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DEVELOPMENT OF
ARBITRARY LAGRANGIAN - EULERIAN ALGORITHM
FOR COMPRESSIBLE FLOW PROBLEMS

SUMMARY

With the increasing computer power, CFD have become the main part of the design
phase in industry. To design novel geometries and to estimate the aerodynamic forces,
RANS equations are widely used to simulate flow around a body. Even there are
increasing attempts to coalesce RANS solutions to design optimization. Therefore,
robust and accurate RANS solvers are required.

In this study, we extend the capabilities of in-house HEMLAB solver with Arbitrary
Lagrangian-Eulerian approach to deal with moving and deforming boundaries. The
fluxes due to grid motion is calculated in accordance with the Discrete Geometric
Conservation Law. In the scope of this thesis, HEMLAB algorithm is integrated
with anisotropic mesh adaptation library pyAMG. The interface between pyAMG
and HEMLAB is designed in order for pyAMG to project adapted surface mesh onto
original one. By this way, we ensure to preserve the geometry. In addition, residual
smoothing is applied. HLLC and Roe scheme is used in the simulations. To enhance
the convergence and effectivity of preconditioner, we scaled the equations in order to
have eigenvalues lower than unity.

We approved the algorithm on 2D heaving and pitching airfoil cases which is proposed
under HIOCFD4 Workshop. In this problem, RANS equations are solved on rigidly
moving meshes. Then, S76 main rotor configuration is assessed in hover. Firstly, Euler
equations are solved for rotor analysis while applying anisotropic mesh adaptations.
Effect of differrent sensor functions are assessed. Entropy and Mach sensor functions
are used. Entropy sensor function captures the wake layer, providing an advantage
in terms of prediction of drag coefficient. Generally, we can say that the application
of mesh refinement is beneficial to simulate complex flows because the refinement of
wake and tip vortices are promising. Also, RANS equation is solved on a fix mesh
without using Adaptive Mesh Refinement.
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SIKISTIRILABILIR AKISLAR ICIN
KEYFI LAGRANYEN EULERYEN ALGORITMA
GELISTIRILMESI

OZET

Endiistrilesme ile baglayan teknoloji hareketi sonucu diinyada teknik ve bilimsel
bir ¢ok konuda atilim yasanmigtir. Bu atilimlar sonucu insanoglu goziinii
semaya dikmis ve kuslara O0zenmistir.  Ancak ¢ok Onemli bir problem halen
daha Oniimiizde durmaktadir. Hava araglarinin tasarimi i¢in ara¢ etrafindaki hava
hareketinin anlasilmasi gerekmektedir. Bu c¢ok diisiik hizlarda ve diisiikk hiicum
acilarinda potansiyel akis denklemleri yardimiyla kolayca halledilebilirken artan
teknoloji ile birlikte hava aracinin hizinin da artmasiyla ve daha ekstrem kosullarda
calisabilecek tasarimlar yapmak amaciyla, incelenmesi gereken hava akis fenomeni de
karmasiklasmistir. Daha genel halde Navier-Stokes denklemleri ile yonetilen akiskan
fizigini, bu denklemleri analitik olarak ¢cdzmek imkansiz oldugundan (en azindan
simdiye kadar), anlamak icin niimerik yontemler kullanilmaktadir. Bu yodntemler
biitiiniine Hesaplamali Akigkanlar Dinamigi (HAD) denilmektedir. Yillar icerisinde
gelisen bilgisayar teknolojisi ile bu yontemler de yayginlagsmig ve gelistirilmeye devam
edilmistir.

Ik olarak Euler denklemleri coziilerek baglamilmis ve 20 yil icerisinde RANS
denklemlerinin ¢6ziilebilmistir. Su anda ¢ok daha yogun ag yapilan iizerinde DES,
LES ve DNS c¢oziimleri yapabiliyor olsak da RANS denklemleri endiistriyel uygulama
alaninda halen popiilerligini siirdiirmektedir. Bu calismada da RANS denklemleri
hareketli aglar iizerinde ¢oziilecektir.

Bu calismada daha Onceden gelistirilmis bir algoritma olan HEMLAB c¢oziiciisii,
hareketli ag yapilar1 iizerinde calisacak sekilde Keyfi Lagranyen-Euleryen(ALE)
yaklagimla genisletilmistir. ALE yaklagiminda hareketli sinir yiizeylerde Lagranyen
yaklasimla ag noktalar1 yiizey hareketini takip ederken bu hareket akigkan alani
icerisine ag yapisimi fazla deforme etmeyecek sekilde iletilmektedir. Bu sekilde
akigkan alanindaki noktalar tam olarak Lagranyen bir hareket yapmamakta ancak
Euleryen olarak uzayda sabit bir koordinatta da kalmamaktadir. Dolayisiyla bu
yonteme Keyfi Lagranyen-Euleryen denilmesi bundan ibarettir.  Bu calismada
uygulandig1 haliyle ALE yaklasimi sadece tasinim terimlerine ek olarak bir ag hizi
terimini ilave etmektedir ve integral formulasyonda bu terime baglh olarak ek bir aki
hesab1 ortaya ¢ikmaktadir. Bu formiilasyonun en biiylik avantaji viskoz aki terimlerinin
ve uzaydaki tiirevlerin degismemesidir.

Bahsi gecen HEMLAB coziiciisii, nokta-tabanli bir sonlu hacimler yodntemi
uygulamaktadir. Kullandig1 6zel bir veri yapisi sayesinde, Onbellekdeki verileri
etkin bir sekilde kullanmakta ve bu da algoritmay1 hizlandirmaktadir. HEMLAB
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coziicisiinde Euler ve RANS denklemleri yardimiyla sikistirilabilir akig problemleri
coziilebilmektedir. RANS denklemlerinde tiirbiilans modeli olarak tek denklemli
Negatif Spalart-Allmaras tiirbiilan modeli kullanilmaktadir. Tiirbiilans modeli ile
korunum denklemleri tam bagdasik bir sekilde ¢oziilmektedir.

Viskoz akilar Green-Gauss yontemiyle hesaplanmaktadir. Temel degiskenlerin
tiirevlerinin ¢cok daha pratik hesaplari olmasina karsin bu yontemin kullanilmasinin
birka¢ nedeni bulunmaktadir. Oncelikle bu yontem tek-¢ift ayrismaya (odd-even
decoupling) yol agmamaktadir. Ayrica bu yontemle Jakobyen tam bir sekilde elde
edilmis olup bu da algoritmay1 daha giirbiiz hale getirmektedir. Dolayisiyla daha
yiiksek CFL sayilarinda algoritmanin calismasina imkan saglamaktadir.

Tasimim akilarimin ayriklastirilmasi icin Roe, HLLC ve AUSM™ —up aki semalar
kullanilmaktadir. Bu semalar ¢alisma kapsaminda hareketli aglar i¢in genigletilmistir.
Roe yonteminde Jakobyen matrisi analitik olarak da hesaplanabilirken her ii¢
yontem i¢in de Tapenade yazilimi kullanilarak hazirlanmig otomatik tiirev rutinleri
kullanilabilmektedir.

Daha once belirtildigi iizere tasinim akilarinda hareketli aglarin ek bir terimi
bulunmaktadir. Bu terimin hesaplanmasi adina Ayrik Geometrik Korunum Yasasi
(DGCL) ad1 verilen bir yontem uygulanmaktadir. Bu yontemde bir hareketli yiizeyin
akis1 o ylizeyin zaman icerisinde taradigi hacimle belirlenmektedir. Sikistirilamaz
akislarda DGCL, kiitle korunumunun makine hassasiyetinde saglanmasi i¢in gerekli
iken sikistirilabilir akiglarda boyle bir rolii yoktur. Ancak literatiirde belirtildigi tizere
sikigtirilabilir akislarda ALE yonteminin kararliligi ile yakindan ilgilidir.

Yiiksek mertebeden tiirevler icin her ag noktasi iizerinde korunumlu degiskenlerin
tiirevleri hesaplanip Taylor serisi yardimiyla arayiizlere interpolasyon yapilmaktadir.
Bu yontemdeki tiirevler en kiiciik kareler metoduyla hesaplanmaktadir. Ayrica eger
tercih edilirse agirlili en kiiciik kareler yontemi de kullamilabilir.  Ancak kuvvet
katsayilarinin yakinsamasi diisiiniildiigiinde interpolasyon yaparken en kiiciik kareler
kullanilmas1 daha uygundur. Taylor serisi kullanarak tiirevler ile interpolasyon
yapilirken tiirevler cok yiiksek oldugunda ve ag rezoliisyonu bu yiiksek tiirevler
kompanse edebilecek kadar yeterli olmadiginda ¢6ziimde osilasyonlar ortaya
cikmaktadir. Hatta bu osilasyonlar ¢oziimii iraksatabilmektedir. Bunun Oniine
gecilebilmesi adina Venkatakrishnan limitleyicisi Wang modifikasyonu ile birlikte
kullanilmaktadir.

Ortaya cikan lineer-olmayan denklem takimi, Newton iterasyonulari vasitasiyla
lineerlestirilip ¢oziilmektedir ancak bu yontem yeterince kiiciik zaman adimlarinda
uygulanabilir oldugundan Ikili Zaman Adim1 ad1 verilen bir yontem uygulanmistir. Bu
yontemde her fiziksel zaman adimi, sahte zaman adimlarina boliinerek bu sahte zaman
adimlarinda denklem daimi hale erisiyormus gibi ¢oziim yapilmaktadir. Matematiksel
acidan ise matrisin diyagonaline bir terim eklenmektedir. Ve bu terim CFL sayisina
bagl olarak hesaplanmaktadir. Fakat bu yontemin de bazi kusurlar1 vardir. Bunlardan
en Onemlisi denklemin sag tarafi ile Jakobyeni uyumsuz yapmasidir ki bu nedenle
diisik CFL sayilarinda yakinsama yavaglamaktadir. Bundandir ki bdyle yontemlere
yari-Newton iterasyonu denmektedir. Bu yakinsama problemi Artan Diizgiinlestirme
uygulanarak bir nebze olsun giderilebilmektedir. Bu yontemde denklemin sag
tarafindaki eksik terim bir yaklasimla hesaplanip eklenmektedir.
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Ayrica bu calisma kapsaminda rotor etrafindaki akis coziiliirken isotropik olmayan
ag adaptasyonu kullanilacaktir. HAD coziimlerinde ¢oziimiin ag yapisina olan
baglilig1 detaylica incelendiginden apriori yontemlerle ag yapist olusturmas: cok
pahali olabilmektedir. Ayrica ag adaptasyonu yapmak istenilen fiziksel durum igin
optimal bir ¢6ziim sunabilmektedir. Bunlardan dolay1 pyAMG kiitiiphanesi HEMLAB
coziiciisiine entegre edilerek ag adaptasyonu uygulanmaktadir.

Anlatilan bu yontemlerin uygunlugu bir 2-boyutlu problem iizerinde test edilmistir.
Bu problem NACA 0012 profilinin hem dikey dogrultuda hem de rotasyonel hareket
ederkenki durumunu baz almakta olup Yiiksek Mertebeden Hesaplamali Akigkanlar
Dinamigi Calistayinda 6nerilmistir. HEMLAB ¢oziiciisiiniin sonuglart ile bu ¢alistayda
elde edilen sonuglar iyi bir uyum sergilemektedir.

Son olarak tezin ana odak noktalarindan biri olan S76 helikopterinin ana rotoru
etrafindaki akig incelenmistir. Bu problem i¢in 3 adet simiilasyon gerceklestirilmistir.
Bu simiilasyonlarda aki semas: ve farkli adaptasyon fonksiyonlar1 test edilmistir.
Entropi sensorii iz bolgesini de yakalayabildiginden siiriikleme tahmininde fayda
saglayacagi diisiiniilmektedir. Ancak bu sensor potansiyel akis bolgelerinde ag
yapisinin ¢ok gevsek istiflenmesini saglamaktadir. Mach sensorii ise bu bolgelerde
entropiye kiyasla daha iyi sonuclar vermektedir. Ayrica bu calismada Roe semasi ve
HLLC semas: arasinda rotorun ug¢ bolgesinde bir fark oldugu gozlemlenmigtir. Bu
farktan dolay1 Roe ile elde edilen ¢oziimde Harten entropi diizeltmesi artirilarak sonug
elde edilebilmistir. Genel olarak goriilmiistiir ki ag adaptasyonu uygulamasi kanat ucu
vortexleri ve iz bolgesinin yakalanmasi adina iyi bir opsiyon saglamaktadir.

Ayrica son kistmda S76 rotoru etrafindaki akis RANS denklemleri yardimiyla
coOziilmiistiir. Bu analizde ag adaptasyonu uygulanmamustir.
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1. INTRODUCTION

After the industrialization of the world, humankind have gone further in amount that
had never been seen in the world. As a consequence of this period, people designed
and produced numbers of tools either to make life easier and protect humankind against
difficulties or to destroy other nations. Whatever purpose is behind the development of

high technology, people are now at the edge of science and engineering.

The demand for aerial applications of science and engineering emerged in this kind of
athmosphere. Initially, fundemental understanding of Aerodynamics was constructed
by great minds of history: Ludwig prandtl, Blasius, Theodore Von Karman and their
friends and students. However, the mistery behind the Navier-Stokes equations still
preserves its state. Firstly potential flow solutions are prepared and used to design
airfoils. These solutions includes Prandtl’s Lifting Line Theory, Vortex Lattice Theory
and many others. They are now very easy and practical to implement and they are still

very beneficial to be exploited in design optimization algorithms [5].

However, with the increasing power of computer technology, we became able to do
much more than potential codes because it is hard to take viscous and nonlinear effects
into account with the potential codes. In addition, flow around complex shapes can not
even be solved with these tools. On the other hand, CFD tools have these capabilities.
However, when CFD first appeared, computer memories were not sufficient to handle
high numbers of data. It is stated in [6] that CFD solvers were capable of solving 1
million nodes in the 1990s and 64 million mesh points in the 2000s. Nowadays, the
number is getting closer to 1 trillion mesh points. Therefore, CFD tools have become

the main tool in the design phase of a vehicle.

There are several methodologies in CFD to solve Navier-Stokes equations. With the
order of increasing complexity and decreasing applicability, they can be listed as Euler
simulations, Reynolds Averaged Navier-Stokes simulations, Large Eddy Simulations,
Detatched Eddy Simulations and Direct Numerical Simulations. In the 1980s, 3D

Euler equations started to be solved by using CFD techniques and the solution of 3D
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RANS equations followed it in the 1990s [6]. Today, RANS is widely used in practical
applications because it provides sufficient amount of information, not including some
details about the turbulence. It is not as naive as the Euler simulations however it is
not as detailed as the LES, DES and DNS. Since LES, DES and DNS requires much
more computer power and time for now for especially complex geometries, RANS
appears as the best choice in order to simulate flow around a complex body and obtain

information about flow physics.

In this study, an existing algorithm, HEMLAB Solver, is extended to handle with
moving boundary problems. An Arbitrary Lagrangian-Eulerian algorithm is developed
for compressible RANS equations. The developed algorithm is tested on 2D validation
cases that are proposed under High Order CFD Workshop and It is utilized to solve flow
field around S-76 main rotor that is proposed under AIAA Rotorcraft hover Prediction
Workshop. To solve flow around the rotor, an anisotropic mesh adaptation strategy is

exploited, which is provided by pyAMG library [7].

1.1 Literature Review For The Rotor Problem

The hover performance of a helicopter is key to the efficiency of its rotor system. In
this respect, some preliminary methods such as Blade Element Theory, Blade Element
Momentum Theory, Free and Prescribed Wake methods were developed to quickly
analyze the hover performance. Although these methods are very fast, they do not
directly take the viscous and nonlinear effects into account and are not applicable
to complex geometries because of the simplifications made in these methods. On
the other hand, CFD tools have high reliability and can calculate complex flow
properties on complex geometries, although they require very high computational

times compared to the simple theories mentioned above.

Since the flow-field around a rotor includes sharp velocity gradients, vorticities,
complex phenomenas, such as vortex-blade interaction and shock waves, and since
the rotors may have complicated geometries, CFD usage becomes inevitable for these
types of analysis. Even if CFD tools have sufficient capabilities to capture these
types of complex flow behaviours, it is still difficult to thoroughly capture tip vortices.
Because the regions where the tip-vortices occur in the flow-field requires very fine grid

structures. As stated by Chaderjian, the wake grid resolution has a vital importance to
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capture tip vortices and, also, the grid resolution of the region under the rotor identifies
the dissipation location of the wake shear layer [8]. Unfortunately, tip vortices has
certain effects on the in-flow ratio of a rotor. Therefore, thorougly capture of the
tip-vortices is a must for designer to correctly predict the thrust and power values
of helicopter. Thankfully, CFD tools have been continuously being improved due to
the developments in the field of computer science and the parallel clusters. They can
now perform calculations on larger computational grids with lesser computational time
than in the early years of CFD. It is stated in the Ref. [9] that flow solvers were able to
conduct solutions on 1 million mesh points in the 1990s and on 64 million mesh points
in the 2000s and, in recent years, they have reached the capability to work on grids with
several hundred million mesh points. In addition, some advanced techniques such as
Adaptive Mesh Refinement(AMR) can be used instead of creating very fine mesh at
the beginning, allowing CFD tools to correctly simulate flow properties with minimum

mesh element numbers.

S-76 helicopters have attracted attention to be utilized in experimental and CFD
studies due to their commercial purposes since their first development in 1977. Thus,
numerous data sets about the helicopter were produced both by experimental studies
and, in relation to that, by CFD analysis. In this section, firstly some of the CFD studies

and, then, some experimental studies are explained briefly.

One of the CFD studies is Chaderjian’s study Ref. [8]. In this study, the author gives
some important perspectives about the physics of the flow around the rotor and explains
how this physics can be captured by CFD tools. Chaderjian performed the analysis
for the Bell-Boeing V-22 Osprey tiltrotor and the UH-60 Blackhawk helicopter rotor
via OVERFLOW CFD code. Then the results are interpreted comparing to the
experimental data. An important result from the study states that the wake grid
resolution has vital importance to capture tip vortex structures. Besides, the refined
region under the rotor identifies the dissipation location of the wake shear layer if

Adaptive Mesh Refinement (AMR) procedure is not used.

Another study was conducted by Jain [10] for the 1/4.71 scale S-76 rotor geometry
by using the HELIOS CFD code. The study investigated the rotor hover analysis
for different rotor tip Mach numbers and different tip shapes such as swept-tapered,

rectangular, and swept-tapered-anhedral tips. As well as the effects of various



turbulence models that are the SA and the Shear Stress Transport (SST) models, the
hub and coning effects were examined. The results imply that coning and hub have
very little impact on figure of merit (FM) calculation. And at the Mach number of 0.55
and 0.60, FM results were close to each other but at the Mach number of 0.65, the rotor
experienced a significant decrease in FM due to the increased drag at the outboard. The
author, also, emphasized that swept-tapered-anhedral tip showed a little improvement
of FM at the large thrust values although the experiments showed larger improvements

for all thrust ranges.

In a further study of Jain [9], two solvers, which are CREATETM-AV Helios
and standalone OVERFLOW, were compared to each other investigating only
swept-tapered-anhedral tip. The analyses were set on various grid types that are
structured and unstructured blade meshes. Various wake grid resolutions, as well, were
practiced to assess the dissipation of the wake depending on the mesh coarseness. The
HELIOS solver was utilized for two cases while one was structured blade mesh and
the other one was unstructured. Both of them reached almost the same FM accuracy.
However, some distinct characteristics were observed in the results of OVERFLOW.
While one of the analyses accomplished by using OVERFLOW gave a good correlation
with the HELIOS solutions, the other exhibited results in lesser correctness. Because
the wake region in the latter mesh was more coarse than the former one which applies
the AMR procedure. In addition to that, a 2nd order spatial scheme was utilized for

the latter case where it was 5th order for the former.

Tadghighi [11], also, has done a study to predict the hover performance of the
S-76 rotor and to validate the NSU3D module of the HELIOS solver against the
experimental data [12]. Unsteady Reynolds Averaged Navier-Stokes Equations were
solved using the NSU3D module of the HELIOS. To analyze, the 1/4.71 scale model
of S-76 was used with swept-tapered tip geometry in conformity with the experimental
study in the Ref. [12]. Unstructured near-body and structured off-body meshes were
employed. The near-body flow was assumed as fully turbulent and was modeled
by utilizing Spalart-Almaras model. Besides that, the off-body flow was presumed
as inviscid to protect the wake from excessive dissipations. An interesting outcome

of this research is that the author indicates the sudden increases in the thrust and



torque loadings near the %90-95 radius of the span are the indications of vortex-blade

interactions.

To compare the capabilities of HELIOS and FUN3D codes, a research on the hover
performance of the S-76 rotor was carried out in the Ref. [1]. The investigated rotor
in the study has swept-tapered blade tip geometry. And four different grids were
generated to perform analysis for the rotor. These computational grids differ from each
other in refinement location and grid size. For the HELIOS solver, the near-body grids
were created as an unstructured grid, while off-body grids were structured. However, a
fully unstructured mesh was generated for the FUN3D solver. Also, the SA turbulence
model is implemented into the solution with a rotation correction term in FUN3D while
SA was employed alone in HELIOS. An AMR procedure was also performed during
the solution in HELIOS solver. As a result, the differences between the two analysis

are specified in the paper.

An attempt to contribute the AIAA Rotor Simulation Discussion Group on hover
performance, was done by Narducci [13]. This group was established in 2013 and
aimed to benchmark the capabilities of CFD tools for capturing the flow properties of
rotors in hover condition with the experimental study of Balch and Lombardi [12].
Various tip geometries and coning effects were examined by using OVERFLOW
CFD code in the study of Narducci. The flow around the body was assumed as
fully turbulent and turbulence is modeled via Spalart-Almaras turbulence model with
rotational correction. Also, the solution was in 2nd order accuracy in time. The results
show that Figure of Merit (FM) was better predicted for Swept-Tapered-Anhedral tip

geometry.

All of the CFD simulations including the studies indicated above require experimental
studies for validation. Some of the main experimental studies which are accomplished
for S-76 hover performance are denoted in the followings. One of them is the research
of Balch and Lombardi [12]. The researchers tested various scaled main and tail
rotor configurations. However these lines are merely focusing on the S-76 main rotor
variants examined in the study. These variants are the main rotors with tip geometries
of swept, tapered, swept-tapered, swept-tapered-anhedral and rectangular. The tests
were generated on Sikorsky Model Hover Test Facility using the Basic Model Test

Rig (BMTR). As a result of the experiments, a wide range of data including different



tip shape effects was provided to the literature. Another study is Johnson’s study [14]
which is on full scale helicopter rotors with different tip shapes. The aim of this study
is to compare the results from the scaled models of the rotors and the full scale rotors
with indicated advance ratio range from 0.075 to 0.4 and tip Mach range from 0.64 to
0.965. In addition to these studies, an experiment in Ref. [15] was conducted through
obtaining performance of the S-76 main rotor. The tests in this study were carried
out in the NASA Ames 80- by 120- Foot Wind Tunnel which is an open circuit wind
tunnel. Its aim is to acquire low Mach number rotor performance and comparison with
existing data sets and analytical solutions. For this purpose, the experiments for S-76
rotor in hover condition were designed where the shaft angle varied between -15 and
15 degree, the Cr /o varied between 0.02 and 0.12 and the tip Mach number was equal
to 0.605.

Regarding all the passages above, CFD have become essential analysis method to solve
complex flows such as flows over a rotor in hover condition due to its complex vortical
structures and naturally time dependent-being etc.. As a result of this, many studies
were conducted in this respect. Even a working group was established under the AIAA
to develop and validate CFD tools through capturing the complex flow phenomenas
of rotor configurations. The studies mentioned above simulate various conditions on
various rotor geometries and they will be used to validate the present study. In this
respect, some parameters calculated in the studies for the main rotor of S76 helicopter
with swept-tapered tip are summarized at the Table ??. Thrust and torque coefficients
and Figure of Merit(FM) values can be seen on the table for different analysis. As a

convention, the coefficients and FM calculations are

T
Cr=—"7 Co= L3
pAVtip pAVtip

Cr Cr
2 Co

FM =

where A is the disk area of the rotor, p indicates density and V;;;, is the velocity at the tip
of the rotor. FM is an indicator of rotor efficiency. It implies ideal power of the rotor,
which excludes non-ideal effects such as viscosity and assumes uniformly distributed
inflow ratio over the disk area, divided by actual power. Therefore, the value of unity
is desired for FM. However it is impossible to attain unity, while FM takes a value

between zero and unity.



In the present study, an anisotropic "Adaptive Mesh Refinement (AMR)" procedure
is utilised during the solution process to overcome mentioned difficulty to capture
tip-vortices. For this purpose, HEMLAB solver is integrated with an anisotropic
adaptive mesh refinement library "pyAMG" [7], and used to analyse hover
performance of the main rotor of S-76 helicopter in the present study. As a result,
it is expected that thorugly capture of tip vortices around the rotor and predict the

figure of merit value within an acceptable error range.

Figure 1.1 : Tip vortex captured by using AMR around the S76 main rotor from
Abras’ study [1].

e

Gridvl Grid v3

Figure 1.2 : Tip vortex captured without AMR around the S76 main rotor from
Abras’ study [1].

Adaptive refinement process plays a critical role to capture the wake around a rotor.
Wake region requires fine resolution mesh because it is dissipated easily in the case

of corser grids. Hence, It demands very high numbers of vertices when used without
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AMR. However, in the case of use of AMR, high gradient regions, which one of them
is the wake region, are simultaneously refined step-by-step during the solution process.
Therefore it is possible with the AMR to capture these regions without excessive
vertex numbers in the computational domain. This situation can be better understood
by looking at the Figure 1.1 and 1.2. These figures are obtained from the study of
Abras [1]. In the Figure 1.1, HELIOS solver is practised in cooperation with an AMR
procedure for two type of grid structure. The other figure (Fig. 1.2) is from an analysis
conducted on FUN3D solver without AMR for similar grid structures as the former
one. As comparing these figures, the former one shows better capture of tip vortex
structure than the latter one due to the AMR process. Therefore, the AMR procedure
brings an advantage to capture vortex structures around a rotor and it is also benefited

in the present study.

Another study of the author of this thesis shows the advantages to apply an-isotropic
mesh adaptation to solve flow around a rotor. In the study, SU2 software was utilized
with pyAMG library. The importance of baseline solution was implied. The mesh

structures, wake region contours and tip vortices are shown in Figures 1.3, 1.4 and 1.5.

Figure 1.3 : Wake region mesh visualization (side-view) when an-isotropic mesh
adaptation is applied with entropy sensor (Revolution 11, 15 and 21 from
left to right) [2].

Figure 1.4 : Wake region visualization by entropy contour when an-isotropic mesh
adaptation is applied with entropy sensor (Revolution 11, 15 and 21 from
left to right) [2].
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Figure 1.5 : Mesh and tip vortices with vorticity magnitude contours when
an-isotropic mesh adaptation is applied with entropy sensor (Revolution
11, 15 and 21 from left to right) [2].

As a summary, application of anisotropic mesh adaptation to solve flow around a rotor,
which is one of the main objective of the present study, provides a great opportunity
to decrease time required for mesh generation and to improve the speed of solution
by decreasing the amount of elements in the computational domain while achieving
better accuracy. Because it allows to refine only necessary regions in the computational

domain. However, some problems can occur when doing mesh adaptation.

1.2 Outline of The Thesis

In this section, outline of the thesis is explained briefly. In the thesis, firstly,
the equations that governs the fluid physics will be given and examined. In this
chapter, Arbitrary Lagrangian-Eulerian kinematics is also explained and applied to the
Reynolds Averaged Navier-Stokes equations. Then, in the third chapter, numerical
approaches to solve the governing equations are explained in detail, following a
structure. The fourth chapter is allocated for the validation of developed algorithm
on a 2D airfoil case. The main focus of the thesis will come right after the validation
in the fifth chapter. The chapter explains the rotor problem and depicts the simulations

that was governed.






2. GOVERNING EQUATIONS AND THEIR CHARACTERISTICS

In this section, we will discuss first the general equations that govern the flow physics
in continuum, giving beneficial informations relevant to the numerical techniques.
Then, we will introduce Arbitrary Lagrangian Eulerian kinematics which will be used
to extent our in-house solver to solve moving boundary problems. Laslty, Reynolds
Averaged Navier-Stokes equations that is used under the scope of this thesis will be

given in integral form.

2.1 General Form of Governing Equations

The Navier-Stokes (N-S) equations constructs a special team of equations that governs
fluid motion as a result of Newton’s Law of motion. Despite of its very wide use
and application in engineering and scientific fields, its general solution is unkown due
to non-linearity. However, some solution of NS equations were found under special
boundary conditions [16]. Even though we do not know the exact solution, we hope
to find one that is suitable. However, it is a common topic among mathematicians to

study that blow-up solutions can be found for N-S equations [17, 18].

2.1.1 Navier-Stokes equations

N-S Equations are a special sub-division of continuum material equations that
is governed by Cauchy Equations. Under linear stress assumptions and Stokes’

hypothesis, N-S Equations for Newtonian fluids can be written in conservative form

as
9Q+V -F =V.F @.1)
where Q = (p,pU,E),
pu pv pw
pu2 +p pvu pwu
F¢ = puv it| pv2+p |j+ pwv k (2.2)
puw pvw pw2 +p

(E+p)u (E+p)v (E+p)w
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and

0 0 0
Txx Txy Txz
F'= Try i+ Tyy i+ Tyz
Txz Tyz T2z
UTex +VTxy +WT; — Gx UTyy +VTyy +WTy, — Gy UTx + VT +WT — g,
(2.3)

In this formulation, the linear stress tensor is written like

Tx Txy Tz
T=| T Ty T | =A(V-w)I+u(Vu+(Va)T), (2.4)
Tox Tzy Tz
the heat fluxes are
B M., aT
== I)ReooProo“ ox
M., aT
=— — 2.5
D (y— I)ReooProou dy 2:5)
B M., aT
="y I)ReooProou 07
To satisfy the stationary conditions according to Stokes’ hypothesis, A becomes
2
A= —3 u. (2.6)

However, It is worth to note that there are doubts about the Stokes’ hypothesis to
apply [19]. In the cases of shock formation in the flow field, the hypothesis can
be problematic to determine the place of shock. Even, there are attempts to correct

right-hand side of N-S Equations in order to avoid Stokes’ hypotesis [20].

Although we do not know the exact eigenstructure of N-S Equations, general intention
to understand N-S Equations approachs the terms seperately as convective and viscous
terms. The convective terms that appears as F¢ are the source of non-linearity and its
continuos eigenstructure can not be defined. However, using quasi-linear formulation,
we can conduct differential analysis of the waves. Since the convective terms are
hyperbolic in time, the solution consists of waves that propagate in finite speed. So that,
it allows discontinuities and discretization of convective terms needs special attention

in order to find zone of influence and zone of dependence.

On the other hand, the viscous terms are appeared as pure Laplacian for incompressible
in the right hand side of the equation. Laplacian serves as a smoother for PDE’s like

heat equation [21]. Therefore, one can think of viscous terms as a smoothing operation
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over the discontinuities caused by convective terms. In addition, since it is parabolic

in time, discretizations can be done easily using central schemes.

2.1.2 Euler equations, quasi-linear form and eigenstructure

Since it has practical applications and covers an important part of this study, Euler

equations are examined here. 1D Euler equations can be written in the following form.
2Q+oF =0 2.7)

In this form Euler equations defines a divergence-free field in space-time that is applied
on vector field (Q, F). It should be noted that the term "space-time" here does not refers
to space-time in General Relativity under Minkowskian metric. It just reflects a ground
that is constructed by 3 space and 1 time dimensions under the standart metric. Writing

the equation in quasi-linear form

where the Jacobian J = 3—5 Diagonalizing the Jacobian, eigenstructure can be obtained
like
Q+TAT'9,Q=0. (2.9)

If we multiply the equation by 7!, it becomes

W +AdW =0 (2.10)

where ‘3—‘3 = T~'. W is called Riemann Invariants, since they are invariant along

the characteristic line as it is shown below, and the equations for these variables are
de-coupled. This form is widely utilized and very practical to develop numerical

schemes for Compressible Euler Equations.

Invariance of the variables W along the characteristic curves can be obtained in the

following way. Let’s write the total derivative and divide it by dt,

dW _ oW, dxdW
dt  9dt dt dx

2.11)

The resemblence between Equations 2.10 and 2.11 stands out. If %‘ = A, dW/dt
becomes zero. Since the vise versa is true for d W /dx, we say that the curve of % =Ais

the characteristic curve of PDE and W is invariant along the curve. Implication of this
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as a condition on divergence-free vector fields brings Lax’s Jump condition that states
d(F — AQ) = 0 across the discontinuity. It is a crucial condition for numerical schemes
like HLLC because the scheme calculates fluxes using state variables estimated using

the relations for discontinuities.

The mentioned objects in this section like 7 and A will be adressed in the following
sections when the numerical Jacobian is given. In addition, It might be appropriate to

write Riemann invariants here. They constructs a team of variables like [22]

. . . 2c
1-Riemann invariants: s, u-+ g
2-Riemann invariants: u, p,

. . . 2c
3-Riemann invariants: s, u— I

’)/ J—

2.2 Arbitrary Lagrangian Eulerian Kinematics

Every numerical algorithm that has a background mesh describes the problem in
three-frames. One of the frames is called Lagrangian or material frame in which each
coordinate pairs consist of the material and time. The other one is Eulerian frame in
which the coordinate pairs consist of the location of points on background space and
time. The third one is the mesh domain in which coordinate pairs are mesh points and

time. This is illustrated in Figure 2.1 where X is material domain, x is spatial domain

P

e
&L

&
@

Figure 2.1 : Three frames (material, spatial and mesh) and their mapping between
each other [3].

Ry

and y is mesh domain.

In the material domain, a property f only depends on the ¢ time. So that,

df _(df
- = <E)x (2.12)
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Using the mapping ¢ between spatial and material domain, derivative a property f

defined on material domain can be written in spatial domain as

df B af df\ dx
o (E)X—F (E)ta (2.13)

where dx/dt is the material velocity on space.

Before going further, I would rather to interrupt the mathematical description to explain
why ALE is needed. In Eulerian algoritms, mesh domain is identical with the spatial
one. So that, the locations of mesh points are fixed in space. Otherwise, in Lagrangian
algorithms, mesh domain is matched with the material domain. So that, the locations
of the mesh points follows the material. As one might expect that, if the material
is highly deformed, Lagrangian techniques might not behave well since mesh is also
deformed. On the other hand, Eulerian definition of motion can easily handle large
deformation with the expense of loosing the accuracy on the interface. Arbitrary
Lagrangian-Eulerian techniques coalesce the advantages of Eulerian and Lagrangian
approachs. The boundaries are treated as Lagrangian whereas inner points of mesh is

moved suitably while preserving the precise shape of interface and quality of mesh.

To obtain ALE formulation, we exploit a very beneficial approach: we define the time
derivative on mesh domain whereas spatial derivatives are defined on spatial domain.

So that the derivative in ALE kinematics becomes

df (df af dx dx
ar (E),ﬁ (5), (E‘ (E)) @1

where (dx/dt), is the mesh velocity. The advantage of using this formulation is that
we can integrate the property on a specified mesh point in time by using only spatial
derivatives because the time derivative is defined on the mesh domain whereas spatial
derivatives are still in the spatial domain. Besides, we do not need to modify viscous
terms due to this characteristic of the derivatives. The only modification on the original
formulation is the mesh velocity. Details about the derivation of the formulation can
be found in the Reference [3]. If the property f is replaced by the velocity, Equation
2.14 represents the acceleration. Therefore, ALE formulation for N-S equations will

be derived in the following section by using this form.
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2.3 RANS Equations Under ALE Kinematics

Since it is hard to capture all scales in a flow field that is related to the turbulence,
the common approach is to use turbulence models rather than direct simulations. In
this study, Reynolds Averaged Navier-Stokes (RANS) equations are employed. RANS
equations consist of Navier-Stokes equations to predict the mean flow and additional
equations to model the turbulence. In this study, Spalart-Allmaras one equation model
is utilized for turbulence. It is a model based on Boussinesq hypothesis in which

turbulence viscosity is solved explicitly and added to the dynamic mean viscosity.

The RANS equations in integral form are written as

i/// QdV—i—f n-F°dsS — n-F'dS=0 (2.15)
ot Q Q Q

where Q is the same vector as in Equation 2.1 and n is the normal vector of the surface
S. The Q is the volume where as dQ is the boundaries enclosing the volume. The
convective fluxes, F¢ , are changed in order to include fluxes due to moving mesh

where the only difference from Equation 2.2 is the grid velocities as shown below.

p(u—1x) p(v—y) p(w—2)
pulu—x)+p pv(v—y) pu(w —z)
Fe = pv(u—1) i+¢ pr(v=y)+p i+ pv(w—2) k
pw(u—3x) pw(v—7y) pw(w—2)+p
(E(u— %)+ pu (E(v—y)+pv (E(w—2)+pw

As explained in the Section 2.2, the derivatives with respect to spatial coordinates
are not changed. Therefore, viscous fluxes F' are same as in the Equation 2.3.
However, the stress terms are modified under Boussinesq approximation in order to
model turbulence. The viscosity in the Equation 2.4 is modified as the sum of turbulent

and dynamic viscosity. So that, the stress terms in RANS equation can be written

B _
T = g |20 AT (P T+ G

=

_ #dv o gx (u v ow)]
Tyy = Re.. 2p 8y+2' &x+8y+ dz ) |
— M * dw x (du 4 dv , dw
T2z = Rew 2 dz +4 dx + dy + dz 21
M. p) P 1 > ( . 7)

Ty = Ao ‘u* _”_|__V

XY T Rew dy ' dx )|

M. x(Jdu | ow
Te = Reo |H (92 T 9x )|
M. x(dv | dw
T = Rew |M 0z T 9y )|
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where non-dimensional viscosity

* ALL + y“t
‘LL =
Moo
and, using Stokes’ hypothesis
A* _ 2 *

Here, dynamic viscosity is found using Sutherland’s law,

u 14+S/T.
Moo \/_T+S/Too

(2.18)

Similarly, heat transfer can be written using Fourier heat transfer law

P Moo
T Ty " 1) RewPra
i Moo
D= T = DRewPra
M.

== Ty~ 1DRewPrs

-
" o
P
oy
£

"z

(2.19)

The turbulence viscosity, U, is defined by the turbulence model. In this study, negative

Spalart-Allmaras Turbulence Model is utilized in a monolithic approach with the

Navier-Stokes equations.

2.3.1 Negative Spalart-Allmaras model on moving meshes

For moving meshes, the Negative Spalart-Allmaras model with no transition equation

in non-dimensional form becomes

if ¥ > 0 then

oV R
a—:+(u—g)-vo — 1§V
Mo v
~Re [cwi fw] (3)2

M.,

Ml [v- (£ +V)VI] + V-

Reo

if v < 0 then

ov N N
E—I—(u—i{)-Vv = Cb1|w|\/
Mo ¥,
T Re ()
M

il [v- (D + V)VI] +cpa V-

Reo
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(2.21)



where the turbulence viscosity is

e = 0, otherwise

* {pﬁfvla V>0

if v <0, f, function becomes

Cnl +X3
= (2.22)
S Cnl —X3
If v > 0 then;
fn=1 (2.23)
where ¢, = 16. S is determined as
N o]+ S, if $ > —cpn|o| (2.24)
=] 2 o .
o]+ \w\%, otherwise
where ¢,, = 0.7 and ¢,3 = 0.9.
and other parameters are
v P
X = P _ ‘U,*
M. ¥
r = min [ ' Rew Szdz}
g=r+cyn <r6—r>
(2.25)
1/6
1+
fW = g 6 "23
8’ +cC,;
o = 2/3 cp1 =0.1355 ¢ =0.622
1
k=041 cp1 = % T2 203 epy =200 =T.1.
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3. NUMERICAL MODELS AND DISCRETIZATIONS

A new algorithm to solve moving boundary problems in compressible flow regimes is
developed based on the in-house HEMLAB algorithm. HEMLAB solver [23] uses a
vertex based median-dual finite volume approach. It employs an efficient edge based
data structure. It utilises pointers to reach a specific data lying on the facet-edge data
types belonging each edge of a face of each volume. Using the pointers org, dest,
sym and rot, whole domain can be swept starting from an arbitrary point. Due to this
unique data structure, spatial locality in physical memory is achieved. Therefore, the
algorithm works cache-efficiently. HEMLAB can solve Euler and RANS equations.
For turbulent flows, it utilises negative one equation Spalart-Allmaras model [24].
The resulting system is solved in a monolithic manner with Navier-Stokes equations.
Implicit solutions are obtained by employing Newton’s sub-iterations for implicit
Euler formulation. PETSc [25] library is exploited to solve implicit equation system
with FGMRES and Generalized Conjugate Residual (GCR) Krylov subspace methods.
Time dependent simulations are conducted by first order dual time-stepping approach
[26]. HEMLAB solver employs Roe’s flux difference scheme [27] to discretize
convective terms. Recently, its capability has been enhanced by HLLC [28] and
AUSM™ —up [29] schemes where Jacobian matrices of the flux schemes are calculated
using automatic differentiation library Tapenade [30,31]. The second order accuracy
in spatial discretizations are achieved by using gradients computed at nodes. The
gradients are calculated by unweighted second-order upwind least square approach
[32] and left and right state can, then, be obtained using Taylor series expansion
with second order accuracy. As well as the Jacobian free option, second-order and
first-order Jacobian can be constructed. In Jacobian free approach, first order Jacobian
is used as preconditioner. Due to the time considerations, in the current study, the
Jacobian is calculated using first order approach. Following the recent advencements in

the adaptive mesh refinement techniques, pyAMG anisotropic mesh adaptation library
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is implemented into HEMLAB solver. In this section the details of the algorithm and
HEMLAB solver will be discussed.

3.1 Finite Volume Discretization

HEMLAB solver utilizes a nose-based Finite Volume discretization. In this

formulation, Equation 2.15 is shown in semi-discrete form as

% (QiVi) + jezzv:(i) n;-F(Q)Si; = jezzv:(i) n;-F};(Q)S; (3.1
where Q; and V; are the conservative state vector and the volume of control volume
surrounding the node i. N(i) is the set of neighbouring points of vertex i. And nj;
indicates the normal vector of the surface S;; (edge length in 2D) that is constructed at

the interface of control volumes of vertices i and j. The discretization is shown in the

Figure 3.1.

Figure 3.1 : Control volumes constructed around nodes i and j.
The geometrical properties are stored in related variables as a part of the node data

type. Therefore, we need to calculate convective F{;(Q) ) and viscous Fl\; (Q) fluxes at

the interfaces.
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3.2 Convective Flux Calculation

3.2.1 Roe’s flux difference scheme

Roe scheme [27], is made of a stabilization term in addition to the second order central

interpolation and it is written as

[F(QL)+F(Qr)—TI|AIT" (Qr — QL)] (3.2)

| =

F;; (QL,Qr) =

where Q7 and Qg is the conservative state vectors that are in the left and right of
the interface. X-mj; is the normal component of the grid velocity. If the left and
right state vectors are just the state vectors on the vertices i and j, the discretization
becomes first-order. However, we can obtain the lest and right states using Taylor series

expansion to achieve second-order accuracy. This process will be explained later.

T is the right eigen-vectors of the Jacobian of Roe’s stabilization term whereas A is the

eigenvalues. These quantities are calculated using the Roe’s linearization where

P = /PLPR
a VPruL + /PprUg

VPL+ /PR
f _ /PLHL+ \/DrHR (3.3)
VPL+ /PR

a=/(r—1)[A-05i)].

Using these values in the left eigenvectors shown as

-1 1 1 2

nyas — (n;y —nyw) p nyajuc? neave 2 4+np~' najuc? —nyp~  —ngajc”
nyas — (nyw —ngu) p~! nyaluc_2 —np~! nyalvc_2 nyallwc_2 +np7! —nyalc_2
T'= | nas—(mu—nw)p~' najuc?+np~" najve?—np! n.ajwe? —nzayc?
a (9 —cV) —ay (aju— nxc) —ay (ayv —nyc) —ay (ayw —ngc) ajas
a(9+cV) —ay (aju+nyc) —ay (ayv+nyc) —ay (ayw+ngc) aray
(3.4)
and in the right eigenvectors shown as
ny ny n; as as
7 Nyl — nzp nzu+nyp az (u+nec) az(u—nyc)
T= nyv +n.p nyv n;v —nyp az(v+nye) az(v—nye) |,
W — RyP nyW ~+ nyp nw az(w+n,c) az(w—ng)
nyag+p (nzy —nyw) nyag+p (new —ngu) ngag+p (nyu—nw) az(as+cV) az(ag—cV)
3.5
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the stabilization term can be calculated where wave speeds are
A=A =A=V-YV,
A=V —-Vi+c (3.6)
As=V-V,—c

and other abbreviations to calculate eigenstructure can be listed as below.

ar=Y—-1 ag= %
ap = pcl\/i V= i;lxu+nyv+nzw
=L o=5r—1) (W +v +n?) 3.7)
o ¢+c2
a4 = 7—1
as = 1-— c%
3.2.1.1 Jacobian of Roe scheme
The Jacobians are written as ]
JL — E(AL +A>
1 (3.8)
Jr= E(AR —A)

where A = T|A|T~! is calculated using Roe’s linearization. A; and Ag are the

Jacobians of the left and right fluxes

JFy,

A = ——
aQL. (3.9)

4 _ IFR

R~ QR

The Jacobian matrix A for moving grids is written as !

—Vi Ny ny n; 0
neg —uV V—-Vi—aznu  nyu—asngy n;U — aynw arny
A= | n¢o—VW nw—aynyu V-V, —azny  nyy—anw any

n, —wV  nyw—asn;u mw—axny  V-—-Vi—azn,w  axn,
V(p—a) nwa—auV nyay —axvV n.ay —awV YV -V,
(3.10)

! Jacobian is obtained from Reference [33] in the Appendix 7 Convective Flux Jacobian. However, there
were some typos and they are fixed in the current study.
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where

ap=YE—¢
azz’}/—l
a3:}/—2

(3.11)
V =nu+nyw+nw

Vi = Xny +yny +2n;
1
¢:§(y—1)(u2+v2+w2)

On the other hand, automatic differentiation library Tapenade [30,31] is also utilised to
obtain jacobian of the Roe scheme. This approach is found to have better convergence

rates.

3.2.2 HLLC flux scheme

In the context of this study, the HLLC scheme in the literature [28] has been modified
by considering the ALE equations. In the employed HLLC scheme, wave speeds are
treated as suggested by Batten and colleagues [34]. Accordingly, the HLLC flux is
calculated as follows:
(F(Q)n;; ifA>0

F(Ql*) ‘n;; i <0< Ay

HLLC . ) —
Fij (Ql?Q,];nlJ) =3\F QJ* ‘n;j if Ay <0< lj (3.12)

F Q;( ‘N if)uj<0
\

Various parameters in this formulation are expressed in the followings. It should be
noted that in all the equations here, u, = (u — X) - n is assumed, where X represents the
grid velocity. Additionally, Ay is the speed of the contact wave, and A; and A; are the

maximum and minimum acoustic wave speeds.

| p(A—u)
)V_)V pu<ﬁ’_un)+(p*_p)n
M\ PE (A —un)+ p* A — pun
p*=p A —un)(Ay—u_n)+p (3.13)
Ay — Pjln; ()'J _unj) — Pilly (A’i_um) +Pi—Pj
pj (/11' - “nj) — Pi (Ai — un,)

A = min (uy, — ci, ity — &) ve Aj = max (uy; + ¢,y + )

Q=

The acoustic waves u, — ¢ and u, + ¢ within the above wave speeds are calculated using

the Roe linearization.
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The Jacobians of HLLC scheme is calculated using Tapenade [31] automatic

differentiation library.

3.2.3 Grid velocity and discrete geometric conservation law

In order to calculate the fluxes due to mesh movement, a special attention is paid to
satisfy the Discrete Geometric Conservation Law (DGCL) [35]. The DGCL implies
that the volumetric increase of a moving element should be equal to the sum of the
volumes scanned by the surfaces surrounding that volume. Thus, the flux of the mesh

movement is calculated as follows for first-order accuracy:

AVn—l—l/Z
. 11+1 1 125
K ST = =B (3.14)

It is straightforward to extend this for second-order formulation, as applied in the
reference [4], and can be written as follows. However, in this study, a first-order

calculation is used to match with the time discretization.

3 1 il
cnl antl _ +1/2 1/2
X35 -SThs = Z—AtAvlnzs - 2_AtAV1n25 (3.15)

Here, AV|,5.+1/2 represents the volume scanned by the area Sy»5 between time intervals
nandn+1, and AV, ,5,-1/2 represents the volume scanned by the area Sy,5 between time
intervals n — 1 and n. The volume scanned by the area S5 between time intervals n
and n+ 1 is calculated by dividing the same volume into three tetrahedral elements, as

shown in Figure 3.2:

n+1 n+1
PER YL U ) S S 1 | Ady" + AdY
AVips ' = 3 [5 (XzJr —x5" ) X ("’11+ —xg" )} : ( >
11 ) . AT AdT!
#3508 x ()| ( > (10
111 n n n n n+1
+§ E(xz—xs)x(xl—xs) '(Ads )=

Here, the displacement vector is defined as

AdP =X ! (3.17)

1 1

This approach ensures DGCL at the discrete level and maintains a uniform flow

solution independent of mesh movement within the existing ALE algorithm. Even
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Vet @A)
Figure 3.2 : The three-dimensional volume scanned by the area S5 is divided into
three tetrahedra (B) [4].

though it does not guarantee exact mass preservation in compressible formulation as
in the incompressible case, Farhat and colleagues [36] state that DGCL is a necessary

and sufficient condition for the nonlinear stability of the ALE algorithm.

In addition, the technique to divide the swept volume into tetrahedras guarantees that
the volume is correctly calculated even for non-planar hexahedral elements. With this
approach, the velocity of the surface at each interface between two points is calculated.
As seen in Figure 3.3, for each interface, it can be easily applied, as each interface can
be divided into triangles with three points: the midpoint of the edge intersected by
the surface, the midpoint of any surface connected to the edge (red points in Figure
3.3), and the centroids of the volume elements connected to the surface (blue points in

Figure 3.3).

3.2.4 High-order interpolation

To achieve high-order solutions, Taylor’s expansion based interpolation is applied from
the points where state variable vectors are defined to the surfaces of the control volume
created around that point (at the midpoint of the edge). Gradients are calculated
at each point, and then, using the Taylor expansion as shown below, second-order
and higher-order solutions can be obtained. It should be noted that for a third-order

solution, the Hessian matrix must be calculated at the points.

1
qij = qi + Vq,' (rij — l‘,‘) + E (l’,’j — I‘,’)T [V (V (ql))] (rij — l‘,‘) +0 (Al’a) (3.18)

In this study, a second-order solution is used and will be explained in detail below.
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3.2.4.1 Calculation of Fluxes at Interfaces

As previously explained, the calculation of fluxes on interfaces requires the "left and
right" conserved state variable vectors. When performing second-order solution, the
vectors of left and right state variables will be calculated using the Taylor series. For

example, for the flux on the interface S;; shown in Figure 3.1:

qL = qi +Vq; (rij —1:)
(3.19)
qr = q;+Vq; (rij—1;)
Here, gradients at control points are calculated using the "least squares" or "weighted

least squares" methods.

3.2.4.2 Calculation of gradients at vertices

The "least squares" or "weighted least squares" methods can be used for gradient
calculation for interpolation. For this, the following overdetermined system of

equations is written between one point and its neighboring points where ®;; is the

weight.
[ wilgxl _Xi; | [ (Dzlg(h —(Iz% |
W2 (X2 — X; g Wi2(q2 — qi
o || B ]=axv= s | oo
i wln(xn Xl) ] " L a)in(qn ql) |

Therefore, the solution can be expressed as follows:

dq I

ox i:j_Z,IWij(q —CIJ)

dq !

o= Y Wi (gi—a)) (3.21)
i j=1

29| &z

92|, = X Wilai—a))

J

Hl' n

where the index " j" represents the points neighboring the point "i." Solving this system
of equations through matrix-vector operations is prone to round-off errors because
multiplying the equation by the transpose of matrix "A" to solve the system squares

round-off errors. Fortunately, an analytical solution based on QR iterations has been
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proposed in the literature for solving this system [32]. The analytical solution for 2D

problems is extended for weighted least squares as follows:

Axjj 2 r2
Wij = i (T” i {Ayij — Axij—

i Ty Ay (3.22)
ij ij ”%2 ij ij i
Na )
rn = Z (wi]Axl]>
j=1
|/
rip = E Z wiijijAyij (323)
j=1
Na o712
12
=) o {A)’ij _Axij_}
j=1 i
And for 3D problems:
12
i = @i (aij,l Ty 2 + ﬁaijs)
33 3.24
Wi = o <0‘ij,2 y a%s) (24
W = oij (aij3)
P
ij, 2
M
1 ri2
Xj2 =5 (Ayz'j - anij)
22 (3.25)
1 3
®ij3 =5 (AZij — —Ayjj +ﬁAxij)
33 22
B = 112123 — 113122
riir2
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=, | L (0hn)°

13,
ria = — Y 07 Ax;Ay;;
i j=1

Na )
= Z (@ijAyij)" —riy

=1
/ (3.26)
14,
rz=— Z (DiijijMij
r j=1
1 NA 2 rlz NA 2
3 = — Za)l]Ay,]AZ,J——Z(DUAx,]MU
2 j=1 r11 j=1
Ny

rz=,| Y (wijAZij)2 — (ri3 +r33)

J=1

It is a common approach to use least-square approach to interpolate the state vector.
However, as pointed out in literature [37], it suffers from accuracy on highly
anisotropic meshes. However, as Mavriplis states [37], the interpolated values can still
be used when flow aligns with the grid points. This alignment happens in the boundary
layer when it is constructed using inflation layers. However, for arbitrarily anisotropic

meshes, it is recommended to use weighted least-square with the weights [38]

1

W= ———.
T xi—xglf

(3.27)

Increasing values of ¢ in Equation 3.27 leads to slow convergence. Therefore, it is

recommended to use ¢ € [0,2] [39].

In HEMLAB, we generally use least-square to calculate the gradient for reconstruction.
However, some experiences with reconstruction schemes agree with the literature.
Weighted least square gives more stable and robust solutions. However, it degrades

in the convergence of the performance parameters.

3.2.4.3 Venkatakrishnan gradient limiting (slope limiter)

Taylor’s expansion based interpolation is performed by calculating gradients for
high-order solutions. In cases where there are very high gradients (for example, in the
direction perpendicular to a shock wave and in the case of discontinuity) and the grid

resolution is not sufficiently fine to capture this high frequency solutions, oscillations
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can occur, and these oscillations can even lead solution to diverge. To prevent this,
gradients are limited by a local maximum of the state variables. The limiting operation
ensures that the highest interpolated value is restricted between the local minimum and
the local maximum values. This ensures preserving the monotonicity. The limiting

function, ®, modifies the interpolation equation as follows:

qij = qi +®;Vqi (rij — ;) (3.28)

In the HEMLAB solver, the Venkatakrishnan limiter with the Wang modification is

used, and this method is explained below.

! ijefci} L qi = qij
2 2
Yy +2y+ 7
(])VK _ (lIij—lIi) (3 30)
Py £ |
(%‘j—qz‘)

In the formulation, when the value of g;; — g; approaches zero numerically, the limitier
. . - 2

function produces erroneous results. Thus, ¢"* is multiplied by the term (g;; — ¢;)

in both the numerator and the denominator. Here, ¢; is the set of midpoints of edges

connected to point i, and y is defined as:

4min —9i . ..
y:{%?“ 4= 4 (3:31)
%, qi < gij

Here, gmin and gmax are the minimum and maximum ¢ values among neighboring

points of vertex i:
in = min qj, = max ¢;j 3.32
dmin je{N,-}qJ Gdmax e qj ( )
{N;} is the set of neighboring points of point i. Additionally, the value g;; in the above

formulation corresponds to the unbounded interpolated value, i.e.
qij = qi+Vqi (rij—ri) (3.33)

The & parameter is the Wang modification and is calculated following Wang’s

modification:

=K, (Clgmax - ngin) (3.34)

29



In this equation, ggmax and ggmin are the minimum and maximum values over the entire
solution domain globally. However, in the original formulation of Venkatakrishnan

limiter, & parameter is calculated as
2 _ 3
e = (K,Ax) (3.35)

where Ax = 2,/V;/x.

3.3 Calculation of Viscous Fluxes

HEMLAB solver employs a technique that exploits the Green-Gauss Gradient method
to calculate gradient at the interfaces. Although there is a much simpler technique to
calculate the gradients that uses Weighted Least-Square approach and the Green-Gauss
method is relatively more expensive, it prevents odd-even decoupling problem.
Additionaly, the viscous jacobian can be fully obtained, making the numerical

algorithm more robust to reach higher numbers of CFL.

Using Green-Gauss theorem, gradient integrated over a volume is reduced to
integration of the same variable along the surface of dual-volume. Dual volume

construction is explained as below.

Figure 3.3 : The dual volume constructed around the edge on polyhedral mesh.

In the Figure 3.3, green edges determines the interface between nodes of pink edge.
Centroids of every faces that shares the edge is marked with red points whereas the
centroids of the cells that share the edge are marked with blue points. Connecting

them in one direction determines the interface.
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The dual volume is created by connecting the vertices that determine interfaces and
and the vertices of the edge on which the gradient will be calculated. Therefore, one of
the points of the of pink edge, the centroid of a face that shares the edge and centroid
of a cell of which shares the face determines a face of the dual volume. For example,
the face BF H is one of them. Therefore, the gradient of any variable can be written as

a surface integral over the boundaries of dual volume such as

1
V=3 ]f énds (3.36)

where V;,; is the dual volume and S is the surface enclosing the dual volume.

Numerically, this would become

1
V¢ij:V_ Y oSk (3.37)
dij keS(ij)

where S(ij) is the surfaces that enclose the dual volume around the edge ij. To obtain
values at the center points of surfaces of the dual volume, we interpolate the values
from vertices. Since dual volume is constructed using the vertices that include element
centroids and face centroids, the values are interpolated from the vertices of elements
and faces. For example, for a point at the element centroid, values at the nodes of
that element are used to interpolate. The same notion is applied for faces. Therefore,
the formulation of Green-Gauss gradient implies that the gradient of a variable can
be written as a weighted average of the values at the vertices that constructs the cells

sharing the edge on which the gradient is calculated. This is shown in Equation 3.38

1 N
¢/ dx|,p = V@ Y Wi,
i=1

1 N

¢/ dylsp = V@ Y wle; (3.38)
=1

1 N
a‘P/ aZ|AB = W ZWiZ(Pi
i=1

where N is number of the nodes of cells that shares the edge, ¢ is just a scalar variable

and V(@) is the dual-volume.

In HEMLAB algorithm, gradients of the primitive variables are calculated in
accordance with the Green-Gauss approach explained above and they are used in
Equations 2.17 and 2.19. Once the weights of each node that is in the neighbouring

of an edge are calculated and stored, the viscous flux and Jacobian can be calculated.
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This brings an advantage in terms of speed of the algorithm with the expense of use of

additional RAM.

3.3.1 Jacobian of the viscous fluxes

The total viscous flux is calculated by integrating the gradient over the surfaces of the
control volume shaped around a point, as explained above. The Jacobian of the viscous
flux can be calculated as follows.
For the x-momentum equation:
=Y TS5+ Ty Sy + TS
= Zu [(2+A%)du/dx+A"dv/dy+A"dw/dz] Sy + p[du/dy+dv/dx]Sy (3.39)
+ pu[du/dz+ dw/dx]S:
For the y-momentum equation:
=Y TS+ 1,85 4 7SS
= Zu[&u/8y+ 0v/ox|Sy + 1 [A du/dx+ (2+ A7) dv/dy+ A dw/d7]S; (3.40)
+udv/dz+dw/dy|S;
For the z-momentum equation:
=Y TS TS5 + 7SS
=Y u[ou/dz+ow/dx|S;+ u[dv/dz+ dw/dy|Ss (3.41)
+u[A*0u/dx+ A" dv/dy+ (2+A%)dw/dz] S
And for the energy equation:
= Z [UTyx +VToy +WTy, + kT /x| S}
+ [Ty +vTyy + Wy + kT /Y] Sy
+ [urzx +VTy + W + kT )9z A
= Z [[(2+A%)du/dx+A*9v/dy+ A" dw/dz] +v[du/dy+ dv/dx] +w[du/dz+ dw/Ix]
+k*dT /x| uSs
+ [u[du/dy+ dv/dx] +v[A*du/dx+ (2+A*)dv/dy+ A*dw/dz] +w[dv/dz+ dw/dy]
+k*dT /dy| uSy
+ [u[du/dz+dw/dx|+v[dv/dz+dw/dy| +w A 0u/dx+A*dv/dy+ (2+ A1) dw/dZ]

KT /92 pSE .
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Here, k* = M”m u* and the gradients, as explained earlier, are the gradients of the
fundamental variables calculated using the Green-Gauss method. Then, the following

transformation is applied to obtain the conserved variables and the Jacobian.

Conserved variables:

p
pu
Q=] pv (3.43)
pw
E
Primitive variables:
p
u
W= | v (3.44)
w
T
The Jacobian transformation is as follows:
JR OJR JIW
o a7 4
90 aW 90 (3:45)
[ L@@+ +w?) —(r—u —(y—1)y  —(y—-Dz (y—1)
— % 0 0 0
dW _v 0 1 0 0
2Q = ; ’ :
—% 0 0 > 0
R G e e B L I OOV B O IS
(3.46)

3.4 Discretization in Time Dimension

In the HEMLAB solver, first-order backward discretization is applied for time

discretization. |
QW) = (Qv)"

d
o7 Qi) = AL, (3.47)

Here, At), is the physical time step.

3.5 Boundary Conditions

For the Euler equations, slip and farfield boundary conditions are imposed in

HEMLAB. On the other hand, for RANS simulations, noslip conditions are imposed.
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3.5.1 Slip boundary condition

On the slip boundary, we impose
n-(u—x)=0. (3.48)

So that, the slip boundary flux becomes

Py
n— pny -S (3.49)
pn;
p(n-x)

Slip

F

3.5.2 Noslip boundary condition

Noslip kinematic boundary condition is strongly imposed using the relations below

instead of the momentum equations.
u—x=0 (3.50)

The jacobian of the equation is inserted into the matrix. Note that there are pressure
flux and viscous term contributions to the energy equation due to the moving boundary.
The pressure flux term added to the energy equation is same as the slip boundary
condition. Viscous flux contribution to the energy equations must be evaluated same

as the internal edges.

3.5.3 Farfield boundary conditions

In HEMLAB solver, two different implementations for farfield boundary conditions
are employed as explained in this section.

3.5.3.1 Weak-Riemann farfield-value

The weak-Riemann oo-value farfield boundary condition is imposed in the code. In
this approach, left state variables are determined as the state variable of corresponding
vertex. The right state vector comes from the prescribed freestream conditions. So

that, the flux on the farfield can be evaluated as
Farfield .

=H(Qz,Q) (3.51)

where H is an approximate Riemann solver such as Roe and HLLC.
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3.5.3.2 Weak-prescribed Riemann invariant

In this technique, inflow and outflow conditions are identified and flux is calculated
in order to preserve Riemann invariants. In order to do that, right state vectors are

modified in a procedure explained below [40].

The Riemann invariants on moving grid given in 2.1.2 are determined as

2Cin 2Co0
R, =V - R =V, —
+ m"_,y_l? ,}/_1

(3.52)

where subindice in indicates the internal node, o is freestream conditions and c is the
speed of sound. The velocities V;,, and V.. are

Vin:n'(uin_x)

. (3.53)
The Riemann invariants are modified, If (Vo + ¢ < 0) then
2Co
Ry =Vs 3.54
+ + 71 (3.54)
and if (Vo — o > 0), then
2c¢;
R_=Vy— C"l (3.55)
After that, on the boundary
1
If it is an outflow (V}, > 0),
U, =W, + (Vb - Vin)n
i (3.57)
Sp — T
otherwise,
U, = U+ (Vp— Vo)
cZ (3.58)
Sp = ]
ol
Therefore, the right state vector can be obtained as
Pb
Qr =4 Poup (3.59)
Ep
where
2 2
% PbCl,
b=\—=1], Pr= (3.60)
P ( Ysp ) Y

35



3.6 Solution Of The Equation System In Implicit Form

In the final state, the following nonlinear system of equations appears:

n+1 n
(QV)"™ —(QVi)" y

| FLQ)=FY. -
Atp )nlj [FlJ(Q) Flj(Q)] Slj_o (361)

JEN(i
As it is known, iterative methods are used for the solution of non-linear equation
systems. The HEMLAB solver uses the Newton’s iteration method. The Newton’s

iteration scheme for the system of equations is written as follows:

Aty At

JEN(I)

- —R(Q")
(3.62)

Here, I is the identity matrix, and J = al;i(()?,,m). By solving Equation 3.62, AQ"*! =

(Q’”+1 —Q’”) is obtained. When AQ™*! converges to zero, which means the

convergence of R; (Q™) to zero, the value of Q! converges to the value of Q1.

On the other hand, Equation 3.62 has a weakness. As Az, increases, the contribution of
‘ALZ to the matrix diagonal decreases. If the contribution from the stabilization term
of convective flux in the equation is also low, in which case the convection term
discretization will approach second-order central discretization, the matrix diagonal
will approach zero for high Reynolds numbers. This makes the numerical solution
of the matrix-vector system difficult, even impossible, because iterative methods and
preconditioners generally perform diagonal division. In addition, diagonal dominance
is another problem. Therefore, with this solution method, a solution can only be
obtained with sufficiently small time steps. To overcome this, Jameson proposes a
method based on a pseudo-time step called "Dual Time Stepping" [26]. However,
the application of dual time stepping introduces a mismatch between the right-hand

side of the equation and the Jacobian. To address this, a technique called "Residual

Smoothing" can be applied.

After all these considerations, the resulting equation is solved using the PETSc library.
The PETSc library [25] is a parallel scientific computing library that includes many
different matrix-vector operations. In the solution of the equation system, the additive

Schwarz preconditioner is used, and in each block, ILU(0) is used in three dimensions,
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and ILU(4) is used in two dimensions as a preconditioner. The FGMRES Krylov

subspace method is used for the solution of the matrix-vector system.

3.6.1 Dual-time stepping

In the very basis of the technique, It just adds a term to the diagonal of the
matrix. This makes the solution of matrix-vector system more robust. Therefore, the
algorithm allows higher numbers of physical time steps, hastening the convergence to
steady-state. With this additional term on diagonal, the linear equation of Newton’s

iterations becomes

m ym
R | L AQ" ! = —R; (Q™). 3.63
(Atp +AICFL +J> Q Q™) (3.63)

The pseudo-time step is calculated locally by adopting Courant-Freiedrich-Lewy

(CFL) number. This process is explained in Section 3.6.2.

Besides all of the advantages of the Dual-Time technique, It degrades the convergence
for small CFL numbers. Since the right hand-side of the Iteration is not mathched
with the Jacobian in the left hand-side, the convergence behaviour of exact Newton’s
iteration can not be preserved. Thus, these types of techniques are called as
quasi-Newton Iterations. In these types of techniques, the pseudo-time step should

approach to infinity to preserve desirable convergence characteristics of the scheme.

3.6.2 Courant-Friedrichs-Lewy (CFL) number

As previously mentioned, local time stepping approach is applied to reach state-state
fast, and therefore, the Afcp; value is different in each control volume, and this value
will be calculated using the CFL number. Understanding the CFL number is necessary

for its calculation.

While the understanding of the CFL number is relatively straightforward for the Finite
Differences method, various approachs can be encountered in the literature for Finite
Volumes. From the perspective of Finite Differences, the CFL number is related to
how far a wave leaving a point can travel within the solution step. In Finite Volume, it
represents the proportion of volume that the wave covers in addition to its relationship

with the distance traveled.
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In the Finite Volumes method, two different CFL calculations can be made.
Considering only the convective terms, the first one calculates the time that it takes
for the waves originated at the midpoints of each control volume to reach the surface
of that volume, similar to the method used in Finite Differences. The second method
calculates the proportion of volume covered by the waves on the surface of each
volume. Therefore, the CFL number calculated with the first method can be given

as follows:

CFL — max (A,,) -Atcrr

min () (3.64)

Here, A; represents the wave speeds, and /; j 1s the distance between the vertex " i "

and the midpoint of the surfaces. Therefore, if CFL = 1 is satisfied, this equation

guarantees that the wave does not exit the control volume.

In the second method, the CFL number can be calculated as follows:

CFL="1 Y max (4)) Sy (3.65)

' JEN()
The difference here is that 4;; is the speed of the waves on the control volume surfaces.
Thus, the average wave speeds in the flux scheme are used. S;; represents the area of
the relevant surface of the control volume. It has been observed that the second method
accelerates convergence in HEMLAB so far, and this method is also used in this study.
It is reminded here that the calculated time step using these approaches considers only
the convective terms. Therefore,

Mgy = crL-v
Y jeniy max (Ai)) - Sij

(3.66)

is calculated.

On the other hand, If RANS equations are solved, there are also viscous terms. A time

step based on the viscous terms can be calculated as follows:

V2
Atlpy = — (3.67)
2ZjeN(i) ()“ij> 'S,'j
where
4 Hii Y M.,
A= L) == 3.68
Y <3p,~j+Pr) Re., ( )
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Therefore, time step is calculated as
o C \%

3.6.3 Residual smoothing

To address the problem mentioned in Section 3.6.1, a term should be added to the
right-hand side of the equation so that the matrix on the left hand-side can be obtained
when its derivative is taken, making the exact Newton’s iteration as

v
Atcrr,

(Vlml+ i I+J> AQ™! = —R; (Q™) + Q"' -Q") (3.70)

Al‘p Atcrr

However, (Q’”Jrl — Q’") is unknown. Fortunately, there are methods to approximate
this value. One such method is the Residual Smoothing technique proposed by

Mavriplis [41].

According to this technique, the term (Qm+1 — Qm) can be approximated as follows:
Q"' -Q"~ -D 'R;(Q") (3.71)

Here, D! is the inverse of the relevant diagonal block of the Jacobian matrix. Thus,
the equation system to be solved in the final step is transformed into the following
form:

m

Atp AtCFL l AtCFL l ‘

Mavriplis also emphasized that the term added to the right side guarantees a decrease in
the error (residual) in each Newton iteration [41]. Therefore, it serves as a line-search
direction in Newton’s iterations. In addition, it is called some kind of smoothing

because the term added actually corresponds to one-step Block-Jacobi solution.

3.7 Grid Adaptation and Use of pyAMG

Interesting studies subjecting mesh optimization shows that the effect of grid can be
more significant than we tend to think [42,43]. It is clear in these studies to conclude
that very slight move of problematic vertices can improve the stability of Finte Volume
schemes. Even, it may lead the convergence of diverging solution. As well, what

is so amazing about the studies is that very small numbers of vertices in the domain

39



have been moved to improve the stability. Therefore, it is clear that CFD solutions
are highly dependent on grid structures. Especially in cases where the physics of the
phenomenon needs to be resolved, the grid structure may become very complex as
high resolutions are required at different locations. Since it is not deterministically
known where resolution of grid are needed to be refined or coarsened a priori, the
grid structure is usually prepared as an estimate in a human-dependent process. As
a result, this can lead to unnecessary grid vertices or undesirable results. In addition,
an iterative process becomes inevitable in the mesh generation phase. Therefore, it is
crucial to adapt the grid structure a posteriori and modify it along with the solution.
The technique called mesh adaptation allows to obtain accurate solutions using fewer
points and to obtain solutions adapted to the problem being solved, as indicated in the
literature [44]. In this study, disadvantages arising from the complex nature of the flow
around the rotor will be resolved with the help of grid adaptation. The pyAMG library
is used as the grid adaptation algorithm. For this purpose, a Python script connecting

the HEMLAB and pyAMG libraries has been written.

The pyAMG library [7, 45] is an anisotropic grid adaptation library. This library
controls the interpolation error for a given solution parameter. The minimization of
this error arises as a term related to the determinant of the parameter’s Hessian matrix,
expressing a metric on the Riemann manifold. The goal of the algorithm is to create
a triangle consisting of unit-length edges on the manifold determined by this metric.
The parameter determining the Hessian matrix is called the sensor. Theoretically, the
sensor can be any parameter, but in practice, it varies depending on the problem being
solved. For example, Mach number can be a good parameter for capturing shock
waves [44]. In a study by Fidkowski and Roe [46], entropy is mentioned as a general
purpose sensor variable. In this study, Mach number and entropy are chosen as sensor
variables. Since the flow values in the farfield region of the flow field are very small,
rounding errors can lead to large values in the Hessian matrix. Therefore, to prevent
grid refinement in this region, the sensor value is multiplied by a function dependent

on the distance from the wall. The sensor functions used in the study are shown below.

Mach sensor=M x ¢ %17 +0.5 (3.73)
Entropy sensor = e O As+0.5
R T 3.74
As = —= ln——Rglnﬂ ( )
vy—-1 T Peo
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Here, "s" is entropy, and M represents the Mach number. R, and y are the gas constant
and the ratio of specific heat capacities. 7" and p are temperature and density, and when

used with the oo index, they correspond to values in the farfield.

Another important aspect for grid adaptation is the preservation of surface geometry
because the adaptation algorithm also makes adaptations on the surface grid.
Therefore, it is necessary to ensure that the adapted surface grid preserves the original
geometry. In SU2, the pyAMG library disrupts the geometry on the surface. To
preserve the geometry, the preservation of edges on the surface is necessary. For this
purpose, it is generally recommended to make adaptations on the surface by dividing
it into as many parts as possible. However, even if edges are preserved, there may be

indentations and protrusions on the surface between the edges.

To overcome this difficulty, the "adap_back" option of the pyAMG library is used.
This option allows the newly created surface grid width to be projected onto the surface
grid in the provided file. For this, the Gamma ".mesh" file format is used because this
format can store edge and corner information. Most of the mesh generation programs
do not write this information to the grid file. The "adap_back" option requires a surface
grid file with a dense grid structure on the surface; it is printed in MeshLink format to
obtain edge information. MeshLink is an open-source library used for the projection
of grid files onto geometry (CAD). Later, with another Python script, this information
is extracted and added to the grid file obtained in the ".mesh" format. In this way, the
grid file is given to the pyAMG code with the "adap_back" option, ensuring that the

surface grid is projected onto the original geometry in each adaptation.
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4. VALIDATION OF THE ALGORITHM ON A 2D PROBLEM

As part of the validation study, heaving NACA 0012 solutions proposed under
the Fourth High Order Computational Fluid Dynamics Workshop (HiIOCFD4) were
utilized as well as the heaving and pitching NACA 0012 solutions. For both of these
problems, RANS equations are solved on moving domains and the motion equations
are predefined on the configuration shown in Figure 4.1. The grids are rigidly moved in
these problems. In both problems, the flow was initially solved at a 0° angle of attack.

The state vector for this solution is specified with a Mach number of 0.2 as follows:

1
p,pu,pv,E] = [1,1,0,0.5+ ———— 4.1)
M*y(y—1)
~__ cf3
- I e -
o s
hit) T
1
Figure 4.1 : NACA 0012 motion frame.
4.1 Heaving NACA 0012 Airfoil
The mesh motion defined for the Heaving NACAO0012 is shown below.
t*(3—t
h(t) = ( 1 ) 4.2)

Upon solving the problem, the force coefficients were compared with the results
obtained in the HIOCFD4 workshop, and a good agreement between the results was
observed, as depicted in the Figures 4.2. In addition, vorticity contours that are shown

in Figure 4.3 matches with the results in literature [47].
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Figure 4.2 : Comparison of results for heaving airfoil case between different codes

including HEMLAB.
Figure4.3a: 1 =0.5s Figure4.3b: 1 =1.0s
'
Figure4.3c: t = 1.5s Figure4.3d : 1 =2.0s

Figure 4.3 : Vorticity contours for heaving NACA 0012.
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4.2 Heaving and Pitching NACA 0012 Airfoil

The motion equations for the airfoil undergoing heaving and pitching motion are
provided below. Similar to the previous problem, solutions for this case also exhibit
compatibility with other codes as shown Figures 4.4 and the vorticity contours are

shown in Figure 4.5.

2(3 _
= “E=0 43)
0(r) = g (t* — 4% + 41%) (4.4)

Force Coeff,

0.5

1 1
0.5

Tim;: s)

Figure 4.4 : Comparison of results for heaving and pitching airfoil case between
different codes including HEMLAB.
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Figure4.5a: r =0.5s Figure4.5b: 1 =1.0s

L

Figure 4.5¢: t =1.5s

Figure 4.5 : Vorticity contours for heaving and pitching NACA 0012.
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5. SOLUTION OF THE FLOW FIELD AROUND THE S76 MAIN ROTOR
USING EULER EQUATIONS

The current study focuses on simulating the S-76 main rotor with a swept-tapered tip,
using the specifications specified by AIAA Hover Prediction Workshop (HPW). The

rotor geometry file is provided on the HPW website.

5.1 Geometry of The S76 Main Rotor Blade

The rotor is equipped with three distinct airfoils over its span: SC1013R8, SC1095RS8,
and SC1095. The taper ratio and sweep angle of the tip area are also displayed in
Table 1. The Figure 5.1 illustrates the geometry of the rotor blade and the distribution

of twist over its span.

Twist Angle Distribution (deg)
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Figure 5.1 : S76 Blade geometry.

5.2 Baseline Mesh

The grid structure has a direct impact on the findings. As mentioned before, this
effect can become apparent in a sophisticated flow analysis. However, the present
analyses employ anisotropic mesh adaption. Therefore, by employing rather simple

mesh topologies during the early phase (baseline solution before the adaptation), it is
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possible to attain a high levels of accuracy. The following passages gives information

about baseline mesh structures.

The unstructured mesh of the blade surface is depicted in Figure 5.2. The span contains
a total of 235 points, including 59 chord-wise vertices at the root and 44 at the tip.
The span-wise points are frequently aligned at the root and tip to effectively capture
the vortices formed at the tip and root. Surface capture is challenging to do with
unstructured grids due to the high twist rate and varying shapes along the span. This
difficulty can only be overcome by using an excessive number of nodes. Consequently,

we generated surface meshes resembling a boundary layer originated from both the

front and back edges. These are elongated along the chord.

Figure 5.2 : S76 Blade surface mesh for baseline solution.

Figure 5.3 illustrates the volume mesh topology. The spacings progressively increase
as one moves further away from the object. The near-body zone is characterized by a
cylindrical shape with a height of 1.3 times the radius (R) and a diameter of 2 times the
radius (2R). A constant spacing of 0.015 times the radius (R) is employed in this zone.
The region located away from the body, with a distance of 0.2 times the radius (R),
also demonstrates a cylindrical form. Currently, the cylinder has a height of 5.4 times
the radius (R) and a diameter of 6 times the radius (R). The spacings at the farfield
have a value of R, where the farfield cylinder extends 40R in the longitudinal direction
and 20R in the radial direction. Consequently, the total number of vertices contained

within the computational volume is 1,043,679.

5.3 Analysis Conditions

The rotor was used for analysis at 3.5° cone angle and 9° collective angle. The Mach
number at the tip is 0.65, while the Reynolds number is 1.18 million. So far, only Euler
analyses have been performed, and Mach and entropy sensor functions, Roe and HLLC
schemes, have been tested. A total of three different simulations were performed. Full
convergence was not achieved due to the use of "limiter". In the simulations, the rotor

rotated a total of 21 revolutions. The first simulation used the Mach sensor function
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Figure 5.3 : S76 volume mesh for baseline solution.

and the Roe scheme. In the second simulation, the Mach sensor function and the
HLLC scheme are used. In the third simulation, we used the Entropy sensor. The third
simulation started with Roe as a convevtive scheme, but continued with HLLC as the
simulation diverged. The reason behind this is tried to be explained in the following

sections.

5.4 Baseline Solution

Initially the baseline mesh was subjected to a simulation for 10 revolutions (equal
to 10,000 time steps) in order to obtain converged solutions before the refinement
process occurred. This phase was crucial in facilitating the dissipation of the initial
vortex ring. The vortex structures corresponding to the initial solution are shown in
Figure 5.4. In the initial rotation, the formation of the vortex ring structure occurs
and progressively moves beneath the rotor. However, after the tenth revolution, it
weakens and disappears because of the dissipative impact of the coarse mesh in the
initial setup. Notwithstanding this dissipation, the root vortex remains present until the

tenth revolution due to the low values of induced velocity at the root.

5.5 Simulation Results

The first simulation utilized the Roe flux scheme, whereas the mesh refinement method
incorporated the Mach sensor function. The adaption size (complexity) for the initial

four refinement levels was established at 400,000. Following that, the subsequent four
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Figure 5.4 : Initial vortex ring structures (Revolution 1, 5 and 10 from left to right).

refining stages utilized a complexity of 800,000, whereas the last two levels employed
a complexity of 2,400,000. The final iteration resulted in a total of 8,249,524 nodes.
As anticipated, the Mach sensor successfully detected the tip vortices, but, the wake
region was not adequately resolved. Figure 5.5 and 5.6 exhibits the vortex formations
and wake region, whilst Figure 5.7 illustrates the mesh structures created from this

simulation.

Figure 5.5 : Simulation 1 (Mach sensor and Roe scheme) vortex structures
(Revolution 11, 15 and 21 from left to right).

Figure 5.6 : Simulation 1 (Mach sensor and Roe scheme) wake region (Revolution
11, 15 and 21 from left to right).

A strong rarefaction wave emerges at the rotor’s tip, as the flow attempts to curl
upwards from the lower surface to the upper surface of the rotor. The Roe method
permits the occurrence of expansion shocks and, as a result, does not satisty the

condition of entropy. To resolve this problem, it is necessary to implement an entropy
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Figure 5.7 : Simulation 1 (Mach sensor and Roe scheme) mesh topology (Revolution
11, 15 and 21 from left to right).

fix in conjunction with the Roe scheme. The HEMLAB Solver applies the Harten’s
entropy correction. Nevertheless, due to the strong rarefaction discontinuity and the
lack of positivity preservation in the Roe scheme, a negative density was detected in the
expansion zone. To successfully complete the first simulation, we enhanced the impact
of Harten correction. In the second simulation, we employed the HLLC scheme,
renowned for its ability to preserve positivity [34,48]. As a result, the problem of
negative density, which was seen in the first simulation, did not occur while employing

the HLLC technique.

Figure 5.8, 5.9 and Figure 5.10 illustrate the results and grid layouts produced from
simulation 2. The same adaptation sizes as in simulation 1 were used, except for the
last three levels which had an adaptation size of 2,400,000. At the final iteration, the
number of nodes reached 9, 870,963.

Figure 5.8 : Simulation 2 (Mach sensor and HLLC scheme) vortex structures
(Revolution 11, 15 and 21 from left to right).

The third simulation initially utilized the Roe scheme with the entropy sensor function.
Nevertheless, this combination resulted in non-physical solutions as a consequence of
the negative density issue. Unfortunately, the Harten entropy correction was unable

to remedy the issue. In response to this, a transition to the HLLC scheme became
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Figure 5.9 : Simulation 2 (Mach sensor and HLLC scheme) wake region (Revolution
11, 15 and 21 from left to right).

(Revolution 11, 15 and 21 from left to right).

essential after the 15th revolution. The mesh structures and vortex formations can be

noticed in Figures 5.11, 5.12 and 5.13, respectively.

The refinement levels in this simulation were built in a manner analogous to simulation
2, and at the concluding time step, the domain encompassed a total amount of
23,127,097 nodes. The entropy sensor effectively detected the wake sheet at the
trailing edge, resulting in a notably greater number of nodes compared to the other
two simulations. The unique feature of the entropy sensor can detect both the trailing
edge wake sheet and tip vortices by employing adaptive mesh refinement distinguishes
this study from previous studies. According to prior research [2], the entropy sensor

has been found to be successful in detecting the wake layer.

As seen in the Figure 5.14, a shock wave forms at the tip and moves with the rotor
blade. The surface mesh and mesh slice shows that adaptive mesh refinement captures

the shockwave.

Figure 5.15 depicts the progression of the performance parameters (thrust and torque
coefficients) over the time steps. Remarkably the thrust coefficients produced from

the Mach sensor simulations show a stronger correspondence with the experimental
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Figure 5.11 : Simulation 3 (entropy sensor and Roe/HLLC scheme) vortex structures
(Revolution 11, 15 and 21 from left to right).

Figure 5.12 : Simulation 3 (entropy sensor and Roe/HLLC scheme) wake region
(Revolution 11, 15 and 21 from left to right).

il i ! =0 W

Figure 5.13 : Simulation 3 (entropy sensor and Roe/HLLC scheme) mesh structures
(Revolution 11, 15 and 21 from left to right).
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Figure 5.14 : Relative Mach contours of shock wave at the tip (Simulation 1, 2 and 3
from left to right).

results obtained from Balch and Lombardi’s work [12]. Nevertheless, the improved

agreement between the entropy sensor simulations and the experimental data does
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not apply to the torque coefficient. It is important to mention that the lack of RANS
simulations at this point makes it too early to conclusively conclude which sensor is the
most optimal. An optimal strategy could potentially entail the integration of entropy
and Mach sensors. The main benefit of the entropy sensor is its effective capture of
the wake zone. However, it may face difficulties in capturing velocity gradients that
are located further away from the body. As a result, this can lead to the creation of
coarse meshes in potential flow regions. Conversely, the Mach sensor has superior

performance in these areas.
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Figure 5.15 : Performance parameter comparison of simulations.

5.5.1 Effect of HLLC scheme

The Figure 5.16 shows the tip of the rotor on which strong rarefaction wave takes place.
As seen in Figure 5.16, Roe scheme gives rise to a discontinuity in the expansion
region whereas it is not observed with HLLC. Arguably, this might be the reason
behind negative density and the divergence of the solution. However, since there is
no sufficient evidence, we have to be careful to conclude. However, the difference

between the two schemes are clear on the figure.

Figure 5.16 : Density contours of expansion region at the tip (Simulation 1, 2 and 3
from left to right).
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6. SOLUTION OF THE FLOW FIELD AROUND S76 MAIN ROTOR USING
RANS EQUATIONS

In this section, RANS equations are solved to simulate flow around S76 main rotor.
The geometry of the rotor was explained in the Section 5.1. The RANS mesh is also
generated in a similar fashion as in Section 5.2. However, the surface mesh is modified

and the surface mesh for RANS simulatins are shown in Figure 6.1.

Figure 6.1 : S76 Blade surface mesh for baseline solution.

The near body mesh is shown in Figure 6.2 with boundary layer mesh. The first layer
height in boundary layer is specified as 107° to achieve y*™ under unity. Including the

boundary layer, all elements are tetrahedral in the domain.

N\

SVl

CHELEINDRPRR AR K P
Figure 6.2 : S76 near body mesh (left) and boundary layer mesh (right) for RANS
equations.

6.1 Analysis Conditions

The rotor is practised when Reynolds number is 1.18Million and Mach number is
0.65 at the tip. Roe scheme is utilised in the simulation with Jacobians calculated by

Tapenade. 10 Newton’s iterations are performed to reach steady-state between each
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physical time step. The CFL number is set to 10 during the simulations. Similar
to the Euler analysis, one revolution is divided into 1000 physical time steps. In
addition, we applied a new scaling in order to obtain fast convergence in lineer
solver. Convergence of stationary preconditioners depends on the eigenvalues of the
matrix. When eigenvalues are lower than unity, convergence of stationary methods are
guaranteed. Using this idea, we scaled matrix in order to bound all eigenvalues with
unity. This can be guaranteed by making sum of absolute values of elements in a row

lower than 1.

6.2 Simulation Results

Tip vortices are shown in Figure 6.3. Since mesh resolution is not sufficient, vortices

look like sheet. The same can be seen in Figure 6.4 for wake region.

Figure 6.3 : RANS simulation vortex structures (Revolution 1, 10 and 21 from left to
right).

Figure 6.4 : RANS simulation wake region entropy contours (Revolution 1, 10 and
21 from left to right).

We experienced that solution depends highly on boundary layer mesh. Using prism
elements in the boundary layer, the solutions can be obtained without any problem.
However, using tetrahedral elements, solution was not obtained unless DGCL is
satisfied. Even satisfying DGCL is not enough to obtain physical solutions. On highly

anisotropic meshes, RANS solutions include very high densities (higher than 5 times
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the freestream value). In addition, application of the new scaling explained in the

previous section reduced the number of lineer solver iterations by half.
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Figure 6.5 : Performance parameter comparison of RANS simulation and
experimental values.

As seen in the Figure 6.5, mesh resolution is obviously not sufficient to correctly
predict the performance parameters. Therefore, mesh adaptation or a refined fixed

mesh is required.
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7. CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

In the present study, an Arbitrary Lagrangian-Eulerian approach has been developed
to simulate compressible flow problems. Capabilities of HEMLAB solver is extended
to incorporate fluxes due to grid movement. New flux schemes were added with novel
Jacobian implementations. To enhance the convergence of Newton’s subiterations,
CFL calculations, Jacobian constructions and the efficiency of preconditioners were
revisited. Residual smoothing approach was applied. Due to preconditioner effectivity
issues, a new scaling of the linear equation system was tried and approved on RANS
solutions. The Jacobians of Roe and the Jacobian calculated using Tapenade automatic
differentiation library was compared. It was observed during the study that accurate

calculations of Jacobian is key to the solution of matrix-vector system.

To simulate complex physics with adequate accuracy, mesh adaptation have been said
to be necessary. In order to do anisotropic mesh adaptation, HEMLAB solver was
integrated with pyAMG library. To preserve the original surface shape, HEMLAB
and interface between HEMLAB and pyAMG was modified to deal with .mesh format
which includes edge and corner informations. Using a well refined mesh on surface,

pYAMG library projects adapted mesh onto the original one.

The developed algorithm and techniques were validated on 2D airfoil case which
is proposed under HiOCFD4 Workshop. The results were promising. Then,
the main focus of the study was tried to be resolved. The main rotor of S76
helicopter is practised under hover conditions that is proposed under AIAA Hover
Prediction Workshop. Firstly, Euler simulations were conducted usign anisotropic
mesh adaptation. However, due to the limiters, the solutions were not converged to
steady. However, the results were very close to the previous researchs. Then, RANS

simulations were conducted on a fixed mesh.
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7.2 Future Works

e The current formulations deals with only the rigid mesh motion. Mesh deformation

algorithm should be extended to deal with arbitrary deformations.

e Since mesh adaptation creates highly anisotropic meshes, the solution can be very
difficult on these meshes. And it is hard to adjust the regions that is needed to be
refined using sensor functions explicitly. RANS solutions are even harder because
the boundary layer formation can be very difficult usign adaptation. Therefore,
optimal solution would be to develop our own mesh adaptation algorithm to

appropriately adjust and generate suitable meshes.

e Euler simulations can be re-done using DGCL and weighted least square based
interpolation as proposed in the literature. Since we deal with highly anisotropic
meshes, flow is not aligned with the grid. Therefore, least square interpolation may

lead erroneous results.

e RANS simulations will be continued using Adaptive Mesh Refinement.
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