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Abstract  

In this project I am interesting in two major problems among researches which are 

time series classification and data augmentation.  

The new method of the rectangular representation of the time series called Dynamic 

Time Warping (DTW) is introduced in the first chapter. This new method of the 

rectangular representation is based on the notion of warping distance. Dynamic Time 

Warping (DTW) is a well-known technique to find optimal alignment between two given 

(time-dependent) sequences. Successful attempts have been made with Support Vector 

Machine (SVM) in the application of gene expression time series. 

In the second chapter, the new algorithm of estimating parameters in missing data and 

mixture density called EM algorithm. The EM algorithm has ability to handle with 

missing data and unidentified variables. Therefore it is becoming useful in variety of 

incomplete-data problem. Successful attempts have been made with EM algorithm in the 

application of spam dataset. 
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Chapter 1 Introduction 

1.1. Motivation 

Conventional data mining methods are conceived to deal with ‘statics’ databases 

which does not use ordering records. Although the assumption of order is unnecessary in 

some applications, there are definitely many other cases where sequential information can 

significantly enhance our knowledge about the mined data. Adding time dimension to 

database produces a Time Series and introduced new aspect of data mining. 

In the last decade, many researchers have been interesting in the problem of the time 

series classification. In current research, researchers assumed large amounts of labeled 

training data set exist. However, in reality obtaining such kind of data can be very hard or 

expensive. For example, the field of relation marketing in which is classification 

problems is based on sequential data; the behavior of costumers is observed through the 

time and their buying attitude to their interactions with company do certainly compose 

multivariate time series [2]. 

In the literature time series classification has been studied extensively by machine 

learning and data mining communities. Several alternative samples for time series 

classification have been suggested. The most common approach is based on a two-stage 

procedure [2].  This approach reduced time series classification to a static problem by 

suitably transforming the set of multivariate input sequences into a fixed number of 

columns, through different rectangularization mechanisms.  Then one of the classification 

methods is applied for the labeling data. The aim of the rectangularization is reduction 

the temporal period of the different time series without risk the wealth of information 
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included in the original data. Dynamic time warping is useful method to do this 

rectangularization which is based on notion of warping distance, convenient measure of 

similarity. This distance allows to expose clusters and to predict the class of new 

temporal sequences. 

The task of time series classification is to map each time series to one of the 

predefined classes for given a set of unlabeled data.  

On the other hand sometimes we can come up data which have missing values or 

incomplete information to the analysis. For example, survival time data always have 

some missing values because of dead of job transfer. These data might own incomplete 

but useful information. If we ignore them in the analysis, we can get some biased results. 

The EM algorithm has ability to handle with missing and unidentified variables, so it is 

becoming useful in variety of incomplete-data problem. The EM algorithm is a general 

method of finding the maximum-likelihood estimate of the parameters of an underlying 

distribution from a given data set when the data is incomplete or has missing values. 

There are two main applications of the EM algorithm. The first is E step which occurs 

when the data has missing values, computes the expectation of the log-likelihood 

evaluated using the current estimate for the parameters. The second is M step occurs 

when optimizing the likelihood function is analytically intractable, computes parameters 

maximizing the expected log-likelihood found on the E step. These parameter-estimates 

are then used to determine the distribution of the latent variables in the next E step. 

1.2. Thesis Outline 

The thesis is divided into four chapters. In Chapter 2, the first part of my project provides 

information about time series classification underlying this research including one of the 
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rectangularization methods is dynamic time warping. In addition, the experimental results 

from analyzing gene expression data using support vector machine is given.  

In Chapter 3, the second part of my project provides information about EM algorithm 

which is dealing with missing and unidentified variables.  The last chapter summarized the 

project and discusses future work. 
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Chapter 2 Time series Classification using Support Vector Machine 

2.1 Time Series Classification and Dynamic Time Warping 

Usually, a gene expression is analyzed at various time points, and so measured data 

generates a time series. In order to assess their similarities and differences, one can be 

compare pairs of time series. However, they could not be compared same times.  This has 

been shown to be very fragile measure that is especially vulnerable to temporal shifts or 

noise in the series [7] 

The alignment of two time series can be easily visualized in warp space. Warp space 

is a two dimension Cartesian coordinate system, in which both dimension are time. One 

dimension is the time dimension of first series, and the other is the time of second series. 

It is called first series 𝑑 (for database) and the second series  𝑞⃗(for query). 

 An alignment path or warping path is a continuous set of points (𝑥, 𝑦) in warp space. 

They are restricted so that the values in each dimension are monotonically increasing. 

That is, 

𝑥𝑖 ≤ 𝑥𝑖+1   and   𝑦𝑖 ≤ 𝑦𝑖+1 

The alignment path corresponds to a mapping from one series to the other series. If 

path contains a point (𝑥, 𝑦), then 𝑥 in 𝑑 maps to 𝑦 in 𝑞⃗. Small horizontal or vertical 

sections of the path are analogous to ‘gaps’ in sequence alignment [18]. 

In literature have many time series alignment methods to search for path which best 

aligns the two series, i.e. parameterized time warping, correlation-optimized warping, and 

segment-based warping. I will explore dynamic time warping in this chapter.     

{Ai} are a set of multivariate time series, where each 𝐴𝑖=[ailt] is a rectangular matrix 

of size 𝐿𝑥𝑇𝑖 of real numbers. Here 𝑙 ∈ 𝐿={1,2,…, 𝐿 }is the index associated to the 
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attributes of the time series whereas 𝑡 ∈ 𝑇𝑖={1,2,…, 𝑇𝑖} is the temporal index that may 

vary in a different range for each 𝐴𝑖. 

Every times series also associated with a class label 𝑦𝑖 ∈ 𝐷. Let 𝐻 denote set of 

functions 𝑓: ℜ 𝑛 → 𝐷 that represent hypothetical relationship between 𝐴𝑖  and 𝑦𝑖. Time 

series classification problem consist of defining an appropriate hypotheses space 𝐻 and a 

function 𝑓∗𝜖 𝐻 which optimally describes the relationship between the time series {𝐴𝑖} 

and their labels {𝑦𝑖} in the sense of minimizing some measure of misclassification. If 

there are only two classes i.e. 𝐷=2 and 𝑦𝑖={-1,1}, we obtained a binary classification 

problem, for  general case is called multicategory classification. 

 

Figure 1: Alignment of Ai and Ak with Euclidean distance (a) and DTW distance (b) 

The warping distance between time series Ai and Ak is then defined as the length of 

the shortest warping path in G and provides a measure of the similarity between two 

temporal sequences which is often more effective than Euclidean matric, as a shown in 

Figure1.  
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In order to find optimal alignment between two time series 𝐴𝑖 and 𝐴𝑘, G=(V,E) be 

directed graph whose vertices in V correspond to the pair of time periods (r,s), 𝑟 ∈ 𝑇𝑖, 𝑠 ∈

𝑇𝑘. A vertex v=(r,s) indicates that the r-th value of the time series  𝐴𝑖 is matched with the 

s-th value of  𝐴𝑘. An oriented arc (u,v) connects vertex u=(p,q) to vertex v=(r,s) if and 

only if one of the following mutually exclusive conditions holds. 

{𝑟 = 𝑝 + 1, 𝑠 = 𝑞} 𝑉 {𝑟 = 𝑝 + 1, 𝑠 = 𝑞 + 1} 𝑉 {𝑟 = 𝑝, 𝑠 = 𝑞 + 1} 

The warping distance between 𝐴𝑖 and 𝐴𝑘 is defined as the length of the shortest 

warping path in a directed graph; 

 

Figure 2: The example of shortest warping path between 𝐀𝐢 and 𝐀𝐤 in a graph 

The arc (u, v) connecting the vertices u=(p,q) and v=(r,s) has length , 

𝛾𝑢,𝑣 = ∑ (𝑎𝑖𝑙𝑟 − 𝑎𝑘𝑙𝑠)2𝐿
𝑙=1    

given  𝐴𝑖 by the sum over the attributes of the squared distance associated to the 

potential alignment of period r in to period s in 𝐴𝑘. A warping path in G is any path 

connecting the source vertex 𝑣𝑓 to the destination vertex 𝑣𝑙. 

2.2 Multicatagory SVM in Time Series 
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The Support vector machine (SVM) is a popular classification paradigm in machine 

learning and has achieved great success in real applications. However, the standard SVM 

cannot select variables automatically and therefore its solution typically utilized all the 

input variables without discrimination. This makes it difficult to identify predictor 

variables, which is often one of the primary goals in data analysis. In my research, I used 

SMSVM algorithm which is written by SangJun Lee, Yuwon Kim, Yoonkyung Lee, and 

Ja-Yong Koo for simultaneous classification. 

In the classification problem one is given a training data set on n pairs of covariates 

and a known class label (xi, yi) for 𝑖 = 1 … 𝑛 𝑥𝑖 ∈  𝑅𝑝represents the covariates of the ith 

observation and the response 𝑦𝑖 ∈ {1 … 𝑘} is denotes the class that it falls into. In general 

a classification rule ∅(𝑥): 𝑅𝑝 → {1 … 𝑘} is constructed, based on the training data that 

generalizes the relationship between 𝑥𝑖 and class label 𝑦𝑖. 

The Multicategory SVM proposed by Lee, Lin and Wahba (2004) is a general 

classification method that extends good theoretical properties of the binary SVM to the 

multiclass case. It follows the general scheme of finding a k-tuple function 𝑓(𝑥) =

𝑓1(𝑥), … , 𝑓𝑘(𝑥) which induces a classifier  ∅(𝑥) = 𝑎𝑟𝑔𝑚𝑎𝑥𝑗=1,…𝑘𝑓𝑗(𝑥) via maximum 

component. For the time series considered in our test set, I may assumed that the input 

dataset is represented by a mXn matrix in which each row is a vector of real numbers 

𝑥𝑖 ∈  𝑅𝑝 which represents the corresponding time series Ai. We consider each 

component 𝑓𝑗(𝑥) as an element of a reproducing kernel Hilbert space (RKHS) 𝐻 =

{1} ⊕ 𝐻̅. Then each coordinates 𝑓𝑗(𝑥) can be expressed  𝑏𝑗 + ℎ𝑗(𝑥) with ℎ𝑗 ∈ 𝐻̅. A 

vector value class code yi is to be used in place of nominal class label. If 𝑦𝑖 = 𝑗, 

𝑦𝑖=(𝑦𝑖
1, … , 𝑦𝑖

𝑘) has 𝑦𝑖
𝑗

= 1 and -1/(k-1) elsewhere. Generally, a regularization method in 
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aRKHS can be cast as a problem of finding 𝑓(𝑥) = 𝑏 + ℎ(𝑥) ∈ 𝐻 in the RKHS that 

minimizes; 

1

𝑛
∑ 𝐿(𝑦𝑖, 𝑓(𝑥𝑖))

𝑛

1

+ 𝜆‖ℎ‖2 

Here 𝐿(𝑦𝑖, 𝑓(𝑥𝑖)) is a loss function measuring goodness of fit, ‖. ‖ is the norm defined 

on the RKHS 𝐻̅ and 𝜆 is tunable regularization parameter which balances the empirical 

risk and the penalty associated with 𝑓. In this regularization frame work, the MSVM 

solution 𝑓𝜆(x)=( 𝑓𝜆
1(x),… , 𝑓𝜆

𝑘(x)) given 𝜆 is defined as the minimize;  

1

𝑛
∑ 𝐿(𝑦𝑖)𝑡(𝑓(𝑥𝑖) − 𝑦𝑖)+

𝑛

𝑖=1

+
𝜆

2
∑‖ℎ𝑗‖

2
𝑘

𝑗=1

 

with the sum to zero constraint  ∑ 𝑓𝑗(𝑥) = 0𝑘
𝑗=1  for any 𝑥𝑖 ∈  𝑅𝑝. To explain the loss 

function let 𝑐𝑎𝑡(𝑖) category of 𝑦𝑖 and 𝐿𝑗
𝑗′

be the cost of misclassifying 𝑗 and 𝑗′, and define 

the misclassification cost vector 𝐿(𝑦𝑖) = (𝐿𝑐𝑎𝑡(𝑖)
1 , … , 𝐿𝑐𝑎𝑡(𝑖)

𝑘 )𝑡. Then the so-called hinge 

loss function is  𝐿(𝑦𝑖, 𝑓(𝑥𝑖)) = 𝐿(𝑦𝑖)𝑡(𝑓(𝑥𝑖) − 𝑦𝑖)+.  It can be written explicitly as 

∑ 𝐿𝑐𝑎𝑡(𝑖)
𝑗𝑘

𝑗=1 (𝑓𝑗(𝑥𝑖) − 𝑦𝑖
𝑗
))+ where (𝑥)+ = max(𝑥, 0). 

In my research I used R software to compute a solution to the structured multicategory 

SVM (SMSVM), which incorporates feature selection with the SVM using the functional 

ANOVA decomposition. The lasso type L1 penalty on the shrinkage factors of functional 

components enforces scarcity of the solution. The ordinary MSVM is a special case of 

the SMSVM when there is no component shrinkage. 

In this algorithm we need to specify ANOVA kernel matrixes. These are as below 

which I used to compare result. 
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“spline”; for additive models with linear and smooth parts separated. 

“spline-t” for additive models with linear and smooth parts combined. 

“spline2” for two way interaction models with linear and smooth parts separated. 

“spline-t2 ” for two way interaction models with linear and smooth parts combined. 

2.3 Application in Cell Cycle Data 

Experiments were performed on time series gene expression data. The data set is 

denoted as Yest originally described in [3], contains the genome characterization of the 

mRNA transcript levels, during the cell cycle of the yeast Saccharomyces cerevisiae. In 

particular measurements were performed at 17 time points with an interval of ten minutes 

between each pair of records values. The gene expression time series of this data set are 

known to be associated to five different phases, namely Early G1, Late G1, S, G2, and M, 

which represent the class values in this setting.  

Totally I have 219 different genes expression, each gene expression involves only one 

of the five class value. Each class has 31, 79, 43, 26, and 30 genes respectively. After 

making this classification, I use dynamic warping distance function to calculate minimum 

path for each group. The common path length is twenty nine, so I reveal path direction 

for each group. 

DTW algorithm computes the time axis stretch which optimally maps on the time 

series (query) onto reference. In this experiment each class reference is their mean 

vectors. After running DTW algorithm on EarlyG1 class in their path direction, I got a 

matrix with size 31x29. Thus each group has 29 columns and 31, 79, 43, 26 and 30 rows 
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what are Early G1, Late G1, S, G2, and M simple size’s respectively. In Figure 3 shows 

each group final path.   

 

Figure 3: DTW final path for each gene expression time series class 

After specify classes and time series length with DTW, I apply SMSVM algorithm to 

dataset. The result of each kernel matrix is shown in Table 1 which indicates the average 

error rate obtained by applying smsvm algorithm. The error rate of the competing 

methods was evaluated by applying 3-fold cross validation each time randomly dividing 

the dataset into 3 folds for training and testing. 

Kernel type Error Rate 

Spline  0.65 

Spline-t 0.65 

Spline2 0.8166667 

Spline -2t 0.3333 

Table 1: Average error rate by smsvm 
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Figure 4: Spline-2t final classification graph 

Based on the table 1, the kernel matrix which is spline-2t with parameter 1, gives high 

accuracy by applying SMSVM algorithm.  
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Chapter 3 Data Augmentation for Support Vector Machine 

3.1 Data Augmentation  

Before doing the data analysis it is very important to understand the data structure. 

Sometimes there may exist of a lot of missing value or incomplete information in the data 

subject to the analysis.  The idea of data augmentation originates in missing value 

problems. Data augmentation refers to a plan of augmenting the observed data in order to 

make it easy to analyze [13]. 

Preferring data augmentation on the massive data set to which SVMs are often applied 

over the methods is faster. Because of that reason, [14 and 16] has shown that many data 

augmentation algorithms can be modified to increase their mixing rate. The other 

advantage of data augmentation methods can be formulated in terms of complete data 

sufficient statistics, which is considerable advantage when working with large data sets. 

In most cases Support Vector Machines (SVM’s) binary classifiers are often used with 

high dimensional covariates. Also as I see before, SVM’s typically include a 

regularization penalty on the vector of coefficients in order to manage the bias-variance 

trade-off inherent with high dimensional data. In order to avoid getting some biased result 

we could not ignore some incomplete but useful information. The EM algorithm has 

capacity to handle with missing data and undefined variables. EM algorithm is a popular 

tool for solving maximum likelihood problems.  

 In my project I use the latent variables to implement EM algorithm for obtaining 

estimates of SVM coefficient. By expressing the support vector optimality criterion as a 

variance mean mixture of linear models with normal errors, the latent variable 

representation brings all of conditionally linear model theory to SVM’s [16]. 



  13 

The EM algorithms are stable because successive iterations never decrease the 

objective function. Also EM algorithm exhibits linear (i.e. slow) convergence near the 

mode. 

3.2 Support Vector Machine 

The support vector machine classifier is extension of finding linear boundaries in the 

input feature space where the dimension of the enlarged space is allowed to get very 

large.   

Support vector machines identify a binary outcome 𝑦𝑖 ∈ {−1,1} based on a vector of 

predictors 𝑥𝑖 = (1, 𝑥1, … 𝑥𝑘−1). SVM’s often include kernel expansions of 𝑥𝑖 (e.g. a 

spline 2t expansion) prior to fitting the model. The 𝐿𝛼-norm regularized support vector 

classifier chosen a set of coefficients 𝛽 to minimized the objective function 

𝑑𝛼(𝛽, 𝜐) = ∑ max (1 − 𝑦𝑖𝑥𝑖
𝑇𝛽, 0)

𝑛

𝑖=1

+ 𝜐−𝛼 ∑|𝛽𝑗/𝜎𝑗|
𝛼

𝑘

𝑗=1

                  

where 𝜎𝑗is the standard deviation of the jth element of x and 𝜐 is a tuning parameter. If 

hyperplane in 𝑥 can perfectly separate the sets, 𝛽𝑇𝑥𝑖 ≥ 0, then one classifies observation 

i as 𝑦𝑖 =1,  𝛽𝑇𝑥𝑖 ≤ 0, then one classifies observation i as 𝑦𝑖 = −1, the result gives 

separating hyperplane far from any individual observation.  

The scaling variable 𝜎𝑗 is the standard deviation the j’th predictor variable with the 

exception of 𝜎1 = 1 for the intercept term. The second term in objective function is a 

regularization penalty corresponding to a prior distribution 𝑝(𝛽|𝜐, 𝛼).The lasso prior 

[18,23], corresponding to 𝛼 = 1 is a popular choice because it tends to produce posterior 

distributions where many of the 𝛽 coefficients are exactly zero at the mode. 
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Minimizing equation (1) is equivalent to finding the mode of the pseudo-posterior 

distribution 𝑝(𝛽|𝜐, 𝛼, 𝑦) defined by 

    𝑝(𝛽|𝜐, 𝛼, 𝑦)  ∝ exp (−𝑑𝛼(𝛽, 𝜐)) 

∝ 𝐶𝛼(𝜐)𝐿(𝑦|𝛽)𝑝(𝛽|𝜐, 𝛼) 

The factor of 𝐶𝛼(𝜐)is a pseudo-posterior normalization constant that is absent in the 

classical analysis. The data dependent factor 𝐿(𝑦|𝛽) is a pseudo-likelihood 

𝐿(𝑦|𝛽) = ∏ 𝐿𝑖(𝑦𝑖|𝛽) = exp {−2 ∑ max (1 − 𝑦𝑖𝑥𝑖
𝑇𝛽, 0)

𝑘

𝑖=1

}

𝑖

 

In principle, one could work with an actual likelihood if each 𝐿𝑖 was replaced by the 

normalized value 𝐿̃𝑖 = [𝐿𝑖(𝑦𝑖)]/[𝐿𝑖(𝑦𝑖) + 𝐿𝑖(−𝑦𝑖)], but in the paper they used 𝐿𝑖 instead 

of 𝐿̃𝑖 because it leads to the traditional estimator for support vector machine coefficients. 

3.2.1 Mixture Representation 

The Pseudo-likelihood contribution 𝐿𝑖(𝑦𝑖|𝛽) is a location-scale mixture of normal. 

The result allows us to match observation 𝑦𝑖 with a latent variable 𝜆𝑖 in such a way that 

𝐿𝑖 is the marginal from a joint distribution𝐿𝑖(𝑦𝑖 , 𝜆𝑖|𝛽)  in which 𝛽 appears as a part of a 

quadratics form. This refers that 𝐿𝑖(𝑦𝑖 , 𝜆𝑖|𝛽)  is a conjugate to a multivariate normal prior 

distribution.  

Theorem 1; 

The pseudo- likelihood contribution from observation  𝑦𝑖 can be expressed as  

𝐿𝑖(𝑦𝑖|𝛽) = exp{−2 max(1 − 𝑦𝑖𝑥𝑖
𝑇𝛽, 0)} 

                                                = ∫
1

√2𝜋𝜆𝑖

exp (−
1

2

(1 + 𝜆𝑖 − 𝑦𝑖𝑥𝑖
𝑇𝛽)2

𝜆𝑖
)

∞

0

𝑑𝜆𝑖 
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The proofs relies on the integral identity ∫ 𝜙(𝑢|−𝜆, 𝜆)𝑑𝜆 = 𝑒−2max (𝑢,0)∞

0
 where 

𝜙(𝑢|. , . ) is the normal density function. The derivation of this identity fallows from 

Andrews and Mallows (1974), who prove that ∫
𝛼

√2𝜋𝜆
𝑒−

1

2
(𝑎2𝜆+𝑏2𝜆−1)𝑑𝜆

∞

0
= 𝑒−|𝑎𝑏| for any 

𝑎, 𝑏 > 0. Putting into place, 𝑎 = 1, 𝑏 = 𝑢 and multiplying thought by 𝑒−𝑢 yields, 

∫
1

√2𝜋𝜆
e−

𝑢2

2𝜆
−𝑢−

1
2

𝜆
∞

0

𝑑𝜆 = 𝑒−|𝑢|−𝑢. 

Finally using the identity 𝑚𝑎𝑥(𝑢, 0) =
1

2
(|𝑢| + 𝑢) gives the expression  

∫
1

√2𝜋𝜆
e−

(𝑢+𝜆)2

2𝜆

∞

0

𝑑𝜆 = 𝑒−2max (𝑢,0) 

which is the asked result. 

Theorem 2; 

(Pollard, 1946; West, 1987) The prior regularization penalty can be as a scale mixture 

of normal 

𝑝(𝛽𝑗|𝑣, 𝛼) = ∫ 𝜙(𝛽𝑗|0, 𝜐2𝑤𝑗𝜎𝑗
2)𝑝(𝑤𝑗|𝛼)

∞

0

 𝑑𝑤𝑗 

Where 𝑝(𝑤𝑗|𝛼) ∝ 𝑤
𝑗

−
3

2𝑆𝑡𝛼

2

+(𝑤𝑗
−1) and 𝑆𝑡𝛼

2

+ is the density function of a positive stable 

random variable of index 𝛼/2. 

Corollary 1: (Andrews and Mallows 1974) The double exponential prior 

regularization penalty can be expressed as a scale mixture of normal, 

𝑝(𝐵𝑗|𝜐, 𝛼 = 1) ∫ 𝜙(𝛽𝑗|0, 𝜐2𝑤𝑗𝜎𝑗
2)

1

2
𝑒−

𝑤𝑗

2

∞

0

𝑑𝑤𝑗 

and so 𝑝(𝑤𝑗|𝛼)~𝐸𝑥𝑝(2) is an exponential with mean 2. 
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3.2.2 Conditional Distributions 

The SVM pseudo-posterior distribution has been shown marginal of higher dimension 

distribution by theorems 1 and 2. The complete data pseudo-posterior distribution is; 

𝑝(𝛽, 𝜆, 𝑤|𝑦, 𝑣, 𝛼)  

∝ ∏ 𝜆𝑖
−1𝑒𝑥𝑝 (−

1

2
∑

(1 + 𝜆𝑖 − 𝑦𝑖𝑥𝑖
𝑇𝛽)2

𝜆𝑖

𝑛

𝑖=1

)    

𝑛

𝑖=1

× ∏ 𝑤𝑗
−1/2𝑒𝑥𝑝 (−

1

2𝑣2
∑ (

𝛽𝑗
2

𝜎𝑗
2𝑤𝑗

)

𝑘

𝑗=1

)

𝑘

𝑗=1

𝑝(𝑤𝑗|𝛼) 

where in general, 𝑝(𝑤𝑗|𝛼) ∝  𝑤
𝑗

−
3

2𝑆𝑡𝛼

2

+(𝑤𝑗
−1). 

This equation is a convenient density with respect to Lebesgue measure on 𝛽, 𝜆, 𝑤 

which integrates to a finite number, but it is not a probability density because it does not 

integrate to one.  

Corollary 2; The full conditional distributions for 𝜆𝑖 is 

𝑝(𝜆𝑖
−1|𝛽, 𝑦𝑖)~𝐼𝐺(|1 − 𝑦𝑖𝑥𝑖

𝑇𝛽|
−1

, 1) 

Proof; The full conditional distribution is; 

𝑝(𝜆𝑖|𝛽, 𝑦𝑖) ∝
1

√2𝜋𝜆𝑖

exp {−
(1 − 𝑦𝑖𝑥𝑖

𝑇𝛽 − 𝜆𝑖)
2

2𝜆𝑖
} 

                      ∝
1

√2𝜋𝜆𝑖

exp {−
1

2
(

(1 − 𝑦𝑖𝑥𝑖
𝑇𝛽)2

𝜆𝑖
+ 𝜆𝑖)} 

  ∝ 𝐺𝐼𝐺 {
1

2
, 1, (1 − 𝑦𝑖𝑥𝑖

𝑇𝛽)2} 

Equivalently, 𝑝(𝜆𝑖
−1|𝛽, 𝑦𝑖)~𝐼𝐺 (|1 − 𝑦𝑖𝑥𝑖

𝑇𝛽|
−1

, 1) as required. 

Corollary 3 For 𝛼 = 1, the full conditional distribution of w is  
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𝑝(𝑤𝑖
−1|𝛽𝑗, 𝑣)~𝐼𝐺(𝑣𝜎𝑗/|𝛽𝑗|,1) 

Proof: From the integrand in Corollary 1, we have 

𝑝(𝑤𝑖|𝛽𝑗, 𝑣) ∝
1

√2𝜋𝑤𝑖

exp {−
1

2
(

𝛽𝑗
2/𝑣2𝜎𝑗

2

𝑤𝑖
+ 𝑤𝑖)} 

~𝐺𝐼𝐺 {
1

2
, 1, 𝛽𝑗

2/𝑣2𝜎𝑗
2} 

3.3 EM Algorithm 

This section shows how the distribution obtained before calculations can be used to 

build EM-style algorithms to solve for coefficients. Two main applications exist in the 

EM algorithm. First case consists when the data has missing values because of limitations 

or problems with the observations process. The second case consists when the likelihood 

function can be obtained and simplified by assuming that there is additional but missing 

parameter. The data which is generated by some distribution under assumption with 

missing values or parameters, X, is incomplete data. The assumption of complete data 

Z=(X,Y) exist with Y being missing data and that a joint density function also exists as 

fallows, 

𝑝(𝑧|𝜃) = 𝑝(𝑥, 𝑦|𝜃) = 𝑝(𝑦|𝑥, 𝜃) ∗ 𝑝(𝑥|𝜃) 

where 𝜃 is a set of unknown parameters from a distribution including a missing 

parameter. 

Now, defining the complete–data likelihood with density function is as below; 

𝐿(𝜃|𝑍) = 𝐿(𝜃|𝑋, 𝑌) = 𝑝(𝑋, 𝑌|𝜃) 

And original likelihood 𝐿(𝜃|𝑋) is called incomplete data likelihood function. Since 

the missing data Y is unknown under a certain distribution, 𝐿(𝜃|𝑋, 𝑌) can assumed as a 

function of random variable, 𝑌 with constant values 𝑋 and  𝜃. 
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𝐿(𝜃|𝑋, 𝑌) = 𝑓(𝑋,𝜃)(𝑌) 

Using the complete-data log-likelihood function with respect to the missing data Y 

given the observed data X, the EM algorithm finds its expected value as well as the 

current parameter estimates at the E step and maximizes the expectation at the M step. By 

repeating the E and M step, the algorithm is guaranteed to converge to local maximum of 

the likelihood function with each iteration increasing the log-likelihood.  

Expectation (E) Step 

First, defining the expectation of the complete-data log likelihood function is as 

below; 

𝑄(𝜃|𝜃𝑖) = 𝐸[𝑙𝑜𝑔𝑝(𝑋, 𝑌|𝜃)|𝑋, 𝜃𝑖]                         (1) 

where 𝜃𝑖−1 is a set of the current parameters estimates that we use to evaluate the 

expectation and to increase 𝑄 with the new 𝜃 for optimization. Here 𝑋 and 𝜃𝑖−1  are 

known constant and 𝜃 is a variable to be adjusted. Since Y is a missing random variable 

under an assumed distribution, 𝑓(𝑦|𝑋𝜃𝑖−1). Then the expectation in the equation can be 

written as; 

𝐸[𝑙𝑜𝑔𝑝(𝑋, 𝑌|𝜃)|𝑋, 𝜃𝑖] = ∫ log 𝑝 (𝑋, 𝑦|𝜃) ∗ 𝑓(𝑦|𝑋𝜃𝑖)𝑑𝑦         (2)  
𝑦𝜖Ω

     

where Ω is the space of values where y can take values on and 𝑓(𝑦|𝑋𝜃𝑖) is the 

marginal distribution of the missing data Y depending on observed data and current 

parameters. 

Maximization (M) Step 

The M step is maximizing the expectation which obtained in the E step. That is to 

𝜃𝑖+1 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑄(𝜃|𝜃𝑖) 
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Maximizing the equation (1) becomes either easy or hard depending on the form of 

𝑝(𝑋, 𝑦|𝜃). 

Until now, I show basic idea of EM algorithm, now I customized this algorithm into 

our pseudo-likelihood function which comes from theorem 1. 

This part describes an EM algorithm for learning 𝛽 with fixed value of 𝑣.The EM 

algorithm [20] alternates between an E-step (expectation)and M-step (maximization) 

defined by; 

E-step   𝑄(𝛽|𝛽𝑔) = ∫ 𝑙𝑜𝑔𝑝(𝛽|𝑦, 𝜆, 𝑤, 𝜐) 𝑝(𝜆, 𝑤|𝛽𝑔, 𝑦, 𝜆)𝑑𝜆 𝑑𝑤 

M-step   𝛽(𝑔+1) = 𝑎𝑟𝑔𝑚𝑎𝑥 𝑄(𝛽|𝛽𝑔). 

The sequence of parameter values𝛽(1), 𝛽(2), …monotically increases the observed data 

pseudo-posterior distribution: 𝑝(𝛽𝑔|𝜐, 𝛼, 𝑦) ≤ 𝑝(𝛽(𝑔+1)|𝜐, 𝛼, 𝑦) 

The Q function in the E- step is the expected value of the complete data log posterior, 

where the expectation is taken with respect to the posterior distribution evaluated at 

current parameter estimates. The complete data log-posterior is 

𝑙𝑜𝑔𝑝(𝛽|𝑦, 𝜆, 𝑤, 𝜐)= 𝑐0( 𝜆, 𝑤, 𝑦, 𝜐) −
1

2
∑

(1+𝜆𝑖−𝑦𝑖𝑥𝑖
𝑇𝛽)

2

𝜆𝑖

𝑛
𝑖=1 −

1

2𝜐2
∑

(𝛽𝑗)
2

𝜎𝑗
2𝑤𝑗

𝑘
𝑗=1  

for a suitable constant c0. 

The terms in the first sum are linear function of both 𝜆𝑖 and 𝜆𝑖
−1

. However, the 𝜆𝑖 

term is free of 𝛽, so it can be absorbed in to constant. Thus the relevant portion of 

equation is a linear function of 𝜆𝑖
−1

and 𝑤𝑖
−1, which means that the criterion function 

𝑄(𝛽|𝛽𝑔) simply replaces 𝜆𝑖
−1

and 𝑤𝑖
−1 with their conditional expectations 𝜆̂𝑖

−1(𝑔)
and 

𝑤̂𝑖
−1(𝑔)

 given observed data and current 𝛽𝑔. From corollary 2 and properties of the 

inverse Gaussian distribution we have 



  20 

𝜆̂𝑖
−1(𝑔)

= 𝐸(𝜆𝑖
−1|𝑦𝑖 , 𝛽(𝑔)) = |1 − 𝑦𝑖𝑥𝑖

𝑇𝛽(𝑔)|−1 

The corresponding result for 𝑤𝑗
−1 depends on 𝛼.When 𝛼=2 then 𝑤𝑗=1. The general 

case 0< 𝛼 < 2 is given in the following Corollary of theorem. 

Corollary 4. For 𝛼 < 2 if 𝛽𝑗
(𝑔)

= 0 then 𝑤̂𝑖
−1(𝑔) = 𝐸(𝑤𝑖

−1|𝛽(𝑔), 𝛼, 𝑦) = ∞. 

Otherwise  

𝑤̂𝑖
−1(𝑔) = 𝛼 |𝛽𝑗

(𝑔)
|

𝛼−2

(𝜐𝜎𝑗)2−𝛼 

In the case when 𝛼 = 1 we can apply Corollary 3 to obtain   

𝑤̂𝑖
−1(𝑔)

= 𝜐𝜎𝑗 |𝛽𝑗
(𝑔)

|
−1

 

which matches the general case. These results lead us to the following algorithm. 

Algorithm EM-SVM 

Repeat the following until converge 

E-Step Given a current estimate 𝛽 = 𝛽(𝑔), compute 

𝜆̂𝑖
−1(𝑔)

= (|1 − 𝑦𝑖𝑥𝑖
𝑇𝛽(𝑔)|

−1
), 

Λ̂𝑖
−1(𝑔)

= 𝑑𝑖𝑎𝑔(𝜆̂𝑖
−1(𝑔)

), 

Ω̂𝑖
−1(𝑔)

= 𝑑𝑖𝑎𝑔(𝑤̂𝑖
−1(𝑔)), 

M-step Compute  𝛽(𝑔+1) as  

 𝛽(𝑔+1) = (𝜐−2Σ−1Ω̂𝑖
−1(𝑔)

+ 𝑋𝑇Λ̂𝑖
−1(𝑔)

𝑋)−1𝑋𝑇 (1 + 𝜆̂𝑖
−1(𝑔)

) 

 

The M- step is essentially weighted least square with weights 𝜆𝑖
−1, though it is 

unusual in the sense that the weights also appear as part of the dependent variable. 
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Observation 𝑖 is a support vector if 𝑦𝑖𝑥𝑖
𝑇𝛽=1, which means that it lies on the decision 

boundary.   

3.4 Application in Spam Data 

The data used for the example is called spam implemented in R. The mail spam data 

described by [21] is a benchmark example in the classification literature. It contains 4601 

rows, each corresponding to an email message that has been labeled as a spam or not 

spam. Each massage is measured on the covariates; there are a total of 58 predictors, 

including the intercept. I run EM algorithm against this data set several times with several 

tuning parameter. In our example, I used tuning parameter as -0.5 because beta 

coefficient converge 0 quite well as Figure 5. 

To application EM-SVM algorithm we need initial coefficient for 𝛽. Based on this 

request our initial is a vector of standard normal deviates. To find optimal 𝛽 coefficient I 

run algorithm 100 times with different tuning parameter. In figure 1 shows 𝛽 coefficient 

with different tuning parameter after 100 iterations. 

 

Figure 5: The β coefficients under the α=1 penalty with different tuning parameter 
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The calculate accuracy of classification, I divided data into two groups, training and 

test set. I calculate SVM coefficient from the training set and implement these coefficient 

into pseudo-likelihood equation to get classes -1 or +1. 

After this classification I compare the real classes and classes in which the end of the 

computation and check their accuracy.  

Based on this algorithm I got 62% accuracy between real classes label and labeled 

classes.  
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Chapter 4 Conclusion and Future Work 

First part of this project makes an original contribution to the field of time series 

classification by developing rectangularization mechanism which is dynamic time 

warping. This rectangularization mechanism, DTW, was developed based on notion of 

warping distance. Then, after computing warping distance we applied SVM classification 

to multidimensional time series. While calculating Dynamic Time Warping distance, 

each class mean vectors are used as their reference. In the literature DTW gives accurate 

result with high performance for binary classification, but I show that it also gives well 

accuracy for multidimensional time series classification by getting 33% error rate. 

In future work we will try to improve DTW accuracy by reducing error due to 

choosing different reference. A possibility to increase the accuracy of DTW is changing 

the path length for each group. In some applications discontinuities in warp path where 

the warp path is only increasing one of the time series for a relative long sequence. 

Modifications that balance the tradeoff between a minimum error warp path and a smooth 

warp path are important area for future research.    

The second of this project, I demonstrate EM algorithm which has very good 

performance to handle with missing or unidentified values in practice. EM algorithm 

consists of two processes: The E-step and the M-step. In the E-step the missing data are 

estimated given the observed data. In the M-step, the likelihood function is maximized 

under the assumption that the missing data are known. EM algorithm has two important 

features; It is usually converges in small number of iterations and it is sensitive to initial 

starting point.   
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 In chapter 3, I utilized EM algorithm to experiment on one data which called ‘spam’, 

and then I found 62% classification accuracy by using EM-SVM algorithm.   

In future study, I may interest finding a procedure of choosing initial values because of 

its importance to choose appropriate initial values in the EM algorithm.  In addition that, 

we can compare this algorithm with other MCMC algorithm. 
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