4.56)

which is called H-twisted Courant bracket and introduced in (3.44).

Note that only H-flux arises in the above equality. The reason of this fact will be given

in the Proposition 4.4.3]

Example 4.4.2. If we take the Lie bracket on the sections of TM as zero bracket
and zero anchor (trivial ones), then it constructs a Lie algebroid structure. On the
other hand, if we take the bracket on the sections of T*M as the Koszul bracket
together with the non-standard anchor on T*M as the Poisson bi-vector field, then
this constructs a Lie algebroid structure from the Example These structures
satisfy the compatibility condition given in or automatically. Therefore,
there exists a Lie bialgebroid structure. On the direct sum of these structures, it can be

constructed a Courant algebroid from the Theorem
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In order to find the bracket on TM @ T*M, we will use the operators (4.50) - (4.53)) for
the anchor p'y = (0,T1V) and SX = (9, dx*). Then @49) turns into the following.

. 1y . 1 1 :
[A,B], = (HZJA jOB* + EH”‘BJ JA; —T1B;9)A* — EH”‘A/ AB; + EH”‘B A

1 ~ - i
3T ja,Bf) Ok + 11 (A0, By, — B1djA)dx* + AiB,;Q, 7 dx*

+AB'Q," 9 —B;A'Q. " 3 +A;B;R 0.

In above example, the fluxes H and f are taken to be zero which will be proved

in the Lemma Also, the Q- flux can be written as Q¥ = 9,T1/¥ from this Lemma.

Proposition 4.4.2. The bracket on 1-forms in [#33)) gives the following for p'y =
(0,ITY) and SX = (9, dx").

[AF, BFlx = 1Y (A;0;B,, — Bid;A ) dx™ + A Bi(9, 11" )dx", (4.57)

which is the same expression with the Koszul bracket given in (3.22]).

Proof: The Koszul bracket (3.22)) can be expanded in local bases as follows.

[Aidx', Bjdx]. = Bj[Aidx',dx') + L s a,a00) (Bjdx)
= B, (Al ]+ Lys ) (AidX') ) + Bj-L iy (d27) + p (AF (A )) (B )k
=—B; <Ai (Lns (i) (dx) = Loz iy (AT ) = d(TU(do ,dx')) + Lo () (Aidxi)>
+BjAL pt(axi) (d) + AT (OB ) dx
= A;B;o IV dx* — B;TV* QA )dx' + ATT* (9, B,)dx/,
where we have used the Leibniz rule for the Koszul bracket in the first line, Leibniz

rule again and (3.11)) in the second line, (3.22) and (3.12) in the third line, and (3.10)),
(3.7) in the last one. This result ends the proof. B

Example 4.4.3. If we take the usual Lie bracket on the sections of TM and the identity
anchor on TM, it constructs a Lie algebroid structure as we discussed before. There
also exists a Lie algebroid structure on T*M equipped with the Koszul bracket on

the sections of T*M and the non-standard anchor on T*M as the Poisson bi-vector
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field which was also discussed before. These together constructs a triangular Lie
bialgebroid structure which is demonstrated generally in the Subsection [3.2.1] in
detail. Therefore, a Courant algebroid structure can be constructed on the direct sum

of these structures from the Theorem

In order to determine the bracket on TM © T*M, we will use the operators (4.50) -
(@.53) for the anchor p'y = (8';,11) and SX = (Ok,dx*). Then @49) becomes

. 1 . .
[A,B] TM&T*M = (AlalBk - BlalAk + H“Aj(?lBk + EH”(Bf&lAj — HlijalAk

1 : 1 o1 . 1 .
— EH“‘AJ&BJ- + EHIkBja[AJ - EH”‘Ajale)ak + (Al8lBk + EBjakAJ

1 1. 1 . . .
— Bl&lAk — EAJ&;(BJ - 5A18kBj + EBJ&,(AJ- + HIJAl8jBk - HIJBlajAk)dxk

+A;B;Q, " dx* +A;B0," 9, — B;A'Q, ",

where the fluxes H, f and R are taken as zero from the Lemma Also, the Q-
flux can be written as Qijk = J,T1X from this Lemma. Note that the derivatives of the

Poisson bi-vector field are only contained in the fluxes, specifically in Q-fluxes.

Above example demonstrates the Courant algebroid bracket on the direct sum of
the tangent and cotangent bundles. Although the tangent bundle is taken to be as
usual with the identity anchor and the standard Lie bracket, the cotangent bundle is
not taken to be trivial. Instead, the bracket on the sections of cotangent bundle is a
Koszul bracket in this case. So these together yield the above non-standard Courant
bracket on TM & T*M. This case will play a prominent role in further studies, in the
Subsection6.4] in such a way that this Courant algebroid structure is the algebroid

structure underlying the solution generating mechanism.

We will now investigate Courant algebroids in local coordinates under some particular

conditions.

Example 4.4.4. A Courant algebroid over M = {pt}, a point, is just a quadratic Lie

algebra, i.e. a Lie algebra g with an invariant non-degenerate symmetric bilinear form.
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Proof: Since the base manifold is a point, the anchor is the trivial one that is p = 0 and
that gives Df = 0. Also, one has the structure constants, instead of structure functions,
of the Lie algebra. Therefore, the conditions of being a Courant algebroid, which are

given in the Definition [3.3.1]turn into the followings.

(C1) and (C4) is satisfied identically. Also, (C2) become the following for the elements

S; of the manifold.
Jac(Si, S, Sk) = [[Si, S, Sk + [[S7: Sk, Si] + [[Sk, i, S;] = 0
= (fi" foi + " Foni + Fii" fonj ) S =0,
which gives
[ Fod A " it + " ff' =0, (4.58)
for every S; € M, which is one of the conditions for L to be a Lie algebra. Besides,
(C3) becomes [S;, fS;] = f[Si,S;]. Lastly, (C5) becomes

0 = ([Si,S;],Sk) + (S}, [Si» Skl),

which is a condition for being an invariant inner product.

As aresult, a Courant algebroid over a point is just a quadratic Lie algebra. B

Example 4.4.5. Let E = L®L* as in the Theorem If the base manifold of E
is a point, then the conditions on structure constants (see the Remark become

exactly the same conditions for a Manin triple structure (see the Proposition d.1.1)).

Proof: Let us assume that L,L* are transversal Dirac subbundles in a Courant
algebroid. Then one could use the definitions in local coordinates given in Subsection
4.4l Since base manifold is a point, we will have again structure constants instead of
structure functions. One needs to work on the Courant bracket before looking at the

requirements for being a Courant algebroid as stated in the Definition [3.3.1

The brackets on the sections of L,L* for the elements S;, S', respectively, will be the

same as discussed in the Remark 4.4.4] such that
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[Si7Sj] = fiijk’

S1,87] = Q, Sk,

[SHS]] = _flk]Sk+ Qiijk = _[Sjvsl]

Here, f; jk and Qkif are now the structure constants of the Lie algebra and its dual Lie

algebra, respectively, since we take the base manifold as a point.

Now is the time to look at each condition of a Courant algebroid given in the Definition
[3.3.1)in local coordinates individually. Firstly, (C1) and (C4) is satisfied identically.
Also, (C2) yields the same result found in (4.58) which is one of the conditions for L

to be a Lie algebra.

Similary,
JaC(Si,Sj,Sk) — (le]lek + Qm]leml +kalle]>Sl — 0’
which gives
Qmilemk L Qmijlmi + kainmj — 0’

which is one of the conditions for L* to be a Lie algebra.

From the mixed sections, we obtain

Jac(S',8;,Sk) = 18,871, 8] + 1S, Sk], 87 + [k, 8], 8,] = 0

= [fju'S" = Q" Sms Sk + [f " Sms ST+ [ fin' S™ + Qx™Sm, ;] = 0

= — i 1SSk + Q" [Sms Sl = [ i [Sms ST+ fi' 1S™, 811 — Q™ [Sm, S = 0
= —Fim (fa™S' = Q™S + Q™ i St — ™ (= Fo'S' + Q"))
‘i‘fkmi(szmSl — Q_,'mlSl) — Qkimfmjlsl =0

= (—f]l:mf/?; + " i’ +fkmifjlm)Sl

F (i O+ Q" foi = Fi" O — fim @ — QL f)S1 =0 (4.59)

then we get (4.58)) which is the Jacobi Identity for L.
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Also, we obtain
fjmikal + jSmfmkl _fj QOil _f]émQ;nl . Q;Cm‘f’f” _ 0,

which is the compatibility condition between L and L* given in Proposition [4.1.1] and
this yields a Lie bialgebra structure (L,L*). Note that we have used the condition
(C3), which becomes [A, fB] = [fA,B] = f|A, B], in above calculations. Also note that
the other combinations of the sections will give similar kind of results. (In some of

them, we have Jacobi Identity for L* together with the compatibility condition again.)

As a result, when the base manifold is taken a point and if there exist transversal Dirac
structures in a Courant algebroid, then there is a Drinfel’d double structure and so a

Manin triple structure. l

4.4.2 Triangular Lie bialgebroid yields a Courant algebroid with transversal

Dirac structures in local coordinates

The correspondence between (general) Lie bialgebroids and Courant algebroids with

transversal Dirac structures has been given in the Theorems [3.3.4]and [3.3.5] Our aim

in this part of the thesis is to verify that for a given triangular Lie bialgebroid, which is
firstly introduced in Subsection [3.2.1] and whose local expressions have been given in
Subsection 4.3] the axioms to be a Courant algebroid with transversal Dirac structures
are satisfied in local coordinates.

The Subsection that covers Lie algebroid’s local expressions will be used in this

part.

Theorem 4.4.3. Let us assume that there is a triangular Lie bialgebroid structure
(AD A" [, Jaaa, (-, ) Aaa*, PAear ), Which is constructed by using the bundle map
Af D A" — A defined by AF(E)(n) = A(E,n) for all E,m € T(A*) satisfying some
conditions given in the Subsection Also, let us have a new bracket on the
smooth sections of the dual vector bundle A* given in (3.25)) together with the induced
differential operator d, : T'(A) — T'(?A) that is d.X = [A,X]sy. Then, this structure

vields a Courant algebroid with transversal Dirac structures. In other words, the three
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local properties given in (4.3') are satisfied in terms of this structure of a triangular

Lie bialgebroid.

Proof: Let E = A ®A* where (A,A") is a triangular Lie bialgebroid. Then we assume

the followings: A is a Lie algebroid that satisfies (4.1]), (4.2), (4.3)) and (4.5) or (4¢.4)
and A* is a Lie algebroid that satisfies (4.8)), (4.7), (#.22) and (4.25]). Besides, there

is a natural inner product between these Lie algebroids given in (#.6) and they fulfill

and (@.17). The compatibility condition between A and A* given in (4.20)) is
also satisfied. By using the bundle map, which satisfies (4.9)), we assume also that the
introduced new bracket on the smooth sections of the dual vector bundle A* satisfies
(4.20). We define the following skew-symmetric bracket operation on I'(A @ A*) as

given in (3.50):
[Sa+ 5%, 8y + S")acar = [Sa, Spla + L5,8" — L5, 8" + %d(is,,Sa —is,S")
+ 89, 8%) 4+ 4 LsaSp — LpSu — %d*(isaSb —igS,),
where S,,S), € I'(A) and $¢,8” € T'(A*). Therefore,
[SasSelacar = [Sa,Spla = LgpSe, (4.60)

and

(5%, 8P| aqa+ =[S, 8P]4r = L% .SC. (4.61)

For the mixed terms, we have

Sas S |amar = L5, 8" — LS4 (4.62)
= _LachC + Zbcasc‘a
and
1S9, Splawar = —Ls, 8" + LsaSp, (4.63)

= L,,°8¢ —L%}S...

Since Txry are the structure functions of the Courant bracket (4.29), we need to
comprehend the relation between these and the structure functions L and L of Lie

algebroids A and A*, respectively. Hereby,

[SaySb] - TachC + Tabcsm
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which gives from (4.60): 7, = L, and Ty, = 0, and

[Sa,Sb] — TachC + TabCSC,
which gives from @61): T, = L%, and T%¢ = 0, and

1S4, 8% = T, 8¢+ T,P°S,.,
which gives from @.62): T,%. = —L,.’S¢ and T,?¢ = I*¢,, and

[Saasb] - TabCSC + TabCSCa

which gives from @.63): T, =L, * and T“ ¢ = —L%,. In above calculations, we
have used the facts n%° = 1,, = 0 and these will be used in the next calculations

together with the above results.

We are ready now to prove that the axioms to be a Courant algebroid given in (4.37))
are satisfied in terms of this triangular Lie bialgebroid structure one by one. Note that
since the structure functions satisfy 7. = T9¢ = (, which means that the fluxes H

and R vanish, then we have transversal Dirac structures from the Remark [4.4.4]

1) We would like to show now the first axiom given in @37): n™/pip7 = 0 is satisfied
by the constructed triangular Lie bialgebroid. For this purpose, we will use (4.38) and

obtain the following.

Ypip] =nipipl’ +nlplp),

= P AL+ AP

n

=0,

where we have used the facts: (4.9) and A is skew-symmetric. Hence, it has been
proven that the first condition for being a Courant algebroid is satisfied in terms of the
constructed triangular Lie bialgebroid (A,A*).

2) Our next goal is to prove that the second axiom in (#.37), that is

pidip] — pjdip] — " p{ Ty =0,
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holds for this triangular Lie bialgebroid. From (4.39), we have

pidip] — pidip] —n i 1L

= p',0ip}, — phoipd — plLat + pdipl” — pPapl® — pl'L®,
+A“pLaip], — pl(AA“)pl — pl(dip 1) A% — )L, + A%pIL

+ L (FA")pl+ Pl (dipl) AP — AP pLopd + pL?, — A%pIL, !

= A“plaip}, — Pl (iA™)pl — piy(ip ) A® — pI LU, + AT pIL,,;

+ L (GA")pl+ Pl (dipl) AP — A pLopd + pL?, — ApIL, !

= A“pLAP), — Pl (A )DL — P (APLIAT — PIL AT 1 I A
— ph(AA )Pl + A%pIL,S + P, (9iAb“)pf + Pl (dipl) AP — APplaip]
+PIL A — plL AT+ pl (ATl — AT pIL, !

= —p,(A“) P+ PIL, A — pl(AAY) ', + AT PIL S + Pl (AP p
—PlLed N+ pUOA) Pl = A plLy )

=0,

where we have used ([@.9) in the second equality, (4.3)) and (#.22) in the third equality,
due to the facts that A and A* are Lie algebroids. Also, has been used in the
fourth equality and (4.3) has been used in the fifth equality. Lastly, it has been used
that A’ is skew-symmetric in the last equality and the terms cancelled each other

identically.

Therefore, it has been proven that the second condition for being a Courant algebroid

is satisfied in terms of the constructed Lie bialgebroid (A,A*).

3) Finally, the last equality (4.37) should be satisfied by the constructed Lie bialgebroid
which is 4P[iL8iT11K] + 30Ny Ty = 0. When only K is raised, the LHS of this
equation yields to the following from (#.42).

oL AL L.t . )
pa aXCl +pb a;(al +pc a;(, +Leb Lace+LbceLae _LbaeLce
=0,
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where (4.4) has been applied since A is a Lie algebroid.

Raising L and I at the same time, we have from the equation (#.43):

"M (Ty " Ty N+ Ty aTy + o™ Tean)
oL oL oL Ol
- p* - p* + pc pd
X! oX! X! oX!
— L, b 41§ — 1P L, + L)L, S

=0,

where we have used (4.26) in the last equality since the compatibility condition is

satisfied between A and A*.

By raising LIJ, one could obtain the following equation from (@.44).

. aZbc P Lca aZab
pia aXl +P,lkb aXl _|_pic aXl +LbcLa LbaLc +Le Lace
aLbc baLca aZab - .y )
=p* Ixi 4+ p; X +pif 3 4+ L9L%, + LPGL% + L%LY)
:()7

where we have used the fact (4.25)) in the last line since A* is a Lie algebroid.

When the all indices are raised or lowered as in (4.45) and (4.41), respectively, we

have identically zero since T7°¢ = T},.; = 0.

Consequently, the last condition in of the Courant algebroid in local coordinates
is satisfied by the constructed triangular Lie bialgebroid (A,A*) and it completes the
proof of the fact that the structure (A ©A*, [, Jawa+, (,-),p), where p'; = (pi, pi4), is

a Courant algebroid with transversal Dirac structures. l

4.4.3 Courant algebroids for some special anchors in local coordinates

According to the local conditions of a Courant algebroid that are stated in (4.37), the

axioms that must be satisfied by a Courant algebroid for some special anchors will be
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examined in this Subsection and can be followed in Propositions below. The setting
will be taken as the same with the Subsection 4.4l and so that our consideration will be
on the vector bundle E in such a way that E = R&® R* along with the anchors in the
form of p’; = (pZ,pi“). The last special anchor, that is the most general one among

them, is important for our upcoming goals.

The second condition in (4.37)) can be thought as the definition of fluxes in terms of
anchors and other fluxes (sometimes they vanish as in the first example) whereas the
third condition known as Bianchi identity in physics literature, is the requirement that

fluxes must satisfy. These notions will be examined in Subsection in detail.

Proposition 4.4.3. [f the anchor is taken as p}, = (5]’:, 0) such that p; — 5]’: and p¥ =0
in a Courant algebroid (which gives a standard Courant algebroid, see the Example

W.4.1), the three equations in (4.37) take the following forms [51].

The first condition (#.38) is satisfied identically.

The second condition (@.39)): fabj +RI% + 0, J4_ 0, 9% = 0 which implies R = f =
0=0.

The third condition (A.40) for f = R = Q = 0 gives (which can be also seen directly

from @.41)):
0uHpcd — OpHcda + 0:Haap — aHape = 0, (4.64)

ordH = 0.

Note that the second condition yields vanishing fluxes except H-flux in above theorem.
Also, the third condition yields the Bianchi identities that H-flux must obey leading to

the H-twisted standard Courant algebroid.

The bi-vector field B will be introduced in the Propositions and Lemmas that follow,
where S is some (2,0)-tensor as B € ['(TM @ TM) with associated bundle map B :
T*M — TM, induced by the canonical dual pairing between the tangent and cotangent
bundles, in a Courant algebroid which consistently produces a non-standard Courant

algebroid.
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Proposition 4.4.4. If the anchor is taken as p; = (0,B") such that pj- =0 and
P = Bii, then the three equations in become the followings [51].

The first condition (&.38) is again satisfied identically.

From the second condition (4.39)), we have

B/ Hyup =0,
BHQ, " = B2 )~ B(2B") (+.69)
and
ﬁjdfdab =0.

These results lead to the conditions H = f =0 and B/4Q > = Bi(9;$°) — B (9;,$/%).

The second requirement above does not restrict R-flux as it does not occur and the
other fluxes do not have to be zero. Besides, R-flux does not even appear in the
second condition however it arises in the third condition which stands for the Bianchi

identities. These identities can be easily seen from (@.41)-@.43) for H = f = 0 for
p; = (0,B).

Lemma 4.4.2. When 3 =11 is a non-degenerate Poisson tensor, that is the SN bracket
with itself vanishes, [I1,I1|sy = 0 given in (3.21)) in local coordinates, then a Courant
algebroid for p’ = (0,I1") is obtained as H; j = fijk = 0and, Q./* = o TV* from [@.63).

The third condition stands for an additional requirement for § = I1.

Proposition 4.4.5. If the anchor taken to be p} = (51’:,[3’7 ) such that pj- = 5} and

ps! = BY, then it gives a non-standard Courant algebroid again and the three

equations in yield the following [51]].

The first condition @38) is satisfied when B = —BJi, which means B is

skew-symmetric.
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From the second condition (4.39), we obtain
fu' + B Haap = 0,
R+ B0, = BB ) — B¥(35)
0" = B fua" — %uB”.

The skew-symmetry of the Q-flux may be observed by writing the second condition as

follows, which can be achieved by applying the first equality mentioned above.
Q,"" = BB Hyia — 0"

In above Theorem, we can see from the results of the second condition, once more
the fluxes do not have to be zero. Besides, all of the fluxes appears now for the
second condition to be vanished. It is evident that the third condition, which represents

the Bianchi identities, gives rise to further conditions which can be found from
@AT)-@43) for pj = (5}, BY).
Lemma 4.4.3. When B =TIl is a non-degenerate Poisson tensor and H = 0 (that yields

f =0), then a Courant algebroid for p}; = (5]’:, I1") is obtained as
IV = 117,
since Poisson tensor is skew-symmetric, it is expected. Also,
0, = a,1m%.

The above result together with the fact that 11 is a non-degenerate Poisson tensor and

so it satisfies [I1,I1|sy = 0 given in (3.21)), give the following.
R/ = 0.
Also, the third condition again stands for an additional requirement for B = IL

The following case will be especially important for us as explained below and note
that it is kind of a generalization of the previous case with taking 5} as the anchor p;
As a result, it produces a different, non-standard Courant algebroid that is also more

inclusive.
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Proposition 4.4.6. If the anchor is taken to be p = (aij,a}'cﬁkj ) where p; = ai]- and
p

three equations in (4.37) take the following forms.

= a};Bkj, i.e., the most general case in comparison to the earlier cases, then the

The first condition (@.38) is satisfied again when B/ = — /-,
The second condition (4.39)) yields
a.dia’y —d',oal — d’.f,; — al B"Hyep = 0,
a;'(l'))kcaia]b _ aibﬁkcaiai _ aiba]]{aiﬁkc _ ainb ic +a£ﬁkifibc =0,

i pkcplby. J i Rkbl J i J Rk b i Jpkby Rl J pich J Rki b __
aiB*B" dia; — i B* day + ara; B~ 0ip” — aray B 0P — a ;R — ay fTQ;” = 0.
These conditions on structure functions in a Courant algebroid will be essential when
we compare with constraints in DFT fluxes in the Subsection [6.2.3] and these can be
expressed as follows.

fap" = a;”alc&-ajb —djdyoial — "™ Hicy, (4.66)
= chm - BmlHiCba

where we have defined a’}’aé&iajb 4 aTaihaiaé =C,,™M. Also,

0y " = BC + By — a0 + BB Hyj, (4.67)

Rmcb — ﬁic’ﬁjbci]m i ﬁmiﬁjbcjic . BmiﬁCjCjz]? +a;[3jcaiﬁmb
— a5 BB +ai B OB + 2B B B H . (4.68)
In above Theorem, we can see from the results of the second condition, once more the
fluxes do not have to be zero. Besides, all of the fluxes appears now for the second

condition to be vanished. The other conditions arise from the third condition which

stands for the Bianchi identities which can be checked from (#.41)-@.43) for p! =
(e, ai BY).

Remark 4.4.5. If H = 0 will be imposed in the above axioms (4.60), (4.67), and
(4.68)), respectively, we obtain the followings.

S =C", (4.69)
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Qb me _ ﬁiccién +ﬁmicibc . aibaiﬁmc7 (470)

cb __ picpjb i ib~ ¢ i ic~ b i pjcy pmb i pjby. pmec i i ). Rch
R =B*B°C"—B"BCii + BB C; ) +aiBIdP™ —a B ™ +a ;B 9.
4.71)

Lemma 4.4.4. When H = 0 and B = Il is a non-degenerate Poisson tensor, the anchor
becomes p} = (aj-,a};ij ). This case will produce again R = 0 as in the Lemma

and this result gives [I1,I1]gy = 0, as expected.

The following section covers the properties of R-matrix on a Lie algebra g of a
semi-simple Lie group G in detail. Some parts of this discussion have already been
introduced in the Section 2} The definition and the features of dressed R-matrix Ry
constructed from R-matrix will be introduced in order to work on the group manifold
associated with the isometries of the background by using the adjoint action. Firstly,
it will be seen that for a given R-matrix which is an endomorphism on a Lie algebra
g, one can construct a bi-vector associated with it by the help of the non-degenerate
Cartan-Killing form on g. This enables us to identify g and the dual vector space g*
and one can create a Lie algebra structure in the dual vector space with the aid of
this bi-vector. Then one can construct a bi-vector field which is defined on the whole
manifold. This bi-vector field constructed from the dressed R-matrix defines a Poisson
structure whenever the dressed R-matrix satisfies the CYBE. This result leads to the

fact that there is actually a Courant algebroid structure.
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S. DRESSED R-MATRIX AND THE CONSTRUCTION OF BI-VECTOR
FIELD

In this part of the thesis, we will assume that we have the R-matrix on the group
manifold together with the non-degenerate and Ad-invariant Cartan-Killing metric.
By using these notions, it will be demonstrated that we can construct a bi-vector
field, which is the components of the dressed R-matrix that is built from the R-matrix.
Here, we will use the endomorphism R on a Lie algebra g that was first introduced
in Subsection 2.4, When the dressed R-matrix satisfies the CYBE, then it will be
seen that the SN bracket of this constructed bi-vector field with itself vanishes. This
result will give rise to the fact that this bi-vector field defines a Poisson structure
on the group manifold. We have seen in Subsection that there is a natural Lie
algebroid structure on the cotangent bundle of a Poisson manifold, and the tangent and
cotangent bundles together construct a Lie bialgebroid. It has been seen in Examples

3.3.3|and[3.3.4] that the tangent and cotangent bundles are transversal Dirac structures,

respectively. Additionally, there exists a natural Courant algebroid structure with these
transversal Dirac structures since there is a one-to-one correspondence between these
structures, as stated in Subsection [3.3.5] Therefore, we will be able to verify that the

above picture actually represents a Courant algebroid structure.

As a preparation for these computations, we need to present more properties of the
R-matrices and the related algebraic structures in this Chapter. These studies are based
on the paper named "Yang-Baxter deformation as an O(d,d) transformation” written

by my advisor Prof. Dr. Aybike Catal-Ozer and Secil Tunali-Cirak [8]).

Our index conventions will be as follows and will be used in the following Subsections.

A : Doubled coordinates such that 4 = (;,4),

85



B : Doubled coordinates; 8 = (o, %), where

w=(m), pu=1,---,10; i=1,---,d, d=dimG,

o oa=1,---,10; I=1,---.d,

where we are using t indices for the coordinate basis and & indices for the arbitrary
basis or for the choice of the left-invariant (or right-invariant) one-forms as basis in our

situation.

5.1 Properties of the R-matrix and the CYBE

The definition and the properties of the R-matrices have been given in the Subsections
2.4 and [2.4.1| together with the MYBE and the CYBE. In this part of the thesis, these
notions will be examined in detail. In this Subsection, additional R-matrix features
will be offered and examined with regard to a fixed basis. These characteristics will
be essential for use in current studies as well as comparisons with past research.
Our approach will depend on the classical skew-symmetric R-matrices which are

endomorphisms on g such that they satisfy CYBE.

Let g be the Lie algebra of a semi-simple Lie group G. Let R be an endomorphism on

8.

Definition 5.1.1. /9], [10] The CYBE for the operator R is the following:

[RX,RY] — R([RX,Y]+ [X,RY]) =0|, VXY g,

which has been stated in Remark|2.4.1]

If the R endomorphism satisfies the CYBE, then it is an R-matrix which can be seen in
the Definition [2.4.3] The components of the corresponding R-matrix with respect to a
fixed basis 7; of g will be denoted by R’ 7. Then, R-matrix with respect to that basis is
given by [9], [10]

RX = (RX)'Ty =R XT3, (5.1)

where X € g.
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Then, the equation (2.3) can be expressed in local coordinates as follows.

where C; JK are the structure constants of the Lie algebra g with respect to the basis 7j.

Proof: Let X = 7T; and Y = Tj for fixed bases 77,7 € g in the equation (2.3)), then

[RT;,RT;] — R([RT;, T;] + [T1,RT;]) = 0
= [RE Tk, R5TL] — R([RS T, T)] + 17, RN T]) = 0
= REREC M Ty — R(REC M Ty + REC,iMThy) = 0
= REREC M Ty — REC MR, Ty — REC,MRY, Ty = 0
= (RTRCx! — RERY Cx — RSRYCix") T = 0,
where we have used that R(77) = RX;Tx in the second and in the fourth lines, and the

fact that R operator is linear has been used in the third line. The above equation gives

the desired result for a fixed basis Tj; in a Lie algebra. B

Definition 5.1.2. [9], [10] Let R be a linear map from g to g. R-bracket of X,Y € g is
defined by

[X,Y|r =[RX,Y]+ [X,RY]|,

which has been firstly introduced in the Proposition

[9], [10] The bracket [-,-|g has been previously shown to satisfy the Jacobi Identity
when (2.3) is fulfilled. As a result, any R-matrix on g defines a second Lie algebra
structure [, -]g on g from the Proposition Therefore, using the new bracket [-, -|g
above and the same underlying vector space as that of g, a new Lie algebra gr is

constructed.

Proposition 5.1.1. [8)] The structure constants of a Lie algebra g, which are Cy JL, can
be used to compute the structure constants C} JL of gr with regard to the basis Tj as

follows.

CIJL = RECKJL —RISCKIL = _CJIL . (5.3)
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Proof: The equation (2.4) for X = Ty and Y = T, where T, T € g are fixed bases, turns

into the following:
[T7,T7|r = [RTy, Tj) + [T7,RT)]
= Cy T = [RYT, Ty) + (11, R T
= T = (RGCLM +R5C, M) T
— Ct = R Cy s+ RECit,
where we have used that R(7;) = RL;T; in the second line, and the fact that R operator

is linear has been used in the third line. So, the proof has been completed for a fixed

basis 7;.. B

We focus on Lie algebras that admit non-degenerate and ad-invariant inner products.
This category of Lie algebras includes particular cases such as semi-simple Lie
algebras with ad-invariant and non-degenerate Cartan-Killing forms. The Lie algebras
we study do not necessarily have to be semi-simple. Any Lie algebra with a

non-degenerate inner product is also suitable for our formulation.

Construction of a Bi-vector from R-matrix:

Using the non-degenerate Cartan-Killing form on g, which enables us to identify
g and the dual vector space g*, our aim is to build a bi-vector on the Lie algebra

g. It has been generally discussed in Subsections [3.1.4] and [3.2.1] that with the help

of a bi-vector, one can build a Lie algebra structure in the dual vector space. A
non-degenerate 2-form on g will initially be introduced in order to construct such a

bi-vector.

Let o be a non-degenerate 2-form on the Lie algebra defined by
K(RX,Y)=w(X,Y), X,Y cg, 5.4)

where « is the non-degenerate Cartan-Killing form on g defined as B(X,Y) =tr(adx o

ady). When the above equation is written in a fixed bases X = 7y and Y = T}, where
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T;,Ty € g, we obtain

oy = RE iy (5.5)
Since the skew-symmetry condition of R implies that o(X,Y) = (RX,Y) =
—(X,RY) = —(RY,X) = —(¥,X), then @ mentioned above is in fact a 2-form on the
Lie algebra. Furthermore, it is non-degenerate, at least on the Frobenius subalgebra,
a subalgebra of g (see the Definition [2.4.6 and the information below it). On this
subalgebra, there exists an inverse of this two-form and so that one can define a

bi-vector By € A?g on the Lie algebra g such that
ﬁO(KXaKY> :w(X7Y)7 (56)

where k : g — g*. In order to express this bi-vector on g in local coordinates, we will
firstly investigate the identification between g and g* by using the non-degenerate

Cartan-Killing form x on g.

The inverse metric k! will induce a map from g* to g and the components of k! will
be shown by k. Let Tj € g and T/ € g* such that T/(T)) = 8',. Since x(T;)(T7) = ki,

we obtain k(7;) = ky T*. Similarly, k= (7)) (T7) = kV.

We define an endomorphism Ron g* such that Rk = KR which can be written in local

coordinates as

Rk(Ty) = kR(T)
= E(K]LTL) = K(RLITL)

= K]Lﬁ(TL) = K'L]RLITJ,

then
R(TE) = RM«L iy, T (5.7)
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Therefore, the bi-vector on g can be written in local coordinates as follows.

(Bo)™ = Bo(T",TN) = k" (R(T"), T")
= kYR w L wyy T, TN)
= RA;IKILKMJKJN

= RNkl .= RV, (5.8)

Here, we have used x/iyy = 8’y and we have chosen bases such that the
components of k are constants. Now it can be seen that (5.6) holds with the above

definitions.

If R is taken to be skew-symmetric with respect to K, then RV = R/

Proof: When the operator R is skew-symmetric, we have (RX,Y) = (X,R'Y) =
—(X,RY), where R* stands for the transpose of the matrix R, since its entries are real
numbers only. Since, it is true also for the dual elements with ﬁ let us expand this

equality with respect to fixed bases 77 and 7 of g* as follows.

(RT'.T7) = ~(T'.RT’)

= (R ky TV, ) = — (P RY kM i T)
= RA{KL] Ky kY = —RAzKLJKMN !

= R M = R kY

R — _RJI

Y

where we have used (5.7) in the second line and (5.8)) in the last line. H

Proposition 5.1.2. [8] With respect to the fixed basis T;, the CYBE reads in local

coordinates the following equation by using (5.2)):

RURMIc, K 4 RLIRMKC, T4 REKRMIC, J — 0| (CYBE in local), (5.9)

where C; JK are the structure constants of the Lie algebra g with respect to the basis Tj.

Also, all indices are raised and lowered by the Killing form K.
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Proof: By multiplying (5.2)) by x/? k€, we obtain

RPI RQKCIKM _RPI RMKCIQK _ RO RMKCPIK —0
_ RPI RQKCIKM _RPI RKMCIQK _ ROIRKM P, — ()

— RIP RKQCIKM L RIM RKPCIKQ L RIQ RKMC]KP —0,

where we have used the fact that RMxC,2X = RKMC,Qp together with that
Cig = CHLKLK are totally anti-symmetric in all of its indices (see the Lemma
[1.0.1] with its Proof in Appendix), and R is skew-symmetric with respect to k, and this

completes the proof. B

We have used the endomorphism R in order to construct a new Lie algebra structure
on g in the preceding part and after that the bi-vector has been built by using x in
(5.8). The fact that the bi-vector satisfies the CYBE (5.9) gives that it is the same
expression with the (4.24)). Therefore, (4.23)) can be thought as a generalized CYBE in
local coordinates on the triangular Lie bialgebroids. We have seen in the Section [4.3]
that for a given bi-section in triangular Lie bialgebroids, a dual Lie algebroid structure
on the dual vector bundle can be constructed. Therefore, we can use this fact in order

to construct a Lie algebra structure on the dual vector space by using the bi-vector.

Moreover, the structure constants of this dual Lie algebra C'/ , can be written in terms
of the structure constants of the associated Lie algebra and the components of the
R-matrix as follows from @.21)). So, (4.20) stands for the general expression on the

triangular Lie bialgebroids.

Lemma 5.1.1. /8] The structure constants C% 1 of the dual Lie algebra gy, of the Lie

algebra gg can be calculated as follows.

CY, = Cx,/ R — i,/ R'¥ | (5.10)

In the following part of the thesis, dressed R-matrix will be introduced in order to
move this picture to the whole group manifold associated with the isometries of

the background by using the adjoint action. With the help of this matrix and the
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Cartan-Killing form «, a bi-vector field will be constructed on the group manifold.
As we have discussed in the Subsection a bi-vector field B can be regarded as
a map from 7*M to TM. Then, it can be extended naturally to an orthogonal map on
the generalized tangent bundle 7M & T*M. The orthogonal map on the generalized
tangent bundle TM & T*M indeed preserves the natural metric on the generalized
tangent bundle as stated in the Subsection [3.3.2] The components of the bi-vector
field will be used in order to construct such an O(d,d) matrix. It will be seen that this
bi-vector field actually defines a Poisson structure since the dressed R-matrix satisfies
the CYBE when the R-matrix does. This constructed O(d,d) matrix which represents

this particular type of B transformation will be referred as YB matrix and denoted by

Ty (6.65).

It will be demonstrated after that this transformation is actually a solution-generating
transformation of a string theory. This fact will be seen from the preservation of
the fluxes associated with the related matrices: L and 7yp which can be followed
from the Subsection [6.2.4f The generalized metric in terms of the twist matrix L
satisfies the field equations of 10-dimensional supergravity which can be found in the
Subsection Together with the flux preservation this fact yields that the O(d,d)
transformation, constructed from the bi-vector field and left invariant vector fields,

acts as a solution generating transformation in string theory which can be seen in the

Subsection

5.2 The Dressed R-matrix
Definition 5.2.1. The dressed R-matrix is defined as [52|]

Ry =Ad,-1 R Ady, (5.11)
where g is the Lie algebra of the isometry group G.

Proposition 5.2.1. ( [8)], and references there) The dressed R-matrix also satisfies the

CYBE (whenever R does).

Proof: Our goal is to prove that R, defined above satisfies the CYBE given in (2.3)

whenever R-matrix does. The LHS of that equation become the following expression

92



for all X,Y € g where g = T, G is a Lie algebra associated with the semi-simple Lie

group G.

[ReX, RgY ] — R([ReX, Y]+ [X,ReY])

= [Ad, 1 RAdX,Ad, 1 RAdgY]— (Ady 1 RAdy)([Ady 1 RAdX, Y]+ [X,Ad, 1 RAd,Y))
= Ad, 1 ([R AdyX R AdyY] — R Ady([Ad, 1 RAdX,Ad, 1Ad,Y]

+[Ad, 1AdgX ,Ad, 1 R Ad,Y)))

=Ad, 1 ([RX,RY]— R(RX,¥]+([X,RY])),

where X = Ad,X and Y = Ad,Y are elements of g and we have used the facts that
[Ad,1X,Ad,1Y] = Ad,1[X,Y] since Ad, is a Lie algebra homomorphism in the third
and the fourth lines and (Adgfl)_l = Ad, in the third line. The above expression
vanishes due to the fact that R-matrix satisfies CYBE that is (2.3). B

Before revealing the useful equality of the dressed R-operator, which is (5.20), let us

first present some essential definitions.

The right invariant vector fields k;:
ki =k oy, (5.12)

where dy, = a%t where X* = (X1,---,Xy) are a set of local coordinates on G and d is

the dimension of G, which satisfies
ky, k] = —C; Kk

These are Killing vector fields for the left invariant metric on g.

The left invariant vector fields /;:
L =1"dy, (5.13)

and we have

[l],lj] = CIJKIK.
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The left invariant one-form //:

I"=1",d6*, (5.14)

generated by k; and O = (6y,---,0,) are a set of local coordinates on the manifold
M. The Maurer-Cartan one-form o, which is the unique g-valued one-form on G, is
defined by

c=0'Tj=1',d6"T, (5.15)

where T; are elements of g € T,G. It also satisfies the following property:

1
do' = 5c,,(’afAcsK. (5.16)

The right invariant one-form k':

K=K dor. (5.17)

The components of the above notions satisfy the followings.

1" =8, (5.18)
K ykm =6, (5.19)

Proposition 5.2.2. ( /8], and references there) The dressed R-operator satisfies
RY = K'yRV'K, (5.20)

where

KIN - kl‘ulN'u,

where k! ul W are the components of the right invariant one-form and the left invariant

vector field given in (5.17) and (5.13)), respectively, and

K =k MYy, (5.21)

where kI’ u are the components of the right invariant vector fields and the left

invariant one-forms given in (5.12) and (5.14)), respectively.

In order to prove the Proposition above, the following Proposition with its proof will

be given first.
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Proposition 5.2.3. 6|/
(Ad, L)) =K, (5.22)
which follows directly from the well-known relation
(Ad,1)o =710, (5.23)

where the RHS corresponds to the pull-back of the Maurer-Cartan form under the right

translation r,.

In the following calculations, (). will denote the push-forward.

Proof: The proof of the equality (5.22)) is follow from the evaluation of (5.23)) at 7,G

as follows.

(rg"0)e(Ty) = (Adg1)0.(Ty) = (Ady1)(T7) = (Ady1)'s(Th),
and the LHS gives
(rg @)e(Ty) = Og(e) (re. Ty) = Og(r4.T))
= (I',d6"T7) (K} )
=1k Ty

Then we obtain (Adgq V=10 ukﬁt which completes the proof. l.

Now, we are ready to prove the Proposition[5.2.2]

Proof of the Proposition [5.2.2; The dressed R-operator in (5.11)) can be written as
(Re)", = KiRL KT, (5.24)

where K = (Ad,)}.

Raising the indices of the LHS of (5.24)) with the Cartan-Killing metric k¥, we have
RYM = (R = KIRGRE
= KR'g (K1)

= KIR'TKM, (5.25)
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where we have used K = K~ ! in the last line, which follows from Adgq = Adg_ I Also,
we have used that the Cartan-Killing metric is Ad-invariant in the second line, that is,

Ad, 1s orthogonal with respect to k, or in other words
REKIMRE — kK.

and this implies that
REGH — (K1) kK m

The functions K} are the foundation of the dressed R-matrix’s coordinate dependency.
In terms of the structure constants, we can formulate expressions of the type 8LK} as

follows since we will face in our subsequent research.

Proposition 5.2.4. /8]

liLaiKi] = aLKI = —CPLIKf or aLK} = CLPIKJP. (526)

Proof:

In order to prove the above result, first note that the functions KIJ are equal to i, o’.
ir,0’ = (6’ k) = ('d6" k"' 9 ) =K/, = K], (5.27)

where we have used (5.12)) and (5.21). Since k; are the right-invariant vector fields

in (5.12) and o' are the left-invariant one-forms, we have the following fact by using
(.16):

1
%,0" = diy, 07 + iy, do’ = diy, 07 + i, (ECMAJ,GM/\ GN> =0,
then by using (5.27):

1 1
dKj + Eché(ik,oM yAGN — EchéoM A (ir,6N) =0
= dK] +Cyy KMoV =0

= 9,K] +Cy AKMIY = 0.
Multiplication of both sides of the above equation by liL gives

I 0K} = LK) = —Cyi KV,
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where we have used (5.18). Bl

Another result we will use in the Subsection is the following one.

Proposition 5.2.5. [§]

CIJK = —l"I(&,-lj])lﬁ T lil(ailjl)lﬁ' (5.28)

Proof: We will use the following equality, which has been also used in the above proof,

and then the proof is straightforward.

1
do’ = §CJK’GJA ok
. 1 . .
= d(l'de") = ECJK’ (16’ A1%d6/)
1 coo 1 y
= 5(a,-z’,. —il';)de’ Ndb' = Ec,,ngjﬂgd@f Ad6',
so that

Ciy = =1t IS+ 15 (a1, (5.29)

where we have used (9,1/)l', = —(9;1'c) I .
Construction of a Bi-vector Field from the Dressed R-matrix:

Our goal is to extend the bi-vector constructed in (5.8) to the whole group manifold
and to have a bi-vector field by using the dressed R-matrix R, and Cartan-Killing form

K. Let us define

B = (rg)«Po-

97



Then expanding in local basis and using the properties of the left and right translations,

pull-back and the adjoint action, we obtain the following.

Bllg,ly)

(rg)*ﬁo(l’ L) = Bo ((re)"Ig, (rg)*Iy)
Bo () 1) T ()" n*ﬂ)
[30<Ad_1 VT, (Ady1 )T )

= (Ad

1) Bo(T!, T7)
= (Ady1) k(Ady1) Bo"

= K,@K’RML B, (5.30)

which is actually the dressed R-matrix in local coordinates given in (5.25)).

Therefore, we have

B = KI,K? RMLI; A 1. (5.31)
As for the components of the bi-vector field  in the coordinate basis we have
B = kigl{ky IJRM 1y A1y
= k}hk{RMLai A0 i
=B N0, (5.32)
So, we have seen that the components of the bi-vector field in the coordinate basis

given by
BY = kiki RME. (5.33)

Proposition 5.2.6. [8] The bi-vector field B given in (5.31)) satisfies [B,B]sy =0
whenever the R-matrix satisfies the CYBE given in (3.9). Therefore, B defines a Poisson
structure on the group manifold from the Lemma equipped with (3.21)).

Proof: Our aim is to prove that [, B]sn = O is satisfied by the bi-vector field (5.31).

The equation [, B]sn = O corresponds to the following expression.

BIPBIC,} — BMBIEC,D+ BB Cyf 15D BM — 1B 0 BMP + 18M 9P =0
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The LHS of the above equation yields

BP' B Cprt — BPM B Cpr + BPM BH Cpp

+l£,BuaiﬁMJ o liﬁuaiﬁMl‘i‘liﬁMLaiﬁu

= BP'BH Cpy + Y B Cpr + BPM B Cpy,

+ 1 KEKLRNT 0;( KM KIRTS) — 1 KE K4 RNT 9,(KMKERTS) + 18 KM KERNT 0;( KLKLRTS)
= BV B cpr’ + B B Cpr + BPM B Cpy,

+ 1 KEKERNT KIRPS 0,k M 4 1L KEKERNT KMRPS 0K — 1D KEKIRNT KLRPS 0,k M

— L KGKIRYT KM RPS 0,KE + 1L KM KERNT KYRPS 0,k + 1L KM KERNT KLRTS 9K

= BP'BY cp + BY B Cpr + BPY B Cp,

— KEKLRNT KIRPSCp KB — KEKLRNT KM RPSCLl KB + KL KFRYT KERPSCY KB

+ KEKIRNTKMRPSCpt KB — KM KERNT KIRPSCot KB — KM KERNT KLRPSCl K2

= 3(B” B Cpr + BB Cpy + BV B Cpr) =0,

where we have used in the fourth equality and the dressed R-matrix satisfies the

CYBE (5.9), see the Proposition This completes the proof with R = [, B]sn = 0.
|

Lemma 5.2.1. From the Proposition there exists a Lie algebroid structure on
the cotangent bundle of this Poisson manifold which together yield a Lie bialgebroid
structure on TM and T*M where M is the group manifold. (TM is itself a Lie
algebroid with the Lie bracket, see the second one in Examples [3.1.1l) Furthermore,
there exists a Courant algebroid structure since there is a one-to-one correspondence
between (triangular) Lie bialgebroids and Courant algebroids with transversal Dirac

structures, as stated in Subsection[3.3.5]
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6. DUALITY COVARIANT FORMULATION OF STRING THEORY

String theory is a promising candidate to unify quantum mechanics and Einstein’s
general theory of relativity (GR). Riemannian geometry is the right mathematical
framework to describe GR, and the structure of the theory is largely dictated by
diffeomorphism invariance. String theory is endowed by additional symmetries
besides diffeomorphisms. The theory called double field theory (DFT) has been
constructed by Hull and Zwiebach that takes into account some of these stringy

symmetries.

[8] DFT is a field theory defined on a doubled space, which implements the O(d,d)
T-duality symmetry of string theory as a manifest symmetry. In addition to the
standard space-time coordinates, the doubled space also includes dual coordinates,
which are associated with the winding excitations of closed strings on backgrounds
with non-trivial cycles. The space-time and dual coordinates X" = (x™,X;,) transform
as a vector under the T-duality group O(d,d). In DFT, the semi-Riemannian
metric and the B-field are encoded in the generalized metric .# defined in (3.3.9).
A generalized tensor field is defined according to how they transform under
generalized diffeomorphisms of DFT. Infinitesimal transformations under generalized
diffeomorphisms are generated by the generalized Lie derivative, which defines the
D-bracket that generalizes the Lie bracket. Anti-symmetrization of the D-bracket
gives the C-bracket. For further details see [53] and [54]. In investigation of the
geometric features of the DFT, the generalized versions of the Courant algebroids that
are DFT algebroids have been studied in literature. However, our consideration will
be on the Courant algebroids since the strong constraint should be imposed in DFT

which is explained below.
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[8]] In its current formulation, DFT is a consistent field theory only when a certain
constraint, called the strong constraint is satisfied. When the strong constraint is
satisfied generalized tensor fields become sections of the direct sum of the tangent
and the cotangent bundle, generalized diffeomorphisms reduce to the semi-direct
product of space-time diffeomorphisms and B-field gauge transformations, and the
C-bracket becomes the standard Courant bracket which is defined in (3.35). Also,
when the strong constraint is imposed, conditions on the DFT fluxes arising from the
consistency requirement of the physical theory are the same as the conditions on the
structure functions of the associated Courant algebroid determined by the axioms, as

discussed in the Propositions [6.2.3|and [6.2.4]

[8] A trivial solution of the strong constraint occurs when all the fields and gauge
parameters in the theory are independent of the winding type coordinates. Such fields
are said to belong to the supergravity frame and it can be shown that the DFT action
reduces to the standard supergravity action in the supergravity frame. This makes

DFT a good framework to study solutions of supergravity.

The associated matrix with the specific non-constant O(d,d) transformation will
be called YB matrix: Typ (6.63) which is constructed from the bi-vector field f3,
demonstrated in the Subsection [5.2] together with the isometry components will
act as a solution-generating transformation in DFT. This fact will be seen from the
calculation of the fluxes associated with the matrices L and 7yp which gives exactly
the same results in terms of the conditions on fluxes from the properties of  which
can be followed from the Subsection [6.2.4] This fact stands for the preservation of
the fluxes and transformation associated with the YB matrix then acts as a solution
generating transformation in string theory. The Subsection [6.3] describes how the
new string theory solutions result from this O(d,d) transformation which is described
briefly as follows. It has been seen earlier that this bi-vector field is actually a Poisson
tensor and it defines not only a triangular Lie bialgebroid structure but also a Courant
algebroid structure with transversal Dirac structures. We have demonstrated in the

Subsection [3.3.6] that for a given Riemannian metric and two-form, one can construct
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a generalized metric defined in on an exact Courant algebroid. By using f3-
transformation generated by the dressed R-matrix, a new generalized metric can be
constructed, which contains the new Riemannian metric and the two-form field that
are again solutions for the supergravity equations. Since the fluxes are preserved,
these geometric structures are still solutions. Namely, fluxes associated with the YB
matrix and the conditions must be satisfied by the structure functions in a Courant

algebroid TM & T*M with a Poisson bi-vector are exactly the same.

We will start by introducing some features of the DFT briefly.

6.1 A Brief Review of Double Field Theory

In this part of the thesis; after presenting basic geometric ingredients in DFT such
as doubled coordinates and the constraint, we will focus on some of the important
mathematical structures arising in this theory. More precisely, the notions such as
C-bracket and the relation with the standard Courant bracket, D-bracket and the
generalized Lie derivative, will be examined. These mathematical structures are
important for determining the symmetries and the gauge algebra of DFT and these

will be used in further Subsections.

Let us give firstly basic geometric ingredients of DFT of NS-NS sector. The
terminology comes from physics and we will be using the same terminology without
giving any details about the physical meaning. The basic symmetry group that defines
the DFT of the NS-NS sector is O(d,d) and the DFT of the NS-NS sector will be

studied throughout the thesis.

Doubled Coordinates

As it was stated in above, the most important idea in DFT is to double coordinates and
the idea is as follows. Closed string theory with the target space geometries contains

two different sets of momenta. On the one hand, there are the standard momenta
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canonically conjugate to the center of mass coordinates of the string and on the other
hand, there is the possibility of a string winding around compact directions, resulting
in winding degrees of freedom. Therefore, these together set up both types of the
coordinates: the standard momentum (x) as well as the resulting coordinates conjugate
to winding which give a second set of coordinates referred to as winding coordinates

(%). The physical fields depend on both sets of coordinates.

Remark 6.1.1. /55| In DFT, it is the coordinates that are doubled and ‘double fields’
refer to fields which depend on both sets of coordinates. Therefore, we also refer to

double functions, double vector fields, double forms, etc.

Under O(d,d) transformations, x and x transform as vectors such that [56]

() (0)

a b
h:(c d). 6.2)

Here, h is 2d x 2d invertible matrix belonging to the O(d,d) group.

where

Previously, the notions that we have studied have no dependence to the dual

coordinates x and hence these are indeed the generalizations of the previous ideas.
Definition of C- and D-brackets and Their Properties

The bracket which determines the gauge algebra of DFT is the C-bracket. It will be
seen that C-bracket reduces to the standard Courant bracket when the strong constraint

(the trivial solution of it), which is (6.8]), imposed.

Definition 6.1.1. The C-bracket of the doubled sections is defined by [57|]

1
Z, DY =x¥ = (Z’l\’ ovEN — zzflv 8MEZN) —c.p., (6.3)
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where ¥ is the pair consisting of

m
M — ( ; ) , (6.4)
m
and oM (generalized derivative) is the pair consisting of
o;
oM = ( 5 ) (6.5)

both depending on doubled coordinates (x,X).

Constraint

Definition 6.1.2. In DFT, all fields and gauge parameters should satisfy the conditions

called weak constraint and strong constraint [56]:
omoMA =0, (6.6)

and

IuAIMB =0, (6.7)
respectively.

Lemma 6.1.1. The trivial solution of these constraints is
d'(...)=0. (6.8)

Proposition 6.1.1. When the strong constraint (the trivial solution of it), which is (6.8)

is imposed, the C-bracket reduces to the standard Courant bracket given in (3.35).

Proof: Let us start with the equation (6.3)) which has an upper index as
(1. X2l0)" = &/9;85 + £1,07 8 — £10;8] — £2,97¢]
1. i~ I~ ~ . 1. i~.~ 1~ ~. .
- 55{31521' - Eéljalézj + 55219151]' + 552,'9151], (6.9)
wmm2:5+5

Applying the strong constraint (the trivial solution of it) (6.8)) (9 (...) =0) in above

equation yields
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([B1,Xa)c) = &/ 9;El — &]9;&] = (nggz)": (&, &), (6.10)

which is actually a Lie bracket.

If we consider the lower index, we get

([Z1,%2]e); = iljajgzi + gljgjg% - ézjajgli - g2j§jgli

iz 1z . 1.~ 1z _._;
- 551]31'52]' - 551]'31'52] + 552]91'51]' + 552]'31'51]- (6.11)
After applying the strong constraint (the trivial solution of it) given in (6.8)), we obtain
o~~~ .
([E1,Ea]e); = &/0&xi — 581962 — &20:61) — (1 2)
o~ ~ ~ .
= {06 — 5{31'(51}52]') —26,0i&{} — (1 < 2)

= &35+ 8,08 — La(E18) - (1 02)

= (Zél E— %d(iél 52)) —(1e2). (6.12)
Adding (6.10) and (6.12) up gives
R R XS R (ReE ] S CHE)

For X = A+ a and X, = B+ 3 elements of T & T,

A 0B+ Ble = 4,8+ L3 — 3d(ia) — Zoor-+ Sdlise)
—AB]+.ZB — Lya— %d(iAB i)

=[A+a,B+ Blrers, (6.14)

which is indeed the standard Courant bracket given in (3.35). H

D-bracket is defined from the C-bracket such that its skew-symmetrization gives the

C-bracket:
1
(X1, X0c = 5([21722]D — [X2,Z1]p), (6.15)
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and the generalized Lie derivative of generalized vectors can be defined from the
D-bracket, since it reduces to a Dorfman bracket under strong constraint which satisfies
the Jacobi identity, that is

X1, %]p = %, Xs. (6.16)

Proposition 6.1.2. D-bracket defined in (6.13) reduces to the standard Dorfman
bracket given in (3.42)) by using (6.18)).

Definition 6.1.3. Local coordinates of the action of the generalized Lie derivative %5

is as follows [55]].

S =2Moyg, (6.17)

(g):V)M = ZK8KVM + (8MZK — 8KZM)VK, (6.18)

respectively. In above, ¢ is a doubled function on the base manifold and'V is a doubled

vector field.

6.2 DFT Fields and Action

6.2.1 DFT fields

The fundamental fields in the low energy effective action of the universal sector of
string theory are the semi-Riemannian metric g and the 2-form field B. The main
element of the DFT utilized to write the action, introduced in the Definitions [3.3.8] and
is the generalized metric which is called the DFT field. This metric consists of
the Riemannian metric g and the two-form B of the manifold required to represent the
string theory. For a chosen basis of sections for TM and T*M, the generalized metric

is expressed in the literature by the following form.

. o gii — Bing™By; Byg"
S = | ’~):( veoorR S, €0(d,d), (6.19)
( jf; A _gszkj gl_] ( )
or it can be written independently of local coordinates as follows.
g§—Bg'B Bg! )
H = 2 . €0(d,d). (6.20)
(42,7 %) ) cowa

Here, we assume the Riemannian metric g, the inverse of g and B-field as maps in such
awaythatg: TM — T*M, g‘1 :T*M — TM and B: TM — T*M, respectively, as in
the Subsection[3.3.0
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Proposition 6.2.1. The local form of the generalized metric given in (6.19)) is actually

the same with the generalized metric on a Courant algebroid given in (3.56).

Proof: Our first aim is to find the local expressions of the generalized metric J#
defined in (3.56). Givenany A =X +nN € TM & T*M, where X € TM and n € T*M,

there exist elements A, € S, and A_ € §_ such that
A=A, +A_.

Therefore, we have seen that TM @ T*M = §+ @S .

Letuscall A, =P,Aand A_ = P_A. Let

24, = X+Y+(B+g)(X+Y),

2. = X-Y+(B—g)(X-Y),
then

A +A_=X+BX)+3g(Y)
— A,

where we have chosen Y as an element of TM such that g(Y) = 11 — B(X) which gives
us ¥ =g '(n) — g 'B(X) € TM. Note that B(X) + g(Y) is indeed an element of
T"M.

If we take A = ¢; = d; which is the local basis of TM, then X = ¢; and n = 0, and so
that Y = —g~'B(e;). Therefore,

1
eir :=Pi(ej) = E[ei — g 'B(e;) +g(e;) —Bg 'B(e;)], (6.21)
ei—:=P_(e;) = %[ei + ¢ 'B(e;) — gle;) + Bg'B(e;)]. (6.22)

Here, note that e;, g~ 'B(e;) € TM while g(e;),Bg'B(e;) € T*M.

108



Now, let us take A = ¢! = dx’ which is the local basis of T*M, then X = 0 and n= e,

and so that ¥ = g~!(¢'). Hence,

[g_1 (ei) +e +Bg™! (ei)], (6.23)

1
2
1 : : .
Sl=g 7 (e) +e' = Bg ! (e). (6.24)

Here, note that g~!(e’) € TM while ¢/, Bg~ ' (¢') € T*M.

The local expressions of the terms in the above equations and the related ones will be

used so that these will be given now.

gle) = gine", where gin = g(ei,en),
g () = g,
B(e;) = Biye", where B;, = B(ej,ey),
g 'B(ei) = Bug"en,
Bg '(¢') = g"Bue",
glej,g 'Bler)) = glej,Big™en) = Bixg"gjn = Bij,
Bg 'B(ei) = BunBig"e",

ie[Bg'Blej)] = BuBjg™ =i.[Bg 'Bles)],
ilg-15(e) (B8 ' B(e))] = Bing""BupBjrg" = —ijg-1p(,)[Bg'B(e)],
)

glej, g 'Ble;)) = Bij=—glei,g 'Blej)).

We are ready to calculate now 7 (e;,e;) = 5, H(e',e)) = AV, H (e;,e)) = A
and 7 (e',e;) = A"}, respectively, by using the Definition (3.56), (6-21), (6.22),
(6.23), (6.24) and the above rules.

Hij= A (eise) = (Py(ei), Pr(ej)) — (P-(ei), P-(ej))

= Nei— g 'B(e) +g(er) —Bg 'B(e;),e;— g 'Ble;) + g(ej) —Bg~'B(e;))

4
—(ei+8 'Ble;) —g(e;) +Bg 'Blei),ej+g 'Blej) —g(e;) +Bg 'Ble;)))
= gij+ BinBrg"", (6.25)
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= (g e+l B (e g ) el 4By (o)
—(—g7'(e') +¢' —Bg ' (¢),—g () + ¢/ ~BgT ' (e))))
= g", (6.26)

= A (eirel) = (Py(e;), Py () — (P_(es), P (e7))

1 B B L . .
= Z((%‘—g 'B(ei)+g(e)) —Bg 'Ble;),g ' (e/) +e/ +Bg ' (e’))
—(ei+8 'Ble;) —g(ei) +Bg 'Ble;),—g ' (/) + ¢/ —Bg 7 (e))))
= —Bug", (6.27)
and lastly,
A= (e ej) = —Bjg" = g*By;. (6.28)

By using the results (6.23)), (6.26), (6.27), and (6.28)), we obtain the local form of the

generalized metric in the basis d; and dx’ as follows.

_( 4 AT\ _( &ij—Bug"Bij —Big
%_(%ij AT ) g*By; 8" ’ 2%

which completes the proof. ll

The equivalency of the following definitions has been provided in Subsection
without any supporting evidence. For our purposes, it is now time to prove in local

coordinates.

Proposition 6.2.2. The Definitions[3.3.8 and|[3.3.9 are equivalent definitions.

Proof: It has been given in the Proposition that the subbundles S defined in
(3.54) and (3.53)), respectively, are the 4-1-eigenbundles of the endomorphism 7, which

is as defined in (3.53), with 72 = 1 acting on TM @& T*M. By using these facts, we have

(P () = Py (ei),

and

T(P-(ei)) = —P-(ei).
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Therefore,

(ei,7(ej)) = (Py(ei) +P-(ei), T(Pr(ej) + P_(ej)))
= (Py(ei) +P-(ei), Py (ej) —P-(e)))
= <P+(ei)7P+(ej)> - <P—(ei)7P—(ej)>

= A (eire;), (6.30)

where we have used the fact that the subbundles S, and S_ are orthogonal (see the

Proposition [3.3.6)) in the third line and this completes the proof. l

Also, it can be easily shown that Tf =Nl ; by using the equality (6.30).
6.2.2 Action
The DFT action is the following [58]] (and see references in there):
/ INs—nsdxdx, (6.31)
where the Lagrangian of the NS-NS sector is defined by
Dns_ns =e X (A .d). (6.32)

Here, the term Z(7,d) is the generalized Ricci scalar and its explicit form is as

follows:

%(%,d) :4%MN8M8Nd — 8M&N%MN — 4%”MN8Md8Nd +48M%MN8Nd
1 1
+ g%MNaM%KLaNijL — E%MN&W%KLaK%VL. (6.33)

The field equations of 10-dimensional supergravity obtained by varying the DFT action

with respect to the generalized dilaton field d is [58]]
X =0, (6.34)

where Z is as in (6.33)). We will be working with generalized metrics which satisfy the
field equations above. If the generalized metric depends on the space-time coordinates

only so that we are in the supergravity frame, the associated Riemannian metric g,
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the B-field, and the dilaton field d, which together construct (6.19), will solve the

supergravity equations.

Our consideration will be on the solutions such that .7# can be written in the following

separated form [S8]]
AMN (x,Y) = (UHMa (V) A2 () (U B(Y), (6.35)

where the matrix U ! (Y) is usually called a twist matrix that is an element of O(d,d)
and (x,Y) are DFT coordinates which are a set of coordinates that to not mixed up.
x and Y are referred to as internal and external coordinates, respectively. In our case,
the group manifold’s coordinates are Y coordinates, and the other coordinates are x
coordinates. Additionally, HPAB (x) will generally be assumed to be constant. The

explanation for this choice will be provided in Subsection

An example for this situation is when g and B-field in the generalized metric .77 admits

isometries. Here, the twist matrix, which is an O(d,d) matrix as in (6.2), takes the form

I 0
—1 _ .
Ul=L= < 0 1! ) (6.36)

which will be used again in the Subsection In the above equation [’s are the
components of the left invariant one-forms, see the Subsection @ for further details.

If the action of the isometry group has no fixed points and is transitive, then [58]]
ds* = g;;d0'de’
=8ap GaGB )
where 0/, i = 1,---,d, are the coordinates for the isometry group G and c¢,
o = 1,---,dimG, are the left invariant one-forms 6% = [%d6' on G defined by the

Maurer-Cartan form. Here, g;; are independent of the coordinates 6 and are constants.

All the 6 dependence is inside of 6% and ob.

Another example is when G is a Poisson Lie group. In this case, it can be shown that

the generalized tangent bundle TG & T*G can be trivialized to the direct product bundle
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G x 0 where 0 is the natural Drinfel’d double structure on g @ g*. Then, if 748 is the
tensor corresponding to the generalized metric in G x 0 (which is just G x h, where h

is a maximally isotropic subalgebra), its image under the isomorphism to TG & T*G

will be just of the form ([6.35]) where

o
-1
v _(l—ln 1—1>’

where I1 is the Poisson bi-vector field corresponding to the Poisson Lie group structure

on G.

If the generalized metric in the form of (6.33) satisfies the field equations given in
(6.34), then P satisfies 58]
Kaet =0, (6.37)

where the deformed Ricci scalar is given by

K — Ryt = X+ Xr, (6.38)
with
1 SBD T ! 1 Y SBE b
Ry = — EF‘};C%”BD%CE opHip — EF%CFDEF%D%”BE%CF
1

— FhcFhpA P —madp " + Ay AP Opd —manp AP, (639)

where o, = (U~")YM gy,

Recall that the theory is in the supergravity frame when the strong constraint given
in (6.8) is satisfied because for this solution of the constraint, (6.32)) reduces to the
standard NS-NS action for the massless fields of string theory [58]]. On the other
hand, the theory described by the action (6.38) is called gauged double field theory
(GDFT) and it reduces to the action of gauged supergravity in the supergravity frame.
The GDFT action is a deformation of the DFT action determined by the fluxes Fupc.
Recall that the notion of flux was introduced in Remark as structure functions
of a Courant algebroid in local coordinates. These two seemingly unrelated notions

of flux are in fact the same, as will be demonstrated in the next subsection in the
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Propositions [6.2.3]and [6.2.4]

It will be investigated in the following Subsection that the calculation of the fluxes
associated with the matrix L, which is given in (6.36)), yields only non-vanishing
flux as f-flux which is just the structure constants of the Lie algebra of the isometry
group G. Also, the fluxes associated with the Typ matrix will yield the same results.
This result means that the YB transformation is a flux preservation transformation
and it leads a new generalized metric H constructs a solution of the DFT. Therefore,
the transformation associated with the YB matrix acts as a solution generating

transformation in DFT. These results will be discussed in the Subsection in detail.

We would like to first present the DFT fluxes in order to obtain all of these conclusions.

6.2.3 Fluxes in DFT

The geometric flux and non-geometric flux can be unified into a single O(d,d) tensor

known as the covariant flux.

Definition 6.2.1. The covariant flux is defined in terms of the C-bracket of the

generalized components of an O(d,d) transformation on TM © T*M as follows [50].
Fapc = [Ea,Es]¢ Ecu, (6.40)
where the C-bracket is defined as in (6.3), and where twist matrix E = U —1is given by
Ee a a B ,
aB a+aPB
where a is a diffeomorphism on T M which also induces a diffeomorphism on T*M, B
is a smooth two-form such that B : TM — T*M and B is an anti-symmetric bi-vector

field such that B : T*M — TM, which have been introduced in the Subsection[3.3.2}

The twist matrix can be written in terms of a chosen coordinate basis as follows.

E' E)j a, a,*By;
Ef = L “):< Dok L ) 6.41
M ( Ell Ell alkﬁkl ali+alkﬁkpoi ( )
Remark 6.2.1. In the physics literature, E5, = (E(0y),0%) is called the generalized

vielbein. This is because when E acts on the coordinates basis O™ = (0;,dx"), it yields
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a new non-coordinate basis for the sections of the generalized tangent bundle as given

below.

If B-field is taken to be zero, then

a’ 0 %\ _ a,'d)
( alkﬁki ali > < dx ) - < alkﬁkiai—l—alidxi , (6.42)

where the new non-coordinate basis (e;, ') is
e =a;'0, (6.43)
and
I 1 pkin A g
e =aB"oi+adx, (6.44)

which will be used in the Subsection

By using (6.3), the equation (6.40) becomes

Fapc =Ej ONEB" Ecy — %EANaMEgECM —ER ONEA"Ecy
+ % snOMEYEcy. (6.45)
Defining Q4p¢ such that [50]]

Qupc = Ea" (OvEB™)Ecyy, (6.46)

where E” is an O(d,d) matrix, the covariant flux becomes

1 1

Fapc = Qapc — EQCBA —Qpac + E-Q-CAB-

We have Egy — nMNEg , where My is the matrix given in (4.28). Since My is an
O(d,d) invariant metric and Ex™ are O(d,d) matrices, we have
Nag = E\MEpy = EAMnunEY

and its derivative dynag = 0. Then, Q4pc is anti-symmetric in the last two indices

such that
Qupc = EAN (ONEs™)Ecy = —Ex™ (InEcy ) Es™
= —Es" (on(nukEE))EE"
= —E\NvECXEpk

— Q. (6.47)
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Hence, the covariant flux can be rewritten as [[S0|]

1
Fapc = Qapc — EQCBA — Qpac+ EQCABa
= Qapc + Qpca +caB;
= 3Qp(c]; (6.48)

which is totally anti-symmetric and these elements are corresponding to the fluxes
Heape, [%e, 047, and R%¢ as we mentioned before in the Remark and these

notations will be used in the following results.

Note that by using the properties above, (6.46) can be written as follows and this

equality will be used in the next Subsection.

Qupc = —ENONEM(E™D mep. (6.49)

It can be demonstrated that the fact (6.48) gives rise to the fluxes associated with

generalized twist matrix (6.41)) should meet the following conditions [50], [59].

Hype =3 <V[aBbc] —Bd[awBch ;

fab® = 21 + VBay + 20" (,By + B Hya,

Q:” = 2Tl + 9B + Bend™ B’ +2finc“B"" — HynncP™ B,

Rabe _ 3 (B [gmvmﬁm i @[aﬁbd +an@nﬁ[abﬁc}m i ﬁ[gmﬁgn@g]an> + gampbngely
(6.50)

which stand for the definitions of the fluxes associated with that matrix and in above

equations we have

_ ] j b __ b j j
Bcb = ac’ab/B,-j, ﬁc = acia jﬁ”v

d_ i i d b _ Ni b J
Fcb —ac’aiab]aj, e d—aciala jad,

VaBbe = 9aBbe —Cap'Bac —Tac'Boa,  V*Bpe = 0“Bpe + T By + T By,
Vaﬁbc — aaﬁbc 4 l—*adedc 4 Fadcﬁbd7 VaBbc — aaﬁbc o Fabdﬁdc o Facdﬁbd7

where d; = a;/d; and e L jéj . Also, the coefficients as 3, 2, etc., comes from the

antisymmetrization.
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When the dual coordinates have been taken to be zero, in other words under the strong

constraint, the definition of the fluxes in (6.50) takes the following forms.
Hgape = 3V 4By
Jap® = 2U1ap)" + B Hyan,
0 = 0B + 2 fne B — Hypne BB,
Rebe = 3plamy,, prel - gomgingep,,,,

(6.51)

Proposition 6.2.3. These definition of the fluxes in DFT under the strong constraint
are exactly the same with the equalities of the structure functions that have been
found from the second axiom in to be a Courant algebroid in local coordinates
for the anchor p} = (p;-, pil) = (a;,a};ﬁkj ). Precisely, the above definitions of fluxes

correspond to (4.606), and (@.68)), respectively.

Also, the definition of the fluxes in the DFT in become the followings for the

assumption Bp. = 0.

Hgpe =0,

foe = 2(a, 0l af),

Qcab _ acﬁab + 2fcm[aﬂmb];

Ribe _ 3(B[amamﬁbc] +f}£fnﬁbmﬁdn)-

These are also the same equalities as we found in Courant algebroid’s axioms in local
coordinates for the anchor p', = (a;,aiﬁkj ) which have been found in (&.69), (4.70),
and where H-flux is taken to be zero.

[59] Also, the following conditions must be satisfied in terms of fluxes associated with

that matrix and these conditions are the Bianchi identities as we mentioned earlier.

3
g[aHbcd] - EHe[abfcd]e = Zabcd

3@[afbc}d - @dHabc + 3f[abefc}ed - 3Q[adeHbc]e = abcd
2910y + 27" fur™ = fur Q! — HapeR! +401,° £y, = Zp (6.52)

3@[anbc] N ngabc + 3Qe[adec]e N 3fde [aRbc]e _ Zabcd

g[aRbcd] . %Re[abQ

cd] gabed
2 J

e
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where 9, = pAM dy and Zspcp are terms which become zero when the strong
constraint is imposed. Also, the coefficients as %, 3, etc., comes from the
antisymmetrization. Although the precise form of these terms does not interest
us, people who are interested can find further information together with the index

notations at [59]].

When the dual coordinates have been taken to be zero, the above identities take the

following forms.

3 e
9[aI{bcd] - EHe[abfcd] =0,

3-@[afbc]d - gdHahc + 3f[abefc]ed - 3Q[adeHbc}e =0,

zg[aQb]Cd + 2-@[Cfabd] _ fabeQecd F HabeRecd +4Q[ae[cfb}ed] i 07

39[anbc] - ngabc +30, [adec}e MaF [aRbc]e =0,

3

@[aRbcd] A ERe[aercd] =0,
where Z4 = p A’O,-.
Proposition 6.2.4. These Bianchi identities in DFT under the strong constraint are
exactly the same with the conditions on the structure functions that have been found
from the third axiom in to be a Courant algebroid in local coordinates for the

anchor p} = (pj,pij ). Precisely, the above identities correspond to (4.41), (@.42)),
#.43), (4.44) and (@.43)), respectively, when p} = (p;,pij) = (a;,aiﬁkj).

As a result, when the strong constraint is imposed in the definition and in the Bianchi
identities of the fluxes that fluxes in the DFT must satisfy are the same as the
conditions that structure functions must follow to be a Courant algebroid structure
for a general anchor. This demonstrates that the fluxes determining the deformation
of DFT to GDFT are just the structure functions of the Courant algebroid on which
the theory is defined, with respect to the coordinate basis for the generalized tangent

bundle.

It is now time to explore the fluxes associated with the related matrices and to

determine that these fluxes are the same which fact will be used in the Section
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6.2.4 YB Matrix as a Twist Matrix

In this section we will calculate the fluxes associated with the twist matrix L given in
and the matrix Typ. It will be demonstrated that these fluxes produce identical
results, indicating that the flux preservation principle is hold for the fluxes associated
with these matrices. The index convention can be found in the beginning of the
Subsection [5] In the following computations, we take the coordinates on which the
twist matrices depend on the standard coordinates and not the dual ones so that =0

will be taken.

Theorem 6.2.1. ( /58], and references there) Fluxes associated with the twist matrix

U~ = L in the form of (6.2)), which is given in (6.36), which can be written in local

coordinates
(U ) B — L B — ( Lia Lia o 0 lia ) (653)
are
falc) = Cabc )
and

bc __
be=o|

R™ = Hupe = Q

Proof: The inverse matrix of L can be found as

a1 (L L\ (110
(L B) - ( Lai Lc; - 0 l(? :
The formula (6.49)) for the fluxes becomes

Qupc = —EY (IuES)(E~") ) nep
= —E%(deE')(E" D

= —EY (9ER)(E " ncp. (6.54)

Here, we have utilized the facts that the twist matrix L does not depend on the winding
type coordinates in the second line, and that it only depends on the coordinates along
the isometry directions in the third line, where the indices [ that label the isometry

directions are located.
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When we expand the indices 7, J, D in (6.54)), this reduces to the following result and it

will produces some formulas which will be used in the calculation of the fluxes.
Qupc = —E'W(GE)(E™")! Mca — E(GE%)(E™" ) g
—E'y(9Ejs)(E~" ) nca — E'y (9Ejs)(E") /nc,

from which we obtain the followings.

Que = —E'(OE))(E™)ej—EL(QER)(E™),/, (6.55)
Qf = —E(OE,)E)—E(Ep)(E), (6.56)
Q= —EL(GE")E);—ELE/ ) E), (6.57)
Q% = —E“QE")E" ) —E“(GE)ET), (6.58)
Q%Y. = —E“(QE})(E")ej—E“(QER)(E),, (6.59)
Qebe — —E’”(&Eﬂ’)(E l)cj E’“(&E )( )Cf (6.60)

due to the components of the i) matrix given in (#.28). Note that Q,°. = —Q_? and

similarly Q¢, € = —Q99 since it is anti-symmetric in last two indices as shown in (6.47)).

Let us calculate the fluxes associated with the L matrix now. We willhave E=U"! =L

in in this case and 1 matrix is of the form (4.28).

Firstly, the f-flux is obtained from (6.48)), (6.56) and (6.39) as follows.

fabc = ‘Q'a}f - -Q'b; +Q° ab (661)
= 1 (O, ) I+ I, (il )1,
= C bc’

a

where we have used (5.29) in the last line.

In order to calculate R-flux associated with the L matrix, we will use again (6.48) and

also (6.60)), then
Rabc — Qabc + cha + Qcab (6.62)

=0.
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Similarly, the H-flux associated with the L matrix will be calculated as follows from
(6.48) and (6.55).
Hape = Qape + Qpea + Leab (6.63)

=0.

Lastly, the Q-flux associated with the L matrix is obtained by using (6.48)), (6.57), and
(6.58) as follows.

0l =0l +0M - (6.64)

=0.1

Note that these results of the fluxes are exactly the same with the expressions of fluxes
for B = 0 in the Remark |4.4.5, which have been found from the conditions on fluxes

to be a Courant algebroid for a special anchor.

Now the fluxes associated with the matrix Tyg, which will be called as the YB matrix,
will be calculated and it will be shown that these fluxes completely match the results

found above. This fact is crucial for our studies.

Theorem 6.2.2. [8|] The twist matrix is the YB matrix in this case which is denoted by
U~ = Typ and is of the form (6.2):

~ t t
UﬁlZTYB:(eB)TL: (llg (1)) (i) l(—)l ): ( ltlﬁ l(—)l >7 (665)

where B stands for the constructed bi-vector field from the R-matrix which is (5.31))
with the components (5.30) and L matrix is (6.53)), or it has the following form in local

coordinates,

T—1\A A _ ﬁia ﬁia _ .lia. 0
w >B_(TYB)B_<ﬁm o )=\ ipie i, )

Fluxes associated with the YB matrix are

c __ c
fab_cab )

and

bc
. =0

abc
R = Habc =
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where R-flux vanishes whenever R-matrix (and hence by the dressed R-matrix) satisfies

the CYBE that is given in (5.9).

We will have E = U~ = Typ in this case in and 71 matrix is of the form (4.28))

for the calculation of the fluxes.

Please take note that the indices above were used in Subsection [5.2] for the group
manifold. To avoid misunderstanding with doubled indices, we shall utilize the same

in this section and the sections that are connected to it.

Proof: The inverse matrix of U ! can be found as

Let us calculate the fluxes associated with this matrix now. Firstly, the f-flux is

obtained from (6.48)), (6.56), (6.59) and (6.61)) as follows.

fuf = =L (Q)IE+ Uy ()1,

r c
_Cab7

where we have used (5.29) in the last line. Note that this result is the same with (4.69),

as expected.

In order to calculate R-flux associated with the U~ matrix, we will use again (6.43),

(6.60) and also (6.62), then
RAbe _ —likﬁka(ailjl)ﬁlblcj + likBka(ailjb)ﬁClllj _ likﬁkb(ailjl)ﬁlclaj + likﬁkb(ailjc‘)ﬁalllj
_ likﬁkc(ailjl)ﬁlalbj +likBkC(ailja)ﬁblllj _ likBka(aiBCb) . likﬁkb(aiﬁac) . likﬁkc(aiﬁba)

= BUBHC — BBlC,, + BYBNC — 1B (OBT) — ' B (3B) — 1 B (9,B™)
(6.66)
=0,

from the fact that [, ]sn = 0 which can be followed from the equation (4.71)) being
zero that is B is a Poisson bi-vector field as demonstrated in the Proposition [5.2.6]
whenever the R-matrix (and hence the bi-vector field f3) satisfies the CYBE Note
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that the equation (6.66)) is the same with @.71) for a; = I', as expected.

The H-flux associated with the U ! matrix will be calculated as follows from (6.43),

(6.55) and (6.63).

Hgpe =0.

Lastly, the Q-flux associated with the U ~! matrix is obtained by using (6:48), (6.57),
(6.58), and (6.64)) as follows.

Q. = —1a( Oty )BY1 = I (O )BLY + 1O )B 1 + (91 ) Bl — U (9iB)
= B Cie— B“Cy —'a(9B) (6.67)
— G~ BHC — (K RK",)
=BG~ BACy — LR, (OK" ) — LR (OK",)
= —BCs — BUC + Cpi kP, R"K + Coi K" RVKS,
= RO BG4 BC,E+ BIC,!
=0,

where we have used (5.30) in the third line and (5.26) in the fifth line. B

Note that the equation is the same result with for a; = I}, as expected.

Consequently, the fluxes associated with the matrices U l—_LandU"!= Typ are
identical. Given that the fluxes are preserved in such a way that the L matrix only
generates non-vanishing flux as f-flux, which is nothing but the structure constants.
This ensures that the transformation generated by 7yp is a solution generating

transformation, as will be discussed in the following subsection in detail.

6.3 New Solutions of String Theory from O(d,d) Transformation

In this section, we will start with a known solution of the universal sector of
supergravity containing the Riemannian metric g and the B-field. We assume that the
isometry group is G and the B-field is also invariant under G. The relevant Courant
algebroid is then TG & T*G. We will assume that there is an R-matrix on the Lie

algebra of the isometry group G, which satisfies the CYBE. In this case, the bi-vector
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field on the group manifold can be constructed from the dressed R-matrix as we have
discussed in the Subsection[5.2] Once we have a bi-vector field, we can construct the
Typ matrix given in (6.635). We will obtain a new generalized metric when we act this
O(d,d) transformation to the old generalized metric. This yields a new Riemannian
metric g and B field which are again supergravity solutions. Let us discuss why this is

the case in detail.

Let us assume that we have a generalized metric .72 which satisfies (6.34). Therefore,
it is a solution of the DFT. Also, suppose that g and B-field in the generalized metric
¢ admits isometries and the isometry algebra is determined by the Lie group G. So

2 can be written of the following form as discussed in (6.35).
A (@, Y) = (U ()AE ) UTHB(Y),

and the RHS satisfies (6.34)) since .#MN (x,Y) does. The deformed form of %, which
is (6.38)), then vanishes, that is Zge = % + ZF = 0 where Z is written in terms of
H only and ZF contains H together with the fluxes associated with the twist matrix

U !andd.

The solution generating mechanism relies on the following question: Is it possible to
discover a new generalized metric in the form of (6.35) that contains another twist

matrix with the same .7 which once again satisfies the field equations (6.34))?

For this purpose, let H be the new generalized metric of the following form which has
the same form (6.33). (Construction of such a new generalized metric by utilizing the

old one will be provided in the Subsection [6.4])
HMN(x,Y) = (U YM4(Y) 2B (x) (U Vp(Y). (6.68)

In order to conclude that this new generalized metric is a solution of a string in DFT,
one needs to check that the equation (6.34)) is satisfied or not. Its deformed form (6.38)
will contain .2 as well as the fluxes associated with the U . If the fluxes associated

with the U~! are the same with the fluxes associated with the matrix U ~1 then it is
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also a solution since it solves the equation (6.34)). We have the following Theorem with

its proof for this fact.

Theorem 6.3.1. Let
H(xY)=U"' (1) A (x)(U") V),

and

—~ o~ ~ ~

H(xY)=U"1¥)A ) T) (),
which have been introduced before. Assume that U~ (Y) and U~ (Y) generate the

same constant fluxes. Then, 7€ (x,Y ) satisfies the DFT equations if and only if A (x, ?)

satisfies the DFT equations.

Proof: It is known that the generalized metric 7 of the form (6.33)) satisfies (6.34)
that is
R[] = 0.

Then, 7 satisfies which is
1 A

Our goal is to conclude that the new generalized metric satisfies the field equations that
is 9?[3/5’7] = 0. We have
Rl 1) = iy 1),

since the fluxes associated with the twist matrices U~! and U~ are assumed to be the
same. Another reason for the above equation to be satisfied is the following fact and
this completes the proof.

U and U appear in (U~"™dy = 9;, and (U~ pdy; = )y, respectively. These are
acting on .2 and d in (6.39) and (U "My, = M}, when acting on fields depending
only on x. In other words, 9 = 9 = 9 when acting on .7 (x) and d(x) because these

fields depend only on x.

Note that

where we define



Also note that according to this definition,

We will now start by choosing another twist matrix as U~! = Ty, which contains
the elements of the left-invariant vector fields and the components of the constructed
bi-vector field from the dressed R-matrix which can be seen in (6.65]). The twist matrix
U~ =L, provided in (6.36)), yields only non-vanishing flux as a geometric flux, which
is equivalent to the structure constants of the isometry group’s Lie algebra. New twist
matrix gives exactly the same result, which has been shown in Subsection So
the flux preservation principle associated with these twist matrices holds. Therefore,
the condition in the Theorem [6.3.1] holds which leads that the generated generalized
metric j; from new twist matrix U~} = Typ satisfies the DFT equations that is
74 [j/i;] = 0. This new generalized metric yields a new Riemannian metric g and B
field which are again supergravity solutions as discussed below. So it will be inferred

that the transformation generated by 7yp is a solution generating transformation.

Let us define E = g+ B which is the background matrix [60]. If we write 7', which will

be taken as the transformation associated with the YB matrix (6.63)), as in the equation
(6.2) [56]:
a b
T = ( o ) € 0(d,d),

then, it is known that the action of O(d,d) on the background matrix is by fractional

linear transformations [[56]:

E—-E=TE=(aE+b)(cE+d) ' = ( Z‘ 2 )E (6.69)

By using TnT' = n and T'nT = n, where 1 is an also O(d, d) matrix given in {#.28)),
we obtain

de+ca=0, bd+d'b=0, dd+c'b=1

T can be embedded in O(D,D,R) as follows [60].
=(Ed)
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where 4, 13, c, d are D x D matrices defined below

~ (a0 ~ (b 0 ~ (¢ 0 ~ (d 0
o= (20) 5= (B 0) o= (50 ) a=(20).
The action of the O(D,D) matrix 7 on the background matrix E is defined as below

[60]:
E (3’35) —T-E(g,B) = (GE +D)(¢E+d)™ !,

which is the new background matrix.

E includes the transformed metric and the transformed B-field which are symmetric

and antisymmetric parts of E, respectively, given in the Definition These are

. E+F
g r 2 9
and Ny
5_E-FE
==
respectively.
The equation (6.69) is equivalent to
E=TET".

So, it has been shown that g and B are also satisfy the field equations of 10-dimensional

supergravity by using the flux preservation principle.

6.4 YB Deformation in the Language of Courant Algebroids

We will demonstrate and interpret YB deformation, introduced in the Subsections
and [6.3] in the language of Courant algebroids. All the geometric structures that have

been previously explored will be integrated in this way.

Let us assume that we have a bi-invariant metric G on the group manifold. Let e,(g) =
lg+(T,) where T, € g and lg- : T,M — TuM. Let e, = I,0; withi = 1,--- ,d where d is

the dimension of the group manifold. Therefore, we have

G(ea,ep) = G(lg+(Ty),lg<(Tp)) = G(T4, Tp,) = Gyp = constant.
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It is a well known fact that any diffeomorphism & : M — M defines an automorphism
[61]]
T®: TMSTM - TMST™M,

by taking the sum of the tangent and cotangent maps. Here, TM is for the generalized

tangent bundle: TM & T*M. This automorphism preserves the Courant bracket.

Let us define now the following transformation:

Tl: gog" = TMOT,M

(L0, T) > (I (1), 11 (T9)),

where [ : ;M — T,;"M and l;‘,l (TM — Ty M.

Consider now the Courant algebroid £ = TG & T*G where G is a semi-simple Lie
group G with the Lie algebra g and let R be a non-degenerate R-matrix on g as

introduced in the Subsection [5.1] Let g, B defined on G from which we can construct

the generalized metric 77 (6.20).

Matrix of the transformation 7'/, given above will be the twist matrix L in our case.
Then the generalized metric #” becomes to the following if it is bi-invariant under the

action of T'l,.

A8 = (e, eP)
= %(Tlg(TA>leg(TB))
=2(TA, TP)
= "B = constant

— (e, eP) = S4B = constant, (6.71)

where ¢! = (U140, oM = (9;,d") together with the twist matrix (U 1)y, =Ly

given in (6.36), (6.53), and T4 = (T, T%).
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Remark 6.4.1. The above ansatz means that #MN = (oM, 9N) is of the form

with eM = (U=1YM 494, This fact can be seen immediately as follows.

A () = (U™ Y, (UT)ENaY)
= Ut (M, 0M) ("))
— AN = (UM (P U

— %MN — (Ufl)MAL%ZAB(UfI)NB7
where we have used in the last line.

We define the new generalized metric on the generalized tangentbundle E =TGEST*G

as

A (FU,FV) = #(U,V), (6.72)

where F = ¢P and B is the bi-vector field constructed in the Subsection
and U,V are the sections on E. Note that -transform given in (3.46) acts on
the sections of the generalized tangent bundle and the generalized metric is a
tensor again defined on 7 ® T*. This transform will act on the generalized metric

and it transforms the Riemannian metric and B-field encoded in the generalized metric.

Our first goal is to demonstrate that the generalized metric A defined in 1s
indeed a generalized metric on the generalized tangent bundle E. Since 7 is a
generalized metric, we can write it as 7 (U,V) = (U, t(V)) for the smooth sections
U,V on E from the Definition (3.57). Here, T € Aut(E), such that 72 = 1 which is
defined in (3.53)). We define the following operator on Aut(E).

T:=FotoF ': EE, (6.73)

which immediately satisfies 72> = 1. Our claim is to prove that there exists such an

automorphism 7 which satisfies

%(UJ/) = <U7T(V>>a
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together with 72 = 1. In order to show this fact, let us write (6.73) in the RHS of the

above equation:

where we have used the fact that F = ¢P is an orthogonal transformation, which can
be seen from (3.47), in the second equality, .7 (U,V) = (U,t(V)) in the third one,
and in the last one.

Also, let us assume that the subbundles Sy defined in (3.54) and (3.53), respectively,
are the +1-eigenbundles of the endomorphism 7. Then, from the proof of the

Proposition[6.2.2] we have
T(Pr(ei)) = Pr(ei),
and
T(P-(e1)) = —P-(ei).
Therefore, we can find the followings.
T(F(P.(er))) = (FotoF ) (F(Py(e)) = F(t(Py(e)) = F(Py(er)),
and
HF(P_(er)) = (FotoF ) (F(P_(e)) = F(t(P_(e1))) = —F(P_(e1)),

which yields that the subbundles F(S,) and F(S_) are the +I-eigenbundles,

respectively, of the endomorphism 7 on E.

The result leads us to the following fact.
H(F(*),F(eP)) = (e, eB) = A48,
Soif e = F(e*) and ¢® = F(e®) be fixed bases of TG @ T*G, then

A& PB) = P,
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In other words, for the twist matrices (U ~")4,; of the form (6.63), we have
AT YoM, (T)ByaN) = 7B
e (T YA (M, 9N (T1) 1 )By =
— N — (U WM BTN (6.74)

— VN = (eﬁL)MAe%ZAB(eﬁL)NB = (TYB)MA%ZAB(TYB)NB'

Note that is in the form of (6.68).

Now the results from physics say that A will also be a solution if
[, = F¢e",
if
[, €8] = FAZS,
where the bracket is the standard Courant bracket on 7G & T*G. This follows directly
from the fact that the DFT fluxes are computed from the C-bracket as was given in

(6.40) and the C-bracket reduces to the standard Courant bracket in the supergravity

frame which was given in the Proposition In other words we need:

FIF~1(@), F~ () =", &P). (6.75)

If F were a Courant algebroid automorphism (see the Definition [3.3.6) preserving the
standard Courant bracket, would be automatic. However, we know that the only
such bracket preserving automorphisms are the ones induced from diffeomorphisms
and B-transformations with closed 2-form B (see the Proposition 3.3.2). F is a f3-
transformation and as such, it does not preserve the bracket. In order to understand

how F changes the bracket let us refer to our discussion in the Subsection 4.4.1| and

the equations (4.50)-(#.55).

For the standard Courant bracket the anchor is the projection: p(X 4+ 1) = X, where
X € TM and n € T*M (see Example [3.3.1)). Recall that in the notation of Subsection

4.4 we have from (@.32)) and (@.33)):
p(eh) = p**oy.
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Note that we use here ¢ instead of the notation S in there. Then for the frame e =
LAk dX which corresponds to (6.42) for B = 0, we have the followings from (6.43) and
(6.44):
pler) = p(l*ak) = 1“0y,
p(e) = p(l'dx*) =0.
Then pik = lik and p* = 0 and we are in the case of the Proposition with B =0
and a;/ = 1./, On the other hand, for the frame & = F(e*) = ((e#)TL)*x9X, where

(eP)TL = Ty as in (6.65), which corresponds to (6.42) for non-vanishing 8, we have
the followings from (6.43)) and (6.44):

p(&) = 1" = p;" o,

p (&) =1/p"o, = pla,
where B is the bi-vector field we constructed from the dressed R-matrix in the
Subsection [5.2] So, we are again in the case of the Proposition [4.4.6] this time with
non-vanishing . Although the fluxes computed in the two case are the same due to
the properties of the bi-vector field, the corresponding brackets are different as can
be checked directly from @.50)-(@.53). However, the different parts are the terms
involving derivatives of the form / ji B7*0;. As we discussed in the proof of the Theorem
the fields in the physical theory (A ) do not depend on the coordinates of the
group manifold, so such terms do not play a role in the gauged double field theory

action.

So we see here that the main role of the YB deformation relies on two features:
Existence of ¢4, g and B such that .7Z can be written as in (6.71]), and existence of
an orthogonal map F preserving the flux part of the Courant bracket. We hope that
describing the YB deformation in this geometrical setup makes it possible to generalize

it to other solution generating transformations.
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7. CONCLUSION

In this thesis, we studied the homogeneous YB deformation proposed in [6] for generic
GS sigma models and showed that the deformation in the target space is generated
by a non-constant O(d,d) transformation. The associated matrix, which we call
the YB matrix, is determined by an R-matrix satisfying the CYBE. The coordinate
dependence comes from extending this fixed R-matrix to a dressed R-matrix on the
whole group manifold (of the isometry group) by the adjoint action. Since the adjoint
action is an automorphism of the Lie bracket, the resulting dressed R-matrix also
satisfies the CYBE, whenever the initial R-matrix does. This shows that the bi-Killing
ansazt employed in the physics literature [62], [63], [64]], arises naturally from this

construction with the adjoint action.

In addition to making computations easier, our geometrical approach provides us
the option of generalizing the solution generating process. We have viewed the YB
deformation as the generalized diffeomorphism on the generalized tangent bundle
of the isometry group of the solution. Namely, the O(d,d) transformation acts as a
transformation on a Courant algebroid and is determined by the bi-vector field related
to the Poisson structure on the base manifold. We have thoroughly examined the
process of the construction of this bi-vector field. It is a well-known fact that there is a
Lie algebroid structure on the cotangent bundle of the manifold when there is a Poisson
structure on the manifold. Additionally, this Lie algebroid structure is compatible
with the standard Lie algebroid structure on the tangent bundle, so that there is a
Courant algebroid structure on the direct sum of the generalized tangent bundle of
the manifold. Because of all these reasons, we have also studied Courant algebroid
structures in detail, in order to understand and to generalize the transformation and the

YB deformation.

If a generalized metric of a certain form solves the DFT field equations in the limit

where it reduces to the supergravity field equations, and is transformed with the
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O(d,d) matrix producing the YB deformation, then the resulting generalized metric
also solves the DFT field equations in the same limit. This fact is demonstrated in
the literature on physics by demonstrating the preservation of the "fluxes" associated
with the generalized metric before and after the transformation. When a particular
basis is used for the sections of tangent and cotangent bundles, the fluxes are simply
the "structure functions" of the Courant algebroid structure on the generalized tangent
bundle. To gain a geometric understanding of this "flux preservation" principle, we
have also examined the axioms that define a Courant algebraid in local coordinates.
We have also thoroughly examined the situation in which a bi-vector field linked to the
YB deformation determines the anchor of the Courant algebroid. The details of these

concepts are as follows.

We have started by establishing an endomorphism R on a Lie algebra with
a non-degenerate Cartan-Killing metric which satisfies CYBE, and we then
demonstrated that the sum of the Lie algebra and its dual has a natural Drinfel’d
structure. In order to have a f-transformation, one needs to have a bi-vector field
and it is constructed from the components of the dressed R-matrix in our case. The
dressed R-matrix is constructed by extending R-matrix to the whole group manifold
of the isometry group G with the adjoint action. This constructed dressed R-matrix
also satisfies CYBE, whenever the initial R-matrix does, since the adjoint action is an
automorphism of the Lie bracket. It has been shown that the bi-vector field that built
from the dressed R-matrix has a vanishing SN bracket with itself since the R-matrix
satisfies CYBE and hence determines a Poisson structure. This yields a triangular
Lie bialgebroid structure since there exists a Lie algebroid structure on the cotangent
bundle of a Poisson manifold. Additionally, there exists a Courant algebroid structure
on the direct sum of these Lie algebroids due to the fact that there is a one-to-one
correspondence between (triangular) Lie bialgebroids and Courant algebroids with
transversal Dirac structures. Since these geometric structures, namely Lie algebroids,
Lie bialgebroids, Poisson structures, Courant algebroids, and others, have arisen in our
studies, we have examined their definitions, features, local expressions as well as the

connections between them in detail.
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A Riemannian metric ¢ and a B-field on the manifold M, which are taken to be
solutions of the supergravity frame, yield a generalized metric on the generalized
tangent bundle TM & T*M. Applying the constructed B-transformation to the
generalized metric gives a new generalized metric parameterized by the transformed
Riemannian metric and the transformed B-field. @~ We have demonstrated that
this transformation can be understood as a different splitting of the generalized
tangent bundle to Dirac subbundles. After the transformation, the tangent bundle
remains intact, whereas the cotangent bundle is transformed to its graph under the
p-transformation. The resulting subbundle is still a Dirac subbundle since the
B-transformation preserves the inner product, leaving it maximally isotropic, and it
is involutive since the R-flux vanishes, giving rise to the vanishing of the SN bracket.
Therefore, one still has the structure of a Courant algebroid on the direct sum of these

Dirac subbundles.

It has been seen that previously discussed geometric structures as algebroid structures,
the generalized metric on the Courant algebroid TM & T*M, B transformations,
R-matrices and flux calculations associated with the twist matrices can be merged in
the YB deformation in the language of Courant algebroids. Precisely, for a given
Riemannian metric and B-field taken as the solutions in supergravity, the generalized
metric on a Courant algebroid constructed from these satisfies the DFT field equations.
The generalized metric can be defined in the form of by using isometries of the
group manifold. By utilizing this form of the generalized metric and the bi-vector
field B constructed from the R-matrix, one can define a new generalize metric which
does again solve the field equations of the supergravity frame. In order to obtain this
result, the law of the flux preservation must be satisfied in terms of the associated
twist matrices in the forms (6.53) and (6.65). Also, the expressions of the fluxes
associated with these twist matrices are actually the same with the conditions on the
structure functions of the Courant algebroid. Also, this preservation corresponds to
the B transformation to be an orthogonal transformation of the Courant bracket. It has
been also demonstrated that the axioms of the fluxes in DFT when the strong constraint
is imposed actually correspond to the conditions imposed by the axioms defining a

Courant algebroid on the structure functions.
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With this geometrical method, we expect to advance the knowledge on the interesting
relationship between the CYBE and supergravity. We hope that understanding the
underlying geometrical structure might yield new solution generating transformations

for supergravity.
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APPENDIX A : Proofs
Proof A.1. By the Jacobi Identity and the Leibniz Rule, we obtain

0=[X,Y],fZ]+ ¥, /2], X]+[[fZ,X],Y]
=fIX,YL,Z]+ (p[X,Y](f))Z
+/1IY, 2], X] = (pX ()Y, Z] + (pY (/) Z,X] = (pX (pY ([)))Z
+/1Z, X1, Y] = (pY () (2, X] = (pX (£))[Z,Y] + (pY (pX (f)))Z
=((p[X,Y] = [pX,pY])(f)Z.

Since this is true for any X,Y,Z € T'(A) and function f, one concludes that p[X,Y]| =
[pX,pY]. B

Proof A.2. For X € T'(A%A) and Y € T(A?A), the LHS of the equation (3.17) gives

[f(Xl /\Xz),g(Yl /\YZ)]SN: [le,gYI] NXo NY, — [le,Yz] AXo A (ng)
— [X2, 80| A (fX1) A Y2 + [Xo, o] A (fX1) A (81)
:fg[Xl,Y1]/\Xz/\Yz—g(p(Yl)f)Xl/\Xz/\Yz—i—f( ( ) )Y]/\Xz/\Yz
+ 82, Xi] AXo A1 +8(p(Y2) /) Xi AXo AV — f8[Xo, ] A X1 A Y2
—f(p(X2)e)Y1 A X1 AYa+ f8[Xo, o] AXI AY)
= feXi ANXo, Y1 AValsn+gXi AXo A, Y1 AYalsy + flg, X1t AXa|sn A Y1 AT,
where we have used (3.14)) in the first equality, (3.2)) in the second equality, and (3.19)

in the last equality. The above result is the same with the RHS and it completes the
proof since it can be generalizedto X € I'(APA) andY € T'(N1A). B

Proof A.3. Let a bi-vector field 11 is a Poisson tensor. So, it is skew-symmetric and
satisfies Leibniz Rule. In order to prove (3.20)), Jacobiator should vanish and it will be
expanded in local coordinates such as

J={fAght}+{g.{n f}}+{n{fg}}=0

= {£,117(3ig)(9;h)} + {g. 117 (9;h) (9 £)} + {h, 117 (;f)(d;8)} = O
= 0{f,(9ig)(9jh) } +{f.T17}(dig) (9;h) + T17{g, (i) (9 )}

+{g, 17} (9ih) (9 f) +T17{h, (3;f (&)} + {h, ]IV }(3if ) (9;8) =

= 0V (9ig){ £, (9;h)} + TIV{f, (9ig) }(9;h) + { f, 117} (dig) (9; )

+T17(9:h){g, (9;.f)} +T17{g, (9:h) }(9;.f) + {&, 11V }(9;h) (9;f)

+117(0if){h, (9;g)} + 1V {h, (i f)}(3;g) + {h,TT7}(0:f)(d;g) = O

— T1Y(9;¢)T1¥ (9, f ) (19jh) + TIVTTY (9, £) (9,9,2) (9jh) + T (94 f) (AT ) (9ig) ()

+ 117 (9;h)T1¥ (9,8 ) (9, 9;f ) + TIVTTY (9kg) (9,9ih) (9 f) + T (9kg) (AT ) (i) (9, )

+ 1017 (9, )1 (9h) (0,0;8) + TTITM (9h) (0,0: f) (9;8) +T1¥ (Akh) (AT ) (0if ) ()
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where we have used the Leibniz Rule (third property) of a Poisson bracket twice. The
following terms in the above result vanish from the anti-symmetry property of I1V:

(D) +(5) =117(9,¢)1 (3, £ ) (9, 9;h) + TT*TT (9,¢) (9;0,h) (O f) = O,

(2)+(2)=1"T1"(9c)(19:8) (9)1) + T (9 )TV (9;h) (9i0) = O,

and
(@) +(8) = 11 ()T (9,8)(3,9;.f) + ITXTTY (31 (9,11 (Ohg) =
Therefore, we obtain
[T (JI17) + IT (9, T1%) + T (9T14)] (9. f) (9hg) (9jh) = 0. (A1)
For (9f)(9ig) (9h) # 0, it yields

" (9,117 + I (9 117%) + V' (9 11") = 0

— (9 1V) + (9 I1%) 4+ TV (9114) = 0
= I (9IV") + 11 (9I1) + IT*(9117) = 0, (A.2)
or a a ki &
li H 1j I Ik I/ lk 3
lzi (H dx; p dx; & dx; Z 9 X H ga (A

The another side of the proof is trivial since the above condition gives rise to the
Jacobiator to be vanished and 2-vector field 11 becomes a Poisson tensor. B

Proof Ad. Let B = "/0; \Jj, then

[B.Blsv = B0 A9;, BX I N Iysn
= BB M [9; N9, N IY|sn+ B N A [BY, Ik A Iy|sw+ BY[BM, 9 A dj)sn A Ok Ay
= BB ([0, ] NOj NIy —[0i, A A j A Ok — [0, 0k) A Ay + [, 0] A A\ )
+ B0 A3 N [—(0BY)0s + (91BY) k] + B [—(9:i")dj + (9;8)d] A I A 9,
—B " (9kBY)i NO; NI+ B (9B)0; NI Ak — B (9B )9; N Iy N )
+BY(9;8)0i A I N O,
= —B*(AB")0i NI NI+ B (91B")0: A9 N ok — B (91B*) 0 N Ok A 0;
+B‘l(8,[3k/)8,~/\8k/\8j
= [-B"*(aB") + B (aB") — B (9B*) — B (91B"/)10i N\ 9 A Ok
= [B"(aB7) + B’ (9B*) + 28" (91B)10i N 0 A 0,

where (3.17) and (3.18) have been used in the second and third equalities, respectively.
Also, the fact [9;, 0] = 0 has been used in the fourth equality.
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For the SN bracket of a bi-vector field with itself above to be vanished, the expansion
in terms of cyclic terms must be vanished as follows.

[B,Blsn=0
= B"(9B7) + B (9B") +2B ' (9BY) + BT (9B + B (3BV) +2B" (3, B)
+BY(9BY) + B (9B”) + 287 (9") = 0
— 4[B" (9B7) + B/ (9B") + B (aB)] = 0
— B"(aB7) + B’ (9" + B¥ (aB") =0,
which is exactly the same equation with (A.2) for B instead of T1. So, the SN bracket

of a bi-vector field with itself in local coordinates coincides with the Jacobi Identity for
a Poisson bracket where the coefficients are bi-vector fields, in local coordinates. B

Proof A.5.

[, Bl = ZpaB — ZLppa—d(I(a, B))
=ipadf +dipaff —igdo—di,ga—d(Il(a,B))
=ipadf +d((pa,B)) —ippda—d((pp,a)) —d(Il(x, B))
= ipadB +d(Il(a,B)) —ipda—d(TI(B,a)) —d(TI1(ex, B)) (A4
= ipadf —ippda+d(Il(a,B)),

since Il is skew-symmetric.

The Leibniz Rule is immediately satisfied by this bracket [28)]:

(&, Bl =ipad(fB) —ip(spyd+d(Il(a, fB))
= l.poc(fd[3 "‘df/\ﬁ) _fipﬁda+d(fn<aaﬁ))
= fipadP +ipa(df NB) — fippda+ fd(I(a, B)) + (e, B)d f
= fipadB +ipa(df AB) _fipﬁda‘i‘f([aam* —ipadf +ippda) +1(a, B)df
=ipa(dfNB)+ flo, Bl + (o, B)d f
= (ipadf) NB —df(ipaB) + flt, Bl + (ipaB)df
= (ipadf) NB + flo, B«
= flot, Bl + ((p)(f))B-

[28] Let’s confirm that the Jacobi Identity is satisfied by this bracket. By definition,
df,dg| = d{f,g} and so on if o« = df, B = dg 7y = dh are exact I-forms.
Consequently, the Jacobi Identity for the triple (df,dg,dh) follows from the Jacobi
Identity for the triple (f,g,h) with regard to the Poisson bracket. The Leibniz Rule can
be applied to reduce to the case of exact 1-forms from more general 1-forms. B

Proof A.6. We have to show that the compatibility condition d[o,Blr =
[dot, Bz + [0, dB]x, which is (3.23), holds for all a, B € Q' (M).
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The formula is trivial for exact forms. For the general case we have to check that both
sides gain the same terms when multiplying a form with a smooth function.

dldf,g1dg], =d(g1ldf,dg:|rn+p(df)(g1)dg2)

=dgiN[df,dg],+d(p(df)(g1)dg2)
=dgi N[df,dg), +d((m,df Ndg1)dg>)
=dgi N[df,dg], +d(m,df Ndg) Ndg>
=dgi N\ldf,dg2], +d{f g1} Ndg
=dgi N[df,dg], +[df,dg|; Ndg2

= [df.d(1dg2)];+ [d°f.g1dg2] . -

The same formula holds for the first argument of the bracket due to skew-symmetry.l

Proof A.7. For any &;,65,&3 € T'(A*), we have (see the equation (2.31) in [65]]):

A Alsw(§1,62,83) = 2(A Lyzg, 62,&3) +c.p. (A.5)

By using (3.277), the above equation can be written as

(SIAAF G188 ) = WLyg o)+ (A0

The LHS of this equation should be the following with respect to the Lemma 3.2.1|and
the bracket in (3.23):

(N Lyeg, &2, &) — (M Ly E1,E3) — (NIA(E1, 82, E3) — (Lyee, A6, &), (AT)

here we used [A*&, APE] = L Al élAﬁﬁz since it is a Lie bracket.
We now expand the RHS of ((A.6) and obtain the above expression. The RHS is then

(A'Lpse, &, 83) + (N Lz, &3, &1) + (A'Lpsg &1, )
= (A'Lyzg, 82, 83) — (Lprg, 63, A%81) — (Lpee, 61, M%80) — (ML, 61, 63) — (Lpze, 61, A7)
= (ML, &, 63) — (N Lz, &1,83) — Lz, (61, A°E2) — (Lsg, A2, 83)
= (N'Lysg, &, 83) — (N Ly, &1, &) — (d((61,A°8)), APE3) — (Lyse A'&r, E3)
= <AﬁLAﬁdjl€27€3> <AﬁLAi.§2§1 &3) — <Aﬁd[A(€17€2)]7§3>_<LAﬁ’g’1Au§27é3>a

where we have added and subtracted (A'L,; £,61,63) in the second line and used
Leibniz Rule to obtain the third line, and we have used the fact Lx f = a(X) f = (d f,X)
for the fourth line. Since the LHS and the RHS equals, it ends the proof of the Lemma.l

Proof A.S.

Ly ([A, Alsv (81562, 83)) = (Lx [A, Alsn) (81,62, 83) +{[A, Asw(81, 62, Lx &3) +¢.p.}
= (LA Alsw) (&1 &2, &)+ { (A AF(61,82), L) +eop. |
(
(

= Lx[AaA]SN)((Sh@z,és)+3Lx(<[/\7/\]ﬁ(§1,52)a53>)—{(Lx([/\a/\]ﬁ(él,ﬁz))yé)+C-P-}
= LX[AvA]SN)(?:l,éz,@)+3LX([A7A]SN(§1,§2,§3))—{<LX([A7A]u(51,§2))a53>+C-P-},

148



where we used the Leibniz Rule of Ly in the first and the third line. Therefore, we
obtain

(Lx[A Alsv) (81562, 83) = {(LX([A,A]ﬁ(ﬁl,sz)), &) +C~P-} —2Lx ([A, Alsn(&1,62,63)) M
(A.8)
Proof A.9. We start from the definition of the Jacobiator;

I(E180.6) = (181,82 &) +ep.
= { Lg% — Luce, 61,8 — dIA (&1, &1, 6)] |
— {Lasie 08 — Lace, 61,62 — AN (61, 6oL, 63) |+ cop.

+c.p.

1
- {EL[AvA]u(ilvfz)& + L[Aﬁﬁl,/\igz}é —Lysg, (&1, &)

~ (A Alsv(E1. 8. &) — I, AEL B} + e

- {%L[A,A}ﬁ(a,@@ - %d([A,A]SN(él,éz, 53)>} +ep.

* {L[Arél,méz]@ —Lyzg, [61,62] — d([A%; ,Aﬁéz],@} +e.p.
=1+,

where we have used (3.23) for the second line and Lemma[3.2.1|for the fourth line. Let
us try to simplify I now.

{L[A’jélv’\”ézlé — Lyse, [61,6] — d([A*E1, A&, &3) } +c.p.

= {Lipee, vy 63 — Lo, (e, &2) + Lase, (L, §1) — d(Lyse, (61,M°82))
—d([N*E,NE), &)} +ep.,

where we have used (3.25). By expanding cyclic permutations for the first three terms
in the above equation, we get

{Lwa,Atéﬂ & — Lz, (Lpzg, &2) + Lz, (LAﬁézﬁl)} +ep.
= Lineg, arg) 83 T Lintgy a63] 0L+ Linrg e 12
— Larg,(Larg, §2) — Latg, (Larg,63) — Late, (Larg,61)
+ Latg, (Late, §1) + Latg, (Lase, 63) + Laszg, (Late, S2)-
However, the above equation becomes zero from L[X,Y] =LxoLy —LyolLy. Then,
h=—d {LAig3 (&1, ATE) + ([Aﬁélal\ﬁéz],ﬁﬁ} +c.p.
= —d{Lyg, (81, ME) + Lyg, (G2, N6) + L, (6,481
+ ([A%E1, A", &) + ([AE, APE3), &) + ([Aﬁﬁ&/\uil],@}
= —d{(Lpsg, &1, M) + (81, Lpze, A"&) + (Lsg, &2, AE3) + (&2, Lz, AE3)
+(Lasg, &3, NE1) + (&3, Lpse, A1) + (Lyse, A6, E3)
+ (Lpee, N'E3,81) + (Lyse, N'61,62) ),
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where we have used the Leibniz Rule of Ly in the last equality. If we use the property
LxY = —LyX for the last three terms in the above equation and after simplifications,
we obtain

L= —d{(LA:§351 (ARG + (Lyse, &a, NV E3) + <LAﬁ§2§3vAﬁ€1>}
= —d(Lyse, &2, A E3) +c.p.
= d<AﬁLAIi§1 &,83) +c.p.

- %d[A,A]SN(&l;éZaé?))

_ %d<[/\,/\]ﬁ(§1752)7€3>7

where the fourth equality follows from ((A.9). So, the Jacobiator becomes

528 = {hinnrieeo e |+ {5 alIA A& 82 8 e}

d<[A’A]ﬁ(§l;€2)aé3>

Lin At (61,653 T C-P} r

_|_

| =

I
—— — =
N = N = N =

AN AT (&, &), &1) — 5al[A AT (G, 61). &)

D= =

Linnpig o o - 3 Alsv(a & 80)) = 54 Alsn(2.81.82)

Lin Afe(g.6)53 C-P} —d([A,Asn(€1,82,83)).0

Proof A.10. Since p is a Lie algebra homomorphism, this gives us the first property in
local coordinates such as [48]]

[P(Sa),P(Sp)] = p([SasS])
= {pé%,pi %} = P(LapSe)

9Py opd 9 . 9
= (pa oXi — Py oXi | oxJ _Labpcm

api op;
:sp;"a;ﬁl —pz’,"a;m

= Lgp:.0)
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The second property follows from the Jacobi Identity:
= 0 because of A being a Lie algebroid. In local coordinates, it yields

[[SC7SG]7SI7]
1L2,Sa,Se) + [LE.Sa, Sal + [LE,Sa, Sp)
[SC7LabSd] [SLHL ] + [Sva?an]
= L, [Se,Sqa] + (p (S,

+ L4, [Sp, Sal + (P(Sp)LE)Sa = 0

8Lab
Sm+pc 0X Sd+Lbc adS
aL;jC N mOLY,
Pa oxm Py oxm
or¢. JLd oLe,

= Pd axm+pb axm+pc oxXm

by Ll L

[[Sa; Sl Sel + [[Sp: Sl Sa] +

=0

=0

(Se)LL,)Sa+ Li.[Sa,Sa) + (P (Sa)Li)Sa

aca _
e S =0

oLd
+p;”87”nisd + L4 1S, + pr

Lbc + Lbe ca +LceLab> Sq=0

+L Lga +Lfe Zb = O’

where we have used the property (3.2) of a Lie algebroid in the third line. Or, it can be

written as
oL
1)
(pa a;pLanLgy) +ep. =0, (A9)
and this completes the proof of (.5)). B
Proof A.11. Let us write the condition:
pzaap ibap*{a :Zab ij
*oxi Tf ooxi S
ac ia(Abdpcg.) bc la( pd> bd ad b aAab i ce~J
= Ny N pe—a3 ™ = AL = ALy + P | AP
ac ~i aAbd ac bdapd bc i jaAad bc i adapg bd apcej
= (A pcpd oXi +A pcA oXi —A pcpd JXi —A pcA W_A de A P;
ab
_'_Aadechcepg aXl pcAcepe) —0
aca\bd NjT e ac i jaAbd bc i jaAad bdy ancenj ady bacej
= | A“A™p L., + A p.p; X —A pcde—A L;“Npl+AN“L;."AN°p}
aAab I AC j
- aX, pcA epej> =

=p ej ( A4 Abd Lc e Abd AC€ L + Aad A¢e L + A% pc

0,

where we have used the identity pi

a Abe
oxi

Abc pl A

. aXl Acepz

(A.10)

= A%p! (from @9)) and @20) in the second

line, and (4.3), because of A being a Lie algebroid, in the fifth line.
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If the condition:

;OAbe dN . J A
Sxr A PG A PGy

=0.

A% Abd L + Abd AC L + A€ Aad L _|_ A% pc

is satisfied for pl # 0, then the result (A.10) vanishes. O]

Our next goal is to prove that [A, A|sy = 0 is equivalent to the condition (4.23)).
Let A=3AP Sy NSg, then

[AA]sy = [1

1
S A% S0 A Sp, EAY‘SS,,/\S(S]

SN
CING NG ap
4/\ A [Sa/\Sﬁ7S}//\Sa]SN+2A Sa/\Sﬁ/\ A ,SyN\Ss -
1
+ A% [2/\75 Sa/\sﬁ} ASyASs

SN
1
:ZAaﬁAy‘s([Sa,Sy]/\Sﬁ/\Sg—[Sa,S5]/\Sﬁ/\Sy—[Sﬁ,Sy]/\Sa/\Sg

1 1 1

+ §A7’55a ASg A {—p(Sy) <§Aaﬁ) Ss+p(Ss) <§Aaﬁ) Sy}
1 1 1

+ EAO‘B {—p(Sa) (2A75) Sg+p(Sp) ( AY‘S) Sa} ASyASs

1

s 0 (%AO‘B) 0 <%A°‘ﬁ>
L op 0 (%A”S) X (%M‘S)
o l l
+ EA —pa—aXl. Sﬁ +pﬁ—aXl S(x /\Sy/\Sg

1 1
=3 AO‘BAYSL‘ZWSS NSp NS5 — ZAPATLE (S NSpASy

1 5 1 5

1 ONB 1 OAB
— Ny Sa NS NS5+ APy Sa ASp ASy
IAY® OAYO
7 SBASyASs+ A“ﬁpﬁ 7 Sa NSy ASs,

where we have used (3.17)) in the second line, the definition of the SN bracket (3.14])) in
the third line and (3.19) in the fourth and fifth lines, (4.2) in the sixth line and (@.1)) in
the seventh and eighth lines. We will now write all the terms in form of S¢ NS¢, A\ Sg in

1
- ZAaB Pa 5y
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the above equality. Let us look at one by one;

1
(D B) = ZAﬁ“AﬁLgySg ASq ASs
)+ B,y 8) L ABOASTLE S NS ASs = SABEATILE S, ASuAS
Y =77 pydeN\PaADs = 4 Byde Nda\ds
1 5 1 5
3= —APAIOLE Se NSa NS5 = L APPATLE Se ASa A S5
@ S _lAaﬁASys _lABaAyE €

where we have used the property A% = —AB% because A € T(A\2A). So, the addition
of these first four terms gives that

(D+2)+B)+(D)=AP*ATLE Se ASa N S5. (A.11)

We will focus on the last four terms now;

aOCS

a e

S i (o]

(5)B—e)= —4Ay Py S ASe NS5 = —AY Py
a oE

@(B — €Y< 6)= 4A‘$7’p7’, I SqANSe NS5 = —A”‘Spy
@(aﬁyﬁ—us d—e)= ——A”‘Sp’(9 aeSgASaASg——AYSp’a AT
’ ’ 4 T ox 4 v oxi

L 5y i - JNEY v6 - JAN*E

(y—>e o< 06,p—y) = —A Py % SsASe NSq = —A Py X
Therefore, the addition of these terms yields

D@D+ D+ D =N pipr Sensunss (A1)

After all, we find that

Sg/\Sa/\SS

a aE
aX’ Sg/\Sa/\S(S

Sg /\Sa/\S(S

Sg/\Sa/\S5

aAOZS
A, Alsy (ABO‘AY‘SLMJrAY‘SpY e ) Se ASa ASs, (A.13)
or
) aAeé
A, Alsy = (A“ﬁ Py +A“BA75LEY> Se NS5 ASa, (A.14)

which is an element of T(A\3A), as expected. Whether the above equation vanishes or
not, one needs to write down its expansion which is as below.

AocﬁAy8L8 —{—AS'BAWLO‘ +A£ﬁAyaL6 —}-Aaﬁpi aLs‘o‘ —|—A£Bpi Aﬁ.a —i—Aaﬁpi M
By By By B oxi B oxi B oxi
1)
—APAOTLE — NPAFTLE — APATLE — A%Pp aaA i
Xl
- DAE* G
_ASB _AEB
AT Py PBoxi
88
(A“ﬁA57L; +APASTLE + APATLY + APy aaXl
- JA - JAX
5B B
APy -+ ox )

(A.15)
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which yields the local expression of [A, Alsy and if the condition (4.23)) is correct then
it indeed vanishes. B

Proof A.12. Let us expand the LHS of the condition:

-~ _ - . aZab aLbC 8LC“
b 7d b d db ib
L L™+ L7 )L+ L%y L , — pif oXi —P* oXi <= ps aX’

IN? .
_ bm _Aam b f d __Adf
_ <A Ly = ALy + 5 pj,) (AC Lyt = AL+ aX] )

b Ab INP* f df
( Phnd” =Nt P )(A Ly =N+ aXf ]>
dA bfy d__ adf
am cm
(A Ly = A""Lyg + 57 pd> <A Ly~ AL+ 8XJ >

ab af i d cm b bm c aAbc
aX] pe) —A pfﬁ (A Lme —A Lme + 8XJ pe)

d
Acfp &Xl (Amemea . AamLm b

H a aAca
bf i m m
A p}& - (A“ L, —A"L,." 8 7 pe>

dc
md oXJ

— AmemdaAchf d Ame aAdef + Ame pe AamL bAchfed

aAdc i 8Aah ) aAab

+ AL " AL — AL, 7P T ox PIATL . — 5 ——piAL
aAab aAdc ) aAda )
aX, pd aXJ p] —J’_AcmLmdbAafoed _AcmL bAdef a+AcmLmdb an pg

aAda ) aAbc )

__Ab caafy d b cadf __Ab iaafy d
A Ly AL AL N L = AL pl e o PN Ly
0 Abc 4 0 Abc CIA da b 4 4 b

= Sy PN LS 4 o Py P+ AL G L = AL AT Ly

aAdb aAdb )

+ AL o pl— AL, SATL S+ AL, AV L) — AL, P
NG . ca Cdfe b aAca _aAdb . aAbm

+ g PN Ll = G PN L Pl g P — AP

. JdL,~? dAN" oL,, 92 AP j

AT X Aoy e A N g = AR P

IAY? 9 AN  emOLyL dAb™
~ATPi % af(e’ B N A e
oL, S A LA 9p] DA
Aaf zAbm _Aaf A e _Abf i L ¢
APy oxi NPT axiaxiPe TN PraxT axi N Prgx Lme
OL,,¢ . DA™ oL, & 92N

_ AP am bf bf cm __ADbf

A pA oxi A Py x7 Lme +A piA aX’ Y pfaXlaXJpe
;dA“ I
T a?a (A.16)
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By using @.4) (since A is a Lie algebroid) for the above result, we obtain the followings
o 0L, 8L
D@D~ (maf it ot + o

X oXi
— 8L a
= AN | pf 8X’ L Lol

(30)+(35)+ (@ +(10)= A" A (pfaaX’ +pmaaLX{b+Lm Lof +LpJL,S )

am pcf aL b
—A"AY | p. 8X’ +L Lfm ,

(37)+(41)+(13) +(19) = —A™A?! (pfg;Xl +pmaaLX{ +LefL,d + L, f)

dL;,
_ A@mADSf (pe 3% —|—L Lfn?) .

Therefore, the result (( A.16)) becomes

OL; aL b
_AbmAcfpe = —I—AbmACfL aLfd AamAcfpe = AamAch bLfm

dc

dL;,
+AamAbfpe % —I—Aam/\bfL chd Ame aAdef +Amemd o pe

aAdc ) aAab ) aAab )
bad b d d
+ AL AV Ly, — AL,y ox7 Pe T oy paAI Ly — Sxi Palk TLy¢
IAD . INe p IAD :
+ % pd E p AcmL bAdef _|_AcmLmd =7 p] _|_Amemchdefea
IA da IA bc aAb aAbc '8Ada )
_Amemdc an pej+ aX pdAafoe aX’ pdAdefe +Wpcli an pej
am df am Adb j cmy apdf cm A db
— AL, IA Lfe +A“"L, 5 X ps +A"L, N\ Lfe —A"L, 7 X p;
IACE . b IAY .9 Adb j 0 Abm
i f d df f
+ogxi Pl e 8XpdA Lfe+aledaXJp AcpfaXlLa
aAm 02 Aab j .aAabap QA
cf ni cf cf i e aaf 4i b
AR e APy iaxiPe AP G oxi N Prgxi e
; AN 92 Abe ; dAb¢ ap] DA
af c af ¢ Abf i c
AP gx PiaxiaxiP N PigxT oxi NP gy e
DA™ 92 A ; AN dp!
bf yi T4 d bf e
A% pj o7 Lme A pfaxlaXfpe o) I'oxi oxi’

and if the condition (4.23)) is correct then it indeed vanishes. B
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Proof A.13. From d.[X,Y] — %xd.Y + % d.X = 0, we obtain for local bases;
di[Ss,S0] — Lssdi(Sw) + ZLs,d:(Ss) =0

1~ 1~
—> di(Lg,*Sa) — L, <—§L°‘BwSa /\Sﬁ) + %, <—§L°‘BSSOC /\Sﬁ) —0

oL 1 ~ =
— ( a?ﬁ pf — oL w”Lﬁan) Sp ASa+ 5L o Zs;(Sa A Sp)

~ 1~ 1~
—p(Ss) (—EL“BQ,> SaASp — EL“%.,%S@ (Sa ASp) +p(Sw) (_ELMS) SaNSp=0

~ap

oL 1 - 1+ 1 ;0L
:>( S0 pZﬁ SL wnLﬁan)Sﬁ/\Sa+—Laﬁw[Sg,Sa/\Sﬁ]SN-l—EpéaTina/\Sﬁ

). ¢4 2
1~ ILP ¢
—ELO‘B [Sew, S ASplsn — —pw = 0Sa ASp=0
aLSa) w1 n7Ba l=up 6 1~0p 0
+§P aX’ Sa/\Sﬁ——L 6Lcoa Se/\Sﬁ-i——L 6Lwﬁ S ASq — pw X Sa/\Sﬁ—
dLs,, 1 ; ~ 1 . 9LeB
VB 0
— aXy p* Sg /\Sa—EL(Sw”LﬁO‘nSﬁ /\Sa—LO‘ﬁwL5B So /\Sa+§pgaTi‘"Sa/\SB
N 1 . JdLoP
—L%P LwaeSg ASg —Ep;,TfSaAsﬁ =0
oL 1 r ~ 1 amﬁ
6w gl nyep _ ﬁy
~ 1 . oL*B
_T7B _Z o
=0.
From the anti-symmetrization, we obtain
JL oL 1 ~ 1 ~ ~ _
60) _ 6w B L nyop 1 n7Ba 7By a ay B
S P = Pl = DL "Ly 4 S L, TPy — P L) + L Ly,
1 IL*P, 1 orPr, - ~ 1 8L°‘ﬁ 1 . oLP“
_T77B B_ 5 _
P5 aXl P5 aXl Ly SLwya+Lya5Lw pa) 8X’ + pa) aX’ =0
oL oL - - ~ T
) )
— 8XC; R pzﬁ+L8wnLﬁan_Lﬁwaéya+Lawa87B P oxi
- - - QLPe
—LP Ly +L"% L, P +pl, axi5 =

Whence, the compatibility condition in local coordinates yields

T eb

Ly Ol N LY ILSC

PY X TP ok TP G TP
+ LcdnLT] @ Lcadew + Lcaezdba - Ldabzcae + Ldaezcab =0.1
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Proof A.14. Our goal is to obtain the following facts, respectively.

(1) All these conditions will arise from the Jacobiator identity which is given
as C2) Jac(A,B,C) = D(N;;(A,B,C)) in (3.34) with the help of the Leibniz Rule
(2) The other properties such as C4) poD = 0, i.e., (Df,Dg) = 0 and
C1) p([A,B]) = [p(A), p(B)] will coincide with the above first and second conditions,
respectively.

(3) The left property which is C5) p(A)(B,C) = ([A,B] + D{A,B),C) + (B,[A,C] +
D(A,C)) will be satisfied automatically.

For the proof of (1):
The first term of the LHS of the condition

Jac(A,B,C) = D(Nj;(A,B,C)),

which is
[[A,B],C] +[[B,C],A] + [[C,A], B,
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can be expanded in a local basis as follows.
[[Alel, B]@J] s CNeN]

= [A]BJ [61, eJ] —|—A1(p (eI)BJ)€J — Bj(p (eJ)AI)eI —+ <€1, €J> (BJD(A]) —AID(BJ)),CNEN]
‘ . 1 .
= [(AB" 0" Tk +Am"™ pi (9iBw) — By pi (9idm) + 517”319}14(31'141)
1 .
- E’?UAIPIZVI(aiBJ))eMaCNeN]
= AIBBI L Ty e ™S Tpsre® + Am'® pk (9Bar) Cyn™E NS Tpgre!
. 1 .
— Bm'Kpl (d:Au) ™IS Tpgre® + 5nIJBJPJZ\/[(aiAI)CNTIMPnNSTPSTeT

1 .
— EAICNnUnMPTINSTPSTp;\/[(81'BJ)€T ‘l‘AIBJTIIKTIJLTIMPTKLMP;)(8ZCN)eN

+AmM" M piepp(9:Bu) (Cn)e™ — By M pipp(9iAm) (ACn)e”

+ %BJHUHMPP&P;)(%AI) (Cn)e" — %AIUHTIMPP&PH@BJ)(31CN)€N
By K NP T pb(91A7)eM — AlCy K NP T pb (9B e
— AB1Cv NP pp (9 Tk ran)e™ — Cyn"™ 0™ pipp(A1AL) (GiBar)e
— Ay " pp(dipik) (9:Bu)e™ — Ay "' pipp(9,0iBu)e™
+Cnn”* 0" pgpp(9iBy) (9iAm)e™ + B,Cyn ™' pp(ipk) (FiAm)e™

. 1 .
+B,Cnn"* NP piph(910iAn )M — ECNTIUTINPP&PJQ@IBJ)(3iA1)€M

1 . 1 .
— EBJCNTIUTINPPH&IP&) (9iA)e™ — 5BJCNn"nNPP&Pé(azaiAI)eM

1 ~ 1 .
+ ECNTIHTINPP&PHQIAI) (9iBy)e™ + EAICNUUUNPPIIJ@PM (9iBy)e

1 - 1
+ EAICNn”nNPp}V,pﬁ,(&laiBJ)eM + EBJCN”I][KnJLnMNTKLMpllp(glA[)eP

1 1
+ AN K EnMN Ty b (9B el + EAIBJCNT]IKHJLHMNPIQ(91TKLM)€P

2
1 - 1 .
+ ECNTIIKTIMNPf»Pk(azAI) (9iBm)e” + EAICNWIKTIMNPNO"IP%) (9iBm)e”

1 . 1 .
+ A" " pppic(A19Bu)e” — SCvn" 0™ pppi (91B,) (9iAm)e”

1 ; 1 :
- QBJCNTIJKHMNPJQ@IP%)(9iAM)€P - EBJCNT‘IJKUMNPfaPk(9131'AM)€P

1 . 1 .
+-Cxn 0N plpl(9B,) (9iA)e” + ZBJCNTIUHMNPII)@ZPM(9iA1)€P

4
1 - 1 .
+ 1B1Cvn" ™ ppiy (919iA)e” — " M pppyy (A1) (9iB)e”

1 . 1 |
- ZAICNTIHUMNP?@ZPM) (9iBy)e” — ZAICNTIUTIMNPJ{»P&@ 9:B;)e”

1 1 .
- EAIBJUIKHJLWMNTKLMPfa(azCN)EP - EAITIIKT?MNPfJPk(aiBM)(91CN)€P

1 . 1 .
+ 5B 0" piepp(AC) (GiAm)e” — 2B ™ piypp(9iA1) (ICn )"

1 )
+ ZAITIHTIMNPéPM@'BJ)(91CN)6P, (A17)
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where we have used in the first and the third equalities, and the formulas (4.29),

(4.34), and [@.36) were used in the second and the last equalities. Expansion of
the second and the third (cyclic) terms at the LHS can be found similarly.

On the other hand, the first term at the RHS of the condition: Jac(A,B,C) =
ID(([A,B],C) + ([B,C],A) + ([C,A],B)) can be expanded in such a way that

1
—D<[A1€I,B]ej],CN€N>

oY)

| . . 1 |

= §D< [AIBJTIIKTIJLTKLM +AM™® pi(9:Bm) — By’  pi (9:iAm) + EHUBJPM@'AI)
1 R

- EUHAIP}W(@BJ)} M, CN€N>

1 . )
= §D [AIBJCNTIIKTIJLTKLM +A;Cvn"™® pk (9:iBar) — BiCynX pi (9iAnr)

1 : 1 .
+ 5" BICypiy(9iAr) - En”A,ch;u(.5»1-3,)] (M ey
I 1 .
= 20" "0’ D(ALBICy Tiew) + 0™V 0" DIAICh P (9iBu)]

1
6

1 .
- EHIJTIMND[AICNPM%BJ)]

N0’ D[B,Cnpk (9:Am)] + EHUTIMND [B/Cnpy(0iA1)]

1 1
= gBJCNTKLMTIMNTIIKTIJLPIIJ(alAI)eP + 6A1CNT1<LM77MNnIKnJLP;a(azBJ)ep

6

1 1
+ —AB; T ' n'Lph(9,Cn) e’ + EAIBJCNHMNUIKHJLan(31 Txim)e"

1 - 1 .
+ ECNPk(aiBM)TIMNT?IKP}v(alAI)eP + gAIPk(aiBM)TIMNT?IKPﬁv(alCN)eP

6

1 ; 1 :
+—ACN (@iBu)NN ™ pp(dipk e + cAICNPKT

MNnIKp;)(al&iBM)eP

1 - 1 .
- ECNp}((aiAM)nMNT[JKp}D(alBJ)eP - EBJPk(aiAM)nMNnJKPfD(alCN)eP

1 . 1 )
- EBJCN(aiAM)WMNHJKPJQ(&sz)eP - gBJCNPanNTIJKPfD(azaiAM)eP

1 . 1 .

+ ECNwa(&iAI)77”77MNP113(9IBJ)6P + EBJPM@‘AI)TI”??MNPzI)(31CN)€P
1 . 1 .

+ EBJCN(91'141)17”17MNP11»(91P1’14)6P + EBJCNP}wn”nMszl»(9z<9iA1)€P

1 . 1 .
- ECNwa(9iBJ)77U77MNP}>(31A1)€P — —Aipi (0B)N MY ph(9C)e”

12
1 . 1 .
- EAICN(aiBJ)TTUTIMNPf»(QIP}w)eP - EAICNP}W?”TTMNP;»(alaiBJ)EP7 (A.13)

where the formulas (A.47), (@.27) and (#.36) were used in the first, in the third and
in the fourth equalities, respectively. Expansion of the second and the third (cyclic)
terms at the RHS can be found similarly.
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Making equal LHS and RHS and after some challenging simplifications (the facts that
N is symmetric and the three-form is anti-symmetric in all indices, and component
functions (A;,By,Cy) are smooth, were used generally), the remaining terms can be
found as

1 .
0 = A;B,Cyn KL MP NS Ty s Tpsre™ + EBJCNnIJnMPnNSTPSTpIzVI(aiAI)eT

1 .
— EAICNTIUTIMPTINSTPSTP;\/[(aiBJ)eT +AB N En M P Ty vph (9,Cn ) e

1 . 1 )
+ EBJUHHMPP&PH&:'AI) (9Cn)e™ — EAm”nMPP}wpé(aiBJ) (9Cn)e™
— AB;Cn NP b (9 Tirar)e™ — AfCym™ N ph(91pk ) (9:Bar)eM

+B;Cnv 0P pp(9ipk ) (GiAm )™ — EBJCNWUHNPPJID@PM) (9Ar)eM

SN b3l (31B1)M — SBCan” Vo 3ipk) ias)e”
+ %BJCNHUHMNP;»@PM (9iAn)e" +AB;Cyn " "M Ty g n* 0" Tpy ge®
n %AanNCNp}‘((aiBj)nKPnIVTPVReR - %AanNBJp}‘((aiCN)nKPnIVTPVReR
+ B "M Tk ™S pin (A1) e’ + %UJNCNP}}(aiBJ)nKspéN(alAI)el

- %HJNBJP}}(9iCN)nKSP§N(31A1)€I — A" sy (9T ) BsCym "M ek
— A" pin(9pi) B (3,Ck )™ +Am" pgy(aps ) Cnn™™ (9B ) eX

- %Amlspézv(alpz’})nJNCN(aiBJ)eK + %Alnlspézv(azp}})HJNBJ(aiCN)eK

+ 0" Arp5 (91 Teu ) B,y "M e® + %nKIAlpéN(alpfh)BJnJM(9iCK)€S
- %TlKIAIPéN@leh)CNUNM(aiBK)BS + %nKIAIpéN(&lpli()nJNCN(aiBJ)es
- %TIKIAIpé‘N(al PN’V By (9iCy)e® + BiICNAMEN™ Toaxkn® P n?V Tpy re®
n %BJHNIAIP;'((aiCN)nKPnJVTPVReR B %BJnNICNp;'((aZ_AI)nKPnJVTPVReR
+CNAMN ™M Tk ™ pgy (91B) )’ + %nNIAlpIi((aiCN)nKSpéN(8lBJ)€J

- %TIMCNP}}@AIW K psn(aiBy)e’ —Bm” pin(AiTrmx)CnAm ™ n™ ek

— B psn(Aipa ) Cnn™ (9iAk)eX + By " pin(Aipi)Am™ (9iCi ) e

— 3Bk AL ACN) + 3B oy (upk ™ ()X (A19)
If the following conditions are satisfied, then the above equation indeed vanishes,

namely when

n"pipj =0

5)+(©)+(19)+(20)+(36)+(37)=0,
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and if o .
pidip] — pidip] —n* p Ty =0

©+(17)+(37)=0
®+(22)+(33)=0
@+21)+(38)=0
@ +(1)+(27)=0
@)+(10)+(13)=0
(19)+(29)+(29)=0
(15)+(23)+(28)=0
(12)+(32)+#0)=0
(20)+(ED)+(39)=0,

; 0T, laT laT i 7,
497, 0Tk + 30" Ty Ty = 0 < pi, a;(JlK —p; 8;? +p; 8;2[ — Pk a)L(IiJ

+ MV (T Teen + T Ton + T Trxn ) = 0

is satisfied, then

and when

is satisfied, then

@+@+++@++=o.

From which it could be concluded that the five properties of being a Courant algebroid
indeed reduces to the three independent conditions in local coordinates which are

given in (@.37). O

For the proof of (2):
Another property of Courant algebroid is (Df,Dg) = 0. One can write this property
in local coordinates such that

(Df,Dg) = (pj(aif)e',p7(9;8)e’)

= En”p}(aif)pj(am (A.20)
=0,
for all smooth functions f and g.
If the first condition in (4.37):
n"pip] = (A21)
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is satisfied then the equation (A.20) indeed vanishes.

The violation of this property can be thought as a strong constraint because then it
yields 0" (91 f)(d;g) = 0.

The first property of Courant algebroid is p([A,B]) = [p(A),p(B)] in (3.34). The LHS
in local coordinates can be found as

p([A,B))f = p([Aie],Bse’)) f
= p(AsByle,e'] +Ar(p(e')By)e’ — Bs(p(e))Ar)e! + (¢! ¢') (B;D(Ar) — AID(By)) f

= p(AB" " Tism +Am"™ p (9:Bu) — By’ pi (9:Am) + %n”BJpjz(aiA;)
- %WUAIPM%‘BJ))@Mf

= (AB" 0 Txsu + Am™ pic (9:Bu) — Bym'® pi (iAm) + %HUBJPM@'AI)
— 30" Aiply(@B)p (M)

= (A" 0T+ A" pi(3Bu) — B pi(@ihar) + 51 Baply (1)

1 )
—~ En”Azp&(%BJ))nMLpﬁ o f

= (ABM™ "X Tykum ™ p + Am™ pi (9:iBy)n™Ep} — By’ pk (9:AM)N™M L) 00 f,
(A.22)

where we have used [fA,gB] = fg|A,B] + f(p(A)g)B — g(p(B)f)A+ (A,B)(gDf —
fDg) (see Lemma in the second equality and the last two terms are cancelled
from (A21)) in the fifth equality. Also, the RHS in local coordinates can be written as

[p(A).p(B)f = I[p(Aie"),p(Bse)f
— [Aip(e),Bip(e))f
= [Am" pjoi, B’ ppaal f
= {Am"pjoi(Bxn™* pg) — B piai(Am™ pg) } Onf
= {Am"pj(:By)n" g +Am" pjByn™* (9ipk)
— B pi (AN pj — B  pk Am™ (9ipR) } Onf
= {Am™pi(0Bu)n™"p; +Am™ pyBm’ (9ipk)
— B’ pi(9Am)n™" of —Bin’* ok Am™ (9ipR) } Onf
= {Am™pk(9:Bu)n™ pi +A1Bim"™ n'* (o} dipk — Pk Aipk)
— B % pi(diAm)n™Ep]} Ot ( A.23)

where we have used the fact [X'0;,Y"0,)f = (X'0Y" — Y9, X")Ouf in the fourth
equality because [p(A),p(B)] is the usual Lie bracket.
Since the left and right hand sides should be the same for all smooth functions f, we
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obtain the following

AB™ K Ty ™ pl + Am™ p(9:By) 0™ p} — B’ pi (9:Am)n ™ p}!

=Am" pi(@iB)n™ p +ABm"™ 0"  (pyipk — Pk IipN)
— B’  pi (diAm)n™ pf,
which means . .
vk L = PN OiPY — Pk IiPH. (A24)
or o o .
pi9ip; — psoip] +n*"px TiL = 0. (A.25)
The above result can be also written as
pidip] — pjaip] — " p{ Ty =0, (A26)
by the antisymmetry property of the three form: Ty = —T; which can be seen from

(4.29). Hence, this property coincides with the second property in (4.37). O

For the proof of (3):

The last property p(A)(B,C) = (|A,B] + D(A,B),C) + (B,[A,C] + D(A,C)) in (3.34)
is satisfied automatically. In order to prove that we will expand the LHS and the RHS
one by one. The LHS yields the following in local coordinates;

p(A)(B,C) = p(Ae')(Bse’,Cie®)
1 .
= QT?JKAITIIMPM%(BJCK)
1 . 1 .
= S Cen’ Am™ py (9:B)) + 5B’ Am™ iy (9Ck),

where we have used in the second equality.
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The RHS gives

([A,B]+D(A,B),C) + (B,[A,C] + D(A,C)) = ([Ase! ,Bse’| + D(A;e! | Bye’ ), CxeX)
+ <BJ€J, [A1€I,CK6K] —|—D<A1€I,CK6K>>

= (ABM™ " Tyime™ +Am™ pi,(9iBy)e’ — Bm™ piy(diAr)e’ + %71” (Bspi (A1) e™
—A;pi(9By)eM) + %n”D(AIBJ),CKeK> + (Bye’ , AlCxk ™ M T pn e

+AM™ pj(9iCx)e® — Cxkn™™Mpjy(diAr)e" + %TI[K(CKPJIh(aiAl)eM — Arpy(9,Ck )e™)

+ %HIKD(AICK»

1 1 , 1 .
= EAIBJWINHJLTNLMCKHMK + EAIHIMPM%BJ)CKWJK - EBJYTJMPM@AI)CKHIK

1 . 1 . 1 .
+ Z’?”BJPM@AI)CKHMK - ZWIJAIPM(aiBJ)CKnMK + ZTI”PM%AI)BJCKTIMK

1 : 1 1 !
+ Zn”P}u(aiBJ)AICKnMK + EBJAICKT]ILTIKMTLMNT]JN + EBJAITIINP&(@CK)TIJK

1 ; 1 , 1 ,
- EBJCKHKMPM@AI)"?” + ZBJT”IIKCKPM31‘A1)"7JM - ZBJHIKAIPM%CK)WJM

1 . 1 .
+ ZBJHIKPM@AI)CKTIJM + ZBJTI]KP}u(aiCK)AmJM

1 . 1 .
= EAIWIMPM@BJ)CKUJK + §BJA177[NP’ (9:iCx)n’%,

where [@.47) and @.27) were used in the second equality, and and [@.36) were
used in the third equality. Therefore, it can be seen that the LHS and RHS equals and

this completes the proof.[]

Consequently, the five requirements of a Courant algebroid indeed reduce to the three
independent conditions in local coordinates. B

Proof A.15. Our goal is to show this fact from the conditions one by one. We will use
the same notions in local coordinates as in the usual case.
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& Firstly, the LHS of the property (2.), which is p(AoB) = [p (A),p (B)], in local
coordinates becomes

p(AoB)f=p([A,B]+D(A,B))f
=p([A,B])f+p(D(A,B))f
= (AB™ "X Tykum™ o + Am™ pi(9iBy)n™* pf — Bym"* pi (9:AM)N™  p}!) Ou f

+p (D (%AIBm”)) f

= (AB™ " Tykun™ o} + Am™ p (9:Ba)n ™ pff — Byn"* pic (AiAm) ™ p}) Onf
3 p(D(ADBI)F + 30V p(DBA f

= (ABM"™ " Tvnn™ o] + A" pic(9:Bu)N™ 0 — Bim"* pic(dAm)n ™ p1) 9n f
31 p(Pk(2ANBIK ) f + 11 p (D (1B A1)

= (ABM"™ "X Tykun™ pi + A" pi (9iBm)n™" o — Bin’* pi (9iAm)n™" o1 0n f
30 0k(@ANBIP(X) + 30" pk(3B)AP () f

= (AB"" X Tk ™ pf + Am™ pi (9:Bu)N™Epf — Bym”® pk (9iAm)n™MEp ) duf
+ %UIJUKLP}}PZBJ(aiAI)(ajf )+ %HIJHKLP}}PZAI(@BJ) (9;f)

= (A"  Tykum™ pif + Am"™ pi (aiBm)n™" o — Bim’* pic (iAm)n™" 010, f
+ 3110k (3,1) (B (ir) + A1 (93B1)),

where we have used the definition of the Dorfman bracket (3.37) in the first equality
and the result of the first term in the third equality in local coordinates has been

written directly from ((A.22).

The RHS of the property (2.) can be written directly from (A.23);
[0 (A),p (B)] f = {Am"* pi (a:Bu)n"" ] +A1B™ 0% (pydipk — picdip})
— B’ pi(9Am)n™ piL} Onf.
Since the LHS and the RHS should be the same, one can obtain

(ABM™ X Tyxum™E ol + Am™ pk (9:By)n™Epy — Bim?X pk (9:Am ) n™MEp) 0, f

1 .
+ inIJnKLPkPZ(ajf )(Bs(9iAr) +Ar(diBy))
= (A" pg (@Bum)N™ pf + AB™ n"% 0y dipk — Pk Aipi)
— B  p(3iAu)n"" )0, f.

If the first two conditions of (4.37) are satisfied then the above result is indeed
satisfied such that the term 300 Lplp!(9;f)(B;(9iAr) +A1(9:iBy)) vanishes due to
the second axiom in (4.37) and the other terms will be equal due to the first axiom in

(#.37).
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& Secondly, it will be shown that (3.) property, which is Ao (fB) = f(AoB) +
(p (A) f) B, is identically satisfied when the local expressions are used. The LHS and
the RHS will be expanded at the same time as there will be direct simplifications.

Ao(fB)=f(AoB)+(p(A)f)B

= [A,fB]+D(A, fB) = f[A,B]+ fD(A,B) + (p (A) /) B

= flA,B]+(p(A) f)B—(A,B)Df +D(A, fB) = f[A,B] + fD{A,B) + (p (A) ) B
= —(A,B)Df +D(A, fB) = fD(A,B).

When the local expressions are used, the above equality yields
1 : 1 1
= —En”A,BJp}((aif)eK + En”D(A,fBJ) = En”fD(A;BJ)
1 - 1 1 1
= = EnUAIBJle((aif )ef + zn”f ByD(Ar) + E”UAIBJD (f)+ QTIUAIf D(By)

1 1
= ETTUfBJD(AI) + EnquID(BJ),

which is identically equal since D(f) = pk(9if)eX.

& From the property (4.), one could obtain the rule about the Dorfman bracket in terms
of the three-form as in the Lie bracket. It will be considered generally such that

AoB=[A,B|+D(A,B)

= (Are") o (Bse’) = {ABm™ 0" Txops + Am™ p (9:Bm) — Bm’* pi(9iAm)

+ 30" Byply(BA1) — 317 Arply (3B} eM + S0 D(AB))

= (Are") o (Bse’) = (A1Byn"™ 0" Tk +Am'™ pi (9iBy) — Byn'™ pi (9iAm)

+ %n”BJp;h@iAz) - %HIJAIPM%BJ))(?M + %HIJBJP&(aiAI)eM + %HIJAIP&(aiBJ)eM
= (Are!) o (Bye') = (AiBm™ 0" Ticew + A" pi (9:Bw)

— B’  pi(3iAm) + 1" Bipiy (9iAr))eM.

In above, we have substituted directly the equality [A,B] in local coordinates which
was found in the beginning of the result ((A.17).

& Finally, it will be shown that the last property (5.), which is p(A)(B,C) =
(AoB,C) + (B,AoC), will be automatically satisfied when the local expressions are
used. The LHS of this property yields in local coordinates the following:

p(A) (B,C) = 3p(Are!)(BoCn™)

1
= EHJKAIP(EI)(BJCK)

1 .
= ETIJKAIWILPiai(BJCK)

1 : 1 :
= EHJKAIWILPiCK(aiBJ) + ETIJKAIUILPiBJ((?iCK),
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and the RHS of this property can be found as

(AoB,C)+ (B,AoC) = ([A,B]+ D(A,B),C) + (B, [A,C] + D(A,C))
= ((AB™ " Tyew + Am™ py(9:iBu) — By’ piy(9iAm) + 1" By pjy (9iA1)) €Y, Cie™ )

+(Bse’, (ArCkn™ "M Toyw +Am™pi(9Cn) — Ckn™ p1(9:AN) + 1" Ckpy (d:A1)) €)
1

1 . 1 .
= EHMKCKAIBJWINHJLTNLM + EUMKCKAIHINP}\/(@BM) — EHMKCKBJHJNva(aiAM)

1 ; 1 1 .

+ ET]MKCKTIUBJPM(aiAI) + EnJNBJAICKTIILnKMTLMN + ET]JNBJAIHILPI (diCw)
1 . 1 .

= 3" BsCkn™pr(9iAn) + 51" B Crpy (9A1)

1 . 1 .
= ETIJKAmILPiCK(aiBJ) + ETIJKAmILPiBJ(az‘CK),

where the local expression of [A,B] + D(A,B) and [A,C|+ D(A,C) in second equality
have been substituted directly from the previous calculation’s (4.) result.

The equality of the LHS and the RHS of this property ends the proof. (The proof of the

property (1.) is left since the similar calculations will be done as in the above proofs.)
|

Proof A.16. Our goal is to prove the following Lemma.

Lemma 1.0.1. Cy x are totally anti-symmetric in all of its indices.

We need the following Lemma first with its proof.

Lemma: Forall A,X € g,

(ad(X1))xs = Cy",
where ad(A)X = [A,X].

Proof:

ad(Xp)X; =Y (ad(X1)) ks Xk
K

- [X],X]] = Z(ad(XI))KJXK

=Y "Xk =Y (ad (X)) ks Xk
K K

- C]JK = (ad(XI))K].D
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By using the Lemma above and the Jacobi Identity that the structure constants of the
Lie algebra obey, one obtains

lad (Xk),ad (X;)|ms = Y, ((ad(Xk))mr(ad (X)) s — (ad (X;))me(ad (Xk) ) 1)

L
CKL CIJ _CIL CKJ)

X (
Z(C Moyt oy CJK)
y(-

CJL CKI )

thus
lad (Xk),ad(X.)]1s =Y Cps' i
m

— [ad(XK),ad(XL)]U = ZCKLMad(XM)IJ
M

With the help of this adjoint representation, the invariant bilinear form (the
non-degenerate Cartan-Killing form) can be defined on any Lie algebra and this form
is to be

B(XL,XK) =Kig = tr(ad(XL) o ad(XK))
= trZ(ad(XL))NM(ad(XK))MI
M

N M
= Z‘I’ZCLM CKI
M

i N~ M
= Z Cim Ckn -
M.N

Therefore, we have K g = CLMN C KNM . By using this equality, Cjjx can be written as

Cuk = Cryfkik
= CIJLCLMNCKNM
N~ L~ M
= —Cyr Cry Cky
N~ L Ny~ L M
= (Cr"Cop~ +Cy " Cppy ) Cx
= Cp " Crp Cxn” + Crf o Cy™,
where we have used the fact that the structure constants of the Lie algebra do satisfy
the Jacobi Identity in the fourth line. By using the above result, it can be seen from the
following calculation that Cyjk is anti-symmetric;
Cixs = Cr Crpg Cin" +Cri Cuaf Cy )
N
= Ci Cxn Cr + Cng ' CV o f
N
= —Cui Cyg” Cry — Cxn' Crr CJM
= —Clk.

Proofs for other indices can be done similarly.l
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