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ABSTRACT

SYNCHRONIZATION OF CHAOS THROUGH UNPREDICTABILITY IN
DYNAMICAL SYSTEMS

Bagkan, Kagan
Ph.D., Department of Physics
Supervisor: Prof. Dr. Seckin Kiirkciioglu
Co-Supervisor: Prof. Dr. Marat Akhmet

January 2024, [T18|pages

The investigation of chaos synchronization spans three decades, resulting in the de-
velopment of several methods such as identical, phase, and generalized synchroniza-
tion. However, conventional methods often fail to detect synchronized patterns in sys-
tems lacking fully unison dynamics. To address this limitation, delta synchronization
of Poincaré chaos is introduced, aiming to explain partially synchronized patterns.
This novel synchronization type is built upon unpredictability, a concept that reveals
chaotic dynamics in systems based on characteristic time sequences—specifically,
sequences of convergence and separation. The presence of unpredictability guaran-
tees Poisson stable motion and sensitivity by examining a single trajectory (or single

initial condition set) of a system.

Numerically, delta synchronization captures the common characteristic time sequences
of unpredictability in both coupled and uncoupled systems. This method is applied
to various models in this thesis, encompassing distinctive dynamics defined by or-
dinary, partial, and delay differential equations. In the case of unidirectionally cou-

pled gas-discharge semiconductor systems, the absence of generalized synchroniza-



tion is noted. For Mackey-Glass delay systems, generalized synchronization occurs
only after surpassing a well-known threshold. Importantly, delta synchronization is
demonstrated to occur in regions where generalized synchronization is absent for
these models. Additionally, the same phenomenon is observed in the uncoupled
Hindmarsh-Rose neural network for noise intensity domains where identical synchro-
nization is absent, yet delta synchronization exists. This model is constructed with
Markovian noise, and noise-induced synchronization is investigated. In the domains
of generalized and identical synchronization, a stronger form of delta synchroniza-

tion—complete synchronization of unpredictability—is detected.

Keywords: Unpredictability, Delta synchronization, Gas-discharge semiconductor

systems, Mackey-Glass systems, Hindmarsh-Rose neural network
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0z

DINAMIK SISTEMLERDE ONGORULEMEZLIK YOLUYLA KAOS
SENKRONIZASYONU

Bagkan, Kagan
Doktora, Fizik Boliimii
Tez Yoneticisi: Prof. Dr. Seckin Kiirkciioglu
Ortak Tez Yoneticisi: Prof. Dr. Marat Akhmet

Ocak 2024 ,[T18]sayfa

Kaos senkronizasyonunun arastirilmasi otuz yila yayiliyor ve bu da 6zdes, fazli ve
genellestirilmis senkronizasyon gibi cesitli yontemlerin gelistirilmesiyle sonug¢lani-
yor. Bununla birlikte, geleneksel yontemler, tamamen uyumlu bir dinamigin bulun-
madig sistemlerde senkronize kaliplar tespit etmekte siklikla basarisiz oluyor. Bu
sinirlamay1 gidermek icin, kismen senkronize edilmis kaliplar1 aciklamayr amacla-
yan Poincaré kaosunun delta senkronizasyonu tanitilmigtir. Bu yeni senkronizasyon
tiirii, karakteristik zaman dizilerine, 6zellikle de yakinsama ve ayrilma dizilerine da-
yali olarak, sistemlerdeki kaotik dinamikleri ortaya c¢ikaran bir kavram olan 6ngorii-
lemezlik iizerine insa edilmistir. Ongoriilemezligin varlig1, bir sistemin tek bir yoriin-
gesini (veya tek bir baslangi¢ kosul kiimesini) inceleyerek Poisson kararli hareketini

ve hassasiyetini garanti eder.

Sayisal olarak, delta senkronizasyon hem bagli hem de bagh olmayan sistemlerde
ongoriilemezligin ortak karakteristik zaman dizilerini yakalar. Bu yontem, bu tez-

deki adi, kismi ve gecikmeli diferansiyel denklemlerle tanimlanan farkli dinamikleri

vii



kapsayan ¢esitli modellere uygulanmugtir. Tek yonlii olarak bagh gaz desarjli yar
iletken sistemler durumunda, genellestirilmis senkronizasyonun bulunmadig: belir-
lenmistir. Mackey-Glass gecikme sistemleri i¢in genellestirilmis senkronizasyon yal-
nizca belirli bir esigin asilmasindan sonra gergeklesir. Bu modeller icin genellesti-
rilmis senkronizasyonun bulunmadig1 bolgelerde delta senkronizasyonunun meydana
geldigi gosterilmistir. Ek olarak ayni1 fenomen, 6zdes senkronizasyonun olmadigi an-
cak delta senkronizasyonunun mevcut oldugu giiriiltii yogunlugu alanlar1 i¢in bagh
olmayan Hindmarsh-Rose sinir aginda da gozlemlenir. Bu model Markov giiriiltiisii
ile olusturulmus ve giiriiltii kaynakli senkronizasyon arastirilmistir. Genellestirilmig
ve 0zdes senkronizasyonun oldugu alanlarda, delta senkronizasyonunun daha giiclii

bir bicimi - dngoriilemezligin tam senkronizasyonu - tespit edilmistir.

Anahtar Kelimeler: Ongoriilemezlik, Delta senkronizasyon, Gaz desarjl1 yar1 iletken

sistemler, Mackey-Glass sistemleri, Hindmarsh-Rose sinir ag1
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CHAPTER 1

INTRODUCTION

1.1 Motivation

The analysis of synchronization in chaotic systems spans three decades [[1-9]. Exist-
ing methods to detect synchronization, such as generalized and identical synchroniza-
tion [7,|/10]], primarily focus on fully synchronized trajectories of coupled or uncou-
pled dynamical systems. However, these conventional methods fails to detect partially

synchronized patterns, resulting in undetected synchronization in various systems.

The primary motivation of this thesis is to introduce a method capable of detect-
ing synchronized behavior in chaotic systems, especially in the absence of conven-
tional synchronization types. This novel method, termed delta synchronization of
Poincaré chaos, is introduced in Ref. [11]. It is built upon the concept of unpre-
dictability [[12]], which has been both theoretically and numerically applied to various
systems [[13-21]. The method utilizes characteristic common time values of unpre-
dictability among coupled or uncoupled systems, forming sequences of convergence

and separation, to detect unified chaotic behavior.

The choice of models to which delta synchronization is applied aims to provide a
comprehensive view of various dynamical systems, including ordinary, partial, and
delay differential equations. Gas-discharge plasma systems, Mackey-Glass delay
systems, and the Hindmarsh-Rose neural network are investigated within the frame-
work of delta synchronization. The studies constituting this thesis are published in

Refs. [11},22-24]].



1.2 Historical perspective

The Dutch researcher Christiaan Huygens, renowned for his work in optics, tele-
scope, and clock construction, was likely the first scientist to observe and describe
the synchronization phenomenon in the seventeenth century [[10]. During a sea trial
of clocks designed for longitude determination, Huygens noticed that a pair of pen-
dulum clocks hanging from a common support had synchronized. Their oscillations
coincided perfectly, with the pendula moving in opposite directions. This discovery
had a significant impact on the technological and scientific advancements of the time,

greatly enhancing the accuracy of time measurements.

Huygens provided not only a precise description but also a qualitative explanation
of the mutual synchronization effect. He correctly grasped that the alignment of the
rhythms of two clocks was the result of an imperceptible motion of the beam. In
contemporary terms, this implies that the clocks were synchronized in anti-phase due

to coupling through the beam [[10].

In the mid-nineteenth century, in his renowned treatise "The Theory of Sound," fa-
mous physicist William Strutt (Lord Rayleigh) [25]] described the intriguing phe-
nomenon of synchronization in acoustical systems [[10]. He explained that when two
organ pipes of the same pitch stand side by side, complications may arise, occasion-
ally causing issues in practice. In extreme cases, the pipes may almost silence each
other. Even with more moderate mutual influence, the pipes may speak in absolute
unison, despite small inevitable differences. Rayleigh observed not only mutual syn-
chronization, where two distinct but similar pipes start sounding in unison, but also
the quenching effect (oscillation death) when coupling leads to the suppression of

oscillations in interacting systems.

A new phase in the exploration of synchronization emerged with the progress of elec-
trical and radio engineering [[10]. On February 17, 1920, W. H. Eccles and J. H.
Vincent submitted a British patent application confirming their discovery of the syn-
chronization property of a triode generator—an uncomplicated electrical device based
on a vacuum tube that produces a periodically alternating electrical current [26]]. The

frequency of this current oscillation is determined by the parameters of the scheme’s
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elements, such as capacitance. In their experiments, Eccles and Vincent coupled
two generators with slightly different frequencies and demonstrated that the coupling

compelled the systems to vibrate with a common frequency.

A few years later, Edward Appleton and Balthasar van der Pol replicated and ex-
panded upon the experiments of Eccles and Vincent, marking the first step in the
theoretical exploration of this effect [27,28]. Examining the simplest case, they
demonstrated that the frequency of a generator can be entrained or synchronized by a
weak external signal with a slightly different frequency. These studies held significant
practical importance as triode generators became fundamental components of radio
communication systems. The synchronization phenomenon was employed to stabi-
lize the frequency of a powerful generator with the assistance of a weak but highly

precise one [10].

Since the publication by Pecora and Carroll [1]] on the synchronization of chaotic sys-
tems, this phenomenon has garnered significant attention in the literature on chaotic
phenomena for three decades. The authors discovered that it is feasible to achieve
synchronization between two identical chaotic systems under appropriate unidirec-
tional coupling schemes. This result is somewhat counterintuitive due to the intrinsic
instability of chaotic systems, leading to the exponential divergence of trajectories

that are initially close [7].

Various synchronization types have been developed in literature including identical
(complete) synchronization [1]], phase synchronization [29], generalized synchroniza-
tion [3,4], anticipated synchronization [30], amplitude envelope synchronization [31],

lag synchronization [32]] and delta synchronization [11].

1.3 Types of chaos synchronization

The synchronization of chaos can be explored between two or more chaotic systems,
whether they are coupled or uncoupled. Unidirectional coupling involves two sys-
tems: a drive (master) and a response (slave). In this arrangement, the response is
influenced by the data from the drive, but the reverse is not true. These systems can

either be identical or differ in nature, and are predominantly investigated in physical



and engineering contexts. Conversely, bidirectional coupling necessitates information
transfer between two systems, a phenomenon commonly applicable to physiological

systems as well.

Identical synchronization involves two identical chaotic systems within a unidirec-
tional coupling scheme [/1]. Following a transient period, the attainment of an identi-
cal trajectory for the parameters of interest results in identical synchronization. The
asymptotic stability of synchronization can be assessed through conditional Lyapunov
exponents or an approach based on Lyapunov functions [7]]. This type of synchroniza-
tion finds applications in diverse scientific fields, including secure communication

devices and meteorological models [[7].

Drive-response systems composed of systems described by delayed equations can
exhibit a type of synchronization where the response state, x(t), synchronizes with a
state of the drive that occurs at a time 7 in the future, (¢ + 7). This form of syn-
chronization is termed anticipated synchronization [30] because the actual value of
the state variable of the response is the same as the corresponding drive state variable

will have at a time 7 in the future [7]).

In the examination of identical synchronization under unidirectional coupling, it has
been assumed that the response is an identical, or nearly identical, copy of the drive.
However, the response can differ from the drive. The synchronization of these types of
systems is investigated under generalized synchronization [3|], wherein the trajectory
of the response system can be predicted based on the given trajectory of the drive

system.

The first case involves response system parameters that are very different from the
corresponding parameters of the drive. This occurs when the drive and the response
are systems of the same nature, sharing the same physical structure but with individual
differences that might be substantial. For instance, the drive could be an electric
circuit with a specific design or arrangement of elements, and the response could be a
copy of this circuit with the same design but with one or more specific elements being

notably different.

The second case arises when the nature of the two systems is different; that is, the



systems are structurally different. Using the example of an electric circuit, the drive
and the response could both be electric circuits but with distinct designs, meaning
different elements arranged in different ways. Alternatively, the drive could still be an
electric circuit controlling a system of an entirely different nature, such as an optical

system or a biological tissue [7]].

The existence of generalized synchronization is achieved by the satisfaction of an
asymptotic stability condition, which involves the solution of the response system
and a functional of the drive system. This condition must be met for a set of initial
conditions for both the drive and response systems. Approaches for detecting gener-
alized synchronization can be classified into three categories: the analysis of condi-
tional Lyapunov exponents [4], the auxiliary system approach [5], and the statistical

estimations of predictability [3].

Amplitude envelope synchronization is a type of synchronization observed between
two mutually coupled chaotic oscillators that are parametrically different [31]. It can
manifest on its own or in combination with other forms of synchronization. In its pure
form, it emerges at very low coupling strength and is a subtle form of synchronization
that does not introduce significant correlations between the amplitudes or phases of
the variables of the oscillators. In this case, the only correlated results are the en-
velopes of equivalent variables of the two oscillators. This implies that the extrema

each system variable can reach in a given time interval are correlated [7].

Phase synchronization in periodically driven chaotic systems implies that the chaotic
oscillator aligns its evolution with the applied force. This means that the phase of
the oscillator is adjusted to match the phase of the external force. Beyond its signif-
icance as a fundamental phenomenon, this has implications in various scientific and
engineering scenarios. For instance, when dealing with an ensemble of similar but
not identical chaotic oscillators, achieving phase synchronization can introduce co-
herence in their collective behavior, even if they initially exhibit incoherence. This is

particularly relevant when a weak external force is applied.

The concept of phase synchronization extends to situations involving non-identical,
mutually coupled chaotic oscillators. In such cases, the same principles, definitions

of phase, and observation techniques used for a single chaotic oscillator apply to each



of the coupled oscillators. Here, phase synchronization indicates that, due to the
coupling, the phase dynamics of each oscillator are adjusted to synchronize with the

phase of the other oscillator, while their amplitudes remain uncorrelated [7,29].

Beyond phase synchronization, there exists a state known as lag synchronization [32].
In the phase-synchronized state, the maxima or minima of the dynamical variables in
the system, while uncorrelated in amplitude, do not occur simultaneously. Specif-
ically, the signal from the system with a lower frequency experiences some delay
compared to the system with a higher frequency. With a further increase in coupling
strength, a correlation between the amplitudes of the system variables may emerge,
although a time lag between them is still present, resulting in a shifted relationship

between the systems [/7]].

Delta synchronization examines the characteristic time values of unpredictability to
reveal the synchronized behavior of systems [11]. The common sequences of con-
vergence and separation, which characterize an unpredictable trajectory, between the
drive and response systems indicate unified dynamics. The numerical degree of syn-
chronization serves as a metric demonstrating the presence and strength of the syn-

chronization.

In this thesis, delta synchronization is employed across various models to show syn-
chronization in models where conventional methods fail to detect the phenomenon.
For comparison, identical and generalized synchronization with auxiliary system ap-
proach are also employed. The advantages of our method are presented in detail with
numerical features of the method. It is important to note that this study considers the
numerical detection and applications of delta synchronization with a robust theoreti-

cal foundation in unpredictability.

1.4 Unpredictability

There are various types of chaos, each characterized by specific features. The first
type is homoclinic chaos [33]], originating from Poincaré’s famous manuscript [34].
Another type is Devaney chaos [35]], defined by transitivity, Lorenz sensitivity [36],

and the presence of infinitely many unstable periodic motions that are dense in the

6



chaotic attractor. The third type is Li-Yorke chaos [37], identified by the presence
of a scrambled set in which any pair of distinct points are proximal and frequently

separated.

It’s important to note that the key distinction of homoclinic chaos from the others
lies in its sensitivity and frequent separation features. Homoclinic chaos assumes the
presence of a homoclinic structure and, crucially, instability. Lorenz [36]] was the
first to certify the divergence of nearby motions as sensitivity, a specific form of in-
stability. Li and Yorke [37]] later employed frequent separation and proximality for
the same purpose. The absence of a quantitative description of instability in homo-
clinic chaos sets it apart from more recent definitions, causing some inconvenience.
This is because sensitivity is considered one of the essential ingredients of chaos in
its modern understanding. While Poincaré himself was aware of the divergence of
initially nearby trajectories, he did not provide precise instructions on how it should

be quantified.

In Ref. [12], the concept of a Poisson stable point is developed, extending the idea
to the concept of an unpredictable point, which is characterized by convergence to
the initial state and separation from this state as time evolves, by using unpredictabil-
ity as individual sensitivity for a motion. Therefore, starting from a single point on
a trajectory, it leads to a phenomenon referred to as Poincaré chaos in Ref. [[12].
This phenomenon brings various types of chaos closer together, providing an alter-
native description of motions in dynamics with a homoclinic structure. Additionally,
it incorporates ingredients similar to more recent chaos types, including transitivity,
sensitivity, frequent separation, and proximality. The presence of infinitely many pe-
riodic motions in later definitions can be substituted by a continuum of Poisson stable

orbits.

The concept of unpredictable motion examines time sequences at the moments of
convergence to the initial point and separation from the initial trajectory [12-14].
These are termed the sequence of convergence and the sequence of separation, re-
spectively. The coexistence of these sequences indicates the presence of Poincaré
chaos in the system [[12-14]. Chaos was initially introduced in the Poincaré recur-

rence theorem [38]], which states that certain dynamical systems in continuous time



will, after a sufficiently long but finite time, return to a state arbitrarily close to their
initial state. Individual motions of the dynamics are Poisson stable. The final version

of the theorem was proved using methods of measure theory in [39].

The motions of Poincaré chaotic dynamics [[12-14]] are Poisson stable and addition-
ally equipped with an unpredictability property. In literature, sensitivity is defined by
the change of motion due to the change of initial conditions. By focusing on a single
trajectory, unpredictability defines sensitivity by the separation of motions starting
with a small difference which converges to zero. It is demonstrated in Ref. [[12] that
the dynamics are sensitive, and consequently, all ingredients of chaos are present.
Reconsidering the recurrence theorem under the condition of unpredictability is of

strong interest to maximize its connection with chaotic dynamics.

Numerically, the sequence of convergence captures the moments in time when a sin-
gle trajectory passes close to its initial state within a distance 9, a value that diminishes
with each recurrence. Let’s denote these time values in the sequence as ¢,,. If the same
single trajectory start from times ¢,, and initial state (or the state at ¢ = 0) separate
from each other with a distance greater than A, which is a relatively large number,
then the time values are recorded at the sequence of separation. The existence of both
sequences demonstrates the sensitivity and inherently chaotic dynamics of a system.
Consequently, if one mistakenly considers nearby points instead of the initial position
of an orbit, an error larger than a specific number is guaranteed in subsequent obser-
vations of the dynamics, even though the initial mistake can be arbitrarily small. This

motion is illustrated in Fig. (L.T).

The numerical degree of unpredictability arises from an algorithm designed to detect
unpredictable motions within a dynamical system. It is defined as min(d)/A, signify-
ing how much the trajectory numerically converges to its initial point while maintain-
ing a constant separation distance. The presence and intensity of unpredictability can
be inferred from this numerical characteristic, with smaller values indicating stronger

unpredictable trajectories [11]].

The topology of uniform convergence on any compact subset of the real axis is em-
ployed to introduce unpredictable functions, utilizing the same dynamics that intro-

duced Poisson functions in Ref. [15]. This study integrates chaos investigation into
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Figure 1.1: Illustration of unpredictability.

the theory of differential equations, as initiated in Refs. [16-19]. The detailed con-
struction of an unpredictable function and its application to differential equations is
presented in Ref. [15]. To outline the procedure, the construction begins with un-
predictable sequences as motions of symbolic dynamics and the logistic map. Sub-
sequently, an unpredictable function is determined through an improper convolution

integral with a relay function.

The theoretical relationship between unpredictable motions and generalized synchro-
nization is explored in a recent study [20]]. This paper establishes that if the drive
system has an unpredictable solution and generalized synchronization exists in the
coupled system, then the response system must also have an unpredictable solution.
The papers [11,22H24] provide numerical support for this argument. Another note-
worthy exploration of unpredictability is presented in the paper [21], which broadens
the scope of unpredictable motions. The approach is highlighted as applicable to

chaos synchronization research.

1.5 Delta synchronization of Poincaré chaos

Delta synchronization of Poincaré chaos is introduced in Ref. [11], rooted in the the-
ory of unpredictability. Diverging from other synchronization methods, it does not

emphasize a full synchronization of systems, or identical trajectories. Instead, it an-

9



alyzes the characteristic time values of unpredictability to demonstrate a unified dy-
namical behavior. Nevertheless, the specific conditions of delta synchronization lead
to complete synchronization of unpredictability, implying fully synchronized motion.

This coexists with other types of chaos synchronization [23,24]].

Let us consider two systems. The sequence of finite convergence captures the time
values, u,, for both systems, during which they simultaneously approach their ini-
tial state with a distance smaller than ¢. If, starting from the initial time and wu,,,
the trajectories of both systems diverge concurrently, the time values of this separa-
tion constitute the common sequence of separation. These specific times characterize
unpredictability, and it is established that they are sufficient to demonstrate the sensi-

tivity of a system.

Numerically, ’finite’ convergence implies that the distance between the trajectories
at the recurrence, ¢, does not approach zero sufficiently even over an extended sim-
ulation time. The case of numerically sufficient convergence represents a distinctive
feature, termed as complete synchronization of unpredictability [11,[22-24]. While
this special case still centers on the characteristic times of the trajectory, the coex-
istence of full synchronization and complete synchronization of unpredictability is
demonstrated in Refs. [23,24]. The theoretical analysis for delta synchronization is

not yet developed except within the theory of unpredictability.

The primary advantage of the delta synchronization lies in its ability to detect both
weak and strong synchronization patterns. Unlike other methods in the literature
that rely on complete unison patterns, delta synchronization is capable of identifying
partially synchronized dynamics between two systems. This is achieved by leveraging
characteristic features of Poincaré chaos, enabling the detection of both subtle and

robust synchronization patterns.

Synchronization strength refers to the dominance of synchronized patterns over the
corresponding motions. The numerical degree of synchronization has been developed
to detect the existence and strength of synchronization in systems. This feature also
enables a comparison of synchronization strength across different parameter regimes
of the systems. The effectiveness of the method requires a sufficiently long simulation

time to reveal synchronized patterns. In this thesis, the corresponding time sequences
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are presented in tables along with their numerical degrees of synchronization.

Delta synchronization is systematically compared to generalized and identical syn-
chronization in the models presented in this thesis. The chosen models span different
dynamical systems, including ordinary, partial, and delay differential equations. No-
tably, the delta synchronization method is versatile and applicable to various dynam-

ical systems, irrespective of whether they are coupled or uncoupled.

The method has demonstrated its advantages over other synchronization methods in
a range of models, including gas discharge semiconductor models with a simple fluid
approach [11]], extended fluid models of gas discharge systems [22], the Mackey-
Glass model [[23]], and the Hindmarsh-Rose neural network [24].

1.6 Gas-discharge semiconductor model

Gas discharge plasmas play a crucial role in various industrial technologies and scien-
tific applications [40-43]]. Advancing our understanding of the fundamental physics
underlying plasma processes is essential for progress in these fields. While experi-
ments and numerical modeling serve as key points for enhancing this understanding,
experimental investigations can be impractical in certain scenarios due to their cost
and labor-intensive nature. Consequently, numerical modeling approaches become

preferable in such situations [44]].

Modeling gas discharge, however, presents challenges due to the large number of par-
ticles involved and the complexity of their interactions. The sheer scale makes it im-
practical to follow each particle individually. Instead, statistical descriptions are em-
ployed, involving the definition of probability distribution functions for each species
of particles within the discharge medium. The time evolution of these functions is
then described by the Boltzmann equation. Analytical solutions for the Boltzmann
equation are feasible only for idealized models and within a limited range of condi-
tions [44]. To address a broader range of scenarios, numerical modeling approaches
have been developed and categorized into fluid models, kinetic (particle) models, and
hybrid models. These numerical methods offer a more versatile means of tackling

the complexities involved in gas discharge modeling across various conditions and
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systems.

Fluid models are constructed from moments of the Boltzmann equation, which are ob-
tained by multiplying the Boltzmann equation by powers of velocity and integrating
over velocity space. The first three moments of the Boltzmann equation correspond to
particle, momentum, and energy conservation, respectively. To simplify this reduced

set of equations, a drift-diffusion approximation for fluxes is introduced in this study.

Fluid models can be categorized into two main approaches: the "simple fluid ap-
proach" and the "extended fluid approach." [44] The simple fluid approach relies
solely on the first two moments of the Boltzmann equation. In this approach, trans-
port and rate coefficients are dependent on the local value of the reduced electric field.
This assumption is referred to as the local field approximation (LFA). To enhance the
accuracy of the simple fluid model, the extended fluid model is introduced, incorpo-
rating the electron energy balance equation. This allows the definition of transport
and rate coefficients as functions of the local mean energy, known as the local mean

energy approximation (LMEA).

Fluid models offer the advantage of computational efficiency, making them suitable
for conducting analyses and calculations involving geometrically complex, higher-
dimensional scenarios, and intricate chemistry. However, their main disadvantage
lies in their inability to provide high accuracy, as they do not treat particles at the ki-
netic level. For instance, fluid models cannot accurately capture nonlocal transport of
electrons comprehensively [45]. As a result, they are more suitable for high-pressure
discharges where nonlocal effects are not as crucial, as opposed to scenarios where

such effects play a significant role [45].

In addition to the structures mentioned earlier, gas-discharge semiconductor systems
(GDSSs) can exhibit a diverse range of temporal behaviors, including homogeneous
stationary and oscillating modes, as well as chaotic behavior [46,47]. Experimental
investigations have identified the presence of homogeneous oscillations in a GDSS
containing nitrogen gas [48]. These varied behaviors underscore the complex and

dynamic nature that can emerge in GDSSs.

A well-established occurrence in gas discharge systems involves the onset of insta-
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bility within the uniform steady state of an electric current-carrying medium. This
phenomenon arises when the differential resistivity, denoted by the relationship be-
tween the applied voltage and discharge current, turns negative [49,/50]. Specifically,
it occurs when an increase in current coincides with a decrease in voltage across the
discharge. Consequently, the current-voltage characteristic (CVC) displays a seg-
ment with a negative slope, signifying the existence of negative differential resistivity
(NDR) in the system. This scenario corresponds to the sub-normal glow regime sit-
uated between the Townsend discharge and the normal glow discharge phases within
the classical glow discharge context. The NDR in this regime plays a crucial role
in the emergence of instabilities and oscillations, frequently observed in gas dis-
charges [51,/52]. These instabilities have the potential to give rise to various structural
patterns within the gas discharge, underscoring the intricate and dynamic nature of

plasma behavior in this specific regime.

A one-dimensional simple fluid model is considered for synchronization investigation
in this thesis, specifically examining temporal oscillations of plasma variables in the
direction perpendicular to both the gas discharge and semiconductor layers, resulting
in a transition between Townsend discharge and the normal glow discharge (referred
to as the subnormal regime). Along the transverse dimension, the system demon-
strates spatial homogeneity. Previous research, including works by Refs. [53-57], has
delved into the transition of GDSSs from regular periodic behavior to fully chaotic
states during subnormal oscillations. The unpredictable dynamics of the model is

further explored in Ref. [11].

The primary focus of our investigation is on the regime characterized by chaotic os-
cillations. We establish unidirectional coupling between GDSSs to explore chaos
synchronization. The unperturbed system is denoted as the drive system, with the
discharge potential serving as a perturbation for the response system. Despite the
coupled system, consisting of the drive and response systems, not exhibiting gener-
alized synchronization as outlined by Ref. [53]], our goal is to identify a more com-
prehensive form of synchronization. We have demonstrated that both the drive and
response systems display delta synchronization of chaos (DSC). Utilizing the DSC
method in the coupled system, we illustrate that the two models behave in harmony,

characterized by a shared sequence of finite convergence and a sequence of separation
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determined through numerical analysis [[11]].

To enhance the analysis of the semiconductor gas discharge system concerning chaos
synchronization, a more realistic and advanced one-dimensional fluid model was de-
veloped, as outlined in [22]. This model, based on the extended fluid model or local
mean energy approximation [58|], was applied to the same system and the chaos syn-
chronization is investigated in a manner similar to the simple fluid model. Although
the specific details of this study are not covered in the current thesis, the results are
briefly acknowledged due to their significance in the context of the delta synchroniza-
tion method’s development. This approach offers a more comprehensive understand-
ing of the system’s dynamics, and its findings can contribute to the refinement of delta

synchronization techniques, as elaborated in the reference [22].

1.7 Mackey-Glass model

Several chronic and acute diseases manifest altered periodicity in observable symp-
toms. Examples include irregular breathing patterns observed in adults with Cheyne-
Stokes respiration and fluctuations in peripheral white blood cell counts in chronic
granulocytic leukemia. Prior to famous Mackey-Glass paper [59], theoretical studies
on the control of respiration [60] and hematopoiesis [61] have linked disease pro-
cesses to oscillatory instabilities within mathematically complex models. In Ref [59],
the initiation of disease is linked to bifurcations in the dynamics of the first-order
differential-delay equations, which model physiological systems. The study reveals
that simple mathematical models of physiological systems anticipate the existence
of periodic and aperiodic dynamic regimes, mirroring those observed in human dis-
ease. Referred to as the Mackey-Glass model, this model extends the work of Li and

Yorke [37], May [62], May and Oster [63].

The model is also investigated in electronics. An analog electronic circuit is devel-
oped and examined in Ref. [64]]. This circuit serves as a high-dimensional chaos
generator and provides a tool for investigating chaos in infinite dimensional delay
systems. Electronic circuit applications of Mackey-Glass model are also utilized in

chaos synchronization research as in Refs. [65,/66].
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Chaos synchronization is of utmost importance in the field of secure communication.
The concept has been explored in the context of delay differential equations in the
literature [67-69]. Additionally, the Mackey-Glass system offers a straightforward

yet powerful tool for applications in secure communication [70}/71]].

The Mackey-Glass model, a delay differential equation, exhibits chaotic behavior
across various parameter regimes [59,(72]. Adjusting the delay time induces transi-
tions from periodic to chaotic oscillations. This thesis comprehensively investigates
this transition, showing the emergence of new periods and the dynamics behind it.
The chaos analysis is substantiated by a bifurcation diagram. The unpredictable be-
havior of specific parameter regimes is demonstrated through sequences of conver-

gence and separation, as well as the numerical degree of unpredictability [23].

Investigations into the synchronization behavior of unidirectionally coupled Mackey-
Glass drive-response systems have been undertaken, with specific synchronization
thresholds highlighted in previous studies [65,73-76]. Notably, according to the find-
ings in Ref. [75], generalized and complete synchronization in coupled systems are

only achieved above a particular threshold of coupling parameter.

Furthermore, Ref. [73]] delves into synchronization’s existence when the coupling pa-
rameter surpasses a specific threshold, considering different delay times in the drive
and response systems. Analytical and numerical insights into the relationship be-
tween synchronization thresholds and delay times are provided by Ref. [[74]. Addi-
tionally, Ref. [[76] conducts a comprehensive analysis of synchronization regimes and

stability conditions for two linearly and nonlinearly coupled Mackey-Glass systems.

In the present thesis, we aim to explore the synchronized behavior of Mackey-Glass
drive-response systems [23]], employing parameters identical to those in Ref. [[75]]
on both sides of the previously defined synchronization threshold. The assessment
of synchronization behavior is conducted using the DSC. The primary motivation
is to demonstrate the occurrence of synchronous chaotic behavior in drive-response
Mackey-Glass systems, particularly within regions lacking generalized synchroniza-

tion.

Previous research emphasizes the sensitivity of synchronization in these systems to
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the coupling constant between the Mackey-Glass systems, leading to a distinct syn-
chronization threshold. Consistent findings in prior studies indicate synchronization’s
presence on one side of this threshold and its absence on the other [65,73-76]]. Fur-
thermore, evidence suggests the coexistence of both generalized and complete syn-

chronization on the same side of the threshold [[73}/75]].

Our investigation demonstrated that synchronization can occur and be detected by
the DSC method even below the synchronization threshold, where no synchroniza-
tion was previously identified [23]. Furthermore, in the region where generalized
synchronization is known to exist, we have discovered the coexistence of complete
synchronization of unpredictability, a specific case of DSC. To substantiate our argu-

ment, we have rigorously analyzed the numerical characteristics of our method.

1.8 Hindmarsh-Rose neural network

The Hindmarsh-Rose neural model, introduced in the work by Hindmarsh and Rose
[77], originated from the discovery of a unique cell in the brain of the pond snail
Lymnaea. This cell, initially silent, exhibited a prolonged burst when depolarized
by a short current pulse. A similar response was observed in various molluscan burst
neurons that had been hyperpolarized to cease bursting, as reported in Ref. [[78]]. Con-
tinually hyperpolarized cells, when depolarized by a short current pulse, generated an
action potential followed by a slow depolarizing after-potential. Burst discharges trig-
gered by depolarizing current pulses have also been documented in crustaceans [79]

and vertebrates [80].

To explain these phenomena, Hindmarsh and Rose introduced a small deformation to
the narrow channel in their model, creating two additional equilibrium points. The re-
sulting three equilibrium point model featured both a stable equilibrium point (silent
state) and a stable limit cycle (repetitively firing state). The transition between these
states could be triggered by a short current pulse. The introduction of a third and
slower differential equation representing adaptation was found to terminate the dis-
charge, producing either an isolated burst or a depolarizing after-potential, depending

on parameter choices. Application of a steady depolarizing current to this model led
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to periodic bursting. In the phase plane, these bursts were observed to be generated
by the movement of one of the nullclines between a position with one equilibrium

point and a position with three equilibrium points.

In a related work by Plant and Kim [81]], a model of bursting, extending the Hodgkin-
Huxley model [82], was discussed. The Hindmarsh-Rose model retained the main
features of Plant and Kim’s model but presented a simpler explanation of bursting us-
ing a two-dimensional phase plane. This simplicity facilitated a better understanding

of interactions between bursting neurons.

The Hindmarsh-Rose model consists of three differential equations that capture dif-
ferent facets of a single neuron’s behavior. These equations pertain to the neuron’s
membrane potential, the recovery variable responsible for fast ion transport, and the
adaptation current [/7]. The model has been a subject of extensive research, with

investigations delving into various synchronization scenarios [83-88]].

The significance of synchronization extends to studies of neural networks, partic-
ularly in the context of information exchange among neurons within an ensemble
[89-91]]. Its relevance becomes pronounced in the investigation of neurodegenera-
tive diseases such as Alzheimer’s and Parkinson’s, where abnormal synchronization
patterns in the brain have been observed [92,93]. This emphasizes the crucial need
to understand and quantify synchronization, presenting potential applications in both

scientific inquiry and practical contexts.

Experimental evidence underscores the ability of external currents to induce chaotic
behavior in neurons [94,(95]]. Nevertheless, deterministic models often face chal-
lenges in capturing real-world scenarios due to inherent external perturbations, com-
monly referred to as noise. Previous studies have demonstrated that this noise can
lead to synchronization in neural networks [96-101]. Our research aims to com-
prehend noise-induced synchronization within individual Hindmarsh-Rose neurons,

employing innovative methods to explore this phenomenon more comprehensively.

In the realm of noise-induced synchronization, prior investigations have predomi-
nantly utilized Gaussian white noise, as evident in references [99-101]. In con-

trast, our study adopts a novel approach by examining synchronization within the
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Hindmarsh-Rose model in the presence of Markovian noise. Noise terms charac-
terized by Markov properties have diverse applications in various research domains
[1024104]. In our research, we generate noise using Markov chains, ensuring adher-
ence to the fundamental principles of Markov properties [105-107]. The methods
employed for generating these noise terms are elaborated in Ref. [[108]], which intro-
duces the concept of Markov coefficients in Duffing-type equations. The stochastic
noise produced through these methods possesses a notable attribute—unpredictability

[109].

The noise-induced synchronization research in this thesis [24]] demonstrates the pres-
ence of delta synchronization of chaos in the absence of identical synchronization.
Furthermore, it reveals complete synchronization of unpredictability beyond a certain
threshold of noise intensity. The findings are supported by tables of corresponding

sequences and numerical characteristics.

1.9 Contributions and Novelties

This thesis comprises four publications [/11,22-24]], which focus on the application of
delta synchronization to gas-discharge semiconductor models [11,22]], the Mackey-
Glass model [23]], and the Hindmarsh-Rose neural network [24]]. The contributions
to the literature and the novelties introduced by these studies can be explained as

follows:

Gas-discharge semiconductor systems [|11}22]]:

e Conventional methods, such as generalized synchronization, prove inadequate
in detecting unison patterns within unidirectionally coupled gas-discharge sys-
tems utilizing a simple fluid approach [53]]. The effectiveness of generalized
synchronization is tested in the model using the auxiliary system approach, and

its absence is conclusively demonstrated.

e The numerical proof of unpredictable trajectories in phase space is established
through sequences of convergence and separation, as well as the numerical de-

gree of unpredictability.
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e Delta synchronization of chaos is observed in the coupled systems, as evi-
denced by the accompanying tables and the numerical degree of synchroniza-

tion.

e Similar results are obtained within the same model, utilizing a more realistic
approach known as the extended fluid model. The outcomes of this study are

mentioned briefly, but the detailed discussion is beyond the scope of this thesis.

Mackey-Glass delay systems [23]:

The emergence of new periods and the transition to chaos are numerically ex-

plained for a specific parameter regime.

e The unpredictability of the model is demonstrated for a specific delay time,

accompanied by corresponding tables and numerical characteristics.

e A unidirectionally coupled system is established, and a threshold distinguish-
ing the regions possessing generalized synchronization from those with no syn-

chronization is determined.

e Delta synchronization of chaos is observed below the threshold where general-

ized synchronization is absent.
e Above the threshold, the coexistence of complete synchronization of unpre-
dictability and generalized synchronization is observed.
Hindmarsh-Rose neural network [24]:
e The chaotic regime is analyzed through interspike intervals and membrane po-
tential, with the external current serving as a control parameter.

e A noise model is developed based on Markov chains and unpredictable func-
tions, implemented in the uncoupled neurons to investigate noise-induced syn-

chronization.

e Unpredictability for all non-zero noise intensities is demonstrated through the

numerical degree of unpredictability.
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e The existence of identical synchronization for high noise intensities is demon-

strated.
e Delta synchronization is observed for non-zero values of noise intensity.

e Coexistence of complete synchronization of unpredictability with identical syn-

chronization is detected.

The novel chaos synchronization method, delta synchronization of Poincaré chaos,
is applied to four systems with diverse dynamics, including ordinary, partial, and de-
lay differential equations. In contrast to conventional methods, delta synchronization
emphasizes partially synchronized patterns characterized by time sequences of unpre-
dictability. Therefore, in many systems, a unified chaotic dynamic cannot be detected
by conventional methods. We demonstrate that these patterns are effectively detected
by the delta synchronization method. Moreover, the special case of this approach,
complete synchronization of unpredictability, can be classified as a strong-type syn-

chronization, which generally coexists with conventional methods.

1.10 Organization of the thesis

This thesis focuses on the application of delta synchronization of Poincaré chaos to
various models. The numerical method introduced as delta synchronization is rooted
in the theory of unpredictability. In Chp. [2] theoretical foundations and the numeri-
cal implementation of unpredictability are discussed. Building upon this concept, the
delta synchronization method is constructed, and definitions and algorithms related
to these fields are presented in detail. Additionally, other synchronization methods
applied in this thesis, namely generalized and identical synchronization, are also dis-

cussed in this chapter.

The application of delta synchronization to gas-discharge semiconductor models is
discussed in Chp. [3] This chapter covers the construction of the system with govern-
ing equations and modeling approaches, explores the chaotic regime of the system,
and examines the application of unpredictability. Using this information, a unidirec-

tionally coupled system is constructed, and the existence of delta synchronization is
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demonstrated in the absence of generalized synchronization.

Chp. 4] focuses on the synchronization of chaos in the Mackey-Glass system. The
emergence of new periods and the transition to chaos are thoroughly investigated.
Unpredictability is demonstrated for the coupled system. The synchronization thresh-
old is analyzed for conventional methods, and the numerical proof of the existence
of delta synchronization below the threshold and complete synchronization of unpre-

dictability above it is provided.

Chp. [5] discusses noise-induced synchronization of Hindmarsh-Rose neurons. The
chaotic regime is illustrated through interspike interval bifurcation diagrams and the
dynamics of membrane potential under different external currents. Markovian noise,
constructed based on Markov chains and unpredictable functions, is implemented in
the model. While identical synchronization and complete synchronization of unpre-
dictability are demonstrated for high noise intensity domains, the existence of delta

synchronization for non-zero noise intensities, even for the lower values, is revealed.

The general results and common features of the models discussed in this thesis are

summarized in Chp. [6]
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CHAPTER 2

UNPREDICTABILITY AND SYNCHRONIZATION

2.1 Introduction

In this chapter, we will discuss unpredictability, its synchronization, and various
chaos synchronization methods in the literature which are used in this thesis. These
methods include generalized and identical synchronization. Unpredictability plays a
crucial role in the study of chaos in dynamical systems [12-14]. This methodology
relies on time sequences, which comprise convergence and separation events. Con-
vergence moments are identified based on the Poincaré recurrence theore while
separation instances record the deviations between trajectories originating from the

initial state and the states at convergence moments [/12]].

Synchronization can be identified by examining commonalities in these sequences, as
introduced in Ref. [11]. Delta synchronization of chaos occurs when unpredictable
systems share sequences of finite convergence and separation. "Finite convergence"
implies that the sequence does not numerically return to its initial state within a suf-
ficiently long simulation. Conversely, complete synchronization of unpredictability
is observed when the sequence numerically converges. To distinguish between these
two phenomena, we will introduce numerical characteristics and conduct an analysis

based on the number of elements in sequences.

Conventional methods have been developed for chaos synchronization [7,/10]. In this

thesis, we will employ the approaches of generalized synchronization with an aux-

1 Poincaré recurrence theorem asserts that certain dynamical systems eventually return to a state arbitrarily
close to their initial state for continuous systems [38]]. If the phase space volume of a dynamical system remains
invariant, as is the case with Hamiltonian systems due to Liouville’s theorem, and if the system has bounded
trajectories, then, for every open set, orbits intersecting this set will do so infinitely often [[110].

23



iliary system and identical synchronization [4, 5] for comparison with our methods.
Studies have shown that delta synchronization of chaos can detect synchronization in

specific domains where conventional methods may fail to do so [[11,22-24].

2.2 Unpredictability

The foundational work in mathematical dynamics, originally established by Poincaré
[34] and further developed by Birkhoff [[111]], served as both a starting point and a
cornerstone for subsequent explorations and comprehensive examinations of com-
plex dynamics [36,37,62,|112,/113]]. Poincaré investigated the concept of homoclinic
chaoﬂ [38]], and a Poisson stable trajectory of a strange attractor, an attractor with
a fractal structure, is discovered by Lorenz [36]]. It’s possible that Hilmy was the
first to define a quasi-minimal set as the closure of the hull of a Poisson stable mo-
tion [114,/115]]. In Ref. [[115], there’s a theorem by Hilmy stating the existence of an
uncountable collection of Poisson stable trajectories within a quasi-minimal set. A
modification of the Poisson stable points to unpredictable points was introduced in

Ref. [12] such that the quasi-minimal set is chaotic.

Fig. (2.1) visualizes where unpredictability occurs as a recurrence. This figure illus-
trates various types of recurrent motions, including the conservative ones, as well as a
novel addition: the unpredictable motion. In the diagram, irregularity increases from
left to right, with the unpredictable motion being the most irregular of them all. It is

distinctly chaotic, a characteristic that has been theoretically proven [12].

. Quasi Almost Poisson Unpredi
- R t npredictable
{ Equilibrium }»[ Periodic \]» periodic » Periodic »[ ecurren } Stable

Figure 2.1: The types of recurrence

While this thesis primarily focuses on the numerical implementations of unpredictabil-
ity, it’s important to emphasize that the theoretical framework is constructed based on

Refs. [12-14]. It is worth noting that the analysis of unpredictability and synchroniza-

2 Homoclinic orbit is a trajectory including the intersection of the stable and unstable manifolds [38]).
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tion in dynamical systems of this study is exclusively carried out through numerical

methods.

2.2.1 Theoretical Backgrounds

Let (X, d) be a metric space, where X is a set and d is a metric. T refer to either the set
of real numbers or the set of integers. Then, conditions of a mapping f : T x X — X

to be a flow on X are given as follows [116].

(i) f(0,p) =pforallp € X;
(ii) f(t,p) is continuous in the pair of variables ¢ and p;

(i) f(t1, f(t2,p)) = f(t1 + to,p) forall t;,t, € T and p € X.

If the conditions (i), (ii), (iii) are satisfied for a mapping f : T, x X — X, where T,
denote either the set of non-negative real numbers or the set of non-negative integers,

then the mapping is a semi-flow on X [116].

Let f be a flow on X and a point p € X. Also suppose that I/ is any neighborhood of
p. Then, Poisson stability can be defined for //; > 0 and Hy < 0 as follows [[115].

(i) pis positively Poisson stable if there exists t > H; such that f(¢,p) € U.
(ii) p is negatively Poisson stable if there exists t < H, such that f(¢,p) € U.

(iii) p is Poisson stable if it is both positively and negatively Poisson stable.

Let the closure of the trajectory 7 (p) = {f(¢,p) : t € T} be denoted by 2, for a

fixed p € X, i.e,, 2, = T(p). The conditions for €2, to be a quasi-minimal set are

given as follows [115].

(1) pis a Poisson stable point.

(ii) 7T is contained in a compact subset of X.
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For the positive semi-trajectory 7+ (p) = {f(t,p) : t € T} through p, the closure

is QY = T+(p) . The following theorem is stated in Ref. [114] and can be proved by
the methods given in Refs. [[114, 115].

Theorem 1. [/2|] Suppose that p € X is positively Poisson stable and T (p) is
contained in a compact subset of X. If Q; is neither a rest point (fixed point) nor a
cycle, then Q; contains an uncountable set of motions everywhere dense and posi-

tively Poisson stable.

The following analysis of unpredictability includes semi-flows, but it is also valid for

flows. The definition of unpredictability can be given as follows.

Definition 1. [/2] The trajectory through a point p € X and the point itself are
unpredictable if there exists a positive number A and the sequences of convergence
t, and separation s,,, both of which diverge to infinity, such that lim,,_,. f(t,,p) = p
and d[f(sn, f(tn,p)), f(sn,0)] = A for each natural number n.

The definition of unpredictability states that if, by mistake, a neighboring point f (¢, p)
is chosen instead of the point p, then the distance between these points will satisfy the
inequality d[f(sn, f(tn,P)), f(sn,p)] > A. This illustrates the sensitivity of motion
when considering a single trajectory. However, in well-known studies [34-38,/113],
sensitivity is often regarded as a property of a system with a specific set of initial data,

involving the comparison of the behavior of at least a couple of solutions.

Let’s state the following lemmas.

Lemma 1. [/2]Ifp € X is an unpredictable point, then T, (p) is neither a rest point

nor a cycle.

Proof. [12] Let the number A and the sequences ¢, s,, be as in Def. Il Suppose that
there exists a positive number w such that f(¢ + w,p) = f(¢,p) forall t € T.. Due
to the continuity of f(¢,p), there exists a positive number ¢ such that if d[p, q] < ¢
and 0 < ¢t < w, then d[f(t,p), f(t,q)] < A. Let’s fix a natural number n such that
d[f(tn,p),p] < d.One can find an integer m and a number wy satisfying 0 < wy < w

such that s,, = mw + wg. Then,

df (sn, [ (tn, 1)), f(sn, )] = d[f (wo, f (tn, D)), f (w0, p)] < 0.
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However, this contradicts with the following equation from the Def. [I|

d[f(sn, [(tn,p)), f(sn, )] = d[f (tn + sn, D), f(50,D)] = sn.
Therefore, 7, (p) is neither a rest point nor a cycle. O

Lemma 2. [|/2|] If a point p € X is unpredictable, then every point of the trajectory
T (p) is also unpredictable.

Proof. [12]] Let the number A and the sequences ?,, s, be as in Def. [I] Fix an
arbitrary point ¢ € 7+ (p) such that ¢ = f(t,p) for some ¢ € T,. Then, one can
verify that

Tim f(tn,q) = lim (t, +¢,p) = lim f(£ f(tn,p)) = f(E,p) = q.

n—oo

Now, select a natural number n such that s,, > ¢ for each n > n,. Let us denote
k, = s, — t; then, for n > ny, we have
Alf (tn + kn, @), f(kn, )] = d[f (tn + kn, f(£, D)), f(kn, f(£,D))]

= d[f(tw + $u. D), f (50, D)]
> A,

It is evident that k,, — oo as n — oo. Consequently, the point g is unpredictable. L[]
Remark 1. The constant A is uniform across all points on an unpredictable trajec-

tory.

Refs. [35,36] states that dynamics on a set L C X is sensitive if there exists a positive
number A such that for each [ € L and each positive number ¢§ there exist a point

ls € L and a positive number s; such that d[l5, (] < § and d[f(ss,ls), f(ss,1)] > A.
Theorem 2. [12] The dynamics on Qf is sensitive if p € X is an unpredictable

point.

Proof. Let A > 0 denote the unpredictability constant corresponding to the point p.

Consider an arbitrary positive number § , and take a point r € 2.

Firstly, let’s examine the case where r € T (p). According to lemma there exist

sequences ¢, and s,, diverging to infinity such that lim,, ,, f(¢,,7) = r and d[f (¢, +
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SnsT)s f(Sn, )] > A for each n. Fix a natural number ng such that d[f (¢,,,,7),7] < 6.
In this case, the inequality d[f(Sng, f(tng,7))s f(Sng,7)] = A holds.

Now, suppose that 7 € .\ 7 (p) . One can find a sequence 7,,,, 1, — 00 as m —
oo, such that lim,, . f(7m,p) = r. According to lemma for each m € N, there

exist sequences u,, and v,, diverging to infinity such that lim,, ,o, f(«, f(9m,p)) =

f (s, p) and d[f (v, f(unts f(0m, ), f(0 f(1hms p))] > A forn € N.

Let m be a natural number such that d[f (1),, p), 7] < 6/2. Suppose that there exists

a natural number n, such that

dLf (v, [ (> ), F v, m)] = AJ2.

If this is the case, sensitivity is proved. Otherwise, choose ns € N satisfying

dlf (up Upy s (Mmo» D), f (Mmg,> p))] < /2

so that

dlf (uny s f(mo, 2))s 7] < dLf (Uns f(Nimg P), f(Nimgs P))] + dLf (Mimgs ), 7] < 6.

It can be confirmed that

dLf (v, f (s f (g ), f (0 7)] =

dlf (v F (s [ (o> 2))), £ (055 [ (hmgs )] = dLf (0, f (o> ), f (07, 7)]
> A/2

Therefore, the theorem is proved. [

For an unpredictable point p, existence of sensitivity in the set Q; has been proven in

theorem (2)). A similar proof for a flow f can be used to verify the sensitivity in €2, .

Based on the aforementioned lemmas and theorems, following definition is proposed.

Definition 2. The dynamics on the quasi-minimal set §2,, is called Poincaré chaotic if

p is an unpredictable point.

Thus, chaos originates from a single function, extending the spectrum of possibilities
beyond equilibrium, periodic, quasi-periodic, almost periodic, recurrent functions,

and Poisson stable motion to include unpredictable motion as a new element.
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2.2.2 Numerical Implementation

The numerical existence of unpredictability is demonstrated in various models, as
seen in Refs. [11,22-24]. This method relies on identifying sequences of conver-
gence and separation within a model, requiring a sufficiently long simulation time to

accumulate an adequate amount of data.

Let’s elaborate on Def. (I)), which will be applied numerically to the correspond-
ing models in this thesis. In Def. (I), each return of a trajectory to its initial state
is denoted by n. We introduce a non-increasing sequence, d,, which represents

the maximum possible distance between the initial point p and f(¢,,p), satisfying

dlp, f(tn,p)] < On.

Then, we define the moments ¢,, that meet the conditions dp, f(¢,,p)] < ¢, and
lim, o f(tn,p) = p as the sequences of convergence. These moments represent

when trajectories return close to their initial state.

On the other hand, the sequence of separation, denoted as s,,, comprises moments that
satisfy d[f (sn, f(tn, D)), f(Sn,p)] > A. These moments capture the times at which
trajectories, starting from p and f(¢,,p), diverge from each other. Corresponding

illustration is given in Fig. (I.1)

In addition to existence of the sequences, a numerical characteristic called degree of
numerical unpredictability to measure the strength and presence of unpredictability
have been developed and applied various models [11,[22-24]]. This degree of numer-

ical unpredictability, denoted as oy, for a finite number £, is defined as follows:

S
= TRt 2.1)

The unpredictability of the motion is confirmed when «; has a small value that con-
verges to zero as k becomes larger. Numerically, smaller oy, values indicate stronger
chaotic behavior. This can be illustrated using the following analogy: If the simu-
lation begins with a point arbitrarily close to the initial point, f(t,,p), rather than
the initial point, f(0, p), the error can be expressed as 1/aj. Therefore, a smaller oy,

implies a stronger degree of chaos.

It’s important to note that in numerical simulations, the number of elements in the
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sequence of convergence t,, and the sequence ¢,, are both equal to n. However, the
number of elements in the sequence of separation does not necessarily have to be n.
This discrepancy can occur when the time values in ¢,, approach the total simulation
time, causing the simulation to end before the trajectory diverges. In Equation (2.1)),

k represents the number of elements in the sequence of separation.

Consider a differential equation © = f(z). Let the simulation of this equation be
in a time domain 7' € [T, T/] with the time difference AT. The algorithm for
unpredictability, as described in [22][24]], is provided in Algorithm (TJ).

In this algorithm, §, Ad, and A are constants that must be chosen based on the scale
of the motion. ¢ should be a small number, while a large number A satisfies A >> 9.
The decrement of ¢ at each iteration is indicated by AJd. The algorithm finds the
corresponding values of ¢,,, s, d,, and the degree of numerical unpredictability a. It
is important to note that if the numbers of elements of ¢,, and s,, are not same, the 21"

line should take the last §,, value at which s,, exists.

Transient time should not be considered in the algorithm. Then, the existence of the
sequences in which the time values cover the entire simulation, and small o value

confirms the unpredictability in a model.

This algorithm is versatile and applicable to various types of differential equations. It
has been successfully applied to ordinary and partial differential equations in Ref. [11,
22,24], and to delay differential equations in Ref. [23]]. The dimension of the differ-
ential equations, denoted by d, must satisfy d > 1. Additionally, the unpredictability

can be applied to stochastic systems, as demonstrated in Ref. [24].

2.3 Synchronization through Unpredictability

Unpredictability analysis centers around two key sequences: sequences of conver-
gence and separation. Each time a trajectory returns to its initial state, these sequences
capture the moments of convergence and divergence. These sequences are sufficient

to demonstrate chaotic behavior over an extended simulation.

Similarly, synchronization of chaos among dynamical systems can be detected using
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Algorithm 1: Algorithm for Unpredictability

1

2

3

4

5

6

=]

10

11

12

13

14

15

16

17

18

19

20

21

Input:

Input: A

Input: A

n =0;

q=0;

for T =T'+ AT : AT : T/ do

if [|x(T) —x(T")|| < (6 —n * Ad) then
n=n-+1;

t, =T % Sequence of convergence;

end

end

Otast = 0 — n x AOJ;

for T'=T'4+ AT : AT : T/ do
forir=1:1:ndo

if |x(t; + T) — x(T")|| > A then

if ' > ¢ then
s; =T % Sequence of separation;
q="T;
break;
end
end
end

end

a = 512“ 9% Degree of numerical unpredictability
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a similar analysis. For each return of a trajectory to its initial state, the essential time
values for synchronization are the same as those used in the unpredictability analysis,

specifically the moments of convergence and divergence.

In contrast, other synchronization methods in the literature, such as generalized, iden-
tical, and phase synchronization, focus on fully synchronized systems where corre-
sponding parameters follow precisely the same trajectory. One drawback of these
methods is that they conclude no synchronization at all when fully synchronized sys-
tems are absent. However, unpredictability characterizes chaos primarily by the sig-
nificant moments of a trajectory, and synchronization of these moments reveals chaos

synchronization.

Let the unidirectionally coupled systems be given as

&= f(z), (2.22)
v =gy, h()), (2.2b)

where these two systems, (2.2a) and (2.2b)), are called drive and response systems’}

respectively. Suppose that both systems have unpredictable solutions. Then, defini-

tion of delta synchronization of chaos, as in [[11,22-24], can be given as follows.

Definition 3. [/1|] The systems and with unpredictable motions x(t) and
y(t) admit the delta synchronization of chaos, if there exist positive numbers 6, A1, Ao,
for & < A4, the sequence of finite convergence u,, and sequence of separation v,
such that ||z(un) — 2(0)|| + [[y(un) = y(O)|| = 6n <6, |2(un +vn) — x(vn)|| =
Ay and ||y(u, + vy) — y(vn)|| > Agyn=1,2,....

Here, the distance is computed by the Euclidean norm ||.||. The definition contains

two A values, which are A; and A, corresponding to systems (2.2a) and (2.2b),

respectively. To establish the presence of DSC, the values A; and A, are set equal to

the values used in the unpredictability analysis.

For DSC to exist, two conditions must be met. First, there must be u,, values that

satisfy the inequality ||z (u,) — z(0)|| + ||y(u,) — y(0)|| = 0,, < J, where ¢ decreases

3 For the analysis of synchronization through unpredictability, systems (2.2a) and (2.2b) do not have to be
unidirectionally coupled. They can be bidirectionally coupled or uncoupled as well. In those cases, the following
definition, algorithm and analysis do not change.
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for each n. Then, the presence of v,, values that simultaneously satisfy the inequali-
ties ||z (u, + v,) — x(v,)|| > Ay and ||y(u, + v,) — y(vy)|| > A demonstrates the

existence of DSC.

In the context of DSC, synchronization doesn’t necessitate lim,, ., 6, = 0. Instead,
we refer to u,, as a sequence of finite convergence. However, sequence of finite con-
vergence should encompass moments spanning the entire simulation, not just a por-

tion of it. The presence of both wu,, and v,, confirms the system exhibits DSC.

The finite convergence property of DSC categorizes it as a form of weak synchro-
nization. Notably, in numerical simulations, the sequences used for unpredictability
analysis always have more elements than those for DSC due to this finite convergence.
However, this unique feature gives our method the ability to detect weak synchroniza-

tion patterns that other methods may miss.

In various studies [11},22,23]], the presence of DSC has been observed in regions
where generalized synchronization does not exist. These models involve drive-response
systems, for which the auxiliary systems method does not confirm generalized syn-
chronization. A similar phenomenon is seen in Ref. [24]], which explores noise-
induced synchronization. In this case, identical synchronization is compared to DSC,
and the results demonstrate that DSC exists even when identical synchronization is

absent.

A special form of the DSC, known as complete synchronization of unpredictability,
differentiate from the DSC with its complete convergence. In this type, the conver-
gence of u,, series is evident, leading to ¢,, approaching zero as n becomes large in

numerical simulations.

Complete synchronization of unpredictability has been observed in regions where
other synchronization methods like generalized and identical synchronization ex-
ist [23},24]. Furthermore, numerical studies reveal that complete synchronization of
unpredictability features sequences with a number of elements that are nearly equal

to the number of elements in the unpredictability sequences.

Additionally, a unique numerical characteristic of DSC, termed the degree of numer-

ical synchronization, can be defined to indicate the presence and strength of synchro-
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nization [11]]. It is calculated as follows.

O
e - 2.
Oék min(Al, Ag) ( 3)

sync

DSC is confirmed for ;" < 1 with sufficiently large sequences u,, and v,, covering

the entire simulation. Smaller «;”" indicates stronger synchronization since smaller

values imply more common time values in the sequence of finite convergence and
sync

separation. Complete synchronization of unpredictability is achieved when o,”" —

0as k — oo.

Let the Equations (2.2a) and (2.2b)) be numerically solved in a time domain 7" €
[T, T/] with the time difference AT. The synchronization through unpredictability
can be applied to the systems simultaneously by using Algorithm (2).

The values 6 and Ad must be common in unpredictability analyses of Egs.
and (2.2b), and the synchronization analysis of unpredictability. For consistency, the
values A; and A, must come from the unpredictability analyses of Egs. and
(2.2b)), respectively. As in the numerical unpredictability analysis, if the numbers of
elements of ¢,, and s,, are not same, the 21%" line should take the last ¢,, value that s,,

exists.

In Algorithm (2), the conditions at the at 4™ and 12 lines define the process of
identifying sequences of finite convergence and separation, as per Def. (3). According
to the algorithm, the time values found in synchronization analysis do not have to be

contained in the unpredictability sequences.

Numerical studies have shown that these values can differ for coupled systems [11,
22,23, whereas they tend to be identical for uncoupled systems [24]]. The reason is
even though driven systems differentiate from drive systems by a small perturbation
and synchronization still occurs, this small difference leads to a slight time disparity
between the elements of sequences in unpredictability and synchronization analyses.
In contrast, uncoupled systems involve two identical systems initiated with different

initial conditions, resulting in no observable difference in these models.

The method has been numerically tested on various models. However, although the
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numerical implementation based on the Algorithm (2) can be easily implemented in
the corresponding models, theoretical aspects of the method have not been developed

yet.

Algorithm 2: Algorithm for Delta Synchronization of Chaos
Input: 0

Input: Ad

Input: A,
Input: A,
1 n=0;
2 q=0;
sforT =T + AT : AT : T/ do
4 | A [x(T) = x(T)]| + ly(T) = y(T")]| < (6 — n* Ad) then
5 n=n-+1;
6 u, =1 % Sequence of finite convergence;

7 end

8 end
5last =0 —nxAd;
10 forT =T+ AT : AT :Tf do

-]

1 fori=1:1:ndo

12 if |x(u; + T) —x(T)|| > Ay && ||ly(u; +T) —y(T)|| > A, then
13 if ' > ¢ then

14 v; =T % Sequence of separation;

15 q="1T;

16 break;

17 end

18 end

19 end

20 end

21 V"¢ = m % Degree of numerical synchronization
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2.4 Identical Synchronization

Identical synchronization analyze the phenomenon between systems initiated with

different sets of initial conditions [7]. Let two systems be given as follows.
= f(x), (2.4a)
y=9y,x), (2.4b)

where Equations (2.4a) and (2.4b) are drive and response systems, respectively. The

variable y of the response system can be subjected to continuous control or to replace-
ment of variables such as decomposition of drive system into subsystems and using

the new variables.

Identical synchronization between these systems occurs if there are sets of initial
condition [, C R for the drive and [, C R” for the response, such that for all
z(0) € I, and y(0) € I,

Jim [ly(t) — =(8)] = 0. @3

If the same initial conditions are chosen for the drive and response systems, syn-
chronization will occur such that z(t) = y(t) for all ¢ > 0. The stability of the

synchronization can be tested by conditional Lyapunov exponents.

Let the difference between the drive and response systems be §(z,y) = y — x # 0.

Then, evolution of §(x, y) in time can be given as follows.

o(z,y) = gly,v) — f(x). (2.6)

Asymptotically stable synchronization is achieved if the all Lyapunov exponents of
Equation (2.6) are negative for y = x. Since these Lyapunov exponents are com-
puted for a particular state of the drive system, Eq. (2.6), they are called conditional

Lyapunov exponents.

These Lyapunov exponents can be calculated by linearizing Equation around the

synchronized state y = x,

o(x,y) = J(x)d(x,y), (2.7)
with the Jacobian
J(x) = %, z) gy’x) : (2.8)
Yoy



of response system vector field. Subsequently, procedures to find Lyapunov expo-
nents are fallowed, and stability of synchronization is determined [7]. Alternatively,
Lyapunov functions [7]] can be used to determine the stability of the synchronization

instead of Lyapunov exponents [117].

2.5 Generalized synchronization

Identical synchronization is considered when the response is identical or nearly iden-
tical to the drive system. On the other hand, generalized synchronization is a tool for
studying the synchronization of nonidentical chaotic systems. Systems amenable to

generalized synchronization can be classified into two categories:

1. Similar Nature Systems: In this case, the systems share the same underlying
physical structure but exhibit individual differences. For instance, the drive and
response systems may both be electric circuits, but they have distinct element

values (e.g., capacitance, resistance) in each system.

2. Different Nature Systems: Here, the systems have different physical structures
or designs. For example, both the drive and response systems could be elec-
tric circuits, but with distinct circuit designs. Additionally, systems can differ

conceptually, such as biological neurons and optical devices.

Let a unidirectionally coupled system be given as follows.

&= f(x), (2.92)
v =gy, h(r)), (2.9b)

where these two equations, (2.9a) and (2.9b), define drive and response systems, re-

spectively. Generally, x(t) = y(t) is not achieved for all ¢ due to the different nature
of the drive and response systems. However, synchronization can still be achieved for
nonidentical systems since the dynamic of the response can be completely predicted

by the drive. This is known as the generalized synchronization [3].

Generalized synchronization is achieved if the initial condition sets I, and I, exist
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such that z(0) € I, and y(0) € I, and the following condition is satisfied
Tim y(6) — 9la(0)]| = 0. 2.10)

with ¢[z(t)] a functional determining the phase space trajectory of y(¢) from the tra-
jectory of x(t) [7]. When the functional is identity, ¢[z(t)] = x(t), identical synchro-

nization is recovered.

Detecting generalized synchronization can be challenging in various situations, lead-
ing to the development of specific criteria and algorithms for this purpose. There are

three primary methods for identifying generalized synchronization [7]):

e Analyses of conditional Lyapunov exponents [4]].
e Application of the auxiliary system approach [35].

e Utilization of statistical predictability estimations [3].

The auxiliary system approach is considered and utilized in this thesis. It relies on the
predictability aspect of synchronization, which means that if two identical replicas of
the response systems, starting from distinct initial conditions within the synchroniza-
tion basin of attraction, are both influenced by the same drive system, they should
ultimately reach the same state once transient behaviors have subsided. To achieve
this, the auxiliary system approach involves employing an extra response system that

mirrors the original response system and operates independently of it.

Let us call the identical copy of the response system given in Equation (2.9b)) auxiliary
system and denote it by y/(¢). For zy € I, and y(0),y'(0) € I,,, the condition for the

generalized synchronization can be given as follows.

lim [ly(t) — /(1) = 0. @.11)

which is called the asymptotic stability condition. This condition is examined after

the transient regime in the numerical simulations.

Numerically, parametric plots of the auxiliary system versus the can be a test to
observe the presence of generalized synchronization. If the motion takes place on

y(t) = y/(t) line, existence of the generalized synchronization is confirmed.
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CHAPTER 3

DELTA SYNCHRONIZATION OF POINCARE CHAOS IN GAS
DISCHARGE-SEMICONDUCTOR SYSTEMS

3.1 Introduction

A gas discharge semiconductor system (GDSS) is a plasma system that combines gas
discharge with a high-ohmic semiconductor barrier. In this study, a one-dimensional
fluid model using the drift-diffusion approximation is being discussed. This model
considers only electrons and ions as plasma species. In the existing literature, this
particular GDSS model is referred to as a simple fluid model or a local field ap-
proximation [45,/118H120]. It focuses primarily on ionization processes that occur in
regions with weak electric fields within the discharge gap. Despite its omission of
non-local ionization effects, this model can still provide a qualitative understanding

of the fundamental behaviors of discharge systems.

Since our model is one-dimensional, temporal oscillations of plasma variables be-
tween Townsend discharge and the normal glow discharge (i.e., subnormal regime)
occur only along the direction perpendicular to the gas discharge and semiconductor
layers. In the transverse dimension, the system exhibits spatial homogeneity. Previ-
ous literature [53H57]] has investigated the transition of GDSSs from regular periodic

behavior to fully chaotic states in subnormal oscillations.

In this study, our focus is on the regime where chaotic oscillations occur. We estab-
lish unidirectional coupling between GDSSs to explore chaos synchronization. The
unperturbed system is referred to as the drive system, and we use the discharge po-
tential of the drive system as a perturbation for the response system. Although the

coupled system (comprising the drive and response systems) does not exhibit gener-
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alized synchronization as indicated by [53]], our aim is to identify a more general form
of synchronization. We have demonstrated that both the drive and response systems
exhibit Delta Synchronization of Chaos (DSC). By employing the DSC method in the
coupled system, we show that the two models behave in unison, characterized by a
common sequence of finite convergence and a sequence of separation that we have

numerically determined. The research related to this chapter is published in Ref. [11].

3.2 Fluid Modeling of Plasma

Velocity distribution function f(r,v,t) can be used for the description of plasma
species. The function yields the probability of finding particles at a specific position
and velocity of a six dimensional phase space (r,v) [44,|121]. According to the
kinetic theory of plasmas, the Boltzmann equation is employed to describe the time

evolution of f(r,v,t) under the influence of external forces.

The kinetic Boltzmamﬂ equation can be given as

af;

.
St Ve Vit #jvv [(E+vxB)fi] = ijokfk, (3.1)

where each plasma species are represented as j. The quantity of particles within
the volume drdv can be determined using the expression f;drdv. In this context,
E and B denote the local electric and magnetic fields, respectively. The particle’s
charge and mass are represented as g; and m;, respectively. Any elastic or inelastic
collisions experienced by a particle are described by the operator C}, corresponding

to the species k.

Due to the computational inefficiency of solving the Boltzmann equation directly,
Eq.(3.1) can be multiplied by the velocity v with different power orders and can
be integrated along the velocity instead. The resulting equations, corresponding to
different orders of velocity power, yield moments of the Boltzmann equation. These
moments and functional integrals are used to define macroscopic quantities such as
plasma particle number density, velocity, and energy. As in Ref. [44]], these equations
are then coupled with Maxwell’s equations to establish a self-consistent plasma fluid

theory.

1 Vectors are represented by bold characters.
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The zeroth order moment of the Boltzmann equation can be obtained by multiplying

Eq.(3.1) by v? = 1 and integrating over the velocity as follows.

of; ]
/a—];]var/Vr-vfjdv+%/vv'[(E+VXB)fJ']dV

(3.2)
= / Z Ckfk dv.
k
Let us introduce the particle density,
n;(r,t) = /fj(r, v,t)dv, (3.3)
and the average fluid velocity,
1
(v) = u;(r,t) = m/vfj(r,v,t) dv. (3.4)
The following term vanishes by the Gauss theorem.
ﬁ/vv.[(waB)fj]dv:o. 3.5)
i
We can see this by separating the equation as follows [[121]].
/(E - V) fidv = /Vv - (fE)dv = fE-ds, =0, (3.6)
Sy

The reason last term vanishes is that while the surface area increases as v?, all phys-

ical distributions approaches zero faster such as Maxwellian distribution which ap-

2
proaches zero as e’

The second term of Eq. (3.5) vanishes as follows.
/((v « B) - V) fdv = /vv (f(v x B))dv — /fVV (v X B)dv

3.7
:7{ f(vXB)-dsv—/va°(VXB)dV:O
Sy

Here, first integral vanishes as in Eq. (3.6). The second integral also vanishes since

(v X B) is perpendicular to V.

Let S; = ), ni(C})), which represents the inelastic collisions influencing the popu-

lation of species. Then, as in Ref. [44], Eq.(3.2) becomes

on:
% + V- (njuj) = Sj . (38)

which is the continuity equation.
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For the first order moment, Eq.(3.1)) is multiplied by v! = v and integrated over the

velocity as follows.

/v%dv—i—/vvr'ijdV—i—% vVy - [(E+v X B)f;]dv

J
:/Zkafkdv.
k

After taking the necessary steps as in Ref. [45]], Eq.(3.9) turns into the following equa-

(3.9)

tion, which corresponds to the fundamental principle of momentum conservation.
duj
mjnjg Zanj(E+Uj X B)—ij—V'Wj—FRj, (310)

where 7; = P; —p; [ is the traceless pressure tensor such that P; is the pressure tensor,
p; is the partial pressure corresponding to the thermal velocity and [ is the identity
matrix [45]. R;/m; = ), ni(Cyv) is the rate of momentum exchange through

collisions among different species.

The second order moment can be found by multiplying both side of Eq.(3.1) by v

and integrating over velocity as follows.

[ R avs [eveviave L [ 29, (@ +v B av
.

ot ;
= / Z ’UQCkfk dv.
k

By manipulating this equation as in Ref. [45] and using the following Maxwellian

3/2 2
m; m;v
Fi(v) = J - 3.12
i) (QWkBT) exp( QkBT) G2
p.

with kpT; = = | where p; is the partial pressure and kp is the Boltzmann constant,
/”L .

(3.11)

distribution function

J
we end up with the following energy balance equation

3 d
§nja(k'3,]})+ij'u]‘:—WjV'llj—V'qj‘—f-Qj. (313)
Here, q; is heat flow vector and ()}, rate of heat exchange, is responsible for elastic

and inelastic collisions such that q; = ni<%miw2w) where w is the thermal velocit

Although Eqgs. (3.8)), (3.10), (3.13) define the dynamics of species in a plasma, more

equations are required to define the dynamics comprehensively.

2 A more detailed analysis can be found in Refs. [44[/45]]
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3.2.1 Two-fluid model

The fluid equations (3.8)), (3.10), (3.13), which were derived previously, are employed
to describe a plasma consisting of electrons and a single species of ions. These equa-
tions collectively illustrate the behavior of two coupled fluid components. Let us

assume that viscosity effects are negligible.

For the electrons, fluid equations can be given as follows.

8;: + V- (neu) = Se,
du,
meneg - Qene(E + U, X B) - Vpe + Re,i ) (314)
3 d
§nea(l€BTe) +peV U = -V. ge + Qe,i .

For the ions, fluid equations become

dui
mzan =g¢ni(E+u; X B) — Vp, + R, (3.15)
3 d
énig(kBTi) +piV-u,=-V-q+ Q.

Within the provided equations, n denotes the particle number density, while .S repre-
sents the rate at which particles are either created or destroyed. R and () signify the
momentum and rates of energy exchange, respectively. m corresponds to the mass of
the particles, and p is defined as the pressure, where p = nkg7". The electron and ion

species are indicated by the subscripts e and 7, respectively.

In order to describe a plasma system comprehensively, governing the behavior of
electric and magnetic fields requires the "two-fluid" equations to be considered with

Maxwell’s equations [44]], which can be given as follows.

ceV-E=0,
0B
VXE:—E,
(3.16)
V:-B=0,

1 OE
S VXB=jter
Ho 'H—ant
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where ¢ and j stand for the charge and current densities, respectively. It is important
to note that the spatial distribution of electric charges and the flow of electric current

within the plasma system can be obtained by o and j in the Maxwell’s equations.

3.2.2 Drift-Diffusion Approximation

Drift diffusion approximation considers weakly ionized low temperature gas dis-
charge plasmas. The discharge is distant from a state of local thermodynamic equilib-
rium, indicating that the temperature of electrons is notably higher than the temper-
atures of other species. It is assumed that the background gas temperature is equiv-
alent to temperature of all heavy particles. Then, the total pressure is expressed as

p = NkyT, where N = ). n, for all species i.

When the inertia terms are neglected on the left hand side of the momentum conser-
vation equation (3.10), which is also included in Eqs.(3.14) and (3.15)), the particle

flux density in the absence of magnetic field (B = 0) can be found as follows:
[y = npag, = sgn(qr) e — DV, (3.17)

where k denotes the species of particles: electrons, ions, and neutral species. Here,
the particle mobility and diffusion coefficients are given as . = |qx|/(mgvy) and

Dy = kpTyuk/qr, wWhere vy is the collision frequency. For the electrons and ions,
Eq.(3.17) can be given as
Fe = NeUg = _,U/eneE - Devne )
(3.18)

where subscripts e and ¢ represent electrons and ions, respectively.

Let us substitute Eq.(3.17) into the first equations of Eqgs. (3.14) and (3.15), then the

two-fluid equations with drift-diffusion approximation are given as [44]]

on

It is important to note that this equation is coupled with the Poisson equation for the

electric field E to build a self-consistent model. Poisson equation is given as
—8%0 E n (3.20)
_6 pr— .
where ¢ is the potential.
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3.3 Simple Fluid Model

We have discussed the governing equations of the glow discharge as a fluid model
derived from the moments of the Boltzmann equation, which are continuity, momen-
tum conservation and energy equations. Additionally, to ensure a comprehensive
model for the electric field distribution, these equations are coupled with the Pois-
son equation. Two-fluid equations with drift-diffusion approximation are derived by
transforming the momentum equation such that particle flux densities are taken into

account.

Electron transport and collisional reaction rate coefficients in the fluid equations are
responsible for the particle collisions dynamics. Thus, determining these coefficients
is important for the accuracy of the model. In this chapter, local field approxima-
tion (LFA) is considered for the description of electrons’ transport and rate coeffi-
cients [44,/118]] such that they are described as functions of the local reduced electric
field E//p, where E is the magnitude of the electric field and p is the pressure. Fur-
thermore, mobility and diffusion (transport coefficients) can be taken constant by
using the Einstein relation D/u = kgT'/e. A fluid model of gas discharge plasma

constructed on this approximation is called simple fluid model.

Then, the equations of the model can be given as follows [44]].

ank
LU v A RS
BN + k ks
Ly = sgn(qe) pxnieE — D Vg,
E0V -E = qunka
k

E:—VQO,

(3.21)

for each species k. For both the electrons and ions, the source term is defined as
Sy = a|T'e| — Bnen;, where o = a(E) is the first Townsend coefficient, which is the
rate coefficient of electron impact ionization, and [ is the electron-ion recombination

coefficient [45]. Additionally, the electric potential is denoted as .
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3.4 Description of the Gas-Discharge Semiconductor Model

The present study examines a DC-driven planar gas discharge system, in which one of
the electrodes is constructed from a high-ohmic semiconductor. This system features
a large aspect ratio, meaning that the gap between the electrodes is much smaller
than the system’s transverse dimensions. Such a gas discharge-semiconductor system
has been previously explored both experimentally and numerically, as documented
in various references [48,54-56,/119, /120, 122-133]]. This system is schematically
represented in Fig. (3.I). In the diagram, an external circuit, including a resistor
and a supplied voltage source, is connected to the gas discharge gap and the GaAs

semiconductor layer, both of which are sandwiched between two planar electrodes.

Gas

Discharge Cans

&=

Figure 3.1: The schematic illustration of a planar gas discharge coupled with a semi-

conductor layer.

A spatially one-dimensional model is developed for the analysis. This model, also
known as DC discharge plasma model, extends in a direction perpendicular to the
electrode layers and does not consider spatial variations in the parallel direction to
the layers (transverse direction). In other words, our focus is on temporal oscillations
occurring in a transversely homogeneous mode. The one-dimensional model is also
based on a simple fluid model for gas discharge in nitrogen, akin to those employed in
numerous numerical investigations of GDSSs [54,55,57,/120,127, 128131} /133,134].

Within this model, two plasma species, namely the electrons and the positive ions,
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are considered, and two types of ionization processes take place: electron impact ion-
ization within the bulk of the gas and secondary electron emission from the cathode

surface.

The mobility coefficients are given as approximation by j.p = 2x10° cm? Torr V15!
and p;p = 699 cm? Torr V~'s~!. The corresponding diffusion coefficients, D, and
D;, are determined by the Einstein relation, which is D/u = kgT'/e. The ionization
rate can be expressed as a function of the reduced electric field by Townsend formula
such that &« = Apexp(—Bp/|E|), where p is the pressure of the gas and constants A,

Bare A=12cm 'Torr ! and B = 343 V em~'Torr* [[135].

The anode and cathode ends of the gas discharge are positioned at z = 0 and = = d,
respectively. The semiconductor layer extends up to d = d, + d,, where d, and d;
represent the lengths of the discharge gap and the semiconductor layer, respectively.
Boundary conditions for ions and electrons at the anode (x = 0) are determined by
the following equations.

ONe

n; =0 and =0, (3.22)
ox

The boundary conditions for the cathode (x = d) can be given as follows.

8ni
ox

where 7 is the secondary emission coefficient.

=0 and pene = ypini, (3.23)

To complete the system of equations, the external circuit equation is integrated into
the GDSS model to account for the semiconductor layer. It is given as

aU (t)
ot

Here, U(t) denotes the discharge voltage, Uy = U(t) + U(t) represents the total

— U, —U(t) - RJ(t). (3.24)

Ts

stationary voltage, Ry = d/o is the resistance of the semiconductor, Cy = €g€¢/ds
is the capacitance per area, and 7, = C3Ry = €4€0/0 is the Maxwell time scale of
the semiconductor with dielectric constant €5, conductivity og, and permittivity of free
space €y. In addition to the total current density J(t), the currents of species can be

given for electrons and positive ions as J. = —u.n.E and J; = u;n;E, respectively.

The input parameters are defined same as in the experiment [48]] and in theoretical

works [54,56./57], which are demonstrated in Table (3.1]).
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Table 3.1: Input parameters of the one-dimensional simple fluid model

Description Input parameters
Pressure of nitrogen gas p = 40 mbar
Gas temperature T, = 297K
Discharge gap width dy = 1.4 mm
GaAs layer width ds = 1.5 mm
GaAs dielectric constant € = 13.1
GaAs conductivity os = (2.6 x 10°Qcm) !
Secondary emission coefficient v =0.08
Electron mobility coefficient | prep = 2 x 10°> cm? Torr V=1s~!
Ton mobility coefficient pip = 699 cm? Torr V—1s~1

The applied total voltage U, and the semiconductor resistance R serve as control pa-
rameters. By appropriately adjusting these two parameters, we restrict the discharge
system to operate in the regime where it corresponds to the transition from Townsend

to glow discharge.

Our model is initially developed in dimensionful units, but the results are presented
in terms of dimensionless parameters. The process of nondimensionalization for this
model is primarily conducted as outlined in [56,133]]. The corresponding expressions

to transform the results into a dimensionless parameters are as follow.

U J t R,
U=—' J=—" — . Ry=-—" 3.25
E(]XO , 6710X0/t0 ’ T t() 7 Eot(]/@n(] ( )

where the intrinsic parameters are
X0~ 278 x107° m, to~4.05x 107 s,

(3.26)
np ~ 2.05 x 108¥ m™3, E;~1.03 x 10° V/m.

3.5 Periodic and Chaotic Oscillations

In this section, we use a bifurcation diagram presented in Fig. (3.2)) to unveil the
regions of regularity and chaos. Similar diagrams have been explored in previous

studies such as [541|120,/133]]. Within this diagram, the bifurcation curve, determined
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as a function of two control parameters, U; and R, serves to distinguish the stable
stationary solutions from the unstable ones, where temporal oscillations occur. Left
side of the curve in Fig. (3.2) covers the stable stationary solutions such as point (a),

while right side includes unstable ones such as (b), (c), (d).

=—€— Simple Fluid Model

t

Figure 3.2: Bifurcation diagram separating stable stationary region from unstable
region. Points denoted by (a), (b), (c) and (d) indicate regimes with Uy = 17.04,
17.68, 18.71 and 20.11 at R, = 30709, respectively.

In this figure, the horizontal line corresponds to calculations with a constant semi-
conductor resistance value R; = 30709, while the total applied potential Uy varies.
Different U, values are marked as points (a), (b), (c), and (d), and the corresponding

phase portraits are also provided in Fig. (3.3).
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Figure 3.3: Phase portraits of trajectories in the U-J plane, computed for correspond-

ing (a), (b), (c) and (d) points in figure @

In Fig. (3.3), while the trajectory of oscillations has an inward spiral converging to
a stationary point in (a), the stationary state is unstable and develops into a limit
cycle in (b). A new periodic trajectory emerges with the doubled period in (c). This
period-doubling bifurcation is considered as a route to temporal chaos [136-138] as
it is verified by the chaotic patterns of (d). The two curves on each plot represent
the load (red curve) U = U; — RJ and current-voltage characteristic (CVC) of
gas discharge (black curve) U = U (J). The intersection point of the CVC and load

curves represents the stationary solution, or equilibrium point.

In the next section, the drive and response systems are configured as the coupled GDS
systems using the bifurcation points Uy, R specified at regime point (d) in Fig. (3.2),
along with the corresponding phase portrait in Fig. (3.3)-(d).

3.6 Delta synchronization of chaos in the coupled GDSS

In this section, we conduct simulations for both the drive and response systems, where

the response system is established using the voltage of the drive system as a perturba-
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tion. Both systems, characterized by the values (U, R ) specified at regime point (d)
in Fig. (3.2)), exhibit chaotic solutions. The method for detecting chaos, as discussed
in Chp[2] is referred to as unpredictability.

Moreover, besides the existence of sequences of convergence and separation sepa-
rately in both systems, we will demonstrate that they have common corresponding
finite convergence and separation sequences, indicating that the coupled system ex-
hibits delta synchronization of chaos (DSC). However, it’s important to note that
the system lacks generalized synchronization. Therefore, the DSC method offers a

broader approach to chaos synchronization.

The data for the drive, response, and synchronized systems are computed in the same
simulation, ensuring that the time values align across all different analyses. Conse-
quently, the sequences u,, and v,, for the synchronized system, as well as ¢,, and s,

for the drive and response systems, are obtained within the same numerical analysis.

Based on the modeling approaches in previous sections, the drive system can be de-

scribed as follows.

Gnk 6Fk 4
ER
on
Iy = sgn(g) eneE — Dka_; ,
o (3.27)
- 60@ = ; g,
oUu

(1) _
s = U= U(t) = RJ (1),

with the boundary conditions

on.
Anode (z = 0):  n; =0, 8” —0, ©=0,
o x (3.28)
Cathode (z = d): 5 S =0,  frene =ypung, p=-U.
X

The values of U, obtained from the solution of Eq.(3.27), are incorporated into the
response system as a perturbation. This perturbation term constitutes the sole distinc-

tion between the drive and response systems. Here are the governing equations for
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the response system.

ofy 0Ly &
ot Tor T
- - on
Iy = sgn(qw) i 2 — Dka_; ,
824,5 (3.29)
oV (t)

with the boundary conditions

One .
Anode (z = 0): 7, =0, a” —0, ¢=0,
97 . (3.30)
Cathode (:U - d) o - = 07 :ue'fl'e = 7u2ﬁ1 ) @ =-V.
a

To determine the convergence sequence t,,, we place a circle with a radius ,,, centered
at the initial point. In the U (1) — J(7) phase portraits, the horizontal U -axis and the
vertical J-axis have different scales, with U € [8,18] and J € [0, 10~%]. The U-axis
is selected as the reference for §,,, and the J-axis is rescaled by multiplying it by 10%

within the circle equation. In other words, the circles for each n value are defined by

the equation: \/(U(T) —U(0))2+ ((J(1) — J(0)) x 10%)* = 6,,.

Then, we identify the time values that satisfy ||¢(t,) — ¢(0)|| < 0., where ¢(7) =
(U(7),J(7) x 10%) with 7(t) = t/ty. The radii 6, become smaller with each itera-
tion. After obtaining the t,, values, we derive the s, sequence for a specific A such

that it satisfies ||¢(t, + sn) — &(sn)|| > A for each n.

In the drive system, we set U; = 20.11 and R, = 30709. As demonstrated in the
previous section, this system exhibits chaotic behavior. The chaotic solution of the
drive system is illustrated in Fig. . The simulation time is Teng = 1.61 x 10® with
a time step of A7 = 823.33. There are 173 ¢,, values for this system in the range
t, € [1.27 x 10°,1.46 x 108], and the radii decrease at each step by 0.001, taking the
following values: §,, = 0.18,0.1790, ..., 0.0080. For A = 7.2, there are 173 s,, values
in the range s, € [4.12 x 103, 1.45 x 107).

It is important to note that the ¢,, and s,, sequences consist of time values in dimen-

sionless units, as defined in the previous section. The presence of the sequences ¢,
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Figure 3.4: U — J plot of the drive system at U, = 20.11 and R, = 30709

and s,, demonstrates that the system exhibits unpredictable behavior and is chaotic.
The degree of numerical unpredictability for the drive system is o ~ 0.001. The data
points (U(t,), J(t,)) are indicated by the red markers in Fig. (3.4), and the corre-
sponding ¢,, s,, and 0,, values are provided in Table (3.2).

Based on the results from this simulation, we have demonstrated that for the drive

. . . . _ minp=1,2,..,1736n __ 0.008 __
GDSS, the degree of unpredictability is given by a = PRl = SRS =

0.001111.... This value is relatively small. Meanwhile, the dimensionless time length

of the simulation is 7.,¢ = 1.61 x 108, which is quite large. According to the as-
sumptions stemming from Def. (I)), one can conclude that the unpredictability of the

solution for the drive system is confirmed.

In the response system, we use the same parameters as in the drive system, with
V, =20.11 and R, = 30709. The only difference between the response system and
the drive system is the presence of the perturbation term dU (¢) coming from the drive
system. We choose a nonzero constant 6 = (0.047. The chaotic solution of this system
is depicted in Fig. (3.5)), and the simulation time and time difference match those of

the drive system.

There are 172 t,, values for this system in the range ¢,, € [1.38 x 10°,1.60 x 108],
with radii decreasing at each step, mirroring the values used in the drive system. For

A = 2.8, there are 172 s,, values in the range s,, € [1.65 x 10%,9.02 x 10°]. The red
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Table 3.2: Sequences of convergence t,, and divergence s,, with ¢,, values for the drive

system.

n ty Sn On

1 126793 4117 0.180
2 222299 4940 0.179
3 270052 5763 0.178
4 317805 6587 0.177
5 364735 7410 0.176
169 134574915 14129164 0.012
170 136979861 14187620 0.011
171 137969504 14429679 0.010
172 138725321 14477433 0.009
173 145558959 14513659 0.008

marked data points in Fig. (3.5) represent (V' (t,,), J (t,,)).

The existence of the ¢,, and s,, sequences in the response system indicates that it also
exhibits unpredictable behavior. The degree of numerical unpredictability for the

response system is a ~ 0.003. The corresponding ¢, s,, and d,, values are provided

in Table (3.3).
Based on the data of the simulations, one can conclude that the degree of unpre-
dictability has a value of @ = Mtn=lu.i72 L 0092 — 0.00321.... This value is

relatively small. Additionally, the dimensionless time parameter has a large value,
Tend = 1.61 x 108. These findings confirm the unpredictability of the solution for the

response GDSS as in the drive system.

Since both the drive and response systems exhibit unpredictable solutions, the exam-
ination of DSC between the systems proceeds as follows. We aim to find common
u,, and v,, sequences in both systems such that ||z (u,) — z(0)|| + ||ly(u,) — y(0)]| <

2 x 6, where 9,, values are taken the same as in the drive and response systems. Here,
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Figure 3.5: V' — J plot of the response system at V'; = 20.11 and R, = 30709

2(r) = (U™ (r), JU*(r)) and y(7) = (V™ (r), P (7). We set Ay = 7.2

and A, = 2.8 to ensure sufficient separation.

In Fig. (3.6), both the drive and response GDSSs are depicted. The blue and red data
points correspond to the drive and response systems, respectively. The green data
points represent (U (uy,), J (uy,)), and the yellow data points represent (V (u,,), J (uy,)),
where u,, values are the same in both systems. The z(0) and y(0) values are also same

as the unpredictability analysis to maintain consistency.

, x10?
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Figure 3.6: U,V — J plot of both drive (blue) and response (red) systems
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Table 3.3: Sequences of convergence t,, and divergence s, with 9, values for the

response system.

n ty Sn On

1 138319 16467 0.180
2 139143 17290 0.179
3 199246 18113 0.178
4 200069 18937 0.177
5 200892 19760 0.176
168 108691070 862026 0.013
169 121822358 894960 0.012
170 140256714 899076 0.011
171 152259217 900723 0.010
172 159626373 901546 0.009

There are 53 w,, values and 52 v, values, as listed in table (3.4). The degree of
synchronization is calculated as a*¥"“ ~ 0.046. The analysis demonstrates that both
systems approach their initial points at the same time values, u,,, within a given radius,

and they diverge from these points at the same time values, v,,.

The latest numerical data for the coupled GDSSs reveals a degree of synchronization,

a3y = sy = %a° = 0.0460714..., which is a finite number. Additionally,
the large dimensionless computational time, 7., = 1.61 x 10%, suggests that the

Def. (3) of DSC has been numerically satisfied.

The phenomenon in which both systems share the same wu,, and v,, values reveals
a new type of synchronization, which we have termed "delta synchronization of
chaos [11]." This approach differs from generalized synchronization, and we will
demonstrate that even in the absence of generalized synchronization, we can observe

synchronization between the drive and response systems using this method.

One widely accepted method for identifying synchronized chaotic motion is general-
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Table 3.4: Common u,, v, and ¢,, values of drive and response systems

n Up, Un On

1 2104431 73276 0.180
2 3140180 74099 0.179
3 3977506 74923 0.178
4 5158984 75746 0.177
5 5159808 76569 0.176
49 147159511 10672001 0.132
50 147207265 10692585 0.131
51 147703732 10695055 0.130
52 148084111 11110013 0.129
53 160175533 - 0.128

ized synchronization [4]/5], as elaborated in Chp[2l We will adopt the auxiliary system
approach of generalized synchronization to compare our findings with this method. A
similar analysis was conducted in Ref. [53]], revealing that this coupled system does

not exhibit generalized synchronization.

In auxiliary system approach, the asymptotic stability condition given in Eq.(2.T1)
should be satisfied to verify existence of generalized synchronization. It is important
to note that the transient solutions are ignored in this process. The discharge volt-

ages of the response and auxiliary systems will be considered in the application of

Eq.2.T1).

Consider the drive and response systems defined in Equations (3.27)) and (3.29)), re-

spectively. The auxiliary system is an exact replica of the response system, with the

only distinction being its initialization with different initial conditions. The equations
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for the auxiliary system are as follows.

on 0T, &
o T ae e

5’2@ B (3.31)
- 60@ = ; qrNg ,

rsmg—t(t) =W, —W(t) — Ry J(t) +6U(t),

with the boundary conditions

’ﬁ/i - 0,

o _

Ox (3.32)
feNe = VNG

@0 2 07 @dg = _Wa

where W, = 20.11, R, = 30709 and 0 = 0.047 as in the response system.

The solutions of V' and W are depicted in the V' — W plot shown in Fig. (3.7). Since
the plot is not confined to the V' = W line, the asymptotic stability condition given
in Eq. (2.11)) is not satisfied. Consequently, the drive and response systems do not

exhibit generalized synchronization.

Figure 3.7: W — V plotat W, = 20.11, R, = 30709

These findings indicate that synchronization can still occur between the drive and
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response systems, even in the absence of generalized synchronization, and this syn-

chronization can be detected using the DSC method.

3.7 Discussion

A gas-discharge semiconductor system is constructed through the use of a two-fluid
model. The simple fluid model of the system is formulated using the drift-diffusion
approximation. The governing equations of the system are derived to provide a com-

prehensive analysis.

We have applied the delta synchronization of chaos to a specific chaotic regime of
the GDSSs, which are described within the corresponding parametric regime. A bi-
furcation diagram was used to differentiate the stable stationary regions from the un-
stable regions where temporal oscillations occur. We considered the Poincaré chaotic
regime in the parameter space and established the drive and response systems, unidi-
rectionally coupled by perturbing the response system with the unpredictable solution

of the drive system. Unpredictability was numerically demonstrated in both GDSSs.

The existence of a common sequence of finite convergence, denoted as u,,, and a se-
quence of separation, denoted as v,,, for the drive and response systems, demonstrates
that these systems exhibit delta synchronization of chaos. The common sequence of
finite convergence indicates that the unpredictable motions of both systems approach
their initial points at the same moments. Simultaneously, the common sequence of
separation shows that the trajectories, which start converging at moments u,, and the
initial moment v in both systems, diverge from each other at the same moments v,,.
The numerical values of these common sequences u,, and v,, are presented in a table

for each n.

Additionally, it was shown that the coupled GDSSs do not exhibit generalized syn-
chronization when using the auxiliary system approach. Thus, DSC is revealed as a

more general synchronization method than generalized synchronization.

The primary novelty of this research lies in demonstrating that systems that do not

exhibit canonical types of synchronization can still be considered synchronized based
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on their chaotic characteristics, which can be identified using the delta synchroniza-

tion approach.

3.8 Further analysis on gas-discharge systems

In this study, a one-dimensional simple fluid model with a drift-diffusion approxima-
tion for electron and ion particle fluxes was employed. This model, which is quali-
tatively sufficient to describe the fundamental properties of a nitrogen gas discharge
system, successfully confirmed the existence of delta synchronization of chaos. It’s
noteworthy that this synchronization method was demonstrated even though the sys-
tem did not exhibit generalized synchronization, as discussed in this chapter and

Ref. [11].

To further advance the analysis of the semiconductor gas discharge system in terms
of chaos synchronization, a more realistic and advanced one-dimensional fluid model
was developed [22]]. This model, known as the "extended fluid model" or "local
mean energy approximation" (LMEA) model [58], was employed in the same sys-
tem. While the details of this study are not presented in the current thesis, the results
will be briefly mentioned due to their significance for the development of the delta
synchronization method. This approach provides a more comprehensive understand-
ing of the dynamics of the system, and its outcomes can contribute to the refinement

of delta synchronization techniques, as discussed in the reference [22].

The comparison between these two modeling approaches is summarized as follows.

1. Types of particles:

¢ In the simple fluid model, only two kinds of particles, electrons, and ions,

are taken into consideration.

e The extended fluid model includes a total of seven different particle species,

including electrons, ions, excited molecules, and ground state molecules.
2. Plasma chemical reactions:

e In the simple fluid model, the only occurring reactions involve electron
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impact ionization and secondary electron emission from the cathode sur-

face.

e The extended fluid model broadens the scope by including a range of reac-
tions. These include direct ionization, secondary emission from the wall,
elastic collisions, electron-induced excitations, vibrations, rotations, col-

lisions between molecules, and relaxation reactions.
3. Governing equations:

e The simple fluid model solves a simplified set of equations, specifically
the two-fluid equations using the drift-diffusion approximation. It also

incorporates Poisson’s equation to ensure self-consistency in the model.

e The extended fluid model introduces a more complex set of equations. It
includes continuity equations for each of the seven particle species and
Poisson’s equation to determine the electric field profile. Moreover, it

includes the electron energy equation.
4. Electron kinetic coefficients:

e In the simple fluid model, electron transport coefficients as diffusion and
mobility are assumed to be constants. The ionization rate coefficient, also
known as the Townsend ionization coefficient, is defined based on the
local electric field. This approach leads to the simple fluid model being
referred to as the "local field approximation" (LFA).

e The extended fluid model takes a different approach. It defines electron
transport coefficients (diffusion and mobility) and rate coefficients for
electron-induced plasma chemical reactions as functions of mean electron

energy, derived from a separate online electron Boltzmann solver.
5. Nonlocality of electrons:

e The simple fluid model neglects the nonlocal ionization events that occur
in regions with a weak electric field. This is because the ionization rate is
exclusively defined as a function of the local electric field, which increases

with electric field strength.
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¢ In contrast, the extended fluid model explicitly incorporates the nonlocal-
ity of electrons. It describes ionization events by defining transport and
rate coefficients as functions of mean electron energy rather than relying
on the local electric field. This means that ionization can occur indepen-
dently of the electric field strength in a specific region within the discharge

tube.
6. Practical importance:

e In various industrial plasma devices such as energy-saving lamps, projec-
tors, and flat plasma display panels, instability and chaotic oscillations are
undesirable. Addressing and comprehending these erratic behaviors using
advanced and realistic fluid models is crucial. This approach is particu-
larly relevant when considering factors such as computational efficiency
and speed. Given that the extended fluid model offers greater sophistica-
tion compared to the simple fluid model, utilizing this modeling approach
in our analyses enables us to draw more precise conclusions about these

practical applications.

It is important to emphasize that the comparisons presented above primarily pertain
to the electron dynamics within the models. Electron behavior is the least precisely
known aspect in these models due to the nonlocal characteristics of electrons in gas
discharge systems. The choice of approximations, whether it’s the Local Field Ap-
proximation (LFA) or the Local Mean Energy Approximation (LMEA), significantly

influences the accuracy of these models.

The chaos synchronization analyses, employing this modeling approach, are carried
out, in Ref. [22], in a manner similar to the simple fluid model discussed in this chap-
ter. The results reveal that the systems in the detailed model exhibit unpredictability,
and the delta synchronization of chaos is observed in the model in the absence of gen-
eralized synchronization. Furthermore, the research in Ref. [22]] demonstrates that
more complex and realistic models yield even more unpredictable and synchronous
behaviors, and the delta synchronization approach allows us to detect and compare

the intensity of synchronization across different approaches.
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CHAPTER 4

REVEALING CHAOS SYNCHRONIZATION BELOW THE THRESHOLD
IN COUPLED MACKEY-GLASS SYSTEMS

4.1 Introduction

Time-delay systems play a vital role in the field of chaos synchronization, particularly
in applications related to secure communication [67-69]. The current study focuses
on the concept of delta synchronization of chaos (DSC) within the context of Mackey-
Glass systems. These systems are described by first-order delay differential equations
and were initially developed to model blood production. Notably, they exhibit chaotic

behaviors for specific parameter regimes [59,72].

Researchers have employed electronic circuit implementations of these models, en-
abling experimental investigations into the synchronization of chaotic systems [64-
66]. This practical approach offers insights into real-world applications of chaos syn-

chronization, including secure communication.

The synchronization behavior of unidirectionally coupled Mackey-Glass drive re-
sponse systems has been a subject of investigation, with previous studies highlighting
specific synchronization thresholds [65,/73-76]. For instance, the research Ref. [75]]
has indicated that coupled systems achieve generalized and complete synchronization
only above a particular threshold. In this chapter, we aim to explore the synchronized
behavior of Mackey-Glass drive-response systems [23]], using parameters identical to
those in Ref. [75], on both sides of this threshold. We employ the DSC to assess

synchronization behavior.

Additionally, Ref. [[73] discusses the existence of synchronization when the coupling
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parameter exceeds a certain threshold, while also considering different delay times
in the drive and response systems. Ref. [74] offers both analytical and numerical
insights into the relationship between synchronization thresholds and delay times.
Furthermore, in Ref. [76]], synchronization regimes and stability conditions of two
linearly and nonlinearly coupled Mackey-Glass systems are comprehensively ana-
lyzed. These studies collectively contribute to our understanding of synchronization

phenomena in Mackey-Glass systems under various conditions.

This chapter’s primary motivation is to show the occurrence of synchronous chaotic
behavior in drive-response Mackey-Glass systems, specifically within regions that
lack generalized synchronization. It is discussed in prior research that synchroniza-
tion in these systems is sensitive to the coupling constant between the Mackey-Glass
systems, leading to a distinct synchronization threshold. Previous studies consistently
indicate that synchronization is present on one side of this threshold while absent on
the other [65,73-76]]. Moreover, there is evidence that both generalized and complete

synchronization coexist on the same side of the threshold [[73/75]].

In our investigation, we make a novel observation: synchronization can occur and be
identified by the DSC method even below the synchronization threshold, where no
synchronization was previously detected. Additionally, in the region where general-
ized synchronization is known to exist, we find the coexistence of complete synchro-
nization of unpredictability, a special case of DSC. These findings align with similar
results obtained in Refs. [11,22]], underscoring the significance of our synchronization

research and providing a robust basis for the DSC method.

The numerical characteristics of our method have been rigorously analyzed to sub-
stantiate our argument. In this study, we have demonstrated that synchronization of
unpredictability serves as evidence for the existence of chaos synchronization. Our
findings suggest that uncovering synchronous dynamics in regions previously consid-
ered asynchronous for coupled systems may have implications for the field of secure

communication.

Furthermore, we have observed the coexistence of both complete synchronization of
unpredictability and generalized synchronization above the synchronization thresh-

old. This insight adds an intriguing layer to our understanding of complex synchro-
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nization phenomena. The findings of this research, which is covered in this chapter,

is published in Ref. [23]].

4.2 Mackey-Glass System

Mackey-Glass equation is a delay differential equation with the form [[72]]

dz(t)
dt

= F(z(t),z(t—71)), “4.1)

where 7 is the delay time. To be well-posed, a problem represented in this form
requires initial data, which includes the values of the function z(t) over an interval of
time 7. In numerical computations, the function x(¢) in the interval ¢ € [0, 7] is called
history of the system. Delay equations depict systems in which a stimulus results in a
response that is delayed in time. Practical examples of such systems can be found in
various fields, including control theory, economics, population biology, physics, and

others.

The equation describing the Mackey-Glass system is as follows:

dx il aZr;
a = f(x,xT) = m — CT . (42)

In this equation, x, = x(t — 7) represents the time-delay variable. The parameters T,

a, b, and c are all real numbers greater than zero, with 7 representing the delay time.

The model originally defines the blood production. In this context, x(t) represents
the concentration of blood at the time ¢, while z(¢ — 7) is the concentration when
the body signals the need for more blood [72]. Patients with leukemia may experi-
ence a significantly large time delay 7, leading to oscillations in the concentration of
blood. When 7 is even larger, the concentration can vary chaotically, as originally

demonstrated by Mackey and Glass [59].

The dynamical behavior of the Mackey-Glass system has been extensively explored,
particularly focusing on periodic and chaotic oscillations, by varying its parameters
[59172-75/139]. Different parameter settings in the model lead to variations in several
crucial characteristics. These include the delay time (7) determining the transition to

chaotic regimes, the stability and oscillatory patterns exhibited by the model, the
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occurrence of bifurcation cascades, and the impact of perturbations applied to the
system [[139-142]. In this study, we specifically consider the input parameters used

in Refs. [73,/75]], where a, b, and c are fixed at 2, 10, and 1, respectivelyﬂ

4.3 Transition to chaos

The transition from periodic oscillations to chaotic ones in the Mackey-Glass system
is achieved by adjusting the delay time 7. An increase in 7 results in the emergence of
new periods through period-doubling bifurcations, while periodic behaviors vanish,
leading to a complete shift to chaotic states. This local change in stability is referred

to as Hopf bifurcation [[143]|144].

1.2

08 inflelxion polm

o6r A\ i +=1.40
7=1.565

04°*

956 958 960 962 964 966 968
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Figure 4.1: Time oscillations of variable x at 7 = 1.40 and 7 = 1.565. Point A at

7 = 1.40 evolves into an inflexion point at 7 = 1.565.

This transition is evident when analyzing the emergence of new periods. Fig. (4.1)
illustrates the temporal oscillations of variable z at two different values of 7, specifi-
cally 7 = 1.40 and 7 = 1.565. At 7 = 1.40, point A takes on a certain characteristic,
but it transforms into an inflection point at 7 = 1.565. The formation of an inflection
point within the waveform corresponds to the emergence of a new period along the

curve f(x,x,) = 0 as seen in the return map shown in Fig. (4.2).

1 Another common parameter set in the literature is achieved by scaling these parameters as a = 0.2, b = 0.1
and ¢ = 10.
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Figure 4.2: Emerging of a new period along the curve f(z,z,) = 0.

To identify the initiation of a new period’s formation, Fig. (4.3) presents the results
at several values of 7, namely 7 = 1.40,1.456, 1.49,1.565. It’s worth noting that
at 7 = 1.456, point A intersects the curve f(z,z,) = 0, representing the birth of
a new period. At 7 = 1.49 and 7 = 1.565, point A becomes the maximum of the
corresponding waveform and intersects the solution of the curve f(z,z,) = 0 at an
additional intersection point, representing a local minimum within this new periodic

motion.

0.98 1 1.02 1.04

Figure 4.3: The beginning of a new period formation along the curve f(z,z,) = 0.

Calculations are carried out at 7 = 1.40, 1.456, 1.49, and 1.565.
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The point A occurs when both the first and second derivatives of the function are
equal to zero (fl—f = (31272“7 = 0). This particular scenario is depicted in Fig. li It’s
noteworthy that the intersection point of the first and second derivatives along the y

axis corresponds to point A in the solution z(t).

dx/dt, d?x/dt?

dx(ty/dt

15¢ — d’x(ty/dt?

|
[
\
\
[
\
{
[
|
I | I 1|
992 993 994 995
t (sec)

dz d2z
> e A2

d2z

Figure 4.4: Time oscillations of = Tz

where the intersection point of i—f and

along the y-axis corresponds to the point A on the solution x.

The diagram in Fig. (4.5), depicting the onset of the period-doubling bifurcation cas-
cade in the x(t) and 7 plane, is obtained by considering local maxima (peaks) of
oscillations against the delay time. It’s important to note that a single new branch
emerges suddenly at 7 = 1.475, and this birth is dependent on the chosen values of

constants a and b [[140-142].

It’s worth mentioning that more typical bifurcations, excluding the abrupt emergence
and disappearance of branches, can be achieved by selecting appropriate constant
values. Different bifurcation diagrams for various values of a, b, and c are presented in
Refs. [140-142]. By altering these parameters, the system’s dynamics can transition
from chaotic to periodic behavior within specific ranges of the delay time, followed
by a return to chaotic regimes. However, this particular behavior is not observed with

the parameters used in this paper.

The vertical lines in the bifurcation diagram, Fig. (4.5)), correspond to the values of

7 = 1.2,1.4,1.55, and 2.5, representing the regimes (a)-(d) illustrated in Fig. (4.6).
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Figure 4.5: The onset of the period-doubling bifurcation cascade. The regimes (a),

(b), (¢), and (d) correspond to those in Fig. (@P

The transient solutions are not included in this analysis. In Fig. (#.6a)), the oscillations
deviate from the fixed point z = 1 and eventually evolve into limit cycle oscillations
with a single period. Fig. (4.6b) exhibits oscillations with two periods, and a new
periodic trajectory (the third one) emerges from an existing one in Fig. (4.6c¢)). Period-
doubling bifurcation is often regarded as a typical pathway to temporal chaos [145,

146]], and Fig. (4.6d) illustrates a fully chaotic state.

In Refs. [73,[75]], the stable and unstable oscillations at the fixed point z = 1 were
categorized by altering 7, while keeping the same values for a, b, and c. It was deter-
mined that the solutions exhibit chaotic behavior when 7 > 1.68. In the subsequent

analysis, we consider a fully chaotic state with 7 = 100.

4.4 Synchronization of chaos

The unidirectionally coupled Mackey-Glass systems with the constants mentioned in

previous section are defined as follows.

dx 2%,
=T o, (4.3a)
dy 2y,
%:1+y10—y+5(:1:—y). (4.3b)
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Figure 4.6: Phase space trajectories of the oscillations in the plane of i—f and x for

various delay values 7 defined in Fig. (F;SP

Here, z, = x(t—7), y. = y(t —7), and ¢ represents the coupling constant. Equations
(4.3a)) and (4.3D)) are referred to as the drive and response systems, respectively. The

value of 7 is fixed at 7 = 100 to ensure chaotic motion [73}/75].

To analyze generalized synchronization, the auxiliary system can be defined as fol-
lows.

dz 22z

The only difference between the auxiliary and response systems is their histories, or
solutions att < 7. Generalized synchronization is achieved for the drive and response
systems if the asymptotic stability condition (2.11) is satisfied for the response and
auxiliary systems. It is important to note that transient solutions are ignored in this

analysis.
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The synchronization threshold for generalized synchronization is provided in the pa-
per [75], with a value of approximately €. ~ 0.702. Generalized synchronization
occurs when ¢ surpasses the synchronization threshold, i.e., ¢ > ., while it is ab-
sent when ¢ falls below the threshold, i.e., ¢ < e.. In this study, we consider two
specific coupling constants to compare the DSC with generalized synchronization.
One coupling constant is slightly above but still in the vicinity of the synchroniza-
tion threshold, with ¢ = 0.71. The other has a lower value, significantly below the

threshold, at £ = 0.6.

The unpredictability and DSC analyses in both regions are conducted with a simu-
lation time of t,;,, = 500000 and a time step of At = 0.2. The drive and response

systems also use the same values of t;,,, and At for consistency.

4.4.1 Synchronization of chaos above the threshold

Ate = 0.71, for the coupled systems (4.3a) and (#.3b), generalized synchronization
has been confirmed using the auxiliary system (4.4), indicated in Fig. (@.7). The

figure illustrates the motion occurring on the y = z line, signifying the fulfillment of

the asymptotic stability condition (2.T1). The analysis excludes the transient regime.

1.5

057

y

Figure 4.7: Projection of response and auxiliary systems on (y, z) plane for e = 0.71

after transient regime.
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Figure 4.8: Phase portraits of drive and response systems for ¢ = 0.71. Red marks

represent (z(t,,), ©(t,)) and (y(t,), y(t,))-

In the unpredictability analysis, we have set A; = 1.4 for the drive system and
A, = 1.19 for the response system. The values of § decrease for each member of
the convergence and separation sequences, starting with 6; = 0.0500, 62 = 0.0497,
03 = 0.0494, and so on. The phase portraits of the drive and response systems are
presented in Fig. (4.8). In Figs.(#.8a) and (4.8b)), the red marks indicate ((t,), #(t,))
and (y(t,), y(t,)), respectively.

The drive system’s unpredictable motion is outlined in Table (@.1I), which provides
details about the sequences of convergence and separation, along with the corre-
sponding §,, values. The table includes 163 pairs of ¢, and s, with d1563 = 0.0014.
The degree of numerical unpredictability, denoted as «, is calculated as ajg3 =
0.0014/1.4 = 0.001. This small value is achieved over an extensive simulation time
of ¢4, = 500000. Consequently, the drive system exhibits unpredictability in accor-

dance with the conditions outlined in Def. (TJ).

The unpredictable behavior of the response system is illustrated in Table (4.2)). The ta-
ble lists the sequences of convergence and separation at 165 time instances. Over the
extensive simulation time of t;,,, = 500000, the smallest distance between the trajec-
tories and the initial point is 165 = 0.0008. The degree of unpredictability, denoted
as «, is calculated as g5 = 0.0008/1.19 ~ 0.0007, which is a sufficiently small

value indicative of the chaotic nature of the motion. Therefore, the response system
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Table 4.1: Sequences of convergence t,, and separation s,, with 9,, values for the drive

system.

n ty Sn On

1 1006 1420 0.0500
2 1017 2332 0.0497
3 1114 3401 0.0494
4 1409 3667 0.0491
5 1606 4384 0.0488
159 126954 139195 0.0026
160 182244 139343 0.0023
161 211316 141346 0.0020
162 216785 141724 0.0017
163 307457 141799 0.0014

exhibits unpredictable behavior in line with the conditions specified in Def. (TJ.

The common sequences of convergence u,, and separation v,,, according to the condi-
tions specified in Def. (3)), are presented in Table (4.3). The sequence of convergence
u,, consists of 155 time instances, while the sequence of separation v,, comprises 151
time moments. For the largest v,, value, 9,, value observed during the simulation is

0, = 0.005, which is a small value given the simulation time t;,, = 500000.

It is essential to note that the separation moments v,, for n = 152,153, 154, and 155
are not detected within the simulation time. Prolonging the simulation further to
detect more v,, moments is not necessary for two reasons. First, the 151 elements
in the sequence of separation are sufficiently close in number to the lengths of the
sequences in the drive and response systems, which consist of 163 and 165 time
instances, respectively. Second, the value of 4157 = 0.005 is considered sufficiently

small for the synchronization analysis.
Hence, based on the conditions set forth in Def. , the complete synchronization
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Table 4.2: Sequences of convergence ¢, and separation s, with ¢,, values for the

response system for ¢ = 0.71.

n ty Sn On

1 1006 110 0.0500
2 1017 197 0.0497
3 1114 713 0.0494
4 1409 832 0.0491
5 1606 833 0.0488
161 126235 13408 0.0020
162 126954 13416 0.0017
163 182244 13440 0.0014
164 183663 13502 0.0011
165 486244 13587 0.0008

of unpredictability is verified with the degree of numerical synchronization %" =

0.0036. This is a stronger form of delta synchronization of chaos implying almost
equal amount of elements of the sequences of convergence and separation in unpre-
dictability analysis is synchronized in a sufficiently large simulation time. Further-
more, it will be demonstrated in the next subsection that the degree of numerical
synchronization in complete synchronization of unpredictability is smaller compared

to delta synchronization of chaos.

The analysis demonstrates the coexistence of generalized synchronization and com-
plete synchronization of unpredictability above the synchronization threshold. The
coupling constant ¢ = 0.71 is intentionally selected near the threshold value of
g. ~ 0.702. This choice is deliberate as the increase in this value strengthens syn-

chronization and already implies the simultaneous presence of both synchronization

types.
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Table 4.3: Common sequences of convergence u,, and separation v,, with J,, between

drive and response systems € = 0.71.

n Up, Un On

1 1006 3607 0.0500
2 1017 3913 0.0497
3 1738 4369 0.0494
145 216785 181017 0.0068
146 216959 181879 0.0065
147 235239 182025 0.0062
148 254539 182691 0.0059
149 282905 183994 0.0056
150 302035 185132 0.0053
151 307457 187115 0.0050
152 312688 - 0.0047
153 343333 - 0.0044
154 362248 - 0.0041
155 486244 - 0.0038

4.4.2 Synchronization of chaos below the threshold

Synchronization of chaos below the threshold is explored for the coupled systems de-
scribed in Eqs. (4.3a) and (4.3b) at ¢ = 0.60. By utilizing the auxiliary system defined
in Eq. (4.4), it is apparent that the coupled systems lack generalized synchronization
at ¢ = 0.60, as depicted in Fig. (4.9). This figure illustrates that the motion does not
occur along the y = z line, affirming the non-satisfaction of the asymptotic stability

condition (2.11]) and thus confirming the absence of generalized synchronization.

The unpredictability analysis is conducted on the response system with the new cou-
pling value of ¢ = 0.60 and A, = 1.42. The distance values between the initial point

and y(t,) are 9; = 0.0500, do = 0.0497, 63 = 0.0494, and so on. The phase portrait
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Figure 4.9: Projection of response and auxiliary systems on (y, z) plane for e = 0.60

after transient regime.

of the response system, represented by red marks, is shown in Fig. (4.10). Since the
coupling € remains unchanged in the drive system, it is exactly the same as in section
M.4.1] Therefore, the phase portrait and unpredictability table from the previous sub-
section, shown in Fig. (4.8a)) and table (4.1), are still applicable for this analysis. It’s
essential to note that the sole difference between the response system in this section

and that in section 4.4.1]is the coupling constant.

The response system’s sequences of convergence and separation, along with the cor-
responding ¢,, values, are displayed in Table (4.4). This table comprises 165 time
points, with a final distance of 1455 = 0.0008 between y(0) and y(t145). The degree
of numerical unpredictability, c165 ~ 0.0006, is a sufficiently small value achieved
within the extensive simulation duration of ¢, = 500000. Therefore, the unpre-

dictability is confirmed based on the conditions outlined in Def. ().

The common sequences of finite convergence and divergence, as defined in Def. (3)),
are detailed in Table (4.5). This table contains 132 u,, values in the sequence of finite
convergence, and no common time moment is detected after v;ps in the sequence of
separation. The minimum relevant distance, d;ps = 0.0179, is comparatively larger
than in the previous unpredictability and complete synchronization of unpredictabil-

ity analyses. The degree of numerical synchronization, o™ = 0.013, is 3.6 times
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Figure 4.10: Phase portrait of response system for ¢ = 0.6. Red marks represent

(y(tn), §(tn))-

greater than the degree of numerical synchronization for the analysis above the thresh-
old, yet still less than one. Hence, delta synchronization of chaos is confirmed accord-
ing to Def. (3).

At e = 0.60, falling below the synchronization threshold of approximately € ~ 0.702
specified for the generalized synchronization analysis with the provided parameters
[75]], the delta synchronization of chaos is identified in the absence of generalized

synchronization.

Previous analyses in literature, such as [73.[75]], have explored chaos synchroniza-
tion and identified the critical coupling value in the Mackey-Glass system for this
phenomenon. In our study, we reproduced the results above the threshold as pre-
sented in Ref. [[75]] and demonstrated the coexistence of generalized synchronization
and complete synchronization of unpredictability. Existing literature predominantly
addresses synchronization types above the threshold [65,(73-76]. However, our re-
search shows the existence and detection of this phenomenon using the DSC method
below the threshold. Hence, our study verifies the synchronization of chaos through

unpredictability on both sides of the threshold.
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Table 4.4: Sequences of convergence t,, and divergence s, with d,, values for the

response system with € = 0.60.

n ty Sn On

1 1006 2823 0.0500
2 1017 3306 0.0497
3 1111 3340 0.0494
4 1409 3667 0.0491
5 1606 4384 0.0488
161 188812 178538 0.0020
162 219069 179205 0.0017
163 235464 179861 0.0014
164 238264 180461 0.0011
165 301502 180473 0.0008

4.5 Discussion

In this research, we’ve delved into chaos synchronization within Mackey-Glass time-
delay systems. Through investigating the unpredictability of both the drive and re-
sponse systems, we have substantiated the presence of chaos in both contexts. Our
exploration of the synchronization phenomenon has been carried out using the in-
novative DSC method, rooted in unpredictability analysis. The main novelty of our
work lies in uncovering synchronization in an area previously deemed unattainable by
traditional methods [[75]]. Notably, we’ve detected chaotic systems’ synchronization

for a coupling constant situated below the typical synchronization threshold.

Through adjusting the coupling constant beyond the synchronization threshold in uni-
directionally coupled Mackey-Glass systems, we observed alterations in the synchro-
nization properties of the model. Above the synchronization threshold, we noted
the simultaneous presence of generalized synchronization and complete synchroniza-

tion of unpredictability. Notably, even when the coupling approached the threshold
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Table 4.5: Common sequences of convergence u,, and divergence v,, with d,, between

drive and response systems € = 0.60.

n Up, Un On

1 1017 2332 0.0500
2 1738 2389 0.0497
3 1938 3710 0.0494
105 159340 310116 0.0188
106 167894 311753 0.0185
107 169829 312105 0.0182
108 172648 314333 0.0179
109 188812 - 0.0176
132 497535 - 0.0107

closely but still exceeded it, the DSC analysis identified the existence of complete

synchronization of unpredictability.

Our most significant finding emerges from the analysis below the synchronization
threshold, where generalized synchronization is not observed. In this domain, we’ve
demonstrated the presence of delta synchronization of chaos, a unique form of syn-
chronization that examines time sequences within the model. Consequently, the
threshold is no longer a prerequisite for chaos synchronization uncovered via un-
predictability. These results align with analogous findings in other models as docu-
mented in Refs. [[1 1,[22]], underscoring the potential of the DSC method to reveal syn-
chronization in the absence of generalized synchronization. However, whether there
exists a boundary for achieving synchronization through unpredictability remains an

open question.

To support our analyses and findings, we have included numerical details regarding

unpredictability and DSC, along with tables illustrating time sequences of conver-
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gence and separation. Our results show that both the drive and response systems
exhibit unpredictable behavior for all coupling constants, as evidenced by the de-
gree of numerical unpredictability. Above the threshold, strong degree of numerical
synchronization is observed, supporting the existence of complete synchronization of
unpredictability. However, below the threshold, the numerical characteristic shows a
substantial increase, signifying weaker synchronization and confirming the presence

of delta synchronization of chaos.

80



CHAPTER 5

MARKOVIAN NOISE-INDUCED DELTA SYNCHRONIZATION
APPROACH FOR HINDMARSH-ROSE MODEL

Synchronization’s importance spans to neural network studies, particularly in infor-
mation exchange among neurons within an ensemble [89-91]]. It has implications for
neurodegenerative diseases like Alzheimer’s and Parkinson’s, where abnormal syn-
chronization patterns in the brain have been noted [92,93]]. This underscores the ne-
cessity to comprehend and measure synchronization, offering potential applications

in both scientific inquiry and practical contexts.

Experimental evidence highlights how external currents can induce chaotic behavior
in neurons [94,95]. However, deterministic models often struggle to capture real-
world scenarios due to inherent external perturbations, termed noise. Previous studies
have shown that this noise can trigger synchronization in neural networks [96-101].
Our research delves into understanding noise-induced synchronization within individ-
ual Hindmarsh-Rose neurons, using innovative methods to explore this phenomenon

more comprehensively.

The Hindmarsh-Rose model comprises three differential equations that represent dis-
tinct aspects of a single neuron’s behavior. These equations relate to the neuron’s
membrane potential, the recovery variable that is responsible for fast ion transport,
and the adaptation current [77]. Extensive research has focused on this model, ex-

ploring diverse synchronization scenarios [83-83].

In the field of noise-induced synchronization, previous studies have primarily em-
ployed Gaussian white noise, as seen in Refs. [99-101]. This study, on the other

hand, takes a novel approach by investigating synchronization within the Hindmarsh-
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Rose model in the presence of Markovian noise. This extension of our research scope

provides a fresh perspective on the phenomenon of synchronization.

Noise terms based on Markov properties find a wide array of applications across di-
verse research domains [102-104]. In our study, we construct noise using Markov
chains, designed to adhere to the fundamental principles of Markov properties [[105-
107]). The specific methods used to generate these noise terms are detailed in Ref. [[108]],
which introduces the concept of Markov coefficients within Duffing-type equations.
This stochastic noise, derived through these methods, possesses a distinct and notable
attribute—unpredictability [[109]. This inherent unpredictability is characterized by
specific numerical features related to convergence and separation sequences, making
it particularly suitable for observing novel synchronization phenomena that cannot
be detected using Gaussian white noise. However, it’s important to note that the un-
predictability of Gaussian noise remains an open problem in the field. This inherent
unpredictability plays a significant role in our investigation of synchronization phe-

nomena within the Hindmarsh-Rose model.

This study introduces significant advancements in the study of Hindmarsh-Rose neu-
ral networks. It breaks from traditional studies that mostly employ Gaussian white
noise and explore generalized or identical synchronization [99-101]. Instead, it adopts
an innovative approach by incorporating continuous and unpredictable Markovian
noise in these systems, revealing synchronization phenomena through novel meth-

ods.

Notably, this research demonstrates the existence of delta synchronization of chaos
(DSC) in the absence of identical synchronization (IS), similar to other instances
where DSC occurs independently of generalized synchronization [|11}22,23]]. More-
over, it unveils complete synchronization of unpredictability past a specific threshold
of noise intensity, akin to synchronization observations triggered by certain coupling
constants in Mackey-Glass systems [23]]. These findings highlight the broad applica-
bility and importance of these synchronization discoveries. The findings and details
of this research, which is rigorously covered in the present chapter, have been pub-

lished in Ref. [24].
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5.1 Hindmarsh-Rose Model with Markovian Noise

The Hindmarsh-Rose neuron model characterizes the dynamics of a single neuron,
capturing phenomena such as spiking-bursting behavior and chaos. The model can

be described as follows [77]].

T=y—ar’ +bx® —2+1,
y':c—de—y’ 5.1

Z=r(s(x—x9) — 2),

where x is membrane potential, y is the recovery variable associated with the transport
of fast ions, sodium and potassium, and z is the adaptation current. a, b, c, d, r, s, g
are real constants. [ is the external current. The parameters are takenasa = 1,0 = 3,

c=1,d=>5,r=0.006,s =4, and xop = —1.6.

The system displays various bursting patterns as the parameter / is varied. The mem-
brane potential = exhibits spiking-bursting behavior, as depicted in Fig. (5.1I). At
I =1, the solution is stationary. As [ increases beyond 1, spiking-bursting behav-
ior is initiated. Periodic patterns are observed at / = 1.5 and [ = 2, while chaotic
dynamics emerge at / = 3 and I = 3.4. The system transitions back to a periodic

regime at [ = 4.

To depict the shift between periodic and chaotic dynamics, Fig. (5.2)) displays the bi-
furcation cascade of interspike intervals (ISI) concerning the external current /. The
ISI measures the time gap between consecutive spikes, excluding the transient regime.
Within the range I = (2.9, 3.4], irregular ISIs leading to chaos dominate, while pe-
riodic dynamics are evident before and after this interval. This study specifically

concentrates on the chaotic behavior observed at [ = 3.

5.1.1 Markovian noise

Let a Markov chain be given for n > 0 as follows

Xn-l—l =X, + @n ’ (52)
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Figure 5.1: Different bursting patterns of membrane potential = for various external

currents /.

with Xy = 0, and random numbers ©,, are defined as

—0.5, for X,, =5
©n =4 —0.50r0.5, forX, # —5o0r5 (5.3)
0.5, for X, = =5

Hence, the values of X, are confined within the interval [—5, 5] with a probability dis-
tribution given by P(©,, = 0.5) = P(0,, = —0.5) = 1 when X,, # —5, 5. The prob-
abilities at the boundaries are P(0,, = —0.5) = 1 and P(0,, = 0.5) = 1 for X,, =5
and X, = —b, respectively. Defining the state space as S = {sg,S1,...,521} =
{=5,—4.5,...,5}, the sequence conforms to a Markov chain with the Markov prop-

erty P(Xn+1 = Si|X0 .. Xn) = P(Xn+1 = 32|Xn) for S; € S and n > 0 | .
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Figure 5.2: Bifurcation diagram of ISIs vs external current /.

It’s important to note that the infinite realizations of the dynamics exhibit unpre-

dictability, as demonstrated in Ref. [109]].

Let p-type piecewise constant unpredictable functions be constructed through the
Markov chain X, such that p(t) = X,, for t € [hn,h(n + 1)). Fig. (5.3) depicts
the time evolution of p(t) for h = 0.001 and t = [0, 2].

0 0.2 0.4 0.6 0.8 1 12 1.4 16 1.8 2
t

Figure 5.3: Time evolution of p(t).

o-type piecewise functions can be derived from p-type functions, specifically using

the relationship o (t) = p*(t) + p(t). This function, determined by the Markov chain,
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is both discontinuous and unpredictable, as demonstrated in Ref. [13]].

presents the time evolution of o (¢).

30

25

20

Figure 5.4: Time evolution of o (t).

Consider the stochastic differential equation given by

Fig. (5.4)

(5.4)

where « is a negative number. It has been demonstrated that Eq.(5.4) possesses a

continuous, unpredictable, and exponentially stable unique solution denoted as O(t)

[147]. For our analysis, we will utilize the solution ~(¢) with initial condition v(0) =

0.6 and & = —3, which exponentially converges to the unpredictable function O(t)

[108]. The solution is illustrated in Fig. (5.5) for ¢ € [0, 50].

Given the specified parameters, the solution of Eq.(5.4) is utilized as noise in this

investigation. It’s important to note that Figs.(5.3)), (5.4), and (5.5)) provide snapshots

of p(t), o(t), and () in small-time intervals, primarily for illustrative purposes.
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Figure 5.5: Time evolution of the noise.

5.1.2 Uncoupled Hindmarsh-Rose neurons with Markovian noise

The uncoupled Hindmarsh-Rose equations with Markovian noise are expressed as

follows.

& =y — axi +bx? — z;+ I+ Dy(t),

U = ¢ —dx? —y;, (5.5)

Zi =r(s(x; — xo) — 2),
where ¢« = 1, 2 denotes systems one and two. The parameters are setasa = 1, b = 3,
c=1,d=>5r=0.006s =4, o = —1.6, and I = 3.0. Here, D represents
the noise intensity, and ~y(¢) is the Markovian noise generated as described in section

5.1.1L This same ~y(t¢) is employed as noise in Eq. (5.5) for ¢ = 1,2. The only

distinction between the two neurons lies in their initial conditions.

Synchronization is examined in the uncoupled systems based on the provided param-
eters. identical synchronization is identified through the analysis of synchronization

errors between the two neurons. The average error is calculated as follows.

() = (Vo =2 + (=) + (51— ) (56)

where (-) denotes a time average. (e) = 0 indicates that the neurons exhibit identical

synchronization. The phenomenon is further explored through the lens of unpre-

87



dictability. Def. (3)) is applied to the neurons, and the obtained results are compared

to identical synchronization.

5.2 Numerical Results

The uncoupled Hindmarsh-Rose neurons, governed by equation (5.5)), undergo simu-
lation with Markovian noise over the interval ¢ € [0, 10°]. In this context, throughout
the paper, the terms "neuron-1" and "neuron-2" refer to the instances where 7 = 1
and ¢ = 2 in equation (5.5). The synchronization errors corresponding to various
noise intensities are depicted in Fig. (5.6). This figure demonstrates that identical

synchronization is attained when D > 3, as indicated by e = 0 within this range.

| /“\
25/

m’ 15 \

0.5 |

Figure 5.6: Average errors for different noise intensities.

The unpredictability of neuron-1 and neuron-2 is evaluated using Def. (I) and Al-
gorithm (I). This involves employing a sequence of § values starting from 0.2 and

decreasing incrementally (0.199,0.198,...) with A = 6. Fig. (5.7) illustrates the

degrees of numerical unpredictability for different noise intensities.

Remarkably, the results depicted in Figs.(5.7a) and (5.7b) closely match each other,

indicating that both neurons consistently display sufficiently small degrees of unpre-

dictability across all noise intensities. Furthermore, the numbers of elements 7 in all

sequences t,, and s,, fall within the range of n = [109, 200] for all noise intensities.
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This confirms that unpredictability for both neurons is validated according to Def. ().
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Figure 5.7: Degrees of numerical unpredictability for different noise intensities.

To explore synchronization through unpredictability, we employ Def. (3) on both
neurons using Algorithm (2), maintaining consistent values for 0 and A as in the
unpredictability test. In Fig. (5.8)), the degree of numerical synchronization is depicted
for each D value. It is evident that small o values confirm synchronization, and the
number of elements n in the corresponding sequences ranges from 65 to 101 for
stochastic cases with low noise intensities [D. In contrast, in the deterministic case
where D = 0, the number of elements in these sequences is limited to n = 12, which

is insufficient to confirm synchronization.

Moreover, for D > 3.8, a, noticeably decreases, and the number of elements in
the sequences significantly increases, reaching values of n > 185 within this range.
Notably, the number of elements in the sequences of unpredictability matches those in
the sequences of synchronization for D > 3.8. Based on Def. (3), it can be inferred
that DSC exists for D < 3.8, while complete synchronization of unpredictability
occurs for D > 3.8. For a more in-depth analysis, we will concentrate on two specific

noise intensities;: D = 1and D = 4.7.

Let’s consider the case with D = 1. Unpredictability is indeed affirmed by the nu-
merical characteristics «v; = 0.0090 and as = 0.0085 for neuron-1 and neuron-2,
respectively. Table (5.1)) furnishes details regarding the initial and final elements of

the convergence and separation sequences. Tables (5.1a) and (5.1b) document the
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Figure 5.8: Degrees of numerical synchronization for different noise intensities.

instances of convergence and separation throughout the entire simulation time, which
spans t = 10°. However, a form of weak synchronization is apparent between the
two neurons, as indicated by Table (5.2). This table reveals that the sequences of
finite convergence and separation consist of only 65 elements, adequate for demon-
strating synchronization but not robust synchronization. The numerical degree of
synchronization is oy = 0.023. Hence, it can be inferred that the neurons exhibit

delta synchronization of chaos, as outlined in Def. @)

Unpredictability for D = 4.7 is confirmed through the numerical degrees of un-
predictability, yielding &; = a» = 0.0017 for neuron-1 and neuron-2. Table (5.3))
provides details regarding the initial and final elements of the convergence and sepa-
ration sequences. There are 191 elements in the sequences, which are listed in Tables
(5.34) and (5.3b)) for both neurons. These sequences span the entire simulation du-
ration, suggesting that extending the simulation further would result in even larger
sequences. With these observations and the substantial simulation time, it is estab-

lished that Def. (I)) holds true for both neurons.

Table (5.4) provides the moments of convergence and separation for the synchroniza-
tion analysis of both neurons. A comparison between Tables (5.3) and (5.4) reveals
that all elements within them are identical. Considering this, along with the fact that

as = 0.0017, it can be concluded that a stronger form of synchronization exists,
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Table 5.1: Sequences of convergence and separation at ) = 1 for unpredictability

analysis.
n th Sn, On n tn Sn On
1 10115 10  0.200 1 10114 10  0.200
2 11695 20 0.199 2 11695 20 0.199
3 14673 32 0.198 3 14502 31 0.198
4 17222 42 0.197 4 17722 42 0.197
5 19254 53 0.196 5 19537 53 0.196
143 857496 1506 0.058 146 889607 1550 0.055
144 884036 1518 0.057 147 910979 1561 0.054
145 896628 1529 0.056 148 914535 1571 0.053
146 953966 1540 0.055 149 938866 1582 0.052
147 962762 1550 0.054 150 982731 1592 0.051
(a) Neuron-1 (b) Neuron-2

specifically, complete synchronization of unpredictability.

The occurrence of synchronization induced by noise has been thoroughly investi-
gated in the realm of Hindmarsh-Rose neurons, with a predominant focus on Gaussian
white noise, as evidenced in references [[83,99H101]. These inquiries have unveiled
that Gaussian noise prompts identical synchronization among Hindmarsh-Rose neu-
rons. Nevertheless, there has been a conspicuous lack of research thus far employing

Markovian noise to explore synchronization within Hindmarsh-Rose neural systems.

Nevertheless, our numerical findings indicate that synchronization can indeed be in-
duced by Markovian noise, resulting in both identical synchronization and DSC. In
the case of identical synchronization, the phenomenon between both neurons be-
comes evident beyond a certain threshold of noise intensity. This suggests that syn-
chronization is not immediately apparent when examining the synchronization error

right after the introduction of noise into the system. However, in alignment with pre-
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Table 5.2: Sequences of finite convergence and separation at ) = 1 in synchroniza-

tion analysis.

n Up, Un On

1 10302 10 0.200
2 17722 22 0.199
3 39972 32 0.198
4 43708 45 0.197
5 55483 57 0.196
61 864683 713 0.140
62 870097 725 0.139
63 907934 736 0.138
64 914535 750 0.137
65 972672 761 0.136

vious studies that have compared DSC to generalized synchronization [11,[22} 23],
our results demonstrate that synchronization can be identified through unpredictabil-

ity analysis.

Specifically, DSC starts to manifest itself following the application of Markovian
noise. This intriguing discovery implies that the synchronization phenomenon oc-
curs in a domain where identical synchronization is not present. Furthermore, our
results unveil another notable insight: complete synchronization of unpredictability,
representing a more robust form of synchronization, emerges in the vicinity where

identical synchronization begins to occur.

Essentially, our study introduces two innovations. First, it pioneers the use of Marko-
vian noise as a novel tool for exploring synchronization in Hindmarsh-Rose neural
systems. Second, it reveals the presence of synchronization in domains where con-
ventional methods fail to detect it, thus enhancing our understanding of synchroniza-

tion phenomena within these neural systems.
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Table 5.3: Sequences of convergence and separation for D = 4.7

n tn Sy, O, n th Sy, On
1 10372 10 0.200 1 10372 10 0.200
2 12052 20 0.199 2 12052 20 0.199
3 13734 30  0.198 3 13734 30 0.198
4 15296 40  0.197 4 15296 40  0.197
5 16845 50 0.196 5 16845 50 0.196
187 884876 1880 0.014 187 884876 1880 0.014
188 930712 1890 0.013 188 930712 1890 0.013
189 944907 1900 0.012 189 944907 1900 0.012
190 957918 1910 0.011 190 957918 1910 0.011
191 979328 1920 0.010 191 979328 1920 0.010
(a) Neuron-1 (b) Neuron-2

5.3 Discussion

This research delves into the complex domain of synchronization phenomena within
uncoupled Hindmarsh-Rose systems. It introduces a novel approach by employing
continuous and unpredictable Markovian noise on both neurons, resulting in several

noteworthy findings and contributions.

In the absence of noise, the deterministic system lacks any synchronization. How-
ever, the introduction of Markovian noise induces synchronization, and its strength
escalates with increasing noise intensities. Expanding on previous studies that have
investigated identical synchronization induced by Gaussian white noise [83,99-101],
this research reaffirms similar synchronization patterns when Markovian noise is ap-

plied to the neurons.

What distinguishes this research is the discovery that synchronization can manifest in

regions where traditional methods, such as generalized and identical synchronization,
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Table 5.4: Common sequences of convergence and separation for D = 4.7

n Up, Un On

1 10372 10 0.200
2 12052 20 0.199
3 13734 30 0.198
4 15296 40 0.197
5 16845 50 0.196
187 884876 1880 0.014
188 930712 1890 0.013
189 944907 1900 0.012
190 957918 1910 0.011
191 979328 1920 0.010

are unable to detect it. This intriguing phenomenon, in line with our previous findings
in other dynamical systems [11,22, 23], is also observed in Hindmarsh-Rose neurons.

Within these regions, the neurons demonstrate delta synchronization of chaos.

Numerical analyses illuminate the existence of unpredictability in the neurons across
all noise intensities. Crucially, synchronization arises as a consequence of noise. Dif-
ferent levels of noise intensity lead to various synchronization types of unpredictabil-
ity. Lower intensities give rise to delta synchronization, while higher intensities result
in complete synchronization of unpredictability—a more robust form of synchroniza-

tion.

To gain a more profound understanding, the study analyzes two specific noise in-
tensities: D = 1 and D = 4.7. In the case of D = 1, a portion of the sequences
in the unpredictability analysis displays synchronization, indicating a weak form of
synchronization known as delta synchronization of chaos. Conversely, for D = 4.7,
all elements of the sequences of convergence and separation synchronize through-
out the simulation. Thus, complete synchronization of unpredictability is confirmed,

representing a more robust form of synchronization. These findings are supported
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by numerical degrees of synchronization, providing the evidence of synchronization

between stochastic neurons.

In summary, this study not only introduces a pioneering approach using Markovian
noise to examine synchronization in Hindmarsh-Rose neural systems but also reveals
synchronization phenomena in regions that traditional methods fail to capture. It
advances our comprehension of synchronization by showing various synchronization

types induced by different noise intensities in the presence of Markovian noise.
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CHAPTER 6

CONCLUSION

Unpredictability is the core of the analyses covered in this thesis. It characterizes a
chaotic behavior with sequences of convergence and separation. While the former
explains the recurrence in the dynamics by indicating the Poisson stability, the latter
describes the Lorenz sensitivity. The theory was constructed in Ref. [[12], and has
been applied to various models. The method requires a single trajectory to explain
sensitivity and confirm chaotic motion. Hence, chaos stems from a single function,
expanding the range of possibilities beyond equilibrium, periodic, quasi-periodic, al-
most periodic, recurrent functions, and Poisson stable motion to include unpredictable
motion as a novel element. Particularly, this type of chaotic motion is called Poincaré

chaos.

Numerical investigation of unpredictability is conducted by exploring the conver-
gence and separation sequences in a sufficiently long simulation after the transient
regime of the dynamics. The sequence of convergence includes the moments when
the trajectory passes close to its initial point with a distance J. This distance gets
smaller at each iteration, indicating that the motion is Poisson stable. The time values
in the sequence, covering the entire simulation, imply that prolonging the simulation
assures convergence. In the sequence of separation, two trajectories starting from the
convergence time and initial state are analyzed. The moments when both trajectories
separate from each other with a distance A are recorded in the sequence of separation.

The sensitivity in the dynamics is revealed by the existence of these sequences.

The theoretical background of unpredictability, as detailed in Ref. [[12]], is thoroughly
explained. Additionally, the numerical implementation, utilizing an algorithm for

finding the sequences of convergence and separation, is discussed. The algorithm pre-
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sented in this thesis is general and can be applied to most dynamical systems. In this
study, it is tested on partial, delay and ordinary differential equations. To determine
the existence and strength of unpredictability, a numerical degree of unpredictability

is introduced and applied in all analyses of this study.

The synchronized behavior of chaotic systems can be identified by analyzing the com-
mon sequences of convergence and separation, a phenomenon we term delta syn-
chronization of chaos. In contrast to other synchronization methods which focuses
on fully synchronized motions, such as generalized synchronization, delta synchro-
nization reveals unison patterns in the dynamics. This is achieved by examining the

characteristic time values of unpredictability.

The finite sequence of convergence records time values when trajectories simulta-
neously pass near their initial state, with the distance between them decreasing at
each iteration. Conversely, the common sequence of separation includes time values
when trajectories, starting at convergence time, simultaneously diverge from their
initial state. These common characteristic time values of unpredictability effectively

demonstrate the synchronized patterns of the systems.

Complete synchronization of unpredictability is achieved when the distance to the
initial state converges zero in a sufficiently long simulation. In this scenario, the
sequences have more elements, with the number of elements approaching that of
the sequences in unpredictability analysis. To infer the existence and strength of
synchronization, a numerical degree of synchronization is introduced and applied

across all models in this thesis.

The delta synchronization method is defined, and the algorithm for its application
is presented. Tables containing the sequences of delta synchronization are provided
in the models presented in this thesis, along with necessary comparisons to other
methods in the literature. Particularly, generalized synchronization with auxiliary

systems approach and identical synchronization is utilized for comparison.

Identical synchronization examines chaotic systems that are identical (or nearly iden-
tical) but initiated with different initial conditions. Synchronization is achieved if the

difference between the drive and response systems’ solutions is zero after the transient
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time. On the other hand, generalized synchronization examines the synchronization
of nonidentical chaotic systems. It is achieved if the asymptotic stability condition is
satisfied after the transient regime. The auxiliary systems approach is utilized in the
analyses presented in this thesis. With this approach, the synchronization between the
response system and the auxiliary system ensures the synchronization of the drive and
response systems. The auxiliary system is identical to the response system, differing

only in initial conditions.

In the first model [[11], we analyzed a gas discharge semiconductor system that com-
bines gas discharge with a high-ohmic semiconductor barrier for the synchronization
of chaos. A one-dimensional fluid model is constructed using the drift-diffusion ap-
proximation. This model considers only electrons and ions as plasma species, referred
to as a simple fluid model, and focuses on ionization processes occurring in regions
with weak electric fields within the discharge gap. The fluid equations and modeling

are comprehensively described.

The transition of the gas discharge semiconductor model from regular periodic be-
havior to fully chaotic states in subnormal oscillations is demonstrated. The chaotic
region is considered for synchronization analysis within a defined parameter regime.
Drive and response systems are constructed such that the discharge potential of the
drive system is supplied to the response system as a perturbation with a constant mul-
tiplier. In the literature, it is concluded that there is no generalized synchronization for
the same coupled systems [53]]. Similarly, the absence of generalized synchronization

is demonstrated using the auxiliary systems approach.

Unpredictability is confirmed in both drive and response systems by applying Algo-
rithm ((I). The numerical degrees of unpredictability are small numbers for both sys-
tems, approximately o ~ 0.0011 for the drive system and o ~ 0.003 for the response
system. The delta synchronization analysis demonstrates that approximately 1/3 of
the unpredictability sequence is synchronized, with a degree of numerical synchro-
nization o*¥"¢ ~ 0.046. The outcomes are supported by figures, tables and numerical

characteristics of unpredictability and delta synchronization.

The results reveal a synchronized pattern in gas discharge semiconductor systems,

detectable by delta synchronization methods. However, conventional methods such
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as generalized synchronization, which focus on fully synchronized dynamics, fail to
detect this pattern. It is important to note that similar results are observed in the same
system modeled with local mean energy [22], considering a more realistic modeling

approach that better aligns with experiments.

The second model studied in this thesis is the Mackey-Glass system [23]]. It consists
of a delay differential equation in which the delay time defines the transition from
periodic regimes to chaos. This transition is comprehensively investigated in this
study. For a given parameter regime, the delay time is used as a control parameter,
and the emergence of new periods is demonstrated by adjusting this parameter. It is
demonstrated that the formation of an inflection point corresponds to a new period.

The transition is also depicted via a period-doubling bifurcation diagram.

By using the solution of the drive system as a perturbation in the response, synchro-
nization of chaos is examined for unidirectionally coupled Mackey-Glass systems.
The auxiliary system is constructed as a copy of the response system with different
initial conditions. Both the drive and response systems exhibit unpredictability for

different values of the coupling constant.

Varying the coupling constant change the synchronized behavior of the systems.
Thus, a threshold for the coupling constant is defined in the literature [65,/73-76]]. In
a similar manner to the literature, it is demonstrated that generalized synchronization

exists above the threshold and it is absent below it via the auxiliary system approach.

Applying the delta synchronization method to the model shows that complete syn-
chronization of unpredictability coexists with generalized synchronization. The cou-
pling constant is taken near the threshold, as larger values imply coexistence with
increased strength of synchronization. The number of elements in the sequences of
unpredictability and synchronization is close to each other. The numerical degree of

synchronization is o*¥" = 0.0036.

The main novelty of the study lies in the analysis of synchronization below the thresh-
old, where generalized synchronization does not exist. The coupling constant is taken
relatively far away from the threshold since close values already imply synchroniza-

tion. The existence of delta synchronization is confirmed with the degree of numerical
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synchronization o*¥"¢ = (0.013, which is 3.6 times larger than the value in the above-
threshold analysis; thus, it shows weaker synchronization. Hence, the synchronized

patterns are detected via the delta synchronization method when other methods fail.

The final model discussed in this thesis is the Hindmarsh-Rose neural network [24].
This model elucidates the dynamics of a single neuron characterized by spiking-
bursting behavior, with synchronization being attributed to the communication be-
tween neurons. By manipulating the external current as a control parameter, the
model exhibits both periodic and chaotic membrane potential patterns. The transi-
tion between chaotic and periodic dynamics, and vice versa, is illustrated through the

bifurcation diagram of interspike intervals.

The study explores noise-induced synchronization in the uncoupled Hindmarsh-Rose
model. While Gaussian white noise is typically employed in the literature for such
analyses, we construct Markovian noise based on Markov chains, utilizing unpre-
dictable functions. This choice stems from the unpredictability inherent in the final
function used as noise. The stochastic construction of the model with Markovian

noise is elaborated upon in detail.

By holding all parameters constant, except for the noise intensity, we observe diverse
synchronization patterns and dynamics as the noise intensity serves as a control pa-
rameter. At higher levels of noise intensity, neurons exhibit identical synchronization,
a phenomenon detected through the time average of an error function. The presence
of unpredictability across all domains of noise intensity is demonstrated for both neu-

rons through the numerical degree of unpredictability.

The application of the delta synchronization method to the model reveals that syn-
chronization initiates immediately after the introduction of noise, and neurons be-
come synchronized irrespective of noise intensity. This is evidenced by the numerical
degree of synchronization consistently observed across all noise intensities. In the
deterministic case, or when noise intensity is absent, the sequences exhibit an insuffi-

cient number of elements, failing to span the entire simulation.

By analyzing both the number of elements in the sequences and the numerical de-

gree of synchronization, we deduce the existence of delta synchronization for lower
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noise intensities, while complete synchronization of unpredictability is observed for
higher noise intensities. To provide further insight into the results, we concentrate
on two specific noise intensities: one below and one above the threshold for identical

synchronization.

Below the threshold, we illustrate that unpredictability sequences are partially syn-
chronized, covering the entire simulation. The numerical degree of synchronization
is small enough to signify delta synchronization. In contrast, above the threshold,
all members of unpredictability sequences are synchronized, and the numerical de-
gree of synchronization is significantly smaller, indicating the presence of complete

synchronization of unpredictability.

In conclusion, this thesis introduces a method of delta synchronization grounded in
unpredictability and applies it to various dynamical systems [11,22-24]. The results
demonstrate that delta synchronization successfully detects synchronized patterns in
domains where conventional methods fail to do so. Additionally, it is observed that
complete synchronization of unpredictability coexists with conventional methods in

approximately the same domains.
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